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(ABSTRACT) 

This thesis considers a Flexible Manufacturing System (FMS) comprised of 

programmable machine tools which are capable of performing multiple operations and 

which are interconnected by computer-controlled automated material handling 

equipment. The specific problem addressed is a job-shop type of situation in which at 

least a given number of each type of job needs to be performed on a given set of 

machines. The flexibility in the system arises in the form that each job can be performed 

in a variety of ways with each possible manner of performing it, called an Alternate 

Routing Combination (ARC), being defined by specifying the number of operations 

needed and the associated machine sequence. The problem is to select a set of jobs and 

their associated ARCs to be performed, and schedule their operations on the machines 

so as to optimize various objectives such as minimizing makespan or maximizing 

machine utilization, or minimizing total flowtime. This problem is mathematically 

modeled, and heuristic algorithms are presented along with computational results for the 

case of minimizing the makespan. 
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1. Introduction. 

The problem considered in this thesis is one that anses m the following Flexible 

Manufacturing System ( FM S). The system consists of a set of N jobs and M machines. 

The N jobs are classified into mutually exclusive and collectively exhaustive sets N1 , ... , 

Nn , with the stipulation being that at least ad jobs must be performed from the set Nd . 

Each jobj = l, ... , N can be performed in a variety of ways (a sequence of operations). 

Each manner of performing it is called an ARC ( Alternate Routing Combination). An 

ARC is a sequence of operations required to complete a job, with the associated 

machines and the operation times for each operation specified. If a job is performed, 

exactly one ARC associated with it must be selected. Data on the number of possible 

ARCs for each job, the number of operations in each ARC, processing times and 

machine requirement for each operation are available. No preemption is allowed once a 

machine begins processing a job, and we assume that the transit and setup times between 

operations are negligible. The problem is to select a set of jobs to be performed along 
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with their associated ARCs, and schedule their operations on the machines so as to 

minimize the makespan. 

The problem of determining a parts mix and scheduling in a FMS has been investigated 

by a number of researchers. A variety of approaches have been proposed based on ideas 

from Network of Queues, Mathematical Programming, Simulation, Petri Nets and 

Artificial Intelligence. Most of these combine heuristic ideas with exact methods. A 

review of these approaches is given in Chapter 2. 

In this effort, two approaches are investigated. The first method, which we call Heuristic 

1, uses a Mixed Integer Programming (MIP) model. The solution to the MIP uses a 

combination of Integer Programming techniques and heuristic methods to select a good 

set of job-arcs. The second method, called Heuristic 2, uses a quicker and less formalized 

enumeration type of method to select a good job-arc mix. It uses enumeration and 

employs heuristic ideas to initially select a job-arc mix and draw up a schedule for a 

given job-arc mix. Both these heuristics employ a specialized job-shop heuristic to draw 

up a final schedule. 

The objective in our study is the minimization of makespan. Minimization of the 

makespan indirectly accounts for other objectives like machine utilization which are 

important in a Flexible Manufacturing System because of the high cost of the machines. 

However, other objectives can be easily incorporated with minor changes in the solution 

methods. Hence, we may consider minimization of the total idle time for the jobs, the 

total machine idle time ( which is simply the difference between the makespan times the 

number of machines and the total processing time of all the jobs ), or minimizing the 

maximum machine idle time ( which is the same as maximizing the minimum machine 
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utilization ). The mathematical formulation of some of these objective functions is given 

in the Appendix. 

While Heuristic I met with limited success, Heuristic 2, though enumeration based, was 

very successful. This was primarily due to the effective heuristics which reduced the 

enumeration tree by cutting off non-promising solutions. Moreover, the specialized 

scheduling heuristic used at each node was very fast. The success of a method was 

measured in terms of the solution quality and the computational requirements. For 

smaller sized problems, an optimal makespan was obtained with the use of the MIP 

package MPSX. For larger problems the MPSX run time exceeded a few hours. Hence, 

it was prohibitively expensive to obtain an optimal solution. In such cases, the two 

heuristics were compared only on a relative basis. 
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2. Literature Revie,v 

A Flexible Manufacturing System has been defined as a production system consisting 

of programmable machine tools, which are capable of performing a number of different 

operations, and are interconnected by computer controlled material handling equipment. 

The term "flexible" refers to the system's ability 1) to perform a given set of operations 

on a part by using alternate routings through the machines and 2) to simultaneously 

work on several different part types. This results in a reduction in the work in process 

inventory and the set up time while changing from the production of one part type to 

another. A more detailed description of Flexible Manufacturing systems can be found 

in Sarin [ 1984], Kalkunte et al [ 1986], Barash [ 1982], Dupont-Gatelmand [ 1982] and the 

FMS hand book [1983]. 

The problem considered in this effort is one aspect of the design and operation of a 

FMS, namely, the selection of a parts mix and the scheduling of these parts to optimize 

a given objective. 
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Different objective functions have been used by researchers. Of these the most common 

ones are load balancing over the machines, minimization of part tardiness, maximization 

of the throughput rate and minimization of the makespan. Since the machines involved 

in an FMS are very expensive, maintaining a high level of machine utilization is often 

important for overall system effectiveness. 

A number of different approaches have been proposed to deal with some or all of the 

aspects of the design and operation of a FMS. These have been categorized in Sarin 

[ 1984]. Five categories have been outlined : a) Network of Queues b) Mathematical 

programming c) Simulation d) Petri Nets and e) Artificial Intelligence based methods. 

Of these, Simulation and Network of Queues approaches have been by far the most 

effective. Petri Nets and Artificial Intelligence methods are relatively new methods. 

Mathematical programming methods are very time consuming and have met with limited 

success. 

A Network of Queues approach analyses the aggregate flow of pieces through the 

system rather than the movement of individual pieces. Machines are represented by 

nodes and the arcs represent the different routes for performing operations on the parts. 

This approach has been investigated by Kinemia [ 1979], who has used a Dantzig Wolfe 

decomposition on a derived linear program. The model used was a nonlinear program 

which was converted into a sequence of linearly constrained problems using an 

augmented Lagrangean method of Hestenes [1969] and Powell [1968]. The analysis was 

restricted to a "closed" network of queues, which means that the number of jobs in the 

system is constant (a new job enters the system only when an existing job leaves upon 

completion). A closed network of queues yields good results - this has been shown 
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theoretically ( Suri [ 1983] ) and empirically ( Solberg [ 1982] ) although its assumption 

of probabilistic service times is unrealistic. 

Simulation has been by far the most widely used approach for FMS design and analysis. 

Various researchers ( Hutchinson [1977], Mayer [1976], El Maghraby [1982], Phillips 

[1977] ) have used simulation models to investigate different aspects of the system's 

operation and material handling. However, the drawback here is the excessive time and 

effort required in the developement and execution of these models. An improvement 

over this approach is the theoretical perturbation analyses of a single simulation run. ( 

Ho et. al. [1979], [1983] ). However, this approach is limited to small perturbations of 

the single simulation conditions. 

Petri Nets ( Peterson [ 198 l] ) are a compact representation of events in a system using 

nodes and arcs. This is a relatively new area and approaches have been outlined in 

Dubois and Stecke [ 1983], Narahari and Vishwanathan [ I 984], N of et. al. [ I 980]. 

