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(ABSTRACT) 

The boundary-layer behavior over an airplane's wings is of great importance in take-off 

and landing of the airplane. If its angle of attack is increased past a critical value, the flow 

separates from the lifting surface, resulting in a drastic loss of lift and a major increase in 

drag. In response to this phenomenon, many mechanisms have been studied to control the 

boundary-layer. First neglected because of implementation difficulties of its application, 

moving wall boundary-layer control methods have mainly relied on experimental research. 

The moving wall concept is principally applied as a rotating cylinder protruding into the 

airfoil. 

The purpose of this thesis is to provide a computational base to these experiments and to 

use mathematical tools of computational fluid dynamics and optimization to predict the 

optimum rotating speed of the cylinder, placed at the leading edge of the airfoil. For the 

sake of simplicity, we replace the airfoil by a flat plate with a wedge trailing edge. To 

model the incompressible viscous two-dimensional Navier-Stokes equations, the finite 

element method is applied on an unstructured two-dimensional mesh. An adaptive 

remeshing strategy utilized in conjunction with an error estimator controls the solution's 

accuracy. The aerodynamic forces acting on the total surface are computed from the finite 

element approximation. The ratio of the lift and the power required to move the flat plate- 

airfoil and to rotate the cylinder forms the objective function to be optimized. A graph of 

the objective function versus the angle of attack is first constructed for several rotational 

speeds to provide a rough visual estimate of the optimum value for every angle of attack. 

Ultimately, an automatic optimization process provides the final solution. This results in 

the ideal rotational speed to be applied as the angle of attack varies.
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CHAPTER 1 

INTRODUCTION 

1.1 Historical Notes 

Throughout history, one of the greatest dream of human kind was to be able to fly like 

birds. From legendary stories, such as the myth of Daedalus and Icarus, through 

speculations of artists like Leonardo da Vinci (1452-1519), and to the first aerodynamic 

experiments, human flight remained in the realm of imagination. Preceded by many 

unsuccessful bird imitating models, the rigid airplane principle was first introduced by Sir 

George Caley (1773-1857) in 1799. Little theory about fluid mechanics was known at the 

time except for Newton's theory of air resistance (Philosophiae Naturalis Principia 

Mathematica,1726) and the more rational findings of the mathematician D'Alembert 

(Essai d'une nouvelle théorie de la résistance des fluides, 1752). Throughout the 

nineteenth century, the mathematical theory of fluid dynamics grew but was of little use to 

the practical application of flight. The early aerodynamicists were especially interested in 

finding the most efficient wing shape. Wind tunnel tests conducted on several wing 

profiles revealed the superiority of curved surfaces over flat ones. However, no theory 

could explain the fact that curved surfaces produced lift at zero angle of attack. The 

theory of lift, based on circulation and derived from the so-called Magnus effect 

(Lanchester-1878-1946, Kutta-1867-1944 and Joukowski-1847-1921), appeared around 

the same time the Wright brothers accomplished their first successful powered flight in 

1903. But it is only with the introduction of the boundary layer concept by Prandtl (1904) 

that aeronautical design found its mathematical base.1 

Prandtl showed that, for the problem of a body moving through a fluid of small viscosity 

such as air or water, viscous forces were significant only in a thin layer adjacent to the 

surface of the body, the boundary-layer. This viscosity causes a shear stress at the surface 

which slows down the fluid particles in the boundary-layer. If the presence of an adverse 

pressure gradient in the flow retards the fluid particles sufficiently, a phenomenon called 

separation occurs, causing reverse flow downstream of the separation points, Two major 

consequences of a separating flow over a lifting surface are a drastic loss of lift and a 

major increase in drag. Prandtl showed by several experiments, as he introduced the 

concept of boundary-layer and the mechanism of separation, that the boundary-layer could



be controlled in order to postpone separation. Such a technique of control is called 

boundary-layer control (BLC). 

1.2 Moving Boundary-Layer Control Methods 

Boundary-layer control is used in many applications involving fluid flow, such as 

aeronautic and hydronautic vehicles, diffusers, compressors and windmills For the 

particular case of an airplane, boundary-layer control can lead to greater maneuverability, 

longer range, shorter take-off and landing runs. Many boundary-layer control methods 

have been studied, including shaping, wall suction, wall motion, wall heating/cooling, 

wave cancellation, turbulators, streamlining and the moving wall effect:. 

Of all these methods, the moving wall boundary-layer control, derived from the so-called 

Magnus effect, has received relatively little attention. The effect of a deviation on the 

trajectory of a flying ball when set in rotation has long been observed and used (in 

ballistics and sports) before a mathematical theory could explain the phenomenon. Magnus 

(1852) first recognized the presence of an aerodynamic force produced by an 

unsymmetrical pressure distribution due to the Bernouilli effect. Around the same time, 

Rayleigh (1877) studied the case of a rotating cylinder in a flow stream and later, Flettner 

(1924) applied this concept to a ship where he replaced the sail by rotating cylinders. 

Introduced as a possible boundary-layer control device by Prandtl about 1907, followed by 

Goldstein in 1934, the first experiments of an aeronautical application were conducted in 

Holland (Wolff and Koning, 1926) and in France (Favre, 1936)s. Favre's experiment 

replaced the upper part of an airfoil with an endless band of silk in motion with the fluid. 

He obtained a significant increase in lift at very high angle of attack but because of the 

mechanical difficulty of its implementation, the idea was abandoned. 

