
 
 

The Quantized Velocity Finite Element Method 
 

Charles M. Cook 
 
 

Dissertation submitted to the faculty of the 
Virginia Polytechnic Institute and State University 

in partial fulfillment of the requirements for the degree of 
 

Doctor of Philosophy 
in 

Engineering Mechanics 
 
 
 
 
 

Rakesh K. Kapania 
Justin Kauffman 

Luca Massa 
Mark A. Stremler 

 
 

November 28, 2023 
Blacksburg, Virginia  

 
Keywords: 

Computational Fluid Dynamics 
Finite Element Methods 

Compressible Flow 
Lattice Boltzmann Methods 

 
 

 
 
 
 
 
 
 
 
 
 
 

 
CC BY-NC-SA 
https://creativecommons.org/licenses/by-nc-sa/4.0/  



 

 
 

The Quantized Velocity Finite Element Method 
 

Charles M. Cook 
 

ABSTRACT 
 
 
The Euler and Navier-Stokes-Fourier equations will be directly expressed as distribution 
evolution equations, where a new and proper continuum prescription will be derived. These 
equations of motion will be numerically solved with the development of a new and unique 
finite element formulation. Out of this framework, the 7D phasetime element has been 
born. To provide optimal stability, a new quantization procedure is established based on 
the principles of quantum theory. The entirety of this framework has been coined the 
“quantized velocity finite element method” (QVFEM). The work performed herein lays 
the foundational development of what is hoped to become a new paradigm shift in 
computational fluid dynamics.  
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GENERAL AUDIENCE ABSTRACT 
 
 
To model any of the four fundamental states of matter, for practical engineering 
applications, we must first recognize the complexity of such states. In consequence, a new 
and novel approach is presented on how to numerically simulate the dynamics of a gas 
using both the Euler and Navier-Stokes-Fourier equations of continuum mechanics and 
thermodynamics. In contrast to direct numerical simulation, a statistical mechanical 
prescription will be given where the equations of motion will be quantized using methods 
taken from the study of quantum mechanics. This newly developed discretization of the 
phase space and time, or phasetime, provides optimal stability for compressible flow 
simulations. From the newly proposed framework, the 7D phasetime element has been 
born.  
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Chapter 1 – Prelude 
 
1.1 Background 
 
The core governing field equations, which model the dynamics of fluids and gases, have long been 
established due to the collective work by Newton [1], Euler [2], Navier [3], Stokes [4], and among 
others such as Cauchy, Poisson, and Saint-Venant [5,6]. The famous momentum transport 
equations are known as the Navier-Stokes (NS) equations, which are a viscous extension to the 
inviscid Euler equations. Since their final development in the early-to-mid 1800s, general solutions 
have remained unattainable. In fact, on the date of May 24, 2000 the Clay Mathematics Institute 
of Cambridge, Massachusetts announced seven millennium prize problems; one being the 
incompressible NS equations1.  
 
The act of numerically approximating these sets of equations has become a science in itself, which 
is otherwise known as computational fluid dynamics (CFD). This computational science only 
became viable with the invention of the programmable computer and remains an active area of 
research today. Approximate solutions to any set of field equations, which may describe the 
dynamics and/or behavior of any of the four fundamental states of matter, have and will most likely 
continue to serve as a critical engineering design tool. For example, in structural mechanics, finite 
element analysis has had much success and is the leading methodology used in commercial 
software such as Nastran, Abaqus, and Ansys packages.  
 
1.2 Tensor Notation 
 
Before discussing some of the current research trends in CFD, it will be beneficial to briefly review 
the adopted notation. To represent tensor quantities, index notation will be used throughout. 
Additionally, the Einstein summation convention may replace the summation operator. In general, 
lowercase letters which are bold, e.g. 𝒂, or with one index, e.g. 𝑎ք, will represent a vector or rank 
1 tensor while uppercase letters which are bold, e.g. 𝚨, or with multiple indices, e.g. Aքօ, will 
represent higher order tensors. The inner product between two vectors is then: 
 

𝒂 ⋅ 𝒃 = ∑ 𝑎ք𝑏քք
= 𝑎ք𝑏ք (1)  

 
Which produces a scalar quantity while the outer product, i.e. 𝒂 ⊗ 𝒃 or 𝑎ք𝑏օ, forms a rank 2 tensor. 
The trace operation, represented by tr(𝒂 ⊗ 𝒃), is equal to the inner product. A commonly used 
rank 2 tensor, in this work, is the Kronecker delta tensor defined as: 
 

𝛿քօ = ছ
1  if  𝑖 = 𝑗

0  if  𝑖 ≠ 𝑗
(2) 

 
Higher order versions exist in even ranks. For example, the rank 4 Kronecker delta tensor is: 
 

𝛿քօֆև = 𝛿քօ𝛿ֆև + 𝛿քֆ𝛿օև + 𝛿քև𝛿օֆ (3) 
 

 
1 https://www.claymath.org/millennium/navier-stokes-equation/  
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Chapter 2 – Literature Review 
 
The quantized velocity finite element method (QVFEM) originates from the lattice Boltzmann 
method (LBM) [7,8] whose precursor is the lattice gas cellular automata (LGCA). Therefore, the 
LBM will herein be reviewed. To do so, we must first derive the Boltzmann equation.  
 
2.1 The Generalized Boltzmann Equation  
 
To begin, let us define a system of 𝑛 molecules each with a center of mass assigned to a cartesian 
coordinate 𝐱ք ∀ 𝑖 = 1,2,… , 𝑛 measured from the stationary reference point 𝐱π. The set of all 
positions within the 3D Euclidean space is then 𝐱φ, 𝐱ϵ,… , 𝐱։ whose associated velocities are 
denoted 𝐱̇φ, 𝐱̇ϵ,… , 𝐱̇։. To relate the molecules via their relative positions 𝜹ք, the molecular 
network will be defined from the recursive formula: 𝐱ք = 𝐱ք−φ + 𝜹ք. Upon writing out each term, 
one may express the position of each molecule as a function of the relative positions: 
 

𝐱ք = 𝐱π + ∑ 𝜹ֆ
ք

ֆ=φ
(4)  

 
Since the reference position is arbitrary, then for simplicity, will be set equal to the origin location, 
i.e. 𝐱π = 〈0,0,0〉. Generalized coordinates will next be introduced as 𝒒ք = 𝜹ք so that (4) simplifies 
to 𝐱ք = ∑ 𝒒ֆ

ք

ֆ=φ
. We’ve now created a hierarchy in the sense that 𝐱φ = 𝒒φ, 𝐱ϵ = 𝒒φ + 𝒒ϵ, … , 

 
𝐱։ = 𝒒φ + 𝒒ϵ + ⋯+ 𝒒։ (5) 

 
From which we may now work with the set of generalized coordinates 𝒒φ, 𝒒ϵ,… , 𝒒։ and the 
associated generalized velocities 𝒒φ̇, 𝒒ϵ̇,… , 𝒒։̇. This is known as the Lagrangian formalism. Upon 
defining a Lagrangian, i.e. L ≡ Κ − Π, the equations of motion (EOM) may be directly derived 
from Lagrange’s equations. Their derivation stems from Hamilton’s principle of stationary action; 
formally stated as [9; ch.2]: 

δ𝕊 = ௷ 𝔇L
֏ɞ

֏ȯ

𝕕𝑡 = 0 (6) 

 
Where 𝕊 is Hamilton’s action and 𝔇L is the first order variation in the Lagrangian. The Lagrangian 
will now be defined in the following manner: 
 

L(𝒒φ̇, 𝒒ϵ̇,… , 𝒒։̇, 𝒒φ, 𝒒ϵ,… , 𝒒։, 𝑡) = K(𝒒φ̇, 𝒒ϵ̇,… , 𝒒։̇) − Π(𝒒φ, 𝒒ϵ,… , 𝒒։, 𝑡) (7) 
 
The kinetic energy differential, per molecule, is defined as the rate of momentum projected along 
the path taken, i.e. 𝕕Kք = 𝑚ք𝐱̈ք ⋅ 𝕕𝐱ք (no summation). Upon integrating, the total kinetic energy 
of the system of molecules, is found through summing over each individual: 
 

K = ం 𝑚ք ௷𝐱̈ք ⋅ 𝕕𝐱ք

։

ք=φ

=
1

2
ం 𝑚ք|𝐱̇ք|

ϵ
։

ք=φ

(8) 

 
To define the total potential energy, let us first define the force acting on each molecule [10; p.190]: 
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𝖋ք(𝒒φ, 𝒒ϵ,… , 𝒒։, 𝑡) = 𝐟ք(𝐱ք, 𝑡) + ం 𝐅քօ(|𝐱ք − 𝐱օ|)
։

օ=φ

(9) 

 
Where the term 𝐟ք accounts for forces acting on each molecule from outside the system and the 
second term incorporates intermolecular repulsive/attractive forces between the molecules. The 
total potential energy may now be found in a similar manner to (8): 
 

Π = ం௷ 𝐟ք ⋅ 𝕕𝐱ք

։

ք=φ

+ ం ௷ ం𝐅քօ

։

օ=φ

⋅ 𝕕𝐱ք

։

ք=φ

(10) 

 
Now that the Lagrangian has been established, the equations of motion may be directly derived 
from Lagrange’s equations. However, obtaining solutions for these types of systems (when 𝑛 is 
“large”), becomes a daunting task. The initial conditions are also unknown. If boundary conditions 
exist, then we must incorporate nonholonomic constraints. On another note, the model is not 
necessarily complete. In addition to translational degrees of freedom (DoF), the molecules may 
also rotate and vibrate. One may also want to incorporate the electronic structures. If this is the 
case, quantum theory must be utilized. So in contrary to direct molecular simulation (DMS), we 
are going to take an alternate route. To overcome these difficulties, we’ll turn to the realm of 
probability theory [11; ch.1-4]. To begin, we will switch the formalism to the Hamiltonian one 
through introducing the set of generalized momenta, defined from the Lagrangian: 
 

𝐩φ, 𝐩ϵ,… , 𝐩։ =
𝜕L

𝜕𝒒φ̇

,
𝜕L

𝜕𝒒ϵ̇

, … ,
𝜕L

𝜕𝒒։̇

(11) 

 
The Hamiltonian may now be formally defined from the following Legendre transformation: 
 

H(𝐩φ, 𝐩ϵ,… , 𝐩։, 𝒒φ, 𝒒ϵ, … , 𝒒։, 𝑡) = ం 𝐩ք ⋅ 𝒒ք̇(𝐩φ, 𝐩ϵ,… , 𝐩։)
։

ք=φ

− Ł (12) 

 
Where Ł is the Lagrangian (7) reformed into L(𝐩φ, 𝐩ϵ,… , 𝐩։, 𝒒φ, 𝒒ϵ, … , 𝒒։, 𝑡). It will be noted 
that the equations of motion may now be equivalently derived from Hamilton’s equations: 
 

𝒒ք̇ =
𝜕H

𝜕𝐩ք

, 𝐩̇ք = −
𝜕H

𝜕𝒒ք

(13) 

 
Using this formalism, a generalized probability functional, containing all necessary information to 
describe the system, will be introduced in the form: 
 

𝔉[𝐩φ(𝑡), 𝐩ϵ(𝑡),… , 𝐩։(𝑡), 𝒒φ(𝑡), 𝒒ϵ(𝑡),… , 𝒒։(𝑡), 𝑡] (14) 
 
The idea is to now develop an equation of motion which describes the evolution of 𝔉, from which 
we may extract the evolved bulk quantities through generating moments (or expectations) over the 
phase space Γ. Defining 𝒢(𝐩φ, 𝐩ϵ,… , 𝐩։, 𝒒φ, 𝒒ϵ,… , 𝒒։), this operation will take the form: 
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𝔉⃑[𝒢] = ః௷ 𝒢𝔉
္Վ

𝑑𝒫ք𝑑𝒬ք

։

ք=φ

(15) 

 
The total differential change, with respect to time, is then found through using the chain rule of 
multivariable differential calculus [12; p.117]: 
 

𝕕𝔉

𝕕𝑡
=

𝜕𝔉

𝜕𝑡
+ ం গ

𝜕𝔉

𝜕𝒒ք

⋅
𝜕H

𝜕𝐩ք

−
𝜕𝔉

𝜕𝐩ք

⋅
𝜕H

𝜕𝒒ք

ঘ
։

ք=φ

= 𝔉̇ + {𝔉, H} (16) 

 
Where {𝔉, H} is known as a Poisson bracket [13; p.284]. To enforce continuity, we must require: 
 

𝕕𝔉

𝕕𝑡
+ ం গ

𝜕 ⋅ 𝒒ք̇

𝜕𝒒ք

+
𝜕 ⋅ 𝐩̇ք

𝜕𝐩ք

ঘ𝔉
։

ք=φ

= 0 (17) 

 
Well, under the Hamiltonian formalism, it can easily be shown that: 
 

ం গ
𝜕 ⋅ 𝒒ք̇

𝜕𝒒ք

+
𝜕 ⋅ 𝐩̇ք

𝜕𝐩ք

ঘ 𝔉
։

ք=φ

= ంঝ
𝜕

𝜕𝒒ք

⋅ গ
𝜕H

𝜕𝐩ք

ঘ −
𝜕

𝜕𝐩ք

⋅ গ
𝜕H

𝜕𝒒ք

ঘঞ𝔉
։

ք=φ

= 0 (18) 

 
As a result, 𝔉̇ = −{𝔉,H}, which is otherwise known as Liouville’s equation [14; ch.1]. To 
uncover the Boltzmann equation, (17) will first be written in the form: 
 

𝜕𝔉

𝜕𝑡
+ 𝒒φ̇ ⋅

𝜕𝔉

𝜕𝒒φ

+ 𝐩̇φ ⋅
𝜕𝔉

𝜕𝐩φ

+ ం{𝔉, H}ք

։

ք=ϵ

= 0 (19) 

 
We must now recognize the total functional 𝔉 as a joint probability density [11; p.144] or joint 
PDF. The 1st marginal PDF [11; p.145] is then found through integrating over all generalized 
positions and momenta assigned within the range 𝑖 = 2,3,… , 𝑛: 
 

𝔉φ = 𝔉(𝐩φ, 𝒒φ, 𝑡) = ః௷ 𝔉
္Վ

𝑑𝒫ք𝑑𝒬ք

։

ք=ϵ

(20) 

 
Thus obtaining the so-called “single particle” probability density. Before performing the same 
integration over (19), the generalized velocities 𝒒ք̇ will be solved for in terms of the generalized 
momenta 𝐩ք through utilizing (11). It is found that 𝑚φ𝒒φ̇ = 𝐩φ − 𝐩ϵ for any integer value of 𝑛 ≥

2. Similarly, the generalized forces 𝐩̇ք can be obtained as functions of the generalized coordinates 
𝒒ք and time 𝑡 through utilizing (13). Upon defining Π = 𝜋φ(𝒒φ, 𝑡) + 𝜋։(𝒒φ, 𝒒ϵ, … , 𝒒։, 𝑡), we find: 
 

𝐩̇φ = −
𝜕𝜋φ

𝜕𝒒φ

−
𝜕𝜋։

𝜕𝒒φ

(21) 

 
Where 𝜋φ is associated with the external force acting on molecule #1. Upon substituting 𝒒φ̇(𝐩φ, 𝐩ϵ) 
and 𝐩̇φ(𝒒φ, 𝒒ϵ,… , 𝒒։, 𝑡) into (19), one finds: 
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𝜕𝔉

𝜕𝑡
+

𝐩φ

𝑚φ

⋅
𝜕𝔉

𝜕𝒒φ

−
𝜕𝜋φ

𝜕𝒒φ

⋅
𝜕𝔉

𝜕𝐩φ

=
𝐩ϵ

𝑚φ

⋅
𝜕𝔉

𝜕𝒒φ

+
𝜕𝜋։

𝜕𝒒φ

⋅
𝜕𝔉

𝜕𝐩φ

− ం{𝔉,H}ֆ

։

ֆ=ϵ

(22) 

 
The next step is to perform the same integration as in (20) thus unveiling the generalized 
Boltzmann equation [14; ch.2] (under the Hamiltonian formalism): 
 

𝜕𝔉φ

𝜕𝑡
+

𝐩φ

𝑚φ

⋅
𝜕𝔉φ

𝜕𝒒φ

−
𝜕𝜋φ

𝜕𝒒φ

⋅
𝜕𝔉φ

𝜕𝐩φ

+ 𝒥 = 0 (23) 

 

𝒥 = ః ௷ ঳ం গ𝒒ֆ̇ ⋅
𝜕𝔉

𝜕𝒒ֆ

+ 𝐩̇ֆ ⋅
𝜕𝔉

𝜕𝐩ֆ

ঘ
։

ֆ=ϵ

−
𝐩ϵ

𝑚φ

⋅
𝜕𝔉

𝜕𝒒φ

−
𝜕𝜋։

𝜕𝒒φ

⋅
𝜕𝔉

𝜕𝐩φ

঴
္Վ

𝑑𝒫ք𝑑𝒬ք

։

ք=ϵ

(24) 

 
Where 𝒥 is the generalized interaction integral. An equivalent formulation may be found using the 
Lagrangian formalism. Before performing the transformation, it will be more convenient to first 
reorganize the generalized coordinates in the following way: 
 

𝑞φ, 𝑞ϵ, 𝑞ϯ
঻

ȯۮ

, 𝑞Κ, 𝑞Θ, 𝑞ϩ
঻

ɞۮ

, … , 𝑞ϯ։−ϵ, 𝑞ϯ։−φ, 𝑞ϯ։
৳৴৴৵৴৴৶

Փۮ

(25) 

 
Referring back to (17), the terms containing the set of generalized forces 𝐩̇φ, 𝐩̇ϵ,… , 𝐩̇։ will now 
expand through identifying the dependence 𝐩ք(𝒒φ̇, 𝒒ϵ̇,… , 𝒒։̇) per generalized momenta: 
 

−ం
𝜕𝔉

𝜕𝐩ք

⋅
𝜕H

𝜕𝒒ք

։

ք=φ

= ం ṗք

𝜕𝔉

𝜕pք

ϯ։

ք=φ

= ం ం
𝜕𝔉

𝜕pք

𝜕pք

𝜕𝑞օ̇

𝑞օ̈

ϯ։

օ=φ

ϯ։

ք=φ

= ం 𝒒ք̈ ⋅
𝜕𝔉

𝜕𝒒ք̇

։

ք=φ

(26) 

 
In consequence, the Liouville equation may equivalently be represented in the form: 
 

𝜕𝔉

𝜕𝑡
+ 𝒒φ̇ ⋅

𝜕𝔉

𝜕𝒒φ

+ 𝒒φ̈ ⋅
𝜕𝔉

𝜕𝒒φ̇

+ ం গ𝒒ք̇ ⋅
𝜕𝔉

𝜕𝒒ք

+ 𝒒ք̈ ⋅
𝜕𝔉

𝜕𝒒ք̇

ঘ
։

ք=ϵ

= 0 (27) 

 
Using Lagrange’s equations, the generalized accelerations 𝒒ք̈ may be solved for as functions of the 
generalized coordinates 𝒒ք and time 𝑡. For any integer 𝑛 ≥ 2, one obtains the EOM: 
 

𝑚φ𝒒φ̈ =
𝜕Π

𝜕𝒒ϵ

−
𝜕Π

𝜕𝒒φ

(28) 

 
Upon feeding this result into (27) and integrating, we yet again uncover the generalized Boltzmann 
equation, however now, under the Lagrangian formalism: 
 

𝜕𝔉φ

𝜕𝑡
+ 𝒒φ̇ ⋅

𝜕𝔉φ

𝜕𝒒φ

−
1

𝑚φ

𝜕𝜋φ

𝜕𝒒φ

⋅
𝜕𝔉φ

𝜕𝒒φ̇

+ 𝒥 = 0 (29) 

 

𝒥 = ః௷ ঳ం গ𝒒ֆ̇ ⋅
𝜕𝔉

𝜕𝒒ֆ

+ 𝒒ֆ̈ ⋅
𝜕𝔉

𝜕𝒒ֆ̇

ঘ
։

ֆ=ϵ

+
1

𝑚φ

গ
𝜕𝜋։

𝜕𝒒ϵ

−
𝜕𝜋։

𝜕𝒒φ

ঘ ⋅
𝜕𝔉

𝜕𝒒φ̇

঴
္Վ

𝑑𝒬̇
ք
𝑑𝒬

ք

։

ք=ϵ

(30) 
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We have now concluded our introduction to the Boltzmann equation. On a final note, if 𝔉 depends 
on time implicitly, then the analytical solution to {𝔉,H} = 0, is given by [15; p.376]: 
 

𝔉(𝐩φ, 𝐩ϵ,… , 𝐩։, 𝒒φ, 𝒒ϵ,… , 𝒒։) = 𝜁−φ exp[−𝛽Η(𝐩φ, 𝐩ϵ,… , 𝐩։, 𝒒φ, 𝒒ϵ,… , 𝒒։)] (31) 
 
Where 𝛽 is coined “thermodynamic beta” which nondimensionalizes the Hamiltonian and 𝜁 is the 
partition function: 

𝜁 = ః௷ exp(−𝛽Η)
္Վ

𝑑𝒫ք𝑑𝒬ք

։

ք=φ

(32) 

 
Therefore, 1 𝜁⁄  acts as the normalizing coefficient.  
 
2.2 Introduction to the Boltzmann Collision Integral  
 
Various forms of the interaction integral, found within (24) and (30), have been used to predict 
transport coefficients associated to phenomena such as mass diffusion, viscosity, and thermal 
conductivity. These predictions were originally formulated by Chapman and Enskog [15] in the 
early 1900s. This is not the primary focus of this dissertation, however, their methodology will 
newly be incorporated into both deriving and solving the Navier-Stokes-Fourier (NSF) equations. 
To gain a larger perspective on the theory of the Boltzmann equation, a brief introduction to the 
collision integral will be given.  

 
 

Figure 1 Two-body system 
 
We’ll estimate the coefficient of shearing viscosity of an argon gas assuming collisional events are 
perfectly elastic [10; p.211]. Two-body collisions will be assumed to be dominant within a constant 
potential energy field; see Figure 1. The interaction integral (30) will now take the following 
collisional form: 

𝒥 = ௷ 𝒒ϵ̇ ⋅
𝜕𝔉

𝜕𝒒ϵ္ɞ

𝑑𝒬̇
ϵ
𝑑𝒬

ϵ
= ௷ ௷ (𝒒ϵ̇ ⋅ 𝐞ϵ)δ𝔉

ℝɘ𝒜

𝑑𝒬̇
ϵ
𝑑A (33) 

𝐱φ = 𝒒φ 𝐱ϵ = 𝒒φ + 𝒒ϵ

𝒒ϵMolecule #1

Molecule #2

CoM #1

CoM #2

𝐱π = 〈0,0,0〉
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Where the basis vector is defined as 𝐞ϵ = 𝒒ϵ̇ |𝒒ϵ̇|⁄  therefore 𝒒ϵ̇ ⋅ 𝐞ϵ = |𝒒ϵ̇|. The molecular chaos 
hypothesis, a.k.a. the stosszahlansatz [14; p.22], will next be adopted and applied, such that: 
 

δ𝔉 = 𝔉(𝐱̇φ
஥ , 𝐱̇ϵ

஥ ) − 𝔉(𝐱̇φ, 𝐱̇ϵ) = 𝔉஥ − 𝔉 (34) 
 
Where 𝐱̇φ

஥  and 𝐱̇ϵ
஥  are the post-collisional velocity vectors of molecules “1” and “2” respectively. 

The generalized Boltzmann equation (29) will now take on a less general form: 
 

௷ ௷ |𝒒ϵ̇|δ𝔉
ℝɘ𝒜

𝑑𝒬̇
ϵ
𝑑A = 0 (35) 

 
It will be noted that if we multiply (35) by 𝑑𝒬̇

φ
 and integrate once more, then a change of variables 

may be performed such that 𝑑𝒬̇
φ
𝑑𝒬̇

ϵ
= 𝑑𝒳̇φ𝑑𝒳̇ϵ, where the Jacobian of the transformation is 

unity. The system as a whole is assumed to be in a state of equilibrium therefore the stationary 
solution (31) is then valid. Upon making 𝛽 specific through absorbing 𝑚, the normalized solution 
is: 

𝔉(𝐱̇φ, 𝐱̇ϵ) =
1

(2𝜋𝛽−φ)ϯ
expঁ−

1

2
𝛽|𝐱̇φ|

ϵংexp ঁ−
1

2
𝛽|𝐱̇ϵ|

ϵং (36) 

 
When 𝔉 is expressed in terms of the molecular velocities 𝐱̇φ and 𝐱̇ϵ, the distribution is isotropic 
and separatable such that 𝔉(𝐱̇φ, 𝐱̇ϵ) = 𝔉(𝐱̇φ)𝔉(𝐱̇ϵ). However, when 𝐱̇φ = 𝒒φ̇ and 𝐱̇ϵ = 𝒒φ̇ + 𝒒ϵ̇, 
meaning 𝔉 is expressed in terms of the generalized velocities, the distribution becomes anisotropic, 
as shown in Figure 2. In this case, the distribution is not separatable since 𝔉(𝒒φ̇, 𝒒ϵ̇) ≠ 𝔉(𝒒φ̇)𝔉(𝒒ϵ̇) 
because there exists a correlation between the velocities of the two molecules.  
 

  
 

Figure 2 Contour plots of 𝔉(ẋφ, ẋϵ) (left) and 𝔉(𝑞φ̇, 𝑞ϵ̇) (right) 
 
The provided derivation of (35) is ad hoc and not necessarily mathematically rigorous. A more 
formal derivation can be performed through using a balance principle [16; ch.11], stated as: 
 

𝔉஥𝑑V஥ − 𝔉𝑑V = 0 (37) 
 
The objective is to now relate the pre- and post-collision differential volumes based on the 
geometry of the molecular encounter so that 𝑑V = 𝑑V஥. We’ll begin with first defining: 
 

𝑑V = (𝒒ϵ̇𝑑𝑡) ⋅ 𝐞ϵ𝑑A = 𝑑𝑙𝑑A (38) 

ẋφ 𝑞φ̇

ẋϵ 𝑞ϵ̇
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Where 𝑑𝑙 = |𝒒ϵ̇|𝑑𝑡 is the differential length of the collision cylinder. The differential area will be 
defined as 𝑑A = 𝑟𝑑𝑟𝑑𝜙 which represents the collision cross-section as shown in Figure 3, in 
regards to two colliding “hard” spheres: 
 

 
 

Figure 3 Two-body collision geometry (hard sphere scattering) 
 
The relation 𝑟 = ⌀ sin 𝜃 is found using simple trigonometry therefore 𝑑𝑟 = ⌀ cos 𝜃 𝑑𝜃 where ⌀ is 
the van der Waals diameter. As a result, 𝑑A = |𝑔|ϵ𝑑Ω where 𝑑Ω = sin 𝜃 𝑑𝜃𝑑𝜙 and |𝑔|ϵ = ⌀ϵ cos 𝜃 
is the scattering probability valid in this circumstance ∀ 0 ≤ 𝜃 ≤ 𝜋 2⁄ ; which relates the collision 
cross-section of the incoming molecule to the solid angle which the molecule is reflected into so 
that 𝑑A = 𝑑A஥. Upon combining, the post-collision differential volume element is expressed as: 
 

𝑑V஥ = (𝒒ϵ̇
஥𝑑𝑡) ⋅ 𝐞ϵ

஥ 𝑑A஥ = ⌀ϵ|𝒒ϵ̇
஥ | cos 𝜃 sin 𝜃 𝑑𝜃𝑑𝜙𝑑𝑡 (39) 

 
Where the area of the collision cross-section is easily obtained from: 
 

௷𝑑A
𝒜

= ௷ 𝑑𝜙
ϵᇎ

Ј

௷ |𝑔|ϵ sin 𝜃
ᇎ ϵ⁄

Ј

𝑑𝜃 = 𝜋⌀ϵ (40) 

 
In order to make 𝑑V஥ = 𝑑V, the magnitude |𝒒ϵ̇

஥ | must be equal to |𝒒ϵ̇| therefore must be a constant 
of the motion. Well from Newton’s third law of motion (3rd LoM), we may state that 𝐱̈φ = −𝐱̈ϵ 
and K̇φ = −K̇ϵ. Integrating over time provides the following balance relations: 
 

𝐱̇φ + 𝐱̇ϵ = 𝐱̇φ
஥ + 𝐱̇ϵ

஥ (41) 
 

|𝐱̇φ|
ϵ + |𝐱̇ϵ|

ϵ = |𝐱̇φ
஥ |ϵ + |𝐱̇ϵ

஥ |ϵ (42) 
 

𝐱̇φ ⋅ 𝐱̇ϵ = 𝐱̇φ
஥ ⋅ 𝐱̇ϵ

஥ (43) 
 
Multiplying (41) by 𝑚 yields the momentum balance and multiplying (42) by 𝑚 2⁄  yields the 
kinetic energy balance. Combining these two balance equations provides the projection relation 
(43). Since 𝑚φ = 𝑚ϵ, the center of mass (CoM) is given by 𝐱⊕ = φ

ϵ
(𝐱φ + 𝐱ϵ) which is the average 

of the two positions. It so happens that 𝐱̇⊕, K⊕, and |𝒒ϵ̇| are all constants of the motion: 

𝑑V

𝜙
𝑟 

|𝒒ϵ̇|𝑑𝑡

⌀

𝑑A

𝜃
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𝐱̇⊕ = φ
ϵ
(𝐱̇φ + 𝐱̇ϵ) = φ

ϵ
(𝐱̇φ

஥ + 𝐱̇ϵ
஥ ) = 𝐱̇⊕

஥ (44)  
 

|𝒒ϵ̇|
ϵ = |𝐱̇φ|

ϵ − 2𝐱̇φ ⋅ 𝐱̇ϵ + |𝐱̇ϵ|
ϵ = |𝐱̇φ

஥ |ϵ − 2𝐱̇φ
஥ ⋅ 𝐱̇ϵ

஥ + |𝐱̇ϵ
஥ |ϵ = |𝒒ϵ̇

஥ |ϵ (45) 
 

|𝐱̇⊕|ϵ = φ
Κ
|𝐱̇φ|

ϵ + φ
ϵ
𝐱̇φ ⋅ 𝐱̇ϵ + φ

Κ
|𝐱̇ϵ|

ϵ = φ
Κ
|𝐱̇φ

஥ |ϵ + φ
ϵ
𝐱̇φ

஥ ⋅ 𝐱̇ϵ
஥ + φ

Κ
|𝐱̇ϵ

஥ |ϵ = |𝐱̇⊕
஥ |ϵ (46)  

 
In consequence, |𝒒ϵ̇| = |𝒒ϵ̇

஥ | therefore 𝑑V = 𝑑V஥ . As a result of (42), the master balance relation 
(37) is now automatically satisfied since 𝔉 = 𝔉஥ . It will be noted that the vector parallelogram 
rule may be used to prove that |𝒒ϵ̇| is equivalent to 2|𝐱̇⊕| in regards to two colliding vectors. 
Therefore, the use of the speed |𝐱̇ϵ − 𝐱̇φ|, within (38) and (39), is just as valid as |𝐱̇φ + 𝐱̇ϵ|. 
 
Let us now use the current two-body model to extend the framework to a system of 𝑛 molecules, 
where there is approximately 𝑛ϵ possible collision pairs. This will be done through first denoting 
the number density as 𝑛 = 𝑛 𝜐⁄ = 𝜌 𝑚⁄  where 𝜐 is the total volume which contains all 𝑛 molecules 
and 𝜌 is the mass density. A number density velocity distribution will next be defined in terms of 
two separate and independent distributions as 𝑛̂ = 𝑛̂φ𝑛̂ϵ = 𝑛ϵ𝔉. We’ll now return to (37), i.e. 
δ𝔉𝑑V = 0, divide by 𝑑𝑡, multiply by 𝑛ϵ𝑑𝒳̇φ𝑑𝒳̇ϵ, then integrate to obtain: 
 

δ𝑛̇c = ௷ ௷ ௷δ𝑛̂
𝒜ℝɘℝɘ

|𝒒ϵ̇|𝑑A𝑑𝒳̇φ𝑑𝒳̇ϵ = 0 (47) 

 
Where 𝑛̇c is the number of collisions per unit volume per unit time and is treated as a conserved 
quantity. It is worth mentioning that this formulation is probabilistically “Lagrangian.” To explain 
this statement, let us first recall that L = K − Π = E − 2Π. Using set notation, it has already been 
established that 𝑛̂(𝐱̇φ ∩ 𝐱̇ϵ) = 𝑛̂φ𝑛̂ϵ which means 𝐱̇φ and 𝐱̇ϵ are statistically independent. Based 
on the axiom of finite additivity [11; p.9], then we may also say 𝑛̂(𝐱̇φ ∪ 𝐱̇ϵ) = 𝑛̂φ + 𝑛̂ϵ so that: 
 

δ𝑛̂ = 𝑛̂(𝐱̇φ
஥ ∩ 𝐱̇ϵ

஥ ) − 𝑛̂(𝐱̇φ ∩ 𝐱̇ϵ) = 𝑛̂φ
஥ 𝑛̂ϵ

஥ − 𝑛̂φ𝑛̂ϵ (48) 
 

= 𝑛̂[(𝐱̇φ
஥ ∩ 𝐱̇ϵ

஥ ) ∪ (𝐱̇φ ∩ 𝐱̇ϵ)] − 2𝑛̂(𝐱̇φ ∩ 𝐱̇ϵ) 
 
Since 𝑛̇c

out − 𝑛̇c
in = 0, where both terms are equal to 𝑛̇c, then the total number of collisions per unit 

volume per unit time may be expressed as: 
 

𝑛̇c = 𝜋⌀ϵ ௷ ௷ |𝒒ϵ̇|𝑛̂
ℝɘℝɘ

𝑑𝒳̇φ𝑑𝒳̇ϵ (49) 

 
To perform the integration over the two-fold velocity space, the energy balance (42) will first be 
rewritten in terms of the constants of motion |𝒒ϵ̇| and |𝐱̇⊕|: 
 

φ
ϵ
|𝒒ϵ̇|

ϵ + 2|𝐱̇⊕|ϵ = φ
ϵ
|𝒒ϵ̇

஥ |ϵ + 2|𝐱̇⊕
஥ |ϵ (50)  

 
Since φ

Κ
|𝒒ϵ̇|

ϵ + |𝐱̇⊕|ϵ = φ
ϵ
|𝐱̇φ|

ϵ + φ
ϵ
|𝐱̇ϵ|

ϵ, then (36) may undergo a change of variables from 𝐱̇φ 
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and 𝐱̇ϵ to 𝒒ϵ̇ and 𝐱̇⊕. These cartesian velocity coordinates will next be transformed into spherical 
coordinates. So in general, 𝑑𝒳̇ = |𝐱̇|ϵ sin 𝜗 𝑑|𝐱̇|𝑑𝜗𝑑𝜑 and (36) will now take the form [15; ch.5]: 
 

𝔉(|𝒒ϵ̇|, |𝐱̇⊕|) = (2𝜋𝛽−φ)−ϯ exp(− φ
Κ
𝛽|𝒒ϵ̇|

ϵ) exp(−𝛽|𝐱̇⊕|ϵ) (51)  
 
Noting that the solid angle is equal to 4𝜋, the zeroth order moment (or expectation) is computed 
as: 

ః ௷ 𝔉(𝐱̇ք)
ℝɘ

𝑑𝒳̇ք

ϵ

ք=φ

= 16𝜋ϵ ௷ |𝒒ϵ̇|
ϵ𝔉(|𝒒ϵ̇|)

�

Ј

𝑑|𝒒ϵ̇|௷ |𝐱̇⊕|ϵ𝔉(|𝐱̇⊕|)
�

Ј

𝑑|𝐱̇⊕| = 1 (52) 

 
We’ll next return to (49), perform the change of variables, then perform the integration to find: 
 

𝑛̇c = 16𝜋ϯ⌀ϵ ௷ |𝒒ϵ̇|
ϯ𝑛̂(|𝒒ϵ̇|)

�

Ј

𝑑|𝒒ϵ̇|௷ |𝐱̇⊕|ϵ𝑛̂(|𝐱̇⊕|)
�

Ј

𝑑|𝐱̇⊕| =
4𝜋φ ϵ⁄ ⌀ϵ𝜌ϵ

𝑚ϵ𝛽φ ϵ⁄
(53) 

 
Since 𝑛̇c is independent of time, it will be inferred that the cumulative number of collisions, per 
unit volume, has a linear dependence upon time such that 𝑛c = 𝑛̇c𝑡. It will next be assumed that 
the average time interval between successive collisions, denoted 𝑡c, is constant. In effect, we will 
hypothesize that the collision rate is equal to 𝑛̇c = 𝑛 𝑡c⁄  therefore 𝑛c = (𝑛 𝑡c⁄ )𝑡. The collision 
interval may now be computed through utilizing (53) to obtain 𝑡c = 𝑚𝛽φ ϵ⁄ 4𝜋φ ϵ⁄ ⌀ϵ𝜌⁄ . The 
average distance traveled over the time interval 𝑡c, or mean-free path length, will next be expressed 
as ℓc = 𝑣𝑡c, where 𝑣 represents the mean molecular speed. The associated distribution is the 
stationary mass density velocity distribution, whose derivation in based on (31): 
 

𝜌(̂𝐱̇) = 𝜌(2𝜋 𝛽⁄ )−ϯ ϵ⁄ exp(− φ
ϵ
𝛽|𝐱̇|ϵ) (54)  

 
From which the mean speed may be computed from the following moment: 
 

𝑣 =
1

𝜌
௷ |𝐱̇|𝜌(̂𝐱̇)
ℝɘ

𝑑𝒳̇ =
1

𝜌
௷ 𝑑𝜑

ϵᇎ

Ј

௷ sin 𝜗
ᇎ

Ј

𝑑𝜗௷ |𝐱̇|ϯ𝜌(̂|𝐱̇|)
�

Ј

𝑑|𝐱̇| =
2
√

2
√

𝜋𝛽
(55) 

 
In consequence, the mean-free path length computes to ℓc = 𝑚ि

√
2𝜋⌀ϵ𝜌ी−φ. This is a classic 

result as found in [17; p.6-57]. We must now relate our findings from the collision integral to the 
coefficient of shearing viscosity, denoted 𝜇 (Pa ⋅ s). It will be assumed that the causal mechanism 
of viscous dissipation is molecular diffusion. So in contrary to the stationary distribution (54), let 
us consider the mass density distribution 𝜌(̂𝐱, 𝑡); which is in a state of nonequilibrium due to the 
explicit dependence upon time. The total temporal derivative is then: 
 

𝕕

𝕕𝑡
𝜌[̂𝐱(𝑡), 𝑡] =

𝜕𝜌 ̂

𝜕𝑡
+ 𝐱̇ ⋅

𝜕𝜌 ̂

𝜕𝐱
(56) 

 
Continuity will once again be enforced such that 𝕕𝜌 ̂ = −𝜌(̂𝛁 ⋅ 𝐱̇)𝕕𝑡, where the gradient operator 
is denoted 𝛁 = 𝜕 𝜕𝐱⁄ . As a result, the governing continuity equation is 𝜕𝜌 ̂ = −𝛁 ⋅ (𝜌𝐱̇̂). For ease 
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of notation, the temporal derivative 𝜕𝜌 ̂ 𝜕𝑡⁄  has simply been replaced with 𝜕𝜌.̂ Intermolecular 
collisions will be hypothesized as the causal mechanism of mass diffusion. Therefore, the diffusion 
velocity will be defined as 𝐱̇ = 𝐱 𝜏⁄ , where 𝜏 ∝ 𝑡c. The continuity equation, which is an advection 
transport equation, will next be transformed into a diffusion transport equation through first 
defining 𝜌(̂𝐱, 𝑡) = 𝒢(𝐱)𝒬(𝑡). In reference to (54), it is natural to define the spatial contribution as 
𝒢 = exp(− φ

ϵ
𝛽|𝐱̇|ϵ) where 𝐱̇ is now dependent upon 𝐱. The resulting velocity operator relation is 

𝐱̇𝜌 ̂ = −𝜈𝛁𝜌,̂ where the coefficient of kinematic viscosity is identified as 𝜈 = 𝜏 𝛽⁄ ; having units 
of specific action (mϵ s⁄ ). Upon feeding the newly found gradient relation into the continuity 
equation, one uncovers the mass diffusion equation: 𝜕𝜌 ̂ = 𝜈∇ϵ𝜌.̂ In contrary to the method 
provided, one may also refer to Einstein’s theory of Brownian movement [18].  
 
