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CHAPTER Tf 

INTRODUCTION 

A basic problem facing modelers cof natural watershed 

systens is that of accounting for the heterogeneities which 

are generally present. It has long been recognized that 

such factors as soil, land cover, management practice and 

Slope contributa to the variability in the runcff rasponse 

from one drainage nasin to another. 

Computer-based mathematical models that epredict the 

runoff response of a watershed system have been the subiect 

t of much research in recent years. During tha past decada, 

research efforts have focused on the development of hydrs~ 
¥ 

logic models that have the capability of A imulating the flow 

response when a drainage area 1S subjected to some rainfall 

distribution. Many of these hydrelcgic models are lumped- 

parameter modals in which nonettniform parameters, such as 

rainfall, soils, landuse and tcopoyraphic characteristics, 

are weighted to obtain represantative values for the entire 

drainage basin. These models are relatively easy to use 

when the nacessary data requirements are available, but they 

are not readily adaptable to sitmations where spatial varia- 

tions must be considered. 

A spatially rasronsivga wodel which has the capability of 

assembling and correlating non-uniform paramaters and sinu-



lating the interaction of these parameters should, at Least 

conc2ptually, provide a more reliable spatiotemporal history 

of overland and channel flows. Additionaily, a spatially 

responsive model will provide the framework to better evalu- 

ate the effect of landuse change on the quality of storm 

water runoff. This premise is particularly relevant to the 

medeling of erosion and sediment transport. By improving 

the prediction of water quantity with a spatially responsive 

model, a better description of pollutant transport processes 

should be possible. 

There is considerable concern over how to iaplement non- 

point source pollution controls as specified under Section 

208 of tha Clean Water Act (PL 92-500). Regulatory agencies 

can easily determine that poor water quality exists in 4 

Stream or lake, but can seldom determine the actual causes 

of the pollution when it occurs in a mixed landuse area. 

Bfficiant and effective pollution control is not possible te
 

x ithout some undsrstanding of cause-effect relationships. 

If, however, the runoff tresponse of the watershed can be 

Simulated with a spatially responsive model, it will he pos-~ 

Sible to specify which areas and landuses actually change 

the water quality status, In this manner, pollution control 

neasnres will be required only where they ars necessary 

t i) w fu
 

a 

4 
> a cf “actoss the board*, If such modeling techniques 

&4ar2 not availabla, one can expsct to see “across the board*®



regulation of landuse practice with no assurance Of accon- 

plishing water quality goals. The model described herein 

provides a rational framework fer evaiuetion cf management 

alternatives prior to implementation. 

The most Significant advantage of the spatially respon- 

Sive modeling approach is its ability to incorperate many 

facets of the natural watershed system to answer specific 

questions about the system's response to perturbation. 

Properly constructed, the modeling system can be used with 

data at varying degrees of resolution. Thus, the syst2n may 

economically be used to analyze single land units, entire 

basins, or the effect of a single land unit on a larger wat- 

ershed. 

Beasley, eteal. (1977) state, "The selection cf 4 sper 

cific model for use as a planning tcol is a difficult pro- 

cess complicated by the large number of different sodels 

developed in recent years. The most apprepriate model ts 

us@ will depend on the intended applicaticn, the type of 

input data availabie and the suitability of the output 

information generated. The accuracy of a model's simulation 

Should also be an important consideration, but unfortunately 

this is very difficult to judge. Primarily this must be 

done intuitively by a thorough study of the relaticnships 

incorporated into a wnodel,." These statemarnts tend to sunm- 

marcize the basic direction cf this research effort.



Specific Objectives 

The long range goal of the research program in hydrology 

in the Department of Agricultural Engineering at Virginia 

Polytechnic Institute and State University is the develcp- 

ment of a spatially responsive watershed nodeling system for 

use in ll phases of soil and water management. A major 

part of this effort is the development of a computer-based 

model which will interact with a geographic information sys- 

tem that contains data on soils, topography and landuse. 

The modeling system will be organized for use at two levels: 

(1) the planning level for regional analysis of conservation 

and pollution control plans, crop growth forecasts and eco-~ 

nomic analyses, and (2) the fisid cperational level te be 

accessed by farm managers and consultants for real-time ana- 

lysis of the moisture and chemical status of specific field 

areas and for use as an aid in developing appropriate man- 

agement practices. 

The major objective undertaken in this study concerned 

the development of a Finite Flement Storm #Hvdrograph Model 

(FESHM) to provide reliable flow prediction on unagaged 

areas. Primary emphasis was on this phase of model develop- 

ment since the most important aspect of Simulating water- 

borne pollutants is the proper definition cf runoff and its 

associated flow characteristics. It was not the intended 

purpose of this tesearch effort to provide a rigorous evalu-



ation of the many techniques tor predicting water quality, 

but to provide a framework for successful simulation of 

water quality with a water quantity model of acceptable 

reliability. 

The groundwork for this study was established by the 

initial work of Li (19375) and Ross (1975). Therefore, a 

majoct part of this effort has focused on the modification 

and integration of these basic concepts intc a conprehensive 

hydrologic model which can be applied to any watershed. 

Specific objectives are summarized as follows: 

1. The development of criteria for determing what 

constitutes a hydrologic response unit anda 

flow element, 

2. The establishment of precedures for resolving 

the two levels of discretization which are 

encountered. 

3. The selection of mathematical rélationships to 

describe the hydrologic and hydraulic pro- 

cesses in the framework of the spatially vari- 

able data that is available. 

4, To test the validity of the finite element 

numerical technique to the routing of overland 

and channel fiow. 

5. Determins the applicability of the kinematic 

Wave approxitation to channel flow routing.



6. Seek to eliminate errers inherent in the 

application of numerical methods to the 

governing differential equations such as con- 

vergence and stability errors. 

Applications of the model included the following objec- 

tives: 

1. Develop a user-oriented model for predicting 

storm water runoff from small ungaged wat- 

ersheds. 

2. Establish a framework by which the runoff 

model may be used in the prediction of water 

quality with a minimum of user effort. 

3. Establish procedures in data preparation for 

the application of the runoff model to ungaged 

watersheds. 

