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II. INTRODUCTION 

The importance of the blunt-body problem. in aerodynamics 

can be appreciated from the fact that at high flight speeds 

even slende1~ bodies must incol"POr>ate some nose blu.ntn~rns to 

p1~ovide sufficient surface area for reduotion of heat-

transfer ratesin the nose stagnation region. Also, theory 
e prodicts that the body with a blunted nose t not the sharp• 

nosed body, will give minimum drag at hypersonic speeds. 

Supersonic flow past a blunt body produces a detached, 

bow shock wave with a l"'estricted region of subsonic flow 

between the shock wave and that part of the body in the 

vicinity of the stagnation point. 'I'his generally results in 

a supersonic flow for the remainder of the fl.ow field dot'\m-

stream of this subsonic region. For any body meridian plane, 

parallel to the freestream direction, the supersonic flow 

behind the shock wave is ttsenarated" from the subsonic 
" 

region by an imaginary sonic line which joins a point on the 

shock pl"Of:i.le to a point on the body. Everywhere along this 

line. the local Mach number is unity. Hathematica.lly, the 

governing differential equation for the subsonic region is 

an elliptic type, while that for the supersonic region is 

hyperbolic. For a completely supersonic flow there a.re 

known exact methods of solution; for instance, the :method of 

characteristics. However, for the mixed subsonic•supersonic 



flow region, there exists a difficult and different type of 

problem. Mc ... ny inves·tigations on this rmbject have been 

carried out (since 1945) 11 utilizing various analytical 

methods. Freema.n (Ref. 8) and Chester• (Ref. 5) have 

employed the so-called nth.in shock layer theories", which 

assumes the region between the bow shock wa.ve and the body 

(i.e., the shock layer) to be small compared with other· flow 

pi..,operties. 

Cabannes (Ref• 11) attacked the problem hy expanding 

certain flow quantities in a Taylor series (from the shock 

wave), while Lighthill (Ref. ll) used a constant-density 

analysis. 

Desirable as they are 11 these analytical approaches 

usually giv.e either very rough results fi-·om the practical 

point of view, or are applicable only to a. very narrow z-egion 

near~ the stagnation point. 

In orde?' to ob·~a:f.n :more accurate i..,esults for design 

purposes, nunierical methods are needed. Here agai.n one may 

take .two essentially different approaches; one wh:i.ch is 

"direct,.• and the other 1tinverse". !n the direct method the 

shape of the body is given. One then determines the shape 

of the shock wa.ve • the flow variables in the shock layer ... 

and the p;r•essu1"e distribution on the body. In the inverse 

method a shock shape is assumed 1 and it is then requirG~d to 

find the corresponding body shape and the .flow details 
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within the shock layer. 

It is apparent t:hat ·the di-reC"t method is rno1"e sign.if-

icant and desirable th.::.:m the inver'8t:: ~:c1H;;.me since in a 

practical case onlf:.. generally is r0cr1..d'.x'ed t:o find the flow 

field (including ·the shock shape) IH'Oduced by i'c~ given body 

shape. 

A:mong the several existing direct methods there are 

s·tre.amtube-conti:nui ty methods, r·elaxation techniques, and 

the methc;d of integral relations. 

Two schemes using the first method have been devised, 

one. by Has len and Moeckel (Ref. 15) and thE~ other by Uchida 

and Yasuhar•a (Ref. 22). 'l'he method of Maslen and Moeckel, 

lt.. 1 • 1 "' 1 . . t . . . t t . "" l a '.11oug.1 s1mp e co app y SJ.nee i requ1rf-!S 1, era ion o:i. on. y 

the shock sh.;'lpE>., .is nevertheles;:; a very rough app1"oximation • 

- 11•t• •t . 1n aacLJ.. .·ion., :L requires -- as a starting point of the 

c<::i.lcula.tions a knowledge of the surf ace pressur8 distr.•i ... 

bution& which is unknown ct pr•iori. On the othe1" hand, the 

method of Uchida and Yasuh.ara is exa.ct in J.H':i.nciple, yet 

veriy laborious, since it requires an iteration for the shock 

shape and the streasnline pattern,. Too, this method possasses 

·the disadvantage of being somewhcrl:: di.£ficu1 t to progran for 

electronic computr.itions. 

rp"J d "• t ' • _,_ ne secon a:i..rec approacn is the relaxation method of 

Southwell, which h.::i.s been employed by Hacco11 and Codd (Ref. 

14) and Mitchell ( R(;d:. 16). Although this technique is 
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applicable to ·the pr•oblem at hat"'ld, it too has the disadvan-

tage of be:i.ng laborious and generally ill suited for 

electronic computer usage. 

The need for• numerical schemes suitable for m.achine 

computation cannot be over emphasized. As flight speeds 

continue to inc1"ease, various additional effects, associated 

with a strong bow shock wave and very high te:mperatures, 

such as dissociation, ionization, radiation, electronic 

excitation, ~.nd so forth• become more and more significant. 

It then follows that the governing differential equations 

become even more complicated. Consequently, doubts arise as 

to whether it would be possiblE~ to construct adequate 

experimental equipment capable of simulating model tests 

under these extreme conditionH. It seems quite possible 

that in the future, aerodynamic experiments will give only 

basic physical relations and constants, while the gas flow 

characteristics will have to be calculated. If such condi-

tions do at>ise• then the electronic computer will pl?ove to 

be even more :indispensable than it is at present. 

In 1957 Dorodnitsyn (Ref. 7) proposed a general method 

of integral ... relations fo:t' nonlinear fluid dynamics problem:s. 

Although quite lengthy, this numerical scheme does have the 

important advai'1tage of being suited to automatic digital 

computation and is applicable to t'he mixed flow problem of 

subsonic•supersonic :flow. Th.is method was first used by 
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Belotserkovskii (Ref. 2) to calculate the supersonic flo·w 

past a cir,cular cylinder. Subsequently it was employed by 

Chuskin (Ref. 6) to calculate the tra.nson:i.c flow past 

ellipsoids. Later, Gold and Holt (Ref. 9) extended 

Belotserkovskii's method to deal with the supersonic flow 

past a flat-headed circular cylinder; and Trau.gott (Ref. 19) 

applied the same method to supe1~sonic blunt-body problems 

for arbitrary axisy:mmetric shapes. Lately 1clerry Sout~, 11 Jr. 