Artificial Intelligence methods use predicate logic and resolution. Several heuristic ideas 

are used to help the decision making under dynamic conditions. This is also a new 

approach in FMS design and is being investigated by various researchers. ( Bullers et. 

al. [1980], Barr and Feigenbaum [1980] ). 

Mathematical Programming has been used for FMS design in the presence of failure 

prone machines ( Hildebrant et. al. [ 1980], parts routing ( Kimemia and Gershwin [ 1979] 

) and for machine loading ( Stecke [1983], Kusiak [1983] ). The disadvantage of this 

approach is in the excessive time required for the exact solution of the resulting models. 

A review and description of various mathematical models can be found in Buzacott 

[ 1980] and Wilhelm [ 1983]. 
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Jaikumar et.al. [1984] have used a stochastic mathematical program which maximizes 

the total contribution of a mix of products, processes and programs within a 

manufacturing portfolio and provides the capability of sensitivity analyses. Kusiak [1984] 

has used a formulation based on clustering analysis ( Anderberg [ 1973 ], Everitt [ 1980] ) 

for the part family selection problem. The objective function used is to minimize the 

total distance between parts of different families. The number of part families is a 

parameter in the model. He gives another formulation which is not mathematically 

rigorous and the number of part families is a result of clustering. This is called the matrix 

formulation, and clustering involves moving around rows and columns so that part 

families are visible. 

The work station loading problem is one of assigning tools, operations, and jobs to 

work stations in order to minimize the total number of job to work station assignments 

while balancing the work load per station. Ammons et. al. [ 1984] have investigated this 

problem by formulating it as a linear discrete optimization problem. The objective 

function explicitly considers the dual criteria of minimizing the total number of work 

station visits by jobs and maintaining a load balance on the work stations. They outline 

three algorithms with heuristic procedures imbcdded to handle three different 

requirements. The work station balance criterion assigns operations in order of 

decreasing total processing times to the work station with the minimum work load at 

each step. To minimize work station crossings clustering analysis is used, where 

operations are grouped into clusters based on a similarity coefficient which describes the 

strength of the relationship between each pair of operations. To balance work station 

load and to minimize the number of crossings a combination of the previous two 

heuristics is used. Test problems with 31 jobs, 20.32 average number of operations per 
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job, 3 work stations and 30 tools per work station were used and good results were 

obtained with a small amount of computational time. 

Stecke et.al. [1984] have formulated the loading problem as a nonlinear integer 

programming problem, the nonlinearity arising from the consideration of assigning 

several operations, having some common tools, to the same machine. Two approaches 

were attempted, the first involving a linearization of the problem with the resulting linear 

integer program solved using a standard MIP code. The second method tries to solve the 

nonlinear program directly, using an efficient branch and bound procedure which solves 

a relaxed assignment problem at each node, checks the solution for feasibility, and 

modifies the assignment if necessary to correct violations of constraints. 

Lin et.al. [ 1984] have used heuristic procedures to balance the work load on each 

machine and to minimize the number oflate jobs. These have been used in conjunction 

with the global dispatching rule of assigning the next operation to the machine which 

has the least work waiting. 

Chang [ 1984] has used a two-phase approximate method for quasi-real time scheduling. 

It is quasi-real time because a new schedule is not necessarily drawn up after each event 

occurence. The specific problem considered by Chang is different from the FMS system 

considered here, in that he does not have the additional requirement of selecting ARC's 

for the jobs. His algorithm combines a schedule generation algorithm with a 0-1 

optimization algorithm. Heuristics are used to select the jobs to be scheduled. 

In this effort, the objective used is the minimization of makespan, since a number of 

objectives can be indirectly handled by optimizing this function. The model used is a 

linear mixed integer program. It is similar to Chang's approach in that it uses mixed 
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integer programming optimization techniques with heuristic ideas. However, we have 

used a more specialized schedule generation and scheduling algorithm. While Chang has 

used a specialized branch and filtering algorithm to select schedules for each job to 

optimize a specific criterion, we have used a subgradient based scheme (Heuristic 1) and 

an enumeration scheme (Heuristic 2). Chang has generated his schedules using a reduced 

enumeration algorithm developed by Chang and Sullivan [ 1984] which employs 

dispatching rules. Our schedules are· generated using an active schedule generation 

scheme with a specialized heuristic routine to iteratively select the next 

operation-machine combination using results from Gere [ 1966]. Details on this are given 

in Chapter 4. 
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3. Mathematical Model 

The MIP model developed uses a planning horizon T, which is discretized into 

t = l, ... , T intervals. The operations of a job are restricted to start and end at the 

discrete points in time defined by such intervals. This is done automatically by assuming 

that all processing times are an integral number of time intervals. 

Define: 

j = l, ... , N : jobs to be performed. 

m = l, ... , M : machines in the system. 

Nd : {j : job j is classified in job set d}, d = l, ... , D 
D 

with l:: I Nd I = N, N, n N, = q>, for / * t. 
d-1 

ad : specified minimum number of jobs to be performed from set Nd, 

Ai : {a: ARC a is to be considered for job j ,j = I, ... , N 

3. Mathematical Model 
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nJ : number of operations in ARC a e Ai for job j ,} = 1, ... , N 

S : {p = (j,a) : pis a feasible job - ARC combination, a e Aj,j = 1, ... , N} 

Sm : {(j,a,k) : operation k of ARC a E Ai 

of job j requires machine m} for m = 1, ... , M 

Si,: : {k : operation k of ARC a e Ai 

of job j requires machine m } for U,a) E Sm, m = 1, ... , M 

Pia* : processing time of operation k, k E a, a E Aj,j = 1, ... ·, N 

210
: = { 1 if ARC a E A1 of job j is selected, for a e Ai,} = 1, ... , N} 

0 otherwise 

xJa1c, : = { 1 if operation k of ARC a E A1 of job j is being performed during the time interval t 

0 otherwise 

k E a, a E Ai,} = 1, ... , N, t = 1, ... , T 

't = makespan 

Below we give the mathematical formulation of the problem with the objective of 

minimization of makespan. A formulation of alternate objectives is given in Appendix 

A.-

mmuruze [3.1] 

subject to 
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't t :E x. nat for each j = 1, ... , N, t = 1, ... , T 
a EA- Ja J 

J 

[3.2) 

:E zja 1 for each j = 1, ... , N 
a E Ai 

[3.3) 

:E :E zja ad for each d = 1, ... , D 
}ENdaEAJ 

[3.4] 

for each k e a, a e Aj,j = 1, ... , N [3.5] 

for each k e a, a e A1,j = 1, ... , N, t = 1, ... , T [3.6] 

:E XJakt 1 for each t = 1, ... , T, m = 1, ... , 1vf 
U,a,k)E Sm 

[3.7] 

xjakt binary for each k e a, a e Aj,j = 1, ... , N, t = 1, ... , T 

binary for each a e A1,j = 1, ... , N [3.8] 

,.. 
Xjakt = 0 for t = 0, ... , T;ak and for t = T + 1 - ½ak• ... , T + 1 

for each k e a, a e Aj,j = 1, ... , N, [3.9] 

k-1 
where T;ak = L Pjar and 

r=I 
with undefined sums being zero 
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In the above MIP, constraint [3.2] ensures that the makespan 'tis greater than the finish 

time of the last operation of the ARC selected for each job j. Hence, with the objective 

[3.1 ], it defines the makespan. Constraints [3.3] and [3.4] state that only one ARC may 

be selected for each job, while at least ad jobs must be selected from the set Nd . 

