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We are entering an exciting era, rich in the availability of data via sources such as the

Internet, satellites, particle colliders, telecommunication networks, computer simulations,

and the like. The confluence of increasing computational resources, volumes of data, and

variety of statistical procedures has brought us to a modern enlightenment. Within the

next century, these tools will combine to reveal unforeseeable insights into the social and

natural sciences. Perhaps the largest headwind we now face is our collectively slow-moving

imagination. Like a car on an open road, learning is limited by its own rate. Historically,

slow information dissemination and the unavailability of experimental resources limited our

learning. To that point, any methodological contribution that helps in the conversion of data

into knowledge will accelerate us along this open road. Furthermore, if that contribution is

accessible to others, the speedup in knowledge discovery scales exponentially.

Markov chain Monte Carlo (MCMC) is a broad class of powerful algorithms, typically used

for Bayesian inference. Despite their variety and versatility, these algorithms rarely become

mainstream workhorses because they can be difficult to implement. The humble goal of

this work is to bring to the table a few more highly versatile and robust, yet easily-tuned

algorithms. Specifically, we introduce weighted particle tempering, a parallelizable MCMC

procedure that is adaptable to large computational resources. We also explore and develop a

highly practical implementation of reversible jump, the most generalized form of Metropolis-

Hastings. Finally, we combine these two algorithms into reversible jump weighted particle

tempering, and apply it on a model and dataset that was partially collected by the author and

his collaborators, halfway around the world. It is our hope that by introducing, developing,

and exhibiting these algorithms, we can make a reasonable contribution to the ever-growing

body of MCMC research.
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Chapter 1

Introduction

In recent decades, Markov chain Monte Carlo (MCMC) algorithms have revolutionized the

practice of statistics. Whereas the complexity of statistical models was once limited by the

predominant methods of maximum likelihood and asymptotics theory for inference and un-

certainty quantification, there is now an abundance of options available to the practitioner

for fitting and assessing models, and for digesting the knowledge gained from data. Specifi-

cally, a Bayesian can now in many cases simulate from the posterior distribution of not just

model parameters, but models themselves. Today, MCMC plays a significant role in many

a statistician’s toolkit.

The current work seeks to improve the practice of such methods, in particular by contribut-

ing a new algorithm for sampling from multimodal distributions called weighted particle

tempering (WPT). WPT can be seen as an extension of Metropolis-Hastings sampler that

uses multiple Markov chains to help generate the samples from the proposal distribution.

The novel algorithm shares similarities with importance sampling (Trotter & Tukey 1956),

particle filters (Gordon et al. 1993), parallel tempering (Geyer 1991), and parallel hierarchical

sampling (Rigat & Mira 2012). This work also seeks to validate a method to automatically

tune and run reversible jump MCMC for a wide range of applications. These contribu-

tions add to the rich and expanding literature on practical statistical inference algorithms.

1
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Finally, we combine our work with weighted particle tempering and reversible jump to pro-

duce a hybrid algorithm, which we apply to a model for a dataset about children in rural

Mozambique.

The broader lesson to be learned from the undertaking herein is that, given a particular

research question, the responsibilities of a modern-day statistician are twofold: to make

modeling decisions that adequately capture important relationships in the data, and to de-

vise an inference approach for the parameters and models under consideration. The latter

involves the selection of estimation procedures (e.g. method of moments or maximum likeli-

hood), which in turn often requires algorithms such as an optimizer or MCMC to perform.

Often, both of the statistician’s roles are tackled at the same time so that modeling and

inference are more tractable. Take, for example, the choice of a conjugate prior which facil-

itates inference and simplifies analysis. In more advanced analyses, the applied statistician

usually resorts to sophisticated inferential techniques, at times requiring exotic Monte Carlo

algorithms. Multimodal, high-dimensional posteriors pose some of the greatest challenges,

where a well-designed Monte Carlo algorithm necessarily exploits the idiosyncrasies of the

target distribution, which are learned through trial and error. In this way, the work of the

applied statistician becomes at once both an art and a science.

1.1 Challenges in Modern Markov Chain Monte Carlo

The goal of MCMC is to produce samples from a given target distribution. Usually used

in a Bayesian context, this target distribution is a posterior for parameters conditioned on

a dataset π(θ|Y ) = L(Y |θ)π(θ)∫
L(Y |θ)π(θ)dθ

, where the normalizing constant, or the integral in the

denominator, is difficult to compute analytically. While there are many ways to sample from

a posterior distribution, MCMC achieves this by setting up a Markov chain whose limiting

distribution is equal to the target.

There are several theorems that simplify the construction of such a Markov chain. The most
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central one, however, is the fact that an irreducible, positive recurrent Markov chain has

a unique invariant distribution, which is its stationary distribution. “Detailed balance” is

a sufficient condition for having an invariant distribution. Therefore, we are compelled to

construct Markov chains that satisfies the detailed balance condition. The works of Nicholas

Metropolis Metropolis et al. (1953) and later of Keith Hastings Hastings (1970) provide a

framework to do just this. Their efforts have spawned what is now known as the Metropolis-

Hastings algorithm, a highly generalizable and versatile algorithm that can be boiled down

into iterations over t = 0, . . . , N of three steps:

0. If t = 0, initialize a state θ(0) ∼ g0(θ).

1. Sample θ∗ ∼ g(θ|θ(t−1)).

2. Set θ(t) =

 θ∗ with probability α

θ(t−1) with probability 1− α
, for some α.

In most cases, MCMC methods end up being some variation of this algorithm, with special

definitions of the parameter space for θ as in the case of reversible jump MCMC (Green 1995),

special cases of the proposal distribution g(θ|θ(t−1)), as in, for example, Multi-try Metropolis

(Liu et al. 2000), or special acceptance probabilities α that preserve time reversibility.

Markov chain Monte Carlo algorithms face a swath of implementational issues that are, in

practice, overcome through various rules of thumb. The so-called practices of “thinning”

and “burning in” tackle the problems of autocorrelation in Monte Carlo samples and finding

a reasonable starting distribution g0(θ), respectively. However, these methods are not easily

automated, and they provide no guarantees of optimality. In fact, thinning has been shown

to be suboptimal for estimating an integral with reversible Markov chains in Geyer (1992)

and with nonreversible Markov chains in MacEachern & Berliner (1994). One should use all

of the data generated from Monte Carlo simulations, where computer storage allows.

While in theory a Markov chain satisfying detailed balance will eventually produce samples

from the target distribution, in practice the time it takes to produce such samples can
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be infeasibly long. In fact, there is no general, established method to test whether such

convergence has occurred. As a result, a phenomenon takes place which is referred to by

Geyer (2011) as “pseudo-convergence.” In particular, if the Markov chain dynamics are

poorly designed for the target distribution, the MCMC will appear to have converged when

in reality it has not. This phenomenon can take place in any scenario where the proposal

distribution is ill-suited for exploring the target distribution and its sample space. One of the

predominant causes of pseudo-convergence is a multimodal target distribution when using a

locally updated MCMC algorithm.

Several fixes have been proposed to deal with sampling from multimodal distributions.

Among these are a series of highly sophisticated algorithms that efficiently traverse the

sample space to find regions of interest. Of note among these are simulated (Marinari &

Parisi 1992, Geyer & Thompson 1995) and parallel tempering (PT) (Geyer 1991) or replica

exchange Monte Carlo (Swendsen & Wang 1986); evolutionary Monte Carlo (Liang & Wong

2001); the Equi-Energy Sampler (Kou et al. 2006); Multi-Try Metropolis (Liu et al. 2000);

and the Multiset Sampler (Leman et al. 2009). These algorithms are further discussed in

later chapters, but it suffices to point out that they each introduce an added layer of imple-

mentational complexity in exchange for more efficient sampling. The statistical practitioner

therefore is forced to decide between spending more time learning about new algorithms

and then coding and debugging or allowing a simpler algorithm to run for a longer time.

In contrast, our contribution of weighted particle tempering can take advantage of recent

advances in computational horsepower – namely parallel computation – to create a robust,

easily tunable and implemented MCMC.

Another significant challenge for MCMC techniques is sampling over varying dimensions.

Specifically, a Bayesian is able to place a prior distribution over a model space and learn

from data to generate a posterior on these models. However, in most applications, different

models have different dimensions and interpretations for their parameters. That is to say, if

there is a set M of models under consideration, and k is the model indicator, then for each

Mk ∈ M, the parameters θk ∈ Θk ⊆ Rnk reside in a space of dimension nk. The resulting
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posterior distribution over both models and parameters π(Mk, θk|Y ) is defined in the union

of these spaces: ∪Mk∈M(Mk × Θk). To sample from this space or average over it, several

methods have been introduced, including Gelman & Meng (1998) for bridge sampling, Carlin

& Chib (1995) for Gibbs sampling over model space using pseudo priors, and Chen et al.

(2012) for Bayes factor approximation. For more, see the comprehensive review of Han &

Carlin (2001).

It is not at all clear how to choose a proposal distribution g(θ|θ(t−1)) that will place a

new proposal θ∗ in a region of interest when changing from one model to another, a so-

called cross-dimensional jump. This problem puts the burden of MCMC engineering on the

practitioners of Green’s reversible jump MCMC. Often, practitioners will avoid this issue

altogether, resulting in their adoption of other non-probabilistic methods of model selection

and averaging, such as BIC or frequentist methods. Our contribution in this field is to

perform all of the engineering for the applied statistician beforehand, by defining a process-

driven proposal distribution that should work in many practical settings.

We conclude the work with an exposition of a hybrid between weighted particle tempering

and our practical implementation of reversible jump, called reversible jump weighted particle

tempering. While the algorithm is used for a specific application to a model of child devel-

opment, it is generalizable and particularly useful for situations in which there is a model

selection or averaging component and conditional posteriors are multimodal.

MCMC has a wide range of uses and applications. Our work seeks to expand the reach

of this highly significant class of methods. In doing so, it is our hope that inference for

sophisticated statistical problems will be alleviated. The efforts detailed in the chapters to

follow far from solve one of the aforementioned responsibilities of the statistician: devising

an inference approach for the parameters and models under consideration. However, our

humble efforts do produce gains in the ease of implementation in cases for which MCMC

was once prohibitively complex.
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1.2 Thesis Structure

The remainder of the thesis is structured in the following way. Chapter 2 gives the relevant

historical background and necessary technical details of Markov chain Monte Carlo that

we will employ. Chapter 3 introduces our main contribution, weighted particle tempering,

developing the theory and establishing its performance in comparison to related algorithms.

Chapter 4 demonstrates weighted particle tempering as a versatile algorithm by applying it to

two different models and datasets: binary classification trees for breast cancer prediction and

decomposable Gaussian graphical models for stock portfolio optimization. Chapter 5 shifts

gears and presents an implementation of reversible jump MCMC that reduces the burden of

tuning on the user by automating the selection of proposal distribution and eliminating the

transformation function. Chapter 6 combines concepts from the previous chapters to create

a hybrid algorithm called reversible jump weighted particle tempering, which is then used for

inference on a cubic P-spline model to analyze a dataset about the impacts of handpumps

for clean water access on child development in rural Mozambique. Finally, chapter 7 ends

with some concluding remarks.
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Chapter 2

A Brief History of and Introduction

to Markov Chain Monte Carlo

Computers have revolutionized the scientific and statistical communities. Prior to their

widespread availability, the majority of data analysis was confined to tractable models for

which one could perform wieldy computations with, for example, sufficient statistics. Param-

eters from these models were inferred directly either through analytic solution, or by appeal-

ing to large-sample asymptotics such as the Central Limit Theorem, involving claims such

as, “as n → ∞, the sufficient statistic converges in distribution Fn(T (X1, . . . , Xn)) → F .”

While large-sample theory, itself a theoretically remarkable achievement, was crucial for the

initial steps in modern empirical science, it was lacking in a few key areas. Data analysis

was restricted to the small class of models for which the asymptotics could be developed.

Datasets were restricted in size to what could be palpable to human computation. Even an

analysis using asymptotics on finite sample sizes is lacking without the proper characteriza-

tion of convergence rates.

Today, computers are ubiquitous in the practice of statistics. Analyzing brain scans, cosmo-

logical data, subatomic collision trajectories, and the human genome are a small selection of

the myriad ways in which computers can be used to learn about nature. How did comput-

9
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ers become such a pivotal player in science? Our discussion focuses on one of the greatest

algorithms of the past century: Metropolis-Hastings. Almost all forms of MCMC are a vari-

ation on the same theme of Metropolis-Hastings, where a distribution is used to generate a

candidate, which is accepted or rejected according to some reversible, stochastic rule. Since

the introduction of the Metropolis algorithm, dozens of specialized MCMC algorithms have

been developed, covering a broad class of problems. Despite the diversity of these algorithms,

most of them can trace their roots back to the original work of Metropolis and his coauthors

at Los Alamos.

It may be counterintuitive that randomness can help rather than hurt an analysis. Computer

algorithms can be used to simulate from a broad range of probability distributions. This is

extremely useful for Bayesian statistics, which is exemplified by the characterization of the

posterior distribution. However, stochastic simulation can also be used to approximate inte-

grals and perform optimization. In these applications, it is often beneficial to use specialized

probability distributions, which are often intractable. Markov chains provide a powerful tool

to extend computer simulations to these otherwise inaccessible distributions.

In this chapter, we develop the theory and history of topics most relevant or essential to our

work. The rest of the chapter is divided in the following manner. Section 2.1 explores the

usefulness and broad applicability of Monte Carlo integration and stochastic optimization.

In order to perform Monte Carlo simulations, one must be able to sample from certain

probability distribuitions. Markov chain theory provides the basis for Metropolis-Hastings

and its relatives, which we explore in section 2.2. More relevant to our work are the suite

of tempering and particle methods that opened more sophisticated models up to analysis.

These methods are covered in sections 2.3 and 2.4. Finally, we close with an introduction to

the most general form of Metropolis-Hastings, Peter Green’s reversible jump algorithm, and

we discuss the future directions of MCMC in section 2.5.
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2.1 Monte Carlo for Integration and Stochastic Opti-

mization

The term Monte Carlo is used to describe computer algorithms with a deterministic running

time, but with a random output. This class of algorithms is named after the famous casino of

the same name in Monaco, with the term originating in the 1940s when gambling was illegal.

This class of algorithms can be traced even farther back to Ulam and Von Neumann in the

early 1940s, with an application to combinatorial optimization: calculation of the probability

of winning a game of solitaire. The initial publication on the Monte Carlo method appeared

in Metropolis & Ulam (1949), wherein it is revealed the name was suggested by Nicholas

Metropolis.

To illustrate Monte Carlo’s usefulness, consider the simple problem of computing π to some

degree of precision. Suppose we only know that the area of a circle is A = πr2, and that the

area of the unit square is 1. Suppose further that we only have the ability to simulate random

numbers from an approximately uniform distribution Unif(0, 1), perhaps by flipping a coin

an arbitrary but finite number of times to get the binary expansion of a decimal, 0.010111 . . .

If we could compute the integral over the region inside of a circle with known radius to give

the area, we could solve for π = A/r2.

First we inscribe a circle (r = 0.5) within the unit square, so that the area of the circle A

is the proportion of area inside the unit square that is also inside the unit circle. We can

estimate its value by generating random variates (xi, yi) ∼ Unif{(0, 1)×(0, 1)} and comput-

ing the proportion of these points that land inside the circle, or equivalently, compute the

proportion of samples for which
√

(xi − 0.5)2 + (yi − 0.5)2 ≤ 0.5. Figure 2.1 demonstrates

our experimental setup, wherein we take 1,000 samples from the aforementioned uniform

distribution and compute the proportion of these samples landing within the circle. The

estimated area in this particular simulation is 0.8, yielding an estimate of π̂ = 3.2.

While this is a simple example of numerical integration through Monte Carlo, it in principle
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Figure 2.1: 1,000 uniform random numbers landed inside (blue) or outside (red) the circle

that inscribes the unit square.

illustrates the core concept of all Monte Carlo integration. Measure theory tells us that

to properly define an integral, we need a measure µ. In many cases, this measure can be

transformed via normalization into a probability measure π, which in turn links the integral

to an expectation in a probabilistic sense. Suppose the integral we want is
∫
g(x)dµ(x),

and let C :=
∫
dµ(x) < ∞ so that π(x) := µ(x)/C. If we can write f(x) = g(x)/C,

then
∫
g(x)dµ(x) =

∫
f(x)dπ(x) = E(Y ) where Y = f(X) and X ∼ π(x). While this

equivalence may appear trivial at first glance, the interesting result is that many deterministic

integrals can be expressed as the expectation of some appropriately defined random variate.

The integral can therefore be approximated via the Central Limit Theorem and Law of

Large Numbers by taking a large sample from the expectation’s probability distribution and

computing the sample mean.

One may wonder why introducing randomness into an optimization algorithm would be

desirable. The justification is that, if the optimum resides in a small region with positive

measure defined by some tolerance, then running the algorithm for a long stretch of time

will find the region with probability 1. Additionally, without any a priori knowledge of

where the optimum should be, and in situations where the objective function’s derivative is
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Figure 2.2: Objective function for our stochastic optimization example. The blue points are

the candidates drawn from a Cauchy distribution centered at x = −10. The red point is the

candidate with the largest objective function value.

misleading or unavailable, random perturbations can help the algorithm better explore the

search space.

To showcase the value of a randomized search, consider the maximization problem

max
x∈R

sin[(x− 0.5)2] exp

(
− 1

10
x2

)
.

One fairly naive way to approximate the maximizer is to evaluate the objective function

at a set of candidate locations and choose the location with the highest value. For the

general optimization problem, it is not clear how to choose these candidate points. We

could select a dense grid of points at which to evaluate the function, but this reduces the

optimization problem to selecting how dense this grid should be and over what interval. Also,

an exhaustive grid search does not scale well with dimension, as the volume of the space that

is searched over grows exponentially. If tuning an optimizer is difficult, a researcher might

instead choose to sacrifice computer time and let a random search seek the optimum.

Suppose instead of tuning a grid of candidate points, we sample from a Cauchy distribution

centered at x = −10 for our candidates. This might be reasonable because all we may know
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about the objective function is that the maximum is near −10. Figure 2.2 demonstrates how

for 1,000 candidate points, we do a decent job of getting close to the optimum. In fact, we

could get arbitrarily close to the optimum with a large enough sample of points.

