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IT. IHTRODUCTLION

T

fne importance of the hlunt-body problem in aerodynamics
can be appreciated from the fact thalt at high flight speeds
aven slender bodies must incorporate scme neose bluntness to
provide sufficient surface arvea for reduction of heat-
transfer ratesin the nose stagnation regions. Also, theory
prgﬁicts that the body with a blunted nose, not the sharp-
nosed body, will give minimum drag at hypersonic speeds,
Superscnic flow past a blunt body produces a detached,
bow shock wave with a restricted region of subschic flow
between the shoeck wave and that part of the body in the

vicinity of the stagnation point., This generally results in

a supersonic flow for the remainder of the flow field downe

Ea

stream of this subsonic vegion. Tor any body meridian plane,
parallel to the freestream direction, the supersonic flow
behind the shock wave is “separated" from the subsonic
region by an imaginary sonic line which jeins a peint on the
shock profile to a peint on the body. Iverywhere along this
line the local Mach number is unity. Hathematically, the
governing differential equation for the subsenic region is

an elliptic type, while that for the supersonic region is
hyperbolie., Tor a completely supersonic flow theve ave

known exaet methods of solution; for instance, the method of

characteristics, However, for the mixzed subsonic-supersonic
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flow vegion, there exists a difficult and different type of
problem, Many investigations on this subject have been
carried out (since 1945), utilizing various analytical
methods. Freeman (Ref. 8) and Chester (Ref, §) have
emploved the so-galled "thin shock layver theories", which
assumes the region between the bow shock wave and the body
{i¢e., the shock layer) to be small compared with other flow
propevrties,

Cabannes (Ref, 11) attacked the preblem by expanding
certain flew quantities in a Taylor series {(from the shock
wave), while Lighthill (Ref. 11) used a constant-density
analysis.

Degirable as they are, these analytical approaches
usually give either very rough results from the practical
point of view, or are applicable only to a very anarrow region
near ®e the stagnation point.

P

In veder to obtain more accuvate pesults for desig

furt

purposes, numerical methods are needed, Heve again one may
take two essentialiy different apprcaches; cne which is
"divect™, and the cther “inverse", In the direct method the
shape of the bady is given. One then determines the shape

E >

of the shock wave, the flow variables in the shock layer,

In the inverse

LA

£
.

and the pressure distribution om the body
method a shock ghape is assumed, and it is then vacuired to

find the corresponding body sharne and the flow details
g » 3
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within the sheck layevr,

It is apparent that the direct method is more signif-
icant and desirabls than the inverse schems since in a
practical casevcne generally is veguived to find the {1
field (including the shock shape) rroduced by z given body
shape.

Among the several exizting dirsct methods theve are
streamtube-continuity wethods, relaxation techniques, and
the method of integral relations.

Two schemes using the first method have been devised,
one by Masler and Moeckel (Ref, 15) and the other by Uchida
and Yasuhava (Ref. 22)., The method of Maslen and Moeckel,
although simple to apply since it requires iteration of only
the shock shape, is nevertheless a very rough approximation .
In addition, it reguires -~ as a starting point of the
calculations -- a knowledge of tihe surface pressure distri-

buticn, which is unknown a priori. On the othepr hand, the

"

hod of Uchida and Yasubara is exact in principle, vet

&}

very laborious, since it rg;uires an itevation for the shock
shape and the streamline pattern. Toc, this method possesses
the disadvantage of being somewhat difficult to program for
2lectronic computations,

The second dirvect approach is the velaxation method of

Southwell, which has been emploved by Maccoll and Ceodd (RBaef,

S

e

i4) and Mitchell (Ref, 16), Although this technigue
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applicable to the problem at hand, it too has the disadvan-
tage of being laborious and generally i1l suited for
electronic computer usaye.

The need for numerical schewes suitable for machine

4

light speeds

v

computation cannot be over eﬁph&gized. As
continue to increase, various additional effects, assceiated
with a strong bow shock wave and very high temperatures,
guch as digsociation, ionization, radiation, slectronic
exeitation, and so forth, become movre and more significant,
It then follows that the governing differential eguations
become even more complicated, Consequently, doubts arise as
to whether it would be posszible to construct adequate

experimental equipment capable of simulating model tests

w0
€

under these extreme conditions. It geems guite possible
that in the future, eerodyramic experiments will give only
basic physical velations and constants, while the gas fi@w
characteristics will have to be calculated. If such condi-
tions do arise, then the elsctronic computer will prove to
be even more indispensable than it is at present,

In 1857 Dorodnitsyn (Ref, 7) proposed a general method
of integrale-relations for nonlinear fluid dynamice problems.
Although quite lengthy, this numerical scheme does have the
impertant advantage of being suited to automatic digital

computation and is applicable to the mixed flow problem of

subsonic~supersonic flow, This method was first used by



Belotsevrkovskii (Ref, 2) to calculate the supersonic flow
past a circular cylinder, OSubsequently it was employed by
Chuskin (Ref. 6) te¢ calculate the transonic flow past

ellipsoids. Later, Cold and Heolt (Fef, &)} extended
B s

»