4. Incorporate sufficient flexibility into the 

runoff model to avaluate the effect of best 

management practices on water guantity and 

quality, including point controls and nonpoint 

controls such as vegetation and land cover. 

5. Determine the sensitivity of those parameters 

driving the model to reveal the most crucial 

sources of errer in the development of the 

data base. 

5. Fyvaluate the effectiveness of the acdel in



predicting stormwater runotf from ungaged wat- 

ersheds, 

Apply the spatially responsive concept to the 

problem of imulating erosion and sediment 

transport. 

Illustrate with specific axamples, the appli- 

cability of the runoff model to the problem of 

erosion and sediment transport.



Research Approach 

A procedure was developed by Li (1975) to use soil map- 

ping units and landuse data to subdivide a watershed into 

homogenaous response units. Rainfall excess was determined 

from a soil moisture model. A parametric approximation was 

used in lieu of the more detailed numerical solution of the 

partial differential equations of unsaturated flow. The 

primary component of the soil moisture model was the sinula~ 

tion of infiltration. 

In an earlier work by Ross (1975), the finite element 

numerical technique was used to solve the partial differen~ 

tial squations which describe cverland and channel flow. A 

fundamental concept in finite element analysis is that a 

complex system can be subdivided to form a number of subar- 

2as which can be analyzed independently and the results col- 

lected to form the total system response. This concept pro- 

vides a ready mechanism for routing surface flow contribu- 

tions from subareas provided a reliable vrocedure exists to 

predict rainfall excess, 

The above “wo routines were modified ard iaterfaced to 

create a spatially responsive storm hydrograph simulation 

model with the capability of incorporating the many 

Spatiotemporal variations that exist on a watershed. 

The concepts for modeling Spatial variations are dis- 

cussed in Chapter If and the mathematical basis for the



model is described in Chapter III. A description of the 

computer model, with emphasis on the procedures for creating 

the input data file for the inclusion of spatiotemporal pro- 

perties of a given watershed, is given in Chapter IV. The 

application of the model to a hypothetical watershed and 

several natural watersheds is presented in Chapter V¥. The 

applicability of the FESHM concept to the problem of Simu- 

lating erosion and sediment transport is presented in Chap- 

ter VI. Finally, Chapter VII discusses the conclusions and 

recommendations resulting from this research.



CHAPTER If 

CONCEPTS FOR MODELING SPATIAL VARIABILITY 

The development and/or utilization of a model that 

incorporates spatial variation requires an evaluation of the 

advantages of additional detail over more conventional par- 

ametric techniques and the criteria to be used in subdivid- 

ing the watershed. 

This chapter addresses these factors and presents the 

underlying concepts of a spatially responsive model. Parti- 

cular emphasis is placed on the inclusion of Spatial varia-~ 

tion relative to the FESHM. 
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�f�a�l�l� �i�n�t�e�n�s�i�t�y� �(�t�o� �t�h�e� �e�x�t�e�n�t� �t�h�a�t� �i�t� �a�f�f�e�c�t�s� �f�l�o�w� �t�u�r�b�u�-� 

�l�e�n�c�e� �a�n�d� �t�o�p�o�g�r�a�p�h�y�)� �a�t� �t�h�a�t� �p�o�i�n�t�.�"� 

�T�h�e� �p�a�r�t�i�a�l� �a�r�e�a� �c�o�n�c�e�p�t� �r�e�p�r�e�s�e�n�t�s� �o�n�e� �o�f� �t�h�e� �f�i�r�s�t� 

�a�t�t�e�a�p�t�s� �t�o� �a�c�c�o�m�m�o�d�a�t�e� �t�h�e� �h�e�t�e�r�o�g�e�n�e�t�i�c� �f�a�c�t�o�r�s� �w�h�i�c�h� �c�o�n�-� 

�t�r�i�b�u�t�e� �t�o� �t�h�e� �c�u�n�o�f�f� �f�r�o�m� �a� �n�a�t�u�r�a�l� �d�r�a�i�n�a�g�e� �b�a�s�i�n�.� �B�e�a�t�s�o�n
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�(�1�9�6�4�)� �e�x�a�m�i�n�e�d� �t�h�i�s� �c�o�n�c�e�p�t� �b�y� �t�h�e� �a�p�p�l�i�c�a�t�i�c�n� �o�f� �m�a�t�h�e�m�a�t�-� 

�i�c�a�l� �m�o�d�e�l�s� �t�o� �t�w�o� �s�m�a�l�l� �w�a�t�e�r�s�h�e�d�s�.� �H�e� �d�e�t�e�r�m�i�n�e�d� �t�h�a�t� �a� 

�s�m�a�l�l� �p�o�r�t�i�o�n� �o�f� �t�h�e� �o�v�e�r�a�l�l� �w�a�t�e�r�s�h�e�d� �w�a�s� �l�a�r�g�e�l�y� �r�e�s�p�o�n�s�i�-� 

�b�l�e� �f�o�r� �t�h�e� �r�u�n�e�f�f� �c�e�n�t�r�i�b�u�t�i�o�n�s� �t�o� �t�h�e� �s�t�o�r�m� �h�y�d�r�o�g�r�a�p�h�s� 

�a�n�d� �t�h�a�t� �t�h�e�s�e� �c�o�n�t�r�i�b�u�t�i�n�g� �a�r�e�a�s� �w�e�r�e� �r�e�l�a�t�i�v�e�l�y� �c�o�n�s�i�s�t�e�n�t� 

�f�r�o�m� �o�r�e� �s�t�o�r�m� �e�v�e�n�t� �t�o� �a�n�o�t�h�e�r�.� 

�R�a�g�a�n� �(�1�9�6�8�)� �c�o�n�d�u�c�t�e�d� �a� �s�p�a�t�i�a�l�l�y� �r�e�s�p�o�n�s�i�v�e� �n�u�m�e�r�i�c�a�l� 

�i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �w�a�t�e�r�s�h�e�d� �r�u�n�o�f�f� �f�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �d�e�t�e�r�-� 

