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NOMENCLATURE

. r, 9, z cylindrical polar coordinates

a, b outer and inner radius respectively

p · dimensionless radial coordinate (r/a)

B _ _ dimensionless inner radius (b/a)

h _ plate thickness

X outer radius - thickness ratio (a/h)

l
v Poisson's ratio

E Young's modules

D flexural rigidity of plate (Eh3/l2(l-v2))

u, v, w displacements in r, G, z directions

_ U, V, W dimensionless displacements(u/a, v/a, w/a)

nt, ng, ure in-plane stressresultantsNr,

NQ, Nra dimensionless in-plane stress resultants

(nä
az

n ä)rD =“65'= rom

mr, ma, mta moment resultants

Mr, M9, Mra dimensionless moment resultants (mr ä, ma ä, )
A

qr, qg transverse shearing stress resultants

Qt, QB dimensionless transverse shearing stress resultants _
° 2 2a ·a V

(<1r·5—,<16·17>
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c' o' dimensionless membrane stresses (EE- E-2)
r ' 6 hE

’
hE

16mr 6mG ‘

· gr", ga" dimensionless bending stresses ( -—§ , -5 )
Eh Eh

. at outer surface

atl", gal" dimensionless bending stresses at outer surface from

I linear theory

G angle of rotation of inner inclusion (radians)

m moment applied to inclusion

M dimensionless moment applied to inclusion ( ) „

m stress function

sf biharmonic operator (cylindrical‘coordinates)

Q2 1Q_ 1 Q2 Q2 1°Q_ 1 Q2
( 2+' +7 2)('7+“ +77)

6o o 6p o 69 6p p 6p o 69

L(W;¢) operator

6..211 läß lä ie 1Qw 1Q2w
. 2 (" + “E 2 ) + 2 ( "’“ + “E'““E )

. 6p o 6o o V69 6p p 6o o 69 «

6¤ o 69 6¤ o 69

Plus miscellaneous symbols defined in the text,



n
I. INTRODUCTION

‘
Classical linear thin plate theory, which neglects the straining

of the middle surface of the plate, is known to give satisfactory

results as long as the deflections are small compared to the thick-

ness of the plate. In cases where the deflections are of the same

order of magnitude as the thickness, the stretching of the middle '

surface is no longer negligible and should be included in the analysis, I

The in-plane stresses caused by stretching the middle surface produce

a stiffening effect on the plate, which leads to a reduction in

lateral displacement, The coupling effects between the in-plane

stresses and the lateral displacement, for cases where the displace-

ments are two or three times as large as the thickness, are included

in the two, coupled, nonlinear von Karman thin plate equations,

The object of this investigation is to obtain a solution to the

von Karman equations for a thin annular plate, which is fixed at the

outer boundary and which has a central rigid plug that is rotated

about its diameter out of the plane of the plate, Two earlier publi-

cations dealt with the linear, small deflection solution to this

4 problem. In 1930, H. Reissner (13) presented the analytical solution

for small deflections and in 1932, Roark (14) published experimental

fresults for the same problem. Roark became involved with this problem
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an investigation of a drum-head which had developed cracks -

during service,

. Solutions to the von Karman equations exist in the literature

for annular plates with certain axisymmetrical loading conditions,

However, it appears that the only previous application of the von

Karman equations to unsymmetrical deformations was in a split-ring

problem presented by E, Reissner (10), in which the in-plane Stresses

l
were axisymmetric but the lateral displacement varied linearly with

the azimuthal coordinate,

Probably the most successful method used thus far in obtaining

solutions to the von Karman equations has been the straight-forward
A

perturbation procedure, In this investigation a systematic mathe-

matical iteration procedure, which is equivalent to the straight-

forward perturbation method, is used, The iteration procedure has

the advantage that the form of solution automatically emerges during

the iteration, whereas in the straight-forward perturbation method

the correct form of the solution must be assumed initially in a series

. expansion in the perturbation parameter,

To begin the iteration procedure the correct first approximation

must be known, and in this case H, Reissner‘s (13) small deflection

solution is used as a first approximation to the "large deflection"

- lateral displacement, The nonlinear part of one of the von Karman
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equations is evaluated using the first approximation to the lateral

displacement, and a linear, fourth order partial differential

- equation for the stress function is obtained, The particular solution

to the stress function equation leads to multi-valued in-plane dis- _

placements, which are eliminated by proper selection of the homogeneous

solution, The boundary conditions for the stress function are written

in terms of the in-plane displacements, Wherever trigonometric

— functions of the small angle of rotation of the rigid hub appear,

they are expanded in a power series of the angle and terms of higher

order than the second power are neglected,

By using the resulting stress function and the lateral displace-

ment from linear theory to evaluate the nonlinear part of the second

von Karman equations, a linear fourth order partial differential

equation for the second approximation to the lateral displacement is

obtained, Again the boundary conditions are expressed in a power

series in the rotation angle and terms of higher order than the third

power are neglected, The solution for the second approximation to

the lateral displacement contains the first and third powers of the

rotation angle, where the part containing the first power is the

Reissner solution and the part containing the third power is a

correction term reflecting a reduction in lateral displacement caused

by the in-plane stresses, Thus by neglecting the third power of the
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small angle of rotation, the large deflection solution reduces to

Reissner's small deflection solution,

. The iteration is terminated after obtaining the second approxi-

mation because the algebra becomes excessive; however, it can be -

continued to obtain higher approximations for thin plates, By taking

appropriate derivatives of the stress function and lateral displace-

ment, expressions for the membrane and bending stresses are obtained,

Because the algebraic expressions developed are quite lengthy,

numerical values for stresses and displacements in typical plates

are obtained with a digital computer, The results are shown to agree

very well with experimental data obtained during this investigation

with the help of Liberty and Collier (8). As a limiting case, the

solution is obtained for a concentrated moment applied at the center

of a clamped circular plate,
‘
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II. REVIEW OF LITERATURE

‘
Although von Karman presented his large deflection plate equations

' in 1910, very few solutions were obtained until the late l940‘s. A
·

series solution presented by Way (22) in 1934 for a circular plate

with uniform loading was the earliest successful attempt, In 1947

Chien (1) solved the same problem using a straight-forward pertur-
1

bation method and found this method eliminated much of the tedious

nuerical work encountered by Way, Thexresults of both methods agreed

very well with experimental work done by Way in conjunction with his

analytical solution.

Since 1947 several investigators have used perturbation techniques

similar to Chien's to solve the von Karman equations for plates of
l

various geometries and including such effects as anisotropy, variable

thickness, etc. Only the literature pertaining to large deflections

of annular plates will be reviewed here, but the reader is referred

to references (15) and (21) for a comprehensive bibliography of

investigations of large deflections for other geometries,

In 1954, E, Reissner (10) presented a closed form solution to

W
the von Karman equations for a circular ring sector under the action

of two equal and opposite forces and a twisting moment, both applied
”

along the centroidal axis normal to the plane of the sector,
A

Reissner's paper is the only known work on unsymmetrical deformations
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of annular plates prior to this investigation, However, in Reissner's

paper the lateral displacement was a linear function of the azimuthal

coordinate and the in-plane displacements were functions of only the
‘

radial coordinate, whereas in this investigation all three displace-

ments are functions of both coordinates,

In 1958 Wempner and Schmidt (23) presented a series solution,

similar to Way's, to the von Karman plate equations for an annular

plate, simply supported at the outer edge and loaded along the free

inner boundary by axisymmetric edge loads, In 1963 Koehli and Evan-

Iwanowski (7) presented a similar solution for an annular plate, fixed

at the inner boundary and loaded along the free outer boundary by

axisymmetric edge loads, Since they were interested in the practical

application of clutching devices, Koehli and Evan-Iwanoski also

included the rotary inertia loading,

In 1964 Tamate and Abe (17) obtained a numerical solution by
l

finite difference techniques for an annular plate, whose outer

boundary is clamped and inner boundary free, They considered only a

uniform pressure loading.

The only other known papers dealing with large deflections of

annular plates consider the same geometry as in this investigation,

but only the axisymetric case of a concentrated force applied at the

center of the rigid inclusion is treated, In 1964 Hart and Evans (6)

considered the above problem and used a perturbation method to solve
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the von Karman equations, They also obtained a numerical solution to

a more exact set of large deflection plate equations given by

l ~ E, Reissner (ll), and compared the two solutions. They found the

results of the von Karman equations compared very well with those
”

from the more exact Reissner equations except for very large loads

— (loads giving stresses well in excess of the elastic limit), They

also found the von Karman equations tend to underestimate the membrane

stresses, In 1965 Hamada and Seguchi (5) obtained a numerical solution

to the von Karman equations for the same problem, and also for the ·

outer boundary conditions of simple supports and hinges, They ob-

tained experimental results for the case of both edges clamped and

found good agreement between experiment and the numerical solution,
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° III. FORMULATION OF TH PROBLEM

· The von Karman thin plate equations are based upon the following

lassumptionsz

(1) strains vary linearly within the plate thickness (lines

~ normal to the middle surface remain normal to it), ‘

· (2) stresses on surfaces parallel to the middle surface can be3
neglected.

· (3) the slope of the deflected surface and the strain components
are small.

(4) the in-plane displacements (u and v) are small compared to

the lateral displacement (w), so that only those non-

linear terms depending on the lateral displacement
' need be retained in the strain displacement relations.

These assumptions differ from those of classical linear plate theory

by retaining part of the nonlinear terms in the strain displacement

relations and by not requiring the middle surface to remain undeformed.

In this chapter the von Karman equations are derived in polar

_ coordinates and the boundary conditions for the annular plate are

developed.

