
AN APPROXIMAT& SOLUTION FOR TI-m FLEXURAL 

AND IN-PLANE STRESS EFFECTS OF A LATERALLY 

LOADED SKEWED FOLDED PLATE STRUCTURE 

by 

GEORGE W. SWIFT, B. S.,. M. S. 

Thesis submitted to the Graduate Faculty of the 

Virginia Polytechnic Institute 

.in candidacy for the degree of 

l)OCTOR OF PHILOSOPHY 

.in 

· ENGINEERING MEC~ICS 

May, 1964 

Blacksburg, Virginia 



-1-

T~LE-OF-CONTE"NTS 

TABLE OF CONTENTS 
LIST OF FIGURES 
UST OF TABLES 
UST OF SYMBOLS 

PART ONE - PRELIMINARIES 
I IN·TRODUCTION 
II MATHEMATICAL DEFINITION OF THE PROBLEM 

Page 
1 
2 

-3 

4 

13 
18 

III ASSUMPTIONS AND MECHANICAL CONSIDERATIONS 34 
PART TWO-METHODS THAT DID NOT PROVIDE A SOLUTION 

IV FORMULATION OF THE .EXACT SOLUTION 
V VARIATIONAL FORMULATION OF THE PROBLEM 
VI FINITE "DIFFERENCE APPROACH TO THE FOLDED 

PLATE ANALYSIS 
PART THREE-THE SOLUTION 

VII DESCRIPTION OF THE SOLUTION OF BOUNDARY VALUE 

35 
36 

41 

PROBLEMS BY THE METHOD OF SUPERIMPOSED MATERIALS 46 
VIII SOLUTION OF THE EXTENSIONAL PROBLEM BY THE METHOD 

OF SUPERIMPOSED POTENTIALS 
IX SOLUTION OF THE FLEXURAL PROBLEM BY THE METHOD 

OF SUPERIMPOSED POTENTIALS 
X METHOD OF CALCULATING RESULTS 
XI PRESENTATION OF RESULTS 
XII ACKNOWLEDGMENTS 
XIII BIBLIOGRAPHY 
XIV VITA 
X)J APPENDIX I 
X)JI APPENDIX II 

50 

59 
65 
70 
74 
75 
78 
79 
84 



-2-

LIST OF FIGURES 
·page 

Figure 1 Two Views of the Folded Plate Structure 16 
Figure 2 Stress, Moment, and Shear Resultants Acting 

on Skewed and Rectangular Elements 17 
Figure 3 Free Body Diagrams of the Joints 25 

Figure 4 Positive Directions of Rotation and Displacement 
Vectors 25 

Figure 5 Stress, . Moment and Shear Resultants Distributions 34 

Figure 6 Flexural Finite Difference Operators for a Skewed 
Plate 42 

Figure 7 Extensional Finite Difference Operators for a 
Skewed Plate 43 

Figure 8 Location of Physical Points in an Infinite Plane 45 

Figure 9 Coordinate System for Stresses and Displacements 
Due to a Concentrated Force Acting in the Plane 
of an Infinite Plate 49 

Figure 10 Stress and Displacement Transformations Across 
a Reference Line 52 

•Figure 11 Stresses at Two Points on a Boundary Due to 
Balancing Loads Near a Third Point on the 
Boundary 52 

Figure 12 Moment and Shear Transformations Across a 
Reference Line 58 

Figure 13 Effect of E and F on the Positive Directions of 
Results Calculated with Respect to a Plot Line 69 

Figure 14 Shear and Moment Resultants Acting on an 
Infinitesimal Element 82 

Figure 15 Transformation of Rotation Vectors Across a 
Reference Line 83 

Figure 16 Moment and Shear Transformations Across a 
Reference Line 83 



Table 1 

Table 2 

-3-

LIST OF TABLES 

Deflections and Moments for a Uniformly 
Loaded Skewed Plate with T'WO Edges Simply 
Supported and Two Edges Free 

Experimental and Theoretical Results for the 
Skewed Folded Plate 

Page 

72 

73 



-4-

LIST OF SYMBOLS 
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load application 

The mth applied concentrated force perpendicular to the 

boundary for extensional problems and perpendicular to 

the plate for flexural problems 

Q Intensity of a uniform load 

Qr Flexural shear resultant acting on a face perpendicular to 

the position vector r 

Q8 Flexural shear resultant parallel to the position vector r 

r Position vector from point of application of loads to point 
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T~ The mth applied concentrated force parallel to the boundary 

u1 Displacement normal to the 1th boundary interval 

uN Displacement normal to a reference line 

ur Displacement in the direction of the position vector r 
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ufj . Displacement normal to the 1th boundary interval due to a 

balancing load P = 1 applied at the jth balancing load point 
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balancing load T = 1 applied at the jth balancing load point 

vi Displacement normal to the ith boundary interval 
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wp Deflection of· an infinite plate due to a concentrated force 

wM Deflection of an infinite plate due to a concentrated moment 

wQ .Deflection of an infinite plate due to a uniform load 

wij . Deflection at boundary interval i due to a balancing load 

P = 1 applied at the jth balancing load position 
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M = 1 applied at the jth balancing load position 

w~c Deflection at boundary interval i due to a unit uniform load 
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x~ Coordinate of the 1th balancing load position 
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normal to a boundary 
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·13 Azimuth measured irom x0 axis to the inward normal to the i 
ith boundary interval 

13 j Azimuth measured from the x0 axis to the inward normal to 

the jth boundary interval corresponding to the jth 

balancing load 
E 13 A Azimuth of the plot line for extensional problems 

1={ Azimuth of the plot line for flexural problems 

y re Shearing strain 

£ Strain in the direction of the position vector r r 
£ 0 Strain in a direction perpendicular to the position vector r 

8 Angle between an x axis through the point of application 

of a load and the position vector r 

eij Angle between the jth inward normal near the jth balancing 

load and the position vector from the jth balancing load to 

the ith boundary interval midpoint 

X.ij Azimuth of the position vector from the jth balancing load 

to the ith boundary interval midpoint 

µ. Poisson's ratio 

<T Normal stress in the direction of the position vector r 
<T 8 Normal stress perpendicular to the position vector r 

<TN Stress normal to a boundary 

<Ti Stress normal to the ith boundary 
p 

<T ij Normal stress at the ith boundary interval due to a bal-

ancing load P = l applied at the jth balancing load position 
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a-;j Normal stress at the 1th boundary interval due to a bal-

ancing load T 1 applied at the jth balancing load 

position 

Shear stress 

· Shear stress normal to a boundary 

Shear stress normal to the 1th boundary interval 

Shear stress at the 1th boundary interval due to a bal-

ancing load P = 1 applied at the jth balancing load 

position 

Tij Shear stress at the ith boundary interval due to a bal-

ancing load T = 1 applied at the jth balancing load 

position 
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I. Introduction 

A folded plate consists of two or more plates joined together along 

their edges such that their middle surfaces form a dihedral angle. The 

joints are assumed to preserve continuity of bending moments, slopes, 

and deflections. 

The particular folded plate configuration to be considered here is 

composed of two rectangular plates joined to opposite edges of a skewed 

plate in such a way that the middle surfaces form 90° dihedral angles. 

Put together in this way the folded plate system forms a structure similar 

to the one illustrated in Figure 1. 

The structure is to be simply supported along the bottom edges of 

each rectangular plate and loaded vertically, perpendicular to the skewed 

plate. The remaining sides of each plate are free. 

The loads will cause the plates to deflect setting up flexural moments 

and shears. The flexural shears in turn will load the plates parallel to 

their middle surfaces causing in-plane stresses and displacements to 

exist. It is to be assumed that these two effects can be superimposed. 

The desirable results of an analysis of a structure such as this would 

be a description of the flexural moments and shear resultants per unit 

length in each of the plates and some information about how the in-plane 

reactions normal to the bases of the simply supported rectangular plates 

are distributed. 

The first indication that such a structure presented a problem in 

analysis came from the failure of a skewed concrete railroad arch at 

Bendigo, Austrailia just after the turn of the century. (l} W. C. Kernot, 
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a professor of engineering at the University of Melbourne was called upon 

to investigate the mishap. His conclusions were that the existing prac-

tice, due as he put it to Rankine, was incorrect. The usual approach at 

that time was to divide the arch into laminae parallel to the free sides 

and to treat each piece as an independent arch. Professor Kernot made 

several tests on models of the arch. The results enabled him to state 

that the thrusts were concentrated near the obtuse corners of the arch. 

Inquires to contemporary elasticians yielded no theoretical explanations 

for his experimental findings. 

In 1923 a skewed arch designed on the basis of the laminae theory 

failed in Tacoma, Washington. (2) This led Professor J. C. Rathburn of 

the University of Washington to develop a more realistic analytical 

approach which was published in 1924. (3) His ideas were considered an 

important advancement in the art and engineers up to the present have 

been using procedures based upon his method to design the skewed 

bridges in existence today. 

The original theory as set forth by Professor Rathburn was tedious. 

It contained terms which were not significant. Other engineers found 

ways of modifying the original theory so that bridge design could be 

carried out in a design office by the average engineer with a desk cal-

culator. The major contributors to the refinements and simplific~tions of 

Rathburn's original theory were Rathburn, (4 ) Hayden, (S) Weiner, (6) 

Gifford, (7) Hodges, (S) Weiner, (9) Baron, (lO) and Michalos(l l)_ 

The theory assumes that the members of the bridge are very wide 

beams which form a rigid frame. The frame is skewed so that it does 
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not lie in one plane. When the structure is loaded, moments, thrusts, 

and shears are set up which act in three mutually perpendicular directions 

at any point along the structure. 