1.3 Rotating Cylinder as a Boundary-Layer Control 

About 25 years later, in 1961, Alvarez-Calderon tried another form of the moving wall 

boundary control by putting a rotating cylinder at the leading edge of an airfoil's flap for a 

V./S.T.O.L.-type aircraft. Flight tests of the system showed great improvement in handling 

qualities and control characteristics of the aircrafts. This configuration was tested again 

with success on OV-10A-type aircraft at NASA's Ames Research Centers in the 

seventies. In a more scientific approach, Tennant et al. tested different possibilities for the 

rotating cylinder-airfoil combination. They compared analytical models to experimental



results for a leading edge rotating cylinder mounted on a wedge shaped flap and a trailing 

edge rotating cylinder on a symmetrical airfoil. Also studied was the boundary-layer 

growth on moving surface taking into account gap effects1a11,12, 

More recently, Modi, Mokhtarian et al. studied several configurations of one or more 

rotating cylinders mounted on an airfoil. They found that the leading edge cylinder 

provided more benefit than the trailing edge cylinders, which spoils the configuration with 

an additional gap. However, the trailing edge cylinder acts effectively as a flap, increasing 

the lift at the smaller angles of attack. The scooped leading edge cylinder configuration 

was found to be of limited advantage since it only affects the flow at low rotational 

speedsis, The leading edge cylinder effect results in a large suction peak at the nose which 

still isn't sufficient enough to prevent separation downstream if a high angle of attack 

causes an important adverse pressure gradient. The most promising configuration seems to 

be a cylinder located at the upper surface of the airfoil as it helps to reduce separation 

further downstream:s, Using more than one cylinder is not the most economical solution 

since its mechanical implementation is more complicated and more power is required to 

rotate the cylinders. 

1.4 Optimal Design of the Moving Boundary Control 

In the previous work on the effects of a rotating cylinder as a high lift device on the 

aerodynamic performances of an airfoil, results have mainly been obtained empirically 

on specific configurations. Several tests have been performed on many arrangements that 

resulted in no definite indication of the parameters to use in order to generate the optimal 

aerodynamic characteristics. Some of these parameters could be listed as: 

¢ Cylinder diameter 

¢  Cylinder-airfoil gap 

¢ Cylinder location on the airfoil 

¢ Cylinder rotational speed 

Using the powerful capacities of the computer, models of different configurations (type 

of airfoil, location and dimensions of the cylinder, free stream velocity, etc.) can be 

created without great difficulty or resources. Although the "real world" situation is 

greatly simplified, a relatively good idea of the actual phenomenon can be deduced from 

a numerical model. Furthermore, a numerical implementation allows one to easily



manipulate the above parameters in order to study their effects. Optimization techniques 

supply a powerful way to determine the parameters that will generate the optimal 

aerodynamic performances of a given configuration. 

1.5 Optimization Study 

Based on the previous experimental results, the present study will consider the leading- 

edge configuration which provides a good compromise between efficiency and simplicity. 

As pointed earlier, there exists no mechanism that can theoretically predict the optimum 

parameters of a moving wall boundary-layer control. Mokhtarian and Modi’ used a 

numerical surface singularity approach and a finite difference boundary layer scheme 

accounting for viscous effects, both combined in an iterative procedure to solve for the 

flow past an airfoil with a leading-edge cylinder. They obtained fairly good agreement with 

a wind tunnel test, although they suggest a resolution of the full Navier-Stokes equations 

to obtain better accuracy. The finite element approach provides a powerful way to model 

such equations. We will use this method combined with an adaptative remeshing strategy. 

An unstructured two-dimensional mesh is used to model the leading-edge cylinder 

configuration. 

The following chapter outlines the methodology of the finite element resolution for the 

Navier-Stokes equations. Also in the second chapter, we describe the computation of the 

aerodynamic forces from the finite element solution. The third chapter shows applications 

of the methodology. Three simple examples provide a way to calibrate the method and are 

followed by the flow resolution of the airfoil with rotating cylinder at leading edge. To 

simplify the calculations, the airfoil is replaced by a flat plate with a wedge trailing edge. A 

description of the optimization problem comes in the fourth chapter where we summarize 

the optimization procedure for a fixed angle of attack. Finally, the fifth chapter presents 

the results of the optimization study for the flat plate-airfoil with leading edge rotating 

cylinder.



CHAPTER 2 

Finite Element Methodology 

To model the flow around the high lift wing, the assumption that little variations exists in 

the spanwise direction is postulated. Therefore, a two-dimensional simplification can be 

applied and the domain results in a rectangular area surrounding the wing section. The 

flow is solved by an adaptive finite element method. 
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The general scheme consist of four steps: 

1. Domain discretization 

2. Finite Element resolution 

3. Error Estimation 

4. Mesh Adaptivity 

The relation between these four steps can be schematically represented by figure 2.1. This 

chapter covers briefly each phase of the procedure. 

2.1 Domain Discretization 

To construct a finite element problem, we must discretize the problem's computational 

area into many sub-domains and define its characteristic on the grid formed by these sub- 

domains. The problem characteristics consist in: 

* flow description (two-dimensional, steady, laminar, no heat transfer.) 

* geometry (coordinates, curves, areas) 

¢ boundary conditions (Dirichlet, Neumann) 

¢ mesh attributes (type of element,...) 

¢ resolution parameters (initial conditions, convergence criteria,...) 

A unstructured triangular grid is used to mesh the domain of interest because these grids 

provide the flexibility to handle complex geometries. This grid is generated by an 

advancing front mesh generator. 
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Figure 2.2 Triangle Size Definition 

The size of the triangles (see figure 2.2) to be generated are linearly interpolated on the 

backmesh were point values for the elements size are defined on each node. This allows 

flexibility to force more elements where the flow resolution requires more accuracy and 

fewer elements where it is not needed. The geometry is defined within areas which 

themselves are delimited with curves. A curve is defined by a set of geometrical points. 

The mesh generator starts the triangulation from the boundaries and gradually advances 

toward the center of the area. The triangulation process starts at one point and generates



the elements successively along the boundaries. For this reason, the grids generated by the 

mesh generator won't generally be symmetric. The backmesh can be made of very few 

elements but must cover entirely the computational area, as shown in figure 2.3. 

The initial backmesh is a coarse mesh made of linear (three nodes) triangles and is 

constructed manually. The mesh generator produces the first grid according to the 

elements size defined on the backmesh. The size function 6 is piecewise linear. It is only 

continuous within one element and is constructed from three nodal values defined on that 

element. The grid generated on this framework should be able to capture roughly the 

domain characteristics. 