�m�i�n�i�n�g� �t�h�s� �p�a�r�t�i�a�l� �a�r�e�a� �c�o�n�t�r�i�b�u�t�i�o�n�s� �o�f� �w�a�t�e�r�s�h�e�d� �r�e�s�p�o�n�s�e�.� 

�H�i�s� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �p�a�r�t�i�a�l� �a�r�e�a� �c�o�n�c�e�p�t� �r�e�v�e�a�l�e�d� �t�h�a�t� 

�O�n�l�y� �a� �s�m�a�l�l� �p�o�r�t�i�o�n� �o�f� �t�h�e� �w�a�t�e�r�s�h�e�d� �c�o�n�t�r�i�b�u�t�e�d� �f�l�o�w� �t�o� 

�t�h�e� �s�t�o�r�m� �h�y�d�r�o�g�r�a�p�h�.� �F�u�r�t�h�e�r�m�o�r�e�,� �h�e� �w�a�s� �a�b�l�e� �t�o� �i�s�o�l�a�t�e� 

�t�h�e� �l�e�c�a�l�i�z�e�d� �z�o�n�e�s� �o�f� �i�n�t�e�n�s�e� �c�o�n�t�r�i�b�u�t�i�o�n� �a�n�d� �d�e�t�e�r�n�i�n�e�d� 

�t�h�a�t� �t�h�e� �r�a�n�k�i�n�g� �o�f� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �r�u�n�o�f�f� �f�r�o�m� �t�h�e� �c�o�n�t�r�i�-� 

�b�u�t�i�n�g� �a�r�e�a�s� �v�a�r�i�e�d� �d�e�p�e�n�d�i�n�g� �u�p�o�n� �r�a�i�n�f�a�l�l� �i�n�t�e�n�s�i�t�y�.� 

�S�i�m�i�l�a�r� �f�i�n�d�i�n�g�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �b�y� �o�t�h�e�r� �i�n�v�e�s�t�i�g�a�t�o�r�s�,� 

�s�u�c�h� �a�s� �B�e�t�s�o�n� �a�n�d� �M�a�r�i�u�s� �(�1�9�6�9�)� �w�h�o� �r�e�l�a�t�e�d� �s�o�u�r�c�e� �a�r�e�a�s� �t�o� 

�t�h�e� �c�r�i�t�i�c�a�l� �'�A�*� �h�o�r�i�z�o�n� �d�e�p�t�h� �f�a�c�t�o�r�.� �K�i�r�k�b�y� �a�n�d� �C�h�o�r�l�e�y� 

�(�1�9�6�7�)� �a�l�s�o� �f�o�u�n�d� �t�h�a�t� �a� �v�a�r�i�a�t�i�o�n� �i�n� �w�a�t�e�r�s�h�e�d� �s�o�i�l�s� �i�s� 

�p�r�i�m�a�r�i�l�y� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �t�h�e� �n�o�n�-�h�o�m�o�g�e�n�e�i�t�y� �i�n� �r�u�n�o�f�f� �r�e�s�-� 

�p�o�n�s�e�.� 

�E�n�g�m�a�n� �a�n�d� �R�o�g�o�w�s�k�i� �(�1�9�7�4�)� �d�e�v�e�l�o�p�e�d� �a� �s�t�o�r�m� �h�y�d�r�o�g�r�a�p�h� 

�m�o�d�e�l� �w�o�i�c�h� �u�t�i�l�i�z�e�d� �c�o�n�t�r�i�b�u�t�i�n�g� �a�r�e�a�s� �o�f� �r�e�s�p�o�n�s�e� �i�n� �d�e�t�-� 

�e�r�m�i�n�i�n�g� �s�u�r�f�a�c�e� �r�u�n�o�f�f�.� �T�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� �m�c�d�e�l� �t�o� �r�e�l�i�-� 

�a�b�l�y� �p�r�e�d�i�c�t� �r�u�n�o�f�f� �r�e�s�p�o�n�s�e� �o�n� �u�n�g�a�d�e�d� �w�a�t�e�r�s�h�e�d�s� �w�a�s� �c�o�n�-
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�c�l�u�d�e�d� �t�o� �b�e� �p�r�o�m�i�s�i�n�g� �p�r�i�m�a�r�i�l�y� �b�e�c�a�u�s�e� �p�a�r�t�i�a�l� �s�o�u�r�c�e� 

�a�r�e�a�s� �c�o�u�l�d� �b�e� �i�d�e�n�t�i�f�i�e�d� �w�i�t�h� �t�h�e� �m�o�d�e�l�.� 

�H�e�w�l�e�t�t� �a�n�d� �T�r�o�e�n�d�l�e� �(�1�9�7�5�)� �p�r�e�s�e�n�t�e�d� �a� �b�r�i�e�f� �t�r�e�a�t�i�s�e� 

�o�f� �t�h�e� �v�a�r�i�a�b�l�e� �s�o�u�t�c�e� �a�r�e�a� �c�o�n�c�e�p�t� �a�n�d� �t�h�e� �i�m�p�o�r�t�a�n�c�e� �o�f� 

�i�n�c�l�u�d�i�n�g� �s�p�a�t�i�a�l� �v�a�r�i�a�b�i�l�i�t�y� �i�n� �t�h�e� �s�i�m�u�l�a�t�i�c�n� �o�f� �r�u�n�o�f�f� 

�f�r�o�m� �s�m�a�l�l� �a�s� �w�e�l�l� �a�s� �l�a�r�g�e� �w�a�t�e�r�s�h�e�d�s�.� �I�t� �i�s�,� �t�h�e�r�e�f�o�r�e�,� �a� 

�w�e�l�l�-�k�n�o�w�n� �f�a�c�t� �a�m�o�n�g� �h�y�d�r�o�l�o�g�i�s�t�s� �t�h�a�t� �s�i�g�n�i�f�i�c�a�n�t� �s�p�a�t�i�a�l� 

�v�a�r�i�a�b�i�l�i�t�y� �e�x�i�s�t�s� �i�n� �m�o�s�t�,� �i�f� �n�o�t� �a�l�l�,� �w�a�t�e�r�s�h�e�d� �s�y�s�t�e�m�s�.� 

