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I. INTRODUCTION

Classical linear thin plate theory, which neglects the straining
of the middle surface of the plate, is known to give satisfactory
results as long as the deflections are small compared to the thick-
ness of the plate. In cases where the deflections are of the same
order of magnitude as the thickness, the stretching of the middle
surface is no longer negligible and should be included in the analysis,
The in-plane stresses caused by stretching the middle surface produce
a stiffening effect on the pléte, which leads to a reduction in
lateral displacement. The coupling effects between the in-plane
stresses and the lateral displacement, for cases where the displace-
ments are two or three times as large as the thickness, are included
in the two, coupled, nonlinear von Karman thin plate equatioms,

The object of this investigation is to obtain a solution to the
von Karman equations for a thin annular plate, which is fixed at the
outer boundary and which has a central rigid plug that is rotated
about its diameter out of the plane of the plate, Two earlier publi-
cations dealt with the linear, small deflection solution to this
problem., In 1930, H, Reissner (13) presented the analytical solution
for small deflections and in 1932, Roark (14) published experimental

‘results for the same problem. Roark became involved with this problem
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during an investigation of a drum-head which had developed cracks
during service,

Solutions to the von Karman equations exist in the literature
for annular plates with certain axisymmetrical loading conditions.
However, it appears that the only previous application of the von
Karman equations to unsymmetrical deformations was in a split-ring
problem presented by E, Reissner (10), in which the in-plane stresses
were axisymmetric but the lateral displacement varied linearly with
the azimuthal coordinate,

Probably the most successful method used thus far in obtaining
solutions to the von Karman equations has been the straight-forward
perturbation procedure. In this investigation a systematic mathe-
matical iteration procedure, which is equivalent to the straight-
forward perturbation method, is used. The iteration procedure has
the advantage that the form of solution automatically emerges during
the iteration, whereas in the straight-forward perturbation method
the correct form of the solufion must be assumed initially in a series
expansion in the perturbation parameter,

To begin the iteration procedure the correct first approximation
must be known, and in this case H, Reissner's (13) small deflection
solution is used as a first approximation to the "large deflection"

lateral displacement, The mnonlinear part of one of the von Karman



equations is evaluated using the first approximation to the lateral
displacement, and a linear, fourth order partial differential

equation for the stress function is obtained. The particular solution
to the stress function equation leads to multi-valued in-plane dis-
placements, which are eliminated by proper selection of the homogeneous
solution. The boundary conditions for the stress function are written
in terms of the in-plane displacements, Wherever trigonometric
functions of the smallbangle of rotation of the rigid hub appear,

they are expanded in a power series of the angle and terms of higher
order than the second power are neglected.

By using the resulting stress function and the lateral displace~
ment from linear theory to evaluate the nonlinear part of the second
von Karman equations, a linear fourth order partial differential
equation for the second approximation to the laferal displacement is
obtained. Again the boundary conditions are expressed in a power
series in the rotation angle and terms of higher order than the third
power are neglected. The solution for the second approximation to
the lateral displacement contains the first and third powers of the
rotation angle, where the part containing the first power is the
Reissner solution and the part containing the third powér is a
correction term reflecting a reduction in lateral displacement caused

by the in-plane stresses, Thus by neglecting the third power of the
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small angle of rotation, the large deflection solution reduces to
Reissner's small deflection solution,

The iteration is terminated after obtaining the second approxi-
mation because the algebra becomes excessive; however, it can be
continued to obtain higher approximations for thin plates. By taking
appropriate derivatives of the stress function and lateral displace-
ment, expressions for the membrane and bending stresses are obtained,

Because the algebraic expressions developed are quite lengthy,
numerical values for stresses and displacements in typical plates
are obtainedeith a digital computer, The results are shown to agree
very well with experimental data obtained during this investigation
with the help of Liberty and Collier (8), As a limiting case, the
solution is obtained for a concentrated moment applied at the center

of a clamped circular plate,.
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II. REVIEW OF LITERATURE

Although von Karman presented his large deflection plate equations
in 1910, very few solutions were obtained until the late 1940's. A |
series solution presented by Way (22) in 1934 for a circular plate
with uniform loading was the earliest successful attempt. In 1947
Chien (1) solved the same problem using a straight-forward pertur-
bation method and found this method eliminated much of the tedious
numerical work encountered by Way. The results of both methods agreed
very well with experimental work done by Way in conjunction with his
analytical solution.

Since 1947 several investigators have used perturbation techniques
similar to Chien's to s olve the von Karman equations for plates of
various geometries and including such effects as anisotropy, variable
thickness, etc, Only the literature pertaining to large deflections
of annular plates will be reviewed here, but the reader is referred
to references (15) and (21) for a comprehensive bibliography of
investigations of large deflections for other geometries.

In 1954, E. Reissner (10) presented a closed form solution to
the von Karman equations for a circular ring sector under the action
of two equal and opposite forces and a twisting moment, both applied
along the centroidal axis normal to the plane of the sector,

Reissner's paper is the only known work on unsymmetrical deformations
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of annular plates prior to this investigation., However, in Reissner's
paper the lateral displacement was a linear function of the azimuthal
coordinate and the in-plané displacements were functions of only the
radial coordinate, whereas in this investigation all three displace-
ments are functions of both coordinates.

In 1958 Wempner and Schmidt (23) presented a series solution,
simil#r to Way's, to the von Karman plate equations for an annular
plate,'simply supported at the outer edge and loaded along the free
inner boundary by axisymmetric edge loads. In 1963 Koehli and Evan-
Iwanowski (7) presented a similar solution for an annular plate, fixed
at the inner boundary and loaded along the free outer boundary by
axisymmetric edge loads., Since they were interested in the practical
application of clutching devices, Koehli and Evan-Iwanoski also
included the rotary inertia loading.,

In 1964 Tamate and Abe (17) obtained a numerical solution by
finite difference techniques for an annular plate, whose outer
boundary is clamped and inner boundary free., They considered only a
uniform pressure loading.

The only other known papers dealing with large deflections of
annular plates consider the same geometry as in this investigation,
but only the axisymmetric case of a concentrated force applied at the
center of the rigid inclusion is treated. In 1964 Hart and Evans (6)

considered the above problem and used a perturbation method to solve
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the von Karman equations, They also obtained a numerical solution to
a more exact set of large defleétion plate equations given by

E. Reissner (11), and compared the two solutions. They found the
results of the von Karman equations compared very well with those

from the more exact Reissner equations except for very large loads
(loads giving stresses well in excess of the elastic limit), They
also found the von Karman equations tend to underestimate the membrane
stresses, In 1965 Hamada and Seguchi (5) obtained a numerical solution
to the von Karman equations for the same problem, and also for the
outer boundary conditions of simple supports and hinges. They ob-
tained experimental results for the case of both edges clamped and

found good agreement between experiment and the numerical solution.
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1II, FORMULATION OF THE PROBLEM

The von Karman thin plate equations are based upon the following
assumptions:
(1) strains vary linearly within the plate thickness (lines
normal to the middle surface remain normal to it),

(2) stresses on surfaces parallel to the middle surface can be

neglected,

(3) the slope of the deflected surface and the strain components

are small,

(4) the in-plane displacements (u and v) are small compared to
the lateral displacement (w), so that only those non-
linear terms depending on the lateral displacement
need be retained in the strain displacement relations;

These assumptions differ from those of classical linear plate theory
by retaining part of the nonlinear terms in the strain displacement
relations and by not requiring the middle surface to remain undeformed.

In this chapter the von Karman equations are derived in polar

coordinates and the boundary conditions for the annular plate are

developed,

A. Governing Equations,

The governing equations are obtained in this section by considering

the equilibrium of a déformed element of the plate as shown in Figure 2.
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. DEFORMED CONFIGURATION

FIGURE 1. Coordinate system and geometry



FIGURE 2.
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DISPLACEMENTS

RESULTANTS

Displacements and stress resultants
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The equations of equilibrium are found by projecting the forces acting
on the deformed element onto the undeformed polar coordinate axes, For
a plate of constant thickness which has no body or surface loading,

" the equilibrium equations (dimensionless quantities are defined in

Nomenclature) in the p and © directions are:

aNr 1 aNre 1

5o +'5 ae_+-‘3(Nr-Ne)=.Q (1)
N N N

178 0 o) -

o 5 + S + 2 5 0 (2)

Equations (1) and (2) are identically satisfied by introducing the

following stress function eo:

=l§é 1ld¢e
N pap+p2 362 (3)
2
N, =b.££ )
op
-.Q (L,
No="5 (530 )

Using Hooke's law, equations (3), (4) and (5) can be written in terms
of the normal strains €. and € and the shearing strain Y,q @S

follows:



-2 2 2
A" |l love a9
€ = + - 6
r T Lah PP AW o ©
-2 2 2
A oK Ly, . 199
€, = - v ( + —= ) 7
®12avh) | o0 % xe? N
-2
A 1
Yoo Ty & (55 (8)

In polar coordinates, the middle surface strain-displacement

relations which are consistent with the von Karman theory are:

2
€ "%g'""zl'(%) (9)
2
S A R A ' A N L Y i
¥r T 5 38 p+Bp+papae (11)

where, according to assumption (4) stated at the beginning of this
chapter, nonlinear terms involving derivatives of W are retained,
but nonlinear terms involving derivatives of the in-plane displace~
ments (for example ( g% )2) have been neglected, It will be apparent

from the solutions given in the next chapter, that derivatives of the
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in-plane displacements are of higher order than those of the lateral
displacement and thus can be neglected.