(Ref• 18) has ctpplied this method to nonequilibrium flm;r 

over· pointed bodies. 

Tha: met':h:od of integral-relations consists of di vi ding 

the shock. layer .into one, two, 01"' more strips, which are 

parallel to the body surface, depending on the accuracy 

desired. The more the number of strips, the more accurate 

the result will he• The calculation using :H strips will be 
tke. 

denoted as,.. Nth apprcn::imation. 

'l'he coordinate sys·tem employed :t.s taken with reference 

to the body.. Tha.t is;, one 0001..,dinate is measured a.long the 

body surface i with the second coordinate tneasured normal to 

the body locally. The governing nonlinear partio:i.l differ.en-

tial equations are then integra·t:ed outward from the body 

sur•face to the boundary o:f each stl'.•ip. 'I'his is accomplishGd 

by assuming that the phyi:;dca.l varia.blE!S within· these strips 

can be expressed by .~pj;r.r.opriatc interpolation formulas. In 

this fashion the equations are reduced to a finite system o:f 



simultaneous first-order. 9 nonli.n.ea:r, crdinary d.ifferential 

equations. These can be solved numerically as a two ... point 

boundary value problem• sta.rting at the stagnation point and 

passing through a critica.1 reglon near the sonic point on 
Lin 

the body. Since we are s·tudying o:nly,.. axisyrnmetr•ic flow 

field, the nose of the body under consideration must be a 

stagnation point• Thus the boun.dai~y conditions at the nose 

can be 1"eadily deter•mined. The other boundary cond.i tion at 

the sonic point on the body is more involved and. will be 

discussed in later sections where it i.s needed. 

Belotse:r·kovskii · calculated the supersonic flow past 

circular cylinders (Ref. 2) employing first, second, and 

third approxi:ma;tions, consecutively (that is t he divided the 

shock layer into one, two, and three str•ips, respectively); 

the results using the first appro~dmation are. good; but those 

• th d • + • . ' t ' t • .t-h using e secon a.pproxl.nHLl.on give oe ·i:er a.greemen. WJ..1. 

experiments; and the third approximation gives essentially 

the same ntun.erical results as the second approximat:lon. 

Chuskin carried out the calculation for t:he trC'l.nsonic flm·;i 

past an ellipoid (Ref. 6) using the second and third 

approximations. All the ether inVei;tigators thus far.i have 

used the fi:r:•st 'a1-,proximation only. The total number of 

equations resulting from the integra.tlons across all sti"ips 

will be (4N-l) for the Nth approximatior1. Of this number, 

3N are ordinary diffeven.tial equations; while the remaining 
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CN-1) equations are algebraic relations.. 'I'hus the work 

needed for appr•mdmations greater than the first is 

tre:mendous. 

In this thesis, the first approxim<1tion of the integral ... 

relations ~~thod is used to investigate supersonic and 

hypersonic flow past paraboloids of revolution. The shock 

shape,, location of sonic line, and the pressure. distribution 

on the bodies are calculated at froestream Mach numbers of 

3• 4, 6, io, and 1000 (taken as in.finite) for two different 

values of the ratio of specific heats; namely y ... 5/3 and 

y = 1.i+. The first ease (for y) corresponds to an ideal 

monoatomic gas while the second one corresponds to ideal 

diatomic gases. 

Unfortunately, no experimental data ha.ve been found in 

the literature for supe1')sonic flows past this particular 

body shape. Theref,ore, the calculated results are compared 

with those obtained by Van Dyke's inverse method (R.ef. 2t.i.).· 
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III. LIST OF SYMBOLS 
~........._·'"~""·'!':>,' .... ~··~ 

i,ion-d;i.mensionaJ.izi.ng Quantities: - .. v '''!iii et-,.-_ . - . ' ' ,., .. ,....,_~......,. .... _.,. .... ..,,.....,,, 

1. Pressure: 

p' = freestream stagna:t ion va.lm;; 
0 

p 1 = f"ri:>r.i"'·i·rea'l!! stap1c~tion v.:l.lue () . ._ -~"' - . .. ., 

3. Velocity: 

4. Distance: 

R' = body nose rad_ius of cm:•vatu1"e $p 

·'· (B) §~neraf. .... ~1J?:!11bol~ ·: 

a = speed of sound 

2 g :: pU + cx-1 ) p £'Y 

h ::: v(l 

"cenera.1 symbols appl~a-.r.ing in the thesis developm.ent with a 
superscripted. prime a.tta.ched to them are meant to be 
di:i:nensional. 

Unprimed symbols appearing for priessure, dens.i ty, 
velocity, and distance indicate quantities which have heEm 
m.ade non-di:mensiona.l by dividing by the a:ppropriate non ... 
dimension.alizing term p 0• , p !P V! .... , or F:' • 

LtCl . .c1i.. s;· 
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1'1 = Mach number 

n = distance normal to the body surf ace 

p = pressure 

r = l"'adial distance norm.al to the body axis 

R = radius of curvature of the body contour 

S = entropy 

s = distance along the body surf ace measured :from the 

stagnation point 

u = velocity component parallel to the body surface 

v :: velocity component normal to the body surface 

/u~ + v1 =total local speed 

X = axial distance measured from the s·ta.gnation point 

x = angle between a normal to the ai{is of syrnmetry and 

the tangent to the shock wave 

z = puv 

o = shock layei-• thickness measured f:r.iom and normal '"'co 

the body surface 

p = density of the fluid 

e = angle between the axis of symme·try and the local 

body surf a.ce tangent 

y = specific heat ratio 
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T = dimensionless time defined as time divided by 

( pt IV' ) 
~~sp :max 

·.Subscript 
7 • T ' i 

°" refers to free stream conditions 

0 re.f ers to conditions on the body surf ace 

l refer·s to conditions just behind the shock 

sp refers to conditions a.t the stagnation point 



III. DERIVATION or (~OVEFNING EQUATIONS 

Consider the supersonic (and hypersonic) flow of a 

pez•fect gas with constant specific heats past a pa1"~3.boloid 

of revolution. Far ups-"c1"eciJn of the body the flow is uniform, 

whereas a detached shock wave forms i:rmnediately ahead of the 

body. The shape a."'1d position of the ohock is unknown befor•e-

hand; actually this is what :must be determined, at a. given 

Mach nunilier and a specified l"atio o:f s:pec.ific heats. One 

introduces non-<li:rnensional variables and certain other 

quantities { i.n ol"dt"?.r to tr•ansform the governing equations 

into the. diver~gen.ce form), which is what is needed to apply 

the method of integi'etl-rela·tions. 

