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Predictive Simulations of the Impedance-Matched Multi-Axis Test
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Kevin J. Moreno

(ABSTRACT)

Environmental testing is essential to certify systems to withstand the harsh dynamic loads

they may experience in their service environment or during transport. For example, satel-

lites are subjected to large vibration and acoustic loads when transported into orbit and

need to be certified with tests that are representative of the anticipated loads. However, tra-

ditional certification testing specifications can consist of sequential uniaxial vibration tests,

which have been found to severely over- and under-test systems needing certification. The

recently developed Impedance-Matched Multi-Axis Test (IMMAT) has been shown in the

literature to improve upon traditional environmental testing practices through the use of

multi-input multi-output testing and impedance matching. Additionally, with the use of

numerical models, predictive simulations can be performed to determine optimal testing pa-

rameters. Developing an accurate numerical model, however, requires precise knowledge of

the system’s dynamic characteristics, such as boundary conditions or material properties.

These characteristics are not always available and would also require additional testing for

verification. Furthermore, some systems may be extremely difficult to model using numerical

methods because they contain millions of finite elements requiring impractical times scales to

simulate or because they were fabricated before mainstream use of computer aided drafting

and finite element analysis but are still in service. An alternative to numerical modeling is

data-driven modeling, which does not require knowledge of a system’s dynamic characteris-

tics. The Continuous Residue Interpolation (CRI) method has been recently developed as



a novel approach for building data-driven models of dynamical systems. CRI builds data-

driven models by fitting smooth, continuous basis functions to a subset of frequency response

function (FRF) measurements from a dynamical system. The resulting fitted basis functions

can be sampled at any geometric location to approximate the expected FRF at that location.

The research presented in this thesis explores the use of CRI-derived data-driven models in

predictive simulations for the IMMAT performed on a Euler-Bernoulli beam. The results

of the simulations reveal that CRI-derived data-driven models of a Euler-Bernoulli beam

achieve similar performance when compared to a finite element model and make similar

decisions when deciding the excitation locations in an IMMAT.
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Kevin J. Moreno

(GENERAL AUDIENCE ABSTRACT)

In the field of vibrations testing, environmental tests are used to ensure that critical devices or

structures can withstand harsh vibration environments. For example, satellites experience

harsh vibrations and damaging acoustics that are transferred from it’s rocket transport

vehicle. Traditional environmental tests would require that the satellite be placed on a

vibration table and sequentially vibrated in multiple orientations for a specified duration and

intensity. However, these traditional environmental tests do not always produce vibrations

that are representative of the anticipated transport or operational environment. Newly

developed methods, such as the Impedance-Matched Multi-Axis Test (IMMAT) methods

achieves representative test results by matching the mounting characteristics of the structure

during it’s transport or operational environment and vibrating the structure in multiple

directions simultaneously. An IMMAT can also be optimized by using finite element models

(FEM), which approximate the device to be tested with a discrete number of small volumes

whose physics are described by fundamental equations of motion. However, an FEM can

only be used if it’s dynamic characteristics are sufficiently similar to the structure undergoing

testing. This can only be achieved with precise knowledge of the dynamical properties of

the structure, which is not always available. An alternate approach to an FEM is to use a

data-driven model. Because data-driven models are made using data from the system it is

supposed to describe, dynamical properties of the device are pre-built in the model and is

not necessary to approximate them. Continuous Residue Interpolation (CRI) is a recently



developed data-driven modeling scheme that approximates a structure’s dynamic properties

with smooth, continuous functions updated with measurements of the input-output response

dynamics of the device. This thesis presents the performance of data-driven models generated

using CRI when used in predictive simulations of an IMMAT. The results show that CRI-

derived data-driven models perform similarly to FEMs and make similar predictions for

optimal input vibration locations.
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�K�Q�/���H ���M���H�v�b�B�b ���T�T�`�Q���+�? �i�Q �+�?���`���+�i�2�`�B�x�2 �i�?�2 �/�v�M���K�B�+ �T���`���K�2�i�2�`�b �Q�7 �`�Q�i���i�B�M�; �b�v�b�i�2�K�b �r�?�B�+�?

�+���M �m�H�i�B�K���i�2�H�v ���B�/ �B�M �i�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7 ���M���H�v�i�B�+���H �K�Q�/�2�H�b �7�Q�` �`�Q�i���i�B�M�; �b�v�b�i�2�K�b �(�8�e�)�X �"�m�i

�i�?�2�`�2 ���`�2 �K���M�v �+���b�2�b �r�?�2�`�2 �K�Q�/�2�H�b �+���M �#�2 �i�Q�Q �+�Q�K�T�H�2�t �i�Q �/�2�p�2�H�Q�T �m�b�B�M�; ���M���H�v�i�B�+���H �K�2���M�b�X

�h�?�2�`�2�7�Q�`�2 ���M ���H�i�2�`�M���i�B�p�2 �B�b �7�B�M�B�i�2 �2�H�2�K�2�M�i �K�Q�/�2�H�B�M�;�X

