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Aimane Najmeddine

This research has focused on understanding the mechanics and multi-physics of soft materials

with rate-and temperature-dependent matrices. Such materials are oftentimes exposed to

extreme environmental conditions such as Ultra-Violet (UV) light, elevated temperatures,

and oxygen which degenerate their mechanical properties and contribute to their perma-

nent failure. The irreversible changes in the mechanical response of polymers induced by

such deleterious processes is commonly referred to as polymer aging. The ultimate goal of

this work has been to identify the relevant damage processes affecting the lifetime of poly-

meric materials, and to develop predictive physics- and chemistry-based, thermodynamically

consistent constitutive frameworks to evaluate their response under extreme environmental

condition. A series of interconnected experimental, theoretical, and numerical studies were

developed regarding the chemical, morphological, and mechanical changes that polymers and

elastomers exhibit under thermo-photo-chemo-mechanical conditions. Emphasis was placed

on linking the aggravation of macrostructural changes (such as cross-link breakage/forma-

tion and transformation of linkages) to the macromechanical response of aged polymers,

and the development of a mathematically verifiable procedure for incorporating stored and

dissipated energies – obtained through chemical experiments – into the thermodynamic for-

malism. Fracture was considered using the phase-field approach to brittle failure through de-

velopment of robust and efficient numerical algorithms intended to solve the highly coupled
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and nonlinear displacement-damage problems. Results demonstrate that several chemical

characterization tests such as equilibrium swelling, differential scanning calorimetry (DSC),

quartz crystal microbalance with dissipation (QCMD-D), and dynamic mechanical analysis

(DMA) can indeed reveal crucial information regarding the physio-chemical changes mani-

fested within polymer networks. Information obtained from these tests can then be employed

to propose accurate predictive evolution functions for the mechanical as well as the fracture

properties towards a complete physics- and chemistry-based constitutive framework. Numer-

ical analyses were performed within finite element software Abaqus via several user-element

and user-material subroutines (UEL, VUMAT) to investigate the predictive capabilities of

the developed frameworks in describing complex loading configurations including fracture.

The developed constitutive frameworks are all thermodynamics-based and rely solely on the

outputs obtained through appropriate chemical characterization techniques. Not only are the

predicted results highly accurate, but also and most importantly, the developed constitutive

equations are completely self-contained and bypass the need for extra fitting variables.
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Aimane Najmeddine

Material science is a fundamental field of research. Understanding how materials behave

under various operating conditions can help scientists and engineers propose efficient and

economical designs with the aim of potentially establishing a robust foundation for our in-

frastructure. This work focused on the study and prediction of the deleterious effects of

several environmental factors such as elevated temperature, Ultra-Violet (UV) light, and

oxygen on the mechanical and failure responses of polymer systems. Several interconnected

experimental, theoretical, and numerical studies were developed with the aim of characteriz-

ing the chemical, morphological, and mechanical changes that such material systems exhibit

under coupled dissipation phenomena. In particular, this research aimed to investigate the

aggravation of macrostructural changes that manifested themselves within polymer systems

upon exposure to thermo-oxidation and photo-oxidation. Predictive constitutive frameworks

were developed based on principles of thermodynamics and continuum damage theories to

understand the effects that heterogeneous aging has on the mechanical and fracture responses

of these materials. Results achieved in this work helped fill several gaps on both the theoret-

ical as well as numerical sides towards a complete physics and chemistry-based constitutive

framework for the analysis of multi-physics phenomena in soft materials. Overall, results

shed light on our understanding of the aging process and the predictive capabilities of our

proposed equations in describing such degenerative processes as thermo-chemo-mechanical
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aging. Findings from this work will contribute to the design of high-performance polymers

in other applications such as implanted bio-medical devices. Ultimately, describing aging

under extreme environmental conditions will contribute to the understanding and prediction

of plastic fragmentation processes and therefore, microplastic pollution.
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Over the last few decades, polymers and elastomers have found their way into almost all in-

door and outdoor structural applications ( , automotive and aerospace industries, electri-

cal insulation technologies, and thermal storage applications) due to their excellent mechan-

ical performance and optimal strength-to-weight ratio. During their service life, polymers

and elastomers are exposed to several extreme environmental factors such as Ultra-Violet

(UV) light, elevated temperature, oxygen, and other chemical processes that degenerate their

mechanical properties and contribute to their permanent failure.

The irreversible changes in the material properties caused by subjection of polymers to de-

generative environmental processes is commonly referred to as polymer aging. In particular,

exposure to UV light and heat in the presence of oxygen (i.e., photo-oxidative aging, and

thermo-oxidative aging, respectively) has recently stirred a lot of concern within plastic pro-

duction industry and environment protection community. The reason is due to the serious

impacts that such dissipative mechanisms can have on the service life of polymers and poten-

tially on the broader ecosystem arena. Indeed, polymer aging has been found to be one of the

dominant sources of failure causing the gradual fragmentation of large plastics into smaller

particles known microplastics [68, 148, 151, 223]. Due to their minuscule sizes, microplastics

can easily travel in large amounts through water pathways leading to the ocean. Once in the

1



ocean, microplastics can be ingested by marine animals causing harm and death in many

species of ocean life, and making plastic pollution a major concern in today’s environmental

discussion [25, 36, 51, 92]. It is therefore imperative that special attention be devoted to

studying the impact that aging has on macroplastics as they degrade into microplastics. An-

swering these questions is critical to efficient mitigation and prevention policies for known

and suspected adverse effects of plastic pollution. Ultimately, the findings will help pro-

pose modifications in plastic manufacturing and recycling practices to reduce the generation

of microplastics. More so, the results will assist ocean environmentalists to estimate exis-

tent microplastics in an effort to improve detection procedures and guide manufacturing,

processing, and package processes to reduce plastic pollution in the oceans.

The central aspect of this work is to develop physics-based and chemistry motivated constitu-

tive frameworks to predict the responses of polymers and elastomers under thermo-oxidation

and photo-oxidation processes. In what follows, we denote by physics- and chemistry-based

constitutive frameworks those constitutive relationships whose material properties are mi-

cromechanically motivated, and whose evolution due to thermo-chemo-mechanical aging can

be expressed entirely in terms of physio-chemical quantities that can be measured using

chemical characterization tests. This is desirable in comparison to existing approaches which

have traditionally relied on simple fitting of the constitutive equations to the already obtained

experimental mechanical measurements on material. Doing so renders the constitutive

equations essentially a fitting algorithm that can only describe the particular scenario upon

which the calibration was performed. In contrast, purely physio-chemically-based evolution

functions of the material properties, based on network evolution, are desirable to eliminate
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the need for fitting parameters. The objective - as shall be diligently discussed throughout

the manuscript - is to bypass the need for these traditional phenomenologically-based ex-

pressions for the evolution of the material properties which inevitably give rise to several

fitting variables that do not necessarily bear a physical meaning.

Chapters 2 and 3 of this work will focus on studying and predicting the stress-strain and

failure responses induced by thermo-oxidation as it pertains to elastomers. Failure in the

form of fracture is characterized by a recently developed method called phase-field that is

based on a variational principle involving minimization of the total potential energy of the

coupled displacement-damage problem. Then in Chapter 4, we shift our attention to semi-

crystalline polymers and verify the development of a numerical framework to predict the

effects that photo-oxidation has on the mechanical response of these materials. In Chap-

ter 5, we revisit the fracture behavior of thermo-oxidatively aged elastomers and present

an experimentally validated mathematical evolution function for the fracture energy of elas-

tomers due to thermo-oxidation. We will also devote parts of this dissertation to discussing

some of the recent numerical algorithmic advances in the implementation and simulation

of fracture of brittle and quasi-brittle materials. In particular, in Chapter 6, we examine

the use of an alternative numerical solver based on a quasi-Newton algorithm to solve the

coupled displacement-phase-field problem. Lastly, in Chapter 7, we turn our attention to

the study of thermal aging as it pertains to a separate class of polymers called polyimides

which have traditionally been designed to operate under high-temperature loading condi-

tions. We conclude in Chapter 8 with some important remarks and ideas for subsequent

future investigations.
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Thermo-oxidative aging in elastomers is defined as the irreversible mechanism caused by

exposure to heat and oxygen that degrade the mechanical properties of elastomers and

compromises their desired long-term performance [83]. Oxygen acts as a catalyst for the

chemical aging of elastomers and ultimately leads to a progressive alteration of their chemical

composition (e.g., [28, 49, 63, 144, 169, 175, 206]). Therefore, it is imperative to investigate

how elastomers respond to thermo-oxidative degradation to better meet structural demands.

Thermo-chemical aging in elastomers due to high-temperature conditions and oxygen diffu-

sion causes chemical reactions which lead to chain scission, crosslink breakage, and crosslink

formation (e.g., [28, 63, 195]). Celina [45] presented a comprehensive review on the ap-

proaches for predicting thermo-chemical aging processes in elastomers and polymers. Chain-

scission reactions break the chains and cause degradation of the original network. Meanwhile,

additional crosslinks form between the original polymer chains and the newly formed chains

due to chain-scission. Therefore, thermo-chemical aging can be described by two competing

mechanisms, network degradation and network reformation (e.g., [5, 26, 132, 206]). The

relative rate of chain-scission and crosslink formation is essentially what determines whether

elastomers become more ductile or more brittle. It must be noted, however, that even if

the thermo-chemical kinetics of the chain-scission and crosslinking reactions are similar, the

aged material would not have the same toughness like that of the virgin material due to

changes in the length of polymer chains [132].

The literature agrees that most polymer chains tend to crosslink under oxidative conditions

(Figure 1.1), leading to an increase in the modulus and the hardening with embrittlement [41,
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Figure 1.1: Alterations of the macromolecular network of an elastomer due to thermo-
chemical aging. The initial chain network consists of a randomly dispersed chain coil. Expo-
sure of elastomers to thermo-chemical aging induces two simultaneous temperature-driven
chemical processes: chain scission and crosslinking. At long aging times, macromolecular
radicals forming due to chain-scission recombine through a random process resulting in an
increase of the effective crosslink density.

42, 43, 45, 208, 209, 210]. Hamed and Zhao [72] performed a series of swelling measurements

on Styrene-Butadiene Rubber (SBR) and Natural Rubber (NR) and showed that immediately

after an initial aging period, these elastomers exhibit an increase in the crosslink density.

The authors concluded that after an initial aging duration where network chain formation

and disruption events are similar, the network formation occurs in greater amounts compared

to the disruption when aging time is further increased. Shaw et al. [169] and Johlitz et al.

[87] observed that the increase in the elastomer stiffness is more pronounced than network

degradation under thermo-chemical aging. Tensile tests conducted on several aged specimens

showed an increase in the stiffness even under low temperatures and short aging times.

However, the difference in the relaxation test data (i.e., tests where stretched specimens are

being aged and the stress is continuously measured) was less at lower temperatures. Thus,

the authors concluded that network reformation is more dominant in thermo-chemical aging

of elastomers.

Similarly, Rezig et al. [154] conducted several mechanical experiments on aged SBR for differ-

ent temperatures and exposure times. They observed higher stiffness at higher temperatures
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(temperatures up to 100�C) and at longer exposure times and concluded that such behavior is

indicative of a crosslinking process as the predominant mechanism of thermo-chemical aging

for SBR material. Moreover, based on a few chemical characterization tests, Zhi et al. [228]

investigated the elastomer’s chain network during aging and showed that chain-scission re-

actions remain nearly unchanged in the initial aging stage; however, as aging time increases,

more dangling chain ends are formed and crosslink density increases. Finally, Konica and

Sain [95] stated that an oxidized product has a more crosslinked network of smaller chains

compared to the unaged polymer with the longer crosslinked network.

