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On Projective Planes & Rational Identities

Jason Cornelius Brunson

(ABSTRACT)

One of the marvelous phenomena of coordinate geometry is the equivalence of Desargues’ The-
orem to the presence of an underlying division ring in a projective plane. Supplementing this
correspondence is the general theory of intersection theorems, which, restricted to desarguian pro-
jective planes &2, corresponds precisely to the theory of integral rational identities, restricted to
division rings D. The first chapter of this paper introduces projective planes, develops the concept of
an intersection theorem, and expounds upon the Theorem of Desargues; the discussion culminates
with a proof of the desarguian phenomenon in the second chapter. The third chapter characterizes
Aut & and introduces the theory of polynomial identities; the fourth chapter expands this discus-
sion to rational identities and cements the “dictionary”. The last section describes a measure of
complexity for these intersection theorems, and the paper concludes with a curious spawn of the
correspondence.
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1 Some Basics of Projective Geometry

In his 1922 paper [7], geometer Max Dehn discussed some properties of traditional geometry
that are lost in “non-Archimedean” geometries. Specifically, Dehn considered “projective figures”
valid (i.e. existing) in certain geometries but not in others, and “point intersection theorems” which
would hold in these subcategories. As these figures and theorems could be described algebraically,
he presented a necessary condition for a relationship not following from Desargues’ and not implying
Pappus’ in terms of variables. This paper launched the gradual theory of identities, which strove to
classify all algebraic relationships holding in certain rings but not in others. In this paper we will
classify several such intersection theorems and attempt to unify a somewhat fragmented discussion
of the algebraic correspondences in the literature.

1.1 Whence Projective Planes Arise

Let us place ourselves in the familiar euclidean plane; we make certain observations, as postulated
by Euclid himself in his Elements:

Though our view be one-dimensional, we observe both lengthless objects (points) and
lengthy objects such as line segments, circles, and even entire lines (which can be arbi-
trarily long). We also notice that any two distinct points can be connected by a straight
segment, and that this segment lies on a line, and that only one line can be got this way.

Several pairs of lines intersect, and when they do it is at a point, also singular in this
respect. However, some lines do not intersect. When a third line, a transversal, intersects
them, they form identical pairs of interior angles; however far along one we travel, the
other remains a fized distance away.

These are parallel lines, whose behavior was the last feature of the plane postulated by Euclid.
Since parallelism is clearly an equivalence relation these lines come in equivalence classes, called
pencils. We accept their existence, and we are happy, for these euclidean axioms are consistent.

Now we, being three-dimensional thinkers, can rise above this world, and look down upon
it: There are those two points, with the line through both ... and over there are two lines
cut by a transversall Not too far away we can see where they meet.

But wait—see those two parallel lines? (We know because of the interior angles they
make with that transversal.) They’re always the same distance apart, but the farther
they get from us, the closer they seem to each other. We might even declare, “they
intersect at a vanishing point on the horizon”.

In fact, if we were to declare this for every pair of parallel lines then we would get a
horizon full of vanishing points, one for each pencil. We could even declare the horizon
to be a line containing all these vanishing points, and no others. Then we’d have a world
in which every two points share a line and every two lines share a point! One might
almost think points and lines would be interchangeable. . . .

The euclidean plane is an example of an affine plane, a structure of points, lines, and incidences
between them satisfying axioms similar to but looser than Euclid’s. Some examples of affine planes



include R?, the xy-plane, which is typically identified with the euclidean plane, in which points
are given by ordered pairs and lines by linear equations, the usual way; and such finite planes as
Zs3 x Zs, in which points are still given by ordered pairs but lines are given by order-3 subgroups
and their cosets. But, looking at incidence, this second plane is identical to F32, with lines by linear
equations; in fact, if F' is any field then F2 can be made into a perfectly valid affine plane by simply
defining lines by linear equations.

What of the horizon, and its vanishing points? It turns out that, if o/ is a affine plane, we can
append one new point for each pencil of parallel lines and a new line containing precisely these
points to obtain a curious structure called the projective completion of 7, denoted .o/. We then
call the appended points “points at infinity” and the appended line the “line at infinity”.

We call this a completion, but what has been completed? We now introduce a fundamental
concept, the palette of this paper.

DEFINITION. A projective plane is an incidence structure consisting of a set of points A, a set
of lines £, and a set of incidences Z C A x £ subject to the following conditions:"

(i) any two distinct points determine a unique line incident with both (their join);
(ii) any two distinct lines determine a unique point incident with both (their intersection); and

(iii) there exists a quadrangle.

Figure 1.1: Quadrangle ABCD

A “quadrangle” consists of four points in A, no three of which are collinear, generally together
with their pairwise joins. A quadrangle thus includes (;1) = 6 lines; otherwise the quadrangle would
“degenerate” to a “triangle” or single line. (Sometimes the configuration of Figure 1.1 is called a
“nondegenerate quadrangle” to emphasize this distinction.) In the future we will also refer to sets
of four triplewise-noncollinear points—also called “admissible points”—as quadrangles, sometimes
with select lines included.

It can also be seen easily that Axiom (iii) is logically equivalent to the pair of alternatives
(iii)q there exist three noncollinear points and
(iii)p every line contains at least three points.

In general, any set of points and set of lines with some set of incidences between them comprise
a configuration. The set of incidences is taken to be exclusive, meaning that a point A and a line [
with (A, ) not in the set of incidences are considered nonincident (as opposed to “maybe incident”).

"We will equate (A,1) € Z with familiar phrases like “A lies on 17, “ passes through A”, and “A € [”.



A triangle is then a configuration of three points, three lines, and six incidences, while a quadrangle
is made up of four points, six lines, and 12 incidences. The diagonal points of quadrangle ABCD
are the three intersections (AB)(CD), (AC)(BD), and (AD)(BC) of pairs of opposite sides.

Figure 1.2: Quadrilateral Imno

A configuration of four lines, no three of which are concurrent (incident with a common point),
and their six points of intersection is called a quadrilateral; the joins of opposite corners are called
diagonal lines. There is a bijection between the points and lines of a quadrilateral and the lines
and points (respectively) of a quadrangle; we call the quadrilateral the dual of the quadrangle. The
dual of a triangle is then another triangle, an equivalent configuration; such a configuration is called
self-dual.

Given any two points A, B or two lines [,m in a projective plane, we postulate to construct
their join or intersection in the plane. We will write AB for the join of A and B and Im for the
intersection of I and m.

Observe that no three of the lines | = AB, m = BC, n = CD, o = DA above can be con-
current, so the configuration consisting of these four lines and their points of intersection is itself
a quadrilateral. (Compare Figures 1.1 and 1.2.) Thus the existence of the quadrangle implies the
existence of its dual. This observation reveals that if & = (A, £,7) is a projective plane then so is
its dual &* = (L, A,T). (Check out the duality between Axioms (i) and (ii).) This principle of
duality is key, for (among other attributes) it says that any consequence of these axioms yields a
second, equally valid dual consequence by interchanging the words “point” and “line” and slightly
rewording the language of incidence.

EXAMPLE (the Fano Plane). Consider the configuration below, a quadrangle ABC X whose diago-
nal points M, N, and O are collinear (or, if you prefer, a quadrilateral abcz whose diagonal lines m,
n, and o are concurrent; or perhaps a quadrangle AOX N, or a quadrilateral conb, or ...). Taking

Figure 1.3: The Fano Plane



A and L to consist of the seven points and seven lines pictured, respectively, under the incidences
depicted this configuration is a projective plane, called the Fano Plane. This is the “smallest”
possible projective plane (by point or line count), and is the projective completion of the smallest
affine plane Fy? of four points and six lines. Observing closely the chosen labeling scheme, we can
also see that the Fano Plane is self-dual!

ExAMPLE (antipodal points). Let S be a sphere in euclidean space, the set of points a fixed distance
r from some center O. Designate the great circles C to be “lines” and pairs of antipodal points to
be “points”. The axioms for a projective plane are then handily satisfied.

Any affine plane can be completed; conversely, any projective plane can be “decompleted”: Take
any line [ € £ and call it the “line at infinity”; call its points “points at infinity”. Declare the pencil
of lines through each point at infinity to be parallel. Then remove the line at infinity and its points.
The resulting configuration is an affine plane, as can be checked axiomatically.

1.2 Projectivities

It is only natural to describe “automorphisms” in a projective plane; while we need not find
them all, a few will be of importance in the pages to come. First, a bit of notation. Expanding upon
a previous definition, we call the collection of lines incident with a fixed point A the pencil of lines
through A, written [A]. Dually, the range of points on a line [ is written [{].

Take a line [ and a point A off [. Then the map [A] — [I] sending each line through A to its
intersection with [ is one-to-one and onto. (Stationing ourselves at viewpoint A, we are using [ as
a canvas upon which to project our lines of sight.) If we designate another point B off [ we can
biject these points on [ with the lines through B the same way; we then have a composite map
¥ : [A] — [B], called a perspectivity. The line [ from which A and B are perspective is called the

perspectriz. If ' = (xl)B; that is, if ¢¥(z) = 2/, then we write the correspondence x%x/ . (Notice

Figure 1.4: Some Perspectivities

that this is equivalent to saying that lines x,[, 2’ are concurrent.) Dually, a map ¢ : [I] — [m] on
ranges of points can be defined using a point A off [ and m, namely ¢(X) = (X A)m; this is also
called a perspectivity, and written X %X "when X' = ¢(X). A is called the perspector.

Two triangles ABC and DEF are perspective from a point O if their vertices can be paired up
in such a way that each pair lies on a line through O; we then write ABC /OZ\DEF . The same goes for
quadrangles. For more complicated configurations we must require that the mapping that switches
paired points is an “isomorphism”, but that term will come later, and we needn’t worry about
perspective configurations larger than these. Dually, triangles and quadrilaterals are perspective
from a line if their lines can be paired up similarly.



Figure 1.5: Quadrangles Perspective from a Point

A composition
l lg ln—1
TIAT2A " A Tn
of finitely many perspectivities is called a projectivity; since every perspectivity is bijective, the
projectivity is bijective. The composition of two projectivities is naturally also a projectivity. If we
label a projectivity ¢ we write xl%xn, or just x; Az, when the map is understood from context.

Likewise, a projectivity
A_2 Ap—1

Ay
XliX2K i Xn
which maps [{] to itself is a range bijection of I, and we can write X 3 X,,.

Every projectivity ¢ : [A] — [A], as a composition of perspectivities ¢10---0¢p,_1, has an inverse
projectivity ¢~ = ¢,,_1 0--- 0 that gives pop l =p logp = id[4). So the projectivities from a
pencil of lines through a point A to itself form a group, called PJ(A), a subgroup of the symmetric
group of all permutations of the lines through A. Dually we call the group of projectivities from
the range of line [ to itself PJ(1).

Much more can be said of perspectivities and projectivities, but we will have little use for more
than what we have; the reader is referred to [8] and [6] for further reading. Meanwhile, we shall
broaden our horizons—by one dimension.

1.3 Putting 3-Space In Perspective

The origins of perspective as an artistic technique lie somewhat before its recorded history
begins, between the Optica of Euclid (some 300 years before the gregorian calendar begins) and the
first public demonstration around 1413 by Filippo Brunelleschi. Brunelleschi had applied an arsenal
of mirrors to the laws of perspective to paint and display an image (the church of San Giovanni di
Firenze in Florence) which was sight-accurate—a viewer with zer eye at a specific location would
see precisely the same image (up to painting imperfections) by viewing the painting as by viewing
the church itself. (Kubovy exhibits this method in glorious detail in Ch. III of [9].)

More than a century later the renowned artist (and ardent mathematics student) Albrecht Diirer
laid out, for the first time in wide circulation, the theory and practice of perspective in his Treatise
on proportion. His is a championed Renaissance work, and etchings exist of several of his drawing
devices. In the etching of Figure 1.6 can be seen the basic elements of the perspective technique:
space (represented by the three-dimensional lute), canvas (the vertical panel of the device), and
viewpoint (the hook on the wall threaded by the weighted string). To anyone with zer eye at the
viewpoint, the painted lute would match up with the actual lute (via opening and closing the panel)
precisely.
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Figure 1.6: The Draughtsman of the Lute, Albrecht Diirer

Were the etching to depict an infinitely long table, we could say that the plane of the table meets
the plane of the sky at the horizon, or line at infinity. So far in this paper we have no language with
which to discuss more than one plane; but the stage for perspective in art is set in 3-dimensional
space, and it is in this spirit that we consider a new definition. For the sakes of simplicity and
familiarity we shall think in terms of containment, rather than incidence.

DEFINITION. Let A be a set of points, £ a set of subsets of A called lines, and £ a set of subsets
of A called planes. Then (A, L, &) is a projective 3-space when

(i) any two distinct points determine a unique line through both,
any three noncollinear points determine a unique plane containing them all,

)
)
(iii) any plane and any line not contained therein determine a unique point on both,
) any two distinct planes determine a unique line contained in both, and

)

(v) there exists a pentacorn.

The mythical “pentacorn” is a collection of five points, no four of which are coplanar, together
with the ten lines and ten planes they determine. Analogously to the planar case, its existence is
equivalent to the pair of axioms that

(V)q there exist four noncoplanar points and

(v)p every line contains at least three points.



Figure 1.7: Pentacorn ABCDFE

An immediate consequence of Axioms (ii) and (i) is that a line and a point off the line determine
a unique plane. Going further, consider two lines [ and m in the same plane II. We can then
determine plane P containing both [ and some point A off II. P and m then share exactly one point
B, but since IINP = [, we see that B is also on [. Thus [ and m share a unique point. We conclude
that every plane in a projective 3-space is itself a projective plane!

We can also obtain the projective completion of an affine 3-space (e.g. euclidean space or F* for
some field F') analogously to the completion of the plane: For each line define a point at infinity
(vanishing point) also on the line; for each plane define a line at infinity (horizon line) also in the
plane, containing the vanishing points of all its lines; and define a plane at infinity (the “celestial
plane”) containing all the horizons.

We can actually prove something curious about the projective planes that lie in a projective
3-space, using a technique much like Diirer’s. To begin, we obtain the following result from the
axioms:

Theorem 1.1. In a projective 3-space, if two triangles are perspective from a point then they are
perspective from a line.

Figure 1.8: Desargues’ Configuration 2

Proof. If noncoplanar triangles ABC' and A'B’C’ are perspective from O (respectively) then each
of the intersections ABNA'B’, BCNB'C’, and CANC’ A’ lies on ABCNA'B’C’, which is a line. For
the coplanar case, the configuration can be “reverse-diirered” into 3-space: Designate a viewpoint
V (in Figure 1.8, for instance, yours) outside the plane containing the configuration. Let O; be a



Figure 1.9: Raising Desargues

third point on the line VO. Note that V, Oy, A, and A’ are coplanar; find A; = VAN O,A’. By
identical constructions we can get the triangle A B1C which is definitely not coplanar with A’B’C’
but is also definitely perspective to it from point O;. By the result for noncoplanar triangles the

intersections Pj, Q1, and Ry must be collinear. But, for instance, plane O1B’C’ intersects line BC
in exactly one point—P. So (P1, @1, R1) = (P,Q, R) and P, @, and R are collinear. O

1.4 Desargues’ Theorem

The statement of Theorem 1.1 is also true in the euclidean projective plane; as a property of
the plane we will refer to it as Desargues’ Theorem. However, the property cannot be derived
from the axioms of page 2; in fact, it isn’t true in all projective planes (which we shall see by
counterexample at the end of this section). It is extremely useful to have around, however, and is
not especially sectarian. For instance, Theorem 1.1 implies that every plane of a projective 3-space
is “desarguian”, so every projective plane that can be embedded in some projective 3-space is also
desarguian. The configuration of Figure 1.8 is also called Desargues’, and we shall label it Z.

The reason we call this property a “theorem” is that it is of a type, satisfied by some projective
planes but not others, called an intersection theorem. We now restrict to the world of projective
planes and lead up to a rigorous definition of this concept.

DEFINITION. Take €1 = (A1, £1,71) and 62 = (As, L2,13) to be two configurations. A (configura-
tion) morphism from %) to %2 is a map

V61 — 6a

which takes points to points and lines to lines in such a way that if (A,1) € Z; then (¢(A), (1)) €
To—that is, ¢ preserves incidence. If 1) is bijective, i.e. one-to-one, then it is an isomorphism,;
otherwise it is degenerate.