�h�?�2�b�2 �7�B�M�B�i�2 �2�H�2�K�2�M�i �K�Q�/�2�H�b �+���M �#�2 �/�2�p�2�H�Q�T�2�/ �m�b�B�M�; �� �7�B�M�B�i�2 �2�H�2�K�2�M�i �K�2�i�?�Q�/ �b�m�+�? ���b �i�?�2

�K�2�i�?�Q�/ �Q�m�i�H�B�M�2�/ �B�M�1�M�;�B�M�2�2�`�B�M�; �o�B�#� �̀��i�B�Q�M�(�8�j�) �Q�` �m�b�B�M�; �`�2���/�B�H�v ���p���B�H���#�H�2 �+�Q�K�T�m�i�2�` ���B�/�2�/ �/�2�@

�b�B�;�M �b�Q�7�i�r���`�2�X �>�Q�r�2�p�2�`�- �6�1�J�b ���M�/ �i�?�2 �K�Q�/�2�H�b �i�?�2�v ���`�2 �#���b�2�/ �Q�M �+���M �B�M�B�i�B���H�H�v �?���p�2 �/�B�7�7�2�`�B�M�;

�K�Q�/���H �T�`�Q�T�2�`�i�B�2�b�X �h�?�2�`�2�7�Q�`�2 �K�Q�/�2�H �m�T�/���i�B�M�; �B�b �m�b�2�/ �i�Q �2�M�b�m�`�2 �i�?���i �i�?�2 �6�1�J�b ���`�2 �i�`�m�H�v �`�2�T�@

�`�2�b�2�M�i���i�B�p�2 �Q�7 �i�?�2 �i�2�b�i ���`�i�B�+�H�2 �i�?�2�v �`�2�T�`�2�b�2�M�i �(�8�d�-�8�3�-�8�N�)�X �P�M�+�2 �m�T�/���i�2�/�- �6�1�J�b ���`�2 �T�Q�r�2�`�7�m�H

�i�Q�Q�H�b ���M�/ �?���p�2 �#�2�2�M �m�b�2�/ �B�M �� �r�B�/�2 �p���`�B�2�i�v �Q�7 �2�M�p�B�`�Q�M�K�2�M�i���H �i�2�b�i�B�M�; ���T�T�H�B�+���i�B�Q�M�b �B�M �H�B�i�2�`�@

���i�m�`�2 �7�`�Q�K �K�Q�/�2�H�B�M�; �i�?�2 �p�B�#�`���i�B�Q�M�b �Q�7 ���M�+�B�2�M�i �K���b�Q�M�`�v �b�i�`�m�+�i�m�`�2�b �7�Q�` �/���K���;�2 ���b�b�2�b�b�K�2�M�i
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�(�e�y�)�- �K�Q�/�2�H�B�M�; �i�?�2 ���`�K���i�m�`�2 �Q�7 ���M �2�H�2�+�i�`�Q�/�v�M���K�B�+ �b�?���F�2�` �i�Q �b�B�K�m�H���i�2 �� �`���M�/�Q�K �p�B�#�`���i�B�Q�M

�i�2�b�i �(�e�R�)�- ���M�/ �K�Q�/�2�H�B�M�; �� �`�2�b�Q�M���M�i �T�H���i�2 �b�m�#�D�2�+�i�2�/ �i�Q �b�?�Q�+�F �i�Q �m�M�/�2�`�b�i���M�/ �i�?�2 �T���`���K�2�i�2�`�b

�i�?���i ���7�7�2�+�i �`�2�T�2���i���#�B�H�B�i�v �Q�7 �� �b�?�Q�+�F �i�2�b�i �(�e�k�)�X �>�Q�r�2�p�2�`�- �6�1�J�b �+���M �Q�7�i�2�M �+�Q�M�i���B�M �K�B�H�H�B�Q�M�b �Q�7

�2�H�2�K�2�M�i�b �i�?���i �+���M �H�2���/ �i�Q �H�2�M�;�i�?�v �b�B�K�m�H���i�B�Q�M�b �Q�` ���`�2 �+�Q�b�i�H�v ���M�/ �i�B�K�2 �+�Q�M�b�m�K�B�M�; �i�Q �`�m�M �/�m�2 �i�Q

�i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �H�B�K�B�i���i�B�Q�M�b �Q�7 ���+�+�2�b�b�B�#�H�2 �r�Q�`�F�b�i���i�B�Q�M�b�X �6�Q�` �i�?�2�b�2 �+���b�2�b�- �K�Q�/�2�H �`�2�/�m�+�i�B�Q�M

�K�2�i�?�Q�/�b �+���M �#�2 �m�i�B�H�B�x�2�/ ���b �i�?�2�v �+���M �H�2���/ �i�Q ���T�T�`�Q�t�B�K���i�B�M�; �H���`�;�2 �Q�`�/�2�`�2�/ �/�v�M���K�B�+���H �b�v�b�i�2�K�b