Afte-r•ward, the shock relations and ·the conditions on 

the body SU!'fa.ce are derived, then the governing equa·tions 

can be integ!'ated across the shock la.ye1'.'. In this manner 

one is able to reduce the problem. to three ordinary diffe:r-

ential equations, which can be solved by numer•ical schemes. 

(A) Non-dimensionalizing the Var:i.ables 

In order to f a.cili tate the non-d.imensionaliz,ation W'a 

shall ta.ke the l"adius of curvature of the nosf.?! of the body, 

(R' ), the stagnation densitjr in the fraestraam, (p 011 ), the sp 
stagnation pressure in the f1"eestremr-., (p0), and the ma::dmum 
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2 Po s·need in the free.stream. ( v• = ./ (~} - ) .. as the 
:t:' " :max ..,. ... ..1. ·. p .. " 0 

charac.teristic length, demdty, pressure, and speed, 

i.,espectively. 'l'he non ... dimensional quantities are then 

defined as follows: 

s :;: n ::: n' 
'1t"""" Sp 

R R' = r ' sp 

u = u' vr-max 
v = v' vv-max ' = a' CA-1} a rrr- ' max 

p = P' pr 
0 

and w • 
••s•y 
+ v 

where the local radius of cu1"vature of the body surface in 

the meridian plane is given by 

= .... ·• (A-2) 

CH will be positive whel"e the body is convex outward.) In 

addition to the above, the following n6n .... dimensional 

qu.anti ties a.re also defined: 

h = v(l (A ... 3-b) 

Z = f)UV (A·3-c) 

(A ... 3·d) 

and 
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g = p u 2 + ( ~; d) p • ( A ... 3-e) 

These quantities are to be used in transforming the 

governing equations into the divergence form. 

(B) G?verni!}g Equations .. i.1~ prtlH;gon,a.l Curvil}near 

Coqpdina:t.e s 

Conside:r.~ a steady, :i.nvicid, compressible and rotational 

fluid flow. The non-dimensional momentum equation for the 

flow field can be expressed in vector form as 
2 

V(r) - w x cV x w) + (Fr) ~ Vp = o • (B-1) 

Referring to Fig. 1, and using the orthogonal curvi-

linear coordinates ( s ,n) for ar1 axisymmetric flow, it can be 

shmm that the scale factors (in s- and n-directions) a.re, 

respectively, 

and • 

In te1"ms of these coordinates the velocity is 

w = ue + ve s n .. 
'l'he V ope11ator then can be expressed by 

• (B-2) 

Using thi.s operatol"'' Eq. (B-1) can be converted into 

two components, giving the s-direction momentum equation as 

U ·~ + (1 + ~) V ~ + UV + (Y.::l) l !£ : 0 
oS "" an K 'Jy p ils ' 

(B-3) 



and the n-direction momentum equation as 

u *' + (1 + ·~) v ¥n - f. + (~;l) ~ (1 + ~) it}:: 0 • 

{B-'+) 

The continuity equation is known to be 

v · cow> = o 
' ., ii' "'t • or, expanai.ng, 1. · J.S 

is {rpu) + .;n [ ( 1 + ~)rpv] = o • (B-5) 

Now 1 in place of the s•mom.entum equation one can. 

introduce the Bernoulli equation for steady compressible 

flow; that is 

w' 2 ' -r + fr!r) ~ 
p' 

( y ) . Cl 
= y•! Pb 

,~nd using Eq. (A-1), Eq. (B-6) can be rewritten as 

I?.. = 1 - w2 
p • 

(B..-6) 

(B-7) 

In terms of pressure and .density, the entropy• (S)" can 

be expressed by 

S = cv tn(Ity) + constant 
p 

where c is the s....-ecific heat at constant volume. Y· Y 

Next, talcing the substantive derivative of S, 

DS 
rrT D ( p ) o y D (.Py·) :; 0 :: CV frT [ tn . .o..y ] :: CV p 'jj.t -

p p ' 

(B-8) 

since entropy remains constant along a streamline, then 
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~ (L) = o 
.U't 'Y p 

.. 

The integration of the equa,tion gives 

' 
(B ... 9) 

where .p is an arbitrary fu.l'lction dependent upon the stream 

function. 

Using Eqs. (B-'l) and (B ... 9), the pressure and density 

can next be expressed as 

and 

1 l 
r,72) ¥-1 . ... r".:..l 

p = Cl - ~ t 

respectively. 

(B-10) 

CB-11) 

In this section the governing equations derived previ-

oui~ly wlll be tra.nsfor•m.ed into divergance form. 

Using Eq. (B•ll), then from Eqs. (A-3-a) and (A-3-b) 

and 

h :: u(l 

1 
pu~y-! 

• 
Substituting Eqs. (C-1) and (C-2) into Eq. (B-5), the 

continuity equation becomes 

(C-1) 

(C·2) 



' . 
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a a n as Crt) + an C(l + ~}rh] = o • (C-3) 

Multiplying Eq. CB-4) by pr and r• .r-:q. (B-5) by v, then after. 

adding and rearranging, one obtains 

a a n)· 2 2 - (pruv) + ·~ [(l + ~ prv ] + orRu as on l\ 

+ (~f~) ifl [(1 + ~)rp] 

.. {~;.:t}(l + tr)P * = 0 • (C-4) 

From the geometry of the shock layer• re.fe1"\ring to 

fig. 1 1 it can be seen that 

dr = (1 + ~) sine ds + cos0 dn • ( C-5) 

Thus• 

dr mi = cose • (C ... 6) 

Using this result and Eqs. (A-.3) in Eq. CC-11.), it is 

found ·that the n•momentum equation becomes 

a s r( n) r as ( l'Z) + an l + K rH) - 1-'{' . g 

- c~;~)(l + ~)p cose = 0 • (C-7) 

Knowing that 

CC-8) 

artd 

(C-9) 

th.en the above four equa,tions. Eqs. (C-3)• (C-7), (C-8), and 
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(C ... 9) can be used to determine the four unknm111-ns u, V; p, 

and Pt provided that the variation of ~ with respect to the 

stream function is known. 

