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The Quantized Velocity Finite Element Method
Charles M. Cook

ABSTRACT

The Euler and Navier-Stokes-Fourier equations will be directly expressed as distribution
evolution equations, where a new and proper continuum prescription will be derived. These
equations of motion will be numerically solved with the development of a new and unique
finite element formulation. Out of this framework, the 7D phasetime element has been
born. To provide optimal stability, a new quantization procedure is established based on
the principles of quantum theory. The entirety of this framework has been coined the
“quantized velocity finite element method” (QVFEM). The work performed herein lays
the foundational development of what is hoped to become a new paradigm shift in
computational fluid dynamics.
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GENERAL AUDIENCE ABSTRACT

To model any of the four fundamental states of matter, for practical engineering
applications, we must first recognize the complexity of such states. In consequence, a new
and novel approach is presented on how to numerically simulate the dynamics of a gas
using both the Euler and Navier-Stokes-Fourier equations of continuum mechanics and
thermodynamics. In contrast to direct numerical simulation, a statistical mechanical
prescription will be given where the equations of motion will be quantized using methods
taken from the study of quantum mechanics. This newly developed discretization of the
phase space and time, or phasetime, provides optimal stability for compressible flow
simulations. From the newly proposed framework, the 7D phasetime element has been
born.



The Quantized Velocity Finite Element Method
Charles M. Cook

DEDICATION

I would like to dedicate this work to the three people who wrote and submitted letters of
recommendation, on my behalf, while applying to graduate programs:

Sunil Saigal, Ph.D., P.E.
Ryan Brownell, P.E.
Professor Eric Compton

I applied to exactly twenty graduate schools and was accepted into four; one being Virginia
Tech. Dr. Saigal and Prof. Compton were two of my favorite professors whose classes |
still remember quite distinctly. I would also like to give Prof. Lisa Hailey a shout-out.
Several years after obtaining my bachelors degree, Dr. Saigal became a mentor of mine.
While I was applying to graduate schools, we would meet at local coffee shops where he
would give me advice on where to apply, what to say and write, and overall career advice.
This is a man whom I very much admire and appreciate. When the time comes, I will do
the same for others.

Ryan was one of the many professional engineers I worked under during my time at French
and Parrello Associates (FPA). He was hard-working, well-organized, and always made
time to properly explain what was needed on the plans and to answer any questions I had.
In fact, I almost left graduate school to go and work for him again. Our lives are finite, and
unfortunately, Ryan’s was cut short. I wish I could show you what you’ve helped me
accomplish.

I would lastly like to thank all of my dogs for all the love and support throughout the years:

Lady
Leo
Tracey
Cooper

Whenever I'm working, there is always a dog laying by my side for moral support.

Throughout my final year at graduate school, Cooper spent about as much time as I did in
my office. I stand on the shoulders of James Clerk Maxwell.

v



The Quantized Velocity Finite Element Method
Charles M. Cook

TABLE OF CONTENTS

Chapter 1 — Prelude
1.1 Background
1.2 Tensor Notation
Chapter 2 — Literature Review
2.1 The Generalized Boltzmann Equation
2.2 Introduction to the Boltzmann Collision Integral
2.3 Overview of the Lattice Boltzmann Method
Chapter 3 — The QVFEM: Part |
3.1 Introduction
3.2 The Equilibrium Distribution of Molecular Velocities
3.3 The Resulting Thermodynamics of a Monatomic Perfect Gas
3.4 Application to Inviscid Adiabatic Continuum Transport
3.5 Thermodynamic Extensions for a Diatomic Ideal Gas
3.6 Quantum Mechanics in Virtual Spacetime
3.7 Transformations into Virtual Space
3.8 Quantization and the QVFEM Algorithm
3.9 Numerical Testing
3.10 Concluding Remarks
Chapter 4 — The QVFEM: Part 11
4.1 Introduction to the Second Order Equations of Motion
4.2 Theoretical Framework
4.3 Analytical Expressions for the First Perturbation
4.4 Finite Element Formulation
4.5 Testing the Theory
Chapter 5 — Conclusions & Future Directions
Appendix
Bibliography

AN ===

12
18
18
21
25
27
37
44
48
51
53
62
64
64
67
75
79
83
88
89
95



Chapter 1 — Prelude
1.1 Background

The core governing field equations, which model the dynamics of fluids and gases, have long been
established due to the collective work by Newton [1], Euler [2], Navier [3], Stokes [4], and among
others such as Cauchy, Poisson, and Saint-Venant [5,6]. The famous momentum transport
equations are known as the Navier-Stokes (NS) equations, which are a viscous extension to the
inviscid Euler equations. Since their final development in the early-to-mid 1800s, general solutions
have remained unattainable. In fact, on the date of May 24, 2000 the Clay Mathematics Institute
of Cambridge, Massachusetts announced seven millennium prize problems; one being the
incompressible NS equations’.

The act of numerically approximating these sets of equations has become a science in itself, which
is otherwise known as computational fluid dynamics (CFD). This computational science only
became viable with the invention of the programmable computer and remains an active area of
research today. Approximate solutions to any set of field equations, which may describe the
dynamics and/or behavior of any of the four fundamental states of matter, have and will most likely
continue to serve as a critical engineering design tool. For example, in structural mechanics, finite
element analysis has had much success and is the leading methodology used in commercial
software such as Nastran, Abaqus, and Ansys packages.

1.2 Tensor Notation

Before discussing some of the current research trends in CFD, it will be beneficial to briefly review
the adopted notation. To represent tensor quantities, index notation will be used throughout.
Additionally, the Einstein summation convention may replace the summation operator. In general,
lowercase letters which are bold, e.g. a, or with one index, e.g. a,;, will represent a vector or rank
1 tensor while uppercase letters which are bold, e.g. A, or with multiple indices, e.g. A, ., will
represent higher order tensors. The inner product between two vectors is then:

150

a-b= Ziaibi = a;b; (1)

Which produces a scalar quantity while the outer product, i.e. a ® b or a;b;, forms a rank 2 tensor.

The trace operation, represented by tr(a ® b), is equal to the inner product. A commonly used
rank 2 tensor, in this work, is the Kronecker delta tensor defined as:

C(lifi=j
5@‘]“{0 if i#j @

Higher order versions exist in even ranks. For example, the rank 4 Kronecker delta tensor is:

ikt = 0450k + 043,05 + 0,10, (3)

! https://www.claymath.org/millennium/navier-stokes-equation/




Chapter 2 — Literature Review

The quantized velocity finite element method (QVFEM) originates from the lattice Boltzmann
method (LBM) [7,8] whose precursor is the lattice gas cellular automata (LGCA). Therefore, the
LBM will herein be reviewed. To do so, we must first derive the Boltzmann equation.

2.1 The Generalized Boltzmann Equation

To begin, let us define a system of n molecules each with a center of mass assigned to a cartesian
coordinate x, V ¢ = 1,2, ..., n» measured from the stationary reference point x_. The set of all
positions within the 3D Euclidean space is then x,,x,,...,%, whose associated velocities are
denoted x,,X,,...,X%,. To relate the molecules via their relative positions J,, the molecular
network will be defined from the recursive formula: x;, = x, ; + d,. Upon writing out each term,
one may express the position of each molecule as a function of the relative positions:

X; =X, + ZZ:I (sk (4)

Since the reference position is arbitrary, then for simplicity, will be set equal to the origin location,
i.e. x, = (0,0,0). Generalized coordinates will next be introduced as g; = 9, so that (4) simplifies
to x; = Z;Zl q;,. We’ve now created a hierarchy in the sense that x; = q,, X, = q, +q,, ...,

X, =q +tq++4q, (5)
From which we may now work with the set of generalized coordinates q,, g, ..., g, and the
associated generalized velocities ¢, g, ... , g,,. This is known as the Lagrangian formalism. Upon

defining a Lagrangian, i.e. L = K — II, the equations of motion (EOM) may be directly derived
from Lagrange’s equations. Their derivation stems from Hamilton’s principle of stationary action;
formally stated as [9; ch.2]:

ta
68:/ DL et = 0 (6)
t

1

Where S is Hamilton’s action and DL is the first order variation in the Lagrangian. The Lagrangian
will now be defined in the following manner:

L<q'17q.27 7qn7q17q27 7qn7t) = K<q'17q'27 7qn) - H(q17q27 ceey qnat> <7)

The kinetic energy differential, per molecule, is defined as the rate of momentum projected along
the path taken, i.e. dK, = m X, - dx; (no summation). Upon integrating, the total kinetic energy
of the system of molecules, is found through summing over each individual:

K:imi/ki'dxi:%imi|xi|2 (8)
i=1 i—1

To define the total potential energy, let us first define the force acting on each molecule [10; p.190]:



n

fi(a,aq -, q,,t) = £(x;,t) + ZFWOX@ - Xj|> (9)

J=1

Where the term f; accounts for forces acting on each molecule from outside the system and the
second term incorporates intermolecular repulsive/attractive forces between the molecules. The
total potential energy may now be found in a similar manner to (8):

H:zn:/fi-dxi-l—zn:/zn:Fij-dxi (10)
i—1 A = |

Now that the Lagrangian has been established, the equations of motion may be directly derived
from Lagrange’s equations. However, obtaining solutions for these types of systems (when n is
“large”), becomes a daunting task. The initial conditions are also unknown. If boundary conditions
exist, then we must incorporate nonholonomic constraints. On another note, the model is not
necessarily complete. In addition to translational degrees of freedom (DoF), the molecules may
also rotate and vibrate. One may also want to incorporate the electronic structures. If this is the
case, quantum theory must be utilized. So in contrary to direct molecular simulation (DMS), we
are going to take an alternate route. To overcome these difficulties, we’ll turn to the realm of
probability theory [11; ch.1-4]. To begin, we will switch the formalism to the Hamiltonian one
through introducing the set of generalized momenta, defined from the Lagrangian:

JL JOL oL

P1,Pos - Pr = 5 A A (11)
S 94, 0d,” " 9q

n

The Hamiltonian may now be formally defined from the following Legendre transformation:

H(p17p27 7pn7q17q27 7qn7t> = sz : q.i(p17p27 7pn) - L (12)
i=1

Where L is the Lagrangian (7) reformed into L(p;, ps, --- s P,y 415 9o --- 5 4,,, t). It will be noted
that the equations of motion may now be equivalently derived from Hamilton’s equations:

. OH oH

Using this formalism, a generalized probability functional, containing all necessary information to
describe the system, will be introduced in the form:

SP1(1),Pa(t), -, Pu(t), @1 (1), q2(t), -, q, (1), 1] (14)

The idea is to now develop an equation of motion which describes the evolution of §, from which
we may extract the evolved bulk quantities through generating moments (or expectations) over the
phase space I'. Defining G(p;, Py, -, Pps 41592, - » 4,,)» this operation will take the form:



n

H/%d? ) (15)

=1

The total differential change, with respect to time, is then found through using the chain rule of
multivariable differential calculus [12; p.117]:

dg_&_s+ (83 oH 03 oH

Py 3—% a—pz—a—pz 8—(12) 3‘1‘{3 H} (16)

Where {§, H} is known as a Poisson bracket [13; p.284]. To enforce continuity, we must require:

+Z(a % OB g (7)

(‘3pZ

Well, under the Hamiltonian formalism, it can easily be shown that:

ZZE <83.q(ji +%~_j> §= i; [a(z,i ' (Si) - 3(; : <§2>] =0 (18)

(2

As a result, S = —{§, H}, which is otherwise known as Liouville’s equation [14; ch.1]. To
uncover the Boltzmann equation, (17) will first be written in the form:

9§ B . I
+ + D, - + JH}Y, =0 19
T g, TP gyt 2 (8 H) (19)

We must now recognize the total functional §§ as a joint probability density [11; p.144] or joint
PDF. The 1% marginal PDF [11; p.145] is then found through integrating over all generalized
positions and momenta assigned within the range ¢ = 2,3, ..., n

31 P17q17 H/gdfp dQ (20>

Thus obtaining the so-called “single particle” probability density. Before performing the same
integration over (19), the generalized velocities g; will be solved for in terms of the generalized
momenta p, through utilizing (11). It is found that m, g, = p, — p, for any integer value of n >
2. Similarly, the generalized forces p,; can be obtained as functions of the generalized coordinates
g; and time ¢ through utilizing (13). Upon defining II = 7, (q,,t) + 7,(qy, 45, --. , q,,, t), we find:

. om, Om
= —— — n 21
P1 dq, Oq 21

Where 7, is associated with the external force acting on molecule #1. Upon substituting ¢, (p;, Py)
and p,(q,, 95, ---, g, t) into (19), one finds:



5 p; OF 87r1 JF py, OF 87r
o my 8‘11 0q, 8pl my 8(]1 dq, apl ;{ }k ( )

The next step is to perform the same integration as in (20) thus unveiling the generalized
Boltzmann equation [14; ch.2] (under the Hamiltonian formalism):

0%, Py 831 871’1 0%,
o “m, 9a,  9a, b, (23)

T ~(. 05 . B\ p, & 0, &
7-11 i LZ (9 a0 o)~ 50 g Tpy) P00 20

=2

Where (J is the generalized interaction integral. An equivalent formulation may be found using the
Lagrangian formalism. Before performing the transformation, it will be more convenient to first
reorganize the generalized coordinates in the following way:

q; *5] qn

—— — e
41,492,493 ,44: 95,96 5 -+ s A3pn—2> 93n—1>93n (25)
Referring back to (17), the terms containing the set of generalized forces p,, ps, ... , P,, Will now
expand through identifying the dependence p;(q,, g5, -.. , g,,) per generalized momenta:
8-3 8H 3n 3n 3n 8-3' 8p n 8-3'
B ) PG . 08 9%
Z < p, 0q, Z b apz Z Z < p, 04, Z 434, (26)

In consequence, the Liouville equation may equivalently be represented in the form:
og 83 . og
v — 1] =0 27
B e gt (g0 o) (2)

Using Lagrange’s equations, the generalized accelerations ¢, may be solved for as functions of the
generalized coordinates g, and time ¢. For any integer n > 2, one obtains the EOM:

) oIl oIl
mqy = 5 —

- 28
dq, 0q, ( )

Upon feeding this result into (27) and integrating, we yet again uncover the generalized Boltzmann
equation, however now, under the Lagrangian formalism:

gyt — L0 g = (29)

n n oF 0% ) 1 (87rn 87rn> oF ] )
B T +— - =21 dQ.dQ. 30
J glz L <qk 0q, G- a4, my; \0q, 0q,/) 0q, Qz Qz (30)




We have now concluded our introduction to the Boltzmann equation. On a final note, if § depends
on time implicitly, then the analytical solution to {§, H} = 0, is given by [15; p.376]:

3(p17P27 7pn7q17q27 L) qn) = Cil exp[_ﬁH(pbpz? R qul,qz, R qn>] (31>

Where 3 is coined “thermodynamic beta” which nondimensionalizes the Hamiltonian and ( is the
partition function:

(= ﬁ/exp —pH) dP,;dQ. (32)
T,

Therefore, 1/( acts as the normalizing coefficient.
2.2 Introduction to the Boltzmann Collision Integral

Various forms of the interaction integral, found within (24) and (30), have been used to predict
transport coefficients associated to phenomena such as mass diffusion, viscosity, and thermal
conductivity. These predictions were originally formulated by Chapman and Enskog [15] in the
early 1900s. This is not the primary focus of this dissertation, however, their methodology will
newly be incorporated into both deriving and solving the Navier-Stokes-Fourier (NSF) equations.
To gain a larger perspective on the theory of the Boltzmann equation, a brief introduction to the
collision integral will be given.

Molecule #2
Molecule #1

Figure 1 Two-body system

We’ll estimate the coefficient of shearing viscosity of an argon gas assuming collisional events are
perfectly elastic [10; p.211]. Two-body collisions will be assumed to be dominant within a constant
potential energy field; see Figure 1. The interaction integral (30) will now take the following
collisional form:

19, . .
g / g, 28 a9 dg, = / / (d - €)5F dO,dA (33)
r, 9q, A JR3



Where the basis vector is defined as e, = ¢, /|qg,| therefore g, - e, = |g,|. The molecular chaos
hypothesis, a.k.a. the stosszahlansatz [14; p.22], will next be adopted and applied, such that:

0F = F(X],X5) = F(Xy, %) = —F (34)

Where x; and x/, are the post-collisional velocity vectors of molecules “1” and “2” respectively.
The generalized Boltzmann equation (29) will now take on a less general form:

/ 16,155 dO,dA = 0 (35)
A JR3

It will be noted that if we multiply (35) by dQl and integrate once more, then a change of variables
may be performed such that dQldQ2 = dX,dX,, where the Jacobian of the transformation is
unity. The system as a whole is assumed to be in a state of equilibrium therefore the stationary

solution (31) is then valid. Upon making /3 specific through absorbing m, the normalized solution

1S:
1 1 1
Bak) = oy (— 5 ) e (—5 Al (36)

When § is expressed in terms of the molecular velocities x; and x,, the distribution is isotropic
and separatable such that §(%x,,%X,) = §(%;)F(X,). However, when x; = ¢, and X, = ¢; + g5,
meaning § is expressed in terms of the generalized velocities, the distribution becomes anisotropic,
as shown in Figure 2. In this case, the distribution is not separatable since § (4, 4,) # F(qd;)F(d-)
because there exists a correlation between the velocities of the two molecules.

Xy 2 Gy 2
1 1
-1\ -1
9 . -9 .
2 o1 p 1T 2N S a1 4 1T 20

Figure 2 Contour plots of § (%X, %,) (left) and F (¢, ¢5) (right)

The provided derivation of (35) is ad hoc and not necessarily mathematically rigorous. A more
formal derivation can be performed through using a balance principle [16; ch.11], stated as:

§dV —FdV =0 (37)

The objective is to now relate the pre- and post-collision differential volumes based on the
geometry of the molecular encounter so that dV = dV’. We’ll begin with first defining:

dV = (qydt) - e,dA = dldA (38)



Where dl = |q,|dt is the differential length of the collision cylinder. The differential area will be

defined as dA = rdrd¢ which represents the collision cross-section as shown in Figure 3, in
regards to two colliding “hard” spheres:

Figure 3 Two-body collision geometry (hard sphere scattering)

The relation r = @ sin 6 is found using simple trigonometry therefore dr = & cos 6 df where & is
the van der Waals diameter. As a result, dA = |g|?dS2 where dQ) = sin 6 dfd¢ and |g|?> = @ cos 0
is the scattering probability valid in this circumstance V 0 < § < 7/2; which relates the collision
cross-section of the incoming molecule to the solid angle which the molecule is reflected into so
that dA = dA’. Upon combining, the post-collision differential volume element is expressed as:

dV’ = (g4dt) - e5dA’ = &?|q5)| cos 0sin 6 dOdpdt (39)

Where the area of the collision cross-section is easily obtained from:

27 /2
/dA: / dqb/ lg|? sin 0 df = 7&* (40)
A 0 0

In order to make dV’ = dV, the magnitude |g}| must be equal to |G, | therefore must be a constant
of the motion. Well from Newton’s third law of motion (3™ LoM), we may state that %, = —%,

and K1 = —KQ. Integrating over time provides the following balance relations:
X, + %, = X1 + X (41)
% 2+ %o |2 = K47 + %5 (42)
X)Xy =X - Xy (43)

Multiplying (41) by m yields the momentum balance and multiplying (42) by m /2 yields the
kinetic energy balance. Combining these two balance equations provides the projection relation
(43). Since iy = m,,, the center of mass (CoM) is given by x,, = £ (x; + X,) which is the average
of the two positions. It so happens that X, K, and |g,| are all constants of the motion:



Xg = %(Xl +%y) = %(Xl +x5) = Xéa (44)

|da|® = %% — 2% - %, + %[ = X[ — 2%7 - %5 + [%5]% = |g[? (45)
|X®|2 4|X1|2+ X Xy 4|X2|2 4|X1|2+ X] + X5 4|X2|2 |x@|2 (46)
In consequence, |g,| = |g5| therefore dV = dV’ v'. As aresult of (42), the master balance relation

(37) is now automatically satisfied since § = §’ v. It will be noted that the vector parallelogram
rule may be used to prove that |g,| is equivalent to 2|X| in regards to two colliding vectors.
Therefore, the use of the speed |%x, — %, |, within (38) and (39), is just as valid as |%x; + X,|.

Let us now use the current two-body model to extend the framework to a system of n molecules,
where there is approximately n? possible collision pairs. This will be done through first denoting
the number density as # = n/& = p/m where # is the total volume which contains all n molecules
and p is the mass density. A number density velocity distribution will next be defined in terms of
two separate and independent distributions as 1 = n, N, = #>F. We’ll now return to (37), i.e.
8FdV = 0, divide by dt, multiply by #2dX,dX,, then integrate to obtain:

S, = / / / 57 |Gy |[dAdX,dXCy = 0 (47)
R3 JR3 YA

Where #, is the number of collisions per unit volume per unit time and is treated as a conserved
quantity. It is worth mentioning that this formulation is probabilistically “Lagrangian.” To explain
this statement, let us first recall that L = K — II = E — 2II. Using set notation, it has already been
established that (%, N %,) = n,n, which means %, and x, are statistically independent. Based
on the axiom of finite additivity [11; p.9], then we may also say n(%, Ux,) = n, + n, so that:

0h = (%) N %G) — (%, N Xy) = ARG — 7y iy (48)
= ﬁ[(xi N Xé) U (Xl N Xz)] - Qﬁ(kl N '5{2)

Since #2" — #" = 0, where both terms are equal to #,, then the total number of collisions per unit
volume per unit time may be expressed as:

‘72%:7@2/ /|Q2|ﬁdx1dx2 (49)
R? /R?

To perform the integration over the two-fold velocity space, the energy balance (42) will first be
rewritten in terms of the constants of motion |g,| and |Xg|:

sldol” + 2% [ = 31g5 | + 2/%5 |2 (50)

Since 1 |g,|? + |Xg|* = 2 |%1|* + £ %,/ then (36) may undergo a change of variables from %,



and x, to g, and x. These cartesian velocity coordinates will next be transformed into spherical
coordinates. So in general, dX = |X|? sin ¥ d|%|d¥dyp and (36) will now take the form [15; ch.5]:

§ (142, %)) = (27871) % exp(— 1 Bl4o|?) exp(—Bl%s[*) (51)

Noting that the solid angle is equal to 47, the zeroth order moment (or expectation) is computed
as:

H Dk, =167 [ 1@P3aNddl [ elPEk) =1 (32
0 0

We’ll next return to (49), perform the change of variables, then perform the integration to find:

) < aa . X gas . 42 g2 p?
B = 16773@2/0 ‘Q2‘3n(|%|)d|‘b|/o |X®\2n(\x®\)d|x®\ :W (53)

Since #, is independent of time, it will be inferred that the cumulative number of collisions, per
unit volume, has a linear dependence upon time such that #, = #_¢. It will next be assumed that
the average time interval between successive collisions, denoted 7, is constant. In effect, we will
hypothesize that the collision rate is equal to #, = #/t, therefore #, = (#/t,)t. The collision
interval may now be computed through utilizing (53) to obtain ¢, = m3*/2/4w/22%p. The
average distance traveled over the time interval ¢, or mean-free path length, will next be expressed
as ¢, = vt,, where v represents the mean molecular speed. The associated distribution is the
stationary mass density velocity distribution, whose derivation in based on (31):

p(%) = p(2m/B) %2 exp(— 3 BI%[*) (54)

From which the mean speed may be computed from the following moment:

2v/2
VT

o= [ Jxlp(e) dic = /%dw / sind di / 3 p([]) d]i| = (55)

R3

In consequence, the mean-free path length computes to ¢, = m(\/§7r62 p)~t. This is a classic
result as found in [17; p.6-57]. We must now relate our findings from the collision integral to the
coefficient of shearing viscosity, denoted 1 (Pa - s). It will be assumed that the causal mechanism
of viscous dissipation is molecular diffusion. So in contrary to the stationary distribution (54), let
us consider the mass density distribution p(x, t); which is in a state of nonequilibrium due to the
explicit dependence upon time. The total temporal derivative is then:

d . op 8p

— t),t] = o6

& plx(n), 6 =5 i (56)
Continuity will once again be enforced such that dp = —p(V - x)dt, where the gradient operator

is denoted V = 9/0x. As aresult, the governing continuity equation is 9p = —V - (px). For ease

10



of notation, the temporal derivative 0p/0t has simply been replaced with Jp. Intermolecular
collisions will be hypothesized as the causal mechanism of mass diffusion. Therefore, the diffusion
velocity will be defined as X = x /7, where 7 o t_. The continuity equation, which is an advection
transport equation, will next be transformed into a diffusion transport equation through first
defining p(x,t) = G(x)Q(t). In reference to (54), it is natural to define the spatial contribution as
G = exp(—3 B|%|?) where % is now dependent upon x. The resulting velocity operator relation is
xp = —vV p, where the coefficient of kinematic viscosity is identified as v = 7/3; having units
of specific action (m?/s). Upon feeding the newly found gradient relation into the continuity
equation, one uncovers the mass diffusion equation: 9p = vV?p. In contrary to the method
provided, one may also refer to Einstein’s theory of Brownian movement [18].