�r�B�i�? �`�2�/�m�+�2�/ �Q�`�/�2�` �b�v�b�i�2�K�b �i�?���i �+�H�Q�b�2�H�v �`�2�T�H�B�+���i�2 �i�?�2 �/�2�b�B�`�2�/ �#�2�?���p�B�Q�` �Q�7 �i�?�2 �Q�`�B�;�B�M���H �K�Q�/�2�H�X

�_�2�/�m�+�2�/ �Q�`�/�2�` �K�Q�/�2�H�b �+���M �#�2 �7�Q�`�K�m�H���i�2�/ �#���b�2�/ �Q�M �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �G�v���T�m�M�Q�p �2�[�m���i�B�Q�M�b �Q�`

�i�?�`�Q�m�;�? �B�M�i�2�`�T�Q�H���i�B�Q�M �Q�7 �i�`���M�b�7�2�` �7�m�M�+�i�B�Q�M�b �(�e�j�-�e�9�)�X �A�M �`�2�+�2�M�i �v�2���`�b�- �:�m�;�2�`�+�B�M �2�i ���H�X �/�2�p�2�H�Q�T�2�/

�i�?�2 �>�k �K�Q�/�2�H �`�2�/�m�+�i�B�Q�M �7�`���K�2�r�Q�`�F�- �r�?�B�+�? �B�M�+�Q�`�T�Q�`���i�2�/ �#�Q�i�? �G�v���T�m�M�Q�p ���M�/ �B�M�i�2�`�T�Q�H���i�B�Q�M

�K�2�i�?�Q�/�b �Q�7 �K�Q�/�2�H �`�2�/�m�+�i�B�Q�M �(�e�8�)�X �h�?�2�b�2 �K�Q�/�2�H �`�2�/�m�+�i�B�Q�M �i�2�+�?�M�B�[�m�2�b �?���p�2 �#�2�2�M ���T�T�H�B�2�/ �i�Q

�� �r�B�/�2 �p���`�B�2�i�v �Q�7 �/�v�M���K�B�+���H �b�v�b�i�2�K�b �/�2���H�B�M�; �r�B�i�? �?�2���i �i�`���M�b�7�2�`�- �7�H�m�B�/ �/�v�M���K�B�+�b�- �2�H�2�+�i�`�Q�K�2�@

�+�?���M�B�+���H �b�v�b�i�2�K�b�- ���M�/ �b�i�`�m�+�i�m�`���H �/�v�M���K�B�+�b �i�Q �M���K�2 �� �7�2�r�X �"�2�b�b�2�H�B�M�F �2�i ���H�X �B�M�p�2�b�i�B�;���i�2�/ �i�?�2

�m�b�2 �Q�7 �b�2�p�2�`���H �K�Q�/�2�H �`�2�/�m�+�i�B�Q�M �i�2�+�?�M�B�[�m�2�b �Q�M �� �b�i�2�2�H �7�`���K�2 �K�Q�/�2�H �r�B�i�? �i�r�Q �B�M�T�m�i ���M�/ �i�r�Q

�Q�m�i�T�m�i �H�Q�+���i�B�Q�M�b �(�e�e�)�X �h�?�2 �`�2�b�2���`�+�?�2�`�b �7�Q�m�M�/ �M�Q�i�B�+�2���#�H�2 �p���`�B���i�B�Q�M�b �#�2�i�r�2�2�M �i�?�2 �K�2�i�?�Q�/�b �#�m�i

���H�H ���+�?�B�2�p�2�/ ���M ���+�+�2�T�i���#�H�2 �H�2�p�2�H �Q�7 �`�2�T�H�B�+���i�B�Q�M �Q�7 �i�?�2 �i�`�m�2 �b�v�b�i�2�K �i�`���M�b�7�2�` �7�m�M�+�i�B�Q�M �7�Q�` �i�?�2

�7�B�`�b�i �9 �K�Q�/�2�b �r�B�i�? �i�?�2 �7�B�`�b�i �T���B�` �Q�7 �B�M�T�m�i�b ���M�/ �Q�m�i�T�m�i�b�X �_�2�/�m�+�2�/ �Q�`�/�2�` �K�Q�/�2�H�b ���`�2 �� �m�b�2�7�m�H

�b�Q�H�m�i�B�Q�M �i�Q �`�2�/�m�+�2 �+�Q�K�T�m�i���i�B�Q�M �i�B�K�2 �r�?�B�H�2 �T�`�2�b�2�`�p�B�M�; �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2 �Q�`�B�;�B�M���H �K�Q�/�2�H�X

�>�Q�r�2�p�2�`�- �B�i �/�Q�2�b �M�Q�i ���/�/�`�2�b�b �i�?�2 �H�B�K�B�i���i�B�Q�M �i�?���i �M�m�K�2�`�B�+���H �K�Q�/�2�H�b �Q�M�H�v �+�Q�M�i���B�M ���T�T�`�Q�t�B�K���@