To uncover the fundamental solution, the principle of superposition will be utilized. The partial 
solution will then be given through using the method of separation of variables [19; ch.2] as 
𝜌(̂𝒌, 𝐱, 𝑡) = 𝑎(𝒌)𝜓(𝒌, 𝐱)𝑓(𝒌, 𝑡) where 𝒌 is the vector of wave numbers. The resulting eigen-
equations are 𝑓 ̇= −𝜔𝑓  and ∇ϵ𝜓 = −𝑘ϵ𝜓 where 𝜔 = 𝜈𝑘ϵ. The solution to the time-dependent 
ODE is simply 𝑓(𝒌, 𝑡) = exp(−𝜔𝑡) and the solution to the Helmholtz equation is provided as 
𝜓(𝒌, 𝐱) = exp(𝑖𝒌 ⋅ 𝐱). Given the initial condition 𝜌π̂(𝐱) = 𝜌𝛿(𝐱), where 𝛿(𝐱) is the Dirac delta 
function centered about 𝐱 = 𝟎, the fundamental solution is obtained through using the theory of 
continuous Fourier transforms [19; ch.10]: 
 

𝑎(𝒌) =
1

(2𝜋)ϯ
௷ 𝜌π̂(𝐱)𝜓∗(𝒌, 𝐱)
ℝɘ

𝑑𝒳 =
𝜌

(2𝜋)ϯ
(57) 

 

𝜌(̂𝐱, 𝑡) = ௷ 𝑎(𝒌)𝜓(𝒌, 𝐱)𝑓(𝒌, 𝑡)
ℝɘ

𝑑𝒦 =
𝜌

(4𝜋𝜈𝑡)ϯ ϵ⁄
exp ঁ−

1

4𝜈𝑡
|𝐱|ϵং (58) 

 
Where 𝜓∗ denotes the complex conjugate stationary wave function. Integrating (58) over the 
infinite spatial domain shows that the zeroth order moment upholds the condition of constancy of 
mass [20]. The moment of interest is now the second order central moment which provides an 
expression for the mean-squared-displacement of mass as a linear function of time: 
 

ℓϵ(𝑡) =
1

3𝜌
௷ |𝐱|ϵ𝜌(̂𝐱, 𝑡)
ℝɘ

𝑑𝒳 = 2𝜈𝑡 (59) 

 
To gain some further insight, let us now consider a random walk process for a molecule confined 
within a cubic domain of volume (2ℓc)

ϯ over the time interval 𝑡c. The molecule will initially be 
located within the center of the domain therefore can travel a distance of ±ℓc in each orthogonal 
direction. The motion per dimension is then restricted to the integer lattice 𝓏ᆿ = {−1,+1} so that 
the stepping vector may be expressed as 𝐱ᆿ = 𝔃ᆿℓc. The stepping probability is next provided in 
the form of the discrete set of weights 𝑤ᆿ = {1 2⁄ , 1 2⁄ }, which is a discrete analog to (58). The 
mean-squared-displacement is then found from the equivalent second order central moment: 
 

2𝜈𝑡c =
1

3
ం|𝐱ᆿ|ϵ𝑤ᆿ

ϵ

ᆿ=φ

= ℓc
ϵ (60) 
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As a result, the coefficient of kinematic viscosity may be expressed as 𝜈 = φ
ϵ
ℓc
ϵ 𝑡c⁄ . The associated 

kinetic energy is identified as φ
ϵ
𝑣ϵ = (𝜏 𝑡c⁄ )𝛽−φ therefore 𝜏 = (4 𝜋⁄ )𝑡c. As a final result, the 

coefficient of shearing viscosity (𝜇 = 𝜌𝜈) is obtained in the form: 
 

𝜇 =
1

2
𝜌𝑣ℓc =

𝑚

𝜋⌀ϵ
√

𝜋𝛽
(61) 

 
To complete the derivation, we must find an expression for 𝛽 using the axioms of thermodynamics. 
It will first be recognized that within the solution (58): |𝐱|ϵ 4𝜈𝑡⁄ = 𝛽(|𝐱|ϵ 4𝜏𝑡⁄ ). Well, in reference 
to (54), the kinetic energy may now be identified whose moment yields the internal energy: 
 

𝜀 =
1

4𝜌𝜏𝑡
௷ |𝐱|ϵ𝜌(̂𝐱, 𝑡)
ℝɘ

𝑑𝒳 =
3

2𝛽
(62) 

 
Using this knowledge, the specific Lagrangian, denoted ℒ = |𝐱|ϵ 4𝜏𝑡⁄ − 𝜀, may next be found 
through multiplying the mass diffusion equation by the specific action quantity 𝑡 𝛽⁄ : 
 

௷ ℒ𝜌̂
ℝɘ

𝑑𝒳 =
𝑡

𝛽
௷

𝜕𝜌 ̂

𝜕𝑡
ℝɘ

𝑑𝒳 =
𝜈𝑡

𝛽
௷ ం

𝜕ϵ𝜌 ̂

𝜕xք
ϵ

ϯ

ք=φℝɘ

𝑑𝒳 = 0 (63) 

 
It will be noted that all Gaussian distributions contain the minimization property as shown in (63). 
Using the equipartition theorem, we may now declare 𝛽 = Θ−φ. The thermal energy is denoted 
Θ = 𝑅T where 𝑅 is the specific gas constant and T is the temperature.  
 

𝜇
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⋅
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⋅
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Figure 4 Comparison of predicted viscosity curve against experimental data [17; p.6-229] 

 
The results shown in Figure 4 are somewhat reasonable around 200 K. The theoretical prediction 
(black dashed curve) begins to diverge from the experimental data around 300 K. One way to 
obtain more accurate results is to include intermolecular forces, e.g. 𝐅φϵ(|𝒒ϵ|), which will then 
affect the scattering probability. To do so, one must define the potential energy between molecules. 
 
2.3 Overview of the Lattice Boltzmann Method   
 
At this current point in the dissertation, the generalized Boltzmann equation has been derived using 
principles from analytical mechanics. The Boltzmann collision integral was next reviewed through 

𝜇͗ϝ(T) ⌀͗ϝ = 376 pm [17; p.9-49]
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predicting the coefficient of shearing viscosity of an argon gas. Let us now consider the scalar 
velocity distribution field F(𝝃, 𝐱, 𝑡) whose total temporal derivative expands as: 
 

𝕕

𝕕𝑡
F[𝝃(𝑡), 𝐱(𝑡), 𝑡] =

𝜕F

𝜕𝑡
+ 𝝃 ⋅

𝜕F

𝜕𝐱
+ 𝒂 ⋅

𝜕F

𝜕𝝃
(64) 

 
Where 𝝃 is the random velocity vector field and 𝒂 denotes the acceleration vector field; related to 
the presence of a body force, i.e. 𝒃 = 𝜌𝒂. Due to intermolecular collisions, the general EOM is: 
 

𝕕F 𝕕𝑡⁄ = −ℭ[F] (65) 
 
Where ℭ[F] denotes the general collision operator. It will be noted that (65) is an equivalent field 
equation in comparison to (29), which is expressed in terms of the generalized coordinates 𝒒ք and 
the generalized velocities 𝒒ք̇ ∀ 𝑖 = 1,2,… , 𝑛. The standard within the LB framework is the BGK2 
collision operator [21]: ℭBGK[F] = (F − M) 𝜏⁄ , where M indicates the local equilibrium velocity 
distribution [14; p.72] and 𝜏  is referred to as the “relaxation” time. The general Boltzmann field 
equation (65), in the absence of a body force, will now take the single relaxation (SR) form: 
 

Ḟ + 𝝃 ⋅ 𝛁F = −(F − M) 𝜏⁄ (66) 
 
To gain further insight, let us consider F(𝝃, 𝑡) therefore (66) reduces to M = F + 𝜏Ḟ. Holding M 
fixed, the solution is F = M + (Ο − M) exp(−𝔱) where the initial condition is Ο = F(𝑡 = 0) and 
the nondimensional time is denoted 𝔱 = 𝑡 𝜏⁄ . It can now be inferred that this formulation assumes 
the system is in a state of nonequilibrium, which will naturally “relax” towards an equilibrium 
state [15; p.72], at a rate governed by 𝜏 . Based on the homogenous analytical solution, the 
distribution never quite reaches equilibrium but approaches this state in a nonlinear fashion. Upon 
reforming (66) into M = F + 𝜏(𝕕F 𝕕𝑡⁄ ), the general solution is provided in the form [22]: 
 

F[𝐱(𝑡), 𝑡] = F(𝐱π, 𝑡π) −
1

𝜏
௷ (F[𝐱(𝑡), 𝑡] − M[𝐱(𝑡), 𝑡])

֏ɞ

֏ȯ

𝕕𝑡 (67) 

 
Where the motion is given by 𝐱(𝑡) = 𝐱π + 𝝃δ𝑡, the time is defined as 𝑡 = 𝑡π + δ𝑡, the initial time 
is set to 𝑡π = 0, and 𝜏  is assumed constant. The lattice Boltzmann equation (LBE) can be obtained 
through applying a one-point rectangular rule to the integral: 𝜏−φ ∫(F − M)𝕕𝑡 ≈ 𝔱(Fπ − Mπ). As 
a result, the solution (67) will take the approximate form: 
 

F(𝐱π + 𝝃δ𝑡, 𝑡π + δ𝑡) = (1 − 𝔱)F(𝐱π, 𝑡π) + 𝔱M(𝐱π, 𝑡π) (68) 
 
It will be noted that if we expand the exponential within the homogenous solution, using a first 
order Taylor series about the initial time, i.e. exp(−𝔱) = 1 − 𝔱 + 𝒪(𝑡ϵ), then upon substituting, an 
equivalent result to (68) is found. Therefore, the approach to equilibrium now has a linear 
dependence upon time such that F[𝐱(𝜏), 𝜏 ] = M(𝐱π, 𝑡π). This linearized formulation is directly 

 
2 The abbreviation “BGK” stands for the developers: Bhatnagar-Gross-Krook    
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analogous to applying a first order Taylor series expansion to the solution about the initial time: 
 

F[𝐱(𝑡), 𝑡] = F(𝐱π, 𝑡π) + (Ḟ + 𝝃 ⋅ 𝛁F)ੵ֏ȩ
δ𝑡 + 𝒪(δ𝑡ϵ) (69) 

 
If we evaluate (66) at 𝑡 = 𝑡π, then upon substituting 𝕕F 𝕕𝑡⁄ |֏ȩ

≈ (F − Fπ) δ𝑡⁄  from (69), the LBE 

(68) is once again found. This is known as the first order approximation. Now taking this one step 
further, the integral within the solution (67) will be approximated using a two-point trapezoidal 
rule: 𝜏−φ ∫(F − M)𝕕𝑡 ≈ φ

ϵ
𝔱(Fπ − Mπ + F − M). Upon defining G = F + φ

ϵ
𝔱(F − M) and Gπ =

Fπ + φ
ϵ
𝔱(Fπ − Mπ), the second order approximate solution is obtained in the form: 

 
G(𝐱π + 𝝃δ𝑡, 𝑡π + δ𝑡) = (1 − 𝔱஥)G(𝐱π, 𝑡π) + 𝔱஥M(𝐱π, 𝑡π) (70) 

 
Where the nondimensional time is redefined as 𝔱஥ = 𝑡 𝜏 ஥⁄  given 𝜏 ஥ = 𝜏 + φ

ϵ
𝑡. We can now observe 

that (70) is analogous to (68). There are indirect ways to recover the Navier-Stokes (NS) equations 
through expanding the solution via a second order Taylor series then applying a perturbation 
analysis [23]. This methodology is ad hoc and does not replicate the computations performed 
within LB codes; see [60; p.13] and [61; ch.2.6].  
 
Within the algorithm, initializing F is not a straightforward task due to the lack of an analytical 
expression. An example procedure can be found in [24]. The most simple action is to set F(𝐱, 0) =

M(𝐱, 0) as was done in [25]. For this reason, boundary conditions must be derived and employed 
directly onto the distribution function itself; in contrary to typical CFD procedures. For more 
details, please refer to the textbooks [7,8], which also discusses and provides references to state-
of-the-art research trends regarding the LBM. For an overall literature review, the reader is referred 
to [21,26,27].  
 
The collision-streaming algorithm, which may be extracted from (68) or (70), is used in other 
statistical molecular simulation methods, such as the LGCA and the direct simulation Monte Carlo 
(DSMC) method [28; p.366]. The same concept is sometimes applied to the finite difference LBM 
[29] and the finite volume LBM [30]. For compressible flows [29,31,32,33,34,35,36], (66) has 
typically been discretized in space using a finite volume formulation where each flux, located at 
the associated cell interface, is reconstructed based on the surrounding nodal values. The ENO3 
family, including the WENO [37] methodology, is commonly used in the effort to achieve stability. 
Otherwise, a total variation diminishing (TVD) constraint is applied. Upwind finite difference 
schemes have also been used, however, are less commonly found in the literature.  
 
The spatial discretization within the FDLBM and FVLBM is not a unique feature. However, the 
temporal schemes applied to these two closely related frameworks, are a bit more specialized due 
to the collision operator and the associated constraints [15; p.50,109]: 
 

௷ 𝜙(𝝃)ℭ[F(𝝃)]
ℝɘ

𝑑Ξ = 0 ∀ 𝜙 = 1, 𝝃, |𝝃|ϵ (71) 

 
 

3 The abbreviation “ENO” stands for “essentially non-oscillatory” and “WENO” refers to the “weighted” extension 
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The general EOM (65), in the absence of a body force, will next be multiplied by 𝜙 (representing 
a “summational invariant”) then integrated over the velocity space. Upon applying (71), we obtain: 
 

௷ (𝕕F 𝕕𝑡⁄ + ℭ[F])𝜙
ℝɘ

𝑑Ξ = ௷ िḞ + 𝝃 ⋅ 𝛁Fी𝜙
ℝɘ

𝑑Ξ = 0 (72) 

 
One can now observe that the collision term redistributes the values assigned to F in such a way 
to cause a zero net effect. At the beginning of an arbitrary time step, the initial distribution will 
first be established as FЈ = F(𝐱, 0). For ease of notation, the advection operator will be declared 
𝔄[F] = 𝝃 ⋅ 𝛁F so that the governing EOM may be expressed in the form: Ḟ + 𝔄[F] + ℭ[F] = 0. 
In many of the previously cited references, a multistage IMEX4 Runge-Kutta [38] scheme is 
adopted, given 𝔫 stages per time step. This formulation treats the advection term explicitly while 
the collision term is treated implicitly, so that the stage values are computed from: 
 

Fᇀ = FЈ − 𝑡 ంिΑᆿᇀ𝔄[Fᆿ] + Bᆿᇀℭ[Fᆿ]ी
ᇀ

ᆿ=φ

(73) 

 
Where Αᆿᇀ and Bᆿᇀ are both matrices which apply weights to the advection and collision terms 
respectively. The advection terms are explicit because all diagonal terms within Αᆿᇀ are zero, i.e. 

Αφφ = Αϵϵ = ⋯ = Α་་ = 0. The BGK collision term, per stage, is ℭBGK[Fᆿ] = (Fᆿ − Mᆿ) 𝜏⁄  
(assuming 𝜏  is constant) which will now replace the general collision operator within (73). We’ll 
next multiply (73) by 𝜙 then generate the moment, while applying (71), to yield: 
 

௷ 𝜙Mᇀ
ℝɘ

𝑑Ξ = ௷ 𝜙MЈ
ℝɘ

𝑑Ξ − 𝑡ం Αᆿᇀ ௷ 𝜙𝔄[Fᆿ]
ℝɘ

𝑑Ξ
ᇀ

ᆿ=φ

(74) 

 
As a result, (74) is used to determine the equilibrium stage values so that (73) becomes explicit: 
 

(1 + 𝔱Bφφ)Fφ = FЈ + 𝔱BφφMφ (75) 
 

ि1 + 𝔱BᇀᇀीFᇀ = FЈ + ంि𝔱BᆿᇀMᆿ − 𝑡Αᆿᇀ𝔄[Fᆿ]ी
ᇀ

ᆿ=φ

− 𝔱 ం BᆿᇀFᆿ

ᇀ−φ

ᆿ=φ

(76) 

 
After computing all stage values, the temporally advanced value is obtained from: 
 

F = FЈ − 𝑡 ంिaᇀ𝔄ॅFᇀॆ + bᇀℭॅFᇀॆी
་

ᇀ=φ

(77) 

 
Where aᇀ and bᇀ are vectors of weights, similar to their matrix counterparts. Within the algorithm, 
the integrals shown in (74) are in actuality finite summations. Some examples of discretizing F 
and M, in the velocity space, can be found in [39,40,41]. Multiple methods exist which include the 

 
4 The abbreviation “IMEX” stands for “implicit-explicit”  



 16

use of the Gauss-Hermite quadrature, the Gram-Schmidt orthogonalization procedure, and the 
entropic method. 
 
To end the literature review, a simple 2D simulation will be performed. Viscosity and thermal 
conductivity will be neglected therefore the governing EOM is the freestream version of (66). A 
double distribution function approach will be utilized; one for the mass and momentum evolutions, 
expanded up to and including the fourth order Hermite polynomial (D2Q9ϵ), and one for the total 
energy evolution, expanded up to and including the second order Hermite polynomial (D2Q5ϵ). It 
will be noted that if the velocity distribution contained a nonequilibrium part, then typically two 
relaxation terms would be used within the energy evolution equation. The more general model is 
known as the multiple relaxation time (MRT) formulation, in contrary to the SRT form (66).  
 
Similar to the Sod shock tube [47,48], a shock box [32] will be simulated whose inner and outer 
regions, at 𝑡 = 0, contain different densities, temperatures, and pressures. In both regions, the gas 
will initially be at rest whose specific heat ratio is that of a diatomic perfect gas, i.e. 𝛾 = 7 5⁄ . Over 
a uniform spatial grid, the streaming algorithm will be implemented. Along the boundaries, the 
distributions will be held fixed to their initial values. Therefore, we’ve indirectly applied the no-
slip boundary condition. The results of the simulation are shown in Figures 5 & 6. 
 

   
 

Figure 5 Shock box lattice Boltzmann simulation 
 

   
 

Figure 6 Shock box lattice Boltzmann simulation (upper RHS) 
 
As one can observe from the results, the overall methodology of the LBM has serious potential to 
become a leading commercial software CFD algorithm. However, there are major fundamental 
flaws which first need reconciling. It is critical to note that due to the velocity discretization method 
used, being the Gauss-Hermite quadrature, there only exists a small collection of initial conditions 
which produce a stable shock box simulation. This is due to the fact that the Hermite-expanded 

𝜌 T P

𝜌 T P
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Gaussian is not a true representation of the Gaussian function itself, in contrary to the Taylor series 
expansion. This type of polynomial form often violates the first Kolmogorov axiom of probability 
[11; p.7]. If the velocity distribution is interpreted not that of a probability density, but of how the 
mass or total energy is dispersed over a time step, then the polynomial form often violates the basic 
definitions of mass and energy. For a visualization, please see Figure 7, where v is the mean 
velocity in one spatial dimension. In this regard, the Gram-Schmidt and entropic methods are no 
better.  

  

  

  
 

Figure 7 Hermite-expanded (3rd order) discrete Maxwellian (D1Q7) 
 
In addition to the lack of positivity preservation resulting from the current velocity discretization 
methods, another major fundamental flaw, as previously mentioned, is that the EOM (66) cannot 
directly reproduce the Navier-Stokes equations. The indirect method is to apply the Chapman-
Enskog perturbation analysis [15; ch.7]. It is vital to note that the work performed by these two 
scientists, along with Cowling, was aimed at predicting transport coefficients; in contrast to Grad’s 
moment method [14; ch.7]. The main purpose of this dissertation is to resolve these two problems. 
 
To explain the upcoming format, chapter 3 is a reformatted version of a paper I’ve been writing to 
be submitted to the American Institute of Aeronautics and Astronautics (AIAA) for peer-review 
publication. Initially, this work was geared towards hypersonics research due to the need of an 
accurate and stable CFD algorithm to properly capture shock wave development. Over time, I’ve 
realized that the QVFEM is a general framework; not specific to hypersonics. Overall, chapter 3 
lays the groundwork and chapter 4 covers nonequilibrium extensions.  
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Chapter 3 – The QVFEM: Part I 
 
The growing desire for high-speed flight vehicles has introduced numerous challenges to 
engineers; one being accurate predictions of mechanical and thermal loads acting on the outer 
mold surface of a flight vehicle body. To perform these calculations from a continuum standpoint, 
one must numerically solve the governing flowfield equations which tend to become highly 
unstable in the presence of shock wave development at flight speeds greater than the local speed 
of sound. This chapter will both review the statistical derivation and propose a new computational 
scheme to be applied to the compressible Euler equations of gas dynamics. The method has been 
coined the “quantized velocity finite element method” (QVFEM) which proves to be numerically 
stable during shock wave development without the use of artificial dissipation.  
 
3.1 Introduction  
 
Over the past several years, the field of hypersonics has been reawakened in the United States due 
to recent advances in hypersonic technology in countries such as Russia and China [42]. Besides 
military applications, there now exists research in the development of hypersonic vehicles for civil 
use, such as the Hermeus prototype plane: Quarterhorse5. One of the many challenges in the design 
of hypersonic vehicles is accurate prediction of the mechanical and thermal loads which act on the 
surface of the flight vehicle body. The determination of these loadings are a critical component in 
the structural design to ensure survivability of the structure, payload, and most importantly the 
passengers aboard. Additionally, to optimize the lift-to-drag ratio, a computational analysis tool is 
necessary for aerodynamic design. This specific problem has highlighted a major hole in modern-
day computational fluid dynamics. To support this claim, William Gilbert Strang (1934-) during 
an interview in 2013 once made a remark saying6: 
 

“All numerical methods are waiting to be improved. The finite elements came first for 
structural problems and that’s a class of equations where nothing is going to move too far; 
where the bridge just moves a little bit and it’s important to know how much. But think of the 
difference between that and fluid problems … a river is flowing, a jet engine is sending jet out 
(it’s creating shock waves); much, much harder problems. The frontier (the difficult problems) 
are really those where there is a velocity involved … and for that we need new finite elements 
that are adapted to fast movement and to the appearance of shock waves. So you could say 
for solid mechanics we’re good, for fluid mechanics we have much work to do, and for gas 
mechanics we have much, much work to do.” 

 
This quote sums up the major motivation of this work. Traditional computational methods will be 
expanded upon and modern-day so-called “shock-capturing” numerical schemes will be deemed 
unnecessary within the proposed QVFEM. One example is the family of essentially non-oscillatory 
(ENO) schemes which include the weighted (WENO) and targeted (TENO) methodologies [43], 
which approximate spatial gradients over structured grids; formulated within a finite volume 
framework. The temporal scheme is independent of the spatial where typically a strong stability 
preserving Runge-Kutta method is used. There has also been work in applying this methodology 
to unstructured grids [44]. Additionally, for these types of irregular nodal layouts, methods such 

 
5 https://www.hermeus.com/quarterhorse  
6 https://youtu.be/WwgrAH-IMOk  
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as the total variation bounded (TVB) discontinuous Galerkin finite element method [58] have been 
used in the past to stabilize the spatial gradients. Again, space and time are treated independently 
where a finite difference scheme is typically applied to the temporal derivative operator. In this 
work, space and time will be coupled into a single unified numerical scheme and the use of any 
artificial dissipation will not be needed. The prescription provided by the laws of the governing 
nonrelativistic physics will prove to be satisfactory and will not require any additional buffering 
terms or complex shock-capturing schemes to provide stability in the algorithm.  
 
The method proposed in this chapter is Part I of a multipart series. Part I will introduce the QVFEM 
applied to the Euler equations which is an inviscid adiabatic flowfield model. Part II will entail the 
application to the Navier-Stokes-Fourier (NSF) equations to include viscous interactions and 
thermal conductivity. Multiple branches of physics will be utilized including classical mechanics, 
analytical mechanics, continuum mechanics, and thermodynamics with the binding glue being 
statistical mechanics. Once the equations of motion are formulated, the system being analyzed will 
be quantized based on the axioms of quantum mechanics. A new interpretation of quantum theory 
will be proposed to allow both classical and quantum theories to exist in harmony with one another. 
To accomplish such a task, multiple branches of calculus will be exploited including variational, 
distributional, and tensor calculus where index notation and the Einstein summation convention 
will, for the most part, be adopted.  
 
One may also notice that the proposed methodology is not only inspired by traditional finite 
element methods but also by the lattice Boltzmann method (LBM). For example [31,32,33] uses a 
double distribution function approach where time is treated with an IMEX-RK scheme and space 
with a WENO [31], TVD [32], or upwind difference [33] scheme. There are however major 
deviations between the QVFEM and the LBM which will be discussed in more detail here within 
Part I as well as Part II, where physical dissipative and diffusive effects are taken into account. 
Within this work, the total energy density velocity distribution will be extended from a perfect gas 
to an ideal gas model. Additionally, the proposed framework will utilize a triple distribution 
function approach. Well as Dr. Strang said, “… we have much work to do …” so let’s get to it.  
 
A complete reorganization of the Euler equations will be performed using statistical mechanics. 
Before doing so, the motivation will first be discussed. To begin, Sir Isaac Newton (1643-1727) 
gave us the ability to model the motion of discrete mechanical systems through the following 
Newtonian equation of motion [1; p.83, Law II]: 
 

d𝐯(𝑡) d𝑡⁄ = 𝐯̇ = −(1 𝑚⁄ )𝛁Π (78) 
 
Where 𝛁 = 𝜕 𝜕𝐱⁄ , the velocity vector is 𝐯(𝑡) = 𝐱̇(𝑡), and 𝐱(𝑡) is the position of a single point 
being the centroid of an identifiable object with mass 𝑚. Changes in the rate of motion, with 
respect to time, are governed by the spatial gradient in the potential energy field Π. To apply this 
methodology to a flowfield, one would need to have knowledge of the number of molecules within 
the domain of interest, the initial positions of the molecules, molecular geometry, internal forces 
amongst the constituent molecules, etc. The motion would then be found through solving a system 
of differential equations, whose size is proportional to 𝑛. These types of physical systems in nature 
are typically composed of enormous amounts of smaller subsystems being, as mentioned 
previously, molecules and atoms. For example, in a 500 mL bottle of water, there are 
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approximately 1.6 ⋅ 10ϵΘ HϵO molecules occupying that volume. Therefore, the Newtonian EOM 
is not optimal for these types of analyses.  
 
What is desirable is a model where the physics are described in terms of densities rather than 
individual molecules. For high-speed flows (above the local speed of sound), the distance at which 
a single molecule or a density of molecules will travel over a “small” time interval is enormous. 
Therefore, it is also desirable to track the evolution of the system through stationary viewing 
windows or control volumes; in contrast to tracking the actual motion of the bodies. As a result, 
Leonhard Euler (1707-1783) extended Newton’s framework to a continuum field formulation 
through the following Eulerian equation of motion [2; p.286]: 
 

d𝐯(𝐱, 𝑡) d𝑡⁄ = 𝐯̇ + (𝐯 ⋅ 𝛁)𝐯 = −(1 𝜌⁄ )𝛁P (79) 
 
The velocity and position are now vector fields and the operator d d𝑡⁄  is what’s known as the 
“material” derivative; see [45; p.80-82] and [46; p.66-67]. This operation includes a multistep 
process where the function being operated on is first written in terms of the reference configuration 
𝐱π and absolute time 𝑡. The derivative operation is next performed then lastly the function is 
converted back into the current configuration 𝐱. In this work, we’ll refer to this operator as the 
mapping derivative (MD) where the motion at every point in spacetime is given by the one-to-one 
mapping function 𝝋 [45; p.61-63]. The following notation will be used for the mapping: 
 

𝐱 = 𝝋(𝐱π, 𝑡)  ↔ 𝐱π = 𝝋−φ(𝐱, 𝑡) (80) 
 
So, the velocity field 𝐯(𝐱, 𝑡) is first converted to the functional 𝐯[𝝋(𝐱π, 𝑡), 𝑡]. The operator d d𝑡⁄  
is next applied holding 𝐱π fixed then finally mapped back into the current configuration: 
 

d𝐯(𝐱, 𝑡) d𝑡⁄ = 𝐯̇(𝐱, 𝑡) + 𝝋̇(𝐱π, 𝑡) ⋅ 𝛁|ِȩ=ኇ−ȯ(ِӴ֏)𝐯(𝐱, 𝑡) (81) 
 
As a result, an expression for the velocity field is obtained as 𝐯(𝐱, 𝑡) = 𝝋̇[𝝋−φ(𝐱, 𝑡), 𝑡]. What we 
have now is a prescription for how information is transported over a spacetime continuum field. 
When dealing with high-speed flows, i.e. M = |𝐯| 𝕒⁄ ≥ 1, the leading cause in numerical 
instabilities in CFD algorithms is the advection operator 𝐯 ⋅ 𝛁 where |𝐯| ≥ 𝕒. Since 𝐯 ≈ δ𝝋 δ𝑡⁄ , 
the idea is to have δ𝝋 ≤ δ𝐱 to ensure proper conveyance of information. For example, let us 
consider the MD of a general scalar function denoted as F(𝐱, 𝑡). A first order forwards Taylor 
series in time and a first order backwards Taylor series in space will be applied, which yields 
respectively: 

F(𝐱, 𝑡 + δ𝑡) = F(𝐱, 𝑡) + Ḟ(𝐱, 𝑡)δ𝑡 + 𝒪(δ𝑡ϵ) (82) 
 

F(𝐱 − 𝐯δ𝑡, 𝑡) = F(𝐱, 𝑡) − 𝐯 ⋅ 𝛁F(𝐱, 𝑡)δ𝑡 + 𝒪(δ𝑡ϵ) (83) 
 
From which an approximation to the MD is obtained in the form of a first order upwind scheme: 
 

dF d𝑡⁄ = Ḟ + 𝐯 ⋅ 𝛁F ≈ [F(𝐱, 𝑡 + δ𝑡) − F(𝐱 − 𝐯δ𝑡, 𝑡)] δ𝑡⁄ (84) 
 
The discrete form (84) is only valid if δ𝝋 = δ𝐱. In the case that δ𝝋 < δ𝐱, then: 
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dF

d𝑡
≈

Fि𝑥ք, 𝑦օ, 𝑧ֆ, 𝑡և+φी − Fि𝑥ք, 𝑦օ, 𝑧ֆ, 𝑡ևी

𝑡և+φ − 𝑡և
± |𝑢|

Fि𝑥ք, 𝑦օ, 𝑧ֆ, 𝑡ևी − Fि𝑥ք∓φ, 𝑦օ, 𝑧ֆ, 𝑡ևी

𝑥ք − 𝑥ք∓φ

±|𝑣|
Fि𝑥ք, 𝑦օ, 𝑧ֆ, 𝑡ևी − Fि𝑥ք, 𝑦օ∓φ, 𝑧ֆ, 𝑡ևी

𝑦օ − 𝑦օ∓φ

± |𝑤|
Fि𝑥ք, 𝑦օ, 𝑧ֆ, 𝑡ևी − Fि𝑥ք, 𝑦օ, 𝑧ֆ∓φ, 𝑡ևी

𝑧ֆ − 𝑧ֆ∓φ

(85)

 

 
Where the chosen stencil depends upon the sign of the velocity component, or in other words, the 
direction of the “wind.” For dF d𝑡⁄ = ℧, the temporally advanced value, denoted F஥, is given by: 
 

F஥ ≈ F − (𝑢δ𝑡 δ𝑥⁄ )δ֓F − (𝑣δ𝑡 δ𝑦⁄ )δ֔F − (𝑤δ𝑡 δ𝑧⁄ )δ֕F + ℧δ𝑡 (86) 
 
To maintain stability in the algorithm and for the output results to be physically meaningful, we 
must require that 𝐯δ𝑡 ≤ δ𝐱. If this inequality is not satisfied, the information being carried by the 
advection stream is brought outside the stencil domain and is therefore lost. The Courant number, 
per dimension, must be greater than zero and less than or equal to unity: 
 

〈0,0,0〉 < 〈𝑢δ𝑡 δ𝑥⁄ , 𝑣δ𝑡 δ𝑦⁄ ,𝑤δ𝑡 δ𝑧⁄ 〉 ≤ 〈1,1,1〉 (87) 
 
Otherwise, there is a loss of information which violates the balance laws of mass, momentum, and 
energy. For reference, we refer to the von Neumann stability analysis of the discretized one-
dimensional linear advection equation performed in [49; p.161-162]. To note, the CFL requirement 
may vary depending on the discretization scheme used. In this work, however, (87) will always be 
a governing inequality.  
 
Due to the importance of this condition, one more example will be provided. Let’s envision a one-
dimensional information stream within an element of length ℓ, over the time interval 𝜏 , traveling 
at a constant rate of 𝕔. If 𝕔 ≤ ℓ 𝜏⁄ , then at 𝑡 = 𝜏 , the information remains contained within the 
domain of the element. However, if 𝕔 > ℓ 𝜏⁄ , then the information will reach a point in space 
beyond the domain of the element by the end of the time step. As a result, the information is lost 
due to loss of containment. When the velocity components 𝑢, 𝑣, and/or 𝑤 become “large,” the 
constraint (87) is often not satisfied.  
 
To make matters worse, the Eulerian EOM (79) is nonlinear due to the advection operator 
operating on the velocity field: (𝐯 ⋅ 𝛁)𝐯. To overcome these difficulties, a reorganization becomes 
necessary. One additional remark will be made. The velocity 𝐯 is a mean value of the molecular 
velocities 𝐯ᆿ ∀ 𝛼 = 1,2, … , 𝑛 per control volume. Since these equations are statistical in nature, 
it will herein be proven that it’s most optimal to treat them as such from both theoretical and 
computational standpoints; which leads us into the realm of probability theory.  
  
3.2 The Equilibrium Distribution of Molecular Velocities  
 
The mass density 𝜌 will be decomposed into a distribution of states denoted 𝜌(̂𝒒,̇ 𝒒) ∀ Γ ∈ ℝϩ, 
which must satisfy the following conditions based on the Kolmogorov axioms of probabilities and 
the calculus of distributions [11; p.5-7]: 
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I. The mass density will be decomposed in such a manner so that 𝜌 ̂ ⊂ ℝ+ thus implying 
non-negativity of mass therefore 𝜌 ̂ ≥ 0. 

 
II. The distribution 𝜌 ̂ shall be normalized so that 𝜌 may be recovered upon summing 

over all possible velocity states 𝝃 ∀ Ξ ∈ ℝϯ and positions 𝒚 ∀ Λ ∈ ℝϯ. The mass 
density is then: 

𝜌 ≡ ௷ 𝜌[̂𝒒(̇𝝃), 𝒒(𝒚)]
ℝɒ

𝑑Γ (88) 

 
III. For (88) to be valid, each possible velocity state and position must be unique so that 

the intersection of states forms an empty set. The union of states is equal to Γ ∈ ℝϩ 
so that the collection of all states forms a partition of the phase space. In this work, 
the phase space refers to velocity and position in contrary to momentum and position.  