A. Governing Eguations,

The governing equations are obtained in this section by considering

the equilibrium of a deformed element of the plate as shown in Figure 2.
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The equations of equilibrium are found by projecting the forces acting

on the deformed element onto the undeformed polar coordinate axes, For

· a plate of constant thickness which has no body or surface loading,

4
the equilibrium equations (dimensionless quantities are defined in

Nomenclature) in the p and G directions are:

[
öNr 1 5N G 1‘ ——+——?-+— -N =0 1. ap pav pmr 6), ‘>

1äNa+E“.tä„,21=a=„ (2,NQÖG ÖD 9

Equations (1) and (2) are identically satisfied by introducing the
4

following stress function mz

1QmL 152EQ
„ 1 Nr = —

Ö + ·E 2 (3)
. p D p BG

2NaÖD

ö läg‘ N =-·—· —· S

Using Hooke's law, equations (3), (4) and (5) can be written in terms

of the normal strains er and 66 and the shearing strain yrg as

follows:
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-2 2 2„ ..L... Ä:. E + .i MP. _ M26; 2 p Ep 2 2 " 2 (6)
_ 12(1-v) 0 69 60

A
-2 2 2.„ ....L... .6.62 - l 62 4 .61266 2 2 v(pöp+2 2) (7)

12(1-V) 60 0 69 ,

.

u
,2.„ ..l... 5.. 1 62

H6 6(l-v) Ep ( p ge ) (6)

In polar coordinates, the middle surface strain-displacement

relations which are consistent with the von Karman theory are:,

‘ e = -6-6- + l c ä >2 <9>
r 60 2 60

u

Q (lo)
9 0 0 59 2 0 69

l EQ V EQ 1 EQ_EW
= - -

— + + -—
-- . 11

. Yrg 056 0 60 05069
<)

where,according to assumption (4) stated at the beginning of this

chapter, nonlinear terms involving derivatives of W are retained,

but nonlinear terms involving derivatives of the in-plane displace-

ments (for example (
ä

)2) have been neglected, It will be apparent

from the solutions given in the next chapter, that derivatives of the
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in-plane displacements are of higher order than those of the lateral

displacement and thus can be neglected,

‘ By taking two derivatives of equations (9), (10) and (11) and

combining the resulting expressions, the following compatability

· equation is found:

2 2 2

2 2 2 G
öp p ög DÖD DÖD DÖDÖ

BY1 r0 1
- 2 BG = - 2

L(W, W) (12)

D

where L(W, W) is obtained from LCW, m) by simply replacing m with W

(see Nomenclature), Combining equations (6), (7) and (8) with

equation (12) results in the following equation:

_ V4<p=-6(l—V2)7»2 1,(w,w> (13) „

The equilibrium equation in the transverse direction is:

LE lg S;- ah im rei L
Ö + öG+ -- Nr 2+N6(pöp+2 2) .

p
° °

Bo o B9 ’

B 1Bß
2 ——

-·-- 4+ N=¢9Bo_(1:>B@) (1)

and sumation of moments about the p and 9 axes gives:
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060 ap p r@‘Q@ (15)

B0 _ 0 B9 r (16)

By substituting for Qt and QG from equations (15) and (16) and using

the moment-curvature relations:

(17)
B0 D p 0 59

lä 1gä azw -
M6=- ·-ö+·E· 2+))*7 (18)

D D 0 B9 50

„ .ä .1-.5*1MIG (1 v) öp(pöG)
(19)

equation (14) is reduced to:
‘

~
— vw=L(W,<p) (29)

_ . Equations (13) and (20) are the two, coupled, nonlinear von

Karman plate equations. These equations are also derived from the

l
equations of finite elasticity in Appendix A.

1 '
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B, Boundary Conditions,

The von Karman equations as derived here are based on the

‘
Lagrangian description and therefore the boundary conditions should

be written in terms of the undeformed coordinates. To determine the

displacements of points on the inner boundary of the plate, consider

the arbitrary point P in_Figure l to be located in the central rigid

plug, -The coordinates of P in the undeformed position are (x, y, 0)

in rectangular cartesian coordinates and (p, G, 0) in polar co-

ordinates, Rotating the rigid hub an angle G about the y axis causes

P to move to position P' which has coordinates (X, y, w),

The displacements of P measured from the undeformed position

are:

w = X tan a
4

(21)

‘ u" = - (x - X) cos G (22)

v = (x - X) sin 9 (23)

where: »
x = a p cos G (24)

X = a p cos G cos G (25)

To evaluate ( gä ) in the rigid hub, it is convenient to use the chain

rule for partial differentiation: U

E-ä ä>$„„.äL @2 (26)
öp BX öp By öp

I . -
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I

where from equation (21):

l ä = um G (27)

and since the rigid hub is rotated about the y axis

‘ EE = 0 28

Using equations (25), (26), (27) and (28) the following expression

is obtained:

gg = a cos 9 sin a (29)

Equations (21), (22), (23) and (29) give the displacements and

rotation of all points in the rigid hub, and evaluating these at the

inner boundary of the plate (p = B, x = b cos 9, X = b cos 0 cos a)

the inner boundary conditions become:

w = b cos 0 sin G (30)

gä = a cos G sin a (31)

u = - b cosz 9 (1-cos G) (32)

v = b cos 9 sin G (1-cos Q) (33)

Expressing the trigonometric functions of the small angle of

rotation a in a power series and keeping only terms to order Q?
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(since this is as far as the iteration procedure is pursued) the .
2

inner boundary conditions (dimensionless form) for the plate become:

W = cos 0 (34)

3
·§= @1-%-+..) cos9 (35)

U = - B (27-+ ..) (1 + cos 29) (36)

022
V = B(Z—+..) sin20 ‘(37)

where B is the ratio of the inner radius of the annular plate to the

outer radius.

The clamped boundary conditions at the outer edge of the plate

(p ¤ 1) are:

' W = O (38)

ä = o (39)

U = 0 (40)

V = O (41)
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IV, SOLUTION TO TH PROBLEM

— The terms on the right hand side of the two von Karman equations

A(eqs, 13 and 20) represent the coupling effect between the lateral

displacement and the in-plane stresses, and they are small compared

to the left_hand side of the equations for the range of displacements

considered here, In fact, neglecting the right hand sides entirely,

leads to the governing equations of linear, small-deflection plate

theory, Thus the von Karman equations are suitable for solution by

a systematic iteration procedure, If the lateral displacement and

stress function are known to some degree of approximation, they can be

used to evaluate the coupling effects in order to obtain the governing

equations for the next higher approximation, The linear, small-

deflection s¤1u:1on, obtained by neglecting the coupling effects, is

the first approximation from which higher approximations are

developed,

By using the lateral displacement obtained from linear theory,

new expressions for the stress function and lateral displacement are

obtained, These new expressions are called the second approximation

and they can be used to develop a third approximation, and the third

approximation used to develop a fourth approximation and so on, How-

ever, in the iteration procedure, the algebra inherently becomes more

involved with higher approximations and only the second approximation
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is obtained here, Higher approximations are discussed in more detail

in Section C of this chapter,

A, First Approximation,

The governing equation for the first approximation to the lateral

displacement is obtained by neglecting the right hand side of

equation (20), The resulting equation (üéw = O) is the governing

equation of small-deflection theory and the solution as presented by

H. Reissner (13) is:

3 -1
W1 = Q (Ap + Bp + Cp + Fp ln p) cos 9 (42)

where A, B, C and F are constants of integration*, The boundary con-

ditions used to determine A, B, C and F are found from equations (34),

(35), (38) and (39) by keeping only the terms linear in Q, The
l

following expressions are obtained for the constants:

-1B=·—**2*‘*—‘ä—"‘
2(1-ß + (1+ß ) ln ß)

· A=(ß2-1)B _ A

C = ·
B2B

F = — 2
(l+ß2) B _ ‘

(43)

* Subscripts on displacements and resultants indicate thezorder of Q
involved (i,e,: 1 indicates linear in Q, 2 indicates Q etc,)
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Using the moment-curvature relationships (eqs, 17, 18, 19) and

equation (42), the following expressions for the moment and shear

‘ resultants are obtained: 4

4
Mrl = - G (S2 + vS1) cos G 4

4 Mal = - G (S1 + vS2) cos G

MrGl= - G(l - v) S1 sin 6
4

-2
. · QI_l=-2G(4B-Fp)cos9

Qel = 2 G(4B +
Fp°2) sin 6

4
(44)

A where:
44

-3 -1
S1 =2Bp -2Cp ·l-Fp

’
-3 -l

S2 =6Bp+2Cp +Fp (45)

The expression for the moment applied to the rigid inclusion in

order to cause the inclusion to rotate through an angle G, is found

by considering the equilibrium of moments acting on a free-body
4

diagram of the entire plate, Summation of moments about the y axis

gives:
4

21: 2::

-m- f(qrad9)acos0+ f(mIa.dG) cos9
_ o o

„ 2¤
4

4
+ f(m1_G a dG) sin 9 = O (46)

o
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s
where the quantities qr, mr, and mrg are evaluated at the outer

boundary (p = 1), After integration and substitution of dimensionless

° variables, equation (46) becomes:

M1 = - 41: Fou (47)

where F is defined in equations (43). From equation (47) it is seen

the dimensionless applied moment for small deflections is independent

· of the inner and outer radius of the plate and depends only on their

ratio (B).

B, Second Approximation (First IterationQ.