Computational Area 

  

  

      
  

  
  

5s e— — 956 

8s 
© Backmesh Nodes 

8, 65 

Figure 2.3 Initial Backmesh 

Once an approximate solution is obtained with the initial backmesh, we compute the error 

distribution on the grid. If the solution is not accurate enough, a new grid density function 

is generated to construct a mesh that is more "adapted" to the problem. The algorithm 

then begin a second iteration. The size function is applied on the first mesh which becomes 

the backmesh for the second iteration. This process is repeated until a satisfactory degree 

of accuracy is obtained. These ideas are described in more details in section 2.4. 

2.2 Finite Element Resolution 

For Reynolds numbers beyond a critical value, the developing boundary-layer would 

become turbulent. While it is possible to directly simulate such flows, the mathematical 

model must account for unsteadiness and numerical approximations would require very 

fine spatial discretization. The more usual procedure, based on Reynolds averaging, 

requires some explicit model for the turbulence-induced stresses. In this study, we 

consider only the case of laminar flow. Since our concern here is mainly the take off and 

landing flight situations, a low speed flow is understood. Thus, the flow is assumed to be



incompressible. Isothermal and steady state conditions are implied. Accordingly, the 

governing equations used to model this flow are the isothermal Navier-Stokes equations 

with the Boussinesq approximation'.; 

Conservation of mass V-u=0 in 22 (2.1) 

Conservation of momentum pu'Vu=—-Vp+V't+f inQ (2.2) 

where T is the viscous stress tensor is described as 

t= 2uy (2.3) 

for a Newtonian fluid. The strain tensor y is defined as 

i(u) = ={Vu+ (Vu)"}. (2.4) 

Finally, to complete the problem description, boundary conditions are applied on dQ: 

U = Uo on I. (2.5) 

2uy-n-pn=t only , (2.6) 

where u, and t are specified fuctions. The boundary dQ is divided between T. and IT; 

such that 

dQ2=I.UT 

LAL -o (2.7) 

A variational method's can be applied to solve the system of equations once the differential 

equations have been cast in a variational (or weak) form19»: 

(q,V-u) =0 (2.8) 

(pu-Vu,v)+a(u,v)-(p,V-v)=(F,v)+(év), 29) 
where a(u,v) = | 2h (u):7(v)da (2.10) 

and v and q are appropriate test functions such that 

1 2 

vEeV = v E(H (2)) lv = 0 on I, (2.11) 

q €O = L’(Q) (2.12)



and (, -) is the inner product defined on L?(Q). 

These equations are discretized by the seven node Crouzeix-Raviart element (enriched 

quadratic velocity interpolation and discontinuous linear pressure approximation): 

LN LN 
velocity pressure geometry 

  

Figure 2.4 Crouzeix-Raviart element degrees of freedom 

The Galerkin variational formulation is used. Thus the test functions are also equal to the 

interpolation functions associated with the element. Inspired from the Stokes linear case 

where a quadratic functional exists and is represented by 

I(u,p) = I(u) -(p,V-u), (2.13) 

I(u) = =a(u, u) -(f,u)- (¢ u) ; (2.14) 

we can easily see that the problem can be formulated as minimizing I(u) under the 

constraint V-u = 0, taking p as a Lagrange multiplier. If we apply the penalty method on 

this problem by replacing the second right hand side term in (2.13) with the penalty term 

e(V-v,V-u), we eliminate pressure as a degree of freedom. This can also be applied to 

the Navier-Stokes non-linear case since the convection terms do not involve the pressure. 

Since we want to solve the equations for both velocity and pressure, we use a modified 

version of the penalty method. This modified version combines the Lagrangian formulation 

with the penalty method and is called augmented Lagrangian or Uzawa formulation. 

Reformulating the variational form (2.9) in the Uzawa formulation, we get: 

=> (pu-Vu,v)"" +a(u,v)"" -(F,v)" - (¢ vy" +e(V-V,V-u)” =(p',V-v) 

? yes (2.15) 
|V -v|stolerance—s stop 

nol 

=p =p'+e(V-v,V-u)



In order to eliminate the pressure degree of freedom from the system and still solve for it, 

the problem is formulated as an iterative process. An initial guess is given for the pressure 

value (NM = 0) with which we solve for u the upper equation in (2.15). Subsequently, we 

check the continuity constraint requirement. If the constraint is not satisfied within a 

certain tolerance, we compute a new estimate for the pressure and feed it back into the 

equation. The process is repeated until the constraint conforms to the specified tolerance. 

Applied to a finite element problem, the Augmented Lagrangian formulation reduces its 

total number of degrees of freedom by one third. In addition, the elimination of two 

velocity and two pressure d.o.f. at the centroid by a condensation of the bubble function in 

the Crouzeix-Raviart element finally reduces the system from 66% to 44% of its total 

size, 

The weak form of the Navier-Stokes equations in (2.14) is obtained on each element. All 

elementary matrices are then assembled in a compacted skyline format to save memory. 

The system of nonlinear equations is linearized by either the successive substitution or the 

Newton-Raphson method. The choice of the method to use relies on the following 

consideration: the method of successive substitution has a large radius of convergence but 

has also, for many problems, a slow rate of convergence and the Newton-Raphson method 

has a quadratic rate of convergence but a much smaller convergence radius. The strategy 

found to be the most effective is to use the successive substitution method for the first few 

iterations and then switch to Newton-Raphson method until convergence is reached. Each 

iteration of the Uzawa formulation requires the resolution of the assembled system by LU 

decomposition. 

2.3 Error Estimation 

The @ posteriori error estimators used by the adaptive module fall in the the following 

categories: 

¢ Exact error method; 

¢ Projection method; 

¢« Element residuals method; 

¢ Local PDE problem method; 

¢ Internal-external approximation method. 