By taking two derivatives of equaﬁions (9), (10) and (11) and
combining the resulting expressions, the following compatability

equation is found:

= -3 LM, W) (12)

where L(W, W) is obtained from L(W, ¢) by simply replacing ¢ with W
(see Nomenclature)., Combining equations (6), (7) and (8) with

equation (12) results in the folloﬁing‘equation:

Fo=-6-vHrELE, W (13)

The equilibrium equation in the transverse direction is:

R Ry Q
§r£.+ l.__§.+ L =- |N EEE.+ Ng ( 13, l_.ﬁfﬂ )
o p o8 p r apZ o dp p2 ae2
Q1

and summation of moments about the p and © axes gives:
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1M e 2,

p ob d® p 10 Qg (15)
aMr - l_aMrG

S "o & (16)

By substituting for Qr and Qe from equations (15) and (16) and using

the moment=-curvature relations:

Mr=-[iz%+v(lgﬂ+—%5—zg)] a”n
dp P op 0 d6
Me=-[-l-sﬂ+—% §2%+v-5i2] ' (18)
P oP o 8 3
Q1 W
M = (1-v) S ( ] ) (19)
equation (14) is reduced to:
A

vV W=LW, ¢ (20)

Equations (13) and (20) are the two, coupled, nonlinear von
Karman plate equations, These equations are also derived from the

' equations of finite elasticity in Appendix A,
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B. Boundary Conditions,

The von Karman equations as derived here are based on the
Lagrangian description and therefore the boundary conditions should
be written in terms of the undeformed coordinates., To determine the
displacements of points on the inner boundary of the plate, consider
the arbitrary point P in Figure 1 to be located in the central rigid
plug, The coordinates of P in the undeformed position are (x, y, 0)
in rectangular cartesian coordinates and (p, 6; 0) in polar co- |
ordinates, Rotating the rigid hub an angle & about the y axis causes
P to move to position P' which has coordinates (X, y, w).

The displacements of P measured from the undeformed position

are:
w = X tan a | (21)
u' = = (x -X) cos © (22)
v = (x -X) sin © (23)
where: ,
x = apcos b (24)
X =a pcos 8 cosa (25)

To evaluate ( roik ) in the rigid hub, it is convenient to use the chain

op

rule for partial differentiation:

$-55§8 o



-22-

where from equation (21):

oL tan O 27

F oo o9 (28)

Using equations (25), (26), (27) and (28) the following expression

is obtained:

=a cos 6 sin 29)

14

Equations (21), (22), (23) and (29) give the displacements and
rotation of all points in the rigid hub, and evaluating these at the
inner boundary of the plate (p = B, x = b cos 6, X = b cos 6 cos @)

the inner boundary conditions become:

w = b cos 6 sin « (30)

%% = a cos § sin ¢ (31)
2

u = = b cos” 6 (l-cos Q) (32)

v = b cos 6 sin 6 (1-cos @) (33)

Expressing the trigonometric functions of the small angle of

rotation ¢ in a power series and keeping only terms to order QP
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(since this is as far as the iteration procedure is pursued), the

inner boundary conditions (dimensionless form) for the plate become:

a3

(o - ek ..) cos ©

(@ - &

- B (Z‘—-+ ..) (1 + cos 26)

O?

2

2

+ ..) cos ©

B (%—+ ..) sin 286

(34)

(35)

(36)

(37D

where B is the ratio of the inner radius of the annular plate to the

outer radius,

The clamped boundary conditions at the outer edge of the plate

(p = 1) are:

(38)

(39)

(40)

(41)
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IV, SOLUTION TO THE PROBLEM

The terms on the right hand side of the two von Karman equations
(eqs, 13 and 20) represent the coupling effect between the lateral
displacement and the in-plane stresses, and they are small compared
to the left hand side of the equations for the range of displacements
considered here. 1In fact, neglecting the right hand sides entirely,
leads to the governing equations of linear, small-deflection plate
theory. Thus the von Karman equations are suitable for solution by
a systematic iteration procedure. If the lateral displacement and
stress function are known to some degree of approximation, they can be
used to evaluate the coupling effects in order to obtain the governing
equations for the next higher approximation. The linear, small-
deflection solutioﬁ, obtained by neglecting the coupling effects, is
the first approximation from which higher approximations are
developed.

By using the lateral displacement obtained from linear theory,
new expressions for the stress function and lateral displacement are
obtained, These new expressions are called the second approximation
and they can be used to develop a third approximationm, and the third
approximation used to develop a fourth approximation and so on, How~-
ever, in the iteration procedure, the algebra inherently becomes more

involved with higher approximations and only the second approximation
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is obtained here, Higher approximations are discussed in more detail

in Section C of this chapter,

A, First Approximation,

The governing equation for the first approximation to the lateral
displacement is obtained by neglecting the right hand side of
equation (20). The resulting equation (vﬁw = 0) is the governing
equation of small-deflection theory and the solution as presented by

H. Reissner (13) is:

W1 =q (Ap + Bp3 + Cp-1 + Fp In p) cos © (42)

' *
where A, B, C and F are constants of integration . The boundary con-
ditions used to determine A, B, C and F are found from equations (34),
(35), (38) and (39) by keeping only the terms linear in . The

following expressions are obtained for the constants:

-1
B =
2(1-8% + (146%) 1n )
A = (%13
c = -p%B
F o= -2 (1+%) B , : (43)

Subscripts on displacements and resultants indicate the,order of «
involved (i.e.: 1 indicates linear in ¢, 2 indicates & ete,)
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Using the moment-curvature relationships (eqs. 17, 18, 19) and
equation (42), the following expressions for the moment and shear

resultants are obtained:

M,=-0Q (S2 + \)Sl) cos ©
Mel = -0 (Sl + \)SZ) cos ©
Mr61= - a(l - V) S1 sin 6
Q =-2a(4B-F'2) cos ©
rl P
Qg = 2 a(4B + Fp™2) sin 0 (YA
where:
S; =2Bp -2 Cp'3 + Fp'l
L =3 -1
82 =6 Bp+2Cp~ + Fp (45)

The expression for the moment applied to the rigid inclusion in
order to cause the inclusion to rotate through an angle ¢, is found
by considering the equilibrium of moments acting on a free-body

diagram of the entire plate, Summation of moments about the y axis

gives: 2x 25
-m - f(qrade)acos6+ [(mrade) cos 9
. o o

2%
+ j’(mre a d6) sin 6 =0 (46)
)
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where the quantities q., m_, and m_o are evaluated at the outer
boundary (p = 1). After integration and substitution of dimensionless
variables, equation (46) becomes:

M1 = - 43 Fa (47)

where F is defined in equations (43). From equation (47) it is seen
the dimensionless applied moment for small deflections is independent
of the inner and outer radius of the plate and depends only on their

ratio (B).

B. Second Approximation (First Iteration).

The linear, small-deflection solution for the lateral displace-
ment (eq. 42) is used as an initial approximation to obtain a second
approximation to the lateral displacement and in-plane stresses for
nonlinear, large-deflections. The right hand side of the first von
Karman equation (eq., 13) represents the stretching of the middle
surface of the plate caused by lateral displacement, and for the
second approximation this effect is determined from the lateral dis-
placement given by linear theory. By substituting the expression for
W1 from equation (42) into the right hand side of equation (13), the

following governing equation for the second approximation to the

stress function is obtained:
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# o = - 12(1-v%) 2%? [4 82,2 + 2 BF + 2 CFp " - 4 ¢% o™°

+ cos 20 (8 szz + 6 BF + (FZ- 8 BC) p'z- 2 CFp_4):' (48)

where B, C, and F are constants in the small deflection solution.
Being guided by the boundary conditions (eqs. 36 and 37), the

solution to the homogeneous part of equation (48) is taken as:

22

Py = - 12 (l-v )y Ao [Bop2 + Co In p + Dop2 In p

2 -2 4
4+ cos 26 (Azp +B,0 ~ + Cop + Dz)] (49)

and upon adding a particular solution, the expression for the stress

function becomes:

2
’ 2, 2.2 2 2 B 6
Py = - 12 (1-v7) A¢ B~ * C, Inp + D _p Inp + 777 0

2
BF & ¢° -2, CF ., 2 2 -2
+'3—2'D ..-1—-p +—41np+c0529 [Azp +sz

2
+ Czp4 + D + Zg p6 + 1np C—- ﬁ__;§§§l 2 E% ] (50)

Since the boundary conditions are prescribed on the in-plane
displacements, expressions for U and V as functions of the stress
function are found by combining equations (6), (7) and (8) with

equﬁtions (9), (10) and (11). The resulting expressions are:

2 -2 2
Logly -2 low, Ldo_ 09
SIS 12(1-) ["5"+ F? 2] v

o o
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T =2 2 2
U LW, L, L¥ 2 A [acp 13 _Laco] »
+ + 5 ( )= - v ( + 2= 31 (52)
p po® 2" poP 12(1-v%) 592 P op pZ 362
2
1N _ VvV, ¥, 1¥H_ =N 9 1l
pod p TR TR FTEETY ( p o8 ) (33)

Integrating equations (5'1) and (52) once, U and V can be written as:

. A~2 [1_a<_g+

2 2
= _léﬁ_\,bﬁ do - + (ﬁ)zd + h(®)
R apz] %

2 2
12(1-v7) (54)
V= p)\-Z [ach_\,(lﬁe+_lizﬂ)] a6 - Ju de
12(1-v2) J L3 P oo 2 5e?
2 [13% so4 oo
) 5 P &{p (55)

where for the second approximation ¢ is givén by equation (50), Wl by

equation (42) and h(®) and g(p) are arbitrary functions of integration.
To obtain expressions for h(8) and g(p), equations (54) and (55)

are substituted into the remaining strain-displacement equation (eq.