To uncover the fundamental solution, the principle of superposition will be utilized. The partial
solution will then be given through using the method of separation of variables [19; ch.2] as
pk,x,t) = a(k)y(k,x)f(k,t) where k is the vector of wave numbers. The resulting eigen-
equations are f = —wf and V2 = —k21) where w = vk2. The solution to the time-dependent
ODE is simply f(k,t) = exp(—wt) and the solution to the Helmholtz equation is provided as
Y(k,x) = exp(ik - x). Given the initial condition p_(x) = pd(x), where d(x) is the Dirac delta
function centered about x = 0, the fundamental solution is obtained through using the theory of
continuous Fourier transforms [19; ch.10]:

1 - . _p
k) = (g | Fo00V )X = (57)
p0c.0) = | otk )£ ) 3 = e (— ) (58)

Where ¢* denotes the complex conjugate stationary wave function. Integrating (58) over the
infinite spatial domain shows that the zeroth order moment upholds the condition of constancy of
mass [20]. The moment of interest is now the second order central moment which provides an
expression for the mean-squared-displacement of mass as a linear function of time:

1
) =~ [ x5, 6) dx = 20t (59)
3,0 RS

To gain some further insight, let us now consider a random walk process for a molecule confined
within a cubic domain of volume (2¢,)3 over the time interval ¢.. The molecule will initially be
located within the center of the domain therefore can travel a distance of 4-/_ in each orthogonal
direction. The motion per dimension is then restricted to the integer lattice z, = {—1,+1} so that
the stepping vector may be expressed as x, = z¢.. The stepping probability is next provided in
the form of the discrete set of weights w, = {1/2,1/2}, which is a discrete analog to (58). The
mean-squared-displacement is then found from the equivalent second order central moment:

]' : 2 2
2Vtc - §;|Xa| W, = gc (60>
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As a result, the coefficient of kinematic viscosity may be expressed as v = %£2 /t.. The associated

C

kinetic energy is identified as $7° = (7/t.)3" therefore T = (4/7)t,. As a final result, the

coefficient of shearing viscosity (1 = pv) is obtained in the form:

1

m

=—ptl, = ——— 61
To complete the derivation, we must find an expression for 5 using the axioms of thermodynamics.
It will first be recognized that within the solution (58): |x|?/4uvt = B(|x|?/47t). Well, in reference
to (54), the kinetic energy may now be identified whose moment yields the internal energy:

1 3

= 25(x,t) dX = — 62
= g [ RO X = 5 (62)

Using this knowledge, the specific Lagrangian, denoted £ = |x|?/41t — &, may next be found
through multiplying the mass diffusion equation by the specific action quantity ¢//:

. t [ 9p vt [ =02p
/Rg p 5 ). ot B/RSZ@)(? 0 (63)

=1

It will be noted that all Gaussian distributions contain the minimization property as shown in (63).
Using the equipartition theorem, we may now declare 3 = ©~!. The thermal energy is denoted
© = RT where R is the specific gas constant and T is the temperature.

40 ¢ .
35+ 1
30! | o
25! [ =

20| e ia(T) @, = 376 pm [17; p.9-49]
15 -~

10}
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-
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Figure 4 Comparison of predicted viscosity curve against experimental data [17; p.6-229]

The results shown in Figure 4 are somewhat reasonable around 200 K. The theoretical prediction
(black dashed curve) begins to diverge from the experimental data around 300 K. One way to
obtain more accurate results is to include intermolecular forces, e.g. F,5(|gs|), which will then
affect the scattering probability. To do so, one must define the potential energy between molecules.

2.3 Overview of the Lattice Boltzmann Method

At this current point in the dissertation, the generalized Boltzmann equation has been derived using
principles from analytical mechanics. The Boltzmann collision integral was next reviewed through

12



predicting the coefficient of shearing viscosity of an argon gas. Let us now consider the scalar
velocity distribution field F (&, x, ) whose total temporal derivative expands as:

d oF oF oF

&F[é(t),x(t),t] :§+£'&+a'8_§ (64)

Where £ is the random velocity vector field and a denotes the acceleration vector field; related to
the presence of a body force, i.e. b = pa. Due to intermolecular collisions, the general EOM is:

dF /dt = —C[F] (65)

Where €[F] denotes the general collision operator. It will be noted that (65) is an equivalent field
equation in comparison to (29), which is expressed in terms of the generalized coordinates g, and
the generalized velocities g, V i = 1,2, ..., n. The standard within the LB framework is the BGK?
collision operator [21]: €y [F] = (F — M) /7, where M indicates the local equilibrium velocity
distribution [14; p.72] and 7 is referred to as the “relaxation” time. The general Boltzmann field
equation (65), in the absence of a body force, will now take the single relaxation (SR) form:

F4+¢-VF=—(F-M)/r (66)

To gain further insight, let us consider F (€, t) therefore (66) reduces to M = F + 7F. Holding M
fixed, the solution is F = M 4 (O — M) exp(—t) where the initial condition is O = F(¢ = 0) and
the nondimensional time is denoted t = ¢/7. It can now be inferred that this formulation assumes
the system is in a state of nonequilibrium, which will naturally “relax” towards an equilibrium
state [15; p.72], at a rate governed by 7. Based on the homogenous analytical solution, the
distribution never quite reaches equilibrium but approaches this state in a nonlinear fashion. Upon
reforming (66) into M = F + 7(dF/dt), the general solution is provided in the form [22]:

Flx(1),1] = F(x,,1,) —1/ (Fl(r). 1] — Mlx(1), 1]) (67)

T
1

Where the motion is given by x(t) = x, + &3¢, the time is defined as ¢ = ¢_ + dt, the initial time
is setto t, = 0, and 7 is assumed constant. The lattice Boltzmann equation (LBE) can be obtained
through applying a one-point rectangular rule to the integral: 7 [(F — M) dt ~ t(F, — M,). As
a result, the solution (67) will take the approximate form:

F(x, + 58,1, + 81) = (1 — F(x,.1,) + (%, ) (68)
It will be noted that if we expand the exponential within the homogenous solution, using a first
order Taylor series about the initial time, i.e. exp(—t) = 1 — t + O(¢?), then upon substituting, an

equivalent result to (68) is found. Therefore, the approach to equilibrium now has a linear
dependence upon time such that F[x(7), 7| = M(x_,t,). This linearized formulation is directly

0?70

2 The abbreviation “BGK” stands for the developers: Bhatnagar-Gross-Krook
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analogous to applying a first order Taylor series expansion to the solution about the initial time:

07 70

Fx(t),t] = F(x,,t,) + (F + &- VF)|, 8t + 0(5t?) (69)

If we evaluate (66) at ¢ = ¢, then upon substituting dF /dt|, ~ (F —F)/d¢ from (69), the LBE

(68) 1s once again found. This is known as the first order approximation. Now taking this one step
further, the integral within the solution (67) will be approximated using a two-point trapezoidal
rule: 7 [(F —M)dt ~ t(F, — M, + F — M). Upon defining G = F + $t(F — M) and G, =
F, +3t(F, —M,), the second order approximate solution is obtained in the form:

G(x, + &dt,t, + 6t) = (1 —t')G(x,,t,) + ' M(x,,t,) (70)

0’70

Where the nondimensional time is redefined as t' = ¢/7” given 7/ = 7 + £¢. We can now observe

that (70) is analogous to (68). There are indirect ways to recover the Navier-Stokes (NS) equations
through expanding the solution via a second order Taylor series then applying a perturbation
analysis [23]. This methodology is ad hoc and does not replicate the computations performed
within LB codes; see [60; p.13] and [61; ch.2.6].

Within the algorithm, initializing F' is not a straightforward task due to the lack of an analytical
expression. An example procedure can be found in [24]. The most simple action is to set F(x,0) =
M(x, 0) as was done in [25]. For this reason, boundary conditions must be derived and employed
directly onto the distribution function itself; in contrary to typical CFD procedures. For more
details, please refer to the textbooks [7,8], which also discusses and provides references to state-
of-the-art research trends regarding the LBM. For an overall literature review, the reader is referred
to [21,26,27].

The collision-streaming algorithm, which may be extracted from (68) or (70), is used in other
statistical molecular simulation methods, such as the LGCA and the direct simulation Monte Carlo
(DSMC) method [28; p.366]. The same concept is sometimes applied to the finite difference LBM
[29] and the finite volume LBM [30]. For compressible flows [29,31,32,33,34,35,36], (66) has
typically been discretized in space using a finite volume formulation where each flux, located at
the associated cell interface, is reconstructed based on the surrounding nodal values. The ENO?
family, including the WENO [37] methodology, is commonly used in the effort to achieve stability.
Otherwise, a total variation diminishing (TVD) constraint is applied. Upwind finite difference
schemes have also been used, however, are less commonly found in the literature.

The spatial discretization within the FDLBM and FVLBM is not a unique feature. However, the

temporal schemes applied to these two closely related frameworks, are a bit more specialized due
to the collision operator and the associated constraints [15; p.50,109]:

HEOTFE)E=0Y 6 = 1€ |¢P ()

3 The abbreviation “ENO” stands for “essentially non-oscillatory” and “WENO” refers to the “weighted” extension
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The general EOM (65), in the absence of a body force, will next be multiplied by ¢ (representing
a “summational invariant”) then integrated over the velocity space. Upon applying (71), we obtain:

/ (dF /dt + €[F])¢ d= = / (F+&. VF)$d= = 0 (72)

RS

One can now observe that the collision term redistributes the values assigned to F' in such a way
to cause a zero net effect. At the beginning of an arbitrary time step, the initial distribution will
first be established as F; = F'(x, 0). For ease of notation, the advection operator will be declared
2A[F] = & - VF so that the governing EOM may be expressed in the form: F 4 A[F] + ¢[F] = 0.
In many of the previously cited references, a multistage IMEX* Runge-Kutta [38] scheme is
adopted, given n stages per time step. This formulation treats the advection term explicitly while
the collision term is treated implicitly, so that the stage values are computed from:

B
F,B = FO —t Z(Aaﬁm[Fa] + Baﬁe[FaD (73>
a=1

Where A, ; and B, ;5 are both matrices which apply weights to the advection and collision terms
respectively. The advection terms are explicit because all diagonal terms within A , 5 are zero, i.e.
A=A, =-=A,, =0. The BGK collision term, per stage, is €z« [F,| = (F, —M,)/7
(assuming 7 is constant) which will now replace the general collision operator within (73). We’ll
next multiply (73) by ¢ then generate the moment, while applying (71), to yield:

B
M d= = /3¢M0 dE—1t) A, /3¢2l[Fa]dE (74)
R R a=1 R

As aresult, (74) is used to determine the equilibrium stage values so that (73) becomes explicit:

(1 + JLB11)F1 - Fo + JcB11Ml (75)
B B—1

(1+1tByp)Fy =Fy+ Y (1B, M, —tA AF,]) —t ) B, ,F, (76)
a=1 a=1

After computing all stage values, the temporally advanced value is obtained from:

F=F, —ti(aﬁﬂ[FB] +b,e[F,)) (77)
B=1

Where a4 and b are vectors of weights, similar to their matrix counterparts. Within the algorithm,

the integrals shown in (74) are in actuality finite summations. Some examples of discretizing F
and M, in the velocity space, can be found in [39,40,41]. Multiple methods exist which include the

4 The abbreviation “IMEX” stands for “implicit-explicit”
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use of the Gauss-Hermite quadrature, the Gram-Schmidt orthogonalization procedure, and the
entropic method.

To end the literature review, a simple 2D simulation will be performed. Viscosity and thermal
conductivity will be neglected therefore the governing EOM is the freestream version of (66). A
double distribution function approach will be utilized; one for the mass and momentum evolutions,
expanded up to and including the fourth order Hermite polynomial (D2Q9?), and one for the total
energy evolution, expanded up to and including the second order Hermite polynomial (D2Q52). It
will be noted that if the velocity distribution contained a nonequilibrium part, then typically two
relaxation terms would be used within the energy evolution equation. The more general model is
known as the multiple relaxation time (MRT) formulation, in contrary to the SRT form (66).

Similar to the Sod shock tube [47,48], a shock box [32] will be simulated whose inner and outer
regions, at t = 0, contain different densities, temperatures, and pressures. In both regions, the gas
will initially be at rest whose specific heat ratio is that of a diatomic perfect gas, i.e. 7 = 7/5. Over
a uniform spatial grid, the streaming algorithm will be implemented. Along the boundaries, the
distributions will be held fixed to their initial values. Therefore, we’ve indirectly applied the no-
slip boundary condition. The results of the simulation are shown in Figures 5 & 6.

2

Figure 6 Shock box lattice Boltzmann simulation (upper RHS)

As one can observe from the results, the overall methodology of the LBM has serious potential to
become a leading commercial software CFD algorithm. However, there are major fundamental
flaws which first need reconciling. It is critical to note that due to the velocity discretization method
used, being the Gauss-Hermite quadrature, there only exists a small collection of initial conditions
which produce a stable shock box simulation. This is due to the fact that the Hermite-expanded
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Gaussian is not a true representation of the Gaussian function itself, in contrary to the Taylor series
expansion. This type of polynomial form often violates the first Kolmogorov axiom of probability
[11; p.7]. If the velocity distribution is interpreted not that of a probability density, but of how the
mass or total energy is dispersed over a time step, then the polynomial form often violates the basic
definitions of mass and energy. For a visualization, please see Figure 7, where v is the mean
velocity in one spatial dimension. In this regard, the Gram-Schmidt and entropic methods are no
better.

cooo o
e e Y
= RO CHOORD
cooo o
e e Y
= ROECHOORD

Figure 7 Hermite-expanded (3" order) discrete Maxwellian (D1Q7)

In addition to the lack of positivity preservation resulting from the current velocity discretization
methods, another major fundamental flaw, as previously mentioned, is that the EOM (66) cannot
directly reproduce the Navier-Stokes equations. The indirect method is to apply the Chapman-
Enskog perturbation analysis [15; ch.7]. It is vital to note that the work performed by these two
scientists, along with Cowling, was aimed at predicting transport coefficients; in contrast to Grad’s
moment method [14; ch.7]. The main purpose of this dissertation is to resolve these two problems.

To explain the upcoming format, chapter 3 is a reformatted version of a paper I’ve been writing to
be submitted to the American Institute of Aeronautics and Astronautics (AIAA) for peer-review
publication. Initially, this work was geared towards hypersonics research due to the need of an
accurate and stable CFD algorithm to properly capture shock wave development. Over time, I’ve
realized that the QVFEM is a general framework; not specific to hypersonics. Overall, chapter 3
lays the groundwork and chapter 4 covers nonequilibrium extensions.
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Chapter 3 — The QVFEM: Part I

The growing desire for high-speed flight vehicles has introduced numerous challenges to
engineers; one being accurate predictions of mechanical and thermal loads acting on the outer
mold surface of a flight vehicle body. To perform these calculations from a continuum standpoint,
one must numerically solve the governing flowfield equations which tend to become highly
unstable in the presence of shock wave development at flight speeds greater than the local speed
of sound. This chapter will both review the statistical derivation and propose a new computational
scheme to be applied to the compressible Euler equations of gas dynamics. The method has been
coined the “quantized velocity finite element method” (QVFEM) which proves to be numerically
stable during shock wave development without the use of artificial dissipation.

3.1 Introduction

Over the past several years, the field of hypersonics has been reawakened in the United States due
to recent advances in hypersonic technology in countries such as Russia and China [42]. Besides
military applications, there now exists research in the development of hypersonic vehicles for civil
use, such as the Hermeus prototype plane: Quarterhorse®. One of the many challenges in the design
of hypersonic vehicles is accurate prediction of the mechanical and thermal loads which act on the
surface of the flight vehicle body. The determination of these loadings are a critical component in
the structural design to ensure survivability of the structure, payload, and most importantly the
passengers aboard. Additionally, to optimize the lift-to-drag ratio, a computational analysis tool is
necessary for aerodynamic design. This specific problem has highlighted a major hole in modern-
day computational fluid dynamics. To support this claim, William Gilbert Strang (1934-) during
an interview in 2013 once made a remark saying®:

“All numerical methods are waiting to be improved. The finite elements came first for
structural problems and that’s a class of equations where nothing is going to move too far;
where the bridge just moves a little bit and it’s important to know how much. But think of the
difference between that and fluid problems ... a river is flowing, a jet engine is sending jet out
(it’s creating shock waves); much, much harder problems. The frontier (the difficult problems)
are really those where there is a velocity involved ... and for that we need new finite elements
that are adapted to fast movement and to the appearance of shock waves. So you could say
for solid mechanics we’re good, for fluid mechanics we have much work to do, and for gas
mechanics we have much, much work to do.”

This quote sums up the major motivation of this work. Traditional computational methods will be
expanded upon and modern-day so-called “shock-capturing” numerical schemes will be deemed
unnecessary within the proposed QVFEM. One example is the family of essentially non-oscillatory
(ENO) schemes which include the weighted (WENO) and targeted (TENO) methodologies [43],
which approximate spatial gradients over structured grids; formulated within a finite volume
framework. The temporal scheme is independent of the spatial where typically a strong stability
preserving Runge-Kutta method is used. There has also been work in applying this methodology
to unstructured grids [44]. Additionally, for these types of irregular nodal layouts, methods such

3 https://www.hermeus.com/quarterhorse
¢ https://youtu.be/WwgrAH-IMOk
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as the total variation bounded (TVB) discontinuous Galerkin finite element method [58] have been
used in the past to stabilize the spatial gradients. Again, space and time are treated independently
where a finite difference scheme is typically applied to the temporal derivative operator. In this
work, space and time will be coupled into a single unified numerical scheme and the use of any
artificial dissipation will not be needed. The prescription provided by the laws of the governing
nonrelativistic physics will prove to be satisfactory and will not require any additional buffering
terms or complex shock-capturing schemes to provide stability in the algorithm.

The method proposed in this chapter is Part I of a multipart series. Part I will introduce the QVFEM
applied to the Euler equations which is an inviscid adiabatic flowfield model. Part II will entail the
application to the Navier-Stokes-Fourier (NSF) equations to include viscous interactions and
thermal conductivity. Multiple branches of physics will be utilized including classical mechanics,
analytical mechanics, continuum mechanics, and thermodynamics with the binding glue being
statistical mechanics. Once the equations of motion are formulated, the system being analyzed will
be quantized based on the axioms of quantum mechanics. A new interpretation of quantum theory
will be proposed to allow both classical and quantum theories to exist in harmony with one another.
To accomplish such a task, multiple branches of calculus will be exploited including variational,
distributional, and tensor calculus where index notation and the Einstein summation convention
will, for the most part, be adopted.

One may also notice that the proposed methodology is not only inspired by traditional finite
element methods but also by the lattice Boltzmann method (LBM). For example [31,32,33] uses a
double distribution function approach where time is treated with an IMEX-RK scheme and space
with a WENO [31], TVD [32], or upwind difference [33] scheme. There are however major
deviations between the QVFEM and the LBM which will be discussed in more detail here within
Part I as well as Part II, where physical dissipative and diffusive effects are taken into account.
Within this work, the total energy density velocity distribution will be extended from a perfect gas
to an ideal gas model. Additionally, the proposed framework will utilize a triple distribution
function approach. Well as Dr. Strang said, “... we have much work to do ...” so let’s get to it.

A complete reorganization of the Euler equations will be performed using statistical mechanics.
Before doing so, the motivation will first be discussed. To begin, Sir Isaac Newton (1643-1727)
gave us the ability to model the motion of discrete mechanical systems through the following
Newtonian equation of motion [1; p.83, Law II]:

dv(t)/dt = v = —(1/m)VII (78)

Where V = 9/0x, the velocity vector is v(t) = x(¢), and x(¢) is the position of a single point
being the centroid of an identifiable object with mass m. Changes in the rate of motion, with
respect to time, are governed by the spatial gradient in the potential energy field I1. To apply this
methodology to a flowfield, one would need to have knowledge of the number of molecules within
the domain of interest, the initial positions of the molecules, molecular geometry, internal forces
amongst the constituent molecules, etc. The motion would then be found through solving a system
of differential equations, whose size is proportional to n. These types of physical systems in nature
are typically composed of enormous amounts of smaller subsystems being, as mentioned
previously, molecules and atoms. For example, in a 500 mL bottle of water, there are
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approximately 1.6 - 1025 H, O molecules occupying that volume. Therefore, the Newtonian EOM
is not optimal for these types of analyses.