One of the more recent modifications of Professor Rathburn's method 

was to apply the shear torsion analogy to the problem which reduces the 

calculations to simple arithmetic( 11 ). This approach still treats the 

structure as a set of very wide beams. It is certainly sufficient for an 

initial order of magnitude analysis. A more detailed accounting of 

stresses and displacements, however, must come from an approach based 

upon classical plate theory. 
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II. Mathematical Definition of the Problem 

In order to outline the various approaches to the solution of the prob-

lem, it will be convenient to write down the differential equations and 

boundary condition equations that must be satisfied. The equations are 

associated with plates A, B, and C the coordinates, dimensions, and 

shapes of which are shown in Figure 1. 

The stress and moment resultants that are usually associated with 

generalized plane stress and classical plate problems are represented 

in their positive directions on the infinitesimal elements shown in 

Figure 2. Figures 2a and 2b represent an elemental piece of the rec-

tangular plates and Figures 2c and 2d show similar elements for the skew-

ed plate . 

. Since the boundary conditions which are to be listed are mixed, they 

are expressed in terms of transverse deflections, denoted by w, and in-

plane displacements denoted by u and v. The positive directions of these 

terms are indicated in Figure 4. Each term in the equations will carry an 

A, B, or C superscript to indicate the plate with which it is associated. 

The equations were all obtained by particularizing the tensor equa-

tions in Chapter 7 of Green and Zema ( 12). Another excellent derivation 

of the flexural equations listed here is to be found in a bulletin by 

Odman( lJ}. 

For deflections in the rectangular plates, the governing equation is 

a4 A 
--Yi. + 
ax4 

= P(x, y) 
- D (1) 
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This equation written in skewed coordinates-for the deflections of 

plate B is 

a4wB a4wB 
as 4 + a11 4 + 

2 84wB 2( 1 + 2 sin a.) 2 2 
as a11 

(2) 

The governing equations for the in-plane displacements are the 

equilibrium equations for the in-plane stress resultants written in terms 

of the u' s and v' s. For the rectangular plates the governing equations are 

(i..2~ a 2uA 
+ 

a2uA 
+ ~L±.J!) aV = 0 

ax 2 ay 2 1 - J1 X 8y (3) 

~: 11) 
a2vA 

+ 
a2vA 

+ (t a2uA 
0 = ay2 ax2 axay (4) 

where fl is Poisson's Ratio. 

Two more equations similar to these but expressed in skewed coordi-

nates for plate B have the form 

+ 

~L :.l •·· {a 2u8 a2u8 
-- -- - 2 sin a --µ, 2 2 cos a. a s as 811 

µ 
2 cos a 

{ 
a2 B cos a. __ v_ 
a" a; 

82 ~l] - sin a cos a a: f 
+~2UB + L 811 2 

1 
2 cos a 

{ 82 B 82 B}] cos a. __ v_ - sin a. cos a. 7 
8118; 811 

= 0 (5) 
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1 
2 cos a 

[ 
a 2 B 

cos a a;~ ,, -

- 2 sin a 
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2 + sin a 

- sin a cos a 

= 0 (6) 

One of the methods to be discussed is based upon a variational principle. 

In order to use this approach expressions for the potential energy stored 

in the plates due to flexure and due to extension are needed. In rectan-

gular coordinates, the flexural potential energy equation is 

WA= ~1 {[ :2;t + :2;j 2 
2 A 2 

+ 2(1-µ)~:x;y ) (7) 

where D is the flexural rigidity of the plate and the integration is carried 

out over the area of the plate. Expressed in skewed coordinates for plate 

B, this equation becomes 

D l{[a2 B a2wB a2wB 
WB = 2cos4a 'A a ;2 + a,,2 - 2 sina a;a11 r 

2 [ (a2wB ) 2 a2wB aa211w2B] } dA + 2 cos a (1- µ) a ; a 11 - a ; 2 (8) 
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The potential energy equation due to extension for one of the 

rectangular plates has the form 

WA = 2(~-µ2)1 {[~u~ + 
A ]2 av 

ay 

[ l ( a A a,.,A ) 2 
+ 2(1-µ) - ___g_ + -4 ay ax (9) 

For the extensional energy of plate B, the skewed coordinate version 

- sina 

Regardless of the approach, the boundary conditions and continuity 

conditions remain the same. The boundary conditions imposed on u, v, 

and w for plate A are listed below. Along the hinged edge where x = 0 

w1x= 0 
= 0 (11) 

[a2wA a2wAj ~1 = -D 0 (12) + µ 2 = 
X X = 0 a x2 ay X = 0 

uA~ = 0 
= 0 (13) 

v1= O 
= 0 ( 14) 

Along the two free edged at y = O and y = b 

MA = - D [a2~A + µ a2~~l = o 
y y. = o Lay ax J y = o 

y.=b y=b 

(15) 



0 
y y.= 0 

y=b 

~ly= a 
~=b 

N 
xy y. = 0 

y=b 
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= - D + (2-µ) 83~A ] y.= 0 -- 0 L 8y 3 ax ay y = b 
(16) 

a Al 
a~ J Y = o = 0 ( 17) 

y = b 

E = 2(1 + µ) [ ~:A + ~{] y = 0 = 0 ( 18) 

y=b 

The conditions imposed along the free boundaries of plate B ex-

pressed in skewed coordinates are written in the following form. 

MB ,, ,, -= 0 
11 = b 

+ 

VB ,,,,=o 
'1 = b 

-D [ 8 2 B a2wB 
= 2 W 2 - 2 Sin.-4 

cos a. a ri 8; a., 

2 2 82w8J 0 (sin a + µ cos a) 2 = 8; = 0 

= -D 
3 cos a 

1] = b 

[ a 3 B a3wB a 111 - 3 sin a --2 a; ari 

+ (2 + sin2a - µ cos 2a) 83w8 

a~ 2 ari 

( 19) 

2 2 a3 B ] + sin a (sin a + µ cos a - 2) w 2 = 0 
8; 11 = O 

11 = b 

(20) 
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NB E [ z z auB 
= . 2 2 (sin a + µcos a) ar-'1 Tl = 0 "" co s a ( 1-)l ) 

Tl = b 

- sina (avB + auB) + av~ = 0 (21) a; a Tl 8 Tl Tl = 0 
Tl = b 

NB E t Z sin a ~auB + avB) = TlS Tl = 0 2 2 8; a Tl 
~- .CO S a (1- j-L ) 

Tl = b 

2 2 tvB + auB~ = 0 (22) +(1 +sin a- µcos a) a; a'l Tl = 0 
'l = b 

Boundary conditions for plate C must be written for three of its 

edges. These expressed in rectangular coordinates are of the following 

form. Along the hinged edge 

WC = 0 
x=O 

= 0 

cl = 0 u -x=O 

VC = 0 
x=O 

Along the two free edges of plate C 

c [a2wC a2wCJ M- = -D -- + µ-=--,;,,;._ = O 
Y y = o ay 2 ax2 w = o 

y=b y=b 

y y = 0 
y= b 

(23) 

(24) 

(25) 

(26) 

(28) 

(29) 
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NC E [ &vc + aPJ 0 = 2 JJ, 8 X y.= 0 = y y=O (1-JJ, ) ay 
y=b V=b 

(30) 

~- E [£ + auc] 0 = 2(1 +JJ,) ax ay ·Y = o = xy V-= O 
y=b y = b 

(31) 

If continuity is to be preserved across the joints, all moments, 

slopes, in-plane forces, and displacements must transmit across the 

joints between the plates unchanged. Figure 3 shows all of the forces 

and moments acting at the joints. Note that Ni is broken into 

components along the ; and 11 directions. -Each force and couple is 

considered to act over the same distance in the y and·11 directions so 

each factor will represent a force or couple acting over the same mag-

nitude of area when they are multiplied by this length. For instance at 

the joint between plates A and B, equilibrium of the forces in the x 

direction requires that 

dy I x = a = -d'l v: I ; = o 

but since at the joint dy = d'l , the differentials of length along the joints 

will cancel from all of the force equations associated with a free body of 

the joint. Hence equilibrium of the joint between plates A and B requires 

that the following continuity conditions be satisfied. 

l;F x = o = dy~ Ix = o + d'l vi ;=o = o 
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u + -[ a A 'Jt.,AJ 
1"x µ Sy X ='l -

2 2 + sin u(sin a. + µ cos a. - Z) 

D 
3 cos a. 

rNB [ s '1 
+ sin a. N~l e O - dy~ :J1::,= xyx=a 

-2 sin a. 

+ E 
z z cos a.( 1-µ ) 

[ au8 
sin a. -as 

z - sin a. 

Z Z w8] + sin a. (sin a. + µ cos a.) a~ 5 = 0 

E 

Z ( 1 + µ) 
[ auA + 

ay 
avA] 
ax x=a 

= 0 

This equation reduces to 

(32) 

= 0 

av8 av~ + TI - z sin a. a '1 J s = o - A A] au + av = o < 3 3 > 8x ay X = a 
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~F- = 0 = d11 cos o. N: l ; = O - dyv! IX =IL = 0 z 

or 

E c~ - sin a. (~ + 8v8 ~ 2 8; 811 8; cos a.( 1- µ. ) 

Z Z av8j + (sin a. + µ. cos a.) -a:;,- ts = o 

+ D a w [ 3 A 
8x3 

+ (2-µ.) a3wA] 
8x8y2 X = °'- = 0 (34) 

or 

--=--f -[ cos a. 
- 2 sin a. 