For instance, take . Choose any point, and examine the other points on the lines through it
(for example, the three lines through B’ can be written OB, A’R, and C’P). These pairs comprise
two triangles perspective from the chosen point (OA’C’ and BRP are perspective from B’). These
triangles are also perspective from the line through the remaining three points (A, C, and Q)!
Thus any point of Z may serve the role of O, either of the two triangles perspective from it may
serve as the “first” ABC (the other as A’B’C’), and the three points of this triangle may be
labeled in any order; so there are 10 - 2 - 3! = 5! configuration isomorphisms from & to itself, aptly
called automorphisms. (In fact, Aut Z,the group of automorphisms of Desargues’ Configuration, is
isomorphic to S5, the symmetric group on five letters—for instance, the five points of the pentacorn.



This follows from the observation that these two configurations are duals in the sense that there is a
bijection from the points of one to the planes of the other. Since Axiom (iii) basically says that any
three noncollinear planes determine a unique point, we see that when (A, £,€) is a projective 3-
space, so is (£, L£,.A), and it is this spatial principle of duality which restricts to the configurations.)

Figure 1.10: A Desargues Degeneration §(2)

On the other hand, there are also many degenerate morphisms from Z to itself, one example
being the map ¢ which fixes O, A, B,C, P,Q, R, sends A’, B',C' to A, B, C, and maps lines according
to incidence. In effect, 0 “degenerates” the configuration & into the simpler configuration §(2)
(Figure 1.10) of only seven points, seven lines, and 18 incidences. These morphisms will be important
to consider in the definitions and discussions to follow.

DEFINITION. An intersection theorem is a configuration ¢ = (Ag, Lo,Zp) (finite, for our pur-
poses) together with an incidence relation (A,l) (where A and [ are in ¥). We will write this
theorem €[A, 1], to be read “% unites A and [”.

Suppose & is a projective plane with incidences Z. For an isomorphism 1 : € — ¢’ C &2, the
intersection theorem is said to hold under v if (¢(A), (1)) € Z—if the point and line are indeed
“united”. If for every configuration isomorphism ¢ : € — 2 the incidence (p(A), (1)) is in Z,
then €’[A,l] is called a universal intersection theorem of &7, and & is said to satisfy €[A,l].

4
el
€' c P

We can now write Desargues’ Theorem Z[P, QR], inferring from the notation that the incidence
(P,QR) is not specified in Z. To say that & is desarguian is to say that Z[P, QR] is a universal
intersection theorem of &2. The collection of intersection theorems that hold in a projective plane
provides a great amount of information about the plane itself, as we shall see. From here on, unless
expressly stated, all intersection theorems are assumed to be universal. To avoid confusion with
proved results, they will not be numbered.

Aside. If we label the lines in & creatively, we can give & (the hypothesis of Desargues’ Theorem)
the form 2 = (Ao, Lo,Zy) with

AO = {OJA?B?C7 A/7B/7 C/7P7Q7R}
‘CO = {Oa a, ba c, ala b,a Clapa qar}
Zo =1{(0,p),(0,9),(0,r),...,(P,0),(Q,0)}.

The names given to the lines reflect the points’ names such that the incidences of Z[R,0] can
be depicted in the “desargues bipartite graph” of Figure 1.11. In this graph, points and lines are
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Figure 1.11: Desargues’ Bigraph

represented by black and white vertices, respectively, and incidences determine the edges. Any
configuration in a projective plane can be viewed as a bipartite graph (bigraph) in this way. It
may be clearer from the graph that any incidence may be substituted for (R,0) to obtain an
equivalent statement, just as there is a graph isomorphism from (R, 0) to any other edge (with
either orientation, in fact; this graph makes very clear that Desargues’ Configuration is self-dual:
just switch lowercase vertices with capital vertices). <

We now affirm that Desargues’ Theorem does not follow from the axioms.

EXAMPLE (a nondesarguian projective plane). Let & be a desargues configuration and generate
the free projective plane over 2 by the following iterative steps:

e Start with &y = 9.

e If n is even: For every pair of lines I, m € &, if no point is incident with both [ and m then
append the point Im incident only with [ and m. Call the new configuration &, 1.

e If n is odd: For every pair of points A, B € &2, if no line is incident with both A and B then
append the line AB incident only with A and B. Call the new configuration &,41.

e Define Z(2) = U, —y Pn. the free projective plane over 2.

P () is indeed a projective plane; every two points (which must be in some £2,) share a line
(in Pp41), every two lines share a point (similarly), and Z itself contains four “quadrangular”
(triplewise noncollinear) points.

Now suppose (contradictorily) that Desargues’ Theorem holds in &?. Take an arbitrary point
V outside the original & and find two triangles perspective from V. Then there is a configuration
2’ isomorphic to 2 but not contained in ). Each object appears first in some £, so pick the
largest such n—that is, the smallest integer such that 2’ C &2,. For the moment, suppose n is
odd, meaning some point A appended at the n*" step completes the configuration. This means,
though, that in &, the point A is incident with only two lines (the two that determine it). Since
every object in & is incident with three others, we have a contradiction. A dual argument for even
n (with some line [ appended at the n'? step) completes this check that £2(2) is nondesarguian.

This argument works for any free projective plane and any intersection theorem which (like
Desargues’) is confined, in the sense that every object is incident with at least 3 others. We think
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of a confined configuration as the heart of an intersection theorem; for instance, for a configuration
¢ = (Ao, Lo,Zp) including an object (say a point P) denote

E ~{m} = (Ao, Lo ~ {m}, Zo ~ {(x,m)}).

If, in the intersection theorem %[A,l], a line m distinct from [ is incident with only two points,
then (¢ ~ {m})[A,l] is an equivalent theorem—that is, each implies the other—since Axiom (i)
implies the existence of m from ¢ ~ {m}. (Observe that &#(2), the free projective plane over a
quadrangle 2, contains no confined configurations.)

It is not always true that two intersection theorems are equivalent when one can be “confined”
to the other. For instance, if we take .# to be the Fano Plane missing one incidence, say (M, NO),
then .# M, AB] is obviously not an intersection theorem in the Fano Plane; but (% U{P})[M, AB]
is an intersection theorem by default—the 10-point configuration .# U {P} doesn’t exist in the
plane of 9 points. However, we can see that this is strictly a quirk of finite projective planes.

Let € be a finite configuration with O the set of objects in € of fewer than 3 incidences. Let
¢ = ¢ ~ O, also a configuration, with O’ the set of objects in ¢” of fewer than 3 incidences.
Continue with (1) = €@ < O until the first €*) is confined. Define (¢) = €*) to be the
confinement of %. For any intersection theorem %[A,l], perform the same withdrawals to get
(€| A, 1]) with the condition that A and [ are never removed. (Be careful—if we take & to be without
(R,0), as when Desargues’ Theorem is written Z[R, o], then (Z[R,0]) = 2[R, o] while (Z) = &,
the “empty configuration”!)

Lemma 1.2. Let €[A,l] be a finite intersection theorem and & an infinite projective plane, then
P satisties €A, l] if and only if it satisfies (€[A,l]).

Proof. By duality and finiteness we need only consider the removal of one point P # A, then apply
induction on the number of objects in €. Let ¢’ = € . { P} and consider the following cases in the
context of &, an infinite projective plane.

If P is “stray”, i.e. incident with no lines, then since any map fixing ¢”, sending P to P’ ¢ ¢’
is an isomorphism, €’[A, ] < €'[A, ] provided there exists some P* € &\ €. Since ¢’ finite, this
is always the case.

If P is only incident with line m in ¢, ¢[A,l] & €¢’[A,l] provided there is always a point P
on m other than those in 4”’; again, since infinite projective planes possess infinite lines, this is
guaranteed.

If P is incident with exactly two lines m and n, i.e. P = mn, then the intersection mn is not in
¢’ but is guaranteed to be in & by the axioms, as before. O

Note. Theorems of another type crop up also. Fano’s Theorem states that the three diagonal
points of a complete quadrangle are never collinear. That a projective plane & satisfies Fano’s
Theorem is just the affirmation that the Fano Plane is not a subconfiguration of &2. Such “non-
intersection theorems” also provide information about the plane, but of a different sort, which we
will see later.
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2 Projective Planes Over Division Rings

We have seen a few projective completions of F? for fields F' such as F3 (played by Z3) and R.
It is time we generalize this concept.

2.1 Coordinate Homogenization

Let F be a field, and consider the vector space V = F3. Let A be the set of 1-dimensional
subspaces and .Z the set of 2-dimensional subspaces—Ilines and planes, respectively, through the
origin (0,0,0). Any A € &/ then has the form

A={\T| e F}
for some nonzero vector ¥, while the [ € £ can be defined by linear equations of the form
l:ax+by+cz=0

for coefficients a, b, ¢, not all zero. For any pair of such subspaces A and [, check that either ANl = A
or ANl ={0}; we may then adopt the convention that A and [ are “incident” when A C [ as sets.
Since every field contains 0 and 1, each vector space F contains the four dimension-1 subspaces
A(1,0,0), A(0,1,0), A(0,0,1), and A(1,1,1), any three of which span V', so no three of which lie in
a common dimension-2 subspace. Referring to dimension-1 subspaces as “points” and dimension-2
subspaces as “lines”, we have then satisfied the quadrangle axiom, making (&7,.%, C) a projective
plane (as the other axioms are trivially satisfied).

Meet P F', the projective plane over F.

One feature of &I is that as a projective plane it is identical—via a bijection of points that
preserves lines—to F2, the projective completion of the affine plane F2. To see this (proof is
omitted), consider the plane IT determined by z = 1 and make the correspondence

A-TINA
between points in II and “points” of %5 F. Lines then correspond via
liax+by+cz=0<IINl:ax+by=—c,z=1,
which are clearly lines in II in the usual sense. Thus
II=F%x {1} — F?

in the natural way, and a bit more insight will reveal that the “line at infinity” of F2 corresponds
to the “line” z = 0 of HF.

While the plane z = 1 serves as a canvas for the affine component of &, F', any sphere about the
origin will serve as a complete canvas for the projective plane, with antipodal points representing
the same “point” of Z5F. Hence the two basic models are unified by this definition.

To discuss these subspaces more concisely, we introduce some new notation. Write each vector ¥
in component form ¥ = (z,y, z). Define an equivalence relation ~ on V>, the set of nonzero vectors
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Figure 2.1: Origin, Line at Infinity, & Friends

in V = F3, by whether the vectors describe the same point in ZF. Then (x1,1, 21) ~ (22, y2, 22)
when there is some A € F' such that (Ax1, Ay1, Az1) = (22, y2, 22). Write (z:y:2) for the equivalence
class containing (z,y, z). These are homogeneous coordinates, and we will use them to identify
points in the projective plane.

Dually, the line defined by the planar equation ax + by + cz may be assigned homogeneous
coefficients [a:b:c| subject to the same equivalence relation. A point (x:y:z) and line [a:b:c] are
then incident when their scalar product is zero. We may now specify the origin Ag = (0:0:1) and
the line at infinity lo, = [0:0:1].1

We can generalize yet further.

DEFINITION. Recall that if R is a ring then the units of R are those elements with “inverses”—
elements r € R for which there exist s € R such that rs = sr = 1. A division ring is a ring in

which every nonzero element is a unit.? The inverse of r € D is written r~!.

The nonzero elements of D then form a group D*. The commutative division rings are precisely
the fields; noncommutative division rings are called skew fields.

Let D be a division ring, and let V' = D3, In V*, define the equivalence relation ~ on vectors by
(x1,y1,21) ~ (x2,y2, 22) when there is some (nonzero) A\ € D such that (z1 A, y1 ), 21\) ~ (2, Y2, 22).
(Notice the right multiplication, a significant choice when multiplication may not be commutative.)
Let (x:y:z) denote the equivalence class of (z,y, z), and let A denote the set of equivalence classes.
We have our “points”.

For any vector (a,b,c) € V*, consider the set of all vectors (x,y, z) that satisfy ax+by+cz =0,
i.e. that are right-orthogonal to (a,b,c). Since we are now dealing with left multiplication, the
relation ~ preserves right-orthogonality: for any A € D*,

axr +by+cz=0< axA+ bxA+ czA = 0.
Let [a:b:c] denote the set of classes right-orthogonal to (a, b, c), and let
L={[a:b:c]| (a,b,c) € V*}.

We have our “lines”. This time, however, we have [a; :b1:¢1] = [ag:b2:co] when there is some A € D*
such that (Aaj, Abi, Ac1) = (ag, b2, c2); points and lines are not subject to the same equivalence

!Thus, expanding to the terminology of 3-space, “the eye is the dual of the heavens”.
2The reader is alerted that the term “division ring” is defined a variety of ways depending on convenience, context,
or author preference; for all of these reasons we will stick to this definition throughout this paper.
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relation anymore! They do, however, still form a projective plane %D, the projective plane
over D.

We may also construct a projective 3-space from D? in similar fashion. Points are assigned
homogeneous coordinates (z:y:z:w) and planes homogeneous coefficients [a:b: c:d], with lines
defines as the intersections of planes.The projective plane &, D then appears as the plane [0:0:0:1]
in 3D, the set of points (z:y:2:0). Theorem 1.1 then implies that Desargues’ Theorem holds in
P D.

2.2 Operations As Projectivities

What does the geometry of the projective plane 5D say about D? We examine the desargues
property and its consequences. Let us name the origin Ag = (0:0:1), the line at infinity o = [0:
0:1], and the z- and y-axes [; = [0:1:0] and [y = [1:0:0]. We also then have

Ao = l1loo =10:1:0][0:0:1] = (1:0:0)

and
Al =lpleo = [1:0:0][0:0:1] = (0:1:0),

which complete the triangle of reference. This specific configuration will indeed serve a referential

(0:1:0)

(1:0:0) (0:0:1)
(1:0: 1):

Figure 2.2: The Triangle of Reference & A,

role for the remainder of the paper. Finally, let us identify A, = (1:1:1), a point not on any side of
the triangle of reference, and construct A; = (AL A,)l; = (1:0:1), a point on /; “one unit” from
Ag.

Remember that the points of [; are Ay plus those of the form (z:0:1), one for every x € D.
We should therefore be able to express arithmetic operations in D as mappings of [ to itself. We
know something about such mappings—we have a group of them, the projectivities PJ(l1)!

Allow us a modest setup, adapted from Rowen [10]: Let A = (a:b:1) be an arbitrary point off
[1 and ly. Define

| = AA=(1:0:0) (a:b:1) = [0: =b~1:1]
I'= ApA = (0:0:1) (a:b:1) = [—a~1:b71:0]
1:0:1) (a:b:1) = [(1 —a)~t:b71:1]
so that
: 0:0:1] = (a:b:0)
I'=1"lo=[-1:(a—1)b"1:1] [0:0:1] = (a — 1:b:0),



by solving the equations. (In the affine plane, we would call [; and [ parallel.)

Figure 2.3: The Coordinate Setup

While it is easy to check that the joins and intersections above are valid, to find the join or
intersection of two arbitrary points or lines involves a messy bit of algebra, which will come into
play later. For now, let’s define some projectivities from Iy to itself.

PROJECTIVITY 1. Our first perspectivity will have perspector A and take Iy to lo. If X = (2:0:1)

Figure 2.4: The Projectivity p

is any other point on /; then
A
X3 Xeo,

where Xoo = (a — 2:0:0). Next take lo, to | via perspector Ap. This time
A
Xoo 7 X'
with X' = (a — 2:b:1). Finally, via I we send [ back to [y, so that
1L %
X'Ex
with X* = (—2:0:1). Thus we have interpreted negation in D as the projectivity

Ao

p o[ R lleo] 7 15 [11]
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in PJ(l1). For convenience we will denote by —X the image of a point X on /; under p. (Check
that, indeed, Agx Ag—that is, 0 is its own negative.)

ProJECTIVITY 2. Remember the point X, from the previous construction, and build the projec-
tivity
1 7 Xoo
o s 20 0],

We let Y = (y:0:1) be another arbitrary point on /; other than Ay. In Figure 2.5, Yy = (Y1)l =
(a+y:b:1), 50 (V) = (Xoo Y0)l1 = (z +y:0:1). We have conquered addition in D, and shall give
this point the deserving name X + Y.

Figure 2.5: The Projectivity 7,

Aside. The construction of X 4+ X, which we will call 2X, has an interesting feature: Let 2x be
the quadrangle determined by the points A, X, I, and X; (darkened in the picture). Two of the
diagonal points of 2x lie on l1: As and X. The other two diagonals intersect [1 in Ay and 2X.
When four collinear points have this property, they are called a harmonic quadruple, and we write
H(Ax X, Ag2X). Notice also that H(AxkX, (k — 1) X (k 4+ 1)X) for each positive integer k, as the
quadrangles shift along l,. A sequence of points like { X;} with this property is appropriately called
a harmonic sequence.