What is desirable is a model where the physics are described in terms of densities rather than
individual molecules. For high-speed flows (above the local speed of sound), the distance at which
a single molecule or a density of molecules will travel over a “small” time interval is enormous.
Therefore, it is also desirable to track the evolution of the system through stationary viewing
windows or control volumes; in contrast to tracking the actual motion of the bodies. As a result,
Leonhard Euler (1707-1783) extended Newton’s framework to a continuum field formulation
through the following Eulerian equation of motion [2; p.286]:

dv(x,t)/dt =v+ (v-V)v=—(1/p)VP (79)

The velocity and position are now vector fields and the operator d/d¢ is what’s known as the
“material” derivative; see [45; p.80-82] and [46; p.66-67]. This operation includes a multistep
process where the function being operated on is first written in terms of the reference configuration
x, and absolute time ¢. The derivative operation is next performed then lastly the function is
converted back into the current configuration x. In this work, we’ll refer to this operator as the
mapping derivative (MD) where the motion at every point in spacetime is given by the one-to-one
mapping function ¢ [45; p.61-63]. The following notation will be used for the mapping:

X =p(X,,1) & x, = ‘P_1<X7 t) (80)
So, the velocity field v(x, t) is first converted to the functional v[p(x,,t),t]. The operator d/dt
is next applied holding x_ fixed then finally mapped back into the current configuration:

AV (x, 8)/dt = ¥(x,8) + §(%, 1) - V] 10 VX, 1) (81)

As a result, an expression for the velocity field is obtained as v(x,t) = @[p ' (x,t),t]. What we
have now is a prescription for how information is transported over a spacetime continuum field.
When dealing with high-speed flows, i.e. M = |v|/a > 1, the leading cause in numerical
instabilities in CFD algorithms is the advection operator v - V where |v| > a. Since v &~ d¢/dt,
the idea is to have d¢p < dx to ensure proper conveyance of information. For example, let us
consider the MD of a general scalar function denoted as F(x,¢). A first order forwards Taylor
series in time and a first order backwards Taylor series in space will be applied, which yields
respectively:

F(x,t+8t) = F(x,t) + F(x, 1)t + O(5¢2) (82)

F(x —vdt,t) = F(x,t) — v- VF(x,t)dt + O(5t?) (83)
From which an approximation to the MD is obtained in the form of a first order upwind scheme:
dF/dt =F 4+ v - VF ~ [F(x,t + 6t) — F(x — vdt, t)] /5t (84)

The discrete form (84) is only valid if 6¢p = dx. In the case that ¢ < dx, then:
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d_F -~ F<xi7ijzk7tl+1> - F(xivijZMtI) 4 |u‘ F<xi7yj7zkvtl> - F<xi¢17yj,2’k7tl)
dt b — 4 Ly — Tig1

(xiay]wzlmtl) - F(xivyjﬂFbZk’tl) + |w| F<xi7yj7zkvtl> - F<xi7ijzk¢17tl)

F
+[v]
Yi —Yir 2~ ZkF1

(85)

Where the chosen stencil depends upon the sign of the velocity component, or in other words, the
direction of the “wind.” For dF /dt = U, the temporally advanced value, denoted F’, is given by:

F' ~ F — (udt/52)3,F — (03t/8y)8,F — (wdt/52)5,F + bt (86)

To maintain stability in the algorithm and for the output results to be physically meaningful, we
must require that vot < dx. If this inequality is not satisfied, the information being carried by the
advection stream is brought outside the stencil domain and is therefore lost. The Courant number,
per dimension, must be greater than zero and less than or equal to unity:

(0,0,0) < (udt/dx ,vdt/dy,wdt/dz) < (1,1,1) (87)

Otherwise, there is a loss of information which violates the balance laws of mass, momentum, and
energy. For reference, we refer to the von Neumann stability analysis of the discretized one-
dimensional linear advection equation performed in [49; p.161-162]. To note, the CFL requirement
may vary depending on the discretization scheme used. In this work, however, (87) will always be
a governing inequality.

Due to the importance of this condition, one more example will be provided. Let’s envision a one-
dimensional information stream within an element of length ¢, over the time interval 7, traveling
at a constant rate of c. If ¢ < ¢/, then at ¢t = 7, the information remains contained within the
domain of the element. However, if ¢ > ¢/7, then the information will reach a point in space
beyond the domain of the element by the end of the time step. As a result, the information is lost
due to loss of containment. When the velocity components u, v, and/or w become “large,” the
constraint (87) is often not satisfied.

To make matters worse, the Eulerian EOM (79) is nonlinear due to the advection operator
operating on the velocity field: (v - V)v. To overcome these difficulties, a reorganization becomes
necessary. One additional remark will be made. The velocity v is a mean value of the molecular
velocities v, V a = 1,2, ..., n per control volume. Since these equations are statistical in nature,
it will herein be proven that it’s most optimal to treat them as such from both theoretical and
computational standpoints; which leads us into the realm of probability theory.

3.2 The Equilibrium Distribution of Molecular Velocities
The mass density p will be decomposed into a distribution of states denoted p(q,q) V I' € R®,

which must satisfy the following conditions based on the Kolmogorov axioms of probabilities and
the calculus of distributions [11; p.5-7]:
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. The mass density will be decomposed in such a manner so that p C R thus implying
non-negativity of mass therefore p > 0.

II.  The distribution p shall be normalized so that p may be recovered upon summing
over all possible velocity states £ ¥V Z € R® and positions y ¥ A € R*. The mass
density is then:

p= [ dlte).aw)ar (58)

III.  For (88) to be valid, each possible velocity state and position must be unique so that
the intersection of states forms an empty set. The union of states is equal to I" € R®
so that the collection of all states forms a partition of the phase space. In this work,
the phase space refers to velocity and position in contrary to momentum and position.

Perturbations in velocity and position will be analyzed through introducing the virtual time 7 so
that the variational time may be defined as t* = ¢+ 7. Applying a first order Taylor series
expansion to the generalized coordinate and velocity vectors yields the following variational
quantities respectively:

q =q(t+7)=q(t)+qr (89)
G =dq(t+7)=4q(t)+dgr (90)

Where in the limit as 7 — 0 recovers the exact definition of how these quantities change with
respect to time:

. 0q" . q(t+T1)—q(t)
9= or Pi% T (91)
T— T

As time marches forwards over the increment 7 = 3¢, the information stored within p transmits
via the functional:

p*=0p(q",q") = p(q+ 4T, q+gr) (93)

The perturbed distribution changes with respect to the virtual time in the following manner,
through using the chain rule of multivariable differential calculus [12; p.117]:

0p' _0p' 0a; , 0p"0d4; _ 0", . 0"
or oq or ' oq or Toag  Tag

(94)

Taking the limit as 7 — 0 provides the definition of the temporal rate of change in the distribution

p through the following variational operation, otherwise known as the Gateaux operator [46; p.46-
47,372-374]:
dp . 1 op* . Op . 0p
dt o071 orl__, 0q; 0q;

(95)
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Where the specific total energy and associated Lagrangian are defined as:
(4,q) =314 + ¢(q) (96)

£(q4,q) =%|41* — ¢(q) (97)

As a result, the total derivative with respect to time may be written in terms of a Poisson bracket:
dp/dt = {p, E}. We’ll seek a solution for which the distribution is stationary. Solving {p,£} =0
obtains the following analytical solution [15; p.376]:

p(d,q) = p¢ " exp[—BE(4, q)] (98)

Where ( is the partition function, therefore 1/( acts as the normalizing coefficient, and [ is the
nondimensionalizing specific energy coefficient, having units of kg/J in this circumstance. Since
dp/dt = 0, then the finite change over a specified time interval must also equate to zero:

dp= [{p,E}dt=0 (99)
ot

Applying the method of integration by parts unveils the Beltrami identity:

d 8ﬁ> 8ﬁ} , <8ﬁ : A>
— (5] - ot = (d; — 100
/M [dt (8% 9q; ! ag; " " ¢ S
Since 0p/dq = —(0E/0q)Bp and 0p/0q = —(IE/Dq)5p, then (100) simplifies to:
[+ 2600yt = [ Epet =0 (101)

ot ot

Therefore recovering a variational form of Newton’s specific EOM, where & = 0. It is now quite
obvious that what makes the solution (98) stationary, is Newton’s 2™ law of motion (LoM). This
distribution is otherwise known as the generalized Maxwellian, named after James Clerk Maxwell
(1831-1879). The generalized velocity vector will next be declared as ¢ = & — v. This vector
quantity resembles the relative velocity between a possible velocity state & and the mean or
observable velocity v. Similarly, the generalized position vector will be established as ¢ = y — x,
where y is a possible position and x is the mean or path observed. To finalize (98), the partition
function will be defined from the condition (88):

(= [ ei-seyar= [

RS R3

exp(—Bld[2/2) d= / exp(—B6) dA (102)

]R3
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Since the kinetic energy is only a function of ¢ and the potential energy is only a function of gq,
then (102) may be separated as shown. As a result, the partition function may be decomposed as
¢ = (iCpo- Upon defining a potential energy function, the mean potential energy or internal
translational energy is:

1
— [ ¢exp(—pg)dA (103)

5
Cpo R3

The development of a potential energy function is beyond the scope of this work due to the fact
that intermolecular forces will be neglected under the ideal gas assumption. The associated mean
will be derived in the next subsection based on thermodynamical principles. To determine the
nondimensionalizing coefficient, the following minimization principle will be enforced:

1 . ~
el = [ cpar= [ laPp@dz -~ [ slapia)da=o (104)
RS R3 R3

o\ A~

Where the phase space distribution is separated as p(q, q) = p(q)p(q). From here on out, the
operator p will no longer refer to integration over the phase space but only the velocity space. So,
(104) simplifies to p[£(q)] = 2 p[q - ¢] — pe = 0, where £(q) = 3|¢|* — . Upon solving for (;
and [ using the previously noted conditions, an isotropic Gaussian distribution is obtained as:

p

WGXP(—3|Q\2/4€) (105)

p(&;vle) =

Where 3= 3(2¢)~! and (; = (27/B)%/?, thus concluding the derivation of the equilibrium
velocity distribution. The notation for p(&; v|e) uses the Green’s function notation from [19] and
the quantity to the RHS of the bar identifies the variance, similar to the notation used in [11].
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= N(E5+1
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& o1l | %
0 ) N(f/;*l}\ \ |e=1m/s
-1 -0.75-0.5-0.25 0 0.25 0.5 0.75 1

¢ (m/s)
Figure 8 Unit normal velocity distribution with maximum speed ¢

For a quick purely academic exercise, let us suppose there is a limiting value on the velocity,
denoted c. In one spatial dimension on a Minkowski diagram, the horizontal axis represents the
distance traveled by light, denoted ct, and the vertical axis represents the distance traveled by a
particle or point mass, denoted £t. An angle will next be introduced as 6, such that £ = ctan 6,
where 6 = b¢’ and be = /2. The total differential of £ is then d¢ = (7/2) sec?(b€") d¢’ so that
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integration over f(£) will now take the following form:

+38
[€rs =T [ secrve) pie)de (106)
R -5

The distribution is now anisotropic when the mean velocity is other than zero, i.e. v # 0. This
means there is a “preferred” direction as shown on the transformed unit normal distribution plotted
in Figure 8. This transformation was found with the help of my advisor, Dr. Kapania.

Now that the Maxwellian has been derived ab initio of mechanics, we’ll next explore the
underlying thermodynamic process built into (105).

3.3 The Resulting Thermodynamics of a Monatomic Perfect Gas

The attention will now turn from the phase space to the thermodynamic state space. For example,
the constraint (104) reappears in the following partial differential equation:

/L'pd 9p “:ii/ b = — 0 (107)
. B s 0= " T 384 ) 5 0E2

The governing PDE is then 0p/0e = %V2 p which provides the mass dispersion prescription. As
one can observe, most of the mass moves with velocity v. However, based on the internal energy,
varying amounts of mass travel with velocity & # v. The fundamental thermodynamic relation

may next be obtained through applying the natural logarithm to (105), multiplying by —vRp, then
integrate over the velocity space [46; ch.7]:

s(e,v) = —vRp[lnp] =c,Ine+ Rlnv+c, (1 + In4nr/3) (108)

The specific heat coefficient at constant volume is ¢, = 3R /2 which will be derived shortly in a
more rigorous fashion. To note, the specific gas constant is given by R = kg /m and the specific
volume is v = 1/p. The following two Maxwell relations provide the definition of temperature
and an expression for the thermodynamic pressure, respectively:

= (0e/09),, (109)

= (0e/0s),,(0s/0V). (110)

The internal energy is found to be a linear function of temperature: € = ¢, T, and the pressure falls
under the ideal gas equation of state: P = p©, where the specific thermal energy is © = RT. The

specific volume may now be expressed as v = ©/P so that the Gibbs relation may be directly
found from the fundamental relation (108):

ds = (0s/0v).dv + (0s/0¢),de = Rdv/v + ¢, de/e (111)
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de =3¢ + dw = Tds — Pdv (112)

The term 8¢ = Tds represents the heat supplied to or transferred out of the system while the term
dw = —Pduv represents the work done on the system. Using Newton’s 3 LoM, the work response
may be equal and opposite (not always). Under the 2" law of thermodynamics (LoT), the entropy
production must be greater or equal to zero. To note, the differential ds is not subjected to this
inequality constraint. Please refer to chapter 4 for an in-depth discussion. Overall, the Gibbs
relation (112) represents the 1 law of thermodynamics, which shows the balance of energy. To
uncover expressions for the specific heat coefficients, the entropy will be expressed as a function
of temperature-volume, temperature-pressure, and pressure-volume respectively:

s(T,v) =c,InO+ Rlnv+s, (113)
s(T,P) =cpIn® — RInP +s, (114)
s(P,v) =c,InP +cplnv+s, (115)

Where the entropy constant is s, = ¢, (1 + In27) and the specific heat coefficient at constant
pressure is given by the Mayer relation cp = ¢, + R. From the above transformations, the specific
heat coefficients may formally be derived as:

¢, = T(8s/dT), = P(3s/dP), = 0= /dT = 3R /2 (116)
cp = T(A/IT)p = v(8/00)p = OhJIT = 5R/2 (117)

The enthalpy is then h = cpT = € + vP so that the total differential yields dh = Tds + vdP,
being the equivalent form of (112). Using (115), the total differential expands similarly to (111):

ds = (9s/0P),dP + (9s/0v)pdv = ¢, dP/P + cpdv/v (118)

Assuming an isentropic process, i.e. ds = 0, then (118) may be used to find the isentropic speed
of sound (squared):

o> =dP/dp =1P/p =0 (119)

Where the specific heat ratio is v = cp/c, = 5/3 so the specific heat coefficients may now be
expressed as:

¢, =R/(v=1), cp=7R/(y—1) (120)

At this point, it may be concluded that the derived distribution (105) is representative of the perfect
gas model. In summary, the internal energy and enthalpy are linear functions of temperature
therefore the specific heat coefficients are constant. These computed quantities fall under the
category of a perfect monatomic gas, such as the noble gas argon (Ar). The mass of which will be
provided in both Daltons and kilograms [17; p.1-11]:

m = 39.948 u = 39.948 - 1.66053906660 - 1027 kg ~ 6.6335 - 10726 kg (121)
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From the National Institute of Standards and Technology (NIST), the exact value for Boltzmann’s
constant is provided as’ kg = 1.380649 - 10723 J/K. The universal gas constant is R = N, kg
where the exact value for Avogadro’s number is NV, = 6.02214076 - 10?3 /mol (also provided by
NIST). The specific gas constant is then found via:

R=9R/(mN,) =kg/m ~ 208.1321 J/(kg - K) (122)
Based on NIST-JANAF, the specific heat coefficient at constant pressure is:
e = 20.786/(mN, ) ~ 520.3264 J/(kg-K) V¥ 100 K < T < 6000 K (123)

Where the theoretical prediction is once again ¢t = 5R/2, which is almost identical to the results
obtained from experiment over an extremely large temperature range at P = 1 bar = 100 kPa.
As we know, Earth’s atmosphere is composed mainly of molecular nitrogen N, (~78%) and
molecular oxygen O, (~21%). These chemical species are diatomic molecules whose specific heat
coefficients, at minimum, vary as a function of temperature. The treatment for such scenarios will
be prescribed within ch.3.5.

3.4 Application to Inviscid Adiabatic Continuum Transport

Since e = %UP, the distribution (105) will now take the following form:

p(&; v|vP) = (E=v)"-(£—V) (124)

R 2
(2muP)3/2 2P
Even though the ideal gas pressure relation will be used throughout this work, (124) shows a more
generalized model where any equation of state (EOS) for the pressure may be used. The zeroth
order moment is once again p = p and the first to third order raw moments are provided below;
being the momentum density vector, momentum density flux or energy density (rank 2) tensor,
and energy density flux (rank 3) tensor respectively:

pl&i] = pv; (125)
pl&E,]) = pviv; + Poy (126)
ﬁ[fifjfk] = pvv;vy + P (vl + V04, +v,.0,5) (127)

The total stress tensor is defined from the second order central moment: p[¢;q;| = Pd;; — o5,
where o, is the viscous stress tensor. Additionally, the heat flux vector is defined from the third
order central moment: q;, = %ﬁ[q’lq'lq'i]. Using the previously derived equilibrium distribution
(124), the hydrostatic pressure tensor is recovered as p [q'z-q'j] = P0,; and the heat flux computes to

zero: 1 p[¢,4,q;) = 0. To note, all odd order central moments of the Gaussian compute to zero,

7 https://physics.nist.gov/cgi-bin/cuu/Value?k|search_for=Boltzmann
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whether isotropic or the more general anisotropic form, whose off-diagonal covariance matrix
components are non-zero entries. From (124), the momentum density velocity distribution will be
defined simply as p = p&, whose associated “kinetic” energy distribution is K = £ 0|p|*> = 1 p|¢[>.
The resulting energy density and energy density flux vector is computed from the following two
moments respectively:

K=p(o+e,) (128)

K[¢] = plo+ &, +vP)v; (129)

Where the kinetic energy is denoted o = %\v|2 and the translational internal energy is ¢, = %@,
given vP = ©. Molecules such as N, and O, may also posses rotational, vibrational, and (but not
limited to) electronic energies. This concept will be explained in more detail within ch.3.5 where
the total energy density distribution will be derived. The form to be used within the QVFEM is
provided as:

E=11¢2+2 (130)

Where € = ¢, + €,; + € 1s the non-translational internal energy contribution. It will be found in
Part II that this scalar quantity gives rise to the coefficient of dilatational viscosity. These concepts
will be discussed in more detail when considering viscous interactions and thermal conductivity.
Moving forwards, the zeroth and first order moments of (130) are computed as:

E = pe (131)

E[fz] = (pe +P)v, (132)

Where the total energy is denoted e = p + ¢ and the total internal energy is the sum of the
translational and non-translational contributions: € = ¢,, + . The Reynolds transport theorem will
next provide the following continuum equations of motion showing the balance of mass,

momentum, energy, and entropy respectively; see [45; p.113] and [46; p.139]:

9p _ 9pl&]  Op; _ Op[€]

ot ox, = ot  0x (133)
9E  OE[g] 89S 0S[¢)
ot ox, ot O0X; (134)

(2 7

From (108), it has already been established that the entropy density distribution is S = —RpIn p.
Since we are considering an isentropic process, the entropy abides the same balance principle as
that for mass, momentum, and energy. This will however not be the case in Part II where the
entropy will be found in a state of imbalance governed by the second axiom of thermodynamics:
nonnegative production of entropy [45; ch.27]. It is found that (133) and (134) reproduce the Euler
equations:

op Opv; Opv; = Opv,Vv, oP

_Z 1
ot ox; ot ox, ox (135)

(2
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Ope . Opev;  OPv, Ops _ Opsv;

(136)

ot 0x; ox; ’ ot ox;
Using the mapping derivative (MD) operator in (81), the evolutions of the mass density, velocity,
and internal energy fields may be expressed in the following manner respectively:

dp/dt = pé, dv/dt = a, de/dt = vPé (137)

Where ¢ = —V - v and the acceleration is @ = —v'VP. It will also be noted that ds/d¢ = 0 which
again resembles an isentropic process. As a result, the entropy is said to be maximized since the
entropy production is zero. Additionally, the MD of the kinetic energy is given by do/dt = a - v.
Upon isolating ¢ from the MD of the mass density, then feeding this expression into the MD of the
internal energy, while converting p to v, recovers the Gibbs relation: de = —Pdwv, where ds = 0.
The enthalpy total differential is then dh = vdP. A direct connection between the transport
equations found in (135) and (136) and the Gibbs relation (GR) has now been uncovered. This is
a pinnacle result since the GR was found to be a direct consequence of the fundamental relation
(108) derived from the distribution (105). The derivation process is summarized in Figure 9.

Classical Mechanics
(Newton, Lagrange, & Hamilton)

l Liouville Equation

Reynolds Transport T/1eore:7 \fntropy (Boltzmann)

Euler Equations Thermodynamic Relations

N\ v

Mapping Derivatives

Figure 9 Derivation flow chart

Equations of state will next need to be chosen where there is much flexibility. For the time being,
the perfect gas model (monatomic or diatomic) will be chosen so that P = p©, ¢ = ¢, T, and h =
cp T where the specific heat coefficients are constants and independent of temperature. As a result,
the mapping derivatives of the temperature and pressure fields are respectively:

dT/dt = (y—1)T¢,  dP/dt = AP¢ (138)

Since dP = «Pédt and dp = pédt, then the isentropic speed of sound (squared) remains ¢o? =
dP/dp = v©. The MD of the enthalpy may now be written as dh/dt = o?¢. Referring back to the
total energy density distribution (130), it is found that = (c, — %R)T. Upon setting £ = <O, then
¢ = (y—1)"! — 3/2; thus concluding the perfect gas model.
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The attention will now turn to solving the Euler equations (135) and (136), which may be written
in the generalized form:

0 0
— | Fd==—— Fd= 139
). 5 L& (139)

Where F is the generalized distribution functional: F(&,x,t) = F[, p(x,1), v(x,1),e(x,1)],
which is inferred as a local Maxwellian [14; p.72]. Assuming the velocity & may be quantized into
a set £, then the sum should expand to zero:

(F' + &V, FY) + (F2 + &V, F?) + -+ (I 4 £2°V,F") = 0 (140)

Each dF®/dt may therefore be set equal to zero to satisfy the overall equality relation. As a result,
we are using the principle of state superposition. For ease of notation, the superscript will be
dropped. The objective is to now solve the freestream Boltzmann equation (FBE): F = —¢ - VF.
Before doing so, let us first recall the one-to-one coordinate mapping from (80). To apply the
mapping derivative to the distribution, we will first convert F(x,t) — F[p(x,,t),t] so that the
temporal derivative may be applied while holding x_ fixed:

dF(x,t)/dt = F(x,t) + ¢(x,,t) - V| F(x,t) (141)

X0:¢71(X,t)
Upon mapping back into the current configuration, the above operation is completed and the
velocity field is once again given by &(x,t) = p[p '(x,t), t]. Integrating over time yields:

uz/ﬂ&ﬂ&=¢w*@ﬁﬂ—¢w*@%%mZx—& (142)

Where u is the displacement field, being the difference between the current and reference
configurations. Again, the assumption is that & may be quantized into the set £€* meaning the
velocities are constant so each possible velocity state is independent of both space and time, per
time step. We treat these velocities as occupational states which a portion of the mass, momentum,
or energy density may occupy. These quantities, per state, are what change over the time step. In
consequence, the molecular velocity field will be uniform and independent of time therefore u =
&(t —t,) so that the motion or mapping is obtained as:

X = @(x0,t) =X, + (L —1,) « X, =@ (X, 1) =x—&(t—1,) (143)

It will be remarked that the function ¢ maps the position x in reference to the stationary location
x, over time, where x_ is measured from an absolute frame of reference (Newtonian description).
The inverse mapping places the observer with the motion so that it appears x_ is in motion given
by ¢! (Eulerian description). As a result, the spatial coordinate x has become stationary due to
the inverse mapping operation. Please see the one-dimensional motion plotted in Figure 10, given
©(0,0) = ¢ 1(0,0) and £ = 3¢/5t. It is important to note that ¢! is not a Galilean transformation
(GT) [54; p.13]. If we set x, = 0 and ¢, = 0, then the GT is x'[x(¢), t] = x(t) — &t, where x is
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no longer stationary in comparison to (143). This is because the GT is applied to the Newtonian
description, in contrary to the Eulerian. Here, the position x” is measured from a frame of reference
traveling at a constant rate £ while x is still measured from an absolute frame of reference. So if
x(t) = &t, then x” = 0 since the dynamic frame is traveling at the exact same rate as that of the
measured position within the absolute frame of reference.