The linear, small-deflection solution for the lateral displace-

ment (eq, 42) is used as an initial approximation to obtain a second

approximation to the lateral displacement and in-plane stresses for

nonlinear, large-deflections. The right hand side of the first von

Karman equation (eq, 13) represents the stretching of the middle

surface of the plate caused by lateral displacement, and for the

second approximation this effect is determined from the lateral dis-

placement given by linear theory. By substituting the expression for

W1 from equation (42) into the right hand side of equation (13), the

following governing equation for the second approximation to the

stress function is obtained:
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V9 ¢ = -
12(l-vz)

Äzaz 4
Bzpz

+ 2 BF + 2 CFp-4 - 4 C2 p—6

_ +cos 29 (8 B2p2+6BF+(F2-8BC) p-2-2CFp-4)] (48)

where B, C, and F are constants in the small deflection solution,

Being guided by the boundary conditions (eqs, 36 and 37), the

solution to the homogeneous part of equation (48) is taken as:

mw. 2D 2p 2D 2

and upon adding a particular solution, the expression for the stress

function becomes:

· 2 2 2 2 2 62 6
_cp2=-12 (1-V)ÄG Bop +Co].np+Dop ].np+·,Tt-E-p

BF 4
C2 -2 CF 2 2 -2

+62D 2 48 D D 6 D 16 D 6

Since the boundary conditions are prescribed on the in-plane

displacements, expressions for U and V as functions of the stress

function are found by combining equations (6), (7) and (8) with

equations (9), (10) and (11), The resulting expressions are:

2 -2 2 2

12(1-V) o B9 Bo
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u 15; 1
15;2·1'2

5% 15,; 15% ~
2
·”

$5,,+*2*2*) <52>
‘ 12(1—v ) BD D BB

21 BU V y 1 Hd an - 1 B 1 öw
-

—-
-

— + -
·— = ——-—- —— —

—-·- 3
DBB D ÖD-PDÖDISB 6(l-v) öp(p56) (5)

Integrating equations (5-1) and (52) once, U and V can be written as: _

-2 2 2 2U-;T.f[%%§+-ääg- VB-ädp -%],1%; dp+h(G)
12(1—v) D BB BD (5;)

-2 2 2
B

V-„..Pl‘.7.. [Q;-V (.l·.%2+.%.l£;.)] dß - Udg
12<1-~» > ap °

‘°
2 B9

2
- D 1 BH

·2]*(pöe)
dB+8(D) (55)

where for the second approximation cp is given by equation (SO), W1 by

equation (42) and h(G) and g(p) are arbitrary functions of integration,

To obtain expressions for h(G) and g(p), equations (54) and ($5)

are substituted into the remaining strain-displacement equation (eq,

53) and the following equation is obtained:
l

1 dh 1 gg
··

—··
- ··

— h dG + = O 56

5 ¤ d° ¤ [g I 1 dn ( )

Ordinary differential equations for h(G) and g(p) are obtained by

separating variablesin equation (56), and the solutions of the

differential equations give the following displacements resulting from

h<9) and s<p>= 1
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U = L1 cos 9 + L2 sin 0 (57)

V = L2 cos 9 - L1 sin 9 + L3p (58)

where L1, L2 and L3 are constants, Non-zero values of L1 and L2
V correspond to rigid body displacements and non—zero values of L3

correspond to a rigid body rotation of the plate, Therefore these

constants must be equal to zero for the plate considered in this

investigation, and consequently h(9) and g(p) also vanish,

_ Performing the integrations in equations (54) and (55), the

following expressions for the in-plane displacements are obtained,

2U = - ¤¢ [V10:) + v2(p> <=¤S 29 (59)

2 F2
V ä a [p9 ( Z- - 2 BC - 4 DO) + y3(p) sin 29] (60)

The displacements arising from the first term in equation (60)

are different for (9) and (9+2¤) and therefore the constant DO must

‘ be selected so as to cause this multi-valued term to vanish. Hence,

— the constant DG is given by:

2
16 Do = F - 8 BC (6l)

y1(p), y2(p) and y3(p) are functions of the radial coordinate,

which contain the six undetermined constants (Bo, Co, A2, B2, C2, D2),

and are given by: .
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„ 2 AB

2BC2

2 CF »A"l + F2A ln (62)
2 (11-3v) A2 + [2 AB +1221; (3-v) - 16v C2] A3

[A2 + E8- (1+11) - 2vBC - 8(1+1»)A2]A6

3*+ 8B (1+1) ¤*38 +2Ac+11>2]A [2 3
l-

+.111 A [2 BF (1J-1»)p3 + (2 AF + $-%}-2 (F2 - 8

(63)

3v3 A 8 3 v A 2] A

+. [2CF+hAC
3

+ 16 11 (1-11)] 6* + [gf-- 16 3 (1++)] *3 °
2 3 2 °

+ 111 A II- 2 BF(1.+v)A3 + (1+ AF + (1.+v)(F2 - 8

2 cF(1+v) A*l + 2 F2 A 111 11]}
3

(64)
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u
Applying the boundaryf conditions on the in-·plane displacements

(eqs. 36, 237, )+·O and hl), where only terms of order G2 are 1-etained,

lthe following expressions for the six constants in the stress function

equation (eq. SO) are obtained: _

·
‘

B = [R ,„, B-2 R ]° 8(l-»)(l-62) 2 2

6· c = ————-—·- [6 - 6] ·
° ¤(i+»>(i-62) 2 2

¤ = B2(l+v) [2<6 -6 ) + (1-BD)(R -6 )1 2
· 2 . 3 _h 1+ 6

<§_{%) (1-66)I3-» + (l+v)B2]}

2 R —H -6A<R -6 ) - C 6)_ · D
=__ Q E ls 6 2 1+v -8

„ — 2 2
I

2 2. - 2:12 [R2 R2 - D2 - <2„,>¤2]
~ 2 _ _ 2:2. 22-2. 6A2 ·~ R3 D2 (16)) C2 + (1-6)) D2 (65)
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where:
_ 2
R1 = %(ll-w)Bh + + + [A?+(äi·\i)F2

- 2BC(2-v)-1]

2 .
~ + 2C(A+F)B”2 - 9-5(l+v)8-Äh + ln 8[2BF82 + M + (ig-Y·)(F2-61sc) ·

- 2CFv8Ä-2 + F2 ln 6]
B2 C2 3-·v 3 v

l F2 = -E-(11-v) - -2;-(1+v) + M + BF(-E-) + 2AC + 2CF + (—°j-)F2

‘
- 2BC(2-v) + A2 _

Ä

R = 1 äiv) 2BFÄ+MAB+2CF+MAC+2A2+F23 lgZl+v$ 3 ° °

2C
- M BC +

I

Rh ¤ ET?-xy
{8%-(1-v)8Ä‘

+ 2B(2A-F)82 + (2A2+F2-MBc-2) + 2C(2A+F)B-2
'

+ 2%- 8-ÄÄ
+ ln EB I- 2BF(l+v)82 + (F2-8BC)(l+v) + MAF

-8- 2CF(1+v)8°2 + 21**2 ln 8]} _

RS MAB + BF(3-v) + 2A2
Ä

+ CF (5+v) + MAC - ä-
C2}

R = 1 -lf-(11-3»)6l‘ + [MAB-8·BF(3-v)] 62
Ä+

[2A2+F2('Äl_i2) ‘
6 16Z1+v) 3 2

4 2
“

- MVBC - 2] + [MAC+CF(S+V)] B-2 ln B[MBF( l-\·•)B2 ‘ Ä

, + MAF + (F2
- 8BC)(l+V) + 2F2 ln 6]}

Ä
(66)

·
Ä

Equation (50) is differentiated to obtain the following expressions
Ä

for the in-planeÄ stress resultants: . · I
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Nr = •-• 12 X2 [S3 + Sh COS 26] O2

N = -
12 (1.-v2) A2 [S + S cos 26]oZ21 . 8 5 5 I

1+ e 21+ (1.-v2) A2 [B sin QGJQ? 2 (67)ré 7
where: _ °

· 2' 2B 1+ BF2 -2 c -1+ ·CF—2+8+:2

1 ‘
21 B 1+ BF 2 F -8Bc CF -2 -1+8++ *61:* **6** · 2^2·(—z6—)·<**2* ·6)¤ -6*2p .

2
” .

+ ln 9 [F-8Bc21+
BBF2 CF -2 22-1+

*'·5‘ä17**** **6'** *1**„*3**o*(2 ***0)** ·6°**
Ü CF -2]=1¤ ··[2¤„ — 2-+ 1

221+ ZBF 2 _3 2_ CF -2
l

66+-·8Bp +(8 +12C2)p +211.2 8Bc)
—

. 9 63 9-1+ + 19 9[BBF 92 _ gr -8BC)]
. 2 2 8

S = *};*3292 + (E + 3C )¤2 + A — (——é&)
- (E + D

)¤”2 (
7 8 8 2 ‘ 2 1 8 2

2
'

312**-1+
* 1** *12% **2 ' (ggg)

*
$*-21 (68) ‘

The right hand side of the second von Karman equation (eq. 20),
~

_

which represents the reduction in lateral displacement due to the in-
_

plane forces, can now be evaluated by using the first approximation for
l

lateral displacement (eq. 1+2) and the expression for the stress function

(e<1• so). The following linear governing equation for the second „

approximation of lateral displacement is obtained:
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Vhw = - 12 cos6 + YT(P) cos 36] @3 (69)

where: 2 22 5 21 2 3
‘

2 C _ QBF_v6(0) = 2 0 + -8-2 FP + (16BBO + l2BDO + --2 82112 + 8 )0

— BCF -1 _5_ 2
I + (11200 - 8222 + 11F(2O+2o) - 22*112 + -2)0 + (8 CF

2 -3 2 -5
l

+ BC - 1»c2°)0 + (11ccO - 8CD2 + 6FB2 - 2C F)0 _ h

n + c(c - 21122)0 + ln 0. (1622,3 + 2 (2 Bbcöp + (22CF
u

+ 1122 +
F3)0'l

+ 3C2F0"5]
U

o T

27 3 5 55 2 3 BF 2 .Y,I(9) = ·gB 0 + (21+2C2 + E-E-2 F)0 + (l2FC2 + --8 + 112 C)0 .
1

+ (2FA - 1622 -
F3

- 2hCC )0'l + (gf-
- 21122 - 8CA· 2 2 T 2 8 2 2

2
-

3BC2
- 11F22)0'3 + (-%:1- - 6F22)0'S +.111 0 [ 3B2F03

2 2 23 -1 2 2 -2+-é-BFP-··ä··P +(cF -112c)0] (76)

The homogeneous solution to equation (69) is:
” (

2 2 3 3 -1
l

'
WH = W1 - l2(l-V )k oz [(1110 + B10 + C10 + D10 ln 0)cos6

+ (11303 + 230"3 + C305 + D30°l)cos 36]

(71)whereW1 is the linear solution (eq.h2) and Al, Bl, Cl, Dl, A3, B3, ·
‘_

C3 and D3 are eight constants to be determined from boundary conditions.