(35) 

The slopes represented by rotation vectors as shown in Figure 4 take 

the same· positive directions as the moment vectors of Figure Z. The 

positive directions of u8 and v8 are also shown in Figure 4. Using these 

as a guide, the continuity conditions involving the geometry of the joint 

between plates A and B will have the following form 
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or 

- sin a. (36) 

The deflection of plate A at x = Cl equals the in-plane displacement 

of plate B at ; = 0 or 

A w = '· .. --
x =O. 

luB - sin a v8 ] L t · = o 
(37) 

The deflection of plate B at ; = 0 equals the in-plane displacement 

of plate A at x = or 

= Al U X = a_ 
(38) 

The displacement of plate A at x = 0.. equals the displacement of plate 

B at ; = O both displacements being parallel to the joint or 

Al B ,. V = V COS a 
=A ; = 0 

(39) 

Statical equilibrium of the joint between plates B acid C will pro-

vide the following set of continuity equations to be satisfied by the 

deflections and displacement functions '.for plates B and C. 

l;Fx = 0 = d'I v: I = J. - N~ dy x = 

or 

2 2 a3w8] + sin a (sin a. + µ cos a - 2) 3 
8 ; ; 

+ 2' 
( 1-µ } 

E _v_u_ + _ [
!:l C Cj 
ax µ a y x =J. = 0 (40) 
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or 

- V- -C t X X =0.. 

or 

(42) 

~M- O = -d,i B t; =} - ay MC = cos o M5 X :o_ y X 

or 

-D [ a2wB 
- 2 sino 

a2wB z z a2w8] 
2 8; 2 a; a,, + (sin o +µcos a) - 2-

cos (1 a,, ; 

(43) 

The equations which satisfy geometrical continuity at the joint 

between plates B and C, again referring to the directions shown in 

Figure 4, have the following form. Continuity of slope requires that 

(44) 

=~ 
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and continuity of deflections and displacements requires that 

w\ =Cl.= , · .. [ u8 - sin a v~ §. _ = j (45) 

(46) 

and 
,: B 

COS a. V (47) 
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III. Assumptions and Mechanical Considerations 

All of the basic theory governing the work done on this problem 

employs the assumption of small deflections ·and dis-placements so that 

the equations are all linear. 

The plates are assumed to come under the classification of a thin 

plate so that stresses acting on areas parallel to the lateral surfaces of 

the plates can be considered negligible. Further, the thickness is 

assumed to be small enough compared to the other dimensions of the plates 

so that the extensional effects will be secondary in magnitude to the 

flexural effects. With this assumption, the plates can be treated as in-

extensible during the part of the solution dealing with flexure. 

Let us make some apriori judgements at this point regarding the 

mechanical behavior of the structure when the skewed plate is subjected 

to a transverse loading. The skewed plate will tend to develop a larger 

bending moment at its obtuse corners than at its acute corners due to its 

shape. The moments at the obtuse corners of the skewed plate will cause 

the moments at the joints in the rectangular plates to be large~t near these 

corners. An assumed distribution of moments along the joints is shown 

in Figure Sa. From the standpoint of statics, the moments at the edges of 

the plates should affect to some extent the magnitudes of the flexural 

shear resultants along the edges. Since the moments are largest near the 

obtuse corners, the shear resultants along the edges should be distributed 

roughly as shown in Figure Sb. The flexural shear resultants act as in-

plane edge loads on each adjacent plate. The flexural shear resultants 

from the skewed plate will transmit through plates A and C to their hinged 
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edges. Hence the vertical reactions ·along the· hinged supports should 

be largest under the obtuse corners of the skewed plate as shown in 

Figure Sc. The resultants of these vertical reactions would be the 

moments ·MAz and Mez and the forces·RAx and Rex as shown in 

Figure Sd. 

The flexural shear resultants on the hinged edges of plates A and 

C should also be largest near the obtuse corners of the skewed plate 

as shown in Figure Sb. At the hinged edges of plates A and C, these 

should produce horizontal reactions RAz and Rez and moments MAx 

and Mex as shown in Figure Sd. 

The flexural shears at the joints from plates A and C, distributed 

as shown in Figure Sb, will produce a couple in the plane of the skewed 

plate. This couple would be resisted by in-plane shear forces acting 

along the joints in the rectangular plates as shown in Figure Sc. The 

effect of these in-plane shear forces at the hinges would be a reduction 

in the moments MAx anrl Mex. 

If the skewed plate is subjected to a rigid body rotation in its own 

plane due to this couple, the hinges would have to translate. This is 

not consistant with the boundary conditions. A rotation of the skewed 

plate could occur if the distortion in the plane of the rectangular plates 

were taken into account. However, this would violate the assumption 

that the in-plane displacements do not affect the deflections. 

This point is important if side sway is to be considered. If the 

skewed plate can not rotate, then the joints will only translate during 

side sway. This motion will occur in a direction perpendicular to the 
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hinged supports. Consequently the actual amount of side sway that 

would occur·from an unsymmetric loading could be computed ·from the 

condition that the in-plane··forces acting on the edges of the skewed 

·plate due to-translation of the 1oints are in e-quilibrium with similar 

forces caused by an unsymmetric loading. If we let Np represent the 
• 

-resultant of all of the in-plane edge forces in the direction of the side 

sway, due·to an unsymmetric applied load, and let ryrepresent the 

resultant of these ·forces due to a unit translation, then equilibrium of 

the skewed plate requires that 

or 

(48) 

would be the actual amount of side sway. 
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-N. Formulation of- the-Exact ·Solution 

Bottenhoffer, (1 4) Brown, (1 5) and Parsons( 16) formulated the 

solution according to classical -plate theory. They obtained solutions 

to equations (1) through (4) by a separation of variables techni(lue. 

-Some of the constants of integration appearing in the solution to· these 

equations were evaluated by satisfying the boundary conditions, 

equations(ll) through (31). The remaining constants were to be evalu-

ated by satisfying the continuity conditions. The solution at this point 

contained the same number of integration constants as there were con-

tinuity conditions. In order to evaluate these remaining constants, a 

set of simultaneous equations independent of y formed from substitution 

of the solution into the continuity conditions had to be solved. Since 

each remaining integration constant was multiplied by a different func-

tion of y, it was necessary to express each continuity condition as a 

Fourier Series in y so that the functions of y would appear as a common 

factor in the simultaneous equations. The set of simultaneous equations 

thus obtained were independent of y but they were now theoretically in-

finite in number since each continuity condition was expressed as a 

Fourier Series. If these equations are solved,- the exact solution to the 

problem will be obtained. 
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V. variational Formulation of the Problem 

It was thought that perhaps less manual work would be involved if 

minimization of the potential energy stored in the structure using the 

Rayleigh-Ritz procedure was programmed for a computer. 

After examining the work of Bottenhoffe/ 14J, Brown(lS), and 

Parsons(l 6) it was obvious that no simple function could be found that 

would even partially satisfy the boundary and continuity conditions. The 

task of developing such a function was eased slightly by relaxing the 

continuity conditions prescribed by equations (37), {38), (45), and (46). 

Instead of these conditions, a condition of vanishing deflections at the 

joints was used. This did not violate the assumptions and it allowed 

the flexural and extensional parts of the problem to be solved independ-

ently. 

The flexural part of the problem was attacked first. The usual pro-

cedure was followed. A deflection equation in series form containing a 

set of minimizing parameters was developed that satisfied the boundary 

conditions. The deflection function was to be substituted into the energy 

equations (7) and (8), and minimized with respect to the parameters. This 

would pro duce a set of simultaneous equations the solution of which would 

yield the value of the parameters. The sum of the deflection function 

series with the known values of the parameters in it would be the solution. 

A scheme was devised by which a series deflection function could be 

developed that would automatically satisfy the boundary and continuity 

conditions. To perform such a task a deflection function was initially 

assumed in the following abbreviated form. 
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w · = LL {<All + t A21) cosS1 t + (A31 + 1; A41) slnS1 t 

+ (AS! + t A61> co shS I t + (A71 + t As1> slnhS I {<c lj + 11 C ZJ )co sf j 11 

+(C 3J +11C 4 J)slnP J'l + (CSJ +11 c6J) coshP J11 +(C 7J +11 C8J)slnhPJ1 

(49) 

When the indicated multiplication was performed there were 64 different 

Ax.C combinations for each term in the series. At this point these would 

be unknown constants that were to be determined by satisfying the 

boundary conditions. The arguments of the functions of ; and 11 contain-

ed unknown parameters Si and Pr If the boundary conditions with the de-

flection function substituted into them were evaluated along the boundaries 

to which they apply, a set of homogeneous, simultaneous, transcendental 

equations would be generated. This set of equations would be independent 

of ; and Tl and would contain the unknown constant Ax.C products and the 

unknown parameters Si and Pr There are 16 boundary and continuity 

equations, for instance, for the skewed plate, but 64 simultaneous equa-

tions would have been generated by these conditions. 