During the last few decades, several researchers modeled multi-physics aging of elastomers

and polymers including chemical reactions, diffusion, and mechanical coupling (e.g., [5, 62,

85, 86, 87, 94, 107, 146, 164, 165, 169, 178]). Phenomenological and thermodynamic-based

frameworks were developed to combine diffusion and reaction expressions to link mechan-

ical responses to chemical kinetics (e.g., [146, 209, 210]). Johlitz et al. Johlitz and Lion

[85], Johlitz et al. [87], Lion and Johlitz [110] formulated a constitutive approach by eval-

uating the Clausius-Planck inequality and continuum damage mechanics. They employed

the concept of state variables to describe the scission reactions of the primary network and

the crosslink reactions creating the secondary network. Wineman and Shaw [207] developed

a constitutive theory for elastomers at elevated temperatures representing the chemical ki-

netics of scission, re-coiling, and re-crosslinking, that were expressed in terms of activation

energies. Other researchers assumed a temporal evolution of the material properties to in-

corporate the variation in stiffness upon subjecting the elastomer to different multi-physics

phenomena like curing or thermo-oxidative aging [52, 80].

Moreover, micro-mechanical constitutive equations based on statistical mechanics of poly-

mer structure were developed (e.g., [26, 95, 132]). Mohammadi et al. [132] developed a

micro-mechanical model based on the competition between chain-scission and crosslinking
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events occurring at the polymer network during oxidation. Konica and Sain [95] developed

an oxidation reaction-informed evolving network theory to connect the microscale network

evolution with macroscopic damage occurring in polymers. They used the transient network

theory based on the statistical mechanics framework of the polymer chains to model the

microscale network evolution yielded by the chemical reactions. Zhi et al. [228] established

a hyper-viscoelastic constitutive equation according to the alteration of the macromolecular

network observed in experiments to capture the mechanical behavior of SBR at different

aging states.

In summary, the developed constitutive equations have either assumed the form of ther-

modynamic energies phenomenologically, been dependent on the types of mechanical tests,

or provided no robust link of the changes in the elastomers’ macromolecular network to

chemical pathways. Some of the more complicated frameworks are essentially mechanical

theories and have yet to be verified fully experimentally. Moreover, the more recently devel-

oped constitutive equations in the literature despite making great progress rely on several

either mechanical tests or chemistry kinetics characterizations to obtain numerous model

parameters. Thus, although much work has been accomplished in the experimental and the

simulation aspects, a practical link between the network evolution and the mechanical re-

sponses in aged elastomers’ is still missing. Chapter 2 develops a physics-based constitutive

equation to predict the mechanical response of thermo-chemically aged elastomers based on

their chemical macromolecular changes. The main contribution is to connect the form of

free energy directly to chemical characterization experiments.
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Most of the works listed above did not consider failure of elastomers due to thermo-chemical

aging in their predictive efforts. To take fracture into account, Dal and Kaliske [52] proposed

a micro-mechanical model based on a series of Langevin-type springs and a bond potential

representing the inter-atomic bond energy acting on the chain. The authors used a micro-

sphere description for scale transition and predicted the fracture in oxidized rubbers under

biaxial loading. Volokh [200, 201] introduced the energy limiter concept to limit the stored

energy in aged elastomers when subjected to mechanical loading and therefore described

the stress-strain and failure responses. Researchers also proposed an approach based on the

intrinsic defect concept - which relies on the principle that all material specimens (including

those without a pre-existing notch) contain intrinsic flaws that act as stress concentrators and

can therefore be modeled using representative volume elements containing classical cracks

with an effective size equal to the size of the inherent flaw - to predict the ultimate stresses

and strains when thermo-oxidative aging is involved [2, 74, 135, 153, 162]. Abdelaziz et al.

[2] and Kadri et al. [91] used the stress limiter approach (and energy limiter approach) to

predict the aging effects on stresses and strains at fracture for rubbers based on changes

in molar mass (and concentration of elastically active chains and swelling ratio). However,

situations for which complex crack patterns such as branching and coalescence might occur

cannot be treated using the above formulations. Furthermore, the works described herein

lack a complete physics and chemistry-based description for the failure criteria and remain

phenomenological. A more appropriate fracture approach that considers the underlying

physio-chemical network changes due to thermo-chemical aging and can simulate complex

brittle failure is thus needed for accurate predictions.

The phase-field approach, which was first introduced in Francfort and Marigo [58], has

attracted increasingly more interest thanks to its capability to simulate complex quasi-
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brittle material responses. More specifically, researchers utilized phase-field to simulate

rate-independent crack propagation in rubbery polymers at large strains [108, 122, 128, 181].

Kumar et al. [99, 100] adopted the phase-field formulation to describe the nucleation and

propagation of fracture and healing in elastomers under large quasi-static deformations.

Integration of the phase-field approach within multi-physics conditions has also been in-

vestigated. Miehe et al. [130] proposed continuum phase-field models for brittle fracture

towards fully coupled thermo-mechanical and multi-physics problems at large strains. Kon-

ica and Sain [95] employed the theory of transient networks to simulate reaction induced

chain-scission and crosslinking and coupled it with phase-field to simulate macroscale dam-

age initiation and propagation in thermo-oxidatively aged polymers under mechanical stress.

However, in their work, Konica and Sain [95] assumed simple linear functions for the change

in the fracture properties due to thermo-oxidative aging. These works did not establish

a concrete physics-based mapping between the fracture properties involved in the consti-

tutive framework and the physio-chemical changes manifested within the material during

thermo-oxidation.

Miehe and Schänzel [128] used a micromechanically-motivated expression for the fracture

energy in terms of the density of elastically active chains, the bond dissociation energy for

a single monomer in a chain, and the number of monomers per chain based on the well-

known Lake and Thomas [101] theory for pristine elastomers. However, such development

has still not been addressed for aged elastomers. In addition to the fracture energy, the

phase-field formulation takes as input another variable: an intrinsic length scale which acts

as a regularization parameter dictating the width of a smeared crack. Discussion of the

physical interpretation of the length scale in the context of pristine materials has been

subject to debate. A few works have treated the length scale as a material property related

to the strength of the material and argued that for the simple case of single-deformation
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states such as uniaxial tension, a strength-based criterion for the initiation of fracture can

be utilized [11, 123, 185]. However, it is unclear how material strength is quantitatively

mapped to the underlying physio-chemical changes occurring within the elastomer when

thermo-chemical aging is involved. An alternative criterion for the initiation of fracture that

can be linked to the elastomer’s network morphology (and thus can be monitored during

aging) is the strain-based criterion similar to the one proposed by Miehe and Schänzel [128].

However, such development has still not been investigated. In this work, we confirm that for

the special case of uniaxial tension, a physical meaning can be imparted on to the length-

scale variable, provided that a strain-based criterion for fracture is utilized. As such, the

evolution of the length-scale property during aging can be well monitored.

In Chapter 3, we build upon the work presented in Chapter 2 and propose a physics and

chemistry-based constitutive framework to predict the stress-strain and failure responses of

thermo-chemically aged elastomers using the phase-field approach to fracture. In contrast

to available constitutive frameworks, which rely on mechanical tests for both calibration

and validation of the constitutive equations, we quantitatively connect our physical under-

standing and chemical measurements to the mechanical response and behavior of thermo-

chemically aged elastomers. The general strategy commonly followed in the literature focuses

on calibrating several material properties based on the mechanical responses of sam-

ples. Doing so usually introduces fitting variables that may or may not have any physical

meaning. Instead, we establish a robust and efficient constitutive framework that connects

the change in the material properties to the underlying physio-chemical changes and network

alterations induced by thermo-chemical aging. Therefore, we bypass the need to calibrate

the material properties and their evolution onto the mechanical responses.

In particular, we first modify the energy stored in the bulk and the surface energy dissipated

through fracture based on the changes in the network morphology of elastomers. We also
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use a strain-based criterion for crack nucleation. A direct consequence of the strain-based

criterion is the establishment of an explicit relation between the length scale, the strain at

fracture, the material stiffness, and the fracture energy. The interconnection between the

length scale and the other constitutive material properties makes it possible to examine its

evolution during thermo-chemical aging as an intrinsic material property. We establish evo-

lution functions for material properties which depend solely on chemically-measured quanti-

ties (i.e., the effective crosslink density measured using either the equilibrium swelling test,

Nuclear Magnetic Resonance (NMR), Dynamic Flocculation Mode (DFM), Temperature

Scanning Stress Relaxation (TSSR) measurements, or any other suitable chemical charac-

terization technique). Consequently, the developed constitutive framework does not require

additional fitting constants that do not carry physical meaning. The framework is validated

versus available independent mechanical tests on thermo-chemically aged elastomers in the

literature. This work, therefore, constitutes a clear contribution to the missing quantitative

relationship between the macromolecular changes and the mechanical and fracture responses

induced by thermo-chemical aging within elastomers.

Photo-oxidation and its deleterious effects on the lifespan of semi-crystalline polymers has

been a subject of experimental investigation for decades [27, 40, 45, 50, 57, 75, 81, 90, 133]. In

general, the resistance of polymers to photo-oxidation varies depending on the polymer com-

position, possible inherent contaminants, and the inclusion of pigments, additives, or fillers.

Polymers with weak bond energies and a high concentration of chromophores ( , chemical

groups that are capable of absorbing light) are generally more susceptible to photo-oxidation.

In semi-crystalline polyolefins, for instance, photo-oxidation can be initiated either through
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hydroperoxide decomposition or through ketone photolysis via Norrish reactions [148]. As

a result of these initiators, polymers can undergo an initial period of random chain-scission

followed by a secondary period of crosslinking that is responsible for surface embrittlement.

Due to this embrittlement, the polymers harden and visible cracks can potentially occur

on their surface [157]. A common consensus in the literature is that in semi-crystalline

polymers, photo-oxidation reactions occur in the amorphous region that is favorable to oxy-

gen diffusion [21, 157]. The random coil structure of the amorphous region favors dynamic

chain entanglements. As a result, when the polymer is exposed to light and oxygen, photo-

oxidation-induced molecular chain alterations ( , chain-scission and crosslinking) manifest

themselves in the unstructured, random amorphous phase. Therefore, given these considera-

tions, it is clear that the macromolecular changes induced by photo-oxidation can be directly

linked to the mechanical response ( , embrittlement, crack initiation and propagation, etc.)

of photo-oxidatively aged polymers.

Many researchers have developed constitutive models to simulate the response of polymeric

and elastomeric materials to environmental conditions ( , [2, 37, 38, 73, 88, 166, 168, 171,

172, 198, 199, 203, 225]). However, to the best knowledge of the authors, only a few studies

tried to develop constitutive equations to study the behavior of semi-crystalline polymers in

response to photo-oxidation. Belbachir et al. [24] and Ayoub et al. [21] used physics-based

elasto-viscoplastic constitutive relationships to incorporate the effects of UV radiation on

the mechanical properties of polylactic acid (PLA) and low-density-polyethylene (LDPE),

respectively. More recently, Lamnii et al. [102] captured the effect of UV radiation on the

fatigue life of a bulk semi-crystalline polymer based on two indicators: the maximum true

stress and the dissipated energy. These researchers used the evolution of the molecular weight

of photo-oxidatively aged polymers to define a degradation parameter suitable for macrome-

chanical response prediction. However, a major limitation to all these studies concerned the
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identification of the evolution of material properties which contained fitting parameters that

carried no physical meaning. The evolution of the material properties in these studies was

obtained simply by fitting the constitutive equations to the already obtained experimental

mechanical measurements on aged samples. Doing so renders the constitutive equations es-

sentially a fitting algorithm that can only describe the particular scenario upon which the

calibration was performed. In contrast, purely physio-chemically-based evolution functions

of the material properties, based on network evolution, are desirable to eliminate the need

for fitting parameters.