The ideal probability distribution to use for a stochastic optimization would have something

to do with the objective function itself. Markov chain Monte Carlo and related methods

play a large role in this field, since a probability distribution could be constructed out of the

objective function, and draws from this distribution would appear in proportion to the value

of the objective. Of particular usefulness is the simulated annealing algorithm developed

independently by Kirkpatrick et al. (1983) and Černỳ (1985). In both of these works, the

authors applied simulated annealing on the traveling salesman problem, a notoriously difficult

optimization, to great success. Simulated annealing is a highly versatile tempering method

(section 2.3) that uses the Metropolis-Hastings decision rule (section 2.2) to explore the

search space. Other important stochastic optimization algorithms include stochastic gradient

descent (see Bertsekas (1999) for example), genetic algorithms (Goldberg 1989), and more

recently probability collectives (Wolpert et al. 2013), to name a few.

2.2 Markov Chain Monte Carlo

A Markov chain is a time-indexed stochastic process where the distribution of the pro-

cess only depends on the immediately preceding position. More formally, the sequence of

random variables X1, X2, . . . , form a Markov chain if P (Xt|X1, . . . , Xt−1) = P (Xt|Xt−1).

Markov chains are useful for Monte Carlo simulation because, under certain conditions, a

Markov chain will have a limiting distribution which may be the distribution of interest for

integration, optimization, or simulation, as discussed earlier. Throughout our discussion, we

will refer to concepts from chess which will help illustrate certain Markov chain ideas.

Consider a Markov chain on a discrete state space Ω. The state ω′ ∈ Ω is said to be accessible

from ω if P (Xt = ω′|Xs = ω) > 0 for time indices s < t. If ω′ is accessible from ω and ω
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is accessible from ω′, then the two states are said to be in the same communicating class.

When the entire state space Ω is a single communicating class, the Markov chain is said

to be irreducible, which essentially means that all states are reachable from all other states

in finite time. A queen can visit any square on a chess board in a finite number of steps

(irreducibility), while a bishop can only visit squares of the same color as its current square.

The state space for the white-square bishop, for example, can be reduced to only the white

squares.

A state ω is periodic if a return to that state must occur in a multiple of more than one time

step, that is if min{t− s : s < t, P (Xt = ω|Xs = ω) > 0} > 1. If all states in the state space

are not periodic, then the Markov chain is said to be aperiodic. A knight on a chess board is

the only piece that can only revisit the same color square after exactly two moves, making

its square’s color a periodic state.

Define the random recurrence time Tω := inf{t − s : Xt = ω|Xs = ω}, or the amount of

time after s until the Markov chain first revisits state ω. If the expected recurrence time

E(Tω) <∞, then ω is said to be positive recurrent. If all states in Ω are positive recurrent,

then the Markov chain itself is also positive recurrent. Ignoring queening, a pawn can only

move forward, and so its position on the chess board is not recurrent, and the expected

recurrence time is therefore infinite.

If the state space is finite, we can write Markovian transitions in terms of matrix operations.

Let P be the probability transition matrix, the matrix whose (i, j)th entry is the probability

of transitioning from the jth state to the ith state in one time step, P (Xt+1 = ωi|Xt = ωj).

It is easy to verify that if the starting distribution of a Markov chain is the vector π0, then

the distribution of the chain at time t is just πt = P tπ0. The limiting distribution is the

distribution π∗ such that as t→∞, πt → π∗, which is invariant to the starting distribution.

A stationary distribution is a distribution π such that π = Pπ, and so π is the eigenvector

of P associated with the eigenvalue λ1 = 1. If the limiting distribution exists, it is the unique

stationary distribution of the Markov chain.
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We are interested in constructing a Markov chain such that its limiting distribution is the

target distribution. If we can do this, then we can build an algorithm that mimics this

Markov chain, let it run for a while, and eventually use its states as samples from the target

distribution. First, we must ensure that the stationary distribution exists for the chain.

It turns out that if and only if a Markov chain is irreducible and positive recurrent, then

it has a stationary distribution. Further, the Basic Limit Theorem (see Chang (2007) for

example) states that an irreducible, aperiodic, positive recurrent Markov chain has a limiting

distribution.

The detailed balance condition, is the following:

π(Xt = ω)P (Xt+1 = ω′|Xt = ω) = π(Xt = ω′)P (Xt+1 = ω|Xt = ω′), (2.1)

for all ω, ω′ ∈ Ω. This property essentially states that the Markov chain is just as likely

to transition from one state to another as it is to do the reverse, relative to the target

distribution. If state ω is – say – twice as likely to appear as state ω′ under the distribution

π, then a Markov chain satisfying detailed balance is twice as likely to transition from ω′

to ω as it is to transition from ω to ω′. The condition is sufficient for the existence of a

stationary distribution. In fact, as we shall see, this stationary distribution is π.

Suppose the probability transition matrix P satisfies detailed balance for some distribution

π. Then for all states ω ∈ Ω, the probability of transitioning to ω from a state randomly

selected according to π is∑
ω′∈Ω

π(Xt = ω′)P (Xt+1 = ω|Xt = ω′) =
∑
ω′∈Ω

π(Xt = ω)P (Xt+1 = ω′|Xt = ω)

= π(Xt = ω),

and therefore π = Pπ.

One more interesting concept we will use in chapter 3 is the idea of the spectral gap. If

1 = λ1 > λ2 ≥ . . . ≥ λ|Ω| ≥ −1 is the ordered eigenvalues of a reversible Markov transition

matrix P , then the spectral gap is γ := 1−λ2, or the difference between the first and second
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Algorithm 2.1 Metropolis-Hastings

Initialize X0

for t = 1, . . . , N do

X ′ ∼ g(X ′|Xt−1)

α(Xt−1 → X ′)← 1 ∧ π(X′)g(Xt−1|X′)
π(Xt−1)g(X′|Xt−1)

if u ∼ Unif(0, 1) < α(Xt−1 → X ′) then

Xt = X ′

else

Xt = Xt−1

end if

end for

largest eigenvalues. In a sense, this quantity measures how unique the stationary distribution

is. If there were more than one stationary distribution, the spectral gap would be zero, as

there would be two eigenvalues equal to one. It can be shown that the spectral gap puts an

upper bound on the mixing time, which measures how quickly the Markov chain converges

to its stationary distribution. See the excellent resource Levin et al. (2009) for more on this

important topic.

Researchers at Los Alamos in the early 1950s needed to study the thermodynamics of a

liquid in equilibrium with its gas phase. To do this, they realized they could simply define a

Markov chain whose limiting distribution was the same as the distribution of this liquid. The

discovery was published in Metropolis et al. (1953), and became known as the Metropolis

algorithm. Later in 1970, W. Keith Hastings generalized the algorithm to include arbitrary,

rather than symmetric, proposal distributions in Hastings (1970). The Metropolis-Hastings

algorithm (MH) is shown in algorithm 2.1.

It is easy to verify that this algorithm preserves detailed balance. From looking at its
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formulation, we can see that its probability transition kernel is

P (Xt+1|Xt) = g(Xt+1|Xt)α(Xt → Xt+1)+1 {Xt = Xt+1}
∫
X′ 6=Xt

(1−α(Xt → X ′))g(X ′|Xt)dX
′

(2.2)

where the second term on the right is only present if Xt+1 = Xt, corresponding to the

probability of rejecting the proposed sample and staying at the current state. First consider

the case where Xt 6= Xt+1. Without loss of generality, let Xt and Xt+1 be such that α(Xt →

Xt+1) = 1. Then in the reverse direction, α(Xt+1 → Xt) = π(Xt)g(Xt+1|Xt)
π(Xt+1)g(Xt|Xt+1)

, and we have

π(Xt)P (Xt+1|Xt) = π(Xt)g(Xt+1|Xt) (2.3)

and

π(Xt+1)P (Xt|Xt+1) = π(Xt+1)g(Xt|Xt+1)
π(Xt)g(Xt+1|Xt)

π(Xt+1)g(Xt|Xt+1)
(2.4)

= π(Xt)g(Xt+1|Xt). (2.5)

Finally, if Xt = Xt+1, then of course, π(Xt)P (Xt+1|Xt) = π(Xt+1)P (Xt|Xt+1), and so we

have proved that the detailed balance condition holds for the Metropolis-Hastings algorithm.

Discussion of the Metropolis-Hastings algorithm would not be complete without a nod to

another extremely useful algorithm that is a special case of MH: the Gibbs sampler. Intro-

duced and developed independently from MH for an application in spatial statistics in the

paper Geman & Geman (1984), the algorithm allows a multidimensional sample space to be

sampled one (or more than one) dimension at a time. Specifically, if X = (θ1, . . . , θp), and

if one can draw samples from the full conditionals π(θi|θj 6=i), then all that is required is to

sequentially sample from these full conditionals, conditioning on the most recent state of the

algorithm. To see that this is a special case of MH, consider that π(X) = π(θj 6=i)π(θi|θj 6=i)

and g(X ′|Xt−1) = π(θ′i|θj 6=i,t−1), so

α(Xt−1 → X ′) = 1 ∧ π(θj 6=i,t−1)π(θ′i|θj 6=i,t−1)π(θi,t−1|θj 6=i,t−1)

π(θj 6=i,t−1)π(θi,t−1|θj 6=i,t−1)π(θ′i|θj 6=i,t−1)

= 1.
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Figure 2.3: Exponentiating a multimodal distribution bridges the gaps between the modes.

Here, the exponent ranges from ν = 1 (blue) to ν = 0.1 (red).

2.3 Tempering Methods

Tempering, and specifically power tempering, in a Monte Carlo context refers to exponen-

tiating the target distribution to a power between zero and one. The term is derived from

the metallurgic process of heating a metal and then cooling it to increase its toughness and

decrease its hardness. The term is also used in the Monte Carlo literature as a tongue-in-

cheek reference to the related stochastic optimization algorithm, simulated annealing. In

the field of statistical mechanics and thermodynamics, one of the most common probability

distributions is the Boltzmann distribution, F (x) ∝ exp(−E(x)/kT ), an exponential of the

energy function E(x) divided by the temperature T and Boltzmann constant k (see Chandler

(1987) for example). Hence, raising a target distribution to an exponent between zero and

one is analogous to increasing the temperature T in the Boltzmann distribution.

Tempering methods are used in situations where vanilla versions of Metropolis-Hastings do

not work efficiently, particularly in applications with multimodal distributions. In these

cases, local-update Markov chain samplers such as the random walk Metropolis algorithm

can potentially get trapped at local modes, leading to poor mixing and slow convergence.
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Tempering can mitigate this problem by bridging gaps between modes and making transi-

tions from one mode to another occur more frequently. Figure 2.3 illustrates how raising a

multimodal distribution to an exponent between zero and one in a sense “melts” the distri-

bution, bridging the gaps between modes. A random walk Metropolis would sample more

easily from a tempered distribution than from its “cooled” counterpart.

Of course, the goal of MCMC is to sample not from a tempered target distribution, but from

the true target, so tempering alone is insufficient to solve the problems caused by multimodal

distributions. If sampling from a tempered version of the target distribution is feasible, one

option to turn these samples into ones from the true target is to randomly reject them

according to the rejection sampling algorithm (von Neumann 1951).

More interesting for our purposes is the suite of algorithms related to what is today called

parallel tempering. Replica exchange (Swendsen & Wang 1986) and later Metropolis coupled

MCMC Geyer (1991) were introduced to analyze Ising models, a class of models in physics

where neighboring molecules in a lattice are allowed to interact. Both of these papers

independently developed parallel tempering. Simulated tempering, an algorithm closely

related to simulated annealing, was introduced shortly after in Marinari & Parisi (1992). The

connection between simulated tempering and parallel tempering was developed by Geyer

& Thompson (1995). Another algorithm similar to simulated tempering, known as the

tempered transition algorithm, was introduced in Neal (1996). More recently, an adaptive

form of parallel tempering, which automatically tunes the algorithm, was introduced in

Miasojedow et al. (2013). Another recent algorithm called importance tempering is a hybrid

of importance sampling Marshall (1956) and simulated tempering, appearing in Gramacy

et al. (2010).

These methods are similar in that they use a sequence of tempered distributions that inter-

polate between the distribution with the smallest exponent and the true, untempered target

distribution. Either by swapping or jumping between these distributions, the algorithms

are able to produce reversible Markov chains that explore the sample space well, avoiding
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Importance Sample Target Approximation

Figure 2.4: 1,000 samples are taken from the importance distribution (pictured left), then

weighted and resampled to approximate the target distribution (right).

getting trapped at local modes.

2.4 Particle Methods

Particle methods are sequential Monte Carlo algorithms typically used for state space models,

where there is a dependence on an unobserved underlying stochastic process. The original

particle method, typically referred to as the particle or bootstrap filter, was introduced in

Gordon et al. (1993). In essence, the particle filter works by sampling from what we will

refer to as a prior distribution (in the sense of a forward filter), then weighting the samples

by their likelihood and resampling according to these weights. For the general state space

model, this works by sequentially sampling the states from the “current” system equation,

or the system equation conditioned on all previous samples, then reweighting them by the

observation equation and randomly selecting out of these. This new resampled value – the

particle – is fed into the next iteration of the algorithm.
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The collection of particle methods available rely heavily on the concept of importance

sampling (Trotter & Tukey 1956). Particles are generated from an importance distribu-

tion, and the ratio of target distribution to importance distribution, π/g, is used to ap-

proximate the target and its associated integrals. Suppose we can only generate a sam-

ple X1, . . . , XN ∼ g(x) but would like to use this sample to approximate an expecta-

tion Eπ(Y ) =
∫
yπ(y)dy, perhaps because π is intractable. If we let wi ∝ π(Xi)/g(Xi),

i = 1, . . . , N be the set of importance weights, then we can resample with replacement using

these weights to approximate the target. By writing
∫
yπ(y)dy =

∫
yπ(y)/g(y)g(y)dy, we

see that by the law of large numbers, we can use 1/N
∑N

i=1 wiXi to approximate the integral.

This can either be computed by taking the weighted average of the sample X1, . . . , XN , or by

resampling with replacement and taking the average of the resampled observations. Figure

2.4 depicts how a sample from one distribution can be resampled with these importance

weights to approximate a target distribution. In essence, particle methods combine this

concept of importance weights and resampling with a sequential update to produce samples

from a full posterior distribution.

From the particle filter came a very generalizable class of algorithms, most recently including

Liu & West (2001), Carvalho et al. (2010), and Andrieu et al. (2010). These methods

introduce novel ways to build the proposal distribution for updating the particle in the

sequence. The problem that particle methods and their variations have is that each iteration

of the algorithm approximates a posterior distribution, and therefore performance decays

as these approximations composed of approximations become less accurate. In general, this

versatile class of methods share the common step of weighting candidate particles, borrowing

from the central concepts of importance sampling. We will be using a similar idea for

weighted particle tempering.
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2.5 Reversible Jump and Beyond

Most MCMC algorithms turn out to be variations on the original Metropolis-Hastings al-

gorithm, usually engineered to have specialized proposal distributions. In Green (1995),

Metropolis-Hastings was generalized to a sample space of varying dimension. This algorithm,

known as reversible jump Markov chain Monte Carlo, is Metroplis-Hastings in its most gen-

eral form. The extension to variable-dimensional sampling requires the design of a set of

transformation functions and the computation of their Jacobians, a nontrivial task requiring

the user of the algorithm to be familiar with cross-model relationships among parameters.

Several recent methods have been introduced to automate the selection of transformation

functions and proposal distributions for reversible jump. Of note are the works of Ehlers

& Brooks (2008) and Carlin & Chib (1995), both of which define conditional probability

distributions that can make the leap from one model space to another.

Recently, MCMC has been further extended to applications in which the likelihood is unavail-

able but simulation from the likelihood is possible. This became necessary because in several

applications, evaluating the likelihood may be computationally cumbersome, or because a

closed form simply does not exist. Computer simulation experiments are a prime example

of this. Approximate bayesian computation (Diggle & Gratton (1984), Rubin (1984)) is an

intuitive, recent method for this scenario. The algorithm simulates a parameter draw from

the prior distribution, then simulates data from the likelihood conditional on the parameter,

and finally accepts or rejects the original parameter sample if the associated simulated data

are “close enough” to the observed data.

Much work remains to be done in the field of Monte Carlo for big data applications. At

the time of this writing, some of the more advanced methods for big data analysis in a

Bayesian setting include variational Bayesian algorithms (Jordan et al. 1999) and cleverly

pooling together partial posterior samples that were generated in parallel (Wang & Dunson

2013). It is indeed an exciting time for MCMC research, as modern problems challenge the

limitations of this very useful class of methods.
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Chapter 3

Weighted Particle Tempering:

Methodology

Abstract

The application of Bayesian methods often requires Metropolis-Hastings or related

algorithms to sample from an intractable posterior distribution. In especially chal-

lenging cases, such as with strongly correlated parameters or multimodal posteriors,

exotic forms of Metropolis-Hastings are preferred for generating samples within a rea-

sonable time. These algorithms require nontrivial and often prohibitive tuning, with

little or no performance guarantees. We introduce a new, parallelizable algorithm called

weighted particle tempering, which is easily tuned and suitable for a broad range of ap-

plications. Weighted particle tempering runs multiple random walk Metropolis chains

targeting a tempered version of the target distribution, then weights the iterates and

resamples. The algorithm’s performance monotonically improves with more of these

underlying chains, a feature that simplifies tuning. Using simulation studies, we show

that weighted particle tempering outperforms two similar methods: parallel tempering

and parallel hierarchical sampling. We also prove that the parallelized form of weighted

particle tempering preserves detailed balance in an asymptotic sense.

Keywords. Markov chain Monte Carlo, Multi-modality, Parallel algorithm

28
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3.1 Introduction

Since the inception of the Metropolis algorithm (Metropolis et al. 1953) and the Gibbs

sampler (Geman & Geman 1984), the scientific literature has seen an explosion of Markov

chain Monte Carlo (MCMC) techniques for statistical inference. For details, Tierney (1994)

is an excellent introduction to MCMC and many of its important features. It suffices to

say that the underlying goal of statistical simulation is usually to characterize an unknown

or complicated target distribution – usually a posterior. MCMC sets up a Markov chain

whose stationary distribution is the distribution in question. Given enough iterations, a

properly tuned MCMC will produce dependent random draws from its target distribution.

We propose a new MCMC algorithm called weighted particle tempering, whose two major

strengths over popular methods are simpler implementation (due to monotonicity in tuning)

and scalability via parallelization. Weighted particle tempering performs well in a broad set

of applications, and it is therefore an attractive alternative to other algorithms that are often

time consuming to tune.