Belotserkovskii's method to deal with the supervsonic flow

"

past a flat-headed civcular cyliinder

and Traugott (Ref, 19)

we

¢ blunt-body problems

F=te

applied the same nethod to superson
for arbitrary axisymmetric shapes. Lately Jerry South, Jr.
(Ref, 18) has applied this wethed to neonequilibrium flow

cver peinted bodies.,

e

2
ding

The methed of integral-velations consists of div
the shock layer intc one, two, or more strips, which are
parallel to the bedy surfaue, depending on the accuracy
desired, he more the number of sirins, the more accurate
the result will be. Th

the

denoted as,dth approwimation,

o

calculation using ¥ strips will

The coordinate system employed is taken with refevence
to the body. That is, one coordinate iz measurad along the
body surface, with the second coordinate pmeasured normal to
the body locally. The governing nonlinear pavtiasl differen-
tial ecuations ars then inteprated outward from the body
surface to the boundary of each strip. 7This is accomplishad
by assuning that the pb~s cal variables within these strips
can be expressed by appropriate iunterpolation Formulas. In

a

this fashion the eguations are reduced to a finite system of



simultaneocus firsteorder, nonlinear, crdinary differential
equations, These can be solved numerically as a two-point
boundary value problem, starting at the stagnation point and
passing through a critical region near the gsonic peint on
the body. Since we are studying onlfméyisymmatwic Flow
field, the nose of the body under consideration must be a
stagnation point. Thus the boundary conditicns at the nose
can be readily determined, The other boundary condition at
the sonie point on the body is more invelved and will be
discussed in later sesctions where it is needed.

“

Belotserkovskii caleulated the supersonic flow past
circulayr ecylinders(Ref. 2) ewployving fivst, second, and
third approximations, consecutively (that is, he divided the

shock layer into one, two, and three strins, respectively):

{j'l

the results using the first approximaticn are goed, but these
using the second epproximation give better agreement with
expeviments; and the third approximation gives essentially
the same numerical vesults as the second approximation,
Chuskin cavried ocut the calculation for the transcnic flow
past an ellipoid (Ref. §) using the seecond and third
approximations. ALl the cther investigators thus far have
uged the first epproximation only. The total number of
eguations resulting from the integrations acress all strips

will be (4H-1l) for the Nth approximation. OF this number,

3 are crdimary differential equaticns, while the remaining
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(i{~1) eguations are algebraic OIS

¥

needed for approximations greater than the first is
trewendous.

In this thesis, the first approximation of the integralw
relations method is used to investigate supsarsonic and
hypersonic flow past paraboleids of revelution., The shock
shape, loeation of sonic line, and the pressure distribution
on the bodies ave calculated at freesitream Mach numbers of
3, 4, 6, 10, and 1000 (taken as infinite) for itwe different
values of the ratio of specific heats; namely y = 5/3 and
y = 1,4, The fivrst case (for y) correspends to an idaal
monoatomic gas while the second one corresponds to ideal
diatomic gases,

Unfortunately, no experimental data have been found in
the literature for supersonic fleows past this particuliar
body shape., Therefore, the calculeted results are compared

",

'
with those obtained by Van Dyke's inverse mathod (Ref, 24,
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GCeneral symbols appearing in the thesis d

.

(A) Honedimensionalizing Ouantities

1. Pressure:
P} = freestrean stagpatien valus
o .
2. Density:
'
o' = freestream stagnation value
0
3. Velocity:

o+

max Y-

b, Distance:
R;Pz body nose radius of curvature

Oa

(R) Geneval Symbols

i

a speed of sound

g = ou’ + (§3)

1]

1
vil - wz)v“i

;-}J
1]

= oev v (3

i
1

evelcopnment with
supersecripted prime attached to them are meant to be
dimensional,
Unprimed sywbole appearing for pressure, density,
velocity, and distanece indicate quantities which have been
made non-dimensional by dividing by the appropriate non-

dimensionalizing tewm pi, e, H'ax’ ov R .
=

a
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4

i
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i

H

#

H

i1

il

"

H

-l3

Maeh number
distance normal to the body surface
Dressurs

radial distance normal to the body axis

radius of curvatura of the body contour

distance along the body surface measured from the
stagnation point

1
)?fT

"
u(l - w”
velocity component parallel to the body surface

velocity component normal to the body surface

v u” + v® = total local speed

axial distance measuved from the stagnation point

angle ketween a nermal to the axis of symmetry and

the tangent teo the shock wave
puv

shock layer thickness measured fyom and normal to
the bedy surface

density of the fluid

angle between the awxis of symmetry and the local

bedy surface tangent

specific heat ratio



il

T = dimensionless time defined as time divided by

(Rt /v! )

‘sp’ max

‘Subsgecript

> refers te freestream conditions

foe

refers to conditions on the body surface
1 refers te conditions just behind the shock

sp refers to conditions at the stagnation point
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IIT. DERIVATION OF GOVELRHING EQUATIONS

Consider the supersonic (and hypersonie) flow of a

pe
Cu

perfect gas with constant specific heats past a pavrabolo
of revolution. Far upstream of the hody the flow is uniform,
whereas a detached shock wave forms immediztclv ahead of the:

.

body, The shape and position of the shock is unknown before-
handj actually this is what must be determined, at a gilven
Mach number and a specified ratio of specific heats. OCne
introduces non-dimensiocnal variables and certain other
guantities {(in order tc transform the governing equations
into the divergence form), which is what is needed teo apply
the method of integral-rvelations,