Thus, although works have been accomplished in the experimental and the numerical sides, a

robust link between the network evolution and the mechanical responses in photo-oxidative

aging of polymers is still missing. Our goal is to present a physio-chemically-based con-

stitutive framework to predict the macromechanical behavior of low-density polyethylene

(LDPE) in response to photo-oxidation. We conduct chemical characterization tests to

investigate the effects of photo-oxidation on the mechanical performance of LDPE. The nu-

merical framework then connects the evolution of material properties in the constitutive

equation to the macromolecular changes in LDPE. LDPE is chosen as the material of inter-

est since different types of polyethylene are among the most common plastic wastes found in

oceans and the arctic snow [25, 89]. It should be mentioned that more severe UV radiation,

compared to the previous studies, is also considered in this work. Chapter 4 discusses such

considerations towards a fully predictive framework to study the mechanical responses of

photo-oxidatively aged semi-crystalline polymers.
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The Lake and Thomas [101] expression of the fracture energy used in Chapter 3 is a function

of the chain density, number of monomers per chain, monomer length, and average disso-

ciation energy of bonds at the backbone of the monomer. Therefore, accurate prediction

of the evolution of the fracture energy during thermo-chemical aging is contingent upon

correctly determining the dissociation energy of all responsible bonds contributing to its de-

generation. However, correct characterization of the kinetics of all functional groups due to

thermo-chemical aging is not straightforward. Several assumptions usually have to be made

in order to arrive at an ”average” bond dissociation energy to use in order to calculate the

evolution of the fracture energy. Such inconvenience introduces error in the estimation of

this property, which then makes any attempt at monitoring its change during aging based

on the Lake and Thomas approach a rather unreliable task. To remedy such deficiency, it is

desired to establish an alternative experimentally-verified evolution function for the fracture

energy based on an already existing and verified property (i.e, the work to fracture defined

as the area under the stress-strain curve in a uniaxial tensile test). It is the purpose of this

chapter to examine whether such relationship exists.

This chapter focuses on the current state-of-the-art developments in the phase-field method.

Soft materials undergo severe embrittlement when exposed to extreme environmental condi-
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tions, leading to extensive cracking on the surface of aged materials. The phase-field method

provides a robust technique for capturing the propagation of induced cracks in highly brittle,

aged materials. However, current phase-field algorithms suffer from the high computational

cost associated with the so-called staggered solution scheme, which has proven to be condi-

tionally stable and therefore requires extremely small time increments to advance the crack

and avoid convergence issues [98, 103, 205, 213]. In this chapter, we show that the use of a

quasi-Newton-based method known as BFGS is more advantageous and efficient compared

to the staggered approach in the context of large-deformation mechanics. These results high-

light the applicability of the phase-field method as both a robust and efficient method for

capturing brittle fracture in materials under extreme conditions.

The previous sections investigate the mechanical and failure responses of polymeric and

elastomeric materials when they are exposed to thermo-chemo-mechanical aging conditions.

A distinguishing feature of the materials investigated in the earlier sections (i.e., LDPE,

SBR, NR, etc.) is their low glass transition temperature (Tg) which resides in the sub-zero

range (i.e., Tg < 0). These materials are designed to operate in conditions where the working

temperature is usually room temperature. However, due to the increased need for polymers

that can operate at high-temperature loading conditions (e.g., aerospace industry, electrical

insulation, printed circuits, etc.), a new class of thermosetting polymers called polyimides

emerged to handle operation under such extreme conditions. Polyimides have been in mass

production for the last few decades. These materials are usually designed to have a Tg

reaching up to 350 �C [15, 176, 177]. However, the continuous exposure of these materials
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to elevated temperatures causes thermal-aging-induced degradation. Thermal aging causes

polyimide resins to degenerate into weaker materials that can break with minimal mechanical

impact. Therefore, it is imperative that special attention be devoted to the study of thermal

aging of polyimides and development of predictive constitutive framework to study their

response to aging to better meet structural demands.

PMR-15 resins are a special kind of polyimides that have been developed for use as adhesives

and matrix fillings in fiber-reinforced composites intended for high-temperature applications.

Several researchers have shown that prior long-term thermal aging under elevated temper-

atures can severely impact the mechanical properties of PMR-15 materials. Ruggles-Wrenn

and Broeckert [159] performed a series of experimental analyses to investigate the effects

of prior thermal aging in air and argon environments. The authors reported an increase in

both the glass transition temperature Tg and the weight loss under both media with increas-

ing aging time, indicating that a continuous crosslinking mechanism occurs in conjunction

with mass dissipation as aging progresses. Other researchers have attempted at developing

numerical frameworks to study thermo-oxidation in polyimides and fiber-reinforced poly-

imide composite [112, 147, 182, 183]. However, a clear connection between the evolution

of the macromechanical properties and the underlying physio-chemical changes occurring

within PMR-15 due to thermal aging is still lacking. Particularly, a completely physics-

based and chemistry-motivated constitutive framework to predict the stress-strain response

of thermally-aged aged PMR-15 is still missing. Guided by the same motivation presented in

earlier sections, it is the purpose of this chapter to fill the aforementioned gap in the litera-

ture. In particular, we aim to inform our predictive effort by establishing a direct one-to-one

mapping between the macromechanical response (in terms of the stress-strain behavior)

and the underlying physio-chemical changes manifested within polyimides upon exposure

to thermo-chemical aging. The evolution of key physio-chemical quantities involved in the
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thermo-chemical aging process will serve as input for our constitutive framework. We propose

that we can utilize chemical characterization tests to obtain the evolution of such physio-

chemical quantities and then establish direct physics-based evolution equations relating said

quantities to the relevant material mechanical properties. We argue that this approach elim-

inates the need for extra fitting variables that arise in existing phenomenologically-based

predictive efforts that are based on calibrating the constitutive equations onto mechan-

ical tests. Chapter 7 examines such development in further detail.
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Part of this work is reported in Shakiba and Najmeddine [166] which has been accepted for

publication by the Journal of Mechanics of Materials and Structures.

As mentioned in Section 1.3, thermo-chemical aging due to oxygen diffusion or thermal

stresses is an irreversible mechanism that degrades the mechanical properties of elastomers

and compromises their desired long-term performance [83]. Therefore, the durability of elas-

tomers strongly depends on how thermo-chemical aging affects their mechanical properties.

Hence, understanding and predicting the mechanical responses of thermo-chemically aged

elastomers plays a crucial role in product development.
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This work develops a physics-based constitutive equation to predict the mechanical response

of thermo-chemically aged elastomers based on their chemical macromolecular changes. The

main contribution is to connect the form of free energy directly to chemical characterization

experiments. The Helmholtz free energy is modified to include the effects of macromolecu-

lar network evolution upon aging. The modification is based on chemical characterization

tests, namely the equilibrium swelling experiment, to measure the effective crosslink density

evolution. Thus, we obtain the free energy in the aged material based on chemical charac-

terization tests. The developed constitutive equation can predict the mechanical responses

of thermo-chemically aged elastomers independently of any mechanical tests on aged speci-

mens. The work is organized as follows. The hypothesis to develop the constitutive equation

is presented in Section 2.3. Section 2.4 presents the validation of the developed constitutive

equations versus several sets of independent experimental data available in the literature.

This section proposes a physics-based constitutive equation to predict the response of thermo-

chemically aged elastomers. Based on the obtained fundamental understanding of the physi-

cal and chemical changes in the network of elastomers under thermo-chemical aging, summa-

rized in Section 1.3.1, we neglect the dissipative energies due to chain-scission and crosslink

breakage. We assume that the dominant thermo-chemical aging phenomenon is the extra

crosslinks formation within the elastomer, which is an energy storage process. Then, the evo-

lution of crosslink density due to thermo-chemical aging is used to acquire the free energy
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in aged elastomers. To achieve this, we modify the network stiffness and the chain exten-

sibility in the well-known Arruda-Boyce eight-chain model [16] to obtain the free energy of

thermo-chemically aged elastomers.

The Arruda-Boyce eight-chain constitutive equation accounts for the non-Gaussian nature

of the molecular chain stretch and provides an accurate representation of the large-strain

behavior of rubber-like materials under different states of deformation. An attractive feature

of the Arruda-Boyce description (besides being micro-mechanically motivated) is that it only

requires two physics-based material properties, i.e., the network chain density (or equivalently

the rubber shear modulus), and the limiting chain extensibility to capture elastomer behavior

under different states of loading (i.e., uniaxial, shear, and biaxial). The Helmholtz free energy

according to the incompressible Arruda–Boyce model, 	AB, is given by Arruda and Boyce

[16]

	AB ( ) = n0KBTN0

"
�chainp
N0

L�1
��chainp

N0

�
+ ln

L�1
�

�chainp
N0

�
sinh(L�1

�
�chainp

N0

�
)

#
(2.1)

where is the right Cauchy-Green strain tensor, n0, KB, and T are the number of chains

per unit volume, the Boltzmann constant, and the absolute temperature, respectively, N0

is the number of Kuhn monomers per chain of the elastomer and is related to the limiting

chain extensibility �lock as N0 = �2
lock, L(�) = coth(�) � 1

(�) is the Langevin function whose

inverse L�1 is given by several approximations in the literature, among which we find the

well-known Pade approximation that is L�1(x) = x3�x2

1�x2 , and �chain( ) =
q

I1( )
3

is the

relative macro-stretch written as a function of the first invariant of the right Cauchy-Green

strain tensor I1( ) = tr( T ), where is the deformation gradient tensor. Note that the

dependence of the Arruda-Boyce free energy expression on the first invariant of the right
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Cauchy-Green tensor makes it an invariant based hyperelastic constitutive equation. The

reader is referred to Appendix A for a summary of the thermodynamic considerations of the

proposed constitutive relationship.

Equation 2.1 can be written in polynomial form using the first five terms of the Taylor

expansion of the inverse Langevin function as

	AB ( ) = �0

5X
i=1

ci
1

N2i�2
0

�
I i

1 � 3i
�

(2.2)

where �0 = n0KBT is the rubber shear modulus. The constants ci in Equation 2.2 are equal

to c1 = 1
2
; c2 = 1

20
; c3 = 11

1050
; c4 = 19

7000
; c5 = 519

673750
.

As it has been argued in subsection 1.3.1, crosslink formation is the dominant mechanism in

the thermo-chemical aging of elastomers, and an oxidized product has a more crosslinked net-

work of smaller chains compared to the unaged polymer with the longer crosslinked network

(e.g., [95]). Therefore, the number of Kuhn monomers per chain in elastomers changes and

decreases upon aging. On the other hand, the formation of crosslinks between these newly

formed short-chains induces more stiffness as the deformation of short polymer chains in a

highly crosslinked material is more difficult. Recognizing that the Arruda-Boyce Helmholtz

free energy is indeed a function of two main micro-mechanically motivated material param-

eters: (1) the rubber shear modulus �0 (which increases with respect to aging time) and

(2) the number of Kuhn monomers per chain N0 (which decreases with respect to aging

time), the effect of aging on the Helmholtz free energy can be accounted for by describing

appropriate evolution functions of � and N with respect to aging time ta, i.e., �(ta) and

N(ta).

First, motivated by the expression of the shear modulus in Equation 2.2, �0 = n0KBT ,

we consider that the increase in the number of the newly formed crosslinks per volume
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due to aging (i.e., crosslink density) directly affects the shear modulus of the material at

the corresponding aging state and write a micro-mechanically motivated expression for the

evolution of shear modulus, �(ta), as

�(ta) = n0KBT +
�
�cr(ta) � �cr

0

�
RT

= �0 +
�
�cr(ta) � �cr

0

�
RT

(2.3)

where �cr
0 and �cr(ta) are the crosslink densities of the unaged material (at aging time ta = 0)

and the aged material (at some later aging time ta), respectively, and R is the natural gas

constant. In equation 2.3, the term (�cr(ta) � �cr
0 ) gives the change in the crosslink density

between the primary network configuration and the network configuration corresponding to

a given aging state. A stiffness-like component is introduced by multiplying the change in

the crosslink density which has units of moles per volume by the natural gas constant R and

the absolute temperature T .

Second, the conservation of mass principle in polymers requires that the product of shear

modulus and the number of Kuhn monomers per chain of the elastomer remain constant,

that is �cr(ta)N(ta) = �cr
0 N0, where N(ta) is the number of Kuhn monomers per chain of the

elastomer at the current state of aging. Therefore, N(ta) can be obtained according to

N(ta) =
N0�

cr
0

�cr(ta)
(2.4)

As a result of these two modifications, the free energy of aged elastomer is effectively con-

sidered based on the crosslink density evolution. The expected stiffness and Kuhn segment

variations upon aging is appropriately accounted for. Therefore, we can re-write the Arruda-

Boyce free energy equation for thermo-chemically aged elastomer based on the expressions
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for �(ta) and N(ta), which are obtained based on macromolecular network evolution, as

	a ( ; ta) = �(ta)

5X
i=1

ci
1

N(ta)2i�2

�
I i

1 � 3i
�

(2.5)

where �(ta) and N(ta) are given by Equations 2.3 and 2.4, respectively, and 	a is the

Helmholtz free energy of the aged material (for some aging time ta) combining the contribu-

tion from the original elastomer network prior to aging and the contribution of the secondary

network formed due to crosslinking. The second Piola-Kirchhoff stress tensor, , can then

be obtained by substituting Equation 2.5 into = 2�@	a

@
. The first Piola-Kirchhoff stress

tensor can be computed as = .