FEulerian

-0.6+
-0.8¢

-1 . . . . . . . . : .
0 01 02 03 04 05 06 07 08 09 1

t/5t
Figure 10 The Newtonian description® vs. the Eulerian description of motion
Upon setting F(x,t) = G[p ' (x, )] and substituting into the FBE, one arrives at [19; p.530]:

OF OF oG
o= Gy = G (144)
Which proves to be a general solution to the FBE. As a result, any function of the form G(x,)
subjected to the inverse mapping in (143), is an exact solution to (144). In conclusion, the
(assumed) quantized Euler equations have theoretically been solved over a single time step. The
temporally advanced distribution values are obtained from the prescribed motion under the
condition £8¢ < dx, while holding the observables p, v, and ¢ fixed:

F(x + 8x,t + 8t) = Gl 1 (x + dx,t + 8t)] (145)

The system quantities or observables represented by 3 are then theoretically updated through
summing the distribution(s) over all possible velocity states at every location in space:

S(x,t+0t) = FY(x,t + 8t) + F2(x,t + 8t) 4 - + F* (x, ¢ + 8¢) (146)

Since each dF*/dt = 0, the solution over each phasetime element is independent of all other
elements. As a consequence, this type of finite element formulation does not require assembly of
a global matrix nor inversion. To avoid any confusion, it will be noted that this methodology is not
a Galerkin method because the residual is exactly zero therefore an integral formulation with the
use of a weighting function is not necessary. The algorithm will then consist of time marching
exact solutions to the FBE. The solution per element may be written in the usual form of a series
expansion being F(x,t) = f - gl '(x,t)] where the vector f contains the nodal distribution

8 In the literature [45,46], the language “Lagrangian description” is more commonly used in contrary to “Newtonian.”
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values and the vector g is the collection of basis functions. For simplicity, each element may be
given its own local coordinate system where ¢, = f, is the nodal value at position x; = (0,0,0).
Standard element shapes are a 2-node line element in 1D, a 4-node quadrilateral in 2D, and an 8-
node hexahedron in 3D. The general solution in 3D Euclidean space is then:

F<X7 t) =0 + ((EQCEO + C3Yo + C4T06Y, + €52, + CeTo%0 + C7Y0%0 + ¢8woyozo)|x0:<p*1(x,t) <147)

At time t = 0, the basis functions must satisfy ¢,(x,) = J,, where each x, represents the
coordinates of each node. Solutions and implementation procedures will be discussed in more
detail when performing numerical tests. The generalized polynomial solution per phasetime
element may also be written in the form:

I J K
F(X7 t) = fl + Z Z Zwijkxéygzlg‘xozw’l(x,t) (148)

Where C, . is the (rank 3) coefficient tensor. To note, these types of polynomial interpolation

functions are constructed according to Pascal’s triangle. Please see the Figure below for a
phasetime element visualization (in blue):

phasetime node 3

2 -
(typ.) ) i
traditional finite
volume element

(typ.)

LN
W e

trajectory I 1
z  (typ.) T

b

Figure 11 3D phasetime element (left) and 2D phasetime element (right)

If the element is nonuniform, the solutions proposed thus far are still valid. It is insightful however
to unveil the general solutions when a coordinate transformation is applied. We will then map the
set of points x into a uniform y. The Jacobian matrix is then J,;(y) = 0x;/0y,, whose inverse will
be denoted A, = J;;' (y) = (9y,/0x;) In consequence, the FBE (144) becomes:

’x—)y‘

dF  OF OF

One can now identify a new velocity vector as & = £A,,, so that F = —¢/V/F, where the new
gradient operator is denoted V_F = JF /0y,. The general solution to (149) is simply the general
solution to (144) mapped from x into y: F(y,t) = Gl¢ '(x(y),t)]. This elemental coordinate
transformation is an alternative option when dealing with nonuniform nodal layouts. More will be
discussed on this topic as we proceed further.
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The attention will now shift to the inclusion of an applied forcefield, otherwise known as a body
force: b = pa (N/m?). The acceleration is being redefined here so a # —vVP. To include this
term into our model, the FBE will be rederived from a variational standpoint. One will observe
that the variational procedure is analogous to the mapping derivative. The variational time will
once again be defined as t* =t + 7, the position as x* = x + &7, and the velocity £&* = £ + a1
so that F* = F(& + a7, x + &7,t + 7). The FBE with the inclusion of a body force may be found
through applying the variational operation used in (95) to the perturbed distribution F* so that:

Tt Sox, o

oF7| <8F*8t* OF* 9x* awag;.*) (150)

or |, \arar Tox or " og or

Which is an equivalent formulation of the total time derivative (64). Since ¢,p = —©(9p/9¢;) and
using the fact that p[q,] = 0, the mass transport equation is recovered from:

ap dp 1 _Op  Opv;
/Rg<8t+z8l @“)d“_aﬁax 0 (151)

(2

From the mixed moments P, [q;] = PJ,; and E[g;] = Pv,, the body force appears as:

oD, op;, 1 ..\ .- Opv, Opv, opP
/ (ﬁ + flﬂ - _CLZQZpi> d= = al + AR +o-—pa; =0 (152)
R ox, ©

ot ot ox, | Ox,

OE _OE 1 .-\ _ Ope Opev, OPv,

— ———a.q.E | d== : : = 1
/Rg<8t Ty g ) o T ox, Tox, Puvi=0 0 (153

The general solution given a(t) will next be provided. The governing EOM is (150) set equal to
zero, which from (151) will be restated as F + & - VF = (Ba - q)F. The total solution will next
be decomposed as F(x,t) = A(x,t)B(t) where A is the solution in the absence of a body force
therefore satisfies A + & - VA = 0. Upon substituting the decomposition into the EOM, what

remains is B = (Ba - ¢)B. Holding v and T fixed until the end of the time step, the general solution
is approximately:

B(t) ~ (Bd)],, - /a(t) dt (154)

ot

To explore this matter further, we’ll return to the Newtonian description so that the governing
EOM reduces to:
8F 8F

=F— =0 155
Where the solution has been expressed as F(&,¢) = O(£)B(¢) and 3 is held fixed. The initial
condition will be set to the initial Maxwellian, i.e. F(£,0) = O(&) = (27/8) %2 exp(—1 8|, |?),
where ¢, = £ — v,,. The remaining ODE is then B = (fa - ¢,)B, whose general solution without
approximation is (154). If the total solution is renormalized over the velocity space, then the final
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distribution becomes F[&;v(t)] = M[&; v(¢)]. The mean velocity is usually found from solving
v = a which may now be found from generating the first order moment over the velocity space:

vit) = [ eFlev]dE = v, + / alt) dt (156)
R3 3t

Additionally, Newton’s 2" axiom of motion, for this specific case, may be expressed in a form
similar to (139):
0
— [ EFd==p5 | (a-q)EF d= (157)
8t R3 R3
Returning to the Eulerian description, since v 4 (v-V)v =a —vVP, we could split the
temporal derivative so that the solution for the velocity field will have two contributions; one from
solving v + (v - V)v = —vVP and the other from v = a.

As one can observe, extensions to the FBE can be made without causing a tremendous amount of
difficulty to the user. Since exact solutions are known, the extensional solutions can usually be
found as perturbations of the original solution. This concept will be exploited more in Part Il when
solving the Navier-Stokes-Fourier equations. To do so, we will now establish the framework.

We’ll consider an EOM in a similar form to (65) and (66): F + &€ - VF = U, where U is analogous
to the collision operator €[F]. A version of Boltzmann’s H-quantity will next be introduced as
H(F) = FIn(F/f,), which will be expanded using a Taylor series about the initial value f,:

H(F) = (F — f,) +§<F L OF - 1) (158)

Approximate -~

H/f,

-

E/f, F/f,

Figure 12 Boltzmann H-quantity vs. Taylor expanded form (left)
Variation in Boltzmann H-quantity vs. Taylor expanded form (right)

A variational principle will newly be established through first defining the perturbed distribution
as F* = F 4 Ur. The first order variation in the H-quantity is then OH* /07| __, = (F/ f,)U, which
for future reference will be denoted ©H; see Figure 12. To force this quantity to zero, we’ll first
integrate over the effective volume, i.e. &(t) = Hj’: , #;(t), then integrate over the time step. Upon

denoting the nondimensional weight function as ¢ = F/ f, , the weak formulation is obtained as:
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8t 3 wi(t) 5t 3 @, (t)
F 4 2A[F)) ¢ dx, dt = U dx, dt 159
[ [ rrmpoasa= [C]] [ o (159)

=1 =1

To obtain a deeper insight, let us recall the FBE whose solution will be approximated in the form
of a series expansion as F(x,t) ~ f,4,(x,t). We’ve now introduced a residual into the governing
PDE therefore F + £ - VF # 0. As a result, the residual is identified as O. In an effort to diminish
this quantity, we’ll multiply the EOM my a vector of weight or test functions ¢, then perform the
previous integration to obtain the following finite element formulation:

f; (v + Aly]) ¢, dwdt = Vg, dvdt (160)
5t /(t) é‘/ /H(t)

R4

Which may be written in the more compact matrix formas A ; f;, = b, or A - f = b. The Galerkin
method will be utilized therefore the test functions will be set equal to the trial functions as derived
in (159). If one desired a Petrov-Galerkin approach, the same derivation is performed however the
perturbed distribution must be redefined as F* = G + U7, which yields ¢ = G/ f,. Within this
overall framework, the phasetime elements will take on a similar form to the previous; see Figure
11. However, to obtain exact solutions, a “bow-and-arrow” approach will be implemented which
utilizes lower order elements. In one spatial dimension though, the phasetime element is essentially
the same, as shown in Figure 13:

F(%‘Ha tn)

F<xi+17t)

F<5’5i+1 ) tn+1>

classical trajectory

®

i+1° “n+l l

L1l phasetime

element
transport of information

traveling over the element
at a constant rate &

Figure 13 1D phasetime element

Where the nodal values in blue, i.e. F(z;,t,) and F(x,,,,t,), are known at the beginning of the

1’ 'n

35



time step and the objective is to solve for the nodal value in red being F(z,, ,,t,,, ;). To accomplish
this, we’ll begin with first defining the basis functions, which in general, will be linear in both time
and space:

Vi(x,1) =97 + k- x +wt (161)

Where 2, k;, and w, are constants determined from v, (x,t), = d,,. The basis functions will then
naturally satisfy Zz 1, = 1. In one spatial dimension, the matrix form of (160) is:

A11 A12 A13 f1 b1
A21 A22 A23 f2 = bz (162)
A31 A32 A33 f? b3

Where the nodal values in blue are known, the components in black are computed integrals, and
the variables in red are the quantities to be solved for. Therefore, one must rearrange (162) into
A’ f" =Db’, where f' = (by,b,, f5). The residual U will be held fixed and a local coordinate
system will be utilized so that by = £ £5¢>U. Since det A’ = 1 £5t, meaning A is invertible, then

f' = A’"1.Db’. The final step within this variational procedure is to set U = 0.

“bow limb”’

Figure 14 2D phasetime element (bow-and-arrow)

Using this methodology, exact solutions can be obtained in one, two, and three spatial dimensions.
This class of solutions are found to be linear forms of (147):

F(XJ t) = ¢1 + (@2.’170 + ¢3yo + ¢4Zo> (163)

‘xo:¢71(x9t)
In 2D, a “bow-and-arrow” is formed using four nodes, as shown in Figure 14. In 3D, a “three-
pronged slingshot” is formed using five nodes, as shown in Figure 33. One might naturally wonder,
should we choose the nonlinear solution (147) or the linear solution (163)? This question is left
for future investigation. Before moving onwards, we’ll make one last remark. If the governing
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EOM is differentiated with respect to &, then the linear solution (163) satisfies:

0 (8_F> OF 8, 0 <8F>:0 (160

g, \ar) Tox, o8, Siae, \ox,

Now that we’ve established solution procedures within the QVFEM, the requirement regarding
nodal layout will next be discussed. My recommendation is to use a structured grid, however, there
is no restriction for the grid to be uniform. If we generate an unstructured grid, the choice of nodes
to include within each element becomes questionable. The main concern is ensuring proper
conveyance of information. One way to generate the grid is to use the “patch-and-match” method.
Overall, a uniform grid will be generated, patched into the domain, then fitted (or matched) into
an arbitrary geometry. A simple example can be found in Figure 15.
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Figure 15 The method of patch (left) and match (right)

If the geometry is complex, then multiple regions can individually be patched and matched:
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Figure 16 Subdomain example (NACA 66-206)

The next step is to transform £ into £€* via quantization so that the density functional p will be
transformed into a discrete mass p. The same concept will apply to the momentum and energy

density functionals. The quantization process will require its own theoretical framework which is
established in ch.3.6.

3.5 Thermodynamic Extensions for a Diatomic Ideal Gas

Let us now introduce the total internal energy € = ¢, + € where € = ¢, + ¢,; + € [50; ch.11].
The energy associated with the electrons (or electronic energy) is beyond the scope of this work
however the rotational and vibrational energies will be treated herein. For monatomic molecules
€ =¢, +¢, however diatomic molecules may occupy rotational and vibrational energy
eigenstates. The translational and rotational energies will be treated classically however the
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vibrational energies will need to be treated quantum mechanically. This reasoning is influenced by
the work performed by Max Planck, who resolved the “ultraviolet catastrophe,” and Albert
Einstein’s quantum theoretical model of a solid object [51]. Einstein’s specific heat prediction
proved to be much more accurate in comparison to classical statistical theory. To begin, we’ll first
review the calculation of the translational energy computed from the second order central moment:

3

1 1, y 3
= o0z /|.5 ‘ —2/20)d= == 1
Eq (277'@)3/2 43 2 ; q; H eXp( qp / @) d 5 ® ( 65)

Diatomic molecules have two rotational degrees of freedom therefore:

7 2 N 2 N
5" @[] exp(—767 /2k5T) d2 = 1
€1 27TkB /22m 2 o: [ exp( J07 /2ky )d ) (166)

Where 7 (kg - m?) is the moment of inertia of the molecule and 6 (1/s) is the angular velocity. If
e=¢,+¢,thene =50/2and h = 70 /2 for a diatomic molecule. Within the perfect gas model,
the resulting specific heat coefficients compute to ¢, = 5R/2 and cp = TR/2 so the specific heat
ratio is v = 7/5. We’ll next draw upon the study of quantum thermodynamics [52] where the
vibrational energies will be shown to be quantized. To uncover these energy eigenstates, one must
first analytically solve the stationary Schrodinger equation [16; ch.2]:

Z 8% ~+ Iy = Hyp (167)

Lets envision two atoms of mass m; and m, bonded together forming a diatomic molecule. The
bond will be modeled as a linear spring with spring constant «. Restricting the motion to one
direction, the position of the center of mass is then ¢ = (m,q; + myq,)/m where the total
molecular mass is m = m, + m,. Differentiating twice with respect to time yields p = p; + Ds.
The EOM for each atom is p; = +xx and p, = —xkx where x =¢ —{,,{ =q, —q;, and {, =
g5 — qf. Upon substituting we find that p = 0 due to the absence of external force. Since ¢, =
+kx/m; and §, = —Kkx/m,, then the difference between accelerations may be written as pux =
—rx where the reduced mass is denoted p = m,m,/m. Defining the characteristic vibrational
frequency of the diatomic molecule as v = /K /pu, the general solution to the recently derived
EOM is x(t) = acos(vt) 4 bsin(vt). The kinetic energy is next found as K = p [ X dx = 5 pux?
and the potential energy as IT = « [ x dy = 3 kx? so the total energy isE = ;u(jf +v2x?). The
momentum will be defined as p = px so the Hamiltonian is H = 1 (p? /11 + kx?). We will now
assume the molecule has wave properties so the fundamental wave functlon which will be derived
in the next section, is given as 1 = exp[i(px — H7)/h]. Differentiating with respect to the virtual
time 7 yields the following operator relation:

ih%: (p—;-l—l/{)(Q)@b (168)
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Upon holding H fixed, it may now be concluded that the governing differential equation is
Schrodinger’s model of the quantum harmonic oscillator for a diatomic molecule:

LA Y (169)

It will be noted that the variable x in this circumstance represents all possible variations from the
equilibrium distance between the two atoms connected via a “spring” with spring constant . For
molecules such as N, and O,, the two bonded atoms are identical therefore m, = m, so that 1 =
m /4 where m is the total molecular mass. The analytical solution per state to the above governing
equation is next provided as [16; p.41]:

1

WN:UZ}[Q A4 042071,2,... (170)

P (x) =

Where J{“ is the collection of physicists’s Hermite polynomials (in contrary to the probabilist’s
Hermite polynomials) generated from the distribution V' (x) = (uv/7h)'/? exp(—pvx?/h):

(=" "N (x)

) = (x) O~

(171)

To note, the backwards Taylor series expansion of N may be written in terms of Hermite
polynomials thus providing the derivation of the generating formula shown above:

NX—Y) = (920N &
N(x) _Za!]\f ox> a'

a=0

Y ga (172)

a=0

Most importantly, the associated quantized vibrational energies are £, = hv(a + 1/2). Lets recall
that (165) and (166) utilized unique probability density functions (PDF) to compute the mean
translational and rotational energies respectively. Since the vibrational energies are quantized, it is
now necessary to construct a probability mass function (PMF). The vibrational partition function
will be evaluated through identifying a geometric series of exp(—v/w)® where the general formula
152 fa— 7 V|fl<landw = kgT/h:

1 —exp(—v/w)

Ci= Y exp(—E8/ky T) = SP/29) (173)

The mean vibrational energy is next computed from the second order moment of the recently

established PMF using the fact that EZO:O af® = # Vf]l < 1:

_ 1 S « a hv 0
Vi - C ZO 8vi/kBrF) gvi - exp(u/w) -1 + 8vi (174)
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Where the ground state energy is £, = fiv/2. Defining £,; = me,,,
energy of a diatomic molecule (excluding €% and ¢,) takes the form:

the total specific internal

5 Hr
°= 2@+exp(y/w) —1

(175)
Where $ = A/m and € = Hv(a + 1/2) so that € = Hr//2. The specific heat coefficient at
constant volume may next be computed from ¢, = d¢/0T. Denoting 7,; = v/w, one finds:

5. maexpny
=4 NP 176
2 * (expnvi - ]')2 ( )

i~ IR

It is important to note that c,, is now a (nonlinear) function of temperature. The characteristic
vibrational frequency must be treated with special care otherwise the above expression becomes
unstable. Upon defining ©; = RT;, where T, is a characteristic vibrational temperature, we’ll
setv = O,;/$ so thatn,; = T,;/T. To compare the above result with experiment, c, data is taken
from JANAF for N, and O, over the temperature range 100 K < T < 2000 K at P = 1 bar.
What is plotted in Figure 17 is the theoretical curve ¢cp = ¢, + R and the dashed line identifies
7R /2. It was found that the theoretical prediction for N, agrees fairly well up until ~2000 K while
the prediction for O, begins to deviate around ~1250 K. To best-fit the data, I set T ;(N,) =
3250 K and T ;(O,) = 2150 K so the frequencies are computed as v(N,) ~ 4.255 - 10!* s7! and
v(0,) ~ 2.815- 10" 71,
1300,
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Figure 17 Specific heat coefficient predictions for N, and O,

To extend the range of validity up to 6000 K, a three-term pseudo mean electronic energy will be
introduced as:

. 9161 exp(—¢,/0) + gy, exp(—e,/O)
T+ g1 exp(—e,/0) + g, exp(—e,/O)

(177)

Where g, and g, are the pseudo degeneracies acting as statistical weights and the pseudo electronic
energies are denoted €, and ¢, in addition to the ground state £, = 0. In a similar manner to the
vibrational frequency, these energies will be defined in terms of characteristic temperatures so that
e, = RT, and ¢, = RT,. Upon defining n, = —T,/T and n, = —T,/T, the total specific
internal energy is:
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e = §@ O, 9,9, expn, + 9,05 expn,

+ (178)
2 expn,; —1 14 g expmn + g expn,
The resulting expression for the specific heat coefficient at constant volume is then:
2 2 2 2
Cv _ §+ Tli €XP 7}y i 9171 eXP 11 + go15 €xXp 1y + 9195(p — my)” exp(ny + 1) (179)
2 2
R 2 (expn,;—1) (1+ gy expm + g, exp1,)
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Figure 18 Specific heat coefficient curve fitting for N, and O,

The new results are plotted in Figure 18. It was found that for N,, the third term in the electronic
energy summation was not required. Using the curve fitting parameters provided in Table 1, the
maximum percent error for N, is ~0.36% and for O,, ~0.49%. The characteristic temperatures
and degeneracies were found using the method of trial and error. To put this temperature range
into perspective, it will be noted that on the lower end, the JANAF enthalpy reference temperature
1s 298.15 K = 77° F; which approximately resembles the temperature of an average day at sea
level in the US. On the higher end, the effective temperature of the Sun is ~5772 K ~ 9930° F.
In conclusion, a large temperature range (100 K < T < 6000 K) has successfully been captured
while converting the perfect gas model into an ideal gas model. As a result, the specific heat
coefficients have become dependent upon temperature for the chemical species N, and O,. The
curve fitting parameters can be found in the table below:

Ty T Ty g1 9o
N, | 3,250 K | 15,000 K NA 1/4 NA
O, | 2,150 K | 10,500 K | 31,500 K 10/11 48/11

Table 1 Curve fitting parameters for cp (T)

The incorporation of the rotational, vibrational, and electronic energies into the QVFEM will now
be discussed. In reference to the stationary solution (98), the total energy m¢E is now:

mé&os(4:6) = 3 (mld* +7|6]%) + kg (Tya + TF) (180)

Since each type of energy is independent of one another, the total distribution may be decomposed
into individual distributions all multiplied together due to the independence of states. Upon
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defining the total partition function as ¢ = (,(,,(,;(, and recalling 3 = 1/0, the associated total
energy density distribution is, by definition:

E=p( " exp[—€,4(4.0)/0] (1€1° + 55 |0 + O, + 9505 (181)

Where Ctr - (271‘@)3/2, Cro - 271-k.B’:[‘jilﬂ Cvi - (1 - exp(_nvi))ilﬂ and Cel =1+ g1 eXp1m +
g, expn,. It will be noted that the ground state vibrational energy is neglected due to physical

insignificance. Upon integrating over all possible rotational rates 0V Qe R (2 DOF) and
summing over all possible vibrational and electronic energy eigenstates, the above simplifies to:

0, n 919 expn; + 9,0, exp,

o~ 1
vE=I€F + 0+
2 expn,; — 1 L+ g, expn; + g exp i,

(182)

The non-translational internal energy is identified as € = (g,, — %) + (g, — %) + (g4 — €9%).
The general expression for the MD of the temperature field may be found from (137) as dT/dt =
¢, ' ©¢. The MD of the pressure remains dP/dt = yPé. However c,, c¢p, and y are all dependent
upon the temperature. The same concept applies to the isentropic speed of sound (o? = vO©) and
the MD of the enthalpy (dh/dt = ©%é). It is important to note that within the ideal gas model £ #
<O in contrary to the perfect gas model since the internal energy is no longer a linear function of
temperature. In a similar manner to the development of (182), the total entropy density distribution
will be defined in the following way:

oS = Rlnv¢ + T 1 (L|¢[* + ) (183)

The mean entropy value is then s = RInv(¢ 4 ¢/T and the advective flux is S[¢;] = psv,. These
results are found through using the following mixed moments:

Uﬁ[fidj] = @5@'7 Uﬁ[giq'jq'k] = @Vz‘(sjka vﬁ[&%lq\z] = &yVY; (184)

To unveil the entropy evolution, it will be noted that the internal energy may be expressed in the
form: ¢ = RT?(0ln¢/IT) [50; p.519]. From ds/dt =0, we obtain the isentropic relation
Rdp/p = ¢,dT/T which balances upon substituting the MD of p and T. As a result, the model is
in accordance with the first and second axioms of thermodynamics. The theoretical incorporation
of the ideal gas model into the QVFEM has now been completed.