Afterward, the shock relations and the conditions on
the body surface are depived, then the pgoverning equatiouns
can be integrated across the ghock layer, In this manner

one is able to veduce the problem to three ordinary differ

ential equations, which can be sclved by numerical schemes,

(4) Hon-dimensionalizing the Variablesg

In order to facilitate the non~dimensicnalization we
shall taeke the radius of curvature of the nose of the body,
p)’ the stagnation density in the frsestrean, (pé}, the

stagnation pressure in the freestrean, (pé), and the mavimum



speed in the freestream, (V! _ _ = (%%Tj wy )}, as the

chavacteristic length,

mnax

density, pressuve, and speed,

respectively. 7The non-dimensional suantities ave then

£

defined as follows:

8’

it

AN

max

ot

e

24 » g

e
it

4]

where the local radius

n' w o I

BT 4 S 3 4
8D sp
u! al

a = V'W 'y (’A"*l)

2
Y
S
=
I
L

R
i}
£ i
4
'q b
.

and w

>

0

of curvature of the body surface in

the meridian plane is given by

1 dg ¢
R o= . 2 e i 1 v
YT Y a6 (A-2)
~{==)
ds
(R will be positive where the body is convex outward.) In
addition to the above, the following non-dimensional

h = vi(l - wz)

[
]

puv

i

[
e

pv? + () »

anc

{A=3wal

{A=3=Dh)
(L)

(ﬁm*s"fj)



g = pué + Y'l) p . {A=3we)

These quantities are to be used in transforming the

>

governing equations inte the divergence form,

&

(8) Governing Ecuatiocns in Orthogonal Curvilinear

Coordinates

Consider a steady, invicid, compressible and rotational
fluid flow., The non=dimensional momentum equation for the

flow field can be expressed in vector form as
2
3% - i y=1ly 1 = . -
V(?w] - W (Vxw)+ (5?m) = Vo =0 . (B-1)

Peferring to Fig. 1, and using the orthogonal curvi-
inear f inates (s,yn) f an axisymmetric flow, it can be
iinear coordinates (s4,nl) for an ¥ tric flow, it b
;-

shown that the scale factors {(in s~ and nedirections) are,

respectively,

o) ; .
h = + =
hy 1 T and nn 1 .

In tevrms of these coordinates the velocity is

The V opevator then can be expressed by

Vet 3

ol 3 P
™y E’:S 58 en Frey N (Be2)
(1 +3

Using this operator, Eg. (B~1l) can be converted into

two compenents, giving the s-direction momentun equation as

a a "1 1 3-.- %]
A
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and the nedirection momentum egustion as

u 33 {1+ %J v an - ?” + (7 ) %’(1 + 3) rrr i

(B-)
The continulty eqguation is known to be
Ve (W) =
or, expanding, it is
) 3 k] 4 .
e (o) e [z ﬁ)PGVJ 1N (B=5)

low, in place of the s—momentum eguation one can
introduce the Bernoculli equation for steady compressible

flowy that is

2 28
w! Yy R .o a -
5= ¥ (v-l) ot (?“T] oy (5-6)

and using Eq. (A1), Eg. (B-6) can be rewritten as

:Ls. 2 . 1,32 . (ReT7)

In terms of pressure and density, the entropy, (5), can

be expressed by

o~
¥

o]

ot

S = cy

an(gv) + constant
where ¢, 1s the speeific heat at constant volume,

Next, taking the substantive derivative of &

DS _ D Y

& - E =
7==0=c¢, 5 [ﬁn(:?)] = 3? ( ) s

€
2

since entropy remains constant along a streamline, then
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5 (p oy .
ﬁ;(f‘;)*ﬁ .

The integration of the equation gives

§t

i

(l
y v

o]

where ¢ is an avbitrary function dependent

function.
Using Eqgs. (8=7) and (B-9), the press
can next be expressed as

v 1
p = (1= Wiyt 4 vl

and
1 oL
V. ??T- ?TT

(1 - w')

kel
i

respectively.

(C) Transforming into Divergence Form

(B=3)

upon the stream

{(B-10)

(6-131)

In this section the governing equations devived previe

cusly will be transformed into divergancs

Using Eq. (B=11), then from Lgs. {(A=3

1 1
t & u(l - wz)Y"I = pu@Y"T
and
h 2 ul(l - wg)y" = pv@grj .

Substituting Egqs. (C=1) and (£=2) into ¥q.

continuity equation becomes

Form.

-a) and (A<3-L)

(C=1)

(C=2)

(B"S ) ¥ th‘a
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2 S (4 s Dlend <
%—g(rt)—F%-{[ii"E)th—ﬁ

Multiplying Eqge. (B=4) by pr and Eq.

. (C=3>

(4«5) by v, then after

adding and rearrvanging, one obtains
3 ) ) 2 2
o 1Y P e r b . + 4 \?h
= (pruv) + e [{1 + 2)orv®] + prRu

(7“1) = L1+ F)rpl - (J=

-1 oY
EHE - B &

From the geonmetwyry of the shock

Fig. 14 it can be seen that
dr = (1 + %} sin® ds * cos® dn

Thus,

dr
dn

cos 6 .

it

L)rp 3 (1 + B)
(Cwly}

layer, refevrring to

. (C-5)

(Cw8)

Using this pesult and Egs. (A-3) in Eq. (C=8), it is

found that the n-momentum equation becones

?
A %
- (vz)

- (Y*l)(’i + qs»]P cogs@é = @O

Knowing that

1 -~ wz z ]l - (u2 + v2)

k=Y 2]
]

and

3
e

i

&

then the above four equations, Lqgs.

