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Aerospace Engineering
(ABSTRACT)

Compressible turbulence in a high-speed, high Reynolds number, supersonic free shear layer was studied.
A two-dimensional free mixing layer was chosen to study turbulence rather than a wall bounded flow due
to the experimental fact that the effects of compressibility become significant at lower Mach numbers. The
mixing layer was generated by supersonic injection of air (M, = 1.8, P, = 0.5 atm, T, = 295K, and Re/m
=7x10%) through a rearward facing tangential slot, into a supersonic free stream (M, = 4.0, P, = 12.5 atm,
T,.. = 290K, and Re/m = 70x106). Flow visualization was accomplished by nanosecond Shadowgraph
photography. The overall flow structure was documented with the Shadowgraph and conventional mean
flow probes (Pitot pressure, cone-static pressure, and thermocouple probes). The turbulent structure of the
flow field was also clearly depicted in the Shadowgraphs. Image processing techniques were developed in
order to determine root-mean-square index of refraction (density) fluctuation levels from the Shadowgraph
plates. Multiple overheat normal and cross-wire techniques were developed and/or improved for this study.
The present research concentrated on the Reynolds averaged form of the Navier-Stokes equations, where
the effects of compressibility are manifested through "apparent mass" terms (i.e. p"u"i). These terms appear
in all of the Reynolds averaged Navier-Stokes equations (continuity, momentum, and energy). A new
turbulence transformation, coupled with innovative experimental methods, allowed the full compressible
Reynolds shear stress (the typical incompressible term, pu’iu"j, as well as the apparent mass terms) to be
directly measured. The full compressible heat flux and apparent mass terms were also estimated from the
cross-wire results. Profiles were obtained at four downstream stations which were strategically located to
map different levels of development of the shear flow. The first station was very close to the injector, about
one free stream boundary layer thickness downstream (x/8_ = 1), hence, it is in the initial region. The
second station was located at x/8_ = 28, which was near the beginning of the fully developed zone. The
third station, x/8_ = 83, was just prior the shear layer and floor boundary layer merging. The last station
was positioned just aft of the layer merging, x/8_ = 106. Reynolds averaging of the compressible Navier-
Stokes equations implies that the compressible turbulence affects all of the governing equations. It was

found, experimentally, that the effects of compressibility on turbulence were more than significant



accounting for about 75% of the total level of the Reynolds shear stress formulation for the present study
(i.e. the apparent mass term multiplied by the axial velocity was about 3-4 times the typical incompressible
shear term). For the present mean adiabatic flow, the compressible turbulence accounted for 100% of the
turbulent heat flux. The apparent mass in the continuity equation was, by definition, only due to
compressibility. These results led to the development of a new Compressible Apparent Mass Mixing Length
Extension (CAMMLE) model that accounts for compressible turbulence in all of the governing equations
(i.e. the turbulence terms in the continuity, momentum, and energy were all consistently formulated). The
CAMMLE formulation is a generalization of the Situ-Schetz compressible mixing length formulation, which
was developed to account for the apparent mass terms in the momentum equation. A total of seven
turbulence models were experimentally evaluated, the CAMMLE model, the Prandtl incompressible and the
Situ-Schetz compressible mixing length models, the Prandtl and Bradshaw turbulent kinetic energy (TKE)
formulations, and two compressible TKE extensions that are based upon a newly defined compressible TKE
formulation. The measured turbulence data was used to assess the various models, where the measured
mean flow profiles were used in the model formulations. The incompressible formulations were generally
successful in representing the measured incompressible part of the Reynolds shear stress. However, this
term only accounted for about 25% of the total shear stress level. All of the compressible extensions
provided accurate estimates of the full compressible Reynolds shear stress. In addition, the newly developed
CAMMLE model was also successful in representing the apparent mass terms in the continuity equation.
The CAMMLE model was also the only formulation to accurately predict the measured compressible
turbulent heat flux in the energy equation. The CAMMLE, Situ-Schetz, and Prandtl incompressible mixing
length models were all incorporated in to a 3-D finite volume Navier-Stokes code (GASP 2.0). The
numerical simulations indicated that the new compressible apparent mass mixing length extension performed
very well. The CFD results also enlightened a misuse with all of the current compressible turbulence
models. With the exception of the new apparent mass formulation, all existing turbulence models neglect
the compressible turbulence effects on the continuity equation and treat the energy equation in an ad hoc
effective eddy viscosity and thermal conductivity fashion. The numerical and theoretical studies indicated
that this led to poor prediction of the mixing layer width for cases where the free stream Mach number was
significantly higher than the injection Mach number.
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CHAPTER 1
INTRODUCTION

Compressible turbulence modeling remains the controlling factor in the accuracy of all high speed, high
Reynolds number, viscous computational boundary layer and Navier-Stokes predictions. Turbulence models
are necessary since current (or near future) computational facilities do not have the speed or memory
required to resolve the small turbulent scales directly [1,2,3]. Even large-eddy simulation (LES)
computations are impractical, since the solutions are necessarily unsteady, hence, requiring large computing

times [3]. In additional LES solutions still require turbulence modeling of the small scale turbulence.