Figure 2.6: A Harmonic Sequence
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Different quadrangles are formed when we use kX, instead of kX to construct the (k + 1)X,
and remember that A is an arbitrary point; the fourth point in a harmonic quadruple is uniquely
determined by the other three. <

In Projectivities 1 and 2 the two perspectors A and A} were collinear with Ao, = l1lo. In the
next perspectivity, this will not be the case, and we’ll see how the difference manifests.

PROJECTIVITY 3. Define N
21

v [ll]%[loo] X [ll]%[ll]a

a perspectivity similar to p. If we follow an arbitrary point X = (z:0:1) on [ and off l,, we find
A Al
X2 X0 7 X" Z0(X),

where we recognize X, from before, X” = (a:b:x), and v(X) = (z~!:0:1). Important to notice
here is that v sends Ay to Ay, which does not correspond to a member of D. This is appropriate,
as 07! has no meaning in D; let us merely define v on the points of I; other than A,, and Ag. Like
before, let’s denote v(X) = X L.

Figure 2.7: The Projectivity v

PROJECTIVITY 4. Again keep track of X, from before. Define

on: [R5 ),

building off v in the same manner as 7, built off p. We take our other arbitrary point Y through
the motions to obtain Y1 = (YI')l' = (a:b:y™!) and 0,(Y) = (XY1)l1 = (2y:0:1). Finally, we
name this point X - Y to avoid confusion with the join XY =1[; of X and Y.

We now have a way, given any starting points X; on [, to find the point on /; corresponding to
any member in D generated by the x; using the operations —, ~!, 4+, and -, when these operations
are defined.3

3In fact, we have more than that: the reader may have noticed that, according to these constructions, Ag~! = Ao,
and almost all arithmetic can be done with A in place of some (x:0:1); for instance, X + Aocec = (XocAoo1)l1 =
(XooD)li = leoli = Aoc. However, this construction is undefined when X = Ay, since Xoc A1 = II is not a well-
defined line. Excepting this construction and its companions A - Ap and A + As, the point A acts as we would
expect an infinite value to act. For reasons that will become clearer later on, we omit these exceptional constructions,
focusing on those which correspond to meaningful calculations in D, and leaving Agl undefined.
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Figure 2.8: The Projectivity o,

2.3 Projectivities As Operations

Let us step back for a moment. We've found ways to identify sums, products, and inverses
on [; using the triangle of reference as a framework, the fingers that define our cat’s cradles of
projectivities. Yet it is everywhere in the structure of the projective plane &%, D that the essence
of skew-fieldness lies; can we extract it without clinging so to its coordinates?

As an experiment, let &2 be any desarguian projective plane and let ABCD be any quadrangle
in &#. Make the assignments Ay = A, Ao = B, AL, = C, and A, = D. (We shall call this the
quadrangle of reference by virtue of its applicability, to follow.) Construct /1, l~, and A; as before.
Choose some arbitrary A off this quadrangle and again ascertain [, I/, I”, I, and I'. We have a

Figure 2.9: The Synthetic Setup

familiar setup and several projectivities in PJ(l1) at our disposal, so let us see how they act—and
interact—on [l1].

Let A =13 ~ {Ax}. Where P is any point in A, and with Poo/é\P where applicable, define the
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projectivities

PRI ES A
7p : )% (1) 5 ]

v 1)) 3 115 ]
op [ 5[)F [1]

as before. Then, for every P,Q € A except P = Aj on the third line, define the operations

—P=p(P)
P+Q=1p(Q)
P! =v(P)
P-Q=0p(Q),

which are well-defined in A. What, then, is A under these operations?

In Figure 2.7, we have X”%Yﬁl; in the notation of Figure 2.8, we would say X" = (X~1);
(subtly applying Axiom (ii)). This observation confirms that

X X' = (X X))l = (XXl = Ay

Similarly, we can get X + (—X) = Ay, and it is just as easy to show A; - X = X - A} = X and
Ap+ X = X+ Ay = 0. Using familiar language to describe the operations above, we may now affirm
that A has well-defined additive and multiplicative identities and right-inverses. Is A a division
ring under + and -?

Figure 2.10: Construction of X1 - X

While in Figure 2.10 X~! - X appears to be the same point as A;, we cannot be immediately
sure that this is so. In order to show that it is so, we need to prove the intersection theorem that
the line X ~'o X7 is incident with the point A;. As a configuration, the theorem reads

A= {A17A7 I/7X7 XOO7X”a X_laX_looaXl}
L= {1, 1o, I 1" XA, Ay X oo, X", XTA, XTI, X1 X o0}
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with Z consisting of each of the 30 visible incidences involving those points and lines except one,
(X1 X1, A1), which must be derived.* Note that, to write the intersection theorem itself, we can
ignore such objects as [ which are incident with fewer than 3 other objects, since their existence is
guaranteed by the projective plane axioms. (This in turn allows us to eliminate Ay, once [ is gone.)
In effect, we can “confine” the configuration. Our only card left is Desargues’ Theorem.

Now, if the intersection theorem is true, then X ', X1, and A; are collinear; conversely, this
is precisely what we need to prove the theorem. It is therefore equivalent to claim that X7, which is
the intersection of X1’ and I, is incident with the line X ~',  A;. Similarly, we may treat X; as the
intersection of XI" and X 1, Ag, so that the desired incidence is (X71,1"). We still have 29 assumed
incidences, and it is this intersection theorem that we shall verify as a consequence of Desargues’.’?
Verification. STEP 1. Relabel some of the configuration according to Figure 2.11 (a) (points X
and X” will not be important in this step). Triangles ABC and A’B’'C’ are perspective from
O, so by Desargues’ Theorem they are also perspective from some line [ through each of P =

(BC)(B'C"),Q = (CA)(C'A"), R = (AB)(A'B').

\
OA e
AN
\
\
' \
OB N OA
\
oC \ oA’
\
\
\
\

. \

\
P/ N OQ

0 ke,
[ 1 e \
// P N
\
\
\
AN
\
o .
c’ BO A’ Bro BO \

(@) (b)

Figure 2.11: Left Multiplicative Inversion

STEP 2. Relabel the original configuration according to Figure 2.11 (b), and relabel the points
P, Q, and R as C’, O, and C, respectively. Using the symmetry of Desargues’ Configuration
(constructed in the last step) we know that triangles ABC and A’B’C" are perspective from O. By
Desargues’ Theorem again the points P, @), and R are collinear. 0

The configurations corresponding to the remaining division ring axioms can alike be proven as
consequences of 7[R, o]: commutativity of addition, associativity of both operations, and left and
right distributivity. For instance, the configuration for (X-Y')-Z = X -(Y - Z) is a bit more complex;

1Since Ap~! is undefined, it may seem necessary at first to include the stipulation that X # Ao—that is, the
nonincidence relation X ¢ I’. And for all of these constructions we want to assume X ¢ loo—1i.e. X # As. However,
the construction of either case will reveal a degenerate intersection theorem which is a consequence of the original
three axioms. For now, we will ignore this technicality, though we will not be able to for long.

SWrapping around the configuration in this fashion, we see that, as in Desargues’ Theorem, any of the 30 incidences
in the pictured configuration may be taken to be the conclusion, assuming the other 29.
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AN 7wz xy Y
Figure 2.12: Multiplicative Associativity

we can only confine it to 13 points and 13 lines. The configurations for the distributive laws are
messier yet,.

While it is satisfying to observe this structure emerge, the daunting configurations are not
intuitively helpful. We impose a division ring structure on the “punctured” line l;, but surely we
can go further. Shouldn’t & be isomorphic to %2 A? In the next section we answer carefully in the
affirmative.

2.4 Homogeneous Coordinatization

As of now, trusting in some unwieldy configurational proofs, what we have is essentially an
“r-axis” which we could assign the role of [0:1:0] under a new coordinatization scheme. What
remains is to pick a “y-axis”, coordinatize the entire plane, and verify that linear equations define
lines. While we could accomplish this using more horrific constructions, in the interests of space
and understanding we will build a few more tools and apply them in a method adapted from [8].

DEFINITION. A collineation is a configuration automorphism on a projective plane. The group
of collineations on a projective plane & is written Aut &2. A collineation that fixes some line [
pointwise and some point P linewise is called a projective collineation; [ and P are then called the
axis and center of the collineation.

EXAMPLES (on D2). Let k be a nonzero element of D. The map oy : D2 — D? defined by
op(z:y:z) = (x:y:kz2)

is a collineation taking each line [a:b:¢c] to [a:b:ck™!]. Furthermore, oy fixes every every point on

the horizon and line through the origin. It is therefore projective. When the axis and center of a

projective collineation are nonincident, as is the case with oy, the collineation is a homology.
Another projective collineation of D2 is the map 73, defined for any element k by

Te(z:y:1) = (r+ k:y:1)
Te(z:y:0) = (z:y:0).
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T), is the identity when k = 0, but otherwise 75 takes each line [a:b:c] to [a:b:c — ak]. The axis of
Tk, is again [0:0:1], but its center (1:0:0) is incident with this axis. This makes 75 an elation.
The “rotational” map p defined by

plx:y:z) = (y:—x:2)

is another collineation, though since the only point it fixes is the origin (and the only line the
horizon) it is not projective.

The specific homologies and elations above will motivate the following choices. One condition
must be met first.

DEFINITION. Let PCip;(#) (or just PCip;)) be the subgroup of Aut & of projective collineations
with center P and axis [. If m is any line through P, then PCp; acts on [m], fixing P and the
intersection point ml. If this action is transitive on the remaining points of m for every line m > P,
then & is said to be (P,l)-transitive.

Figure 2.13: (P,!)-Transitivity

For instance, D2 is ((1:0:0), [0:0:1])-transitive since for any k& € D and line [0: —y~':1] through
(1:0:0), 7% takes (0:y:1) to (k:y:1).

Lemma 2.1. A projective plane is desarguian < it is (P,l)-transitive for every point-line pair
(P,1).

Proof. Look back on Desargues’ Configuration 2 (page 7). Take O to be our arbitrary point, o (the
line through P, @), and R) our arbitrary line, and p = OA our separate line through O. For the
direction (=) we want a (O, o)-collineation taking A to A’; for (<) we assume one exists. Either
way, using the incidence axiom we may build up 2 with o = QR and P = (BC)(B'C"), without
the incidence (P, 0). Now if a map that takes A to A’ is to be a collineation, it need only send the
other points B and C to B’ and (', since the points R and @ are fixed. (“Only”, because B and
C' can be any points off AA’.) Finally, since o is pointwise fixed, BC' and B’C’ must both contain
it. But this is exactly what it means for Desargues’ Theorem to hold! O

This proof also provides uniqueness for the projective collineation sending A to A’, since the
images of all points off p are determined as drawn and the rest of p can be determined in like
fashion from any other line, say ¢ = OB. This existence-and-uniqueness is at the core of the
following discussion.

We now realize our binary operations from the previous section as collineations: Having desig-
nated the quadrangle of reference and A =[5 \ {Ax} as before, for every P € A (# Ap in the
second case) let

TP € PC[Aoo;loo}7TP(AO) = P (“addition by P”)
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and
op € PClyy.,0p(A1) = P (“multiplication by P”).

Let us denote by PCy, ;) the group of projective collineations with axis lo; and center somewhere
on ;. By the way, observe that, for @', Q, P, A distinct on [y,

s € PCipy155(Q) = Q =c¢=1pooroTp I,
where o is the homology sending 7p~(Q) to 7p~1(Q"). That is to say, any element of PCy, 1. 18
a PCj4, 1..)-conjugate of someone in PCy, ;). (In terms of addition and multiplication, what we
mean is that exactly one linear transformation fixes p and takes g to ¢/, and it can be expressed
y = (z — p)r + p, for some r.) It is clear that PCj4_ ;.. N PCl4,,..) = {id}, and the argument

0@ '7poq(R) = R = 1p(0q(R)) = 0¢(R)
= 0g(R) = A
= R=A,

affirms that any conjugate oo~ 17pog is in PC4., 1> and hence that PCpy__ ;. is a normal sub-

group of PCy, ;1. We conclude that PCy, ;_ is a semidirect product of these two subgroups under
conjugation,
PCy 1ol = PClas 10) X PClag 1)

We now use this group of collineations to rigorously define the operations —P = 7p~1(4y),
P+Q=19(P), Pt =0p (A1), and P-Q = 0g(P) on A. (Again we must define multiplication
on the right, in order to agree with the general division ring case above—all because we chose
homogeneous coordinates via right multiplication way back on page 13.) Take a fresh look at the
division ring axioms. A inherits the ring operations + and - from PCy__ ;.| and PCjy, ;.. )- By the
uniqueness in Lemma 2.1 we have

UQTPUQ_l =Tp.Q,
since both send Ag to P - Q. Right distributivity then follows from the equalities

(P+ Q) R=1piq)r(Ao)
= orTp+QoRr "' (Ao)
= orTQTPoR ' (Ao)
= URTQURflaRTPURf%A())
= 10.r7P-r(A0) =P -R+Q-R.

Even with our specialized tools, the remainder of the key result below requires a lengthy proof,
the individual results of which will not be of use hereafter. As such, the full completion of this proof,
including verification of the remaining division ring axioms and coordinatization of the plane, is
presented in Appendix A. In conclusion,

Equivalence 2.2. A projective plane & is desarguian < there is a division ring D s.T. & ~
Ps(D).

This equivalence will be the first in a string (or Jacob’s Ladder) of correspondences which will
culminate to an expansive dictionary in Chapter 4. In the meantime, from this result we also obtain
a “diirer converse”:
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Corollary 2.3. Any desarguian projective plane embeds (by collineation) into a projective 3-space.

Proof. Let D be the underlying division ring of &. Then & is isomorphic to the plane [0:0:0:1]
in #3D. O

Recall the aside from page 16. Observe in the picture that, it appears, the third diagonal point
(AI)(X0Xoo) does not lie on lj, in accordance with Fano’s Theorem. If it were so, however, then
the points Ay and 2X would be one and the same. Remember that X was arbitrary on [;; we now
have the language to interpret the old intersection theorem:

Lemma 2.4. The projective plane 5D satisfies Fano’s Theorem < D has characteristic # 2.

From now on we will restrict our discussion to desarguian projective planes and assume that
each has an underlying division ring.
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3 More About Division Rings

A deeper discussion of these division rings is in order. In this chapter we shall characterize the
collineation group Aut ;D in terms of D3, introduce polynomials and polynomial identities, and
thread these concepts together with intersection theorems in desarguian projective planes.

EXAMPLE (a skew field). The pair of matrices

(o 7) = (40)

have some interesting features: They are linearly independent, in that al 4+ 61 = 0 for a,b € R
implies a,b = 0; and I?> = —1. Suspicious. The product of two elements in R1 @ RI has the form

a b c d\ _ ac —bd ad+ be
—b a —d ¢) \ —ad—bc ac—bd )’
and the behavior of the complex numbers manifests. A bit more insight will reveal that R1GRI ~ C
as division rings, with 1 and I playing the roles of 1 and 4, respectively. Thus we have a representation

of the complex numbers as 2 x 2 matrices over the reals.
Continuing in this vein, consider the multiplicative group of the four matrices

() () () ()

and their negatives, which is called the quaternion group. These matrices are also R-linearly inde-
pendent and span a subring

Rl@RI@RJ@RK_{<_Z 2) |a,beC}

of M>C. In likeness to the complexes, this ring usually written as the 4-dimensional vector space
H=R®Ri®Rj dRE. (3.1)

Its members are called the quaternions, and the basis elements 1, 7, j, k satisfy the cayley table 3.1
given by the matrices above. H* < GLoC as multiplicative groups, so H is in fact a division ring.

Table 3.1: The Quaternion Group

1 ik
10 1 ¢ 4 k
il i -1 k —j
il j -k -1 i
k| k 5 — -1
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The quaternions were named by their discoverer the mathematician Hamilton, and they are
denoted by his initial. We have completed the first two cayley—dickson constructions over R, to
which there is no end; but any further and our spaces cease to exhibit a division ring structure. The
quaternions, expressible as 2 x 2 matrices over the commutative complex numbers, will provide a
concrete example for much of the discussion in this chapter.

Written as in Equation (3.1), it is plain that H has dimension 4 over its center R; we write
dimg H = 4. In this language any field F' has dimension 1 over its center (itself); on the other hand,
larger-dimensional, even infinite-dimensional, division rings exist as well. Throughout this chapter
D will represent any division ring, F’ will denote its center, and A will be the division ring of points
in I} N\ {A} isomorphic to D.