Por(rs el - § g

. (C7

(C=8)

(C-2)

(C-3), (C-7), (C-8), and



{C=3) can be used to determine the four unknowns uy Vs D,
and p, provided that the variation of ¢ with respect to the
strsam function is known,

Eqse (C=3) and (C-7) cen be integrvated with respect to

n across the shock layer, fromn = 0 to n = &,

By the use of Leibnitz's rule, i.e.,

a (8 B8 gp or 7 dals)
o {3 F{n,s)dn = é} w= dn + Tlg(s),s] <=
or
gls) 5p g E0s) dp(s)
. e dn ® g ﬂ) Fln,s)dn - Fig(s),s] m%guu
(C.10)
and knowing the conditions on the bedy surface, i.e.,
Vg = 0, hg = 0, and z25 = 0y then
(1 + 3)rh, - vy, &+ 4 [6 (rt)dn = 0 (C-11)
L e R RS N H A A " E -

3 .
d "7 P b oy (:i 6 6 “try R _'(
r-r3 ﬁ} (rz)dz 'rlzl - + (1 ¢ ﬁ)ildl - TOLG

§ é
r -1 - :
- J (gledn « (32=) cose [ (3 + Fpan = 0
g f v 0 =
Neow, suppose that the vaviation of the integrands in

the above two equations are known, so thaet these integrands

ave given in terms of their values at the boundariesy that
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3
[
t

is, body surface and the shock., Then these eguations would

»

be ordinary differential equat

gua.

ons (with s as the independent

variable) containing 5, Ugs Vis Ugy Yoy 99 and ¢g.e

0 and, since the body surface is also a streamline,

sut

H

Va

i

@G @cp ig known from normal shock relations. From obligue
O B

.,

shoeck relations one can find Ugp Vi and ¢3 ags functiong of
®e Thevefore, we now have three unknown variables, il.e., &,
x and uze In addition to Egs. (C=3) and (C=7) one move

eguation is needed, This can be scquired from the velation

between ¢ and % as noted from the geometyry of Fig., 1:

ds! T }
E%" = cotle - (6 + =)1 = tan(e + x)
and
ds _ R _ 1
men A \r%“_ o« .
as R 1 4 %
N

Here ds' is an incremental line element along the shock
corresponding to ds along the body.

ultiplying the above two eguations together the

bt

fellowing desired relation follows; namely,

2

%& o

{1+ %)cotﬁ ‘ {(C-13)
The simultaneous numerical solution of the three differ-
ential Egs. (C-3), (C-7), and (C~13) will deterwmine local
shock-layer thickness &, the shock shape parameter x, and the
velocity distributi u along the bedy surface, ug, ALL of

thege quantities are given in terms of the local body
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[£3]
g

distance s, the single independent variable in these

(D) Oblicue Shock Relations

The values of Ugs Vq, and ¢y, immediately behind the
shock, arve related to the shock inclination angle, {(#/2 -~ %),
by the known oblique shock relations., In the present coor-

dinate system and with non-dimensional guantities, these

relations take on special forms as derived below:

o L 1
21 (Fiy o,
¢ = =5 F (gr‘)(;‘r) d
Py i i
But
ot p:o
L T CONSTANT 2 oy .
Y v ¥
P S
Thus
NN
it G -

P3 2yM- coszx - {(y=1)
P Y1

and
pl 2% (Y~1)Mi cos’x

(y*lﬁﬁi cos’x

Rl
-



2yMi coszx - {y=1) 2 4 (ywl)Mi cosix y

{(De1)

q

lecauge the surface of the body is a streamline, then, by

o

knowing that x = 0 along the body proper,

2912 = (y=1) 2 4 (y=1)2 y
Lo [ e . (D=2)

i
<
3
y
o
s
i
»é
h

(5]
Cys1d7

tlext, with the non-dinmensional freestream velecity as

(R@fo :!-}

i

= Mo y-4 . (D=3)

The velocity components immediately behind the shock

are derived ag follows:

i

. -¥ 73 . 4
i wi/¥ g
1. "Vimax | U1
W W j W
o w’ Tmax e
oy
. %
W
W, B W (@%) R
1 @ v

from Egs. (136) and (138) of Ref., 1, we have

2 1
cos x + 1)

202 cos®x - 1)(y - ¥ ¥
oo o H " GJ }2

i

(y%l)z MY cos“n

o
3

8



?5 e

and
(y+l)“
cote = [ 5 - licotx . {(D=5)
Z(m cos“x - 1)
Referving to Fig. 1,
tang = tan(§-~ (6-c)] = cot(@~a)
cotd coto + 1 (D=B)
cote = coto : b
Now, substituting Eq. (D«5) inte Zq. (D=6} then after
rearranging,

tane = {[]nw~T(cos y=d) Tc0s 0

?

8

+{—~Itanx(cos &*ﬂ?)JQlﬂU}/{Yl-w—T(COS w-.?)ivaqa

ﬁ

2 2 1
-{ tanx(cos x-=us) Jecosd
7T = }

and hence

sinc = {[i~-I(cos Vw£7)]cose

M-
<0

Piwnt¢an}(00s Koo «?)3q1nQ/{El--T(cos y-~?)