 
Perturbations in velocity and position will be analyzed through introducing the virtual time 𝜏  so 
that the variational time may be defined as 𝑡∗ = 𝑡 + 𝜏 . Applying a first order Taylor series 
expansion to the generalized coordinate and velocity vectors yields the following variational 
quantities respectively: 

𝒒∗ = 𝒒(𝑡 + 𝜏) = 𝒒(𝑡) + 𝒒𝜏̇ (89) 
 

𝒒 ̇∗ = 𝒒(̇𝑡 + 𝜏) = 𝒒(̇𝑡) + 𝒒𝜏̈ (90) 
 
Where in the limit as 𝜏 → 0 recovers the exact definition of how these quantities change with 
respect to time: 

𝒒 ̇ =
𝜕𝒒∗

𝜕𝜏
= lim

ᇑ→Ј

𝒒(𝑡 + 𝜏) − 𝒒(𝑡)

𝜏
(91) 

 

𝒒 ̈ =
𝜕𝒒 ̇∗

𝜕𝜏
= lim

ᇑ→Ј

𝒒(̇𝑡 + 𝜏) − 𝒒(̇𝑡)

𝜏
(92) 

 
As time marches forwards over the increment 𝜏 ≡ δ𝑡, the information stored within 𝜌 ̂ transmits 
via the functional: 

𝜌 ̂∗ = 𝜌(̂𝒒 ̇∗, 𝒒∗) = 𝜌(̂𝒒 ̇+ 𝒒𝜏̈ , 𝒒 + 𝒒𝜏̇) (93) 
 
The perturbed distribution changes with respect to the virtual time in the following manner, 
through using the chain rule of multivariable differential calculus [12; p.117]: 
 

𝜕𝜌 ̂∗

𝜕𝜏
=

𝜕𝜌 ̂∗

𝜕𝑞ք
∗

𝜕𝑞ք
∗

𝜕𝜏
+

𝜕𝜌 ̂∗

𝜕𝑞ք̇
∗

𝜕𝑞ք̇
∗

𝜕𝜏
= 𝑞ք̇

𝜕𝜌 ̂∗

𝜕𝑞ք
∗
+ 𝑞ք̈

𝜕𝜌 ̂∗

𝜕𝑞ք̇
∗

(94) 

 
Taking the limit as 𝜏 → 0 provides the definition of the temporal rate of change in the distribution 
𝜌 ̂through the following variational operation, otherwise known as the Gat̂eaux operator [46; p.46-
47, 372-374]: 

𝕕𝜌 ̂

𝕕𝑡
= lim

ᇑ→Ј

1

𝜏
(𝜌 ̂∗ − 𝜌)̂ =

𝜕𝜌 ̂∗

𝜕𝜏
ઊ
ᇑ=Ј

= 𝑞ք̇

𝜕𝜌 ̂

𝜕𝑞ք

+ 𝑞ք̈

𝜕𝜌 ̂

𝜕𝑞ք̇

(95) 
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=
𝜕𝜌 ̂

𝜕𝑞ք

𝜕ℰ

𝜕𝑞ք̇

−
𝜕𝜌 ̂

𝜕𝑞ք̇

𝜕ℰ

𝜕𝑞ք

= {𝜌,̂ ℰ} 

 
Where the specific total energy and associated Lagrangian are defined as: 
 

ℰ(𝒒,̇ 𝒒) = φ
ϵ
|𝒒|̇ϵ + 𝜙(𝒒) (96)  

 
ℒ(𝒒,̇ 𝒒) = φ

ϵ
|𝒒|̇ϵ − 𝜙(𝒒) (97)  

 
As a result, the total derivative with respect to time may be written in terms of a Poisson bracket: 
𝕕𝜌 ̂ 𝕕𝑡⁄ = {𝜌,̂ ℰ}. We’ll seek a solution for which the distribution is stationary. Solving {𝜌,̂ ℰ} = 0 
obtains the following analytical solution [15; p.376]: 
 

𝜌(̂𝒒,̇ 𝒒) = 𝜌𝜁−φ exp[−𝛽ℰ(𝒒,̇ 𝒒)] (98) 
 
Where 𝜁 is the partition function, therefore 1 𝜁⁄  acts as the normalizing coefficient, and 𝛽 is the 
nondimensionalizing specific energy coefficient, having units of kg J⁄  in this circumstance. Since 
𝕕𝜌 ̂ 𝕕𝑡⁄ = 0, then the finite change over a specified time interval must also equate to zero: 
 

δ𝜌 ̂ = ௷{𝜌,̂ ℰ}
႓֏

𝕕𝑡 = 0 (99) 

 
Applying the method of integration by parts unveils the Beltrami identity: 
 

௷ ঝ
𝕕

𝕕𝑡
গ

𝜕𝜌 ̂

𝜕𝑞ք̇

ঘ −
𝜕𝜌 ̂

𝜕𝑞ք

ঞ 𝑞ք̇
႓֏

𝕕𝑡 = গ
𝜕𝜌 ̂

𝜕𝑞ք̇

𝑞ք̇ − 𝜌ঘ̂ઊ
႓֏

(100) 

 
Since 𝜕𝜌 ̂ 𝜕𝒒⁄ = −(𝜕ℰ 𝜕𝒒⁄ )𝛽𝜌 ̂and 𝜕𝜌 ̂ 𝜕𝒒 ̇⁄ = −(𝜕ℰ 𝜕𝒒 ̇⁄ )𝛽𝜌,̂ then (100) simplifies to: 
 

௷(𝑞ք̈ + 𝜕𝜙 𝜕𝑞ք⁄ )𝑞ք̇𝜌 ̂
႓֏

𝕕𝑡 = ௷ℰ𝜌̇ ̂
႓֏

𝕕𝑡 = 0 (101) 

 
Therefore recovering a variational form of Newton’s specific EOM, where ℰ ̇ = 0. It is now quite 
obvious that what makes the solution (98) stationary, is Newton’s 2nd law of motion (LoM). This 
distribution is otherwise known as the generalized Maxwellian, named after James Clerk Maxwell 
(1831-1879). The generalized velocity vector will next be declared as 𝒒 ̇ = 𝝃 − 𝐯. This vector 
quantity resembles the relative velocity between a possible velocity state 𝝃 and the mean or 
observable velocity 𝐯. Similarly, the generalized position vector will be established as 𝒒 = 𝒚 − 𝐱, 
where 𝒚 is a possible position and 𝐱 is the mean or path observed. To finalize (98), the partition 
function will be defined from the condition (88): 
 

𝜁 ≡ ௷ exp(−𝛽ℰ)
ℝɒ

𝑑Γ ≡ ௷ exp(−𝛽|𝒒|̇ϵ 2⁄ )
ℝɘ

𝑑Ξ௷ exp(−𝛽𝜙)
ℝɘ

𝑑Λ (102) 
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Since the kinetic energy is only a function of 𝒒 ̇and the potential energy is only a function of 𝒒, 
then (102) may be separated as shown. As a result, the partition function may be decomposed as 
𝜁 = 𝜁ki𝜁po. Upon defining a potential energy function, the mean potential energy or internal 
translational energy is: 

𝜀 ≡
1

𝜁po

௷ 𝜙 exp(−𝛽𝜙)
ℝɘ

𝑑Λ (103) 

 
The development of a potential energy function is beyond the scope of this work due to the fact 
that intermolecular forces will be neglected under the ideal gas assumption. The associated mean 
will be derived in the next subsection based on thermodynamical principles. To determine the 
nondimensionalizing coefficient, the following minimization principle will be enforced: 
 

𝜌[⃑ℒ] ≡ ௷ ℒ𝜌̂
ℝɒ

𝑑Γ ≡
1

2
௷ |𝒒|̇ϵ𝜌(̂𝒒)̇
ℝɘ

𝑑Ξ − 𝜌 ௷ 𝜙(𝒒)𝑝̂(𝒒)
ℝɘ

𝑑Λ ≡ 0 (104) 

 
Where the phase space distribution is separated as 𝜌(̂𝒒,̇ 𝒒) = 𝜌(̂𝒒)̇𝑝̂(𝒒). From here on out, the 
operator 𝜌 ⃑will no longer refer to integration over the phase space but only the velocity space. So, 
(104) simplifies to 𝜌[⃑ℒ(𝒒)̇] = φ

ϵ
𝜌[⃑𝒒 ̇ ⋅ 𝒒]̇ − 𝜌𝜀 = 0, where ℒ(𝒒)̇ = φ

ϵ
|𝒒|̇ϵ − 𝜀. Upon solving for 𝜁ki 

and 𝛽 using the previously noted conditions, an isotropic Gaussian distribution is obtained as: 
 

𝜌(̂𝝃; 𝐯|𝜀) =
𝜌

(4𝜋𝜀 3⁄ )ϯ ϵ⁄
exp(−3|𝒒|̇ϵ 4𝜀⁄ ) (105) 

 
Where 𝛽 = 3(2𝜀)−φ and 𝜁ki = (2𝜋 𝛽⁄ )ϯ ϵ⁄ , thus concluding the derivation of the equilibrium 
velocity distribution. The notation for 𝜌(̂𝝃; 𝐯|𝜀) uses the Green’s function notation from [19] and 
the quantity to the RHS of the bar identifies the variance, similar to the notation used in [11].  
 
 

𝒩
(𝜉

′;
𝑣
) 

  
 𝜉஥ (m/s) 

 
Figure 8 Unit normal velocity distribution with maximum speed 𝑐 

 
For a quick purely academic exercise, let us suppose there is a limiting value on the velocity, 
denoted 𝑐. In one spatial dimension on a Minkowski diagram, the horizontal axis represents the 
distance traveled by light, denoted 𝑐𝑡, and the vertical axis represents the distance traveled by a 
particle or point mass, denoted 𝜉𝑡. An angle will next be introduced as 𝜃, such that 𝜉 = 𝑐 tan 𝜃, 
where 𝜃 = 𝑏𝜉஥ and 𝑏𝑐 = 𝜋 2⁄ . The total differential of 𝜉 is then 𝑑𝜉 = (𝜋 2⁄ ) secϵ(𝑏𝜉஥) 𝑑𝜉஥ so that 

𝒩(𝜉஥; 0)

𝑐 = 1 m s⁄𝒩(𝜉஥;−1) 

𝒩(𝜉஥;+1) 
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integration over 𝑓(𝜉) will now take the following form: 
 

௷𝑓(𝜉)
ℝ

𝑑𝜉 =
𝜋

2
lim
𝓈→վ

௷ secϵ(𝑏𝜉஥) 𝑓(𝜉஥)

+𝓈

−𝓈

𝑑𝜉஥ (106) 

 
The distribution is now anisotropic when the mean velocity is other than zero, i.e. 𝑣 ≠ 0. This 
means there is a “preferred” direction as shown on the transformed unit normal distribution plotted 
in Figure 8. This transformation was found with the help of my advisor, Dr. Kapania.  
 
Now that the Maxwellian has been derived ab initio of mechanics, we’ll next explore the 
underlying thermodynamic process built into (105).  
 
3.3 The Resulting Thermodynamics of a Monatomic Perfect Gas 
 
The attention will now turn from the phase space to the thermodynamic state space. For example, 
the constraint (104) reappears in the following partial differential equation: 
 

௷ ℒ𝜌̂
ℝɘ

𝑑Ξ =
𝜀

𝛽
௷

𝜕𝜌 ̂

𝜕𝜀
ℝɘ

𝑑Ξ =
𝜀

3𝛽
ం௷

𝜕ϵ𝜌 ̂

𝜕𝜉ք
ϵ

ℝɘ

𝑑Ξ
ϯ

ք=φ

= 0 (107) 

 
The governing PDE is then 𝜕𝜌 ̂ 𝜕𝜀⁄ = φ

ϯ
∇̇ϵ𝜌 ̂which provides the mass dispersion prescription. As 

one can observe, most of the mass moves with velocity 𝐯. However, based on the internal energy, 
varying amounts of mass travel with velocity 𝝃 ≠ 𝐯. The fundamental thermodynamic relation 
may next be obtained through applying the natural logarithm to (105), multiplying by −𝜐𝑅𝜌,̂ then 
integrate over the velocity space [46; ch.7]: 
 

s(𝜀, 𝜐) = −𝜐𝑅𝜌[⃑ln 𝜌]̂ = cᇒ ln 𝜀 + 𝑅 ln 𝜐 + cᇒ(1 + ln 4𝜋 3⁄ ) (108) 
 
The specific heat coefficient at constant volume is cᇒ = 3𝑅 2⁄  which will be derived shortly in a 
more rigorous fashion. To note, the specific gas constant is given by 𝑅 = 𝑘͢ 𝑚⁄  and the specific 
volume is 𝜐 = 1 𝜌⁄ . The following two Maxwell relations provide the definition of temperature 
and an expression for the thermodynamic pressure, respectively: 
 

T = (𝜕𝜀 𝜕s⁄ )ᇒ (109) 
 

P = (𝜕𝜀 𝜕s⁄ )ᇒ(𝜕s 𝜕𝜐⁄ )ᇗ (110) 
 
The internal energy is found to be a linear function of temperature: 𝜀 = cᇒT, and the pressure falls 
under the ideal gas equation of state: P = 𝜌Θ, where the specific thermal energy is Θ = 𝑅T. The 
specific volume may now be expressed as 𝜐 = Θ P⁄  so that the Gibbs relation may be directly 
found from the fundamental relation (108): 
 

ds = (𝜕s 𝜕𝜐⁄ )ᇗd𝜐 + (𝜕s 𝜕𝜀⁄ )ᇒd𝜀 = 𝑅d𝜐 𝜐⁄ + cᇒd𝜀 𝜀⁄ (111) 
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d𝜀 = δ𝑞 + δ𝑤 = Tds − Pd𝜐 (112) 
 
The term δ𝑞 = Tds represents the heat supplied to or transferred out of the system while the term 
δ𝑤 = −Pd𝜐 represents the work done on the system. Using Newton’s 3rd LoM, the work response 
may be equal and opposite (not always). Under the 2nd law of thermodynamics (LoT), the entropy 
production must be greater or equal to zero. To note, the differential ds is not subjected to this 
inequality constraint. Please refer to chapter 4 for an in-depth discussion. Overall, the Gibbs 
relation (112) represents the 1st law of thermodynamics, which shows the balance of energy. To 
uncover expressions for the specific heat coefficients, the entropy will be expressed as a function 
of temperature-volume, temperature-pressure, and pressure-volume respectively: 
 

s(T, 𝜐) = cᇒ ln Θ + 𝑅 ln 𝜐 + sπ (113) 
 

s(T,P) = cϋ lnΘ − 𝑅 ln P + sπ (114) 
 

s(P, 𝜐) = cᇒ lnP + cϋ ln 𝜐 + sπ (115) 
 
Where the entropy constant is sπ = cᇒ(1 + ln 2𝜋) and the specific heat coefficient at constant 
pressure is given by the Mayer relation cϋ = cᇒ + 𝑅. From the above transformations, the specific 
heat coefficients may formally be derived as: 
 

cᇒ = T(𝜕s 𝜕T⁄ )ᇒ = P(𝜕s 𝜕P⁄ )ᇒ = 𝜕𝜀 𝜕T⁄ = 3𝑅 2⁄ (116) 
 

cϋ = T(𝜕s 𝜕T⁄ )ϋ = 𝜐(𝜕s 𝜕𝜐⁄ )ϋ = 𝜕ℎ 𝜕T⁄ = 5𝑅 2⁄ (117) 
 
The enthalpy is then ℎ = cϋT = 𝜀 + 𝜐P so that the total differential yields dℎ = Tds + 𝜐dP, 
being the equivalent form of (112). Using (115), the total differential expands similarly to (111): 
 

ds = (𝜕s 𝜕P⁄ )ᇒdP + (𝜕s 𝜕𝜐⁄ )ϋd𝜐 = cᇒdP P⁄ + cϋd𝜐 𝜐⁄ (118) 
 
Assuming an isentropic process, i.e. ds = 0, then (118) may be used to find the isentropic speed 
of sound (squared): 

𝕒ϵ = dP d𝜌⁄ = 𝛾P 𝜌⁄ = 𝛾Θ (119) 
 
Where the specific heat ratio is 𝛾 = cϋ cᇒ⁄ = 5 3⁄  so the specific heat coefficients may now be 
expressed as: 

cᇒ = 𝑅 (𝛾 − 1)⁄ , cϋ = 𝛾𝑅 (𝛾 − 1)⁄ (120) 
 
At this point, it may be concluded that the derived distribution (105) is representative of the perfect 
gas model. In summary, the internal energy and enthalpy are linear functions of temperature 
therefore the specific heat coefficients are constant. These computed quantities fall under the 
category of a perfect monatomic gas, such as the noble gas argon (Ar). The mass of which will be 
provided in both Daltons and kilograms [17; p.1-11]: 
 

𝑚 = 39.948 u = 39.948 ⋅ 1.66053906660 ⋅ 10−ϵϨ kg ≈ 6.6335 ⋅ 10−ϵϩ kg (121) 
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From the National Institute of Standards and Technology (NIST), the exact value for Boltzmann’s 
constant is provided as7 𝑘͢ = 1.380649 ⋅ 10−ϵϯ  J K⁄ . The universal gas constant is ℜ = 𝑁͗𝑘͢ 
where the exact value for Avogadro’s number is 𝑁͗ = 6.02214076 ⋅ 10ϵϯ mol⁄  (also provided by 
NIST). The specific gas constant is then found via: 
 

𝑅 = ℜ (𝑚𝑁͗)⁄ = 𝑘͢ 𝑚⁄ ≈ 208.1321 J (kg ⋅ K)⁄ (122) 
 
Based on NIST-JANAF, the specific heat coefficient at constant pressure is: 
 

cϋ
ex = 20.786 (𝑚𝑁͗)⁄ ≈ 520.3264 J (kg ⋅ K)⁄  ∀ 100 K ≤ T ≤ 6000 K (123) 

 
Where the theoretical prediction is once again cϋ

th = 5𝑅 2⁄ , which is almost identical to the results 
obtained from experiment over an extremely large temperature range at P = 1 bar = 100 kPa. 
As we know, Earth’s atmosphere is composed mainly of molecular nitrogen Nϵ (~78%) and 
molecular oxygen Oϵ (~21%). These chemical species are diatomic molecules whose specific heat 
coefficients, at minimum, vary as a function of temperature. The treatment for such scenarios will 
be prescribed within ch.3.5.  
 
3.4 Application to Inviscid Adiabatic Continuum Transport 
 
Since 𝜀 ≡ ϯ

ϵ
𝜐P, the distribution (105) will now take the following form: 

 

𝜌(̂𝝃; 𝐯|𝜐P) =
𝜌

(2𝜋𝜐P)ϯ ϵ⁄
exp ই−

𝜌

2P
(𝝃 − 𝐯)T ⋅ (𝝃 − 𝐯)ঈ (124) 

 
Even though the ideal gas pressure relation will be used throughout this work, (124) shows a more 
generalized model where any equation of state (EOS) for the pressure may be used. The zeroth 
order moment is once again 𝜌 ⃑ = 𝜌 and the first to third order raw moments are provided below; 
being the momentum density vector, momentum density flux or energy density (rank 2) tensor, 
and energy density flux (rank 3) tensor respectively: 
 

𝜌[⃑𝜉ք] = 𝜌vք (125) 
 

𝜌 ⃑ॅ 𝜉ք𝜉օॆ = 𝜌vքvօ + P𝛿քօ (126) 
 

𝜌 ⃑ॅ 𝜉ք𝜉օ𝜉ֆॆ = 𝜌vքvօvֆ + Pिvք𝛿օֆ + vօ𝛿քֆ + vֆ𝛿քօी (127) 
 
The total stress tensor is defined from the second order central moment: 𝜌 ⃑ॅ 𝑞ք̇𝑞օ̇ॆ ≡ P𝛿քօ − σքօ, 

where σքօ is the viscous stress tensor. Additionally, the heat flux vector is defined from the third 

order central moment: qք ≡ φ
ϵ
𝜌[⃑𝑞և̇𝑞և̇𝑞ք̇]. Using the previously derived equilibrium distribution 

(124), the hydrostatic pressure tensor is recovered as 𝜌 ⃑ॅ 𝑞ք̇𝑞օ̇ॆ = P𝛿քօ and the heat flux computes to 

zero: φ
ϵ
𝜌[⃑𝑞և̇𝑞և̇𝑞ք̇] = 0. To note, all odd order central moments of the Gaussian compute to zero, 

 
7 https://physics.nist.gov/cgi-bin/cuu/Value?k|search_for=Boltzmann  
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whether isotropic or the more general anisotropic form, whose off-diagonal covariance matrix 
components are non-zero entries. From (124), the momentum density velocity distribution will be 
defined simply as 𝐩̂ = 𝜌𝝃̂, whose associated “kinetic” energy distribution is Kࣨ = φ

ϵ
𝜐|̂𝐩̂|ϵ = φ

ϵ
𝜌|̂𝝃|ϵ. 

The resulting energy density and energy density flux vector is computed from the following two 
moments respectively: 

Kܕܔܔܔܔܓ = 𝜌(𝜚 + 𝜀tr) (128) 
 

Kܕܔܔܔܔܓ[𝜉ք] = 𝜌(𝜚 + 𝜀tr + 𝜐P)vք (129) 
 
Where the kinetic energy is denoted 𝜚 = φ

ϵ
|𝐯|ϵ and the translational internal energy is 𝜀tr = ϯ

ϵ
Θ, 

given 𝜐P = Θ. Molecules such as Nϵ and Oϵ may also posses rotational, vibrational, and (but not 
limited to) electronic energies. This concept will be explained in more detail within ch.3.5 where 
the total energy density distribution will be derived. The form to be used within the QVFEM is 
provided as: 

𝜐Ê̂ = φ
ϵ
|𝝃|ϵ + 𝜀 (130)  

 
Where 𝜀 ≡ 𝜀ro + 𝜀vi + 𝜀el is the non-translational internal energy contribution. It will be found in 
Part II that this scalar quantity gives rise to the coefficient of dilatational viscosity. These concepts 
will be discussed in more detail when considering viscous interactions and thermal conductivity. 
Moving forwards, the zeroth and first order moments of (130) are computed as: 
 

Eܕܔܔܓ = 𝜌𝑒 (131) 
 

Eܕܔܔܓ[𝜉ք] = (𝜌𝑒 + P)vք (132) 
 
Where the total energy is denoted 𝑒 = 𝜚 + 𝜀 and the total internal energy is the sum of the 
translational and non-translational contributions: 𝜀 = 𝜀tr + 𝜀. The Reynolds transport theorem will 
next provide the following continuum equations of motion showing the balance of mass, 
momentum, energy, and entropy respectively; see [45; p.113] and [46; p.139]: 
 

𝜕𝜌 ⃑

𝜕𝑡
= −

𝜕𝜌[⃑𝜉ք]

𝜕xք

,
𝜕p⃑ք

𝜕𝑡
= −

𝜕p⃑ք[𝜉և]

𝜕xև

(133) 

 
𝜕Eܕܔܔܓ

𝜕𝑡
= −

𝜕Eܕܔܔܓ[𝜉ք]

𝜕xք

,
𝜕S⃑

𝜕𝑡
= −

𝜕S[⃑𝜉ք]

𝜕xք

(134) 

 
From (108), it has already been established that the entropy density distribution is Ŝ ≡ −𝑅𝜌 ̂ ln 𝜌.̂ 
Since we are considering an isentropic process, the entropy abides the same balance principle as 
that for mass, momentum, and energy. This will however not be the case in Part II where the 
entropy will be found in a state of imbalance governed by the second axiom of thermodynamics: 
nonnegative production of entropy [45; ch.27]. It is found that (133) and (134) reproduce the Euler 
equations: 

𝜕𝜌

𝜕𝑡
= −

𝜕𝜌vք

𝜕xք

,
𝜕𝜌vք

𝜕𝑡
+

𝜕𝜌vքvև

𝜕xև

= −
𝜕P

𝜕xք

(135) 
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𝜕𝜌𝑒

𝜕𝑡
+

𝜕𝜌𝑒vք

𝜕xք

= −
𝜕Pvք

𝜕xք

,
𝜕𝜌s

𝜕𝑡
= −

𝜕𝜌svք

𝜕xք

(136) 

 
Using the mapping derivative (MD) operator in (81), the evolutions of the mass density, velocity, 
and internal energy fields may be expressed in the following manner respectively: 
 

d𝜌 d𝑡⁄ = 𝜌𝜖,̇ d𝐯 d𝑡⁄ = 𝒂, d𝜀 d𝑡⁄ = 𝜐P𝜖 ̇ (137) 
 
Where 𝜖 ̇ = −𝛁 ⋅ 𝐯 and the acceleration is 𝒂 = −𝜐𝛁P. It will also be noted that ds d𝑡⁄ = 0 which 
again resembles an isentropic process. As a result, the entropy is said to be maximized since the 
entropy production is zero. Additionally, the MD of the kinetic energy is given by d𝜚 d𝑡⁄ = 𝒂 ⋅ 𝐯. 
Upon isolating 𝜖 ̇from the MD of the mass density, then feeding this expression into the MD of the 
internal energy, while converting 𝜌 to 𝜐, recovers the Gibbs relation: d𝜀 = −Pd𝜐, where ds = 0. 
The enthalpy total differential is then dℎ = 𝜐dP. A direct connection between the transport 
equations found in (135) and (136) and the Gibbs relation (GR) has now been uncovered. This is 
a pinnacle result since the GR was found to be a direct consequence of the fundamental relation 
(108) derived from the distribution (105). The derivation process is summarized in Figure 9. 
 

 
 

Figure 9 Derivation flow chart 
 
Equations of state will next need to be chosen where there is much flexibility. For the time being, 
the perfect gas model (monatomic or diatomic) will be chosen so that P = 𝜌Θ, 𝜀 = cᇒT, and ℎ =

cϋT where the specific heat coefficients are constants and independent of temperature. As a result, 
the mapping derivatives of the temperature and pressure fields are respectively: 
 

dT d𝑡⁄ = (𝛾 − 1)T𝜖,̇ dP d𝑡⁄ = 𝛾P𝜖 ̇ (138) 
 
Since dP = 𝛾P𝜖ḋ𝑡 and d𝜌 = 𝜌𝜖ḋ𝑡, then the isentropic speed of sound (squared) remains 𝕒ϵ =
dP d𝜌⁄ = 𝛾Θ. The MD of the enthalpy may now be written as dℎ d𝑡⁄ = 𝕒ϵ𝜖.̇ Referring back to the 
total energy density distribution (130), it is found that 𝜀 = (cᇒ − ϯ

ϵ
𝑅)T. Upon setting 𝜀 = ςΘ, then 

ς = (𝛾 − 1)−φ − 3 2⁄ ; thus concluding the perfect gas model.  
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The attention will now turn to solving the Euler equations (135) and (136), which may be written 
in the generalized form: 

𝜕

𝜕𝑡
௷ F
ℝɘ

𝑑Ξ = −
𝜕

𝜕xք

௷ 𝜉քF
ℝɘ

𝑑Ξ (139) 

 
Where F is the generalized distribution functional: F(𝝃, 𝐱, 𝑡) ≡ F[𝝃, 𝜌(𝐱, 𝑡), 𝐯(𝐱, 𝑡), 𝜀(𝐱, 𝑡)], 
which is inferred as a local Maxwellian [14; p.72]. Assuming the velocity 𝝃 may be quantized into 
a set 𝝃ᆿ, then the sum should expand to zero: 
 

िḞφ + 𝜉ք
φ∇քF

φी + िḞϵ + 𝜉ք
ϵ∇քF

ϵी + ⋯+ ॕḞ𝕟
ɘ
+ 𝜉ք

𝕟ɘ
∇քF

𝕟ɘ
ॖ = 0 (140) 

 
Each dFᆿ d𝑡⁄  may therefore be set equal to zero to satisfy the overall equality relation. As a result, 
we are using the principle of state superposition. For ease of notation, the superscript will be 
dropped. The objective is to now solve the freestream Boltzmann equation (FBE): Ḟ = −𝝃 ⋅ 𝛁F. 
Before doing so, let us first recall the one-to-one coordinate mapping from (80). To apply the 
mapping derivative to the distribution, we will first convert F(𝐱, 𝑡) → F[𝝋(𝐱π, 𝑡), 𝑡] so that the 
temporal derivative may be applied while holding 𝐱π fixed: 
 

dF(𝐱, 𝑡) d𝑡⁄ = Ḟ(𝐱, 𝑡) + 𝝋̇(𝐱π, 𝑡) ⋅ 𝛁|ِȩ=ኇ−ȯ(ِӴ֏)F(𝐱, 𝑡) (141) 
 
Upon mapping back into the current configuration, the above operation is completed and the 
velocity field is once again given by 𝝃(𝐱, 𝑡) = 𝝋̇[𝝋−φ(𝐱, 𝑡), 𝑡]. Integrating over time yields: 
 

𝐮 = ௷ 𝝃(𝐱, 𝑡)
֏

֏ȩ

d𝑡 = 𝝋[𝝋−φ(𝐱, 𝑡), 𝑡] − 𝝋[𝝋−φ(𝐱, 𝑡π), 𝑡π] = 𝐱 − 𝐱π (142) 

 
Where 𝐮 is the displacement field, being the difference between the current and reference 
configurations. Again, the assumption is that 𝝃 may be quantized into the set 𝝃ᆿ meaning the 
velocities are constant so each possible velocity state is independent of both space and time, per 
time step. We treat these velocities as occupational states which a portion of the mass, momentum, 
or energy density may occupy. These quantities, per state, are what change over the time step. In 
consequence, the molecular velocity field will be uniform and independent of time therefore 𝐮 =
𝝃(𝑡 − 𝑡π) so that the motion or mapping is obtained as: 
 

𝐱 = 𝝋(𝐱π, 𝑡) = 𝐱π + 𝝃(𝑡 − 𝑡π)  ↔ 𝐱π = 𝝋−φ(𝐱, 𝑡) = 𝐱 − 𝝃(𝑡 − 𝑡π) (143) 
 
It will be remarked that the function 𝝋 maps the position 𝐱 in reference to the stationary location 
𝐱π over time, where 𝐱π is measured from an absolute frame of reference (Newtonian description). 
The inverse mapping places the observer with the motion so that it appears 𝐱π is in motion given 
by 𝝋−φ (Eulerian description). As a result, the spatial coordinate 𝐱 has become stationary due to 
the inverse mapping operation. Please see the one-dimensional motion plotted in Figure 10, given 
𝜑(0,0) = 𝜑−φ(0,0) and 𝜉 = δℓ δ𝑡⁄ . It is important to note that 𝝋−φ is not a Galilean transformation 
(GT) [54; p.13]. If we set 𝐱π = 𝟎 and 𝑡π = 0, then the GT is 𝐱஥[𝐱(𝑡), 𝑡] = 𝐱(𝑡) − 𝝃𝑡, where 𝐱 is 
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no longer stationary in comparison to (143). This is because the GT is applied to the Newtonian 
description, in contrary to the Eulerian. Here, the position 𝐱஥ is measured from a frame of reference 
traveling at a constant rate 𝝃 while 𝐱 is still measured from an absolute frame of reference. So if 
𝐱(𝑡) = 𝝃𝑡, then 𝐱஥ = 𝟎 since the dynamic frame is traveling at the exact same rate as that of the 
measured position within the absolute frame of reference.  
 

ℓ/
δℓ

 

 
 𝑡 δ𝑡⁄  

 
Figure 10 The Newtonian description8 vs. the Eulerian description of motion 

 
Upon setting F(𝐱, 𝑡) = G[𝝋−φ(𝐱, 𝑡)] and substituting into the FBE, one arrives at [19; p.530]: 
 

𝜕F

𝜕𝑡
= −𝜉ք

𝜕F

𝜕xք

= −𝜉ք

𝜕G

𝜕𝜑ք
−φ

(144) 

 
Which proves to be a general solution to the FBE. As a result, any function of the form G(𝐱π) 
subjected to the inverse mapping in (143), is an exact solution to (144). In conclusion, the 
(assumed) quantized Euler equations have theoretically been solved over a single time step. The 
temporally advanced distribution values are obtained from the prescribed motion under the 
condition 𝝃δ𝑡 ≤ δ𝐱, while holding the observables 𝜌, 𝐯, and 𝜀 fixed: 
 

F(𝐱 + δ𝐱, 𝑡 + δ𝑡) = G[𝝋−φ(𝐱 + δ𝐱, 𝑡 + δ𝑡)] (145) 
 
The system quantities or observables represented by Σ are then theoretically updated through 
summing the distribution(s) over all possible velocity states at every location in space: 
 

Σ(𝐱, 𝑡 + δ𝑡) ≡ Fφ(𝐱, 𝑡 + δ𝑡) + Fϵ(𝐱, 𝑡 + δ𝑡) + ⋯ + F𝕟
ɘ
(𝐱, 𝑡 + δ𝑡) (146) 

 
Since each dFᆿ d𝑡⁄ = 0, the solution over each phasetime element is independent of all other 
elements. As a consequence, this type of finite element formulation does not require assembly of 
a global matrix nor inversion. To avoid any confusion, it will be noted that this methodology is not 
a Galerkin method because the residual is exactly zero therefore an integral formulation with the 
use of a weighting function is not necessary. The algorithm will then consist of time marching 
exact solutions to the FBE. The solution per element may be written in the usual form of a series 
expansion being F(𝐱, 𝑡) = 𝒇 ⋅ 𝒈[𝝋−φ(𝐱, 𝑡)] where the vector 𝒇  contains the nodal distribution 

 
8 In the literature [45,46], the language “Lagrangian description” is more commonly used in contrary to “Newtonian.” 

𝜑(𝑡)

δℓ
= +

𝑡

δ𝑡

𝜑−φ(𝑡)

δℓ
= −

𝑡

δ𝑡
 

Newtonian

Eulerian
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values and the vector 𝒈 is the collection of basis functions. For simplicity, each element may be 
given its own local coordinate system where ¢φ = 𝑓φ is the nodal value at position 𝐱φ = 〈0,0,0〉. 
Standard element shapes are a 2-node line element in 1D, a 4-node quadrilateral in 2D, and an 8-
node hexahedron in 3D. The general solution in 3D Euclidean space is then: 
 
F(𝐱, 𝑡) = ¢φ + (¢ϵ𝑥π + ¢ϯ𝑦π + ¢Κ𝑥π𝑦π + ¢Θ𝑧π + ¢ϩ𝑥π𝑧π + ¢Ϩ𝑦π𝑧π + ¢΅𝑥π𝑦π𝑧π)|ِȩ=ኇ−ȯ(ِӴ֏) (147) 
 
At time 𝑡 = 0, the basis functions must satisfy 𝑔ռ(𝐱ս) = 𝛿ռս where each 𝐱ս represents the 
coordinates of each node. Solutions and implementation procedures will be discussed in more 
detail when performing numerical tests. The generalized polynomial solution per phasetime 
element may also be written in the form: 
 

F(𝐱, 𝑡) = 𝑓φ + ం ం ం₡քօֆ𝑥π
ք 𝑦π

օ𝑧π
ֆੵِȩ=ኇ−ȯ(ِӴ֏)

լ

ֆ=φ

ի

օ=φ

ժ

ք=φ

(148) 

 
Where ₡քօֆ is the (rank 3) coefficient tensor. To note, these types of polynomial interpolation 
functions are constructed according to Pascal’s triangle. Please see the Figure below for a 
phasetime element visualization (in blue): 
 

 

 

 

 
Figure 11 3D phasetime element (left) and 2D phasetime element (right) 

 
If the element is nonuniform, the solutions proposed thus far are still valid. It is insightful however 
to unveil the general solutions when a coordinate transformation is applied. We will then map the 
set of points 𝐱 into a uniform 𝐲. The Jacobian matrix is then Jքև(𝐲) = 𝜕xք 𝜕yև⁄ , whose inverse will 
be denoted Δքև = Jքև

−φ(𝐲) = (𝜕yք 𝜕xև⁄ )|ِ→ْ. In consequence, the FBE (144) becomes: 
 

dF

d𝑡
=

𝜕F

𝜕𝑡
+ 𝜉ևΔքև

𝜕F

𝜕yք

= 0 (149) 

 
One can now identify a new velocity vector as 𝜉ք

஥ = 𝜉ևΔքև, so that Ḟ = −𝜉ք
஥∇ք

஥F, where the new 
gradient operator is denoted ∇ք

஥F = 𝜕F 𝜕yք⁄ . The general solution to (149) is simply the general 
solution to (144) mapped from 𝐱 into 𝐲: F(𝐲, 𝑡) = G[𝝋−φ(𝐱(𝐲), 𝑡)]. This elemental coordinate 
transformation is an alternative option when dealing with nonuniform nodal layouts. More will be 
discussed on this topic as we proceed further.  

Velem 
Aelem 

phasetime node 
(typ.) 