An example of why this is true can be obtained from examination of 

equations ( 19) and (20), the free edge boundary conditions for the skewed 

plate. These two equations evaluated at Tl = 0 and Tl = b must be inde-

pendent of ; . Since they involve the deflection function and its first, 

second, and third derivatives with respect to ; , it is impossible to 

factor all of the functions of ; out of these equations. Instead of four 

members of the set of simultaneous equations arising from equations ( 19) 

and (20), there v.ould be 32 -- one for each different function of ; . The 
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other 32 members of the set of simultaneous equations would be gen-

erated from the continuity conditions for the skewed plate. 

A deflection function similar to equation (49) was used for the 

two rectangular plates. The hinged edge conditions, equations (11), 

( 12), (23), and (24), made it possible to simplify the deflection func-

tions for the rectangular plates so that only 32 AxC products were need-

ed for each rectangular plate. 

For the entire structure then there were a total of 128 simultaneous 

equations with 128 unknown AxC products. The determinant of the co-

efficients of the unknown products was to be made to vanish by a proper 

selection of Pj and Si which would insure that the equations were actual-

ly homogeneous. With these proper values of P j and Si substituted into 

the simultaneous equations, 127 of the unknown products were to be 

determined in terms of the 128th which would insure that all of thel:mumli-

ary and continuity conditions were satisfied. This procedure was to be 

repeated with new values of Si and P j until enough terms in the deflec-

tion function series could be obtained. The members of the set of the 

128th constants corresponding to the various values of P j and Si were to 

be used as the minimizing parameters in the energy equations. 

Since it was impractical to invert a matrix with a rank of 128 the 

number of times that would be required to carry out this procedure, 

something had to be changed so that there 'WOuld be fewer constant Ax.C 

products and fewer equations. It was decided that the free edge bound-

ary conditions 'WOUld be relaxed to where only the integrals along the 

free edges of the moments and Kirchhoff shears would be required to 
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vanish instead oi the moments and shears themselves. 

'rhe validity of this change would depend on-the way the free edge 

moments and shears as calculated from the final answers were distrib-

uted. If the moments and shears would change signs many times along 

the·iree edges, this last change would be a valid one. 

By changing the problem in this way, the number of simultaneous 

equations was reduced to 28. A procedure for generating these equa-

tions and then computing their determinant was programmed for a com-

puter. The program was so arranged that given a value of Pj' the mag_-

nitude of the determinant ior many values of Si would be computed until 

some of the roots of the determinant were found. For each root 27 of 

the constant products were determined in terms of the 28th. The 28th 

constant being reserved for the role of minimizing parameter in a pro-

grammed version of the Rayleigh-Ritz procedure. 

Though the method seemed to hold promise and though the several 

programs necessary for final solution were completed and operational, 

the approach was abandoned because a sufficient number of roots of the 

determinant to insure convergence to the deflection function series could 

not be obtained. 

The difficulty, which seems to be inherent in this method of finding 

roots to determinants of transcendental equations using a computer, arose 

from the sensitivity of the magnitude of the determinant to small changes 

in the trial values of the roots. For instance it is not uncommon for a 

change of one digit in the sixth place in the value of the trial root to 

cause the value of the determinant to change from a number of the order 



-40-

12 -12 10 to 10 • .For this -particular set of equations this condition developed 

for values of trial roots greater than three. Two or three values of 

the roots, Si' for each assumed value o·f Pj were obtained which were 

less than three, but these were deemed an insufficient quantity to 

insure convergence of the deflection function series. 



-41-

VI. ·Finite Difference Approach to the Folded Plate Analysis 

The basic paper on"the·finite difference method applied to skewed 

plates was written by Jensen< l 7). Solutions were presented in his 

-paper·for skewed plates which were simply supported on two edges and 

free along the other two. The 'v 4 operator used was developed by 

Jensen so that the finite difference net would fit the shape of the skewed 

plate for an arbitrary angle of skew. Modified operators were also 

developed for all of the various plate boundary conditions. 

The deflections and moments due to a uniform load for a simply 

supported-free plate with a 45° angle of skew as obtained by Jensen are 

shown in the Table l along with a solution for the same plate as obtained 

by the method finally adopted for this thesis. 

Jensen's skewed operator could not be used directly for the folded 

plate structure because the difference net points in the rectangular 

plates could not be made to match the points in the skewed plate along 

the joints. A modification of Jensen's operator was developed, and 

following the method described in his paper, boundary and continuity 

condition operators for the flexural part were derived for the folded plate 

structure. Jensen's skewed operator and the one adapted from it that 

would fit the skewed and the rectangular plates is shown in Figure 6. 

The derivation of the finite difference equations for this problem is much 

too long to be reasonably included in this paper. A solution to the flex-

ural part of the problem was obtained by programming the equations for 

a computer and it will be published separately in the future. 

Since the boundary conditions for the extensional part of the problem 
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'4 

a;•= 2Wo(2 +A2 +Bz+ 4C + 3C2 ) 

-2(Wp+W6 )(2A+2AC- BC} 
-2(Wq+Wt H28+2BC-AC} 
-2(Wr+WJ(2C +2C 2-AB} 
+(W0 +Wg}A2 + (We +Wi }8 2 

+(W9 +Wm}C'1+ 2(Wb+Wh}AB 
+(2)(Wd+Wr}BC + 2(Wp+Wn)AC 

(a) Finite difference 'iJ operator for 
skewed plate as developed by 
Jensen07) page 39. 

(b) Rectongular-skewe-d 
finite difference 

4 
'iJ operator 

= WoA+WNB+W5 C+WEO 
-WNE + WssF +We:EG +( WNE+2W5 E+Wsv)H 
+~NEK + WSWWL 

Where.· 

K= (1-,ll) 
r(k2 +L'} 

Figure 6 

D= -4 J... +-1-
k4 k2 L1 

f"lexural finite difference operators for a skewed plate 
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were mixed, 1t·was necessary to expres·s the difference operators 

for this part of the probiem in terms of the in-plane displacements. 

This involved writing equations (3) through (6) in finite difference 

·form. The skewed and rectangular operators ior in-plane displace-

ments are shown in Figure 7. 

The extensional boundary condition operators were not derived 

because a certain amount of difficulty arose in writing the finite 

difference form of the continuity conditions. It was found that there 

was no way of expressing the flexural shear directly from the finite 

difference equations available at net points falling on the joints. 

Hence equations (32), . (34), (40), and (42) could not be satisfied. 

Since these equations are actually loading functions for the ex-

tensional part of the problem, it was feared that a further approxi-

mation of the shears along the joints by some curve ·fitting procedure 

would produce erroneous extensional results .. In view of this the 

finite difference method was abandoned as a means of obtaining the 

complete flexural-extensional solution. 
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VII. · General Description of the Solution of Boundary Value 'Problems 

by the Method of Superimposed Potentials 

The general method will apply to any problem where the solution 

to its governing equations can be expressed as the potential due to a 

point source or point doublet in an infinite medium. . The source is 

always considered to be applied at the origin of a set of coordinates 

in the infinite medium. Since the medium is infinite, the origin can be 

moved about without changing the form of the equations representing 

the effect of the potential source. Let a physical point in the infinite 

medium be defined as one that remains in the same place regardless of 

where the origin of the coordinates for the point source is placed. Using 

this definition the effects at the physical point of several point sources 

located at different places in the infinite medium can be superimposed 

p-ovided the effect of one source doesn't effect the nature of the other. 

Suppose for instance that in an infinite plane three physical points 

as shown in Figure 8 are considered. These are located with respect to 
0 0 a set of reference axes, x , y . Let an effect due to a point source be 

P = P(x, y) where x and y are measured from the point of application of 

the point source. Then the effect at physical point 3 of point sources 

at physical points 1 and 2 is 

(50) 

Consider some body of a given shape which ~hall be called the 

actual body. The body is loaded in some way with forces or heat sources 

or some other agency of this nature which shall be called applied loads. 
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Over the surface of this actual body certain boundary conditions must 

be satisfied •. Now visualize the shape of the actual body enclosing 

some region of an infinite medium. Call the boundary of the region 

the physical boundary and it shall be defined in the infinite medium 

by the physical coordinates (x0 , y0 ). The applied loads are applied to 

the physical boundary in the same way that they were applied to the 

actual body. Their effects will be represented, however, as the 

potential due to a point source at the origin of an infinite medium. The 

effect of the applied loads at some physical point on the physical 

boundary can be determined by a superposition technique similar to 

equation (SO). 

· Suppose there are M b<'.rnndary conditions that must be satisfied at 

each point on the surface of the actual body. These conditions must 

then also be satisfied at all the points in the physical boundary. 

· Assume that the effects on the physical boundary of the applied loads 

do not satisfy these conditions. Then the boundary value problem 'WOuld 

not be solved and there 'WO uld only exist a system which would provide 

the effects of a group of point sources located at various points in an 

infinite medium. If other point sources similar in nature to the sources 

representing the applied loads were placed at prescribed points outside 

of the physical boundary, their intensities could be adjusted in such a 

way that their effects added to the effects of the applied loads would 

satisfy the boundary conditions. This would result in a region of the 

infinite medium enclosed by the physical boundary which would exhibit 

the same conditions on its boundary as those prescribed for the surface 
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of the actual body. Hence the superimposed effects inside the 

physical boundary of all the point sources in the infinite medium would 

be the same a_s theTequired solution for the actual body. 

Let the set of point sources required to satisfy the boundary con-

ditions be called balancing loads. 