When the exact solution is not available, we must use one the four last methods. For the 

Navier-Stokes equations, the most effective methods were found to be the projection and 

10



the local PDE problem methods». The error estimator chosen here is the projection 

method since it treats the problem more globally than the local PDE problem method and 

requires a lower degree for the approximation polynomials. To measure the error, an 

appropriate norm must be selected. A series of norms or seminorms are available to 

measure velocity, pressure, and temperature in a scalar or vectorial form, as required (see 

ref. 19, p.57). The Stokes norm will be applied here since it involves both velocity and 

pressure: 

$ 
K(m.p)),. = {lelec? + belo}. (2.16) 

where the first term in the right hand side is called the energy norm and is defined as: 

Jule, - [,4u7¥(u):7 (ude (2.17) 

and the second right hand side term is the norm L?’ of the pressure: 

            

2 2 IPloa = JalPl' 42 (2.18) 
From this definition, the error norm for velocity and pressure over an element is described 

as: 

“p 2(ye"+v(er)") +le"? 2.19 vf = [| n2(ver+v(er)") + [orf ix (2.19) 

u 

where ver = 28 _ OU OU, (2.20) 
ox 0X Ox 

and eP =p-p, (2.21) 

The projection method, introduced by Zhu and Zienkiewicz, considers the fact that the 

exact solution has continuous derivatives while the approximate or finite-element 

derivatives are discontinuous. The idea is to estimate the exact derivatives with continuous 

functions which are obtained by projecting the discontinuous du,/dx and py in a least- 

Square space of continous functions, say the velocity interpolation functions: 

parca a } ~ {Sle = ex} (2.22)     

11



and ly J. ots Bt, = > J. ppt (2.23) 

The 0, are the quadratic velocity interpolation functions of the Crouzeix-Raviart element. 

~ 

0 
Assembling the global system and solving for the nodal values | and { 3, }., we can 

x |. ‘ 
é 

  

compute the Stokes norm for the error estimated over the domain knowing that 

Vel« 0e, _ OU, _ OU, (2.24) 
Ox OX Ox 

and e? = D, - P,. (2.25) 

For more information on the error estimators, consult ref. 19, chap.3. 

2.4 Mesh Adaptivity 

From the estimated error distribution over the domain, a new improved mesh is generated. 

Several strategies exists to adapt the discretization for a better solution: 

* h-method: mesh refinement; 

¢ r-method: relocation of nodes in an existing mesh; 

¢ p-method: enrichment of space containing the interpolation functions; 

* combined methods: combination of the methods above. 

The method used here is the mesh refinement technique for its flexibility, simplicity and its 

effectiveness on an unstructured mesh. A mechanism called the transition operator 

deduces from the error estimation the size function that will lead to an optimal mesh in the 

sense that the error is uniformly distributed on the mesh. Two different transition 

operators may be used to construct the new size function. The difference between the two 

operator lies in the definition of the total admissible error @, over the domain. The 

reduction operator tends to reduce the error by a given percentage € while the fixed target 

operator seeks a given value of the relative error 1: 

reduction e, = mu, | ° (2.26) 

12



  

  

    

  

fixed target en =& e 3 (2.27) 

= le, I = 2. so that ny lu, L. (2.28) 

lle, |, and lu, ||, are respectively the approximate error and velocity norms over the 

domain. As pointed out in the previous section, the Stokes norm is used for this problem. 

For the mesh to be optimal, all elements must have the same error. The admissible error € 

over an element k can be stated as follows: 

e-—L (2.29) 

where N represents the total number of elements in the mesh. On the other hand, we can 

relate the error over an element k to its size h with a constant of proportionality C, using 

the element's asymptotic rate of convergence a: 

lel, = Che (2.30) 

This relation can also be applied to the admissible error over an element Kk and its 

corresponding optimal size 6, : 

@e=Cdt. (2.31) 

Using (2.29) and solving for C in (2.30) we get for (2.31): 

er Mle 50. (2.32) 
JN he 

Finally, replacing equations (2.25) and (2.36) in (2.32), we obtain the optimal size for each 

element of the domain: 

— Yo 

reduction 6, = = h, (2.33) 
e ik 
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ja 

fixed target 5, = ek h, (2.34) 
k 

Depending upon the choice of transition operator, equations (2.33) or (2.34) is applied on 

the nodes of each element k of the mesh. This mesh then becomes the backmesh for the 

next iteration (when the type of element used to discretize the domain has more than three 

nodes, the elements of the actual mesh are cut into linear triangles to meet the 

requirements of the mesh generator, cf. section 2.1). The mesh generator constructs a new 

grid according to this backmesh and a new solution is computed on this improved grid. 

We may perform another error analysis on this new solution and begin a new iteration (see 

figure 2.1). This iterative process is repeated until we obtain a good level of accuracy for 

the resolution of the Navier-Stokes equations. To solve these equations, each iteration 

uses the previous solution as initial conditions and the first iteration is solved with zero 

initial conditions. 

2.5 Aerodynamic Forces Computation 

The lift and drag are defined respectively as the vertical and horizontal force generated 

by the fluid flow: 

F = {F | - | (c-n)ar - {ot (2.35) 

For a viscous incompressible Newtonian fluid, the stress tensor t is defined as: 

p[vu + (Vu)"] - p[T] 

—
—
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ll 

-p+2u ee yf me 2 II, (2.36) 
_ ox oy ox 

ou ov Ov 
|) —+— —p+2— 

oy ox oy 
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where u and v are the Cartesian components of the velocity vector. 

Thus, combining (2.35) and (2.36), we obtain for the lift and drag the following 

L Tt, +T n, TH, +n 

D ryt, ty, |[%, P| tn, +1, Nn, 

where n, and n, expresses the Cartesian decomposition of the vector n that is normal to 

expression: 

the body surface, and I is the total boundary formed by the cylinder and the airfoil. 

The finite element solution obtained from the solver gives the pressure distribution p over 

the element and the estimated values for the two velocity component u and v at each node 

of the mesh. However, in order to compute the stress tensor from the f.e.m. 

approximation, we need to know the derivatives of u and v in addition to the pressure. 

Those derivatives can be easily computed from the finite element approximation on an 

element: 

ndp ndp u dN: 
u(x) = Dd N09 u, => (x)= > 7x (x) u, (2.38)   

where the N.“(x) are the interpolation functions associated with the velocity degrees of 

freedom (see section 2.2), and the u, are the nodal values of velocity. The equations 

necessary to construct the objective function only involve line integrals along the airfoil 

and cylinder curves. 