Eqs. (C-3) and (C-7) can be integrated with respect to 

n across the shock layer, from n = O to n = o. 
By the use of Leibnitz's rule, i.e.; 

d -as 
/
g(s) 

F(n 1 s)dn 
0 

. g( s) '-'F • ( ) I - Q ~[ ( ) ] Q~ s = 0 li dn + r g s ,s 'fs . 

Jg(s) aF 
~ dn 0 a$ 

d g(s) .. a ... ~··(s) = as·. I FCn,s)dn - F[g(s) ,s] -·· 
0 s 

( C-10) 

and knowing the conditions on the body surface, i.e., 

and 

0 
+ d J. (t•t)dn = 0 Ts 0 

(C-11) 

( C-12) 

Now, suppose that the variation of the integl""a.nds in 

the above two equations are know11., so that these integrands 

a.1"e given in ter•ms of their values at the boundaries; that 



:i.s, body surf ace and the shoclc. The:n these equations t-muld 

be ordinary differential equations (with s as the independent 

0 d • .., . ..'.l ,... . • ., t 1· v 0 ::: an , since "CfH~ oooy sur•:rac1c; :i.s a.i.so a s rea:m ine, 

c;i 0 ::: 1;) is known from normal shock !\'.:da.tions. From ohliq,ue sp 
f 

c<hock. relations one can find u 1 , v 1 , and ¢ 1 as functions of 

x. Therefo:r.'·z, we now have three unknown variables, i.e., o, 
x and u0 • In addition to Eqs. (C-3) and (C-7) one more 

equat:ton is needed. This can. be acquired from the relation 

ds' · 'If 
d .. -;: '" :: cot [":'P" - ( G + :d] :: tan ( 0 + x) 

C• L 

and 

ds R l 
els' :: 

1~+ IS = 0 • 
1 + it 

Here ds' is an incremental lin.e ele:ment along the shock 

corresponding to ds along the body. 

Multiplying the above two equations together the 

following- desired relation follovs; nc;.mely, 

• (C-13) 

The simultaneous nume1'"'ical solutton of the thrEH3 differ-

en·tial Eqs. (C-3), (C-7), and (C-13) ·will determine local 

shock-layer thicJcness o, the shock sh~:tpe parameter x, and the 

velocity distribution along the body surface, Uri• All of 
'"' 

these quantities a.re given in terms of the. local body 



distance s, the single i,ndependent variable in these 

relations. 

( D) Ob.lis.,~~ Shocf ~~l;<:rt:ions 

The values of u1 , v1 , and ¢1 , immediately behind the 

shockt are related to the shock inclination angle, (7r/2 ... x), 

by ·the known oblique shock relations. In the present cocr-

di.nate system and with non-dimensional quantities, these 

.relations take on special forms as derived below: 

But 

Thus 

Fr<.:>m (Ref. 

p' l 
~ = Pco 

and 

P' .., 
'!"r :::: 
pl 

Thus 

P! 
constant = -r.'!' 

p y 
00 

• 

1) 

• 

2yM2 
0) 

cos 2x - (y-1) 
• y+! I .. 

2 + (y ... 1H12 
(JO 

cce 2x 
•I 

Cy+l)M~ 
1· I 2 

cos x 
ClO 

• 

• 
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2yM2 2 ( y ... l) 2 + (y-.l)M2 2 cos x - cos '{ y 
[ 00 ] [-

00 ] ljll ::: y+!. x 
(y

0+l)M: 2 • 
cos x 

(D.,..1) 

Because the surface of the body is a streamline, then, by 

knowing that x = 0 along the body proper,, 

2yl'l~ - ( y-1) 
4io :; [-- )!+I .. J 

2 + (y-l)H~ y 
x [ . ")'$'. ·] 

( y+1H1"" 
«> 

• (D-2) 

Next; with the non-dimensiona.l freest:r.eam velocity as ' 

(Ref. l} 

w 
00 

w' 
1)3 

= vr--
m. ax 

.. fl ./ 
()'.) 

2 + 

. y-! - " 
(y-l)H2 

co 
• ( D-3) · 

The velocity components irnmt.?diately behind the shock 

are derived as follows: 

wl w'IV' w' 
::: 'l max = 1 - w' 7rr· ,,.rt· w 

Ill) m max c~ 

or 

• 

F:i:. .. om Eqs. (136) £-tl1d (138) of Ref. 1, we have. 

w 1 ::: w [l ... 
ca 

4CM! cos 2x - l)(y ~ M~ cos 2x + 1) } 
--------------~2--~~-·---ry_ .. ...._ _________ ] 

(y+l) M cos.-...x 
~ 



and 
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cot a - l)cotx 
- 1) 

Referring to Fig. 1 1 

tan a ::: tan [f - ( 0-0!)] ::: cot( 0-rJ.) 

coto cota + 1 
= c O:E a .. ..' dot a • 

• (D-.5) 

(D .... 6) 

Now 1 substituting Eq. (D-5) into Eq. (D-6) then after 

rea.rranging, 

and hence 

sina = {[l·v:1<cos 2x·~~~))cosa 
<:O 

It should be noted that the denominatoi"' of the a.bove 

equation can be rewrit·ten as 
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{1 -
4 (M2 2 2 2 l ~ cos x - l)(yM00 cos x + 1) * . ___________ .,.... ____ 1,.-

- I 2 .2 2 _,.... f 
(y+l) h cos x 

00 

• (D-8) 

Now using E:qs. (D .. 4) and (D-7) with (D-8)• the velocity 

component irnmediately behind the shock and parallel to the 

bcdy is, then, 

[ 2 nu( ~2-s _ 1 'I • } + y·+i ta .. ,-,. co;:::. . .r ::!'s:rne • 
]'[ 

(D-9) 
O!> 

Sirnilarly, the norma.l velocity co:mponent :i.s 

~)]( ... sine) 
!··; 
- ~co 

+ r 2 · ~-n~(co~ 2 --~ ~ 0. n. '·' A ,.. y-r .).. • (D-1.0) 

Finally, the pressure on the body surf a.ce can be 

obtained from Eqs. ( B-10) a.nd. ( D-2) & that is, 

( D .... 11) 
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(E) !;.12..P}Yinp; .~h.~ fi1'.'~t f.,pp:t><ndma.ti~,!t 

Only the first appro~dmation to t:he proble:m is consid-

i'~red in this thesis. According to Belotserkovskii this ca.n 

be achieved by a.ssuming the integrand for the integrated 

contJ.nuity and n-momentum eq_uations, i.e., Eqs. (C-.11) a.n<l 

( c-12)' to be linear in n. 