�i�B�Q�M�b �Q�7 �i�?�2 �/�v�M���K�B�+ �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �i�`�m�2 �b�v�b�i�2�K ���M�/ �+���M �`�2�b�m�H�i �B�M �M�Q�i�B�+�2���#�H�2 �2�`�`�Q�` �/�m�`�B�M�;

�i�2�b�i �b�B�K�m�H���i�B�Q�M�b ���M�/ �2�t�T�2�`�B�K�2�M�i�b�X

�A�M �`�2�+�2�M�i �/�2�+���/�2�b �B�i �?���b �#�2�2�M �7�Q�m�M�/ �i�?���i�- �#�v �m�b�B�M�; �b�i���i�B�b�i�B�+���H �K�2�i�?�Q�/�b ���M�/ �K���+�?�B�M�2 �H�2���`�M�B�M�;

�i�2�+�?�M�B�[�m�2�b �r�B�i�? �H���`�;�2 �[�m���M�i�B�i�B�2�b �Q�7 �K�2���b�m�`�2�/ �/���i���- �/���i���@�/�`�B�p�2�M �K�Q�/�2�H�b �/�2�b�+�`�B�#�B�M�; �i�?�2 �B�M�T�m�i

���M�/ �Q�m�i�T�m�i �`�2�H���i�B�Q�M�b�?�B�T �Q�7 �� �/�v�M���K�B�+���H �b�v�b�i�2�K �+���M �#�2 �K���/�2 �r�B�i�?�Q�m�i �i�?�2 �M�2�2�/ �Q�7 �F�M�Q�r�B�M�;

�i�?�2 �B�M�M�2�` �K�2�+�?���M�B�b�K�b �Q�7 �i�?�2 �T�`�Q�+�2�b�b �B�i �/�2�b�+�`�B�#�2�b�X �h�?�2�b�2 �/���i�� �/�`�B�p�2�M �K�Q�/�2�H�b �?���p�2 �#�2�2�M �b�?�Q�r�M
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�i�Q �#�2 �m�b�2�7�m�H �B�M �T�`�2�/�B�+�i�B�p�2 �b�B�K�m�H���i�B�Q�M�b�- �b�m�+�? ���b �K�Q�/�2�H�B�M�; �i�?�2 �/�v�M���K�B�+ �+�Q�m�T�H�B�M�; �B�M�i�2�`���+�i�B�Q�M

�#�2�i�r�2�2�M �� �i�2�b�i ���`�i�B�+�H�2�- �i�2�b�i �7�B�t�i�m�`�2�b�- ���M�/ �i�2�b�i �7���+�B�H�B�i�v �7�Q�` �� �p�B�`�i�m���H �i�2�b�i �(�e�d�)�X �P�M�2 �/���i�� �/�`�B�p�2�M

���T�T�`�Q���+�? �7�Q�` �K�Q�/�2�H�B�M�; �/�v�M���K�B�+���H �b�v�b�i�2�K�b �B�b �+���H�H�2�/ �p�2�+�i�Q�` �7�B�i�i�B�M�;�X �o�2�+�i�Q�` �7�B�i�i�B�M�;�- �/�2�p�2�H�Q�T�2�/

�#�v �"�D�Q�`�M �:�m�b�i���p�b�2�M �2�i ���H�X �B�b �� �T�Q�T�m�H���` ���T�T�`�Q���+�? �7�Q�` ���T�T�`�Q�t�B�K���i�B�M�; �`���i�B�Q�M���H �7�m�M�+�i�B�Q�M�b�- �b�m�+�?

���b �i�?�2 �7�`�2�[�m�2�M�+�v �`�2�b�T�Q�M�b�2 �7�m�M�+�i�B�Q�M �Q�7 �� �/�v�M���K�B�+���H �b�v�b�i�2�K�- �7�`�Q�K �K�2���b�m�`�2�K�2�M�i �/���i�� �(�e�3�)�X �h�?�2

���T�T�`�Q�t�B�K���i�2�/ �`���i�B�Q�M���H �7�m�M�+�i�B�Q�M �+���M �#�2 �/�2�b�+�`�B�#�2�/ ���b�,

f (s) �
NX

n=1

�+n
s � an

+ �/ + s�? �U�R�X�R�V

�r�?�2�`�2�+n ���M�/an ���`�2 �`�2�b�B�/�m�2�b ���M�/ �T�Q�H�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�- ���M�/�/ ���M�/�? ���`�2 �Q�T�i�B�Q�M���H �i�2�`�K�b�X

�1�[�m���i�B�Q�M�R�X�R�B�b �b�Q�H�p�2�/ ���b �� �H�B�M�2���` �T�`�Q�#�H�2�K �B�M �i�r�Q �b�2�[�m�2�M�i�B���H �b�i���;�2�b�X �h�?�2 �7�B�`�b�i �b�i���;�2 �B�b �B�/�2�M�@

�i�B�7�v�B�M�; �i�?�2 �`�Q�Q�i�b �Q�7 �i�?�2 �/�2�M�Q�K�B�M���i�Q�`�- �Q�i�?�2�`�r�B�b�2 �F�M�Q�r�M ���b �T�Q�H�2�b�- �m�b�B�M�; ���M �B�M�B�i�B���H �;�m�2�b�b �Q�7

