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I. INTRODUCTION

The importance of statistics expressible as maxima is
well known. Throughout the literature one finds that the
upper percentage points for a number of these statistics
have been tabulated, usually by various special methods.
There is, however, a general approach often useful in pro-
viding good approximations. This general procedure is often
referred to as the principle of inclusion and exclusion. A
representative selection of the various statistical applica-
tions of this principle in relation to statistics expressible
as maxima is presented in this paper%/ It is hoped that
such a review will provide the necessary methodology for the
use of this procedure in other areas where it may be of
value.

The principle of inclusion and exclusion is a very
general method for the calculation of upper percentage
points, say xa, for statistics expressed as maxima. Coupled

with the Bonferroni inequality, this procedure allows one to

L Statistics expressed as minima can be handled in a similar

manner, hence will not be discussed in this paper.




establish upper and lower limits to xa. The upper bound
approximation to Aa requires only the knowledge of the
distribution(s) of the variates under consideration. The
lower bound, however, requires also the joint distribution(s)
of pairs of the variates. Since the joint distribution is
often difficult to evaluate, an approximation technique may
be necessary. A detailed discussion of such an approximation
with guidelines for its applicability to statistics otherx
than those discussed is presented (Chapter VI).

Two alternative methods for the determination of upper
percentage points for statistics expressed as maxima are
discussed: Whittle's lower bound approximation and the
assumption of independence. It is pointed out that Whittle's
lower bound is stronger than that of Bonferroni only under
certain conditions. The assumption of independence leads to
approximately the same result as Bonferroni.

The upper percentage point, xa, of a statistic expressed
as a maximum is most generally used as a test for a sample
outlier. The following sequential test procedure is appro-
priate for all the situations considered in this paper.

This procedure insures a controlled overall level of

significance of g_a.




Given a ranked set of n variates, say

z(l), 2(2)’ ceey z(n) with z(l) being the largest, compute

A . Compare z to xa. If 2z is significant, one then

a (1) (1)

excludes 2z from the set and calculates a new xa based on

(1)

n-1 variates. Compare z with the new Aa; and so on,

(2)

until a non-significant value is found.

1.1 The principle of inclusion and exclusion

Consider the n events A Az, ey An and denote the

l)
probability of the occurrence of one or m events by p with

appropriate subscripts, thus

p; =Pr(a), py y =Pr(AA), p, oy, =Pr{AAMAL ...

For the sum of the (g) possible p's with r different sub-

scripts we write Sr’ that is

n -~
] 5

s, = /p., S8, = ép- sy S, = /, P ; 3 e
Ld Lomd

Then the probability Pm n of the realization of at least m

3

events out of n is given by (see, for example, Feller, 1350)

n;_m
£ m+4~-1
p = ) (-1f (™hs

L Ny : (1.1)

m+4

We shall be concerned with various statistical applica-

tions of this theorem. Let x Xy ooy X be a set of

l,




random variables not necessarily independent or identically

distributed, and x be the same variates

(1)’ *(2)” """ F(n)
arranged in descending order of magnitude. We now write

P, k()x) for the joint probability of the r events

}J)""

Xy > A, X I W X, > A. Correspondingly, Pm’n(x) will

be the probability that x exceeds A. In the special case

(m)
when the joint distribution of the x's is a symmetric
function of the x's, that is, the union of any / events has

the same probability for any £ events, we have

n
5.\ = (D)p, (A)

,ooo,r

and (1.1) takes the form

n-m
4, n m+f-1
Pm,n(x) = Pr(X(m)>>\) - £=O(-l) (m+E)( m-1 )pl,Z,...,(m+£)(k) )
(1.2)
In particular, for the most important case m=1l we
have simply
n,
£-1,n
pr(x(l)>x) zzl( 1) (z)pl,z,...,e(“) . (1.3)

If the events are not only symmetric but also independent,

(1.3) reduces to




n

: £-1,n JA
pr(x(l)>h) = [Z;(—l) (z)[pl(x)]
=1 - (l—pl(k))z : (1.4)

a result expected from elementary probabilistic arguments.
Applications of equation (1.3) are discussed in this paper.
The upper o significance points of the LHS of equation
(1.3) may be determined by setting the RHS equal to o and
solving for Aa. For sufficiently large values of Aa a first
approximation to the LHS is given by the first term on the
right, with later terms serving as successive correction
terms. Closer approximations to the upper percentage points
of statistics expressible as maxima may be obtained if the
second and possibly later terms on the RHS can be evaluated.
It is usually quite difficult to evaluate the second
and later terms of the RHS, consequently various approxima-
tion techniques are needed. Various such approximation
techniques appear throughout the literature. The validity
of such techniques and their applicability to other situa-

tions will be investigated in the later part of this paper.




II. THE EXTREME DEVIATE FROM THE SAMPLE MEAN

Halperin et al. (lﬁSS)é/ and David (1956) have presented

similar approaches to the problem of determining approxima-
tions to the upper percentage points of the extreme deviate
from the sample mean for a sample drawn from a normal popu-
lation. The results lead to tables which may be employed
for an outlier test. These tables may also be used as a
basis for multiple significance tests of a set of k means
arising from independent samples on normal populations with
the same variances but possibly different means. Considera-
tion of the principle of inclusion and exclusion and the
related inequality of Bonferroni were used to attain these

results.

2.1 The case of known variance

Let x X vees X be a random sample of n observa-

l.’ 2’

tions drawn from a normal population with standard

<

2/ This paper deals with the studentized maximum absolute
deviate in normal samples. However, due to the symmetry of
the normal distribution, the approach employed may readily

be applied to the extreme studentized deviate.
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deviation o. Consider

Then we have
E{zi} = 0 ,
Var{zi} = (n-1)/n s

Cov[zi,zj} = ~-1/n , i# j

and the zi's (i=l,...,n) have a n-variate joint normal

distribution of raak n-1l.