In general if there were M boundary conditions associated with 

each point in the physical boundary,. M balancing loads would be re-

quired for each boundary point. Obviously an exact solution obtained 

in this way would require an infinite number of point sources. An 

approximate solution can be obtained by reducing the number of point 

sources along the boundary. This could be accomplished by dividing 

the physical boundary into a set of intervals and requiring that the 

boundary conditions be satisfied only at the midpoints of the intervals. 

If enough intervals are used so that the boundary conditions are fairly 

well approximated but not enough to make the numerical work imprac-

tical, the method could provide an acceptable approximate solution. 
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VIII. · Solution of the ·Extensional Problem by the Method of-Superimposed 

Potentials 

These ideas applied to a plane stress problem were brought to the 

author's attention by Dr. Ricardo Chicurel Professor of·Engineering 

Mechanics at Virginia Polytechnic Institute in a private communication( 24! 
The point source in this case would be a concentrated load applied in the 

plane of an infinite plate. With the axes shown in Figure 9, the effects 

from the concentrated force are stresses of the form: 

(T r 
= _ (3 + 11 ) P cos 8 

411'r 

T = re 

(1 - 1,1.) P cose 
4trr 

U-1+) P sine 
411'r 

(51) 

(52) 

(53) 

where P is a force per unit thickness of plate and µ is Poisson's ratio, 

These equations are taken from equations 76 of Timoshenko and Goodier' s 

Theory of' Elasticity(lS) . 

. If the boundary conditions involving displacements are to be con-

sidered, expressions for in-plane displacements are needed. The fol-

lowing displacement equations for a concentrated force in an infinite 

plate are derived in Appendix I. 

u . = r 
Pcos e 

411'E 

P sine 
41TE 

2 (µ - 2µ - 3) Log r (54) 

Eµ 2 + 2µ + 1) - (µ 2 - 2µ - 3) log (55) 

Since stresses from a number of concentrated forces must be super-

imposed at points around the physical boundary, they must be transformed 
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so that they will all act normal and parallel to the boundary. According 

to Figure 10 the transformation equations will have the form: 
2 = CT COS (1 r 

= u cos (1 r 

2 + CT 8sin o + T resin 2o (56) 

(57) 

(58) 

(59) 

The substitution of equations (51) through (55) into these equations is 

shown in detail in Appendix I. The final forms are: 

o-N = :nr { ~1-µ)sin2<1 - (3 + µ)cos 2" J sin 8 

+ (I - µ) sinZ<1 sin! 

TN = 4:, 2 cos 8 sin'2<1 + (!-µ) cos 2<1 sint 

= _P_ 
4nE 

2 (JJ, - 2JJ, - 3) log r cos(8 + o) 

+(µ 2 + 2µ + I) sin 8 sin"} 

VN = 4:E { (µ2 - 2µ - 3) log r sin(O + <1) 

-(µ2 + 2µ + !) sin 8 cos f 
Note that o is measured counterclockwise from the direction of the 

position vector, r, to the direction of the outward normal to the 

boundary. 

Figure 11 illustrates how r, 8, and o are measured when these 

(60) 

(61) 

(62) 

(63) 
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equations are applied to a particular boundary. Applied in this way, 

the x axis of Figure 10 becomes the inward normal to a point on the 

·physical boundary. This point through which the x axis -passes is 

one of the points where the boundary conditions are to be satisfied. 

The position vector, r, extends from the point where P is applied to 

any point on the boundary where the boundary conditions are to be 

satisfied including the one through which the x axis passes. 

Since there are in general two boundary conditions associated 

with each point, two balancing loads must be applied outside of the 

physical boundary near the points where the boundary conditions are 

to be satisfied. This second force, T, is applied at the same position 

as P and is considered positive when acting as shown in Figure 11. The 

same equations for stress and displacement developed for P can be used 
'If for T if 2 is added to 8 where ever it appears. 

Suppose that it is decided that the boundary conditions will be 

satisfied at only N points around the boundary. The physical boundary 

will then be divided into N intervals. The intervals will be numbered 

consecutively in a counterclockwise direction. The end points of each 

interval can be defined by specifying their physical coordinates, 
0 0,. 0 0 

(xi , Yi, and (xi + l , Yi + l) . The midpoints of each interval where 

the boundary conditions are to be satisfied are defined by 
0 _ 0 

P xi + 1 xi 
xi = Z (64) 

= (65) 

Let the perpendicular di stance from the midpoint of an interval to the 
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position of its balancing load be denoted by d, and the azimuth of the 

inward normal to the boundary through the midpoint of the interval be 

defined by 

-1 ( x~ - xf + l ) 131 = Tan 
0 0 

Yi+ l - Yi 
(66) 

Then the positions of the points of application of the balancing loads 

are defined by 

(67) 

The length of the position vector, r, from the jth balancing load to the 

1th point on the boundary is defined by 

ri p Q 2 p Q 2] 1/2 
rij = ~xi - xj) + (yi - yj) (69) 

and its azimuth is defined by 

>.. - Tan -l ( YJ - 1) ij -
xj - xi 

(70) 

With the definitions of the inward normal direction, 131 and the 

direction of the position vector, r1j from a balancing load at j to an 

interval midpoint at i, we can define ciij and e1j as follows: 

(71) 

(72) 

Let us now define a set of influence coefficients based upon equa-

tions (60) through (63) with P and T replaced by one pound per inch 
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forces. The superscripts indicate whether the stress or. displacement 

is caused by a one pound P or a one pound T and the subscripts are 

meant to read 11 the stress or displacement at some point identified 

with subscript i due to a load applied at a point identified with sub-

script j" • 

.-;p= b~IJ {[o -11) sin2aij - (3 + 11) cos 2alj ] sin eij 

+ (1 - 11) sin 2a1J cos e1~ (73) 

.-~ = 4 w~IJ { [ (I - 11)sin2a 1J - (3 + 11) cos 2a 1J] sln(e1J + ; J 

· + (I - 11) sin 2 a1J cos( e1J + ; 1) (74) 

Tfj = b~IJ { 2 cos e1Jsln 2 a 1J + ( 1 - 11)cos 2 a1J sin e1} (75) 

T~ = 4 ,,!1J { 2 cos(e1i + ; )sin 2 a1j 

+ (1 - Pl cos 2 a 1J sin( e1J + ; >} (76) 

u;J = 4 wi {<l -211 -3)1og 'IJ cos(eij + a 1J) 

+(i,2 + 211 + I) sin °'IJ slna1J (77) 

urj = 4nk [<l -2i, - 3) logrlj cos (elj + Qij +;) 

+ (112 + 211 + 1) sin (e1J + ;> slna1J} (78) 

v;J = 4 ff~I { (11 2 - 2i, - 3) log 'ti sin (OIJ + a1J) 
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-(f,l,2 + 2f,I, + I) siniliJ cos aiJ} 

vfJ = 4;J { cl - 21'- - 3) log riJ sin (~iJ + aiJ+ ;> 
-(f,1,2 t 2f,I, + I) sin (1lij + ; ) cos a!J} 

(79} 

(80) 

Each of the quantities are associated with a line, shown in Figure 

10, passing through the point at which they are computed. Call this 

line the reference line. The reference line is defined as a vector by 
0 0 prescribing its intial and terminal x and y coordinates. The "out-

ward normal II to the reference iine means a direction obtained by 
0 rotating the vector through 90 clockwise. The quantities CT ij and uij 

are positive when they are directed along the outward normal to the 

reference line on which they are computed, and the quantities T ij and 

v ij are positive when they have the same direction as the reference line 

on which they are computed. 

Associated with each interval there is a P and T. If the values of 

all of the P's and T's are known, the stresses and displacements can 

be computed at some point (x~ , y~ by evaluating one of the following 

summations. 
p T L p + L T (81) CT i = p{ij + TjCTij + pm CT ij Tm CT ij 

p + T + L p + L T (82) Ti = pj Tij Tj Tij pm Tij Tm Tij 

p + T + L p + L T (83} ui = Pjuij Tjuij p muij Tmuij 

p + T + L p + L T (84) vi = Pjvij Tjvij p mvij Tmvij 
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· where P~ and T~ are the ·applied loads. 

Initially the ·Pj and Tj are unknowns, but in this case either a- i 

and Ti or ui and vi are·-prescribed at the midpoint of each interval 

and equations (81) through (84} can become a set of 2N simultaneous 

equations with N unknown p• s and N unknown T1 s. The left hand sides 

will be zero if the stresses and displacements are supposed to be zero 

at the 1th midpoint. U nonvanishing stresses or displacements are 

prescribed at the 1th ptidpoint, the left hand sides will become any two 

of the following: 
L p L T (85) (Ti = Pia-ii + Ti a- ii 

L p + L T (86) Ti = pi Tii Ti Tii 

L p + LT (87) ui - pi uii Ti uii 

L p + L T (88) V - pi vii Ti vii i -

L L where Ti and Pi are the applied loads acting at the 1th midpoint of the 

physical boundary. 
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Figure 12 
,4/omenl and shear /ransformalion, across a reference line 
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IX. . Solution-of the Flexural Problem by the Method of Superimposed 

Potentials 

The method of superimposing potentials can also be applied to 

flexural plate problems as suggested by Doctor Chicurel (24) if the 

·point source is changed to that of a concentrated force applied per-

pendicular to an infinite plate. The potential due to a doublet is also 

useful in·flexural problems when boundary conditions involve slopes 

and moments. Potentials such as these are given by equations 206 

and 207 in Timoshenko and Winowsky-.Krieger• s Theory of Plates and 

Shells(l9). The potential effect for the concentrated force. P1 is the 

deflection of an infinite plate due to a concentrated force located at 

its origin. It has the form 

p 
w = Pr2 log{r /a) 

81rD 

where· D is the flexural rigidity and a is an arbitrary constant. 