1
2 X
+[?§Ttanx(co: V”“?}J S (D=7)

It should be noted that the denominator of ths above

equation can be rewritten as



!
N
<
L

S JR

q
&(ﬁi coS“x% - 1)(7%5 coszx + 1)

{1 - } . (D=8)

Y
(y+1) %17 cos™x

tNow using Egs. (D=Y%) and (D-7) with (D=-8), the velcecity
component immediately behind the shock and pavallel to the
bedy is, then,

- . e 2 Z., 1
u; = wy sine = w {{1 - =7 (cos™x - ;i)]cosa

<l
<«

2 . 2 1 . N
+ [??T tanz{cos™x - ;?)Siﬁe} . (D-9)

Similarly, the normal velocity component is

e e o 2 2 1 .
vy = W; cosg = w {[1 - ??T(¢OS X - E§)3(—s;n8)

<o

2 . 2 1 .
+ E??T tanx(cos x - ;?)eose} o (D10
i1

Finally, the pressure on the body surface can be

obitained from Egse. {(B~10) and (D=2); that is,

Y u_ér
2 o
- - K4 Y-— Y-
PO - (1~u0) ¢0
L 2442 o (y~ o (ya1IMe o2
- 2. y- 2y, - (y 1)? 24 (y 13?« 7T
= Q)T { ey 1]
Y (y+2000
il 2 1
- g, (YL, o 29M) = {y=1) eoiy
24 (y=1IM ¥

(D=-112
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() Applying the Fipst Approximat

- el i 4

on

Only the first approximation to the preoblem is conside
ared in this thesis. According to bDelotserkovskii this can

) °

be achieved by assuming the integrand for the integrated

&

continuity and n-wmomentum eguations, l.e., Egs. (=11} and
(C-12), to be linear in n,
Suppose the integrand is of the form, Fin,s). Then the

assunmption of linearity reguires that

Fn,s) = (F0,8) + 3 [F(§,8) = F(0,8)1 , (E=-1)
and the integration of the function across the shock layer
becomes

S é -
[ Fla,sydn = [ {F(0,8) + % [F(§,8) - F(0,s)]}dn
¢ G
= % regs + P = = 8y )] 3
= {-‘»(G,S} c E(Q,b)] = e A}-(S) +* E‘a(g)_g .

{(E=~2)

The subscripts 0 and 1 (here) indicate the evaluation
at the body surface and at the shock, respectively. By use
of Eqe (E-2), the four integrations appearing in Egs. (C-11)

angd (C«12) can be rewpitten as follows:

a8
(1 S I oy - S {F ety + (1)1}
® % Ert), + (rt) ] %% + % gg [(rt)y

+ (rt)03 Ew3)



§
[
ow

8

where
1
- 2,¥-1
(Ii)G = 18(1 - ua) Uy
and
1
e wan ad
{rt), = (v, + & cosd)(l = ‘;-s‘:)\""‘L U, :
1 G 1
dd ¢ d ¢8
(2) &= fg (rz)dn = g=ls [{rz); + (r2) 7}
= % €(rz)l + (rz)gl %%
¢ 5 S [lrm), + (v2),] (5-4)
7 de 271 "0 .
whera
(rz)s SR PEINEI A a
and
(x"z)l =(r8 + 3 cose)plulvl 3

L}
ME [e2]

e [ r
' ja (R)aan = = {T{F)edy + [(§)edg)

{wg + & cossd . T
. 6 G 36 s Yo oy
3 i gl‘*?j‘fé‘m)f Fiaely
where
y-1
a4 = d, *+ oa m
&y F gy Y omye Py
and
2 \{.»l
£ = U, L e T a
bo 7 Polo T T Yoo

and



ay (1 Blean = 5 r(1 ¢ Bedy ¢ 5 {1+ ]y

8
g @
P
~
:“‘l
o
= o
St
b
{.d
“
Sped
N
pl

]
ot
o]
)
o
Py
(@]
i
fd
(5]
Nt

EYRE Pyy Py Pqo and pg are obtained from Las.

and {C-1k), and are

(1 - wi)y i & v-1

B, = 1
1 1
- 2.7=1 y~1
o, = (1 - wi)Y &
73 - l) Y1

(E-7)

g = {1 - ug>y-l $ -l

°
u

raspectively.
Substitueting Egs. (E~3) through (E-7) inte Igs, {(C-11)
and (C=12) and making use of the cbligue shock relations

(0=1) 5 (22}, (D=8) and (D=10), then carrying out all the

differentiations, (together with Fes. (C=13})}, three firste
order total diffevential equations rvesult., The expressions
contain §, % aad by and thelr derivatives with respect to s

as unknowns, The manipulation is very lensgthy and paing-

taking reguiring many pages to write downj therefore, the

The resulting three differential souations are solved

for the derivatives of &, uy and x in the following form



ad - } -
Soox {10+ 2) cotis + w0
() A
du - ~

0 1. dé Gorm
P S {}_} - ﬂ(m‘-«a— o e (g
as i de IO
dx 1 . G 6
i I omm LG b D f e ]
ds & as

Dy Ly F and € ave given as

N T - 2.¥=T,
A F g 540(1 - u8> - Ll(l - ml) 4

s
u

2y 2 ¥l

o= 5 . . s _ Y =L

C = YET {r, § coggi(l - w1> W
2u’