�i�?�2 �b�v�b�i�2�K �T�Q�H�2�b�X �h�?�2 �b�2�+�Q�M�/ �b�i���;�2 �B�/�2�M�i�B�7�B�2�b �i�?�2 �`�Q�Q�i�b �Q�7 �i�?�2 �M�m�K�2�`���i�Q�`�- �Q�` �`�2�b�B�/�m�2�b�- ���M�/

���`�2 �#�Q�i�? �7�Q�m�M�/ �m�b�B�M�; ���M �B�i�2�`���i�B�p�2 �H�2���b�i �b�[�m���`�2 ���T�T�`�Q���+�?�X �o�2�+�i�Q�` �7�B�i�i�B�M�; �?���b �#�2�2�M �m�b�2�/ �Q�M

�b�2�p�2�`���H �b�i�m�/�B�2�b �i�Q ���T�T�`�Q�t�B�K���i�2 �p�B�#�`���i�B�M�; �b�v�b�i�2�K�b �m�b�B�M�; �Q�M�H�v �K�2���b�m�`�2�/ �7�`�2�[�m�2�M�+�v �`�2�b�T�Q�M�b�2

�7�m�M�+�i�B�Q�M�b�X �.�`�B�2�b �S�2�m�K���M�b �2�i ���H�X �m�b�2�/ ���M ���/���T�i�2�/ �p�2�+�i�Q�` �7�B�i�i�B�M�; �K�2�i�?�Q�/ �#���b�2�/ �Q�M �:�m�b�i���p�b�2�M
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�+���M �#�2 �b�2�2�M �B�M �6�B�;�m�`�2�k�X�k�X �h�?�2 �K���b�b�2�b ���`�2 �2�[�m���H �i�Q �R�y �F�; ���M�/ �i�?�2 �b�T�`�B�M�;�b ���H�H �?���p�2 �b�T�`�B�M�;

�+�Q�M�b�i���M�i�b �Q�7 �8�2�N �L�f�K�X



�R�3 �+�Ñ�ž�ÿ���¶�� �l�Y �B�è�ÿ�¶�²�ž�é�«�¶ �K�ž���«�Ñ�¶�² �K���ã���Ô�A���,�Ô�� �i�¶����

�6�B�;�m�`�2 �k�X�k�, �R�y �J���b�b �b�v�b�i�2�K �b�m�#�D�2�+�i�2�/ �i�Q �/�B�b�i�`�B�#�m�i�2�/ �2�t�+�B�i���i�B�Q�M �2�M�p�B�`�Q�M�K�2�M�i

�k�X�j�X�R �*�`�2���i�B�M�; �i�?�2 �J���i�`�B�t �Q�7 ���+�+�2�H�2�`���M�+�2 �6�_�6�b

�*�`�2���i�B�M�; �i�?�2 �K���i�`�B�t �Q�7 ���+�+�2�H�2�`���M�+�2 �6�_�6�b �+���M �#�2 �/�Q�M�2 �m�b�B�M�; ���+�+�2�H�2�`���M�+�2 �6�_�6�b �K�2���b�m�`�2�/ �2�t�@

�T�2�`�B�K�2�M�i���H�H�v �Q�` �m�b�B�M�; �� �7�B�M�B�i�2 �2�H�2�K�2�M�i �K�Q�/�2�H�X �q�?�2�M �/�2�+�B�/�B�M�; �i�Q �m�b�2 �2�t�T�2�`�B�K�2�M�i���H�H�v �K�2���b�m�`�2�/

���+�+�2�H�2�`���M�+�2 �6�_�6�b�- �B�i �B�b ���b�b�m�K�2�/ �i�?���i �i�?�2 �B�M�T�m�i ���M�/ �Q�m�i�T�m�i �H�Q�+���i�B�Q�M�b �i�Q �T�2�`�7�Q�`�K �i�?�2 �A�J�J���h

�?���p�2 �#�2�2�M �/�2�+�B�/�2�/ �b�B�M�+�2 �i�?�2 �2�t�T�2�`�B�K�2�M�i �+���M�M�Q�i �#�2 �`�2���/�B�H�v �`�2�T�2���i�2�/�X �A�7 �H�Q�+���i�B�Q�M�b �i�?���i ���`�2 �+�`�B�i�@

�B�+���H �i�Q �i�?�2 �b�m�`�p�B�p���#�B�H�B�i�v �Q�7 �i�?�2 �i�2�b�i ���`�i�B�+�H�2 �B�M �B�i�b �Q�T�2�`���i�B�Q�M���H �2�M�p�B�`�Q�M�K�2�M�i ���`�2 �T�`�2�@�/�2�i�2�`�K�B�M�2�/�-

�i�?�2�M �B�i �+���M �#�2 ���b�b�m�K�2�/ �i�?���i �i�?�Q�b�2 �H�Q�+���i�B�Q�M�b �r�B�H�H �#�2 �i�?�2 �Q�m�i�T�m�i �H�Q�+���i�B�Q�M�b�X �h�?�2 �B�M�T�m�i �H�Q�+���i�B�Q�M�b