Suppose the integrand is of the form, F(n,s). 'l'hen the 

assumption of linearity requires that 

F(n,s) ~ (FO,s) + ~ [F(a,s) - FCO.s)] t (E-1) 

and the. integration of the function across the shock layer 

becomes 

0 
/ 0 F(n,s)dn 

0 
= J {FC0 1 s) + ~ [FC5,s) - FCO,s)]}dn 

0 

(E•2) 

The subscripts 0 and 1 (here) indicate the evaluation 

a.t the body surface and at the shock:!) respectively. By use 

of Eq. (E-2), the four integrations appearing in Eqs. ( C-11) 

and (C-12) can be rewritten as follows: 

( 1) 

(E•3) 
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where 

and 

; 

(2) 

c d + -- [ ( !''"' ) + ( rz ) 0 ] 2 ds 'J 1 (E-1.!-) 

·where 

and 

c 
(3) I 

0 

0 <ro + 0 cor; e) 0 r 0 :: 
~ 

......... '"f', . - . ...... gl + ~ - g:o 1<. J\. 
(E-5) 

where 

c:ind 

a.nd 



6 (1 + n) 0 [(l + n )-~, () [{1 n) ] f n 
.. , •. ,:in ::: T + 'I<';- + it p, 0 ( l.~) 1{· _t-'~-· 't .t1·J1 

.t. /.. 
u 

6 re . 1)) + Po] (E-fi) : 7 I. J.,'a'" R P1 • 

and ( C-11.!-), and are 

....L ]. 
( 1 2)Y.::-I ,, -v~I 

- - ftll 'Pl 

U 2 ) ..... Y.~- l = (1 -~ ~- -y~l 
Pn - 0 'fo - u 

(E-7) 

respectively. 

Substituting Eqs. (E-3) through (E-7) into Eqs. (C-11) 

and ( C-12) and ma.king use of the oblique shock !'elations 

(D-1), CD-2), (D-9) and (D-10), then carrying out o.ll the 

differentiations, (together with Eqs. ( c ... 13)) ~ three first ... 

order tota.1 <lifferenti<::tl equations !"csult. The expressions 

contain u, x and u 0 and their deriva·tivcs with respect to s 

as unknowns. The manipulci:tion is very lengthy a.nd pains-

taking requiring many pages to Wl"ite down; i:herefore, the 

details will be omitted here. 

The resuli:ing three differential ('.'!quations a:r.e solved 

for the derivatives of c, u 0 and x in the following for'm 
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--ds 
do :::: (1 + ~) cot(e + x) 

l' 

dx 1 r { c1c) ~ = '!"I' LG + E ...;...... ] 
C!S ;: CtS 

1"' 
A ::: -,_fl. [ u0 ( 1 

1 -.,.2)y ... l ..... (.lo 

l ..._.. 
2y 2 v~J C = ( r 1· S cos 0)(1 ... w1 ) ' · n~ 'y+l Q w 

f~ 
.follows: 

+ (sinx cosx)cose} -
2u1v1 - . . , L...-w_, -. ,.. .. •2 r J 

(y-1)(1-w 1 ) .... 

(E-8) 

CS-S) 

(E-10) 

sinH 

l ) • 2 ., n 
H ·' lfl;• .. 1 ... :::;J.n X.Jcos •:1 -
cost:x 

(si.nx cosx)sine} J 

P :::: - ( 1 + !-) { r -t· o cos e ) ( 1 ·-· 21". D 
, 
..... 

1 
-.2 "y""':"! w..,) v, 

.L .l. 

- f o sine[(l - u~).y:..i:· u0 + ~)J 

r t·"p#qOath· a'?e· u 1'11' · ··"rd 

~~In Tr.::ugott's paper (Ref. 19), the last cosG appear•ine in 
his expr•ttHrn:i.on f o.r C seems to be. a typographica.l error• fer 
sin o, according to the <.mth.01'' s derivation. 



and 

( F) 
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2 F :::: o(t',, + "i+1~ ,1 
c CO"'' 8 ) ') ;.1 

'" I ].''ro 

r··:::: { 2(·J + •S )<..-• ·'· ,r ·~· -P]_ v.1. . ~ '·p · u 
- L. J.\ ·' 

l 2 y-1 (ro +· p 0u 01"'no ~ - rr-l ~. 

(. ' ' } r.:>1 •·1= "'\~-:·v;coc·~ ~_,._..J .;!1., .._~ .)~'.:!>.,,_i;,. QI .. 

C ~) .... r,'\J ~. ,, '1 (·· 
i... t':i u ~ \.5.., \ 1 ·"· 

.I.. 

8 cosO + c .. .., ) ·rr .,,,...., (·-, "') . .., 0"fi .t. 0 L'1-eo .(. £'.,.. .! \ 