Now, at the significance level a, define the positive
number, Aa’ by

Pr(zl<ka, z2<ha, cees zn<xa} =1-a (2.1)

or equivalently

Pr[zmax > Aa} = Q . (2.2)

Define A, as the event z, > Ay i=1,...,n. Then from the

principle of inclusion and exclusion, we have
Pr(z___> A ) = (Mer(a) - (D)Pr(A,A) + ...
max Qa 1 1 2 12
n-1 -
+ (-1) Pr(AlAZ"’An) . (2.3)

By Bonferroni's inequalities (Feller, 13s50) we have

(D)Pr(a)> Priz_ >A IX])Pr(a)) - (0)Px(aa,) (2.4)




since the partial sums of (2.3) alternate about the total
sum.

Now, since each z, has a normal distribution with zero
mean and variance (n-1)/n, and each pair, zi,zj, has a

bivariate normal distribution with zero means, common

variance (n-1)/n, and covariance -l1l/n, we can write

(' x®
exp - - dx (2.5a)

Pr(A,) = ]
1 5 .
xa[n/(n—l)]

S
g

and

0o
Pr(AlAZ) = SX' lp(xl,xz)dxldx (2.5b)

y 2 ’
AOL[n/(n—l)rz

where p(x xz) is a bivariate normal density with the variates

1
involved having zero mean, unit variances, and correlation
-1/(n-1).

By equating the LHS of (2.4) to a and solving for xa,
we clearly get an upper limit for A, say AU. Similarly,
equating the RHS of (2.4) to o and solving for Aa we get
a lower limit for xa, say AL.

This first term approximation, Ay for the determination

of upper percentage points of the extreme deviate from the

sample mean for a sample drawn from a normal parent was




first suggested by McKay (1v35). 1Its remarkable accuracy

was established only when the exact values were tabulated
(for n { 25, Nair (1948b) and Grubbs (1350)). However, this
accuracy might well be anticipated from (2.3) since Pr(AlAz)
may be expected to be small for large values of xa- The
correlation between pairs of the z's is negative so that the
joint probability of their exceeding a large value of Aa is

guite small.

2.2 The case of unknown variance; independent estimate

When ¢ is not known but is estimated by s, where

v 83/02 is a chi-square variate with v degrees of freedom

and is independent of xl, Xys vees X s we note that
xl—§ xn—i
Pr{ - 4 Ayr sv0r o < xa} =1 - a
v \
is equivalent to
max xi—i
Pr{ - > Aa} = q . (2.¢)

\%

Forming the ratio of the standard normal variate,
x; - x e
to the chi variate v 8 /o, over the root of
f————"(n_l)/n O" 2 ‘J/ 3

X, - X
its degrees of freedom, Yv , we have ( il)/ which is
n-1)/n s
v




clearly the usual Student's t variate with v degrees of
freedom.

It follows that we may write equation (2.6¢) as

- X
max xi )a

Y(n-1)/n 8, > n— n

Pr{ } = a .

Now the above arguments for the case of ¢ known hold with
the exception that Aa is everywhere replaced by Aa[n/(n—l)]%
and that the integration must be taken over the distribution

of Student's t. The analogous result to (2.5) is

Qo
Pr(A.) = p(t)dt
1 Aa)[n/'g‘n-l)];5

and

Pr(AlAz) = és‘ 3 p(tl’tZ)dtldtz s
ka[n -1)]

where p(t) is the usual Student's t density with v degrees

of freedom and

2_4 2
2 vy

1
to,t.) = —=——[1 +

with p = -1/(n-1) (This bivariate t density is derived by

Dunnett and Sobel (1v54).).
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2.3 The case of unknown variance, pooled estimate

A refinement has been proposed for the problem of
detecting outlying observations when, as in section 2.2, in

addition to the normal sample x cees X at hand an

1’
independent mean-square estimate 53 of the common variance
is available. The refinement makes use of the variance
estimate s8® from the sample and for this reason has certain
desirable optimal properties. The test statistic employs
the same numerator as before, i.e., max Xy - X but with
8, in the denominator replaced by the pooled estimate. Let
$2 = (n-1)s? + v sﬁ
and
bi = (xi - X)/8 .

The statistic under consideration will now be

X - X

max .
b = max bi = P . (2.7)

It should be noted that 82, the pooled estimate of common
variance, has not been divided by its caegrees of freedom.

In order to obtain significance points of b the distri-
bution of bi and the joint distribution of bi and bj are

needed. An extremely complicated derivation of essentially

the same distributions has been developed by Doornbos,
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Kesten and Prins (1.5¢). However, a rather neat development
of these distributions is given by Quesenberry and David
(1¢61) who make use of the properties of sufficiency and
completeness.

The density function of b, and the joint density

i

function of bi and bj are respectively:

2
£(b.) = [k Llalasv=1)) T k(ne-a)
i n-1 Jr T'((n+ ~2)) n-1
(2.8)
n=1% n-1.%
- = e L
and
3 2b.b .
= n_+%,n+v-3 _n-l1, i j n-1l.o »(n+v=5)
£(bb,) = [ - = - o 2D
(2.2)
over the ellipse
2b b
n-1 i i, n-1
2B Y Taez tazf 81

and zero elsewhere.

wWith the distribution of bi and the joint distribution
of bi and bj as given by (2.8) and (2.59) respectively,
significance points of b as defined by (2.7) may be deter-

mined. For a given value of n and v let Aa be the required

o significance point of b. By the principle of inclusion




and exclusion coupled with Bonferroni's inequality, we have

for any ka
nPr (b >A )= ()Pr (b >A b >A IPr(B>A )<nPr(bOA,) . (2.10)

For sufficiently large xa, the RHS serves as an upper-bound
first approximation to Pr(b>xa) and the LHS as a lower-
bound second approximation. Values of Aa are found by

setting the respective side of (2.10) equal to a and solving.