Those curves are divided into one-dimensional elements, called plot elements, which are 

coincident with the adjacent side of the corresponding triangular element: 

£>\ =<. | 

plot element Q 

Figure 2.5 Plot element representation 
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Referring to Gauss's numerical integration rules for the one-dimensional case, we only 

need to compute the stress tensor at specific points, called gauss points, on this boundary. 

The total integral is decomposed to a sum of sub-integrals, performed over each plot 

element. Gauss's rule is therefore applied individually on each plot element: 

rds St 
Each element is transposed from the x-y plane into a local plane of reference r-s. The 

J|w (2.39) 
e &;     

expression (J, in equation (2.39) refers to the determinant of the jacobian matrix of this 

transformation for an element e. The Gaussian quadrature rule is transposed from the 

standard [-1,1] interval into the r-s plane, according to the element side adjacent to the 

plot element and then transformed into the global x-y coordinates: 

s y 

1 2 

J 

——» 2 —_—»> 

1 t 
-4 0 1 1 r x 

xg(ti), w9(ti) ra(tl), sg(ti), wa (tl) xg(ti),yg(ti),w9(ti) 

Figure 2.6 Geometrical transformation for Gauss rule (1-D) 

To evaluate the tensor at gauss points, all its constitutive quantities must be defined at 

these same points. Since the velocity interpolation functions and their derivatives are 

defined in the local r-s plane, we must apply the chain rule to obtain the corresponding 

global values: 

dN“ ; _ aN" ar 

dx ~* dr dx 
    

with “5(4)-| 2] 
dx <0 dr,s 

+ — 

ds dx 
aN" 4s (t.) (2.40)   

wo
 

  (2.41) 
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�f�o�l�l�o�w�i�n�g� �f�o�r�m�:� 

�u�(�y�)� �=� �(�1� �-� �o�e�r�)� �(�4� �-�o�*�)� 

�v�=�0� �,� �(�3�.�1�)� 

�p�(�x�)� �=�x�-�0�.�2� 

�f�o�r� �a� �d�o�m�a�i�n� �d�e�s�c�r�i�b�e�d� �b�y� �f�i�g�u�r�e� �3�.�1�.� �I�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �t�h�e� �s�o�l�u�t�i�o�n� �s�t�a�t�e�d� �b�y� �(�3�.�1�)�,� �w�e� 

�s�i�m�u�l�a�t�e� �b�o�d�y� �f�o�r�c�e�s� �i�n� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �m�o�t�i�o�n�.� �I�n�s�t�e�a�d� �o�f� �l�e�t�t�i�n�g� �f�,� �a�n�d� �f�,� �b�e� �z�e�r�o� �a�n�d� 

�s�o�l�v�i�n�g� �f�o�r� �U�,� �V� �a�n�d� �p�,� �w�e� �r�e�v�e�r�s�e� �t�h�e� �u�s�u�a�l� �p�r�o�c�e�s�s� �b�y� �s�o�l�v�i�n�g� �f�o�r� �t�h�e� �b�o�d�y� �f�o�r�c�e�s�.� �T�h�e� 

�N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� �(�2�.�2�)� �c�a�n� �b�e� �r�e�w�r�i�t�t�e�n� �i�n� �t�h�e� �f�o�r�m�:� 

�o�u� �o�u� �o�P� �a�u� �a�-�u� 
�P�|� �& �� �+�  �� �|� �=� �- � �� �+� �a�t� �+� �f�y� 

� � � � 

�o�x� �o�y� �a�x� �o�x� �o�y� 
�(�3�.�2�)� 

�a�v� �a�v�)� �a�p� �f�a�v� �a�r�y� 
�p�|� �A �� �+� �¥ �� �|�=� �- �� �+� �a� �+� �5� �+� �f�y� 

�a�x� �o�y� �o�y� �a�x� �d�y� 

�1�8



�R�e�p�l�a�c�i�n�g� �(�3�.�1�)� �i�n�t�o� �(�3�.�2�)�,� �w�e� �o�b�t�a�i�n� �f�o�r� �f�,� �a�n�d� �f�,� �:� 

�f�(�y�)� �=�1�+� �(�R�e�)�e�"�*�*�Y� �/�(�1�-�e�-�*�*�)� 
�(�3�.�3�)� 

�f�y� �=� �(�0�)� 

�T�h�e�s�e� �t�e�r�m�s� �a�r�e� �g�i�v�e�n� �t�o� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�o�l�v�e�r�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �o�v�e�r� �t�h�e� 

�d�o�m�a�i�n� �s�h�o�u�l�d� �t�h�e�r�e�f�o�r�e� �c�o�r�r�e�s�p�o�n�d� �a�p�p�r�o�x�i�m�a�t�e�l�y� �t�o� �(�3�.�1�)�.� 

� � 

� � � � � � � � 

�u�=�1� 
�y� �t� �v�=�0� 

�(�0�.�2�,�1�.�0�)� 

�v�=�0� 
�_� �(�1�-� �e�h� �T�y�,� �=�0� 

�U�e� �(�T�=� �e�F�e�)� �"� 
�(�o�r� �p� �=� �0�)� 

�v�=�0� 

�4�6� �o�F� �>� �x� 

�u�=�v�=�0� 

�F�i�g�u�r�e� �3�.�1� �1�-�D� �B�o�u�n�d�a�r�y�L�a�y�e�r� �P�r�o�b�l�e�m� �(�1�-�D�)�,� �G�e�o�m�e�t�r�y� 

�T�o� �c�o�m�p�u�t�e� �t�h�e� �C�a�r�t�e�s�i�a�n� �f�o�r�c�e�s� �a�c�t�i�n�g� �o�n� �e�a�c�h� �s�i�d�e� �o�f� �t�h�e� �d�o�m�a�i�n�,� �w�e� �u�s�e� �e�q�u�a�t�i�o�n�s� 

�(�2�.�3�6�)� �a�n�d� �(�2�.�3�7�)�:� 

�°�v� �=�)� �a� �a�v� �(�3�.�4�)� 
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�S�e�t�t�i�n�g� �v�a�l�u�e�s� �f�o�r� �X� �a�n�d� �y� �i�n� �(�3�.�4�)�,� �w�e� �g�e�t� �a�n� �e�x�p�r�e�s�s�i�o�n� �t�h�e� �f�o�r�c�e� �v�e�c�t�o�r� �o�n� �e�a�c�h� 