In the current literature [50; ch.10], the overall consensus is that hypersonic flowfields within
Earth’s upper atmosphere may be treated as an ideal gas due to the expected conditions which the
chemical composition will experience; as shown in the generalized compressibility chart found in
Figure 19. The pressure (blue) and temperature (red) values are specific to N, where the critical
values were taken from the NIST Chemistry WebBook, SRD 69. The QVFEM is however not
restricted to hypersonics. Therefore, a brief introduction will be given on the incorporation of a
real gas model. There could also come a time where a real gas model is desired within the analysis
of a hypersonic flowfield so we should never say “never.”

42



T=631 K —— T =1893 K
T=441.7 K =% =1
2 =1

Critical Values (N,)

Reference: NIST
P, = 34 bar
T,=1262 K

3. 4. . MPa i
6.8 NP4 ]

P
P

Figure 19 Generalized compressibility chart [53; p.354]

To incorporate real gas effects, the well-known compressibility factor will first be introduced as
Z = P,ou1/Pigeas Where Py, = p©O which entails vP = Z0O. If the gas is treated as perfect or ideal,
then Z = 1. Otherwise, the compressibility factor is typically a function of both temperature and
volume (or density). With this general formulation in mind, one example is the Van der Waals
EOS, given the number of moles NV = n/N, and molar mass M = mIN,, which is commonly
expressed as [53; p.346]:

(P +aN?/v?)(v—bN) = NRT (185)

In comparison to P,y.,;v = NRT, the term + aN? /v? accounts for intermolecular interactions and
the term —bN incorporates the volume occupied by the molecules within the gas. The coefficients
a and b vary between different chemical species. Since vp = mn = MN and R = R/M, the
pressure may be expressed in the following form:

P =pO(1—Bp)~"' —ap? (186)

Where the newly introduced coefficients are defined as o = a/M? and 8 = b/ M. The Van der
Waals compressibility factor is then Z = (1 — 8p) ' — ap/© which is a function of both p and
T. A similar formulation is the Dieterici EOS where the compressibility factor is 2 =
(1 — Bp) ! exp(—ap/O) so the real gas pressure is [53; p.349]:

P = pO(1— Bp) " exp(—ap/0O) (187)
To incorporate an EOS such as, for example (186) or (187), £ will be included within the
distribution (124):

pE120) = e [~ (€= V)T (€ - (185)

The above is applicable for the EOM (133) which directly recovers (135) modeling the transport
of mass and momentum. In this way, any equation of state may be used for the thermodynamic
pressure. Additional considerations would need to be taken into account for the total energy
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distribution and entropy since c,, and cp, may now have dependence upon both p and T.
3.6 Quantum Mechanics in Virtual Spacetime

Current velocity discretization methods were discussed in chapter 2.3. What is now desired is a
quantization procedure which maintains the mathematical structure of the Maxwellian, maintains
all moments exactly without approximation, allows for an unlimited number of sample points, and
is based on first principles. Therefore, the method of quantization will first require a theoretical
derivation. Here, a reinterpretation of quantum theory will be provided where the Schrodinger
equation will be directly derived from classical mechanics; allowing the two theories to exist
within harmony with one another. It will be shown that the two actually complement each other.
To arrive at such results, we’ll draw upon the study of analytical mechanics. This work was
inspired by Dr. Kenneth Young’s (1947-) special lecture on the principle of least action”’.

Let us first reinstate the variational quantities g* = q + ¢7 and ¢* = q + g7 from (89) and (90),
being the perturbed generalized coordinates and rates respectively. The total time derivative
presented in (95) will next be applied to the Lagrangian, L(q, q) = K(q) — I1(q):

d. 0L oL d
—:—". —.A: .". ...A:— ... ]_89
R g + 24 Gi = Pid; + Dids = o (Pid;) (189)

Upon integrating by parts, the Euler-Lagrange equation is obtained:

d /0L oL JL
- [5) o (1)
5, LAt \Og; dg; K dq; I

Where the Hamiltonian H(p, q) = p - ¢(p) — L[g(p), q] is defined by a Legendre transformation.
The resulting EOM is of course Newtonian therefore the total energy is a constant of the motion:

=0 (190)

ot

dH OH OH
dt apz pz + 8qz qz qul quZ ( )

A similar analysis will next be performed, however the variational quantities will be defined in a
slightly different manner:

q" =q(t) +en(t) (192)
q" = q(t) + en(t) (193)

Where n will be considered a virtual displacement and € is a dimensionless amplitude coefficient.
The directional derivative will be found through applying the Gateaux operator [46; p.46-47, 372-
374] to the Lagrangian:

oL* oL 0L

= e By :8—%ni+3—cjim

€

DL

(194)

? https://youtu.be/Ih1ISqwZBW IM
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Integrating over time and applying the method of integration by parts shows that not only is the
total energy conserved, but so is the total action A, so that the variation in total action is zero:

d (6L 4L oL
A — P J . = —n.
° /M [dt (aq') 8qj Mot =G

Since DK = p - nand D11 = —p - 1 then DLdt = d(p - n7). Again, ) is a virtual displacement so
the virtual work is given by A = (p + 9I1/dq) - n = 0, thus abiding D’ Alembert’s principle. Sir
William Hamilton (1805-1865) defined the action in a slightly different manner: dS = ©Ldt. The
finite change in Hamilton’s action is then:

— /@Ldt =0 (195)
5t 3t

08 = /@Ldt :B_I.lm
5t

0
—/ (Y Ly, (196)
8qz St

q; dq;

To uphold conservation of action, a constraint needs to be applied to the virtual displacement where
we must require that 1(¢,) = n(t,) = 0 in order for §S = 0. As a result, we’ve forced the action
over DK to equate to the action over DII so that the cumulative sum over time of these scalar
projections onto the virtual displacements will equal. The act of setting dS/d¢t = 0 means we’ve
utilized Hamilton’s principle of stationary action.

Let us next consider a Lagrangian with explicit dependence upon time denoted L[qg(t), g(t), t]. To
find ©L, the variational time will first be defined as ¢t* = t 4 e7 where T is once again the virtual
time. It is important to take note that ¢* # q(t*) and ¢* # ¢(t*) in this circumstance which implies
n is independent of 7. Using (192) and (193), the perturbed Lagrangian is now given by L* =
L(q + en, g + en, t + €7) so that the directional derivative is found as:

oL*ot* o0L*0qf OL*0q; oL JL JL .
OL=(—— . . =— —n, + =, 197
<8t* e " Dq D " 0q e ) T oy g (197)
Performing the usual sequence of integrating over time then applying IBP yields:
0S = [ ©DLdt = (p;n; + L7)|y, (198)

3t

As a result, the action is now identified as 5 = p - n 4+ L7. Recalling that L = p - ¢ — H, the
action may next be written in terms of the Hamiltonian. Through denoting the total virtual
displacement as x = 1 + g7, the virtual action function takes the following fundamental form:

S(x,7)=p-x—Hr (199)
From which the virtual Hamilton-Jacobi (H-J) relations may be derived from:

—§:H, p:§ L_@S )
or

5 L=g tig (200)



The mathematical structure of the action function is indicative of the phase ® = k - x — w7 within
the generalized wave function ¢ = exp(i®). If we were describing the action of a photon then
according to Max Planck (1858-1947) and Albert Einstein (1879-1955), the possible energies
which may be occupied by that photon are quantized and given by the Planck-Einstein relation
E = Aw. Louis de Broglie (1892-1987) hypothesized that not only do photons posses wave
properties but all matter. With the addition of the de Broglie relation p = Ak, the phase takes the
form ® = S/# so that the wave function becomes ¢ = exp(iS/h). Solving for the action in terms
of the wave function provides the relation S = —i# In v). Substituting into the H-J relations yields:

Lo _in
mg = Hv, zhax = py (201)

Where the LHS of (201) is the virtual Hamiltonian operator and to the right is the associated virtual
momentum operator. The Schrodinger equation, named after Erwin Schrodinger (1887-1961), may
be directly derived from the recently established wave function ¢ (x, 7) = exp[i(p - x — H7)/h|,
upon defining the momentum p = mq and the Hamiltonian H = |p|*/2m + II:

~— + 1y = Hy (202)

Alternatively, the kinetic energy operator may be directly derived from the known momentum
operator. The above will be referred to as the virtual Schrodinger equation. In this work, the
Lagrangian will have implicit dependence upon time so we’ll set 7 = 0. In affect, the action
simplifies to S(x) = p - x so the change in action is simply S = (p - x)|5,- To preserve the
action and uphold Hamilton’s principle of stationary action, we must require that at the beginning
and end of each time step, the virtual displacement in the Newtonian path ©q = 1 must equate to
zero. Since x (7 = 0) = n, we’ll enforce the following condition:

x(t;) = X(tz‘+1> =0 (203)

It will soon be uncovered that the value x = 0 is the location of where the moments of the velocity
distribution exist and are updated from. Since 7 = 0, the phase reduces to & = k - x. Using the de
Broglie relation, the wave function takes the form v (x) = exp(ip - x/h), which expands as:

V(& v, x) = (& x)V* (v, x) = exp(iq - x/9) (204)

Where $) = i/m is the specific reduced Planck constant, ¢* is the complex conjugate wave

function, and from the derivation of the Maxwellian: ¢ = & —v. In ch.3.7, the velocity
distributions will be transformed into the virtual space via the continuous Fourier transform (CFT)
using the recently derived transformation wave function (&, x).

To demonstrate Hamilton’s principle, let us first recall the Maxwellian (98): § = (! exp(—f&).
A specific potential will next be defined from the classical harmonic oscillator: ¢(q) = 3w?|q/>.
The total specific energy is then £(q, q) = % (|¢|> + w?|q|?). Upon normalizing the phase space
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distribution, the partition function is computed as ¢ = (27/Sw)3. It will be noted that the constraint
from (104), i.e. p[£] = 0, is automatically satisfied. The EOM is then found from (101):

[+ era)ager— [ e —o (205)

5t 5t
Given the initial conditions: q(0) = g, and g(0) = g,,, the solution to § = —w?g, is:
q(t) = q, cos(wt) + (g, /w) sin(wt) (206)

Let us now suppose we are given the set of initial conditions: {g°, ¢}, where the objective is to
find the actual path observed x out of all possible paths y*”. The solution to the ODE is then:

yP(t) = x(t) + g’ cos(wt) + (¢ /w) sin(wt) (207)

Some examples of the variations are plotted in Figure 20 using a five-point integer lattice centered
about zero. For plotting purposes, I set w = 7/3t (s71) and 8t = 1/4 (s).

153/\/\/\J\

1N A4

0 0.25 0.5 0.75 1
4 =0 t(s)

Figure 20 First order variations ¢(¢) in the observed path x(¢)

The variational paths are next plotted in Figure 21, where x(t) satisfies X + 7% = 0.

Figure 21 Variational paths y(¢)

The red curves indicate ¢, = £20 (m/s), the blue curves indicate ¢, = +10 (m/s), and the solid
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black curve indicates ¢, = 0 (m/s). The path observed is easily found when ¢, = 0 and ¢, = 0.
However, when ¢, = 0, Hamilton’s principle is still satisfied for any ¢, since:

05/m = (q - q)lnsr — (4 @l n-1)5: = 0 (208)

Where the variation is the generalized coordinate itself since ¢ = y — x. As a result, one may
construct linear approximations to the observed path through connecting the intersection points at
the bounds of integration. These concepts are exploited in the finite element method.

3.7 Transformations into Virtual Space
Since we’ve declared P = p©, then the Maxwellian (124) may now be written in the form:

p

1 T
(270)7 (§=v)"-(€=v) (209)

F(&:v10) = 5

exp |—

Which satisfies the mass dispersion relation 9p/00© = %V% similar to (107). The above isotropic
Gaussian is a local Maxwellian where the system quantities or observables p, v, and T have
spacetime dependence within the current configuration. The LHS of Figure 22 illustrates this
distribution at a single point in spacetime where the height of each vertical black solid line
represents the amount of mass p assigned to the occupational velocity &:

Governing PDE: t
9p
Ow

- tl

Figure 22 Mass dispersion diagram (left) & characteristic lines from the 1D FBE (right)

Upon defining the thermal frequency w = ©/$ = kz'T/h, the governing PDE takes the form:
0p/0w = %QV%. The solution will be decomposed as f(w)® (&) with the separation constant
being —|x|?/29, having units of seconds. Solving each ODE yields a single solution of the form:
c(x)v(& x)f(w,x). The total solution can be found through using the principle of state
superposition; therefore integrating over all possible virtual displacements x V X € R? gives:

E10) = [ el X = hs [ wigv o fwaxax )

This operation is a continuous Fourier transform (CFT) where f(w, x) = exp(—mw|x|?/2h). The
normalizing coefficient is obtained through the following inverse Fourier transform, given the
“initial” condition p(&; v|0) = pd(&;v), where 6(&; v) is a Dirac delta function:
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00 = g (6 X)9(E ) 42 = Ee v (211)

The Maxwellian has now been shown to be constructed from the recently derived wave function
(204). The conjugate PDE stems from (202) provided as (0p/0t = 0):

552382(
2 ox

=1

X) _

—r |€ 2p(x) (212)
Xi

The solution is of course another CFT mapping the distribution from velocity into virtual space:

5 5 == _w iy
pooxt) = | EXNExDIE=pexp (5o X +5vox) (21

Statisticians and mathematicians would most likely refer to the above as a characteristic function.
For the engineers and mechanicians, lets call this a moment generating wave function (MGWF)
because p is a moment generator with wave properties if v # 0. In general, the continuous Fourier
transform of the function F(&, x, ¢) and the inverse operation are provided respectively:

RS

1

F(&, x,t) = (2 g

w<£, x)¥(x,x,t) dX (215)

The benefit of this transformation is that now the m™ order moment may be expressed in terms of
the following Gateaux operator, which is a derivative operation, in contrast to integration over the
entire real number line:

omv

ol (216)

Fle) = [ e"Fdz = (~in)”

Where the raised power of m denotes a tensor product within the partial derivative. For further
investigation, lets first denote a new wave function, ¥ = vpA—3. The volume \? becomes the
partition function so that A= acts as the normalizing coefficient. A probability density function
will next be defined from the operation p = v/ W*W¥ = \~3 f. Upon integrating over all possible
virtual displacements x and enforcing p = 1 (Kolmogorov axiom II ), the length A computes to:

A= /2719 /w = \/21h? /mkgT (217)

Which is otherwise known as the thermal de Broglie wavelength associated with an ideal gas
model. So, the probability density may now be written as p(x|\) = A2 exp(—n|x|?/A?) with
variance ) /w. The Dirac delta function will next formally be defined as an isotropic Gaussian with
a limiting variance approaching zero:
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1 1
5(x) = lm G(x|A) = 1 lim / exp (5 AIK? + ik x ) dK (218)
R

(277')3 A—0

Lets note that the three-dimensional case is obtained through use of the factorial operator d(x) =
Hj’: L 0(x;) acting on each one-dimensional Dirac delta function. This concept is similar to the
Maxwellian (209) due to the equipartition of energy Hj’: LG Lexp(—¢?/20©). Each Dirac delta

function is orthogonal in the sense that:

Lifm=0
m — v A 21
/Rx d(x) dx Oifmso T ME (219)

Based on this mathematical property, the Gateaux operator will be redefined as:

Flen] = (~i0)" [ 3005 dx (220)

Using the virtual or wave form of the Maxwellian (213), the mass density, momentum density,
and total energy density (located at x = 0) may now be expressed as:

= [sortaax,  pv=—in [ 500X ax (221)
po=-2 / R Za ;X(X) IX + 2 / S0p0x) dX (222)

Where each of these operations conserves the action S = m (& — v) - x and mimics the derived
operators as found in (201) and (202). To note, the integral with the Laplacian integrand generates
the total specific translational energy denoted e, = o + ¢, as found in (128). The associated
momentum and total energy density moment generating wave functions are respectively:

Ip(x)

b = BlY] = —iH =57 = p0) (v +iwx) (223)
N ik ks 10 A B - EEPEIE
E=E[]=—- N +ep(x) = p(x) <e+zwx-v 51Xl ) (224)

Where the mass density transformation is once again p = p[t]. When v = 0, the the above energy
MGWF may be reformulated into the following operator relation:

2

3 v 1 . .
Z ap 2X + 5w IXIPA(X) = enp(X) (225)
=1 l
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Quantized solutions to (225) produce quantum harmonic oscillating wave functions. It will be
noted that p(x) satisfies this virtual differential equation. Similar to the operation p*p used for p,

the total energy is:

NG

1
e(x,x,t) = —ew?|x|* + W v)? 4 wtx! (226)

The FBE (144) will next be transformed into the virtual space. The resulting equation of motion
will be referred to as Lady’s equation of motion which mimics the structure of the Schrodinger
equation (202):

0 ) 0
aq](X?X?t) = MVZG—)Q\I](X’X’ t) (227)
Notice how the velocity & has been indirectly transformed into the operator —i$) 0/0x as a result
from the CFT (214). Lady’s EOM may be transformed back to the FBE using the CIFT (215).
What makes this operation possible is the fact that when applying IBP, the extrema vanish. So now

that the theoretical framework has been established, the process of quantization will next be
established within ch.3.8.

3.8 Quantization and the QVFEM Algorithm

The velocities will be quantized as £* = ¢z“ where 2 is a symmetric integer basis or lattice and
¢ = 8¢/5t is a characteristic speed (CS). The number of quantized velocities per dimension m is
always a positive odd integer. So, the total number of velocities in two dimensions is m? and in
three dimensions m®. The base integer lattice in one dimension, from which higher dimensional
lattices may be constructed, is provided as:

2 ={—(m—1)/2,..,—2,—1,0, 41,42, ..., +(m — 1)/2} (228)

The CS per time step, in reference to (209), is determined by finding the distribution with the
maximum radius of influence, given by:

¢ =2(n — 1) max(|u £ XvVO|, |v + RVO)|, |w £ RVO) (229)

Where N is the number of chosen standard deviations (SD). To properly capture the physics during
each time step, it is generally recommended that 3 < X < 4. To note, the above vector is
formulated through solving the differential relation —/©(0p/0¢) = Rp for & per dimension;
similar to a z-score. To uphold the stability condition stated in (87) or in other words &8t < dx,
the time step (per time step) is computed as:

8t = ¢! min(|8z|, [dy|, [3z]) (230)
From the de Broglie relation £¢ = $k“, the wave numbers become k* = ¢z /) = 2wz*/)\

where A\ = 27§ /c is the overall wavelength. The step size is given by dx = A/m so that the
quantized virtual displacements are simply x” = z°8y. Now that £ and x have been quantized
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along with space and time, let us now discuss the overall algorithm. Per time step, the QVFEM
procedure is provided in the following flow chart:

UO(x, 1) 2 Fo(x,1) =5 F(x +8x,t+0t) = WH(x+dx,t+5t) (231)

As one can observe, the MGWF WP (x,t) is first initialized. To compute each “mass” F, the
continuous inverse Fourier transform from (215) will be converted into its discrete counterpart,
being the DIFT:

Fo(x, 1) = ﬁﬁz (€ X TP (x, 1) (232)

Where the integral has been converted into a finite sum and the differential dX has been converted
to dx> because the step size dxy = 27§)/cm is the same in all three Euclidean dimensions. The
transformation matrix is next identified as:

Q*F = (2m9) 7 exp(—i&™ - x7/9) dx° (233)
= (cm) 3 exp(—2miz® - z°/m)

Which is an m® x m3 complex matrix containing both real and imaginary parts, i.e. exp(+it) =
cos ¥ + isin 1. It will be noted that i€~ - x”/$ = (2mi/m)(z" - ) which shows the essence of
the DFT. As a result, the DIFT may be written in a more compact form which is optimal for linear
algebraic operations:

Fo(x,t) = i QWA (x, 1) (234)
p=1

The matrix representation of the above summation operation is F = Q - ¥ where F and ¥ are
both vectors of size m® per spatial node. If the matrix Q is invertible, then the initial MGWF may
be recovered exactly without approximation via the operation ¥ = Q! - F. This is one of the
major benefits of the proposed methodology. Additionally, the user is free to sample as many
quantized states (from the unbounded sample space) necessary to achieve numerical stability.
Fortunately, the transformation matrix is in fact invertible in this circumstance. It will be noted
that 1 and 9" are both symmetric matrices so that the associated Hermitian matrix is ¢" = ¢*" =
ap*. It is well known that in the DFT framework 9" - 1) = 1) - 4p" = m31 which proves a matrix
inverse exists. Since Q = (cm) 3" then YY" = (cm)?>Q and ¥ = (cm)?Q*. Substituting into the
inverse identity proves that:

Q-Q=Q Q" =(c’m)°1 (235)
The inverse is identified as Q' = (c¢?m)3Q* so that the resulting mapping is:
F=(cn) 3y ¥ < O=c-F (236)

The overall generalized QVFEM algorithm is next summarized in the Table 2:
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Xijk = <xi7yjazk>

generate spatial finite element mesh grid

"%, = phase matrix (connectivity)

establish the connectivity matrix ¥ (£,x; ;)

Po> Vs g input initial conditions

fort=1:n, begin time marching

c = --- see (229) compute the characteristic speed

£ =cz” obtain finite set of quantized velocities

8t = ¢! min(|dz|, [dy/, [32) compute time step to satisfy (87)
A=2719H/c overall wavelength

dx = A/m wavelength step size

x? = %5y associated quantized virtual displacements
Uh(x,t) initialize moment generating wave functions

transformation matrix and inverse

extract the discrete “masses”

apply solution over each phasetime element and extract
the temporally advanced distribution values located at
F*’ = F¥(x + 8x“, ¢ + dt) using the phase matrix

Q= (cm)3¢*and Q! =39
F<Xat> - Q . \II(X,t)

Fa<xv t) = f*-g° [9071(X7t>]

¥ =Q! F update moment generating wave functions

S — W (x = 0) extract the temporal}y advanced system quantities from
the moment generating wave functions

Pb> Vis € apply boundary conditions at the boundaries of analysis

end end time marching
P(Xy tepa)s V(X tanar)s (Xt export results and plot

Table 2 QVFEM general algorithm
3.9 Numerical Testing

For all numerical simulations shown 8 = 4. To note, the solution to the FBE over a uniform grid
simplifies down to F(x,t + 8t) = F*(x — £*dt, t). Please see an illustration of the characteristic
lines in Figure 22 which shows the trajectories for each p©. In the LBM, this process is known as
streaming. For all stationary walls, the normal mean velocity will be manually forced to zero at
the end of each time step. More detail on implementation will be given as we proceed. As of now,
boundary conditions are restricted to the Dirichlet type. The noble gas argon will be used in all
simulations. Since argon is treated as a perfect gas, the temperature is updated at the end of each
time step via T = ¢/c,,. For an ideal gas, however, a first order Taylor series expansion in time
will first be applied to the internal energy field:

e(Ty) = &(Ty) + ¢, (T;)dT + O(3T?) (237)
Where T, = T(x,t), T, = T(x,t+ dt),and 8T = T, — T;. As aresult, the updated temperature
is expressed as:
(Ty) —e(Ty)

€
T, ~T
? 1+ C’U<T1>

(238)
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This is the simplest approach when c,, is a nonlinear function of temperature. If desired, higher
order expansions may be utilized and implemented into the algorithm.