The obtained constitutive equation follows the consistency conditions as: (1) 	a ( ; ta) = 0

when = , that is, when a network is in its reference configuration (where no mechanical

load or displacement is applied to the unaged or aged material); (2) 	a ( ; ta) > 0 when

6= , that is, when a network is deformed; (3) each network is stress free in its reference

configuration and the network reformation process occurs stressless.

It should also be mentioned that the original network in the eight-chain model was assumed

to be isotropic in its reference configuration and the formation of new network during the

application of mechanical loading is neglected. Subsequently, each newly formed crosslink

is also assumed to be isotropic in its reference configuration and the formation of new net-

work during the application of mechanical loading is neglected. The assumption of isotropic

crosslink formation and network evolution is only made because of the absence of experi-

mental results about the symmetry of new networks. This simplifying assumption should

be modified to account for a different material symmetry once new understandings of the

network evolution may be found. It also should be mentioned that aging during the curing

process [115], and possible crack healing in elastomers [99] are out of the scope of this study.
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Defining characteristics that make our developed approach distinguishable from the previous

works are that, first, the evolution of the shear modulus in our constitutive equation depends

directly on the crosslink density achieved at a given aging state, and second, the changes

in the number of Kuhn monomers per chain is also considered. Therefore, the developed

constitutive equation herein provides a one-to-one mapping between chemically-based quan-

tities and physically-based macroscopic variables. The developed constitutive equation relies

on two material properties (i.e., �0 and N0) in addition to the crosslink density evolution

data. In the case of using an equation to consider the crosslink density evolution, an s-shape

function that requires three model parameters can be used.

A summary of the simplifying assumptions in this work is: (1) the energy storage and

crosslinking mechanism is the dominant phenomenon in thermo-chemical aging of elastomers,

(2) the elastomer is saturated with oxygen and the energy due to chemical diffusion can be

neglected, (3) the chemical reactions occur homogeneously inside the thin samples, (4) tem-

perature does not change locally upon the application of mechanical loading, or is negligible

(5) the material is assumed incompressible and isotropic, and (6) the aging process does not

depend on the strain. It must be noted that the strain can affect the thermo-chemical aging

process; this effect is much more pronounced under dynamic deformation compared to static

[7]. It must be noted that most of these assumptions are common among all the consti-

tutive equations, which were developed to simulate thermo-chemical aging in elastomers in

the literature (e.g., [85, 132, 169]). Moreover, the developed constitutive equation in this

work can be incorporated into the more complicated diffusion-reaction-based constitutive

equations to be fully coupled with the diffusion equations. For example, the Helmholtz free

energy herein, which is implicitly a function of extent of reactions, can be used instead of

the assumed mechanical Helmholtz free energy in the diffusion and reaction-driven work of

Konica and Sain [94].
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The future work of the authors is twofold. First, to incorporate the obtained Helmholtz

free energy into a diffusion-reaction and thermodynamic-based framework to simulate a

fully coupled thermo-chemo-mechanical aging. Second, to incorporate the effect of chain-

scission and energy dissipation for a more accurate representation of aging phenomena based

on other chemical characterization tests such as nuclear magnetic resonance (NMR) and

Fourier-transform infrared spectroscopy (FTIR).

In this section, the prediction of the proposed constitutive equation is validated against a set

of experimental data available in the literature to assess its capabilities [72, 154, 228]. This

particular set of literature was chosen such that the reported articles contained information

about both the crosslink density evolution upon aging and a mechanical response of aged

samples. Two types of elastomer compounds (i.e., SBR and NR) with various carbon black

filler fractions were identified. Samples were subjected to thermo-chemical aging at various

temperatures ranging from 70�C to 120�C.

First, Hamed and Zhao [72] reported the evolution of crosslink density and tensile tests for

filled and unfilled sulfur-vulcanized SBR and NR. The filled materials included 50 phr of

N330 carbon black. The SBR specimens contained an antioxidant, while the NR specimens

contained 1 phr of dioctylated diphenylamine. The specimens were subjected to air-oven

aging at 100�C for various aging times. All specimens were prepared with an average thick-

ness below the critical thickness to ensure uniform oxidation (thicknesses varied between

0.15 and 0.2 mm). The specimens were subsequently tested in tensile mode under a strain
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rate of approximately 0.017 s�1. The crosslink densities for the unfilled materials were cal-

culated using the classic Flory-Rehner equation, whereas, for the filled samples, the Kraus

modification was employed.

In the second study, Zhi et al. [228] published the crosslink density evolution as well as tensile

test results of a filled SBR for several aging times. Vulcanized SBR 1502 (styrene content:

23.5 wt%) sheets that are 2 mm thick were used. The samples contained 50 phr of N330

carbon black. The SBR samples were thermally aged in an air-circulated oven at 120�C.

The monotonic stretching tests on aged samples were conducted at a strain rate of 0.06 s�1.

In the last study, Rezig et al. [154] reported crosslink density evolution for a filled SBR

aged under an accelerated aging process at different temperatures and for different exposure

times. The investigated material was a vulcanized SBR with 34 phr of sulfur compounds and

filled with 34 phr of carbon black. The thickness of the specimens used was 2 mm. Tensile

mechanical test results were conducted under a strain rate of 0.005 s�1 and were reported

for all aging times.

In the following for each data set, the two mechanical material parameters, �0 and N0,

were first obtained based on the unaged tensile experimental data and the one-dimensional

uniaxial Arruda-Boyce constitutive equation. Table 2.1 presents the values for �0 and N0

corresponding to each particular unaged elastomer compound. Then, the evolution of the

crosslink density obtained experimentally for various elastomers was used to predict the

stress-strain responses based on Equations 2.3–2.5 and the first Piola-Kirchhoff stress defi-

nition. The average prediction error for each aging duration and each elastomer compound

was calculated according to

Average error = average
�

experimental data � model prediction
experimental data

�
� 100 (2.6)
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where the experimental data and model prediction are data points calculated at select strain

levels in the stress-strain response.

Table 2.1: The shear modulus and the number of Kuhn monomers per chain for the unaged
elastomers obtained by fitting the Arruda-Boyce eight-chain constitutive equation to the
unaged stress-strain curves.

T �

�0 (MPa)
N0

T � T � T � T �

�0 (MPa)
N0

In this section, the available data in the literature are used to predict the uniaxial tensile

stress-strain responses of unfilled and filled SBR based on their crosslink density evolution

upon aging. Figures 2.1, 2.3, and 2.4 demonstrate the prediction of the developed constitutive

equation for SBR materials corresponding to the studies of Hamed and Zhao [72], [228],

and Rezig et al. [154], respectively. For each study and its corresponding figure, both the

crosslink density evolution as well as the model predictions are presented. Moreover, the

average calculated errors using Equation 2.6 are also summarized in Table 2.2 and plotted

in Figure 2.5. The cases where the prediction underestimates the experiment are written in

red, and where the prediction overestimates the experiments in blue.

It can be observed in Figure 2.1 that the evolution of the crosslink density follows the same

pattern as the change in stiffness for each given aging state wherein the modulus evolves in

accordance with the change in the crosslink density. The modulus – or equivalently stiffness
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Figure 2.1: a) Crosslink density evolution, and predictions of the developed constitutive
equation for different aging times of b) unfilled SBR and c) filled SBR (containing 50 phr
carbon black filler). The specimen were aged at 100�C for different aging times. The exper-
imental data were reproduced based on Hamed and Zhao [72].

– increases substantially after an initial aging time, mimicking the behavior observed for

the crosslink density. The parallelism in the evolution of the elastomer’s crosslink density

and its corresponding stiffness reinforces the argument that crosslinking reactions are more

dominant during thermo-chemical aging.

Moreover, regarding the Hamed and Zhao [72] unfilled SBR data, it can be seen that errors

remain below 10% for the lower aging times (i.e., up to 10-day aging). As the aging time
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increases, the response for the unfilled SBR predicted by the proposed constitutive equation

underestimates the experimental observations. To understand the reason behind this under-

estimation, it is worth recognizing that during thermo-chemical aging processes, two types of

reactions can participate: reaction of free radicals (i.e., alkyl and alkoxy) with C C bonds

during propagation step and reaction of radicals among themselves during termination step

as shown in Figure 2.2 [104, 131]. The underestimation for the unfilled SBR could likely

be attributed to the fact that the proposed constitutive equation does not account for the

additional molecular chain segments that have been created between free radicals and double

carbon C C bonds. These additional chain segments possess the same load-resisting ca-

pacity as the original network chains (albeit shorter in length) and contribute to an increase

in the chain density in the unfilled elastomer. Instead, from what it appears, the proposed

constitutive relationship accounts for the radical-radical crosslinking reactions which create

weaker segments in the unfilled elastomer that do not exhibit the same load resistance as the

radical-double bond segments, therefore leading to the underestimation observed. Another

possible source of error could be attributed to the experimental apparatus used to measure

the effective crosslink density that is used as an input into the proposed framework, espe-

cially at longer aging times for such unfilled rubbers. The measurements obtained in the

works described herein have all been based on the equilibrium swelling test procedure. This

procedure requires that a good solvent (and therefore the correct interaction parameter in the

Flory-Huggins equation) be used in order to obtain accurate crosslink density measurements

[158]. Determination of the correct interaction parameter for the case of unfilled elastomers,

however, is usually subject to error which may lead to an overall erroneous measurement of

the crosslink density [196]. Other methods such as nuclear magnetic resonance (NMR) and

Fourier-transform infrared spectroscopy (FTIR) are thought to provide a relatively more ac-

curate approach to measure the effective crosslink density, therefore potentially amounting

to an overall improvement in the prediction accuracy of the proposed framework, especially
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at longer aging times [78].

Figure 2.2: Schematic for the two types of crosslink reactions: first between radical-double
bonds during propagation step and second between radical-radical during termination step.
The proposed constitutive equation appears to account for the radical-radical reaction type.
The schematic is developed based on the experimental result of Le Gac et al. [104].

On the other hand, the predicted response for the case of Hamed and Zhao [72]’s filled SBR

– which contains 50 phr of carbon black – is quite accurate even at higher aging times (Fig-

ure 2.1c). The inclusion of carbon black inhibits radical reactions with C C bonds and

thus reduces the potential of creating additional chain segments between the correspond-

ing junction ends. At the same time, however, carbon black increases the probability of

recombination of primary macro-radicals and promotes the creation of additional crosslinks

in the material. This is consistent with arguments provided in the literature, which suggest

that carbon black acts as a free-radical scavenger capable of binding macro-radicals gener-

ated during oxidation [72, 84]. Those additional load-resisting chain segments manifested

for the unfilled SBR are therefore absent for the filled SBR. The increase in the density

of crosslinks at radical-radical junctions is the major contributor to the stiffening behavior

of filled SBR, as is properly accounted for by the proposed constitutive relationship. The

overestimation in the longest aging time of the filled SBR (i.e., 14 days) can be explained

30



by the fact that the current model neglects temperature-dependent dissipation mechanisms

such as viscoelasticity and other degradation events such as extended chain-scission. The

effects of chain-scission become more pronounced by increasing the aging time.

Figure 2.3: a) Crosslink density evolution as a function of the aging time and b) predictions
of the developed constitutive equation. The specimens were made of filled SBR with 50 phr
carbon black and were aged at 120�C for different times. The experimental data were
reproduced based on Zhi et al. [228].