3.1 The Projective General Linear Group

Vector spaces also provide a medium in which to completely describe the collineations Aut 5D,
which we skirted in Section 1.2. (The group of automorphisms of a structure is a natural curiosity
on its own, and our case as in others it provides vital condensation for some important results.)
Think back to how H5D is defined: an equivalence relation (right multiplication) is imposed upon
vectors in the space V' = D3, and the resulting equivalence classes serve as points. Equivalently, we
treat D3 = D @® D @ D as the free right D-module of rank 3 and take points to be submodules ¥'D
of rank 1. We may refer to this right module as (D3)p.

Note. We can then take lines to be rank-2 submodules vD + WD spanned by two points, with
incidence by containment; this is an alternative, concise way to define the projective plane over D,
and we leave as an exercise in module theory that the two definitions agree—in a way that unifies
the dualities of modules and of projective planes.

Looking for automorphisms of &5 D, we have at our disposal the group of automorphisms of
(D3)p—the general linear group GL3D of invertible 3 x 3 matrices with entries taken from D.
(Now it is not immediately apparent that “invertibility” makes sense for matrices over division
rings, since “left” and “right” inverses exist for a matrix A when the columns of A are right
linearly independent (respectively, the rows of A are left linearly independent), as one can deduce
with some thought. It is an important result that, indeed, A has a left inverse precisely when it
has a right inverse, and these inverses agree.)

FEach matrix in GL3D imposes a linear transformation on V: Treating V as a column space,
GL3D acts by left matrix multiplication:

ail a2 a13 VU1 a11v1 + a12v2 + a13vs
AT = | a1 a2 a3 vy | = | a21v1 + agva + assvs
asy as2 ass v3 a31v1 + azav2 + az3vs

Matrix multiplication naturally preserves addition, and
A(uN) = (Aa)\ (3.2)

for any A € D*, as can be routinely checked; so this action does indeed define a linear transforma-
tion. (It is crucial that V' be treated as column space under left multiplication by GL3D; treating
U as a row vector, (UA)A # (FA)X for noncommutative \.)
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It is also easy to check that GL3D is three times transitive on V', up to right linear independence:
for vectors u, v, w € V the linear transformation described by

uyp v wi
A=(T|0|@)=| up vy wy
uz V3 w3

is invertible when the vectors span (D?)p and takes & = (1,0,0) to i, & to ¥, and €3 to w. If A’
is defined similarly for independent vectors @', ¥, %’ then the transformation described by A’A~!
takes i, U, w — ', v, W',

The point is this: Every linear transformation A on (D3)p induces a collineation [A] of Z,D,

as we will now see. For #9D = (A, L,7), (3.2) assures us that
A]:A—A by A AA

is always a well-defined point map. Since A is invertible, this map is a bijection of A. Dually to
points, lines are equivalence classes of vectors living in the left D-module p(D?). Treated as row
vectors, they are then subject to linear transformations given by right multiplication by matrices
in GLoD; each A induces a bijective line map

[A]: L—L by [+~ IA.
In accordance with this treatment, denote | - A = ax + by + cz for a line [ = [a:b: ] and point
A = (z:y:z) in the projective plane (a matrix product). Then (A,l) € T < [- A = 0. We now
observe that

(1A - (AA) =0&1-A=0,
with A any matrix of GL3D. Thus is a collineation induced.
DEFINITION. Since, for all points A € A,
[A][B](A) = [A](BA) = A(BA) = (AB)A = [ABJ|(4)

and therefore

[ATT[A](A) = [1)(4) = 4,

we see that [-] : GLsD — Aut 23D is a group homomorphism. So the set of collineations of
P D induced in the preceding manner by matrices in GL3D is a subgroup of Aut &, D, called the
projective general linear group and denoted PGL3D.

So just how expansive is PGL3D? For starters, we know that it is transitive on the triangles of
P D since GL3D is triply-transitive up to right linear independence. So look at the collineations
in PGL3D which fix the familiar triangle of reference Ag = (0:0:1), A = (1:0:0), and
Al =(0:1:0). These are induced by matrices of the form

A

A= Iz ;
1%

where the nonzero A\, i, v € D are arbitrary. Broadening our view to Z,f, we see that this [A] sends
A, = (1:1:1) to the point (A:p:v). Thus any point in oD off the lines I} = [0:1:0], lc = [0:0:1],
and lp = [1:0:0] can be the image of A, under a projective general linear transformation which
fixes the triangle of reference. Consequently,

27



Lemma 3.1. PGL3D is transitive on quadrangles; that is, if ABCD and W XY Z are two quad-
rangles in &5 D then there is a collineation in PGL3D which sends ABCD to WXY Z.

Proof. We already have collineations [A] and [W] which send the triangle of reference AgA AL, to
the triangles ABC and W XY, respectively. Let [D] and [Z] fix this triangle and take A, to [A]D
and [W]Z, respectively. Then

[W][Z][D]'[A]™' : ABCD — WXY Z.
O

Obviously the homomorphism [ -] is not injective; any central scalar matrix in GL3D becomes
the identity in PGL3D. On the other hand, the previous discussion reveals that the kernel of this
map must consist of scalar matrices AL, since only they fix 2. To fix all points of D, then, the
scalar A must satisfy

Az, Ay, A) = M, y,1) = (z,y, DN = (2N, 9N, N)

for some )\, given any pair z,y in D. Of course this requires X’ = A, hence that A must commute
with everyone in D. Thus only A in F* will do, giving us the central scalar matrices in GL3D,
namely Z(GL3D). For concision, let us denote F* = Z(GL3D). Our description of PGL3D is
completed by the Main Homomorphism Theorem.

Lemma 3.2. As groups, PGLsD ~ GLsD /.

There are, as seen above, nonidentity collineations in PGL3D (namely, left multiplication by
noncentral elements of D) which fix 2. In terms of coordinates, however, left multiplication is
equivalent to conjugation:

Az:Ay:Az) = AzA L ATl = (@t 2,

and conjugation by a nonzero element in D is an inner automorphism on D. More generally, though,
any automorphism ¢ of D naturally extends to (D?)p and, since automorphisms preserve 1, fixes
D,et- @ therefore induces a collineation on 5D by

(z:y:2) = (p(@):0(y):p(2)) and  [a:bic] = [p(a):p(b):p(c)].

On the other hand, suppose ® is a collineation of %D which fixes 2. It follows that ®
preserves projectivities, and hence preserves the operations on A from Section 2.3:

P Ay = Ay,
®A = Ay,
—(@X) = ®(—X),
(@X)"'=®(X ),
(®X) + (BY) = B(X +Y), and
(®X)- (®Y) = ®(X -Y).

® thus induces an automorphism on A—that is, an automorphism on D. Together with Lemma 3.1
these facts complete our description of Aut #,D.
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Proposition 3.3. Let Stab(Z.f) be the subgroup of Aut %D which fixes the quadrangle of
reference. Then
Stab(Zyer) ~ Aut D.

Thus every collineation of %, D can be given exactly by some quadrangle (the image of 2,f)
and some automorphism of D.

ExaMPLES. C, a field, has no inner automorphisms other than the identity, so
Aut P5C ~ Aut C x PGL3C as groups.
Every automorphism of H is inner (see p. 19 of [11] for a proof), so
Aut ZoH = PGL3H.

Let us now apply this section to intersection theorems, the foci of our interest.

Theorem 3.4. Let €[A,l] be a (not necessarily universal) intersection theorem in a desarguian
projective plane & = (A, L,T), and suppose 2 C ¢ is a quadrangle. Let 2’ = PQRS C & be a
quadrangle and have U< denote the set of configuration isomorphisms of € into & which take 2
to 2.

2C%E

Y

2Ce Ccy

Assume that, for every such isomorphism 1) € U2, (¢)(A),(1)) € Z. Then €[A, ] holds universally
in .

Proof. Let 7 : € — & be any configuration isomorphism. Say 7 sends 2 to 2" = P'Q'R'S’ (a
quadrangle), A to A’ and [ to I'. We then want A’ € I.
By Lemma 3.1 there is a collineation ¢ : & — &2 which takes P'Q'R’'S’ to PQRS.

2Cg
7] !
o@//g(g//

el 1S
9 ce©

This ¢ restricts to a configuration isomorphism ¢ |¢» from €” to ¢(€¢") = ¢’; say ¢ sends A’ to

A" and I’ to I”. Then

Y= |gnor: € —C
is a configuration isomorphism that sends 2 to 2', so ¥ € U<, By our assumption, we must have
A" € 1", Since ¢ collineates, we also have p~1(A") € ¢~ 1(1), or A’ € I'. O

This result simplifies drastically our criteria for universality by allowing us to restrict our field of
vision to the quadrangle of reference. It then also illustrates a close connection between (universal)
intersection theorems of &5 D and operations on D (viewed as projectivities). Finally, we reserve
this very friendly consequence for later:
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Corollary 3.5. Let €'[A,l] be a (finite) intersection theorem, and let P and s be any point and line
in the infinite desarguian projective plane & = (A, L,T). If (¢(A),¥ (1)) € T for every configuration
isomorphism ¢ : € — & under which ¥)(B) ¢ s and Q ¢ 1(m) for every point B and line m in €,
then €[A,l] holds universally in 2.

Proof. Take any isomorphism . If the points and lines of ¢’ = (%) are all nonincident with P
and s then we are done; for the case that some are not, it will be sufficient to find a collineation of &
taking every line away from P and every point off s. But this is equivalent to finding a collineation
taking P and s to some other point and line nonincident with the objects of ¢”. By Lemma 3.1 we
need only show that such a point and line exist.

First suppose (P, s) ¢ Z. Pick an arbitrary line n € £. Find all intersections nm with m € ¢'—
there are finitely many. So choose another point @ € n; @ is then incident with no line of %”.
Dually, we can then find a line incident with no point of ¢’ U {Q}.

The case (P, s) € Z is left as an exercise. O

Aside. The special unitary group SUj consists of matrices P in GLoC for which det P = 1 (“spe-
cial”) and P~! = PH (“unitary”). It is easy to check that

b) | a@ + bb = 1},

a
SU2 = {< ~b a
which is isomorphic to the group of quaternions w + xi + yj + zk with w? 4+ 22 + y? 4+ 22 = 1. For
a =w+ xt and b = y + zi, the bijection

a b . . .
(—b a) —a+bj=w+xi+yj+ 2k

then interposes SUy with the 3-sphere in R%; each point on the sphere gives a quaternion with
magnitude 1.

Conjugation by a quaternion reduces to conjugation by a member of SUs, and since RN SU; =
Z(SUjy) = {1, —1}, the action reduces further to conjugation by antipodal points of SUs. So denote
SU2/<,1> by SUs*; this set “captures” the noncommutativity of H.* Given a point (p:q:r) in PoH,
then,

SUx*(p:q:7) = {(sp:sq:sr) | s € SU*} = {(sps L:sqs 'isrs™!) | s € SUs*}

is the set of all images of (p:q:7) under Stab(Zye).

Thus we might think intuitively of the projective plane &5H as the real projective plane 95R
together with a copy of the “unit 3-hemisphere” SUy* at every point. These would not be full
copies, however. For an affine point (z:y: 1), the sphere reduces to SUQ*/C(<$7y)), the set of left
multiplicative cosets of C({x,y)), the centralizer of the subgroup generated by z and y. For infinite
points (z:1:0), the sphere reduces to SUQ*/C(JC) (over the centralizer of x), and for (1:0:0), as for
all points (x:y:z) with z,y, 2 € R—fixed by everyone in Stab(2,.f)—the sphere reduces to 1. <

*While SU2™ is isomorphic to SO3 as seen in class, i thought it appropriate to remain in terms of antipodal points
of a sphere, a topic familiar to the paper.
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SU,"

Figure 3.1: Intuitive Structure of F5H

3.2 Pappus’ Theorem

We can now strengthen Lemma 2.4 (which finally serves its purpose as a lemma). First let #
be the configuration of a complete quadrilateral with diagonal points P, @, R, so that .Z [P, QR)] is
the intersection theorem that the diagonal points are always collinear.

Equivalence 3.6. 2D satisfies #[P,QR)] (“%2D is nonfanoan”) < D has characteristic 2.

Proof. By Lemma 3.1, if the Fano Plane exists in &%, D then it is ubiquitous in &%, D; that is,
Z|P,QR)] holds universally. Apply this to the inverse of Lemma 2.4. O

Aside. Let F3[2X, 1] denote the intersection theorem above, using the notation from Figure 2.6.
Since division rings can have any prime characteristic p, we can generalize Equivalence 3.6 to
intersection theorems of the form .%,[pX, o] using Theorem 3.4:

Equivalence 3.7. Let p be a prime. Then &, D satisfies %,[pX, lo] (perhaps, “%, D is nonfanoan,,”)
< D has characteristic p.

Figure 3.2: .%5[5X, o]

Theorem 3.4 says that the intersection theorem holds in ;D when it holds for any points
A off Z,r and X on l; N {4, A1, A}, since all other points and lines are uniquely determined
by 2y, A, and X. So, #,[pX,lo] might also be phrased, “every harmonic sequence of points
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has p members”. For example, Figure 3.2 depicts one construction 5X by taking 2X = X + X,
4X =2X +2X, and 5X = 4X + X. (The lines of .#5 are darkened.) There are several ways to
construct this point, but we know from Equivalence 2.2 that the presence of Desargues’ Theorem
makes them all equivalent. <

Our prevailing goal is to catalogue and understand intersection theorems and their relationships
to one another. For instance, the intersection theorems corresponding to the division ring axioms
can be (painstakingly) proven using Desargues’ Theorem. If an intersection theorem %’[A, [] contains
a quadrangle 2 in %, Theorem 3.4 allows us to consider only isomorphisms taking 2 to Z,e¢. As
an example, the intersection theorem that X +Y =Y + X for arbitrary X,Y € A (Figure 3.3) can
be verified by applying Z[R, o] twice, similarly to the verification that X 1. X = A;.

Figure 3.3: Additive Commutativity

There are worlds of intersection theorems that do not follow from Desargues’. The most renowned
of these must be the original theorem of Pappus, a special case of Pascal’s Theorem for conics (which
we do not tackle here). First we distinguish a hexagon, which consists of six ordered points Py, ..., Py
(“vertices”) and the six lines (“edges”) of the form P;P;;; (different from a “hexangle”).

Figure 3.4: Pappus’ Configuration

If the vertices of a hexagon lie alternately on two lines (both triples of mutually nonadjacent
vertices are collinear), Pappus’ Theorem states that the (three) intersections of opposite sides lie
on a line. In the figure, the hexagon AY C' X BZ has opposite-edge intersections P, @, R. We will see
in a moment that this intersection theorem does not follow from Desargues’, though it does hold in
the euclidean plane whence it was derived. It can be shown, however (Hartshorne presents a 3-step
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proof in [8]), that Desargues’ Theorem follows from Pappus’; every pappian projective plane is also
desarguian.

This theorem becomes all the more important after the following observation: Consider the
intersection theorem of Figure 3.5, which says that X - Y =Y - X for any X,Y € A. It is a specific
case of Pappus’ Theorem, though possibly in degenerate form (as when X = Ay is incident with
AXjy), but these cases are trivial in the plane. Thus the presence of Pappus’ Theorem in %, D,
applied to each hexagon AX,Y1I' XY, implies that the multiplication in D is commutative.

Figure 3.5: Multiplicative Commutativity

Conversely, suppose we have a nondegenerate Pappus Configuration in &3 D, with P,Q, R
not necessarily collinear. From the configuration define the points Ey = (XZ)(PR) and Ex =
(AC)(PR). Lemma 3.1 then gives us a collineation ¢ of 23D sending FyEBY to AgAsc AL Ax.
This collineation sends P and R to two points U and V on [} = ¢(PR), and p(AC) = lx. Using
A = A, for the constructions in Section 2.3, we also have ¢(C) = Uso, 9(A) = Voo, (X Z) =1,
o(Z) = Uy, and o(X) = V;. If D is commutative, then we know for certain that Us Vi, VooUs, and
I1 are concurrent, so by the inverse collineation ¢! we get Q € PR.

Equivalence 3.8. &, D is pappian < D is commutative.