53) and the following equation is obtained:

ldh 1 dg _
5 d6 p[:g fhd6]+dp—0 (56)
Ordinary differential equations for h(8) and g(p) are obtained by

separating variables in equation (56), and the solutions of the

differential equations give the following displacements resulting from

h(8) and g(p):
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U= Ll cos O + L, sin ) (57)
V= L2 cos 6 =~ Ll sin 6 + L3p (58)
where Ll’ L, and L, are constants. Non-zero values of L, and L,

correspond to rigid body displacements and non-zero values of L3
correspond to a rigid body rotation of the plate., Therefore these
constaAts must be equal to zero for the plate considered in this
investigation, and consequently h(®) and g(p) also vanish,
Performing ﬁhe integrations in equations (54) and (55), the

following expressions for the in-plane displacements are obtained,

v=-d [y + vy cos 20 (59)
2
V= a2 [pe ( %— - 2BC -4 Do) + y3(p) sin 29] (60)

The displacements arising from the first term in equation (60)
are different for (6) and (8+2x) and therefore the constant Do must
be selected so as to cause this multi-valued term to vanish. Hence,

the constant D° is given by:

16 D, = F° - 8 BC (61)

yl(p), yz(p) and y3(p) are functions of the radial coordinate,
which contain the six undetermined constants (Bo, C,s Ags B,, Cy, D2),

and are given by:



~31-

. 2
Yl(p) = -11-‘.{.3. (ll.v)p + [2 AB + — (3-\:] 3+ B[Bo(l-v)

+ 1‘&‘15‘2 - 2 BC (2-v) + A2]p + [20(A+F) -h(l+v)Co]p-l_

2
-%-(lw)p"3 + In p[ 2 BF p3 + [2 AF +-§-]-'-'2'-\’-)-(F2- 8BC)]p

-2CcFvwt+F% m p]} | (62)

_ 72(9)- 3-(11-3\») 0 + [2 AB +——(3-v) - 16vC ] P

. 5 | .
[A2 + %— (1+v) = 2Vv3BC = 8(l+v)A2] p + [%—"- (5+v)

+2AC + 16 Dz]p-l + [8 B,(1+v) - %2-] =3

+1n p [2 BF (1-v)pS + (2 AF + -(-1—‘2‘21 (F2 - 8 BC))P
+ F pln p]} | (63)

. 2 3
Y3(p)-=%3. {%— (1-v)p? + [h AB ~ 2 BF = 16(3+) c2] p3

* [2 A% + F% - 4 BC - 16 Aa(.lw)]'p * [2 CF + 4 AC

2

+ 16 D2(i-v)] ot + [g—g—-- 16 B (l+v)] -3

+ 200 [- 2 Br(1w)0% + (b aF + (20)(#% - 8 30))

+2CF(1w) pt v 2F o m p] (64)
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Applying the boundary conditions on the in-plene displacements
(egqs. 36, 37, L0 and 41), where only terms of order o are retained,

'the following expressions for the six constants in the stress function

equation (eq. 50) are obtained:

B = £ R-s"eR
° 8( 1w ) (1-32) [ . 2]

% = (1) (1-8°) [RI-R‘?]

c, = {32(11»\,) [2(33‘“_14) + (l—Bh)(Rh-R6)]

- [3-v + (1+\))B ][R -R -B Rh-R6)]}
<§ (1-82)[2(3+V) + (3-v)82(1+82)]

2 (3 (l 8%) [3-v + (l+v)82]}

1+v

Ry—fo-g (R, -R) - (329 (156)

D, =

2 12

3, = i R. =2 D _(._'BL)C

2 2 3 5T 2T YInte

Ay = Ry~ ( )c +(* =) D, (65)
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where:

Ry

2
= Z11v)8" + [228 + EX3-v) 16+ [A2+(3§-‘1)F2 - 280(2-v)-1]

2
+ 2C(A+F) 82 - %_—(1+v)3’ + In BE?BFB + 2AF + ( 2=V (52 g8gc)

- 2CFv8™2 + F° 1n B]

2 2
B{11-v) - £<{1#v) + 248 + BF(Z) + 24C + 2CF + (FH)F

- 2BC(2-V) + A

2 2

_KTE:;T {ér(1~v) « 2BF + UAB + 2CF + LAC + 2A° + T

C
- L4 BC + 3:}

Rh = TE'CJ['W)' {%—(1-\:)8 + 2B(2A-F)B + (2A +F -th-z) + 2C(2A+F)B

R5=

R6=

- LuBC - 2] + [hAC+CF(s+v)] 82 - -2-‘3’—2-3

2
+ g%—'B-h + 1n B [; 23F(l+v)82 * (F2-8BC)(l+v) + LAF

+ 2CF( 1+v)s"2 + 2F° 1n B]}

2
1 2 2, 2,14V
T—Tl T+v .{'3—(11-3\)) + LUAB + BF(3-v) + 2A° + F (-'-é—)-hvBC

+ CF (5+v) + bAC = % c‘?}

2 :
1 i"'\’) {%-(11'3\’)Bh M [hAB*BF(B-v)] 82 + [A +F2(l+")

=4 + 1n B[hBF( 1-\:)32

+ LAF + (F? = 8BC)(1+v) + 2F° In s]} | (66)

Equation (50) is differentiated to obtain the following expressions

/
for the in=-plane stress resultants:
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+ S, cos 26] o

_ 2y .2
N, = - 12 (1% A [33

2, .2 ‘
Ng = = 12 (1~v°) A [ss + S6 cos 26]0!2'

N_g= 2k (1-v2) A2 [s sin 26]0,2

7

where.

' L, BF2 -2 2 " CF =2
-L'D +-8-9 +2BO+D°+CO$> +—8"D +lnp[2D°+-2-p ]
2 4  BF 2 F2-6BC CF -

Sh —;p * 5P - 2A '(—'g—) (hn+-g) -6Bp
. 1 [Fe-anc , CE 2]

Pl T T

_5.2 4 BF. 2 3 Rl CF =2
Sg = §B°° +(8 +l202)p + 2h, -1-5-(1? 83c)+Tp

2
. 6329‘1‘ + in p[3BF 2 _(F -ch)]

2
? 2 4 2 F~-8BC CF

L 3BF 2

2
- F“-8BC CF =2
-332p +1np[89 ( )"'Fp]

1

(67)

(68)

The right hand side of the second von Karman equation (eq. 20),

which represents the reduction in lateral displacement due to the in-

plane forces, can now be evaluated by using the first approximation for

lateral displacement (eq. 42) and the expression for the stress function

(eqs 50). The following linear governing equation for the second

approximation of lateral displacement is obtained:
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L

yw = - 12 (1-\»2)%2 [Yé(p) cosd + YT(D) cos 3e] a3

where: o

. 2
e 1355 4 2L 2.3 B°C _ 53F
_76(9) B p” + S5~ BFP +(16313°+12m)o+-—2 8BA2+ 5 )p

BCF) =1 o (S op@
+ (tho - 813D2 + hF(Bo+D°) - 2FA, + = Yoo + (8 CF

+ 302 - hcno)p'3 + (hCCo - 8CD2 + 6FB2 - 202F)D"5

+ o(c? - 2iB,)e™T + 1n o[ (2680 + 2 (+P-gBC)) 0 + (2BCF

3
B

+ hFDo + + 302Fp_5]

2
3y
+ Qé- + 4B%C)p

o1 23,5 55 220y 03
v.,(o) ng +(2th2+§-5-3 F)p +(3.2Fc2

P -1 ,CF°
+ (2FA2 - :L613D2 - - 2hcc2)p + (—8- - 2h332 - 80A2
- 3302 - hm2)9'3 + (-C-?-l - 6F32)p'5 + 1n P [ 382Fp3
s 3o JE oL, (cF2 - thz)p"3]
2 8

The homogeneous solution to equation (69) is:

' 2,,2 .3 3 -1
WH = wl - 12(1=Vv)A“ [ (Alp + Blp + clo + Dlp 1n p)cosb

3, 5 =3 5 -1 6
+(A3a +339 +c3p +D3o Jcos 3]

where'wl

is the linear solution (eq.42) end Ajs Bys Oy Dy Agy By,

(69)

(70)

(71)

C. and D, are eight constants to be determined from boundary conditions.

3 3

A particular solutibn to equation (69) is added to the homogeneous solu-

tion and the expression for the lateral displacement to order 03 becomes:

/.
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L 2y42 3 3 -1 9
: - “VEY A
W = wl 12(1-V") Ao [(Alo + Blp + Clp + Dlp inp + Rlop
T 5 5 3 3.2
+ Ry P+ Rl2_p + R 5% Inp + Ry P .lnp * Ry P~ 1np
+ R_,.P inap + R p"l lnP + R o=t 1n29 + R p"3)cose
16 17 18" 19
3 -3 5 -1 9 7 7
+ (A39 * BgP " 4 Co0”7 + DPTT + Ry007 + R, 00 + Ry P 1np
' 5 . 5.2 3 3.2
* Ry3P” 1o + R, 07 In"p + RysP” InP + Ryep” 1n%p + R27p |
-1 :
72
*+ R,gPlnd + R299 1np)cos 39] (72)
where:
' 3
Ry, = B /3840
R =[7/30'T2]B2F
1 _
BB BA
= o0 > 1 2, .31 .2 2
Rpo =1 - 105 B0, * T F *15 8¢ -31%

BDO BF2 320

Ri3 = *3gr - T3

BCo BD2 FDo FBO FA2 BCF 5

T, "2 "W *YT -8 -8 ~512

1k

F3

BCF FDo F3

Ris=Tg *F *38

D 5 o pc°

= e— -
Rig =7 - gr °F 8

CD2 C Co 3FB

Ry =2 =% -"% ~grCF

£ w3 o2
183 CF



-37-

c
Ryg = Toz (€7 - 21B))
- T 3
Rao = 17,260 >
= e S L A -
Ry "8 32 -Tg,200 2 F
_ 3 2
B2 "glg 2T
FC, .2
_ A7 .2, % %
Re3 =~ T3¢ 3 *5 * %%
2
BF
Ray = 128
R =131>2+cc2'_m2 25 3
25 3 2 4608
R
26 ~ T68
R, = cr? 2UBB, - 8CA, - 3BC® - LFD
27 ~BF |78 T T2 T T2 e
[
I
Rog =% |F - hBC]
-
2
_F ¢ -
Ra9 = 18 _T'6Bz} (73)

Applying the boundary conditions on W as given in equations (34), -
(35), (38) and (39), the following expressions for the eight constants

in equation (72) are obtained:

€= {32(1“32) [CRRILNE 2.(_331‘332)]

- 62167 + 2 108) [ By - Ry 6 (R, - R31)]}
2(1-6%) [(1+6%)(1-6% + 2 1 8) + (1-69)%]

1 L
pl = ;:-éé. [ 31&-R32 8 (R33 31) + 28 ( -3 )cl]
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-C | (74)

R3l = -'(Rlo + Rll + Rl2 + ng)

L 4

. =2
A 8 6 N -
= - (R..8  +R,_B  +R..B + R..B ~ + 1nB [R B
72( 1-v2) { 10 11 12 19

13

Ry
2 T2 2 2 -2
+ R 8° + Ry8 ] + 1n°8 [Rlss + R+ R B ]}
Ry3 = = (9Byy +.TRyy + 5Rjp * Ryg + Ry + Ryg - 3R.g)
)\-2

6 2

8 L
= {9RJ.OB * TR + (3Ry + Ryg)B  + B8

L

R, = =——
34 75(1-v2)

2 .. b, N, 2
+ 3178 - 33198 +-1nB {SRlBB + (3th + aRlS)B + 2R16

-2 2 2 -2
+ (2Ryg = R )8 J + 1In B[3R158 * By, = Bgh ]} - 5)
and

L

| D. = 3= { (1-8%) [336(1+66) - 2R,

3

6
5 + (1-B )R38]

+ (th - 88

6

6
- 3) [Ryy - Ry - 8 (R36'R38)}}
%)+ 28%(1-62) (462 8°-3)

(1-38)(1+ 28"~ 38
6 2
C. = 3 [R35 - 3_37 - 8 (R36‘R38)]" 4 (1-87) D3

3 ] 2(8%-1)

R._ -R C. - 2D
_ B35 = Ryy O3 - 2D,
By 2 M

t——

A, =R, =3B, =C (76)

3 ® Ryg = B3 =C3-D4
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where;
R35 s - [R2O + R21 + R27]
= 6 4 -2
Ryg = = {R'zoB T Ry8 *Ryef -+ Ing [R223
-y 2 2
* RyoB ] + 1n“g [ Ry,8° + R261}

L1
Ryg = = /3 [ 9Ryg * TRyy * RByp * Byg + Ryg + Ryg + Ryg * R29]

. 2 -2
* R8T ¥ Ryg + Rog8

6

a1 L 2 -2
Ryg = = /3 {932_03 * (TRy)+ Ryp)B” + Ryg8” + Ryp + (Ry, + Ryg)8

-}
298

L

2
+ R + (5R23 + 2R2h)e + (3R.. + 2R 6)

+ 1ng [ TR 8 25 .

-2 -4 2 2
* g™ = Rygs ™|+ 1% [sRye” ¢ 3R26]} 1)
Equation (72) yields the following expressions for shear and

moment resultants:

6 1+ 9 (78)

where Mrl’ Mel' Mrel’ er and Qel are given by equations (44) and Fhe

terms of order o by:

M

3 = 12(l-v2)Azo§ [(88 + vSQ)cose + (Slo + vSll)cos 3%]

M.

03 é. lZ(l-v?)AzOP [(Sé + vSs)cose + (Sll + vSlo) cos 39]
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o3 = 12(1-\)2)(lf'v)A2a3 [89 siné + 3 8., sin 36]

Qr3 ‘= 12(l-v2)5‘2a3 [813 cosb + 8,), cos 36]

S 2,.2 -1 . .

Qe3 = - 12(1=v)A% o [(S8 + 89) sind + 3(Slo + Sll) sin 36] (79)
where:

7 5 3
sg = .72 Rlop + 42 Rllp + (20312 + 9Rl3)p + (sth.+ 2315

_ =1 -3
+ 6Bl)p + (2Rl6 + Dl)p + ('3R1’( + 2R18 + 2Cl)p

-5 . 3 -1
+ 12 ngp + 1np [ 2OR13° + (6th + 10Rls)p + 2 Rl6p

* (2R}, ~ 6318)9—3] + 1% [2R o + 2R180'3]

17 15

3 -l
Joo + (th + 2Bl)p + D.p

1

| g T 5
8 8 Rlop + 6 Rllp + (th?_ + Rl3

3

-3 -5 . '
+ (Ryp = 261007 = b Ryp™ + Inp [th3p + 2(Ry) *+ Ry5)e

9

-1 , -3 2 -3
+ 2 3169 + 2(R18 - Rl7)p ] + 1ln p[ 2Rlsp - 2R18p ]

L T 5 | 1.3
S T2 R, p f (th21 + 13R22)p + (9R23 + 2R2h + 20C3)p

10 20

P

25 2 9 3

+ (5R._ + 2R 6 6A3)p + R28p-l + (-3R2 + 2D3)p“3 + 12B_p

4 1np.[h2322p5 + (20R,, + 18R2h)p3 + (6Ryg + 10Ryc)p

3
+ 2#29pf3 ] + 0% [20R2hp3 + 6R26°]

- 5 3 . -1
sll (R22 - 2321)9 + (323 - hc3)p + (325 - 6A3)p + (R28 - 8R27)p

-3 -5 5 - 3
+ (Ryg = 20D.)p™> = 12B3p™° + Inp [-23229 + (2Ry)= URy2)p

' -1 -3 2 3
+ (2Ryg = ERy5)p = BRyge "-10Rygp ]* In °[’hR2h° - 6R26°]
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- T 5
8 R2°p * (6R21 + R22)p + (323 + hc3)p3 + (R25 + 2A3)p

-1
p

+ R + >
22P

- -3
2D3)p - LB

28 (Rog

3p—5'+ Inp [6R

3 -
+ (MRyy + 2Ry 0> + 2(Rys + Rygdo = 2Ry0p 3]

+ 2% [ Wyp° + 2Ry

6 L

2
+ 2Lo Rllp + (72312 + suRl3)p + 1h(th + Rl )

= skLo Rlop 5

-2 -4 -
+ 8 By + 2(Ryc = D,)p™ + (6R5 = 10R,g)p™ = 40 Rygo 6

2 -2 -
+ 1np [723139 + BR)) + 28R g = bRy (™0 + 12R g ]

+ ;nap [thS]‘

o 6 ’ L
. S50k Raop * 4(200 Ry, + 110 R22)p + (L6 323 + 26 th +

2 -2
+ L8 C3)p + 6 R25 + 14 Rog + (8 Ryw = 10 R28)p

7

L

-l
20P

+ (32D + lnp[200 R + (48 Ry, + 92 th)pe

3 -.2 R29)p 3

' ' -2 -4
+.l2 R26 + 8 R28p~ + 36 R29p ] + 48 R2Mp21n2p (80)

‘The maximum bending and membrane stresses are found from the usual

flexual and axial load formulas, where dimensionless stresses have been

formed by dividing the actual stress by the modulus of elasticity.

g' and ¢'" are used to denote the dimensionless membrane and bending

stresses respectively, and these are given by:
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Nr Ne
o L [o] ' = (81)
T 1a(1-vP? ® " 1201-vP0?
M, +M M., +M
gV = rl r3 og" = 61 83 (82)
T a(1-vHn 2(1-vH)A
and the dimensionless bending stresses from linear theory by:
M M
O'r]_" = r]-z o.eln = 912 (83)
2(1~vHA 2(1-v)A

The applied moment found from equations (46), (47) and (79) is:

Mo=M + M, (84)
where Ml is given by equation (47) and M3 by:
M, = - 12(1-v2A% x o® [480 Ryg + 192 Ryy + 48 R
3 10 11 12
46 Ri, +8Ry, +12R g+ B R, - 12Ryg - 48Ry - ADI]
(85)

M3 represents the additional moment required to overcome the added
stiffness introducéd by the membrane forces in order to obtain the
same angle of rotation as predicted by linear theory. Equation (85)
shows that the second approximation yields an applied moment which
depends on the radius-thickness ratio (\) as well as the ratio of

radii (B), whereas the applied moment in linear theory depends only
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upon B. It should be recalled the moment referred to here is the
dimensionless moment, whereas the actual physical moment is the plate

stiffness multiplied by the dimensionless moment.