III. THE SLIPPAGE PROBLEM

A problem closely related to the outlier problem just
outlined is often treated under the heading of slippage
tests for means of normal distributions. These tests con-
sider the problem of how to compare k categories, such as
k types of fertilizers, k machines, etc., so as to decide on
the basis of a random sample of observations from each
category whether or not the cateqories are equal, and if not
which one has "slipped" or is the '"best"'.

Let x ceey xk be kX random variables with xi

1’ xz}
distributed normally with mean “i and variance o2. The

sample

(3.1)

k1’ k2 777 Tkay

where xij is the jth observation on X, is drawn for the

purpose of testing the hypothesis

S
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H : ul = u2 = ,,. = uk = |
against the alternatives (3.2)
Hog? B = oo BHy g BB T e SHe =0
by =k +4 , A> O N

for i, p and A unspecified. Note that for testing purposes
the difference in this and the outlier testing situation is
that here there are n, observations on the X instead of
just one.

The procedures presented for outlier tests can with
slight changes be used for slippage tests when the k

category sizes are equal. When the n, are nearly equal the

approach is still of value for approximate tests.

3.1 The relation to the outlier problem

The extension of the outlier test to that of the
slippage test will be illustrated for the b statistic of
Quesenberxry and David (1961l) which was established in the
previous section. From the sample given by (3.1) we wish
to test the hypothesis that the array is from a common
normal parent against the alternative that the ith subsample

(x X

cees Xy ) is from a normal parent with a larger
2

i1’ iz’




mean, where i is unspecified.

and s: be an independent mean-square estimate of error with

t degrees of freedom.

3.1a Equal sample sizes

For the important special case that all k categories

have equal subsample sizes, i.e., nl = n2 = ... = nk = m,

the statistic
max /m (xi—x)

i Sl

zi m,
S2 = 2:(x -x)2 + ts?2
1 1=1 j=1 ij t

is distributed as b. The significance points of this
statistic can be obtained from tables of b with the
parameters n and v replaced by n = k and v = k(m-1) + t.
This slippage test possesses all the desirable properties

of the corresponding outlier test.




3.1 Unequal sample sizes

If the ni are not all equal but are approximately so,

the tables of b can be used as approximate tests. Let

k k.

Nt

- 1 - y
x, = k..Z: Jni X N = .AJ n s
i=l i=1

then the statistic

max p w

/n_ x, - x
i
i ]

serves as an approximate test based on tables of b with the

parameters of the table being n = k and v = N + t - K.

3.2 A multiple decision procedure

Paulson (1552a) develops the slippage problem as a
multiple decision procedure which has certain optimum
properties. To test the hypothesis given by (3.2) he
introduces the set of k+l decisions (DO, Dl’ vy Dk)’
corresponding to the acceptance of HO’ Hl, e ey Hk' The
problem then is to select one member of the set on the basis
of a sample of n observations from each of the k categories.

The procedure is optimal subject to the following restric-

tions:




1 - When HO is true, DO should be selected with
probability 1 - a.

2 - The decision procedure must be invariant if a
constant is added to all the observations or if all the
observations are multiplied by a positive constant.

3 - The decision procedure must be symmetric in the
sense that the probability of making a correct decision when
the ith alternative is correct is the same for all
i=1, ..., k.

Under these conditions for optimality, the procedure
maximizing the probability of a correct decision when one
of the k distributions has slipped to the right is:

if n(xM—x)/S > A, select DM

if n(xM-x)/S S.Aa select DO

§M=§max (M=1, 2, ..., k)

x is the grand mean s

S2 is the total sum of squares
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7\a is a constant determined by condition 1, that
is, ka is the upper o significance point of
n(;{M—;()/S .
For the proof that this decision procedure is an optimum
one, the reader is referred to the original paper by
Paulson (1952a). This test statistic is, however,
essentially the same as that developed by Quesenberry and

David (l9cl) as previously discussed in section 2.3.

3.3 Comparing k-1 categories to a coatrol

A further paper by Paulson (1952b) considers the
slippage problem of determining the best of k categories
when comparing k-1 experimental categories with a standard
or control. The experimental categories can be classified
into two groups: one group consisting of those categories
which are superior to the control and a second group of
those experimental categories which are inferior to or at
most equal to the control. 1In such a situation it is
usually desirable to have special protection against the
selection of an experimental category as best when it
actually is inferior to the control. This will be accom-

plished by requiring that the statistical procedure used




provides a special assurance that the control will be

selected as best if the second group consists of all the k-1
experimental categories. When this is the case, the control
will be selected with probability > l-o.

Consider each of the k categories containing n observa-
tions which are assumed to be normally and independently
distributed with mean By (i =1,...,k) and common known
variance 02. For convenience, let i=ml be the control
category. Now the best category is defined to be the one
associated with the largest value of My

The statistical procedure proposed for the selection of
the best category is:

If max(%i—il) Z.AGGJ57E select the category
whose estimated mean is ii: otherwise select
the control.
The selection procedure will be complete upon determining Aa.
It is possible to tabulate the values of Aa as a function of
a and k, however, an approximate method with a definite limit
of error is available.

Let A, represent the event X, - §l D xaoiz/n . We have

i
by the principle of inclusion and exclusion




k

- - . BN . ;
Pr{max(xi—xl)ZAaofz/n} = féﬁpr(Ai)—{Jg Pr(AiAj

)+uo. K}

where the probabilities involved are to be calculated for
the case when all k means are equal. Making use of
Bonferroni's inequality and due to symmetry when the means
are equal, this becomes
(k-1)Pr (A)>Pr (max(x =X )X\ _0V2/n}> (k-1)Pr(A,) - (1) Pr(aa,)
(3.3)
Since (§2—§l) and (§3—§l) have a bivariate normal distribu-
tion with correlation equal %, we obtain

5 2
( e st dt

Ao

Pr(Az) =

3~
3

2

and o 9
-3{x%-xy+y®)
3
S.e dxdy

p §
Pr(A Aj) 3 Y
Qa

Upper and lower limits for xa can be obtained by
setting the LHS and RHS of (3.3) respectively to a and
solving. When the upper limit for Aa is used, it follows
that Pr{max(ii—ﬁl) Z_xao/37;} will be less than a by an
amount which cannot exceed %(k—l)(k—Z)Pr(A2A3). This later
term can be evaluated from tables of the volumes under the

normal bivariate surface. This type of approximation




appears to yield good results for values of a which ordinarily

are of interest if k is not too large, say < €.