We will denote Pappus’ theorem .75, 1], where S is the intersection of X,Y; and Y, X; in
Figure 3.5. This notation will become clearer next section. For now, remember that .7 implies
PR, 0|, while of course the converse is false. In the language of intersection theorems, we can
rephrase Dehn’s original question as our main goal: Classify all €[4, ] such that

D[R, 0] % €A, ] & S;

that is, classify the intersection theorems which lie “between” Desargues’ and Pappus’. Algebraists
got extensive milage, and nearly achieved this goal, using algebraic relations like zy — yz = 0 of a
generalized type.

3.3 Polynomial Identities

To summarize the previous discussion: For the relationship zy — yx = 0 to be true for any
substitutions x = £ and y = n in D is for D to be a field. Let’s generalize this concept.
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Let x = {z1,x2,3,...} be an infinite collection of indeterminates (of which we will not need
more than countably many) and build the free Z-algebra over the alphabet x, written Z(x), which
is the free Z-module over the set

{lexzn ‘ ik EN,HZO}

of words in the z;. The elements of Z(x) are (noncommutative) polynomials; accordingly, Z(x) is
made into a ring where words multiply by juxtaposition,

(i -+ @i, ) (Bagy -+ x5,) = afwyy -+ T3, Ty -0 T,

Given a particular set of values & = {{1,...,&,} in D and a ring homomorphism 6 : Z — D,
[some universal property of alphabet soup] declares a unique extension 6 of 6 to Z{x1,...,2¢), &
submodule of Z(x), such that f(z;) = & for each i € [t]. Since any division ring D has an additive
identity 0 and a multiplicative identity 1, the sensible homomorphism 6 : Z — D is determined by
0(1) = 1; then

(fn)=+n-1=+(1+---+1) forneN.

When 6 takes the x; to the & we call

0:7Z{(zx1,...,x;) — D

the evaluation map at & The image é(f) of any polynomial is then the evaluation of f at &, and
may be written f(£); each f € Z(x) thus becomes a function from D! to D for some t.

DEFINITION. If f € Z(x1,...,7;) and f evaluates to 0 at every tuple in D!, then f is said to be a
polynomial identity of D. Adopting some familiar language, the identity f (or f = 0) is said to
hold in D, and D is said to satisfy f.

Note. We depart here from the more standard discussion of polynomial identities, which considers
polynomials with coefficients in some field F' which hold (or don’t) in division rings containing F
in their centers. Typically F' is taken to be a prime field II-—either Q or some [F,, depending on
the characteristic of the division rings under scrutiny (each of which will contain IT). Our reason
for restricting to the integral identities from Z(x) is that they make sense in a projective plane,
as we will see. Our advantage is the ability to evaluate these polynomials in any division ring; in
fact, the strange-looking identities n = 0 (for n € N) provide a litmus test for char D | n.

EXAMPLE. s = zy —yzx € Z(z,y), and D is a field when D satisfies s. This is one of the ubiquitous
standard identities, the n*™ of which is

Sn = Z (Sgn U)xa(l) “To(n)

UES’n

in n indeterminates. (The homomorphism sgn : S,, — {1, —1} gives 1 when o is even, —1 when o
is odd.)

Suppose D satisfies Ss; that is, for all £,n,{ € D,
EnG — &Cn + ¢&n — Cn€ + n¢& — néC = 0.
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We have 1 € D as well, so for any {,n € D (using ( = 1) it is also the case that

0=E&n—E&n+&n—né+n§—nk=En—n&;

so D satisfies So. We leave as an exercise the general verification that D satisfies Ss,, whenever D
satisfies Sop11; we say that So,11 implies Sop,. Clearly S, implies S,,41 for any n € N; thence we call
Sopn, and Sop41 equivalent identities. It then makes sense to assign a division ring D p.i. (polynomial
identity) degree n when D satisfies Sz, but not Sa,,—1. We will consider only the standard identities
So,, from now on.

Identities As Intersection Theorems

Let’s take a closer look at Pappus’ Theorem .#7. While .#; does hold in %D exactly when
D is commutative, this is not exactly what the intersection theorem says. For now, let % refer
to Pappus’ Configuration without the incidence (S,1;)—the hypothesis of .#1[S,[;]. To determine
whether .71[S, 1] holds in &2, D, we only consider isomorphisms of ./ into P9 D. Therefore, we
don’t consider the cases x =0, y =0, x = 1, y = 1, or x = y (which would cause the configuration
7 to degenerate in the plane). This is silly, since the identity So makes no such distinction. We
can resolve this inconsistency by laying down precisely what we mean by the word “construct”
(which we have used loosely up to this point) and by this strictness making up for a loosening of
our morphism requirement on intersection theorems.

First, we want to expand our definition of “configuration” to include point—line pairs A, [ that are
incident, pairs that are nonincident, and pairs that may be incident. So, in addition to incidences
(A,1), let 7 also include nonincidences M , meaning “A ¢ [”. The following definition is adapted,
with subtle changes, from [10].

DEFINITION. Define constructible configurations inductively by the following increments, tak-
ing @ = (9,9, ) to be constructible and remembering that no axioms must be met:

(i) If (A, L,7) is constructible and P ¢ A then (AU {P},£,Z) is constructible. (P is a new
point.)

(i) If (A, £,T) is constructible and m ¢ L then (A, LU{m},T) is constructible. (m is a new line.)

(iii) If (A, £,7) is constructible, m,n € £, and m and n are incident with no common point, then
(AU{R},L,ZU{(R,m),(R,n)}) is constructible. (R is the intersection mn.)

(iv) If (A, £,7) is constructible, P,Q € A, and P and @ are incident with no common line, then
(A, LU {0}, ZU{(P,0),(Q,0)}) is constructible. (o is the join PQ.)

(v) If (A,L,7) is constructible, P € A, m € L, and (P,m) ¢ Z, then (A, £,Z U {(Prm)}) is
constructible. (P is nonincident with m.)

EXAMPLES. As a configuration, 2, is constructible: Construct points Ag and A, then [y is their
join. Construct the new point A’ and stipulate that AL ¢ l1. Then lo = A AL and Iy = AgAL,
and the extra condition Ay ¢ [, gives us a nondegenerate triangle. Construct A, nonincident with
the three lines to get four triplewise noncollinear points. Construct m = A, A,, then Ay = lym,
and we are done.
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Next, construct new lines m; and stipulate that Ay, ¢ m;. Then X; = lym; is a point on
A =11 \ {A} with no other restrictions. Given several such points X; on A, a point A off [; and
lo, and a line [ away from A, the perspective points Yi%Xi on [ are constructible.

By the above examples, the operations on A of Section 2.2 are all constructible.

Keep in mind that constructible configurations, like all configurations, are merely incidence
structures, and may not exist nondegenerately in &3 D. Call an intersection theorem %[A,l] con-
structible if € is constructible—or, more loosely, if (¢[A,l]) = (€’[A,l]) for some constructible
configuration ¢”. (This allows for points X and Y on A without the lines required to construct
them, and is necessary for constructing the hypothesis & of Desargues’ Theorem: Since each in-
cremental construction appends either zero or two incidences to Z, while & involves 29 incidences
(without the claim (R, 0)), it is impossible to construct & without using additional objects.) These
universal constructible intersection theorems will be called u.c. intersection theorems.

We may now compromise somewhat the way we allow configurations to morph into planes.

DEFINITION. Let % be a constructible configuration and 1 : ¥ — ¢’ C 5D a morphism. Call
1 an evaluation (morphism) if ¥ preserves incidence (as before) and nonincidence (i.e. M €
T = Y(A) ¢ Y(l) in P2D). Thus, a morphism “degenerates” (is not an evaluation) if the images
of nonincident objects of € are incident in the plane.

If €[A,l] is a u.c. intersection theorem, let us now say that ¢’[A,l] holds in & D provided for
every evaluation ¢ : € — P2D, ((A), (1)) is an incidence of F2D.

In view of increment (v), we revise our concept of “confinement” to involve the removal of
lines and points with at most two relationships (incidences or nonincidences). Observe that not
all constructible configurations can be confined to @ (for instance, Z;¢f). In the context of infinite
projective planes, Corollary 3.5 keeps hold of the property that confinements do not affect the
satisfaction of an intersection theorem.

Expanding upon the examples above, each Ss, now corresponds to a u.c. intersection theorem:

From points X7, ..., Xo, on A~ {Ag, As},! construct the two sums
Y (KXo Xo@ny) and > (Xpa) - Xon)
oc€Agy, 0€S2nNA2p

using the projectivities of Section 2.2. As in .77, let the lines slicing I; at these two points intersect
at a point .S, which is not incident with [y in the configuration. Name the configuration .#,; the
intersection theorem .7, [S, [1] (hereafter abbreviated .#,,) will then unite S and [} in &5 D precisely
when the odd and even halves of Sa,, evaluate equally for any 2n-tuple from D. By Theorem 3.4
we have

Equivalence 3.9. &, D satisfies ., < D satisfies Syy,.

(The .#, can be constructed in a variety of ways, producing as many distinct configurations,
depending on the order of operations; by Equivalence 2.2 the presence of Desargues’ Theorem will
make all these variants equivalent.)

It follows that

A=>FS= == Thr1=> .

!Since it will seldom again be necessary to refer to Xo, X1, and X, from the operations on A, we can adopt the
X to stand for enumerated points in A.
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Note. It will simplify some future discussion to consider the additional identities Sy, which, in the
above spirit, will be equivalent to Si(x1) = x1—which holds only in the trivial division ring {0}—
and So, = 0, which holds in any division ring. Corresponding to these identities will be the inter-
section theorems . = &[A, [], which holds only in the “trivial plane” Z2{0} = ({A}, {l},{(A,])}),
and Yoo = Zyer[Ao, [1], which holds in every H5D.

In the same manner as for the Sy, any polynomial f € Z(zx1,...,x;) can be constructed on
Z2.ef as a configuration, with, say, P; the point on [; which is the “evaluation” of f at the points
Xi,...,X; by the operations on A. Let .#; denote the entire configuration constructed on 2,
by these operations. Since [y is always incident with Ag in the quadrangle, we may then build an
appropriate intersection theorem #¢[Pf,lo] with the following property:

Equivalence 3.10. D satisfies the polynomial identity f < 5D satisfies the u.c. intersection
theorem J¢[ Py, lo].

3.4 Finite-Dimensional Division Rings

The standard identities S,, are one of the nicer generalizations of the commutative law xy = yz
to division rings. For one thing, each intederminate x; appears exactly once in each term of Sy;
this makes the S,, homogeneous, in that

Sn(a£17 ceey O‘Sn) = Olnsn(fla cee 7571)
for any a € F' and & € D. The S, are also multilinear, in that

Sn(&1, .o Ny 6n) +Sn(ry o S NE L 6) = Snlry NG+ NEL 6

for any A\, N € D and i € [n]; and they alternate [are antisymmetric?], in that

Sn(50(1)7 s aga(n)) = (Sgn O-)Sn(glv s 75”)

(basically, any transposition of the indeterminates negates the polynomial).
Let [ be a linear expression a1&1 + - - - + ané, with «; € F and & € D. As a consequence of the
aforementioned properties, observe that

Snt1(&1,- -3 6nsl) = S (€1s -5 &y 2oig i)
= Z?:l aiSn+1(§17 R a§n7 52) =0
since
Sn1(&,&) = (in+1)-Spp1(€,6) = —Snr1(€,&)

forces each term to be zero. Thus the symmetric identities detect linear dependence, a useful
property when working in vector spaces.

Lemma 3.11. Every division ring of finite dimension over its center satisfies a standard identity.

Proof. Say dimp D = n and consider the identity S,y1 evaluated at any &i,...,&,41 € D. As
vectors, the set of & must then be linearly dependent, so we may assume (via some change in
subscripts) that {,+1 = a1&1 + -+ - + anén = 1(&1, ..., &n)- It follows from the above discussion that

STL+1(§17 s 7§TL7 l) =0.
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Thus the quaternions satisfy S5, hence also Sy (since 5 is odd). Since they are noncommutative,
however, they do not satisfy Sz, hence nor S3. So p.i.degH = % =2

A major aim of polynomial identity theory is to characterize the set of polynomial identities
satisfied by M, (F'), the n x n matrices over a field F' (or, more generally, a commutative ring).
Any identity of M, (F) is also satisfied by the division rings with representations in M, (F'), so this
endeavor has gone far toward the classification of meso-desarguian—pappian intersection theorems.

EXAMPLE (Wagner). Recall the Cayley—Hamilton Theorem, that any n x n matrix M satisfies its
characteristic polynomial. In the 2 x 2 case the theorem states that, for any matrix M,

M? — (tr M)M + (det M) = 0;

note that when tr M = 0 it gives M? = det M, a scalar matrix, which commutes; hence [M?, X]
vanishes when M is without a trace. Using the commutativity of F', for any two matrices Y and Z
the matrix Y- Z — Z-Y has a diagonal of 0s; so tr[Y, Z] = 0. Taken together, we obtain the identity

[z,[y,2]?] =0, or z-[y,2] =[y, 2],
which holds in any 2 x 2 matrix ring over a field, including HI.

Wagner expanded upon this idea to produce the collection of polynomials

Wan(2,y) = Suly” v, ..., y@®™)],

where a' = [z, a], with the property that W, holds in M, (F) whenever 2m > n(n — 1).
The inverse of Lemma 3.11 is due to Kaplansky:

Theorem 3.12 (Kaplansky). A division ring of infinite dimension over its center satisfies no
polynomial identities over its center.

Among the gems of noncommutative algebra is the fact that the dimension dimg D of a division
ring over its center is necessarily either infinite or a perfect square. A pleasant result published in
1950 provides a second litmus test:

Theorem 3.13 (Amitsur—Levitzki). Sa, holds in D < dimp D < n2.

This means that p.i.deg D is always the square root of dimg D, and to compare dimensions of
division rings is to compare p.i. degrees. By now the proofs of many results are outside the scope of
this paper, and will be omitted. For another example, note that Theorems 3.12 and 3.13 allow us to
reduce our field (or division ring) of vision to finite p.i. degree—that is, finite-dimensional division
rings, and most importantly those that are noncommutative. This draws out another result:

Theorem 3.14 (Wedderburn). Every finite division ring is a field.

Thus if we want 1 < dimp D < oo then we need D infinite, hence F' infinite as well. That is,
every finite-dimensional noncommutative division ring either contains a copy of Q or features an
infinite-degree field extension over I, depending on the characteristic of D.

Remember that, for m an integer, the polynomial m € Z(z) is an identity of D precisely when
char D | m. In [1] Amitsur combined such identities with the standard identities Sz, (0 < n < c0)
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to create the following descriptive polynomial identities: For 0 < ¢t € Z, let p = (p1,...,pt) be a
tuple of distinct primes and n = (ng,...,n;) a nondecreasing tuple of natural numbers, 0, or oo,
where 0 < ng < --- <ny < oo. Then define

S(p;n) = moSan, (X0) + M1San, (X1) + - -+ + My Son, (X4),
where mg = pip2 - pt, m; = % for i > 1, and x; = {z;1,...,%i2n, }—a polynomial identity in

St _oni indeterminates. If t = 0 then p = @ and S(&; {no}) = Sany(X0). Amitsur proved, as is not
difficult to infer,

Theorem 3.15. D satisfies S(p;n) < either
(i) char D # p; for any i € [t], in which case p.i.deg D < ng; or
(ii) char D = p; for some i € [t], in which case p.i.deg D < n,.

Amitsur went further, showing these identities to be a complete set of equivalence class repre-
sentatives from Z(x):

Equivalence 3.16. Every polynomial identity is equivalent to some S(p;n).

For our purposes, it follows that for every intersection theorem .#; (with f € Z(x)) there are p and
n such that #; holds in ;D < S(p;n) holds in D.

A concise criterion for two division rings to share polynomial identities is easy to see: Let D and
D' be division rings (of the same characteristic), then D satisfies all polynomial identities of D’ <
p.i.deg D < p.i.deg D’ (< o0). This is tied to a broader result from [1], that two division rings D
and D’ of the same p.i. degree (and characteristic) satisfy the same set of rational identities, and
clearly that the converse is true.

By their nature rational expressions, which involve the operation ~! (last seen performed on A),
are difficult to define, and especially to classify as “rational identities”. The usual setup goes like
this (examples to follow): Let y = {y1,...,y:} be a finite collection of additional indeterminates
and build the free algebra Z(x;y). For each i € [t] let p;(X;y1,...,yi—1) be an integral polynomial.
Let Iy be the two-sided ideal in Z(x;y) generated by the polynomials (y;p; —1), ¢ € [t], and take the
quotient ring Z(x;y)/Iy. Effectively we have defined the y; to be inverses of the p;; the expression
pr becomes a rational identity of D when each admissible assignment ¢ : x — D (whose extension
to each Z{x;y)/(yip1 — 1,...,yi—1pi—1 — 1) sends p; to a nonzero value in D) finally extends to
@ Z{x;y) /Iy — D taking p; to 0. The nonnegative number ¢ is a bound on the distortion number
of p¢, which can be thought of as the greatest number of “nested” inverses.