(89) 

The potential effect for the doublet is the deflection due to a con-

centrated moment, M1 acting along the y axis in an infinite plate as 

shown in Figure 12. It has the form 

Mr log{r/a) 
41rD (90) 

The application of these functions to the solution of flexural 

boundary value problems was developed in detail by Eskridge( 20 >. In 

this paper the equations necessary to apply these functions to the flex-

ural problem were derived. These derivations are also summarized in 

this thesis in Appendix II. The results of derivations such as these 

are in the form of flexural deflections, slopes, moments, and shears 
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associated with a boundary. The deflections for concentrated loads 

and moments are given by equations (89) and (90) and the deflection 

due to a uniform load, ?!Pplied to the entire infinite plate as shown 

in Appendix II is 

Q .QC_ 
w = 64D 

The iunctions used to satisfy boundary conditions involving 

slopes normal to a boundary have the following form 

8 wp = P [ ::-J a N Sn D 2r log(r/a) + cos a 

awM __ M l l SN 4 ,rD log(r/a) cos (8 + a) + cos 8 cos aj 

_Qr:_ 
16D cos a 

(91) 

(92) 

(93) 

(94) 

The functions developed for satisfying moment and kirchhoff Shear 

conditions normal to a boundary are 

P -P r: 2 2 l MN = a; l:(l + fl) log (r/a) + (3 + t,L) cos a + (1 + 3fl)Sin (95) 

MM = -M G1 +fl)cos 8 - (1- fl) sin8sin2~ N 4,rr (96) 

MQ 
2 

[(3 + t,L) cos 2a + (1 + 3µ) sin2a] = .:.QC 
N 16 (97) 

VP -P cos a = 2nr N (98) 

VM :: M 2 [ 2 + (1 - µ) cos 2 a J cos(8-a.) N 4irr 
(99) 

vO = .:.Qr [4 cos a + (1 - µ) sin a sin 2 N 8 (100) 
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Figure 12 illustrates how r, -e, and a are measured when these 

equations are applied to a particular boundary. The x axis of Figure 

12 becomes the inward normal to a point on the physical boundary as 

described in Section VIII. 

There are in general two boundary conditions associated with each 

interval into which the boundary is divided. These will involve a 

combination of either moment and deflection, slope and deflection, or 

moment and Kirchhoff shear. These conditions can be satisfied by 

placing balancing concentrated loads ·and concentrated moments out-

side of the physical boundary in exactly the same way the balancing 

loads P and T were applied in the extensional solution. 

Referring to the geometrical quantities defined by equations (64) 

through (72), let us define a set of influence coefficients based upon 

equations (89) through (100) with P replaced by a one pound force and 

M replaced by a one fnch pound moment. The influence coefficient for 

deflections, slopes, moments, and Kirchhoff shears are denoted re-

spectively by the base letters w, -S, M, and V. The superscripts P, 

. M, and Q indicate the type of load with which the coefficient is as-

sociated, and the subscripts are meant to read II the co efficient evaluated 

at some point identified by subscript i due to a load applied at a point 

identified by subscript j 11 • The only exception to this subscript rule 

arises when the coefficients for the one pound per square inchuniform 

load functions are used. For this case the subscript. c will be used in-

stead of j to indicate that the origin for the uniform load functions is 

fixed at some physical point at the center of the area enclosed by the 
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physical boundary. The influence coefficients are: 

p r;1 log(ri/a) 
wij = 8,rD (101) 

(102) 

4 

w Q ric 
ic = 64D (103) 

p _l 
[ 2r1jlog(r1j/a) +r1j] cosa.1j (104) sij = SirD 

M 1 [1og(r1/a)cos (e1j + a 1j) + cos e1tos a 1J (105) s ij = 4,rD 

3 
SQ 

r1 cosa.. 
C lC (106) = 16D ic 

Mij = ;~ [ 2(1 + µ) log (r1j/a) + ( 3 + µ) cos 2a.1j 

+ (1 + 3µ) sin2n1J (107) 

M~ = 4 ;/!J [ (I + fl)cos e1J - (I - .,.)sin e1Jsin Za1J (108) 

2 

M~c = -:~c G3 + µ)cos 2n1c + (1 + 3µ) sin2n1c] (109) 

p -- -cos a.ij v1j 2 (ll0) 
irr ij 
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(Ill) 

(112) 

Each of these quantities except the deflections are associated 

with a reference line as defined in Section VIII. The shears act in a 

cross section of the plate containing the reference line, the moments 

act along this line, acid the slopes are normal to it. A positive de-

flection means the plate has moved in the direction of the positive z 

axis as defined in Figure 12. A positive slope means that a vector 

representing the rotation of a cross section containing the reference 

line is directed in sense opposite to that of the reference line. A 

positive moment means that the plate is bent in such a way that the 

flexural stress is tensile on the side of the plate from which the posi-

tive z axis extends. A positive Kirchhoff shear will act in the direction 

of the positive z axis. 

If values of all of the balancing forces and moments are known, the 

stresses and displacements can be computed with respect to a reference 

line through some point (xf, 0 y i ) by evaluating one of the following 

summations. 

p + M + PLwP + MLwM + Qwo (U3) wi = Pjwij Mjw ij m im m im ic 

Si 
p M P1 s: M1 S~ os0 (114) = P Jsij + MjS ij + + + m 1m m 1m ic 

Mi 
p + m + PLMP MLMM + QMQ (115) = PjMij MjMij + m im m im ic 
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vi = PjVipj + MjviMj + P1 vP + M1 vM + QVQ m im m im ic (116) 

where P~ and M; are -applied loads ·as defined in Section VII. 

Initially the P j and Mj are unknowns, but either wi and Si' wi 

and Mi' or M1 and Vi will be prescribed at the midpoint of each in-

terval. In this case equations (113) through (116) can become a set of 

2N equations with N unknown P's and N unknown M's. The left hand 

sides will be the values of the deflections, slopes, moments, or 

shears that are prescribed by the boundary conditions at points on the 

actual body corresponding to the 1th midpoints of intervals on the 

physical boundary. 
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X. . Method of Calculating Results 

Once the appropriate set of balancing loads are obtained, equations 

(81) through (84) and (113) through (116) can be employed to calculate the 
0 0 results at -any point xi , y i within or on the physical boundary. The 

usual presentation of the results of extensional and flexural analyses 

in the form of a distribution of deflections, stresses, and so forth along 

some line in the subject of the analysis was used here. We shall call 

this line along which the results would be distributed the plot line. It 

is defined as a vector by prescribing its physical end point coordinates. 
0 0 Its initial point is prescribed by x1 , y1 and its terminal coordinates by 

0 0 xT , YT . Its length is defined by 

L = (117) 

and its azimuth is defined by 

(118) 

for the flexural calculations and by 

~i = Tan-l /Y'f - Y!) \~1 - XT 
(119) 

for the extensional calculations. 

The results are to be computed at n points along the plot line. 

The coordinates of these points are defined in the following manner. 

(120) 
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Yi = y~ + .(L/n} (1 - 1) sinj31 

where 1 = 1, 2, --- n + 1 for the flexural part and 

xf = x~ - (L/n) (1 - 1) cos 13! 

where 1 = 1, 2, --- n + l for the extensional calculations. 

(121) 

(122) 

(123) 

With these new definitions of xf and Yi, rij and its azimuth, X. ij' 

are still defined by equations (69) and (70) with the exception that 

now the subscript i refers to a point on the plot line. The angle eij 

is still defined by equation (72) with the new definition of i, and a.ij 

is redefined in the following way. 

F TT ( a.ij = 13 A + 2 F) - x. ij + TT (124) 

for the flexural computation of results and 
E TT 

a.ij = ~A + 2 (E) - x. ij + n (125) 

for the extensional computations. 

If F = 0, moments, slopes, and shears associated with a plane 

perpendicular to the plot line will be computed. If F = 1, the quantities 

will be associated with a plane containing the plot line. The direction 

of the reference line as described in Section VIII will be the same as 

that of the plot line if. F = 1 and will be rotated 90° counterclockwise 

from the direction of the plot line if. F = 0. 

If- E = 0, the terminal end of the reference line will be rotated 

through 90° counterclockwise from the terminal end of the plot line and 
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it ·E = l; the ·reference line·-will be directed from the terminal to the 

initial points of the -plot line. 

Though these dual definitions introduce seemingly unnecessary 

complexity, they were introduced so that the signs of the final results 

of the extensional part of the problem would appear consistent with 

the directions of the applied loads. This correction concerned only 

the signs of the displacements. If the definitions carrying the super-

script F were used to calculate the in-plane displacements, say, for 

an axially loaded strut, the points in the body would move toward the 

base but the signs of the displacements would be positive. One 

usually conceives of such a displacement as negative. Therefore the 

change was considered worth the trouble. 

Figure 13 shows half of the physical boundary of the folded plate 

structure as it would· appear in the infinite plate. The boundary of the 

two rectangular plates are divided into 18 intervals and the boundary 

of the skewed plate is divided into 24 intervals in the illustration. The 

locations of each of the midpoints of the intervals as defined by equa-

tions (64) and (65) are represented by circles. The balancing load 

positions as defined by equations (67) and (68) are represented by tri-

angles in Figure 13. The numbering of the interval midpoints is the same 

as that of the balancing load positions. 