C. Discussion.

Since the development of this investigation is based on a per-
turbation from the linear soiution, the small angle of rotation (&) is
used to determine the order of magnitude of various terms. The first
approximation (linear theory) leads to bending stresses and lateral
displacement whiéh are 0(q). Thus derivatives of W are 0(@) and pro-
ducts of its derivatives are 0(03).

The second approximation gives in-plane displacements and stresses
of O(Q?) and a reduction in lateral displacement of 0(0?). Derivatives
of U and V are of 0(0?) and their products of O(Oﬁ). Thus, the terms
neglected in the strain-displacement relations (eqs. 9, 10, and 1l1) are
of O(aﬁ) and are small compared to the nonlinear terms of O(Q?) re- ’
tained. However, if another iteration were performed to obtain a
third approximation, the right hand side of the first von Karman
equation (eq. 13) would involve terms of O(Qﬁ). Therefore it would
 geem inconsistent to obtain a third approximation involving terms of
the same order as those neglected by the governing equation,

However, as can be seen from equations (59), (60) and (72), the

nonlinear terms of O(Qﬁ) involving the lateral displacement contain
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a multiplying factor of XZ which is not present in the nonlinear terms
of O(Qﬁ) involying the in-plane displacements. Therefore for large A,
the nonlinear ?erms neglected in the von Karman equations are still
small and the ;teration can be continued without being inconsistent.
This observation has also been confirmed by unpublished work (2) done
by the author's thesis advisor in which it was found that for
rotationally symmetric problems the extra terms in E, Reissner's more
exact equations (see reference 10) contribute negligible corrections
to the corresponding solutions obtained from the von Karman equations
if the plate is thin.

At this point it séems worthwhile to include a brief qualitative
discussion of the effect of thickness on large deflections. For a
very thin plate (i.e., é membrane), the bending terms in the von
Karman equations are negligible and the appropriate governing equations
for the membrane can be obtained from the von Karman equations by
letting the plate stiffness vanish (D —> 0). For plates too thick to
be called membranes, but yet thin enough so that the extra terms in
Reissner's equations are small, the von Kamman equations apply. The
Reissner equations should be used for thicker plates. Of course, the
magnitude of the loading also determines which set of equations are
appropriate, and in fact determines whether a large deflection analysis
is needed,

An interesting combination of the membrane and von Karman équations

has been treated in the literature for axisymmetric bending of circular
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plates, Even though the bending stiffness of a plate is not negligible,
for fairly large deflections the plate behaves essentially as a
membrane excepf in a small region near the boundary. 1In the region
near the boungary, called the boundary layer, the bending becomes

very important, This phenomenon can be observed in Figure 11, where
the bgnding stfesses are nearly zero in the central one-third of the
annulus and much larger than the membrane stresses near the boundary.

Very recently, E, Reissner derived a more exact set of governing
equations for unsymmetrical deformations, which are the counterpart
of his equations for symmetric deformations. When these equations
become available (see reference 12), perhaps the results of this
investigation can be compared to his more exact theory.

Numerical results were obtained by programming the algebraic
expressions developed in this chapter for the IBM 7040 digital com-
pﬁter. In all cases Poisson's ratio was assumed to be 0,33, Figure 3
shows the lateral displacement of points lying along the radial line
normal to the axis of rotation (points along this line experience the
maximum lateral and radial displacements), and it illustrates the
reduction in lateral displacement caused by the in-plane stresses.

Figures 4 and 5 show the maximum in-plané displacements. By
examining the slopes of these two curves and comparing them to the
slope of the lateral displacement in Figure 3, for an angle of rotation

of 1.5 degrees the magnitude of the nonlinear terms neglected in the



46

strain-displacement relations is found to be approximately one
thousandth of the magnitude of those nonlinear terms retained.

Figures 6, 7, and 8 show the applied moment-angle of rotation
relationships for various plate geometries. The ordinates of these
curves represent the ratio of the dimensionless applied moment to
that dimensioniess moment from linear theory which would generate an
angle of rotation equal to one degree for the particular plate con-
sidered. Thus one straight line répresents the linear moment-
rotation relationships for all plates. Figure 9 shows the same type
of relationship for the radial bending stresses.

The variation of thé stresses with applied moment is shown in
Figure 10 and the variation of the stresses along the radial line
normal to the axis of rotation is shown in Figure 11, The stresses
shown in Figure llare fér a dimensionless applied moment equal to
5.63, which corresponds to an angle of rotation of 1.5 degrees using
the iteration solution or 4.95 degrees using linear theory. The
effect of the thickness-radius ratio (\) on the maximum total radial

stress is shown in Figure 12,
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V. EXPERIMENTAL INVESTIGATION

A brief description of the experimental apparatus used in this
investigation is given in this chapter and the experimental results,
which were obtained with the help of Liberty and Collier (8), are
compa:ed with the analytical solution presented in Chapter IV.
Although Roark (14) had previously obtained experimental data for
the same problem using a 24 inch diameter, 1/4 inch thick steel
plate, his resulés are too limited to verify the analytical solutions
developed in this investigation. Roark only reported the maximum
stresses observed for one value of applied moment and did not give
any indication of the magnitude of the displacements or rotations
involved, although he did state in the report that only small de-

~ flections were to be considered.

A. Experimental Apparatus,

Up to this point the problem has been pictured as the outer
boundary of the annulus being stationary and the rigid inclusion
rotated relative to it., However, it was felt the exact reverse
situation in which the inclusion is stationary and the outer boundary
rotated relative to the inclusion would be better for experimental
purposes.

Experiments were conducted with_an 18 inch outer diameter,

7.2 inch inner diameter plate made of 7075 - T6 aluminum. The plate
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was 0,0634 inches thick and was found to have a modulus of elasticity
of 10 x 106 psi and a Poisson's ratio of 0.33. The annulus was formed
by sandwiching a square piece of aluminum plate between two 1/4 inch
thick steel plates in which central 18 inch diameter holes had been
machined. The rigid inclusion was formed with machined 1/4 inch
thick_steel plates and was connected to a rigid support.

The outer boundary of the annulus was rotated relative to the
central inclusion about a predetermined diameter of the annulus by
applying weights so as to create a moment about the axis of rotation.
In order to predetermine the axis of rotation and to keep the re-
actions of the apparatus and applied weights from being transferred
to the inclusion, pivot bolts and supports were attached to the outer
edge of the steel plates, Photographs of the experimental apparatus
are shown in Figures 13 and 14.

Foil strain gages (1/4 in, x 1/8 in.) were mounted on the aluminum
plate along the radial lines normal to the axis of rotation. The
maximum strains occur at the inner boundary and are of most interest,
but the radial strains at the outer boundary were also measured. In
order to be able to separate the bending and membrane strains, gages
were placed on both surfaces of the plate along one of the radial
lines. Along the opposite radial line gages were placed only at
points of maximum strain, and were used to provide a check on the
symmetry of the strains, Afte¥ some initial adjustments in the

apparatus, a very high degree of symmetry was obtained,
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Besides the radial strain, the applie d moment and the resulting
angle of rotation were measured. The angle of rotation was found by

measuring the tangent of the angle with a rigid pointer.

B, Comparison Between Experiment and the Iteration Solution.

The experimental results obtained are given in Figures 15, 16 and
17, which show excellent agreement with the iteration solution for
rotations up fo 1.5 degrees (which corresponds to a lateral dis-
placement at the inner boundary of about 1.5 times the thickness of
the plate). For larger rotations the iteration solution begins to
overestimate the nonlinear effect.

The applied moment-angle of rotation relationships are shown in
Figure 15 and measured radial strain versus angle of rotation in
Figures 16 and 17, Since gages could not be mounted right at the
inner boundary, the strains shown in Figures 16 and 17 do not represent
the absolute maximum strain in the plate, The measured radial co-
ordinate of the centers of the innermost gages (p = 0.421) is used to
compute the theoretical radial strains from equations (81), (82), (83)
and Hooke's law. For the particular plate tested, the iteration
solution gives strains at the inner boundary (p = 0.4) about 15 percent
larger than those shown for p = 0.421 in Figure 16.

The maximum radial strain shown in Figure 16 has been decomposed

into the bending and membrane parts in Figure 17, It is interesting
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to note that the experimental membrane strain is larger than that
predicted by the iter;tion solution, which is in agreement with the
statement made by Hart and Evans (6) that the von Karman equations
underestimate the in-plane forces, Although there is better agreement
between the bending strains from the iteration solution and the
experiment up fo 1.5 degrees of rotation, the experimental bending
strains are slightly larger than the theoretical strains. One
possible explanation of this is the effect of the thickness of the
strain éages, which is not taken into account in the graph.