The current emphasis on hypersonic flight and the supersonic combustion ram jet engine concept (SCRAM
jet), coupled with the fact that most of the prior fundamental work on turbulence has concentrated on
incompressible flows, requires that compressible turbulence modeling be addressed. The most common,
or practical, approach to viscous computational fluid dynamic (CFD) predictions is based on either the
classical Reynolds (time) averaged, or Favre (mass-weighted) averaged Navier-Stokes equations [4,5].
Closure formulations are needed for both averaging methods.

Historically, the analysis of incompressible turbulent flows had been systematic. The first step was the
theoretical determination of the terms that needed to be modeled (i.e. for incompressible flows the Reynolds
shear stress). Secondly, experiments were performed where both the mean flow and turbulence terms were
measured. The third, and most important step, was to use the experimental data to arrive at a closure
formulation. In other words, the acquired mean flow data was used to semi-empirically develop models
that accurately represented the measured Reynolds shear stress. Finally, these formulations were
numerically tested. References [1] and [6] presents detailed accounts of the development of incompressible

turbulence models (algebraic, one, and two equation methods).

This systematic approach has not been applied to compressible flows for two possible reasons. First, the
compressible turbulence terms are more complicated, and more expensive to measure, than their
incompressible counterparts. For example the compressible Reynolds shear stress formulation contains four
terms including the single incompressible term. The prevalent multi-disciplinary fluid dynamic philosophy
could be the second contributor to the current state of compressible turbulence closure formulations. Since,

high speed computers became a powerful research tool, fluid dynamics has separated into two disciplines,
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computational and experimental. This has rendered the systematic analysis of turbulence modeling
ineffective.  For example, Ref. [5] presents detailed derivations of second order Reynolds and Favre
averaged compressible Navier-Stokes equations. However, the equations were manipulated into forms that
yielded terms that are currently experimentally impossible to measure (for example, fluctuating velocity and
pressure correlations). Experimentalist, on the other hand, manipulate the governing equations such that
current CFD routines are not directly applicable. For example, Ref. [6] presents the compressible turbulent
boundary layer equations. However, the equations were formulated in a "mixed" Reynolds/Favre averaged

form.

The complicated physics and the multi-disciplinary philosophy have compounded to yield the most common
approach to compressible turbulence modeling. Since the compressible turbulence terms are prohibitively
difficult and expensive to measure, experimentalist mainly acquire mean flow data. With this deficiency,
it is impossible to perform the important semi-empirical closure formula analysis. Therefore, hindered by
the lack of data, theoreticians either develop models based on intuition, or relinquish to incorporating ad
hoc extensions of existing incompressible models. The models are then numerically "tuned" or "calibrated”

to match the mean flow data.

The present study addresses compressible turbulence with the historically effective multi-disciplinary
philosophy. First, the Reynolds averaged equations are formulated into form that is both experimentally
and numerically convenient. Secondly, new experimental techniques are developed to yield turbulence data
that allows the all important semi-empirical step to be performed. And, finally, the formulations are
numerically tested. This introductory chapter presents the study objective, some review material, and the
research methodology.

1.1 Objective

Situ and Schetz [4], motivated by SCRAMjet applications geared for the National Aerospace Plane (NASP),
embarked upon a program to rigorously extend Prandtl mixing length theory to include variable density.
Through an intuitive gradient transport analysis, a compressible mixing length eddy viscosity was proposed.
As was alluded to earlier, compressible turbulence data of any kind is scarce, however, compressible
turbulent shear or density-velocity correlations are nonexistent. Thus, the model could not be directly tested
against turbulence data. The model was successful in predicting mean flow results for supersonic free shear

layers and hypersonic wall boundary layers.
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The goal of the present study was to gain a better understanding of the complicated physics accompanied
with high speed turbulent flow fields using the systematic approach. Experimental information is crucial
in the development of turbulence models that are to incorporate the significant flow physics (i.e.
experimental data allows a semi-empirical analyses). Therefore, an experiment was designed and performed,
where the compressible turbulent shear stress and heat flux components were measured. A free shear
(mixing layer) was chosen over a boundary layer because the effects of compressibility appear at much
lower Mach numbers [7].