Several issues may arise that hinder the performance of an MCMC algorithm. Multimodal

distributions, for example, provide a challenge for locally updated MCMC algorithms, since

these algorithms get trapped in local modes. As a result, the researcher must choose between

running the MCMC for an impractically long time to reduce Monte Carlo variance, or moving

on to a more sophisticated algorithm altogether. Multimodal target distributions appear

in many applications, such as in evolutionary or physical systems modeling, time series

forecasting, or mixture models. In these scenarios, often the goal of the researcher is to

locate the global maximum or identify all local maxima and average over them. In order

to accomplish this, a simulation algorithm needs to be able to explore the sample space

well, be easily implemented by the applied researcher, and preferably take advantage of the

decreasing cost of computational power.

There are many methods that explore multimodal distributions well, starting with replica

exchange Monte Carlo (Swendsen & Wang 1986). Metropolis coupled MCMC (Geyer 1991),
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more commonly known as parallel tempering, was originally introduced for maximum like-

lihood inference in Ising models. Simulated tempering (Marinari & Parisi 1992) shortly

followed, and its connection to parallel tempering was developed in Geyer & Thompson

(1995). A cousin of simulated tempering, the tempered transition algorithm, appeared in

Neal (1996). Other important contributions to this field include multi-try Metropolis (Liu

et al. 2000), evolutionary Monte Carlo (Liang & Wong 2001), the equi-energy sampler (Kou

et al. 2006), and more recently, the multiset sampler (Leman et al. 2009, Kim & MacEach-

ern 2015), and parallel hierarchical sampling (Rigat & Mira 2012), among others. Usually

these algorithms make sacrifices with respect to ease of implementation in order to improve

performance. While increasing an algorithm’s complexity might improve its ability to ex-

plore multimodal distributions, doing so typically adds an implementational burden on the

researcher. In addition to a boost in performance, a significant advantage of weighted par-

ticle tempering is a substantial decrease in the required amount of tuning relative to its

competitors.

Parallel tempering was one of the early solutions to the problem of sampling from multi-

modal distributions. The algorithm allows multiple particles to explore a ladder of tempered

target distributions. Tempering flattens the landscape of a distribution so that bridges form

between modes. Particles can traverse gaps between modes by visiting a rung on the ladder

corresponding to a small tempering exponent (high temperature), then “cooling” back to the

target distribution in a process analogous to metallurgic tempering. Mathematically, this

is achieved by raising the target distribution to powers of the reciprocals of temperatures

in a predefined sequence. The particles swap between adjacent steps on the ladder using

Metropolis-Hastings acceptance rules, in such a way that the symmetry of the swap allows

the normalizing constants to cancel in the acceptance ratio, eliminating the need to compute

them.

One major complication with parallel tempering is the tuning of the temperature ladder,

a nontrivial task that requires selecting the number of rungs on the ladder, the step size

between rungs, and parameters for the proposal distributions at each of the ladder steps.
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Some guiding principles have been established to tune the temperature ladder (Kone &

Kofke 2005), while more recent methods have been proposed to adaptively optimize the

ladder (Miasojedow et al. 2013). Another issue with parallel tempering is that, despite its

name, it is not a computationally parallel algorithm since its chains must communicate with

each other at every step. The result is an increase in computation and time, while only

samples from the untempered chain are stored.

Simulated tempering was another early, similar algorithm to parallel tempering. Under

this framework, only one particle is allowed to explore a temperature ladder. The particle

hops from step to step on the temperature ladder using Metropolis-Hastings acceptance

rules, a process which requires the often intractable computation of a normalizing constant.

Additionally, only samples from the untempered rung of the ladder are retained, requiring a

longer running time than parallel tempering.

Some efforts have been made to use the full simulated tempering sample, including samples

from the tempered target distribution. Of note in recent literature is a method known as

importance tempering (Gramacy et al. 2010), where importance weights are computed for

each sample from the target distribution in a simulated tempering run in order to increase

the effective sample size used for posterior estimates. This method is related to ours in

that weights are computed for each sample, and rather than discarding the samples from

tempered chains, they are allowed to (potentially) contribute to the final estimate. While

importance tempering provides an overall improvement over naive simulated tempering, its

performance hinges on optimal tuning of the temperature ladder, as noted by the authors.

Rather than attempting to improve mixing strictly via the use of temperature-domain meth-

ods, the equi-energy sampler allows moves across the energy domain. The sampler depends

on the estimation of so-called “energy rings,” which allow for improved mixing between the

Markov chains of different temperatures. As a result, the equi-energy sampler requires tun-

ing not only of a temperature ladder, but also of the appropriate width of the energy rings.

Kou et al. (2006) provide some guiding principles for proper tuning.
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Multi-Try Metropolis is another successful technique that introduces an additional layer of

tuning. Under the framework of this sampler, the user must specify the number of proposals

to be considered at each iteration. However, the proposals are local, resulting in only a slight

improvement on the exploration of a multimodal space.

Perhaps the most similar recent method to our own is parallel hierarchical sampling (Rigat

& Mira 2012), which is a general way to utilize multiple Markov chains, taking advantage of

their different mixing properties and reducing autocorrelation. Parallelization is complicated,

however, by the communication among these chains at each step of the algorithm. We discuss

how, in contrast, weighted particle tempering can be parallelized to take advantage of the

increasingly affordable cost of computation.

Weighted particle tempering provides a simple solution to many of these issues at the in-

creasingly affordable cost of parallel computational power. Tuning the sampler is simplified

as there are only two parameters, while introducing more worker nodes will always improve

mixing. In this work, we compare our proposed algorithm to parallel tempering and paral-

lel hierarchical sampling because of their similarities and their popularity. Both algorithms

require tuning of several chains and their associated parameters, such as proposal standard

deviations. Tuning weighted particle tempering is simplified as there are only two parame-

ters, while introducing more underlying chains improves mixing.

3.2 Notation

It will be useful to provide some general notation and definitions for the three algorithms we

evaluate: parallel tempering, parallel hierarchical sampling, and weighted particle tempering.

Each of these algorithms depends on p underlying particles, u1,t, . . . , up,t that evolve over the

iterations t = 1, . . . , N within their own respective chains. The final output of the algorithms

is referred to as the mother chain, x1, . . . , xN . In some cases it will be convenient to refer to

the mother chain as the zeroth chain, u0,1, . . . , u0,N . The (p+ 1)-tuple {xt, u1,t, . . . , up,t} is a
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Markov chain, but the individual particles are themselves notably non-Markovian.

We use π to denote the target distribution and πν with subscript ν ∈ [0, 1] to denote the

normalized, tempered target. That is πν(x) = πν(x)
Z(ν)

, where

Z(ν) =

∫
Ω

πν(x)dx <∞. (3.1)

is the normalizing constant and Ω is the sample space. In certain applications, tempering

the target distribution gives a divergent integral in equation 3.1, so the requirement of a

finite Z(ν) is necessary for πν to be a proper distribution and essential for parallel tempering

and weighted particle tempering to work.

While weighted particle tempering requires a single, tunable tempering exponent ν, weighted

particle tempering requires the specification of a tempering ladder 1 = ν0 > ν1 > . . . > νp ≥

0. So for parallel tempering, p is the tunable number of underlying particles as well as

the length of the tempering ladder, with the zeroth exponent ν0 = 1 corresponding to the

tempering exponent for the mother chain.

Finally, in the algorithms we will present, we use the function RWM(x, π) to denote that we

perform a single update of particle x with a random walk Metropolis (or related) algorithm

targeting π. The function therefore returns the next step of a random walk Metropolis

algorithm given that the current state is x and the target distribution is π.

3.3 Weighted Particle Tempering

Weighted particle tempering is a two-layered algorithm. The first layer contains all the

worker nodes, where particles are dispersed over the sample space to explore – using random

walk Metropolis – a tempered version of the target distribution. At each iteration of the

algorithm, the particles are assigned weights proportional to the target distribution evaluated

at their locations. The second layer of the algorithm is the mother node, which picks among

the underlying particles according to their pre-computed weights, then accepts or rejects
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Algorithm 3.1 Weighted Particle Tempering

Initialize all particles {x0, u1,0, . . . , up,0}

for t = 1, . . . , N do

Set wi ∝ πδ(ui,t−1)

γ ← i with probability wi

α← 1 ∧ π1−ν−δ(uγ,t−1)[πδ(uγ,t−1)+
∑
j 6=γ π

δ(uj,t−1)]
π1−ν−δ(xt−1)[πδ(xt−1)+

∑
j 6=γ π

δ(uj,t−1)]

if u ∼ Unif(0, 1) < α then

uγ,t−1 ← xt−1

xt−1 ← uγ,t−1

end if

for i = 1,. . . ,p do

ui,t ← RWM(ui,t−1, πν)

end for

xt ← RWM(xt−1, π)

end for

them via the usual Metropolis-Hastings rule.

The algorithm works by initially dispersing its underlying particles across the sample space,

which are in turn allowed to explore with respect to the tempered target. Tempering bridges

gaps of relatively low density between modes for better exploration while at the same time

preserving the locations of modes. As such, particles are able to fluidly explore a flatter

version of the target, yet are attracted to high-density regions of the target distribution. In

principle, the particles fill the sample space in order to locate modes, while the mother chain

has her choice from among these particles, using weights and a Metropolis-Hastings decision

rule to properly mix among modes and high-density regions of the space. Weighted particle

tempering can be found in algorithm 3.1.

The final samples of interest are stored in the mother chain, {xt}Nt=1. The fact that the

swap move is reversible implies that the algorithm itself preserves detailed balance. It is
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worth noting that weighted particle tempering reduces to parallel hierarchical sampling when

ν = 1 and δ = 0. Also note that the random walk advance move for the mother chain is

akin to an analogous move for the mother chain in parallel tempering (see algorithm 3.2).

That is, at each iteration of parallel tempering, all chains are either subjected to a swap or

advance move, including the mother chain. In our implementation of parallel tempering, we

deterministically alternate between swap and advance. This is to make the algorithms more

comparable. In some applications, such a move provides a moderate gain in performance,

while in others, the move is not necessary to produce adequate results.

3.3.1 Parallelization and Shuffling

While weighted particle tempering is parallelizable, communication between mother and

worker nodes at each iteration prohibits the true potential speedup of a fully parallel algo-

rithm. In fact, we suggest running a modified implementation of weighted particle tempering

which we describe as follows. The remainder of this chapter and chapter 4 use this parallel

implementation.

Rather than swap the randomly selected underlying particle with the mother chain, we will

first run all p underlying random walk Metropolis chains independently and in parallel.

Doing this will break the Markov structure of the algorithm when proposing a tempered

particle to the mother chain. However, for large enough chains, we can randomly permute

the samples within these tempered chains so that neighboring samples are approximately

independent draws from the tempered target distribution. Finally, the algorithm is modified

so that there is no swapping from mother chain to underlying chain, since the underlying

samples are only used to generate proposals for the mother. Rather, the proposal is either

accepted or rejected.

This implementation of weighted particle tempering requires the storage of the p shuffled

Markov chains, limiting the sizes of p and N by the availability of worker nodes and memory,

where the requirement for the latter grows at rate O(pN). However, with the increasingly
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cheap costs and growing availability of computational power, these restrictions bear almost

no impacts on most applications. In section 3.6, detailed balance is shown for applications

where consecutive draws from the shuffled underlying chains closely approximate independent

draws from the tempered target distribution.

3.3.2 Tuning δ and ν

The main benefit of weighted particle tempering is that for any choice of tuning parameters,

increasing the number of worker nodes p will improve performance. This feature shifts

the burden of implementation away from tuning the algorithm and towards finding more

computational resources.

There is some flexibility in the choice of exponent δ for the particle weight wi. Using δ = 1−ν

leads to some nice cancelations in the acceptance ratio α, reduces the amount of tuning for

the user, and slightly simplifies coding. It is also motivated by principles from importance

sampling, since this is the exponent that helps the proposal particle best approximate the

target. Using δ = 0 also leads to significant cancelation and is equivalent to uniformly

selecting from the p tempered particles. As such, uγ,t itself would be a marginal draw from

the tempered target. However, setting δ = 0 does not exploit the fact that we have multiple

Markov chains exploring the sample space. In this case, as p grows, the marginal distribution

of uγ,t remains constant, and we see no performance gains with increasing p. Conversely, a

positive δ upweights those particles that are in relatively interesting regions of the sample

space and takes advantage of the underlying chains. We find that the algorithm works well

for many settings of δ, and we default to δ = 1 unless otherwise stated.

The tempering exponent ν ∈ [0, 1] should be chosen to facilitate mixing between modes. A

small value of ν will maximize exploration over the sample space, while larger values near one

will improve the acceptance rate between the underlying chains and the mother chain. High-

dimensional sample spaces exacerbate the discrepancy between the target distribution and

the tempered target, so for these problems one should choose larger values of ν. To properly
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Figure 3.1: Spectral gaps for different tuning levels. A large region of the tunable space is

as good, if not better than the end points.

tune this parameter, we recommend running some trial chains to monitor the acceptance

rates between mother and worker nodes, choosing the smallest ν that still produces nominal

swap rates that optimize the target distribution’s coverage.

To give an example where the optimal δ and ν lie in the interior of the space rather than

at the endpoints, consider a very peaked target distribution π = (9.9995 × 10−1, 4.5680 ×

10−4, 1.7310 × 10−8)>. It can be shown that the spectral gap provides bounds on mixing

times, where a larger spectral gap results in faster mixing. Figure 3.1 depicts the contours

of the spectral gap as a function of δ and ν for p = 2 underlying particles. In this example,

the setting that gives the highest value of the spectral gap is δ = 0.025 and ν = 0.985.

Furthermore, ν = 1 and δ = 0 is the setting that reduces to parallel hierarchical sampling

when swapping is allowed between mother and worker nodes, and in the following analyses

we show our algorithm outperforms parallel hierarchical sampling in several ways for different

settings of these parameters.
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Algorithm 3.2 Parallel Tempering

Initialize all particles {u0,0, u1,0, . . . , up,0}

for t = 1, . . . , N do

Randomly select a swap index γ = 1, . . . , p

α← 1 ∧
[
π(uγ−1,t)

π(uγ,t)

]νγ−νγ−1

if u ∼ Unif(0, 1) < α then

uγ,t ← uγ−1,t−1

uγ−1,t ← uγ,t−1

else

uγ,t ← uγ,t−1

uγ−1,t ← uγ−1,t−1

end if

for i /∈ {γ − 1, γ} do

ui,t ← RWM(ui,t−1, πνi)

end for

end for

3.4 Parallel Tempering

Parallel tempering is a (p+ 1)-layered algorithm, where the lower p levels correspond to the

underlying tempered chains, and the top layer is the mother chain. At each iteration of

the algorithm, particles are either updated with a random walk Metropolis move, or they

are swapped with an adjacent particle in the tempering ladder. Parallel tempering is shown

in algorithm 3.2. Because of the communication between adjacent chains in the ladder, all

p + 1 particles constitute the Markov chain that must converge to stationarity. If one of

the chains is slow to converge, the entire sampler will mix slowly. This is why, as we shall

see, the parallelized form of weighted particle tempering will have an advantage over parallel

tempering.
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Algorithm 3.3 Parallel Hierarchical Sampling

Initialize all particles {u0,0, u1,0, . . . , up,0}

for t = 1, . . . , N do

Randomly select a swap index γ = 1, . . . , p

xt = uγ,t−1

for i 6= γ do

ui,t ← RWM(ui,t−1, π)

end for

end for

3.5 Parallel Hierarchical Sampling

The simplest version of parallel hierarchical sampling is a two-layered algorithm, with the

mother chain randomly selecting from among the p underlying chains. More complex imple-

mentations build in hierarchies of the same algorithm within itself, but this is outside the

scope of our work. At each iteration, one of the underlying particle is randomly selected to

swap its position with the mother particle while all other underlying particles are advanced

via a random walk Metropolis subroutine, usually with different proposal distributions. Par-

allel hierarchical sampling is depicted in algorithm 3.3.

3.6 Asymptotic Detailed Balance for Weighted Parti-

cle Tempering

A key step in the following proof assumes that at each time step, all of the underlying particles

are generated from the tempered target distribution independent from their previous states.

In particular, the proposal distribution for the underlying chains is g(u|X) = g(u). While

this is not true for any finite sample from our proposed algorithm, the condition holds

asymptotically, as samples are shuffled over a larger and larger MCMC chain. We first
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assume that the condition holds, then discuss the practical implications of finite sample

MCMC.

Detailed balance is a sufficient condition for the ergodicity of a Markov chain. From the

formulation of our algorithm, the transition kernel is:

P (X ′|X) =

∫ p∑
γ=1

wγδ(X
′ = uγ)α(X,X ′|u−γ)g(u)du, (3.2)

where g(u) =
∏p

i=1 πν(ui), wγ = πδ(uγ)/
∑p

j=1 π
δ(uj), and

α(X,X ′|u−γ) = 1 ∧
π1−ν−δ(X ′)

[
πδ(X ′) +

∑
j 6=γ π

δ(uj)
]

π1−ν−δ(X)
[
πδ(X) +

∑
j 6=γ π

δ(uj)
] .

The summation in the integrand,
∑p

γ=1 wγδ(X
′ = uγ)α(X,X ′|u−γ), expresses the fact that

X ′ can only take one of p values, and therefore is a sum over the point masses δ(X ′ = uγ)

for γ = 1, . . . , p. Each of these point masses has probability wγ of being selected.

Switching the order of integration and summation in equation 3.2 gives:

P (X ′|X) = p

∫
wpδ(X

′ = up)α(X,X ′|u−p)g(u)du

= p

∫
πδ(up)∑p
j=1 π

δ(uj)
δ(X ′ = up)α(X,X ′|u−p)

p∏
i=1

πν(ui)dui.

Notice that by symmetry, δ(X ′ = up) is both a measure on X ′ as well as a measure on

Up, the Borel algebra’s associated with the next iteration of the algorithm and the current

position of the pth particle, respectively. We exploit this to evaluate the pth dimension of

the integral, which is as follows:∫
πδ(up)∑p
j=1 π

δ(uj)
δ(X ′ = up)α(X,X ′|u−p)πν(up)dup

=

∫
πδ(up)∑p
j=1 π

δ(uj)
α(X,X ′|u−p)πν(up)δ(up = X ′)dup

= Eδ(up=X′)

(
πδ(up)∑p
j=1 π

δ(uj)
α(X,X ′|u−p)πν(up)

)

=
πδ(X ′)

πδ(X ′) +
∑

j 6=p π
δ(uj)

α(X,X ′|u−p)πν(X ′).
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This leaves us with the following expression for the transition kernel:

P (X ′|X) = p
πν+δ(X ′)

Z(ν)

∫
α(X,X ′|u−p)

πδ(X ′) +
∑

j 6=p π
δ(uj)

∏
i 6=p

πν(ui)dui, (3.3)

where Z(ν) is the normalizing constant of equation 3.1. Notice that the products and sums

now range from 1 to p− 1 as we have extracted the pth term from the integrand by taking

the expectation with respect to the point mass.