A particular solution to equation (69) is added to the homogeneous solu-

tion and the expression for the lateral displacement to order Q3 becomes;
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. · W " W1 ·· 1211-~·9112¤P [@19 + 3103 +
C10”l

+ D10 1110 + Rlopg

7 S 5 3 3 2
1 + R110 1+ R120 + R130 lnb + R1h0 lnp + R150 1n 0

F F2 F
-1 -1 2 -3+ R16§> ln 0 + R1,10 ln0 + R180 ln 0 + 13190 )cos9

3 -3 5 -1
F

9 'T 7+ (A30 + B30 + 030 + D30 + R200 + R210 + R220 1:10
‘ s

‘
s 2 2 2 2+ R230 1¤0 + R210 1n 0 + R250 1n0 + R260 1n 0 + R2101

. + R2801n0 + R290'l 1¤0)cos 39] F (72)

where:
F

·
F

. = 3 ._ 1 R10 B /381+0
_F

~ _R111
BB BA

F
_ __g 5 1 2 31 2 2912* 12

13 12 3äF T8' _
F BC BD FD FB FA F FF

1 _ R =_ 6 2 _ 6 6 _ 2 _ ggg Q 31++ E " 2 T6' + T 8 8 " 512 F

FD 3 · ·_ BCF ___g_ F1 R15-13+ 8 +25%+ 1 '
F

CD 2__ o _ 5 2 _ BC _ -R16 ' 2 K1? CF 8
' CD cc 3FB. _

= 2 _ o _ 2 _ 7 2 -D R17 2 E 8 E1? C F

. —
= -3.. 2Rlö ' 32 C F 1
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Rl2 222 (0 2hB2)

-
___;L__ 3 _ ’

R20 ° 17,280 B _ ·
‘ “

B Ä 12 2
B

·_ 1 R21 80 BC2 " 19,200 B B
B

B 3 2 · -·R22 21:6 F F 1
R „ FC 2

= 1 2 __2_ B C _. ~ .« B22 ' 1625 FF “"
8 *317

·· BFB21 128 · _
B U

BD CC FA
‘

= 2 _2_ _ 2 25 3
· R25 2 + 2 '2'E""!I508B

R - 23
‘

26 '° 758
. ° 2

- 1 EF.; 2 ·R2? - zu- [ 8 - 21+12122,- 80112 -3BCR2,

1 ,2 [R2 - MBC]
' 2

- L C ·R22 —
28 [T - 6B2[ (73)

Applying the boundary conditions on W es given in equations (34), -

(35), (38) änd (39), the following expregsions for the eight constants

2 in equation (72) are obtained: .
B

. 2 2 2
B B

cl {2 (1-2 ) [(1-2_

2 _ 2 [Z _ _ 2__B(1 5 + 2 11*15) R32 R32 5 (R33 R32,
I

2 R 2(l"B2) [(1+22)(1-82 + 2 1:;2)”

1 2 -2 1+FF (1*** 1%] R
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‘B.=·]·‘[R -2 +2C-D]1 2 33 31 _11Al

= R3l - Bl - cl 7 (74)

where: 7

231 “ '”(210 2 211 2 212 2 219)
· V2 6 6 1+ -1+ 1+R = ————-

- R 6 + R 6 + R 6 + R 6 + lnß R B32 lO ll 12 19 [ 13
2 2-2 2 2 -2+ RM6 + 2176 ] + ln 6]Rl66233

“ " (9210 +2211 2 2212 2 213 2 211+ 2 217 ' 2*239)

V2 6 6 1+ 2 ‘
R =—-——-- 9R 6+72 B+(3R +R )6 +R 631+ 72 10 ll 12 13 11+

.2

-2 2 2 -2
2

+ (2Rl8 - Rl,7)6 ] + ln Rlöß (75)
and

1+ 6 6 6 ‘
_ D3 2 (1-6 2235 + (1-6 )R36] 7

2 8 6
7 + (1+6 - 6 - 3) [236 - 23:: - 6 (R36-276Ü]2

(1-6 )(1+ 2B - 38 ) + 28 (1-62)(1+62- 6 -3) ·

C = 3 [2:: - 237 - 6 (236-236)]- 1+ (1-6 ) 23

R - R 7 0 - 2D ‘
B3’+A3

236 163 _ 03 D3 (7 )
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where:

R35 “ ' [R20 ”° R21 + B27] _
6 1+ -2

1+‘
2 -2‘R36 “ ° {Rzoß + R21ß + R27ß + MB [R22B + R23ß ‘° R25 + Rzßß '

. +-1+ 2 2 1+ R293 + ln 3 [ Rghß + 226]}

12 =-l/ 912 +712 +12 +12 +12 +12 +2 +12
R

37 _ 3 20 2l 22 23 25 27 28 29

12 =z-Ll/ 9R 36+(712 +12 32+2 +(12 +12 )3'2
38 3 2_0 2l 22 23 25 27 28

+12 3-h+lnß['(R
3l‘+(52

+2R )ß2+(3R +212)29 22 23 21+ 25 26

*
R26ßR2 '

Rzgß-R]
* 1**2** [5R2>ß2 * 31*26]} (77)

·
l

Equativn (72) yields the following expressions for shear and

momentresultants:_

n
M9 = Mal + M63 _ ° —

Mra = Mr61 + Mz·63 ‘

- y
Qr = Qrl + Qr3 _

' R
= 78 ·Q6 Q61 * Q63 ( ) M

where Mrl, Mal, Mral, Qrl and Qel are given by equatiuons (44) and the

. CSIIIIS of order
G3

by!. ·

Mz_3 = 12(l-++2)}.20:3 [(88 + vS9)cos6 + (S10 + vSll)cos 36]

I Mw vS8)cos6 + (S11 + 0810) ccs 38]
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11183 = l2(l•-V2)(lj-V)Ä2CX3 [sg $1116 + 3 slz 6111 36] 1

QI_3
= 12(I1.-v2)Ä2cz3 [S13 cos6 + S16 cos

sg) 61116 + 3(slo + su) Sill 36] (79)

where: V
68 ¤ T2 111067 + R2 131165 + (201112 + 913l3)63

12 131966 + l11D[ 20131363 + (6218 + 1013l5)6 + 2

1:126 [213166 + 221864*:]
l

T 5 3 -1
2

S9 Rlop + 6 Rllp + (11Rl2 Dlp

+ (1317 -
20l)6"3

-

11 111966 +-1116

-1 -3 2 -3
2

·· _ ' "' 2 3162 + 2(n18 ' RlT)p ] + 11 °[ 2Rl5p " 2Rl8p ]
sn

= 72 13 67 +(l12R + 1313 )65 + (913 + 213 + 200 )63
2

10 20 _ 21 22 23 2h 3 _

-1 -3 -5+ (BRQS + 2226 + 6A3)6 + 2286 + (-3229 + 2D3)6 + 1,2336
I

'+ 1116 {112132265 + (201123 + 18112h)63 + (61125 + 101126)6

l¤2p [2OR2hp3 + 622269]
l

s =(13 -213)5+(13 -11c)63+(11ll 22 21 ° 23 3 25 3 28 27
_ -32_

-6 _ 6 6 3
2

. + (1129 121136 + 1116 [ 211226 + (21126 111323)6

+_ (21326 - 61125)6
_-

613266] ‘
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S = 8 R 07 + (6R + R 2 R M 3
2 12 22 21 22)° 1 < 23 + C22

*
@22 + 2^2>2

-1
_3 _5 ·

— + R R - D -
. [ 5

R
280 + ( 29 2 3)p MRBD + 1np 63223

1:120S13

= Sho R1 p6 + 2hO R ph + (722 + 5hR yo? 1 lh(R + R )
2 °‘ 11 12 13 11+ 15

” 8 R -
'2 _ -1 -6

4
+ 1 + 2(Rl6 Dl)p + (6RlT 10Rl8}p - Mo Rlgp

l l
+ ln0 [TZR 02 + 8R + 28R - MR

U
°2 + 122

‘”