Figure 2.3 demonstrates the crosslink density evolution and the comparison of prediction

versus experiments of Zhi et al. [228]. The overestimation of the experiments can also be

observed in this case as well, where the specimens were aged at 120�C. Thus, although the

SBR used in Zhi et al. [228]’s study contains the same carbon black volume fraction as the

one used in Hamed and Zhao [72], the difference in the calculated average errors between

the two studies is attributed to the increased aging temperature (i.e., 100�C compared to

120�C). Nevertheless, it is worth mentioning that the experimental stress-strain responses

corresponding to the work of Zhi et al. [228] focused on the lower stress-strain intervals as

opposed to the other works where the authors presented the complete stress-strain behavior.

The lack of the complete nominal stress-strain behavior could potentially have affected our

prediction results.
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Figure 2.4 illustrates the evolution of crosslink density and the predictions of the Rezig

et al. [154] data at three different aging temperatures of 70�C, 90�C, and 100�C. It can be

observed that the aging temperature also affects the prediction capability of the proposed

constitutive equation. The proposed constitutive equation can replicate the filled SBR’s

experimental responses very well for the lower aging temperatures (i.e., 70�C, 90�C). In fact,

the average error remains below 13% and 14% when the aging temperature is 70�C and

90�C, respectively. The errors, then, increase for the case of higher aging temperature (i.e.,

100�C). At the longest aging time of the highest aging temperature (i.e., 60 days aging at

100�C), the constitutive equation overestimates the response of filled SBR in the Rezig et al.

[154] tests. The overestimation is similar to the one observed for the longest aging time

of filled SBR in Hamed and Zhao [72] experiments. The overestimation can be explained

similarly in that the current model neglects temperature-dependent dissipation mechanisms,

and chain-scission and crosslink breakage likely become more considerable at higher aging

conditions.

It is critical to note that the effects of carbon black on the predictions are consistent in

the three independent data set results. The SBR utilized in the Rezig et al. [154]’s study

contained 34 phr of carbon black, and therefore, represents an intermediate value between

those corresponding to the SBR materials used in Hamed and Zhao [72] (i.e., 0 phr for

unfilled and 50 phr for filled). At the same aging temperature of 100�C, the average errors

predicted for this intermediate carbon black fraction fall between those obtained for the

cases where the carbon black was 0 and 50 phr. To reiterate, the error associated with

Rezig et al. [154]’s data aged at 100�C, which contains 34 phr carbon black falls between

the errors associated with unfilled and 50 phr filled SBR in Hamed and Zhao [72]’s data.

In other words, the average error decreases with an increase in the carbon black volume

fraction, thus reinforcing the argument that at higher carbon black contents the potential of
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Figure 2.4: a) Crosslink density evolution as the aging time at different temperatures for a
filled SBR elastomer (the specimens contained 34 phr carbon black.); and predictions of the
developed constitutive equation for different aging time for the cases when the aging tem-
perature is equal to b) 70�C, c) 90�C, and d) 100�C. The experimental data were reproduced
based on Rezig et al. [154].

additional load-resisting chains forming due to aging reduces, and the number of crosslinks

per elastomer volume increases. However, with the increase of aging time, possible dissipation

mechanisms such as chain scission cause overestimation. More experimental data is required

with different percentages of carbon black filler and aging time and temperature to confirm

this hypothesis fully.
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Figure 2.5: Average error percentage associated with (a) all the SBR cases, and (b) all the
NR cases. The Hamed and Zhao [72]’s filled SBR and the Zhi et al. [228] cases contained
50 phr carbon black, whereas the Rezig et al. [154]’s specimens included 34 phr carbon black.
Red indicates underestimation whereas blue indicates overestimation.

In summary, it can be concluded that the proposed constitutive relationship is most accurate

for predicting the response of carbon black-filled elastomers. Specifically, prediction accuracy

increases with an increase in filler content and a decrease in aging temperature. The errors

associated with filled SBR in all three independent data sets are below 32%. The average

of all errors for the filled SBR cases aged at 90�C-120�C (excluding 70�C where the errors

are very low) is 16%. The high accuracy associated with filled elastomer prediction is due

to the following reason. The increase in the density of crosslinks at radical-radical junctions

is the major contributor to the stiffening behavior observed for filled SBR. That is, the

potential for forming new load-resisting macromolecular chains is reduced for filled elastomers

compared to their unfilled counterparts. As a result, since the proposed constitutive equation

properly accounts for the newly created radical-radical segments, prediction accuracy for the

case of filled elastomers is high. As the aging temperature exceeds 100�C, the effects of

temperature-dependent dissipation mechanisms such as viscoelasticity or other molecular

dissipation events such as extended chain-scission events become more dominant, and the
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prediction using the proposed model is overestimated, although the errors still remain within

a reasonable low-limit range.

Figure 2.6: a) Crosslink density evolution as the aging time, and predictions of developed
constitutive equation for different aging time of b) unfilled NR and c) filled NR (containing
50 phr carbon black). The experimental data were reproduced based on Hamed and Zhao
[72].

In this section, the capability of the proposed constitutive equation in predicting the tensile

stress-strain responses of unfilled and filled NR at various aging states [72] is outlined.
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Figure 2.6 demonstrates the evolution of the crosslink density for both unfilled and filled

NR as well as the corresponding model predictions compared to the experimental results.

It can be seen that the developed constitutive equation can predict the responses very well

regardless of whether the material stiffens or softens. As evidenced by Figure 2.6b, unfilled

NR undergoes an extended period of softening up to 10 days. During this aging stage, the

crosslink density diminishes compared to the initial unaged state. The dependence of the

stiffness parameter on the crosslink density makes it possible for the constitutive equation

to capture the case when the material actually softens (i.e., the case where network chain

disruption events are greater than its formation counterparts). Additionally, similar to the

behavior observed regarding the effect of carbon black on SBR’s predictions, the predicted

responses for the filled NR are more accurate compared to the unfilled NR at higher aging

duration. In fact, the highest calculated error for filled NR was approximately 13.9% for the

12-day aging time (compared to about 44% for the unfilled NR at the same aging time).

The proposed constitutive equation can, given the evolution of the crosslink density, pre-

dict the mechanical responses of aged elastomeric materials fairly well even when only two

material parameters are employed – in this case, the rubber shear modulus and the number

of Kuhn monomers per chain of the unaged elastomer within the Arruda-Boyce eight-chain

constitutive theory. The ability of the constitutive equation to accurately predict the me-

chanical test results of aged materials independently of any mechanical tests, i.e., without

conducting any further fitting to the experimental test results on aged samples, constitutes

an attractive feature of the proposed relationship. The average reported errors in this study

with the low number of model parameters is unprecedented in the literature. Many, if not

all of the existing works in the literature, use several mechanical tests to fit and obtain

36



numerous model parameters associated with their constitutive equations.

For example, Johlitz et al. [87]’s phenomenological constitutive equation is based on the

Mooney-Rivlin hyperelastic theory and contains fourteen model parameters. Their consti-

tutive model, which is based on the concept of state variables considering network scission

and reformation events, requires two sets of mechanical experimental tests for different ag-

ing conditions for calibration. Moreover, recently, Mohammadi et al. [132] used three to six

parameters for an Arrhenius-based aging decay function. In addition to the Arrhenius-based

aging decay function parameters, seven mechanical model parameters were used to fit the

experimental observations. Their average errors at T=95�C, which were deemed acceptable,

were computed to be 5.75%, 21.55%, 23.52%, and 12.01% for the unaged, one-day, five-

day, and ten-day aging times, respectively. Since our average error range falls below these

values, it can be argued that the developed constitutive equation herein yields acceptable

predictions even when very few material properties and tests are utilized. Moreover, most

kinetics models available in the literature employ a series of model parameters to describe

only one mechanism at a time (e.g., either when the aged material is softer than its unaged

configuration or vice-versa). Doing so results in a large number of variables to appropriately

consider all cases of network evolution, such as in the case of Lion and Johlitz [110]. The

crosslink density evolution approach adopted in this work bypasses the need for incorporating

more material parameters than necessary and yields reasonable estimations of the response

of aged elastomers, especially for the case of carbon black-filled elastomers. The proposed

constitutive equation avoids the need for conducting further mechanical tests and provides

predictions of the responses of aged materials within reasonable accuracy using only two

material parameters corresponding to the unaged configuration in addition to one chemical

characterization test.
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Table 2.2: Associated average errors obtained by comparing the predicted stress-strain results
based on Equations 3.6-2.5 and experimental tensile test results. Numbers in red indicate
that the constitutive relationships underestimated the experimental results, whereas numbers
in blue show overestimation.

Hamed and Zhao [72] SBR (T=100�C)
Unaged 4-day 8-day 10-day 12-day 14-day 16-day

Unfilled 4.68 5.42 8.94 5.33 34.6 38.9 28.7
Filled 8.09 12.8 16.1 14.9 12.0 18.8 –

Zhi et al. [228] SBR (T=120�C)
Unaged 1-day 3-day 5-day
11.18 12.2 15.6 28.4

Rezig et al. [154] SBR (T=100�C)
Unaged 7-day 14-day 21-day 28-day 35-day 45-day 60-day
11.2 16.5 22.2 32.0 29.1 22.4 27.1 20.6

Rezig et al. [154] SBR (T=90�C)
Unaged 7-day 14-day 21-day 28-day 35-day 45-day 60-day
11.2 12.5 12.2 7.13 5.86 5.48 8.67 6.19

Rezig et al. [154] SBR (T=70�C)
Unaged 7-day 14-day 21-day 28-day 35-day 45-day 60-day
11.2 14.02 10.2 8.83 5.69 10.7 9.62 8.69

Hamed and Zhao [72] NR (T=100�C)
Unaged 4-day 8-day 10-day 12-day

Unfilled 3.57 13.5 17.1 10.7 44.7
Filled 9.82 7.46 7.97 12.2 13.9
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This work is part of a manuscript submitted for publication in International Journal of

Engineering Science. Please see the arXiv version of the manuscript at Najmeddine and

Shakiba [136] for reference.

Chapter 2 was mainly concerned with connecting the physio-chemical processes manifested

in thermo-oxidatively aged elastomers to the energy stored in these materials. It was shown

that through proper modification of the hyperelastic strain energy density function in terms

of the crosslink density, a reasonably accurate prediction of the mechanical response (i.e.,

stiffness and extensibility) can be achieved. However, consideration of the induced brittle

fracture at critical mechanical loads was lacking. It is the purpose of this chapter to address

such a development.
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In this chapter, we aim to describe the mechanical responses of thermo-chemically aged

elastomers and predict their brittle failure using a thermodynamically consistent framework

coupled with the phase-field approach to fracture. This is achieved by recognizing that

thermo-chemical aging affects the response of elastomers in the following manner. First,

when an elastomer is subjected to thermo-chemical processes, crosslinking is activated and

the elastomer becomes more brittle. Embrittlement induces microscopic cracks on the surface

of elastomers leading to their brittle fracture when stretched to a certain level of mechan-

ical deformation. The induced micro-cracks propagate within the elastomer by virtue of a

competition between two mechanical quantities: ) the elastic energy stored in the bulk;

and ) the surface energy dissipated through fracture and the creation of new surfaces. We

examine these quantities in detail and incorporate the effects of thermo-chemical aging on

their evolution as follows

• The effect on the energy stored in the bulk is captured through proper modification

of rubber stiffness as a function of crosslink density in the large-strain network-based

constitutive theory describing hyperelastic materials.

• The effect on the surface energy dissipated through fracture is captured through modi-

fication of the well-known Lake-Thomas derivation of the fracture energy as a function

of evolving crosslink density.

• Crack initiation is captured by establishing a strain-based criterion for fracture. The

strain at fracture is expressed in terms of the crosslink density and is therefore consid-

ered to be known a priori.

• The length-scale is considered as an intrinsic material property and is determined
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by solving the analytical one-dimensional (1D) formulation of the strong forms. The

resulting algebraic equation to be solved will be written in terms of the material stiff-

ness, the fracture energy, and the strain at fracture (which are all given in terms of

the crosslink density).