Reference [5] suggested that the Reynolds averaged approach performs better for free shear layers than the
mass (or Favre) averaged equations, hence, the present study addressed the effects of compressibility on the
Reynolds averaged form of the Navier-Stokes equations. In order to measure the turbulence quantities, new
experimental techniques, or novel interpretations of existing methods, had to be developed. Finally, closure

formulations were evaluated and/or developed, both experimentally and numerically.

1.2 Slot Injection

Before any data could be taken, the flow field to be studied had to be defined. First, to model the
compressible turbulent shear and heat flux in the facilities at Virginia Tech (see Chapter 3), a flow field had
to be designed where the effects of compressibility would be significant. In boundary layers, the effects
of compressibility are generally accepted to be negligible up to free stream Mach numbers on the order of
5.0. However, the maximum Mach number in the present facilities is 4.0. Based on the following comment
by Bradshaw [7]

"The mixing layer data are probably the most suitable for testing models of compressibili-
ty effects on turbulent flow, because those effects are likely to depend more on the
fluctuating Mach number than on the mean Mach number. Taking a typical velocity
fluctuation as (max kinematic shear stress)m, ('cm/p)m, for simplicity we find that the
Mach number fluctuation is M, [t /p,U,21'/2. In the mixing layer, the quantity under the
square root is of order 0.01 at low Mach number, while in a boundary layer it is of order
(C¢/2), say 0.001 to 0.002 at low Mach number. Thus compressibility effects appear at
much lower M, in mixing layers than in boundary layers ..."

A free shear layer was chosen for this study (see Fig. 1.1). Relying on the "Langley Curve" [7] (see Fig.
1.2(a)), which is an experimentally determined correlation between the shear layer spreading rate (dB/dx)
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and the free stream Mach number, the effects of compressibility are expected to become significant for free
stream Mach numbers greater than about 2.5, or, supported by the analysis of Ref. [8], for convective Mach
numbers greater than about 0.3 (Fig. 1.2(b)). As a second benefit, tangential slot injection flows can contain
features of both wall bounded layers and free shear layers [4]. For example, when the flow develops in the
stream wise direction, the wall boundary layer can merge with the free shear layer. Also, large density
gradients can occur across the layer. All of these details made slot injection attractive as a turbulence model

study.

However, the flow also has interest for practical applications. Possible areas of interests include surface
film cooling, SCRAMjet fuel injection, skin friction reduction, and/or energy addition to the layer in order
to prevent boundary layer separation [13]. For the present study, air was injected into air. The wind tunnel
set-up can be interpreted as an idealized near full-scale model SCRAMjet combustor. It consisted of Mach
1.8 air injected into a Mach 4.0 free stream, separated by a turbulent shear layer. The choices of these
Mach numbers will be explained in Chapter 3. The free stream Mach number is typical for flight Mach
numbers of 8-16. Figure 1.1 presents a sketch of the flow field. The free stream and slot injection Re/m
were 67 x 10° and 7 x 108, respectively.

Over the years, starting in the 1940’s, free shear layers have received a great deal of attention, both
experimentally and numerically. The early theoretical treatment of Prandtl and Schlichting [9] concentrated
on approximate analytical solutions, based on similar solutions and a kinematic eddy viscosity that was
proportional to the stream velocity difference multiplied by the shear layer width [9].

A great wealth of supersonic experimental mean flow data has also been archived. Birch and Eggers [10]
compiled surveys of the literature in the first Symposium on Turbulent Shear Flow. They identified the
change in spreading rate as measure of the compressibility. The "Langley Curve" was developed. Itis a
correlation between the shear layer spreading rate and the free stream Mach number. For these studies, the
second flow velocity was zero. Papamoschou and Roshko [8], 1986, furthered these correlations to include
shear layers where the secondary flow velocity was not zero, by introducing the "convective” Mach number.

They found that the convective Mach number is a useful compressibility-effect parameter, see Fig. 1.2(b).