�b�o�u�n�d�a�r�y�:� 

�F�a�n� �~� �i�r�  ��e�)�  ��"�/� �(�  ��e� �e�h�o� �-� �{�a�o�t� �(�3�.�5�)� 

�F�i�c�h�e� �=� �i� �e�n� �R�e�y� �I� �e�-�F�e�)� �o�n�y� �(�1� �{�h�o� �=� �|� �r�e�}� �(�3�.�6�)� 

�c�e� �f�e�o�i�i�t�e�y� �R�h�e�e� �f�e� �t�e�e�]� �e�n� 
�p�a�n� �A�y�e�s�)� �T�H�e� �o�s� �0� 

�F�o�l�l�o�w�i�n�g� �t�h�e� �s�c�h�e�m�e� �s�h�o�w�n� �i�n� �f�i�g�u�r�e� �2�.�1�,� �t�h�e� �f�i�r�s�t� �s�t�e�p� �t�o� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �i�s� �t�o� 

�p�r�o�v�i�d�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �s�o�l�v�e�r� �w�i�t�h� �t�h�e� �p�r�o�b�l�e�m� �d�e�f�i�n�i�t�i�o�n� �a�n�d� �a� �c�o�a�r�s�e� �h�a�n�d�-�m�a�d�e� �g�r�i�d�.� �A� 

�u�n�i�f�o�r�m� �g�r�i�d� �o�f� �t�w�o� �e�l�e�m�e�n�t�s� �w�i�t�h� �a� �u�n�i�f�o�r�m� �s�i�z�e� �f�u�n�c�t�i�o�n� �w�a�s� �u�s�e�d� �a�s� �t�h�e� �f�i�r�s�t� �b�a�c�k�m�e�s�h� 

�(�s�e�e� �f�i�g�u�r�e� �3�.�2�)�.� 

� � 

�6� �=�0�.�1� �5�6� �=�0�1� 

� � � � �6� �=�0�.�1� �8� �=�0�.�1� 
� � 

�F�i�g�u�r�e� �3�.�2� �B�o�u�n�d�a�r�y� �L�a�y�e�r� �P�r�o�b�l�e�m� �(�1�-�D�)�,� �F�i�r�s�t� �B�a�c�k�m�e�s�h� 

�T�h�e� �g�r�i�d� �a�d�a�p�t�a�t�i�o�n� �s�e�q�u�e�n�c�e� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �f�i�g�u�r�e� �3�.�3�.� �T�h�e� �m�e�s�h� �(�a�)� �h�a�s� �a� �u�n�i�f�o�r�m� 
�d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �e�l�e�m�e�n�t�s� �(�6� �=� �0�.�1�)� �a�n�d� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �w�i�t�h� �t�h�e� �c�o�a�r�s�e� �g�r�i�d� �o�f� �f�i�g�u�r�e� �3�.�2�.� 
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�(�a�)� �(�b�)� 

� � 

� � 

� � � � � � � � � � � � 

�(�c�)� �(�@�)� 

� � 
� � 

� � � � � � � � � � � � 
�F�i�g�u�r�e� �3�.�3� �B�o�u�n�d�a�r�y�-�L�a�y�e�r� �P�r�o�b�l�e�m� �(�1�-�D�)�,� �M�e�s�h� �C�o�n�v�e�r�g�e�n�c�e� 

�A�f�t�e�r� �w�e� �h�a�v�e� �o�b�t�a�i�n�e�d� �t�h�e� �f�i�r�s�t� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n�,� �w�e� �a�n�a�l�y�s�e� �t�h�e� �e�r�r�o�r� �d�i�s�t�r�i�b�u�t�i�o�n� 

�o�v�e�r� �t�h�e� �d�o�m�a�i�n�.� �A�l�m�o�s�t� �a�l�w�a�y�s�,� �t�h�e� �e�r�r�o�r� �o�n� �t�h�e� �f�i�r�s�t� �g�r�i�d� �(�F�i�g�u�r�e� �3�.�3� �(�a�)�)� �i�s� �n�o�n� 

�n�e�g�l�i�g�i�b�l�e� �s�o� �w�e� �m�u�s�t� �g�e�n�e�r�a�t�e� �a� �n�e�w� �g�r�i�d� �t�h�a�t� �w�i�l�l� �b�e�t�t�e�r� �c�a�p�t�u�r�e� �t�h�e� �p�r�o�b�l�e�m� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �S�i�n�c�e� �w�e� �k�n�o�w� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �t�o� �t�h�i�s� �p�r�o�b�l�e�m�,� �w�e� �u�s�e� �t�h�e� �e�x�a�c�t� 

�e�r�r�o�r� �t�o� �c�o�m�p�u�t�e� �t�h�e� �s�i�z�e� �f�u�n�c�t�i�o�n� �f�o�r� �t�h�e� �n�e�x�t� �g�r�i�d�.� 
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�T�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �o�p�e�r�a�t�o�r� �(�c�f�.� �s�e�c�t�i�o�n� �1�.�4�)� �i�s� �a�r�b�i�t�r�a�r�y�.� �M�o�s�t� �o�f�t�e�n�,� �w�e� 

�c�h�o�o�s�e� �t�o� �r�e�d�u�c�e� �t�h�e� �e�r�r�o�r� �b�y� �a� �c�e�r�t�a�i�n� �p�e�r�c�e�n�t�a�g�e�.� �I�n� �g�e�n�e�r�a�l�,� �b�o�t�h� �o�p�e�r�a�t�o�r�s� �d�o�n�'�t� �r�e�a�c�h� 

�t�h�e� �d�e�s�i�r�e�d� �t�a�r�g�e�t� �i�n� �o�n�e� �c�y�c�l�e�,� �p�a�r�t�i�c�u�l�a�r�l�y� �i�f� �t�h�e� �a�c�t�u�a�l� �r�e�l�a�t�i�v�e� �e�r�r�o�r� �i�s� �t�o�o� �l�a�r�g�e�.� �T�h�i�s� 