13 2 11+ 15 162 189

‘ 22S
‘Ä=

$016R p6+(2O0R +110R+26111. 20 2 1 21 22 ° 23 R21 *

+ 168 C 2 6 R - "2
4 R)0 + 25 + lb R26 + (8 R27 10 R28)p

I + (32 D - 2 R )
”h

+ ln 20 Ä M ° 2
3 4 29

P
R

P[ O R22p + ( 8 R23 + 92 R2u)p

-+l2Rl+8R *2-6-36R
'1‘

1,3 22
2 ‘

_
28p 299 + R2}_‘p lnP‘~

_The maximum bending and membrane stresses are found from the usual

flexual and axial load formulas, where dimensionless stresses have been

formed by dividing the actual stress by the modulus of elasticity,

· q' and cx" are used to denote the dimensionless membrane and bending

stresses I€Sp€C'CiV6ly, and these are given by! 4
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N N

· ”
y l2(1-v2)k2 G l2(l-v2)k2

„ Mrl + Mr3 „ MGl + MGB
61 = -*7* 66 <62>

2(l-v )>1 2(1-v )>1

and the dimensionless bending stresses from linear theory by:

.. um .. MM
661 = -**7* <63>

))1

1
The applied moment found from equations (46), (47) and (79) is:

_ „ M = M1 + M3 (84)

where M1 is given by equation (47) and M3 by:

M «= - l2(l-v2)}12 11 613 [480 R + 192 R + 48 R
3 10 ll 12

-I¥ 44 R13 + 8 R14 + 12 R15 + 8 R17 - 12 Rl8 - 48 R19 - 4Dl]
(85)

M3 represents the additional moment required to overcome the added

stiffness introduced by the membrane forces in order to obtain the

_ same angle of rotation as predicted by linear theory, Equation (85)

shows that the second approximation yields an applied moment which

' depends on the radius-thickness ratio (A) as well as the ratio of

' radii (B), whereas the applied moment in linear theory depends only
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upon ß, It should be recalled the moment referred to here is the

dimensionless moment, whereas the actual physical moment is the plate

, stiffness multiplied by the dimensionless moment,

C. Discussion.

Since the development of this investigation is based on a per-

turbation from the linear solution, the small angle of rotation (a) is

used to determine the order of magnitude of various terms, The first

approximation (linear theory) leads to bending stresses and lateral

· displacement which are 0(¤), Thus derivatives of W are 0(Qb and pro-

ducts of its derivativesareThe

second approximation gives in-plane displacements and stresses

of 0(Q?) and a reduction in lateral displacement of 0(oP), Derivatives

of U and V are of O(Qg) and their products of 0(¤é), Thus, the terms

neglected in the strain-displacement relations (eqs, 9, 10, and ll) are

of 0(Qé) and are small compared to the nonlinear terms of 0(¤?) re-
[

tained, However, if another iteration were performed to obtain a

third approximation, the right hand side of the first von Karman

equation (eq. 13) would involve terms of 0(oé), Therefore it would

- seem inconsistent to obtain a third approximation involving terms of

the same order as those neglected by the governing equation,

However, as can be seen from equations (59), (60) and (72), the

nonlinear terms of involving the lateral displacement contain
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a multiplying factor of Ä2 which is not present in the nonlinear terms

of O(Qé) involying the in-plane displacements, Therefore for large Ä,

the nonlinear terms neglected in the von Karman equations are still

· small and the iteration can be continued without being inconsistent.

This observation has also been confirmed by unpublished work (2) done

by the author's thesis advisor in which it was found that for

rotationally symetric problems the extra terms in E, Reissner‘s more

exact equations (see reference 10) contribute negligible corrections

to the corresponding solutions obtained from the von Karman equations

if the plate is thin.

At this point it seems worthwhile to include a brief qualitative

discussion of the effect of thickness on large deflections. For a

very thin plate (i,e,, a membrane), the bending terms in the von

Karman equations are negligible and the appropriate governing equations

' for the membrane can be obtained from the von Karman equations by

letting the plate stiffness vanish (D —> O), For plates too thick to

be called membranes, but yet thin enough so that the extra terms in

Reissner's equations are small, the von Karman equations apply, The

‘ Reissner equations should be used for thicker plates, Of course, the

magnitude of the loading also determines which set of equations are

appropriate, and in fact determines whether a large deflection analysis

is needed,

An interesting combination of the membrane and von Karman equations

has been treated in the literature for axisymmetric bending of circular



-45- A

plates, Even though the bending stiffness of a plate is not negligible,

for fairly large deflections the plate behaves essentially as a

_ membrane except in a small region near the boundary, In the region

‘
near the bounjary, called the boundary layer, the bending becomes

very important, This phenomenon can be observed in Figure ll, where

the bending stresses are nearly zero in the central one-third of the

annulus and much larger than the membrane stresses near the boundary,

Very recently, E, Reissner derived a more exact set of governing

W
equations for unsymmetrical deformations, which are the counterpart

of his equations for symetric deformations, When these equations

become available (see reference 12), perhaps the results of this

investigation can be compared to his more exact theory,

Numerical results were obtained by programming the algebraic

expressions developed in this chapter for the IBM 7040 digital com-
0

puter. In all cases Poisson‘s ratio was assumed to be 0,33, Figure 3

shows the lateral displacement of points lying along the radial line

normal to the axis of rotation (points along this line experience the

maximum lateral and radial displacements), and it illustrates the

reduction in lateral displacement caused by the in-plane stresses,

Figures 4 and S show the maximum in-plane displacements, By

B

A examining the slopes of these two curves and comparing them to the

slope of the lateral displacement in Figure 3, for an angle of rotation

of 1,5 degrees the magnitude of the nonlinear terms neglected in the
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strain-displacement relations is found to be approximately one

thousandth of the magnitude of those nonlinear terms retained,

_ . Figures 6, 7, and 8 show the applied moment-angle of rotation

”
relationships for various plate geometries, The ordinates of these

curves represent the ratio of the dimensionless applied moment to

that dimensionless moment from linear theory which would generate an p

angle of rotation equal to one degree for the particular plate con-

’
sidered, Thus one straight line represents the linear moment-

rotation relationships for all plates, Figure 9 shows the same type

of relationship for the radial bending stresses.

The variation of the stresses with applied moment is shown in

Figure 10 and the variation of the stresses along the radial line

normal to the axis of rotation is shown in Figure ll, The stresses

shown in Figure llare for a dimensionless applied moment equal to

· 5.63, which corresponds to an angle of rotation of 1,5 degrees using
·

the iteration solution or 4.95 degrees using linear theory, The

effect of the thickness-radius ratio (X) on the maximu total radial

stress is shown in Figure 12.
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l
V. EXPRIMENTAL INVESTIGATION

l
_ A brief description of the experimental apparatus used in this

investigation is given in this chapter and the experimental results,

which were obtained with the help of Liberty and Collier (8), are

compared with the analytical solution presented in Chapter IV,

Although Roark (14) had previously obtained experimental data for

”
the same problem using a 24 inch diameter, 1/4 inch thick steel

plate, his results are too limited to verify the analytical solutions

developed in this investigation, Roark only reported the maximum

stresses observed for one value of applied moment and did not give

any indication of the magnitude of the displacements or rotations

involved, although he did state in the report that only small de-

"Hections were to be considered, .

A, Experimental Apparatus.

Up to this point the problem has been pictured as the outer

boundary of the annulus being stationary and the rigid inclusion

rotated relative to it, However, it was felt the exact reverse

situation in which the inclusion is stationary and the outer boundary

rotated relative to the inclusion would be better for experimental

purposes.

Experiments were conducted with an 18 inch outer diameter,

7,2 inch inner diameter plate made of 7075 - T6 aluminum. The plate
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was 0.0634 inches thick and was found to have a modulus of elasticity

of 10 x
106 psi and a Poisson's ratio of 0.33. The annulus was formed

_ by sandwiching a square piece of aluminum plate between two 1/4 inch

thick steel plates in which central 18 inch diameter holes had been

machined, The rigid inclusion was formed with machined l/4 inch

thick steel plates and was connected to a rigid support.

The outer boundary of the annulus was rotated relative to the

central inclusion about a predetermined diameter of the annulus by _

applying weights so as to create a moment about the axis of rotation.

In order to predetermine the axis of rotation and to keep the re-

actions of the apparatus and applied weights from being transferred

to the inclusion, pivot bolts and supports were attached to the outer

edge of the steel plates, Photographs of the experimental apparatus

are shown in Figures 13 and 14. - ~

Foil strain gages (1/4 in, x l/8 in,) were mounted on the aluminum

plate along the radial lines normal to the axis of rotation, The

maximum strains occur at the inner boundary and are of most interest,

V but the radial strains at the outer boundary were also measured, In

order to be able to separate the bending and membrane strains, gages

were placed on both surfaces of the plate along one of the radial

lines. Along the opposite radial line gages were placed only at

points of maximum strain, and were used to provide a check on the

symmetry of the strains, After some initial adjustments in the

apparatus, a very high degree of symmetry was obtained,



‘ -59-

‘
Besides the radial strain, the applkad moment and the resulting

angle of rotation were measured, The angle of rotation was found by

_' measuring the tangent of the angle with a rigid pointer.

B, Comparison Between Experiment and the Iteration Solution.

The experimental results obtained are given in Figures 15, 16 and

17, which show excellent agreement with the iteration solution for

rotations up to 1,5 degrees (which corresponds to a lateral dis-

placement at the inner boundary of about 1,5 times the thickness of

the plate). For larger rotations the iteration solution begins to

overestimate the nonlinear effect.