Two plot lines are shown in Figure 13. The one through the rectan-

gular plate indicates the positive directions of extensional quantities 

computed at points represented by squares along the plot line. Bxten-

sional stresses and displacements computed on the sides of the squares 
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parallel to the plot line are obtained when E = 0 and the quantities on 

the other sides are obtained when E = 1. 

The other plot line shown in the skewed plate indicates the posi-

tive directions of flexural results. The ~flexural moments or slopes on 

sides of the squares along this plot line are obtained when F ·.= O. If 

F is set equal to one, flexural quantities on the sides perpendicular 

to the plot line are computed. 

The azimuths 13i and 13i are also shown in Figure 13 along with 

the various other geometrical terms required for the computation of re-

sults. The geometrical terms shown are associated with point number 

seven on the plot line in the skewed plate and balancing load point 

number 19. 

The continuity conditions were satisfied by equating slopes and 

moments at each interval midpoint due to all of the balancing loads and 

applied loads to the· slopes and moments at adjacent midpoints across 

the joints caused by the same balancing and applied loads. For instance, 

in the flexural problem the slope at midpoint five minus the slope at 

midpoint 41 due to all of the balancing and applied loads must be equal 

to zero. Similar relationships must be satisfied for the bending 

moments in the flexural problem and the in-plane shear stress and in-

plane displacement parallel to the joints for the extensional part of 

the problem. The actual setting up of these equations was provided 

for in the computer program by a subscripting manipulation which caused 

the proper influence coefficients to be combined. 
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PLATE B 

Plot line 

37 38 39 40 41 42 
66 6 6 6 6 
9 9 9 9 9 9 
9 8 7 6 5 4 

6 6 6 6 6 6 
13 14 15 16 17 18 

~------- )(0 

LEGEND 

0 Midpoints of intervals around the plate boundaries 

[> Positions of baloncinQ loads 

0 Paint at which reaults ore computed along a plot line 

Figure /3 
Effect of E and F on the posdive directions of results 

computed with respect to the plot line 
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XI. . Presentation of: Results 

Application ·of·the equations of the three previous sections leads 

immediately to such a tremendous amount of numerical work that the 

method is impractical unless it is programed-for a computer. With 

such a program, however, the method becomes ·a powerful tool in the 

analysis of many kinds of steady state two dimensional problems deal-

ing with homogeneous, isotropic media of constant thickness. The 

main advantage of this method is that it can be made into one program 

that will solve a boundary value problem dealing with a simply or 

·multiply connected region of any shape with any type of lx>undary con-

ditions acted upon by applied loads located at any point in the region. 

In order to initiate a solution, it is only necessary to provide the 

program with a few data cards specifying the ·shape of the region, types 

of lx>undary conditions and magnitudes and positions of the applied 

loads. The running time depends upon the number of intervals into 

which the lx>undary is divided. The program compiled for an IBM 1620 

requires about an hour and a half for eight intervals and up to fifteen 

hours for sixty intervals. 

The program does -four jobs. It develops all of the geometrical 

relationships it needs, uses equations (81) through (84) or (113) through 

(116) to develop a set of simultaneous equations with unknown balancing 

loads, obtains the values of the balancing loads, and calculates the 

answers, again using equations (81) through (84) or (113) through (116). 

The results obtained from this program are presented in this section 

for a uniformly loaded skewed plate simply supported along two opposite 
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edges and free along the other two, and-·for skewed folded plate 

structure. 

The simply support-free skewed plate was investigated by 

Jensen(l7) who used a finite difference approach to obtain deflections 

and moments. These values are presented in Table I with correspond-

ing values obtained from the method used in this thesis. Table 2 is 

a listing of the ·results of the skewed folded plate analysis. Of par-

ticular interest is the listing of the stress resultant acting along and 

normal to the hinged support. The stress resultant here is an indica-

tion of the foundation pressure under the abutments of a highway 

bridge. A comparison between the data· presented from an analysis 

by Michalos(ll) and the distribution of this stress resultant gives and 

idea of the accuracy o-f assuming that the plate can be treated as a 

very wide beam. 

The physical properties and dimensions used as computer input 

for the skewed folded plate problem were taken from experimental 

theses by Ruff( 2l) and Cusano <22>. Results taken from curves plotted 

in these theses are also shown in Table 2 where they can be compared 

with corresponding results from the present analysis . . 
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TABLE I DEFLECTIONS AND MOMENTS FOR A UNIFORMLY 

LOADED SKEWED PLATE WITH TWO EDGES SIMPLY 

SUPPORTED AND TWO EDGES FREE 

~ALUES COMPUTED VALUES COMPUTED 
FROM JENSEN'S BY THE METHOD USED 
PAPER (17) IN THIS THE.SIS 
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-069 25.4 , I 17 4 L. 2 
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,157 56.3 ,231 68-6 
ol 61 49.7 ,225 61,5 
•141 37, I .190 40,8 
.10 2 22.J ,13'3 16,2 
,053 8,0 ,076 1.0 
-000 - ,000 -15.0 

.000 3,4 .000 -10.0 
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TABLE 2 EXPERIMENTAL AND THEORETICAL RESULTS FOR THE SKEWED FOLDED PLATE 

.nt S'"<IVu.uSTRESS DISTRIBUTION ALONG SECT ION 
A AF XP IM N 

MEASURED COMBINED STRESS 1N EXPERIMENTAL 
P AT A A N IN A-A N0Rll.1AL STRESS 
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X)J. APPENDIX· I 

. Extensional Stress ·and Displacement Functions 

The derivation of in-plane displacements due to a concentrated 

load on the plane of an infinite plate is developed· as ·follows. Given 

· the ·stresses due to a concentrated load in the plane of the plate 

CT : r 
-(3 + µ) P cos 8 

4TTr 

= (1 - 11> P cos 8 
4TTr 

T : re 
(1 - µ) P sin 8 

41Tf 

the strains are 

Er = i (<Tr - f.\CT a> = 8 [ 3 + µ. + µ.(1 - f.\~ 

E8 = (CF 8 - µ.CT r> = :iT~~s 8 - f.\ + µ.(3 + µ.~ 

2(l + µ) 
Yr0 = E 

2 = 2(1 - µ ) P sin 8 
4TTrE 

In terms of displacements these equations become 

= aur = P cos 0 1. 2 ;-i 
Er 8r 4TTrE L! - 2µ - 3J 

= Ur + l au8 Pcos 8 
~2 + 2µ + Ee a0 = 4TTrE r r 

l au 8u8 - u8 P sin 8 
Gu-µ2~ Yr0 = -L + -- = r a0 8r r 4TTrE 

Integrating equation (132) we have 

Pcos 8 / 2 ) ur = 4 rrE \µ - 2µ - 3 log r + f( 8) 

(126) 

(127) 

(128) 

(129) 

(130) 

(131) 

(132) 

(133) 

(134) 

(135) 

·If equation (135) is substituted into equation (133) and the resulting 
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equ-ation is -multiplied by r, 

Bue = P cos 8 2 ) P 8 ( 2 ) ae 4 '11'E (µ 'J- Zµ + 1 - ~;: µ. - 2µ - ·3 log r - f( 8} 

and 

P sin 8 2 ) 2 f. F u8 = 4 '11'E ~µ + 2µ + 1 - (µ - 2µ - ·3) log J - Jf{i3)d8,+ tr.i 
(136) 

Substituting equation (135) and (136) into (134) we have: 

-P sin 8 
4,rE 

P sin 8 
4'1TE r 

.!Qg_£ + l df( 8) 
r r d8 

(µ2 _ 2µ _ 3) + dF(r) 
dr 

P sin 8 
41TEr ( 2 ') 2 µ. + 2µ + 1 - (µ - 2µ - 3) log r 

+ rl J f(8)d8 _11!:L = p sin 8 
r 4'11'E r 

2 2(1 - jJ, ) 

which after multiplying by r and performing algebraic cancellations 

becomes 

d~~e) + ff( 8)d8 + r d~~r) - F(r) = 0 

Hence if. F(r) = f(8) = 0, the strain-displacement relations will be 

satisfied and the resulting displacement equations will be free of 

terms which would associate them with a particular boundary condition. 

From Figure 10 the transformation equations are 

2 2 a- n = a-rcos a. · + a- 8 sin a. + T resin 2a. 
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.-n = i;r { [ (I - 1,L)sin2o - (3 + 1,L)cos2~ cos e +(I - µ)sin-Z<1 sin f 
(131) 

- 8 r (
(j - (j ) 

2 sin 2a. + T recos 2a. 

TN = 4,;r {2 cos 8 sin 2<1 · + (I -1,L)Co s 2<1 sin 8 r 
uN = urcos a. ·+ u8sin a. , 

UN = 4:E { (1,L2 - 21,L - 3) logr cos 8cos" 

(138) 

+ [,.2 + 21,L + I - <l - 21,L - 3) log~ sine sinru~, 

{ (1,L 2 - 21,L - 3)log r cos( 8 + <1) + <l + 21,L + I) sin 8 sin t 
(139) 

..L. 
- 41rE 

vN = 4:E { [1'2 + 211, + I - (1,L 2 - 21,L - 3)1ogJ sin8co·S<1 

-(1'2 - ·21,L - 3) log r cos 8sln<1} , 

vN ·= ,i,!'E f {l,L2 - 21'- 3) logr sin(8 +<1)- (1,L2 + 21,L+l)sln8cos<1( 

(140) 
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Q• + c)Q• rde 
roe 

Figure /4 

0, + oQ,dr ar 

Shear and moment resultants acting on an infirutesimal element 
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Figure 16 
Moment and she11r transformations across o reference line 

Figure 15 

Transformation of rotation vectors across a reference line 



XVI. -APPENDIX II 

-Summary of·the Derivation of the Flexural Plate·£guations 

An infinitesimal element of a plate is shown in Figure 14. This 

iigure and the following equations·for shear and moment resultants 

are taken·from a derivation given in Chapter 11 of Wang< 23 >. 