Hence, the developed framework connects the evolution of the material properties in the

constitutive equations to the physio-chemical changes in the rubber network. This connection

eliminates the need to conduct mechanical testing on aged elastomers and bypasses the need

for extra fitting parameters. This work therefore constitutes a clear contribution to the

missing relationship between the macromolecular changes and the mechanical and fracture

responses of thermo-chemically aged elastomers.

This manuscript is organized as follows. Section 3.3 summarizes the mathematical nota-

tions ascribed to kinematic quantities and establishes the fundamental formulation of the

problem upon which subsequent derivations are based. Section 3.4 describes the developed

constitutive framework incorporating the effects of thermo-chemical aging on the coupled

hyperelastic-phase-field response of elastomers. The solution of the developed framework for

the case of homogeneous 1D bar under uniform tension is explained in Section 3.5. Vali-

dation versus experimental data from the literature are presented in Section 3.6. Then in

Section 3.7, we discuss our results and present a few parametric studies on a single notch

sample aged for varying aging times.

Tensorial notation is used in this work. Bold letters indicate a vector or a tensor. The

inner product is represented by ”�” and for any two tensors, � , the summation is over

the components of the right tensor (e.g., the inner product of two second-order tensors is
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� = tr( T ), and for any two vectors, the product is � = T where the superscript
T indicates tensor or vector transpose). The time rate of change of a quantity in the material

configuration (i.e., Lagrangian configuration) is known as a material derivative (D/Dt) and

is indicated by a superimposed dot, whereas the time rate of change of a quantity in the

spatial configuration (i.e., Eulerian configuration) is known as the spatial derivative (@/@t)

and is indicated by a prime sign. Additionally, Div and div represent the material and spatial

divergence operators, respectively. Finally, r (:) = @(:)
@

and r (:) = r(:) = @(:)
@

are the

material and spatial gradient operators, respectively.

Figure 3.1: a) Geometric description of solid body undergoing fracture propagation in the
initial (undeformed) and the current (deformed) configurations. b) Substitution of a crack
discontinuity surface in a solid body, with a distribution of a continuous, scalar phase-field,
to describe the impact of fracture. (Adapted from [96]).

The problem solved in this work is formulated as follows. Consider an elastomeric body


0 identified with the region of space it occupies within a fixed reference configuration as

shown in Figure 3.1a. presents the location of an arbitrary point in 
0. �0 is the boundary

region of the body with the outward unit normal vector denoted by . A smooth one-to-one

motion mapping can subsequently be defined as = �( ; t) giving the position of the point

at the current configuration for a given time t 2 R+ representing the temporal location
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(Figure 3.1a). The deformation gradient can then be determined as = r�( ; t). We also

define the displacement field ( ; ) as the difference of the position vector in the reference

configuration from the position vector at the current configuration: ( ; ) = � . Essen-

tial displacement boundary conditions are prescribed on �0u whereas natural displacement

boundary conditions are prescribed on �0t such that �0u

T
�0t = ? and �0u

S
�0t = �0.

Additionally, we consider that the body 
0 contains a sharp crack S0 that is smeared over

a localization band B � 
0 in which the damage field (or phase-field) d( ; t) localizes (Fig-

ure 3.1b). The damage field takes real values between [0; 1] in accordance with classical

continuum damage mechanics principles where d( ; t) = 0 refers to an intact material with

no damage and d( ; t) = 1 refers to complete fracture.

In this section, we present a detailed description of the proposed constitutive framework

governing the response of thermo-chemically aged elastomers within the context of large de-

formation solid mechanics coupled with phase-field. Section 3.4.1 summarizes the governing

differential equations for the problem (i.e., strong forms) and highlights equations describing

phase-field. Section 3.4.2 presents the proposed approach to incorporate the changes in the

macromolecular network due to thermo-chemical aging into the constitutive framework.
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The set of governing partial differential equations to be solved for a solid medium with

evolving damage are

Div ( ) + �0 ( 0 � 


0) = in 
0 and = 0 on �0t (3.1)

Div ( ) � B = �0
�d in B � 
0 and � = 0 on �0 (3.2)

where is the first Piola-Kirchhoff stress tensor, 0 is the macroscopic body force vector,




0 is the acceleration vector, 0 is the macroscopic surface traction, and �0 is the density

of the solid medium in the initial configuration. B and are two non-classical quantities

representing the internal work of damage (dual to d) and the flux vector of internal work

of damage (dual to rd), respectively [60]. In this work, it is assumed that the acceleration

forces of the microscopic links is zero (i.e., �0
�d = 0). Furthermore, the higher-order micro-

traction at the evolving boundaries of the damaged regions are neglected. The reader is

referred to Appendix D for a detailed derivation of the governing equations based on the

principle of virtual power.

Next, the constitutive equation stating the relationship between the stress and the strain

quantities and the one stating the relationship between the internal work of damage and its

flux vector to the damage variable should be stipulated. The stress-strain relationship can be

established by conjecturing an appropriate form of the density of the Helmholtz free energy

which for elastomers can be given by either one of the many free energy density functionals

describing the large deformation behavior of rubber materials [16, 61, 139, 140, 155]. The

damaged density of the Helmholtz free energy (also sometimes referred to as the strain

energy density), �0	( ;d) = !(d)�0	0( )
, is considered in terms of �0	0( )

: the undamaged

free energy written as a function of the right Cauchy-Green strain tensor , and !(d): a

44



degradation function. The relationship between the internal work of damage and its flux

vector to the damage variable is determined based on a thermodynamic analysis for a solid

medium with evolving phase-field. For detailed derivation of the constitutive equations, the

reader is referred to Appendix E and F. The set of equations to be solved then becomes

Div
�

2�0

@	( ;d)

@

�
+ �0 ( 0 � 


0) = in 
0 and 2�0

@	( ;d)

@
= 0 on �0t (3.3)

Gc

c�

�
�0

(d)

lc
� 2lc�d

�
+ �0!

0
(d)	0( )

= 0 in B � 
0 and 2lcGc

c�

rd � = 0 on �0 (3.4)

where �(d) is a characteristic function in terms of the phase-field variable denoting the crack

geometric function, Gc and lc are the fracture energy and the length scale, respectively, and

c� = 4
R 1

0

p
�(�)d�. Note that the Cauchy stress tensor σ can be calculated as J�1 T

where J is the determinant of .

Various versions of the phase-field approach exist in the literature depending on the choice

of !(d) and �(d). The more common version corresponds to the case for which !(d) = (1 �d)2

and �(d) = d2 [10, 31, 32, 129]. In this version, damage begins to evolve at the onset of

load application. An alternative version corresponds to the case for which !(d) = (1 � d)2

but �(d) = d [145]. This version of phase-field allows the material to develop elastically

up to a certain critical strain level upon which fracture initiates. Since such a response is

characteristic of the behavior of common unaged elastomers (e.g., NR, SBR, etc.) as they

show a purely nonlinear elastic response up until rupture, we use the linear crack geometric

function (i.e., �(d) = d) version. This means that damage is not allowed to commence until

the material has reached a critical energy state wherein enough load bearing chains have

been broken causing nucleation of fracture. Moreover, under severe chemical aging scenarios

which cause embrittlement, aged elastomers show an almost linear elastic response (under
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quasi-static loading at moderate strain-rates) until they reach the critical level where they

cannot sustain any more loads and fracture nucleates due to bond breakage.

Fracture can nucleate in a number of ways inside elastomers. As demonstrated through many

experimental results, macroscopic crack nucleation can result from either one or all of the

following fashions: i) nucleation in the bulk, ii) nucleation from large pre-existing cracks, or

iii) nucleation from the boundary and small pre-existing cracks [99, 100]. Fracture nucleation

from large pre-existing cracks is well-captured by the phase-field approach; however, because

phase-field lack the important consideration of material strength, it fails to describe crack

nucleation in the bulk of smooth elastomers. This limitation restricts its use for fracture

problems dealing with uncut samples or sample with no pre-existing cracks. To overcome

the restriction, in this work, we establish a strain-based criterion for fracture that allow us

to conveniently describe crack nucleation in smooth elastomers. The strain-based criterion

is motivated by the physical understanding that like all materials, elastomers are never

perfect and contain inherent microscopic defects; thus when a smooth elastomer is stretched

monotonically, fracture nucleates at a given critical value of the applied stretch from one or

more of these pre-existing defects. Therefore, we use the phase-field approach with linear

crack geometric function and a strain-based criterion.

In the subsequent sections, we present the conjectured forms of the quantities required to

solve the system of Eqs. (3.3) and (3.4) for a particular aging state. These quantities are:

the density of the hyperelastic Helmholtz free energy, the fracture energy, and the strain at

fracture.
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In this section, we present the proposed constitutive equations for thermo-chemically aged

elastomers undergoing fracture. We connect the macromolecular network alterations to the

macroscopic properties through appropriate evolution functions for the material parameters

involved in the constitutive framework. As argued in the Introduction, the literature agrees

that although chain scission, crosslink breakage, and formation all happen simultaneously

during the thermo-chemical aging of elastomers, crosslink formation eventually dominates,

leading to an increase in the crosslink density, which in turn, results in an increase

in the modulus and the hardening with embrittlement [41, 42, 43, 45, 208, 209, 210]. There-

fore, in this study, we propose to connect the evolution of associated material properties to

the macromolecular network to the effective crosslink density. We begin by summarizing the

changes occurring in the material bulk hyperelastic energy, which was developed and vali-

dated by the authors in their previous work [167]. Then, we present our proposed approach

to incorporate the evolution of the macromolecular network in the description of the fracture

energy and the strain at fracture. The novelty of the current work lies in the addition of

phase-field to predict fracture in thermo-chemically aged elastomers and how the material

properties associated with fracture change by the alteration in the macromolecular network

due to aging.

The Arruda-Boyce (AB) constitutive equations [16] will be used in this work to describe

the elastomer hyperelastic responses. The AB constitutive equation accounts for the non-

Gaussian nature of the molecular chain stretch and provides an accurate representation of

the large deformation behavior of rubber-like materials under different states of loading.
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An attractive feature of the AB description (besides being micro-mechanically motivated) is

that it only requires two physics-based material properties, i.e., the network chain density

(or equivalently the rubber shear modulus), and the number of Kuhn monomers to simu-

late elastomer behavior under various deformation states (i.e., uniaxial, shear, and biaxial).

Assuming a near-incompressible configuration, the density of the AB Helmholtz free energy

for the unaged material can be expressed as [16]

�0	( ) = �0	AB ( ) = �0N0

"
�

( )p
N0

L�1
��

( )p
N0

�
+ ln

L�
�

�
( )p
�

sinh(L�
�

�
( )p
�

)

#
(3.5)

where �0 = n0KB� is the rubber shear modulus (n0, KB, and � are the number of chains

per unit volume, the Boltzmann constant, and the absolute temperature, respectively), N0 is

the number of Kuhn monomers per chain, L(�) = coth(�)�
(�) is the Langevin function whose

inverse L�1 is given by several approximations in the literature and is equal to L�1(x) =

x3�x2

1�x2 according to the Pade approximation for some x 2 R, and �
( )

=

q
I1( )

3
is the

relative macro-stretch written as a function of the first invariant of the right Cauchy-Green

strain tensor I1( )
= tr( T ).

The effect of thermo-chemical aging on the density of the Helmholtz free energy can be

accounted for by describing appropriate evolution functions for the rubber modulus and

the number of Kuhn monomers with respect to the change in effective crosslink density.

Indeed, in a previous work by the authors [167], it was confirmed that the crosslinking

events in an elastomer induced by thermo-chemical aging contribute significantly to the

changes manifested in the free energy density. Thermo-chemical aging causes the number

of monomers per chain in the AB description to decrease. Motivated by the understanding

that the formation of crosslinks between newly formed short-chains induces more stiffness

as the deformation of short chains in a highly crosslinked material becomes more difficult,
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the authors showed that the evolution of the rubber modulus during thermo-chemical aging

can be given by the following micro-mechanically motivated expression

�(ta) = n0KB� +
�
�cr

(ta) � �cr
0

�
R�

= �0 +
�
�cr

(ta) � �cr
0

�
R�

(3.6)

where �cr
0 and �cr

(ta) are the crosslink densities of the unaged material (at aging time ta = 0)

and the aged material (at some later aging time ta), respectively, and R is the natural gas

constant. In deriving Eq. (3.6), it is considered that the increase in the number of the

newly formed crosslinks per volume due to aging directly affects the rubber modulus of the

material at the corresponding aging state. Note that in Eq. (3.6), the term (�cr
(ta) ��cr

0 ) gives

the change in the effective crosslink density between the primary network configuration and

the newly formed network configuration corresponding to some aging time ta. A stiffness-like

component is introduced by multiplying the change in the effective crosslink density which

has units of moles per volume by R and �.