Sod Shock Tube
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0.875} @a h‘l}H
[2r) yol L
o 0.75¢ NE 90}
~.  0.625} = BOb
20 ] ~ ll[}
4 0.5} 20 6O ﬂ
—~ M 50
5 0.375} I 10} .
N I o 30 = .
9E | H F, - L]
Q 0.25 I = 20 2 -
o1l L | 1 | I | g Ll Lo
0 0204 06 08 1 1214 16 18 2 0 02 04 06 08 1 12 14 16 18 2
615
a75 ¢t
Haot e
e 195 A
—~  455] ~d
B a5 5
= 3To¢ E_(/ o —
35 |
205 . w0
0 0204 06 08 1 1214 16 18 2 0 02 04 06 08 1 12 14 16 18 2
z (m) z (m)

Figure 23 Sod shock tube results at t ~ 0.5 ms (blue) and ¢ ~ 1.0 ms (black)

Let us envision a two meter long cylindrical tank located within the domain 0 m < x < 2 m. An
impermeable barrier exists within the tank interior located at z = 1 m at the initial time ¢ = 0 s.
Both the left region (0 m <z <1 m) and the right region (1 m < x <2 m) will hold in
containment a stationary argon gas. The mean velocity of both regions is then u(z,0) = 0.
However, the mass density ratio between the two regions is 8 : 1 and the pressure ratio is 10 : 1.
The ideal gas equation of state will be assumed valid so that O(x,0) = v(x,0)P(z,0). This
experimental setup is known as the Sod shock tube. The initial conditions used are provided below:

Left Region Right Region
p(2,0) =1.000 kg/m®  pg(x,0) =0.125 kg/m?>
P, (z,0) = 100 kPa Pi(z,0) = 10 kPa
Table 3 Sod’s initial conditions
The simulation begins with an instantaneous uniform destruction of the barrier allowing interaction

of the two regions. Due to the pressure gradient, the gas within the left region will move into the
right region in a systematic way governed by the one-dimensional form of the Euler equations
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(135) and (136). These equations will be solved using the QVFEM over a uniform grid partitioned
into two-noded phasetime line elements. If each element is given its own local coordinate system
then z; = 0 and x, = dz so that d= = x, — x. The basis functions are next provided as:

g1 =Cp +Cp(z—¢&) =1—(z—¢&)/dx (239)
gy =Co1 + Cop(x — &) =0+ (xz — &) /O (240)
Denoting 8 f = f, — f,, the solution over each element (per time step) takes the form:
F(e,1) = fug, + fago = o + (3 /32) (2 — &) (241)
Where the temporally advanced nodal values are obtained from:
F(z =08z,t =08t) = f; + (1 — &3t /dx)d f, 0<&t/dx <1 (242)

Since the grid is uniform then F(0 + 3z, 0 + 8t) = f, thus showing the prescribed motion where
¢ = dx/dt. The results of the simulation are shown in Figure 23 over the time interval [0 : 1] ms,
where the dashed black line shows the initial condition. It will be noted that 5,000 spatial nodes
were used, m = 21, and 425 time steps were required.

The normal shock wave is located at ¢ (t ~ 0.5 ms) ~ 1.29 m and ¢ (t ~ 1.0 ms) ~ 1.58 m.
The average shock velocity between these two times is computed as:

dps,  1.58 m —1.29 m
8 1.0 ms — 0.5 ms

=580 m/s (243)

The location of the normal shock wave will next be denoted =& = ¢, (t) + € where € is a “small”
perturbation from the mean shock wave location ¢ . The average mass located at the “jump” is

given by:
To Ty Ty
my :/ pdx:/ pdx-l—/ pdz (244)

Ty Ty g

Where z; and z, are stationary points located upstream and downstream from the jump
respectively. For an observer traveling with the shock wave, the continuity equation becomes
dmg/dt = —(pyuy — pyuy). Using Leibnitz’s identity [11; p.69] and the fact that &, = &, = 0,
we may also conclude that:

Ty 0 To 0
A7, dt = pyp, — pea® + pris® — pap, + M + M (245)

The last two terms vanish since the mass density does not change locally with respect to time, both
upstream and downstream from the jump. The theoretical shock velocity is then computed as ¢, =
(pyuiy — pruy)/(py — py) ~ 583.3 m/s, where p; ~ 0.23 kg/m?, p, = 0.125 kg/m3, u; ~
266.3 m/s, and wu, =0 m/s. This result is in good agreement with (243) since
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|(dpg /0t — @) /@] - 100% ~ 0.57%. For further proof, please see Figure 24:
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Figure 24 QVFEM prediction (black) vs. analytical solution (magenta) at ¢ ~ 1.0 ms
(courtesy of Virginia Notaro!'?)

Now that the shock velocity has been verified, the simulation will be ran for a longer time period
allowing the disturbances to reach the left and right inner walls of the tank. The boundary
conditions are simply u(0 m, ¢) = w(2 m, t) = 0. The temperature and pressure at the boundaries,

as functions of time, are next provided in Figure 25 over the time interval [0 : 5] ms:
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Figure 25 Temperature and pressure at z = 0 m (black) and x = 2 m (red)

In contrary to the LBM, “bounce-back” or the reflection boundary condition is not implemented
at the walls which are considered impermeable and insulated. Since mass nor energy can penetrate,
connectivity does not exist therefore a zero is placed within the phase matrix for the applicable

10 https://www.mathworks.com/matlabcentral/fileexchange/48734-riemannexact-p 1 -rho1-ul-p4-rho4-u4-tol
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distribution values located at or within the vicinity of the positions x = 0 m and x = 2 m. Upon
updating the moments at the end of each time step, the normal mean velocity at the wall is manually
forced to zero. This type of boundary treatment will be used throughout all numerical simulations
to determine the mechanical and thermal loads acting on boundary surfaces. This type of boundary
treatment has yet to be verified and is left for future investigation.

Lax-Type Shock Tube

The next simulation will model a Lax-type shock tube, which is quite similar to Sod’s version.
Overall, there is approximately a 9:10 density ratio between the left and right regions and
approximately a 7: 1 pressure ratio. Now, p; is slightly less than p; while P, > P. Additionally,
the left region will be set into motion at a low Mach number of 0.1, resulting in u, (x,0) ~
60 m/s. The initial conditions are summarized in Table 4.

Left Region Right Region
pp(2,0) = 0.445 kg/m?3 pr(z,0) = 0.5 kg/m?
M, (2,0) = 0.1 M (2,0) = 0

P, (z,0) = 100 kPa Pr(z,0) ~ 14.3 kPa

Table 4 Lax’s initial conditions (+)
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Figure 26 Lax shock tube results at t ~ 0.65 ms (blue) and ¢ &~ 1.3 ms (black)
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It will be noted that 10,000 spatial nodes were used, m = 51, and the results shown in Figure 26
required 510 time steps. The average shock speed in this scenario is 8¢, /8t ~ 418.5 m/s and the
theoretical value is ¢ &~ 418.2 m/s, so that |(dp,/dt — @,) /| - 100% = 0.06%. Comparing this
simulation to the prior, one may conclude that as the number of phasetime elements increase, the
error decreases, as one would naturally expect.

Woodward & Colella Double Blast Wave

The next scenario to be simulated is the Woodward and Colella double blast wave problem where
the initial conditions are divided up into three different regions:

mxm"

P(z,0) = 10° Pa 0<x/l<1/10 ol

= 4l
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o Al
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Figure 27 Woodward & Colella’s initial conditions (/£ = 2 m)
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Figure 28 Woodward & Colella’s double blast wave results at ¢t ~ 2.1 ms

What makes this problem so challenging is the 100,000 : 1 pressure ratio between the left and
middle regions. For all three regions, the initial density is p(z,0) = 1 kg/m? and the velocity
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u(z,0) = 0 m/s. The velocity at the walls is once again forced to zero, 30,000 spatial nodes were
used, m = 251, and the results shown in Figure 28 required 910 time steps. The main concern here
is survivability of the algorithm. The code proved satisfactory given enough phasetime
information. One may compare the results to [47,62,63,64], which appear to be “smoother” than
what others have calculated using other numerical methods.

Fundamental Solution to the Continuity Equation

Here, we will use the theory of continuous Fourier transforms to uncover the fundamental solution
to the continuity or mass transport equation. This analytical technique will allow for a deeper
understanding of the FBE and why the proposed solutions work as well as they do. To begin, we
will introduce the complex propagating wave function ¢ (k, x,t) = exp|i(k - x — wt)]. To solve
the FBE, the solution prototype is given as F(k, x,t) = A(k)y(k, x,t), where A is the amplitude
coefficient having dependence upon the wave numbers. Upon substituting F' into the FBE, the
dispersion relation is obtained as w(k) = k- €. For the fundamental solution, we set the initial
condition to F_(x) = p,d(x), where d(x) is the Dirac delta function centered about x = 0 and p,
is the initial mass density velocity distribution. The amplitude and total solution for F are obtained
from the following CIFT and CFT respectively:

L o (e = P
A) = (5o [ Fulvi (k0 = e (246)
F(x,t) = | A(k)yY(k,x,t)dK = p,0(x — &t) (247)

As one can observe, the inverse mapping (143) reappears in the solution. The final solution for the
mass density is then found through generating the zeroth order moment over the velocity space:

- Po 1
p(x,t) = /R3F(§, x,t) dE = 270, 2)52 P <—2@—tQ x — Vot|2> (248)

Where the law of constancy of mass is satisfied through integrating over the infinite Euclidean
space:

po = / plx.t) dx (249)

The associated velocity field can be found through computing the first order moment over the
velocity space:

v(x,t) =v(x,t) [ EF(&,x,t)dE =x/t (250)

]R3

In conclusion, the solution (248) represents the convection process of a point mass dropped within
an infinite domain, where the Gaussian is subjected to both advection and diffusion processes:
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Figure 29 Time evolution of an initial point mass density (black — blue — red)

In conclusion, the dissipation is already included within the framework of the QVFEM, which
stems from the use of the velocity distribution; derived ab initio. Therefore, there is no need to
include artificial dissipation terms into the governing equations of motion.

Acceleration

Up to now, we have shown that the QVFEM algorithm outputs high-precision accuracy and has
the ability to remain stable even throughout the presence of a “strong” shock wave. This final
benchmark test case will reach the hypersonic regime through accelerating a flowfield from rest
into a stationary wall. The acceleration rate will be constant and the approximation (154) will be
utilized, therefore:

F(z,t) ~ [f, + (8f/dz)(x — &) exp|(§ — u)Bat] (251)
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Figure 30 US standard atmosphere vs altitude (data source: The Engineering Toolbox ')

The initial conditions will be chosen to mimic high-speed flight within Earth’s atmosphere; see
Figure 30. In regards to the supersonic and hypersonic flight regimes, it is most optimal to fly
within regions where the density is the lowest to minimize the mechanical and thermal loads.

1 htps://www.engineeringtoolbox.com/standard-atmosphere-d 604.html
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Therefore, the flight elevation above sea level will be set to 30 km ~ 100,000 ft, where
p(30 km) ~ 0.02 kg/m? and P(30 km) ~ 1,200 Pa. For sake of simplicity, argon will remain
the gas of analysis. Again, a one-dimensional flow will be accelerated from rest into a stationary
wall, located at z = 2 m, at an aggressive rate of a = +10°% m/s?. The results of the simulation
are shown in Figure 31. Since the flow is accelerating to the right into the wall, a normal shock
wave is produced which travels to the left, away from the wall, while increasing in magnitude. For
these computations, 10,000 spatial nodes were used, m = 99, and the total number of time steps
required was 2,000. The maximum Mach number achieved at ¢ ~ 4.0 ms was almost 13.
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Figure 31 Accelerated flow into wall (RHS) at £ ~ 2.8 ms (blue) and ¢ ~ 4.0 ms (black)
2D Phasetime Element
Future work will include two-dimensional flowfield studies simulated using the QVFEM. The one-
dimensional studies were run on my personal desktop computer. However, it will be most optimal
to run the 2D test cases on a cluster of high-performance computers. One benefit is that the
QVFEM has the same parallelization capabilities as that of the LBM. We will end this chapter by

analyzing the nonlinear solution over a 2D quadrilateral element; see Figure 11. The four basis
functions are then collected according to Pascal’s triangle, provided in the general form:

9, =C,1 +Ci(x—ut) + Cy5(y —vt) + Cyy(x —ut)(y —ovt) Vi=1,2,3,4 (252)

Where the velocities have been denoted £; = w and &, = v. Using a local coordinate system for a
rectangular element of size dx x 8y, the basis functions are provided as:

g, = (x —ut)(y —vt)/da — (x — ut)/dx — (y — vt) /Sy + 1 (253)

61



gy = (z —ut)/dx — (x — ut)(y — vt)/da (254)

g = (x — ut)(y — vt) /5a (255)

9a = (y—vt)/dy — (z —ut)(y —vt)/da (256)

The solution over the phasetime element is then given by:

F(z,y,1) = fi91 + f292 + [395 + f194 (257)
1 1

=/ ‘f’@(fz — fi)(z —ul) +@(f4 — fi)(y —vt) ‘i‘@(ﬁ — fot+ fs— fo)(x —ut)(y — vt)
The updated value at node #3 is F(dx, 8y, 8t), provided as:

f1 + (fz _f1)<1 _Cx) + (f4 _f1>(1 _Cy) + (fl _fz +f3 _f4)<]'_cac>(]‘ _Cy) (258)

Where the Courant numbers are defined as C, = udt/dx and C, = vdt/dy, which are governed by
the constraint (87). If the grid spacing is completely uniform meaning dz = dy, thenC, =C, =1
and F(udt, vdt, 8t) = f,. If u = 0 or v = 0, the quadrilateral reduces down to a line element.

3.10 Concluding Remarks

We have thus concluded the foundational framework of the QVFEM. The next chapter will extend
the framework over to the Navier-Stokes-Fourier equations. Before doing so, we will lastly discuss
the differences between a traditional spacetime finite element formulation and the newly proposed
methodology. Beginning with the EOM: F 4 A[F] = U, the solution will first be expanded in the
more traditional style as F(x,t) = f,;(t)1,;(x). In this way, space and time are being treated

independently in a sense when compared to the expansion used in ch.3.4, i.e. f;9,(x,t). Upon
substituting, multiplying by ¢;(x), then integrating over the entire spatial domain, one obtains:

f; /V¢i¢jd@+fi /Vmwi]@d@:/vzsqud@ (259)

Whose compact matrix form is Ajifi + Bjifi =c; or A . f + B - f = c. Since this is a global
approach, the domain and weak form (259) must be partitioned into a system of finite elements,
where the nodal values are computed simultaneously. However, the methodology presented in
ch.3.4 is a local approach where one node per element is updated based on a stationary potential.
If the Galerkin method is used, then the integration bounds do not encompass the entire element
but the effective volume, which is a function of time; see (160).

From here, there are two different routes which can be taken. One option is to set U = 0 so that

f=—A"1.-(B- f),apply a finite difference scheme to the temporal derivative, then time-march
within the algorithm. Alternatively, one could extend the spatial mesh to a spacetime mesh through
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setting f;(t) = F,.¢,.(t). We will next multiply (259) by 7,(t), then integrate over all time [65]:

P [Gmat [vio,ae 48y [Gmar [aip)o,ae= [ [oomdear om0

Whose compact matrix form is F;; (A;;Dy, + B;Ey) = Cj;. To solve for all nodal values

simultaneously, boundary and initial conditions must be applied then a rank four matrix must be
inverted. If the integration is over a time step, then we can time march, for example:

Fip = (A;Dy + BjiE2l)71<le — (A;;Dy + BjiE)F;) (261)
On a final note, the QVFEM is not a general finite element methodology and was specifically
developed to solve the Euler and Navier-Stokes-Fourier equations. This newly proposed

nontraditional framework is a result of the mathematical structure of these equations and the vast
landscape of code-friendly analytical solutions.

63



Chapter 4 — The QVFEM: Part 11

The QVFEM was established in Part I with application to Euler’s equations of motion for matter
in an ideal gaseous state. Part II will extend the framework to incorporate nonequilibrium
phenomena including viscous dissipation and thermal conduction. In consequence, the momentum
transport equations will now take the form of the Navier-Stokes equations. Additionally, the
energy transport equation will now take the form of the Navier-Stokes-Fourier equation containing
the stress-flux and heat flux vectors. We can consider the evolutions brought upon by the Euler
equations, a first order approximation to the Boltzmann equation. Therefore in this work, a second
order approximation will be established theoretically then bridged over into a high-fidelity
computational framework.

4.1 Introduction to the Second Order Equations of Motion

To begin, the generalized Eulerian field equations, representative of transport processes, will
herein be reviewed. Considering a chemically reacting gas mixture, the species mass transport
equations are provided in the form [55]:

p; +V - (pv) =V - (pd;,V[,)+6;¥Vj=12,..,n, (262)

p
Where the subscript 7 indicates the chemical species, d; (m?/s) is the mass diffusion coefficient
(from Fick’s law), f;, = vp;, is the concentration or mass ratio subjected to the constraint f; +
fo+ -+ fnsp =1, and @, is the mass rate of production due to chemical reactions. The mass
density of each individual species is defined from the mass relation p,v = m;n; (no summation)
which may also be expressed in terms of the concentration as p; = pf;. The total mass density
may then be found through summing each individual species density:

P:Zj/);:v_l ij;nfzpszj (263)

It is critical to note that (262) upholds the condition of constancy of mass, or in other words, the
nonrelativistic physical law of mass conservation [20; ch.13]; first discovered by the French
chemist Antoine Lavoisier (1743-1794). This simply means that mass is neither created nor
destroyed; only subjected to change in form while at rest or during transmission between one
location in space to another over time. In this work, a conserved quantity will be defined as a
physical property, which when interacting with the environment (in an open system), is technically
fully traceable within the structure of spacetime. In other words, from a Newtonian perspective,
the conserved information carried by the advection stream is a constant of the motion so may only
change in form as carried from one point in spacetime to another, i.e. p, = 0. In consequence, the
summation over all species in (262) recovers the mass continuity equation:

pHV (V) =3 p+ VX (ov) =V (pd, V) + 5 0, =0  (264)

Here within Part II, chemical reactions and species diffusion will both be neglected. However, the
above EOM is presented to compare the evolution of the mass field, a truly conserved quantity
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within the nonrelativistic model, to the evolutions of the mean momentum, energy, and entropy
fields which in actuality are subjected to nonconservative changes. This is due to phenomena such
as viscous interactions (nonconservative forces) and thermal conduction which both contribute to
the total entropy generated within the system. For example, one of Joseph Fourier’s (1768-1830)
axioms of heat conduction states [56; ch.1]:

“When heat is unequally distributed among the different parts of a solid mass, it tends to attain
equilibrium, and passes slowly from the parts which are more heated to those which are less,
and at the same time it is dissipated at the surface, and lost in the medium or in the void.”

With this being said, the general formulation modeling the transport of mass, momentum, energy,
and entropy (excluding body forces and heat sources) are next provided respectively [46; ch.4]:

op  Opv,
o ox

(2

Opv, Opv,v, 0OX.
pz+pzl+ zl:

0 ot ox, ox,

0 (265)

Ope N dpev,  O%X,v, n dq; —0, 9ps | Opsv; 0P, —$ (266)

o Tox. T Tox, Tox, o ok, | ox,

(2 (2 7 (2

Where 3 = X7 is the generalized total stress tensor, q (kg/s?) is the generalized heat flux vector

which is associated with the generalized heat-entropy flux vector ®, and $ indicates the total rate
at which entropy is generated or produced within the system. The mass, momentum, and energy
evolutions are subjected to equality relations due to the law of mass continuity [20; ch.13],
Newton’s laws of motion [1; Book I], and the first law of thermodynamics (1% LoT) [45; ch.26].
These are known as balance laws which are governed by the Reynolds transport theorem, therefore

may be written in the general form fz = —V,G,,. Integrating over the control volume then brings

about the divergence theorem:
0
v A

So that the temporal rate of change in the total mass, momentum, and energy contained within may
be expressed as the cumulative sum of the fluxes acting through each bounding control surface:

) — ﬁ/pdv _ _/5(pvi) dA, (268)
ot Jy A
PEV) = %/Pvi dV = — /5(/)Vivz + Xi1) dA, (269)
% A
EV) — é/pe dV = — /S(pevi +3,v, +q;) dA,; (270)
ot Jy A

The entropy however, due to the existence of stress and heat flow, is said to be in a state of
imbalance. Therefore, the entropy evolution must satisfy the inequality $ > 0 under the second
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law of thermodynamics (2™ LoT) [45; ch.27]. The mapping derivative of the mass density remains

dp/dt = —pV,v,, however, the MD of the velocity, internal energy, and entropy are now:
dv,/dt = —vV, X, (271)
de/dt = —v(X,,V,v, + V,q,) (272)
ds/dt = —v(V,®, — $) (273)

Which are found from (265-266). From the 2" LoT, it is also claimed that heat and entropy both
flow in the same direction. In consequence, it is postulated that ¢, = T®,. Well from ¢, = ¢, /T,
then TV, ®, = V,q, — q;V, InT, which would then entail:

—uvV,;q; = Tds/dt —v(q;V;In T + T$) =de/dt +v¥,V,v, (274)
From which the following total differential relation is obtained:
de = Tds —v(2;,V;v, + q,V,; In T + T$)dt (275)

Upon defining ¥, = Pd,; — o,;, where 0,, = 0, is the generalized viscous stress tensor, and
noting that dv = vV, v,d¢, the total differential of the internal energy (275) may be reformed into:

de = Tds — Pdv + v(0,V,v, — q,V,In T — T$)dt (276)

Based on Fourier’s axioms of heat conduction [19; p.7], the heat flux vector will next be defined
as q; = —kV, T, where k (kg/K) - (m/s?) is the coefficient of thermal conductivity. The heat-
entropy flux vector may now be writtenas &, = —xV, In T In consequence, the entropy evolution
takes on a form of the Clausius-Duhem inequality [46; p.169]:

$ = pds/dt — V,(kV,InT) >0 (277)
Where the 2™ LoT states that the above difference must always be nonnegative. To satisfy the 1°

LoT through recovering the Gibbs relation, it will be postulated that the total rate of entropy
production must be:

$=0,(V,v)T ' +x/VInT[? (278)
Well the term <! |®|?> = x|V In T|? is always positive v'. We must now require the contraction
0, V,;V, to also yield strictly positive values. This thermodynamic restriction will be revisited upon
deriving the viscous stress tensor. The MD of the entropy field may now be expressed in the form:

ds/dt = v(o;V,v; — V,q,)T! (279)

What has been presented thus far is a general overview of the relevant continuum mechanics and
thermodynamics. The equations of motion and constitutive relations will next be derived in a more
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rigorous fashion based on the study of statistical mechanics; in contrary to the Coleman-Noll
procedure [45; ch.39].