𝑥

𝑦

𝑥𝑦

𝑧 

Ο

Οtraditional finite 
volume element 
(typ.) 

trajectory 
(typ.) 
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The attention will now shift to the inclusion of an applied forcefield, otherwise known as a body 
force: 𝐛 ≡ 𝜌𝒂 (N mϯ⁄ ). The acceleration is being redefined here so 𝒂 ≠ −𝜐𝛁P. To include this 
term into our model, the FBE will be rederived from a variational standpoint. One will observe 
that the variational procedure is analogous to the mapping derivative. The variational time will 
once again be defined as 𝑡∗ = 𝑡 + 𝜏 , the position as 𝐱∗ = 𝐱 + 𝝃𝜏 , and the velocity 𝝃∗ = 𝝃 + 𝒂𝜏  
so that F∗ = F(𝝃 + 𝒂𝜏, 𝐱 + 𝝃𝜏, 𝑡 + 𝜏). The FBE with the inclusion of a body force may be found 
through applying the variational operation used in (95) to the perturbed distribution F∗ so that: 
 

𝜕F∗

𝜕𝜏
ઊ
ᇑ=Ј

= গ
𝜕F∗

𝜕𝑡∗

𝜕𝑡∗

𝜕𝜏
+

𝜕F∗

𝜕xք
∗

𝜕xք
∗

𝜕𝜏
+

𝜕F∗

𝜕𝜉ք
∗

𝜕𝜉ք
∗

𝜕𝜏
ঘઊ

ᇑ=Ј

=
𝜕F

𝜕𝑡
+ 𝜉ք

𝜕F

𝜕xք

+ 𝑎ք

𝜕F

𝜕𝜉ք

(150) 

 
Which is an equivalent formulation of the total time derivative (64). Since 𝑞ք̇𝜌 ̂ = −Θ(𝜕𝜌 ̂ 𝜕𝜉ք⁄ ) and 
using the fact that 𝜌[⃑𝑞ք̇] = 0, the mass transport equation is recovered from: 
 

௷ গ
𝜕𝜌 ̂

𝜕𝑡
+ 𝜉ք

𝜕𝜌 ̂

𝜕xք

−
1

Θ
𝑎ք𝑞ք̇𝜌ঘ̂

ℝɘ

𝑑Ξ =
𝜕𝜌

𝜕𝑡
+

𝜕𝜌vք

𝜕xք

= 0 (151) 

 
From the mixed moments p⃑ք[𝑞և̇] = P𝛿քև and Eܕܔܔܓ[𝑞ք̇] = Pvք, the body force appears as: 
 

௷ গ
𝜕p̂ք

𝜕𝑡
+ 𝜉և

𝜕p̂ք

𝜕xև

−
1

Θ
𝑎և𝑞և̇p̂քঘ

ℝɘ

𝑑Ξ =
𝜕𝜌vք

𝜕𝑡
+

𝜕𝜌vքvև

𝜕xև

+
𝜕P

𝜕xք

− 𝜌𝑎ք = 0 (152) 

 

௷ ভ
𝜕Ê

𝜕𝑡
+ 𝜉ք

𝜕Ê

𝜕xք

−
1

Θ
𝑎ք𝑞ք̇Êম

ℝɘ

𝑑Ξ =
𝜕𝜌𝑒

𝜕𝑡
+

𝜕𝜌𝑒vք

𝜕xք

+
𝜕Pvք

𝜕xք

− 𝜌𝑎քvք = 0 (153) 

 
The general solution given 𝒂(𝑡) will next be provided. The governing EOM is (150) set equal to 
zero, which from (151) will be restated as Ḟ + 𝝃 ⋅ 𝛁F = (𝛽𝒂 ⋅ 𝒒)̇F. The total solution will next 
be decomposed as F(𝐱, 𝑡) = A(𝐱, 𝑡)B(𝑡) where A is the solution in the absence of a body force 
therefore satisfies Ȧ + 𝝃 ⋅ 𝛁A = 0. Upon substituting the decomposition into the EOM, what 
remains is Ḃ = (𝛽𝒂 ⋅ 𝒒)̇B. Holding 𝐯 and T fixed until the end of the time step, the general solution 
is approximately: 

lnB(𝑡) ≈ (𝛽𝒒)̇|֏ȩ
⋅ ௷𝒂(𝑡)

႓֏

𝑑𝑡 (154) 

 
To explore this matter further, we’ll return to the Newtonian description so that the governing 
EOM reduces to: 

𝜕F

𝜕𝑡
+ 𝒂 ⋅

𝜕F

𝜕𝝃
= Ḟ − 𝛽𝒂 ⋅ 𝒒π̇F = 0 (155) 

 
Where the solution has been expressed as F(𝝃, 𝑡) = O(𝝃)B(𝑡) and 𝛽 is held fixed. The initial 
condition will be set to the initial Maxwellian, i.e. F(𝝃, 0) = O(𝝃) = (2𝜋 𝛽⁄ )−ϯ ϵ⁄ exp(− φ

ϵ
𝛽|𝒒π̇|

ϵ), 

where 𝒒π̇ = 𝝃 − 𝐯π. The remaining ODE is then Ḃ = (𝛽𝒂 ⋅ 𝒒π̇)B, whose general solution without 
approximation is (154). If the total solution is renormalized over the velocity space, then the final 
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distribution becomes F[𝝃; 𝐯(𝑡)] = M[𝝃; 𝐯(𝑡)]. The mean velocity is usually found from solving 
𝐯̇ = 𝒂 which may now be found from generating the first order moment over the velocity space: 
 

𝐯(𝑡) = ௷ 𝝃F[𝝃; 𝐯(𝑡)]
ℝɘ

𝑑Ξ = 𝐯π + ௷𝒂(𝑡)
႓֏

𝑑𝑡 (156) 

 
Additionally, Newton’s 2nd axiom of motion, for this specific case, may be expressed in a form 
similar to (139): 

𝜕

𝜕𝑡
௷ 𝝃F
ℝɘ

𝑑Ξ = 𝛽 ௷ (𝒂 ⋅ 𝒒)̇𝝃F
ℝɘ

𝑑Ξ (157) 

 
Returning to the Eulerian description, since 𝐯̇ + (𝐯 ⋅ 𝛁)𝐯 = 𝒂 − 𝜐𝛁P, we could split the 
temporal derivative so that the solution for the velocity field will have two contributions; one from 
solving 𝐯̇ + (𝐯 ⋅ 𝛁)𝐯 = −𝜐𝛁P and the other from 𝐯̇ = 𝒂.  
 
As one can observe, extensions to the FBE can be made without causing a tremendous amount of 
difficulty to the user. Since exact solutions are known, the extensional solutions can usually be 
found as perturbations of the original solution. This concept will be exploited more in Part II when 
solving the Navier-Stokes-Fourier equations. To do so, we will now establish the framework.  
 
We’ll consider an EOM in a similar form to (65) and (66): Ḟ + 𝝃 ⋅ 𝛁F = ℧, where ℧ is analogous 
to the collision operator ℭ[F]. A version of Boltzmann’s H-quantity will next be introduced as 
𝖧(F) = F ln(F 𝑓π⁄ ), which will be expanded using a Taylor series about the initial value 𝑓π: 
 

𝖧(F) = (F − 𝑓π) +
1

2𝑓π

(F − 𝑓π)
ϵ + 𝒪(F − 𝑓π)

ϯ (158) 
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Figure 12 Boltzmann H-quantity vs. Taylor expanded form (left) 

Variation in Boltzmann H-quantity vs. Taylor expanded form (right) 
 
A variational principle will newly be established through first defining the perturbed distribution 
as F∗ = F + ℧𝜏 . The first order variation in the H-quantity is then 𝜕𝖧∗ 𝜕𝜏⁄ |ᇑ=Ј = (F 𝑓π⁄ )℧, which 
for future reference will be denoted 𝔇̇𝖧; see Figure 12. To force this quantity to zero, we’ll first 
integrate over the effective volume, i.e. 𝜐(𝑡) = ∏ 𝜑ք(𝑡)

ϯ

ք=φ
, then integrate over the time step. Upon 

denoting the nondimensional weight function as 𝜙 = F 𝑓π⁄ , the weak formulation is obtained as: 

Exact 

Approximate Approximate

Exact 
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௷ ః ௷ िḞ + 𝔄[F]ी𝜙
ᇜՎ(֏)

Ј

𝑑xք

ϯ

ք=φ

႓֏

Ј

𝑑𝑡 = ௷ ః ௷ ℧𝜙
ᇜՎ(֏)

Ј

𝑑xք

ϯ

ք=φ

႓֏

Ј

𝑑𝑡 (159) 

 
To obtain a deeper insight, let us recall the FBE whose solution will be approximated in the form 
of a series expansion as F(𝐱, 𝑡) ≈ 𝑓ք𝜓ք(𝐱, 𝑡). We’ve now introduced a residual into the governing 
PDE therefore Ḟ + 𝝃 ⋅ 𝛁F ≠ 0. As a result, the residual is identified as ℧. In an effort to diminish 
this quantity, we’ll multiply the EOM my a vector of weight or test functions 𝜙օ then perform the 
previous integration to obtain the following finite element formulation: 
 

𝑓ք ௷ ௷ ॕ𝜓ք̇ + 𝔄[𝜓ք]ॖ𝜙օ
ᇒ(֏)

𝑑𝜐
႓֏

𝑑𝑡 = ௷ ௷ ℧𝜙օ
ᇒ(֏)

𝑑𝜐
႓֏

𝑑𝑡 (160) 

 
Which may be written in the more compact matrix form as Αօք𝑓ք = bօ or 𝚨 ⋅ 𝒇 = 𝐛. The Galerkin 
method will be utilized therefore the test functions will be set equal to the trial functions as derived 
in (159). If one desired a Petrov-Galerkin approach, the same derivation is performed however the 
perturbed distribution must be redefined as F∗ = G + ℧𝜏 , which yields 𝜙 = G 𝑓π⁄ . Within this 
overall framework, the phasetime elements will take on a similar form to the previous; see Figure 
11. However, to obtain exact solutions, a “bow-and-arrow” approach will be implemented which 
utilizes lower order elements. In one spatial dimension though, the phasetime element is essentially 
the same, as shown in Figure 13: 
 

 
 

Figure 13 1D phasetime element 
 
Where the nodal values in blue, i.e. F(𝑥ք, 𝑡։) and F(𝑥ք+φ, 𝑡։), are known at the beginning of the 
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time step and the objective is to solve for the nodal value in red being F(𝑥ք+φ, 𝑡։+φ). To accomplish 
this, we’ll begin with first defining the basis functions, which in general, will be linear in both time 
and space: 

𝜓ք(𝐱, 𝑡) = 𝜓ք
π + 𝒌ք ⋅ 𝐱 + 𝜔ք𝑡 (161) 

 
Where 𝜓ք

π, 𝒌ք, and 𝜔ք are constants determined from 𝜓ռ(𝐱, 𝑡)ս = 𝛿ռս. The basis functions will then 
naturally satisfy ∑ 𝜓քք

= 1. In one spatial dimension, the matrix form of (160) is: 

 

⎣
⎢
⎡

Aφφ Aφϵ Aφϯ

Aϵφ Aϵϵ Aϵϯ

Aϯφ Aϯϵ Aϯϯ⎦
⎥
⎤

⎣
⎢
⎡

𝑓φ

𝑓ϵ

𝑓ϯ⎦
⎥
⎤ =

⎣
⎢
⎡
bφ

bϵ

bϯ⎦
⎥
⎤ (162) 

 
Where the nodal values in blue are known, the components in black are computed integrals, and 
the variables in red are the quantities to be solved for. Therefore, one must rearrange (162) into 
𝐀஥ ⋅ 𝒇஥ = 𝐛஥, where 𝒇஥ = 〈bφ, bϵ, 𝑓ϯ〉. The residual ℧ will be held fixed and a local coordinate 
system will be utilized so that bϯ = φ

ϯ
𝜉δ𝑡ϵ℧. Since det 𝐀஥ = φ

ϯ
𝜉δ𝑡, meaning 𝐀஥ is invertible, then 

𝒇஥ = 𝐀′−φ ⋅ 𝐛஥. The final step within this variational procedure is to set ℧ = 0.  

 
 

Figure 14 2D phasetime element (bow-and-arrow) 
 
Using this methodology, exact solutions can be obtained in one, two, and three spatial dimensions. 
This class of solutions are found to be linear forms of (147): 
 

F(𝐱, 𝑡) = ¢φ + (¢ϵ𝑥π + ¢ϯ𝑦π + ¢Κ𝑧π)|ِȩ=ኇ−ȯ(ِӴ֏) (163) 
 
In 2D, a “bow-and-arrow” is formed using four nodes, as shown in Figure 14. In 3D, a “three-
pronged slingshot” is formed using five nodes, as shown in Figure 33. One might naturally wonder, 
should we choose the nonlinear solution (147) or the linear solution (163)? This question is left 
for future investigation. Before moving onwards, we’ll make one last remark. If the governing 

① 

②

③

④ 

δ𝑥

δ𝑦 

δ𝑡 

“bow string”

“bow limb” 

“bow limb”

phasetime 
element 

“arrow”



 37

EOM is differentiated with respect to 𝝃, then the linear solution (163) satisfies: 
 

𝜕

𝜕𝜉ֆ

গ
𝜕F

𝜕𝑡
ঘ +

𝜕F

𝜕xֆ

=
𝜕℧

𝜕𝜉ֆ

− 𝜉ք

𝜕

𝜕𝜉ֆ

গ
𝜕F

𝜕xք

ঘ = 0 (164) 

 
Now that we’ve established solution procedures within the QVFEM, the requirement regarding 
nodal layout will next be discussed. My recommendation is to use a structured grid, however, there 
is no restriction for the grid to be uniform. If we generate an unstructured grid, the choice of nodes 
to include within each element becomes questionable. The main concern is ensuring proper 
conveyance of information. One way to generate the grid is to use the “patch-and-match” method. 
Overall, a uniform grid will be generated, patched into the domain, then fitted (or matched) into 
an arbitrary geometry. A simple example can be found in Figure 15. 
 

  
 

Figure 15 The method of patch (left) and match (right) 
 
If the geometry is complex, then multiple regions can individually be patched and matched: 
 

 
 

Figure 16 Subdomain example (NACA 66-206) 
 
The next step is to transform 𝝃 into 𝝃ᆿ via quantization so that the density functional 𝜌 ̂will be 
transformed into a discrete mass 𝜌 ̂ᆿ. The same concept will apply to the momentum and energy 
density functionals. The quantization process will require its own theoretical framework which is 
established in ch.3.6.  
 
3.5 Thermodynamic Extensions for a Diatomic Ideal Gas 
 
Let us now introduce the total internal energy 𝜀 = 𝜀tr + 𝜀 where 𝜀 ≡ 𝜀ro + 𝜀vi + 𝜀el [50; ch.11]. 
The energy associated with the electrons (or electronic energy) is beyond the scope of this work 
however the rotational and vibrational energies will be treated herein. For monatomic molecules 
𝜀 = 𝜀tr + 𝜀el however diatomic molecules may occupy rotational and vibrational energy 
eigenstates. The translational and rotational energies will be treated classically however the 

solid body

subdomain
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vibrational energies will need to be treated quantum mechanically. This reasoning is influenced by 
the work performed by Max Planck, who resolved the “ultraviolet catastrophe,” and Albert 
Einstein’s quantum theoretical model of a solid object [51]. Einstein’s specific heat prediction 
proved to be much more accurate in comparison to classical statistical theory. To begin, we’ll first 
review the calculation of the translational energy computed from the second order central moment: 
 

𝜀tr =
1

(2𝜋Θ)ϯ ϵ⁄
௷

1

2
ం 𝑞ք̇

ϵ
ϯ

ք=φ

ఃexp(−𝑞և̇
ϵ 2Θ⁄ )

ϯ

և=φℝɘ

𝑑Ξ =
3

2
Θ (165) 

 
Diatomic molecules have two rotational degrees of freedom therefore: 
 

𝜀ro =
ℐ

2𝜋𝑘͢T
௷

ℐ

2𝑚
ం 𝜃̇

ք
ϵ

ϵ

ք=φ

ఃexpॕ−ℐ𝜃 ̇
և
ϵ 2𝑘͢T⁄ ॖ

ϵ

և=φℝɞ

𝑑Ω = Θ (166) 

 
Where ℐ (kg ⋅ mϵ) is the moment of inertia of the molecule and 𝜃 ̇(1 s⁄ ) is the angular velocity. If 
𝜀 = 𝜀tr + 𝜀ro then 𝜀 = 5Θ 2⁄  and ℎ = 7Θ 2⁄  for a diatomic molecule. Within the perfect gas model, 
the resulting specific heat coefficients compute to cᇒ = 5𝑅 2⁄  and cϋ = 7𝑅 2⁄  so the specific heat 
ratio is 𝛾 = 7 5⁄ . We’ll next draw upon the study of quantum thermodynamics [52] where the 
vibrational energies will be shown to be quantized. To uncover these energy eigenstates, one must 
first analytically solve the stationary Schrod̈inger equation [16; ch.2]: 
 

−
ℏϵ

2𝑚
ం

𝜕ϵ𝜓

𝜕𝜒և
ϵ

ϯ

և=φ

+ Π𝜓 = H𝜓 (167) 

 
Lets envision two atoms of mass 𝑚φ and 𝑚ϵ bonded together forming a diatomic molecule. The 
bond will be modeled as a linear spring with spring constant 𝜅. Restricting the motion to one 
direction, the position of the center of mass is then 𝑞 = (𝑚φ𝑞φ + 𝑚ϵ𝑞ϵ) 𝑚⁄  where the total 
molecular mass is 𝑚 = 𝑚φ + 𝑚ϵ. Differentiating twice with respect to time yields ṗ = ṗφ + ṗϵ. 
The EOM for each atom is ṗφ = +𝜅𝜒 and ṗϵ = −𝜅𝜒 where 𝜒 = ℓ − ℓ֊, ℓ = 𝑞ϵ − 𝑞φ, and ℓ֊ =

𝑞ϵ
֊ − 𝑞φ

֊. Upon substituting we find that ṗ = 0 due to the absence of external force. Since 𝑞φ̈ =

+𝜅𝜒 𝑚φ⁄  and 𝑞ϵ̈ = −𝜅𝜒 𝑚ϵ⁄ , then the difference between accelerations may be written as 𝜇𝜒̈ =

−𝜅𝜒 where the reduced mass is denoted 𝜇 = 𝑚φ𝑚ϵ 𝑚⁄ . Defining the characteristic vibrational 
frequency of the diatomic molecule as 𝜈 = ఉ𝜅 𝜇⁄ , the general solution to the recently derived 
EOM is 𝜒(𝑡) = 𝑎 cos(𝜈𝑡) + 𝑏 sin(𝜈𝑡). The kinetic energy is next found as Κ = 𝜇 ∫ 𝜒̈ 𝕕𝜒 = φ

ϵ
𝜇𝜒̇ϵ 

and the potential energy as Π = 𝜅∫ 𝜒𝕕𝜒 = φ
ϵ
𝜅𝜒ϵ so the total energy is E = φ

ϵ
𝜇(𝜒̇ϵ + 𝜈ϵ𝜒ϵ). The 

momentum will be defined as 𝑝 = 𝜇𝜒̇ so the Hamiltonian is H = φ
ϵ
(𝑝ϵ 𝜇⁄ + 𝜅𝜒ϵ). We will now 

assume the molecule has wave properties so the fundamental wave function, which will be derived 
in the next section, is given as 𝜓 = exp[𝑖(𝑝𝜒 − H𝜏) ℏ⁄ ]. Differentiating with respect to the virtual 
time 𝜏  yields the following operator relation: 
 

𝑖ℏ
𝜕𝜓

𝜕𝜏
= গ

𝑝ϵ

2𝜇
+

1

2
𝜅𝜒ϵঘ𝜓 (168) 
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Upon holding H fixed, it may now be concluded that the governing differential equation is 
Schrod̈inger’s model of the quantum harmonic oscillator for a diatomic molecule: 
 

−
ℏϵ

2𝜇

𝜕ϵ𝜓

𝜕𝜒ϵ
+

1

2
𝜅𝜒ϵ𝜓 = ℇvi𝜓 (169) 

 
It will be noted that the variable 𝜒 in this circumstance represents all possible variations from the 
equilibrium distance between the two atoms connected via a “spring” with spring constant 𝜅. For 
molecules such as Nϵ and Oϵ, the two bonded atoms are identical therefore 𝑚φ = 𝑚ϵ so that 𝜇 =

𝑚 4⁄  where 𝑚 is the total molecular mass. The analytical solution per state to the above governing 
equation is next provided as [16; p.41]: 
 

𝜓ᆿ(𝜒) =
1

(2ᆿ𝛼!)φ ϵ⁄
𝒩φ ϵ⁄ ℋᆿ ∀ 𝛼 = 0,1,2,… (170) 

 
Where ℋᆿ is the collection of physicists’s Hermite polynomials (in contrary to the probabilist’s 
Hermite polynomials) generated from the distribution 𝒩(𝜒) = (𝜇𝜈 𝜋ℏ⁄ )φ ϵ⁄ exp(−𝜇𝜈𝜒ϵ ℏ⁄ ): 
 

ℋᆿ(𝜒) =
(−1)ᆿ

𝒩(𝜒)

𝜕ᆿ𝒩(𝜒)

𝜕𝜒ᆿ
(171) 

 
To note, the backwards Taylor series expansion of 𝒩 may be written in terms of Hermite 
polynomials thus providing the derivation of the generating formula shown above: 
 

𝒩(𝜒 − 𝑦)

𝒩(𝜒)
= ం

(−𝑦)ᆿ

𝛼! 𝒩

𝜕ᆿ𝒩

𝜕𝜒ᆿ

�

ᆿ=Ј

= ం
𝑦ᆿ

𝛼!
ℋᆿ

�

ᆿ=Ј

(172) 

 
Most importantly, the associated quantized vibrational energies are ℇvi

ᆿ = ℏ𝜈(𝛼 + 1 2⁄ ). Lets recall 
that (165) and (166) utilized unique probability density functions (PDF) to compute the mean 
translational and rotational energies respectively. Since the vibrational energies are quantized, it is 
now necessary to construct a probability mass function (PMF). The vibrational partition function 
will be evaluated through identifying a geometric series of exp(−𝜈 𝜔⁄ )ᆿ where the general formula 
is ∑ 𝑓ᆿ�

ᆿ=Ј
= φ

φ−ց
 ∀ |𝑓| < 1 and 𝜔 = 𝑘͢T ℏ⁄ : 

 

𝜁vi = ం exp(−ℇvi
ᆿ 𝑘͢T⁄ )

�

ᆿ=Ј

=
exp(−𝜈 2𝜔⁄ )

1 − exp(−𝜈 𝜔⁄ )
(173) 

 
The mean vibrational energy is next computed from the second order moment of the recently 
established PMF using the fact that ∑ 𝛼𝑓ᆿ�

ᆿ=Ј
= ց

(φ−ց)ɞ
 ∀ |𝑓| < 1: 

 

ℇvi =
1

𝜁vi

ం exp(−ℇvi
ᆿ 𝑘͢T⁄ ) ℇvi

ᆿ
�

ᆿ=Ј

=
ℏ𝜈

exp(𝜈 𝜔⁄ ) − 1
+ ℇvi

Ј (174) 
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Where the ground state energy is ℇvi
Ј = ℏ𝜈 2⁄ . Defining ℇvi = 𝑚𝜀vi, the total specific internal 

energy of a diatomic molecule (excluding 𝜀vi
Ј  and 𝜀el) takes the form: 

 

𝜀 =
5

2
Θ +

ℌ𝜈

exp(𝜈 𝜔⁄ ) − 1
(175) 

 
Where ℌ = ℏ 𝑚⁄  and 𝜀vi

ᆿ = ℌ𝜈(𝛼 + 1 2⁄ ) so that 𝜀vi
Ј = ℌ𝜈 2⁄ . The specific heat coefficient at 

constant volume may next be computed from cᇒ = 𝜕𝜀 𝜕T⁄ . Denoting 𝜂vi = 𝜈 𝜔⁄ , one finds: 
 

cᇒ

𝑅
=

5

2
+

𝜂vi
ϵ exp 𝜂vi

(exp 𝜂vi − 1)ϵ
(176) 

 
It is important to note that cᇒ is now a (nonlinear) function of temperature. The characteristic 
vibrational frequency must be treated with special care otherwise the above expression becomes 
unstable. Upon defining Θvi = 𝑅Tvi, where Tvi is a characteristic vibrational temperature, we’ll 
set 𝜈 = Θvi ℌ⁄  so that 𝜂vi = Tvi T⁄ . To compare the above result with experiment, cϋ data is taken 
from JANAF for Nϵ and Oϵ over the temperature range 100 K ≤ T ≤ 2000 K at P = 1 bar. 
What is plotted in Figure 17 is the theoretical curve cϋ = cᇒ + 𝑅 and the dashed line identifies 
7𝑅 2⁄ . It was found that the theoretical prediction for Nϵ agrees fairly well up until ~2000 K while 
the prediction for Oϵ begins to deviate around ~1250 K. To best-fit the data, I set Tvi(Nϵ) =

3250 K and Tvi(Oϵ) = 2150 K so the frequencies are computed as 𝜈(Nϵ) ≈ 4.255 ⋅ 10φΚ s−φ and 
𝜈(Oϵ) ≈ 2.815 ⋅ 10φΚ s−φ. 
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Figure 17 Specific heat coefficient predictions for Nϵ and Oϵ 

 
To extend the range of validity up to 6000 K, a three-term pseudo mean electronic energy will be 
introduced as: 

𝜀el ≈
𝑔φ𝜀φ exp(−𝜀φ Θ⁄ ) + 𝑔ϵ𝜀ϵ exp(−𝜀ϵ Θ⁄ )

1 + 𝑔φ exp(−𝜀φ Θ⁄ ) + 𝑔ϵ exp(−𝜀ϵ Θ⁄ )
(177) 

 
Where 𝑔φ and 𝑔ϵ are the pseudo degeneracies acting as statistical weights and the pseudo electronic 
energies are denoted 𝜀φ and 𝜀ϵ, in addition to the ground state 𝜀Ј = 0. In a similar manner to the 
vibrational frequency, these energies will be defined in terms of characteristic temperatures so that 
𝜀φ = 𝑅Tφ and 𝜀ϵ = 𝑅Tϵ. Upon defining 𝜂φ = −Tφ T⁄  and 𝜂ϵ = −Tϵ T⁄ , the total specific 
internal energy is: 

c
ϋ
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c
ϋ
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𝜀 =
5

2
Θ +

Θvi

exp 𝜂vi − 1
+

𝑔φΘφ exp 𝜂φ + 𝑔ϵΘϵ exp 𝜂ϵ

1 + 𝑔φ exp 𝜂φ + 𝑔ϵ exp 𝜂ϵ

(178) 

 
The resulting expression for the specific heat coefficient at constant volume is then: 
 

cᇒ

𝑅
=

5

2
+

𝜂vi
ϵ exp 𝜂vi

(exp 𝜂vi − 1)ϵ
+

𝑔φ𝜂φ
ϵ exp 𝜂φ + 𝑔ϵ𝜂ϵ

ϵ exp 𝜂ϵ + 𝑔φ𝑔ϵ(𝜂ϵ − 𝜂φ)
ϵ exp(𝜂φ + 𝜂ϵ)

(1 + 𝑔φ exp 𝜂φ + 𝑔ϵ exp 𝜂ϵ)
ϵ

(179) 
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Figure 18 Specific heat coefficient curve fitting for Nϵ and Oϵ 

 
The new results are plotted in Figure 18. It was found that for Nϵ, the third term in the electronic 
energy summation was not required. Using the curve fitting parameters provided in Table 1, the 
maximum percent error for Nϵ is ~0.36% and for Oϵ, ~0.49%. The characteristic temperatures 
and degeneracies were found using the method of trial and error. To put this temperature range 
into perspective, it will be noted that on the lower end, the JANAF enthalpy reference temperature 
is 298.15 K = 77° F; which approximately resembles the temperature of an average day at sea 
level in the US. On the higher end, the effective temperature of the Sun is ~5772 K ≈ 9930° F. 
In conclusion, a large temperature range (100 K ≤ T ≤ 6000 K) has successfully been captured 
while converting the perfect gas model into an ideal gas model. As a result, the specific heat 
coefficients have become dependent upon temperature for the chemical species Nϵ and Oϵ. The 
curve fitting parameters can be found in the table below: 
 

 Tvi Tφ Tϵ 𝑔φ 𝑔ϵ 

Nϵ 3,250 K 15,000 K NA 1 4⁄  NA 
Oϵ 2,150 K 10,500 K 31,500 K 10 11⁄  48 11⁄  

 
Table 1 Curve fitting parameters for cϋ(T) 

 
The incorporation of the rotational, vibrational, and electronic energies into the QVFEM will now 
be discussed. In reference to the stationary solution (98), the total energy 𝑚ℰ is now: 
 

𝑚ℰᆿᇀॕ𝒒,̇ 𝜽̇ॖ = φ
ϵ
ॕ𝑚|𝒒|̇ϵ + ℐ|𝜽|̇ϵॖ + 𝑘͢िTvi𝛼 + Tᇀ

elी (180)  
 
Since each type of energy is independent of one another, the total distribution may be decomposed 
into individual distributions all multiplied together due to the independence of states. Upon 

c
ϋ

(λɞ)

c
ϋ

(οɞ)
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defining the total partition function as 𝜁 = 𝜁tr𝜁ro𝜁vi𝜁el and recalling 𝛽 = 1 Θ⁄ , the associated total 
energy density distribution is, by definition: 
 

Ê ≡ 𝜌𝜁−φ expज़−ℰᆿᇀॕ𝒒,̇ 𝜽̇ॖ Θ⁄ ड़ ॕφ
ϵ
|𝝃|ϵ + ผ

ϵֈ
|𝜽|̇ϵ + Θvi𝛼 + 𝑔ᇀΘᇀ

elॖ (181)  
 
Where 𝜁tr = (2𝜋Θ)ϯ ϵ⁄ , 𝜁ro = 2𝜋𝑘͢Tℐ−φ, 𝜁vi = (1 − exp(−𝜂vi))

−φ, and 𝜁el = 1 + 𝑔φ exp 𝜂φ +

𝑔ϵ exp 𝜂ϵ. It will be noted that the ground state vibrational energy is neglected due to physical 
insignificance. Upon integrating over all possible rotational rates 𝜽 ̇∀ Ω ∈ ℝϵ (2 DOF) and 
summing over all possible vibrational and electronic energy eigenstates, the above simplifies to: 
 

𝜐Ê̂ =
1

2
|𝝃|ϵ + Θ +

Θvi

exp 𝜂vi − 1
+

𝑔φΘφ exp 𝜂φ + 𝑔ϵΘϵ exp 𝜂ϵ

1 + 𝑔φ exp 𝜂φ + 𝑔ϵ exp 𝜂ϵ

(182) 

 
The non-translational internal energy is identified as 𝜀 = (𝜀ro − 𝜀ro

Ј ) + (𝜀vi − 𝜀vi
Ј ) + (𝜀el − 𝜀el

Ј ). 
The general expression for the MD of the temperature field may be found from (137) as dT d𝑡⁄ =

cᇒ
−φΘ𝜖.̇ The MD of the pressure remains dP d𝑡⁄ = 𝛾P𝜖.̇ However cᇒ, cϋ, and 𝛾 are all dependent 

upon the temperature. The same concept applies to the isentropic speed of sound (𝕒ϵ = 𝛾Θ) and 
the MD of the enthalpy (dℎ d𝑡⁄ = 𝕒ϵ𝜖)̇. It is important to note that within the ideal gas model 𝜀 ≠

ςΘ in contrary to the perfect gas model since the internal energy is no longer a linear function of 
temperature. In a similar manner to the development of (182), the total entropy density distribution 
will be defined in the following way: 
 

𝜐Ŝ̂ = 𝑅 ln 𝜐𝜁 + T−φ(φ
ϵ
|𝒒|̇ϵ + 𝜀) (183)  

 
The mean entropy value is then s = 𝑅 ln 𝜐𝜁 + 𝜀 T⁄  and the advective flux is S[⃑𝜉ք] = 𝜌svք. These 
results are found through using the following mixed moments: 
 

𝜐𝜌 ⃑ॅ 𝜉ք𝑞օ̇ॆ = Θ𝛿քօ,   𝜐𝜌 ⃑ॅ 𝜉ք𝑞օ̇𝑞ֆ̇ॆ = Θvք𝛿օֆ,   𝜐𝜌[⃑𝜉ք
φ
ϵ
|𝒒|̇ϵ] = 𝜀trvք (184)  

 
To unveil the entropy evolution, it will be noted that the internal energy may be expressed in the 
form: 𝜀 = 𝑅Tϵ(𝜕ln 𝜁 𝜕T⁄ ) [50; p.519]. From ds d𝑡⁄ = 0, we obtain the isentropic relation 
𝑅d𝜌 𝜌⁄ = cᇒdT T⁄  which balances upon substituting the MD of 𝜌 and T. As a result, the model is 
in accordance with the first and second axioms of thermodynamics. The theoretical incorporation 
of the ideal gas model into the QVFEM has now been completed.  
 
In the current literature [50; ch.10], the overall consensus is that hypersonic flowfields within 
Earth’s upper atmosphere may be treated as an ideal gas due to the expected conditions which the 
chemical composition will experience; as shown in the generalized compressibility chart found in 
Figure 19. The pressure (blue) and temperature (red) values are specific to Nϵ where the critical 
values were taken from the NIST Chemistry WebBook, SRD 69. The QVFEM is however not 
restricted to hypersonics. Therefore, a brief introduction will be given on the incorporation of a 
real gas model. There could also come a time where a real gas model is desired within the analysis 
of a hypersonic flowfield so we should never say “never.”  
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Figure 19 Generalized compressibility chart [53; p.354] 
 
To incorporate real gas effects, the well-known compressibility factor will first be introduced as 
𝒵 ≡ Preal Pideal⁄  where Pideal = 𝜌Θ which entails 𝜐P = 𝒵Θ. If the gas is treated as perfect or ideal, 
then 𝒵 = 1. Otherwise, the compressibility factor is typically a function of both temperature and 
volume (or density). With this general formulation in mind, one example is the Van der Waals 
EOS, given the number of moles 𝑁 = 𝑛 𝑁͗⁄  and molar mass 𝑀 = 𝑚𝑁͗, which is commonly 
expressed as [53; p.346]: 

(P + 𝑎𝑁ϵ 𝜐ϵ⁄ )(𝜐 − 𝑏𝑁) = 𝑁ℜT (185) 
 
In comparison to Pideal𝜐 = 𝑁ℜT, the term + 𝑎𝑁ϵ 𝜐ϵ⁄  accounts for intermolecular interactions and 
the term −𝑏𝑁  incorporates the volume occupied by the molecules within the gas. The coefficients 
𝑎 and 𝑏 vary between different chemical species. Since 𝜐𝜌 = 𝑚𝑛 = 𝑀𝑁  and 𝑅 = ℜ 𝑀⁄ , the 
pressure may be expressed in the following form: 
 

P = 𝜌Θ(1 − 𝛽𝜌)−φ − 𝛼𝜌ϵ (186) 
 
Where the newly introduced coefficients are defined as 𝛼 = 𝑎 𝑀ϵ⁄  and 𝛽 = 𝑏 𝑀⁄ . The Van der 
Waals compressibility factor is then 𝒵 = (1 − 𝛽𝜌)−φ − 𝛼𝜌 Θ⁄  which is a function of both 𝜌 and 
T. A similar formulation is the Dieterici EOS where the compressibility factor is 𝒵 =
(1 − 𝛽𝜌)−φ exp(−𝛼𝜌 Θ⁄ ) so the real gas pressure is [53; p.349]: 
 

P = 𝜌Θ(1 − 𝛽𝜌)−φ exp(−𝛼𝜌 Θ⁄ ) (187) 
 
To incorporate an EOS such as, for example (186) or (187), 𝒵 will be included within the 
distribution (124): 

𝜌(̂𝝃; 𝐯|𝒵Θ) =
𝜌

(2𝜋𝒵Θ)ϯ ϵ⁄
exp ই−

1

2𝒵Θ
(𝝃 − 𝐯)T ⋅ (𝝃 − 𝐯)ঈ (188) 

 
The above is applicable for the EOM (133) which directly recovers (135) modeling the transport 
of mass and momentum. In this way, any equation of state may be used for the thermodynamic 
pressure. Additional considerations would need to be taken into account for the total energy 
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distribution and entropy since cᇒ and cϋ may now have dependence upon both 𝜌 and T.  
 
3.6 Quantum Mechanics in Virtual Spacetime 
 
Current velocity discretization methods were discussed in chapter 2.3. What is now desired is a 
quantization procedure which maintains the mathematical structure of the Maxwellian, maintains 
all moments exactly without approximation, allows for an unlimited number of sample points, and 
is based on first principles. Therefore, the method of quantization will first require a theoretical 
derivation. Here, a reinterpretation of quantum theory will be provided where the Schrod̈inger 
equation will be directly derived from classical mechanics; allowing the two theories to exist 
within harmony with one another. It will be shown that the two actually complement each other. 
To arrive at such results, we’ll draw upon the study of analytical mechanics. This work was 
inspired by Dr. Kenneth Young’s (1947-) special lecture on the principle of least action9. 
 
Let us first reinstate the variational quantities 𝒒∗ = 𝒒 + 𝒒𝜏̇  and 𝒒 ̇∗ = 𝒒 ̇+ 𝒒𝜏̈  from (89) and (90), 
being the perturbed generalized coordinates and rates respectively. The total time derivative 
presented in (95) will next be applied to the Lagrangian, L(𝒒,̇ 𝒒) = K(𝒒)̇ − Π(𝒒): 
 

𝕕L

𝕕𝑡
=

𝜕L

𝜕𝑞ք̇

𝑞ք̈ +
𝜕L

𝜕𝑞ք

𝑞ք̇ = pք𝑞ք̈ + ṗք𝑞ք̇ =
𝕕

𝕕𝑡
(pք𝑞ք̇) (189) 

 
Upon integrating by parts, the Euler-Lagrange equation is obtained: 
 

δH = ௷ ঝ
𝕕

𝕕𝑡
গ

𝜕L

𝜕𝑞ք̇

ঘ −
𝜕L

𝜕𝑞ք

ঞ 𝑞ք̇
႓֏

𝕕𝑡 = গ
𝜕L

𝜕𝑞ք̇

𝑞ք̇ − Lঘઊ
႓֏

= 0 (190) 

 
Where the Hamiltonian H(𝐩, 𝒒) = 𝐩 ⋅ 𝒒(̇𝐩) − L[𝒒(̇𝐩), 𝒒] is defined by a Legendre transformation. 
The resulting EOM is of course Newtonian therefore the total energy is a constant of the motion: 
 

𝕕H

𝕕𝑡
=

𝜕H

𝜕pք

ṗք +
𝜕H

𝜕𝑞ք

𝑞ք̇ = 𝑞ք̇ṗք − ṗք𝑞ք̇ = 0 (191) 

 
A similar analysis will next be performed, however the variational quantities will be defined in a 
slightly different manner: 

𝒒∗ = 𝒒(𝑡) + 𝜖𝜼(𝑡) (192) 
 

𝒒 ̇∗ = 𝒒(̇𝑡) + 𝜖𝜼̇(𝑡) (193) 
 
Where 𝜼 will be considered a virtual displacement and 𝜖 is a dimensionless amplitude coefficient. 
The directional derivative will be found through applying the Gat̂eaux operator [46; p.46-47, 372-
374] to the Lagrangian: 

𝔇L =
𝜕L∗

𝜕𝜖
ઊ
ᇃ=Ј

=
𝜕L

𝜕𝑞ք

𝜂ք +
𝜕L

𝜕𝑞ք̇

𝜂ք̇ (194) 

 
9 https://youtu.be/IhlSqwZBW1M  
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Integrating over time and applying the method of integration by parts shows that not only is the 
total energy conserved, but so is the total action A, so that the variation in total action is zero: 
 

δA = ௷ ঝ
𝕕

𝕕𝑡
গ

𝜕L

𝜕𝑞ք̇

ঘ −
𝜕L

𝜕𝑞ք

ঞ 𝜂ք
႓֏

𝕕𝑡 =
𝜕L

𝜕𝑞ք̇

𝜂քઊ
႓֏

− ௷𝔇L
႓֏

𝕕𝑡 = 0 (195) 

 
Since 𝔇K = 𝐩 ⋅ 𝜼̇ and 𝔇Π = −𝐩̇ ⋅ 𝜼 then 𝔇L𝕕𝑡 = 𝕕(𝐩 ⋅ 𝜼). Again, 𝜼 is a virtual displacement so 
the virtual work is given by Ȧ = (𝐩̇ + 𝜕Π 𝜕𝒒⁄ ) ⋅ 𝜼 = 0, thus abiding D’Alembert’s principle. Sir 
William Hamilton (1805-1865) defined the action in a slightly different manner: 𝕕𝕊 = 𝔇L𝕕𝑡. The 
finite change in Hamilton’s action is then: 
 

δ𝕊 = ௷𝔇L
႓֏

𝕕𝑡 =
𝜕L

𝜕𝑞ք̇

𝜂քઊ
႓֏

− ௷ ঝ
𝕕

𝕕𝑡
গ

𝜕L

𝜕𝑞ք̇

ঘ −
𝜕L

𝜕𝑞ք

ঞ 𝜂ք
႓֏

𝕕𝑡
Ј

(196) 

 
To uphold conservation of action, a constraint needs to be applied to the virtual displacement where 
we must require that 𝜼(𝑡φ) = 𝜼(𝑡ϵ) = 0 in order for δ𝕊 = 0. As a result, we’ve forced the action 
over 𝔇K to equate to the action over 𝔇Π so that the cumulative sum over time of these scalar 
projections onto the virtual displacements will equal. The act of setting 𝕕𝕊 𝕕𝑡⁄ = 0 means we’ve 
utilized Hamilton’s principle of stationary action.  
 