�A�s� �p�r�e�v�i�o�u�s�l�y� �n�o�t�e�d�,� �a� �h�e�t�e�r�o�g�e�n�e�o�u�s� �m�i�x�t�u�r�e� �o�f� �s�o�i�l�s�,� 

�l�a�n�d�u�s�e�,� �s�l�o�p�e�s�,� �e�t�c�.� �h�a�v�e� �b�e�e�n� �a�t�t�r�i�b�u�t�e�d� �b�y� �m�a�n�y� 

�i�n�v�e�s�t�i�g�a�t�o�r�s� �t�o� �b�e� �t�h�e� �p�r�i�m�a�r�y� �c�o�n�t�r�i�b�u�t�o�r�s� �t�o� �t�h�e� �"�n�o�i�s�e�"� 

�i�n� �r�u�n�o�f�f� �p�r�e�d�i�c�t�i�o�n�s�.� �I�t� �a�p�p�e�a�r�s� �l�o�g�i�c�a�l�,� �t�h�e�r�e�f�o�r�e�,� �t�a� 

�u�s�e� �t�h�e� �a�b�o�v�e� �p�r�o�p�e�r�t�i�e�s� �a�s� �t�h�e� �b�a�s�i�s� �f�o�r� �i�n�c�o�r�p�o�r�a�t�i�n�g� �n�o�r�e� 

�S�p�a�t�i�a�l� �v�a�r�i�a�t�i�o�n� �i�n� �t�h�e� �m�o�d�e�l�i�n�g� �p�r�o�c�e�s�s�.� 

�R�e�a�l�i�z�a�t�i�o�n� �o�f� �t�h�e�s�e� �p�h�e�n�o�m�e�n�a� �h�a�s� �l�e�d� �o�t�h�e�r� �i�n�v�e�s�t�i�g�a�-� 

�t�o�r�s� �t�o� �s�e�e�k� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �m�e�a�n�s� �b�y� �w�h�i�c�h� �a� �w�a�t�e�r�s�h�e�d� �m�a�y� 

�b�e� �d�i�s�c�r�e�t�i�z�e�d� �i�n�t�o� �i�t�s� �u�n�i�t�-�s�o�u�r�c�e� �a�r�e�a�s�.� �T�h�e� �b�a�s�i�c� �q�u�e�s�-� 

�t�i�o�n�,� �t�h�e�r�e�f�o�r�e�,� �i�s� �w�h�a�t� �m�e�c�h�a�n�i�s�m� �c�a�n� �b�e� �u�s�e�d� �t�o� �i�s�o�l�a�t�e� 

�a�r�e�a�s� �t�h�a�t� �w�i�l�l� �r�e�s�p�o�n�d� �s�i�m�i�l�a�r�l�y� �t�o� �a� �u�n�i�f�o�r�m� �r�a�i�n�f�a�l�l� 

�i�n�p�u�t�?� 

�A�m�e�r�m�a�n� �(�1�9�6�5�)� �u�t�i�l�i�z�e�d� �u�n�i�t�-�s�o�u�r�c�e� �a�r�e�a�s�,� �o�r� �a�r�e�a�s� �c�o�n�-� 

�S�i�s�t�i�n�g� �o�f� �a� �s�i�n�g�l�e� �c�o�v�e�r� �a�n�d� �s�o�i�l� �t�y�p�e�,� �t�o� �s�u�b�d�i�v�i�d�e� �a� �w�a�t�-� 

�e�r�s�h�e�d� �i�n�t�e� �c�o�n�c�e�p�t�u�a�l� �p�h�y�s�i�c�a�l�l�y� �h�o�m�o�g�e�n�e�o�u�s� �u�n�i�t�-�s�o�u�r�c�e� 

�w�a�t�e�r�s�h�e�d�s�,� 

�E�n�g�l�a�n�d� �a�n�d� �H�o�l�t�a�n� �(�1�9�6�9�)� �s�t�a�t�e�,�  ��s�o�i�l� �p�r�o�p�e�r�t�i�a�s� �s�i�g�n�i�-
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�f�i�c�a�n�t� �t�o� �p�r�o�c�e�s�s�e�s� �o�f� �i�n�f�i�l�t�r�a�t�i�o�n�,� �m�o�i�s�t�u�r�e� �s�t�o�r�a�g�e�,� 

�d�r�a�i�n�a�g�e�,� �a�n�d� �t�h�e� �h�y�d�r�a�u�l�i�c�s� �o�f� �s�u�r�f�a�c�e� �f�l�o�w� �a�r�e� �r�e�l�a�t�e�d� �t�o� 

�t�o�p�o�g�r�a�p�h�i�c� �p�o�s�i�t�i�o�n�.�"� �E�n�g�l�a�n�d� �a�n�d� �O�n�s�t�a�d� �(�1�9�6�8�)� �o�f�f�e�r�e�d� �a� 

�d�i�s�c�r�e�t�i�z�a�t�i�o�n� �s�c�h�e�m�e� �w�h�e�n� �t�h�e�y� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �a� �c�o�m�p�l�e�x� 

�d�r�a�i�n�a�g�e� �c�a�n� �b�e� �s�u�b�d�i�v�i�d�e�d� �i�n�t�o� �a�n� �e�l�e�v�a�t�i�o�n�a�l� �s�e�q�u�e�n�c�e� �o�f� 

�u�p�l�a�n�d�,� �h�i�l�l�s�i�d�e� �a�n�d� �b�o�t�t�o�n� �l�a�n�d�.� �L�a�t�e�r�,� �E�n�g�l�a�n�d� �(�1�9�7�0�)� 

�p�r�o�p�o�s�e�d� �t�h�e� �u�s�e� �o�f� �l�a�n�d� �c�a�p�a�b�i�l�i�t�y� �c�l�a�s�s�e�s� �t�e� �d�e�f�i�n�e� �t�h�e�s�e� 