The agreement between the theoretical and experimental strains

at the outer boundary is as good as that at the inner boundary.



FIGURE 13.

Experimental apparatus
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VI. CONCENTRATED MOMENT

If the radius of the rigid inclusion vanishes, an interesting
limiting case of this investigation develops. With B = 0, the
problem becomes a clamped circular plate with a concentrated moment
about . the y axis applied at the center of the plate. The solution
for the conceﬁtrated moment is developed in this chapter by taking
the limit as B approaches zero in the solution given in Chapter 1V,
Of course the solution can also be obtained by writing the boundary
conditions for a circular plate (including the requirement that the
displacements be finite at the center of the plate) and by following

the same iteration scheme as was used in Chapter IV,

A. Solution by Iterationm,

As B approaches zero, the constants in the linear solution for

the lateral displacement as given in equations (43) behave as follows:

A~-=-B

C~-p°B

F~=-238 (86)
and from equation (47) the moment applied at the center of the plate

iss "
M=8gxB 87)
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Substituting equations (86) and (87) into the expression for the linear
lateral displacement (eq. 42), the following equation is obtained:

W =B (- o+ - 8707 - 20 1np) cos 6 (88)

In order to distinguish the quantities for the case of a con-
centrated moment from those defined in Chapter IV, a bar placed over
the variables is used to designate the concentrated moment problem.

Thus equation (88) is rewritten as:

Wl=%;(;\-p+}_3'p3+-c-p-1+fplnp)cose (89)
where:
A=-1
B=1
T=-p2=0
F=-2 (90)

Due to the presence of the p ln p term in equation (89), the
slope and bending stresses will become infinite at the origin. The
expressions for the linear small-deflection stress resultants can be
obtained from equations (44) by substituting the product of (M/8x)
and the barred constants for the product of o and the unbarred con-
stants (i.e., AQ = AM/8r).

The governing equation for the stress function is obtained from

equation (48) by making the substitutions for constants mentioned above.
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Substituting for the unbarred constants in equation (50) gives the

following solution for the stress function:

- 2, .2 , M 2|z 2, = = 2
sz=-12(l-\))>\(8ﬁ) [Bop +C°1np+Dop 1n p

A
p 2 - 2, = =2,= 4 =
+-]—_4—6-(p -9)+c0529[A2p +B, p +C,p + D,

2
+8 (' -12A+0) In p>]] (91)

From equation (61), the constant 5; must be:
D =1/4 (92)

in order to eliminate multi-valued in-plane displacements, By letting
B equal zero and making the substitution for the constants A, B, C, F
as mentioned previously, equations (65) reduce to the following ex-

pressions for the constants of integration in equation (91):

= _ _v=35
B = 48(1 - V)
C =0
)
K‘ 9v -~ 7
2 48(1 + v)
B2 =0
T = 13 - 5v

2 2403 - V)

D, =0 (93)
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2
without going through the algebra used to obtain equations 93),

The vanishing of Eo’ Eé and D, could have been ascertained

because if they are not zero the in-plane displacements would be
infinite at the center of the plate, However, the p2 In p term in
equation (91) causes the membrane stress resultants to become
infinite at the origin, Expressions for the in-plane displacements
and stress resultants can be obtained from e quations (59), (60) and
(67) by making the substitutions mentioned previously for A, B, C
and F and by replacing the product of a2 and the unbarred constants
given in equations (65) with the product of GH/Sn)z and the corres-
ponding barred constants in equation (93).

The governing equation for the second approximation to the
lateral displacement is obtained from equation (69) by making the
substitutions for the unbarred constants mentioned in the preceding
paragraph., Making the same substitutions in equation (72) give: the
following expression for the second approximation to the lateral dis-
placement:

-1

— 2 2 M 3! - — 3 —

W=W1 12 (1-v7) A (83\:) [(A1p+B1 o +Cl o

+D olnp+Rr o +R.. o/ +R,, o° + R 5 1In
1 P PT R R 11 P 12 P 13 ° e

= 3 = 3.2
+ Rl4 p- In p + Ris P 1n“ p) cos 6 +
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- 3 = =3 = 5 = 21 = 9
+(A3p +B3p +C3p +D3p +R20p
~ 7., = 7 = 5 = 5.2
+R21 o) +R22 p lnp+R23 o In p+R24p 1n™ p
+R,. 0o Inp+K,, p° In® p) cos 30 (94)
25 P o} 26 [o] P
where ﬁi is given in equation (89) and where:
RlO = - 1/3,840
Ry, = 7/1,536
- 2 2
R12 = (3 + 6v -5 v)/288(1 - V)
R13 = - 1/32
= 2 2
R14 == (3 4+ 3v =-4vV)/24(1 - V)
RlS = 3/32
R20 = - 7/17,280
: '§21 = - (126 - 47v) /4,800 (3 - V)
R22 = 3/320
§'23 = (103 - 37v)/284 (3 - V)
Ry, = - 1/64
st = (2 + v)/36 (1 + V)
R, = 1/96 (95)
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By letting 8 = 0 and substituting the barred constants from
equation (95) for the corresponding unbarred constants in equations
(74) and (76) (the constants Rig R17, Rig> ng, Ry, Ryg and Ry
are zero), the following expressions for the constants of integration

in equation (94) are obtained:

K, = - (657 + 480v - 817 v})/11,520 (1 - V)

B, = (1029 + 480 v - 1189 v2) /23,040 (1- V%)

‘61 =0

51 =0

K3 =1/2 [ﬁizo + 5§21 + -P:22 + 'IE23 + §25]

53 =0

T, = - 172 [6§20 + AR, + Ry, + Ry + Ezs]

D, =0 (96)

The expressions for the bending stress resultants from the
iteration solution can be obtained from equations (79) by substituting
the product of CM/8ﬂ)3 and the barred constants for the product of

o> and the corresponding unbarred constants,

B. Discussion,
Since the stresses and slopes become infinite at the origin for

both linear and nonlinear theories, a plot of these quantities is
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awkward, However, the nonlinear effect can be seen from the plot of
maximum lateral displacement versus applied moment as given in
Figure 18. 1In order to compare the concentrated moment solution with
that for the case of a very small rigid inclusion, numerical values

for B = 0,01 are also shown in Figure 18,
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VII. EXTENSION OF THE PROBLEM

A brief discussion of a preliminary investigation into another
interesting method of solving the title problem of this dissertation
is given in Section A of this chapter. To further illustrate the
boundary layer phenomenon mentioned in Chapter IV, the case where the
annular plate is subjected to a large initial prestress is discussed

in Section B,

A. Series Truncation,

The series truncation method has been used successfully to solve
various nonlinear fluid mechanics problems. 1In brief the method in-
volves assuming a solution as a series expanded in terms of ome of
the independent variables, where the coefficients of the series are
unspecified functions of the other independent variables., The series
is truncated after a certain number of terms and the effect of the
truncation is evaluated by comparing the solution resulting from an
(n) term series to that obtained from an (n + 1) term series. How-
ever, the labor of solution increases greatly with the number of terms
in the series.

Results from the fluid mechanics investigations (see reference 20)
show that a careful selection of the expansion coordinate greatly

improves the solution, For the problem in this investigation, since
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one would expect the most predominant variation in deflections to be
in the radial direction, the azimuthal coordinate is the logical
selection for the expansion coordinate,

Using the iteration solution as a guide, although this is by no
~means a prerequisite for the series truncation method, one possible
form for the assumed series which is very similar to the Levy type

of solution is:

W(p, 9) = Wo(p) cos 6 +-W1 (p) cos 36+ . . ©7n

o(p, 8) = mo(p) + ¢1(p) cos 28 + ... (98)

Upon substitution of equations (97) and (98) into the two von Karman
equations (eqs., 13 and 20), and collecting coefficients of the
different trigonometric functions of 6, a set of nonlinear ordinary
differential equations for the series coefficients are obtained,
However, the stress function is no longer a convenience to the solution
because a numerical integration technique of some sort would be used
to solve the nonlinear equations and the boundary conditions are
prescribed on the displacements,

The von Karman equations can easily be written in terms of the
displacements (simply by not introducing the stress function in
Chapter III), With the governing equations written in terms of the
displacements, in addition to the assumed form for W in equation (97),

the solutions for the in-plane displacements can be assumed as:
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U(p, 6) Uo(p) + Ul(p) cos 20+ , . . (99)

V(p, 6) = Vo(p) sin 20 + Vl(p) sin 46 + . . , (100)

.Substitution of equations (97), (99) and (100) into the von Karman
equations (written in terms of displacements) results in a set of
nonlinear ordinary differential equations for the series coefficients
W

U Vo’ etc, The difficulty of the numerical solution to these

o’ o’

equations is increased by the fact that boundary conditions are
specified at both the inner and outer boundaries.