Constraints [3.5] ensure that if a job - arc combination is selected, each of it's operations 

is allocated the number of time intervals required to complete its processing. The 

constraints [3.6] ensure that an operation of a selected job-arc combination will start 

only after all its preceding operations have been completed. Constraints [3.7] prevent 

multiple job assignments to the same machine in any time interval. Constraints [3.8] are 

the binary requirements on the decision variables. The constraints [3.9] tighten the 

relaxation by specifying the intervals over which the x variables must be set equal to 

zero. 

The overall solution strategy for the M IP is as follows : Constraints [3.2] and [3. 7] are 

dualized to obtain a Lagrangean dual with subproblems which are easy to solve. A 

conjugate subgradient type of algorithm is used to obtain a set of near optimal dual 

multipliers associated with the constraints. The primal solution obtained at the 

termination of the subgradient algorithm gives a good set of job-arc combinations. This 

set of job arc mix is used with a heuristic scheduling routine to draw up a good schedule. 

Details on this method and a quick heuristic method for selecting a job-arc combination 

are given in Chapter 4. The specialized initial job-arc selection routine and the 

scheduling heuristics used in both Heuristic 1 and Heuristic 2 are given in Sections 4.3 

and Chapter 5, respectively. 
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4. Selection of a Job-Arc Combination. 

Two methods are used in the selection of a good set of job-arc combinations. The first 

is based on a Lagrangean relaxation and subgradient optimization technique on the 

Mixed Integer Program outlined in the previous section. The second uses an 

enumeration technique cutting down the number of nodes in the enumeration tree by 

using some simple bounds and evaluating each job-arc mix at each node. The 

Lagrangean relaxation approach also results in some additional sequencing information 

which is used by the scheduling routine. The first method of job-arc selection is used in 

Heuristic 1 and the second is used in Heuristic 2. 

4.1. The Lagrangean relaxation approach for Heuristic 1. 

The mathematical model outlined in the previous section requires a prohibitive effort 

to solve exactly by any of the currently available Integer Programming algorithms for 
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problems of any reasonable size. In experiments on this model using the MIP package 

MPSX on the IBM 3084 main frame system, the largest problem which could be run had 

only 4 jobs with 3 arcs per job and 3 operations per arc. The length of the horizon for 

the completion of all the operations had to be limited to 6 time units. Further details on 

this are given in Section 7. Hence, a heuristic based on a Lagrangean relaxation is 

employed. 

The Lagrangean dual of the MIP is obtained by dualizing constraints [3.2] and [3.7] 

using the multipliers pi, for the constraint set [3.2] and 8,m for the constraint set [3. 7]. 

This gives the following dual problem : 

N T 
LD maximize {0(P, 8): :E :E p1, = l, p 0, 8 0} 

j= I t= I 
[4. l] 

where 

T M 
+ L L B,m[ L X}akt - l] 

t= Im= I U,a,k)E Sm 
[4.2] 

subject to 
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for each j = 1, ... , N [4.3] 

for each d = 1, ... , D [4.4] 

for each (jak) combination. [4.5] 

for each k e a, a e A1,j = 1, ... , N, t = 1, ... , T [4.6] 

,. 
XJakt = 0 fort = 0, ... , ½ak and for t = T + I - ½ak• ... , T + I for each (jak) [4.7] 

x, z binary [4.8] 

Note that the integrality property does not hold here, and so we achieve a tightening 

beyond the continuous relaxation. For convenience, let us denote the objective function 

[4.2], with obvious notation as 

mm1mum [4.9] 

Now, the subproblem [4.2] - [4.8] may be rewritten as : 
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mm1mum 

+ { z binary 

[4.3], [4.4] [4.5], [4.6], [4.7] 
}} [4.10] 

Note that the inner minimization problem is separable in (j,a). If we denote this problem 

by P(j,a), then for any fixed z, we get 

P(j,a) [4.11] 

subject to 

for each k, 

k e a, t = l, ... , T. 

and [4.7] and [4.8] for each k, for the chosen (j,a). 

Let q: = 0aCl). Since, 0aCO) = 0, we have 

[ 4.12] 

Consequently, from [4.10], [4.11], [4.12], we obtain 

N 138 • 0(P, 8) = ~138 + minimum {_:I: L Cja zja . [4.3], [4.4], z binary} 
J =Ia E A1 

[4.13] 
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We now need to solve for q: = ~a(l), and then show how to solve [4.13] efficiently. 

Computation of q; = ~a( 1 ): 

Toward this end, first consider the following result. 

Proposition I : (z,x) is feasible to [4.11] if and only if 

(a) 

A 

for some PJak contiguous values oft in the interval ½ak + 1, ... , T - ½ak 

and are zero otherwise, for each k e a, 

(b) the operations of (j,a) are ordered, i.e. 

Xjapq = z1a implies Xja(p- t)r = 0 for t q for each p = 2, ... , n/ 

Proof: 

If zi 0 = 0 , the result is trivial. Hence, suppose zi 0 = 1 , and assume that (z,x) satisfies 

[4.11]. From [4.11], if Xiakt = 1, then Xiar/ = 0 for all r = 1, ... ,k - 1, I= t, ... ,T which 

ensures an ordering of the operations of a e Ai since operation (k-1) will never be done 

after operation k. Further, Xja*I = 0 for all/ = t + Piakl"'I T. Since, Zja = 1, Pjak x's must 

be set equal to 1 for operation k in a e Ar Hence, examining these assertions for the 

first t for which xiakr = 1 , we get that the Pialc x's which are equal to 1 have to be 

contiguous. 

Conversely, if the operations of a e Ai are ordered, then for any xiakr = 1 , all it's 

previous operations will be completed by time t. Further, if Pi•* contiguous x's are set 

equal to 1, then x10*' = 0 for all / (t + P1.*) . Hence, [4.1 I] will be satisfied. (Q.E.D.) 
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We now evaluate q: via a Dynamic Programming procedure. The stages, states and 

decisions are defined as follows : 

Stage (k) : one stage for each operation belonging to (j,a). Hence, each (j,a) will have 

n; stages. 

State ( S* ) : defines a feasible starting time t for the consideration of the remaining 

operations in a backward recursion. State reduction is performed based on the set [ 4. 7]. 

In this reduced state space there is a natural division into blocks over which the search 

can be limited as outlined below. 

Decision variable ( d(k,S) ) : the point at which the P1ak consecutive values of operation 

k must be started. This is beyond the particular state value S at stage k. 