Let us next consider a Lagrangian with explicit dependence upon time denoted L[𝒒(̇𝑡), 𝒒(𝑡), 𝑡]. To 
find 𝔇L, the variational time will first be defined as 𝑡∗ = 𝑡 + 𝜖𝜏  where 𝜏  is once again the virtual 
time. It is important to take note that 𝒒∗ ≠ 𝒒(𝑡∗) and 𝒒 ̇∗ ≠ 𝒒(̇𝑡∗) in this circumstance which implies 
𝜼 is independent of 𝜏 . Using (192) and (193), the perturbed Lagrangian is now given by L∗ =
L(𝒒 ̇+ 𝜖𝜼̇, 𝒒 + 𝜖𝜼, 𝑡 + 𝜖𝜏) so that the directional derivative is found as: 
 

𝔇L = গ
𝜕L∗

𝜕𝑡∗

𝜕𝑡∗

𝜕𝜖
+

𝜕L∗

𝜕𝑞ք
∗

𝜕𝑞ք
∗

𝜕𝜖
+

𝜕L∗

𝜕𝑞ք̇
∗

𝜕𝑞ք̇
∗

𝜕𝜖
ঘઊ

ᇃ=Ј

=
𝜕L

𝜕𝑡
𝜏 +

𝜕L

𝜕𝑞ք

𝜂ք +
𝜕L

𝜕𝑞ք̇

𝜂ք̇ (197) 

 
Performing the usual sequence of integrating over time then applying IBP yields: 
 

δ𝕊 = ௷𝔇L
႓֏

𝕕𝑡 = (pք𝜂ք + L𝜏)|႓֏ (198) 

 
As a result, the action is now identified as 𝕊 = 𝐩 ⋅ 𝜼 + L𝜏 . Recalling that L = 𝐩 ⋅ 𝒒 ̇− H, the 
action may next be written in terms of the Hamiltonian. Through denoting the total virtual 
displacement as 𝝌 = 𝜼 + 𝒒𝜏̇ , the virtual action function takes the following fundamental form: 
 

𝕊(𝝌, 𝜏) = 𝐩 ⋅ 𝝌 − H𝜏 (199) 
 
From which the virtual Hamilton-Jacobi (H-J) relations may be derived from: 
 

−
𝜕𝕊

𝜕𝜏
= H, 𝐩 =

𝜕𝕊

𝜕𝝌
, L =

𝜕𝕊

𝜕𝜏
+ 𝒒 ̇ ⋅

𝜕𝕊

𝜕𝝌
(200) 
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The mathematical structure of the action function is indicative of the phase Φ = 𝒌 ⋅ 𝝌 − 𝜔𝜏  within 
the generalized wave function 𝜓 = exp(𝑖Φ). If we were describing the action of a photon then 
according to Max Planck (1858-1947) and Albert Einstein (1879-1955), the possible energies 
which may be occupied by that photon are quantized and given by the Planck-Einstein relation 
E = ℏ𝜔. Louis de Broglie (1892-1987) hypothesized that not only do photons posses wave 
properties but all matter. With the addition of the de Broglie relation 𝐩 = ℏ𝒌, the phase takes the 
form Φ = 𝕊 ℏ⁄  so that the wave function becomes 𝜓 = exp(𝑖𝕊 ℏ⁄ ). Solving for the action in terms 
of the wave function provides the relation 𝕊 = −𝑖ℏ ln 𝜓. Substituting into the H-J relations yields:  
 

𝑖ℏ
𝜕𝜓

𝜕𝜏
= H𝜓, −𝑖ℏ

𝜕𝜓

𝜕𝝌
= 𝐩𝜓 (201) 

 
Where the LHS of (201) is the virtual Hamiltonian operator and to the right is the associated virtual 
momentum operator. The Schrod̈inger equation, named after Erwin Schrod̈inger (1887-1961), may 
be directly derived from the recently established wave function 𝜓(𝝌, 𝜏) = exp[𝑖(𝐩 ⋅ 𝝌 − H𝜏) ℏ⁄ ], 
upon defining the momentum 𝐩 = 𝑚𝒒 ̇and the Hamiltonian H = |𝐩|ϵ 2𝑚⁄ + Π: 
 

𝑖ℏ
𝜕𝜓

𝜕𝜏
= −

ℏϵ

2𝑚
ం

𝜕ϵ𝜓

𝜕𝜒և
ϵ

ϯ

և=φ

+ Π𝜓 = H𝜓 (202) 

 
Alternatively, the kinetic energy operator may be directly derived from the known momentum 
operator. The above will be referred to as the virtual Schrod̈inger equation. In this work, the 
Lagrangian will have implicit dependence upon time so we’ll set 𝜏 = 0. In affect, the action 
simplifies to 𝕊(𝝌) = 𝐩 ⋅ 𝝌 so the change in action is simply δ𝕊 = (𝐩 ⋅ 𝝌)|႓֏. To preserve the 
action and uphold Hamilton’s principle of stationary action, we must require that at the beginning 
and end of each time step, the virtual displacement in the Newtonian path 𝔇𝒒 = 𝜼 must equate to 
zero. Since 𝝌(𝜏 = 0) = 𝜼, we’ll enforce the following condition: 
 

𝝌(𝑡ք) = 𝝌(𝑡ք+φ) = 𝟎 (203) 
 
It will soon be uncovered that the value 𝝌 = 𝟎 is the location of where the moments of the velocity 
distribution exist and are updated from. Since 𝜏 = 0, the phase reduces to Φ = 𝒌 ⋅ 𝝌. Using the de 
Broglie relation, the wave function takes the form 𝜓(𝝌) = exp(𝑖𝐩 ⋅ 𝝌 ℏ⁄ ), which expands as: 
 

𝜓(𝝃; 𝐯,𝝌) = 𝜓(𝝃, 𝝌)𝜓∗(𝐯,𝝌) = exp(𝑖𝒒 ̇ ⋅ 𝝌 ℌ⁄ ) (204) 
 
Where ℌ = ℏ 𝑚⁄  is the specific reduced Planck constant, 𝜓∗ is the complex conjugate wave 
function, and from the derivation of the Maxwellian: 𝒒 ̇ = 𝝃 − 𝐯. In ch.3.7, the velocity 
distributions will be transformed into the virtual space via the continuous Fourier transform (CFT) 
using the recently derived transformation wave function 𝜓(𝝃,𝝌).  
 
To demonstrate Hamilton’s principle, let us first recall the Maxwellian (98): 𝔉 = 𝜁−φ exp(−𝛽ℰ). 
A specific potential will next be defined from the classical harmonic oscillator: 𝜙(𝒒) = φ

ϵ
𝜔ϵ|𝒒|ϵ. 

The total specific energy is then ℰ(𝒒,̇ 𝒒) = φ
ϵ
(|𝒒|̇ϵ + 𝜔ϵ|𝒒|ϵ). Upon normalizing the phase space 
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distribution, the partition function is computed as 𝜁 = (2𝜋 𝛽𝜔⁄ )ϯ. It will be noted that the constraint 
from (104), i.e. 𝜌[⃑ℒ] = 0, is automatically satisfied. The EOM is then found from (101): 
 

௷(𝑞ք̈ + 𝜔ϵ𝑞ք)𝑞ք̇𝔉
႓֏

𝕕𝑡 = ௷ℰ𝔉̇
႓֏

𝕕𝑡 = 0 (205) 

 
Given the initial conditions: 𝒒(0) = 𝒒π and 𝒒(̇0) = 𝒒π̇, the solution to 𝒒 ̈ = −𝜔ϵ𝒒, is: 
 

𝒒(𝑡) = 𝒒π cos(𝜔𝑡) + (𝒒π̇ 𝜔⁄ ) sin(𝜔𝑡) (206) 
 
Let us now suppose we are given the set of initial conditions: {𝒒π

ᇀ, 𝒒π̇
ᆿ}, where the objective is to 

find the actual path observed 𝐱 out of all possible paths 𝒚ᆿᇀ. The solution to the ODE is then: 
 

𝒚ᆿᇀ(𝑡) = 𝐱(𝑡) + 𝒒π
ᇀ cos(𝜔𝑡) + (𝒒π̇

ᆿ 𝜔⁄ ) sin(𝜔𝑡) (207) 
 
Some examples of the variations are plotted in Figure 20 using a five-point integer lattice centered 
about zero. For plotting purposes, I set 𝜔 = 𝜋 δ𝑡⁄  (s−φ) and δ𝑡 = 1 4⁄  (s).  
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Figure 20 First order variations 𝑞(𝑡) in the observed path x(𝑡) 

 
The variational paths are next plotted in Figure 21, where x(𝑡) satisfies ẋ + 𝜏ẍ = 0.  
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Figure 21 Variational paths 𝑦(𝑡) 

 
The red curves indicate 𝑞π̇ = ±20 (m s⁄ ), the blue curves indicate 𝑞π̇ = ±10 (m s⁄ ), and the solid 
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black curve indicates 𝑞π̇ = 0 (m s⁄ ). The path observed is easily found when 𝑞π = 0 and 𝑞π̇ = 0. 
However, when 𝑞π = 0, Hamilton’s principle is still satisfied for any 𝑞π̇, since: 
 

δ𝕊 𝑚⁄ = (𝒒 ̇ ⋅ 𝒒)|։႓֏ − (𝒒 ̇ ⋅ 𝒒)|(։−φ)႓֏ = 0 (208) 
 
Where the variation is the generalized coordinate itself since 𝒒 = 𝒚 − 𝐱. As a result, one may 
construct linear approximations to the observed path through connecting the intersection points at 
the bounds of integration. These concepts are exploited in the finite element method.  
 
3.7 Transformations into Virtual Space 
 
Since we’ve declared P = 𝜌Θ, then the Maxwellian (124) may now be written in the form: 
 

𝜌(̂𝝃; 𝐯|Θ) =
𝜌

(2𝜋Θ)ϯ ϵ⁄
exp ই−

1

2Θ
(𝝃 − 𝐯)T ⋅ (𝝃 − 𝐯)ঈ (209) 

 
Which satisfies the mass dispersion relation 𝜕𝜌 ̂ 𝜕Θ⁄ = φ

ϵ
∇̇ϵ𝜌 ̂similar to (107). The above isotropic 

Gaussian is a local Maxwellian where the system quantities or observables 𝜌, 𝐯, and T have 
spacetime dependence within the current configuration. The LHS of Figure 22 illustrates this 
distribution at a single point in spacetime where the height of each vertical black solid line 
represents the amount of mass 𝜌 assigned to the occupational velocity 𝜉: 

 
Upon defining the thermal frequency 𝜔 = Θ ℌ⁄ = 𝑘͢T ℏ⁄ , the governing PDE takes the form: 
𝜕𝜌 ̂ 𝜕𝜔⁄ = φ

ϵ
ℌ∇̇ϵ𝜌.̂ The solution will be decomposed as 𝑓(𝜔)𝜓(𝝃) with the separation constant 

being −|𝝌|ϵ 2ℌ⁄ , having units of seconds. Solving each ODE yields a single solution of the form: 
𝑐(𝝌)𝜓(𝝃, 𝝌)𝑓(𝜔,𝝌). The total solution can be found through using the principle of state 
superposition; therefore integrating over all possible virtual displacements 𝝌 ∀ X ∈ ℝϯ gives: 
 

𝜌(̂𝝃; 𝐯|Θ) = ௷ 𝑐(𝝌)𝜓(𝝃,𝝌)𝑓(𝜔, 𝝌)
ℝɘ

𝑑X =
𝜌

(2𝜋ℌ)ϯ
௷ 𝜓(𝝃; 𝐯,𝝌)𝑓(𝜔,𝝌)
ℝɘ

𝑑X (210) 

 
This operation is a continuous Fourier transform (CFT) where 𝑓(𝜔,𝝌) = exp(−𝑚𝜔|𝝌|ϵ 2ℏ⁄ ). The 
normalizing coefficient is obtained through the following inverse Fourier transform, given the 
“initial” condition 𝜌(̂𝝃; 𝐯|0) = 𝜌𝛿(𝝃; 𝐯), where 𝛿(𝝃; 𝐯) is a Dirac delta function: 

 

 
Figure 22 Mass dispersion diagram (left) & characteristic lines from the 1D FBE (right) 

Governing PDE: 
 
𝜕𝜌 ̂

𝜕𝜔
=

ℏ

2𝑚
ం

𝜕ϵ𝜌 ̂

𝜕𝜉ք
ϵ

ϯ

ք=φ

 𝜌(̂𝜉; v|Θ)

𝜉 𝑡φ

𝑡ϵ

δx δx
x x − δx x + δx

δ𝑡 

𝜌 ̂ᆿ(x, 𝑡ϵ) = 𝜌 ̂ᆿ(x − 𝜉ᆿδ𝑡, 𝑡φ)

𝕟 = 5
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𝑐(𝝌) =
𝜌

(2𝜋ℌ)ϯ
௷ 𝜓∗(𝝃, 𝝌)𝛿(𝝃; 𝐯)
ℝɘ

𝑑Ξ =
𝜌

(2𝜋ℌ)ϯ
𝜓∗(𝐯,𝝌) (211) 

 
The Maxwellian has now been shown to be constructed from the recently derived wave function 
(204). The conjugate PDE stems from (202) provided as (𝜕𝜌 ̆ 𝜕𝜏⁄ = 0): 
 

−
ℌϵ

2
ం

𝜕ϵ𝜌(̆𝝌)

𝜕𝜒և
ϵ

ϯ

և=φ

=
1

2
|𝝃|ϵ𝜌(̆𝝌) (212) 

 
The solution is of course another CFT mapping the distribution from velocity into virtual space: 
 

𝜌(̆𝝌, 𝐱, 𝑡) = ௷ 𝜓(𝝃,𝝌)𝜌(̂𝝃, 𝐱, 𝑡)
ℝɘ

𝑑Ξ = 𝜌 exp ঁ−
𝜔

2ℌ
|𝝌|ϵ +

𝑖

ℌ
𝐯 ⋅ 𝝌ং (213) 

 
Statisticians and mathematicians would most likely refer to the above as a characteristic function. 
For the engineers and mechanicians, lets call this a moment generating wave function (MGWF) 
because 𝜌 ̆is a moment generator with wave properties if 𝐯 ≠ 𝟎. In general, the continuous Fourier 
transform of the function F(𝝃, 𝐱, 𝑡) and the inverse operation are provided respectively: 
 

Ψ(𝝌, 𝐱, 𝑡) = ௷ 𝜓(𝝃, 𝝌)F(𝝃, 𝐱, 𝑡)
ℝɘ

𝑑Ξ (214) 

 

F(𝝃, 𝐱, 𝑡) =
1

(2𝜋ℌ)ϯ
௷ 𝜓∗(𝝃, 𝝌)Ψ(𝝌, 𝐱, 𝑡)
ℝɘ

𝑑X (215) 

 
The benefit of this transformation is that now the 𝑚th order moment may be expressed in terms of 
the following Gat̂eaux operator, which is a derivative operation, in contrast to integration over the 
entire real number line: 

Fܕܔܔܓ[𝝃ֈ] = ௷ 𝝃ֈF
ℝɘ

𝑑Ξ = (−𝑖ℌ)ֈ 𝜕ֈΨ

𝜕𝝌ֈ
ઊ
ቿ=ٕ

(216) 

 
Where the raised power of 𝑚 denotes a tensor product within the partial derivative. For further 
investigation, lets first denote a new wave function, Ψ = 𝜐𝜌𝜆̆−ϯ. The volume 𝜆ϯ becomes the 
partition function so that 𝜆−ϯ acts as the normalizing coefficient. A probability density function 
will next be defined from the operation 𝑝̂ =

√
Ψ∗Ψ = 𝜆−ϯ𝑓 . Upon integrating over all possible 

virtual displacements 𝝌 and enforcing 𝑝⃑ = 1 (Kolmogorov axiom II ), the length 𝜆 computes to: 
 

𝜆 = ఉ2𝜋ℌ 𝜔⁄ = ఉ2𝜋ℏϵ 𝑚𝑘͢T⁄ (217) 
 
Which is otherwise known as the thermal de Broglie wavelength associated with an ideal gas 
model. So, the probability density may now be written as 𝑝̂(𝝌|𝜆) = 𝜆−ϯ exp(−𝜋|𝝌|ϵ 𝜆ϵ⁄ ) with 
variance ℌ 𝜔⁄ . The Dirac delta function will next formally be defined as an isotropic Gaussian with 
a limiting variance approaching zero: 
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𝛿(𝝌) = lim
း→Ј

𝒢(𝝌|Δ) =
1

(2𝜋)ϯ
lim
း→Ј

௷ exp ঁ−
1

2
Δ|𝒌|ϵ + 𝑖𝒌 ⋅ 𝝌ং

ℝɘ

𝑑K (218) 

 
Lets note that the three-dimensional case is obtained through use of the factorial operator 𝛿(𝝌) =

∏ 𝛿(𝜒ք)
ϯ

ք=φ
 acting on each one-dimensional Dirac delta function. This concept is similar to the 

Maxwellian (209) due to the equipartition of energy ∏ 𝜁ք
−φ exp(−𝑞ք̇

ϵ 2Θ⁄ )
ϯ

ք=φ
. Each Dirac delta 

function is orthogonal in the sense that: 
 

௷𝜒ֈ𝛿(𝜒)
ℝ

𝑑𝜒 = অ
1 if 𝑚 = 0
0 if 𝑚 > 0

 ∀ 𝑚 ∈ ℤ+ (219) 

 
Based on this mathematical property, the Gat̂eaux operator will be redefined as: 
 

Fܕܔܔܓ[𝝃ֈ] = (−𝑖ℌ)ֈ ௷ 𝛿(𝝌)
𝜕ֈΨ

𝜕𝝌ֈ
ℝɘ

𝑑X (220) 

 
Using the virtual or wave form of the Maxwellian (213), the mass density, momentum density, 
and total energy density (located at 𝝌 = 𝟎) may now be expressed as: 
 

𝜌 = ௷ 𝛿(𝝌)𝜌(̆𝝌)
ℝɘ

𝑑X, 𝜌𝐯 = −𝑖ℌ௷ 𝛿(𝝌)
𝜕𝜌(̆𝝌)

𝜕𝝌
ℝɘ

𝑑X (221) 

 

𝜌𝑒 = −
ℌϵ

2
௷ 𝛿(𝝌)ం

𝜕ϵ𝜌(̆𝝌)

𝜕𝜒և
ϵ

ϯ

և=φℝɘ

𝑑X + 𝜀 ௷ 𝛿(𝝌)𝜌(̆𝝌)
ℝɘ

𝑑X (222) 

 
Where each of these operations conserves the action 𝕊 = 𝑚(𝝃 − 𝐯) ⋅ 𝝌 and mimics the derived 
operators as found in (201) and (202). To note, the integral with the Laplacian integrand generates 
the total specific translational energy denoted 𝑒tr = 𝜚 + 𝜀tr as found in (128). The associated 
momentum and total energy density moment generating wave functions are respectively: 
 

𝐩̆ = 𝐩⃑[𝜓] = −𝑖ℌ
𝜕𝜌(̆𝝌)

𝜕𝝌
= 𝜌(̆𝝌)(𝐯 + 𝑖𝜔𝝌) (223) 

 

Ĕ = Eܕܔܔܓ[𝜓] = −
ℌϵ

2
ం

𝜕ϵ𝜌(̆𝝌)

𝜕𝜒և
ϵ

ϯ

և=φ

+ 𝜀𝜌(̆𝝌) = 𝜌(̆𝝌) ঁ𝑒 + 𝑖𝜔𝝌 ⋅ 𝐯 −
1

2
𝜔ϵ|𝝌|ϵং (224) 

 
Where the mass density transformation is once again 𝜌 ̆ = 𝜌[⃑𝜓]. When 𝐯 = 𝟎, the the above energy 
MGWF may be reformulated into the following operator relation: 
 

−
ℌϵ

2
ం

𝜕ϵ𝜌(̆𝝌)

𝜕𝜒և
ϵ

ϯ

և=φ

+
1

2
𝜔ϵ|𝝌|ϵ𝜌(̆𝝌) = 𝜀tr𝜌(̆𝝌) (225) 
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Quantized solutions to (225) produce quantum harmonic oscillating wave functions. It will be 
noted that 𝑝̂(𝝌) satisfies this virtual differential equation. Similar to the operation 𝜌 ̆∗𝜌 ̆used for 𝑝̂, 
the total energy is: 

𝑒(𝝌,𝐱, 𝑡) =
ఉĔ∗Ĕ

ఉ𝜌∗̆𝜌 ̆
= ఋ𝑒ϵ − 𝑒𝜔ϵ|𝝌|ϵ + 𝜔ϵ(𝝌 ⋅ 𝐯)ϵ +

1

4
𝜔Κ|𝝌|Κ (226) 

 
The FBE (144) will next be transformed into the virtual space. The resulting equation of motion 
will be referred to as Lady’s equation of motion which mimics the structure of the Schrod̈inger 
equation (202): 

𝜕

𝜕𝑡
Ψ(𝝌, 𝐱, 𝑡) = 𝑖ℌ∇և

𝜕

𝜕𝜒և

Ψ(𝝌, 𝐱, 𝑡) (227) 

 
Notice how the velocity 𝝃 has been indirectly transformed into the operator −𝑖ℌ𝜕 𝜕𝝌⁄  as a result 
from the CFT (214). Lady’s EOM may be transformed back to the FBE using the CIFT (215). 
What makes this operation possible is the fact that when applying IBP, the extrema vanish. So now 
that the theoretical framework has been established, the process of quantization will next be 
established within ch.3.8.  
 
3.8 Quantization and the QVFEM Algorithm 
 
The velocities will be quantized as 𝝃ᆿ = 𝕔𝔃ᆿ where 𝔃ᆿ is a symmetric integer basis or lattice and 
𝕔 ≡ δℓ δ𝑡⁄  is a characteristic speed (CS). The number of quantized velocities per dimension 𝕟 is 
always a positive odd integer. So, the total number of velocities in two dimensions is 𝕟ϵ and in 
three dimensions 𝕟ϯ. The base integer lattice in one dimension, from which higher dimensional 
lattices may be constructed, is provided as: 
 

𝓏ᆿ = {−(𝕟− 1) 2⁄ ,… ,−2,−1,0, +1,+2,… , +(𝕟− 1) 2⁄ } (228) 
 
The CS per time step, in reference to (209), is determined by finding the distribution with the 
maximum radius of influence, given by: 
 

𝕔 = 2(𝕟− 1)−φ maxਛੵ𝑢 ± ℵ
√

Θੵ, ੵ𝑣 ± ℵ
√

Θੵ, ੵ𝑤 ± ℵ
√

Θੵਜ (229) 
 
Where ℵ is the number of chosen standard deviations (SD). To properly capture the physics during 
each time step, it is generally recommended that 3 ≤ ℵ ≤ 4. To note, the above vector is 
formulated through solving the differential relation −

√
Θ(𝜕𝜌 ̂ 𝜕𝜉⁄ ) = ℵ𝜌 ̂ for 𝜉 per dimension; 

similar to a z-score. To uphold the stability condition stated in (87) or in other words 𝝃δ𝑡 ≤ δ𝐱, 
the time step (per time step) is computed as: 
 

δ𝑡 = 𝕔−φ min〈|δ𝑥|, |δ𝑦|, |δ𝑧|〉 (230) 
 
From the de Broglie relation 𝝃ᆿ = ℌ𝒌ᆿ, the wave numbers become 𝒌ᆿ = 𝕔𝔃ᆿ ℌ⁄ = 2𝜋𝔃ᆿ 𝜆⁄  
where 𝜆 = 2𝜋ℌ 𝕔⁄  is the overall wavelength. The step size is given by δ𝜒 = 𝜆 𝕟⁄  so that the 
quantized virtual displacements are simply 𝝌ᇀ = 𝔃ᇀδ𝜒. Now that 𝝃 and 𝝌 have been quantized 
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along with space and time, let us now discuss the overall algorithm. Per time step, the QVFEM 
procedure is provided in the following flow chart: 
 

Ψᇀ(𝐱, 𝑡)  
DIFT
࠼࠻࠻࠺  Fᆿ(𝐱, 𝑡)  

EOM
࠼࠻࠻࠺  Fᆿ(𝐱 + δ𝐱, 𝑡 + δ𝑡)  

DFT
⇒  Ψᇀ(𝐱 + δ𝐱, 𝑡 + δ𝑡) (231) 

 
As one can observe, the MGWF Ψᇀ(𝐱, 𝑡) is first initialized. To compute each “mass” Fᆿ, the 
continuous inverse Fourier transform from (215) will be converted into its discrete counterpart, 
being the DIFT: 

Fᆿ(𝐱, 𝑡) =
1

(2𝜋ℌ)ϯ
ం 𝜓∗(𝝃ᆿ, 𝝌ᇀ)Ψᇀ(𝐱, 𝑡)
𝕟ɘ

ᇀ=φ

δ𝜒ϯ (232) 

 
Where the integral has been converted into a finite sum and the differential 𝑑X has been converted 
to δ𝜒ϯ because the step size δ𝜒 = 2𝜋ℌ 𝕔𝕟⁄  is the same in all three Euclidean dimensions. The 
transformation matrix is next identified as: 
 

Qᆿᇀ = (2𝜋ℌ)−ϯ exp(−𝑖𝝃ᆿ ⋅ 𝝌ᇀ ℌ⁄ ) δ𝜒ϯ (233) 
 

= (𝕔𝕟)−ϯ exp(−2𝜋𝑖𝔃ᆿ ⋅ 𝔃ᇀ 𝕟⁄ ) 
 
Which is an 𝕟ϯ × 𝕟ϯ complex matrix containing both real and imaginary parts, i.e. exp(±𝑖𝜗) =

cos 𝜗 ± 𝑖 sin 𝜗. It will be noted that 𝑖𝝃ᆿ ⋅ 𝝌ᇀ ℌ⁄ = (2𝜋𝑖 𝕟⁄ )(𝔃ᆿ ⋅ 𝔃ᇀ) which shows the essence of 
the DFT. As a result, the DIFT may be written in a more compact form which is optimal for linear 
algebraic operations: 

Fᆿ(𝐱, 𝑡) = ం QᆿᇀΨᇀ(𝐱, 𝑡)
𝕟ɘ

ᇀ=φ

(234) 

 
The matrix representation of the above summation operation is 𝐅 = 𝐐 ⋅ 𝚿 where 𝐅 and 𝚿 are 
both vectors of size 𝕟ϯ per spatial node. If the matrix 𝐐 is invertible, then the initial MGWF may 
be recovered exactly without approximation via the operation 𝚿 = 𝐐−φ ⋅ 𝐅. This is one of the 
major benefits of the proposed methodology. Additionally, the user is free to sample as many 
quantized states (from the unbounded sample space) necessary to achieve numerical stability. 
Fortunately, the transformation matrix is in fact invertible in this circumstance. It will be noted 
that 𝝍 and 𝝍∗ are both symmetric matrices so that the associated Hermitian matrix is 𝝍H = 𝝍∗T =
𝝍∗. It is well known that in the DFT framework 𝝍H ⋅ 𝝍 = 𝝍 ⋅ 𝝍H = 𝕟ϯ𝟏 which proves a matrix 
inverse exists. Since 𝐐 = (𝕔𝕟)−ϯ𝝍∗ then 𝝍H = (𝕔𝕟)ϯ𝐐 and 𝝍 = (𝕔𝕟)ϯ𝐐∗. Substituting into the 
inverse identity proves that: 

𝐐∗ ⋅ 𝐐 = 𝐐 ⋅ 𝐐∗ = (𝕔ϵ𝕟)−ϯ𝟏 (235) 
 
The inverse is identified as 𝐐−φ = (𝕔ϵ𝕟)ϯ𝐐∗ so that the resulting mapping is: 
 

𝐅 = (𝕔𝕟)−ϯ𝝍∗ ⋅ 𝚿 ↔  𝚿 = 𝕔ϯ𝝍 ⋅ 𝐅 (236) 
 
The overall generalized QVFEM algorithm is next summarized in the Table 2: 
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𝐱քօֆ = ਗ𝑥ք, 𝑦օ, 𝑧ֆਘ generate spatial finite element mesh grid 

Γքօֆ
ᆿ = phase matrix (connectivity)  establish the connectivity matrix ∀ ि𝝃ᆿ, 𝐱քօֆी 

𝜌π, 𝐯π, 𝜀π input initial conditions 
for 𝑡 = 1 ∶ 𝑛֏ begin time marching  
𝕔 = ⋯ see (229) compute the characteristic speed 
𝝃ᆿ = 𝕔𝔃ᆿ obtain finite set of quantized velocities   
δ𝑡 = 𝕔−φ min〈|δ𝑥|, |δ𝑦|, |δ𝑧|〉 compute time step to satisfy (87) 
𝜆 = 2𝜋ℌ 𝕔⁄  overall wavelength 
δ𝜒 = 𝜆 𝕟⁄  wavelength step size 
𝝌ᇀ = 𝔃ᇀδ𝜒 associated quantized virtual displacements 
Ψᇀ(𝐱, 𝑡) initialize moment generating wave functions 
𝐐 = (𝕔𝕟)−ϯ𝝍∗ and 𝐐−φ = 𝕔ϯ𝝍 transformation matrix and inverse 
𝐅(𝐱, 𝑡) = 𝐐 ⋅ 𝚿(𝐱, 𝑡) extract the discrete “masses” 

Fᆿ(𝐱, 𝑡) = 𝒇ᆿ ⋅ 𝒈ᆿ[𝝋−φ(𝐱, 𝑡)] 
apply solution over each phasetime element and extract 
the temporally advanced distribution values located at 
Fᆿ஥ = Fᆿ(𝐱 + δ𝐱ᆿ, 𝑡 + δ𝑡) using the phase matrix 

𝚿஥ = 𝐐−φ ⋅ 𝐅஥ update moment generating wave functions 

Σ஥ = Ψ஥(𝝌 = 𝟎) 
extract the temporally advanced system quantities from 
the moment generating wave functions   

𝜌b, 𝐯b, 𝜀b apply boundary conditions at the boundaries of analysis 
end end time marching 
𝜌(𝐱, 𝑡final), 𝐯(𝐱, 𝑡final), 𝜀(𝐱, 𝑡final) export results and plot 

 
Table 2 QVFEM general algorithm 

 
3.9 Numerical Testing 
 
For all numerical simulations shown ℵ = 4. To note, the solution to the FBE over a uniform grid 
simplifies down to Fᆿ(𝐱, 𝑡 + δ𝑡) = Fᆿ(𝐱 − 𝝃ᆿδ𝑡, 𝑡). Please see an illustration of the characteristic 
lines in Figure 22 which shows the trajectories for each 𝜌 ̂ᆿ. In the LBM, this process is known as 
streaming. For all stationary walls, the normal mean velocity will be manually forced to zero at 
the end of each time step. More detail on implementation will be given as we proceed. As of now, 
boundary conditions are restricted to the Dirichlet type. The noble gas argon will be used in all 
simulations. Since argon is treated as a perfect gas, the temperature is updated at the end of each 
time step via T = 𝜀 cᇒ⁄ . For an ideal gas, however, a first order Taylor series expansion in time 
will first be applied to the internal energy field: 
 

𝜀(Tϵ) = 𝜀(Tφ) + cᇒ(Tφ)δT + 𝒪(δTϵ) (237) 
 
Where Tφ = T(𝐱, 𝑡), Tϵ = T(𝐱, 𝑡 + δ𝑡), and δT = Tϵ − Tφ. As a result, the updated temperature 
is expressed as: 

Tϵ ≈ Tφ +
𝜀(Tϵ) − 𝜀(Tφ)

cᇒ(Tφ)
(238) 
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This is the simplest approach when cᇒ is a nonlinear function of temperature. If desired, higher 
order expansions may be utilized and implemented into the algorithm.  
 
Sod Shock Tube  
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Figure 23 Sod shock tube results at 𝑡 ≈ 0.5 ms (blue) and 𝑡 ≈ 1.0 ms (black) 

 
Let us envision a two meter long cylindrical tank located within the domain 0 m ≤ 𝑥 ≤ 2 m. An 
impermeable barrier exists within the tank interior located at 𝑥 = 1 m at the initial time 𝑡 = 0 s. 
Both the left region (0 m ≤ 𝑥 < 1 m) and the right region (1 m < 𝑥 ≤ 2 m) will hold in 
containment a stationary argon gas. The mean velocity of both regions is then 𝑢(𝑥, 0) = 0. 
However, the mass density ratio between the two regions is 8 ∶ 1 and the pressure ratio is 10 ∶ 1. 
The ideal gas equation of state will be assumed valid so that Θ(𝑥, 0) = 𝜐(𝑥, 0)P(𝑥, 0). This 
experimental setup is known as the Sod shock tube. The initial conditions used are provided below: 
 

Left Region Right Region 
  
𝜌L(𝑥, 0) = 1.000 kg mϯ⁄  𝜌R(𝑥, 0) = 0.125 kg mϯ⁄  

  
PL(𝑥, 0) = 100 kPa PR(𝑥, 0) = 10 kPa 

 
Table 3 Sod’s initial conditions 

 
The simulation begins with an instantaneous uniform destruction of the barrier allowing interaction 
of the two regions. Due to the pressure gradient, the gas within the left region will move into the 
right region in a systematic way governed by the one-dimensional form of the Euler equations 
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(135) and (136). These equations will be solved using the QVFEM over a uniform grid partitioned 
into two-noded phasetime line elements. If each element is given its own local coordinate system 
then 𝑥φ = 0 and 𝑥ϵ = δ𝑥 so that δ𝑥 = 𝑥ϵ − 𝑥φ. The basis functions are next provided as: 
 

𝑔φ = Cφφ + Cφϵ(𝑥 − 𝜉𝑡) = 1 − (𝑥 − 𝜉𝑡) δ𝑥⁄ (239) 
 

𝑔ϵ = Cϵφ + Cϵϵ(𝑥 − 𝜉𝑡) = 0 + (𝑥 − 𝜉𝑡) δ𝑥⁄ (240) 
 
Denoting δ𝑓 = 𝑓ϵ − 𝑓φ, the solution over each element (per time step) takes the form: 
 

F(𝑥, 𝑡) = 𝑓φ𝑔φ + 𝑓ϵ𝑔ϵ = 𝑓φ + (δ𝑓 δ𝑥⁄ )(𝑥 − 𝜉𝑡) (241) 
 
Where the temporally advanced nodal values are obtained from: 
 

F(𝑥 = δ𝑥, 𝑡 = δ𝑡) = 𝑓φ + (1 − 𝜉δ𝑡 δ𝑥⁄ )δ𝑓, 0 < 𝜉δ𝑡 δ𝑥⁄ ≤ 1 (242) 
 
Since the grid is uniform then F(0 + δ𝑥, 0 + δ𝑡) = 𝑓φ thus showing the prescribed motion where 
𝜉 = δ𝑥 δ𝑡⁄ . The results of the simulation are shown in Figure 23 over the time interval [0 ∶ 1] ms, 
where the dashed black line shows the initial condition. It will be noted that 5,000 spatial nodes 
were used, 𝕟 = 21, and 425 time steps were required.  
 