4.2 Theoretical Framework

The Navier-Stokes-Fourier equations will be derived directly from the Euler equations utilized in
chapter 3, therefore Part II is a direct extension of Part I. The method presented was inspired by
[23] however a direct recovery of the governing evolution equations will herein be sought after.
The MD will first be recast as a variation over the finite time interval 6¢. So, the variational time
and position vector field will be defined respectively as t* =t + €t and x* = x + €£dt. The
perturbed distribution is then denoted F* = F(x + €£dt,t + €dt). The directional derivative of the
generalized distribution may now be found through applying the Gateaux operator [46; p.46-47,
372-374]:

OF = (dF*/de)|_y = (F + &V, F)dt (280)

In consequence, we may conclude that dF /dt = ©F /dt, where cross multiplying yields dFdt =
DFdt. If OF is independent of time, then upon integration, one finds dF = ©F, otherwise:

ty

1 2 .
oF = = @th:/ (F+¢V,F)dt (281)
t, t

1

The variation in the distribution will be related to a generalized change via the master relation:
A[F] = eDF (282)

An alternate formulation is taken from Chapman and Enskog [15; ch.7]: edF = J[F, G|dt, where
J[F, G] represents the two-body Boltzmann collision integral. Following this work, we will
enforce the constraints: A[5] = 0, A[p] = 0, and A[E] = 0. These conditions of solubility are
enforced to uphold the established balance laws of mass, momentum, and energy. The generalized
distribution F and the operator ® will next be expanded using the following perturbation series:

F = F® 1 F! + F? 4+ (O(c%) (283)
6@ - 6@11 + €2©2 + 0(€3> (284)
€DF = €D, F? + 2(D,F? + D,F) + O(€?) (285)

The notation F refers to the equilibrium distributions utilized in Part I:

p* = p(. " exp(—3514)?) (286)
p’ =% (287)
°E® =1l¢)?+2 (288)
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#°S® = RInw¢ + (L|gf* + )T (289)

The notation F! indicates the first perturbation from equilibrium, which must satisfy the solubility
constraints: p! = 0, p' = 0, E! = 0, and S = 0. Based on (280), the variations are:

OF=0F+¢V,F)dtvi=12 (290)
Where the subscript 1 simply refers to the isentropic evolutions provided by the Euler equations
and the subscript 2 refers to an evolution involving entropy production. For ease of notation, the
partial temporal derivatives are written as O;F = 0,F /0t V I = 1,2. It will be noted that these

derivatives do not indicate different time scales but varying levels of description regarding
transport processes. Substituting (283) and (285) into (282) obtains:

€D, FO + 2(D,F? + D, F1) = A[F? + €F! + €2F?] (291)

The varying orders of e will be separated from 0% to 2" order to obtain the following hierarchy:

O(%): A[F®] =0 (292)
O(eb): D,F° = A[F!] (293)
O(?): D,F0 + D,F! = A[F?] (204)

Overall, the velocity distribution is derived from solving (292), which is then fed into (293) to
uncover the first order change. Both F® and F? are then fed into (294), which is representative of
the second order change. The operation of integrating the EOM (293) over the velocity space

£ V Z € R, under the constraint A[F1] = 0, yields:
01p° = —V;p°[&;] oyp; = —Vp7[€)] (295)
O,E" = —V,E°[¢] ;5" = —V,S°[¢,] (296)
Which recovers the set of Euler equations:
hp =—=V,(pvy), A (pv;) + Vi(pviv)) = =V,;P (297)
A(pe) +V,(pev;) = =V, (Pv;),  dh(ps) = =V;(psv;) (298)
From which the following first order evolutions are obtained:
v, = —v,V,v,—vV,P O e = —v;V,e—uvV,(Pv,) (299)

0ie = —v,V,e —OV.,v, Oih = —v,;V,;h —1OV,v, (300)
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T =—v,V,T—c,'0V,v, 0P=—v,V.P—PV,v, (301)
A0 =—v;(V,0+vV,P) s = —v,; Vs (302)

We’ll next return to (293) and multiply by the newly introduced dissipation function 0
(nondimensional) which will be set equal to the generalized first perturbation from equilibrium:

0D,F? = r(8,F® + ¢,V,F?) = dA[F!] = —F* (303)

Where the dissipation time is defined as 7 = 06¢. One may notice that we’ve adopted the BGK
collision operator if we redefine (66) according to the master relation (282):

edF/dt = —(F — F%)r! (304)

Similar to (284), the total differential expands as edF = ed,;F + ¢2d,F + O(€*). Upon substituting
(283) and edF into (304), one finds a similar hierarchy in comparison to (293-294):

O(eb): Fldt = —7d,F° (305)
O(e?): F2dt = —7(d,F® + d,F!) (306)

The EOM (294) will then expand into what will be referred to as Leo’s equation of motion:
0pF® + &V, FO — 0)[r(0,F + &V, FO)] = &V, [1(0,F? + &V, FO)] = A[F?*[st1 (307)

The objective is to now recover a form of the transport equations (265-266). This will be
accomplished through integrating (307) over the velocity space then utilizing the isentropic
evolutions (299-302) to convert the subscript 1 temporal derivatives into spatial gradients. To
begin, the Maxwellian p® from (286) will first replace F®. The zeroth to third order raw moments
are provided in ch.3.4. The fourth order raw moment will here be needed, i.e. p°[£;€,£,.8]:

PVVVV) + P(viv]ﬁkl + Vv + Vivi0 + VviEdy + Vvi0 + Vkvldij) + PO9, (308)

Where the fourth order Kronecker delta tensor is provided in ch.1.2. We will also need some partial
moments, which may be computed from the raw moments, e.g.:

PPlE&3 1€ = plo+5O)v;v, +Plo+50)dy (309)

As mentioned in Part I, odd order central moments compute to zero while the necessary even ones
are p°[q,q;] = P9, and p° [¢,q4;9,,4;] = PO, ;. Some useful mixed moments are p°[¢,q;] = PJ;,

and p° [€;G,4;,] = Pv,;0;;, in addition to:

P [€:€0rdt] = P(v;v;0 + ©,5) (310)
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p° [fifz%“ﬂz] = P(%Vivl + g@%) (311)
Referring back to Leo’s EOM (307), we’ll generate the moment while enforcing Zﬂﬁz]] =0:

82/7@) + Vz’ﬁ@ &1 =V, [T(anﬁ® €] + vlﬁ® [&:&DI=0 (312)

Upon substituting the relevant moments, we obtain 0;p = 0,p therefore the mass density field
remains conserved v'. The same procedure will next be applied to the momentum distribution

through replacing F® with (287), generating the moment, and enforcing K[[f)z]] =0:
0507 + V07 [§5] — V;[T(0p7 [§] + Vip? [€;€])] = 0 (313)
The raw form of the viscous stress tensor is identified as:
Gij = T[an(PV¢Vj> + (0yP)d;; + Vk(ﬂ"ﬂj"k) + V;(Pv;) + Vz‘(PVj> + Vk(PVk)5¢j] (314)
The conversion from the isentropic temporal evolutions into spatial gradients is:
9 (PV¢Vj> + (0yP)d;;
= -V, (pvivjvk) — (viVjP +v;V.P+ Vk(ka>5ij> —P(Vyv.)d;; (315)
Substituting and simplifying recovers the Navier-Stokes (NS) viscous stress tensor [45; ch.45]:
0, =m(V,v; + Vv, — % (vkvk>5ij) +1n(Vive)dy; (316)
Where the coefficients of shearing and dilatational viscosity are identified respectively as:
p="Pr, n=pE-7) (317)
The two are related via the relation ¢ = n — % i = (1 — =) and the total stress tensor is:
X =Poy — p(Vivy + Viv;) = (Vi) (318)

From which the total pressure may be found through % ¥,; = P —nV,v,. For a monatomic perfect

gas, where only translational modes of internal energy are relevant, n(y = g) = 0 and the total

pressure reduces down to the hydrostatic pressure. It can now be inferred that the coefficient of

dilatational viscosity is directly related to non-translational modes of internal energy such as
7

rotation, vibration, etc. So for a diatomic perfect gas, n(y = 3) = 1% 1. The theoretical predictions

for the viscosity ratio ¥ = 1/ are shown in Figure 32 for N, (red) and O, (blue), where the black
dashed line indicates 4/15. This nondimensional quantity will for future reference be referred to
as Tracey’s number. 1t is found that for this particular application n < pu.

70



045

—~ -
S0 To, ()T
M 0.35) W i IN2 (T)
~ £ |
0 'I'//
I 0.3 |15

"‘l.f'
3 7% Y IR N NN N
S . . . i . |4/15
& 0 1000 2000 3000 4000 5000 6000

T (K)
Figure 32 Dilatational viscosity coefficient predictions for N, and O,
Referring back to (317), others have found a similar result, e.g. [31,34]. The dissipation time can
be expressed as 7 = uP~!, however 7 is not guaranteed to match experimental data. The
discussion in [45; ch.45.4] states that in general ¥ > 1, which contradicts our prediction shown in

Figure 32. Modifications to the expression obtained for n will be left for future work. Some
numerical estimates can be found in [57,68].

To recap, thus far we’ve derived the Navier-Stokes equations for a compressible viscous gas:
Dp+V;(pv;) =0 (319)
A (pvi) + Vilpviv — p(Vivi + Viv) [ + V(P —cV,v,) =0 (320)

Where Cauchy’s tetrahedron [45; p.137] can now be visualized on the phasetime element:
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Figure 33 3D phasetime element (three-pronged slingshot)

The attention will next turn to the entropy evolution. The first perturbation from equilibrium will
be found through multiplying (293) by the variational dissipation function 9*:
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30,50 = 7(9,5° + ¢,V,5°) = o A[S"] = —S" (321)
Where the variational dissipation time is 7 = 0*3¢ = 7(1 4 7). Leo’s EOM then becomes:
8"+ EV,8° — Oy (05 + V87 — V[ (0,8 + £ V,8°)] = A[S]ot ! (322)
The next step is to integrate over the velocity space which yields:
8,8° + Vi8] = V[ (9S°[6] + V5P €))] = A[S]or ! = § (323)

It is important to note that for the entropy, Z[[éz]] # 0 but must equate to the rate of entropy
production multiplied over the time interval, i.e. Z[[gz]] = $5¢, as shown in (323). The zeroth order
moment is reviewed as S® = ps, where the entropy is s = R1nwv( 4 ¢/T. The first order moment
is simply S®[¢,] = psv, and the second is presented as:

SP[¢:&] = ps(v,v, + ©6,) + RPG, (324)
Upon substituting these moments into (323), the raw form of the heat-entropy flux vector becomes:

O, = —7*[0)(psv;) + V,(psv,v,) + V,(Ps) + RV,P] (325)

(2

Where the conversion from the isentropic temporal evolutions into spatial gradients is:
O (psv;) = =V (psv;v;) —sV;P (326)
Substituting and simplifying recovers the hypothesized heat-entropy flux vector (266):
¢, = —7(PV,;s+ RV,P) = —kV,InT =q, T (327)
Where the coefficient of thermal conductivity is identified as:

k= cpu(l+7) (328)
The Prandtl number is then:
P=cppu/k=(1+7)" (329)

As a result, the rate of dissipation may be reformed in terms of the Prandtl number: 7 = P~ — 1.
Let us now recall the dissipation function d = 7/8¢ and its variational form &* = 7*/8t, where
7" =7(14 7) and 8* = d(1 + 7). If 7 were a function of time, then the corresponding rate must
be 7 = d8t. Feeding this relation into the variational dissipation function unveils 8 = d + 97, s0
that the Prandtl number may take the fundamental form: P = d/98*; thus providing some further
insight into these newly introduced parameters. The expression for the entropy s = RInwv( + ¢/T,
will next be fed into (323), restated in the form:
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A (ps) + V,(psv;) + V@, = § (330)
From which the rate of entropy production is obtained exactly as postulated in (278):
$=0,(V,v)T ! +k(V,InT)(V,InT) >0 (331)

It is already apparent that |V In T|> > 0 since £ > 0 and |V In T|? > 0. We’ll next examine the
contraction o, V,v, through first decomposing the velocity gradient into symmetric & skew parts:

Vovi=A,+B, = %(Vﬂl + Vv;) + % (Vv —Vv;) (332)

Since 2A;, = V,v, + V,v, and A;, = V,v,, then the NS viscous stress tensor may be written in
terms of the symmetric tensor A, = A,,, therefore o,; = 2uA;; + ¢A,.6,;. The contraction is now:

o (Viv) /=28, Vv + (T —3)(A)? 2 0 (333)
Using comma notation, the shear and dilatational parts respectively expand as follows:
20,y = 22, 407+ 0%) (1 +0,)2 4 (v, w,)? + (b w,)? >0 (334)
(Ap)® = (Vyvp)? = (Ux +tv,+ w,z)2 >0 (335)
Since ;¢ > 0 and 1 > 0, the minimum value for Tracey’s number is T, ;, = 0 so we must prove:
20, Vv, > %(Akk>2 (336)
0+ 0% ) 5wy, ) (0w ) S +w )
> (ug+v, +w,)? (337)
Well the Cauchy-Schwarz inequality states that [12; p.5]:
(af + a3 +a3) (0 + b5 + b3) > (a;b; + ayby + azbs)? (338)
Upon setting a; = u ,, ay = v, a3 = w ,, and by = by = by = 1, the above simplifies down to:

3(u? + 02 +w?) > (u, +v, +w,)? (339)

As a result, (333) is in accordance with the 2° LoT v'. As proven in ch.4.1, we’ve maintained the
Gibbs relation (112) where the entropy differential is ds = vT (o, V,v, — V,q;)dt, so that:
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=v(2pdev(Ay) Vv, — V,q;)dt — vA, (P —nAy)dt (340)
One can interpret that 2vdev(A;;) (V,v,)dt represents the heat generated due to viscous
interactions (friction), the term —v(V,q, )d¢ is indicative of the heat transfer due to the temperature
gradient, and vn(A,, )?dt affects the work response which is now no longer equal and opposite.

To unify the entropy and momentum evolutions in the total energy equation, we’ll first revisit
(303), which provides the following two relations:

0D,E® = 7(8,E® 4 £,V,E®) = dA[E"] (341)
T+09,5% = tT(9,S° + ¢,V,5?) = T+OA[S] (342)
Upon combining, where t = 77, the first perturbation in the energy distribution is then:
09,E? + T+0D,5° = 0A[EY] + T+OA[S!] = —E?
= 7(,E® 4+ £,V,E?) + tT(8,S° + ¢,V,S?) (343)
Under the constraint Z[[EZ]] = 0, the energy evolution may now be represented in the form:
0,E® + V,EC[e] -V, [r( %] + VEC[,6)) + ET(0,8°[¢] + V,SPle.€))] =0 (344)

Recalling from Part I, the first two moments are E® = pe and E®[¢;] = Hv,, where H = pe + P
is the total enthalpy density. The third order moment is next provided in the form:

E°[¢¢] = (H+ P)v;v, + HOS, (345)
So that the raw form of the stress flux vector minus the heat flux vector is identified as:
oV —q; = T[Oy(Hv;) + V,(Hv;v)) + V(Pv;v) + V;(HO)] + 7ucp V, T (346)
The conversion from the isentropic temporal evolutions into spatial gradients is provided as:
o,(Hv,) = -V, (Hv,v,) —v,v,V,P —~4Pv,V,v, — vHV P (347)
Substituting and simplifying recovers the N-S stress flux vector minus the Fourier heat flux vector:
oV — a4 = (Vv + Vv v + (Vv v, + £V, T (348)
The final form of the energy evolution then becomes:

Oy(pe) + V,;(Hv;) = V,(0,v, + £V, T) (349)
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In conclusion, the transport equations (265-266) have fully been derived from a statistical
standpoint. From here we must uncover expressions for the dissipation time 7 = pP~! and the rate
of dissipation 7 = r(cpp) ! — 1. Theoretical predictions of the transport coefficients are beyond
the scope of this work therefore Sutherland’s law'2 [59] will briefly be reviewed:

= Pols, M) T2 (s, +Ty) T (350)
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Figure 34 Viscosity (left) and thermal conductivity (right)
via Sutherland’s law for Ar, N, and O,
(data source: CRC Handbook of Chemistry and Physics [17])

Some data taken from [17; p.6-229,6-241] is shown in Figure 34 and compared to Sutherland’s
predictions over the temperature range 100 K < T < 600 K. Even though this range is relatively
small, there is good agreement between Sutherland’s formulas and the experimental data. We can
also compare (61) and (350) to obtain a deeper understanding; see [15; p.223].

4.3 Analytical Expressions for the First Perturbation
Here, we will scrub down our theoretical formulations and find analytical expressions for the first
perturbation from equilibrium. To begin, the generalized velocity distribution will be expressed as
F = F% + F!, which is governed by the EOM (294):

F+¢ VF=(F%+¢ VF?) + (I + ¢ - VF!) = A[F?]5¢! (351)

It has been well established and proven that F! = 0 and theoretically K[[FZ]] = 0 (except for the
entropy). In regards to the mass, momentum, and energy evolutions, the terms F! and A[F?]6¢1
are then negligible and will be removed from (351). The reduced EOM is then:

[0+ ¢ VF® +¢. VF' =0 (352)

The objective is to now uncover expressions for F! in terms of the velocity gradient tensor Vv,
and the temperature gradient vector V,T. From (303), it was established that the first perturbation

12 https://doc.comsol.com/5.5/doc/com.comsol.help.cfd/cfd ug_fluidflow_high mach.08.27.html
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is F1 = —7(9,F® + ¢ - VF?), so that the total distribution is by definition:
F=F° — 7(9,F° + ¢, V,F?) (353)
The derivatives 9;F® and V,F® will be expanded through identifying the zeroth order functional:
F(&,x,1) = FO[€, p(x, 1), v(x, 1), T(x, )] (354)
In consequence, the first order perturbation will expand as:

1, OF° OF° OF®
—;F = (Oyp + & Vip) + v (Oyv; + &V vy) + T (0, T+, V,T) (355)

7

. OF%  ©0r° . OF? OF? N © OF°? . OF° OF?
( ) iP (%W— Pa—p% —aﬁ@z) Vv + (%ﬁ— Ra—‘,) VT

(2

4 9p  p Ov,

Utilizing the isentropic evolutions, the advective spacetime evolutions are converted via:

Op+&NVip=q;V,p—pV,v; (356)
v +&Viv; = ¢,Vv; —uV,P (357)
T +&V,T=¢,V,T—c,lOV,v, (358)

As one can observe, the temporal derivatives have once again been transformed into strictly spatial
gradients, as done in ch.4.2. Upon setting F® = 52, the partial derivatives in (355) are:

05 /9p = vi®, %[OV, = B OF°/IT = REPLH® (359)
Where £ = % |g|? — ¢, is the specific Lagrangian and 3 = © L. Feeding (359) into (355) yields:
FL0 = —78(q,4, — % (v = DI4I*d; — Tewd;y)V,v; — 7'5(% |d|* — hy)g;V;InT (360)
For a monatomic perfect gas, meaning ¢, = 3R /2,y = 5/3, and T = 0, then (360) simplifies to:
Fiy = —B(d;d, — $1d1%0:) Vv, — B [d]* —$©)¢;V; In T (361)

Thus being a similar expression found in [15; p.119]. We’ll next define the quantities:
#; = (31d]* — hy)g; T (362)
L = 4;4, _%(7 —1)|g[?d;; — Te,dy (363)

So that (360) may be written in the more compact form:
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FLO = —78(L,V,v, + »,V,T) (364)

From a numerical standpoint, we will simply set p' = 0, meaning p = p%, which is governed by:

Op +Vpl&]l = 0p+ V,(pv;) =0 (365)

In contrary, the momentum density velocity distribution expands as p = p® + p!, where the first
perturbation is simply:

p; = —(8V,v),) £ 1D} (366)

The term containing the temperature gradient has been dropped since the heat flux vector does not
appear in the momentum evolution (320). The first two moments over the Lagrange tensor are:

PP [Ls] =0 (367)
f’? [fjﬂkz] = P®<§ijkl - 75ij5kz> (368)
5z'jkl - 75¢j5kl = (6ik5jl + 5u5jk - %5¢j5kl) + (Z5z‘j5kl (369)

In consequence p! = 0 as expected. The stress tensor will next be expressed as:

)

Where M, ;;, is the viscosity tensor, similar to the elasticity tensor [45; p.300]:
Mz’jkl = Tﬁf’? [fjﬁkl] = N(‘Sz‘jkl - 75¢j5kl) = M(5ik5jz + 5115;%) + §5ij5kl (371)
The first order moment of (366) is next computed as:
f)i-l [fj] = _(TBVZVQ@Q [gj'ckl] = _Mijklvlvk = =0y (372)
The Navier-Stokes momentum equation is then recovered from (352):
b7 + Vip[&)] = 9(pv;) + Vi(pvyv + Pdy — 0y) =0 (373)

We’ll next discuss the computation of both the velocity gradient tensor and the temperature
gradient vector found in (364), where each may be treated in the same manner. If one were to
compute these quantities, then a nonlocal approach will work best. We’ll consider y to be the
center position within a one-dimensional lattice and A, as the step length. A first order Taylor
series expansion of the function T () is then:

T(x +As) = TO0) + AT (x) + O(A2) (374)

It may be concluded that a first order finite difference scheme approximates the gradient:
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T _Tx+2) =T
ox A

(375)

«

Summing over all possible steps V o = 1,2, ..., n then provides a more accurate description:

T 1T+ A,) =T (376)

ax Ao

n

o=
The exact definition of the derivative is recovered in the limit as the step size approaches zero:

OT _1¢~ . T+ A) =T
— = lim
OX  ME= =0 A

(377)

(e

Each finite difference §, T = T(x + A,) — T(x) is weighted proportional to A,' when n is finite.
If we define the weight as k, = (n\,) ", then (376) may be written in the more compact form:

oT L
— & T
By ag_l k0, (378)

Please see Figure 35 (left) showing the absolute value of the weights as a function of the distance
from x; which refers to A = 0. As one can observe, finite differences located nearer to y are
weighted more heavily in comparison to the ones located farther away since:

lim |k | =0 lim |k |=0 379
Jim [k, =co,  lm k] (379)
1, .. .-d 1
0.9} (1 S T
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Figure 35 Finite difference weights (left) and gradient approximation at discontinuity (right)

To the right within Figure 35 is a numerical approximation of the gradient, using (376), of a
function containing a jump discontinuity. As a result, the proposed methodology shows to be
successful in capturing the derivative through using a simple nonlocal approach. Figure 36
provides additional examples where the analytical solutions are in red. It will be noted that J(,
refers to the 10™ order probabilist’s Hermite polynomial. Additionally, for nodes located within
the vicinity of a boundary, a reflective scheme is utilized. In other words, when there is a loss of
connectivity, the lattice derivative is not set to zero but to the value of the opposing side.
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Figure 36 Gradient approximations of smooth analytical functions

In conclusion, analytical expressions for the first perturbation have been obtained. If desired, the

same methodology can be applied to uncover E! and S Additionally, a reliable method has been
established to numerically compute the gradients. However, this methodology will not be used
within the QVFEM, where the stress and heat flux will be treated at the mesoscopic level.