A more recent series truncation method, referred to as the "local
truncation," assumes the solution as a series expanded in powers of
one coordinate about an arbitrary value of that coordinate and the
coefficients of the series are unspecified functions of the other
coordinate, Using the iteration solution as a guide, a solution to
the von Karman equations can be assumed as a power series in 8 about

some arbitrary angle eo in the following form:

W(o, ) = cos 0 [Wy(e) + 03 (o) + 8Wy () + . . ] (101)
U(p, 6) = U_(p) + 8U () + 5°0,(0) + . . . (102)
V(p, 6) = sin 20 [Vo(p) + 8V (p) + 62V, (o) + . . ] (103)

where § = 6 - 90. When equations (101), (102), (103) are substituted
into the governing equations, nonlinear ordinary differential eq-

uations for the series coefficients are obtained.
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Without actually carrying out numerical calculations, it is
difficult to predict which series truncation method would give the

best results,

B. Large Initial Prestress,

As was mentioned in Section C of Chapter IV, for fairly large
deflections, a plate behaves as a membrane except in regions very
close to the boundaries. The study of such a problem becomes quite
involved, however the same phenomenon occurs in the much simpler
case of large initial prestress. If the plate is subjected to a large
uniform initial prestress so that the dimensionless in-plane stress
resultants have the value T (i.e., Nr = N6 =T, Nre = 0) before the
rigid inclusion is rotated, then any subsequent lateral displacement
will not significantly change the in-plane forces and they will remain
constant, Since the in-plane forces remain constant, the in-plane
equilibrium equations (eqs. 1 and 2) are automatically satisfied. The
governing equations then reduce to one, linear partial differential
equation for the lateral displacement, which is obtained from equation

(20) by introducing the constant T for the dimensionless in-plane

stress resultants, The resulting equation is:

Fu=1FW (104)
where ¥ is the Laplacian operator, which for cylindrical coordinates
2 2
is 1 1
* (V"Z = é—f + B'%E-+ —E-ELE-) .
o p- o8
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' From the boundary conditions (eqs. 34, 35, 38 and 39), the

solution is assumed in the form:
W(p, 8) = W¥(p) cos 6 (105)

and substituting equation (105) into equation (1l04) gives the following

governing equation for W¥:

2 ZW* %
d W*
d—z“‘lr'l—z-T s =0 (106)

For very large T, the first three terms of the first operator

in equation (106) are negligible and the governing equation for W*

reduces to the following second order eqﬁation:

dBx 1 dwx Wk _
> + S dp " pz =0 (107)

However, four boundary conditions are prescribed on the lateral dis-
placement, therefore equation (107) is over-specified since it is

only of second order, Obviously two boundary conditions have been

lost, and the question is which two should be satisfied. This mystery f
is explained by the fact that equation (107) is actually the membrane
equation and only displacements can be specified for the membrane.

In order to satisfy the slope boundary conditions, the regions near

the boundary must be examined in more detail. For this brief dis-
cussion, only the inner boundary is treated in detail, however, the

outer boundary can be handled in the same way,
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An exact solution to equation (106) can probably be found in
terms of Bessel Functions, however it is informative to develop the
solution by perturbation methods. The perturbation procedure used in
this section is the method of inner and outer expansiomns, which is
discussed in detail in Chapter V of reference 19.

Selecting a small parameter t such that:
2
t” = 1/T (108)

where T is the large dimensionless membrane stress resultant, the

solution for W* is assumed in the form:

2
Wk = wo* + t Wl* + t W2* + ... (109)

The matching principle will verify that the form of the expansion in

equation (109) is correct,

To magnify the region near the inner boundary, a new boundary
layer coordinate ¢ is introduced as:
p=B+tg (110)

Thus for small t, ¢ will still be of order (1) when p is very close

to B. Equation (106) rewritten in terms of t is:

2 2
2 d 1d 1 d W 1 dW* W*
2 d 2 2 d 2
dp“ PP 4 dp PP 5

and transforming equation (111) into the boundary layer coordinates-

gives:
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2 2
P GRS B dzt;r*
@+l | &

dg (B + t&) dt

2
t 3 W
+ dwk |t =0 (112)

(6+te) d& (8 + )

where W* in equation (112) is a function of ¢.

Equation (111) is the governing equation in the middle portiomn
of the plate (referred to as the outer region) and equation (112) is
the governing equation in the boundary layer near the rigid inclusion
(referred to as the inmer region).

Substituting the first two terms of the assumed solution (eq. 109)
into equation (111) and collecting powers of t gives the following

governing equations in the outer region :

dy * dw * W *

¢ 2 + L = . 2= 0 (113)
dp p d9p 0

1 dzwl* 1 dWl* Wl*

el e (114)
do p ap P

In this discussion, only the solutions to order (t) will be obtained,
however higher order approximations can be obtained in the same

manner by keeping more terms in the assumed solution., For the first
approximation, the effect of the boundary layer is so small that the

displacement boundary conditions given by equations (34) and (38) are
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assumed to hold in the outer region, This assumption is substantiated
later by the matching principle,

The solution to equation (113) is:

W% =Enpp+E, o (115)
and using the boundary conditions (eqs. 34 and 38) to solve for the

constants of integration, equation (115) becomes:

2
R AR ) (116)
1-8

The solution to equation (114) is:

Wi* =E; 0 +E, o (117)

where E3 and E4 are constants of integration which will be determined
from the matching principle. Thus the two-term solution for the

lateral displacement from equations (109), (116) and (117) is:

2
wx - B0 (o - ol + ey + B (118)
1 2 3 4
- B
Substituting the assumed form for W¥* as given in equation (109)
into equation (112) and placing a bar over W¥ to indicate the inmer
region, the following equations are obtained by collecting powers

of t:
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0 2 [dmx _
t: — > - Wo* =0 (119)
dg” | dg i}
. 2 [ a%i% _ ST * an*
1 d 1 " 1 0 o
t: ~— - Wt = -3 22— T (120)
ae? L a ] dg
The solution to equation (119) is:
Tk o= £ -£
W*=E e +E e~ +E ¢ +Eg (121)

The boundary conditions for the inmer solution are obtained by writing
equations (34) and (35) in terms of the inner variable and noting

that at p = B, ¢ is zero., The boundary conditions for ¢ = 0 are:

W=pa
dwx
-a—g— t o (122)
or in terms of ﬁg* and ﬁi* equations (122) become:
v * =
WO Ba
dw_*
T =0 (123)
and: o
Wl* =0
dﬁl* .
= Q (124)
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For very large ¢ (which corresponds to points in the middle region
of the plate), the first term in equation (121) becomes exponentially .
large and therefore Esbmust vanish. The vanishing of E5 would also be
required by the matching principle., Using the boundary conditions as
given in equations (123) and using the matching principle to match
Wo* and ﬁ;*, the following expressions for the remaining constants in

equation (121) are obtained:

E6 = E7 = 0

Eg =B (125)
Thus equation (121) becomes:

ﬁo* =B« (126)

Since ﬁ;* is a constant, its derivatives in equation (120) vanish

and the solution for Wl* is:

WH*=E et +E (127)

3
1 9 108 TE; §+E

12

The leading'term in equation (127) becomes exponentially large for
large ¢ and therefore E9 must vanish, Using the boundary conditions
given in equation (124) and the matching principle to match Wl* and
ﬁi*, the following expressions for the remaining constants in

equation (127) are obtained:
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20
E = -
107772
2
p o tB)a
11 1 2
- B
20
E,, = ——7
127, _ g2 (128)

and also the following condition for the constants in equation (118):

2B o

4 1 - BZ

g2 E, + E (129)
Combining equations (109), (126), (127) and (128), the two-term

‘inner equation for the lateral displacement is:

2

7= B a - Lo [g(1+32) + 2(e'§-1§] (130)

Only one relationship for the two undetermined constants in equation
(118) is obtained by the above matching, however a similar condition
to equation (129) results from matching the.two-term outer solution
to a two-term boundary layer solution for the outer edge of the plate,
Only the results of develéping a two-term expansion for the outer
boundary layer are given here because the procedure is very similar

to that for the inner boundary layer. Upon introducing an outer
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boundary layer coordinate T defined by:

p=1-tT (131)

and following the development used for the inner boundary layer, the

other expression needed to solve for the constants in equation (118)

is found to be:
2

E, +E, = -2£2% (132)
3 4 2
1-8
Solving for E3 and E4 from equations (129) and (132) and sub-
stituting them into equation (118), the expression for the two-term

outer expansion is obtained, The results are summarized in the three

equations below where the bar notation has been discontinued:

Inner boundary layer

Wk = Ba - —t9‘-2- [g(lﬂ%z) + 2'(e'§-1)] (133)
1-g

Central region 2

-oh

2

POt 11+ ) ol - (+B) p| (134)
(1 - 87

Outer boundary layer

2
we s 2820t | Mg g (135)
1 - g?
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APPENDIX A

Derivation of von Karman Equations from

Equations of Elasticity

In this section the von Karman equations are derived by using the
equations of finite elasticity and incorporating the assumptions of
large deflection plate theory given in Chapter III. This derivation
follows Fung (3) very closely and is included here only to further
point out the use of the Lagrangian description in the von Karman
equations, In discussing the von Karman equations on page 469 of
his text, Fung says,

"These equations were given without proof by von

Karman in 1910. Most books give derivations of these

equations without a clear indication as to whether

Lagrangian or Eulerian descriptions are used, The ex-

plicit use of Lagrangian description introduces a degree

of clarity not hitherto achieved."

The notation used throughout this derivation is:

X,¥,% rectangular cartesian coordinates

ux,uy,uz displaéements of a point in the plate in the
x,y,z directions respectively

U,vV,w displacements of the plate middle surface in the

x,y,z directions respectively

subscripts following the comma denote partial

derivative with respect to that coordinate.