This procedure is completely analogous to that of the
outlier test described in section 2.1. For the case where
the variance is not known, approximations can be readily

developed in a similar manner to the previous section.

3.4 Categorical frequencies

The problem of testing whether the largest observed
categorical frequency in a multinomial distribution is
significantly large is of great importance. This problem
falls into the class of slippage tests since the null
hypothesis of equal categorical probabilities is the most
likely beginning hypothesis in this situation. One desires
to classify n objects (or situations) into k categories and
then to determine whether the number of objects occurring
most frequently in a category is significant. This extreme
categorical frequency is usually of most interest since it
is often valuable for further study. Kozelka (1lv5c) has
provided a simple asymptotic approximation to the upper

percentage points of this distribution.




Let Fl’ F2, ce ey Fk be the observed proportions of a
sample of n objects falling into k multinomial categories
with assumed equal probabilities. Using the well-known
multivariate normal approximation to the multinomial one
considers in this problem that the observed proportions, Fi’

are asymptotically joint multivariate normal variates with

means l/k, variances (k-1)/k®n and covariances -1/k*n. Let

F, - 1/k

1

ti = (k-1) /kZn i=1, 2, ..., k
be the corresponding standardized variable, and let Ai

represent the event t, > A+ We may now write
Pr(t___ > A ) = kPr(A_ ) - (k)Pr(A A)+ ... (3.4)
max a 1 2 12

which will be familiar from earlier work. Using the first
term approximation, it follows from the asymptotic normality

that

for large xa.

Since observed categorical frequencies must necessarily
be integers, this first term approximation appears satis-
factory even for small values of n. However, this approxima-

tion decreases in accuracy for increasing k.




- IV. THE LARGEST OF A SET OF ESTIMATED NORMAL VARIANCES

In some cases a test for the equality of the variances
of a set of normal distributions, which is especially
powerful against the alternative that one of the variances
is larger than the others, might be useful. A case in point
occurs when one has to select out of a set of machines orx
out of several processes the one with the highest variability
of product. Such a test would then be useful for deterx-
mining which machine or process needs repair or refinement

to insure a more uniform product.

4.a Equal sample sizes

For a set of n independent estimates of the same
variance, each based on two degrees of freedom, Fisher (1v2%)
obtained the distribution of the largest estimate as a
fraction of the total. Cochran (1941l) extended this result
to a set of estimates each based on v degrees of freedom. A
completely analogous test concerning the smallest variance
estimate has been developed by Doornbos (1%56). Proof that
the latter two tests have the optimum properties (see
section 3.2) as outlined by Paulson (1%52a) has been

established by Truax (1953).
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Suppose we have a sample consisting of k groups

completely independent of one another, normally distributed
with assumed common variance o¢® and with means which may
differ from group to group but not within the groups. The

variance estimates

n
10 -
2 — 2 .
s] = o1 .Z:(Xij_xi.) , (i=1l,...,k)
Jj=1
where
n
;{ = ;' X, . s
i. n j=1 ij

are then distributed independently as x202/v, x® having

v = n~1 degrees of freedom. Now define
Kk,
N
a, = 52/ Z: s2
i i i=1 i

and

kﬁ
= - 2 2
a max ai Smax/{éi si .

The null hypothesis, H to be tested is that the

0)

variances, oi (i=1,...,k), of the k populations under




consideration are equal, to say o®. The alternative hypoth-
th
esis, Ha’ is that the variance of the i (1 unknown)

population has slipped to the right, that is

= s = == &= L, .. = 2:
Hy: o] =. ol 1™ %41 op = o

and
o = v2o® where ¢y > 1 .

Let D0 be the decision that all the k variances are

equal, and let Di be the decision that D0 is false and that

ci has slipped to the right. The statistical procedure for

selecting one of the k+l1 decisions DO’ Dl’ caey Dk is:

it af< Ao, select D,

2

if a> A select D, , where s2 = s
a i max

i
and a has been previously defined. The selection procedure
will be complete upon determining %a.

Let A, represent the event ai > Aq. Now the probability

i

that the largest of the k ratios a, exceeds xa may be written

i

Pr(adh) = (];)Pr(Ai)—(};)Pr(AiAj)-i- e

For upper and lower bound approximations to ka, set the RHS

or LHS respectively of




k
k Pr(Ai)Z Pr(a)}\a)}_kPr(Ai) - (2)Pr(AiAj)

equal to a and solve.
Cochran (1941) has developed the probabilities of the

events A A A,, and AiAjAk so that it is possible to obtain

S N
a highly accurate, three-term approximation to Aa. However,

he points out that the first term upper approximation is

quite accurate for all situations normally o: interest. He

gives
1 Y, vik-1) ;
1 2 2
Pr(A,) = = S' bl (1-x) dx
k_ s
i BC%, A 212) Aa

0 S_x S_l, which may be evaluated from tables of the incom-

plete beta-function.

4.b Unequal sample sizes

Doornbos and Prins (1956) have extended the work of the
previous section to handle significance tests for the largest
of a set of estimated variances which is valid for different
sample sizes. When all the variance estimates are based on
the same degrees of freedom this test reduces to Cochran's
test.

The hypothesis to be tested is as before, i.e., the

null hypothesis, H

> being that the variances of the k




populations under consideration are equal with the alterna-
h

tive hypothesis, Ha’ being that the variance of the it
population has slipped to the right.