�K���v �M�Q�i �#�2 ���b �b�i�`���B�;�?�i �7�Q�`�r���`�/�X �.�2�T�2�M�/�B�M�; �Q�M �i�?�2 �b�v�b�i�2�K �#�2�B�M�; �i�2�b�i�2�/�- �B�i �K���v �#�2 �B�K�T�Q�b�b�B�#�H�2

�i�Q �F�M�Q�r �r�?�2�`�2 �i�Q �2�t�+�B�i�2 �i�?�2 �b�v�b�i�2�K�- �?�Q�r �K���M�v �B�M�T�m�i �H�Q�+���i�B�Q�M�b �B�b �M�2�+�2�b�b���`�v�- ���M�/ �i�?�2 �K�B�M�@

�B�K�m�K �2�M�2�`�;�v �`�2�[�m�B�`�2�K�2�M�i�b �#���b�2�/ �Q�M �2�M�;�B�M�2�2�`�B�M�; �B�M�i�m�B�i�B�Q�M ���H�Q�M�2 ���M�/ �K���v �`�2�b�m�H�i �B�M �+�Q�T�B�Q�m�b

���K�Q�m�M�i�b �Q�7 �m�b�2�` �2�`�`�Q�`�X �A�M�b�i�2���/�- �B�i �r�Q�m�H�/ �#�2 �m�b�2�7�m�H �i�Q ���T�T�H�v ���M ���T�T�`�Q���+�? �7�Q�` �Q�T�i�B�K���H �b�?���F�2�`

�T�H���+�2�K�2�M�i�X �P�M�+�2 �i�?�2 �B�M�T�m�i�b �?���p�2 �#�2�2�M �/�2�+�B�/�2�/ ���M�/ �i�?�2 ���+�+�2�H�2�`���M�+�2 �6�_�6 ���i �i�?�2�b�2 �H�Q�+���i�B�Q�M�b

�?���p�2 �#�2�2�M �K�2���b�m�`�2�/�- �i�?�2 �K�2���b�m�`�2�K�2�M�i�b �+���M �#�2 �`�2���`�`���M�;�2�/ �B�M�i�Q �� �K���i�`�B�t �Q�7 ���+�+�2�H�2�`���M�+�2 �6�_�6�b

�r�?�2�`�2 �i�?�2 �`�Q�r�b ���M�/ �+�Q�H�m�K�M�b �`�2�T�`�2�b�2�M�i �i�?�2 �Q�m�i�T�m�i�b ���M�/ �B�M�T�m�i�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�q�?�2�M �/�2�+�B�/�B�M�; �i�Q �m�b�2 �� �7�B�M�B�i�2 �2�H�2�K�2�M�i �K�Q�/�2�H �B�M�b�i�2���/ �Q�7 �m�b�B�M�; �2�t�T�2�`�B�K�2�M�i���H �/���i���- �i�?�2�`�2 ���`�2

�K���M�v ���T�T�`�Q���+�?�2�b �Q�M�2 �+�Q�m�H�/ �i���F�2 ���M�/ �r�Q�m�H�/ �m�H�i�B�K���i�2�H�v �/�2�T�2�M�/ �Q�M �i�?�2 �/�2�p�B�+�2 �m�M�/�2�` �i�2�b�i�X �A�7 �i�?�2

�/�2�p�B�+�2 �+���M �K�Q�/�2�H�2�/ ���b �� �Q�M�2 �/�B�K�2�M�b�B�Q�M���H �b�v�b�i�2�K�- �i�?�2�M �B�i �+���M �#�2 �b�B�K�T�H�v �K�Q�/�2�H�2�/ �B�M �J���h�G���"�X

�>�Q�r�2�p�2�`�- �B�7 �i�?�2 �/�2�p�B�+�2 �B�b �K�Q�`�2 �+�Q�K�T�H�2�t �Q�` �B�b �+�Q�K�T�`�B�b�2�/ �Q�7 �K�m�H�i�B�T�H�2 �T���`�i�b ���b�b�2�K�#�H�2�/�- �i�?�2�M

�B�i �K���v �#�2 �#�2�i�i�2�` �i�Q �m�b�2 �+�Q�K�T�m�i�2�` ���B�/�2�/ �/�`���7�i�B�M�; �b�Q�7�i�r���`�2 �r�B�i�? �� �7�B�M�B�i�2 �2�H�2�K�2�M�i ���M���H�v�b�B�b



�l�Y�k�Y �B�è�ÿ�ã�¶�è�¶�é���Ô�é�Ì ���Ñ�¶ �B�K�K���i �&�Ô�ž �b�Ô�è���ã�ž���Ô�ñ�é �R�N

�T���+�F���;�2�X �A�M ���M�v �K�2�i�?�Q�/�- �i�?�2 �;�Q���H �r�Q�m�H�/ �#�2 �i�Q �T�`�Q�/�m�+�2 �� �K�Q�/�2�H�- �i�?���i �+���M �#�2 �p���H�B�/���i�2�/�-