Now let S =
{
u−p : α(X,X ′|u−p) = 1

}
. This is the set of (p − 1)-vectors of underlying

particles where, in the forward direction α(X,X ′|u−p) = 1, while in the backward direction

α(X ′, X|u−p) < 1. Its complement, Sc, therefore, has the opposite property – specifically

that α(X,X ′|u−p) < 1 in the forward direction and α(X ′, X|u−p) = 1 in the reverse direction.

From equation 3.2 we decompose the forward-direction integral into a sum of two terms:

P (X ′|X) = p
πν+δ(X ′)

Z(ν)

{∫
S

∏
i 6=p πν(ui)dui

πδ(X ′) +
∑

j 6=p π
δ(uj)

+
π1−ν−δ(X ′)

π1−ν−δ(X)

∫
Sc

∏
i 6=p πν(ui)dui

πδ(X) +
∑

j 6=p π
δ(uj)

}

= p
πν+δ(X ′)

Z(ν)π1−ν−δ(X)

{
π1−ν−δ(X)

∫
S

∏
i 6=p πν(ui)dui

πδ(X ′) +
∑

j 6=p π
δ(uj)

+ π1−ν−δ(X ′)

∫
Sc

∏
i 6=p πν(ui)dui

πδ(X) +
∑

j 6=p π
δ(uj)

}
.

In the reverse direction, the set S has the following property:

u−p ∈ S ⇒ α(X ′, X|u−p) =
π1−ν−δ(X)

[
πδ(X) +

∑
j 6=γ π

δ(uj)
]

π1−ν−δ(X ′)
[
πδ(X ′) +

∑
j 6=γ π

δ(uj)
] .

Therefore, swapping X for X ′ in equation 3.2 gives us the reverse-direction transition kernel:

P (X|X ′) = p
πν+δ(X)

Z(ν)

{
π1−ν−δ(X)

π1−ν−δ(X ′)

∫
S

∏
i 6=p πν(ui)dui

πδ(X ′) +
∑

j 6=p π
δ(uj)

+

∫
Sc

∏
i 6=p πν(ui)dui

πδ(X) +
∑

j 6=p π
δ(uj)

}

= p
πν+δ(X)

Z(ν)π1−ν−δ(X ′)

{
π1−ν−δ(X)

∫
S

∏
i 6=p πν(ui)dui

πδ(X ′) +
∑

j 6=p π
δ(uj)

+ π1−ν−δ(X ′)

∫
Sc

∏
i 6=p πν(ui)dui

πδ(X) +
∑

j 6=p π
δ(uj)

}
.
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Finally, we see that P (X ′|X)/P (X|X ′) = π(X ′)/π(X) or equivalently, π(X)P (X ′|X) =

π(X ′)P (X|X ′). For large, shuffled MCMC samples from the tempered distribution, the

proof above applies to the proposed algorithm. This is due to the fact that shuffling breaks

the Markov dependence structure of the simulations, while the large sample size presumably

ensures the draws are from the tempered distribution. The proposals can therefore be made

arbitrarily close to independent draws from the tempered target distribution. We find in

practice that in low dimensions, this approximation converges rather quickly.

3.7 Simulation Study

In this section, we run a battery of tests for weighted particle tempering and compare its

performance to that of parallel tempering and parallel hierarchical sampling. In all tests,

the target distribution is some form of a mixture of normals:

π(x) =
n∑
i=1

wiφi(x)

The first test (section 3.7.1) demonstrates the empirical rates of convergence to the tar-

get distribution in a univariate, bimodal example by measuring the Kolmogorov-Smirnov

statistic.

The second test (section 3.7.2) illustrates the gains in weighted particle tempering from

placing the right mass across all modes. Specifically, when parallel tempering or parallel

hierarchical sampling explores a target distribution with several modes, they are likely to

spend long stretches of time at modes due to the dependence across all of their underlying

chains, which is induced by swapping. A consequence of this issue is that samples using

these algorithms will tend to place too much mass in the modes in which they were stuck the

longest. In contrast, the parallel implementation of weighted particle tempering preserves

the independence across the underlying chains and avoids this problem at the expense of not

sharing information about regions of interest in the sample space between chains during the

parallelized exploration steps (see section 3.3.1).
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The final test (section 3.7.3) shows that for higher-dimensional problems, weighted particle

tempering continues to perform competitively with parallel tempering and parallel hierar-

chical sampling, provided more computational horsepower. Because weighted particle tem-

pering is significantly simpler to implement than parallel tempering and a generalization of

parallel hierarchical sampling, we conclude that weighted particle tempering is an attractive

alternative for a wide range of applications.

3.7.1 Univariate Mixture

In this section, we empirically show that weighted particle tempering outperforms paral-

lel tempering and parallel hierarchical sampling in generating samples from the target as

profiled by the Kolmogorov-Smirnov (KS) test statistic. Our simulations are based on a

two-component Gaussian mixture, with component means µ1 = 0 and µ2 = 10, component

standard deviations σ1 = 1 and σ2 = 2, and component weights w1 = 0.25 and w2 = 0.75.

We perform these tests by running 100 independent instances of each of the three algorithms.

The KS statistic is computed at each iteration across all 100 instances of the algorithms.

This statistic gives the maximum distance between the empirical CDF and the true CDF of

the target distribution:

Dt = sup
x
|Gt(x)− F (x)|,

where Gt(x) is the empirical CDF of the sampler computed using the 100 samples at iter-

ation t, and F (x) is the target CDF. For this experiment, the target CDF can be written

analytically as:

F (x) = w1Φ1(x) + w2Φ2(x)

where Φi(x) is the normal CDF for the ith component of the mixture.

Figure 3.2 gives the LOWESS-fitted curves to the KS statistic for 1,000 iterations of each

of the algorithms. LOWESS smoothing is done to reduce the noise in these statistics and

demonstrate visually that weighted particle tempering produces a larger sample from the
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Figure 3.2: Smoothed Kolmogorov-Smirnov (KS) statistics for weighted particle tempering

(solid), parallel tempering (dashed), and parallel hierarchical sampling (dotted).

target distribution in less time while parallel tempering and parallel hierarchical sampling

require nearly 100 to 200 burnin iterations to converge. We conclude that for a fixed number

of iterations, weighted particle tempering produces a larger sample from the target distribu-

tion than parallel tempering or parallel hierarchical sampling due to the burnin period.

3.7.2 Bivariate Mixture

For the experiment in this section, we use a two-dimensional, five-component mixture of nor-

mals as the target distribution. The component weights and centers are in table 3.1. Figure

3.3 depicts samples from single runs of parallel tempering, parallel hierarchical sampling,

and weighted particle tempering, showing how the Monte Carlo variance could be higher

with parallel tempering and parallel hierarchical sampling due to autocorrelation.
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PT PHS WPT

Figure 3.3: Samples (N = 4,000) from a single run of parallel tempering (PT), parallel

hierarchical sampling (PHS), and weighted particle tempering (WPT). The dashed contours

mark the boundaries of the densest 90% mass region.

Table 3.1: Parameters for the five components of the normal mixture we use as a target

distribution in our simulation study. All components have the identity covariance matrix.

Center (−5,−8) (5, 5) (−15, 5) (10, 12) (5,−15)

Weight 1/2 1/6 1/6 1/12 1/12

A local-update Metropolis-Hastings algorithm struggles to sample from this distribution

because it finds a mode and sticks to it for long stretches of time. While parallel tempering

and parallel hierarchical sampling provide remedies for this issue, the dependence structure

among their underlying chains cause them to stick to modes for longer than weighted particle

tempering, where particles are allowed to explore independently.

We tune parallel tempering over a range of settings, as shown in table 3.2. At each setting of

the number of underlying particles p, we choose a log-linear sequence of exponents, beginning

at ν0 = 1 and ending at νp < 1, as per the recommendation of Kone & Kofke (2005). At each

setting of p and νp, we run the algorithm 100 times and collect 1,000 samples at each setting

of p and νp. Then for each of these trials we compute the vector of proportions of samples

that land within the five disjoint regions whose union forms the 90% densest probability
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Table 3.2: Root mean squared error (RMSE) for parallel tempering (PT) and weighted

particle tempering (WPT) at different tuning settings. Light gray marks the minimum

RMSE at each exponent, and dark gray is the optimal RMSE.

νp (PT) ν (WPT)

p 0.9 0.5 0.1 0.05 0.01 0.005 0.9 0.5 0.1 0.05 0.01 0.005

2 0.78 0.74 0.28 0.29 0.41 0.44 0.78 0.71 0.14 0.12 0.19 0.22

5 0.73 0.71 0.23 0.22 0.20 0.23 0.74 0.69 0.10 0.07 0.11 0.17

10 0.73 0.68 0.26 0.29 0.27 0.25 0.73 0.66 0.06 0.06 0.09 0.10

20 0.74 0.74 0.42 0.40 0.33 0.33 0.74 0.65 0.05 0.04 0.06 0.07

region (see figure 3.3), and compare these estimated proportions to their true values, which

are roughly 0.48, 0.15, 0.15, 0.06, and 0.06.

Through this process, we find an optimal setting – in the sense of minimum root mean

squared error – for parallel tempering of p = 5 underlying chains and νp = 0.01 as the smallest

tempering exponent. Note that this setting is in the interior of the tunable parameter space,

so increasing p does not in general lead to improved performance.

To make parallel hierarchical sampling and weighted particle tempering computationally

comparable, we also select p = 5 for the number of their underlying chains. However, the

reader should note that both of these algorithms would perform better with larger p. Tuning

weighted particle tempering then becomes an issue of selecting the tempering exponent ν,

the weighting exponent δ (we use δ = 1), and the proposal standard deviations for all chains.

We try the same values for tempering exponent ν as we do for νp in parallel tempering and

find the optimal setting in terms of minimum root mean squared error to be ν = 0.05.

Tuning parallel hierarchical sampling is comparably simple, but it is not clear how to select

the p different proposal standard deviations for the underlying chains. For each of our trials,

we randomly generate proposal standard deviations σi ∼ Exp(1/3) for i = 1, . . . , p because

we want to model the uncertainty in how to tune the sampler, and we find that an average
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Figure 3.4: Boxplots of the empirical proportions of samples landing in the five modes

composing the densest 90% mass regions for 100 runs of both samplers. Dashed horizontal

bars indicate the ground truth.

proposal standard deviation of 3 works well.

Once the three algorithms are appropriately tuned, we perform 100 runs, each yielding 1,000

samples. For each run, we calculate the proportion of samples landing in the 90% densest-

mass region (denoted by the contours in figure 3.3). Figure 3.4 demonstrates that weighed

particle tempering outperforms parallel tempering and parallel hierarchical sampling in the

precision of placing the samples within these bounds. However, all three algorithms on

average place 90% of their samples inside the union of these disjoint regions, as can bee seen

in figure 3.5.

Because parallel tempering and parallel hierarchical sampling share information across all of

their underlying chains, the algorithms are able to exploit the locations of the particles as they



Marcos Carzolio Toledo Arantes Chapter 3. WPT: Methodology 48

Figure 3.5: Boxplots demonstrating the aggregate placement of samples within the 90%

highest-density region for parallel hierarchical sampling (PHS), parallel tempering (PT),

and weighted particle tempering (WPT).

explore the sample space. However, this exploitation comes at a cost of inducing dependence

among the chains, which means that if they are jointly stuck at a mode or set of modes,

they will take a long time to escape, which causes the final samples to be autocorrelated

and inflates the Monte Carlo variance. In contrast, the parallel implementation of weighted

particle tempering mixes over its several underlying chains after they have explored, thereby

avoiding this complication.

3.7.3 High-Dimensional Mixture

In this section, we discuss weighted particle tempering’s limitations when the dimension of

the target’s sample space is increased. Specifically, our target distribution is a d-dimensional,
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two-component standard normal mixture, where the components are at opposite corners of

the unit hypercube. What we find is that it becomes increasingly difficult to find a suitable

weighted particle tempering exponent that allows for both good mixing at the underlying

particle level and good acceptance rates at the mother level. However, initializing the un-

derlying chains independently at random and in an overdispersed manner, and allowing the

cold chain to alternate between selecting from tempered chains and making a random-walk

Metropolis update provides for improved mixing between the two high-dimensional modes.

To show how the algorithm’s deteriorating performance in problem dimension can be mit-

igated with a larger volume of particles, figure 3.6 demonstrates how the Brooks-Gelman

multivariate potential scale reduction factor (MPSRF) (Brooks & Gelman 1998) decreases

with an increasing number of underlying chains. The MPSRF compares the output of several

parallel instances of an algorithm, and it is used as a stopping rule for convergence. The

MPSRF is calculated as follows

R̂p = max
a

a′V̂ a

a′Wa

where V̂ is the estimated covariance matrix across all chains and W is the within-chain

covariance matrix. This scalar measure compares the intra- and inter-chain covariances to

quantify distance to stationarity. A larger value indicates the MCMC algorithm has not yet

converged.

We run weighted particle tempering for different dimensions of the bimodal target distribu-

tion and at varying numbers of underlying particles p, and for a fixed number of iterations

(1,000) we compute the MPSRF. We find that MPSRF increases with problem dimension

and decreases with number of underlying particles. Ultimately this means we can remedy the

curse of dimensionality with more computational horsepower. Parallel tempering should per-

form well in these high-dimensional scenarios provided the algorithm is tuned well. However,

when it is not clear how to properly tune parallel tempering, weighted particle tempering

provides an attractive alternative such that the practitioner knows that he or she can always

do better with more worker nodes.
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Figure 3.6: MPSRF for different dimensions of the target distribution and for different

numbers of underlying particles in weighted particle tempering. Each run is done with

the same tempering exponent ν = 0.9, the same number of iterations N = 1,000, the

same proposal distribution standard deviation, and five chains to compute the MPSRF. The

circles are the average MPSRF for a 5-dimensional target distribution, the triangles for a

50-dimensional target, and the crosses for a 100-dimensional target.

3.8 Discussion

We have proposed a new algorithm that allows for exploration of a complex, intractable

distribution with ease given arbitrary computational power. Practitioners applying the al-

gorithm will find it simple to tune and straightforward to implement. We have shown that

the algorithm is detail balanced, ensuring convergence to the target distribution, and we

have empirically shown it to have some advantages over parallel tempering and parallel hier-

archical sampling in the following senses: reduced Monte Carlo variance, simpler tuning, and

faster mixing. We see that weighted particle tempering could lose its edge over a well-tuned
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parallel tempering as the dimension of the parameter or sample space increases. However,

this problem can be mitigated by increasing the number of underlying worker nodes.

Through several numerical experiments, we have shown weighted particle tempering to be

a versatile, fast, and precise alternative to parallel tempering and parallel hierarchical sam-

pling. It remains to be theoretically proven, however, under what conditions weighted par-

ticle tempering converges to the target distribution faster than its competitors. There is a

clear need for advancing the theory of convergence rates for advanced Markov chain Monte

Carlo algorithms such as ours, but we have also contributed an asymptotic argument for the

detail balanced condition as it relates to the parallelized version of our algorithm. Users of

these algorithms will be attracted to weighted particle tempering’s simpler implementation

and broad applicability.
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Chapter 4

Weighted Particle Tempering:

Applications and Case Studies

Abstract

In the previous chapter, we introduced weighted particle tempering and showed

that it can outperform parallel tempering and parallel hierarchical sampling through

several simulation studies. In this chapter, we explore two case study applications of

weighted particle tempering: Bayesian classification trees for the Wisconsin breast can-

cer dataset and decomposable Gaussian graphical models for financial data. Both of

these applications require the sampling of graphs, which is a traditionally difficult prob-

lem. In particular, depending on the types of local-update MCMC moves, traversing

graph space often requires visiting lower-density graphs before reaching higher-density

ones. In this sense, posterior distributions on graphs are often highly multimodal.

We showcase the performance of weighted particle tempering, again in comparison to

parallel tempering and parallel hierarchical sampling. While all three algorithms have

similar performances, the key advantage of weighted particle tempering over the other

two is that it is significantly easier to tune.

Keywords. Bayesian binary classification tree, decomposable Gaussian graphical model
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4.1 Introduction

In this chapter, we explore how weighted particle tempering can be applied to a variety

of models for Bayesian inference. Specifically, we use weighted particle tempering to learn

binary classification trees for breast cancer prediction, and we implement the algorithm to

infer decomposable Gaussian graphical models for stock portfolio estimation. We compare

our algorithm to parallel tempering (Swendsen & Wang (1986),Geyer (1991)) and parallel

hierarchical sampling (Rigat & Mira 2012), as well as Metropolis-Hastings (Hastings 1970)

as implemented in Chipman et al. (1998).

The models we use in this section are similar in that they use concepts from combinatorics

and graph theory. An excellent introduction to this contemporary field can be found in

Harris et al. (2008). Most relevant to our purposes is the fact that the models explore a

very large, discrete space. In general, optimization and posterior sampling for large discrete

sample spaces are challenging tasks. Aoki et al. (2012) provides a review of Markov chain

Monte Carlo methods for this scenario. In particular, the challenges arise when the MCMC

update rules define a connected space over which the algorithm can traverse. If this connected

space requires that, to get from one state of a certain target distribution value to another

state of higher target distribution value, the algorithm must pass a valley of states of lower

target distribution value, then the target distribution can be considered multimodal for

the algorithm’s purposes. Sampling over such a multimodal probability space can be quite

difficult, as local-update MCMC methods can get trapped in modes. We find that since

weighted particle tempering has a mother chain with a selection of underlying chains from

which to choose, the algorithm is well-suited to escape these local traps.