�t�h�r�e�e� �l�a�n�d� �f�o�r�m� �s�e�q�u�e�n�c�e�s�.� 

�R�o�g�o�w�s�k�i� �(�1�9�7�2�)� �e�v�a�l�u�a�t�e�d� �s�o�i�l� �v�a�r�i�a�b�i�l�i�t�y� �c�r�i�t�e�r�i�a� �a�n�d� 

�c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e� �s�m�a�l�l�e�s�t� �a�r�e�a� �o�f� �s�i�g�n�i�f�i�c�a�n�c�e�,� �i�n� �h�e�t�e�r�o�-� 

�g�e�n�e�t�i�c� �t�e�r�m�s�,� �i�s� �l�i�k�e�l�y� �t�o� �b�e� �a� �s�o�i�l� �s�e�r�i�e�s�.� �B�e�c�k�e�t�t� �a�n�d� 

�W�e�b�s�t�e�r� �(�1�9�7�1�)� �a�n�d� �N�i�e�l�s�e�n� �(�1�9�7�3�)� �h�a�v�e� �c�o�n�d�u�c�t�e�d� �s�t�u�d�i�e�s� 

�t�h�a�t� �c�o�n�f�i�r�m� �t�h�a�t� �s�i�g�n�i�f�i�c�a�n�t� �s�p�a�t�i�a�l� �v�a�r�i�a�b�i�l�i�t�y� �e�x�i�s�t�s� �i�n� 

�t�h�e� �s�o�i�l� �w�a�t�e�r� �p�r�o�p�e�r�t�i�e�s� �o�f� �s�o�i�l�s�.� 

�V�e�r�y� �r�e�c�e�n�t�l�y�,� �i�n�v�e�s�t�i�g�a�t�o�r�s�,� �s�u�c�h� �a�s� �P�a�c�k�,� �e�t�.�a�l�.� 

�(�1�9�7�7�)� �a�n�d� �W�a�r�r�i�c�k�,� �e�t�.�a�l�.� �(�1�9�7�7�)� �h�a�v�e� �i�n�v�e�s�t�i�g�a�t�e�d� �s�o�i�l� 

�v�a�r�i�a�b�i�l�i�t�y� �i�n� �a�n� �e�f�f�o�r�t� �t�o� �d�e�t�e�r�m�i�r�e� �i�t�s� �e�f�f�a�c�t� �u�p�o�n� �w�a�t�e�r� 

�b�u�d�g�e�t� �c�o�m�p�o�n�e�n�t�s�.� 

�I�t� �s�h�o�n�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �w�h�a�t�e�v�e�r� �m�e�c�h�a�n�i�s�m� �o�f� �s�u�b�d�i�v�i�-� 

�s�i�o�n� �i�s� �s�e�l�e�c�t�e�d�,� �h�o�m�o�g�e�n�e�i�t�y� �o�n�l�y� �i�m�p�l�i�e�s� �a� �r�e�d�u�c�t�i�o�n� �i�n� 

�t�h�e� �h�e�t�e�r�o�g�e�n�e�i�t�y� �c�f� �t�h�e� �o�r�i�g�i�n�a�l� �s�y�s�t�e�m�.� �B�y� �p�r�o�p�e�r� �c�a�t�e�a�-� 

�g�o�r�i�z�a�t�i�o�n�,� �h�o�w�e�v�e�r�,� �o�n�e� �c�a�n� �h�o�p�e� �t�o� �a�c�h�i�e�v�e� �a� �s�i�g�n�i�f�i�c�a�n�t� 

�r�e�d�u�c�t�i�o�n� �i�n� �t�h�e� �h�e�t�e�r�o�g�e�n�e�i�t�y� �o�f� �g�i�v�e�n� �u�n�i�t�s�.� 

�A� �c�o�m�p�l�e�t�e� �a�c�c�o�u�n�t�i�n�g� �c�f� �t�h�e� �c�o�m�p�l�e�x� �s�p�a�t�i�a�l� �v�a�r�i�a�b�i�l�i�t�y� 

�i�n� �n�a�t�u�r�a�l� �w�a�t�e�r�s�h�e�d�s� �a�p�r�e�a�r�s� �i�m�p�r�a�c�t�i�c�a�b�l�e�,� �i�f� �n�e�r� �i�m�p�o�s�s�i�-
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�b�l�e�,� �w�i�t�h� �t�h�e� �p�r�e�s�e�n�t� �s�t�a�t�e� �o�f� �t�h�e� �a�r�t�.� �T�h�i�s� �S�i�t�u�a�t�i�o�n� �h�a�s� 

�c�o�n�f�r�o�n�t�e�d� �h�y�d�r�o�l�o�g�i�s�t�s� �f�o�r� �m�a�n�y� �y�e�a�r�s�.� �W�h�a�t� �l�e�v�e�l� �o�f� 

�a�g�g�r�e�g�a�t�i�o�n� �i�s� �p�o�s�s�i�b�l�e� �t�o� �m�i�n�i�m�i�z�e� �d�a�t�a� �r�e�q�u�i�r�e�m�e�n�t�s� �a�n�d�,� 

�c�o�n�c�u�r�r�e�n�t�l�y�,� �m�a�i�n�t�a�i�n� �a� �d�e�s�i�r�e�d� �l�e�v�e�l� �c�f� �m�o�d�e�l�i�n�g� �p�r�e�d�i�c�t�a�-� 

�b�i�l�i�t�y�?� �O�b�j�e�c�t�i�v�e� �c�r�i�t�e�r�i�a� �f�o�r� �d�e�f�i�n�i�n�g� �p�r�e�c�i�s�e�l�y� �w�h�e�n� �t�o� 

�a�n�d� �w�h�e�n� �n�o�t� �t�o� �a�g�g�r�e�g�a�t�e� �s�o�i�l� �p�r�o�p�e�r�t�i�e�s�,� �c�o�v�e�r� �c�o�n�d�i�t�i�o�n�s�,� 

�e�t�c�.� �a�r�e� �e�s�s�e�n�t�i�a�l�l�y� �n�o�n�e�x�i�s�t�e�n�t�.� �|� �R�e�s�e�a�r�c�h� �n�e�e�d�s� �t�o� �b�e� 