+ {sinx

cosxleoso}

® {i%(l - «gw»murw}~sin P
H_ cos

tcosd - {(siny cosx)sin

o
it

1 “"\.l)

— Es3
iye= }

(£-10)

sind

=)

L 1
1 . 2y y=-1 - -l .
-~ % 6 sinel{l - uD ™7 w1 o~ WY w (1#
2 G G i 1
In Traugott's paper (Ref, 18), the last cosé appearing in
his ewupression for C seems to be a typopraphical ervor for
2iné, according to the author's derivatiocn,
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(F=2)

2

How, an incremental line element along the body surfa

is described by

gs = / (ar? + (@t

hence

' 24
s =) as = | Sople %

o m " Loy
=/ %3 + ¥) + & o ek . (Fe3)
7 7 o=
? E

From Ege (F=2)

.= cotd and X = éot2@ . (Twli)

Y

of (-

Thus, we have the following relation between x and ¢ for
the paraboeloid:

<osl + cosé -
jefetd _L£08 ) . (-;E”b)

1 1
§F 7 n{ sind

2sin” @
flent, the radius of cuvvature of the body surface at

my s (or 8) is given by

1 . -
RO i = e ds = sin’ 6 N {FubB)
- de a8
as

It should be noted that Egs. (FeuU) through {F«8) ave

a2,

LS5

all implieit functionms in the sense that s is the independent

Y s

varia

value of s can be found cnly by an iterative procedurs,

ble iy ad of 6. Therefore, the value of ¢ for a giver
ble instead cf © Therefore, the val £ ¢ for given



{3) Boundary Conditions and the Methods of Solving the

£

Differential Equations

Substituting the wvalues of & through & (see Ig. (E-11))
into Zgs. (E-8), (E-8) and (£<10), it is appavent that

these equations can be expressed ia the form

fl(é,x,G,R)

35

du.,

3 = fgfé.x,s,ﬂ,rﬁ,\;,i—@m) (C1)
dx . ¢ .

“c?;” fgcsﬁ&QQSRQPOQYQE‘*m) .

In these equations v and M will be given for s partic-

ular problem, The gquantities ¢, X and v, are geometrieal

Featuves of the body (given in terms of s), and (hence)

»

become fixed once the body shaps is known., ¥We alsc note that

the three unknown varisbles sppear in all three differential
equations, so that Egqs. (€6-1) azre coupled non-linear first-

order diffevential equations. It appears that thes

equations are impossible to solve analyticallys; however,

they may be sclved numerically.
To start the integration of these equations by a finite

fference process, it is necessavy to know initial values

for &, uy and x. By the symmetry of the flow field these

initial conditions ave, at s = 0,
é = 5sp s by =0y and = = 0 . - (G=2)
But the stagnation-point shock detachment distance, § an? is

r.



actually unknown a prioriy 5?@ wmugt be determined as a part
ke
of the problem.
From Eqss (E-8) and (E<10) it can be seen that both

derivatives becorne infinite a

@

F vanishes., Also,

du
o alone will become infinite when ¥ vanishes. Now, at the

B
[t

stagnation point F is equal te zerce, while €, G, and ¥ are

also zero, It follows that both termes containing F in the

. . A Y. ¥ R s drm . arG8 A
denominator {(i.ed, ?{& + @(Tg]J and ?im + F gg)33 becone

indeterminate at the stagnation point. Fortunately, even
without devising a process to settle this indeterminacy

at s = 0, the calculated results show enly a small jump at
the first step of a finite differencs process. Thereafter,
the value of T decreases steadily as s increases, while in
the vieinity of the sonie point on the body surface it

inereases slightly but still remains negative, Although

ot

there is no physical interpretation for the quentity ¥, it
iz safe to say that its vanishing does net oeccur within the

region of interest along s (execept at the stagnation point

Hext, consider the vanishing of B, The guantity B will

vanish when’

uy = v %%% ’

as seen from Eq. (E~9). This means that B = { when the

veleoecity along the body surface reaches the sonic veloeity



w35

(see Eg. (D=3)). 1In physical reality, the velocity derive
ative at the sonic point should remain finitey so that both
the numerator and the denominator of Ig. (E«2) have to

vanish at the sonic peint. That is, when 3 = 0,

- a(E) - e+ E(E) =0 . (G-t)

This additional condition is used to determine 63@ by
means cof an iterative proceduve, It is possible that an
infinite velocity gradient does physically occur on the body
surface when en abrupt change in profile exists. However,

it will not occur in the present case for the flow past a

paraboloid of vevolution,
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Ve HMETHCDD AND LISCUSSION 0F COHPUTER

TTON

In order to golve

and (E-10), subject to the initial conditions (€

the system of equaticns (T

Tw8), {(E-2)

P L
-2}y wheve

8. is some estimated value, an electronic computer program
SEH '
has been devised, With the estimated §_ , the computatien

begins at stagnation point and proceeds to the s

i

{where u, Y (y=1)/Cy+Ll} )} and wheve the value

rand side of (G=i) is checked. Tor byevity this

£ ecalcu

[¢]

be dencted by & hereafter. This serieg

ITf A varies significantly from zero, a new
is chosen. This proesdure is repeated until a v
ig obtained such that & iz within some specified

ACOUPAQY .