The applied moment-angle of rotation relationships are shown in

Figure 15 and measured radial strain versus angle of rotation in

Figures 16 and 17, Since gages could not be mounted right at the

inner boundary, the strains shown in Figures 16 and 17 do not represent

the absolute maximum strain in the plate, The measured radial co-

ordinate of the centers of the innermost gages (p = 0,421) is used to

compute the theoretical radial strains from equations (81), (82), (83)

and Hooke's law, For the particular plate tested, the iteration

solution gives strains at the inner boundary (p = 0,4) about 15 percent

larger than those shown for p = 0,421 in Figure 16,

The maximum radial strain shown in Figure 16 has been decomposed

into the bending and membrane parts in Figure 17. It is interesting
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to note that the experümental membrane strain is larger than that

predicted by the iteration solution, which is in agreement with the

_ statement made by Hart and Evans (6) that the von Karman equations

underestimate the in-plane forces, Although there is better agreement

between the bending strains from the iteration solution and the

experiment up to 1,5 degrees of rotation, the experimental bending

strains are slightly larger than the theoretical strains, One

possible explanation of this is the effect of the thickness of the

strain gages, which is not taken into account in the graph,

The agreement between the theoretical and experimental strains

at the outer boundary is as good as that at the inner boundary,
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VI. CONCENTRATED MOMENT

· If the radius of the rigid inclusion vanishes, an interesting

lümiting case of this investigation develops, With B = O, the

problem becomes a clamped circular plate with a concentrated moment

about the y axis applied at the center of the plate, The solution

for the concentrated moment is developed in this chapter by taking

the limit as B approaches zero in the solution given in Chapter IV.

Of course the solution can also be obtained by writing the boundary

conditions for a circular plate (including the requirement that the

displacements be finite at the center of the plate) and by following

the same iteration scheme as was used in Chapter IV.

A. Solution by Iteration,

As B approaches zero, the constants in the linear solution for

the lateral displacement as given in equations (43) behave as follows:

—l .

-
B^’21¤ß _ ~

A~-B

C~—B2B
·

F „,- 2 B (86)

and from equation (47) the moment applied at the center of the plate

is:_
‘.

M = 8a B G (87)“
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Substituting equations (86) and (87) into the expression for the linear

lateral displacement (eq. 42), the following equation is obtained:

n
W1 = ä; (- p +

p3
-

B2 p—l
- 2p ln p) cos 9 (88)

. - In order to distinguish the quantities for the case of a con-

centrated moment from those defined in Chapter IV, a bar placed over

the variables is used to designate the concentrated moment problem.

Thus equation (88) is rewritten as:

l —· M -
— 3 — -1 —

W1 = §;·(Ap + B p + C p + Fp ln p) cos 6 (89)

where: .

X = - 1

B = 1

E:-B2:O .

F=-2 (90)

Due to the presence of the p ln p term in equation (89), the
4

slope and bending Strésses will become infinite at the origin, The

expressions for the linear small-deflection stress resultants can be

obtained from equations (44) by substituting the product of OH/8x)

and the barred constants for the product of G and the unbarred con-

stants (i,e,, Aa = ÄM/8¤),

The governing equation for the stress function is obtained from

equation (48) by making the substitutions for constants mentioned above,
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Substituting for the unbarred constants in equation (50) gives the

following solution for the stress function:

D4 2 — 2 — -2 — 4 —

+-fü-(p -9)+cos29[A2p+B2p +C2p+D2

Q 4 2
Q

+48 (p -12 (1+6>)1¤ M] (91)

From equation (61), the constant Ü; must be:

-Ö-o=l/4 (92)

in order to eliminate multi-valued in-plane displacements, By letting

B equal zero and making the substitution for the constants A, B, C, F

as mentioned previously, equations (65) reduce to the followingxex-

pressions for the constants of integration in equation (91):

- _ v - 5
Bo - 48(l - v)

9V-7
2 48(l + v)

13-SV
2 24(3 - v)

”
52-0 (93)
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The vanishing of EO, E2 and 52 could have been ascertained

without going through the algebra used to obtain equations (93),

‘ because if they are not zero the in-plane displacements would be

infinite at the center of the plate, However, the p2 ln p term in

equation (91) causes the membrane stress resultants to become

infinite at the origin, Expressions for the in-plane displacements

and stress resultants can be obtained from.equations (59), (60) and

(67) by making the substitutions mentioned previously for A, B, C

and F and by replacing the product of @2 and the unbarred constants

given in equations (65) with the product of OM/8x)2 and the corres-

ponding barred constants in equation (93).

The governing equation for the second approximation to the

lateral displacement is obtained from equation (69) by making the

substitutions for the unbarred constants mentioned in the preceding

l

paragraph, Making the same substitutions in equation (72) gives the

following expression for the second approximation to the lateral dis-

placement:

ii-W1 - 12 +§1 pg +51

p5 lnp

' + äi4 pg ln p + His
p3 lnz p) cos 6 +
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— + (K3 99

— 7 ·· 7 ·— 5 — 5 2. +R219+R229 1n9+R239 ln9+R249 ln 9

+ R
3 1n +

R. 3 1n2 ) cos 36 (94)25 D D 26 D D

where W1 is given in equation (89) andwhere:R10

= - 1/3,840

_ R11 = 7/1,536

— 2 2
Rl2= (3+6v -5 v)/288(1 -v)

R13 = - 1/32

- 2 2
Rl4=- (3+3v-4v)/24(1—v)

R15 = 3/32

. R20 = - 7/17,280

·
R21 = - (126 - 47v)/4,800 (3 - v)

R22 = 3/320

R-23 = (103 - 3712)/284 (3 - v)

R24 = - 1/64

R25 = (2 + v)/36 (1 + v)

R26 = 1/96 (95)
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By letting B = 0 and substituting the barred constants from

equation (95) for the corresponding unbarred constants in equations

_ (74) and (76) (the constants R16, R17, RI8, R19, R27, R28 and R29

are zero), the following expressions for the constants of integration

in equation (94) are obtained:

_ - 2 2
Al = - (657 + 480v - 817 v )/11,520 (1 - v )

A
Bl = (1029 + 480 v - 1189 v2)/23,040 (1- v2)

C1 = O

D1 = 0

A3 = 1/2 [7RZO + 5R2l + R22 + R23 + R2;]

ES = 0

C3 = - 1/2 [6RzO + 4R2l + R22 + R23 + R25]

D3 = O (96)

The expressions for the bending stress resultants from the

iteration solution can be obtained from equations (79) by substituting

the product of (M/8¤)3 and the barred constants for the product of

a3 and the corresponding unbarred constants,

B, Discussion,

Since the stresses and slopes become infinite at the origin for

both linear and nonlinear theories, a plot of these quantities is
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awkward. However, the nonlinear effect can be seen from the plot of

maximum lateral displacement versus applied moment as given in

‘ Figure 18, In order to compare the concentrated moment solution with

A that for the case of a very small rigid inclusion, numerical values

for ß = 0,01 are also shown in Figure 18,
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VII. EXTENSION OF THE PROBLEM

, A brief discussion of a preliminary investigation into another

interesting method of solving the title problem of this dissertation

is given in Section A of this chapter. To further illustrate the

boundary layer phenomenon mentioned in Chapter IV, the case where the

annular plate is subjected to a large initial prestress is discussed

in Section B.

A. Series Truncation,

V
The series truncation method has been used successfully to solve

various nonlinear fluid mechanics problems, In brief the method in-

volves assuming a solution as a series expanded in terms of one of

the independent variables, where the coefficients of the series are

unspecified functions of the other independent variables, The series

is truncated after a certain number of terms and the effect of the

truncation is evaluated by comparing the solution resulting from an

(n) term series to that obtained from an (n + l) term series. How-

ever, the labor of solution increases greatly with the number of terms

. in the series.

_ I Results from the fluid mechanics investigations (see reference 20)

show that a careful selection of the expansion coordinate greatly

improves the solution, For the problem in this investigation, since
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one would expect the most predominant variation in deflections to be

in the radial direction, the azimuthal coordinate is the logical

U selection for the expansion coordinate,

Using the iteration solution as a guide, although this is by no

umeans a prerequisite for the series truncation method, one possible

form for the assumed series which is very similar to the Levy type .

of solution is:
l

W(p, 6) = Wo(p) cos 6 +-W1 (p) cos 36 + . . (97)

¢(D> 9) = ¢o(D) + ¢l(D) cos 26 + ... (98)

Upon substitution of equations (97) and (98) into the two von Karman

equations (eqs. 13 and 20), and collecting coefficients of the

different trigonometric functions of 6, a set of nonlinear ordinary

differential equations for the series coefficients are obtained,

However, the stress function is no longer a convenience to the solution

because a numerical integration technique of some sort would be used

to solve the nonlinear equations and the boundary conditions are

prescribed on the displacements,
A

The von Karman equations can easily be written in terms of the

displacements (simply by not introducing the stress function in

Chapter III). With the governing equations written in terms of the

displacements, in addition to the assumed form for W in equation (97),

the solutions for the in-plane displacements can be assumed as:
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U(p, 6) = Uo(p) + Ul(p) cos 26 + . . . (99)

V(p, 6) = Vo(p) sin 26 + Vl(p) sin 46 + . . , (100)

.Substitution of equations (97), (99) and (100) into the von Karman
3

equations (written in terms of displacements) results in a set of

nonlinear ordinary differential equations for the series coefficients -

Wo, UO, Vo, etc. The difficulty of the numerical solution to these

equations is increased by the fact that boundary conditions are

specified at both the inner and outer boundaries,

A more recent series truncation method, referred to as the "local

truncation," assumes the solution as a series expanded in powers of

one coordinate about an arbitrary value of that coordinate and the

coefficients of the series are unspecified functions of the other

coordinate, Using the iteration solution as a guide, a solution to

the von Karman equations can be assumed as a power series in 6 about

some arbitrary angle 60 in the following form:

W(p, 6) = cos 6 (101)

2U(¤, 9) = Uo(p) + öUl(¢>) ·+ 0 U2(p) + . . . (102)

V(p, 6) = sin 26 (103)

where 6 = 6 - 60, When equations (101), (102), (103) are substituted

into the governing equations, nonlinear ordinary differential eq-

uations for the series coefficients are obtained,
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Without actually carrying out numerical calculations, it is

difficult to predict which series truncation method would give the

best results,

B, Large Initial Prestress.