c:-;eomatrv of the :Pa;ra.boloid of l<.•:::voJ.ution 
~~~.,.w,~ ........ ± . ..._·;,ttie·ei-~••••••illi:c·Jii.w..,,. 

Tbe flow field ·to be consider·ed 1:011 e will be thz~t pa.st 

a paraboloid of revolution., The egu.a:tion cf the body 

surf ace~ in the plane, is 

or .in non-dimi;:":?nsio:nal f OI'l11 
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2X • ( F-2) 

Now 1 incremental line element .:tlong th(J: body surf ace: 

is described by 

d.s ~ / ('d~~~) T ~ .. 0

( dXl~ , 
hence 

x x /l."i~ s = .J ds - J + .~ ·1v 
2,"{' C.A. 

0 0 

= / X(f + X) + ~ Q.n 
... · 1· " 

• (F-3) 

From Eq. ( F-2) 

r 0 ·= cot a , 1 ' 2 X = 2 cot e • ( F-LJ.) 

'l'hus, we have the following r•elation between x and e :for 

the paraboloid: 

cos e 1 ( 1 +s· ... -.·nc:~. s e) s = ...... •r··~ + ."2 in .... ·:;: ~ • 
2sin a 

c r ... s) 

Next, the radius of CU!'Vature of the body surfe.ce a.t 

any s (or G) is given by 

ds . -3 ere ::: sin e • 

It should be noted that Eqs., (F-4) -through (F ... 6) are 

all lmplici t functions in the sense that s is the independent 

variable instead of o. Therefore, the value o:r e for a. g:i.ven 

value of s can be found only by an itei .. ative procec1u1:>e. 



( G) B,0urda1:¥.. ~cmdi tioqs an_9 :::h~ Me~p<:>d~ .. of Sq_l, v,i.~g j:fl .. ~ 
Diffe.r.~~:tj.,a~. Eg11~:~ i,q!·t~ 

Substituting the values of A thl'.'ough G (see Eq. (E--11)) 

into Eqs. (E ... 8) 9 (E-9) and CE•lO), ii: is e:rppa.re:nt that 

these equations can be expressed in the for111 

du0 
dsriir• ( G,..l) 

In these equations y and M<» will be given fot' <.i partic .... 

ular problem. 'I'he quantities o, R and l"o are geometrica.1 

features of the body (given in terms of s), and (hence) 

become fixed once the body shape is known. We also note tha:'c 

the three unknown variables appear' in all three diffex•ential 

equations, so that Eqs. (G-1) a.re coupled non ... linea.r f:i.rst-

order differential equations. It appears ·tha.t these 

equations are impossible to solve analytically; howev~~r, 

they may be solved nu.iTierically. 

To start the integration of these equations by a. finite 

difference process t it is necessary to know i.ni tj.al values 

for o • u0 and x. By the sy:m.metry of the flow field these 

..• 1 ,.t. t 0 1n1t1a conai ions are, a. s = ,. 
0 :;: 6 sp , ' e:1nd x = 0 • (G--2) 

But the stagnation-point shock det$'.chment distance t 65 p, is 



actually unknown a. priori; o must be determined a.s a. part sp 
of the problem. 

From Eqs • C E ... 9) and (I~-.10) i't can be seen that both 

derivatives become infinite as f vanishes. Also, . 

du0 
ds · alone will be coma infin5.te when B Vf.mishes. Now 1 at the 

stagnation point F is equal to zero, while C, Gt and B are 

also zero. It follows 
. . t (. . C[G aenomina or i.e., r ? 

that both ter·ms containing F in the 

+ E(~·)J apd ~[G + :E(*)J) b;;:,come 

indeterminate at the stagnation point. :Fortunately, even 

without devising a process to settle this indeterminacy 

at s = o, the calculated results show only a small jump at 

the first step of a finite difference process. Thereafter, 

the value of F decreases steadily as s increases 11 wh:i.le in 

the vicinity of the sonic point on the body su1"face it 

increases slightly but still remains negative. Although 

there is no physical inter.~p:r•etation for the qua.nti ty rt it 

is safe to sa.y ·that its vanishlng does not occur within the 

region of interest along s (except a·t ·th<a' sta.gnatiort point , 

itself). 

Next, consider the vanishing of B. 'l'he quantity B will 

vanish when· 

as seen ft"om Eq,. (E-9). This means that B = 0 when the 

velocity c:.1long the body surface reaches the sonic velocity 
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(see Eq. (D-3)). In rhv<." -ic:.;;l """e "'1 •'t+-u .ii' ._,, o .,_ "' .i. a~.. "_, it· the velocity deriv-

a:tive at ·the sonic point should remain. :f5.nite • so that both 

the numerator and the denomi.nator of Eq. (I~ .... 9) have to 

V ::or·11.~1·., .'<l·t t'.•le ~0·1"'l0 •"' -_,_ •• 1()]..•.,.1·~ • 'Ph::.-'- .;S v1'1·1e·" ,., - 0 ..... ~-~ .. -· - .... - h.. ---~:.t. .... , , ;\. l• _,.., - ., 

• 

This additional condition is used to determ.5.ne o by sp 
means of an i ter•ffti ve. orocedu:t'e. 

" 
infinite velocity gradient does physically occur on the body 

surface when cm abrupt change in profile ex:tsts. However', 

it will not occux' in. the pl"'~~s-ent case for the flow past a 

pc-1r;..1bcloid of revolution. 
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v. HEWHODS AND DISCUSSION O:F (~C~1·Tl)lJirf~R. c:/\_L(~tJLi\1rI ON 
"11iiM:._,,,., ... ..,., ··1·•;.c 'Iii ··-·· ,. .• , ·r· =··o 

In ord<:.:r to solve the sy;;..;tem o:f equations 0-::-8) , 0~-9) 

and CE~lO), subject to the initial conditions CG-2), where 

is some 

h,::;..ts been devised. the . t. co:mpu·ca. ion 

bi:~gins a.t stagnation point and proceeds to the sonic point, 

hand side of (G-4) is checked. For tircvity this va.lue i•Jill 

referred to as one iter.::ltion. 
~' . 

sif!.nificc:mtlv frorn zero .. a new va.l.ue 
~~ ~ ~ 

cf 6 sp 

is chosen. ~i'l1is procedurf:"?. . is :r•epeated until a value of a 
SI) 

i <'! obtained such tha.t 1:1 is within some specified range of 

A typical case., a:t H00 :: 3 and y ::: 1. 4·, for the 

variation of f!. v1..~rsus u 0 :ts shown in Fig. 3. It can be seen 

that for the correetlv es·timatecl '' , denoted by curve ( 3), .. SfJ 

the value of t.. increases from zero B.nd reaches a ma:xi:mum 

where u.0 :i.s about one half of its sonic speed. , Subsequen:tly 

A dec:reases, reaching a ve:tlue of zere 

to the sonic speed. If the estimated value of c~ sp 