=03

4 4
4 3 3 >
v = ( + 2 + )
’ax“ >’y ¥
2 2
LW, ) =<§2’ a—fﬁ-zazw 2 2

) o)
X0y axay ay2 axz

¥,

For plate theory, all but three strain components are neglected.
The three remaining strain components from the Green Strain tensor,

which is based on the Lagrangian description, are:

E = u +-§- [(ux,x)2 + (uy’x)2 + (uz,x)z]

XX . X,X

1 2 2 2
By 2w,y ™ 2 [(ux,y) T luy P gy ]

E = = [11 +u + u u + u u
xy 2 X,y VX X,X X,y Y,X Y,y

+ u (Al)

u
Z,X z,y]

According to the assumptions of plate theory, the displacements of a

point located a distance z from the middle surface can be written as:
u = U -2z W,x
u =V -2zW,
y y

u, = W (A2)
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where U, V and W are the displacements of the middle surface.
Neglecting the nonlinear terms in equations (Al) which involve the
in-plane displacements and substituting from equations (A2), equations

(Al) reduce to:

E_=U, -2W )2

1
XX Ix Ixx + 2 (W’x

1 2
+ 'i' (w:y)

1
By =5 Uy + Vo = 22 W, W, W, (A3)

’Xy

A compatability equation found from equationms (A3) is:

2
Eex,yy ¥ Byy,mx ~ 2y xy = Wog )7 = Woge Wogy (a%)

Using Hooke's Law, the expressions for the stresses found from

equations (A3) are:

E
S = (E +\)E)
= S v2 XX yy
a =E U, +vV, -z + VW, )
1-\)2 Jx ’y ,xx ’yy
1 2 . v 2
*z W,) +2<w,y>]
S = —E (EE_+VE_)
2 SRR XX
- L V, +vU, =2z, +VW,_)
1-\)2 ’y ,x )yy )xx

1 2 2
5 0,07 3 W) ]
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E
= 2(1+v) [U’y Vo " 22 W’xy +Wox W’y] (A5)

Using the definitions of the in-plane stress resultants:

h/2 h/2 h/2
N -] Sxx dz N_= ] S dz N =f S dz (A6)
X Jdn/2 y -h/2 ¥ X Jdnp2 Y

and multiplying equations (A5) by dz and integrating from - h/2 to

h/2, the following expressions for the stress resultants are obtained:

Eh 1 2 v 2
Nx = 2 U:x +v V,y + 7 (w:x) +3 (W:y)
l-v

, Eh 1 2 _ v 2
N, = 7 [v,y +vU, +3 (w,y) +35 0,.) ]

Eh '
Ny = Ty [ Upy + Vo + Wy w,y] (A7)
By multiplying equations (A5) by zdz and integrating from - h/2

to h/2 and using the definition of the moment resultants:

h/2 h/2

h/2
= S zdz M_= f S zdz = S zdz
" [h/z"" y -n/2 VY -h/2 XY
(A8)

the following expressions for the moment resultants are obtained:
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M_=-D M, +VW, )

vy
Moo= =D (M, + VW)
M == (L-VDW, (49)

where D is the plate stiffness,

The equilibrium equations, in the Lagrangian description are:
[Sjk Gy + 0y ) ] g tE =0 (A10)

where 6ik is the Kronecker delta, i is a range index, j and k are
summation indexes, and ii is the body force. Expanding equation (A1l0)
and neglecting body forces and higher order terms, the equilibrium

equations become:

wc,x t Sxy,y ¥ 5xz,2 = 0 (a11)

S + S + S =0 Al2
Xy,x YYsy yz,z ( )

(Sdoy + 8,y Vo + sxz)’x (S Wy +

S W, +5.)_+(S

vy Woy yz),y xz "o T S W,y + szz),z =0 (A13)

x vz

Multiplying equations (All) and (Al2) by dz and integrating from

=h/2 to h/2 yields:

X,x Xy,¥y

N + N =0 (Al4)
Xy,x Y,y
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and multiplying them by 2zdz and integrating from - h/2 to h/2 gives:

M + M =
X,X Xy,y Qx

M +M = AlS5
Xy,x Y.y QY , (AL5)

where the shear resultants Qx and Qy are defined by:

h/2 h/2
Q = j‘ s, dz Q, = f Sy 42 | (A16)
~h/2 -h/2

Multiplying equation (A13) by dz and integrating from - h/2 to
h/2 gives:
Q + N Wy + N W, 0, +(Q + N W+ N W), =0
(Al7)
In evaluating the limits on the integrals used to obtain equations
(Al4), (A15), and (Al7), the stresses on the upper and lower surfaces

of the plate are assumed to be zero (i.e., no surface loading).

Combining equations (A15) and (Al7) results in:

M + M +M =-[N W, +2N__ W, _+N_W, 7(al8)
x,xx | CXY,XY T UY,¥Y x “xx T Txy Txy T Ty Vyy

and combining equations (Al8) and (A9) gives:

4
DV W=N W, +2N w,,“y N W, (A19)

The stress function ¢, which is defined so as to satisfy the in-

‘plane equilibrium equations (eqs. Al4) exactly, is given by:
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N = Pryy N& = 0y Niy =" Py (A20)

Solving for the strains in terms of the stress function and substituting
‘into the compatability equation (eq. A4), the first von Karman equation

is obtained:

V== LW (A21)

where L(W,W) is obtained from the expression for L(W,p) given at the
beginning of this appendix, by replacing ¢ with W, The other von Karman

equation is found by combining equations (A20) and (Al9):
4
DV W=LW, ¢ (A22)

Equations (A21) and (A22) are the von Karman equations and the
operators, which are given in rectangular cartesian coordinates at the
start of this appendix, can be transformed into polar coordinates using
simple coordinate transformations. Since these equations are based on
the Lagrangian description, the boundary conditions should be written in
terms of the undeformed coordinates. In most of the large deflection
plate problems considered previous to this investigation, there is no
difference between the Eulerian and Lagrangian type boundary conditions,
However, in this pfoblem where the inner boundary is displaced and
rotated relative to the outer boundary, the two descriptions are different
at 0(a3). The boundary conditions and numerical results reported in

this work are based on the Lagrangian description, but as a matter of
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interest numerical results were also obtained based on Eulerian boundary
" conditions,

The Eulerian boundary conditions to O(QP) can be found from the
Lagrangian boundary conditions by substituting sin @ for tan ¢ in
equations (30) and (31). The only effect this substitution has on the
develbpment in Chapter IV is that the leading terms in the expressions
for the constants R32 and R34 in equations (75) are now -h-2/36(1-v2)
instead of l-2/72(1-v2). This small change was found to have a
negligible effect on the lateral displacement and bending stresses

(less than 1/2 of 1 percent), because the angle of rotation is small

and also because of the A"2 factor involved.



UNSYMMETRICAL LARGE DEFLECTIONS OF

AN ANNULAR PLATE
by

William Edmund Alzheimer

ABSTRACT

While solutions to the nonlinear von Karman equations for large
deflections of thin plates have been presented for annular plates
under certain axisymmetric ‘loading conditions, little work has been
done with unsymmetrical large deflections. In this investigation a
systematic mathematical iteration technique is used to obtain a
solution to the von Karman equations for an annulus fixed at the outer
edge and which has a central rigid plug that is rotated about its
diameter out of the plane of the plate.

The linear, small-deflection solution to this problem presented
by H., Reissner is used as the first approximation for large deflecéions.
By using Reissner's solution for the lateral displacement to evaluate
the nonlinear terms in one of the von Karman equations, a linear
fourth order partial differential equation for the stress function is
obtained. The particular solution to the stress funétion equation
leads to multi-valued in-plane displacements, which are eliminated by

proper selection of the homogeneous solution, The boundary conditions



for the stress function equation are written in terms‘of the in-plane
displacements, and wherever trigonometric functions of the small angle
of rotation of the rigid inclusion appear, they are expressed in a
power series of the angie and terms of higher order than the second
power are neglected,

By using the resulting stress function and the Reissner solution
for lateral displacement to evaluate the nonlinear terms in the second
von Karman equation, a 1inear; fourth order partial differential
_equation for the second approximation to the large deflection lateral
displacement is obtained. \Again‘the boundary conditions are expressed
. in a power series of the rotation angle and terms of higher order than
the third power are neglected. The solution for the lateral displace-
ment is a function of the first and third powers of the angle of
rotation, where the part containing the first power is the Reissner
solution and the part containing the third power is a correction term
reflecting a reduction in lateral diSplacement caused by the in-plane .
stresses, Thus by neglecting the third power of the small angle of
rotation, the large-deflection solution reduces to the linear, small-
deflection solution.

Any further iterations are not performed because the algebra
involved becomes excessivej however, the iteration procedure can be
repeated to obtain higher approximations. By taking appropriate

‘derivatives of the stress function and the lateral displacement,



expressions for the bending and membrane stresses as functions of the
position in the plate and the angle of rotation are obtained, Numerical
results are presented in graphical form for typical plates.

Experimental data was obtained with an 18 inch outer diameter,
7.2 inch inner diameter, 0.0634 inch thick plate made of 7075-T6
alumihum. The results of the iteration solution are found to agree
very well with the experimental data for lateral displacements up to
one and one-half times the thickness of the plate, but the iteration
- solution begins to overestimate the nonlinear effect for larger dis-
placements,

As a limiting case'to the title problem, an iteration solution
for large deflections of a clamped circular plate loaded by a central

concentrated moment is given,
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