Employing the notation of the previous section with the

exception that the variance estimate si (i=1,...,k) is now
based on vi degrees of freedom, one computes the k ratios
2
. = V151
i k :
2
v,8
=1 ii

The following incomplete Beta-integrals are determined:

V. N-v
1 X —5-l -1
d = = S‘ X (1-x) dx
i v, N-v
B(—i: 1) 0
2 2
Jl N—vi
=I}(i(‘_z---.’ 2 ) s i:l’ e s oy k
k
where N = -fvi' Now the test statistic d is defined as
i=1
d = max d .

i

The test criterion will be to reject HO when d takes a value

d > ao/k.
Upper and lower bounds for the level of significance of

this test are determined in the following manner. Let Ai




represent the event di > Aa where Aa is a positive real

number. The probability that the largest of the k di's
exceeds xa may be written
Pr(ddr ) =kPr(A,) - (5)Pr(A,A,) + ...
a i 2 i3
and the upper and lower bounds to xa may be determined in

the usual fashion.

4,1 The maximum F-ratio

Let si,

an unknown variance o° of a normal population based

cens si be independent mean square estimates of

respectively on », (t=1,...,k) degrees of freedom. Let s®

t
be another independent estimate of the same variance based
on v degrees of freedom against which each of the first k
estimates is to be tested for significant differences from
s2, In routine analysis of variance where such tests
frequently occur, it is customary to test each of the k
variance estimates against s® and declare separately whether

or not there is a significant difference. Forming anow for

each of the independent si the ratio F = si/sz, it is

obvious that the largest ratio, F__ = max si/sz, is more
likely to be declared significant than any other variance

ratio in the set. It is well known that if there are no
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real treatment effects and all treatment mean squares are
tested by the ordinary F-test at say the 100a percent level
of significance, the risk of returning at least one mean
square wrongly as significant may be much greater than a.
Indeed, for k = 20 the largest ratio, Fmax’ would be
expected to be significant at the 5% level with the usual
F-test. This form of error can be avoided if the percentage
points of the largest F-ratio are used. Such percentage
points depend on k, the number of independent mean squares
s?2 on v,, their degrees of freedom, and on ., the degrees

t’ t

of freedom of the error mean square s2,

The exact distributions for obtaining the percentage
points of F for the cases v, = 1, v, = 2 have been
max t t
investigated in detail by Nair (1v48a) and Finney (1u4l)
respectively. The former case, Vt = 1, has useful applica-
tion in the analysis of variance for the important class of
factorial experiments of the 2£ type.

Hartley (ly55} has proposed a simple conservative

approximation for the upper percentage points of Fmax when

all the v, are equal. We may write

k
Pr(me?"a) =kPr(A1)-—(2)Pr(AiAj)+ (4.1)
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where

g2

52
i 1
Pr(AiAj) = Pr(Sa > A, 32 > ka) .
Using the first term on the RHS of equation (4.1) for
an approximate test procedure, we have

g2

Pr(Fmax > Aa) S}cPr(;%‘) ka) = q

where o is the desired level of significance. Clearly, the
critical value Aa is the 100 a/k percentage point of the
F distribution with vt and ¢ degrees of freedom. This
approximation is also suggested when the vt are not all
equal, but nearly equal.

David (1v5c) has found exact results when the v, are

equal and even. Let

s2 s? s®
1 = _+ 2 1

where xa is some positive number to be determined. This
joint probability may be written as
t
A Smljl Y ] dx
- By = e +xtx+...+ (5v 1)1 p(x)
0 1 t ,
(4.2)

5y,.-1
~ALX (A %)

Pr[AlA2 .

where

A, = Vtxa/ZV ’ (t'l;"':J) P




~Lx

p(x) = 27774 Yy 5Pt o7 (x> 0)

if the vt are even. Evaluation of this expression is
accomplished when the integrand has been multiplied out.
Using equation (1.2) with the above result, we have the

probability that the mth largest variance ratio exceeds Aa is

2 k-m
pr{§é91>xa} = 326(-l)z(m§z)(m;fll)Pr[AlAz...A(m+z)} :
(4.3)
The probability that the largest variance ratio, Fmax’
exceeds xa will be (for m=l)
k.,
Pr(F >N\, = zél(—l)z—l(];)Pr{AlAz. . .Az}
= (er(a)-(DPr(AA)+... . (4.4)

In the usual manner one may set the RHS of (4.4) equal
to the desired level of significance of the test, a, and
solve for the upper percentage point xa. The first term on
the RHS of (4.4) will serve as a first term upper approxima-
tion with succeeding terms as further correction factors.
Upper percentage points for the mth largest wvariance ratio

may also be determined by employing the same procedure to

equation (4.3).
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V. DISTRIBUTION FREE SLIPPAGE TESTS

5.1 Friedman's method of m rankings

Doornbos and Prins (1958) have applied the principle
of inclusion and exclusion to the well known method of m
rankings due to Friedman (1937), (see for example, Kendall
(1955)), to develop a slippage test. The method of m rank-
ings enables one to investigate whether m observers agree on
their opinion about k objects. Each observer is required to
rank k objects. The sum of the m ranks of each object will

s. . The null hypothesis, H of this

be denoted by sl, cees 8y 0’

distribution free slippage test is that the rankings are
chosen at random from the collection of all permutations of
the numbers 1, ..., k and that they are independent. The
alternative hypothesis, Ha’ is that one object has a larger
probability than the other ones of being ranked high while
the other (k-1) objects are ranked in a random order.

The test criterion is to reject H, if

0
max s, 2 A, (i=1,...,k)

where xa is the smallest integer satisfying

Pr{sié_ Ag) { a/k




The distribution of Si’ underx HO, may be written as

00
. m, n-xk-1 X _-m
Pr(s,=n) = Xé) SR s T G T Dl ®

(i=1,...,k; mn km)
where Iy is defined by
I =0 if 0
Y y <
I =1 if >0 .
v Y £

This test procedure is equivalent to setting the upper
limit of Bonferroni's inequality to the desired level of
significance and solving for Aa. That is, setting the first

term on the RHS of

Pr(s__ A ) =kPr(a) - (:,:)Pr(AiA ) + ...