State space reduction 

The natural division of the reduced state space is as follows : 

I---------------------1---------1-------------I------I 

0 s s2 b T 

If the reduced state space of some operation k is [s,b], we can use a one pass procedure 

to optimize on the interval [s,b] taking the costs over P1ak x's at a time. This is done 

by starting at ( s ) or ( s + 1 ) or , .. , or (b ·- P1ak) • 

Suppose, this results in an optimal start point for operation k at s2. Then this is 

obviously optimal for any state in the interval [s,s2]. Hence, our search can now be 

limited to the block [s2,b]. This results in substantially reducing the number of d(k,S) 

evaluations for each operation. 
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The Dynamic programming algorithm is a standard backward recursion procedure. 

Starting with the last operation n; (stage) of each job-arc, we obtain the optimal P10na 
'J 

time slots for each of the state variable values over its reduced state space. This is 

repeated for operations (k - 1), .. ,1 with each stage decision taking into account the total 

effect of this decision on all its following stages ( via the modification of the state variable 

by this stage ). 

-
The DP solution for each (j,a) gives us a time t for each operation k belonging to (j,a). 

Accordingly, let : 

~ak = { t , t + 1, ... , t + Pjak - 1} 

The x solution is then given in terms of the z variables as follows : 

{
Zja if t E ljak} 

Xjakr = 
0 otherwise. 

Furthermore, this reduces the subproblem to the form [4.13], where 

cJPao = 'C' 'C' Cps Jakr 
k Ea lE Ijalc 

The subproblem [4.13] is now easily solved as follows: 

For each j, let aLi) be determined by: 

mm1mum 
a E A1 

Then, we obtain 

4. Selection of a Job-Arc Combination. 

[4.14] 

[4.15] 
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D 
0(P, o) = ~Po + 1: { sum of the ad smallest values of cfat1 over j e Nd} [4.18] 

d=I 

The corresponding value of zia is given by 

{ 
1 if a = a[j] and cfat1 

Zja = 0 
otherwise 

contributes to the sum in [ 4.18] } 
[4.19] 

Equations [4.14] and [4. 19] give the subproblem solution. The overall Lagrangean 

optimization problem [4.1] is solved as follows : 

Subgradient Algorithm 

The concave Lagrangian dual objective function 0(.) is maximized over the dual space 

using a conjugate subgradient optimization scheme which combines the ideas of 

Camerini, Fratta and Maffioli [1975] and Bazaraa and Sherali [1981]. 

Let us denote the kth iterate by 1t* . Let P0 (1t) = it be the projection of 1t onto the 

feasible space D, where D is given by 

N T 
D = { 1t = (P, o) : 1: 1: Pit = 1, P, o O} 

j= It= I 

Let ~k denote the subgradient of 0(.) at 1t* . The components of correspond to the 

coefficients of p and o in the Lagrangean objective function. 

INITIALIZING THE ALGORITHM 
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1. An initial feasible starting set 1t0 = ( p0,8° ) is needed to start the algorithm. (We 

used 1t0 = 0 - vector ). 

2. We need an upper bound on the value of 0(1t') (This was obtained via a heuristic 

solution to the original problem). 

3. We use the following parameters in the subgradient scheme. 

N = Maximum number of iterations. 

v = Number of consecutive failures before resetting to incumbent. 

r = Number of iterations at which we reset to the incumbent and recalculate the 

step size. 

The typical values for these parameters are N = 300, v = 10 and r = 75. 

All counters are set to 0 before beginning the solution procedure. Starting with the 

initial solution 1t0 at k = 0, at any general iteration k, let 0( 1t*) denote the solution of the 

Lagrangean problem given a particular dual vector 1t* . This value is obtained by the 

Dynamic Programming procedure outlined in this section. This solution also yields a 

subgradient ~* of 0(.) at 1t* , based on the coefficients of 7t in the objective function of 

the Lagrangean subproblem. If the norm of the subgradient 11;*11 is lesser than a preset 

value of e, we stop with 1t* as a near optimal solution of value 0( 1t*) . 

If this is not the case, we check to see if 0(1t*) is greater than the present incumbent 

value. If so, the incumbent solution is reset to 1t' = 1t* and 0' = 0( 1t*). To compute the 

next point 1t<+1 we have to calculate a direction and a step length. The direction d* is 

calculated by taking a combination of the subgradient and the direction at the previous 

point. 

where 
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otherwise 

The step length is calculated based on Bazaraa and Sherali [ 1981 ], as 

The step length is periodically updated and resetting to the incumbent is also periodically 

performed based on the counter thresholds v and r as in Bazaraa and Sherali [ 1981 ]. 

The vector might not be in the feasible region. Therefore the vector is finally projected 

onto the feasible region D and this gives the new iterate. The process now continues 

A further dual ascent can be achieved by starting with the current (P, o) and solving 

the same type of dual problem as [4.1] - [4.8] , except now each job has I A1 I = 1 and 

o.d = I Ndl , so that there is no optimization over the z's. However, this was not 

implemented because of the considerable computational expense. Once the z's have been 

fixed, the indices (j,a) get collapsed to essentially the index j, and the problem becomes 

mmuruze [4.20] 
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subject to : 

[4.21] 

[4.22] 

k-1 T T k 
L L xj,l + L xjkl ( 1 - xjkr) L P1, for all j,k,t = 1, ... , T - Pjk 

r=I l=t l=t+Pp, r=I 
[4.23] 

t = 1, ... , T, m = 1, ... , M [4.24] 

X binary [4.25] 

Now, we can dualize constraints [4.21] using the dual multipliers p11 and constraints 

[4.24] using the multipliers o,m and follow the same procedure as before to acheive a 

further dual ascent. 

Job - ARC selection and priority indexing.: Each iteration of the subgradient algorithm 

produces a new set of dual variables p and o. These modify the costs q:*, and at each 

iteration a set of z10 is selected to be set equal to l. These are the job - arc selections for 

that iteration. The scheduling routine of Chapter 5 is used to draw up a schedule for 

each such set. The schedule which gives the best makespan is stored along with the 

associated job - arc selections and the x values. 
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The scheduling routine used here requires a priority index based on the x solution 

obtained at each iteration of the subgradient algorithm. This is defined as follows : 

~i c.t) = 
c.t. + Pjak 

L- X}aktf PJak 
t= 1 

for each j, "a" corresponding to the arc selected for job j, and each kin this selected arc. 

Here c.t. is the time in the scheduling algorithm at which the operation k is ready to be 

scheduled. This index can be interpreted as follows : In every iteration, for operation k 

of the selected arc "a" of a job j , the Lagrangean relaxation solution results in 

Pia* of the xjakt values set equal to 1. In the scheduling routine, if this operation is 

schedulable at time t1 then one indication of its priority is taken to be the fraction of the 

total number of x·s which have been set equal to 1 ( by the Lagrangean solution ) until 

time ti' Of all the schedulable operations at time t1 , the one with the highest value of 

4.2. An enumeration approach to job-arc selection for Heuristic 2. 

The enumeration approach enumerates ( explicitly) all feasible job-ARC combinations. 

At each node, a complete set of feasible job-ARCs is drawn up and evaluated using 

lower bounds or a complete schedule. For each feasible job - ARC combination, lower 

bounds are used to reject the solution ( if possible ) before evaluation by the heuristic 

scheduling routine outlined in Chapter 5. The best makespan value is stored as the 

upper bound on the makespan. The enumeration tree is reduced considerably by deriving 

certain lower bounds on the makespan at each node. Three trivial lower bounds are used. 