We call two division rings rationally equivalent when they satisfy the same set of rational identi-
ties, and Amitsur’s result nails down the equivalences classes as the sets of division rings of common
characteristic and p.i. degree. Consequently, we will discuss rational identities holding or not hold-
ing “in Dy,,,”, meaning “in division rings of characteristic p and p.i. degree n”. The task is then to
determine exactly what distinctions a given rational identity might make—what information about
a division ring can be extracted from the knowledge that it satisfies a particular identity.

For a time it seemed as though all the information about a division ring extractable by any
rational identity could be extracted just as well with an S(p;n). Happily, this is not so, and the
realm of rational identities is rougher terrain: a gap unnoticed by polynomial identities becomes
discernible by the rational identities, as first described in [3] and further illuminated in [4]. The
final chapter will bring our theory of identities up to speed and bind together our dictionaries.
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4 Rational Identities

We are working toward a fundamental unification of identities with intersection theorems; just
as we required an iterative process to generate the set of constructible configurations, we now
introduce an iterative process which will generate the collection of rational expressions. Just as
different configurations may yield a common point in any plane (e.g. X +Y and Y + X), the
following definition will yield distinct expressions which we know intuitively to be the same.

DEFINITION. Let x = {z1,22,23,...} be an infinite collection of indeterminates and consider the
set R[x] of rational expressions in the z;, defined inductively as follows:

e 0 and 1 are expressions;
e each x; is an expression;

e if e and f are expressions, then so are —e, e + f, e~!, and e - f (call these increments of e

and f).

Call e a subexpression of f if f is an increment of e or, iteratively, if some subexpression of f is an
increment of e. Note that all expressions are distinct, e.g. x; +z; # x; + x;, and no expressions are
excluded, e.g. 07! € R[x].!

For any elements & = £1,...,& of D, define the partial map

e Rlx, ..., 2] --» D,

to be written pg(e) = e(§), also inductively by

e 0(6) =0 and 1(§) = 1;

o cach z;(§) = &;

o if e(€) = a, F(€) = B then (—¢)(€) = —a, (e + /)(€) =a+ G, and (e f)(€) = a- B;

o if e(&) = a # 0 then (e71)(¢) = a™!; if a = 0 then (e71)(&) is undefined;

o if ¢(£) is undefined and f has e as a subexpression then f(&) is undefined.

Call this map the evaluation of Rlz1,...,z:] (and each e(&) the evaluation of e) at &.

Denote by e(D) the set of evaluations of e at tuples in D. Call e € R[x] a rational identity of
D when e(D) C {0}. (e is a degenerate identity when e(D) = @.) For our purposes it will help to
also consider the statement e : e;, = eg a “rational identity” when ey, — er is a rational identity in
the previous sense.

EXAMPLES. For every polynomial f € Z(x1,...,x;) there is at least one rational expression f’ €
R[x1,...,7¢] (and usually many more) for which f/(&) = f(¢&) for every & € D!. For instance, we
can redefine the standard identities as the rational identities

SQTL : Z (‘/L‘O'(l) ..... x0(2n)) = Z (‘TU(I) ..... xa_(2n))’

€A, 0ES2n\A2n

'We do, however, reserve the privilege to write e — f for e + (—f), €2 for e - e, and [e, f] for e- f — f - e without
ambiguity.
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where the sums are taken in order of some prechosen enumeration of Sa,. (When not specified, an
ordered sum or product will be taken from left to right.)

For any rational expression g in Z(x;y)/Io, too, there is a rational expression ¢’ in R[x] for
which ¢/ (&) = g(&) for every £ from D at which both are defined, and neither is defined without the
other. When ¢’ is built in the natural way, the distortion number of g gives the maximum number
of iterations ~! in any chain of subexpressions of ¢’. So, if e is any expression in R[x], it makes
sense to call this number the “distortion number” d(e).

Recall Wagner’s identity [z, [y, 2]?] = 0 for 2 x 2 matrices. As a special case, the expression

)

Q(JL‘,y) = [‘T’ [xa y]2] ’ [mv [x7y]71]71
with distortion number §(6) = 2, is a (nondegenerate) rational identity for 2 x 2 matrices (and
hence for H) but not for 3 x 3 matrices. In fact, when (£, n) is defined in M3(F) it evaluates to
the scalar matrix det[¢, n]. This fact proves to be quite useful.
Hua’s identity
H:(z '+ —a)y Y l=a—z-y-2

is nontrivial, in that it does not reduce to 0 = 0 in the ring Z(x, y; -)/Io. However, it is satisfied by
every division ring (left as an algebraic exercise).

4.1 Completing the Picture

As was not the case with Z(x) and its ideals, speaking in terms of R[x] is quite conducive to
geometric interpretation: By incrementing, it is possible to write, for any rational expression e, an
incremental sequence of expressions

{z1,...,21,€1,...,6n =€}

in which each e; is an increment of one or two of the expressions before it. (In practice we will
look only at {e1,...,e,}.) This sequence should remind us of the sequences of constructions in
the last part of Section 3.1; in fact, the increments correspond precisely with he operations on
A. While order of addition and multiplication matters to both, neither notices the order in which
subexpressions are built; for instance, whether e is completed before or after f does not affect the
structure of e 4+ f, but e + f is different from f + e.

Together with Lemma 3.1 this property gives us half of our fundamental result: Let e : e, = eg
be a rational identity in expressions e;, ¢ = L, R. Construct the configuration 2, with a set of
points X = {X,..., X} on A. Have .7, denote the configuration produced by the corresponding
operations on these points, together with 2. (Note that both of, and only, these steps require
construction (v): each X; must be off [, and each inverted subexpression f(X) must be off [y.) Have
ei(X1,...,X¢) = ei(X) refer to the “evaluation point” on l1, which is sliced by the last constructed
line lg,. (See Figure 4.1.) Let S, = #, U Z; then assign E = [ Iy, a point nonincident with iy
in the configuration. Then the u.c. intersection theorem .7 [F, ;] makes the claim that er,(X) and
er(X) are the same point. (The points e;(x) are unnecessary to ., but referenced for clarity.)

The Integral Identity—U.C. Intersection Theorem Dictionary. D satisfies the rational iden-
tity e < P9 D satisties the u.c. intersection theorem % [E,l;]. Moreover, e and .7.[E, 1] degenerate
together.
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Figure 4.1: The Configuration %, of Expression e;

All that remains to be verified is mutual nondegeneracy; what this means is that e cannot be
evaluated in D precisely when .#, cannot be evaluated in & D.

Proof of “Moreover”. D satisfies e degenerately when, for every & from D, some inverted subex-
pression f of e evaluates to 0. On the other hand, &2, D satisfies .7 [F, ;] degenerately when, for
each set of points X on A C 5D, some nonincidence (Pr7) fails, i.e. some subconfiguration of
# unites P and m. But the only nonincidences enforced are (X;+#55) (which can be avoided by
the infiniteness of A, and do not correspond to evaluations of e in D) and (f(X);15) for some
subexpression f of e which is inverted in e. Thus e holds degenerately in precisely those D for
which Z[E, 1] holds degenerately in &2D. O

Finally, we have a watered-down version of the main theorem from [3], which gives for rational
identities the criterion corresponding to Theorem 3.4 for polynomial identities.

Theorem 4.1 (Amitsur; Bergman). Fix p (0 or prime) and let m,n € N, then Dy, ,, satisfies every
rational identity of D,,,, if and only if m | n.

Finding “Exotic” Identities

So what do these identities look like? How messy do they get? How messy must they get? Until
declared otherwise, hold p, our characteristic, fixed.

EXAMPLE (Bergman). In 1974 was unveiled the first rational identity to fill a “divisibility gap”:
Recall 0(x,y) from before, an identity of p.i. degree-2 division rings which evaluates to det[¢, n]
for substitutions &,n in M3(F). In the paper Bergman used properties of the determinant and of
commutators to great effect (see Section 6 of [3] for a full, accessible discussion) to produce the
expression

B(x,y) =0(y) - 0(y)-0(y" ) - 0(y" )

(using the recent notation o’ = [x,a]), which evaluates to 1 in M3(F) where defined, which does
occur (and of course to 0 in My(F')); thus the identity

B:B(x,y) =1
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holds in D), 3 but not in D), 5.
Expanding the expression, B(z,y) has the form

(y/2)/ . (y//2)/ . ((y//—l)IQ)/ ' ((y///—l)/Q)/
(y/fl)l (yl/fl)l ((yllfl)lfl)/ ((ylllfl)/fl)/’
((112 /

where each 6(a) = (a,fl)), evaluates to a commuting scalar matrix in M3(F"). We may apply this to

the expression to the four #(a) of B obtain the equivalent form

B: (y/Z)/ . (y//2)/ X ((y//—l)/?)/ . ((y///—l)/2)/ _ (y/—l)/ i (y//—l)/ i ((y//—1)1—1>/ . ((y///—l)/—l)/’

where both sides are equal (and not always zero) for evaluations in D) 3 while the left side is zero
and the right side not necessarily zero for evaluations in D, .

And the search was on. ...
EXAMPLE (Rowen). In [10], Rowen filled the next gap with an identity holding in division rings of
p-i. degree 4 and not in those of p.i. degree 3. This one requires the fifth Capelli Polynomial
Cs(@1,..,25) = 3 (S800)T0(1)TaT e (2) T5T0(3)
og€ESs3
and a more general likeness of 6 defined by
f(x) = f(z1,22,23) = [[wr, 2], @3] - [[w1, 2], 23]

This expression f has the property that, for any & € D with p.i.deg D = 4, either f(£)? € F
or f(&)* € F + Ff(&)?; thus {1, f(€)2, f(€)*} is an F-linearly dependent set under all evalua-
tions. The Capelli Polynomials have a way of detecting such dependence (similarly to the standard
polynomials), which doesn’t occur in D), 3, and Rowen presents the identity

R : Cs(1, f(x)%, f(x)*, 24, 25) = 0,

which for the purposes of constructing intersection theorems would be better written

Z f(x)2a(1)72x4f(X)2o(2)72x5f(x)20(3)72 — Z f(x)20(1)72$4f(x)20(2)72x5f(x)20(3)72'

ocEAs3 oc€S3\As

In 1991 Le Bruyn [4] published what seems to be the first strict condition on a rational expression
that vanishes in division rings of p.i. degree n but not in those of p.i. degree m { n, namely

Proposition 4.2 (Le Bruyn). Fix p and let m,n € N with m { n. If e € R[x] is an identity of Dy, ,
but not of Dy, then e has distortion number 6(e) > [-].

For instance, §(B) = 1+ 6(f) =3 > 1 = [2] while §(R) = 1 = |3]. Le Bruyn achieved a much
stronger result, a version of which we will see without regard to distortion numbers.

DEFINITION. For n = {nj,...,n;} a set of distinct natural numbers, call n € N n-reachable if
there is a young diagram in row lengths from n with n boxes; i.e. if

!
n = Z a;n;
i=1
has a solution for the a; in NU {0}.
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EXAMPLE. 23isnot {5, 7,15, 24}-reachable. For, if it were, it would obviously be {5, 7, 15}-reachable;
and 23 — 15 = 8 is not {5, 7}-reachable, so 23 would have to be {5, 7}-reachable. But the diagrams
for the possible numbers of blocks of size 7 all fail:

n-unreachability is a looser condition than gedn f n, since the n; may only be added.

Theorem 4.3 (Le Bruyn). Let n = {ny,...,n;} C N and n € N. Then there is a rational identity
which holds in D, ,, but not in any D, if and only if n is not n-reachable.

Such an expression is an identity of any division ring of characteristic p and dimension n? over

its center, but not of any division ring of characteristic p and dimension n;?, for any i € [I]. Note
the special cases with n = @ for 0 < n < oo, exemplified by the familiar Sa,.

P.I.-Degree Arithmetic

We can amalgamate Le Bruyn’s Identities in a fashion similar to Amitsur’s, possibly to com-
pletely characterize the information accessible about a division ring D from a rational identity
which it is known to satisfy. This in turn would determine the specific properties of D discernible
from any meso-desarguian—pappian intersection theorem created via Equivalence 4.1. (Such a clas-
sification in the literature, as was done for polynomial identities in [1], has eluded the author.)
First, let us tighten our description of Le Bruyn’s identities.

DEFINITION. For any subset n C N, let the span of n be the set of all n-reachable numbers.
Conversely, if n ¢ spann and the n; < n then call n n-deficient. There then exist maximal n-
deficient sets for any n € N. If e is a rational identity, its satisfaction sequence will be the binary
sequence (b1, bo, bs,...), where

b — {0 if e holds in Dp,j.

J 1 if not

The satisfaction sequence for the product e- f is then the componentwise product of the sequences
for e and f. (This uses the known fact that, given expressions e, f € R[x]| which are not identities
for a division ring D—that is, there are £, m C D such that f(&),g(n) # 0—there is { C D such
that (f-¢)(¢) = f({)g(¢) # 0, and hence f - g is not an identity for D.)

Corollary 4.4. Givenn C N and n € N n-unreachable, there exist rational expressions 7y, , which
give 0 in precisely those D, , for which m € [n] \ spann.

The point is to distinguish between such “Le Bruyn identities” as 7¢3y 7 and 73 5, 7—to have
the former give 0 in Dy, 5 and the latter not. That is, we wish to decree that these identities have
the satisfaction sequences

T3y,7 ¢ (0,0,1,0,0, 1,0,1)
Ti35,7:(0,0,1,0,1,1,0,1)
instead of the ambiguous
Ti3,7:(0,0,1,0,7,1,0,7,7,...)
Ti35y,7:(0,0,1,0,1,1,0,7,7,...).
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We know of the 0s in both because {3,6} can only be appended with 5 and stay 7-deficient ({3,5,6}
is maximal). By appending {8,10} to {3} or {3,5} we don’t change 7-reachability at all but force
bm = 1 for any m > 7. We can then force 7(3y 7 to vanish on Dy 5 by multiplying by 7(3} 5, which
then gives the satisfaction sequence

713},7 : (07 0,1,0,0,1,0, T)
The proof will merely generalize these tactics.

Proof of the corollary. Let n be n-deficient, then by Le Bruyn’s theorem we have an expression
“en,n”, which holds in D,, , but not in the D,,,,,. Take n; to be the smallest member of n. Append
{n+1,....,n+n1} to n to get n’, which is also n-deficient, then every natural number greater
than n is n’-reachable. The new ey, holds only in D, ,, where m | n and possibly for other
m € [n] \ spann.

For each m < n not dividing n and outside spann, we want 7y, to hold in Dy, as well. So let
m = nN[m] and multiply ey ,, by emn. Since m is m-deficient, the satisfaction sequences for these
two identities agree below m. (By “agreement” we mean that both are 0, both are 1, or both are
ambiguous, unknown. For a stricter argument, start with the first ambiguity and use induction.)
The latter sequence is uniformly 1 above m, so the product sequence agrees with that of ey ,, except
that by, is definitely 0.

The product is what we’ll call 7y, ,,. It holds in precisely those D, ,, with m € spannn [n], which
is what we wanted.? O

The next task is to reduce every rational identity to such a form.

Proposition 4.5. Let e € R[x], then there exist n C N and n € N not n-reachable such that, as m
ranges over N, e holds in D,, ., precisely when 7y, ,, holds—equivalently, e and 7Ty, , have the same
satisfaction sequences.

Proof. 1f e is satisfied by D), for no (respectively, all) n € N then use Tz 9 = Sp (respectively,
73,00 = Soo). Else, let n; be the first natural number for which D, ,,, dissatisfies e and let ¢ be the
distortion number of e. By Proposition 4.2, m > dn; implies D, ,, dissatisfies e, so there is a last
natural number n for which D, ,, satisfies e.