The remainder of this chapter is divided in the following sections. Section 4.2 looks at the

canonical Wisconsin Breast Cancer Dataset and how the covariate space can be partitioned to

classify tumor cases as benign or malignant. Section 4.3 explores a dataset of log-returns for

20 randomly chosen stocks from the S&P 500, performing covariance regularization through

the use of Gaussian graphical models. Finally, we finish with a discussion in section 4.4.
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Table 4.1: Variables for the Wisconsin Breast Cancer Dataset

Variable Code

Clump thickness clump

Uniformity of cell size size

Uniformity of cell shape shape

Marginal adhesion adhes

Single epithelial cell size secs

Bare nuclei bare

Bland chromatin bland

Normal nucleoli normal

Mitosis mitosis

Class class (2 = benign, 4 = malignant)

4.2 Bayesian Classification Trees for the Wisconsin Breast

Cancer Dataset

4.2.1 Data and Model

In this section, we explore the applicability of weighted particle tempering to the same

binary classification trees of Chipman et al. (1998), hereafter referred to as CGM after the

initials of the three authors. In particular, this model is used for supervised classification

in the canonical Wisconsin Breast Cancer Dataset (Wolberg & Mangasarian 1990), which

is available at the UCI Machine Learning Repository (Lichman 2013). The data consist of

683 complete cases of cellular characteristics that are useful in predicting the malignancy

of a tumor. All of the nine covariates are ordinal variables, each taking an integer value in

{1, . . . , 10}. The variable names and descriptions are given in table 4.1.

The model consists of a binary tree that gives the probability of a benign tumor given
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its cellular characteristics. Terminal nodes on the tree store these probabilities, which are

retrieved by filtering data through the tree’s internal nodes, beginning at the root node.

Each internal node on the tree has a splitting rule that sends an observation to the left or

right child node. A splitting rule consists of a splitting variable and value, e.g. {bare ≥ 7},

where if a datum falls on such a node, it will be sent to the left child if its value for bare is

strictly less than 7 and to the right child otherwise.

The space of all binary classification trees for this application is quite large, and fitting these

trees to the data to minimize the misclassification rate can lead to deep, complicated, and

unwieldy trees – model overfitting – which can be detrimental to out-of-sample prediction.

That is why a priori, we would like to induce sparsity on the tree structure. To accom-

plish this, we adopt CGM’s generative prior on trees where the probability of splitting an

intermediary tree T at terminal node η is

psplit(η|T ) = α (1 + dη)
−β .

Here, dη is the depth of node η on tree T , and α ∈ [0, 1] and β ≥ 0 are hyperparameters.

We choose α = 0.95 and β = 1 to match the work of CGM. One generates a tree from the

prior distribution by initiating a root node tree T0 and then recursively iterating through

trees until no terminal node is split.

The terminal nodes store sets of probabilities for class labels. In our case there are only two

classes: benign or malignant. By using Dirichlet(αp) priors for these terminal node probabil-

ities conditioned on the tree T , we are able to marginalize out the probabilities and perform

inference directly on the tree structure using the posterior P (T |X, Y ) ∝ P (T )P (Y |X,T ).

The marginal likelihood is

P (Y |X,T ) =

(
Γ (
∑

k αpk)∏
k Γ (αpk)

)b b∏
i=1

∏
k Γ (nik + αpk)

Γ (ni +
∑

k αpk)
,

where nik is the number of observations at the ith terminal node belonging to the kth class,

ni =
∑

k nik is the total number of observations at the ith terminal node, k = 1, . . . , K,

where K is the number of classes, and b is the number of terminal nodes in tree T . In our
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application K = 2 since there are only two classes, and we use αp1 = αp2 = 1, matching the

prior specification of CGM.

4.2.2 Sampling Binary Trees

We sample over tree space using a random walk defined by the same four moves in CGM:

Grow, Prune, Swap, and Change. Grow randomly splits a terminal node into two new

terminals, and randomly assigns a splitting rule to the new parent. Prune is the reverse of

Grow, randomly merging two sibling terminal nodes. Swap exchanges the splitting rules of

parent/child nodes that are both internal nodes, unless the child and its sibling have identical

rules, in which case both siblings exchange with the parent. Change randomly selects an

internal node and assigns a new splitting rule at random. Both Swap and Change are their

own reverse moves.

Exploring tree space is complicated by the existence of multiple modes. CGM take on this

problem headlong by running long chains of their Metropolis-Hastings algorithm at multiple

starting locations. They initiate the MH algorithm at the single-node tree 500 times and

collect 5,000 samples each time. They also initiate the MH algorithm at each of the 10 best

(in terms of marginal likelihood) trees found by greedy search using 500 bootstrap samples

of the data. Then for each of the 10 starting trees, they run 25 chains of 1,000 iterations.

Their large search over this space identifies sparse trees with log-marginal likelihoods as high

as -62.2.

In a sense, weighted particle tempering performs these functions automatically, substantially

simplifying the search process and producing a larger sample of interesting trees in less time.

With only ten tempered particles, a tempering exponent of ν = 0.9 and weighting exponent

of δ = 1, we collect 1,000 iterations and are able to find trees with log-marginal likelihoods

as high as -60.4. Such a run of weighted particle tempering, performed in parallel, is com-

putationally equivalent to a single run of Metropolis-Hastings with only 11,000 iterations,

although the latter is necessarily performed in series.
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WPT CGM

Figure 4.1: Highest posterior tree found by weighted particle tempering and CGM’s best

tree. Dashed (solid) edges indicate the path when the parent splitting rule evaluates as false

(true). Terminal nodes display the number of misclassified cases out of total cases arriving

at the node.

Figure 4.1 depicts the tree with the highest posterior found by WPT in comparison with

one of CGM’s most well-rounded trees. While the difference in their log-posteriors is small,

it is important to note the discrepancy in amount of computation needed for each algorithm

to find their best trees. Additionally, the Metropolis-Hastings algorithm requires multiple

restarts. As a result, it is not clear how to combine samples across multiple chains to produce

posterior samples.

For comparison, we also use parallel tempering and parallel hierarchical sampling to pro-

duce tree samples. With parallel tempering, we use a log-linear sequence of ten tempered

levels below the mother chain with a minimum exponent of νp = 0.5. With parallel hi-

erarchical sampling, we also use ten underlying chains for consistency among the different

methods. While these two algorithms provide significant improvements over CGM’s random

walk Metropolis-Hastings algorithm in terms of mixing and convergence to interesting trees,
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they both suffer from long burnin periods and sticking. As a result, after the 1,000 iterates

are collected from both algorithms, the highest posterior tree found by parallel tempering and

parallel hierarchical sampling are 1.2 and 5.4 log-posterior units less than that of weighted

particle tempering, respectively. Since we are able to save some computation and tuning

with weighted particle tempering over its competitors, we conclude that the algorithm is an

attractive alternative to the usual workhorses.

4.3 Decomposable Gaussian Graphical Models for Fi-

nancial Data

4.3.1 Data and Model

In this section, we analyze financial data for p = 20 randomly chosen stocks (table 4.2) and

perform covariance regularization through the use of Gaussian graphical models. Our data

are log-returns derived from daily price data. That is, if Pi,t is the adjusted closing price

of stock i on day t, then yi,t = log (Pi,t+1/Pi,t) is the log return associated with purchasing

the stock and selling on the following day. We treat the market vector of log-returns yt =

(y1,t, . . . , yp,t) for p stocks as an independent draw from a multivariate normal distribution

with mean zero and covariance matrix ΣG. The data are aggregated into a matrix Y =

(y1, . . . ,yT ) for the T = 2,200 business days between January 4, 2007 to September 29,

2015. We ignore issues of irregularities in the time periods between observations, such as

weekends and holidays.

The graph G = {V,E} is composed of vertices representing each stock with an edge shared

between two vertices if the corresponding element in the precision matrix Φ = Σ−1
G is nonzero.

That is, (i, j) ∈ E if and only if Φi,j 6= 0. We restrict our attention to decomposable graphs,

for which computation of the marginal posterior distribution of G is tractable. For more on

Gaussian graphical models, we refer the interested reader to the seminal work of Lauritzen
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(1996).

We place a prior on G that encourages a sparse number of edges by making the prior edge

inclusion probability a function of the number of vertices. Specifically, we place an indepen-

dent Bernoulli distribution on the edge inclusion indicators, making the prior edge inclusion

probability β = 2/(|V | − 1). For an unrestricted model that admits both decomposable and

non-decomposable graphs, the a priori expected number of edges would therefore be: |V |
2

 2

|V | − 1
= |V |.

By picking a hyper-inverse Wishart distribution as the conditional prior for the covariance

matrix ΣG, we are able to marginalize out the covariance matrix and perform direct inference

on the graph itself. The marginal posterior of the graph is proportional to the ratio of

normalizing constants for the hyper-inverse Wishart distributions in the prior and posterior

for ΣG (see Jones et al. (2005) for example).

Our model is therefore:

p (G = {V,E}) ∝ 2

|V | − 1

|E|(
1− 2

|V | − 1

)
 |V |

2

−|E|

ΣG|G ∼ HIWG(δ,D)

yt|ΣG ∼ N (0,ΣG) ,

and as a result the marginal likelihood of Y given G is:

p(Y|G) = (2π)−T |V |/2
h(G, δ,D)

h(G, δ∗, D∗)
,

where h(G, δ,D) is the normalizing constant for the hyper-inverse Wishart distribution with

degrees of freedom δ and location matrix D. Specifically, this normalizing constant is

h(G, δ,D) =
∏
p∈P

|Dpp|δ/2

2δ|Vp|/2Γ|Vp|(δ/2)

/∏
s∈S

|Dss|δ/2

2δ|Vs|/2Γ|Vs|(δ/2)
.
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Here, P is the set of all prime components of the graph G, and S is the set of separators.

Dpp and Dss denote the submatrices of D corresponding to the vertices in prime component

p and separator s, respectively. Γn(·) is the multivariate gamma function for dimension n.

The posterior parameters are δ∗ = δ+ T and D∗ = D+
∑T

t=1 yty
′
t, and for prior parameters

we use δ = p+ 1 and D = Ip×p.

4.3.2 Sampling Decomposable Graphs

We would ideally take a fully Bayesian approach to inferring the underlying graph in the

model above. To do so, we employ a proposal mechanism that can search over the massive

space of decomposable graphs and avoid sticking to local modes in the posterior. We use

the results of Giudici & Green (1999), which give necessary and sufficient conditions for a

decomposable graph, to build a list of candidate edges to either add or delete while preserving

decomposability for a move we call Edge Switch. Additionally, we perform a move called

Label Swap, which preserves the topology of the graph but attempts to switch the labels of

two vertices. A single random walk step in all of our implementations consists of choosing

one of the two proposal moves with equal probability. Both move types are their own reverse

moves.

In such an application, collecting an adequate sample of graphs is infeasible due to the size

of the sample space. Instead, our goal is to find a tree that gives the largest posterior in the

least amount of time. For WPT, we use ν = 0.8 as the tempering exponent, δ = 1−ν as the

proposal weight exponent, and p = 5 workers. In our PT implementation, we use νp = 0.8 as

the smallest exponent, then increment in a log-linear fashion to the largest exponent ν0 = 1,

again with p = 5 underlying chains. Finally, we implement PHS with p = 5 underlying

chains. We initialize all three algorithms at the complete graph and generate N = 2,000

samples with each algorithm.

Figure 4.2 demonstrates the highest posterior graph found by weighted particle tempering.

This graph is 0.3 and 0.8 log-posterior units greater than the best graphs found by parallel
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tempering and parallel hierarchical sampling, respectively. Again, we see that we achieve

similar levels of performance when compared to parallel tempering and parallel hierarchical

sampling, but with simplified tuning and with a slight speedup due to parallelization.

4.4 Discussion

We have applied weighted particle tempering to two particularly intractable models: binary

decision trees for classification and decomposable Gaussian graphical models. Our findings

are that weighted particle tempering performs competitively with other algorithms, with

the added benefits of simpler tuning (especially in comparison to parallel tempering) and

parallelizability. That is, if the algorithm struggles with a particular application, one remedy

that is always available is to increase the number of underlying chains. Doing so has minimal

impact on computational time if the algorithm is run in parallel.

We have established the versatility and robustness of weighted particle tempering. Further

work is now needed to extend the algorithm to multiple tempering exponents for the under-

lying particles or, similar to parallel hierarchical sampling, building a hierarchy composed

of multiple layers of weighted particle tempering. Sampling the underlying tempered distri-

butions can be performed by using weighted particle tempering at even smaller tempering

exponents. It would be interesting to see the limits of this algorithm, which has already

proven to be highly applicable and useful.
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Table 4.2: Twenty randomly selected stocks for our Gaussian graphical model.

Ticker Name Sector

JWN Nordstrom Apparel

AN AutoNation Inc. Auto

TGT Target Corp. Discount

GME GameStop Corp. Electronics

ETFC Etrade Financial Financial Services

K Kellogg Food

LNC Lincoln National Corp. Insurance

HIG The Hartford Group Insurance

ROK Rockwell Automation Inc. Machinery

DNR Denbury Resources Inc. Oil and Gas

TSO Tesoro Corp. Oil and Gas

AGN Allergan Pharmaceutical

HCP HCP Inc. REIT

VTR Ventas Inc. REIT

ALTR Altera Corp. Semiconductor

LRCX LRCX Semiconductor

TER Teradyne Inc. Semiconductor

X US Steel Corp. Steel

CTSH Cognizant Tech Corp. Tech

VRSN VeriSign Inc. Tech
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Figure 4.2: Highest posterior graph found by weighted particle tempering. It is 0.3 and

0.8 log-posterior units better than the best graphs found by parallel tempering and parallel

hierarchical sampling, respectively.



Chapter 5

Practical Reversible Jump Markov

Chain Monte Carlo

Abstract

Reversible jump Markov chain Monte Carlo (RJMCMC) is an algorithm that pro-

vides a way to sample from a posterior distribution on a sample space of varying

dimension. This scenario typically surfaces when selecting from or averaging over sev-

eral models, where different models have different numbers of parameters. However,

often times it is not clear how to propose a new sample when moving across dimensions,

since there is a possibly complex posterior dependence structure between model indi-

cator and model parameters. Performing such a move requires a priori knowledge of

this structure. We develop a straightforward, easily implemented method to generate

a proposal across model spaces and ultimately perform RJMCMC. The method in-

volves continuously optimizing parameters for each model, then using an independence

sampler generating samples near the optima every time a model jump is attempted.

Keywords. Bayesian model averaging, growth curves, reversible jump MCMC

67
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5.1 Introduction

Reversible Jump MCMC (RJMCMC) was introduced in Green (1995) as a method to tackle

the problem of Bayesian model determination. Generally speaking, a researcher may be

faced with a countable number of models from which to choose. Bayesian methods allow

the researcher to specify a prior over the space of models, and, in theory, extract from the

data a posterior distribution over the space. Under certain conditions, this posterior will

asymptotically collapse on the “true model,” should such a thing exist. However, under

finite sample sizes, posterior model probabilities are extremely useful for model averaging

(e.g. in prediction) or model selection (via the maximum a posteriori model), especially

under a decision theoretic framework.

While the creation of RJMCMC is in itself a great theoretical accomplishment, its imple-

mentation for any arbitrary problem continues to be a practical hurdle. The nontrivial tasks

inherent in applying RJMCMC involve tuning proposal distributions for moves both within

and across model space, as well as specifying a suitable mapping from one set of dimensions

to another. To do this effectively requires a strong understanding of all relationships among

models and variables in addition to knowledge of and proficiency in MCMC engineering.

To illustrate the difficulty in tuning an algorithm to perform cross-model moves, figure 5.1

shows a case where the conditional parameter distributions may change drastically in their

locations depending on the model under consideration. Such a situation may occur in a

set of models where parameters are correlated a posteriori. In the figure, there are three

models, M1,M2, and the full model M3, and two parameters, α and β. If the locations of

the parameters do not coincide across models as in this depiction, the RJMCMC user will

need to map out exactly how to make these proposals. Specifically, the mode of α under

model M1 is greater than that under the full model M3. The researcher must know this prior

to tuning his or her RJMCMC algorithm, so that when moving from model M1 to M3, the

value of a new α is reduced to bring the proposal closer to a region of high probability.
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Figure 5.1: Jumping across models M1, M2, and M3 is not straightforward in a situation such

as this. The locations of conditional modes change depending on the model. A well-designed

RJMCMC implementation should account for this when moving across model space.

Of course within the two decades following the introduction of RJMCMC, significant progress

has been made in developing algorithms that search over the model-parameter space effi-

ciently. Brooks et al. (2003) provides an excellent set of examples of RJMCMC using a more

specialized method to perform inferences in the context of autoregressive models, Gaussian

graphical models, and mixture models. The methods outlined in the work look to center

proposals around equal-likelihood parameter values and optimally scale the proposal distri-

bution about these values. One drawback is that the mapping function hk→k′ needs to be

specified. The work of Ehlers & Brooks (2008) provides some respite by proposing the use

of the posterior conditional distribution over the parameters in the proposed model, condi-

tioned on the parameters of the current model. Such a method, however, requires knowledge

or approximation of the full conditionals, a necessity that may be impossible to achieve for

the general inference problem.

Other efforts have been made to sidestep the issue of finding a suitable transformation

function entirely, among which is the seminal work of Carlin & Chib (1995), wherein the

authors achieve model selection by specifying a pseudo-prior for all models and by computing

full conditional distributions to perform Gibbs sampling.
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The current work extends that of Dellaportas et al. (2002) where a suggested strategy is

to jump across models by taking proposals from a distribution centered at a maximizer of

the target distribution: “One possible strategy, where appropriate, is to generate parameter

values using a normal distribution centred at the maximum likelihood estimate for βm with

variance equal to the asymptotic variance of the mle.” One might point out that the MLE

does not maximize the conditional posterior distribution. However, by the Bernstein-von

Mises theorem and under mild conditions, the MLE and maximum a posteriori (MAP)

estimators converge to each other, which provides some justification for the method.

Our method requires some preprocessing before running the MCMC. First we optimize the

conditional posteriors to find the MAP estimator of parameters for each model. Then,

whenever possible, we estimate the curvature, or the Hessian, of the conditional log-posteriors

at the MAP, and use it as the covariance matrix for proposals. At runtime, our reversible

jump algorithm proposes cross-model moves by drawing samples from a normal distribution

centered at the MAP and with covariance given by the Hessian. In this way, the method is

an independence sampler. One of the main benefits of this method, as we shall see, is that

there is no need to devise a clever transformation function and compute its Jacobian.

The remainder of this paper develops the concepts of our very general method for performing

RJMCMC. Section 5.2 introduces some notation and the general setting for reversible jump.

Section 5.3 outlines our method. Sections 5.4, 5.5, and 5.6 exhibit simulation studies to

illustrate the performance of our method, especially in comparison to usual implementations

of reversible jump, such as birth/death processes or moment matching. Finally, we wrap up

with a discussion in section 6.6.