The first simply sums up the operation times of each arc and takes the largest of these 
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as the lower bound. The second lower bound is the sum of all the operation times over 

the selected job-arcs divided by the number of machines. The third lower bound is a 

heuristic lower bound, based on a schedule drawn up for half the actual number of jobs 

to be scheduled. The heuristic scheduling routine is used for this purpose. 

While these lower bounds are not very strong, they are adequate for our purposes, since 

the actual evaluation of a job-arc combination (using the heuristic scheduling routine) 

is not computationally expensive. Improvements on this approach can be made for 

handling very large problems by using tighter lower bounds. Additionally, an implicit 

enumeration may be conducted in which a lower bound on a partial set of enumerated 

job-arc combinations is used to eliminate all possible completions, hence curtailing the 

extent of enumeration. Also, some ARCs, and possibly some jobs may be eliminated 

prior to enumeration based on some heuristic considerations, in order to further curtail 

the extent of enumeration. The upper bound at node zero is obtained by a heuristic 

job-arc selection routine given in the following section. 

4.3. Initial job - ARC selection routine for Heuristics 1 and 2. 

The two heuristics Heuristic 1 and Heuristic 2 use a common initial job-arc selection 

routine, which is a quick procedure based on the magnitude of the operation times and 

the number of operations in an arc. This solution is used as an upper bound on the 

optimal solution in both Heuristic I and Heuristic 2. 

The procedure operates as follows : 

Initialize d = 1. 
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Start with set number N1 and pick a job from this set for consideration. 

Step a) Of the arcs belonging to this job find those arcs with a total processing time 

within 10 % of the minimum total arc processing time. Of these arcs pick the arc with 

the minimum number of operations and include this job-arc combination in the selected 

job-arcs list. 

Step b) If this is not the last job in this set, then look at another job in this set which 

has not been considered so far, and return to step (a). 

Step c) If the number of jobs selected from this set exceeds ad for this set then go to 

step (e). 

Step d) If there are any more sets not yet considered, then increment the set number 

by 1 and go to step (a). Else, stop. 

Step e) Since the number of jobs selected exceeds ad , we need to remove the excess 

number of jobs over ad selected from this set. This is done as follows : 

1) Order the jobs in increasing order of processing times 

of the selected arcs. 

2) Pick the ad jobs with the smallest total processing time (for the arc selected for each 

such job), breaking ties using the smaller number of operations. Call this list NL. 

3) Determine the maximum arc processing time from list NL. 

4) From the previously selected jobs not included in this new list, determine those with 

arc processing times within 10% of the maximum arc processing time in NL. Put these 

jobs in a list called the left out jobs list or LOJ. Concatenate lists NL and LOJ, assuming 

that the jobs are ordered. Call this new list L. We need to throw I LOJI number of jobs 

out of the list L. 

5) Start with r = 0 ( r = number of jobs thrown out of list L thus far). 

a) If r = I LOIi then go to (e), else pick the bottom job from L. Let this be job j 

with arc processing time tj Select that job k from L which has t" tj 1.1 and the largest 
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number of operations, breaking ties by picking the one with a larger arc processing time 

(possibly, k = j). Delete job k from L. 

b) Increment r by I and return to 5. 
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5. Heuristic Scheduling Routine. 

The scheduling routine discussed in this Chapter is used by both Heuristic l and 

Heuristic 2. This heuristic routine is based on generating an active schedule using a 

procedure proposed by Giffier and Thompson [ 1960) adapted by us as a heuristic 

procedure. The framework for generating active schedules is used as outlined in Giffier 

and Thompson, along with a specialized heuristic used for breaking ties between 

competing operations. The outline of the algorithm is given below : 

Define: 

PS, = a partial schedule containing t scheduled operations. 

(This defines stage t as the point in the process when some t total operations have been 

scheduled. Accordingly, let the "current time" c.t. = the partial solution makespan ). 

S, = the set of schedulable operations at stage t, corresponding to a given PS, . 

Each schedulable operation is identified by the imminent operation ki of a job j, with a 

particular machine being associated with operation ki of job j. 

cr*J = the earliest time at which schedulable operation ki ES, can be started. 
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<f>ki = the earliest time at which schedulable operation k1 E S1 can be completed. ( This 

is = crk· + P10k. where "a" is the selected ARC for job j). 
J J 

<p1 = the (earliest) time at which job j can be completed via a non delay schedule of 

the unscheduled operations. 

Further, we define the notion of critical jobs and priority indices below : 

Critical Jobs 

Given a partial schedule, consider the imminent schedulable operation as k1 of job j. 

Suppose that operation k1 is scheduled on its corresponding machine. For each job ( 

including job j ), construct independently, a nondelay schedule of its remaining 

operations, inserting operations on feasible gaps in machines, if possible, in order to 

determine the earliest finish time ( of job J. If 

cp1 [ due date of job j ] * ( factor ) then job j is said to be critical. Here, the due dates 

can be actual due dates for the jobs or some artificial due dates based on a tight upper 

bound on the makespan. ( In experimental runs with artificial due dates, it was found 

that the scheduling routine performed well if these were set close to the optimal 

makespan value. Since the initial job-ARC makespan value was very good, in all our 

schedules this value was used as the artificial due date for the jobs. For the initial 

job-ARCs schedule, the artificial due date value was set at 1.5 times the sum of the 

operation times divided by the number of machines ). The "factor" used in the critical 

job determination was fixed experimentally. A factor of 1.5 seemed to perform well on 

a number of test problems. Having done this, let N*. = the resulting number of critical 
J 

jobs if operation k1 is scheduled next. 

Priority indexing of the operations 
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The job to be scheduled is selected as the arg lex min { Nk , a k , Piak ., (k { c. t. ) } ( where 
J J J J 

ki is a member of a subset of the schedulable operations at this stage, as noted in the 

overall algorithmic strategy below, and Nk, is the number of critical jobs due to 
J 

operation ki being scheduled, Pjak· is the operation time for the imminent operation 
J 

ki of job j corresponding to the selected arc, c.t. is the current time interval, and (k (.) 

is as defined in Section 4.1 ), ( Here arg lex min { ai, bi, cJ = that j which minimizes ai, 

and among all such j's, it minimizes bi , and among all such ties , minimizes er) 

Overall algorithmic strategy :· 

1) Let t = 0 and begin with PS, empty and S1 as the set of all operations with no 

predecessors. (i.e. the first operation of each job corresponding to the selected ARCs ). 

2) Determine <p = min <p*. over all k1 e S 1 and the machine m on which <p is realized. 
J 

3) For each operation ki e S1 that requires machine m and for which cr*. < <p , use the 
J 

above priority index to determine the operation to be added to the current partial 

solution PS, as early as possible, creating a new partial solution PS,+1 • (Break 

persisting ties arbitrarily). 

4) For the new partial schedule created, update the data set as follows : 

a) Remove operation ki from S1 • 

b) Form S,+ 1 by adding the direct successor of operation ki to S1 • 

c) Increment t by one. 

5) Return to step 2 with the current partial schedule and continue 

until a complete schedule is generated. 
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6. Summary of the Proposed Heuristics. 