The normal shock wave is located at 𝜑s(𝑡 ≈ 0.5 ms) ≈ 1.29 m and 𝜑s(𝑡 ≈ 1.0 ms) ≈ 1.58 m. 
The average shock velocity between these two times is computed as: 
 

δ𝜑s

δ𝑡
=

1.58 m − 1.29 m

1.0 ms − 0.5 ms
= 580 m s⁄ (243) 

 
The location of the normal shock wave will next be denoted 𝑥s

± = 𝜑s(𝑡) ± 𝜖 where 𝜖 is a “small” 
perturbation from the mean shock wave location 𝜑s. The average mass located at the “jump” is 
given by: 

𝑚s = ௷ 𝜌
֓ɞ

֓ȯ

𝑑𝑥 = ௷ 𝜌
֓s

−

֓ȯ

𝑑𝑥 + ௷ 𝜌
֓ɞ

֓s
+

𝑑𝑥 (244) 

 
Where 𝑥φ and 𝑥ϵ are stationary points located upstream and downstream from the jump 
respectively. For an observer traveling with the shock wave, the continuity equation becomes 
d𝑚s d𝑡⁄ = −(𝜌ϵ𝑢ϵ − 𝜌φ𝑢φ). Using Leibnitz’s identity [11; p.69] and the fact that 𝑥φ̇ = 𝑥ϵ̇ = 0, 
we may also conclude that: 

d𝑚s d𝑡⁄ = 𝜌φ𝜑̇s − 𝜌φ𝑥φ̇
Ј + 𝜌ϵ𝑥ϵ̇

Ј − 𝜌ϵ𝜑̇s + ௷ 𝜌̇
֓s

−

֓ȯ

𝑑𝑥
Ј

+ ௷ 𝜌̇
֓ɞ

֓s
+

𝑑𝑥
Ј

(245) 

 
The last two terms vanish since the mass density does not change locally with respect to time, both 
upstream and downstream from the jump. The theoretical shock velocity is then computed as 𝜑̇s =

(𝜌ϵ𝑢ϵ − 𝜌φ𝑢φ) (𝜌ϵ − 𝜌φ)⁄ ≈ 583.3 m s⁄ , where 𝜌φ ≈ 0.23 kg mϯ⁄ , 𝜌ϵ = 0.125 kg mϯ⁄ , 𝑢φ ≈

266.3 m s⁄ , and 𝑢ϵ = 0 m s⁄ . This result is in good agreement with (243) since 
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|(δ𝜑s δ𝑡⁄ − 𝜑̇s) 𝜑̇s⁄ | ⋅ 100% ≈ 0.57%. For further proof, please see Figure 24: 
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Figure 24 QVFEM prediction (black) vs. analytical solution (magenta) at 𝑡 ≈ 1.0 ms 

(courtesy of Virginia Notaro10) 
 
Now that the shock velocity has been verified, the simulation will be ran for a longer time period 
allowing the disturbances to reach the left and right inner walls of the tank. The boundary 
conditions are simply 𝑢(0 m, 𝑡) = 𝑢(2 m, 𝑡) = 0. The temperature and pressure at the boundaries, 
as functions of time, are next provided in Figure 25 over the time interval [0 ∶ 5] ms: 
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Figure 25 Temperature and pressure at 𝑥 = 0 m (black) and 𝑥 = 2 m (red) 

 
In contrary to the LBM, “bounce-back” or the reflection boundary condition is not implemented 
at the walls which are considered impermeable and insulated. Since mass nor energy can penetrate, 
connectivity does not exist therefore a zero is placed within the phase matrix for the applicable 

 
10 https://www.mathworks.com/matlabcentral/fileexchange/48734-riemannexact-p1-rho1-u1-p4-rho4-u4-tol  
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distribution values located at or within the vicinity of the positions 𝑥 = 0 m and 𝑥 = 2 m. Upon 
updating the moments at the end of each time step, the normal mean velocity at the wall is manually 
forced to zero. This type of boundary treatment will be used throughout all numerical simulations 
to determine the mechanical and thermal loads acting on boundary surfaces. This type of boundary 
treatment has yet to be verified and is left for future investigation.  
 
Lax-Type Shock Tube  
 
The next simulation will model a Lax-type shock tube, which is quite similar to Sod’s version. 
Overall, there is approximately a 9: 10 density ratio between the left and right regions and 
approximately a 7: 1 pressure ratio. Now, 𝜌L is slightly less than 𝜌R while PL > PR. Additionally, 
the left region will be set into motion at a low Mach number of 0.1, resulting in 𝑢L(𝑥, 0) ≈

60 m s⁄ . The initial conditions are summarized in Table 4.  
 

Left Region Right Region 
  
𝜌L(𝑥, 0) = 0.445 kg mϯ⁄  𝜌R(𝑥, 0) = 0.5 kg mϯ⁄  

  
ML(𝑥, 0) = 0.1 MR(𝑥, 0) = 0 

  
PL(𝑥, 0) = 100 kPa PR(𝑥, 0) ≈ 14.3 kPa 

 
Table 4 Lax’s initial conditions (±) 
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Figure 26 Lax shock tube results at 𝑡 ≈ 0.65 ms (blue) and 𝑡 ≈ 1.3 ms (black) 
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It will be noted that 10,000 spatial nodes were used, 𝕟 = 51, and the results shown in Figure 26 
required 510 time steps. The average shock speed in this scenario is δ𝜑s δ𝑡⁄ ≈ 418.5 m s⁄  and the 
theoretical value is 𝜑̇s ≈ 418.2 m s⁄ , so that |(δ𝜑s δ𝑡⁄ − 𝜑̇s) 𝜑̇s⁄ | ⋅ 100% ≈ 0.06%. Comparing this 
simulation to the prior, one may conclude that as the number of phasetime elements increase, the 
error decreases, as one would naturally expect.  
 
Woodward & Colella Double Blast Wave  
 
The next scenario to be simulated is the Woodward and Colella double blast wave problem where 
the initial conditions are divided up into three different regions: 
 

 
P(𝑥, 0) = 10ϩ Pa 
 
P(𝑥, 0) = 10φ Pa 
 
P(𝑥, 0) = 10Θ Pa 

 
0 < 𝑥 ℓ⁄ < 1 10⁄  

 
1 10⁄ < 𝑥 ℓ⁄ < 9 10⁄  

 
9 10⁄ < 𝑥 ℓ⁄ < 1 

P
π
 (

P
a
) 

 
                              𝑥 ℓ⁄  

 
Figure 27 Woodward & Colella’s initial conditions (ℓ = 2 m) 
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Figure 28 Woodward & Colella’s double blast wave results at 𝑡 ≈ 2.1 ms 

 
What makes this problem so challenging is the 100,000 ∶ 1 pressure ratio between the left and 
middle regions. For all three regions, the initial density is 𝜌(𝑥, 0) = 1 kg mϯ⁄  and the velocity 
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𝑢(𝑥, 0) = 0 m s⁄ . The velocity at the walls is once again forced to zero, 30,000 spatial nodes were 
used, 𝕟 = 251, and the results shown in Figure 28 required 910 time steps. The main concern here 
is survivability of the algorithm. The code proved satisfactory given enough phasetime 
information. One may compare the results to [47,62,63,64], which appear to be “smoother” than 
what others have calculated using other numerical methods.  
 
Fundamental Solution to the Continuity Equation  
 
Here, we will use the theory of continuous Fourier transforms to uncover the fundamental solution 
to the continuity or mass transport equation. This analytical technique will allow for a deeper 
understanding of the FBE and why the proposed solutions work as well as they do. To begin, we 
will introduce the complex propagating wave function 𝜓(𝒌, 𝐱, 𝑡) = exp[𝑖(𝒌 ⋅ 𝐱 − 𝜔𝑡)]. To solve 
the FBE, the solution prototype is given as F(𝒌, 𝐱, 𝑡) = A(𝒌)𝜓(𝒌, 𝐱, 𝑡), where A is the amplitude 
coefficient having dependence upon the wave numbers. Upon substituting F into the FBE, the 
dispersion relation is obtained as 𝜔(𝒌) = 𝒌 ⋅ 𝝃. For the fundamental solution, we set the initial 
condition to Fπ(𝐱) = 𝜌π̂𝛿(𝐱), where 𝛿(𝐱) is the Dirac delta function centered about 𝐱 = 𝟎 and 𝜌π̂ 
is the initial mass density velocity distribution. The amplitude and total solution for F are obtained 
from the following CIFT and CFT respectively: 
 

A(𝒌) =
1

(2𝜋)ϯ
௷ Fπ(𝐱)𝜓π

∗(𝒌, 𝐱)
ℝɘ

𝑑𝒳 =
𝜌π̂

(2𝜋)ϯ
(246) 

 

F(𝐱, 𝑡) = ௷ A(𝒌)𝜓(𝒌, 𝐱, 𝑡)
ℝɘ

𝑑𝒦 = 𝜌π̂𝛿(𝐱 − 𝝃𝑡) (247) 

 
As one can observe, the inverse mapping (143) reappears in the solution. The final solution for the 
mass density is then found through generating the zeroth order moment over the velocity space: 
 

𝜌(𝐱, 𝑡) = ௷ F(𝝃, 𝐱, 𝑡)
ℝɘ

𝑑Ξ =
𝜌π

(2𝜋Θπ𝑡
ϵ)ϯ ϵ⁄

exp গ−
1

2Θπ𝑡
ϵ
|𝐱 − 𝐯π𝑡|

ϵঘ (248) 

 
Where the law of constancy of mass is satisfied through integrating over the infinite Euclidean 
space: 

𝜌π = ௷ 𝜌(𝐱, 𝑡)
ℝɘ

𝑑𝒳 (249) 

 
The associated velocity field can be found through computing the first order moment over the 
velocity space: 

𝐯(𝐱, 𝑡) = 𝜐(𝐱, 𝑡) ௷ 𝝃F(𝝃, 𝐱, 𝑡)
ℝɘ

𝑑Ξ = 𝐱 𝑡⁄ (250) 

 
In conclusion, the solution (248) represents the convection process of a point mass dropped within 
an infinite domain, where the Gaussian is subjected to both advection and diffusion processes: 
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𝜌
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Figure 29 Time evolution of an initial point mass density (black → blue → red) 

 
In conclusion, the dissipation is already included within the framework of the QVFEM, which 
stems from the use of the velocity distribution; derived ab initio. Therefore, there is no need to 
include artificial dissipation terms into the governing equations of motion.  
 
Acceleration  
 
Up to now, we have shown that the QVFEM algorithm outputs high-precision accuracy and has 
the ability to remain stable even throughout the presence of a “strong” shock wave. This final 
benchmark test case will reach the hypersonic regime through accelerating a flowfield from rest 
into a stationary wall. The acceleration rate will be constant and the approximation (154) will be 
utilized, therefore: 

F(𝑥, 𝑡) ≈ [𝑓φ + (δ𝑓 δ𝑥⁄ )(𝑥 − 𝜉𝑡)] exp[(𝜉 − 𝑢)𝛽𝑎𝑡] (251) 
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Figure 30 US standard atmosphere vs altitude (data source: The Engineering Toolbox11) 
 
The initial conditions will be chosen to mimic high-speed flight within Earth’s atmosphere; see 
Figure 30. In regards to the supersonic and hypersonic flight regimes, it is most optimal to fly 
within regions where the density is the lowest to minimize the mechanical and thermal loads. 

 
11 https://www.engineeringtoolbox.com/standard-atmosphere-d_604.html  

T(0) = 288.15 (K) 
𝜇(0) = 1.789 ⋅ 10−Θ (Pa ⋅ s)

P(0) = 1.013 ⋅ 10Θ (Pa) 
𝜌(0) = 1.225 (kg mϯ⁄ ) 

T TЈ⁄  

𝜇 𝜇Ј⁄

P PЈ⁄ 𝜌 𝜌Ј⁄  

~Stratosphere      ~Mesosphere 
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Therefore, the flight elevation above sea level will be set to 30 km ≈ 100,000 ft, where 
𝜌(30 km) ≈ 0.02 kg mϯ⁄  and P(30 km) ≈ 1,200 Pa. For sake of simplicity, argon will remain 
the gas of analysis. Again, a one-dimensional flow will be accelerated from rest into a stationary 
wall, located at 𝑥 = 2 m, at an aggressive rate of 𝑎 = +10ϩ  m sϵ⁄ . The results of the simulation 
are shown in Figure 31. Since the flow is accelerating to the right into the wall, a normal shock 
wave is produced which travels to the left, away from the wall, while increasing in magnitude. For 
these computations, 10,000 spatial nodes were used, 𝕟 = 99, and the total number of time steps 
required was 2,000. The maximum Mach number achieved at 𝑡 ≈ 4.0 ms was almost 13.  
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Figure 31 Accelerated flow into wall (RHS) at 𝑡 ≈ 2.8 ms (blue) and 𝑡 ≈ 4.0 ms (black) 

 
2D Phasetime Element   
 
Future work will include two-dimensional flowfield studies simulated using the QVFEM. The one-
dimensional studies were run on my personal desktop computer. However, it will be most optimal 
to run the 2D test cases on a cluster of high-performance computers. One benefit is that the 
QVFEM has the same parallelization capabilities as that of the LBM. We will end this chapter by 
analyzing the nonlinear solution over a 2D quadrilateral element; see Figure 11. The four basis 
functions are then collected according to Pascal’s triangle, provided in the general form: 
 

𝑔ք = Cքφ + Cքϵ(𝑥 − 𝑢𝑡) + Cքϯ(𝑦 − 𝑣𝑡) + CքΚ(𝑥 − 𝑢𝑡)(𝑦 − 𝑣𝑡) ∀ 𝑖 = 1,2,3,4 (252) 
 
Where the velocities have been denoted 𝜉φ = 𝑢 and 𝜉ϵ = 𝑣. Using a local coordinate system for a 
rectangular element of size δ𝑥 × δ𝑦, the basis functions are provided as: 
 

𝑔φ = (𝑥 − 𝑢𝑡)(𝑦 − 𝑣𝑡) δ𝑎⁄ − (𝑥 − 𝑢𝑡) δ𝑥⁄ − (𝑦 − 𝑣𝑡) δ𝑦⁄ + 1 (253) 

Supersonic 

Hypersonic
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𝑔ϵ = (𝑥 − 𝑢𝑡) δ𝑥⁄ − (𝑥 − 𝑢𝑡)(𝑦 − 𝑣𝑡) δ𝑎⁄ (254) 
 

𝑔ϯ = (𝑥 − 𝑢𝑡)(𝑦 − 𝑣𝑡) δ𝑎⁄ (255) 
 

𝑔Κ = (𝑦 − 𝑣𝑡) δ𝑦⁄ − (𝑥 − 𝑢𝑡)(𝑦 − 𝑣𝑡) δ𝑎⁄ (256) 
 
The solution over the phasetime element is then given by: 
 

F(𝑥, 𝑦, 𝑡) = 𝑓φ𝑔φ + 𝑓ϵ𝑔ϵ + 𝑓ϯ𝑔ϯ + 𝑓Κ𝑔Κ (257) 
 

= 𝑓φ +
1

δ𝑥
(𝑓ϵ − 𝑓φ)(𝑥 − 𝑢𝑡) +

1

δ𝑦
(𝑓Κ − 𝑓φ)(𝑦 − 𝑣𝑡) +

1

δ𝑎
(𝑓φ − 𝑓ϵ + 𝑓ϯ − 𝑓Κ)(𝑥 − 𝑢𝑡)(𝑦 − 𝑣𝑡) 

 
The updated value at node #3 is F(δ𝑥, δ𝑦, δ𝑡), provided as: 
 

𝑓φ + (𝑓ϵ − 𝑓φ)(1 − 𝙲֓) + (𝑓Κ − 𝑓φ)ि1 − 𝙲֔ी + (𝑓φ − 𝑓ϵ + 𝑓ϯ − 𝑓Κ)(1 − 𝙲֓)ि1 − 𝙲֔ी (258) 
 
Where the Courant numbers are defined as 𝙲֓ = 𝑢δ𝑡 δ𝑥⁄  and 𝙲֔ = 𝑣δ𝑡 δ𝑦⁄ , which are governed by 

the constraint (87). If the grid spacing is completely uniform meaning δ𝑥 = δ𝑦, then 𝙲֓ = 𝙲֔ = 1 
and F(𝑢δ𝑡, 𝑣δ𝑡, δ𝑡) = 𝑓φ. If 𝑢 = 0 or 𝑣 = 0, the quadrilateral reduces down to a line element. 
 
3.10 Concluding Remarks 
 
We have thus concluded the foundational framework of the QVFEM. The next chapter will extend 
the framework over to the Navier-Stokes-Fourier equations. Before doing so, we will lastly discuss 
the differences between a traditional spacetime finite element formulation and the newly proposed 
methodology. Beginning with the EOM: Ḟ + 𝔄[F] = ℧, the solution will first be expanded in the 
more traditional style as F(𝐱, 𝑡) = 𝑓ք(𝑡)𝜓ք(𝐱). In this way, space and time are being treated 
independently in a sense when compared to the expansion used in ch.3.4, i.e. 𝑓ք𝜓ք(𝐱, 𝑡). Upon 
substituting, multiplying by 𝜙օ(𝐱), then integrating over the entire spatial domain, one obtains: 
 

𝑓 ̇
ք ௷𝜓ք𝜙օ

շ

𝑑𝜐 + 𝑓ք ௷𝔄[𝜓ք]𝜙օ
շ

𝑑𝜐 = ௷℧𝜙օ
շ

𝑑𝜐 (259) 

 
Whose compact matrix form is Αօք𝑓

̇
ք + Bօք𝑓ք = cօ or 𝚨 ⋅ 𝒇 ̇+ 𝐁 ⋅ 𝒇 = 𝐜. Since this is a global 

approach, the domain and weak form (259) must be partitioned into a system of finite elements, 
where the nodal values are computed simultaneously. However, the methodology presented in 
ch.3.4 is a local approach where one node per element is updated based on a stationary potential. 
If the Galerkin method is used, then the integration bounds do not encompass the entire element 
but the effective volume, which is a function of time; see (160).  
 
From here, there are two different routes which can be taken. One option is to set ℧ = 0 so that 
𝒇 ̇= −𝚨−φ ⋅ (𝐁 ⋅ 𝒇), apply a finite difference scheme to the temporal derivative, then time-march 
within the algorithm. Alternatively, one could extend the spatial mesh to a spacetime mesh through 

0,0 δ𝑥

δ𝑦 Aelem

δ𝑎 = δ𝑥δ𝑦
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setting 𝑓ք(𝑡) = Fքֆ𝜁ֆ(𝑡). We will next multiply (259) by 𝜂և(𝑡), then integrate over all time [65]: 
 

Fքֆ ௷𝜁 ̇
ֆ𝜂և

յ

𝑑𝑡 ௷𝜓ք𝜙օ
շ

𝑑𝜐 + Fքֆ ௷𝜁ֆ𝜂և
յ

𝑑𝑡 ௷𝔄[𝜓ք]𝜙օ
շ

𝑑𝜐 = ௷௷℧𝜙օ𝜂և
շ

𝑑𝜐
յ

𝑑𝑡 (260) 

 
Whose compact matrix form is FքֆिΑօքDֆև + BօքEֆևी = Cօև. To solve for all nodal values 
simultaneously, boundary and initial conditions must be applied then a rank four matrix must be 
inverted. If the integration is over a time step, then we can time march, for example: 
 

Fքϵ = िΑօքDϵև + BօքEϵևी
−φिCօև − िΑօքDφև + BօքEφևीFքφी (261) 

 
On a final note, the QVFEM is not a general finite element methodology and was specifically 
developed to solve the Euler and Navier-Stokes-Fourier equations. This newly proposed 
nontraditional framework is a result of the mathematical structure of these equations and the vast 
landscape of code-friendly analytical solutions.  
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Chapter 4 – The QVFEM: Part II 
 
The QVFEM was established in Part I with application to Euler’s equations of motion for matter 
in an ideal gaseous state. Part II will extend the framework to incorporate nonequilibrium 
phenomena including viscous dissipation and thermal conduction. In consequence, the momentum 
transport equations will now take the form of the Navier-Stokes equations. Additionally, the 
energy transport equation will now take the form of the Navier-Stokes-Fourier equation containing 
the stress-flux and heat flux vectors. We can consider the evolutions brought upon by the Euler 
equations, a first order approximation to the Boltzmann equation. Therefore in this work, a second 
order approximation will be established theoretically then bridged over into a high-fidelity 
computational framework.  
 
4.1 Introduction to the Second Order Equations of Motion 
 
To begin, the generalized Eulerian field equations, representative of transport processes, will 
herein be reviewed. Considering a chemically reacting gas mixture, the species mass transport 
equations are provided in the form [55]: 
 

𝜌𝒿̇ + 𝛁 ⋅ ि𝜌𝒿𝐯ी = 𝛁 ⋅ ि𝜌𝑑𝒿𝛁𝑓𝒿ी + ℘̇𝒿 ∀ 𝒿 = 1,2,… , 𝑛sp (262) 
 
Where the subscript 𝒿 indicates the chemical species, 𝑑𝒿 (m

ϵ s⁄ ) is the mass diffusion coefficient 

(from Fick’s law), 𝑓𝒿 = 𝜐𝜌𝒿 is the concentration or mass ratio subjected to the constraint 𝑓φ +

𝑓ϵ + ⋯+ 𝑓։sp
= 1, and ℘̇𝒿 is the mass rate of production due to chemical reactions. The mass 

density of each individual species is defined from the mass relation 𝜌𝒿𝜐 = 𝑚𝒿𝑛𝒿 (no summation) 

which may also be expressed in terms of the concentration as 𝜌𝒿 = 𝜌𝑓𝒿. The total mass density 
may then be found through summing each individual species density: 
 

𝜌 = ∑ 𝜌𝒿𝒿
= 𝜐−φ ∑ 𝑚𝒿𝑛𝒿𝒿

= 𝜌 ∑ 𝑓𝒿𝒿
(263)  

 
It is critical to note that (262) upholds the condition of constancy of mass, or in other words, the 
nonrelativistic physical law of mass conservation [20; ch.13]; first discovered by the French 
chemist Antoine Lavoisier (1743-1794). This simply means that mass is neither created nor 
destroyed; only subjected to change in form while at rest or during transmission between one 
location in space to another over time. In this work, a conserved quantity will be defined as a 
physical property, which when interacting with the environment (in an open system), is technically 
fully traceable within the structure of spacetime. In other words, from a Newtonian perspective, 
the conserved information carried by the advection stream is a constant of the motion so may only 
change in form as carried from one point in spacetime to another, i.e. 𝜌π̇ = 0. In consequence, the 
summation over all species in (262) recovers the mass continuity equation: 
 

𝜌 ̇+ 𝛁 ⋅ (𝜌𝐯) = ∑ 𝜌𝒿̇𝒿
+ 𝛁 ⋅ ∑ ि𝜌𝒿𝐯ी

𝒿
= 𝛁 ⋅ ∑ ि𝜌𝑑𝒿𝛁𝑓𝒿ी𝒿

+ ∑ ℘̇𝒿𝒿
= 0 (264)  

 
Here within Part II, chemical reactions and species diffusion will both be neglected. However, the 
above EOM is presented to compare the evolution of the mass field, a truly conserved quantity 



 65

within the nonrelativistic model, to the evolutions of the mean momentum, energy, and entropy 
fields which in actuality are subjected to nonconservative changes. This is due to phenomena such 
as viscous interactions (nonconservative forces) and thermal conduction which both contribute to 
the total entropy generated within the system. For example, one of Joseph Fourier’s (1768-1830) 
axioms of heat conduction states [56; ch.1]: 
 

“When heat is unequally distributed among the different parts of a solid mass, it tends to attain 
equilibrium, and passes slowly from the parts which are more heated to those which are less; 
and at the same time it is dissipated at the surface, and lost in the medium or in the void.” 

 
With this being said, the general formulation modeling the transport of mass, momentum, energy, 
and entropy (excluding body forces and heat sources) are next provided respectively [46; ch.4]: 
 

𝜕𝜌

𝜕𝑡
+

𝜕𝜌vք

𝜕xք

= 0,
𝜕𝜌vք

𝜕𝑡
+

𝜕𝜌vքvև

𝜕xև

+
𝜕Σքև

𝜕xև

= 0 (265) 

 
𝜕𝜌𝑒

𝜕𝑡
+

𝜕𝜌𝑒vք

𝜕xք

+
𝜕Σքևvև

𝜕xք

+
𝜕qք

𝜕xք

= 0,
𝜕𝜌s

𝜕𝑡
+

𝜕𝜌svք

𝜕xք

+
𝜕Φք

𝜕xք

= $̇ (266) 

 
Where 𝚺 = 𝚺T is the generalized total stress tensor, 𝐪 (kg sϯ⁄ ) is the generalized heat flux vector 
which is associated with the generalized heat-entropy flux vector 𝚽, and $ ̇indicates the total rate 
at which entropy is generated or produced within the system. The mass, momentum, and energy 
evolutions are subjected to equality relations due to the law of mass continuity [20; ch.13], 
Newton’s laws of motion [1; Book I], and the first law of thermodynamics (1st LoT) [45; ch.26]. 
These are known as balance laws which are governed by the Reynolds transport theorem, therefore 
may be written in the general form 𝑓 ̇

ք = −∇ևGքև. Integrating over the control volume then brings 
about the divergence theorem: 

𝜕

𝜕𝑡
௷𝑓ք
ษ

𝑑V = − ௷δGքև
ด

𝑑Aև (267) 

 
So that the temporal rate of change in the total mass, momentum, and energy contained within may 
be expressed as the cumulative sum of the fluxes acting through each bounding control surface: 
 

𝑚̇(ษ) =
𝜕

𝜕𝑡
௷𝜌
ษ

𝑑V = − ௷δ(𝜌vք)
ด

𝑑Aք (268) 

 

ṗք

(ษ)
=

𝜕

𝜕𝑡
௷𝜌vք
ษ

𝑑V = − ௷δ(𝜌vքvև + Σքև)
ด

𝑑Aև (269) 

 

Ė(ษ) =
𝜕

𝜕𝑡
௷𝜌𝑒
ษ

𝑑V = − ௷δ(𝜌𝑒vք + Σքևvև + qք)
ด

𝑑Aք (270) 

 
The entropy however, due to the existence of stress and heat flow, is said to be in a state of 
imbalance. Therefore, the entropy evolution must satisfy the inequality $̇ ≥ 0 under the second 
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law of thermodynamics (2nd LoT) [45; ch.27]. The mapping derivative of the mass density remains 
d𝜌 d𝑡⁄ = −𝜌∇քvք, however, the MD of the velocity, internal energy, and entropy are now: 
 

dvք d𝑡⁄ = −𝜐∇ևΣքև (271) 
 

d𝜀 d𝑡⁄ = −𝜐(Σքև∇քvև + ∇քqք) (272) 
 

ds d𝑡⁄ = −𝜐(∇քΦք − $)̇ (273) 
 
Which are found from (265-266). From the 2nd LoT, it is also claimed that heat and entropy both 
flow in the same direction. In consequence, it is postulated that qք = TΦք. Well from Φք = qք T⁄ , 
then T∇քΦք = ∇քqք − qք∇ք lnT, which would then entail: 
 

−𝜐∇քqք = Tds d𝑡⁄ − 𝜐ॕqք∇ք ln T + T$̇ॖ = d𝜀 d𝑡⁄ + 𝜐Σքև∇քvև (274) 
 
From which the following total differential relation is obtained: 
 

d𝜀 = Tds − 𝜐ॕΣքև∇քvև + qք∇ք ln T + T$̇ॖ d𝑡 (275) 
 
Upon defining Σքև = P𝛿քև − σքև, where σքև = σևք is the generalized viscous stress tensor, and 
noting that d𝜐 = 𝜐∇քvքd𝑡, the total differential of the internal energy (275) may be reformed into: 
 

d𝜀 = Tds − Pd𝜐 + 𝜐ॕσքև∇քvև − qք∇ք lnT − T$̇ॖ d𝑡 (276) 
 
Based on Fourier’s axioms of heat conduction [19; p.7], the heat flux vector will next be defined 
as qք = −𝜅∇քT, where 𝜅 (kg K⁄ ) ⋅ (m sϯ⁄ ) is the coefficient of thermal conductivity. The heat-
entropy flux vector may now be written as Φք = −𝜅∇ք lnT. In consequence, the entropy evolution 
takes on a form of the Clausius-Duhem inequality [46; p.169]: 
 

$̇ = 𝜌ds d𝑡⁄ − ∇ք(𝜅∇ք ln T) ≥ 0 (277) 
 
Where the 2nd LoT states that the above difference must always be nonnegative. To satisfy the 1st 
LoT through recovering the Gibbs relation, it will be postulated that the total rate of entropy 
production must be: 

$̇ = σքև(∇քvև)T
−φ + 𝜅|𝛁 lnT|ϵ (278) 

 
Well the term 𝜅−φ|𝚽|ϵ = 𝜅|𝛁 ln T|ϵ is always positive . We must now require the contraction 
σքև∇քvև to also yield strictly positive values. This thermodynamic restriction will be revisited upon 
deriving the viscous stress tensor. The MD of the entropy field may now be expressed in the form: 
 

ds d𝑡⁄ = 𝜐(σքև∇քvև − ∇քqք)T
−φ (279) 

 
What has been presented thus far is a general overview of the relevant continuum mechanics and 
thermodynamics. The equations of motion and constitutive relations will next be derived in a more 
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rigorous fashion based on the study of statistical mechanics; in contrary to the Coleman-Noll 
procedure [45; ch.39]. 
 
4.2 Theoretical Framework 
 
The Navier-Stokes-Fourier equations will be derived directly from the Euler equations utilized in 
chapter 3, therefore Part II is a direct extension of Part I. The method presented was inspired by 
[23] however a direct recovery of the governing evolution equations will herein be sought after. 
The MD will first be recast as a variation over the finite time interval δ𝑡. So, the variational time 
and position vector field will be defined respectively as 𝑡∗ = 𝑡 + 𝜖δ𝑡 and 𝐱∗ = 𝐱 + 𝜖𝝃δ𝑡. The 
perturbed distribution is then denoted F∗ = F(𝐱 + 𝜖𝝃δ𝑡, 𝑡 + 𝜖δ𝑡). The directional derivative of the 
generalized distribution may now be found through applying the Gat̂eaux operator [46; p.46-47, 
372-374]: 

𝔇F = (𝕕F∗ 𝕕𝜖⁄ )|ᇃ=Ј = िḞ + 𝜉ք∇քFीδ𝑡 (280) 
 
In consequence, we may conclude that dF d𝑡⁄ = 𝔇F δ𝑡⁄ , where cross multiplying yields dFδ𝑡 =

𝔇Fd𝑡. If 𝔇F is independent of time, then upon integration, one finds δF = 𝔇F, otherwise: 
 

δF =
1

δ𝑡
௷ 𝔇F

֏ɞ

֏ȯ

d𝑡 = ௷ िḞ + 𝜉ք∇քFी
֏ɞ

֏ȯ

d𝑡 (281) 

 
The variation in the distribution will be related to a generalized change via the master relation: 
 

Δ⟦F⟧ = 𝜖𝔇F (282) 
 
An alternate formulation is taken from Chapman and Enskog [15; ch.7]: 𝜖dF = 𝒥[F, G]d𝑡, where 
𝒥[F,G] represents the two-body Boltzmann collision integral. Following this work, we will 
enforce the constraints: Δܕܔܔܔܔܓ⟦𝜌⟧̂ ≡ 0, Δܕܔܔܔܔܓ⟦𝐩̂⟧ ≡ 𝟎, and Δܕܔܔܔܔܓ⟦Ê⟧ ≡ 0. These conditions of solubility are 
enforced to uphold the established balance laws of mass, momentum, and energy. The generalized 
distribution F and the operator 𝔇 will next be expanded using the following perturbation series: 
 

F = F𝟘 + 𝜖F𝟙 + 𝜖ϵF𝟚 + 𝒪(𝜖ϯ) (283) 
 

𝜖𝔇 = 𝜖𝔇𝟙 + 𝜖ϵ𝔇𝟚 + 𝒪(𝜖ϯ) (284) 
 

𝜖𝔇F = 𝜖𝔇𝟙F
𝟘 + 𝜖ϵ(𝔇𝟚F

𝟘 + 𝔇𝟙F
𝟙) + 𝒪(𝜖ϯ) (285) 

 
The notation F𝟘 refers to the equilibrium distributions utilized in Part I: 
 

𝜌 ̂𝟘 = 𝜌𝜁tr
−φ exp(− φ

ϵ
𝛽|𝒒|̇ϵ) (286)  

 
𝐩̂𝟘 = 𝜌̂𝟘𝝃 (287)  

 
𝜐̂𝟘Ê𝟘 = φ

ϵ
|𝝃|ϵ + 𝜀 (288)  
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𝜐̂𝟘S𝟘̂ = 𝑅 ln 𝜐𝜁 + (φ
ϵ
|𝒒|̇ϵ + 𝜀)T−φ (289)  

 
The notation F𝟙 indicates the first perturbation from equilibrium, which must satisfy the solubility 
constraints: 𝜌 ⃑𝟙 = 0, 𝐩⃑𝟙 = 𝟎, E𝟙ܕܔܔܓ = 0, and S𝟙⃑ = 0. Based on (280), the variations are: 
 

𝔇𝕀F = (𝜕𝕀F + 𝜉ք∇քF)δ𝑡 ∀ 𝕀 = 1,2 (290) 
 
Where the subscript 𝟙 simply refers to the isentropic evolutions provided by the Euler equations 
and the subscript 𝟚 refers to an evolution involving entropy production. For ease of notation, the 
partial temporal derivatives are written as 𝜕𝕀F = 𝜕𝕀F 𝜕𝑡⁄  ∀ 𝕀 = 1,2. It will be noted that these 
derivatives do not indicate different time scales but varying levels of description regarding 
transport processes. Substituting (283) and (285) into (282) obtains: 
 

𝜖𝔇𝟙F
𝟘 + 𝜖ϵ(𝔇𝟚F

𝟘 + 𝔇𝟙F
𝟙) = Δ⟦F𝟘 + 𝜖F𝟙 + 𝜖ϵF𝟚⟧ (291) 

 
The varying orders of 𝜖 will be separated from 0th to 2nd order to obtain the following hierarchy: 
 
 𝒪(𝜖Ј):  Δ⟦F𝟘⟧ = 0 (292) 
     
 𝒪(𝜖φ):  𝔇𝟙F

𝟘 = Δ⟦F𝟙⟧ (293) 
     
 𝒪(𝜖ϵ):  𝔇𝟚F

𝟘 + 𝔇𝟙F
𝟙 = Δ⟦F𝟚⟧ (294) 

 
Overall, the velocity distribution is derived from solving (292), which is then fed into (293) to 
uncover the first order change. Both F𝟘 and F𝟙 are then fed into (294), which is representative of 
the second order change. The operation of integrating the EOM (293) over the velocity space 
𝝃 ∀ Ξ ∈ ℝϯ, under the constraint Δܕܔܔܔܔܓ⟦F𝟙⟧ = 0, yields: 
 
 𝜕𝟙𝜌 ⃑𝟘 = −∇ք𝜌 ⃑𝟘[𝜉ք] 𝜕𝟙p⃑ք

𝟘 = −∇ևp⃑ք
𝟘[𝜉և] (295) 

    
 𝜕𝟙Eܕܔܔܓ

𝟘 = −∇քEܕܔܔܓ
𝟘[𝜉ք] 𝜕𝟙S

𝟘⃑ = −∇քS
𝟘⃑[𝜉ք] (296) 

 
Which recovers the set of Euler equations: 
 

𝜕𝟙𝜌 = −∇ք(𝜌vք), 𝜕𝟙(𝜌vք) + ∇և(𝜌vքvև) = −∇քP (297) 
 

𝜕𝟙(𝜌𝑒) + ∇ք(𝜌𝑒vք) = −∇ք(Pvք), 𝜕𝟙(𝜌s) = −∇ք(𝜌svք) (298) 
 
From which the following first order evolutions are obtained: 
 
 𝜕𝟙vք = −vև∇ևvք − 𝜐∇քP 𝜕𝟙𝑒 = −vք∇ք𝑒 − 𝜐∇ք(Pvք) (299) 
    
 𝜕𝟙𝜀 = −vք∇ք𝜀 − Θ∇քvք 𝜕𝟙ℎ = −vք∇քℎ − 𝛾Θ∇քvք (300) 
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 𝜕𝟙T = −vք∇քT − cᇒ
−φΘ∇քvք 𝜕𝟙P = −vք∇քP − 𝛾P∇քvք (301) 

    
 𝜕𝟙𝜚 = −vք(∇ք𝜚 + 𝜐∇քP) 𝜕𝟙s = −vք∇քs (302) 
 
We’ll next return to (293) and multiply by the newly introduced dissipation function ð 
(nondimensional) which will be set equal to the generalized first perturbation from equilibrium: 
 

ð𝔇𝟙F
𝟘 = 𝜏(𝜕𝟙F

𝟘 + 𝜉ք∇քF
𝟘) = ðΔ⟦F𝟙⟧ = −F𝟙 (303) 

 
Where the dissipation time is defined as 𝜏 = ðδ𝑡. One may notice that we’ve adopted the BGK 
collision operator if we redefine (66) according to the master relation (282): 
 

𝜖dF d𝑡⁄ = −(F − F𝟘)𝜏−φ (304) 
 
Similar to (284), the total differential expands as 𝜖dF = 𝜖d𝟙F + 𝜖ϵd𝟚F + 𝒪(𝜖ϯ). Upon substituting 
(283) and 𝜖dF into (304), one finds a similar hierarchy in comparison to (293-294): 
 
 𝒪(𝜖φ):  F𝟙d𝑡 = −𝜏d𝟙F

𝟘 (305) 
     
 𝒪(𝜖ϵ):  F𝟚d𝑡 = −𝜏(d𝟚F

𝟘 + d𝟙F
𝟙) (306) 

 
The EOM (294) will then expand into what will be referred to as Leo’s equation of motion: 
 

𝜕𝟚F
𝟘 + 𝜉ք∇քF

𝟘 − 𝜕𝟙[𝜏(𝜕𝟙F
𝟘 + 𝜉և∇ևF

𝟘)] − 𝜉ք∇ք[𝜏(𝜕𝟙F
𝟘 + 𝜉և∇ևF

𝟘)] = Δ⟦F𝟚⟧δ𝑡−φ (307) 
 
The objective is to now recover a form of the transport equations (265-266). This will be 
accomplished through integrating (307) over the velocity space then utilizing the isentropic 
evolutions (299-302) to convert the subscript 𝟙 temporal derivatives into spatial gradients. To 
begin, the Maxwellian 𝜌 ̂𝟘 from (286) will first replace F𝟘. The zeroth to third order raw moments 
are provided in ch.3.4. The fourth order raw moment will here be needed, i.e. 𝜌 ⃑𝟘ॅ𝜉ք𝜉օ𝜉ֆ𝜉ևॆ: 
 