�c�o�n�d�u�c�t�e�d� �t�h�a�t� �w�i�l�l� �d�e�v�e�l�o�p� �o�b�j�e�c�t�i�v�e� �c�r�i�t�e�r�i�a� �f�o�r� �d�e�f�i�n�i�n�g� 

�r�e�l�i�a�b�l�e� �r�e�l�a�t�i�o�n�s�h�i�p�s� �b�e�t�w�e�e�n� �d�a�t�a� �a�g�g�r�e�g�a�t�i�o�n� �a�n�d� �m�o�d�e�l� 

�r�e�d�i�c�t�a�b�i�l�i�t�y�.� �|� 

�A�S� �p�r�e�v�i�o�u�s�l�y� �m�e�n�t�i�o�n�e�d�,� �i�f� �n�o� �d�a�t�a� �a�g�g�r�e�g�a�t�i�c�n� �i�s� �p�e�r�-� 

�f�o�r�m�a�d�,� �a� �l�a�r�g�e� �a�m�o�u�n�t� �o�f� �d�a�t�a� �m�u�s�t� �b�e� �c�o�n�t�e�n�d�a�d� �w�i�t�h�,� �e�v�e�n� 

�f�o�r� �s�m�a�l�l� �w�a�t�e�r�s�h�e�d�s�.� �T�h�e� �e�x�t�e�n�t� �o�f� �t�h�i�s� �p�r�o�b�l�e�m� �h�a�s� �d�i�n�i�n�-� 

�i�s�h�e�d� �s�o�m�e�w�h�a�t� �i�n� �r�e�c�e�n�t� �y�e�a�r�s� �w�i�t�h� �t�h�e� �a�c�c�e�s�s�i�b�i�l�i�t�y� �o�f� 

�s�o�p�h�i�s�t�i�c�a�t�e�d� �m�a�p�p�i�n�g� �e�q�u�i�p�m�e�n�t�,� �s�u�c�h� �a�s� �e�l�e�c�t�r�c�e�n�i�c� �p�l�a�n�i�m�e�-� 

�c�
t� �e�t�s�,� �d�i�g�i�t�i�z�e�r�s� �a�n�d� �g�r�a�p�h�i�c�s� �d�e�v�i�c�e�s�.� �A�d�v�a�n�c�e�s� �i�n� �t�h�e�a� 

�t�
h�

 

�i�e�l�d� �o�f� �r�e�m�o�t�=� �s�e�n�s�i�n�g� �w�i�l�l� �a�l�s�o� �f�a�c�i�l�i�t�a�t�e� �t�h�e� �r�e�d�u�c�t�i�o�n� 

�a�n�d� �p�r�o�c�e�s�s�i�n�g� �o�f� �n�o�n�-�a�g�g�r�e�g�a�t�e�d� �d�a�t�a� �i�n� �t�h�e� �n�e�a�r� �f�u�t�u�r�a�.� 

�T�h�e�s�2� �i�m�p�r�o�v�e�d� �t�r�a�n�s�f�e�r�a�b�i�l�i�t�y� �t�e�c�h�n�i�q�u�e�s� �f�o�r� �d�a�t�a� �f�r�o�m� �r�a�p�s� 

�t�o� �i�n�p�u�t� �f�i�l�e�s� �a�r�e� �c�l�o�s�i�n�g� �t�h�e� �g�a�p� �t�h�a�t� �o�n�c�e� �e�x�i�s�t�e�d� �b�e�t�w�e�e�n� 

�t�h�e� �b�e�n�e�f�i�t�s� �d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �l�u�m�p�i�n�g� �o�f� �w�a�t�e�r�s�h�e�d� �p�a�r�a�m�e�-� 

�t�e�r�s� �a�n�d� �t�h�e� �c�o�s�t� �o�f� �e�x�t�e�n�s�i�v�e� �d�a�t�a� �c�o�l�l�e�c�t�i�o�n� �a�n�d� �m�a�n�i�p�u�l�a�-� 

�t�i�o�n�.� �I�t� �s�h�o�u�l�d� �a�l�s�o� �b�e� �k�e�p�t� �i�n� �m�i�n�d� �t�h�a�t� �w�h�i�l�e� �i�t� �i�s� �a� 

�r�e�l�a�t�i�v�e�l�y� �s�i�m�p�l�e� �t�a�s�k� �t�o� �a�g�g�r�e�g�a�t�e� �a� �d�a�t�a� �b�a�s�e�,� �i�t� �i�s� 

�e�s�s�e�n�t�i�a�l�l�y� �i�m�p�o�s�s�i�b�l�e� �t�o� �p�e�r�f�e�c�r�m� �t�h�e� �r�a�v�e�r�s�e�.
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�A� �m�o�d�e�l� �w�h�i�c�h� �i�n�t�e�g�r�a�t�e�s� �t�h�s� �s�p�a�t�i�a�l� �v�a�r�i�a�b�i�l�i�t�y� �o�f� 

�s�o�i�l�s�,� �l�a�n�d�u�s�e�,� �t�o�p�e�g�r�a�p�h�y� �a�n�d� �r�a�i�n�f�a�l�l�,� �a�n�d� �m�i�n�i�m�i�z�e�s� �t�h�e� 

�a�g�g�r�e�g�a�t�i�o�n� �o�f� �t�h�o�s�e� �w�a�t�e�r�s�h�e�d�-�r�e�l�a�t�e�d� �p�r�o�p�e�r�t�i�e�s� �t�h�a�t� 

�i�n�h�e�r�e�n�t�l�y� �c�a�n� �h�a�v�e� �t�r�e�m�e�n�d�o�u�s� �s�p�a�t�i�a�l� �v�a�r�i�a�b�i�l�i�t�y�,� �s�h�o�u�v�l�d� 

�b�e� �c�a�p�a�b�l�e� �o�f� �r�e�p�r�o�d�u�c�i�n�g� �s�t�r�e�a�m�f�l�o�w�s� �i�n� �t�h�e� �u�n�g�a�g�e�d� �c�o�n�-� 

�t�e�x�t�.� �I�n�v�e�s�t�i�g�a�t�o�r�s� �h�a�v�e� �f�o�r� �m�a�n�y� �y�?�a�r�s� �a�t�t�e�m�p�t�e�d� �t�o� 