Gilreath and Schetz [11], 1967, motivated by Supersonic combustion, investigated the mixing of two
tangential supersonic streams. In 1988, Schetz, Walker and Cambell [12] performed experiments where
turbulence data were acquired. This study was continued by Hyde, Smith, Schetz and Walker [13] (1989),
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where again mean and turbulence data were acquired. The turbulence data of Refs. [12] and [13] consisted
of mass flux and total temperature turbulence intensities, as well as Favre averaged data, which was
important in determining the structure of the turbulent mixing. For turbulence modeling, however, the
Reynolds averaged shear terms are needed to develop closure formulations, hence, the existing turbulence
data offers limited use.

1.3 Turbulence Modeling
The following brief background information is intended to review the current state of compressible

turbulence modeling, and to present a sound rationale for the present study. A more complete discussion
can be found in ref. [6].

The prevailing trend in compressible turbulence modeling, at any level (i.e. zero, one or two equation), is
based on ad hoc extensions of existing incompressible formulations. Typically, the local density and
laminar viscosity are allowed to vary in the incompressible model relations. The Baldwin-Lomax [14]
algebraic formulation is the popular choice for incompressible and compressible flows. Simply allowing
the density to vary or adjusting the model constants does not rigorously incorporate the flow field physics.
This deficiency can be inferred from Ref. [3]. A reason that this issue has not previously been addressed
may be this misuse of the Favre averaged form of the Navier-Stokes equations, where the form of the
boundary layer equations are similar to the incompressible equations. As suggested in Ref. [5], the mass
averaged equations performed satisfactorily in wall bounded flows. However, in high speed free shear
layers, even when Morkovin’s hypothesis is satisfied [15] (i.e. the fluctuation Mach number is much less
than one), the models were unsuccessful [5]. It is also important to note that the Favre averaging methods
failed in the presence of shock and expansion waves [5]. With this, the logical procedure would be to
concentrate on the Reynolds averaged form of the equations, even though the compressible forms are more
complicated than the incompressible forms. Situ and Schetz rigorously extended the Prandtl shear stress
mixing length model to compressible flows by including the density-transverse velocity correlation, which
is multiplied by the stream wise velocity [4]. The Situ-Schetz formulation is similar to the wall shear
formulation of Li and Nagamatsu [16], which was incorporated to develop a compressible skin friction law
for wall boundary layers.

The situation for one and two equation models is even more dismal. Reference [3] reported that the
compressible extension of a k-¢ model entailed modifying one of the model constants from an existing

incompressible model. These extensions performed satisfactorily for wall bounded flows. However, they
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were inadequate for free shear layer flow fields. Reference [17] attempted to use a "compressible” k-€
model in a chemically reacting flow. The relatively poor results were attributed to the turbulence model.
Thus, rigorous compressible TKE and k-¢ derivations are necessary if these models are to be truly

compressible.

All of the previous compressible turbulence efforts, both experimental and modeling, have concentrated on
the momentum equations, i.e. the Reynolds shear stress. However, compressible turbulence affects all of
the conservation equations. Compressible turbulence generates apparent mass flux terms in the continuity
equation. In addition to the incompressible terms, the apparent mass fluxes also appear in the momentum
equations (Situ and Schetz accounted for the apparent mass term that was multiplied by the axial velocity).
Similarly, the apparent mass flux terms are multiplied by the mean stagnation enthalpy in the energy
equation. The present study rigorously derives the effects of the compressible turbulence on all of the
conservation equations. The poor heat transfer results recorded in Ref. [18] present an example of the
inadequacy of turbulence modeling (this issue will be discussed at length in Chapters 2 and 7) for
compressible flows. The gradient transport modeling methods of Situ and Schetz are employed to estimate

the apparent mass terms.

1.4 Methodology

The study objective and the current status of compressible turbulence models dictated many of the specific
details of the present study. Since the crucial information is the compressible turbulent shear stress, heat
flux and apparent mass, and the velocity-density correlations prohibit any direct measurements, a new
measurement technique was conceived. It stems from a turbulence transformation, of the Reynolds averaged
shear and heat flux formulations, that yields forms that could be directly measured via some unconventional
methods (see Chapter 2). Multiple overheat cross-wire anemometry and digital image processing of
Shadowgraph photographs were employed.

Normal-wire anemometry has been well established in supersonic flows (see Chapter 4). However, cross-
wire anemometry has received very little attention. This is probably due to the complicated experimental
set-up (one needs at least three wire temperature for each wire), and the intricate data reduction routines
(one must simultaneously solve for three turbulence intensities and three correlations). However, for the
present study, the cross-wire and normal-wire techniques are rigorously developed/improved (Chapter 4),

and new anemometry instrumentation was produced to aid in the data acquisition (Chapter 3). With the new
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turbulence transformation (Chapter 2), multiple overheat cross-wire anemometry, with an innovative

interpretation, becomes a powerful experimental tool.