𝜌vքvօvֆvև + Pिvքvօ𝛿ֆև + vքvֆ𝛿օև + vքvև𝛿օֆ + vօvֆ𝛿քև + vօvև𝛿քֆ + vֆvև𝛿քօी + PΘ𝛿քօֆև (308) 
 
Where the fourth order Kronecker delta tensor is provided in ch.1.2. We will also need some partial 
moments, which may be computed from the raw moments, e.g.: 
 

𝜌 ⃑𝟘[𝜉ք𝜉և
φ
ϵ
|𝝃|ϵ] = 𝜌(𝜚 + Ϩ

ϵ
Θ)vքvև + P(𝜚 + Θ

ϵ
Θ)𝛿քև (309)  

 
As mentioned in Part I, odd order central moments compute to zero while the necessary even ones 
are 𝜌 ⃑𝟘[𝑞ք𝑞և] = P𝛿քև and 𝜌 ⃑𝟘ॅ𝑞ք𝑞օ𝑞ֆ𝑞ևॆ = PΘ𝛿քօֆև. Some useful mixed moments are 𝜌 ⃑𝟘[𝜉ք𝑞և̇] = P𝛿քև 

and 𝜌 ⃑𝟘ॅ𝜉ք𝑞օ̇𝑞ֆ̇ॆ = Pvք𝛿օֆ, in addition to: 
 

𝜌 ⃑𝟘ॅ𝜉ք𝜉օ𝑞ֆ̇𝑞և̇ॆ = Pिvքvօ𝛿ֆև + Θ𝛿քօֆևी (310) 
 



 70

𝜌 ⃑𝟘[𝜉ք𝜉և
φ
ϵ
|𝒒|̇ϵ] = P(ϯ

ϵ
vքvև + Θ

ϵ
Θ𝛿քև) (311)  

 
Referring back to Leo’s EOM (307), we’ll generate the moment while enforcing Δܕܔܔܔܔܓ⟦𝜌 ̂𝟚⟧ = 0: 
 

𝜕𝟚𝜌 ⃑𝟘 + ∇ք𝜌 ⃑𝟘[𝜉ք] − ∇ք[𝜏(𝜕𝟙𝜌 ⃑𝟘[𝜉ք] + ∇և𝜌 ⃑𝟘[𝜉ք𝜉և])] = 0 (312) 
 
Upon substituting the relevant moments, we obtain 𝜕𝟙𝜌 = 𝜕𝟚𝜌 therefore the mass density field 
remains conserved . The same procedure will next be applied to the momentum distribution 
through replacing F𝟘 with (287), generating the moment, and enforcing Δܕܔܔܔܔܓ⟦𝐩̂𝟚⟧ = 𝟎: 
 

𝜕𝟚p⃑ք
𝟘 + ∇օp⃑ք

𝟘ॅ𝜉օॆ − ∇օॅ𝜏ि𝜕𝟙p⃑ք
𝟘ॅ𝜉օॆ + ∇ֆp⃑ք

𝟘ॅ𝜉օ𝜉ֆॆीॆ = 0 (313) 
 
The raw form of the viscous stress tensor is identified as: 
 

σքօ = 𝜏ॅ𝜕𝟙ि𝜌vքvօी + (𝜕𝟙P)𝛿քօ + ∇ֆि𝜌vքvօvֆी + ∇օ(Pvք) + ∇քिPvօी + ∇ֆ(Pvֆ)𝛿քօॆ (314) 
 
The conversion from the isentropic temporal evolutions into spatial gradients is: 
 

𝜕𝟙ि𝜌vքvօी + (𝜕𝟙P)𝛿քօ 
 

= −∇ֆि𝜌vքvօvֆी − िvք∇օP + vօ∇քP + vֆ(∇ֆP)𝛿քօी − 𝛾P(∇ֆvֆ)𝛿քօ (315) 
 
Substituting and simplifying recovers the Navier-Stokes (NS) viscous stress tensor [45; ch.45]: 
 

σքօ = 𝜇ि∇քvօ + ∇օvք − ϵ
ϯ
(∇ֆvֆ)𝛿քօी + 𝜂(∇ֆvֆ)𝛿քօ (316)  

 
Where the coefficients of shearing and dilatational viscosity are identified respectively as: 
 

𝜇 = P𝜏,     𝜂 = 𝜇िΘ
ϯ
− 𝛾ी (317)  

 
The two are related via the relation 𝜍 = 𝜂 − ϵ

ϯ
𝜇 = 𝜇(1 − 𝛾) and the total stress tensor is: 

 
Σքև = P𝛿քև − 𝜇(∇քvև + ∇ևvք) − 𝜍(∇ֆvֆ)𝛿քև (318) 

 
From which the total pressure may be found through φ

ϯ
Σքք = P − 𝜂∇ևvև. For a monatomic perfect 

gas, where only translational modes of internal energy are relevant, 𝜂ि𝛾 = Θ
ϯ
ी = 0 and the total 

pressure reduces down to the hydrostatic pressure. It can now be inferred that the coefficient of 
dilatational viscosity is directly related to non-translational modes of internal energy such as 
rotation, vibration, etc. So for a diatomic perfect gas, 𝜂ि𝛾 = Ϩ

Θ
ी = Κ

φΘ
𝜇. The theoretical predictions 

for the viscosity ratio 𝔗 = 𝜂 𝜇⁄  are shown in Figure 32 for Nϵ (red) and Oϵ (blue), where the black 
dashed line indicates 4 15⁄ . This nondimensional quantity will for future reference be referred to 
as Tracey’s number. It is found that for this particular application 𝜂 < 𝜇.  
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Figure 32 Dilatational viscosity coefficient predictions for Nϵ and Oϵ 

 
Referring back to (317), others have found a similar result, e.g. [31,34]. The dissipation time can 
be expressed as 𝜏 = 𝜇P−φ, however 𝜂 is not guaranteed to match experimental data. The 
discussion in [45; ch.45.4] states that in general 𝔗 > 1, which contradicts our prediction shown in 
Figure 32. Modifications to the expression obtained for 𝜂 will be left for future work. Some 
numerical estimates can be found in [57,68].  
 
To recap, thus far we’ve derived the Navier-Stokes equations for a compressible viscous gas: 
 

𝜕𝟚𝜌 + ∇ք(𝜌vք) = 0 (319)  
 

𝜕𝟚(𝜌vք) + ∇և[𝜌vքvև − 𝜇(∇քvև + ∇ևvք)] + ∇ք(P − 𝜍∇ֆvֆ) = 0 (320)  
 
Where Cauchy’s tetrahedron [45; p.137] can now be visualized on the phasetime element: 
 

 
 

Figure 33 3D phasetime element (three-pronged slingshot) 
 
The attention will next turn to the entropy evolution. The first perturbation from equilibrium will 
be found through multiplying (293) by the variational dissipation function ð∗: 
 

4 15⁄
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①
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④
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ð∗𝔇𝟙S
𝟘̂ = 𝜏 ∗(𝜕𝟙S

𝟘̂ + 𝜉ք∇քS
𝟘̂) = ð∗Δ⟦S𝟙̂⟧ = −S𝟙̂ (321) 

 
Where the variational dissipation time is 𝜏 ∗ = ð∗δ𝑡 = 𝜏(1 + 𝜏 ̇). Leo’s EOM then becomes: 
 

𝜕𝟚S
𝟘̂ + 𝜉ք∇քS

𝟘̂ − 𝜕𝟙[𝜏
∗(𝜕𝟙S

𝟘̂ + 𝜉և∇ևS
𝟘̂)] − 𝜉ք∇ք[𝜏

∗(𝜕𝟙S
𝟘̂ + 𝜉և∇ևS

𝟘̂)] = Δ⟦S𝟚̂⟧δ𝑡−φ (322) 
 
The next step is to integrate over the velocity space which yields: 
 

𝜕𝟚S
𝟘⃑ + ∇քS

𝟘⃑[𝜉ք] − ∇ք[𝜏
∗(𝜕𝟙S

𝟘⃑[𝜉ք] + ∇ևS
𝟘⃑[𝜉ք𝜉և])] = Δܕܔܔܔܔܓ⟦S𝟚̂⟧δ𝑡−φ = $̇ (323) 

 
It is important to note that for the entropy, Δܕܔܔܔܔܓ⟦S𝟚̂⟧ ≠ 0 but must equate to the rate of entropy 

production multiplied over the time interval, i.e. Δܕܔܔܔܔܓ⟦S𝟚̂⟧ = $δ̇𝑡, as shown in (323). The zeroth order 
moment is reviewed as S𝟘⃑ = 𝜌s, where the entropy is s = 𝑅 ln 𝜐𝜁 + 𝜀 T⁄ . The first order moment 
is simply S𝟘⃑[𝜉ք] = 𝜌svք and the second is presented as: 
 

S𝟘⃑[𝜉ք𝜉և] = 𝜌s(vքvև + Θ𝛿քև) + 𝑅P𝛿քև (324) 
 
Upon substituting these moments into (323), the raw form of the heat-entropy flux vector becomes: 
 

Φք = −𝜏 ∗[𝜕𝟙(𝜌svք) + ∇և(𝜌svքvև) + ∇ք(Ps) + 𝑅∇քP] (325) 
 
Where the conversion from the isentropic temporal evolutions into spatial gradients is: 
 

𝜕𝟙(𝜌svք) = −∇և(𝜌svքvև) − s∇քP (326) 
 
Substituting and simplifying recovers the hypothesized heat-entropy flux vector (266): 
 

Φք = −𝜏 ∗(P∇քs + 𝑅∇քP) = −𝜅∇ք ln T = qքT
−φ (327) 

 
Where the coefficient of thermal conductivity is identified as: 
 

𝜅 = cϋ𝜇(1 + 𝜏 ̇) (328) 
The Prandtl number is then: 

𝙿 = cϋ𝜇 𝜅⁄ = (1 + 𝜏 ̇)−φ (329) 
 
As a result, the rate of dissipation may be reformed in terms of the Prandtl number: 𝜏 ̇ = 𝙿−φ − 1. 
Let us now recall the dissipation function ð = 𝜏 δ𝑡⁄  and its variational form ð∗ = 𝜏 ∗ δ𝑡⁄ , where 
𝜏 ∗ = 𝜏(1 + 𝜏 ̇) and ð∗ = ð(1 + 𝜏 ̇). If 𝜏  were a function of time, then the corresponding rate must 
be 𝜏 ̇ = ðδ̇𝑡. Feeding this relation into the variational dissipation function unveils ð∗ = ð + ð𝜏̇ , so 
that the Prandtl number may take the fundamental form: 𝙿 = ð ð∗⁄ ; thus providing some further 
insight into these newly introduced parameters. The expression for the entropy s = 𝑅 ln 𝜐𝜁 + 𝜀 T⁄ , 
will next be fed into (323), restated in the form: 
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𝜕𝟚(𝜌s) + ∇ք(𝜌svք) + ∇քΦք = $̇ (330) 
 
From which the rate of entropy production is obtained exactly as postulated in (278): 
 

$̇ = σքև(∇քvև)T
−φ + 𝜅(∇ք ln T)(∇ք ln T) ≥ 0 (331) 

 
It is already apparent that 𝜅|𝛁 ln T|ϵ ≥ 0 since 𝜅 ≥ 0 and |𝛁 ln T|ϵ ≥ 0. We’ll next examine the 
contraction σքև∇քvև through first decomposing the velocity gradient into symmetric & skew parts: 
 

∇քvև = Aքև + Bքև = φ
ϵ
(∇քvև + ∇ևvք) + φ

ϵ
(∇քvև − ∇ևvք) (332)  

 
Since 2Aքև = ∇քvև + ∇ևvք and Aևև = ∇ևvև, then the NS viscous stress tensor may be written in 
terms of the symmetric tensor Aքև = Aևք, therefore σքև = 2𝜇Aքև + 𝜍Aֆֆ𝛿քև. The contraction is now:  
 

σքև(∇քvև) 𝜇⁄ = 2Aքև∇քvև + ि𝔗 − ϵ
ϯ
ी(Aֆֆ)

ϵ ≥ 0 (333)  
 
Using comma notation, the shear and dilatational parts respectively expand as follows: 
 

2Aքև∇քvև = 2ि𝑢Ӵ֓
ϵ + 𝑣Ӵ֔

ϵ + 𝑤Ӵ֕
ϵ ी + ि𝑢Ӵ֔ + 𝑣Ӵ֓ीϵ + ि𝑣Ӵ֕ + 𝑤Ӵ֔ी

ϵ + ि𝑢Ӵ֕ + 𝑤Ӵ֓ीϵ ≥ 0 (334) 
 

(Aֆֆ)ϵ = (∇ֆvֆ)
ϵ = ि𝑢Ӵ֓ + 𝑣Ӵ֔ + 𝑤Ӵ֕ी

ϵ ≥ 0 (335) 
 
Since 𝜇 ≥ 0 and 𝜂 ≥ 0, the minimum value for Tracey’s number is 𝔗min = 0 so we must prove: 
 

2Aքև∇քvև ≥ ϵ
ϯ
(Aֆֆ)ϵ (336)  

 
ϯ

φ
ि𝑢Ӵ֓

ϵ + 𝑣Ӵ֔
ϵ + 𝑤Ӵ֕

ϵ ी + ϯ

ϵ
ि𝑢Ӵ֔ + 𝑣Ӵ֓ीϵ + ϯ

ϵ
ि𝑣Ӵ֕ + 𝑤Ӵ֔ी

ϵ + ϯ

ϵ
ि𝑢Ӵ֕ + 𝑤Ӵ֓ीϵ 

 
≥ ि𝑢Ӵ֓ + 𝑣Ӵ֔ + 𝑤Ӵ֕ी

ϵ (337)  
 
Well the Cauchy-Schwarz inequality states that [12; p.5]: 
 

(𝑎φ
ϵ + 𝑎ϵ

ϵ + 𝑎ϯ
ϵ)(𝑏φ

ϵ + 𝑏ϵ
ϵ + 𝑏ϯ

ϵ) ≥ (𝑎φ𝑏φ + 𝑎ϵ𝑏ϵ + 𝑎ϯ𝑏ϯ)
ϵ (338)  

 
Upon setting 𝑎φ = 𝑢Ӵ֓, 𝑎ϵ = 𝑣Ӵ֔, 𝑎ϯ = 𝑤Ӵ֕, and 𝑏φ = 𝑏ϵ = 𝑏ϯ = 1, the above simplifies down to: 
 

3ि𝑢Ӵ֓
ϵ + 𝑣Ӵ֔

ϵ + 𝑤Ӵ֕
ϵ ी ≥ ि𝑢Ӵ֓ + 𝑣Ӵ֔ + 𝑤Ӵ֕ी

ϵ (339)  
 
As a result, (333) is in accordance with the 2nd LoT . As proven in ch.4.1, we’ve maintained the 
Gibbs relation (112) where the entropy differential is ds = 𝜐T−φ(σքև∇քvև − ∇քqք)d𝑡, so that: 
 

d𝜀 = 𝜐(σքև∇քvև − ∇քqք)d𝑡 − Pd𝜐 
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= 𝜐(2𝜇 dev(Aքև)∇քvև − ∇քqք)d𝑡 − 𝜐Aֆֆ(P − 𝜂Aևև)d𝑡 (340)  
 
One can interpret that 2𝜈 dev(Aքև) (∇քvև)d𝑡 represents the heat generated due to viscous 
interactions (friction), the term −𝜐(∇քqք)d𝑡 is indicative of the heat transfer due to the temperature 
gradient, and 𝜐𝜂(Aֆֆ)ϵd𝑡 affects the work response which is now no longer equal and opposite. 
To note, 𝜈 = 𝜐𝜇, dev(Aքև) = Aքև − φ

ϯ
Aֆֆ𝛿քև, and σքև = 2𝜇 dev(Aքև) + 𝜂Aֆֆ𝛿քև.  

 
To unify the entropy and momentum evolutions in the total energy equation, we’ll first revisit 
(303), which provides the following two relations: 
 

ð𝔇𝟙Ê
𝟘 = 𝜏(𝜕𝟙Ê

𝟘 + 𝜉ք∇քÊ
𝟘) = ðΔ⟦Ê𝟙⟧ (341) 

 
T𝜏 ̇ð𝔇𝟙S

𝟘̂ = 𝕥T(𝜕𝟙S
𝟘̂ + 𝜉ք∇քS

𝟘̂) = T𝜏 ̇ðΔ⟦S𝟙̂⟧ (342) 
 
Upon combining, where 𝕥 = 𝜏 ̇𝜏 , the first perturbation in the energy distribution is then: 
 

ð𝔇𝟙Ê
𝟘 + T𝜏 ̇ð𝔇𝟙S

𝟘̂ = ðΔ⟦Ê𝟙⟧ + T𝜏 ̇ðΔ⟦S𝟙̂⟧ = −Ê𝟙 
 

= 𝜏(𝜕𝟙Ê
𝟘 + 𝜉ք∇քÊ

𝟘) + 𝕥T(𝜕𝟙S
𝟘̂ + 𝜉ք∇քS

𝟘̂) (343) 
 
Under the constraint Δܕܔܔܔܔܓ⟦Ê𝟚⟧ = 0, the energy evolution may now be represented in the form: 
 

𝜕𝟚Eܕܔܔܓ
𝟘 + ∇քEܕܔܔܓ

𝟘[𝜉ք] − ∇քज़𝜏ॕ𝜕𝟙Eܕܔܔܓ
𝟘[𝜉ք] + ∇ևEܕܔܔܓ

𝟘[𝜉ք𝜉և]ॖ + 𝕥Tॕ𝜕𝟙S
𝟘⃑[𝜉ք] + ∇ևS

𝟘⃑[𝜉ք𝜉և]ॖड़ = 0 (344) 
 
Recalling from Part I, the first two moments are E𝟘ܕܔܔܓ = 𝜌𝑒 and E𝟘ܕܔܔܓ[𝜉ք] = Hvք, where H = 𝜌𝑒 + P 
is the total enthalpy density. The third order moment is next provided in the form: 
 

E𝟘ܕܔܔܓ[𝜉ք𝜉և] = (H + P)vքvև + HΘ𝛿քև (345) 
 
So that the raw form of the stress flux vector minus the heat flux vector is identified as: 
 

σքևvև − qք = 𝜏[𝜕𝟙(Hvք) + ∇և(Hvքvև) + ∇և(Pvքvև) + ∇ք(HΘ)] + 𝜏 ̇𝜇cϋ∇քT (346) 
 
The conversion from the isentropic temporal evolutions into spatial gradients is provided as: 
 

𝜕𝟙(Hvք) = −∇և(Hvքvև) − vքvև∇ևP − 𝛾Pvք∇ևvև − 𝜐H∇քP (347) 
 
Substituting and simplifying recovers the N-S stress flux vector minus the Fourier heat flux vector: 
 

σքևvև − qք = 𝜇(∇քvև + ∇ևvք)vև + 𝜍(∇ֆvֆ)vք + 𝜅∇քT (348)  
 
The final form of the energy evolution then becomes: 
 

𝜕𝟚(𝜌𝑒) + ∇ք(Hvք) = ∇ք(σքևvև + 𝜅∇քT) (349) 
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In conclusion, the transport equations (265-266) have fully been derived from a statistical 
standpoint. From here we must uncover expressions for the dissipation time 𝜏 = 𝜇P−φ and the rate 
of dissipation 𝜏 ̇ = 𝜅(cϋ𝜇)−φ − 1. Theoretical predictions of the transport coefficients are beyond 
the scope of this work therefore Sutherland’s law12 [59] will briefly be reviewed: 
 

𝜇 =
𝜇Јि𝔰ᇋ + TЈी

T
Ј

ϯ ϵ⁄

Tϯ ϵ⁄

ि𝔰ᇋ + Tी
, 𝜅 =

𝜅Ј(𝔰ᇈ + TЈ)

T
Ј

ϯ ϵ⁄

Tϯ ϵ⁄

(𝔰ᇈ + T)
(350) 
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Figure 34 Viscosity (left) and thermal conductivity (right) 

via Sutherland’s law for Ar, Nϵ, and Oϵ 
(data source: CRC Handbook of Chemistry and Physics [17]) 

 
Some data taken from [17; p.6-229,6-241] is shown in Figure 34 and compared to Sutherland’s 
predictions over the temperature range 100 K ≤ T ≤ 600 K. Even though this range is relatively 
small, there is good agreement between Sutherland’s formulas and the experimental data. We can 
also compare (61) and (350) to obtain a deeper understanding; see [15; p.223].  
 
4.3 Analytical Expressions for the First Perturbation 
 
Here, we will scrub down our theoretical formulations and find analytical expressions for the first 
perturbation from equilibrium. To begin, the generalized velocity distribution will be expressed as 
F = F𝟘 + F𝟙, which is governed by the EOM (294): 
 

Ḟ + 𝝃 ⋅ 𝛁F = िḞ𝟘 + 𝝃 ⋅ 𝛁F𝟘ी + िḞ𝟙 + 𝝃 ⋅ 𝛁F𝟙ी = Δ⟦F𝟚⟧δ𝑡−φ (351) 
 
It has been well established and proven that F𝟙ܕܔܔܓ = 0 and theoretically Δܕܔܔܔܔܓ⟦F𝟚⟧ = 0 (except for the 
entropy). In regards to the mass, momentum, and energy evolutions, the terms Ḟ𝟙 and Δ⟦F𝟚⟧δ𝑡−φ 
are then negligible and will be removed from (351). The reduced EOM is then: 
 

Ḟ𝟘 + 𝝃 ⋅ 𝛁F𝟘 + 𝝃 ⋅ 𝛁F𝟙 = 0 (352) 
 
The objective is to now uncover expressions for F𝟙 in terms of the velocity gradient tensor ∇ևvք 
and the temperature gradient vector ∇քT. From (303), it was established that the first perturbation 

 
12 https://doc.comsol.com/5.5/doc/com.comsol.help.cfd/cfd_ug_fluidflow_high_mach.08.27.html   

𝜇͗ϝ

𝜂οɞ

𝜂λɞ
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𝜇οɞ
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is F𝟙 ≡ −𝜏(𝜕𝟙F
𝟘 + 𝝃 ⋅ 𝛁F𝟘), so that the total distribution is by definition: 

 
F ≡ F𝟘 − 𝜏(𝜕𝟙F

𝟘 + 𝜉ք∇քF
𝟘) (353) 

 
The derivatives 𝜕𝟙F

𝟘 and ∇քF
𝟘 will be expanded through identifying the zeroth order functional: 

 
F𝟘(𝝃, 𝐱, 𝑡) = F𝟘[𝝃, 𝜌(𝐱, 𝑡), 𝐯(𝐱, 𝑡), T(𝐱, 𝑡)] (354) 

 
In consequence, the first order perturbation will expand as: 
 

−
1

𝜏
F𝟙 ≡

𝜕F𝟘

𝜕𝜌
(𝜕𝟙𝜌 + 𝜉ք∇ք𝜌) +

𝜕F𝟘

𝜕vք

(𝜕𝟙vք + 𝜉և∇ևvք) +
𝜕F𝟘

𝜕T
(𝜕𝟙T + 𝜉ք∇քT) (355) 

= 

গ𝑞ք̇

𝜕F𝟘

𝜕𝜌
−

Θ

𝜌

𝜕F𝟘

𝜕vք

ঘ∇ք𝜌 + গ𝑞և̇

𝜕F𝟘

𝜕vք

− 𝜌
𝜕F𝟘

𝜕𝜌
𝛿քև −

Θ

cᇒ

𝜕F𝟘

𝜕T
𝛿քևঘ ∇ևvք + গ𝑞ք̇

𝜕F𝟘

𝜕T
− 𝑅

𝜕F𝟘

𝜕vք

ঘ∇քT 

 
Utilizing the isentropic evolutions, the advective spacetime evolutions are converted via: 
 

𝜕𝟙𝜌 + 𝜉ք∇ք𝜌 = 𝑞ք̇∇ք𝜌 − 𝜌∇քvք (356) 
 

𝜕𝟙vք + 𝜉և∇ևvք = 𝑞և̇∇ևvք − 𝜐∇քP (357) 
 

𝜕𝟙T + 𝜉ք∇քT = 𝑞ք̇∇քT − cᇒ
−φΘ∇քvք (358) 

 
As one can observe, the temporal derivatives have once again been transformed into strictly spatial 
gradients, as done in ch.4.2. Upon setting F𝟘 = 𝜌̂𝟘, the partial derivatives in (355) are: 
 

𝜕𝜌 ̂𝟘 𝜕𝜌⁄ = 𝜐𝜌 ̂𝟘, 𝜕𝜌 ̂𝟘 𝜕vք⁄ = 𝛽𝑞ք̇𝜌 ̂𝟘, 𝜕𝜌 ̂𝟘 𝜕T⁄ = 𝑅𝛽ϵℒ𝜌̂𝟘 (359) 
 
Where ℒ = φ

ϵ
|𝒒|̇ϵ − 𝜀tr is the specific Lagrangian and 𝛽 = Θ−φ. Feeding (359) into (355) yields: 

 
F𝟙Ӵ𝟘 = −𝜏𝛽(𝑞ք̇𝑞և̇ − φ

ϵ
(𝛾 − 1)|𝒒|̇ϵ𝛿քև − 𝔗𝜀tr𝛿քև)∇ևvք − 𝜏𝛽(φ

ϵ
|𝒒|̇ϵ − ℎtr)𝑞ք̇∇ք ln T (360)  

 
For a monatomic perfect gas, meaning cᇒ = 3𝑅 2⁄ , 𝛾 = 5 3⁄ , and 𝔗 = 0, then (360) simplifies to: 
 

F͗ϝ
𝟙Ӵ𝟘 = −𝜏𝛽ि𝑞ք̇𝑞և̇ − φ

ϯ
|𝒒|̇ϵ𝛿քևी∇ևvք − 𝜏𝛽(φ

ϵ
|𝒒|̇ϵ − Θ

ϵ
Θ)𝑞ք̇∇ք ln T (361)  

 
Thus being a similar expression found in [15; p.119]. We’ll next define the quantities: 
 

𝜘ք = (φ
ϵ
|𝒒|̇ϵ − ℎtr)𝑞ք̇T

−φ (362)  
 

ℒքև = 𝑞ք̇𝑞և̇ − φ
ϵ
(𝛾 − 1)|𝒒|̇ϵ𝛿քև − 𝔗𝜀tr𝛿քև (363)  

 
So that (360) may be written in the more compact form: 
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F𝟙Ӵ𝟘 = −𝜏𝛽(ℒքև∇ևvք + 𝜘ք∇քT) (364) 
 
From a numerical standpoint, we will simply set 𝜌 ̂𝟙 = 0, meaning 𝜌 ̂ = 𝜌 ̂𝟘, which is governed by: 
 

𝜕𝜌 ⃑+ ∇ք𝜌[⃑𝜉ք] = 𝜕𝜌 + ∇ք(𝜌vք) = 0 (365) 
 
In contrary, the momentum density velocity distribution expands as 𝐩̂ = 𝐩̂𝟘 + 𝐩̂𝟙, where the first 
perturbation is simply: 

p̂ք
𝟙 = −(𝜏𝛽∇ևvֆ)ℒֆևp̂ք

𝟘 (366)  
 
The term containing the temperature gradient has been dropped since the heat flux vector does not 
appear in the momentum evolution (320). The first two moments over the Lagrange tensor are: 
 

p⃑ք
𝟘ॅℒօֆॆ = 0 (367) 

 
p⃑ք
𝟘ॅ𝜉օℒֆևॆ = PΘि𝛿քօֆև − 𝛾𝛿քօ𝛿ֆևी (368) 

 
𝛿քօֆև − 𝛾𝛿քօ𝛿ֆև = ि𝛿քֆ𝛿օև + 𝛿քև𝛿օֆ − ϵ

ϯ
𝛿քօ𝛿ֆևी + 𝔗𝛿քօ𝛿ֆև (369)  

 
In consequence 𝐩⃑𝟙 = 𝟎 as expected. The stress tensor will next be expressed as: 
 

σքօ = Μքօֆև∇ևvֆ (370)  
 
Where Μքօֆև is the viscosity tensor, similar to the elasticity tensor [45; p.300]: 
 

Μքօֆև = 𝜏𝛽p⃑ք
𝟘ॅ𝜉օℒֆևॆ = 𝜇ि𝛿քօֆև − 𝛾𝛿քօ𝛿ֆևी = 𝜇ि𝛿քֆ𝛿օև + 𝛿քև𝛿օֆी + 𝜍𝛿քօ𝛿ֆև (371) 

 
The first order moment of (366) is next computed as: 
 

p⃑ք
𝟙ॅ𝜉օॆ = −(𝜏𝛽∇ևvֆ)p⃑ք

𝟘ॅ𝜉օℒֆևॆ = −Μքօֆև∇ևvֆ = −σքօ (372)  
 
The Navier-Stokes momentum equation is then recovered from (352): 
 

𝜕p⃑ք
𝟘 + ∇ևp⃑ք[𝜉և] = 𝜕(𝜌vք) + ∇և(𝜌vքvև + P𝛿քև − σքև) = 0 (373) 

 
We’ll next discuss the computation of both the velocity gradient tensor and the temperature 
gradient vector found in (364), where each may be treated in the same manner. If one were to 
compute these quantities, then a nonlocal approach will work best. We’ll consider 𝜒 to be the 
center position within a one-dimensional lattice and 𝜆ᆿ as the step length. A first order Taylor 
series expansion of the function T(𝜒) is then: 
 

T(𝜒 + 𝜆ᆿ) = T(𝜒) + 𝜆ᆿT஥(𝜒) + 𝒪(𝜆ᆿ
ϵ ) (374) 

 
It may be concluded that a first order finite difference scheme approximates the gradient: 
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𝜕T

𝜕𝜒
≈

T(𝜒 + 𝜆ᆿ) − T(𝜒)

𝜆ᆿ

(375) 

 
Summing over all possible steps ∀ 𝛼 = 1,2,… , 𝑛 then provides a more accurate description: 
 

𝜕T

𝜕𝜒
≈

1

𝑛
ం

T(𝜒 + 𝜆ᆿ) − T(𝜒)

𝜆ᆿ

։

ᆿ=φ

(376) 

 
The exact definition of the derivative is recovered in the limit as the step size approaches zero: 
 

𝜕T

𝜕𝜒
=

1

𝑛
ం lim

ᇊᆕ→Ј

T(𝜒 + 𝜆ᆿ) − T(𝜒)

𝜆ᆿ

։

ᆿ=φ

(377) 

 
Each finite difference 𝛿ᆿT = T(𝜒 + 𝜆ᆿ) − T(𝜒) is weighted proportional to 𝜆ᆿ

−φ when 𝑛 is finite. 
If we define the weight as 𝑘ᆿ = (𝑛𝜆ᆿ)−φ, then (376) may be written in the more compact form: 
 

𝜕T

𝜕𝜒
≈ ం 𝑘ᆿ𝛿ᆿT

։

ᆿ=φ

(378) 

 
Please see Figure 35 (left) showing the absolute value of the weights as a function of the distance 
from 𝜒; which refers to 𝜆 = 0. As one can observe, finite differences located nearer to 𝜒 are 
weighted more heavily in comparison to the ones located farther away since: 
 

lim
ᇊᆕ→Ј±

|𝑘ᆿ| = ∞, lim
ᇊᆕ→±�

|𝑘ᆿ| = 0 (379) 
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Figure 35 Finite difference weights (left) and gradient approximation at discontinuity (right) 

 
To the right within Figure 35 is a numerical approximation of the gradient, using (376), of a 
function containing a jump discontinuity. As a result, the proposed methodology shows to be 
successful in capturing the derivative through using a simple nonlocal approach. Figure 36 
provides additional examples where the analytical solutions are in red. It will be noted that ℋφЈ 
refers to the 10th order probabilist’s Hermite polynomial. Additionally, for nodes located within 
the vicinity of a boundary, a reflective scheme is utilized. In other words, when there is a loss of 
connectivity, the lattice derivative is not set to zero but to the value of the opposing side.  
 

𝑛|𝑘ᆿ| = |𝜆ᆿ
−φ|

|𝑟−φ| 

T 

∇T 
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Figure 36 Gradient approximations of smooth analytical functions 

 
In conclusion, analytical expressions for the first perturbation have been obtained. If desired, the 
same methodology can be applied to uncover Ê𝟙 and S𝟙̂. Additionally, a reliable method has been 
established to numerically compute the gradients. However, this methodology will not be used 
within the QVFEM, where the stress and heat flux will be treated at the mesoscopic level.  
 
4.4 Finite Element Formulation 
 
We will herein provide a finite element formulation of Leo’s EOM (352). To begin, we’ll denote 
an observable by Σ whose variational form is Σ∗ = Σ + 𝜏𝜕𝟙Σ. The isentropic temporal derivative 
of the distribution may now be found through the following variational operation: 
 

𝜕𝟙F = (𝜕F∗ 𝜕𝜏⁄ )|ᇑ=Ј = νF (380) 
 
Where from here on out, F = F𝟘. Denoting 𝛿 = 1 − ν𝜏 , Leo’s EOM will be expressed as: 
 

Ḟ + 𝜉ք∇ք(𝛿F) = 𝜉ք𝜉և∇ք(𝜏∇ևF) (381) 
 
If we set the “drift” velocity to 𝜇ք = 𝛿𝜉ք and denote the diffusion tensor as Dքօ = 𝜉ք𝜉օ𝜏 , then Leo’s 
EOM will take the form of the Fokker-Planck equation: 
 

Ḟ + ∇ք(𝜇քF) = ∇ք(Dքև∇ևF) (382) 
 
Which is then directly connected to the N-S momentum equation through replacing F with 𝐩̂. If 
we hold ν and 𝜏  constant, the dispersion relation is computed as: 
 

𝜔 = (𝛿 − 𝑖𝜏𝜔�)𝜔� (383) 
 
Where the freestream version is recovered when 𝜏 = 0, i.e. 𝜔� = 𝒌 ⋅ 𝝃, and the group velocity is: 
 

𝜕𝜔 𝜕𝒌⁄ = (𝛿 − 2𝑖𝜏𝜔�)𝝃 (384) 
 
The associated complex propagating wave function (introduced in ch.3.9) will now take the form: 
 

T = sin(2𝜋x) T = ℋφЈ
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𝜓(𝒌, 𝐱, 𝑡) = exp[𝑖𝒌 ⋅ (𝐱 − 𝛿𝝃𝑡) − 𝜏(𝒌 ⋅ 𝝃)ϵ𝑡] (385) 
 

= 𝜓� exp[−𝑖(𝜔 − 𝜔�)𝑡] 
 
Where the freestream version is 𝜓� = exp[𝑖𝒌 ⋅ (𝐱 − 𝝃𝑡)]. One can observe that two additional 
contributions have been added; one which directly modifies the advection velocity 𝝃, as found in 
exp(𝑖ν𝜏𝜔�𝑡), and the other is exp(−𝜏𝜔�

ϵ 𝑡), which directly affects the amplitude of the wave. 
This analysis gives us hints towards the solution structure. Again, holding ν and 𝜏  constant, the 
solution will next be decomposed as F(𝐱, 𝑡) = G[𝝋−φ(𝐱, 𝑡)]Q(𝑡), where the inverse mapping is 
redefined as 𝝋−φ(𝐱, 𝑡) = 𝐱 − 𝛿𝝃𝑡. Leo’s EOM (381) will then simplify to: 
 

Ḟ + 𝛿𝜉ք∇քF − 𝜏𝜉ք𝜉և∇ք∇ևF = GQ̇ + QॕĠ + 𝛿𝜉ք∇քGॖ
Ј
− 𝜏𝜉ք𝜉և(∇ք∇ևG)Q = 0 (386) 

 
We’ll next divide by F = GQ and utilize the solution (385) to uncover the eigen-relations: 
 

1

Q

𝑑𝑄

𝑑𝑡
=

𝜏𝜉ք𝜉և

G

𝜕ϵG

𝜕𝜑ք
−φ𝜑և

−φ
= −𝜏ि𝑘օ𝜉օी

ϵ (387) 

 
The general solution over the element can then be expressed as a real Fourier series: 
 

F(𝐱, 𝑡) = AЈ + ంం ంिΑᆿᇀᇁ cosΦᆿᇀᇁ + Βᆿᇀᇁ sin Φᆿᇀᇁी expि−Ωᆿᇀᇁ𝑡ी
�

ᇁ=φ

�

ᇀ=φ

�

ᆿ=φ

(388) 

 

Φᆿᇀᇁ =
𝛼𝜋

𝑎
(𝑥 − 𝛿𝑢𝑡) +

𝛽𝜋

𝑏
(𝑦 − 𝛿𝑣𝑡) +

𝛾𝜋

𝑐
(𝑧 − 𝛿𝑤𝑡) (389) 

 

Ωᆿᇀᇁ = 𝜏 গ
𝛼𝜋𝑢

𝑎
+

𝛽𝜋𝑣

𝑏
+

𝛾𝜋𝑤

𝑐
ঘ

ϵ

(390) 

 
The rank three tensors Αᆿᇀᇁ  and Bᆿᇀᇁ  store the Fourier or normalizing coefficients, the velocity 

vector is denoted 𝝃 = 〈𝑢, 𝑣, 𝑤〉, and the constants 𝒍 = 〈𝑎, 𝑏, 𝑐〉 are the length, width, and height of 
the reference element. If the grid is uniform, then 𝒍 = 〈δ𝑥, δ𝑦, δ𝑧〉. To compute the coefficients, 
which represent the amplitude of each wave function, we must integrate over the element. In order 
to perform a proper integration over an arbitrary shaped element sampled from a nonuniform grid, 
a coordinate transformation must be applied where the set of points 𝐱 are mapped into a uniform 
𝐲. In consequence, the governing EOM (381) will now take the following form: 
 

𝜕F

𝜕𝑡
+ গ𝛿𝜉ս

஥ − 𝜏𝜉ռ
஥ 𝜕𝜉ս

஥

𝜕yռ

ঘ
𝜕F

𝜕yս

= 𝜏𝜉ռ
஥ 𝜉ս

஥ 𝜕ϵF

𝜕yռ𝜕yս

(391) 

 
Where 𝝃஥ = 𝚫 ⋅ 𝝃 and 𝚫 = (𝜕𝐲 𝜕𝐱⁄ )|ِ→ْ; see ch.3.4. The solution to (391) is simply (388) 

mapped into 𝐲, i.e. F(𝐲, 𝑡) = F[𝐱(𝐲), 𝑡]. This type of solution, regardless of the grid geometry, 
requires special care. The construction procedure is as follows. We’ll begin with the initial 
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condition prescribed by the polynomial interpolation (147): 
 

I[𝐱(𝐲)] = ¢φ + (¢ϵ𝑥 + ¢ϯ𝑦 + ¢Κ𝑥𝑦 + ¢Θ𝑧 + ¢ϩ𝑥𝑧 + ¢Ϩ𝑦𝑧 + ¢΅𝑥𝑦𝑧)|ِ→ْ (392) 
 
Where the interpolation coefficients ¢ք are yet to be determined. We will next enforce: 
 

ః ௷ (F[𝐱(𝐲), 0] − I[𝐱(𝐲)])Ψ
ևՎ

Ј

𝑑yք

ϯ

ք=φ

= 0 (393) 

 
Where Ψ represents 1, cos Φᆿᇀᇁ , and sin Φᆿᇀᇁ . Since (388) is not a standard Fourier series [19; 
ch.7.3], the orthogonal properties of the cosine and sine functions cannot be typically utilized to 
obtain explicit expressions for AЈ, Αᆿᇀᇁ , and Bᆿᇀᇁ . Instead, a matrix may be assembled using 

(393) then inverted to compute the wave amplitudes. We will next require that the variation at the 
nodal points be zero meaning F[𝐱(𝐲ք), 0] = 𝑓ք, where 𝒇  is the vector of nodal distribution values. 
Therefore, the interpolation coefficients will be computed directly from (388) at 𝑡 = 0, after 
obtaining the Fourier coefficients, which are dependent upon ¢ք.  
 