J

equal to o and solving, where Ai is defined to be the event

sy Z,xa.

5.2 The Kruskal-Wallis test

The following distribution free k-sample slippage test
has been proposed by Doornbos and Prins (1958). They con-~

sider the independent variates u o ey uk which have, under

l’

the null hypothesis HO’ the same continuous distribution

function. A sample of n, independent observations




uiJ (jal,...,ni) is taken from each of the k populations.
The null hypothesis is to be tested against the alternative
Ha that the ith population is stochastically larger than the
others, that is

H: Priu > uJJ >k (j#i)

ug o U=l i1, 441, .., K)

follow the same continuous distribution, for one unknown
value of i.
The test procedure is to rank all of the obserxrvations

u (i=1,...,k, j=l,...,ni) and calculate the sum of the

ij

ranks (Ti’ say) on each population. Since Ti is a linear

function of the well known Wilcoxon's test statistic applied
to the ith sample ana the other k-1 samples combined, its
distribution under HO is known (see Mann and Whitney (1v47/).

For each set of values Ti (i=1,...,k) compute under HO

p, = Pr{Ti Z_Aa} .

The test criterion will be to reject HO if

min p, { a/k .

The concluding remarks of section 5.1 apply to this

test.




VI. A SECOND TERM APPROXIMATION

In the previous sections of this paper we have shown
how the principle of inclusion and exclusion has been
applied to various situations in order to obtain upper
percentage points of statistics expressible as maxima.

general result for every case has been of the form

n n n-1
Pr(z >)\)==(l)Pr(Al)—(z)Pr(AlAz)-i-...+(-—l) Pr(AlA

.QOA)
max’ n

2

where A, represents the event z, > A, (i=1,2,...,n). Then

using Bonferroni's inequality we obtain

(‘l‘)pr(Al)ZPr(zmaX»a)z(;‘)pr(Al)-(rz‘)pr(AlAz) . (6.1)

We have seen that this result allows us to establish upper
and lower limits for Aa, the upper percentage point of zmax'
This is accomplished by setting the LHS and RHS respectively
of (6.1) to the desired level of significance a and solving
for ka.

It is clear from previous development that the second
term on the RHS of (6.l1l) is quite often difficult to calcu-
late. For this reason many authors suggest using the LHS of

(6.1) as an upper limit approximation to Aa except when

great accuracy is desired. This position might easily be

L
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appreciated since one can argue that the joint probability
of two variates exceeding xa (for large xa) is small,
especially if zi and zj are negatively correlated. In fact,
there is frequently a simple gauge available for the
accuracy of this first term approximation.

This simplification requires that

Pr(A,A,) < Pr(A )Pr(A) . (6.2)

3 J

The validity of this inequality will be discussed later in
this chapter for the various statistics considered previously
in this paper.

Combining this last relationship (6.2) with (¢.1l) we
obtain

nPr(a,) ZPr(zmax>)\a)2_nPr(Ai)-(g)Pr(Ai)Pr(Aj) .

Now if Aa is determined such that the probability of every

event A, under the null hypothesis is equal to a/n, we have

i
a> Pr(z DA )2 a- n-l 2
= max” a’ — 2n
or for n 2.2
. a2
a Z_Pr(zmax)xa) 2 - .

As an example of the accuracy of these bounds, when




a = 0.05, 0.01

0.05 0.04875

b e > {

0.01 0.00995

These bounds give the significance level of the test.
That is, the probability of rejecting HO when HO is true

when tested against the alternative Ha will lie between

o and a- a2/2.

6.1 A unifying statement for the second term approximation

The second term approximation proposed in the previous

section,

Pr(AiAj) < Pr(Ai)Pr(AJ) (6.2)

is valid for the various statistics previously considered in
this paper with the exception of two cases. These two cases
will be discussed in the next section.

Throughout the literature one finds the validity of
(6.2) established for various statistics. The proofs encoun-
tered are usually of considerable length, making detailed
use of the distribution of the statistic under consideration.
All these proofs are special cases of the following result
which has wide validity although it is not universally true.

We introduce this result as a unifying statement.
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Statement:

If 2 zn are non-negative random variables

l" Zz, o ey

whose sum is fixed, and if the joint distribution of the
zi's has compound symmetxry (i.e., is symmetrical in the
zi's) then

Pr(zi>ci, zj>cj)S_Pr(zi)ci)Pr(zj>cj) . (6.3)

Argument:

Pr(zi>cifzj>cj) S,Pr(zi>ci)

or

Pr(zi>ci, §j>cj)
Pr(zj>cj)

< Pr(zi>ci) .

Hence

Pr(zi>ci, zj>cj) S_Pr(zi>ci)Pr(zj>cj) .

and for the case of interest in this paper, ci = cj = A,
(6.3) reduces to (6.2).

This argument can be applied directly to Cochran's test
(section 4.a), the Friedman test (section 5.1), the Kruskal-

Wallis test (section 5.2), and to tests of equality of

scores in the method of paired comparisons.




Specific proofs for the validity of (6.2) have

given for:

The extreme deviate from the sample mean
(a) wvariance known (section 2.1)
(b) pooled variance estimate (section 2.3)

see Doornbos and Prins (1958)

Cochran's test
(a) equal degrees of freedom (section 4.a)
see Dornbos (195%)
(b) unequal degrees of freedom (section 4.b)

see Doornbos and Prins (1356)

Friedman test (section 5.1)

see Doornbos and Prins (1958)

Kruskal-Wallis test (section 5.2)

see Doornbos and Prins (1-58)

Paired comparisons, equality of scorxes

see Huber (1:63)

The validity of (6.2) has been well established for the

been

above cases as an approximation technique for the tests

presented in this paper. That the result is not always true




is demonstrated by the following example due to H. Kesten

(Doornbos, 1s55) for Cochran's test.

and X, can take the

Suppose the variables X5 X, 3

values 1 and 2 with probabilities p and l-p respectively.