small, then /J, di verges quite :rap.idly ;:1.s 

is too 

speed; this is illustrated by curve (1) and (3) of Fig. 3. 

On the othe!' hand, if ·the estimated va.lue of o 
Sf> 

is too 



1 t ' A •"' l • arge • nen a w1.1.. . (tecrease to zero and takes on negative 

value before u0 reaches the sonic value; this . 
:l.S illustra.te<l 

by curve (4) and (5) of rig. 3. Since o for curve (2) 
s~p 

only 0. 000 l smaller thaJ1 o fo1" curve ( 3), and o for Sp Sp 
cu, rve (l.J.) is onl~r 0.0001 la.ruer· than !S for curve (3), it 

J ~I SI) 

ma.y be concluded tf"H:lt v~1riations in b are ex:tre:mely sensi tiva 

behavior of IJ. is used as a 9uide fol" :imp1"oving the estimated 

value of o in the iterative r)rocedur<-:;. sp 
The computer p!'Of:'):"am was firs·t w1:-itten using a fourth-

order Runge•Kutta :Lnta.gration scheme to ca:rry out nurnei~ical 

integration of Eqs. (E .. 8), (E ... 9) and (E-10). wa.s found 

that approximately 40 ~000 core storage positions we1..,e need.E1d, 

which exceeded the capaci·ty of the basic IBM 1620 electronic 

computer. Therefo1•e., an IBM 1620 with an added IBM 1623 

Core Storage Unit WClS us~:d. Subsequently i:he Runge-Kutta 

d . .,_ L t• "' ;:i. _,.t.....t-program prove 1..0 ue very · J.m.e consu:ru.ng anc1 was rewri"t.. !.en. 

The new program simply proceeded stepw~se along the body, in 

ills incre:merrts 11 without henefi t of the aver.,2.gin.g featu:res of 

the P.unge ... Kutta method. Although "the prog1'"'am was reduced to 

half the size of the former one; it still required ,1.bout 

25 ,OOO core stora.g!S positions, and i"i,?:ain {~xceeded the basic 

IB.M 1620 computer capeci ty. Mathemt:ttical1y,, the foi~mer 

method should .be more. accurate th.;m· ·the latter one,, yt~t the 

results of these twc methods showed no significant 



differences. This is not surpl"ising, when it is n<Jted that 

variations of all dependent va:d.a.bles, Ci, u 0 and x, with 

l"espect to s, az~e n(,-:arly linear, at l~?ast in the range of 

interest• (i.e., f1"om the stap;na:tion point to the sonic 

point). 

The computer running time f01:> each iteration depends 

upon the increment size of the independent variable s. With 

the present computer progr·am, using the non ... avf:!raging step-
. •t . h" .• b • w:.1.se :i.n egration, e.ac iteration requ1r•es a. out ten :minutes 

of running ti.me, with about 20 steps needed to reach the 

sonic point. 

As for the number of iterations needed to secure a 

specified accuracy, this depends somewhat on the experience 

of the ope.r•a.tor and on whether or not good starting estima.tes 

for d are available. ('l'hese could be obtained from sp 
experimental data, theoretical approxi1nation, c.nd/ or• other 

sources.) Usually seven to eight iterations are needed for 

an accuracy in osp to within three significa11t figures, 

i.e.• to one thousand·th of the ra.dius of the nose curvatur~~. 

Because of the sensitivity of the solution at the sonic 

point, tha step located one interwil upstPeam of the sonic 

point is used as that station for checking values of /1 while 

ite1~ating on values of asp• When the corr1ect valt.1e of lisp 

:i.s obtained the flow quantities at that station a.re extra.p .... 

olated in order to obi:zdn the conditions q.t the sonic point. 



VI;. DISCUSSION OF C.ALCULATED RESULTS 

The flow of· an idea.l diatomic gas (y = l.lJ.) past 

paraboloids of revolution at M~ = 3t f.!., s, 10 and 1000, and 

for an ideal monatomic gas at Mw = 3, C and 10 have been. 

computed using the fi:rs·t approximation of the integra.1-

relations method. Since for the completely supersonic 

region these are m.ore accurate rnethcds, such as the method 

of characteristics, the calculations were carried only 

slightly beyond the sonic line. 

~Che calculated shock shapes ond associated sonic lines, 

for y ::: 1.4-, are shown in Fig. l~ and for y = 5/3 in Fig. s. 

The velocity variations along the body surf ace are sh mm :i.n 

Fig. 6 for y = 1.4, and in Fig. 7 for y ::: 5/3. Pressure 

distributions along the body are shown in Fig. 8 for y = l.'+ 

and in Fig~ 9 for y = 5/3. 

Unfortunately, no experimental data have been found for 

·the supersonic flow of a gas past paraboloids of revolution. 

Thus, the present calculated results are compa1"'ed only with 

calculated quantities obtained by Van Dyke's inverse method 

(Ref. 21.~). The comparison of Van Dyke's results prove to be 

in good a.greement with experiments for the case of super-

sonic and hypersonic flow pa.st spheres; th<~refore, the 

corresponding calculated values for the flow past pa.rabolo:i.ds 

is presumed to be a good criterion. 



The stagnation shock detachment distances, a.s computed 

by the integt'al-1 .. elations method, are found to be very close 

·to the values obtained from Van Dyke's Method. At :H :::: 3 
O> 

the diffel'"'ence is within 5 ~~ of v.::m values, and at 

1'l = 10 the diffe1~ence is only t;.Q1. Fm:- a. fixed value of y, 
""' 

the shock detachment distance. decreases rapidly with an 

incr•ease in M00 , for values of H"' less than 4. 'I'he differences 

become smaller at higher values of For example, with 

"' = 1. 1!.. the change in o is on1'.J 
I "' .. Sp . is increased 

f:t:lom M = 10 to M = 1000. In other words .. the shock sha.pe w co ~ 

has closely a.pproached its asyw.ptotic position when the free.-

stream Mach number equals to 10. This has been predicted by 

the Hach number independence principle (Ref. 11). 

At a f i.xed Mach number, o SD increases r.::q_::ddly as y 
;; 

increases. The ratio of o for y = 5/3 to that cit y = 1.4, sp 

at MUI = 10, is 1. 5 5 which is in good agreeme:nt compared to 