 
 

Figure 37 Fourier series interpolation over a 1D element 
 
An analytical solution in 1D is shown in Figure 38, which can be compared with the first order 
solution shown in Figure 13. The linear solutions are next provided as: 
 

F(𝑥, 𝑦, 𝑧, 𝑡) = ¢φ + ¢ϵ(𝑥 − 𝛿𝑢𝑡) + ¢ϯ(𝑦 − 𝛿𝑣𝑡) + ¢Κ(𝑧 − 𝛿𝑤𝑡) (394) 
 
However, the linearized form causes all terms within the Hessian ∇ք∇ևF to vanish therefore (394) 
does not resemble the full essence of Leo’s EOM. This is an elegant result however because the 
modified motion 𝝋(𝐱π, 𝑡) = 𝐱π + 𝛿𝝃𝑡 was once predicted by Newton [1; Book II], who said: 
 

If a body is resisted in the ratio of its velocity, the motion lost by resistance is as the space 
gone over in its motion.  

 
The finite element formulation of (381) is next given as: 
 

𝑓ք ௷ ௷ ॅॕ𝜓ք̇ + 𝜇ռ𝜓քӴռॖ𝜙օ + Dռս𝜓քӴռ𝜙օӴսॆ
ᇒ(֏)

𝑑𝜐
႓֏

𝑑𝑡 = ௷ ௷ ℧𝜙օ
ᇒ(֏)

𝑑𝜐
႓֏

𝑑𝑡 (395) 

𝑓φ

𝑓ϵ

δ𝑥

F(𝑥, 0)
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Which is analogous to the freestream version (160) and once again ν and 𝜏  have been held fixed. 
To note, integration by parts has been applied to 𝜓քӴռս𝜙օ where the boundary terms were neglected. 

This process is directly related through defining F∗ = 𝑓ք𝜓ք + 𝜖ֆ𝜙ֆ, then finding the first order 
variation in the scalar quantity shown below: 
 

1

2
𝜉ռ𝜉ս

𝕕

𝕕𝜖օ

গ
𝜕F∗

𝜕xռ

𝜕F∗

𝜕xս

ঘઑ

ቮ=ٕ

= 𝑓ք𝜉ռ𝜉ս𝜓քӴռ𝜙օӴս (396) 

 
For a comparison to the LBE, the linear one-dimensional solution is provided as: 
 

F(𝑥, 𝑡) = 𝑓φ + (δ𝑓 δ𝑥⁄ )(𝑥 − 𝛿𝜉𝑡) (397) 
 
For a uniform grid, meaning δ𝑥 = 𝜉δ𝑡, the updated nodal value is: 
 

𝑓ϯ = (1 − ν𝜏)𝑓φ + ν𝜏𝑓ϵ (398) 
 
One can now compare this solution to the LBE (68). One major difference is that in this framework, 
a multistage algorithm must be utilized, where the first order evolution must first be computed. 
Once ν is known, the second order evolution may next be approximated.  
 
 

 
 

Figure 38 Second order spacetime solution over a phasetime element 
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
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4.5 Testing the Theory 
 
To begin, let us first state the equations of motion to be numerically solved: 
 

𝜕𝜌 ̂+ 𝜉ք∇ք𝜌 ̂ = 0 (399) 
 

𝜕p̂ք + 𝜉և∇ևp̂ք = 𝜉ֆ∇ֆ[𝜏(ν(p̂ք) + 𝜉և∇ևp̂ք)] (400) 
 

𝜕Ê + 𝜉ք∇քÊ = 𝜉և∇և[𝜏(ν(Ê) + 𝜉ք∇քÊ)] (401) 
 
Where ν(p̂ք) = 𝜕𝟙p̂ք and ν(Ê) = 𝜕𝟙Ê. Upon integrating over the velocity space, we obtain the 
following set of Navier-Stokes-Fourier equations: 
 

𝜕𝜌 + ∇ք(𝜌vք) = 0 (402) 
 

𝜕(𝜌vք) + ∇և(𝜌vքvև + P𝛿քև) = ∇և[𝜇(∇քvև + ∇ևvք) + 𝜍∇ֆvֆ𝛿քև] (403)  
 

𝜕(𝜌𝑒) + ∇ք[(𝜌𝑒 + P)vք] = ∇և[𝜇(∇քvև + ∇ևvք)vք + 𝜍(∇ֆvֆ)vև + 𝜅∇ևT] (404)  
 
Where 𝜇 = P𝜏 , 𝜍 = 𝜂 − ϵ

ϯ
𝜇, 𝜂 = 𝜇िΘ

ϯ
− 𝛾ी, and 𝜅 = cϋ𝜇. Therefore, the Prandtl number in this 

model is unity. For an adjustable Prandtl number, the derived theoretical model is: 
 

𝜕Ê + 𝜉ք∇քÊ = 𝜉և∇և[𝜏(ν(Ê) + 𝜉ք∇քÊ) + 𝕥T(ν(S)̂ + 𝜉ք∇քS)̂] (405) 
 
Since the additional contribution is in terms of the entropy distribution, solutions to the EOM (405) 
become more difficult to obtain. We could consider solving the entropy evolution: 
 

𝜕Ŝ + 𝜉ք∇քS
̂ = 𝜉և∇և[𝜏

∗(ν(S)̂ + 𝜉ք∇քS)̂] + ? (406) 
 
However, we will need to uncover an expression for the rate of entropy production in distribution 
form. Also keep in mind, we would now need to solve for the temperature in terms of the entropy. 
We’ll next return to (400) and (401), and investigate further the coefficients 𝜂 and 𝜅. Well, the 
coefficient of dilatational viscosity may be expressed as: 
 

𝜐𝜂 = (𝕒tr
ϵ − 𝕒ϵ)𝜏 (407) 

 
Where the speed of sound (squared) is 𝕒ϵ = 𝛾Θ therefore 𝕒tr

ϵ = Θ
ϯ
Θ. So if 𝕒 = 𝕒tr, then 𝜂 = 0. In 

order to fit experimental data, let us hypothetically modify the first order pressure evolution (301): 
 

𝜕𝟙P = −vք∇քP − 𝜖𝛾P∇քvք (408) 
 
As a result, Tracey’s number becomes 𝔗 = Θ

ϯ
− 𝜖𝛾. We’ll next identify an entropy quantity, which 

will be referred to as Cooper’s entropy density: C = −(𝜖 − 1)𝛾𝑅𝜌, so that (408) becomes: 
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d𝟙P = −(𝛾P − CT)∇քvքd𝑡 (409) 
 
The minimum value of this new quantity is Cmin = C(𝜖 = 1) = 0 therefore 𝔗min = Θ

ϯ
− 𝛾. Future 

investigation is required to validate this theory and determine how to modify (400).  
 

  
 𝔗 

Figure 39 Cooper’s entropy density for a diatomic perfect gas (𝛾 = 7 5⁄ ) 
 
Let us next revisit (272) in regards to a stationary perfect gas with uniform density: 
 

𝜀 ̇ = −𝜐𝛁 ⋅ 𝐪 ⇒ Ṫ = 𝛁 ⋅ (𝛼𝛁T) (410) 
 
Where 𝛼 = 𝜐𝜅 cᇒ⁄  and 𝐪 = −𝜅𝛁T. If 𝜅 = cϋ𝜇, then 𝛼 = 𝕒ϵ𝜏  and the heat flux vector may be 
expressed as: 

𝜐𝐪 = −𝛼𝛁𝜀 (411) 
 
We’ll next consider the case when 𝜅 = cϋ𝜇(1 + 𝜏 ̇). Therefore, 𝛼 = 𝕓ϵ𝜏 , where 𝕓ϵ = (1 + 𝜏 ̇)𝕒ϵ. 
The additional contribution could possibly be associated to the second sound wave [66,67]. The 
speed of second sound is then denoted 𝕓. Again, this is only speculation.  
 
Now that we’ve discussed some future avenues of work, we will return to testing (399-401). To 
do so, we must uncover expressions for the operator ν ≡ 𝜕𝟙. Referring back to (380), the isentropic 
temporal derivative will be expanded in a similar fashion to (355): 
 

𝜕𝟙F

𝜕𝑡
=

𝜕F

𝜕𝜌

𝜕𝟙𝜌

𝜕𝑡
+

𝜕F

𝜕vք

𝜕𝟙vք

𝜕𝑡
+

𝜕F

𝜕T

𝜕𝟙T

𝜕𝑡
= νF (412) 

 
Where a simple forward difference scheme will be used to approximate the virtual changes: 
 

ν ≈
1

δ𝑡
গ
𝜕F

𝜕𝜌
δ𝟙𝜌 +

𝜕F

𝜕vք

δ𝟙vք +
𝜕F

𝜕T
δ𝟙Tঘ (413) 

 
Using the derivative relations (359), 𝜕𝟙𝐩̂ is found as: 
 

𝜕𝟙p̂ք

𝜕𝑡
= গ𝜐

𝜕𝟙𝜌

𝜕𝑡
+ 𝛽𝑞և̇

𝜕𝟙vև

𝜕𝑡
+ 𝑅𝛽ϵℒ

𝜕𝟙T

𝜕𝑡
ঘ p̂ք (414) 

 

𝜖 = िΘ
ϯ
− 𝔗ी𝛾−φ 𝔗min = Κ

φΘ
 

C

𝛾𝑅𝜌
= 1 − 𝜖
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The derivative relations for the total energy density distribution are next provided in the form: 
 

𝜕Ê

𝜕𝜌
= 𝜐Ê,

𝜕Ê

𝜕vք

= 𝛽𝑞ք̇Ê,
𝜕Ê

𝜕T
= (𝑅𝛽ϵℒ + cᇒℰ−φ)Ê (415) 

 
Where ℰ = φ

ϵ
|𝝃|ϵ + 𝜀 and cᇒ = 𝜕𝜀 𝜕T⁄ , therefore, 𝜕𝟙Ê expands as: 

 
𝜕𝟙 ln Ê

𝜕𝑡
= 𝜐

𝜕𝟙𝜌

𝜕𝑡
+ 𝛽𝑞ք̇

𝜕𝟙vք

𝜕𝑡
+ (𝑅𝛽ϵℒ + cᇒℰ−φ)

𝜕𝟙T

𝜕𝑡
(416) 

 
Even though we will not include the entropy evolution into our simulation, the derivatives with 
respect to the observables, will be provided for future reference (𝒬 = ℒ + Ts): 
 

𝜕Ŝ

𝜕𝜌
= 𝜐(1 − Θ𝒬−φ)S,̂

𝜕Ŝ

𝜕vք

= 𝛽𝑞ք̇(1 − Θ𝒬−φ)Ŝ (417) 

 
𝜕Ŝ

𝜕T
= 𝑅𝛽ϵℒ(1 − Θ𝒬−φ)Ŝ + cᇒ𝒬−φŜ (418) 

 
The exact same Sod setup will be used from ch.3.9. However, the simulation will be ran for a 
longer time duration to allow for the nonequilibrium effects to be observed. The modified 
algorithm can be found in Table 5. In one spatial dimension, for argon, the mass and energy 
distributions are respectively: 

𝜌 ̂ = 𝜌𝜁−φ exp(− φ
ϵ
𝛽𝑞 ̇ϵ) (419)  

 
Ê = (φ

ϵ
𝜉ϵ + Θ)𝜌 ̂ (420)  

 
Where 𝜁 = (2𝜋Θ)φ ϵ⁄ , 𝑞 ̇ = 𝜉 − 𝑢, ℒ = φ

ϵ
(𝑞 ̇ϵ − Θ), ℰ = φ

ϵ
𝜉ϵ + Θ, and cᇒ = 𝑅. Since the motion is 

given by 𝜑−φ(𝑥, 𝑡) = 𝑥 − (1 − ν𝜏)𝜉𝑡, the velocity is in actuality dependent upon position. To 
satisfy the CFL requirement, the factor of safety was set to 𝜎 = 0.5. The end result of the 
simulation is shown in Figure 40 at 𝑡 ≈ 5.6438 ms. The first and second order solutions are 
compared in Figures 41 and 42.  
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𝐱քօֆ = ਗ𝑥ք, 𝑦օ, 𝑧ֆਘ generate spatial finite element mesh grid 

Γքօֆ
ᆿ = phase matrix (connectivity)  establish the connectivity matrix ∀ ि𝝃ᆿ, 𝐱քօֆी 

𝜌π, 𝐯π, 𝜀π input initial conditions 
for 𝑡 = 1 ∶ 𝑛֏ begin time marching  
𝕔 = ⋯ see (229) compute the characteristic speed 
𝝃ᆿ = 𝕔𝔃ᆿ obtain finite set of quantized velocities   

δ𝑡 = 𝜎𝕔−φ min〈|δ𝑥|, |δ𝑦|, |δ𝑧|〉 
compute time step to satisfy (87) 
apply factor of safety 0 < 𝜎 < 1 

𝜆 = 2𝜋ℌ 𝕔⁄  overall wavelength 
δ𝜒 = 𝜆 𝕟⁄  wavelength step size 
𝝌ᇀ = 𝔃ᇀδ𝜒 associated quantized virtual displacements 
Ψᇀ(𝐱, 𝑡) initialize moment generating wave functions 
𝐐 = (𝕔𝕟)−ϯ𝝍∗ and 𝐐−φ = 𝕔ϯ𝝍 transformation matrix and inverse 
𝐅(𝐱, 𝑡) = 𝐐 ⋅ 𝚿(𝐱, 𝑡) extract the discrete “masses” 

Fᆿ(𝐱, 𝑡) = 𝒇ᆿ ⋅ 𝒈ᆿ[𝝋−φ(𝐱, 𝑡)] 
apply solution over each phasetime element and extract 
the temporally advanced distribution values located at 
Fᆿ஥ = Fᆿ(𝐱 + δ𝐱ᆿ, 𝑡 + δ𝑡) using the phase matrix 

𝚿஥ = 𝐐−φ ⋅ 𝐅஥ update moment generating wave functions 

Σ஥ = Ψ஥(𝝌 = 𝟎) 
extract the temporally advanced system quantities from 
the moment generating wave functions   

𝜕𝟙Σ 𝜕𝑡⁄ ≈ δ𝟙Σ δ𝑡⁄  compute isentropic changes then reset the observables 
𝜏 = 𝜇P−φ initialize the dissipation time   
Fᆿ(𝐱, 𝑡) = ⋯ see (388) apply the second order solution 
𝚿஥ = 𝐐−φ ⋅ 𝐅஥ update moment generating wave functions 

Σ஥ = Ψ஥(𝝌 = 𝟎) 
extract the temporally advanced system quantities from 
the moment generating wave functions  

𝜌b, 𝐯b, 𝜀b apply boundary conditions at the boundaries of analysis 
end end time marching 
𝜌(𝐱, 𝑡final), 𝐯(𝐱, 𝑡final), 𝜀(𝐱, 𝑡final) export results and plot 

 
Table 5 QVFEM modified algorithm 
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Figure 40 Modified Sod shock tube results at 𝑡 ≈ 5.6438 ms 
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Figure 41 Velocity comparison between the first order solution, shown at 𝑡 ≈ 5.6419 ms (cyan) 

and 𝑡 ≈ 5.6440 ms (magenta), and the second order solution at 𝑡 ≈ 5.6438 ms 
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Figure 42 Temperature comparison between the first order solution, shown at 𝑡 ≈ 5.6419 ms 

(cyan) and 𝑡 ≈ 5.6440 ms (magenta), and the second order solution at 𝑡 ≈ 5.6438 ms 
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Chapter 5 – Conclusions & Future Directions 
 
Within this work, the following was accomplished: 
 

 Development of a new quantization procedure ab initio which maintains the structure of 
the Gaussian and allows for an unlimited number of sample points  

 

 Derived Leo’s equation of motion, which when integrated over the velocity space, directly 
recovers the Navier-Stokes-Fourier equations  
 

 A new finite element was discovered which was coined the phasetime element  
 

 Overall, a new finite element method was developed to solve the Euler and Navier-Stokes-
Fourier equations  

 
The foundations of the QVFEM have now been laid. Future work will be invested in high-
performance computing on two- and three-dimensional test cases. This is a key step for future 
development. Based on the results in ch.3.9 and ch.4.5, the proposed methodology shows much 
promise. As of now, boundary conditions are restricted to the Dirichlet type, which have yet to be 
verified. The implementation of other boundary constraints, e.g. Neumann conditions, is left for 
future work. Computational grids must be structured but allow for a nonuniform layout. Therefore, 
one cannot triangulate a mesh; which is one slight disadvantage.  
 
Due to the complexity of the NSF equations, I believe with more testing, we can show that the 
QVFEM is the approach to be adopted for numerical simulations of flowfields. We have now given 
the LBM a proper continuum treatment, where Leo’s EOM directly represents the governing 
evolution equations. I hope this work begins a new paradigm shift in CFD, where computational 
solutions will be more accessible, accurate, and reliable. Future avenues of exploration may entail: 
 

 Extend the framework to incorporate a chemically reacting gas mixture  
 

 Account for gas-surface interactions [69; ch.4] 
 

 Extensions for plasma physics 
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Appendix 
 
Within ch.2.3, it was briefly mentioned that the LB algorithm does not align with the Chapman-
Enskog perturbation analysis, therefore, does not directly represent approximate solutions to the 
Navier-Stokes equations. The details will be provided herein.  
 
Chapman-Enskog Methodology  
 
To begin, we’ll recall the generalized Boltzmann equation (29), whose two-body form, in the 
absence of both external and internal forces, is provided as: 
 

𝜕𝔉φ

𝜕𝑡
+ 𝒒φ̇ ⋅

𝜕𝔉φ

𝜕𝒒φ

+ 𝜋⌀ϵ ௷ |𝒒ϵ̇|δ𝔉
ℝɘ

𝑑𝒬̇
ϵ

= 0 (421) 

 
Where the details of the molecular interactions are taken from ch.2.2. Since 𝑑𝒬̇

φ
𝑑𝒬̇

ϵ
= 𝑑𝒳̇φ𝑑𝒳̇ϵ 

and 𝒒φ̇ = 𝐱̇φ, then 𝑑𝒬̇
ϵ

= 𝑑𝒳̇ϵ. For ease of notation, we’ll reassign the coordinate variables to 
𝐱φ = 𝐱, 𝐱ϵ = 𝐲, and 𝒒ϵ = 𝜼. Additionally, we’ll set 𝔉φ = F. To satisfy Boltzmann’s H-theorem 
[15; ch.4], the variation (34) must be slightly modified, such that: 
 

δ𝔉 = −(F஥G஥ − FG) (422) 
 
As a result, (421) will take the more usual form [15; ch.7] for the hard-sphere case: 
 

𝜕F

𝜕𝑡
+ ẋք

𝜕F

𝜕xք

= 𝜋⌀ϵ ௷ |𝜼̇|(F஥G஥ − FG)
ℝɘ

𝑑𝒴̇ (423) 

 
We’ll next recall the derived mean-free path length from ch.2.2, i.e. ℓc = 𝑚ि

√
2𝜋⌀ϵ𝜌ी−φ. Upon 

defining a volumetric quantity 𝒱 = 𝑚ि
√

2𝜌ी−φ = 𝜋⌀ϵℓc and multiplying (423) by a characteristic 
length ℓ, one obtains: 

𝔎 গ
𝜕F

𝜕𝑡
+ ẋք

𝜕F

𝜕xք

ঘ = 𝒜௷ |𝜼̇|(F஥G஥ − FG)
ℝɘ

𝑑𝒴̇ (424) 

 
Where 𝔎 = ℓc ℓ⁄  is the Knudsen number and 𝒱 = 𝒜ℓ therefore 𝒜 = 𝜋⌀ϵ𝔎. The compact form of 
(424) can then be written as 𝔎(dF d𝑡⁄ ) = 𝒥[F,G]. From here, we will expand the distribution and 
the partial time derivative according to Chapman and Enskog [15; ch.7]: 
 

F = F𝟘 + 𝔎F𝟙 + 𝒪(𝔎ϵ) (425) 
 

Ḟ = 𝜕𝟙F + 𝔎𝜕𝟚F + 𝒪(𝔎ϵ) (426) 
 
For ease of notation, the partial time derivatives have been written as 𝜕𝕀F = 𝜕𝕀F 𝜕𝑡⁄  ∀ 𝕀 = 1,2. 
As mentioned in ch.4.2, these derivatives do not indicate different time scales but varying levels 
of description regarding transport processes. In contrary to typical perturbation methods [19; 
ch.14], which are used to approximate solutions to differential equations, this unique methodology 
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is used to derive higher order evolution equations, which involve the production of entropy. For 
example, the first order evolutions of the velocity and internal energy fields are provided in (299) 
and (300) respectively, while the second order evolutions are: 
 

𝜌𝜕𝟚vք = ∇ևσքև (427) 
 

𝜌𝜕𝟚𝜀 = σքև∇քvև + ∇ք(𝜅∇քT) (428) 
 
In regards to the entropy, the first order evolution can be found in (302), while the second order 
evolution can be expressed as 𝜕𝟚𝜀 = T𝜕𝟚s. One may now construct the total evolutions from the 
expansion 𝜕 = 𝜕𝟙 + 𝜕𝟚. In consequence, 𝜕𝜀 = 𝜕𝟙𝜀 + T𝜕𝟚s. We’ll now feed (425) and (426), in 
addition to G = G𝟘 + 𝔎G𝟙, into (424), then separate the terms according to the Knudsen number: 
 
 𝒪(𝔎Ј):  𝒥[𝔉𝟘] = 0 (429) 
     
 𝒪(𝔎φ):  𝜕𝟙F

𝟘 + ẋք∇քF
𝟘 = 𝒥[𝔉𝟙] (430) 

     
 𝒪(𝔎ϵ):  𝜕𝟚F

𝟘 + 𝜕𝟙F
𝟙 + ẋք∇քF

𝟙 = 𝒥[𝔉𝟚] (431) 
 
To explain the collision terms, since 𝔉 = FG, then the total distribution expands as: 
 

𝔉 = 𝔉𝟘 + 𝔎𝔉𝟙 + 𝔎ϵ𝔉𝟚 (432) 
 

= F𝟘G𝟘 + 𝔎(F𝟙G𝟘 + F𝟘G𝟙) + 𝔎ϵF𝟙G𝟙 
 
It is easy to observe that 𝔉𝟘 = F𝟘G𝟘, 𝔉𝟚 = F𝟙G𝟙, and 𝔉𝟙 expands as: 
 

𝔉𝟙 = F𝟙G𝟘 + F𝟘G𝟙 = 𝔉𝟘(F𝟙Ӵ𝟘 + G𝟙Ӵ𝟘) = 𝔉𝟘𝔉𝟙Ӵ𝟘 (433) 
 
Where F𝟙Ӵ𝟘 = F𝟙 F𝟘⁄  and G𝟙Ӵ𝟘 = G𝟙 G𝟘⁄  so that 𝔉𝟙Ӵ𝟘 = 𝔉𝟙 𝔉𝟘⁄ . Referring back to the master 
relation (282), it will be recognized that we’ve here set Δ⟦F⟧ = 𝒥[F,G]δ𝑡. We’ll next feed (433) 
into (430), while utilizing (303), to obtain: 
 

−
1

𝜏
F𝟙 = 𝒜 ௷ |𝜼̇|(F𝟙Ӵ𝟘′ + G𝟙Ӵ𝟘′ − F𝟙Ӵ𝟘 − G𝟙Ӵ𝟘)𝔉𝟘

ℝɘ

𝑑𝒴̇ (434) 

 
It will be reminded that the solution to (429) yields the relation 𝔉𝟘 = 𝔉𝟘′. The BGK operator was 
developed after the publication of [15], however, Chapman and Enskog used a similar formulation 
to determine an expression for F𝟙; see (364): F𝟙Ӵ𝟘 = −𝜏𝛽ℒքև(∇ևvք). For the sake of simplicity, 
we’ve neglected the temperature gradient and the Lagrange tensor is taken from (361):  
 

ℒքև = dev(𝑞ք̇𝑞և̇) = 𝑞ք̇𝑞և̇ − φ
ϯ
|𝒒|̇ϵ𝛿քև (435)  

 
However, the function 𝜏  now has dependence upon 𝐱̇. Upon defining the individual perturbations 
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as F𝟙Ӵ𝟘 = −𝛽(∇ևvք)𝜏φΜքև and G𝟙Ӵ𝟘 = −𝛽(∇ևvք)𝜏ϵΝքև, then feeding into (434), we obtain the 
constraint equation used by Chapman and Enskog [15; ch.7]: 
 

ΜքօF
𝟘 = 𝒜 ௷ |𝜼̇|ि𝜏φΜքօ + 𝜏ϵΝքօ − 𝜏φ

஥Μքօ
஥ − 𝜏ϵ

஥Νքօ
஥ ी𝔉𝟘

ℝɘ

𝑑𝒴̇ (436) 

 
The NS viscous stress tensor will next be expressed in the following form: 
 

σքօ = −௷ 𝑞ք̇𝑞օ̇F
𝟙

ℝɘ

𝑑𝒬̇ = 𝛽(∇ևvֆ)௷ 𝜏𝑞ք̇𝑞օ̇ dev(𝑞ֆ̇𝑞և̇) F𝟘

ℝɘ

𝑑𝒬̇ (437) 

 

=
1

5
𝛽 devिAքօी௷ 𝜏 dev(𝑞ֆ̇𝑞և̇) dev(𝑞ֆ̇𝑞և̇) F𝟘

ℝɘ

𝑑𝒬̇ 

 
Where the integral theorem found within [15; ch.1] has been implemented, Aքօ = φ

ϵ
ि∇քvօ + ∇օvքी 

is the symmetric part of the velocity gradient tensor, and devिAքօी = Aքօ − φ
ϯ
Aֆֆ𝛿քօ. Since the 

molecules only possess translational degrees of freedom, the coefficient of dilatational viscosity is 
zero. The NS viscous stress tensor may then be expressed as σքօ = 2𝜇 devिAքօी. Through utilizing 
(437), the coefficient of shearing viscosity may now be identified as: 
 

𝜇 =
1

10
𝛽 ௷ 𝜏 dev(𝑞ֆ̇𝑞և̇) dev(𝑞ֆ̇𝑞և̇)F𝟘

ℝɘ

𝑑𝒬̇ (438) 

 
The final step is to expand 𝜏  into a series, plug into (436), then solve for the coefficients. Upon 
multiplying (436) by Μքօ𝜙ᆿ𝑑𝒳̇, then integrating, one obtains the governing constraint equation: 
 

௷ ΜքօΜքօ𝜙ᆿF𝟘

ℝɘ

𝑑𝒳̇ = 𝒜௷ Μքօ𝜙ᆿ ௷ |𝜼̇|ि𝜏φΜքօ + 𝜏ϵΝքօ − 𝜏φ
஥Μքօ

஥ − 𝜏ϵ
஥Νքօ

஥ ी𝔉𝟘

ℝɘ

𝑑𝒴̇𝑑𝒳̇
ℝɘ

(439) 

 
The remaining process is far beyond the scope of our purpose here, which is to show the overall 
Chapman-Enskog methodology. A similar procedure can be performed for the coefficient of 
thermal conductivity in addition to mass diffusion coefficients involving a gas mixture. On a final 
note, we’ll briefly discuss the Boltzmann H-theorem. To do so, we must first identify the following 
symmetry properties of the collision integral [14; ch.4]: 
 

௷ ௷ 𝜓(𝐱̇)|𝜼̇|δ𝔉
ℝɘℝɘ

𝑑𝒴̇𝑑𝒳̇ = ௷ ௷ 𝜓(𝐲̇)|𝜼̇|δ𝔉
ℝɘℝɘ

𝑑𝒴̇𝑑𝒳̇ (440) 

 

= −௷ ௷ 𝜓஥|𝜼̇|δ𝔉
ℝɘℝɘ

𝑑𝒴̇′𝑑𝒳̇′ = − ௷ ௷ 𝜓஥|𝜼̇|δ𝔉
ℝɘℝɘ

𝑑𝒴̇𝑑𝒳̇ 

 
If we define the post-collision velocities as 𝐱̇஥ = 𝐱̇ + (𝝐 ⋅ 𝜼̇)𝝐 and 𝐲̇஥ = 𝐲̇ − (𝝐 ⋅ 𝜼̇)𝝐, where the 
vector 𝝐 is the apse direction, then the momentum balance (41) is automatically satisfied [14; ch.3]. 
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We next find that 𝑑𝒳̇′𝑑𝒴̇′ = 𝑑𝒳̇𝑑𝒴̇ iff |𝝐| = 1, which would then also satisfy the energy balance 
(42). In consequence, we obtain the following identity: 
 

௷ 𝜓(𝐱̇)𝒥[𝔉]
ℝɘ

𝑑𝒳̇ =
1

4
௷ [𝜓(𝐱̇) + 𝜓(𝐲̇) − 𝜓(𝐱̇′) − 𝜓(𝐲̇′)]𝒥[𝔉]
ℝɘ

𝑑𝒳̇ (441) 

 
The H-quantity will next be defined as 𝖧 = F ln F, where Boltzmann’s H-theorem states: 
 

௷ গ
𝜕𝖧

𝜕𝑡
+ ẋք

𝜕𝖧

𝜕xք

ঘ
ℝɘ

𝑑𝒳̇ ≤ 0 (442) 

 
Since d𝖧 = (ln F + 1)dF, then upon dividing by d𝑡 and recalling (423), one obtains: 
 

𝜕𝖧

𝜕𝑡
+ ẋք

𝜕𝖧

𝜕xք

= 𝜋⌀ϵ(lnF + 1) ௷ |𝜼̇|(F஥G஥ − FG)
ℝɘ

𝑑𝒴̇ (443) 

 
Lastly, we’ll multiply by 𝑑𝒳̇, integrate, and implement the identity (441): 
 

௷ গ
𝜕𝖧

𝜕𝑡
+ ẋք

𝜕𝖧

𝜕xք

ঘ
ℝɘ

𝑑𝒳̇ = 𝜋⌀ϵ ௷ ௷ (ln F + 1)|𝜼̇|(F஥G஥ − FG)
ℝɘ

𝑑𝒴̇
ℝɘ

𝑑𝒳̇ (444) 

 

=
1

4
𝜋⌀ϵ ௷ ௷ |𝜼̇|(ln 𝔉 − ln 𝔉஥)(𝔉஥ − 𝔉)

ℝɘ

𝑑𝒴̇
ℝɘ

𝑑𝒳̇ ≤ 0 

 
Since ln(𝔉 𝔉஥⁄ ) (𝔉஥ − 𝔉) ≤ 0, the above inequality is satisfied, hence the choice of sign in (422). 
 
Lattice Boltzmann Interpretation  
 
There are two different routes which may be taken. The first will analyze the LBE (68): 
 

(ℓc ℓ⁄ )(F − Fπ) = −(δ𝑡 Δ𝑡⁄ )(Fπ − Mπ) (445) 
 
Where the relaxation time has been expressed as 𝜏 = 𝔎Δ𝑡, which is no longer dependent upon 𝝃. 
In contrary to (69), a second order Taylor series will now be applied to the solution: 
 

F[𝐱(𝑡), 𝑡] = F(𝐱π, 𝑡π) + 𝕕F 𝕕𝑡⁄ |֏ȩ
δ𝑡 + φ

ϵ
𝕕ϵF 𝕕𝑡ϵ⁄ |֏ȩ

δ𝑡ϵ + 𝒪(δ𝑡ϯ) (446)  
 
Upon combining the LBE (445) and the expansion (446), one may generally state: 
 

𝔎 ঁ𝕕F 𝕕𝑡⁄ +
1

2
δ𝑡 𝕕ϵF 𝕕𝑡ϵ⁄ ং ≈ −

1

Δ𝑡
(F − M) (447) 

 
Since 𝕕F 𝕕𝑡⁄ = Ḟ + 𝜉ք∇քF, then 𝕕ϵF 𝕕𝑡ϵ⁄ = F̈ + 2𝜉ք∇քḞ + 𝜉ք𝜉և∇ք∇ևF. From here, (425) and 
(426) are fed into (447) and the terms are separated according to the Knudsen number. Using this 
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ad hoc methodology, the coefficient of kinematic viscosity is interpreted as 𝜈 = Θ(Δ𝑡 − φ
ϵ
δ𝑡). The 

resulting mathematical structure of the NS viscous stress tensor, varies throughout the literature. 
For example, [23] recovers (316) ∀ 𝜂 = 0, while [7; ch.4] uncovers terms which are cubic in 
velocity ∀ 𝜂 = ϵ

ϯ
𝜇. Regardless, this procedure is not incorporated within the LB algorithm but is 

an interpretation of the LBE. The second route of analysis begins with the EOM (66): 
 

𝔎(Ḟ + 𝝃 ⋅ 𝛁F) = −Δ𝑡−φ(F − M) (448) 
 
Given ℓc = 𝑣𝑡c, then a set of nondimensional quantities are identified as: 𝑡 ̀= 𝑡𝑡c

−φ, xք̀ = xք(𝜉ք𝑡c)
−φ 

(no summation), and 𝑣 ̀ = 𝑣Δ𝑡 ℓ⁄ . Therefore, (448) may also be expressed in the form: 
 

𝑣 ̀ॕ 𝜕F 𝜕𝑡 ̀⁄ + ∑ 𝜕F 𝜕xք̀⁄
ϯ

ք=φ
ॖ = −(F − M) (449)  

 
Upon substituting (425) and (426) into (448), one may find expressions for F𝕀 ∀ 𝕀 = 1,2: 
 

F𝟙 = −(𝜕𝟙F
𝟘 + 𝜉ք∇քF

𝟘)Δ𝑡 (450) 
 

F𝟚 = −(𝜕𝟚F
𝟘 + 𝜕𝟙F

𝟙 + 𝜉ք∇քF
𝟙)Δ𝑡 (451) 

 
In this more general framework, one finds 𝜈 = ΘΔ𝑡; see for example [31]. One may now construct 
the total evolution equation as: 

Ḟ𝟘 + 𝜉ք∇քF = 𝒥[𝔉] − 𝜕𝟙F
𝟙 (452) 

 
Where from (430) and (431), 𝒥[𝔉𝕀] = −F𝕀Δ𝑡−φ. Additionally, F = F𝟘 + F𝟙, Ḟ𝟘 = 𝜕𝟙F

𝟘 + 𝜕𝟚F
𝟘, 

and 𝒥[𝔉] = 𝒥[𝔉𝟘] + 𝒥[𝔉𝟙] + 𝒥[𝔉𝟚]. Upon multiplying by 𝜙, in reference to (71), then integrating 
over the velocity space, we uncover a weak form of Leo’s EOM: 
 

௷ िḞ𝟘 + 𝜉ք∇քFी𝜙
ℝɘ

𝑑Ξ = 0 (453) 

 
Which is in actuality the governing EOM for fluid and gas simulations; in contrary to (66). If one 
were to solve (66) over a phasetime element, the exact solution is simply: F = F𝟘 + F𝟙, where 
F𝟙 = F𝟘 exp(−𝔱) and F𝟘 satisfies Ḟ𝟘 = −𝜉ք∇քF

𝟘. As one can observe, the first order evolution 
is nonexistent; in contrary to the solutions to Leo’s EOM provided in ch.4.4. Therefore, the BGK 
solution is not directly related to the stress tensor nor heat flux vector.  
 
Relation to the QVFEM Derivation 
 
The theoretical framework established in ch.4.2 is quite analogous to the Chapman-Enskog 
methodology shown here, where the total evolution operator is given by 𝜕 = 𝜕𝟙 + 𝜕𝟚. However, 
we considered 𝜕𝟚 as the total evolution operator and arrived at a similar result. This goes to show 
that this perturbation procedure is not mathematically rigorous and should not be assumed to be 
naturally built into the Boltzmann equation. At this current point in time, a direct connection to the 
NS equations has never been found. To reconcile the two procedures, one could set each evolution 
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to 𝜕𝕀F
𝟘 = −𝜉ք∇քF

𝕀 so that the total evolution is found from Ḟ𝟘 = 𝜕𝟙F
𝟘 + 𝜕𝟚F

𝟘. Alternatively, 
we can use the Reynolds transport theorem, such that: Ḟ𝟘 = −∇քgք, where the flux vector is 
defined as gք = 𝜉քF.  
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