5.2 Reversible Jump MCMC

Reversible jump is an extension of the typical Metropolis-Hastings algorithm to cross-

dimensional moves. Specifically, if Mk ∈ {M1, . . . ,MP} is a model in a possibly countably
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infinite set of candidate models, then (Mk, x) would be a state of an appropriate MCMC

algorithm, where k is the model indicator and x is an nk-dimensional parameter vector.

The state space for the target distribution will be X = ∪Pk=1(Mk × Xk), the union over all

models of the model indicators crossed with model sample spaces Xk ⊂ R. We will drop the

distinction between model Mk and the indicator k, as this will simplify notation. Therefore,

we consider the state of the Markov chain to be (k, x).

The algorithm accomplishes a move between two models of dimensions nk and nk′ by in-

troducing an auxiliary random vector u of dimension r and a diffeomorphic transformation

function h : Rnk ×Rr → Rnk′ ×Rr′ , where nk + r = nk′ + r′. This last requirement preserves

the total dimension across moves (the so-called “dimension matching” requirement). The

auxiliary random vector u needs to be generated by a distribution g(u|x, k → k′) specified

by the user, where we define g(u|x, k → k′) to be the proposal distribution when mov-

ing from model k to k′ and conditioning on the current position x. We use the notation

hk→k′(x, u) = (x′, u′) for the diffeomorphic function, and h−1
k→k′(x

′, u′) = (x, u) for its inverse.

A diffeomorphic function is a function whose derivative exists, as does the derivative of its

inverse.

In order to preserve detailed balance, RJMCMC is carried out as in algorithm 5.1. This

recipe produces a Markov chain that satisfies the detailed balance condition and converges

to the target distribution π(k, x). In a Bayesian context, this distribution is the posterior of

a parameter set and model indicator (k, θ) that can be factorized – up to a proportionality

constant – as π(θ, k|D) ∝ L(D|θ, k)π(θ|k)π(k).

5.3 Practical RJMCMC

The current method seeks to simplify the process of choosing a set of proposal distributions

g(u′|x, k → k′) and transformation functions hk→k′(x, u) = (x′, u′) – one for each type of

model jump – in order to alleviate the implementational burdens of this otherwise sophisti-
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Algorithm 5.1 Reversible Jump Markov Chain Monte Carlo

Initialize (k0, x0)

for t = 1, . . . , N do

With probability p(kt−1 → k′), propose a move from model kt−1 to model k′

u ∼ g(u|xt−1, kt−1 → k′)

(x′, u′)← hkt−1→k′(xt−1, u)

α← 1 ∧ π(k′,x′)p(k′→kt−1)g(u′|x′,k′→kt−1)
π(kt−1,xt−1)p(kt−1→k′)g(u|xt−1,kt−1→k′)

∣∣∣∣∣∣
dx′

dxt−1

du′

dxt−1

dx′

du
du′

du

∣∣∣∣∣∣
if v ∼ Unif(0, 1) < α then

kt ← k′

xt ← x′

else

kt ← kt−1

xt ← xt−1

end if

end for

cated algorithm. To do this in a near-automatic way, we choose the transformation functions

to yield a Jacobian of one in all applications.

We start by specifying the proposal distribution g(u|x, k → k′) as a normal distribution

centered at the MAP (maximum a posteriori) estimate for the posterior conditioned on model

k. We call this location µk′ = arg maxθ logL(D|θ, k′) + log π(θ|k′). There is a rich literature

and set of methods for finding µk′ under several conditions, but there is no guarantee of

being able to do so in general. For a broad set of applications, we recommend the limited

memory Broyden-Fletcher-Goldfarb-Shanno algorithm with box constraints, or “L-BFGS-

B” (Broyden (1970), Fletcher (1970), Goldfarb (1970), Shanno (1970), Byrd et al. (1995)).

This derivative-free algorithm allows for inequality constraints on the space over which we

optimize, and it can produce an estimate of the Hessian of the objective function, which in

our case is the conditional posterior.
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Once we find µk′ , we ideally compute the Hessian H, or matrix of second derivatives, of

the function logL(D|θ, k′) + log π(θ|k′). From the negative Hessian, we compute the nearest

positive definite matrix Knol & ten Berge (1989) and call this Σk′ , which we use as the

proposal distribution’s covariance matrix.

The optimization routine is performed for each model k, with multiple starting values for

the optimizer and by storing the optimal outcome over all restarts of the process. As such,

this preparation process is easily divided among multiple workers and highly parallelizable.

All optimized values are stored and used as the center of the proposal distributions for the

reversible jump algorithm in section 5.2, which is therefore u ∼ N(µk′ ,Σk′).

In theory, an ideal proposal distribution would be one that is most similar to the conditional

posterior π(θ|D, k). Our proposal distribution, however, provides a rough approximation to

the conditional posterior near the maximum.

Next, we set the transformation function hk→k′(x, u) = (u, x), essentially reversing the inputs

for the outputs. It is easy to see that the dimension matching criterion is achieved in this

case, and the Jacobian can be shown to be 1 as follows:

J =

∣∣∣∣∣∣
dx′

dx
du′

dx

dx′

du
du′

du

∣∣∣∣∣∣
=

∣∣∣∣∣∣
du
dx

dx
dx

du
du

dx
du

∣∣∣∣∣∣
=

∣∣∣∣∣∣ 0 1

1 0

∣∣∣∣∣∣
= 1.

By specifying a proposal distribution that roughly approximates the conditional posterior

for all models with a transformation function that yields a Jacobian with a constant value

of one regardless of the application, we are able to apply RJMCMC in a wide variety of



Marcos Carzolio Toledo Arantes Chapter 5. Practical RJMCMC 74

practical scenarios. What follows is a set of examples demonstrating its use.

5.4 Linear Regression

In this section, we perform variable selection for a multiple linear regression. It turns out

that our method is especially well suited for situations where the conditional posterior dis-

tributions are normal. This is because the proposal distributions will match exactly to the

conditional posteriors. As we shall see, our linear regression scenario has this property.

5.4.1 Simulation Design

We simulate N = 1,000 data points yi from the following zero-intercept linear model:

yi = x′iβ + εi,

with εi ∼ N(0, 1). The full model has β ∈ R10, but we consider all K = 210− 1 = 1,023 pos-

sible models with at least one nonzero coefficient. The covariate vectors xi are independent,

uncorrelated standard normal vectors. The true model has only n = 3 nonzero coefficients,

which are also drawn from the standard normal distribution. All conditional priors on the

coefficients are improper flat priors, π(βk|Mk) ∝ 1. Finally, we place equal prior probability

on all models.

With this model, we can analytically solve for the posterior distribution over the model

space. To do this, we need the marginal likelihood,

L(y|Mk) =

∫
L(y|βk,Mk)π(βk|Mk)dβk,

which we would use to compute the posterior model probabilities:

π(Mk|y) =
L(y|Mk)π(Mk)∑K
i=1 L(y|Mi)π(Mi)

.
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It can be shown that the marginal likelihood for each model is

L(y|Mk) =

(
1√
2π

)N−nk
|X ′kXk|−1/2

exp

{
−1

2
y′(I −Xk(X

′
kXk)

−1X ′k)y

}
,

where Xk is the covariate matrix for model Mk and nk is the model dimension. Therefore, we

can compute the posterior model probabilities by computing all 1,023 marginal likelihoods

and normalizing them, since all models are a priori equally likely.

The conditional posterior distribution on the parameters is

π(βk|y,Mk) = N
(
(X ′kXk)

−1X ′ky, (X
′
kXk)

−1
)
,

so the maximizer is the mean (X ′kXk)
−1X ′ky, and the negative Hessian of the log-posterior

is the covariance (X ′kXk)
−1. As such, draws from the proposal distributions using practical

reversible jump will be exact draws from the conditional posteriors.

5.4.2 Birth/Death Reversible Jump

For a comparison with our practical reversible jump method, we run a birth/death imple-

mentation of reversible jump with two possible model jumps, birth or death. In a birth

move, we propose introducing covariate j into the model by first defining r(βk) := y−Xkβk

as the residuals from the current model and µ(βk) := (x′jxj)
−1x′jr(βk) as the point esti-

mate for the new coefficient from regressing the residuals on covariate j. Next, we define

σ(βk)
2 := r(βk)

′(I − xj(x
′
jxj)

−1x′j)r(βk)/(N − 1) to be the estimated variance. The aux-

iliary random variable for a birth move is u ∼ N(0, 1). By using the linear transformation

hk→k′(βk, u) = (βk, uσ(βk) +µ(βk)), we randomly generate our new candidate. It is easy to

see that the Jacobian for this kind of move is Jbirth = σ(βk).

For a death move, we drop a coefficient from the model – call it βj. This move does not require

an auxiliary random variable, and the transformation is just hk→k′(βk, βj) = (βk, (βj −

µ(βk))/σ(βk)), where µ(βk) and σ(βk) are defined in the same way as above. The Jacobian
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Figure 5.2: Boxplots comparing root mean squared error for estimates of posterior model

probabilities for the birth/death algorithm and practical reversible jump.

for the transformation is necessarily the reciprocal of the Jacobian for the birth move, or

Jdeath = 1/σ(βk).

One more necessary detail is that if a death is proposed when only one coefficient remains in

the model – a move that would result in a null model – then the proposal is automatically

rejected in the sense that the Markov chain counter advances but the states remain fixed.

This precaution ensures that births and deaths happen with equal probability, preventing

the need to account for the probabilities of proposing to add or remove a candidate from a

varying number of coefficients.

5.4.3 Results

To make our comparisons, we run both the practical reversible jump algorithm and the

birth/death algorithm 100 times for 1,000 iterations each, then use the samples to estimate

posterior model probabilities and compare them to the known posterior model probabilities.

Figure 5.2 shows the results of the analysis by visualizing the root mean squared error

(RMSE) of both algorithms. In this situation, practical reversible jump is especially well
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suited for the analysis, and it shows. With an average RMSE of almost five times greater

than that of practical reversible jump, the birth/death algorithm seems to require much

larger chains to reduce its Monte Carlo variance. Additionally, the birth/death algorithm

requires knowledge that regressing the residuals against the covariate that is entering or

exiting the model provides a good transformation. In general, this kind of relationship is

not always so obvious.

5.5 Poisson / Negative Binomial

In this section, we explore an example from Green & Hastie (2009) that illustrates where

practical reversible jump can break down. Just as with any independence sampler, if the

proposal distribution does not approximate the target distribution well, the algorithm will

be slow to mix. The authors of Green & Hastie (2009) build a reversible jump algorithm to

analyze a dataset relating to goal counts in soccer, selecting between a Poisson model and a

negative binomial model. Another application of a similar model to a dataset about tumor

counts in genetically-engineered mice can be found in Newton & Hastie (2006). We would

like to know the ground truth, so our investigation uses simulated data. Keeping the true

parameters constant, we generate several datasets of fixed size and use our reversible jump

implementation to simulate from the posterior. For comparison, we also simulate from the

posterior using the algorithm of Green & Hastie (2009), which we refer to as Green-Hastie.

5.5.1 Simulation Design

We simulate n = 25 negative binomial data points, y ∼ NB(r, p), and consider the following

two models:

M1 : y ∼ Poisson(λ),

M2 : y ∼ NB(r, p).
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The Poisson model only has the unknown rate parameter λ, while the negative binomial

(true) model has two parameters, size r and probability p. Reversible jump MCMC allows

us to sample from the posteriors of both models according to the evidence for each. We

purposefully pick the true parameters r = 10 and p = 0.35 so that the expected value of the

data is close to the variance, which will match what is expected of the first two moments for

a set of Poisson random variables:

E(yi) =
rp

1− p
=

10× 0.35

0.65
≈ 5.38,

V ar(yi) =
rp

(1− p)2
=

10× 0.35

0.652
≈ 8.28.

In doing so, the n observations will be well-approximated by a Poisson distribution, and

will encourage the algorithm to explore that model. We use the prior model probabilities

of π(Mk) = 0.5 for k ∈ {1, 2}. For the parameters, we have the priors λ ∼ Exp(1),

r ∼ Exp(1/20) and p ∼ Unif(0, 1).

Every time we generate a dataset, we run 10,000 iterations of both practical reversible jump

and the Green-Hastie implementation and store their computed posterior model probabilities.

Both algorithms are initialized in the same manner, and both use the same within-model

Metropolis-Hastings move. Also, both algorithms have a 0.5 chance of proposing a model

jump, so p(1→ 2) = p(2→ 1) = 0.5.

5.5.2 The Green-Hastie Implementation

Our parameterization differs from Green-Hastie, so we present the details in the following.

Green-Hastie uses the auxiliary random variable u ∼ N(0, 1). When jumping from model

M1 to M2, the transformation function is

h1→2(λ, u) =

(
µ exp(u),

λ

µ exp(u) + λ

)
,

for some tuning parameter µ. We will show how this parameter affects the Monte Carlo

variance of the posterior model probabilities. In the reverse direction, there is no auxiliary
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variable, and the transformation function is

h2→1(r, p) =

(
rp

1− p
, log

(
r

µ

))
.

Notice that the transformation functions are a form of the usual moment-matching reversible

jump.

One could verify that with this choice of functions, the Jacobians are:

J1→2 =
1(

1 + λ
µ exp(u)

)2 ,

J2→1 =
1

(1− p)2
.

Therefore, the acceptance probabilities are:

α1→2 = 1 ∧
π

(
2,

(
µ exp(u), 1

1+ λ
µ exp(u)

))
π(1, λ)

√
2π exp(u2/2)J1→2,

α2→1 = 1 ∧
π
(

1, r(1−p)
p

)
π(2, (r, p))

1√
2π

exp
(
− log(r/µ)2/2

)
J2→1.

It is unclear if the transformation functions and proposal distribution for Green-Hastie are

good ones for this problem, and if so, it is also not clear how to choose the tunable parameter

µ. We run the algorithm for various levels of the parameter to show that mixing is affected

by the choice of µ, and therefore so is the Monte Carlo variance.

5.5.3 Results

Samples from separate Metropolis-Hastings algorithms targeting the two models are shown

in figure 5.3 to demonstrate what the conditional posterior distributions should look like.

Since the samples in the figure were produced independently, they are unable to give posterior

model probabilities. Superimposed on the images in figure 5.3 are the densities of the normal

distributions that practical reversible jump uses as the proposal distribution when performing

a model jump. From the figure, one can see that proposing into the Poisson model almost
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Poisson Negative Binomial

Figure 5.3: Samples from the conditional posteriors for the Poisson and negative binomial

models. Red lines are sample densities. Blue lines are the densities of the normal distribu-

tions used to generate proposals for model jumps in practical reversible jump.

exactly generates a sample from the posterior, while proposing into the negative binomial

model tends to place a sample within a high density region. Because the negative binomial

model’s posterior distribution is not well approximated by the normal distribution due to its

curved contours, practical reversible jump suffers from slower mixing than Green-Hastie.

In any case, practical reversible jump is able to hop between models well. From a single

run of the algorithm, we generate the traceplot for the two parameters λ and r in figure

5.4. This figure shows how the algorithm is capable of jumping between models, even if

the within-model moves for the negative binomial model wander away from the location

of the mass in the Poisson model. In other words, the algorithm is mixing well over the

model space. However, careful inspection reveals that samples of the size parameter r are

not covering the tails of the distribution as well due to the independence sampling nature

of practical reversible jump. Specifically, no sample is larger than 30, yet the conditional

posterior distribution reaches as far as 60 in figure 5.3. In this particular simulation, the

data only put a 0.5014 posterior probability on the negative binomial model according to
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Figure 5.4: Posterior samples from 10, 000 iterations of practical reversible jump. The red

denotes samples when the sampler explores the Poisson model (λ), while black denotes those

from the negative binomial model (r).

the sample from practical reversible jump, or a 0.5050 posterior probability on the same

according to the Green-Hastie sample.

We run 100 repetitions of the Green-Hastie algorithm each at ten different tuning levels for

the parameter µ, computing posterior model probabilities in every run. We do the same for

practical reversible jump. Since the underlying dataset does not change, the only variability

in these estimates is due to Monte Carlo error. Figure 5.5 shows these estimated probabilities

and how they can vary as a function of the tuning parameter µ. Since practical reversible

jump does not require tuning, there is only one set of estimated probabilities. However,

the Monte Carlo variance on the estimated posterior model probabilities is clearly larger for

practical reversible jump, due to the fact that the algorithm explores each model for extended

stretches of time before it can model jump. One potential solution for this would be to run
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Figure 5.5: Estimated negative binomial model probabilities for Green-Hastie at different

levels of the tuning parameter µ (left) and practical reversible jump (right).

some pilot chains targeting the conditional posteriors, then estimate these distributions with

a Gaussian mixture and simulate from the fitted mixture at runtime.

We conclude this section by noting that any independence sampler will mix poorly if the

proposal distribution does not approximate the target well. Likewise, practical reversible

jump will also suffer if the contours of the conditional posterior distributions are poorly

approximated by a normal distribution. The redeeming feature of practical reversible jump

is that it is easy to tune, so the user may be satisfied with sacrificing implementation time

in exchange for computer time.
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5.6 Growth Curves

In this section, we illustrate how our method can sample over a set of nonlinear models.

Particularly, we consider three parametric growth curves that could explain our simulated

data. From the parameterization, it is not clear how to transform model parameters when

jumping from one model to another. As such, we are unable to devise a clever transformation

function or proposal distribution without significant analytic manipulations of the models.

While estimates of our model’s parameters are not consistent, we empirically show that

estimates of the posterior model probabilities collapse on the true model as the sample size

increases.

5.6.1 Simulation Design

In the scientific literature, there are several commonly-used sigmoidal curves to model growth

data. We are interested in how reversible jump can average over or select from three: the

Richards (Richards 1959), Gompertz (see Islam et al. (2002) for an application to forecasting

diffusion of innovation), and logistic curves (Verhulst 1845). These nonlinear curves are

defined below:

R(t,θR) = θR,1 +
θR,4 − θR,1

(θR,3 + θR,5e−θR,2t)1/θR,6
,

G(t,θG) = θG,1e
−θG,2e−θG,3t ,

L(t,θL) =
θL,1

1 + θL,2e−θL,3t
,

where all parameters are non-negative, and dim(θR) = 6 while dim(θG) = dim(θL) = 3.