Defining
X,
i
+x_+
xl x2 X

Y, = i=1,2,3

3

s

and c being some real number ¢ <'§, we obtain

Pr(y,>c) =1 - p +p’

and
Priy,>c, y,>c} =1 - 2p +p® +p° .
Consequently

Pr(y,>c, y>c} > [Priy >c)]®

if -% { e <-§ and 1) p> %1/3 -1) .

Note that in this example we are restricting the value of c
then determining a probability level. This procedure is the

exact reverse of the method used in this paper.

6.2 Two exceptional cases

It has been pointed out that the inequality (©.2) is

valid for the various statistics previously discussed in

]



this paper with the exception of two cases. These two

cases are that of the extreme normal deviate from the sample
mean with an independent estimate of variance as the
denominator (section 2.2) and the maximum F-ratio (section 4.1).
Both of these cases consider statistics comprised of a
denominator independent of the numerator. This fact leads

to the intuitive argument that the independent denominator

may completely override the numerator, causing inequality

(6.2) to be invalid for such statistics.

The second term of the Bonferroni inequality for statis-
tics comprised of a denominator independent of the numerator
may be considered by the following argument.

Let x and y be two independent random variables with
the same distribution; also let s be a random variable
independent of x and y with not necessarily the same distri-

bution. Then
Pr(§> c, §> c) > Pr(§‘> C)Pr(§'> c) (6.4)

where c is some constant. This result is established by

writing the inequality (6.4) as

S}Pr(x}csls)}af(s)ds > [S;r(x>cs|s)f(s)ds]2




or, equivalently,

E{P(cs))® > [E(P(cs)]}]®
where P(cs) = Pr(x >csls). Clearly,

E{P(cs)}® - [E{P(cs)}]® = var P(cs) > O .
A more restrictive form of this argument has been developed

as a theorem by Halperin (Kimball, 1u51).

6.2a The maximum F-ratio

Kimball (1951) has shown that Pr(AiAj)> Pr(Ai)Pr(Aj)
for the maximum F-ratio of section 4.1. Using the notation

of section 4.1 with i = 1, j = 2 for definiteness, he proves

2 52 82 52

S
Pr(sz Q, 2_<.7\)>Pr( Q\ yPr(z 17\)

or, equivalently by theorem I of section ¢.3
s2 32 sa 52

Pr(zz >>~ ) 2>7\ ) > Pr(c3 >7s )Pr(—-->7\ ) (6.¢)

where si and sg are based on nl and n2 degrees of freedom

respectively.
The argument of the previous section may be used to
prove inequality (6.6) for n; = n, = n. Since Sl’ sg, and

82 are independent and distributed as constant multiples of

2 densities, inequality (6.6) may clearly be written
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Pr(x%> ox®,x50ex®) > Prx3> ex®)Pr(x3> ox®

where c = nxa/v. Expressed in integral form this inequality

becomes

@ ®
S' £2(x)£f(x)dx > E§‘ f_(x)f(x)dx]}? (¢.7)
5 1 1

where fl(x) is the integral from zero to cx of a xa density
with n degrees of freedom and f(x) is the x® density function
with v degrees of freedom. Since inequality (6.7) is of the

same form as inequality (¢.5), the proof is established.

6.2b The extreme sample deviate with an independent estimate

of variance

The extreme sample deviate with an independent estimate
of variance (section 2.2) may be considered by the argument
of section 6.2.

Recall that x and y are two correlated random variables
distributed normally with means zero and variances o¢%; also
02 is estimated by s2 where vs2/0® is a chi-square variate
with v degrees of freedom and is independent of x and y. To

discuss the validity of

Pr(':f'> c, §> c) D Pr(§>C)Pr(§> c) (6.8)




or, equivalently,

S;r(x>cs, y>cs|s)f(s)ds > {\Pr(x>cs|s)f(s)ds)? s
consider

6 = S;r(x>cs, yycs|s)f(s)ds - [\Pr(x>cs|s)f(s)ds]}? .
(6.9)

Now for fixed c, Pr(§)>c, §C>c) is a monotonic increas-
ing function of p (or a monotonic decreasing function of n

since p = -1/(n-1)). It follows that for both ¢ and v fixed

S;r(x>'cs, y> cs|s)f(s)ds

is a monotonic increasing function of p. The difference 6§,
equation (6.9), is consequently also a monotonic increasing
function of p. Since

5> 0 for p > o0 s

5> 0 for p =0 s

and
6 = -{\Pr(x) cs|s)f(s)ds}? for p = -1 ,

it follows that 6 = 0 for some p = p_ (-1< p°<’0) and that

6> 0 for p > Py
Likewise, if c and p ({0) are fixed, 6 is a monotone

decreasing function of v, and




6 <0 for vV =00 .

If there exists a Vo making 6 = 0, then again

5> 0 for v < Vo

This argument points out that the inequality (6.8) is
valid when p 2_0 and also when p { 0 if the above conditions

are met.

6.3 An equivalence theorem

Much of the work encountered in the literature pertain-
ing to this paper has been developed for statistics expressed
as minima. The approaches used and the results will hold
equally well for statistics expressed as maxima. The follow-
ing theorem proves this equivalence for the second term

approximation discussed in this chapter.