On the other hand, the conservation of mass principle in polymers requires that the product

of effective crosslink density and the number of Kuhn monomers per chain of the elastomer

remain constant, that is �cr
(ta)N(ta) = �cr

0 N0, where N(ta) is the number of Kuhn monomers

per chain of the elastomer at the current state of aging. Therefore, N(ta) can be obtained

according to Shakiba and Najmeddine [167]

N(ta) = N0
�cr

0

�cr
(ta)

(3.7)

As a result of the modifications considered above, the final form of the density of the AB

hyperelastic Helmholtz free energy taking into account the effect of thermo-chemical aging
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can be written as a function of the stretch and the current state of aging as follows

�0	AB ( ; ta) = �(ta)N(ta)

"
�

( )p
N(ta)

L�1
��

( )p
N(ta)

�
+ ln

L�
�

�
( )p

( )

�
sinh(L�

�
�

( )p
( )

�
)

#
(3.8)

where �(ta) and N(ta) are given by Eqs. (3.6) and (3.7), respectively. Note that Eq. (3.8) can

also be thought of as being a function of the effective crosslink density �cr
(ta) since �(ta) and

N(ta) are both implicit functions of �cr
(ta).

This section focuses on the development of the fracture energy Gc for thermo-chemically

aged elastomer. Treatment of Gc as an intrinsic material property in rubbers dates back to

the work of [101]. [101] calculated the fracture energy in terms of the molecular structure of

the elastomer. Their calculation was based on the statistical mechanics framework governing

rubber elasticity. The theory is based on the dissociation energy of the bonds in the backbone

of a monomer unit in a perfectly uniform network, U . A perfect network is defined as a

network where all chains contain the same number of monomer units N0, and have the same

displacement length as the mean end-to-end distance corresponding to a real network. In

such a network, the fracture energy can be obtained by multiplying the energy required to

rupture a chain, N0U , by the number of chains crossing a unit area, 1
2
�rn0, such that

Gc =
1

2
�rn0N0U; where �r =

r
8N0

3�
l (3.9)

where �r is the mean end-to-end distance of an ideal chain containing N0 monomer units each

of length l. The presented mean end-to-end distance can be calculated from the theory of

rubber elasticity assuming Gaussian statistics for the probability density per unit volume of
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a randomly jointed chain [101]. Substituting �r into Eq. (3.9)a yields

Gc =

r
2

3�
n0lN

3
2

0 U (3.10)

which is the final form of a micromechanically motivated Griffith-type criterion.

To account for thermo-chemical aging effects, we first note that the expression of Gc derived

herein is written as a function of the number of monomer units. In the AB description,

this parameter corresponds to the number of Kuhn monomers, which was derived earlier

as a function of the effective crosslink density (i.e., Eq. (3.7)). Additionally, the number

of chains per unit volume can also be conveniently written as a function of the effective

crosslink density using the expression n
�
�cr

(ta)

�
= �cr

(ta)NA where NA is Avogadro’s number.

We eventually arrive at an expression of Gc written entirely in terms of the effective crosslink

density �cr
(ta), the dissociation energy of a single bond U , and the length of a monomer unit

l, that is

Gc

�
�cr

(ta)

�
=

r
2

3�
NAlU�

cr
(ta)

�
N(ta)

�� 3
2 (3.11)

The expression derived above for Gc represents as an evolution function for the fracture

energy given in terms of the effective crosslink density achieved at a certain aging state

during thermo-chemical aging.

In this work, we employ a strain-based criterion for fracture nucleation in smooth specimens

(i.e., specimens containing no large pre-cracks). The version of the phase-field approach

adopted in this work (which was presented in Section 3.4.1) allows for an elastic regime up
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to the onset of crack nucleation. Such a formulation is attractive as it provides the ability

to construct criteria with thresholds for fracture initiation and nucleation. Particularly, it

allows us to construct an energetic criterion with threshold based on the limiting strain, i.e.,

the strain at fracture.

We propose to express the evolution of the engineering strain at fracture in terms of the

effective crosslink density (or equivalently the number of Kuhn monomers since the two

quantities are related through Equation 3.7). Motivated by the findings of [ ] and [ ]

who showed that that the stretch at fracture can be explicitly formulated as a function of

the inverse square root of the crosslink density, we propose to modify the derived expression

for stretch and write that the strain at fracture at a given aging time ta is given by "b(ta)
=

C
�

1
�cr

(ta)

�3/2 where C is a constant of proportionality. Since "b(ta=0)
must be equal to "b0 (the

strain at fracture corresponding to the unaged state), we find that the constant C is given

by C = "b0(�cr
0 )3/2. Thus we finally reach the following expression for the evolution of the

strain at fracture

"b(ta)
=

�
�cr

0

�cr
(ta)

�3/2

"b0 =

�
N(ta)

N0

�3/2

"b0
(3.12)

The assumption that the strain at fracture can be linked to the number of Kuhn monomers

stems from the understanding that as rubber chains become smaller and more rigid, there is

more potential for them to break and therefore the strain at fracture is expected to decrease.

Note that Eq. (3.12) is self-contained and does not include any fitting variables. We shall

see an example of the predicted strain at fracture versus experimental data in section 3.6.1.

A summary of the simplifying assumptions in this work is: (1) the energy storage and

crosslinking mechanism is the dominant phenomenon in thermo-chemical aging of elastomers,

the energy dissipation and the effects of dangling chains are neglected, (2) the chains forming
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the elastomer are all perfectly uniform, meaning that they all contain the same number of

monomer units and have the same displacement length as the mean for a real network, (3)

the elastomer is saturated with oxygen and the energy due to chemical diffusion can be ne-

glected, (4) the chemical reactions associated with oxidation occur homogeneously inside the

thin samples, (5) temperature does not change locally upon the application of mechanical

loading, or is negligible (6) the material is assumed incompressible and isotropic, and (7) the

aging process does not depend on the strain. It must be noted that most of these assump-

tions are common among all the constitutive equations, which were developed to simulate

thermo-chemical aging in elastomers in the literature (e.g., [85, 132, 169]). Moreover, the

developed constitutive framework in this work can be incorporated into the more compli-

cated diffusion-reaction-based constitutive equations to be fully coupled with the diffusion

equations. For example, the Helmholtz free energy herein, which is implicitly a function of

extent of reactions, can be used instead of the assumed mechanical Helmholtz free energy in

the diffusion and reaction-driven work of [94].

The procedure followed to validate the general framework and obtain the material properties

involved in this work is illustrated in Figure 4.8. First, we calibrate the mechanical material

properties for the unaged elastomer (i.e., N0 and �0) based on a uniaxial tensile test. l, U ,

and lc corresponding to the unaged state are determined based on Gc of the pristine material.

Then, the effective crosslink density is obtained based on a suitable chemical characterization

test (e.g., equilibrium swelling test, NMR, DFM, TSSR, etc.) for any desired aging time

and temperature. The unaged material properties in addition to crosslink density values

are then plugged in the evolution functions presented in Eqs 3.6, 3.7, 3.11, and 3.12,

and in Eqs. 3.3 and 3.4 to solve for the damage and stress fields for the problem in hand.

The full stress-strain response – including damage – of thermo-chemically aged elastomers

can then be predicted. We reiterate that contrary to the existing works, we do not fit the
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constitutive framework onto the experimental stress-strain curves. Instead, the relevant

material properties evolve in terms of the effective crosslink density during thermo-chemical

aging. As such, the evolution functions do not contain any extra fitting parameters that

lack physical meaning; rather, they are simply expressed in terms of the inputs which are:

evolving effective crosslink density for a given aging temperature and time, and the material

properties at the configuration ( �0, N0, �b0 = "b0 + 1).

Arruda-Boyce (1993) hyperelastic 
constitutive equation coupled 
with phase-field approach to 
fracture.  Material properties 
included: 𝜇଴, 𝑁଴, 𝜀௕଴, 𝑙, 𝑈, 𝑙௖

Experimentally 
measure crosslink 
density after different 
aging time, 𝜌௖௥(𝑡௔)

Thermo-chemical 
aging of material

Predict stress response 
of aged specimens

Validation:
Compare predicted stress 
response with experimental tensile 
test on thermo-chemically aged 
elastomers

Fit the mechanical 
response of unaged
material

𝜇଴, 𝑁଴, 𝜀௕଴

𝑙, 𝑈

𝜇 𝑡௔ , 𝑁 𝑡௔ , 𝜀௕(𝑡௔)

𝐺௖ 𝜌 ௧ೌ
௖௥

Modify the material 
properties according 
to Eqs. 6, 7, 11, 12

Solve analytical strong form for 
uniaxial tension to get 𝑙௖ for 
both unaged and aged cases

Figure 3.2: Procedural flowchart for the identification of the material properties and the
prediction and validation of the constitutive framework.

Note that in the evolution function of Gc, the value of the dissociation energy of the bonds in

the backbone of a monomer, U , is a known value. It can be taken as the average dissociation

energy of all bonds in the backbone of the monomer in a similar fashion to that followed in

the work of [173]. For a single monomer, U can be obtained by dividing the average molar

dissociation energy (which is given in unis of (energy/moles)) by Avogadro’s number. This

leaves the length of a monomer unit, l, to be the only unknown physical parameter in the

expression of Gc. The length of a monomer unit, l, is considered to be constant for all aging

times and is therefore determined based on the Gc corresponding to the unaged state.
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In this section, we present the analytical derivation of the proposed framework for the case of

a homogeneous bar involving a near-incompressible and isotropic hyperelastic solid. The bar

is assumed to have been thermo-chemically aged for varying periods of time and subsequently

loaded under uniaxial tension. The present derivation serves to highlight the various steps

involved in arriving at the complete stress-strain response of an aged sample from the onset

of load application to complete fracture.

Consider an incompressible elastomeric bar subjected to a monotonically increasing tensile

stretch. In this case, the deformation gradient is expressed as a function of the applied

uniaxial stretch � as follows

(�) =

0BBBB@
� 0 0

0 1p
�

0

0 0 1p
�

1CCCCA (3.13)

The left Cauchy-Green strain tensor can be written as

(�) = (�)T (�) =

0BBBB@
�2 0 0

0 1
�

0

0 0 1
�

1CCCCA (3.14)

whose first invariant is given by I1(�)
= tr( ) = 2

�
+ �2.

Eq. (3.8) can be written in polynomial form using the first five terms of the inverse Langevin
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function as

�0	AB( ; ta) = �(ta)

5X
i=1

ci
1

N2i�2
(ta)

�
I i

1 � 3i
�

(3.15)

where the constants ci in Eq. (3.15) are equal to c1 = 1
2
; c2 = 1

20
; c3 = 11

1050
; c4 = 19

7000
; c5 =

519
673750

, and �(ta) and N(ta) are given by Eqs. (3.6) and (3.7), respectively.

In the case of uniaxial tension, Eq. (3.15) can be expressed as a function of the applied

stretch as

�0	AB(�; ta) = �(ta)

5X
i=1

ci
1

N(ta)2i�2

�
I1(�)i � 3i

�
(3.16)

Therefore, the first Piola-Kirchhoff stress in uniaxial tension P can be computed as

P (�; ta) =
@(�0	AB(�; ta))

@�
(3.17)

For the case of homogeneous damage state, �d = 0 (i.e. damage is uniform in the bar) and

Eq. (3.4)a becomes

!0
(d)�0	AB(�; ta) +

Gc�
0
(d)

lcc�

= 0 (3.18)

Note that for the version of the phase-field employed in this work, the first derivatives of the

degradation and the crack geometric functions with respect to the phase-field variable are

given by !0
(d) = 2(d�1) and �0

(d) = 1, respectively, while c� is given by c� = 4
R 1

0

p
�(�)d� = 8

3
.