M = -D [a2; + 1 aw + l a2wj 
r µ -; ar 2 ar2 ar:: r 

(141) 

Me = -D 8 aw + l a2w + µ82wj 8r 2 ar2 ar2 r 
(142) 

Mr8 = (1 - µ) D I ~82w I 'r -Sr88 - r2 88 (143) 

Qr 
a 2 -ofr3w + l a2w _l aw = -Dar (Aw) = ar3 r ar2 2 8r r 

+ l a3w z a2w] 
2 8rae 2 r 882 r 

(144) 

Oa 8 2 &3w I 82w + l a3wJ = -D-(A w) = -D - - + -
ae3 ae r ar2ae r2 8r88 3 r 

(145) 

The slope normal to a boundary referring to Figure 15 has the fol-

lowing form. 

aw aw .Q!. +l aw rd8 _ = aw cos a + aw sin a 
8N = ar dN r 88 dN ar 88 r (146) 

Referring to Figure 16, the moment and shear resultants normal to a 

boundary are obtained from the following transformation equations 
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2 2 MN ·= Mrcos .4 +. Mgsin ...a. - MrtJsin..2.a. 

'"NINT = 1(Mr - Me-) sin 2a. ·+ N1r8cos·2a. 

(147) 

(148) 

(149) 

QT - Qrsin o. - Q 8cos a. (151) 

8MNT 
VN = QN - 8T 

From equation (89) the deflection due to a concentrated load act-

ing at the origin of an infinite plate is 

Pr2 L 
w ·= 8,rD log a (89) 

where r is shown in Figure 16. The flexural rigidity,· D, is given by 

Eh3 
D = --2 

12(1-µ) 
(153) 

In this equation E is the modulus of elasticity, µ is Poisson's ratio, 

and h is the thickness of the plate. The letter a in equation (89) is 

an arbitrary constant. 

The representation of the moment and shear resultants normal to 

a boundary in terms of the deflection, w, requires the following ex-

pressions. 

8w P r 
8r = 8,rD (2r log a + r) (154) 
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a2w P Br = 811'D (2 log + 3) (155) 

83w P 
&r3 = -4-=-,rD-· r- (156) 

Substitution of these equations into equations (141) through (145) 

yields the·following expressions for the moment and shear resultants 

in ·polar coordinates. 

Mr = ;~ [ Z log! (I + µ) 5- 3 + µ] 
M8 = ;~ [ Z log ! ( 1 + µ) + 1 + 3µ ] 

Mre = 0 

(157) 

(158) 

(159) 

(160) 

(161) 

With these expressions substituted into equations (146-) through 

(152) the following boundary condition equations are obtained. 

M = -P [ 2(1 + µ)log I.. + (3 + µ)cos 2a. + (1 + 3µ)sin2J (162) N 8,r a J 
-P . MNT = (1 - µ)sm 2a. (163) 

MT - -:w [ Z(l + µ) log: + (3 + µ)sin211 + (I + 3µ)cos 2j (164) 

8w p [ r + r J cos a. = - 2r log ..... 8N 811'D a (165) 

QN 
-P = -2 - cosa ,rr (166) 
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(167) 

- -P 
VN · = Z,rr cos (l (168) 

In order to obtain boundary condition expressions for a concentrated 

moment action along the y axis as shown in Figure 16, the following 

derivatives of equation (90) are needed. 

aw = M Gog L + 17 cos a 
8r 4,rD L a 'j (169) 

a2w = M cos 8 
ar2 4TtD 

(170) 

83w M cos 8 
ar3 = 4'TTDra 

(171) 

r 
aw Mr log a sine 
ae = 41TD (172) 

a2w 
r Mr log a cos 8 

882 = 4,rD (173) 

a3w Mr log sin 8 

883 = 4irD (174) 

a2w = - M log L sine 8r88 4rrD a (175) 

a3w M sine 
ar2ae = 4rrDr (176) 

a2w = .M... [10g + l] cos e 
arae2 4rrD (177) 

With these expressions substituted into equations (141) through (145), 

the following expressions for the moment and shear resultants in polar 
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coordinates for a concentrated moment are obtained. 

= _ MU + µ.) cos 8 
4Tl'l" 

= _ M (1 + µ.) cos 8 
4Tl'l" 

MU - µ) sine 
Mr8 = - - 41TT-

M cos 8 
Z1rr z 

M sine Q -
8 - Z1rrz 

(178) 

(179) 

(180) 

(181) 

(!Si) 

If this last set of equations is used in equations (146) through (lSZ) 

the boundary condttion~equations for a concentrated moment are the fol-

lowing. 

aw _M_ [10g r + cos e cos"] = - cos (8 + a.) 8N 41rD a 

MN - -M El+µ) cos e - (1- µ) sine slnZ~ 4Tl'l" 

MNT 
- -M (1 - µ) sin 8 cos Za. - 41rr 

MT - -M + µ) cos e + (1 - µ) sine sin z~ - 41rr 

QN =_M_ cos (8 - a) z Z1rr 

QT 
M sin (8 - a) = -z 

Z1rr 

VN = M z + (1 - µ) cos zci] cos(8 - c) 
41rr 

(183) 

(184) 

(185) 

(186} 

(187} 

(188} 

(189) 

The deflection equation for a uniform load, Q, distributed over the 
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entirity of the infinite plate can be obtained from the particular 

solution of the equation 

The solution is 

- QC_ w - 16D 

=_Q_ 
D (190) 

(191) 

The derivatives of this equation with respect to r when substituted 

into equations (141) through (145) yield 

2 
M -Qr {3 + ~} - 16 r (192) 

2 
Me = -Qr (1 + 3~) 

16 (193) 

Mr8 = 0 (194) 

= -Qr2 
Qr 2 (195) 

(196) 

and tbe:se'. m tutn when substituted into equations (146) through (152) 

provide the boundary condition equations for a uniform load in the 

following form. 

aw = QC cos a. (197) 8N 16D 

3 [ J - r 2 2 
MN = -¾ (3 + µ)cos a. + (1 + 3µ) sin a. (198) 

2 
MNT = .:.Qr: (1 - µ) sin 2a. (199) 16 
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Mr = -Or2 
~3 + fJ,) sin2ci-+ (1 + 3fJ.) cos 2~ ·(200) 16 

QN ·= .:.Qr cos (1 (201) 2 

QT = .:.Qr sinci · (202.) 2 

VN = .:.Qr [4 cos a. + (1 - µ) sin a. sin 2~ · (203) 8 



ABSTRACT 
O. W. Swift. "An Approximate Solution for the Flexural and In-Plane 

of a Laterally Loaded Skewed Folded Plate Structure.", Doctoral 

En1ineerin1 Department. Vir1inia Polytechnic Inati-

tute, Blackabur1 Vir1inia, 90 pp. 19-4. 

The particular folded plate confipration here 

compoaed of two rectangular plate• joined to oppoaite ed1•• of a akewed 

plate in auch a way that the middle aurfac•• form 90° dihedral anal••. 

The atructure i• aim.ply alona the bottom ed1•• of each rect-

an,ular plate and loaded vertically. perpendicular to the akewed plate. 

The remainin1 are free. 

The of thia are of fiexural defiec--

momenta, and ahear• and atre•• alon1 ••v• 

eral in each of the 

Abrief deacription of the application of of analy-

that were found ia followed by a detailed account of th• 

method that finally adopted. The that could not be made to 

provide a were the application of the to the bbarmonic 

plate an •n•rlY approach. and a finite difierence approach. 

In the of the which them to 

be unauitable are 

Th• method that provided the called the refiection 

method. It the poaitionin1 of the abape of the elaatic body to be 



inve•ti1ated on an infinite body. Load• are applied to a reai on marked 

oil in the infinite body at point• corre•pondlna to load po•itiona in the 

body to be inv••ti1ated. The effect• of the applied load• are calculated 

at a finite number of point• arcnmd the boundary •cribed in the infinite 

body. Corrective load• are then applied to th• infinite body in •uch a way 

that the eflect• of th• applied load• are cancelled and boundary conditiona 

a••oclated with the elaatic body under conaideration are •atiafied. 

Th• effect• of the applied load• and the corrective loada are com-

puted at each point on the boundary at which the boundary conditiona are 

to be aatbfled.. "Jb. • method b approximate in that the boundary condition• 

are to be •ati•fit!dr at only N point• around the boundary. Hence 2N •hnul-

taneoua equation• involvin1 2N unknown corNGtive load malJUo/ude• muat 

be aet equal to the required boundary effect• if two 'boundary condition• 

are a•aoclated with each of the N boundary point•. Once the correctn,"• 

load• are obtained, the aolution can be obtained by computin1 the •fleet• 

wide the boundary of all of the load•. 
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