A summary of Heuristic 1 

Step 1. Obtain an initial job - ARC set using the heuristic routine outlined in Section 

4.3. 

Step 2. Draw up a schedule for this job-ARC set , using the scheduling routine outlined 

in Chapter 5. This will be an upper bound on the makespan. 

Step 3. Use the makespan obtained in Step 2 as an upper bound for the subgradient 

algorithm, which is used to solve the Lagrangean relaxation outlined in Section 4.1. Use 

the initial job-ARC solution to obtain an advanced dual start for the subgradient 

algorithm by determining the binding / non-binding constraints. An all zero dual start 

can also be used. 
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Step 3 ( a). At each subgradient iteration, given a set of dual multipliers, solve the 

Lagrangean subproblem using a Dynamic Programming procedure as shown in Section 

4.1. This leads to the selection of a set of job-ARCs. 

Step 3 ( h ). Use the scheduling routine [ Chapter 5 ] to draw up a schedule for the 

job-ARC set obtained in step 3 (a), using the x solution generated by the DP procedure 

for priority indexing. Store this set of job-ARCs, if the resulting makespan is better than 

the best makespan so far. 

Step 3 (c). Determine a subgradient direction to move along and obtain a new set of 

feasible dual multipliers [ see Section 4.1 - Subgradient algorithm ]. Repeat step 3 for a 

certain maximum number of iterations. At the end of these iterations the best set of 

job-ARCs and the corresponding schedule are the solution obtained using Heuristic 1. 

A summary of Heuristic 2 : 

Step I. Obtain an initial job - ARC set using the heuristic routine outlined in Section 

4.3. 

Step 2. Draw up a schedule for this job-ARC set , using the scheduling routine outlined 

in Chapter 5. This will be an upper bound on the makespan. 

Step 3. Use an enumeration scheme to select a set of job_ARCs which has not been 

evaluated so far, ensuring the requirements of selecting ad jobs from the set 

Nd, d = l, ... , D and 1 ARC per job. 
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Step 4. Calculate the lower bounds given below in the order in which they are 

described. If any of these is greater than the current upper bound, go to step 3. Else 

continue with the next lower bound calculation. If none of the lower bounds result in 

the rejection of this job-ARC set, then go to step 5. 

lower bound 1 Sum up the operation times of each ARC and take the largest of these 

as lower bound l. 

lower bound 2 Sum up the operation times of all the AR Cs selected and divide this sum 

by the total number of machines available to obtain lower bound 2. 

lower bound 3 For each machine, sum up the operation times for the operations of the 

selected job-ARCs assignable to it and take the largest of these to obtain lower bound 

3. 

lower bound 4 Draw up a schedule using the scheduling routine of Chapter 5 using 

half the total number of selected jobs with their corresponding ARCs, to obtain a 

heuristic lower bound 4. 

Step 5 Draw up a complete schedule and if the resulting makespan is better than the 

current upper bound, make this the new upper bound and store this solution. Go to step 

3 and repeat until all job-ARC combinations have been considered. The solution 

corresponding to the final upper bound is the solution obtained using Heuristic 2. 
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7. Computational Experience 

In this chapter, we present the computational results obtained with Heuristics 1 and 2. 

All experimentation was done on an IBM 3090 computer with the coding in Pascal. The 

first set of runs were made using the Integer Programming package of MPSX, to get an 

idea of the complexity of the model. The results summarized in Table 7.1 show the effect 

of changing the number of jobs, the number of ARCs (alternate routing combinations) 

per job, the number of operations per ARC and the planning horizon, on the run time. 

It is clea·r that problems with more than 4 jobs, 3 ARCs per job and 3 operations per 

ARC require a prohibitive amount of computer time. Hence, it is prohibitive to solve 

any real sized problems using a standard MIP package. The Linear Programming (LP) 

solution value indicates a large duality gap which is also apparent from the results of 

Heuristic I. 

In further experimentation, problems were generated to investigate the effects of varying 

the number of jobs (J), the ip.aximum number of ARCs per job (A), the maximum 
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number of operations per ARC (K) and the total number of machines available (M). A 

uniform random number generator was used to generate data in the following manner: 

The number of jobs and the total number of machines available were input along with 

the upper limits A and K on the number of ARCs per job, and on the number of 

operations per ARC respectively. The actual number of ARCs for any job, operations 

per ARC, machine requirements and processing times were generated randomly within 

their prescribed limits. 

Each operation of an AllC of a job was made to require exactly one machine, with all 

operations of the same ARC of a job requiring different machines. 

The number of subsets D used is determined by a requirement to balance the jobs per 

set with the jobs being allocated to the sets one at a time. Hence, set l has jobs l, (D 

+ 1), (2D + 1) ... and set 2 has jobs 2, D + 2, ... and so on. The actual jobs ad to be 

performed from given subset Nd is randomly generated within it's limits. 

( 1 ad I Nd I ). 

The scheduling horizon is determined as 1.2 times the makespan of the initial heuristic 

schedule described in Chapter 5. The motivation for this is to make the horizon as tight 

as possible to prevent the number of variables from getting too large. For a tighter 

horizon, a factor of 1.0 could have been used on the initial makespan. However, this 

results in some infeasible subproblems when the Dynamic Programming procedure is 

used for their solution. While the factor of 1.2 is not guaranteed to work for all 

problems, it was found to be satisfactory for all our test problems. ( Whenever the 

horizon length yields an infeasible solution to the subproblem, it may be increased at 

that iteration and the Dynamic Programming routine may then be repeated). 
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A time limit of 5 minutes was set for each problem run with either heuristic. For 

Heuristic 1, a maximum of 20 iterations of the subgradient ascent were allowed. The 

largest size problem that Heuristic 1 could solve in this time limit was J = 15, A = 2, 

K = 3, M = 5. It took 102.092 seconds of CPU time. Heuristic 2 can solve problems 

with J = 20, A = 4, K = 6, M = 6 within the 5 minutes time limit. However, due to 

the computational expense involved, larger problems were not attempted. 

The two heuristics were tested using a set of 48 problems to determine the effects of 

varying J, A, K and M. The different values used were J = 3,6,9,12,15 , A = 2,4,6, K 

= 3,6 , M = 3,5,6,8. Using these values, 48 problems were generated. The results are 

summarized in Tables 7.2 and 7.3. 

The run times for the specialized initial job-ARC selection and scheduling routines are 

dependent on the problem size with the total number of jobs (J) having the most 

noticeable effect. The initial job-ARC selection heuristic required, on an average, 8.18 x 

10- 3 to 0.024 seconds. The results show that a change in any one of the factors J, A, 

K or M produces a small change in the run time with the number of jobs having the 

more pronounced effect. This is to be expected, since the number of jobs plays a major 

role in the main step of the procedure, whereas, the number of ARCs and the number 

of operations are required only in the initial stages of the algorithm. 

The scheduling heuristic, on an average, required 1.55 x 10- 3 to 2.669 x 10- 3 seconds for 

3 job problems and 24.35 x 10- 3 seconds for the 15 job problems. The effect of the ( 

number of jobs ) x ( number of operations ) is pronounced, since each operation is 

considered individually for loading on a machine. The number of ARCs plays no role in 

the scheduling heuristic and hence has no effect on the run time of the heuristic. An 

increase ·in the number of machines can work towards marginally increasing or 
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decreasing the run time, depending on whether the effect of the increased number of 

machines or a decreased number of operations per machine dominates. The change is 

typically less than 0.5 %. 