�d�e�v�e�l�o�p� �a� �h�y�d�r�o�l�o�g�i�c� �m�o�d�e�l� �w�i�t�h� �a� �r�e�a�s�o�n�a�b�l�e� �d�e�g�r�e�e� �o�f� �r�e�l�i�-� 

�a�b�i�l�i�t�y� �i�n� �i�t�s� �o�u�t�p�u�t� �w�h�e�n� �a�p�p�l�i�e�d� �t�o� �u�n�g�a�g�e�d� �w�a�t�e�r�s�h�e�d�s� 

�w�i�t�h�o�u�t� �p�r�i�o�r� �o�p�t�i�m�i�z�a�t�i�o�n� �o�f� �m�o�d�e�l� �p�a�r�a�m�e�t�e�r�s�.� �A� �m�o�d�e�l� 

�w�i�t�h� �t�h�i�s� �c�a�p�a�b�i�l�i�t�y� �w�o�u�l�d� �h�a�v�e� �o�b�v�i�o�u�s� �b�e�n�e�f�i�t�s� �f�o�r� �a�p�p�l�i�-� 

�c�a�t�i�o�n� �t�o� �w�a�t�e�r�s�h�e�d�s� �w�h�i�c�h� �h�a�v�e� �n�o�c� �b�e�a�n� �m�o�n�i�t�o�r�e�d� �f�o�r� �s�t�r�e�-� 

�a�m�f�l�o�w�.� �F�o�r� �a� �m�o�d�e�l� �t�o� �h�a�v�e� �t�h�i�s� �c�a�p�a�b�i�l�i�t�y� �i�t� �a�p�p�e�a�r�s� �l�o�g�-� 

�i�c�a�l� �t�h�a�t� �i�t� �w�o�u�l�d� �b�e� �d�u�e�,� �i�n� �p�a�r�t�,� �t�o� �t�h�e� �l�e�v�e�l� �a�t� �w�h�i�c�h� 

�w�a�t�e�r�s�h�e�d� �d�e�s�c�r�i�p�t�o�r�s� �c�a�n� �b�e� �a�c�c�u�r�a�t�e�l�y� �d�e�f�i�n�e�d�.� 

�E�v�e�n� �t�h�o�u�g�h� �s�o�m�e� �w�e�i�g�h�t�i�n�g� �o�f� �h�y�d�r�o�l�o�g�i�c� �p�a�r�a�m�e�t�e�r�s� �i�s� 

�n�e�c�e�s�s�a�r�y�,� �b�e�c�a�u�s�e� �o�f� �t�i�m�e� �a�n�d� �e�c�o�n�o�m�i�c� �c�o�n�s�t�r�a�i�n�t�s�,� �s�p�a�t�i�a�l� 

�u�n�i�q�u�e�n�e�s�s� �s�h�o�u�l�d� �b�e� �m�a�i�n�t�a�i�n�e�d� �o�n� �a� �r�e�l�a�t�i�v�e�l�y� �s�m�a�l�l� �s�c�a�l�e�.� 

�I�t� �i�s� �f�e�l�t� �t�h�a�t� �t�h�i�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �p�r�o�v�i�d�e�s� �t�h�e� �s�t�r�a�t�e�g�y� 

�n�e�c�e�s�s�a�r�y� �i�n� �S�i�m�u�l�a�t�i�c�n� �t�o� �m�a�k�e� �a� �m�o�d�e�l� �s�u�f�f�i�c�i�e�n�t�i�y� �c�3�l�i�a�-� 

�b�l�e� �f�o�r� �f�l�o�o�d� �r�o�u�t�i�n�g� �a�n�d� �w�a�t�e�r� �q�u�a�l�i�t�y� �p�r�e�d�i�c�t�i�o�n� �o�n� 

�u�n�g�a�g�e�d� �w�a�t�e�r�s�h�e�d�s�,� 

�I�n� �d�e�v�e�l�o�p�i�n�g� �t�h�i�s� �c�o�n�c�e�p�t�,� �a�n� �i�s�s�u�e� �o�f� �p�r�i�m�a�r�y� �i�m�p�o�r�-� 

�t�a�n�c�e� �i�s� �t�h�e� �c�o�r�r�e�c�t� �s�e�l�e�c�t�i�o�n� �o�f� �w�a�t�e�r�s�h�e�d� �d�e�s�c�r�i�p�t�o�r�s�,� �o�r� 

�c�o�m�b�i�n�a�t�i�o�n�s� �t�h�e�r�e�o�f�,� �t�h�a�t� �w�i�l�l� �d�e�f�i�n�e� �t�h�e� �l�e�w�e�s�t� �l�e�v�e�l� �o�f� 

�f�i�n�e�s�s�e� �(�2�.�9�.�,� �s�o�i�l�-�l�a�n�d�u�s�e� �c�e�m�b�i�n�a�t�i�o�n�s�)�.� �T�h�e� �a�s�s�u�n�p�t�i�o�n
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�i�s� �m�a�d�e�,� �f�o�r� �a�x�a�m�p�l�e�,� �t�h�a�t�,� �i�f� �d�e�f�i�n�e�i� �b�y� �t�h�e� �s�a�m�e� �c�r�i�t�e�r�i�a�,� 

�a� �l�a�n�d�u�s�e� �l�a�b�e�l�e�d� �"�w�o�o�d�s�"� �i�n� �4� �g�i�v�e�n� �w�a�t�a�r�s�h�e�d� �w�o�u�l�d� �h�a�v�e� 

�t�h�e� �s�a�m�e� �r�o�u�g�h�n�e�s�s� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�s� �a� �"�w�o�o�d�s�"� �J�l�a�n�d�u�s�e� �i�n� 

�a�n� �e�n�t�i�r�e�l�y� �d�i�f�f�e�r�e�n�t� �w�a�t�e�r�s�h�e�d�.� �T�h�i�s� �c�i�r�c�u�m�s�t�a�n�c�e� �w�o�u�l�d� 