�i�Q �Q�#�i���B�M �2�b�i�B�K���i�2�b �7�Q�` �i�?�2 �/�2�p�B�+�2�ö�b �M���i�m�`���H �7�`�2�[�m�2�M�+�B�2�b ���M�/ �K�Q�/�2 �b�?���T�2�b�X �q�B�i�? �i�?�B�b�- �i�?�2

���+�+�2�H�2�`���M�+�2 �6�_�6�b �+���M �#�2 �+���H�+�m�H���i�2�/ �m�b�B�M�; �i�?�2 �M���i�m�`���H �7�`�2�[�m�2�M�+�B�2�b�-! n �- �K�Q�/�2 �b�?���T�2�b�-� �- ���M�/

���b�b�m�K�2�/ �/���K�T�B�M�; �`���i�B�Q�b�-� n �- �(�d�j�) �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�,
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[�] H : �U�k�X�R�V

�q�B�i�? �i�?�B�b �7�Q�`�K�m�H���- �i�?�2 ���#�B�H�B�i�v �i�Q �T�B�+�F ���M�/ �+�?�Q�Q�b�2 �r�?�B�+�? ���+�+�2�H�2�`���M�+�2 �6�_�6�b ���`�2 �+�`�B�i�B�+���H �7�Q�`

�i�?�2 �2�M�p�B�`�Q�M�K�2�M�i���H �i�2�b�i �+���M �#�2 �2���b�B�H�v �/�Q�M�2�X �h�?�2 �+�Q�H�m�K�M�b �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2 �H�Q�+���i�B�Q�M�b �Q�7 �i�?�2

�B�M�T�m�i �b�?���F�2�`�b ���M�/ �i�?�2 �`�Q�r�b �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2 �Q�m�i�T�m�i ���+�+�2�H�2�`�Q�K�2�i�2�`�b�X �h�?�2 �#�2�M�2�7�B�i �Q�7 �?���p�B�M�;

�� �7�B�M�B�i�2 �2�H�2�K�2�M�i �K�Q�/�2�H �B�b �Q�T�i�B�K�B�x���i�B�Q�M�X �a�2�p�2�`���H �B�M�T�m�i ���M�/ �Q�m�i�T�m�i �H�Q�+���i�B�Q�M �b�+�2�M���`�B�Q�b �+���M �#�2

�b�B�K�m�H���i�2�/ �B�i�2�`���i�B�p�2�H�v �i�Q �T�`�Q�/�m�+�2 �i�?�2 �#�2�b�i �`�2�b�m�H�i�b �i�?���i �K�B�M�B�K�B�x�2 �i�?�2 �/�2�b�B�`�2�/ �p���`�B���#�H�2�X �h�?�B�b

�p���`�B���#�H�2 �+�Q�m�H�/ �#�2 �i�?�2 �2�`�`�Q�` ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �`�2�T�H�B�+���i�B�Q�M �Q�7 �i�?�2 ���+�+�2�H�2�`���i�B�Q�M �`�2�b�T�Q�M�b�2 �Q�7 �i�?�2

�/�2�p�B�+�2 �m�M�/�2�` �i�2�b�i�- �i�?�2 �`�2�[�m�B�`�2�/ �2�M�2�`�;�v �M�2�2�/�2�/ �i�Q �T�2�`�7�Q�`�K �i�?�2 �i�2�b�i�- �Q�` �i�?�2 �K�B�M�B�K�m�K �M�m�K�#�2�`

�Q�7 �b�?���F�2�`�b �M�2�2�/�2�/�X �h�?�2�b�2 �p���`�B���#�H�2�b �+���M �+�?���M�;�2 �Q�M �� �+���b�2 �#�v �+���b�2 �#���b�B�b�- �#�m�i �i�?�2 �7�B�M�B�i�2 �2�H�2�K�2�M�i

�K�Q�/�2�H �+���M ���H�H�Q�r �i�?�B�b �Q�T�i�B�K�B�x���i�B�Q�M �i�Q �b�B�K�T�H�v �#�2 �T�2�`�7�Q�`�K�2�/�X

�k�X�j�X�k �1�M�p�B�`�Q�M�K�2�M�i �*���T�i�m�`�2 �h�`�B���H

�6�Q�` �i�?�2 �R�y�@�K���b�b �b�v�b�i�2�K�- �B�i �r�B�H�H �#�2 ���b�b�m�K�2�/ �i�?���i �i�?�2�`�2 �B�b �� �/�B�b�i�`�B�#�m�i�2�/ �2�t�+�B�i���i�B�Q�M �2�M�p�B�`�Q�M�K�2�M�i

�B�K�T���`�i�B�M�; �2�M�2�`�;�v �Q�M�i�Q ���H�H �Q�7 �i�?�2 �K���b�b�2�b�X �h�Q �+���H�+�m�H���i�2 �i�?�2 ���+�+�2�H�2�`���i�B�Q�M �`�2�b�T�Q�M�b�2 �7�`�Q�K ���H�H �Q�7