the limiting value that can pr'ec.Hcted analytically, namely: 

( 5/3 - 1)/(1.~ - 1) 1 5 
'b~ +r x.rr+r = • 0 • 

The sonic-line locations as deh.n1:r.Dined hy the integral-

relations method, lie very close to those given by Van Dyke 

(see Figs. 4 and 5). All the sonic lines lean upstream as 

they emerge from the paraboloid proper. 

The tendency of lea.ning upstream increases as th•.3 Mach 

rm:mbe'.i'.1 increases, or as y dE.~creases. The sonic point, on 



the body, moves downstream qui t:e l'apidly a.t sraa11 Fi and for 
00 

a fixed Y• As shown in Van Dyke's pa.per' (I~.ef· • 2 li) • at 

1~·1 2 the . line does not :m.eet the body until :f a:ri ::: ' sonic w::ry 
e~ 

downstr.~am fr·om the stagnation point. But, since the sonic 

con di 'tion is the most j_mpo1.,t'-mt con di ti on for the ut:tli ty of 

the integral-relations method 1 it is clear that the integr'al-

relations methc;d is not suitable for application to a flow 

past a paraboloid at 11 equal or less than 2. 
o:> ·-

Here we see 

om:~ o:f the princip21l differences bE,·tween the :flow past 

paraboloids and sphex'e.s. For flow past spheres the sonic 

point, on ·the body, is loca.ted ver:»y n.early 45° away from the 

stagnation point (at ai1y Mach mlE!.l.K::.r), and the sonic line 

leans downstream at a low v.:i.lue of H • 
"" 

In figs. 6 and 7, the ve.loci ty varie:i.tion alori,C£ the body 

is seen to be nea.r·ly linea.r up to the sonic point. 

The pressu'.l'.'•a distribution·, along the bodytt as calculated 

by the integral-relations method agl"'EH:rn vet"'y well with Van 

Dyke's results. These results are also compared with the 

Newtoniai"1 simple impact theory (i.e., without centrifugal 

correction). At I\~ ::: 10, the calculated value is slightly 

smaller than that predicted by sir:·iple impact theory (for· 

y ::: 1.11-) and is slightly larger for' y ::: 5/3, au shown in 

Figs. 8 and 9. 



-42-

VII. CONCLUSIONS 
~"'."(~~·~,.._.__"" .... ~ ... ,. 

After judging the results presented in this thesis~ 

several conclusions have been rea~1ect: 

(1) For supe1...,sonic ~md .hypersonic flow pa.st pa:t"'aboloidr-;; 

of revolution, the s:hock sha.pt~s > shock detachment 

distances·~ sonic line locations .:;.nd pressui:-e distr:i.hu-

tions calculated by the first approximation of th<~ 

integral-relations methor1 are. in. good agreement with 

results obtained by Van Dyke's inveY'Se method. The 

agreement becomes bette1., as the :freestl"eam Mach numbers 

increase, while the method appearg unsuitable a:t 

values less than 2. 

( 2) For bette1"' ci.ccuracy the second approximation of 

the integr<:il-Y"elations rnethod is needed. However, the 

second o:rpproxima:tion will exceed the ca.pa.city of an 

IBM 1620 computer t:~ven when including the additional 

( 3) The sensitivity of the method ·to a. slight er•ror 

in the estimated sta.g:nation shock detachment distance 

requires the accuracy of thr~ estimated value of' Ci to - Sp 
be within at -it least 10 .. Thus, electr•on.ic computers 

wi'tl1 higher speed than IBN 1620 would be highly 

" • 1 1 ..... . -'-l • t l 1 . . t' . CH3S1l."'a.;i e wuen using 1..i·ie in eg;ra. -re 0:t:ions me noel.. 



VIII. SUMMARY 

Und.e1"' the assumption of an ideal r-as with constant 

of the integral-

:relations method, which considers the entire shock layer as 
. l t . . 1 • l .r.· • t . ' .. . " c:. sang e s :PJ_p, l.s oe1.,1veo. ,.eor axisyrnme r1c Doa:i.es or 

arbitrary, smooth contmn"s, follo;;-d.rH.r a ck~velonment similar. 
i...::_~~ -~. 

to that of s. C. Traugott. The a.ssu:rttJYtion of a linear 

variation for ce1"tain of the flow variables across the shock 

is used. The resulting ordinary differ£mtic1l equations ax•e 

integ:Pate<l, using a nune1"ica.l scheme, over paraboloids of 

l"'evolution at supersonic and hypersonic speeds. The shock 

shapes, shock detachment distance:.:;, loca:tion of sonic lines, 

velocity va:d.a.tions, and p:r.essux•e distributions along the 

body surface are calculated for idea.1 diatomic gases (-with 

y = 1.4) at H«> = 3, it-, 6, 10 and 1000; and for monoatomic 

gases (with y = 5/3) at These calculations 

were 'obta.:i.ned on an IDM 1620 comput.2r which included an 

additional IB.M 1623' Core s-to:r.age Unit. I'he Co.1ou1ated 

l"'esults were compared vdth those obtained by Van Dyke's 

inve1"'se rn.ethod. Agreement ·was found ·to be good, considering 

that only the first approximation of the inte3;r-.:;,1 ... rela.tions 

r1ethod was used. 
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APPLICA'I'ION OF THE METHOD or INTEGRAL-RELATIONS 

TO SUPERSONIC A\TD HYPERSONIC FLOW 

PAST PARABOLOIDS OF REVOLUTION 

by 

Ming-Yang Su 

ABSTRAC'r 

Under the assumption of cl. perfect gas with a constant 

specifie heat ratio, the first approximation of the integra.1-

relations method, which considers the entire shock layer as 

a single strip, is <lerived fol" axisynunetric bodies of 

arbitrary smooth contour. The l"esulting differential 

equations were then c:i.pplied to a supersonic a.nd hypersonic 

flow past a. pa.raboloid of revolution. 1rhe shock shapes, 

shock wave detachm.ent distances, locati<.ms of sonic lines; 

and velocity and pressure distr1ihutions for the body ·were 

calculated for y = 1.4 and y = 5/3, and at Mach numbers of 

3, 4, 6, 10 .and lOOO. 

These calculations were carried out on an IBM 1620 

electronic computer. The ;results were compared with those 

obta.ined by Van Dyke's inverse method. 'I'he agreem~nt 

between the two methods wa.s found to be good 9 in· view cf the 

fact that only the first appr-oxi:ma:tion of the integral• 

relations method was used. 
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