Notice also that the logistic curve is a special case of the Richards curve when θR,1 = 0,

θR,2 = θL,3, θR,3 = 1, θR,4 = θL,1, θR,5 = θL,2, and θR,6 = 1. It can also be shown that

the Gompertz curve can be recovered from the Richards curve by letting θR,6 → 0+, with

θR,1 = 0, θR,3 = 1, and θR,5 = −1+(θR,4/C)θR,6 for some constant C. In this case, θR,4 = θG,1,

log(C/θR,4) = θG,2 and θR,2 = θG,3.
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Table 5.1: True values and summary statistics for Monte Carlo samples of the true model’s

underlying parameters.

Parameter True Value Posterior Mean (s.e.)

θR,1 0.7 0.79 (0.06)

θR,2 0.5 0.46 (0.06)

θR,3 0.3 3.32 (0.58)

θR,4 1.2 1.38 (0.02)

θR,5 0.4 2.73 (0.53)

θR,6 9 5.77 (0.47)

σ 0.01 0.0086 (0.0003)

We simulate data from the Richards curve, then allow RJMCMC to sample over all of the

three possibilities and report posterior summaries. We start by choosing a sample size of n =

65, which we will later vary to demonstrate convergence to the true model with an increasing

number of samples. We set the true parameter values to θR = (0.7, 0.5, 0.3, 1.2, 0.4, 9)′. Then

we uniformly simulate random time points ti ∼ U(−10, 10) to finally create our dataset

yi ∼ N(R(ti,θR), σ = 0.01) for i = 1, . . . , 65 (see figure 5.6). We treat σ as another unknown

parameter. Figure 5.6 shows the resulting dataset along with the MAP estimators for the

three models.

Conditional priors for all parameters in the three models are independent exponential dis-

tributions with rates λM = 1
dim(θM )+1

for M ∈ {R,G,L}. We select this prior to avoid

discounting higher dimensional models, even though typically a researcher may want to do

so for regularization and parsimony. Finally, we place a uniform prior over the three models,

so π(M) = 1/3 for M ∈ {R,G,L}.
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Figure 5.6: Growth curve dataset for n = 65. The lines are the maximum a posteriori

estimates for the Richards (solid), Gompertz (dashed), and logistic (dotted) curves.

5.6.2 Results

After 10,000 Monte Carlo iterations, our algorithm computes the following posterior model

probabilities: π(R|y) = 0.86, π(G|y) = 0.02, and π(L|y) = 0.12. Table 5.1 shows summary

statistics for the posterior samples of model parameters compared to the true values. We

see that only two of the seven parameters are accurately estimated within a margin of error

of twice the estimated standard error. This is due to the fact that our dataset in the design

space (time) is limited to the interval (-10,10), which in turn makes it difficult to estimate

all parameters. In fact, estimators in such a situation are not guaranteed to be consistent,

meaning they do not converge to the true parameter values as sample size increases.

Figure 5.7 demonstrates that even though the parameter estimates may not be consistent,

the model probabilities are. As the dataset size increases, the posterior model probabilities



Marcos Carzolio Toledo Arantes Chapter 5. Practical RJMCMC 86

Figure 5.7: Estimated posterior model probabilities collapse on the true Richards model

(solid line) as the dataset size increases.

collapse onto the true Richards curve model. As such, practical reversible jump demonstrates

its ability to work on an application with a nonlinear model, where parameter relationships

across model spaces are difficult to map out. Our method therefore provides an automated

way to tune reversible jump in a wide variety of applications.

5.7 Discussion

We have developed a very generalizable methodology for performing reversible jump Markov

chain Monte Carlo on a broad class of problems. It is our hope that exposing this method will

increase the uptake of such a useful algorithm among practitioners. With reversible jump,

one has the ability to select over several models in a principled way or create an ensemble
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model. The former is generally useful for scientific inquiry, where the researcher is interested

in learning which model best fits his or her data. The latter is an excellent practice for

prediction and forecasting. Uncertainty over the model space can introduce an added layer

of noise. Model averaging helps smooth over the model error, typically improving predictive

performance.

Our method of performing reversible jump is particularly useful in cases when cross-model

relationships among parameters are unclear or unknown. While these relationships can

be derived in simple models such as linear models or with distributions where moments

can be matched, the general problem is quite difficult. In such situations, the practitioner

may be willing to sacrifice computer time in exchange for developing clever or sophisticated

sampling schemes to jump across models. While practical reversible jump suffers when a

normal distribution centered at the MAP estimate poorly details the target distributions, it

works as a good first-order approximation to other more sophisticated techniques with very

little or no tuning required.
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Chapter 6

Reversible Jump Weighted Particle

Tempering:

Analyzing the Impacts of Clean

Water Access on Child Development

Abstract

We analyze the causal impacts on child development of installing handpumps for

clean water access in rural villages in the northeastern province of Nampula, Mozam-

bique. Our longitudinal data are used to fit a nonlinear model, which describes the

monthly log-growth rates of boys and girls younger than five years of age, accounting

for sex, enumerator error, and censoring. We use a Bayesian hierarchical model with

variable dimension due to the unknown number of knots in the P-splines. Inference is

performed with a novel algorithm called reversible jump weighted particle tempering.

Keywords. Child development, improved water sources, P-splines, reversible jump MCMC,

weighted particle tempering

90



Marcos Carzolio Toledo Arantes Chapter 6. RJWPT 91

6.1 Introduction

Access to improved water sources is rare in rural villages of sub-Saharan Africa. In fact,

nearly half of all people that use unimproved drinking water sources live in sub-Saharan

Africa (UNICEF & Organization 2015). The effects of limited clean water access are varied,

from the potential spread of contagions to the additional daily time costs of collecting water

from a household’s preferred sources. The process of gathering water for daily activities

alone has several second-order impacts, including taking time away from child rearing or

school attendance, detracting from economically productive activities such as tending to

crops, fishing, or selling products, or even cutting into relaxation time.

In this work, we are concerned with the impacts of access to clean water on child development.

Specifically, we investigate how drinking potentially contaminated ground water, which may

cause bouts of diarrhea and dysentery, could lead to the stunting of a child’s growth or

gestational development. Presumably, if a child is drinking clean water, he or she will

be less susceptible to gastrointestinal disease and consequently experience a more normal

development. However, very little evidence exists for this hypothesis. The review and meta-

analysis of Fewtrell et al. (2005) finds little support for a reduction in risk of diarrheal

disease due to the installation of clean water infrastructure. On the other hand, the opinion

piece of Humphrey (2009) hypothesizes that regions with high fecal contamination may

have a higher prevalence of sub-clinical gastrointestinal illness that could have a material

impact on a child’s growth and development. In other words, children may be experiencing

gastrointestinal illness that is not severe enough to report, but may still be affecting their

development. Other reasons for the lack of evidence for a link between improved water access

and diarrhea may be that contagion may spread through other means besides water, such as

through contact by hands or from water storage containers that are already contaminated

despite a sterile water source (Wright et al. 2004).

The work herein examines child length data collected from two studies administered across

two years in a rural province of Mozambique. Several nuances to the data could mask the
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effects of handpump access on child development, motivating our use of a Bayesian hierar-

chical model to tease out these effects while simultaneously estimating model uncertainty.

Specifically, we employ cubic P-splines to estimate the log-growth rates of children. Several

research efforts have explored the use of components of the model, but to our knowledge,

our specific construction has never been implemented before. An introduction to splines and

their representation as a linear combination of basis functions, themselves constructed out

of splines, can be found in de Boor (1978), de Boor (1986), and Hastie & Tibshirani (1990).

A method for free-knot splines is found in Lindstrom (1999), and reversible jump MCMC al-

gorithms are developed for their estimation in DiMatteo et al. (2001) and Lindstrom (2002).

In Berry et al. (2002), the authors show how to apply splines to data with measurement

error, providing a concise introduction to the Bayesian treatment of P-splines.

Estimation for this model is a nontrivial task, requiring exploration of nonlinear submodels

with varying dimension and a moderate number of parameters. As such, a simple reversible

jump MCMC procedure would be difficult to tune due to the lack of prior knowledge about

the cross-model relationships among parameters. Specifying a proposal distribution and

transformation function for model jumps is not straightforward. We develop an efficient re-

versible jump extension of weighted particle tempering, which allows within-chain updates to

explore across the varying-dimension model space. With this novel procedure, we are able to

fully characterize the posterior distribution of our model, which in turn allows us to perform

Bayesian model averaging and estimate the uncertainty about our overall conclusions.

The remainder of this chapter is divided in the following way. Section 6.2 describes the

relevant details of the Mozambique dataset. Section 6.3 gives the background and specifics

of the cubic P-splines for log-growth rates model. Section 6.4 delves into the details of the

reversible jump weighted particle tempering procedure used to simulate from the posterior.

Section 6.5 presents the results and analysis. And section 6.6 concludes with a discussion

and some closing remarks.
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Figure 6.1: Nampula is a province located in the northeast of Mozambique.

6.2 The Mozambique Rural Water Supply Activity Dataset

The Millennium Challenge Corporation, an American foreign aid agency established by

Congress in 2004, commissioned an independent team of researchers from Virginia Tech

and Stanford to perform an evaluation of the impacts of installing handpumps for clean

water access in rural villages within the Nampula province of Mozambique (figure 6.1). This

impact evaluation (Hall et al. 2014), called the Rural Water Supply Activity (RWSA) study,

sought to quantify the socioeconomic and health effects of handpumps on households and

individuals who gain access to them. Typically, members of households that are located in

these rural villages do not have a source of clean water. Instead, they fetch water from nearby

rivers and poços, or wells (figure 6.2). Usually these sources are unprotected and susceptible

to runoff contamination. Additionally, members of households that use these sources often

spend hours per day collecting water, which could detract from more productive or relaxing

activities.

In order to investigate these impacts, two studies were performed: a baseline study in 2011

near the end of completion of the first phase of handpumps, and a follow-up study in 2013 af-

ter the second phase of handpump installation was completed. The baseline study consisted

of a survey of 1,579 households, while the follow-up contained a survey of 1,826 households.

1,147 of these households appeared in both studies, as an effort was made to geotag house-
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An unprotected poço, or well A handpump

Figure 6.2: Examples of water sources in the RWSA impact evaluation study.

holds in the baseline and revisit them in the follow-up. The heads of these households

answered questionnaires and consented to having their children’s lengths measured.

Child lengths were taken by laying a child on a graduated mat (figure 6.3) and noting the

length. The measured children were removed from the mat and then replaced on the mat in

order to get two separate measurements. In some cases, children were uncooperative for a

second measurement, and so only one value was recorded. Some children were longer than

the maximum mark on the mat of 99 cm, and so the data are right censored at 99 cm. A

combined total of 1,347 children were measured over the studies, with 187 of these children

appearing in both the baseline and follow-up. All children measured were between the ages

of 0 and 64 months old.

The 19 enumerators had varying degrees of success in measuring children. Figure 6.4 demon-

strates this by showing the absolute differences in the two measurements of an individual

child on a given visit. The discrepancies between the two measurements can be attributed

to measurement error. Some of the enumerators had no discrepancies, while others had
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RJWPT/Figures/child_measurement.jpg

Figure 6.3: A child is measured by laying her on a graduated mat, with each centimeter

demarcated from 10 cm to 99 cm.

some large discrepancies, suggesting enumerator error should be considered carefully in the

analysis.

Our research interest is to quantify the differences in child development when children have

or do not have access to handpumps. Figure 6.5 shows how without considering the nuances

of the data, such as censoring, longitudinal repeated measurements, enumerator error, or sex,

growth curves for children using and not using the handpumps appear to be indistinguishable.
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Figure 6.4: Absolute differences between the first and second measurement by enumerator.

A random jitter has been added to the individual points for better presentation.

6.3 Bayesian Cubic P-Splines for Log-Growth Rates

6.3.1 Cubic P-Splines Review

Cubic P-splines are a flexible nonlinear regression technique that we utilize to estimate the

log-growth rates of children. We begin with a spline order q = 3 for cubic splines and

a set of knots, ν1 < . . . < νk, with unknown cardinality k. Given these knots and the

spline order, we can build a set of n = k − q − 1 ∈ N linearly independent basis functions

Bq(x) = {B1,q(x), . . . , Bn,q(x)} via the following recursion:

Bi,1(x) :=

 1, if νi ≤ x < νi+1,

0, otherwise,

Bi,j := ωijBi,j−1 + (1− ωi+1,j)Bi+1,j−1,

ωij(x) :=

 x−νi
νi+j−1−νi , if νi 6= νi+j−1,

0, otherwise.
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Figure 6.5: A naive implementation of natural cubic splines on children whose households

indicated they used a handpump (blue) and did not use a handpump (red) when the mea-

surement was taken.

It is well known that splines can be represented as a linear combination of the above basis

functions, hence the term B-splines. When the knot locations and number are treated as

unknown parameters, this class of models is referred to as free knot splines. Lastly, when the

number of knots k is less than the number of data points, N , this class of models is referred

to as P-splines, or penalized splines. Cubic P-splines combine these features to preserve the

simplicity of B-splines, flexibility of free-knot splines, and parsimony of P-splines.

6.3.2 Model

We fit the above nonlinear model to the log-growth rates, which ensures that the estimated

growth rates are positive. This model can be thought of as a continuous process, which we

approximate by discretizing at the monthly level, since we only know every child’s age up
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to the month of measurement. Let Yi,m,j be the jth length measurement of the ith child on

month m of his or her life. Each child is measured by an enumerator η(i,m) ∈ {1, . . . , 19}

at most twice within the same visit to the household, so j ∈ {1, 2}. Some children were

measured in both the baseline study and two years later in the follow-up, while others were

only measured in one of the two. We use the following model for these measurements:

Yi,m,j = L(i,m) + εi + εi,m + εi,m,j, (6.1)

L(i,m) =
m∑
a=0

{γi,a`hp(si, a) + (1− γi,a)`nhp(si, a)} . (6.2)

In the formulation above, εi stands for the child’s deviation from the average length, which

has variance σ2
c ; εi,m is the measurement error corresponding to the date of the measurement,

which has variance σ2
d and also induces correlation for multiple measurements taken of a

child on the same visit to the household; and εi,m,j is the enumerator error with variance

σ2
η(i,m). Hence, each enumerator has an associated variance parameter σ2

η governing his or

her precision in measuring children. All error terms are normal random variables with zero

mean.

The unknown growth curve function L(i,m) is modeled as the accumulation of a child’s

growth over his or her lifetime, with separate growth rate functions `hp(si, a) and `nhp(si, a),

which are the amount a child of sex si ∈ {m, f} grows at age a if the child’s household uses

(hp) or does not use (nhp) a handpump. Finally, γi,a is an indicator function for whether or

not the child used a handpump in month a of his or her life.

We model the log of the growth rates `τ , τ ∈ {hp, nhp} with P-splines:

log(`τ (si, a)) =

nsi,τ∑
j=1

βτj,siB
τ
j,si

(a). (6.3)

By modeling the log-growth rates rather than directly estimating the growth rates, we pre-

serve monotonicity in the growth curve. That is, when these log-growth rates are exponenti-

ated, they become positive, and therefore the model does not permit a decrease in size. This
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monotonicity condition cannot be imposed in a vanilla implementation of cubic splines, as

can be seen in figure 6.5. Also, a nonlinear model is appropriate because it is well known

that children grow faster at younger ages, and that there may be several growth spurts

throughout a child’s life.

6.3.3 Prior Specification

The World Health Organization (WHO) provides standard growth charts for children (de

Onis & Onyango 2008), along with thresholds for determining whether or not a child is

stunted. These standards were developed through the WHO Multicentre Growth Reference

Study (de Onis et al. 2004), a six-year research effort to define benchmarks for child devel-

opment. We use this study through our prior to inform our own investigation. Specifically,

we place a translated Poisson prior on the number of bases, n− 1 ∼ Poisson(λ). Knots are

evenly spaced over the interval (-8,70) months. Then, conditional on the number of knots

and knot locations, which uniquely determines the B-splines, we place a normal prior on the

basis parameters β such that they are centered on the parameters that would minimize the

squared error for fitting our model to the WHO growth standard. Let z1 and z99 be the

vectors of the first and 99th percentiles, respectively, of the WHO growth curve standards

for the first 61 months of a child’s life (ages zero months to 60 months). Define the following:

SSE(β,ν) :=
60∑
m=0


(
z1,m −

m∑
i=0

e
∑n
j=1 βjBj(i)

)2

+

(
z99,m −

m∑
i=0

e
∑n
j=1 βjBj(i)

)2
 ,

β∗ := arg min
β
SSE(β,ν).

Then our prior on β conditional on the number of knots and their locations is

β|ν1, . . . , νk ∼ N(β∗, σ2
βI).

Finally, we use inverse gamma priors on all variance parameters.

Table 6.1 summarizes these priors and their associated hyperparameters. Figure 6.6 demon-

strates how the knot prior and the prior on the basis coefficients induce a prior on growth
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Boys Girls

Figure 6.6: 1,000 samples from the prior distribution of growth curves for boys (left) and

girls (right). 71.4% of the curves for boys and 70.3% of the curves for girls landed entirely

between the WHO’s first and 99th percentiles (red).

curves, and how this growth curve distribution matches up nicely with the percentiles of the

WHO growth standards.

6.3.4 Handpump Usage Indicators

Households acquired access to handpumps at different moments in the lives of children in

the RWSA dataset. Perhaps the most informative measurements in the dataset for how

handpump access affects child growth are the measurements corresponding to children who

did not have access to a handpump in the baseline, then did have access when they were

revisited in the follow-up or vice versa. Our model tracks this important factor through the

handpump usage indicator γi,a, which is one if child i used a handpump when the child was

a months old, and zero otherwise.

These indicators are not directly observed, nor are they identifiable in the model. However,

the RWSA dataset provides some information as to what these should be. There are three
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Table 6.1: Prior distributions and hyperparameters for the model.

Parameter Prior Hyperparameters

n− 1 Poisson(λ) λ = 26

β Normal(β∗, σ2
βI)

β∗ = arg minβ SSE(β,ν),

σβ = 0.1

(1/σd)
2 Gamma(αd, βd) αd = 1, βd = 1/2

(1/σc)
2 Gamma(αc, βc) αc = 1, βc = 1/7

(1/ση)
2 Gamma(αη, βη) αη = 1, βη = 1

community types in the dataset, corresponding to when the handpumps were installed.

The first community type had its handpump installed prior to the baseline study; these

communities are referred to as Phase I treatment communities. The second type had its

handpump installed between the baseline and follow-up, referred to as Phase II treatment

communities. The final community type is the comparison community, which is the group

of communities that never received a handpump.