�p�h�e�n�o�m�e�n�o�n� �i�s� �e�x�p�l�a�i�n�e�d� �b�y� �t�h�e� �a�d�a�p�t�a�t�i�v�e� �s�t�r�a�t�e�g�y� �b�a�s�e�d� �o�n� �(�2�.�3�0�)�.� �T�h�i�s� �r�u�l�e� �c�o�m�e�s� �f�r�o�m� 

�t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �t�h�e�o�r�y� �a�n�d� �i�s� �e�x�a�c�t� �o�n�l�y� �i�n� �a�n� �a�s�y�m�p�t�o�t�i�c� �w�a�y�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �e�r�r�o�r� 

�m�u�s�t� �a�l�r�e�a�d�y� �b�e� �s�m�a�l�l� �f�o�r� �(�2�.�3�0�)� �t�o� �b�e� �v�e�r�i�f�i�e�d�.� �I�n� �s�h�o�r�t�,� �e�i�t�h�e�r� �o�n�e� �o�r� �t�h�e� �o�t�h�e�r� �g�i�v�e�s� �g�o�o�d� 

�r�e�s�u�l�t�s� �a�f�t�e�r� �a� �f�e�w� �c�y�c�l�e�s�,� �t�h�e� �c�h�o�i�c�e� �r�e�l�i�e�s� �o�n� �t�h�e� �u�s�e�r�'�s� �j�u�d�g�m�e�n�t� �a�n�d� �e�x�p�e�r�i�e�n�c�e�.� �B�e�c�a�u�s�e� 

�t�h�e� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �p�r�o�b�l�e�m� �l�i�e�s� �i�n� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d�,� �w�e� �e�x�c�l�u�d�e� �t�h�e� �p�r�e�s�s�u�r�e� �f�r�o�m� �t�h�e� 

�e�r�r�o�r� �e�v�a�l�u�a�t�i�o�n� �b�y� �u�s�i�n�g� �t�h�e� �e�n�e�r�g�y� �n�o�r�m� �i�n�s�t�e�a�d� �o�f� �t�h�e� �S�t�o�k�e�s� �n�o�r�m�.� �T�h�e� �f�i�n�i�t�e�-�e�l�e�m�e�n�t� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �q�u�a�d�r�a�t�i�c�a�l�l�y�,� �t�h�e� �e�r�r�o�r� �w�i�l�l� �b�e� �m�o�r�e� 

�i�m�p�o�r�t�a�n�t� �f�o�r� �t�h�e� �v�e�l�o�c�i�t�y� �w�h�i�c�h� �b�e�h�a�v�e�s� �a�s�y�m�p�t�o�t�i�c�a�l�l�y� �t�h�a�n� �f�o�r� �t�h�e� �p�r�e�s�s�u�r�e�.� �W�e� �s�e�e� �i�n� 

�f�i�g�u�r�e� �3�.�4� �t�h�e� �t�e�n�d�e�n�c�y� �o�f� �t�h�e� �a�d�a�p�t�i�v�e� �m�o�d�u�l�e� �t�o� �p�r�o�d�u�c�e� �a�n� �i�m�p�o�r�t�a�n�t� �c�o�n�c�e�n�t�r�a�t�i�o�n� �o�f� 

�e�l�e�m�e�n�t�s� �i�n� �t�h�e� �r�e�g�i�o�n� �o�f� �t�h�e� �b�o�u�n�d�a�r�y� �l�a�y�e�r�,� �w�h�e�r�e� �t�h�e� �v�e�l�o�c�i�t�y� �g�r�a�d�i�e�n�t�s� �a�r�e� �h�i�g�h�.� �I�n� 

�f�i�g�u�r�e� �3�.�7� �a�)�,� �t�h�e� �e�r�r�o�r� �i�s� �s�p�r�e�a�d� �i�n� �t�h�e� �l�o�w�e�r� �r�e�g�i�o�n� �o�f� �t�h�e� �d�o�m�a�i�n�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n�,� �m�a�n�y� 

�s�m�a�l�l� �e�l�e�m�e�n�t�s� �a�r�e� �p�l�a�c�e�d� �i�n� �t�h�i�s� �a�r�e�a� �w�h�i�l�e� �l�a�r�g�e� �o�n�e�s� �c�o�v�e�r�s� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �d�o�m�a�i�n� �w�e�r�e� 

�t�h�e� �v�e�l�o�c�i�t�y� �f�i�e�l�d� �i�s� �u�n�i�f�o�r�m� �(�s�e�e� �f�i�g�u�r�e� �3�.�3� �(�b�)�,� �(�c�)� �a�n�d� �(�d�)�)�.� �I�n� �t�h�e� �e�n�d�,� �t�h�e� �l�a�r�g�e�s�t� �e�r�r�o�r�,� 

�h�o�w�e�v�e�r� �s�t�i�l�l� �q�u�i�t�e� �s�m�a�l�l� �(�O�(�e�-�0�5�)�)�,� �l�i�e�s� �i�n� �t�h�e� �v�e�r�y� �b�o�t�t�o�m� �o�f� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �r�e�g�i�o�n� 

�(�f�i�g�u�r�e� �3�.�7� �b�)�)�.� �T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e� �m�e�s�h� �a�d�a�p�t�i�v�i�t�y� �s�t�r�a�t�e�g�y� �i�s� �r�e�v�i�e�w�e�d� �i�n� �t�a�b�l�e� �3�.�1�.� 

�T�a�b�l�e� �3�.�1� �B�o�u�n�d�a�r�y�-�L�a�y�e�r� �p�r�o�b�l�e�m�,� �A�d�a�p�t�i�v�i�t�y� �S�t�r�a�t�e�g�y� 
� � 