Eq. (3.18) is the balance equation for the phase-field variable governing the evolution of the

damage field inside the bar. The phase-field variable d can be solved either analytically or

numerically provided that all necessary inputs are known. These inputs are: the effective
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crosslink density �cr
(ta) for a given aging time and temperature, the fracture energy Gc

�
�cr

(ta)

�
corresponding to said crosslink density, and the length scale lc. The length scale depends on

the material stiffness and its fracture resistance, thus also implicitly on the effective crosslink

density, as shown through Eq. (3.18).

To see how the length scale can be determined for a given aging time ta, let us simplify

Eq. (3.18) by substituting the corresponding terms. We obtain

�0	AB(�b(ta)
; ta) �

3Gc

�
�cr

(ta)

�
16lc

= 0 (3.19)

where �b(ta)
is the stretch at failure given by �b(ta)

= "b(ta)
+ 1. Note that the value d = 0

was substituted for the phase-field variable since fracture will nucleate when d ceases to be

identically 0. Thus, for a particular value of the effective crosslink density, �0	AB(�b(ta)
; ta)

and Gc

�
�cr

(ta)

�
can be determined using Eq. (3.16) and Eq. (3.11), respectively, and Eq. 3.19

can be solved for the only unknown parameter lc.

[153] conducted a series of experimental studies on the thermo-chemical aging effects in

filled SBR. The authors determined the crosslink densities corresponding to various aging

times ranging from 0 to 60 days for a series of temperatures. In this paper, we validate the

proposed framework versus the cases for which aging was performed at 90 �C and 100 �C.

The material properties associated with the unaged configuration were obtained by fitting the

unaged version of the constitutive framework to the stress responses of unaged SBR reported

in [153]. The four unaged material properties obtained are presented in Table 3.1. Note that

is the only fitting that we conduct in this work. Gc for the unaged material was assumed equal
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to 24 N/mm which is typical for filled SBR elastomers. Once the unaged material properties

and the effective crosslink density evolution are determined, their evolution according to the

proposed evolution functions (i.e., Eqs. (3.6, 3.7, 3.11, and 3.12) can be readily acquired

for any aging time. The predicted strain at fracture values are plotted as a function of

the effective crosslink density in Figures 5.4a and 5.4b for the two aging temperatures

considered, i.e., 90 �C and 100 �C, respectively. A very good match between experiment and

prediction based on Eq. 3.12 is obtained. The accuracy associated with strain at fracture

prediction allows accurate determination of the length scale evolution.

Let us consider the case for which the material was thermally aged for a period of ta = 45

days under 100 �C. Substituting ta = 45 in Eq. (3.11) to obtain Gc

�
�cr

(ta)

�
and in Eq. (3.16)

to obtain �0	AB(�b; ta), we can solve for lc in Eq. (3.19) with �b = "b(ta)
+ 1. The proce-

dure can be extended to the remaining aging times and the lc corresponding to each aging

state can be calculated in a similar fashion. Tables H.1 and H.2 present the values for the

material properties obtained for the various aging times considered under 90 �C and 100 �C,

respectively.

The resulting Gc and consequently lc values are plotted as a function of the effective crosslink

density in Figures 3.3c and 3.3d for ta 2 [0; 60] days. Interestingly, lc is found to evolve

linearly with respect to the effective crosslink density for both aging temperatures, whereas

Gc on the other hand decreases with increasing effective crosslink density as is expected for

both aging temperatures. The linear increase for lc suggests that the length scale, similarly to

the effective crosslink density, should also evolve in a sigmoidal manner with respect to aging

time. This finding is crucial as it sheds light on the evolution of an important parameter in

the phase-field characterization of damage in thermo-chemically aged elastomers.
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Figure 3.3: Comparison between the evolution of the strain at failure for SBR as measured
experimentally in [153] and the one obtained using Eq. 3.12 when the material was aged at:
a) 90 �C; and b) 100 �C. Evolution of the computed length scale lc and the fracture energy
Gc obtained using Eq. 3.11 as a function of the effective crosslink density when the material
was aged at: c) 90 �C; and d) 100 �C.

Table 3.1: Material properties of unaged SBR obtained by fitting to the mechanical response
and crosslink density of pristine material reported in [153].

� N Gc N/mm lc mm
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Figure 3.4: Predictions of the developed constitutive framework using the 1-D analytical
derivations for the case of uniaxial tension verified against the experimental results for an
SBR material aged at a) 90 �C, and b) 100 �C. Experimental data are obtained from [153]

In this section, we present the analytical solution corresponding to the case of an isotropic,

near-incompressible elastomeric bar which was thermo-chemically aged and subsequently

loaded under uniform tension. The aged material properties presented in Tables H.1 and

H.2 are used to plot the engineering stress-strain response corresponding to each particular

aging time at each aging temperature.

Figures 3.4a and 3.4b show the predictive capability of the developed framework at 90 �C

and 100 �C, respectively. A very good match between the experimental results and the stress-

strain curves calculated using the present approach is achieved for both aging temperatures.

Figure 3.4 validates the capability of the developed framework in predicting the stress-strain

response of thermo-chemically aged elastomers. The sharp drop in stress characterizing

post-failure response cannot be captured in the homogeneous solution; therefore, in the next
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section, the finite element (FE) solution and full validation are presented.

In this section, we discuss the FE solution of the response of a dumbbell-shaped thermo-

chemically aged sample axially loaded in tension by a prescribed deformation u (Figure 3.5a).

We focus on two cases for which the material was aged for 45 and 60 days under 100 �C.

Details of the FE implementation of the present constitutive framework are attached in

Appendix G. The FE simulations were performed on the FE software Abaqus [1] via a user-

element subroutine (UEL) within a two-dimensional (2-D) context. In all simulations, the

element size was taken to be lc/4 and plane strain quadrilateral elements were used. The

system of governing differential equations was solved using the staggered solution algorithm

proposed by [126]. To minimize the computational cost associated with the FE simulation,

only a quarter of the geometry was used and symmetric boundary conditions were applied

on the left and bottom edges as shown in Figure 3.5a. The material properties for the case

ta = 45 and 60 days (see Table H.2) were used to run the simulations.

Figure 3.6a and 3.6b demonstrate the comparison between the stress-strain responses us-

ing the present framework (obtained both analytically and numerically on Abaqus) and the

corresponding experimental response for the cases of ta = 45 and 60 days, respectively. It

can be seen that the framework can predict the responses of both aging times with very

high accuracy. Particularly, the increased stiffness due to thermo-chemical aging, the peak

stress reached within the aged material, and the strain at fracture linked to the change in

the number of monomer units per chain are all shown to match highly accurately with the

experimental response for both aging states. In fact, treating the length scale as intrinsic

material property and relating the changes in the fracture energy and the strain at fracture
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Figure 3.5: a) Sample geometry used in the FE simulations. All dimensions are given in
mm unit. For the sake of minimizing the computational cost, only a quarter of the geometry
was used and symmetric boundary conditions were applied on the left and bottom edges of
the upper rightmost quarter; b) contour plot for the phase-field damage variable for an SBR
material thermally aged for 45 days at 100 �C.

to the evolution of the effective crosslink density has proven to be vastly efficient in cap-

turing the full stress-strain response of the thermo-chemically aged elastomers. The highly

predictive capability of the proposed constitutive framework makes the present effort espe-

cially attractive as it combines our understanding of how thermo-chemical aging affects the

macromolecular structure of the network and the adaptability of phase-field approach to

simulate brittle fracture.

Moreover, Figure 3.5b illustrates a sample contour plot for the phase-field damage variable

for ta = 45 days aging case highlighting the critical region which experiences extreme damage.

Note that the width of the diffuse damage band is governed by the value of lc. For this case,

lc was found to be 0:179 mm. This is approximately 0.24% of the specimen dimension. As

pointed out in [117], when the length scale is considered as a material constant (which is the

case for the present study) and is small with respect to the dimensions of the sample, both

the peak load as well as the damage contour can be very well captured using the phase-field
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Figure 3.6: Comparison between the stress-strain responses using the present framework
(obtained both analytically and numerically on Abaqus) and the experimental stress-strain
curve for an SBR thermally aged for a) 45 days and b) 60 days at 100 �C. (The experimental
results are taken from [153].)

approach adopted here. In this work, we have shown that the obtained lc values for the

varying aging times increases linearly with respect to the effective crosslink density, and

thus in a sigmoidal manner with respect to aging time. It is thus expected that the length

scale would reach a plateau at some maximum aging time. It remains to evaluate whether

damage patterns would provide any meaningful conclusions for cases where lc approaches

such limit.

In this section, we discuss the effects of aged material properties on the response of specimens

containing pre-existing cracks. In particular, we investigate the case of a thermo-chemically

aged single-notched specimen loaded under uniaxial tension as shown in Figure 6.1a. We

assume that the specimen underwent the exact same aging procedure reported in the work of

[153] under 100 �C and therefore the evolution of the effective crosslink density yields the ex-
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act same material properties highlighted in Table H.2. We ran two simulations corresponding

to two different aging states: 45 and 60 days.

Figure 3.7: a) Sample geometry and boundary conditions for the single notch sample loaded
in tension by a prescribed displacement u (dimensions are given in mm unit), and b) Load-
displacement curves for a single-notch sample that was thermo-chemically aged for two aging
times (i.e., 45 and 60 days) under 100 �C and which was subsequently loaded in uniaxial
tension.

Figure 3.7b illustrates the load-displacement curves corresponding to the two aging states

At first glance, the figure demonstrates that the developed framework can accurately predict

aging effects on the response because (1) both the maximum load and the displacement at

failure decrease with an increase in aging time, and (2) the stiffness increases with increasing

aging time, as one would correctly expect. In general, the observed behavior for the two

aging times is expected. Specifically, the decrease in maximum load and displacement at

failure is governed by the evolution of the fracture energy which was shown to decrease with

respect to aging time according to Eq. (3.11). The decrease in the fracture energy is itself

due primarily to the fact that the number of Kuhn monomers decrease over aging time.

Therefore, the premature fracture of thermo-chemically aged elastomers is directly linked to

the decrease in the monomer density per chain. This observation implies that in the aged

elastomer, a newly formed network containing shorter chains (albeit more rigid) compared to
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the original unaged network is continuously formed. On the other hand, the rise in stiffness

is expected since the newly formed network contains a denser and a more crosslinked chain

coil. In other words, while the chains in the aged elastomer are smaller and contribute to

premature failure, the increase in effective crosslink density affect the stiffness and causes

the material to undergo embrittlement.

Figure 3.8a illustrates the contour of the Cauchy stress that is acting on the plane that is

normal to the y-axis and is oriented along the y-axis (i.e., �22) at the point of maximum

load for the sample that has been aged for 60 days. The constitutive framework captures the

stress concentration at the crack-tip correctly as it is typically known for the stress to localize

at points of discontinuity. Figure 3.8b shows the evolution of the corresponding phase-field

contour at various points along the load-displacement curve (see curve corresponding to the

65-day case on Figure 3.7b). The effect of the length scale as a material parameter is clearly

demonstrated through the width of the crack band as it evolves during the simulation. Due

to the large value of the length scale for the present case, the width of the smeared crack

appears to be rather large compared to the specimen’s dimensions.

Therefore, with the version of the phase-field employed in this work, physical interpretation

of the size of the crack band (or equivalently the damage pattern) is to be approached with

care when the length scale is large with respect to the specimen’s dimensions. Again, this

observation has been pointed out in the work of [117] who confirmed that when the present

phase-field version is employed, damage patterns only provide meaningful insight when the

length scale is small with respect to the specimen’s dimensions. It should be noted that the

present case is merely illustrative and therefore the dimensions of the sample (i.e., 1�1 mm)

do not provide practical meaning other than what we have intended it to be (a parametric

case). Nonetheless, the load-displacement curve presented in Figure 3.7b correctly highlights

the sudden drop and brittle fracture response that is typically observed for the single-notch
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