In Heuristic l, these times are insignificant compared to the time that the Dynamic 

Programming (DP) procedure requires in the Lagrangean subproblem solution. The 

difference is an order of magnitude and is to be expected since the DP processes each 

ARC of all the jobs. Moreover, DP based algorithms are inherently time consuming 

because of their state space search requirement. In Heuristic 2, the scheduling heuristic 

run time is a significant factor, since a schedule i's drawn up for every job-ARC 

combination which needs to be evaluated. However, if the initial job-ARC routine 

draws up a good schedule with a very tight upper bound, then the effect of the 

scheduling heuristic run time is minimal. In this case, the lower bound techniques 

outlined in Section 4.2 are very effective in ARC evaluation and actual schedules are 

never drawn out. Hence, it is possible for the overall run time for Heuristic 2 to drop 

even though the scheduling heuristic run time increases - this effect can be seen in 

problems 19 and 20 in comparison to problems 17 and 18. In this case the initial 

job-ARC heuristic selects the best set of job-ARCs. 

The initial job-ARC solution is used by both Heuristic I and Heuristic 2. In Heuristic 

l, it is used as a starting feasible solution and as an upper bound for the subgradient 

algorithm. In Heuristic 2, it is used as an upper bound on the makespan. The initial 

job-ARC heuristic picks the best solution in a large number of problems. In the 

problems where it does not pick the best solution, the solution is within 20 % of the best 

solution. This is very helpful for Heuristic 2, since then, the trivial lower bounds fathom 

several of the ARCs to be evaluated. This can be seen in the low overall run times for 
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problems 19, 20, 21 and 22 although the scheduling heuristic run times for these 

problems are higher than for problems 17 and 18, for example. 

Heuristic 1 is sensitive to a number of parameters of the subgradient algorithm, the 

problem data, problem structure and the upper bound. Hence, although a tighter upper 

bound helps the subgradient algorithm, the effect of the other parameters dominates the 

lower bound obtained after 20 iterations and the job-ARCs selected. ( Each problem was 

allowed 20 iterations of the subgradient algorithm.) In 2 cases ( problems 17 and 18) the 

lower bound climbed upto the upper bound, confirming the optimality of that solution. 

In all the other problems the lower bound would have required more iterations to get 

closer to the upper bound. However, in most of these cases, the best job-ARC set was 

selected within the 20 iterations. In the few cases where the best set was not obtained ( 

problems I, 12, 13, 30, 36 and 37 ), the result was within 10 % of the best solution. 

In conclusion, both Heuristic 1 and Heuristic 2 are able to solve much larger problems 

than is possible using MIP packages. While Heuristic 1 uses a Lagrangean relaxation 

and subgradient based approach for job-ARC selection, Heuristic 2 uses a partial 

enumeration approach for this purpose. The final schedule in both methods is a heuristic 

schedule, and hence, there is no guarantee of an optimal solution. For the smaller 

problems the best solutions were checked graphically and appeared to be optimal. In 

terms of both the solution quality and the run time, Heuristic 2 performs better than 

Heuristic 1. A number of problems [ 31, 32, 39, 40 - 44, 45, 47, 48 ] could not be solved 

by Heuristic 1 in the 5 minute time limit whereas Heuristic 2 solved them in a few 

seconds. It is possible to further improve the run time of Heuristic 2 using stronger 

bounds and a less stringent fathoming criterion. This will permit the solution of much 

larger problems. In Heuristic 1 , the Dynamic Programming subproblem ·solution is the 
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time consummg section and if an equally effective but less time consuming solution 

method can be implemented, Heuristic I would be capable of handling much larger 

problems in a reasonable amount of time. 
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Table 7.1. Results of runs wit!, tlze AJPSX package. 

# of # of # of length LP soln. optimal CPU 
jobs ARCs opns. of value makespan time 

per ARC horiz. ( mins.) 

3 2 3 10 0.4252 7 1.43 

4 3 3 7 - unsolved >5 

2 2 3 6 0.4082 5 0.03 

4 2 3 9 0.7236 9 0.41 

4 3 3 6 0.4620 5 1.61 

3 2 3 9 1.871 9 0.17 

3 2 3 9 0.7736 9 0.40 

3 2 3 5 0.2276 4 0.20 



Table 7.2. fllitial job-ARC and sc/zedulillg nm times. 

Problem Initial Sched. 
number J A K M job - ARCs routine 

time (secs) time(secs) 
X 0.001 X 0.001 

l 3 4 3 3 0.818 1.55 

2 3 4 3 5 0.889 1.667 

3 3 4 6 6 0.915 2.043 

4 3 4 6 8 0.752 2.529 

5 3 6 3 3 4.812 1.685 

6 3 6 3 5 5.052 l.747 

7 3 6 6 6 23.5 2.669 

8 3 6 6 8 24.l 2.531 

9 6 2 3 3 0.873 2.68 

10 6 2 3 5 1.069 2.573 

11 6 2 6 6 0.896 4.685 

12 6 2 6 8 l.007 3.876 

13 6 4 3 3 8.94 2.62 

14 6 4 3 5 1.099 2.391 

15 6 4 6 6 0.943 3.848 

16 6 4 6 8 0.916 3.845 



Table 7.2. lt1itialjob-ARC a11d scheduli11g nm times. ( .. co11td.) 

Problem Initial Sched. 
number J A K M job - ARCs routine 

time (secs) timc(secs) 
X 0.001 X 0.001 

17 6 6 3 3 1.018 2.57 

18 6 6 3 5 1.039 2.415 

19 6 6 6 6 0.997 3.1 

20 6 6 6 8 0.996 2.974 

21 9 2 3 3 1.153 4.665 

22 9 2 3 5 1.186 4.663 

23 9 2 6 6 1.302 6.361 

24 9 2 6 8 1.351 8.371 

25 9 4 3 3 1.318 6.361 

26 9 4 3 5 1.35 4.837 

27 9 4 6 6 1.256 6.380 

28 9 4 6 8 1.241 7.951 

29 9 6 3 3 1.285 4.724 

30 9 6 3 5 1.275 5.601 

31 9 6 6 6 1.328 9.199 

32 9 6 6 8 1.298 9.194 
. 



Table 7.2. Initial job-ARC and scheduling nm times. ( .. contd.) 

Problem Initial Sched. 
number J A K M job - ARCs routine 

time (secs) time(secs) 
X 0.001 X 0.001 

33 12 2 3 3 1.509 14.878 

34 12 2 3 5 1.531 14.122 

35 12 2 6 6 1.609 21.412 

36 12 2 6 8 1.668 17.552 

37 12 4 3 3 1.675 15.138 

38 12 4 3 5 1.660 14.054 

39 12 4 6 6 1.645 28.694 

40 12 4 6 8 1.653 24.816 

41 12 6 3 3 1.840 11.706 

42 12 6 3 5 1.693 15.135 

43 12 6 6 6 1.8 I 3 26.241 

44 12 6 6 8 1.963 30.279 

45 15 2 3 3 1.981 23.862 

46 15 2 3 5 1.918 32.229 

47 15 2 6 6 2.033 41.037 

48 15 2 6 8 1.964 39.456 



Table 7.3. Results of Heuristic I and Heuristic 2. 