� � 

� � 

� � 

� � � � � � � � � � � � � � 

�C�y�c�l�e� �A�b�s�o�l�u�t�e� �S�o�l�u�t�i�o�n� �R�e�l�a�t�i�v�e� �T�r�a�n�s�i�t�i�o�n� �|� �T�a�r�g�e�t� �R�e�l�.� 
�E�r�r�o�r� �E�n�e�r�g�y� �E�r�r�o�r� �O�p�e�r�a�t�o�r� �E�r�r�o�r� 

�E�n�e�r�g�y� �n�o�r�m� 
�n�o�r�m� 

�(�a�)� �1�.�3�6�0�e�-�0�2� �2�.�9�6�8�e�-�0�3� �4�.�6� �r�e�d�u�c�t�i�o�n� �0�.�1�0� 

�(�b�)� �1�.�6�6�0�e�-�0�2� �7�.�6�4�8�e�-�0�3� �2�.�2� �r�e�d�u�c�t�i�o�n� �0�.�1�0� 

�(�c�)� �6�.�6�6�7�e�-�0�3� �1�.�2�6�0�e�-�0�2� �0�.�5�3� �f�i�x�e� �0�.�0�2�5� 

�(�d�)� �6�.�3�2�1�¢�-�0�4� �1�.�4�1�3�e�-�0�2� �4�.�4�7�e�-�0�2� 
� � 

� 



� � � � 

� � 

�F�i�g�u�r�e� �3�.�4� �B�o�u�n�d�a�r�y�-�l�a�y�e�r� �p�r�o�b�l�e�m� �(�1�-�D�)�,� �M�e�s�h� �D�e�t�a�i�l� �o�f� �f�i�g�.� �3�.�3� �(�d�)� 

�F�i�g�u�r�e�s� �3�.�5� �a�n�d� �3�.�6� �s�h�o�w�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �t�h�e� �v�e�l�o�c�i�t�y� �a�n�d� �p�r�e�s�s�u�r�e� �d�i�s�t�r�i�b�u�t�i�o�n�s� �o�f� �t�h�e� �f�i�n�a�l� 

�f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n�.� �T�h�e� �v�e�l�o�c�i�t�y� �p�r�o�f�i�l�e� �i�s� �t�y�p�i�c�a�l� �o�f� �a� �b�o�u�n�d�a�r�y�-�l�a�y�e�r� �w�h�e�r�e� �t�h�e� 

�v�e�r�t�i�c�a�l� �c�o�m�p�o�n�e�n�t� �i�s� �z�e�r�o� �a�n�d� �t�h�e� �h�o�r�i�z�o�n�t�a�l� �c�o�m�p�o�n�e�n�t� �q�u�i�c�k�l�y� �r�i�s�e�s� �f�r�o�m� �z�e�r�o� �t�o� �t�h�e� 

�f�r�e�e� �s�t�r�e�a�m� �v�e�l�o�c�i�t�y� �w�i�t�h�i�n� �t�h�e� �b�o�u�n�d�a�r�y�-�l�a�y�e�r� �w�i�d�t�h� �(�a�p�p�r�o�x�i�m�a�t�e�l�y� �0�.�0�0�4�8�,� �s�e�e� �f�i�g�u�r�e� 

�3�.�5�)�.� �I�n� �f�i�g�u�r�e� �3�.�6�,� �w�e� �s�e�e� �t�h�a�t� �t�h�e� �p�r�e�s�s�u�r�e� �b�e�h�a�v�e�s� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �(�3�.�1�)�;� �i�t� �i�s� �c�o�n�s�t�a�n�t� �i�n� 

�t�h�e� �y� �d�i�r�e�c�t�i�o�n� �a�n�d� �v�a�r�i�e�s� �i�n� �t�h�e� �x� �d�i�r�e�c�t�i�o�n� �f�r�o�m� �-�0�.�2� �t�o� �0� �w�i�t�h�i�n� �t�h�e� �d�o�m�a�i�n�.� �T�a�b�l�e� �3�.�2� 

�s�h�o�w�s� �a� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� �a�e�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �c�o�m�p�u�t�e�d� �f�r�o�m� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�s�o�l�u�t�i�o�n� �a�n�d� �t�h�e� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �f�o�r� �a� �R�e�y�n�o�l�d� �n�u�m�b�e�r� �o�f� �1�0�0�0�.� 

�T�a�b�l�e� �3�.�2� �C�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �a�n�a�l�y�t�i�c�a�l� �r�e�s�u�l�t�s� �a�n�d� �f�.�e�.�m�.� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �b�o�u�n�d�a�r�y�-� 
�l�a�y�e�r� �p�r�o�b�l�e�m�.� 
� � 

� � 

� � 

� � 

� � 

� � � � 

�A�n�a�l�y�t�i�c�a�l� �S�o�l�u�t�i�o�n� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�e�t�h�o�d� �R�e�l�a�t�i�v�e� 
�E�r�r�o�r� 

�B�o�u�n�d�a�r�y� �F�,� �F�,� �F�.� �F�,� 
�e� �F�I� 

�L�e�f�t� �0�.�2� �0�.�0�0�1� �0�.�2�0�0�0�5�3� �8�.�9�7�1�8�1�e�-�0�4� �|� �2�.�6�2�6�e�-�0�4� 

�R�i�g�h�t� �0� �-�0�.�0�0�1� �2�.�2�0�1�2�9�e�-�0�5� �|� �-�9�.�8�5�1�3�8�e�-�0�4� �|� �1�.�4�6�2�e�-�0�2� 

�T�o�p� �0� �-�0�.�0�2� �-�7�.�8�8�0�6�5�e�-�1�0� �|� �-�0�.�0�2�0�0�0�0�8� �|� �4�.�0�0�0�e�-�0�4� 

�B�o�t�t�o�m� �0�.�2� �0�.�0�2� �0�.�1�8�7�4�5�1� �0�.�0�2�0�0�5�3�1� �|� �6�.�2�0�8�e�-�0�2� � � � � � � � � � � � � � � � � 

�2�3



� � 
�F�i�g�u�r�e� �3�.�5� �B�o�u�n�d�a�r�y�-�l�a�y�e�r� �P�r�o�b�l�e�m� �(�1�-�D�)�,� 

�V�e�l�o�c�i�t�y� �P�r�o�f�i�l�e� 

�2�4