As was mentioned in Section C of Chapter IV, for fairly large

deflections, a plate behaves as a membrane except in regions very

close to the boundaries, The study of such a problem becomes quite
L

involved, however the same phenomenon occurs in the much simpler

case of large initial prestress, If the plate is subjected to a large

uniform initial prestress so that the dimensionless in-plane stress

resultants have the value T (i.e., Nr = N6 = T, Nrg = 0) before the
’

rigid inclusion is rotated, then any subsequent lateral displacement

will not significantly change the in-plane forces and they will remain

constant, Since the in-plane forces remain constant, the in-plane

equilibrium equations (eqs, l and 2) are automatically satisfied, The

governing equations then reduce to one, linear partial differential

equation for the lateral displacement, which is obtained from equation

(20) by introducing the constant T for the düensionless in-plane

stress resultants. Thexresulting equation is: -

v‘*w=·:v2w (104)

where Y; is the aplacian operator, which for cylindrical coordinaces

ÖD D öp D2 Ö92
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'
h

From the boundary conditions (eqs. 34, 35, 38 and 39), the

solution is assumed in the form:

‘
W(p, 6) = W*(p) cos 9 (105) '

and substituting equation (105) into equation (104) gives the following

governing equation for W*:

2
*

(
*d =¤ <1¤6>

„ dp D ‘° p dp p

For very large T, the first three terms of the first operator

in equation (106) are negligible and the governing equation for W*

reduces to the following second order equation:

@+%%-%-0 (107)
dp p

However, four boundary conditions are prescribed on the lateral dis-

placement, therefore equation (107) is over-specified since it is

only of second.order, Obviously two boundary conditions have been

lost, and the question is which two should be satisfied. This mystery ¢

is explained by the fact that equation (107) is actually the membrane

equation and only displacements can be specified for the membrane,

In order to satisfy the slope boundary conditions, the regions near

the boundary must be examined in more detail. For this brief dis-

cussion, only the inner boundary is treated in detail, however, the

outer boundary can be handled in the same way,
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An exact solution to equation (106) can probably be found in

terms of Bessel Functions, however it is informative to develop the

_ solution by perturbation methods, The perturbation procedure used in

this section is the method of inner and outer expansions, which is

discussed incletail in Chapter V of reference 19.

Selecting a small parameter t such that:

2
t = 1/T (108)

where T is the large dimensionless membrane stress resultant, the

solution for W* is assumed in the form:

W* = W * + t W * +
tz

W * + (109)
O 1 2

l••

The matching principle will verify that the form of the expansion in

equation (109) is correct, ·

To magnify the region near the inner boundary, a new boundary

layer coordinate g is introduced as:

p = B + t g (110)

' f

Thus for small t, g will still be of order (1) when p is very close

to B, Equation (106) rewritten in terms of t is:

2 =o (lll)
do o do D 0

and transforming equation (lll) into the boundary layer coordinates~

gives:
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dz 1: d 1:2 d2W*
1 · 7 · — +rl; *7

dä (B + ¤ä> dä (B + tä) dä

21: wd
+

——-l SIE-
-
$$-7 = 0 (112)

(B + tä) dä (B + dä)

where·W* in equation (112) is a function of g,

Equation (lll) is the governing equation in the middle portion

of the plate (referred to as the outer region) and equation (112) is

the governing equation in the boundary layer near the rigid inclusion

(referred to as the inner region).

· Substituting the first two terms of the assumed solution (eq, 109)

into equation (lll) and collecting powers of t gives the following

governing equations in the outer region :

2d W * dW * W *‘ to: -—-ä-+-]*1%--—(%=0 (113)
dp P P D

1
d2w1*

1 dw1* W1*
tz —§····+Eä·‘T-*2*'=0 (114)

dp o ,

In this discussion, only the solutions to order (t) will be obtained,

however higher order approximations can be obtained in the same

manner by keeping more terms in the assumed solution, For the first _

approximation, the effect of the boundary layer is so small that the

displacement boundary conditions given by equations (34) and (38) are
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assumed to hold in the outer region. This assumption is substantiated

later by the matching principle,

The solution to equation (113) is:

-1
Wo* = Elp + E2 p (115)

and using the boundary conditions (eqs. 34 and 38) to solve for the

constants of integration, equation (115) becomes:

ßza
-1W°* = - 2 (p - p ) (116)

1 • B

The solution to equation (114) is:

W*==Ep+E
p-1 (117)

1 3 4

where E3 and E4 are constants of integration which will be determined

from the matching principle, Thus the two-term solution for the

lateral displacement from equations (109), (116) and (117) is:

ßzoz -1 -1W*=- (¤·o)+¤(Ep+Eo) (118)
2 3 4

1 - ß .

Substituting the assumed form for W* as given in equation (109)

into equation (112) and placing a bar over W* to indicate the inner

region, the following equations are obtained by collecting powers

of t:
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0 dz 6270* _
t : —·ä· —T

- W0* = O (119)
dä dä

27
*

3- *6 - se‘°1 62 d1 - 1 dwo dwo
°= 7dg dg dg

The solution to equation (119) is:

2
* = ä ·äWo* E5 e + E6 e + E7 g + E8 (121)

The boundary conditions for the inner solution are obtained by writing

equations (34) and (35) in terms of the inner variable and noting

that at p ¤ B,
dg

is zero, The boundary conditions for g = O are:

B 04

Q-EE = 1 6 (122)

or in terms of Üo* and Ül* equations (122) become:

· 1.%* = B (1 ‘

670*
. Tg- = O (123)

d: —
A an Wide = 0

’
671* .
Tg- = (1 (124)
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For very large g (which corresponds to points in the middle region

of the plate), the first term in equation (121) becomes exponentia1ly_

‘
large and therefore E5 must vanish. The vanishing of E5 would also be

required by the matching principle. Using the boundary conditions as

given in equations (123) and using the matching principle to match

W°* and Üg*, the following expressions for the remaining constants in

equation (121) are obtained:

E6 = E7 = 0

E8 = B d (125)

Thus equation (121) becomes:

= 6 61 (126)

Since Üg* is a constant, its derivatives in equation (120) vanish

and the solution for Üi* is:

‘
= E PEW1* E9 e + Elo e + E11 g + E12 (127)

The leading term in equation (127) becomes exponentially large for

large g and therefore E9 must vanish. Using the boundary conditions

given in equation (124) and the matching principle to match Wl* and

Üi*, the following expressions for the remaining constants in

equation (127) are obtained:
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Za

I

E = -
-——-—-

10 1
_ B2 «

E . - ngfis
11 2l · ß

2a
E =

·—-—·‘ 12 1 - B2 (128)

and also the following condition for the constants in equation (118):

2
2ß a

3 E + E = —-—-E (129)
3 4 1 _

B

Gombinins ¢<1¤¤ti¤¤S (109), (126), (127) and (128), the um-cam

'inner equation for the lateral displacement is:

-« -W = ß 6l·B

Only one relationship for the two undetermined constants in equation

(118) is obtained by the above matching, however a similar condition

to equation (129) results from matching the two-term outer solution

to a two-term boundary layer solution for the outer edge of the plate.

Only the results of developing a two·term expansion for the outer

boundary layer are given here because the procedure is very similar

to that for the inner boundary layer. Upon introducing an outer
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boundary layer coordinate H defined by:

p = 1 - t T] (131)

and following the development used for the inner boundary layer, the

other expression needed to solve for the constants in equation (118)

is found to be:

2 @2 oz
E +E = -

(132)
3 4 21 ' B

Solving for E3 and E4 from equations (129) and (132) and sub-

stituting them into equation (118), the expression for the two-term

outer expansion is obtained, The results are summarized in the three

equations below where the bar notation has been discontinued:

Inner boundary layer

. w* = so -
ig, + 2-(e-§—1):} (133)
1'B

Central region 2

*
B Ol v·1 ..

W = - --7 (o - p )
1 f B

2
B

3 -1
+'&g'%"2 I;(1 + B ) D · (1+B) D (134)

(1 · B)

Outer boundary layer
2

w* -
2-Log? [J3 + 11 - 1] (135)
1 " B
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APPENDIX A

' Derivation of von Karman Equations from

V Equations of Elasticity

In this section the von Karman equations are derived by using the

equations of finite elasticity and incorporating the assumptions of

I
large deflection plate theory given in Chapter III. This derivation

follows Fung (3) very closely and is included here only to further

point out the use of the Lagrangian description in the von Karman

equations, In discussing the von Karman equations on page 469 of

his text, Fung says,

,"These equations were given without proof by von
Karman in 1910. Most books give derivations of these
equations without a clear indication as to whether

Lagrangian or Eulerian descriptions are used, The ex- .

plicit use of Lagrangian description introduces a degree
of clarity not hitherto achieved," ~

The notation used throughout this derivation is:

x,y,z rectangular cartesian coordinates

ux,uy,uz displacements of a point in the plate in the

x,y,z directions respectively

U,V,W displacements of the plate middle surface in the

x,y,z directions respectively

, subscripts following the comma denote partial

· derivative with respect to that coordinate.
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4 4 4 4
“

V ( 4 + 2 2 "’ 4 )
' BX öx BY BY

2 2 2

2 2 öxöy öxöy 2 2 )
bx BY BY öx

For plate theory, all but three strain components are neglected.