Theorem I:

1f Pr(AiAj) < Pr(Ai)Pr(A )

J
then

)

pr(iiij) < Pr(Ei)Pr(EJ

where
A, represents the event z, > ka s
A, represents the event z, g,xa s

and Ay 20 .
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Proof:

We have Pr(Ai)c 1 - Pr(ii) s0

Pr(A)[1-Pr(a,)] = pr(ii)[l-pr(ii)] ) (6.11)

J
Also

Pr(A;) - Pr(AA,) = Pr(A ) (6.12)

1Py J)-- Pr(AiA

J

wince both sides equal the probability that one of a pair
of variates exceeds and the other does not exceed Aa.
Now subtracting (6.12) from (6.11) and making use of

the fact that Pr(Ai) = Pr(A,), we have

J

Pr(A. A )-Pr(Ai)Pr(A

i )

) = pr(iii ) - pr(ii)pr(i

J 3 J

which proves the theorem.
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VII. TWO ALTERNATIVE APPROACHES

The previous sections of this paper have dealt with
statistics expressed as maxima by the principle of inclusion
and exclusion. Upper and lower limits for the upper
percentage points of such statistics were then established
by using the Bonferroni inequality. Two alternate approaches

will now be discussed and compared to this method.

7.1 Whittle's approximation

The following theorem developed by Whittle (1960) may
be used for determining a lower bound to Pr(zmax> xa). This
theorem is very general, applying to all the statistics

considered in this paper.

Theorem II1:

If =2 A ceuy zn is a set of variates of which we

l’ 2’

require only that second moments exist, then

n
{ ';lPr(ziN\a) )2
Priz__ >N ) 2 L ‘ (7.1)

Px(z DA, Z.D>A)
521 j=1 i’ a j o a

where

Pr(z1>xa, zj>xa) = Pr(zi>xa) for all i = j .
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For the case of interest in this paper, when the joint
distribution of the z's is a symmetrical function of the

z's, this becomes

n{Pr(z >A )}2
Pr (2 ) 2 B e DR (e 7
max’ '« r(zl Aa)+ n-1) r(z1 xa, z, Aa)

(7.2)
Proof:

Let xl, xz, e ey xn be a set of variates of which we
require only that second moments exist. Then if F(x) is

the joint distribution function

.n -
E{c - Lx§2=ji“ﬁb—2x“2dﬂx)zo ,
i=]

where c is any real constant and the integration is taken
over the range of the x's.

Now suppose there is probability 1 - Q that all Xy are
zero. Excluding the point x = 0 from the integration, we

obtain

Qc® - 2cE(Z xi) + E(= xi)2 2_ 0 .

Solving this quadratic in ¢, we obtain the general inequality

[E(z x,)]?
-~ E(= xi)2

Q (7.3)

since the discriminant must be imaginary due to the inequality.




Now suppose we have another set of variates Y, and

define
x, =0 if ') S_xa
=1 if Yy 2 A
so that
E(x,) = BE(x]) = Pr(y >A)) =P,  (say) (7.4)
and
E(xixj) = Pr(yi>ka, yJ>Aa) = Pij , 1 ¥ j (say)

Then the inequality (7.3) becomes

Q = Pr(some y.>A ) = Px(y _ DA )
1 a max a

where Pii = Pi by (7.4).

To compare the two lower bounds so far established, i.e.,
2
(#,)

-4 by Whittle
Pr(zmax>%a) Z' %?Pij

ij

ZPi - 2 2P, by Bonferroni
i i)




(= Pi)2

i
= > 3P, ~-33P,, . (7.5)
f? Piy T 1 b agg

This may be rewritten as

IH{zp, -2 3P, .}

(= 91)2 >{EPpP, +2323P
i it idj

which reduces to

(zp)2> (=P )2 +3x35pP, (=P, -2 P, }
it i+

iy iy 1t

f
/\M
. M

This leads to the inequality

zp, {235P
i i < iy 1

which must hold for the inequality (7.5) to be true. Hence,
the lower bound of whittle is stronger than that of

Bonferroni 1iff

5P, {233P
i i < iy 13

or

P, < (n—-l)Pij

for the case of the joint distribution of the z's being a

symmetrical function of the z's.
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7.2 The assumption of independence

When all the variates z cony zn are assumea to be

1’ %2
independent and identically distributed, we have immediately

Pr(zmax>ka) = 1 - Pr(all z'sg;xa)
n o
=1 - (1—ao) (7.6)

where o = Pr(zi> xa). Setting equation (7.6) equal to a,

we can solve for ao, hence for xa. We have

n
a=1 - (l~ao)
so

a =1 - (1-a) /™ .

For large n and small o we have (l—a)l/n # 1 - a/n, hence

ao = a/n. Using this approximation, ao is overestimated
causing the equality of equation (7.6) to become an
inequality ().

The resulting equation to be solved for the critical

value A , i.e.,
a

Pr(zi>xa) = a/n

is seen to be exactly the same result as reached by the
usual method of setting the upper bound of Bonferroni's

inequality equal to a.
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ABSTRACT

This thesis is concerned with an application of the
principle of inclusion and exclusion and with related
approximation techniques. These procedures are extensively
employed for developing test criteria based on statistics
expressible as maxima.

Upper percentage points of a number of such statistics
have been tabulated by various special methods. However,
the application of the principle of inclusion and exclusion,
coupled with the Bonferroni inequalities, is often useful in
providing good approximations. An extensive review of this
method is presented in this report.

This procedure allows one to establish upper and lower
limits to upper percentage points, say xa, of statistics
expressible as maxima. The upper bound approximation to Aa
requires only the knowledge of the distribution(s) of the
variates under consideration. The lower bound, however,
requires also the joint distribution(s) of pairs of the
variates. Since the joint distribution is often difficult

to calculate, an approximation technique may be necessary.

A detailed discussion of such an approximation with guidelines




for its applicability to statistics other than those dis-

cussed is presented.

Two alternative methods for the determination of upper
percentage points for statistics expressed as maxima are
discussed: Whittle's lower bound approximation and the
assumption of independence. It is pointed out that Whittle's

lower bound is stronger than that of Bonferroni only under

certain conditions. The assumption of independence leads to

approximately the same result as Bonferroni.