4.4 Finite Element Formulation

We will herein provide a finite element formulation of Leo’s EOM (352). To begin, we’ll denote
an observable by ¥ whose variational form is ¥* = ¥ + 70, 3. The isentropic temporal derivative
of the distribution may now be found through the following variational operation:

o,F = (0F*/01)|,_o = VF (380)
Where from here on out, F = F?. Denoting § = 1 — v7, Leo’s EOM will be expressed as:
F+&V,(0F) = 4 V,(rV,F) (381)

If we set the “drift” velocity to p; = 0§; and denote the diffusion tensoras D, ; = £,&,7, then Leo’s
EOM will take the form of the Fokker-Planck equation:

I+ V,(uF) =V,(D;V,F) (382)

Which is then directly connected to the N-S momentum equation through replacing F with p. If
we hold v and 7 constant, the dispersion relation is computed as:

w= (0 —iTwy, )w., (383)

Where the freestream version is recovered when 7 = 0, i.e. w_, = k - €, and the group velocity is:

Ow/0k = (§ — 2iTw__ )€ (384)

The associated complex propagating wave function (introduced in ch.3.9) will now take the form:
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V(k,x,t) = explik - (x — 6&t) — 7(k - €)t] (385)
= Yoo exp[—i(w — wy, 1]

Where the freestream version is ¢, = exp[ik - (x — &t)]. One can observe that two additional
contributions have been added; one which directly modifies the advection velocity &, as found in
exp(ivTw_ t), and the other is exp(—Tw? t), which directly affects the amplitude of the wave.
This analysis gives us hints towards the solution structure. Again, holding v and 7 constant, the
solution will next be decomposed as F(x,t) = G[p ' (x,t)]Q(¢), where the inverse mapping is
redefined as 1 (x,t) = x — §€t. Leo’s EOM (381) will then simplify to:

B+ 06, V,F — €6V, V/F = GQ+ QGH+HV,G) —764(V,V,G)Q=0  (386)
We’ll next divide by F' = GQ and utilize the solution (385) to uncover the eigen-relations:

1dQ Tf ¢ 0°G
Q dt G Og;tert

= —r(k,g;)? (387)

The general solution over the element can then be expressed as a real Fourier series:

0

F(x,t) = A, + Z Z (A, ,cos®, 5 +B,s sin®, 5 )exp(—Q,5. 1) (388)
a=1 =1 v=1
B, =T (2 — ut) + 25 (y — st) + 7 (2 — dut) (389)
T — ou — v z— 0w

o g b Y c

O (onru n /Bﬁv+'y7rw>2 (390)
=T
By a b c

The rank three tensors A 5, and B, 5. store the Fourier or normalizing coefficients, the velocity

vector is denoted & = (u, v, w), and the constants I = (a, b, ¢) are the length, width, and height of
the reference element. If the grid is uniform, then I = (8x, 3y, 8z). To compute the coefficients,
which represent the amplitude of each wave function, we must integrate over the element. In order
to perform a proper integration over an arbitrary shaped element sampled from a nonuniform grid,
a coordinate transformation must be applied where the set of points x are mapped into a uniform
y. In consequence, the governing EOM (381) will now take the following form:

oF | 9% O2F
ot (55” >8yb géb(?ya(‘?yb (391)

Where £ = A -§ and A = (Jy/0x)|, ., see ch.3.4. The solution to (391) is simply (388)

mapped into y, i.e. F(y,t) = F[x(y), t]. This type of solution, regardless of the grid geometry,
requires special care. The construction procedure is as follows. We’ll begin with the initial
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condition prescribed by the polynomial interpolation (147):
[[x(y)] = ¢; + (€27 + ¢3y + ¢,y7y + €52 + €52 + ¢ry2z + ¢8xyz)|x%y (392)

Where the interpolation coefficients ¢, are yet to be determined. We will next enforce:

3l
[ [ i), 0~ Tix(y))w dy, =0 (393)

Where U represents 1, cos 4., and sin @, 5. . Since (388) is not a standard Fourier series [19;
ch.7.3], the orthogonal properties of the cosine and sine functions cannot be typically utilized to
obtain explicit expressions for Ay, A4, and B 5, . Instead, a matrix may be assembled using

(393) then inverted to compute the wave amplitudes. We will next require that the variation at the
nodal points be zero meaning F[x(y,),0] = f,, where f is the vector of nodal distribution values.
Therefore, the interpolation coefficients will be computed directly from (388) at ¢ = 0, after
obtaining the Fourier coefficients, which are dependent upon c,.

2.2
2
1.8
1.6
1.4
1.2

1

0

1 OO0

Figure 37 Fourier series interpolation over a 1D element

An analytical solution in 1D is shown in Figure 38, which can be compared with the first order
solution shown in Figure 13. The linear solutions are next provided as:

F(z,y,2,t) = ¢; + ¢y(x — dut) + ¢5(y — dvt) + ¢, (2 — dwt) (394)
However, the linearized form causes all terms within the Hessian V,V, F to vanish therefore (394)
does not resemble the full essence of Leo’s EOM. This is an elegant result however because the

modified motion (x,,t) = x, + 0&t was once predicted by Newton [1; Book II], who said:

If a body is resisted in the ratio of its velocity, the motion lost by resistance is as the space
gone over in its motion.

The finite element formulation of (381) is next given as:

/, /6 / (6 + 1ty )+ Dty ) ot = / [ voydear @on)

(1)
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Which is analogous to the freestream version (160) and once again v and 7 have been held fixed.
To note, integration by parts has been applied to ¢; ,,¢; where the boundary terms were neglected.
This process is directly related through defining F* = f,1), + €,¢,, then finding the first order
variation in the scalar quantity shown below:

OF* OF*
d F) = [ bt ads, (396)

1 d
PR (oo

e=0

For a comparison to the LBE, the linear one-dimensional solution is provided as:
F(z,t) = f, + 0f/dx)(x — 6¢t) (397)
For a uniform grid, meaning dx = £8t, the updated nodal value is:
fs=0—vr)f, +vrf, (398)

One can now compare this solution to the LBE (68). One major difference is that in this framework,
a multistage algorithm must be utilized, where the first order evolution must first be computed.
Once v is known, the second order evolution may next be approximated.

Figure 38 Second order spacetime solution over a phasetime element
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4.5 Testing the Theory

To begin, let us first state the equations of motion to be numerically solved:

0p+&Vip=0 (399)
p; +&ViD; = &V [T(v(D:) + & ViD;)] (400)
OE + fzsz = flvl[T(V(E> + gzvzﬁﬂ (401)

Where v(p,;) = 0;p; and v(E) = 8HE. Upon integrating over the velocity space, we obtain the
following set of Navier-Stokes-Fourier equations:

dp+ V,(pv;) =0 (402)
A(pv;) + Vi (pv,v, + Poy) = Vi [i(V,v; + Viv,) + 6V v, 0] (403)
d(pe) + V,[(pe + P)v,] = V,[u(V,;v; + V v,)v; + (Vv ) v, + &V, T] (404)

Where = P7, ¢ =n—2p, n=pu(2—~), and k = cpp. Therefore, the Prandtl number in this

model is unity. For an adjustable Prandtl number, the derived theoretical model is:
OB +6V.E =6V, [r(v(E) + §V.E) + ET(v(S) +£V,5)] (405)

Since the additional contribution is in terms of the entropy distribution, solutions to the EOM (405)
become more difficult to obtain. We could consider solving the entropy evolution:

05+ & VS = VI (v(S) + §V,9)] + 7 (406)
However, we will need to uncover an expression for the rate of entropy production in distribution
form. Also keep in mind, we would now need to solve for the temperature in terms of the entropy.

We’ll next return to (400) and (401), and investigate further the coefficients 1 and ~. Well, the
coefficient of dilatational viscosity may be expressed as:

vn = (a2 —o?)T (407)

Where the speed of sound (squared) is o® = 7O therefore o2 = %@. So if o = @, then n = 0. In
order to fit experimental data, let us hypothetically modify the first order pressure evolution (301):

P = —v,V,P — eyPV,v, (408)

As aresult, Tracey’s number becomes ¥ = g — ey. We’ll next identify an entropy quantity, which
will be referred to as Cooper’s entropy density: C = —(e — 1)yRp, so that (408) becomes:
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d,P = —(4P — CT)V,v,dt (409)

The minimum value of this new quantity is C;, = C(e = 1) = 0 therefore ¥ ;, = >— ~. Future
investigation is required to validate this theory and determine how to modify (400).
1.5
| ¢ 1
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Figure 39 Cooper’s entropy density for a diatomic perfect gas (y = 7/5)

Let us next revisit (272) in regards to a stationary perfect gas with uniform density:

¢=—vV-q > T=V-(aVT) (410)

Where o = v /c, and @ = —kVT. If kK = cpu, then @ = 07 and the heat flux vector may be
expressed as:

vq = —aVe (411)

We’ll next consider the case when x = cpu(1 + 7). Therefore, a = b?7, where b? = (1 + 7)c?.
The additional contribution could possibly be associated to the second sound wave [66,67]. The
speed of second sound is then denoted b. Again, this is only speculation.

Now that we’ve discussed some future avenues of work, we will return to testing (399-401). To
do so, we must uncover expressions for the operator v = 0;. Referring back to (380), the isentropic
temporal derivative will be expanded in a similar fashion to (355):

QI_F_B_F8ﬂp+8F O,  OFHT _

_Zar _F 412
o op ot ov, ot ar o (412)

Where a simple forward difference scheme will be used to approximate the virtual changes:

1 oF . oF OF
va (a_p bup -+ gy devi ﬁm) (413)

Using the derivative relations (359), 0;p is found as:

611@‘ 5np . 6]1Vl 2 5]11),\ 114
P — — + 1] — + E/i L—— : 1
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The derivative relations for the total energy density distribution are next provided in the form:

0B o OE OF )
5 =B 5, =iB G (RFLioE R (415)
Where & = 1 |€]* + € and ¢, = 02/JT, therefore, 9, E expands as:

8ﬂlnE_ ) 8 ) 1 OT

(416)

Even though we will not include the entropy evolution into our simulation, the derivatives with
respect to the observables, will be provided for future reference (0 = £ + T’s):

~

88 0S

— — = 7. — -1)Q
5, =1 —09 13, 5y = Bii(1—601)3 (417)
9 _ pas (1-00 18 +5,0§ (418)
T v

The exact same Sod setup will be used from ch.3.9. However, the simulation will be ran for a
longer time duration to allow for the nonequilibrium effects to be observed. The modified
algorithm can be found in Table 5. In one spatial dimension, for argon, the mass and energy
distributions are respectively:

p = p¢ ' exp(—3564¢°) (419)
=G +0)p (420)

Where ( = (270)V2, g =¢ —u, £ =1(¢* —0),& =1£2 + ©,and ¢, = R. Since the motion is
given by ¢ (x,t) = z — (1 —vT)E&, the velocity is in actuality dependent upon position. To
satisfy the CFL requirement, the factor of safety was set to o = 0.5. The end result of the

simulation is shown in Figure 40 at ¢ ~ 5.6438 ms. The first and second order solutions are
compared in Figures 41 and 42.
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Xijk = <xi7yjazk>

generate spatial finite element mesh grid

"%, = phase matrix (connectivity)

establish the connectivity matrix ¥ (£%,x; )

Po> Vs g input initial conditions

fort=1:n, begin time marching

c = -~ see (229) compute the characteristic speed

£¢ =cz” obtain finite set of quantized velocities

8t = oc™ ! min(|dz], |dy|, [92])

compute time step to satisfy (87)
apply factor of safety 0 < o < 1

A =2mH/c overall wavelength

dx = A/m wavelength step size

x? = 785 associated quantized virtual displacements
Ui (x,t) initialize moment generating wave functions

Q = (cm) 3¢ and Q! = 39

transformation matrix and inverse

F(x,t) = Q- ¥(x,t)

extract the discrete “masses”

Fo(x,t) = f*- g%~ (x,1)]

apply solution over each phasetime element and extract
the temporally advanced distribution values located at
F* = F*(x + 8x“, ¢ + 8t) using the phase matrix

v =Q! F update moment generating wave functions
, , extract the temporally advanced system quantities from
¥ =0 (x=0) . )
the moment generating wave functions
0,2 /0t ~ 5, % /8t compute isentropic changes then reset the observables
T=pP?! initialize the dissipation time
F(x,t) = - see (388) apply the second order solution
v =Q! F update moment generating wave functions
p , extract the temporally advanced system quantities from
¥ =V (x=0) : )
the moment generating wave functions
Pbs Vis € apply boundary conditions at the boundaries of analysis
end end time marching

P(X, oinar)s V(X trpa)s €(X, tﬁnal)

export results and plot

Table S QVFEM modified algorithm
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Chapter 5 — Conclusions & Future Directions
Within this work, the following was accomplished:

e Development of a new quantization procedure ab initio which maintains the structure of
the Gaussian and allows for an unlimited number of sample points

e Derived Leo’s equation of motion, which when integrated over the velocity space, directly
recovers the Navier-Stokes-Fourier equations

¢ A new finite element was discovered which was coined the phasetime element

e Opverall, a new finite element method was developed to solve the Euler and Navier-Stokes-
Fourier equations

The foundations of the QVFEM have now been laid. Future work will be invested in high-
performance computing on two- and three-dimensional test cases. This is a key step for future
development. Based on the results in ch.3.9 and ch.4.5, the proposed methodology shows much
promise. As of now, boundary conditions are restricted to the Dirichlet type, which have yet to be
verified. The implementation of other boundary constraints, e.g. Neumann conditions, is left for
future work. Computational grids must be structured but allow for a nonuniform layout. Therefore,
one cannot triangulate a mesh; which is one slight disadvantage.

Due to the complexity of the NSF equations, I believe with more testing, we can show that the
QVFEM is the approach to be adopted for numerical simulations of flowfields. We have now given
the LBM a proper continuum treatment, where Leo’s EOM directly represents the governing
evolution equations. I hope this work begins a new paradigm shift in CFD, where computational
solutions will be more accessible, accurate, and reliable. Future avenues of exploration may entail:

e Extend the framework to incorporate a chemically reacting gas mixture
e Account for gas-surface interactions [69; ch.4]

e Extensions for plasma physics
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Appendix

Within ch.2.3, it was briefly mentioned that the LB algorithm does not align with the Chapman-
Enskog perturbation analysis, therefore, does not directly represent approximate solutions to the
Navier-Stokes equations. The details will be provided herein.

Chapman-Enskog Methodology

To begin, we’ll recall the generalized Boltzmann equation (29), whose two-body form, in the
absence of both external and internal forces, is provided as:

83'1 . 83'1 2 . >

-1+ q 7 +7J 0§ dQ. =0 421
ot et | 155 a2, (421)
Where the details of the molecular interactions are taken from ch.2.2. Since dQlsz = dX,dX,
and g, = x,, then dQ2 =dX ,. For ease of notation, we’ll reassign the coordinate variables to
X, = X, X, =Y, and g, = 1. Additionally, we’ll set §;, = F. To satisfy Boltzmann’s H-theorem
[15; ch.4], the variation (34) must be slightly modified, such that:

0§ = —(F'G’ — FG) (422)
As aresult, (421) will take the more usual form [15; ch.7] for the hard-sphere case:

OF . 8F_ 2 . ol 1
oty =@ Rs\n\(FG FG)dY (423)

We’ll next recall the derived mean-free path length from ch.2.2, i.e. ¢, = m(\/§7r®2 p)~*. Upon
defining a volumetric quantity V = m(x/ﬁ p)*
length ¢, one obtains:

= w@?{, and multiplying (423) by a characteristic

R (8—F+ X, 8—F> = A [ |9|(F'G’ —FG)dyY (424)
8t 8X,L- R3

Where & = /£, /{ is the Knudsen number and V = 4/ therefore A = 7K. The compact form of
(424) can then be written as R(dF/dt) = J[F, G]. From here, we will expand the distribution and
the partial time derivative according to Chapman and Enskog [15; ch.7]:

F =F? + RF! + O(8?) (425)

F = 0,F + R0,F + O(R?) (426)

For ease of notation, the partial time derivatives have been written as O)F = O)F /ot V 1 = 1,2.
As mentioned in ch.4.2, these derivatives do not indicate different time scales but varying levels

of description regarding transport processes. In contrary to typical perturbation methods [19;
ch.14], which are used to approximate solutions to differential equations, this unique methodology
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is used to derive higher order evolution equations, which involve the production of entropy. For
example, the first order evolutions of the velocity and internal energy fields are provided in (299)
and (300) respectively, while the second order evolutions are:

pOyv; = V0, (427)

In regards to the entropy, the first order evolution can be found in (302), while the second order
evolution can be expressed as d,e = Td,s. One may now construct the total evolutions from the
expansion 0 = J; + 0,. In consequence, 0z = 0,c + Td,s. We’ll now feed (425) and (426), in
addition to G = G® + RG!, into (424), then separate the terms according to the Knudsen number:

O(RY): J[E° =0 (429)
O(]Y): 8,F® + %, V,F® = J[§"] (430)
O(R2): 8,F® + 9,F! + %,V,F! = J[3?] (431)

To explain the collision terms, since § = F'G, then the total distribution expands as:
5 =3"+ /" + R°F° (432)
= F°G? + &(F1G? + FOG!) + R2FIG!
It is easy to observe that F° = FOG?, 3% = F1G!, and F' expands as:
§' = FIGO + FOG! = §O(FL0 4 GLO) = §OFLO (433)

Where F1.0 = F1/F? and G1? = G!/G? so that §? = F'/F®. Referring back to the master
relation (282), it will be recognized that we’ve here set A[F] = J[F, G|dt. We’ll next feed (433)
into (430), while utilizing (303), to obtain:

1 .
——F'=A [ |n|(F + G —FL0 — GY)F0dY (434)
-

R3

It will be reminded that the solution to (429) yields the relation F% = F’. The BGK operator was
developed after the publication of [15], however, Chapman and Enskog used a similar formulation
to determine an expression for F; see (364): F1% = —78.£,,(V,v,). For the sake of simplicity,
we’ve neglected the temperature gradient and the Lagrange tensor is taken from (361):

Ly = dev(q;4;) = ¢;4, — é “i|25u (435)

However, the function 7 now has dependence upon x. Upon defining the individual perturbations
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as F1.0 = —3(V,v,) 7, M,;, and G'® = —3(V,v,)7,N,,, then feeding into (434), we obtain the
constraint equation used by Chapman and Enskog [15; ch.7]:

M F® = A [ |9](nM;; + 7Ny — 7 M — N7 )F° dY (436)

?
R3

The NS viscous stress tensor will next be expressed in the following form:

oy = — / 4:0,F1 dO = B(V,v,) / rdid; dev(dpdy) T dQ (437)
R3 3

R

1 .
— gﬁdeV(A¢j> / 7 dev(q,q,) dev(q,q,) F® dQ

RS

Where the integral theorem found within [15; ch.1] has been implemented, A, ; = % (Vivj +V jvi)
is the symmetric part of the velocity gradient tensor, and dev(A;;) = A;; — %Akkdij. Since the
molecules only possess translational degrees of freedom, the coefficient of dilatational viscosity is
zero. The NS viscous stress tensor may then be expressed as o,;; = 2 dev(A, j). Through utilizing

(437), the coefficient of shearing viscosity may now be identified as:
1 .. .. 0 >
p=18 | Tdevigpd) dev(deg) F* dQ (438)
R3

The final step is to expand 7 into a series, plug into (436), then solve for the coefficients. Upon
multiplying (436) by Mijqﬁadx , then integrating, one obtains the governing constraint equation:

MijMij¢aF© dxX = A /R3 M, 04 /Rg|h|<TlMij + 7N — M, — Tlegj){S’@ dYdx (439)

R3

The remaining process is far beyond the scope of our purpose here, which is to show the overall
Chapman-Enskog methodology. A similar procedure can be performed for the coefficient of
thermal conductivity in addition to mass diffusion coefficients involving a gas mixture. On a final
note, we’ll briefly discuss the Boltzmann H-theorem. To do so, we must first identify the following
symmetry properties of the collision integral [14; ch.4]:

/ / B3935 ddX — / O3 7155 didic (440)
R3 R3 R3 R3

_ / W 7)8F A dX = — / W R[5F dYdX
R3 /R3

R3 /R

If we define the post-collision velocities as X" = %X + (e-f)e and y' =y — (€ - 7)€, where the
vector € is the apse direction, then the momentum balance (41) is automatically satisfied [14; ch.3].
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We next find that dX’dyY’ = dXd{ iff |e| = 1, which would then also satisfy the energy balance
(42). In consequence, we obtain the following identity:

1

GO = [ (060 + 0 - o) —uGIEIAE

The H-quantity will next be defined as H = F In F', where Boltzmann’s H-theorem states:

R )

Since dH = (In F + 1)dF, then upon dividing by d¢ and recalling (423), one obtains:

a—H+>'<Z. oH _ 7?(InF +1) [ |9|(F'G' —FG)dy (443)
ot 0x; R?

Lastly, we’ll multiply by d.X, integrate, and implement the identity (441):

[ (Gr+ag) i =nz? [ [(mrsnmiee —reayir ()
R® ot Ox; R® /R®

- 37@2 /RS /Rg|q'7|(1ng —InF)(F —3F)dYdX <0
Since In(F/F") (§" — F) < 0, the above inequality is satisfied, hence the choice of sign in (422).
Lattice Boltzmann Interpretation

There are two different routes which may be taken. The first will analyze the LBE (68):

(KC/E) (F - Fo) = _(6t/At) (Fo o Mo) (445)

Where the relaxation time has been expressed as 7 = KAt, which is no longer dependent upon &.
In contrary to (69), a second order Taylor series will now be applied to the solution:

F[x(t),t] = F(x,,t,) + dF/dt|, 5t + d°F/dt?|, 5> 4+ O(5t?) (446)

Upon combining the LBE (445) and the expansion (446), one may generally state:

1

— 5 = M) (447)

1
] <dF/dt +§6td2F/dt2> ~

Since dF /dt = F + ¢, V,F, then o’F/dt? = F + 2¢,V,F + £,¢,V,V,F. From here, (425) and
(426) are fed into (447) and the terms are separated according to the Knudsen number. Using this
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ad hoc methodology, the coefficient of kinematic viscosity is interpreted as v = O (At — % dt). The
resulting mathematical structure of the NS viscous stress tensor, varies throughout the literature.
For example, [23] recovers (316) V n = 0, while [7; ch.4] uncovers terms which are cubic in
velocity V n = % 1. Regardless, this procedure is not incorporated within the LB algorithm but is
an interpretation of the LBE. The second route of analysis begins with the EOM (66):

A(F+&-VF)=—-At"'(F-M) (448)
Given ¢, = t,, then a set of nondimensional quantities are identified as: t = t£; 1, x; = x;(£;t,) "
(no summation), and © = TAt/¢. Therefore, (448) may also be expressed in the form:

O(OF /0t + 320 OF/0%;) = —(F — M) (449)

Upon substituting (425) and (426) into (448), one may find expressions for F! V I = 1,2:
F! = —(0,F° + ¢V, FO) At (450)
F?2 = —(0,F% + 9,F' + ¢, V., F1) At (451)

In this more general framework, one finds v = ©At; see for example [31]. One may now construct
the total evolution equation as:

F® 4+ &V,F = J[3] — o F" (452)

Where from (430) and (431), 7[§'] = —F'At"!. Additionally, F = F® + F1, }® = 9,F® + 9,F°,
and J[F] = J[3°] + [ + J[F?]. Upon multiplying by ¢, in reference to (71), then integrating
over the velocity space, we uncover a weak form of Leo’s EOM:

/ (F° + &V, F)¢d= = (453)
R3

Which is in actuality the governing EOM for fluid and gas simulations; in contrary to (66). If one
were to solve (66) over a phasetime element, the exact solution is simply: F = F® + F1, where
F! = F? exp(—t) and F satisfies F® = —¢,V,F®. As one can observe, the first order evolution
is nonexistent; in contrary to the solutions to Leo’s EOM provided in ch.4.4. Therefore, the BGK
solution is not directly related to the stress tensor nor heat flux vector.

Relation to the QVFEM Derivation

The theoretical framework established in ch.4.2 is quite analogous to the Chapman-Enskog
methodology shown here, where the total evolution operator is given by 0 = 0; + 9,. However,
we considered 0, as the total evolution operator and arrived at a similar result. This goes to show
that this perturbation procedure is not mathematically rigorous and should not be assumed to be
naturally built into the Boltzmann equation. At this current point in time, a direct connection to the
NS equations has never been found. To reconcile the two procedures, one could set each evolution
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to O;,F® = —¢.V_F! so that the total evolution is found from F® = 9,F® + 3,F®. Alternatively,
1 iV 1 2 y

we can use the Reynolds transport theorem, such that: F® = —V,g,;, where the flux vector is
defined as g; = {,F.
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