-

Problem Initial Lagrangean 11 euristic l Heuristic 1 Heuristic 2 Heuristic 2 
number job-ARC Relxn. run time makespan run time makespan 

makespan bound (secs) (secs) 

1 7 0.0 6.367 7 0.006858 5 

2 5 0.0 5.514 5 0.007495 5 

3 10 10.0 19.45 IO 0.009038 IO 

4 IO 10.0 21.443 IO 0.009010 IO 

5 6 0.5069 11.858 6 0.007929 6 

6 7 4.9974 8.887 5 0.008157 5 

7 12 2.2595 61.078 12 0.011151 12 

8 12 0.0 64.758 12 0.011419 12 

9 6 0.0 8.2265 6 0.028511 6 

IO 4 0.0 9.0934 4 0.030900 4 

11 10 3.7358 40.682 IO 0.085430 IO 

12 11 0.0 65.549 11 0.095421 IO 

13 6 0.0 8.097 6 0.029317 5 

14 4 0.0 19.329 4 0.036468 4 

15 IO 0.0 338.32 IO 0.067945 10 

16 14 0.0 123.187 14 0.034047 14 

17 9 0.222 41.04 7 0.162200 7 

18 7 0.2857 28.5 6 0.120200 5 



Table 7.3. Results of Heuristic 1 a11d Heuristic 2. ( .. co11td) 

Problem Initial Lagrangean Heuristic 1 Heuristic 1 Heuristic 2 Heuristic 2 
number job-ARC Relxn. run time makespan run time makespan 

makespan bound (secs) (secs) 

19 8 0.315 43.5 8 0.072300 8 

20 8 0.315 44.367 8 0.080600 8 

21 12 0.269 4.665 12 0.047200 12 
22 8 0.403 4.663 8 0.043600 8 

23 14 0.421 6.361 13 0.222100 13 
24 12 0.491 8.371 11 0.564500 11 
25 11 0.1818 5.548 9 0.168100 9 

26 6 0.333 4.837 5 0.163200 5 

27 8 0.1458 6.38 8 0.109900 8 

28 7 0.1667 7.951 7 0.138000 7 

29 9 0.3827 92.697 9 0.252900 9 

30 8 0.4306 38.694 8 0.711600 7 

31 9 - > 5 ruins. - 1.076000 9 

32 8 - > 5 ruins. - 1.156000 8 

33 16 0.1979 73.0064 16 0.118000 16 

34 10 0.3167 35.6306 IO 0.083400 10 

35 21 0.4323 271.3816 21 2.042600 21 

36 16 0.3294 160.0264 15 0.054010 14 



Table 7.3. Results of Heuristic 1 alld Heuristic 2. ( .. colltd) 

Problem Initial Lagrangean Heuristic I Heuristic I Heuristic 2 Heuristic 2 
number job-ARC Relxn. run time makespan run time makespan 

makespan bound (secs) (secs) 

37 17 0.1292 178.4433 15 1.714500 14 

38 9 0.2870 40.9838 8 1.287800 8 

39 16 - > 5 mins - 6.314100 15 

40 16 - > 5 mins - 2.187330 14 

41 .15 - > 5 mins - 6.059200 14 

42 9 - > 5 mins - 5.683600 9 

43 11 - > 5 mins - 13.90890 IO 

44 11 - > 5 mins - 35.77790 9 

45 23 - > 5 mins - 0.053970 23 

46 17 0.2235 102.092 15 1.148900 15 

47 25 - > 5 mins - 1.725500 23 

48 21 - > 5 mins - 2.099600 20 



8. Conclusions. 

In this effort, we have considered the problem of parts mix selection and sequencing in 

a Flexible Manufacturing System. Two solution approaches were investigated. The first 

method, which we call Heuristic 1, uses a Mixed Integer Programming model. The 

solution of this model uses a combination of Integer Programming techniques and 

heuristic methods. The second approach, which we call Heuristic 2, uses a quicker 

enumeration type of method to select a good job-ARC mix. Both heuristics employ a 

specialized job-shop heuristic to draw up a final schedule. The objective in our study is 

the minimization of makespan. 

The two heuristics were tested using a set of 48 randomly generated problems. These 

problems were generated to bring out the effect of varying the number of jobs, number 

of AR Cs per job, the number of operations per ARC and the total number of machines 

on the two heuristics. In terms of solution quality, both Heuristic 1 and Heuristic 2 

performed well. Heuristic 1 is sensitive to a number of parameters of the subgradient 

algorithm, the problem data, the problem structure and the upper bound used. Hence, 

each one of these factors affects the solution quality and the run time of this heuristic. 
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The Dynamic Pogramming procedure used in Heuristic 1 is a computationally intensive 

procedure and controls the performance of this heuristic both in terms of increasing the 

run time and improving the solution quality. With this procedure removed from the 

subproblem solution in Heuristic 1, the solution quality is poor although the run time 

improves considerably. The run time of Heuristic 2 is affected by the problem size. This 

being an enumeration type of procedure, its solution quality is unaffected by the 

problem size. The scheduling heuristic and the·efficiency of the enumeration technique 

used to generate the feasible job-ARC combinations control the performance of this 

heuristic. The largest problem solved in a time limit of 5 minutes by Heuristic 1 had 15 

jobs, a maximum of 2 AR Cs per job, 3 operations per ARC and 5 machines. In this same 

time limit Heuristic 2 could solve a problem with 20 jobs, a maximum of 4 ARCs per job, 

6 operations per ARC and 6 machines. 

Improvements, via further research, can be made in Heuristic I by two different 

approaches, both aimed at reducing or completely eliminating the computational 

expense of the Dynamic Programming procedure. One approach could be to modify the 

relaxation structure of Heuristic I and solve a different relaxation so as to avoid the 

subproblem requiring a Dynamic Programming solution. Alternately, one could look for 

a more efficient procedure which results in a good subproblem solution for the given 

relaxation structure. Improvements to Heuristic 2 can be directed towards the 

development of a more efficient enumeration procedure through the use of stronger 

bounds and possibly a faster scheduling heuristic. 
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Appendix A. Objective functions for the MIP. 

The different objective functions which can be used with the Mathematical Model are 

given below : 

Minimize the total idle time for the jobs (or the total flowtime). 

N 
Minimize I. max{t I. x1ana1} 

j=l a EA· J t J 

Minimize the total machine idle time ( makespan times the number of machines -. total 

processing time). 

Minimize { 
M maximum { t L xJana1} -

aE A1 J 

U,r) 
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Minimize the total machine idle time over a fixed shift duration i.e. minimize ( number 

of machines times shift duration - total processing time) = maximize total processing time. 

Minimize the maximum machine idle time or maximize the minimum machine utilization. 

where 

Sm : {(j,a,k) : operation k of ARC a E A1 

of job j requires machine m} for m = 1, ... , M 

SJ,: {k:U,a,k) e Sm} j = 1, ... , N, a e Aj, m = 1, ... , M 
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