Households indicated on a questionnaire that they did or did not use the handpump. In some

cases, households in treatment communities did not use the handpump due to monetary or

political reasons or inconvenience. In rare cases, households in comparison communities had

access to a remote handpump. The handpump usage indicators for children in our dataset

take these factors into account. Figure 6.7 summarizes the logic for how these indicators are

computed for each child.

6.3.5 Right-Censored Observations

The proper treatment of a threshold-censored datum is to compute its contribution to the

likelihood as the integral of the likelihood over the censored region. Each child in the

dataset has a vector of measurements whose dimension can range from one to four. There
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are children in the dataset for whom some measurements are censored and others are not.

Here we discuss how to generally handle a correlated vector of normal variates where a

subset of the variates are censored. Consider the general case y ∼ N(µ,Σ), with the first

m observations uncensored, leaving the remaining n − m observations censored. Without

loss of generality, consider only right-censored cases, where it is only known that yi > c, but

it is unknown by how much. We write y> =
(
y>u ,y

>
c

)
, µ> =

(
µ>u ,µ

>
c

)
, Σu,u = Σ1:m,1:m,

Σu,c = Σ1:m,(m+1):n, and Σc,c = Σ(m+1):n,(m+1):n to convey that the first m observations are

uncensored (u), and the remaining n − m are censored (c). Then the likelihood can be

written as

L(µ,Σ|yu, ym+1 > c, . . . , yn > c) = L(µu,Σu,u|yu)L(µ∗,Σ∗|ym+1 > c, . . . , yn > c),

where

µ∗ = µc + Σc,uΣ
−1
u,u(yu − µu), and

Σ∗ = Σc,c − Σ>u,cΣ
−1
u,uΣu,c.

Then L(µu,Σu,u|yu) is the usual multivariate normal density, and

L(µ∗,Σ∗|ym+1 > c, . . . , yn > c) =

∫
z1>c

· · ·
∫
zn−m>c

L(µ∗,Σ∗|z1, . . . , zn−m)dz1 . . . dzn−m.

(6.4)

The integral in equation 6.4 is computed using the Genz-Bretz algorithm of Genz (1992) and

Miwa et al. (2003). While our application only requires the computation of these integrals

for a normal likelihood, other algorithms exist for this computation with a t-distribution (see

Genz & Bretz (2002) or Genz (2004), for example).

6.4 Reversible Jump Weighted Particle Tempering

Reversible jump weighted particle tempering is an extension of weighted particle tempering

to cross-model updates. To achieve this, we define a reversible jump move followed by a
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sequence of Metropolis-within-Gibbs moves for all within-chain updates. We allow for a

swap between the mother chain and any one of its p underlying chains, as is usually the case

for weighted particle tempering. Since it is not clear how to propose to a new model space,

we continuously perform an optimization of the posterior conditional on the model, so that

proposals are generated near the current optimum with a normal distribution.

At iteration t ∈ {0, . . . , N} for the ith chain, where i ∈ {0, . . . , p}, let

θ(i,t)
s,τ =

{
ks,τ , νs,τ,1, . . . , νs,τ,ks,τ ,βs,τ

}(i,t)

be the set of curve parameters, including knot number, knot locations, and basis coefficients

for the log-growth rate of children of sex s ∈ {m, f} and handpump use τ ∈ {hp, nhp}. Let

φ(i,t) = {σd, σc, σ1, . . . , σ19}(i,t) be the set of standard deviation parameters. Finally, let

Θ(i,t) =
{
θ

(i,t)
m,hp,θ

(i,t)
m,nhp,θ

(i,t)
f,hp,θ

(i,t)
f,nhp,φ

(i,t)
}

be the full set of parameters. In an effort to avoid cumbersome notation, we drop the

superscript (i, t) where it is implied from the context that the same procedure is repeated

for all chains i and iterations t. We also use the convention that Θ(0,t) refers to the mother

particle at iteration t – samples of which are retained and used as draws from the posterior

distribution, π(Θ).

Recall that N is the set of basis numbers we consider for each of the four log-growth

rate curves. Our full model has N = N, the natural numbers. However, even with finite

cardinality, |N | <∞, we would be required to explore a model space of size M = |N |4 since

each of the four log-growth curves can have a different number of bases. In order to make

the problem more tractable, we choose to truncate the basis number set to N = {26, 31},

giving M = 16 possible models over which to average. We consider these models since

some exploratory analyses suggest 30 and 35 knots are within a reasonable range for fitting

splines to our dataset, and because increasing the number of models to consider will slow

the performance of the optimization routine.

While other reversible jump moves could be layered into a weighted particle tempering al-



Marcos Carzolio Toledo Arantes Chapter 6. RJWPT 104

Algorithm 6.1 Reversible Jump Weighted Particle Tempering

Initialize Θ(i,0) for i = 0, . . . , p

for t = 1, . . . , N do

Set wi ∝ πδ(Θ(i,t−1))

γ ← i with probability wi

α← 1 ∧ π1−ν−δ(Θ(γ,t−1))[πδ(Θ(γ,t−1))+
∑
j 6=γ π

δ(Θ(j,t−1))]
π1−ν−δ(Θ(0,t−1))[πδ(Θ(0,t−1))+

∑
j 6=γ π

δ(Θ(j,t−1))]

if u ∼ Unif(0, 1) < α then

Θ(γ,t−1) ← Θ(0,t−1)

Θ(0,t−1) ← Θ(γ,t−1)

end if

for i = 0,. . . ,p do

Θ(i,t) ← RJMCMC(Θ(i,t−1), πνi)

end for

end for

gorithm, our implementation uses an adaptive independence sampler. Each of the M = 16

candidate models is optimized by running 10,000 iterations of a Metropolis-within-Gibbs

algorithm and choosing the set of sampled parameters that maximizes the conditional poste-

rior. Call this parameter setting Θ∗m for model m. The optimization is performed in parallel

prior to running the reversible jump weighted particle tempering algorithm. At runtime, a

model jump is performed by randomly selecting a model and generating a proposal from a

normal distribution centered at the optimum for the proposed model with a tunable standard

deviation. We leave the details of our implementation for reversible jump weighted particle

tempering to the appendix. However, algorithm 6.1 gives a sketch of the overall process. We

abbreviate the within-chain update with the function RJMCMC(Θ, π), which is shorthand

for the output from a single iteration of reversible jump, initialized at Θ and targeting π,

that could potentially perform a model jump or within-model move (or both).

Our implementation of reversible jump weighted particle tempering uses p = 10 underlying
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chains and a tempering exponent of ν = 0.9, which we find to be a good setting for efficient

mixing. We run the algorithm for N = 10,000 iterations. When a new sample is proposed,

it is generated from a normal distribution either centered at the MAP estimate (for the

reversible jump move in step 3a in the appendix) or centered at the current position of the

parameter (as in the set of Metropolis-within-Gibbs moves in step 3b in the appendix). These

normal proposal distributions have tunable standard deviations. We use the same proposal

standard deviations for the different move types, but this is not a requirement. For all basis

parameters β, we use a proposal standard deviation of 0.01 in the mother chain and 0.04 in

the underlying tempered chains. For the enumerator standard deviations ση, we use 0.002

in the untempered chain and 0.004 in the tempered chain. For the other standard deviation

terms σd and σc, we use 0.1 in the untempered chain and 0.3 in the tempered chains. With

these tunable settings, weighted particle tempering swaps are accepted at a rate of 36.9%,

which allows the algorithm to occasionally make larger within-model or cross-model jumps

than with the within-chain updates.

6.5 Results

Looking at the posterior distribution of growth curves, we find some evidence that not

having access to clean water may lead to shorter child lengths at birth. The effect seems to

be stronger for boys and statistically insignificant for girls. We hypothesize this to be a result

of shorter gestational periods, as drinking potentially contaminated water and contracting

the associated gastrointestinal diseases may lead to preterm births. There is evidence in the

medical literature of a higher prevalence of preterm births among males than females, as in

Zeitlin et al. (2002) and Ingemarsson (2003). While the causes of preterm birth are complex

and not yet well understood, there is evidence that certain types of infection are risk factors

(Goldenberg et al. 2008).

The MCMC produced samples across three models. The first model has k = 30 knots for
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all four log-growth rate curves. This model has a posterior probability of 0.28. The second

model uses 35 knots for the log-growth rate curve of male handpump users and 30 knots for

the rest of the curves, with posterior probability 0.04. Lastly, the third model uses 35 knots

for both male log-growth rate curves and 30 knots for both female log-growth rate curves,

with posterior probability 0.68. Inferences about growth rate curves were made by averaging

over these models.

Figure 6.8 shows for both boys and girls the posterior differences in birth lengths between

children born with and without access to a handpump. The estimated posterior mean

difference in birth lengths for boys is E[`hp(m, 0)−`nhp(m, 0)] = 2.27 cm with a 95% credible

interval of [0.23, 4.03]. For girls, the posterior mean difference is estimated to be E[`hp(f, 0)−

`nhp(f, 0)] = 0.27 cm with a 95% credible interval of [−2.12, 2.30]. Additionally, we also

estimate that there is only a posterior probability of P (`hp(m, 0) ≤ `nhp(m, 0)) = 0.0117

that the mean birth length for boys born to mothers who use handpump water is less than

that of boys born to mothers who do not. A comparison of the hypotheses {H0 : `hp(m, 0) ≤

`nhp(m, 0)} and {H1 : `hp(m, 0) > `nhp(m, 0)} would therefore yield a Bayes factor of 84.5 in

favor of H1.

Posterior samples of the log-growth rates can be seen in figure 6.9 for children between 1

month and 60 months of age. Careful inspection of these curves reveals that there are subtle

differences between sexes. However, we are more interested in the differences between growth

rates for handpump users and nonusers, which is depicted in figure 6.10. Although our model

has the ability to estimate monthly differences, no significant difference was found between

growth rates after birth for handpump users and nonusers.

The posterior distributions of the standard deviation parameters can be seen in figures 6.11

and 6.12. Figure 6.11 shows the enumerator standard deviations, which should be compared

to the raw data in figure 6.4. This comparison reveals that the model is correctly identifying

enumerator 19 as the highest variance enumerator and that we are properly controlling for

enumerator error. Figure 6.12 depicts the negative posterior correlation between σd and
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σc, which is interpretable as a tradeoff between a child’s lifetime deviation from the average

growth curve (as in, some people are shorter than average and others are taller than average)

and the spread of measurements around the average growth curve by age. In other words,

the data can be explained by either a larger spread around the growth curves or by a larger

deviation from the average for individual children.

6.5.1 Model Validation

After taking the maximum a posteriori estimates of all model parameters Θ̂MAP , we use these

to compute the z-scores of all observations and compare them with theoretical quantiles for

a standard normal distribution. Specifically, if yi is the vector of observations for child i, we

standardize with the transformation zi := Σ̂
−1/2
i,MAP (yi − L̂i,MAP ), where L̂i,MAP is the MAP

estimate of the mean length vector and Σ̂i,MAP is that of the covariance matrix. Figure 6.13

shows the resulting quantile-quantile plot. We see that the data are slightly more negatively

skewed than the model predicts, and that there is a presence of a few outliers. The bump in

the center of the plot suggests there may be unidentified clusters in the data.

Lastly, we compute posterior predictive intervals by taking the average over the handpump

use indicators for all children γ̄a := 1/1344
∑1344

i=1 γi,a. To simulate from the posterior predic-

tive distribution, we create N = 10,000 draws at each age of a potential new child’s length

measurement, then compute the monthly 95% credible intervals. This process is depicted in

figure 6.14, showing that the actual data fall outside of the intervals near the nominal rate:

6.1% for boys and 5.7% for girls.

While the model seems to be a good fit by inspecting the q-q plot and posterior predictive

distributions, it can be improved substantially by collecting better data on when a child used

and did not use a handpump throughout his or her life. The model assumes we have this

information, ignoring the uncertainty in how the handpump use indicators were selected.

There is a chance that monthly developmental differences will in fact be detected if these

indicators are measured more accurately.
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6.6 Discussion

In this work, we have shown that reversible jump weighted particle tempering is capable of

simulating from the posterior distribution of a variable dimensional, nonlinear model. The

model captures the nuances of the data that stem from repeated measurements over time

with censoring and nonlinear monotonic growth rates while accounting for enumerator error

and sex differences and while incorporating prior information about growth curves from

the WHO Multicentre Growth Reference Study. Our results point to a potential impact of

handpump access on the birth lengths of boys – with an estimated difference of 2.27 cm –

possibly due to premature birth. Further inquiry is strongly recommended, as water usage

activity ought to be tracked at a more granular level to verify these findings.

In fitting our hierarchical model, reversible jump weighted particle tempering has demon-

strated itself to be a useful tool to the statistics community. More theoretical work is needed

to identify its limitations, but the algorithm’s future is promising.

Appendix

The details for our implementation of reversible jump weighted particle tempering proceed

as follows:

1. Initialize all p + 1 chains by randomly selecting m uniformly from the model indices

1, . . . ,M , setting parameters equal to their model’s MAP estimates Θ∗m, and setting

t = 0.

2. Perform a swap between the mother chain and one of the underlying chains:

(a) Let wi ∝ π(Θ(i,t)) and sample the index γ = i with probability wi.

(b) Let α = 1 ∧ π(Θ(1,t−1))ν[π(Θ(γ,t))+
∑
i6=γ π(Θ(i,t))]

π(Θ(γ,t))ν[π(Θ(1,t−1))+
∑
i6=γ π(Θ(i,t))]

.

(c) Set Θ(1,t) = Θ(γ,t) with probability α. Otherwise set Θ(1,t) = Θ(1,t−1).
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3. For all p+ 1 chains, do the following:

(a) Perform a reversible jump move:

i. The chain’s model index is currently m ∈ 1, . . . ,M .

ii. Randomly select a proposal model index m′ 6= m with equal probability.

iii. Generate a proposal Θ′ ∼ N(Θ∗m′ ,Σm′), where Θ∗m′ is the set of parameters

that yields the highest posterior conditioned on the proposed model m′ of

any sample or proposal visited up to this point.

iv. Let α = 1∧ π(Θ′)νig(Θ|Θ∗m,Σm)
π(Θ)νig(Θ′|Θ∗

m′ ,Σm′ )
, where g(Θ|Θ∗m,Σm) is the density for the normal

proposal distribution and νi is one if i = 1 and ν otherwise.

v. Accept the proposal with probability α by setting m = m′ and Θ = Θ′ and

otherwise leaving m and Θ unchanged.

(b) Perform a Metropolis-within-Gibbs update of all parameters. For the underlying

chains, this update targets the tempered target distribution π(Θ)ν , while for the

mother chain it targets the untempered target π(Θ). We execute this with block

updates performed in the following order:

i. Update βm,hp and βm,nhp.

ii. Update βf,hp and βf,nhp.

iii. Update ση for η = 1, . . . , 19.

iv. Update σd and σc.

4. Adapt the independence sampler for reversible jump. Specifically, if any proposal Θ′m

was generated for which π(Θ′m) > π(Θ∗m), set Θ∗m = Θ′m.

5. If t < N , increment t and return to step 2.
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Figure 6.7: Handpump usage indicators for children appearing in both studies (top), only

the baseline (middle), or only the follow-up (bottom). A(i) is the age of child i halfway

between the dates of the baseline and follow-up studies.
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Figure 6.8: Posterior distributions of the mean length differences at birth between children

that are born to mothers with and without access to a handpump. Boys born with access to

a handpump are 2.52 cm longer than those without. The effect is smaller and statistically

insignificant for girls.
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Figure 6.9: Posterior distributions of log-growth rates for households with (left column) and

without (right column) access to handpumps, crossed with boys (top row) and girls (bottom

row). In red are the 75th and 25th posterior percentiles.
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Boys Girls

Figure 6.10: Posterior samples of growth rate differences between children with and without

access to a handpump for boys (left) and girls (right). A positive difference indicates a larger

growth rate for those with access to a handpump than for those without. Red lines mark

the 95% credible intervals, and yellow lines mark the posterior means.
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Figure 6.11: Posterior distributions of enumerator standard deviations ση. Compare these

distributions with the raw data in figure 6.4.

Figure 6.12: Joint posterior distribution of standard deviations for the measurement within

date σd and for that within child σc.
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Figure 6.13: Standardized residual q-q plot for the maximum a posteriori model and param-

eter setting. The x-axis is the theoretical quantile for the standard normal distribution, and

the dashed line is the 45-degree line.
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Boys Girls

Figure 6.14: Comparison of the observed data to the 95% posterior predictive intervals for

boys (left) and girls (right). The coverage rates are close to the nominal rate, as 6.1% and

5.7% of observations for boys and girls, respectively, fall outside of the intervals. The red

lines mark the posterior means.



Chapter 7

Conclusion

We have introduced a novel algorithm called weighted particle tempering, developed a sim-

plifying implementation of reversible jump which alleviates the burden of implementation for

the user across several applications, and combined the two algorithms to form a hybrid called

reversible jump weighted particle tempering, which we have applied to a nonlinear model

discerning the impacts of having clean water access on child development. We have done so

in the hope of contributing to the growing collection of available Monte Carlo methods in

such a manner that would be accessible to applied researchers. While most of the available

methods ignore the obstacles associated with tuning, we have been especially careful to keep

this concern as the focus of our work.

There are several future directions in which we could take the efforts provided within this

thesis. Weighted particle tempering can be extended to an algorithm with multiple tempering

exponents, which would be beneficial for applications in which the target distribution has

clusters of modes separated by varying distances. Additionally, one could use weighted

particle tempering to sample for underlying chains, inducing a recursive hierarchy similar to

parallel hierarchical sampling.

Practical reversible jump could be improved by using cross-model proposal distributions that
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better approximate the conditional posterior distributions. A simple way to do this is to fit

a density estimator to pilot samples from an MCMC that targets the individual, conditional

posteriors. The estimated conditional posterior densities could be updated adaptively while

the algorithm produces new samples.

A better analysis of the child lengths dataset would take other covariates into account,

including information about diet or gastrointestinal illness symptoms experienced by the

children. If another follow up study were performed, it would be good to account for parent

heights, have a more detailed breakdown of handpump use, and record gestational time.

Such a study would require significantly more resources, but would be well worth the insight

that could help foreign aid agencies make high impact decisions.

Our research has opened up new possibilities for modeling complex datasets by allowing effi-

cient exploration for posterior sampling. Armed with new, accessible tools for data analysis,

we hope to accelerate humanity’s journey to understand the universe and its complicated

processes. We optimistically look ahead to the next phase of our endeavors with the antici-

pation of contributing even more toward this cause.