The three remaining strain components from the Green Strain tensor,

which is based on the Lagrangian description, are:

l 2 2 2Exx “x,x + 2 [(**,2,2) + <“y,„J + (**2,,8 ]

1 [ 2 2 2E = + — + +vv “v,v 2 (u><,v) (uva) (u¤,v) 1

E = l'- [u + u + u u + u u
xy. 2 xvy yvx x„•x xyy Yvx yay

+ A1“z,„ 2,,,] < >

According to the assumptions of plate theory, the displacements of a

point located a distance z from the middle surface can be written as:

u = U — z W,x x _

' u = V · z W,
Y Y

uz = W (A2)
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where U, V and W are the displacements of the middle surface,

Neglecting the nonlinear terms in equations (Al) which involve the

· in-plane displacements and substituting from equations (A2), equations

(A1) reduce to:

1 2
Exx = U’x Z Z w’xx + 2 (wö:)

1 2
I

· E = V - W + —
W

’>' Z ’yy 2 (WW)

1
u 2

Exy = 2 (U,y + V,x — 2z W,xy + W,x W,y) (A3)

l
A compatability equation found from equations (A3) is:

2 2
E + E · 2E = - W W A4
xx,yy yy,:¤¢ xy,xy

(W’x y) ’xx ·’yy
( )

Using Hooke's Law, the expressions for the stresses found from

· equations (A3) are:

I
Sxx=1

-
V2 (Exx+vEyy)

Z
¤—¢E———-U +vV -z(W +vW )

1 -
V2 Ix Jy ,xx Üyy

1 2 v 2+2—<w,2> +2 <w,y>] 2
s „ ....i.. (E + v E )Z yy 1 -

v2 yy xx

E
= + V U,x ' z(W,yy + V

W,xx)

- v

1 2 v 2
+ 2 (Way) +2 (*7.+,2)]
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ESxy ° 1 + v Exy

Using the definitions of the in-plane stress resultants:

_ h/2 h/2 h/2

NX-] Sxxdz N=f S dz Nx=f Sx dz (A6).
~ -11/2 V -11/2 VV V -11/2 V

and multiplying equations (A5) by dz and integrating from - h/2 to

h/2, the following expressions for the stress resultants are obtained:

· Eh l 2 v 2
Nx ¤ 1-vz [Um + v v,y + 2 (w,x) +E-_

Eh _]; 2 y_ 2
Ny:+2N

-
Eh u +v, +w, w (A7)

xy 2(l+v)
’y

x x
’y

By multiplying equations (A5) by zdz and integrating from - h/2

to h/2 and using the definition of the moment resultants:

h/2 h/2 h/2

¤ S zdz M = I S zdz = I S zdzlk
jih/2

’°‘ V -h/2 VV My -11/2 xy

(A8)

the following expressions for the moment resultants are obtained:
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Mx¤ -D (W,xx+vW,yy)

. My¤-D(W,yy+vW,xx)

Mxy ¤ - (1 - 9) D w,xy _ (A9)

where D is the plate stiffness.

The equilibrium equations, in the Lagrangian description are:

,j + Xi = 0 (A10)

where 6ik is the Kronecker delta, i is a range index, j and k are
A

summation indexes, and Xi is the body force. Expanding equation (A10)

and neglecting body forces and higher order terms, the equilibrium

equations become: '

Sxxax + Sxy,y + Sxz,z ¤ 0 (A11)

S + S + S = 0 A12
xy:x Yyay Yz:z

( )

(SxxW,x + Sxy W,y + Sxz)’x + (Syx W,x +

SW+S +SW+SW+S =O 13yy ’y
>·¤),>' (xz ’=< vz ’>· ==),Z (A )

Multiplying equations (All) and (A12) by dz and integrating from

-h/2 to h/2 yieldsz
A A

N + N ¤ 0x:x xY:Y

N + N = 0 (A14)xY.•x Ya}?
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and multiplying them by zdz and integrating from - h/2 to h/2 gives:

M + M— ><,>= ><>·,y ° Qx

M + M A15>=>·,>= sw ° Qy 7 ( )

where the shear resultants Qx and Q7 are defined by: -

7 h/2 h/2
Qx ¤

f
Sxz dz Qy ¤

f
Syz dz . (A16)

-h/2 -h/2

Multiplying equation (A13) by dz and integrating from — h/2 to

h/2 gives:

(Qx + Nx W,x + Nxy Nxy W,x+ Ny W,y),y = 0

(A17)

In evaluating the limits on the integrals used to obtain equations

(A14), (A15), and (A17), the stresses on the upper and lower surfaces A

of the plate are assumed to be zero (i,e., no surface loading),

Combining equations (A15) and (A17) results in:

M +21 +M =-[N W, +2N W, +N W, (A18)
x:xx xyyxy yayy x xx xy xy Y yy

and combining equations (A18) and (A9) gives:

DV4W·=N W, +2N W, +N W, (A19)X XX XY XY Y YY

The stress function cp, which is defined so as to satisfy the in-

°p1ane equilibrium equations (eqs, A14) exactly, is given by:
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Nx ¤ Q,yy N& = Q,xx Ngy = - Q,xy (A20)

_ Solving for the strains in terms of the stress function and substituting

·into the compatability equation (eq. A4), the first von Karman equation

is obtained:

Q
‘ $9 Q = -

äh L(W,W) (A2l)·
”

where L(W,W) is obtained from the expression for L(W,Q) given at the
l

beginning of this appendix, by replacing Q with W. The other von Karman

equation is found by combining equations (A20) and (A19):

D $9 W ¤ L(W, Q) (A22)

Equations (A21) and (A22) are the von Karman equations and the

operators, which are given in rectangular cartesian coordinates at the

start of this appendix, can be transformed into polar coordinates using

simple coordinate transformations. Since these equations are based on

the Lagrangian description, the boundary conditions should be written in

terms of the undeformed coordinates. In most of the large deflection

plate problems considered previous to this investigation, there is no

difference between the Eulerian and Lagrangian type boundary conditions. A

However, in this problem where the inner boundary is displaced and

rotated relative to the outer boundary, the two descriptions are different

at 0(a3), The boundary conditions and numerical results reported in

this work are based on the Lagrangian description, but as a matter of



interest numerical results were also obtained based on Eulerian boundary

‘conditions. _
A

The Eulerian boundary conditions to 0(oP) can be found from the

Lagrangian boundary conditions by substituting sin Q for tan Q in

equations (30) and (31). The only effect this substitution has on the

development in Chapter IV is that the leading terms in the expressions

for the constants R32 and R34 in equations (75) are now -1-2/36(l-vz)

instead of Ä-2/72(l-vz). This small change was found to have a

negligible effect on the lateral displacement and bending stresses

(less than l/2 of 1 percent), because the angle of rotation is small

A
and also because of the 1-2 factor involved,

A



UNSYMTRICAL LARGE DEFLECTIONS OF

AN ANNULAR PLATE

l
William Edmund Alzheimer

‘ l
ABSTRACT

While solutions to the nonlinear von Karman equations for large

deflections of thin plates have been presented for annular plates

under certain axisymmetric/loading conditions, little work has been

done with unsymmetrical large deflections. In this investigation a

systematic mathematical iteration technique is used to obtain a

solution to duzvon Karman equations for an annulus fixed at the outer

edge and which has a central rigid plug that is rotated about its

diameter out of the plane of the plate,

The linear, small—deflection solution to this problem presented

by H, Reissner is used as the first approximation for large deflections.

By using Reissner's solution for the lateral displacement to evaluate

the nonlinear terms in one of the von Karman equations, a linear

_ fourth order partial differential equation for the stress function is

obtained. The particular solution to the stress function equation

leads to multi·valued in-plane displacements, which are eliminated by
I

proper selection of the homogeneous solution, The boundary conditions
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for the stress function equation are written in terms of the in-plane · 

displacements, and wherever trigonometric functions of the small angle 

of rotation of the rigid inclusion appear, they are expressed in a 

power series of the angle and terms of higher order than the second 

power are neglected, 

By using the resulting stress function and the Reissner solution 

for lateral displacement to evaluate the nonlinear terms in the second 

von Karman equation, a linear, fourth order partial differential 

. equation for the second approximation to the large deflection lateral 

displacement is obtained. 1 Again the boundary conditions are expressed· 

in a power series of the rotation angle and terms of higher order than 

the third power are neglected. The solution for the lateral displace-

ment is a function of the first and third powers of the angle of 

rotation, where the part containing the first power is the Reissuer 

solution and the part containing the third power is a correction term 

reflecting a reduction in lateral displacement caused by the in-plane . 

stresses. Thus by neglecting the third power of the small angle of 

rotation, the large-deflection solution reduces to the linear, small· 

deflection solution. 

Any further iterations are not performed b~cause the algebra 

involved becomes excessive~ however, the iteration procedure can be 

repeated to obtain higher approximations. By taking appropriate 

··derivatives of the stress function and the lateral displacement, 
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expressions for the bending and membrane stresses as functions of the 

position in the plate and the angle of rotation are obtained. Numerical 

results are presented in graphical form for typical plates. 

Experimental data was obtained with an 18 inch outer diameter, 

7.2 inch inner diameter, 0.0634 inch thick plate made of 7075-T6 

aluminum. The results of the iteration solution are found to agree 

very well with the experimental data for lateral displacements up to 

one and one-half times the thickness of the plate, but the iteration 

solution begins to overestimate the nonlinear effect for larger dis-, 

placements. 

As a limiting case to the title problem, an iteration solution 

for large deflections of a clamped circular plate loaded by a central 

concentrated moment is given. 
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