©

A typical

{3

ase, at ¥_ = 3 and vy

£

b

variation of A& vepsus ug is ghown in Fig., 3., It

that for the correctly estimated é denoted b
9 ¥

the value of A ilncreases fronm zero and reaches a

. -

where ua 18

4 decreases, reaching a value of zerc vwhen U, has

03

to the sonic speed, If the estimated value of ¢

a

small, then A& diverses guite vapidly 28 u, anpro
] & 4 x 0 Tk

speedy this is illustrated by cuvve (1) and (3)
Gn the other hand, if The estimated value of §
19 s,

b

.Subsequently

onic npoint,

of the

e
ot
[0
[26))
%
)

S
e
ot
ol

valiue

lation is

value of &

ep

alue of &
8D
X

¢
Soud
.
Py
w
i~y
g
Lo
-
o
f\v‘

can be seen
curve (3),

°

LU

increased
8p 13 too

ached sonic

is too



large, then A will decrease to zerc and takes on negative

e o o

value before dy reaches the sonic valuej this is i1llustrated
by curve (4) and (5) of TFige 3. Since §__ for curve (2) is
. . S

only 0,0001 smaller than §__ for curve (3), and &__ for
¥ 2354

-e-nf

7}

curve (4) is only 0.0001 larger than 6., for curve (3), it
B

may be concluded that variations in A are extremely sensitive

to the selsction

o

i a preper value for &__. Actually, this
behavior of A is used as a guide for improving the estimated
value of & in the iterative procedure,

The computer program was first written gsing a fourthe-
order Runge-Kutta intepration scheme to carry out numerical

integration of Tgs. (E~8), (E-2) and (B-10)., It was found

o

that approzimately 40,000 core storage positi

-~ 3 &

ns ware needed,

which exceeded the capacity of the basic IBM 1820 electronic

T ove, an IBM 1620 with an added IBM 1623

nere

H:

computers
Core Storage Unit was used. Subsequently the Runge-iutta
progran proved to be very time consuming and was rewritten,
The new program simply proceeded stepwise along the body, in
4z increments, without benefit of the averaging features of
the Funge«~Xutta method, Although the progran was reduced to
half the size of the fovmer one, it still reguived about
25,000 core storage positions, and again exceeded the basic
IBM 1620 computer capacity. Mathematically, the former
method should be more accurate than the latter cne, yet the

esults of these twce methods showed no significant



differences, This is not suvprising, when it is noted thet

variations of all dependent vavia

respect to s, are nearly linear, at least in the range of

interest, (i.e., from the stagnation point tc the sonie
soint).

-

The computer vunning time For each iteration depends

i‘h

upecn the increment size of the independent variable s, #With
the present computer programn, using the non-averaging stepe
wise intepgration, each iteration vequires about ten minutes
of running time, with about 20 steps needed teo veach the
sonpic point,
As for the number of iterations needed teo secure a
specified accuracy, this depends somewhat on the experiencs
of the opewétor and on whether or not good starting estimates
for 53? are available, (These could be obtained from
experimental data, Theoretical approximation, and/oy other
sourees.) Usually seven to eight iterations ave needsd for
an accuracy in 6,? to within three significent [igures,
i.e., to one thousandth of the vadius of the nose curvature.

Because of the sensitivity of the solution at the sonic

e

the located one interval upstream of the sonic
*

of
®
U
oF
{4
el

poin

» -

oint ig used as that station fer checking values of & while

(3]

S

)
i

iterating on values of §,,» When the correct value of 8 un
= SR

owtainea the flow guantities at that station are exitrap-

-te
V53

clated in ovder to obitain the conditions at the sonic point,
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The flow of an ideal diatemic gas {(y = 1.4) past
paraboloids of vevelution at M, = 3, 4, 6, 10 and 1000, and
for an ideal monatomic gas at ¥ = 3, € and 10 have been
computed using the first approximation of the intagral«l
ralations method. BSince for the completely supersonic
region these ave more accurate metheds, such as the method
of chavacteristics, the calculations were carried only
slightly beyond the sonic line.

The calculated shock shapes and associated sonic lines,
for vy = 1.4, are shown in Fig, % and for y = §/3 in Tig. 5.
The velocity variations along the body surface arve shown in
Fige 6 for y = 1l.%, and in Fig, 7 for ¥ = 5/3. Pressure
distributions along the boedy are shown in Fig. 8 for y = 1.0

r

and in Fig, ¢ for vy

i

5/3.

Unfortunately, no experimental data have been found
the supersonic fleow of a gas past paraboloids of revolution.
Thus, the present calculated vesults are compared only with

calculated quantities cbtained by Van Dyke's inverse method

(Ref., 28), The comparison of Van Dyke's vesults prove to be

e

in good agreement with experiments for the case of super-

sonic and hyperseonic flow past spheresy therefore, the
corresponding calculated values for the flow past paraboloid

is presumed to bhe a good critericnm.

=
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The stagnation shock detachment distances, as computed
by the integral-vrelations wmethod, are found tec be very close
to the values obtained from Van Dyke's methods At M = 3

the difference is within 5% of Van Dyke's values, and at

¥_ = 1€ the difference is only 4%, TFor

fal}

fized value of v,
the shock detachment distance decreases rapidly with an
increase in Hm, for values of i less than ¥, The differences
become spaller at higher values of ¥_., Yor example, with

¥y = l.4, the change in 8 is only 5% when ¥_ is increased

E '

from ¥ = 10 to M = 1000, In other words, the shock shape
has closely approached its asymptotic poesition when the free-
stream Mach number equals to 10, This has been predicted by
the Maeh number independence principle (Ref, 11).