The set of natural numbers that yield satisfaction is thus a subset of [n], and by the arithmetic
above its complement (to be called n) is n-deficient. Thus the Le Bruyn identity 7y, , has the same
satisfaction sequence as e. O

Return to the general case, in which an expression e € R[x] can be evaluated (or is undefined)
in the D, ,, as p ranges over 0 and the primes and n ranges over N and co. To each expression there
corresponds a “satisfaction array” of Os and 1s, with columns indexed by N U {cc} and rows by 0
and the primes. Bootstrapping off Amitsur’s S(p;n) and Le Bruyn’s 7y, ,,, we present a collection
of “Amitsur-Le Bruyn Identities”

T(p; n, n) = mOTHoﬂo (XO) + ml,];lhnl (Xl) oot mtTnt,nt (xt)v

2Le Bruyn’s original identities have the property that their distortion numbers are minimal with respect to the
distinctions they accomplish; we appear to lose this property under these tweaks, but remember that distortion number
is not too strongly correlated with the number of iterations required, a measure we are more eager to minimize.
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where p = (p1,...,p¢) is a tuple of primes (with the m; defined as on page 39), n = (ng,...,n)
is a nondecreasing tuple of natural numbers or 0 or oo, n = (ng,...,n;) is a tuple of subsets of N,
each n; is not n;-reachable, and the 7, ,,, are integral identities specific to fields of characteristic
pi (with pg = 0). Naturally arises

Question 4.6. Is every e € R[x] equivalent to some 7 (p;n,n)?

If this is the case, then the satisfaction arrays for all (integral) identities—hence all (u.c.) intersection
theorems—are completely classified.

4.2 Intersection Theorems As Identities

Suppose a u.c. intersection theorem %[A,I] holds nondegenerately in &9 D—that is, it holds
for every evaluation of %, and at least one exists. What does this tell us about D? Consider an
evaluation of ¥ in the plane, using homogeneous components, in terms of the increments from

Section 3.3 that build up %.

(i) The point P must have homogeneous coordinates (zp:yp:zp), not all zero.
(ii) The line m must have homogeneous coefficients (an, : by, : ¢, not all zero.
(iii) The homogeneous coordinates (zr:yr:zr) of intersection R must also satisfy

am TR+ bm - Yr+Cm 2R =0=an TR +bp-Yr + cn - 2R
(iv) The homogeneous coefficients (a,:b,:¢,) of join o must also satisfy
Ao -Tp +bo-yp+co-20=0=0a, 29+ by -y + co - 20.
(v) The homogeneous components of P and m must also satisfy

m-P=apm -xp~+bn -yp+cm-2zp #0.

If € is thus evaluated, the intersection theorem %’[A, ] then states that, given these conditions, it
must follow that

l-A=aqa;-xpa+b-ya+c-2z4=0.

Using this correspondence, we can read any u.c. intersection theorem as a rational identity, in a
manner adapted from [1] and [10].

CONSTRUCTION 1. Let €[A,l] be a u.c. intersection theorem and set up a finite sequence
= CE6C - CCL1CCL =%

of incremental configurations taking @ to ¢ (that is, each %41 is an increment of %;). Let fz
be the expression 1, defined and nonzero for any evaluation in D. Eventually we will arrive at
an expression fg, in terms of indeterminates corresponding to the coordinates and coefficients
of points and lines in &%, D, which is defined and nonzero whenever the points and lines form a
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(nondegenerate) evaluation of ¢ in the plane. To make an identity, then, we will simply multiply
fe by l- A.

At each increment, we take €; to €;4+1, and assume fy, exists and is nonzero for any evaluation
of %; in ¥ D and any nondegenerate assignments for the other indeterminates involved. Give each
point P coordinates (zp:yp:zp) and each line m coefficients [ay, : by, : ¢ ], where zp, ..., ¢, are
rational expressions, possibly indeterminates.

(i)

(iii)

Let

fé = fa - (ig1 - P)7,
where the components of viy1 = [vi41,1:Vi41,2:Vit1,3] are distinct and appear nowhere in fg,.
vi+1 - P = 0 when all the components of P are 0, so (v;11 - P)_1 exists only if P is a valid
point—and for any valid point there are some assignments of the v;11 ; for which v;41- P # 0.
(Think of v; 41 as some line in &, D nonincident with P.) Thus f«,,  exists and is nonzero for
any evaluation of €11 in 2D, for some assignments of v;1.

Let
-1
f‘é)¢+1 :f‘ﬁi'(m'Ui—O—l) ,
where the components of Ujy1 = (%i41,1 : Uit1,2: Uit1,3) are distinct and appear nowhere in

fe,

Analogously, fg,,, exists and is nonzero for any evaluation of ;41 in &3 D, for some assign-
ments of U 1.

Let

f60s = fe, - (viga - R) ™,
where the components of v; 1 are again new indeterminates but the components of R are
instead of the following forms:

xR is a new indeterminate;

—1 -1 -1 -1
Yr = (Cm “om — bn) : (cn cOp — Cmy
ZR = _Cmil : (am “TR+ by - yR)'

-1 am) * TR;

These assignments come from “solving” for the components of R in the equality m- R =0 =
n - R, and indeed for any evaluation of the indeterminates in D for which these expressions
are defined, they must evaluate to zero, as can be seen algebraically. The inverse of (¢, ' -
by — ¢y ' - by) prevents us from trying to find the intersection of a line with itself. (It may
still give zero for two different lines, distinct at the a-coefficient, but we will tackle this quirk
below.) The (v;41 - R)™! then serves to eliminate the nonsense case R = (0:0:0).

Let
f?o”i+1 = f(fi : (O : Ui-‘rl)ila

dually to the intersection case.

Let

f%‘+1 = fc@”z : (m ’ P)_l'
Since the components of P and of m have already been “forced” not all zero, this factor serves
only to remove the case P € m from consideration.
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Finally, once fy is obtained, take

feran = fe - (1-A),

which will evaluate to zero whenever fy is defined (assuming, of course, that the intersection
theorem holds in #2D).

One problem manifests from this method: Thanks to (iii) and (iv), no zp or ¢, is safe from the
~1 operation; but this is easy to remedy. If the intersection theorem holds for all evaluations in D
for which these third components are nonzero, then the remaining cases always have a point on the
line loo = [0:0:1] or a line through the point Ag = (0:0:1); Corollary 3.5 gives us a collineation ¢
of P5D reducing this to the case that no one is incident with I, or Ag, thence p(A) € ¢(I) in the
new evaluation, hence A € [ in the first place.

The U.C. Intersection Theorem—Integral Identity Dictionary. 9D satisfies the u.c. in-
tersection theorem €'[A,l] < D satisfies the rational identity fy14; = 0. Moreover, €'[A,l] and f
degenerate together.

Proof of “Moreover”. By the precursory observations above, the only inverted terms in f that
cannot be easily forced nonzero are the (m-P)~! from increment (v). For every set of substitutions
& from D satisfying the other nondegeneracies to make one of these terms is undefined is for every
evaluation of ¥ in $5 D to degenerate; we retain the convenient property of Equivalence 4.1. [

The inherent problem with these two dictionaries is evident:

J I e,

is a (much) more complicated expression than the e;, and

jfﬁf[A,l]

is a (much) more complicated configuration than . We have equivalence relations on R[x] and on
the set of constructible intersection theorems, but no way to find nice representatives from either.
This is why representatives like Amitsur’s S(p;n) are so important. If the answer to Question 4.6
is “yes”, then we have such representatives for R[x]—for every intersection theorem %’[A,[] there
will be p, n, and n-unreachable n such that ¢’[A,![] holds in 3D < 7 (p;n,n) holds in D. The
identities are manageable, if not concise or pretty; however, the corresponding intersection theorem
representatives Y7 .4 n) are obscenely complex structures.

Note. While the explicit identities offered by Bergman and Rowen are indeed integral, recall from
the note on page 34 that one frequently studies expressions with coefficients in some field F', which
are then evaluated at division rings containing F' in their centers. Such expressions do not translate
into u.c. intersection theorems because only the points Ag, Ay, and Ay, are known to us on [;.
Conversely, the “rationalization” of the following section applies only to constructible intersec-
tion theorems; in this sense integrality as a condition on expressions (and identities) is related
to constructibility as a condition on configurations (and intersection theorems). Constructibility
is hardly a trivial property; the myriad of collinearities and concurrencies in the “mystic hexa-
gram”, for example—each of which builds off an assumption of the previous, starting with Pap-
pus’ Configuration—form a family of nonconstructible intersection theorems. Were both conditions
lifted, would some larger equivalence theory gush forth? That is, what properties of objects in a
projective plane are revealed by a nonconstructible configuration which can be evaluated at them?
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4.3 Storytelling

We have gone far in our goal of characterizing meso-desarguian—pappian intersection theorems,
but in the process we seem to have lost hope of keeping a visual hold on most. In particular,
intriguing intersection theorems are known to exist which evaluate and hold in &%, D,, , but evaluate
and do not hold in each %D, ,, with m { n, and a few are known explicitly. But what do they
look like, and how do they relate to one another? Interesting symmetries manifest in the confined
Fano, Desargues, and Pappus Configurations, and such implications as .71[S,l1] = Z[R, 0] and
the division ring axioms from 2[R, o] can be proven in pictures. Unfortunately for such purposes,
however, the visible world is euclidean; the Theorems of Fano, Desargues, and Pappus are so-called
because they can be proven in euclidean space (which is why at least one “line” in the Fano Plane
of Figure 1.3 must curve). Were we to construct in R the intersection theorem corresponding to,
say, Bergman’s identity, the inverted terms [, [z, a]~!] would all congregate at A, and absolutely
nothing could be gathered from the degenerate mess. (In the base cases of %y and .7 we got
lucky; it is not clear that even a rational identity of a minimal number of iterations will produce
an intersection theorem of minimal construction.)

Consider two options: We might take a minimal rational identity, construct its corresponding
configuration, and break it into pieces which we could view separately in &23R. Alternatively, we
might look at “spatial” configurations evaluable in the projective 3-space %3 D; these would involve
planes as well, but might require less algebra for an interpretation. Corollary 2.3 provides a general
setting for a first step in both directions: Recall first that &?3D contains such copies of &2 D as
the planes [0:0:1:0] and [0:1:0:0], which share the “z-axis”. Label the points of a “pentacorn
of reference” Fy = (0:0:0:1), B, = (1:0:0:0), £, = (0:1:0:0), £, = (0:0:1:0), and
E, = (1:1:1:1). Label next the three coordinate planes Il;; = EoE;E; and the celestial plane
o =FE,E/E..

Figure 4.2: X -Y and Y - X on Separate Pages
Now consider Pappus’ Theorem itself—the intersection theorem holds in %D precisely when

multiplication in D is commutative. We can express this algebraic property more generally in
P3D, “unfolding” Figure 3.3: First treat Il,, as a projective plane and set up I; = EgE,, Ay = Ey,
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A} =(1:0:0:1), and Ay = E,. Construct X - Y using E, as A’ _. (See figure 4.2.) Similarly,
construct Y - X in the plane I, with E, as AL . The division ring D is commutative when for
every such pair X,Y the lines X Y1, Yoo X1, and [; are concurrent.

The intersection theorem is now spatial, and a bit more complex, but we can consider its com-
ponents separately—they lie on different “pages” bound together at [;. Specifically, an open book is
a collection of planes, called pages, in 3-space through a common line, called the spine. (We could
“close” this book to obtain the original intersection theorem.) Observe that the projection of this
“spatial intersection theorem” is equivalent to Pappus’ Theorem, since we may use different points
for A in the constructions of X - Y and Y - X.

Figure 4.3: An Open Book

CONSTRUCTION 2. Let e : ef, = er be a rational identity in the indeterminates z1,...,zs, and
let {x1,...,2,€e1,...,e,} be an incremental sequence for e. (Say e, = er and e, = er, for some
m < n.) Take 3D, set |} = AgyAs = EoFE,, and set A} = (1:0:0:1). Construct a sequence C, of
configurations by the following iterations, beginning with C. = &:

(i) Construct 2. with points Xy,..., Xy on A. Set the value s = 0.

(ii) Construct the point Y51 corresponding to the expression es;1 in the X;. Continue construct-
ing Yy, until one of (es4x = 0), (esyx = 1), and (e = €;), for some j < s+ k, is a
rational identity of F' in the indeterminates z1,...,z,...,es. (k will be > 1.) Append the
configuration %5, x_1 of constructions up to esyr_1 to Ce.

(iii) Construct Z,er with points Xi,..., Xy, ..., Ysyr—1 on A. Reset the value s = s+ k — 1 and
go to (ii).

The process of course ends when e, and er are obtained; call the resulting sequence C. a
storybook for e. Then
Ce = (Giyy...,

im) with ¢, = n.
Note that the storybook is heavily dependent upon the specific incremental sequence used to obtain
e. By construction, each 4;, can be evaluated in &R isomorphically—that is, without overlap. On
the other hand, one can evaluate the €, on an open book in any &%, D with spine /; and assignments
of AL on I, as in Figure 4.2. There will be no shortage of pages from which to choose, since we
presume F' to be an infinite field.

We could define the “thickness” of a rational identity e to be the minimum number of pages

required for a storybook to present it (ranging over the incremental sequences for e). This would
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provide a gauge of complexity for e related to the largest n € N for which division rings of p.i.
degree n satisfy e. As we saw in the Pappus Configuration, the identity [z, y] = 0 has thickness 2.

EXAMPLE. Wagner’s identity, written [x,y]? - 2 = 2 - [z, y]?, requires the following pages:
page indeterminates constructions
1: {x,y,z} €4 =Ty
2: {r,y,2,e4} €5 =Y T, €6 = €4 — €5,€7 = €67, 68 = €7 2

3: {z,y,2,eq,65 ¢€5,67,8} €9 =2z er7.

Since [, y] requires two pages for its construction, and [z, y]?- z and z - [z, y]? must be constructed
on different pages, Wager’s identity has thickness 3.

Recall that Desargues’ Theorem is clearly formulated in 3-space; it may turn out that spatial
intersection theorems exist that are equivalent to such identities as B and the 7,, and do not
necessarily degenerate for evaluations in &3 D. Quite natural spatial configurations might “tell the
story” of e € R[x| without bleeding into themselves.

Aside. We might expect the standard identity Ss), to require, as does Ss, a page for each summand
H?Zl To(i), and therefore (2n)! pages. This is certainly an upper bound, but can we improve it?

For the time being, let us speak of “constructing” expressions by constructing the configurations
corresponding to them. We treat each .7, as the construction of two sums, which will coincide
for any evaluation in %D when Ss, holds in D. Provided the summands have been constructed
on previous pages, only one page will be necessary for this operation; let us instead focus on the
summands.

Beginning with indeterminates x1,...,x2,, each of the constructions x; - x; with ¢ < j can be
done on the first page, since there is always an evaluation of the x; in R such that no pair produce
the same product. (The z; - ; cannot be constructed yet.) In fact, every product [[,.;z; over
subscript set I C [2n] in which the subscripts increase from left to right can be constructed in a
configuration that will map isomorphically into ;R.

The second step will treat each of these products as a new indeterminate, so it makes sense
to label them as such; xz; - z; becomes x; ;, and so on until T[op] = T1,..2n- Thus we remember
which products (and in particular which summands) we have by their subscripts, though they
act like indeterminates in future steps (e.g. (x2 - 1) - @3 is distinct from z19 - x3). We don’t
need to associate the subscripts, since the summands Hfﬁl Ts(;) do not depend on the sequence
of multiplications that obtained them. (The specific configuration will, but Desargues’ Theorem,
which implies associativity, tells us that the intersection theorems produced by such configurations
theorems will be equivalent.) Hence any product [[,.;x; - [] jes@j in which the indices increase
over the sets I and J (but not overall) can be constructed on the second page, provided the reverse
product [[,c;x; - [[;c; @i is not.

A better description of this phenomenon is in order. A word in the “letters” 1,2,...,2n is
merely a juxtaposition of finitely many letters. Under certain constraints on “steps”, our objective
in finding the thickness of S, is to obtain all words of length [2n] without repeated letters in as
few steps as possible. The constraint is that, in any step with previously written words wn, ..., wg,
only one new word Hie[k} w; may be written.

Since only one new word can be got from any two in a single step, we may describe the steps
in treelike fashion to get a diagram like Figure 4.4 for each step. Each step then adds another
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Figure 4.4: A Word Tree for One Step

“dimension” to the tree as indeterminates are reassigned intermittently. Each vertex has “left
degree” 2, and one of each pair of left edges is dominant, indicating the left factor of the product
(an arbitrary choice between left and right).

Sy requires two pages, while S84 can be (gruelingly) seen to require three. From the intuition
that one can effectively produce a power set’s count of new words from the old at each step, the
following hypothetical bound seems logical.