�i�?�2 �K���b�b�2�b �/�m�2 �i�Q �i�?�2 �b�B�K�m�H���i�2�/ �Q�T�2�`���i�B�Q�M���H �2�M�p�B�`�Q�M�K�2�M�i�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �r�B�H�H �#�2 �m�b�2�/�,

[S•x •x (! )]N � N = [ A(! )]N � N [Sf f (! )]N � N [A(! )]H
N � N �U�k�X�k�V



�k�y �+�Ñ�ž�ÿ���¶�� �l�Y �B�è�ÿ�¶�²�ž�é�«�¶ �K�ž���«�Ñ�¶�² �K���ã���Ô�A���,�Ô�� �i�¶����

�6�B�;�m�`�2 �k�X�j�, ���m�i�Q �a�T�2�+�i�`���H �.�2�M�b�B�i�v �Q�7 �a�B�K�m�H���i�2�/ �1�M�p�B�`�Q�M�K�2�M�i �A�M�T�m�i �i�Q �1���+�? �J���b�b

�r�?�2�`�2S•x •x �B�b �i�?�2 �b�T�2�+�i�`���H �/�2�M�b�B�i�v �K���i�`�B�t �Q�7 ���+�+�2�H�2�`���i�B�Q�M �`�2�b�T�Q�M�b�2�b�-Sf f �B�b �i�?�2 �b�T�2�+�i�`���H �/�2�M�b�B�i�v

�K���i�`�B�t �Q�7 �i�?�2 ���T�T�H�B�2�/ �7�Q�`�+�2�b �i�Q �i�?�2 �R�y�@�K���b�b �b�v�b�i�2�K�-A �B�b �i�?�2 �K���i�`�B�t �Q�7 ���+�+�2�H�2�`���M�+�2 �6�_�6�b�- ���M�/

H �B�b �i�?�2 �>�2�`�K�B�i�B���M �h�`���M�b�T�Q�b�2�XS•x •x �B�b �i�v�T�B�+���H�H�v �K�2���b�m�`�2�/ �m�b�B�M�; ���+�+�2�H�2�`�Q�K�2�i�2�`�b ���i�i���+�?�2�/ �i�Q �i�?�2

�i�2�b�i ���`�i�B�+�H�2 �r�?�B�H�2 �B�i �B�b �b�m�#�D�2�+�i�2�/ �i�Q �i�?�2 �Q�T�2�`���i�B�Q�M���H �2�M�p�B�`�Q�M�K�2�M�i�X �h�?�2 �b�B�K�m�H���i�2�/ �Q�T�2�`���i�B�Q�M���H

�2�M�p�B�`�Q�M�K�2�M�i ���T�T�H�B�2�/ �i�Q �i�?�2 �R�y�@�K���b�b �b�v�b�i�2�K �B�b �� �+�Q�M�b�i���M�i �7�Q�`�+�2 �T�Q�r�2�` �b�T�2�+�i�`���H �/�2�M�b�B�i�v �Q�7 �j

N 2/ Hz �i�Q �2���+�? �/�B���;�Q�M���H �2�H�2�K�2�M�i �B�MSf f �r�?�B�H�2 �F�2�2�T�B�M�; ���H�H �Q�7�7�@�/�B���;�Q�M���H �i�2�`�K�b �x�2�`�Q�X �h�?�B�b �r�B�H�H

�T�`�Q�/�m�+�2 �� �/�B�b�i�`�B�#�m�i�2�/ �2�t�+�B�i���i�B�Q�M �2�M�p�B�`�Q�M�K�2�M�i �r�B�i�? �m�M�+�Q�`�`�2�H���i�2�/ �7�Q�`�+�2 �B�M�T�m�i�b�X

�q�?�2�M �+�Q�K�#�B�M�B�M�; �1�[�m���i�B�Q�M�b�k�X�R���M�/�k�X�k�- �i�?�2 ���+�+�2�H�2�`���i�B�Q�M �`�2�b�T�Q�M�b�2�-S•x •x ���i ���H�H �K���b�b�2�b �+���M �#�2

�Q�#�i���B�M�2�/�X �h�?�2 �/�B���;�Q�M���H �2�H�2�K�2�M�i�b �Q�7 �i�?�2 �K���i�`�B�t ���`�2 ���m�i�Q �b�T�2�+�i�`���H �/�2�M�b�B�i�B�2�b �Q�7 �i�?�2 ���+�+�2�H�2�`���i�B�Q�M

�`�2�b�T�Q�M�b�2�- �r�?�B�H�2 �i�?�2 �Q�7�7 �/�B���;�Q�M���H �2�H�2�K�2�M�i�b ���`�2 �+�`�Q�b�b �b�T�2�+�i�`���H �/�2�M�b�B�i�B�2�b�X �6�Q�` �i�?�2 �T�m�`�T�Q�b�2�b �Q�7 �i�?�B�b
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