At a fixed Mach number, 6sp increases rapidly as vy
increases. The vratio of égp for y = 5/32 to that at v = 1.4,
at ¥_ = 10, is 1,55 which is in geod agreement compared to

the limiting value that can predicted analytically, namely:

5/3 = 1y,(Lleli = 1y _
(gr—3)/ (F5) = 1.50

The sonic-line locations as determined by the iategral-
relations method, lie very close to these given by Van Dyke
(see Figs. 4% and 5)s All the sonic lines lean upstream as
they emerge from the paraboloid proper.

The tendency of leaning upstream increases as the HMach

number increases, or as y deecreases, The sonic point, on



wlile

the bedyy moves downstream quite rapidly at swall ¥ and for
a fixed y. As shown in Van Dyke's paper (Ref, 24), at

M = 2, the sonic line does not meet the body until very far
dewnstrean from the stagnation point. Buty since the sonic

»

condition is the most important condition for the utility of
the integral-relations method, it is clear that the integrals
relationg methed is net suitable for application to a flow
past a paraboloid at #_ equal or less than 2, lere we see
one of the principal differences between the flow past
paraboloids and spheres., TFor flow past spherazs the sonic
point, on the beody, is located very nearly U5° away from the
stagnation point (at any Mach number), and the soniec line

leans downsgirean at a low value of Nw.

In Figs. 6 and 7, the velocity varviation along the body

b
feta

RE:

‘-—-{-

is szeen to be nearly linear up to

sonic point,.

1

The pressure distributiony along the bedy, as calculated
by the integral-relations methed agrses very well with Van
Dyke's results., These results arve also compared with the
Hewtonian simple impact theory (i.e., without centrifugal
eorrectian). At ¥ = 10, the calculated value is slightly

swmaller than that predicted by sinmple impact theovy {(for

15 shown in

o

y = 1.4) and is slightly larger for y = 5/3,

g

igs. 8 and 9.
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YII., CONCLUSIONS

After judging the resulits presented in this thesis,

ypal conclusions have been preached:

]

o~

{1} For supersonic and hyperscnic flow past parabeoloids
cf revolution, the shoek shapes, shock detachment
distances, sonic line loecations &nd pressure distribu-
tions calculated by the first approximation of the
integral-relations method ave in good agreement with
vesults obtained by Van Dyke's inverse methods The
agreement becomes better as the freestream Mach numbers
increase, while the method appears unsuitable at M
values less than 2.

(2) Tor better accuracy the second approximation of
the integral-relations method is needed. However, the
second approximation will exceed the capacity of an
IB8M 1620 eom?uter even when including the additional
IEM 1623 Core Storage Unit,

(3) The sensitivity of the method to a slight error
in the estimated stagnation sheock detachment distance

reguirves the accuvacy of the estinated value of § to
3 N s

gx

» » , “i‘i' - s .
be within at least 12 ', Thus, electronic computers
with higher speed than IRM 1620 would bes highly

desirable when using the integral-reletions method,



Under the assumpticn of on ideal gas with constant

"specific heat ratio, the first approximation of the integral-

velationz method, which considers the entive shock layer as
& single styip, is derived for axisymmetric bodies of
arbitrary, smooth contours, following a development similar
to that of 8., C. Traupott. The assumption of a linear
variation for ecertain of the flow variables across the shock
is used, The resulting ofdinary differential eguations are
integrated, using a numerical schems, over paraboloids of
revolution at supersonic and hypersonic speeds. The shock
shapes, shock detachment distances, location of sonic lines,
velocity variatiens, and s»ressure distributions along the
body surface are calculated for ideal diatomie gases (with
vy = l.4) at M= 3, ¥, 6, 10 and 100603 and for monoatomic
gases (with y = 5/3) at M_ = 3, 6 and 10, These calculations
were obtained on an IEM 1620 computer which included an
additional IBM 1€23 Core Storage Unit, The calculated
results were compared with those obtained by Van Dyke's
inverse method. Agreement was found to be good, considering

that only the first approximation of the integral-relations

method was

=
o
©
2
.
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APP LICATIGN OF THE MOTHOD OF INTECRAL-RELATICNS
TO SUPERSONIC AND KYPERSONIC FLOW
PAST PARABOLOIDS OF REVOLUTIGH
by

Ming=Yang Su

ABSTRACT

Under the assumption of a perfect gas with a constant
speecific heat vatic, the first approxination of the integral-
relations method, which considers the entire sghock layer as
a single strip, is derived for axisymmetric bodies of
arbitrary swooth contour. The rvesulting differential
equations were then applied to a supersonic and hypersonic
flew past a pavaboleid of revelution, The shock shapes,
shock wave detachment distances, locaticns of sonic lines,
and veloecity and pressure distributions for the body wer
caleulated for v = 1l.% and vy = 5/3, and at Mach numbers of
3, 4, 6, 10 and 1000,

These calculations were ceavrried out on an IBM 1620
electronic computer. The results were compared with those
obtained by Van Dyke's inverse metheod., The agreement
between the two methods was found to be good, in view of the

fact that only the fivst approximation of the integral-

relations nmethod was used.
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