Conjecture 4.7. Sym has thickness < m + 1. More generally, Say, has thickness < [log,(2n)] + 1.
<

As defined, the notion of thickness depends only on the characteristic and p.i. degree of R, and
might be called “(0, 1)-thickness” to bring attention to this. Were one so inclined, one might look at
(p, n)-storybooks for expressions whose pages can be evaluated nondegenerately in D, ,,; to a single
rational expression would then correspond a “(p,n)-thickness” for each characteristic—p.i. degree
pair, and an equivalence relation could even be imposed upon R[x] by

e1 ~ ez <V pand n,e; and ey have the same (p, n)-thickness,

which would be a far cry from the equivalence on identities we’'ve been using, given my mutual
implication.
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A Coordinatizing the Desarguian Plane

Here we verify the remainder of the division ring axioms and conclude the proof of Equiva-
lence 2.2. On page 23 we had established the ring operations + and - as group operations over
A =11 ~{Ax} and A \ {Ap}, respectively, with right distributivity to boot. Additive commuta-
tivity, left distributivity, and the coordinatization of the entire plane remain.

Lemma A.1. Addition, defined as before, is commutative.

Proof. Look at the larger group PCy_ ;) of collineations that fix no affine points (points off l),
together with the identity. Let P and Q be any two affine points not collinear with Ay and define
7p € PCp 1..] by 7p(Ao) = P and 7¢ similarly (a generalization of addition on A to affine points).
Consider Py = 1¢(P). Since 7¢ fixes the line ApQ), its center must be Q' = (AoQ)loc. It must
then take P to another point on the line (PQ’), so that Py is collinear with P and @'. But since
79(Ap) = @ and 7 fixes P’ = (AgP)ls, Pg must also be collinear with @ and P’. Thus Py is the
intersection of PQ" and QP’, as pictured. By the same argument, so is Qp = 7p(Q). Since Ay was
really just an arbitrary point off I, we actually have 7p7g = T@7pP.

If we consider the collinear case of 7r, where R is any
other affine point on AgP, and define —Q = 7o ~1(Ay),
we get

TPTR = TPTQTQ_lTR
= (7p7Q)(7—QTR)
= (1q7P)(TRT-Q)
= TQ(TPTR)TQ_l
= 1970 (7PTR) = TPTR,

since T7pTg is a collineation that takes Ag to a point on
PR, a line not incident with AoQ. Thus PCy;__;_ is an
abelian group. Since these collineations define addition
on A, this addition is commutative. O

Figure A.1: Collineation 7p(Q)

Left distributivity is an even touchier condition, which will require the commutativity of PCy__ ; 1.
Retain the generalized notation 7 = 7p above for 7 € PC4_..]» 7(Ao) = P.

Lemma A.2. Take P to be any affine point (other than Ag) and set Py, = (AoP)ls. Then the
map
¢ : PCia 1) — PCip ] defined by o(7q) = oQTPoQ

is a group homomorphism.

Proof. In the case P ¢ A, define
T =714, '7p,

so that 7%(A1) = P. Say 7* € PCjr_ ;). For R, S € A, then,

rclo(TR) = ORTROR
=or(TA, 7" )oR™
= (O’RTAIO'Ril)(O'RT*O'Ril)

= TR(URT*URA),

1
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so define 73 = orT*or~!. Define 7% and 7}, ¢ similarly, so that, by commutativity,
R S R+S Y.

¢(Tr)¢(7s) = (TRTR)(T575) = (TRTS)(TRTS)

and
O(TRys) = TR+STE+S = (TRTS)T§+S-

Figure A.2: PCp_;_jand PCir_
Let R' = p(1r)(Ap) and S” and (R + S)’ similarly. Note that

(R+5) = TrisThs(A0) = This(TrR1s)(Ao) = This(R+S)

while
R+ 8= p(1s(R)) = (1r)p(7s)(Ao) = (7:75) (TrTs)(Ao) = (T578)(R + 5).
As images of Ag in PCip_;_j, (R+S)" and R'+S" lie on AgP.; as images of R+S in PCir_;_;, both
also lie on (R+S5)Tw. These lines are distinct, so their intersection is unique; thus (R+S)' = R’ +5’
and ¢(Tr1s) = @(TrR)P(Ts)
The case P € A is similar to the second case of Lemma A.1, and is left as an exercise. O

For left distributivity, take ¢ in the second case of the lemma to send each 7g to 7p.¢ = og7pog ™',

another member of PC;4 ;7. The homomorphicity of ¢ then says
[Aco loo] '

|
Tp.(Q+R) = P(TQ+R) = p(17QTR) = w(7Q)P(TR) = TP.QTP.-R = TP.Q+P-R-

Apply the maps to Ag and we get the distributive law on A! We now have an algebraic structure
on A, call it D, which we have just seen to be a division ring.

Designate [y through Ag, which will become the second
axis, and label its points by

AL = (A Ao
P’ =op(A}).

(Remember that no point of ly other than Ay and Al
can be fixed by a nontrivial op.) Check that this agrees
with Figure A.3 by Lemma A.2, using PC4,_;_ ). The
existing assignment ol = A/, completes the ’ theme.
Since we’ve bijected lg with [, we have an additive group
isomorphism, which extends to a division ring isomorphism using the same og on both lines (in
accordance with the definitions).

Figure A.3: The y-axis
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Our intention is to coordinatize the entire plane using these two axes. To that end, let us
introduce the lowercase letters x, ¥y, z to represent elements in D, while P, @, etc. will represent
points in the plane. Thus if x is the element corresponding to P € A, we assign P the coordinates
(x:0:1)—we also then take o, to mean op. Similarly, we assign P’ = op(A]) the coordinates
(0:2:1). If Pis off I3, lg, and I then, using Figure A.4 as a guide, mark (AL P)l; = (:0:1) and
(AsP)lp = (0:y:1). Assign P the coordinates (z:y:1). These coordinates shall be homogeneous
under right multiplication by nonzero members of D. The scheme appropriately assigns Ay = (0:
0:1), A; = (1:0:1), and A, = (1:1:1).
A, We expect to assign coordinates to the points of [
by using the coordinates of points in their direction from
(O:3:1) Ap and dropping the 1 from the third slot; for example,
if A= (z:y:1) then AZ, = (ApA)ls should be (z:y:0).

4, However, to be sure that this assignment is well-defined,
we must verify that lines are indeed defined by linear
equations [a:b:c|. To this end, it will suffice to express
our homologies in terms of coordinates. (Since the ones
we’ve seen all fix [, we needn’t worry about coordinates
there in the meantime.)

A, (x:0:1)

Figure A.4: Coordinatization of P

By Lemma 2.1 again we need only show that each
homology ¢ € PC| 4. 1] sends each point P = (p:q:1)
to P’ = (pA:g\:1) for some A € D. The lemma assures
us that these multiples are all the points in the line AgP
besides Ay and Ps, = (AgP)lso. So picture P/ = (p':¢':1)
on the line m = AgP. The perspectivity

m) " (1]

takes P and P’ to their shadows (p:0:1) and (p':0:1) on Figure A.5: Homology <(P)

l1, while a perspectivity from A, takes them to (0:¢q:1)

and (0:¢':1) on lp. But since ¢ fixes lo pointwise it must

fix the two perspectors; thus ¢(p:0:1) = (p':0:1) and ¢(0:¢:1) = (0:¢’: 1). By the method of

the lemma ¢ = 0,,-1,/, and by that method and the way we defined coordinates on lg, ¢ = o4-14. A

final acknowledgment of uniqueness proves ¢ '¢’ = p~'p/, thus A = p~1p’ satisfies our criterion.
Thus if P = (p1:p2:1) and Q = (g1 :¢2:1) define the same point at infinity P,,—that is, if

P, @, and A are collinear—then there is some A\ € D such that ¢; = p;A, so that (p1:p2:0) and

(q1:92:0) are the same set of homogeneous coordinates. Either (indeed, both) may be assigned to

Py. We conclude, gratefully, that &2 = S5 D.
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B  Permuting Perspectors: S; on R[x]

We wrap up the paper with a delightful and superfluous bow: an application of the automorphism
group Aut #»D to the collection of rational identities of D. As we’ve seen, the cataloguing of
rational identities holding in certain division rings has been a noble and fruitful venture. We’ve also
become aware that fairly simple intersection theorems can produce wildly complicated identities. By
Proposition 3.4, to prove an intersection theorem in &, D it suffices to verify it on the quandrangle of
reference. (Hua’s identity, for instance, produces a universal intersection theorem via the operations
of Section 2.3. This intersection theorem must then hold in any desarguian projective plane.) When
we stick to the points and operations on [; the rational expressions are greatly simplified.

Figure B.1: The Original Setup & Projectivities

Notice (Figure B.1) that three distinct perspectors—A, I, and I’—direct the projectivities which
define the operations on A. The sides of triangle AII’ intersect [; at the key points Ag, Aq, and
As. What, then, would happen to the rational expressions corresponding to our constructions if
we were to build them after a permutation of this triangle? We shall see, all the while preserving
the canvas 7.

There is a transformation in PGL3(D) sending any quadrangle to any other, so take [A] €
PGL3(D) which sends

As — Ag A — Ay AT I 1

it follows that [A](Ap) = A and [A](I') = A as corresponding diagonal points of the quadrangles
Ao A1 AT and AgA1I'I. We can find a representation of the matrix A by looking at coordinates:

A](1:0:0) = (0:0:1)

[A]
[A](1:0:1) = (1:0:1)
[Al(a:b:1) = (a —1:b:0)
[A](a:b:0) = (a:b:0),

S0, solving the system of equations, one form A might take is

0 —aab ! «
A= 0 —bab ! 0 |,
a —aab™t 0
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where a € D is arbitrary.

Figure B.2: Enter A

Now consider X and Y on [y, the images of Z and W under [A] (Figure B.2). These are still
arbitrary points on [y, provided neither Z nor W is Ag; but the constructions in Figure B.1 do not
perform the same operations on D as before. Look at —Z. Following coordinates, since

—Z =(IZ")l = (I((AoZoo)1))l1 = (I((Ao((AZ)loo))))l1,
we get

AZ — I'X  =(2:0:1)(a—1:b:0) = [1:(a — 1)b~L: —2]
Zoo +— (I'X)' =[l:(a—1)bti—2][-a"t:b71:0] = (a:b:271)

A0 Zoo = Ao XZ = (1:0:0)(a:b:z~!) =[0:1:—ba]
7' o (Ao X2 )m =[0:1:=bx][b:1 — bab~1:0] = ((a — 1)x:bx:1)
— X/*
17" — IX"  =(a:b:0)((a—1)z:br:1) = [1:—ab ':2]
~Z — (IX™Ml =[l:—ab t:z][~2:0:1]
=X

and negation —X is preserved as an operation. It turns out that X! is also preserved. However,
since [, and I’ are swapped as well as A and I’, we get

Zoo — X1 Wi — Y,

hence
Z - WeY. X,

multiplication is reversed! If we go through the motions again we find that
Z4+W = (Y 4 x HL
and via additive commutativity this translates to the lovely

(Z+W)l—s X4yt

57



Now for the interpretation in rational identities: Let e(x1,...,x¢) be a rational expression in
t indeterminates. From e obtain the expression elAl as follows: Let eq,...,e, be an incremental
sequence for e. For each 1 <k < n,

/
—€; —€;
r—1 r—1\—1
. e; +¢€; e, +e:
ifep, = "_ Jthensete':(z_ i) )
e 1 k e 1
i i
Lo 1
€ €j €€

. . . . : . : Prop. 3.4
Then D satisfies the rational identity e < %5 D satisfies the intersection theorem .7, L0 20D
satisfies the intersection theorem [A](.%,) < D satisfies the rational identity el4].

ExXAMPLE. Recall Hua’s identity
@+ ) ) =y,
which holds in every division ring. We now have the distinct identity

(@) + (=) ) ) =@ = (@y-a)™ )
which also holds in every division ring. We can reduce this to the identity

r+ @y —x)=@ " —a oy )

provided this one still holds when y~' = 2—we want this identity to be 0 or undefined where Hua’s

is undefined. (It is quick and easy to check that this is still degenerate.)

Note. We must be careful; this is treacherous ground. Working directly from the points, the identity
x-y = y-x pleasantly becomes y-z = z-y, but z-y—y-r = 0 becomes ((y-z) ! —(2-y)~1)~! = oo, since
[A](Ag) = As—a degenerate rational identity equivalent to the nondegenerate (y-z) ™! —(z-y)~! =
0. To avoid such cases, it will be helpful to write identities as equalities of expressions in at least

one ;.

The collineation [A] € PGL3D permutes the points {Ag, A1, A} on I3 and the vertices of
triangle AIT’. It is plain to see that there are other collineations that round out a group, isomorphic
to S3 by its actions on these points. Let’s call this known matrix

0 —aab ! «
Aposy=| 0 —bad™t 0 |,
a —aab™ !t 0

interpreting Ss as the group of permutations of {0,1,00}. It is a straightforward check that the

matrix
B (af—Ba)b™t 0
A(1 s0) = 0 b3b~1 0
g Bl—apt —p

induces a collineation that takes

A — A Ag— Ap AT I'—1T,
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where again the nonzero element 3 is arbitrary.
These two transpositions generate a representation of S3 in GL3D:
A1 =A0 A0 AW )
A 1o0)=A0c)A01)
Ao 1) =A0 1)A©0 o)
and of course A; = I. Each A, corresponds to a rewording e’ of identities e, such that each e’

holds in exactly those division rings that satisfy e.
Fleshing out these products, we get

7 (ay =7 —qa)b™

A(O 1) = 0 b'yb_ 0 N
0 0 ol

—apb™t
A1 o) —bub~" 0 |,

—p pla—=1b"" p

and
v (—av+v— Va)b Ly
A(O 00 1) = 0 —be_ 0 5

v —vab! 0

where v, u, and v are arbitrary in D*. Observe that, on [y, the arbitrary values serve only to
conjugate elements of D; for instance,

A1y (2:0:1) = (=2 +7:0:7) = (=27 +1:0:1) = ((—2 + 1)7:0:1).

This is an automorphism; for simplicity, let us assume that each of these values is 1 (and leave the
reduced forms of the matrices above to the reader).

Once we have these matrices it is easy to see how each collineation affects the operations —, ~1,
+, and -. Looking again at [A(U 1)], using the changes of variables xt = —z+1 and y = —w+ 1, and

applying some arithmetic rules which apply in all division rings,

(2:0:1) =(—2z+1:0:1) = (x:0:1)

[A 1)

[Ag 1)](=2:0:1) = (2+1:0:1) = (—x+2:0:1)

[Aq 1)](,2_1:0:1) = (=271 41:0:1) =(1-(1-2)"1:0:1)
[Ap n](z+w:0:1) = (= (2 +w) +1:0:1) = ((x +y) — 1:0:1)
[Ap nl(z-w:0:1) =(-2z-w+1:0:1) =((v+y)—2-y:0:1).

(We understand 2 to mean (14 1)). These are times when the hierarchy imposed on the expressions
in R[x| comes heavily into play. The simple identity
(z4+w)+ (—(z4+w)) =0,

which we habitually shorten to (z +w) — (2 +w) = 0, can no longer endure such flights of common
sense. Piece by piece, we translate it:
z+w— (r+y)—1
—(z+w)— —((z4+y)—1)+2
tw)+(-+w)—=((z+y) -+ (-(z+y)-1)+2) -1
01
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thus we get the rational identity
() -+ (e +y) -1 +2) —1=1,

which indeed holds via properties of addition.

Table B.1: Permuted Operations

[A41] [A© 1)) [A@© )] [Aq o))
z —z+1 271 z-(z—1)71
=(1—-z"H!
Iy _z—|—1 _—2*1 _z-(z—l—l)*1
= (14277
= —x+2 = —x :(—.%'4-2)71
271 — 2141 z R G )
=(1-2)"!
=@l = = (@ ) )
z+w 1—(z+w) (z +w)~! (z+w)((z+w)—1)"1
=(1—(z4+w)™H)!
=(z+y) -1 =@ +y ) =0-C-@+y ) H!
Z-w 11—z -w (z-w) ! (z-w)-(z-w—1)""1
S — (1wl
=@ty —zy|=y-z =z-((z+y) -1)""y

Following suit, we can permute R[x] under the other [A,] by composing the transformations
above, and the appropriate changes in variables for each may thence be derived. The literal trans-
formations (still in terms of z and w) are listed in Table B.1, along with the expressions they yield
after the reassignments x = [A,|z and y = [A,]w and applying some simplifications allowed by the
division ring axioms and the distinctions z,w # 0,1 (for instance, (z7!)~! = 2)—simplifications
that will not affect whether an identity holds in a given D.
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