To obtain accurate turbulence result with multiple overheat hot-wire anemometry (the term hot-wire has a
general connotation, i.e. it includes normal-wire and cross-wire), more than the minimum of three wire
temperatures should be used. This allows a least squares analysis to be applied [13]. Two possible methods
obtaining the multiple overheat data can be envisioned. The simplest method would be to manually change
the wire temperature between runs. This method has two obvious flaws. First, this technique requires a
large number of tunnel runs, and the fragile wires (the starting and stopping shocks routinely breaks the
wires) make this method unattractive. Secondly, in order to achieve accurate results, the tunnel conditions
must be very closely matched from run to run (the total conditions are repeatable to about £2% in the
present facility). The second technique would be to step the probe across the flow pausing briefly at each
step. During the pause, solid state circuitry could be employed to rapidly change the wire temperature (on
the order of 5/100’s of second per overheat). Hence, only one tunnel run would be required to obtain a
profile. In addition, the flow properties should not change significantly during the short pause at each step.
The circuitry described in Chapter 3 was developed to rapidly change the wire temperature, as well as being
compatible with commercial hot-wire anemometers. Experimental scatter is inevitable, even with the rapid
scanning multiple overheat methods. Therefore, new data reduction methods are conceived, in Chapter 4,

to minimize error amplification.

The second piece of needed information is the root-mean-square density fluctuation levels, Therefore, a
technique to digitally extract this information from image processing of nanosecond Shadowgraphs is
derived (again see Chapter 4).

The new data acquisition methods are found to yield accurate, consistent, and repeatable results. These data,
in conjunction with the more conventional data, provide the crucial turbulence information. With the
acquisition of the compressible turbulence information, the evaluation of the compressible turbulence models

is the next step.
Many existing turbulence models are experimentally evaluated, both compressible and incompressible (zero

and one equation). The experimental data are used to develop logical compressible extensions. Finally,
the algebraic models are numerically tested.
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Figure 1.1 presents a sketch of the present flow field. As can be seen in the figure, the injector was
operated at an overexpanded condition. This insured that the free mixing layer and the floor boundary layer
merged by the end of the test section. Shadowgraph photographs and detailed mean flow and turbulence
profiles, at four stations downstream of the injector model, were acquired. In order to document the initial
conditions of the shear layer, the first station was located very close to the injector (x/8_ = 1, where §_
(=4.5 mm) is the free stream boundary layer thickness at the lip of the injector (see Fig. 1.1)). The second
station was at x/§_ = 28 which is near the beginning of the fully developed region (the region where the
mean profiles are smoothly varying and monotonic). The third station was located just prior to the merging
of the mixing and lower wall boundary layers (x/5_ = 83). The fourth station was located just aft of the
layer merging (x/6_ = 106).
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CHAPTER 2
FUNDAMENTALS OF TURBULENCE

This chapter begins with a review of the fundamental aspects of compressible turbulent flow analysis,
starting with the "Reynolds” averaged Navier-Stokes (RANS) equations. Secondly, the turbulent shear stress
(1: ) and specific rate of heat flux (q ) will be transformed into a form that can be directly measured.
Finally, various turbulence closure formulations will be reviewed, including a rigorously developed

compressible mixing length formulation.

2.1 Governing Equations
The derivation of the RANS can be found in Refs. [1] or [6]. This section presents the results of Reynolds

averaging applied to the conservative form of the governing equations.

Reynolds averaging consists of replacing the turbulent, random, 3-D, unsteady flow variables by the mean
plus the fluctuating component (e.g. u(x,y,z,t) = u(x,y,z) + v (x,y,z,t)) and time averaging. The turbulent
random content is assumed to be contained by the fluctuating component [6]. Therefore, the 3-D Reynolds

averaged Navier-Stokes equations are given by (continuity, momentum and energy)

P, 0 = T\ _
c - t(pu puj) 0
. a D 7. _’_7 a ST 7)) = - aﬁ a 2-1
m: -aT(IJ +p'u; )+_5.x_j(p u‘u]) Wi+_rxj_('r T ) @.1)

where the subscript "o" denotes stagnation (or total) condition (e.g. e, = € + %u,u,), and i,j = x,y or z. The
energy equation given in Ref, [6] is in nonconservative form, hence the heat flux, and rate of work, have
different formulations than here (this will be discussed more in Section 2.3). The laminar shear and heat

flux terms are given by
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