�a�l�s�o� �b�e� �t�r�u�e� �f�o�r� �o�t�h�e�r� �w�a�t�e�r�s�h�e�d� �p�a�r�a�m�e�t�e�r�s� �w�h�i�c�h� �d�r�i�v�e� �t�h�e� 

�m�o�d�e�l�.� 

�T�h�i�s� �s�a�m�e� �p�r�e�m�i�s�e� �a�p�p�l�i�e�s� �t�o� �t�h�e� �p�o�s�s�i�b�i�l�i�t�y� �o�f� �e�v�a�l�u�a�t�-� 

�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� �l�a�n�d�u�s�e� �c�h�a�n�g�e� �o�n� �t�h�e� �q�u�a�n�t�i�t�y� �a�n�d� �q�u�a�l�i�t�y� 

�o�f� �s�t�o�r�m� �w�a�t�e�r� �r�u�n�o�f�f� �f�r�o�m� �a� �w�a�t�e�r�s�h�e�d�.� �P�r�o�p�e�r� �a�s�s�i�g�n�m�e�n�t� 

�o�f� �v�a�l�u�e�s� �t�o� �t�h�e� �d�e�s�c�r�i�p�t�i�v�e� �p�a�r�a�m�e�t�e�r�s� �s�h�e�u�l�d� �i�n�d�i�c�a�t�e� �t�h�e� 

�e�f�f�e�c�t� �o�f� �t�h�e� �c�h�a�n�g�e� �o�n� �b�o�t�h� �t�h�e� �r�u�n�o�f�f� �v�o�l�u�m�e� �a�n�d� �t�h�e� �t�i�r�e� 

�i�n�g� �o�f� �f�l�o�w�s�.� �T�h�i�s� �c�o�n�c�e�p�t� �w�i�l�l� �b�e� �f�u�r�t�h�e�r� �d�e�v�e�l�o�p�e�d� �b�u�t� �i�t� 

�s�h�o�u�l�d� �b�e�a� �r�e�e�m�p�h�a�s�i�z�e�d� �t�h�a�t� �m�i�n�i�m�i�z�i�n�g� �d�a�t�a� �a�g�g�r�e�g�a�t�i�o�n� 

�s�h�o�u�l�d�,� �i�n� �a�l�l� �i�i�k�e�i�i�h�o�o�d�,� �l�e�n�d� �c�r�e�d�e�n�c�e� �t�o� �t�h�e� �w�m�e�a�n�s� �c�f� 

�e�v�a�l�u�a�t�i�n�g� �l�a�n�d�u�s�e� �c�h�a�n�g�e�s�.



�1�9� 

�W�a�t�e�r�s�h�e�d� �D�i�s�c�r�e�t�i�z�a�t�i�o�n� 

�A� �p�r�i�m�a�r�y� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�i�s� �r�e�s�e�a�r�c�h� �e�f�f�o�r�t� �w�a�s� �t�h�e� 

�d�e�v�e�l�o�p�m�e�n�t� �o�f� �a� �c�o�m�p�r�e�h�e�n�s�i�v�e�,� �y�e�t� �g�e�n�e�r�a�l�i�z�e�d�,� �m�o�d�e�l� �t�o� 

�S�i�m�u�l�a�t�e� �f�l�o�o�d� �h�y�d�r�o�g�r�a�p�h�s�.� �T�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �m�o�d�e�l� 

�c�
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�-�e�s�u�l�t�e� �i�n� �a� �s�t�r�u�c�t�u�r�e� �w�h�i�c�h� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� �d�i�s�t�i�n�c�t� �-
�*

� 

�m�c�d�u�l�e�s�:� �a� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �g�e�n�e�r�a�t�o�r� �a�n�d�a� �f�l�o�o�d� �r�o�u�t�i�n�g� 

�S�c�h�e�m�e�,� �A� �S�i�g�n�i�f�i�c�a�n�t� �p�r�o�b�l�e�m� �i�s� �e�n�c�o�u�n�t�e�r�e�d� �i�n� �t�h�e� �c�o�o�r�d�i�-� 

�n�a�t�i�n�g� �o� �W
� 

�t�h�e� �t�w�e� �d�i�s�c�r�e�s�i�z�a�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �t�h�a�t� �a�r�e� �n�e�e�d�e�d� �£� 

�t�o� �p�r�o�v�i�d�e� �o�p�t�i�m�a�l� �e�s�t�i�m�a�t�e�s� �o�f� �r�a�i�n�t�a�l�l� �e�x�c�e�s�s� �a�n�d� �s�u�b�s�e�-� 

�q�u�e�n�t� �r�o�u�t�i�n�g� �o�f� �t�h�e�s�e� �q�u�a�n�t�i�t�i�e�s� �t�o� �d�o�w�n�s�t�r�e�a�m� �p�o�i�n�t�s� �o�f� 

�1
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�-
� 

�r�r�a�r�e�s�t�.�,� �T�h�i�s� �t�a�s�k� �m�u�s�t� �b�e� �p�e�r�f�o�r�m�e�d� �i�n� �t�h�e� �i�n�t�e�r�e�s�t� �o�f� 

�m�a�i�n�t�a�i�n�i�n�g� �s�p�a�t�i�a�l� �v�a�r�i�a�b�i�l�i�t�y� �a�n�d� �u�n�i�q�u�e�n�e�s�s�.� 

�T�h�i�s� �m�a�y� �b�e� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �d�e�f�i�n�i�n�g� �f�l�o�w� �s�e�c�t�i�o�n�s� �o�r� 

�e�l�e�m�e�n�t�s� �b�a�s�e�d� �u�p�o�n� �f�l�o�w� �p�a�t�t�e�r�n�s� �a�n�d� �t�o�p�o�g�r�a�p�h�i�c� �f�e�a�t�u�r�e�s� 

�s�o�l�e�l�y� �f�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �r�o�u�t�i�n�g� �f�l�o�w�s�.� �F�o�r� �u�s�e� �i�n� �c�o�m�p�u�t�-� 

�i�n�g� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s�,� �a�d�d�i�t�i�o�n�a�l� �a�r�e�a�s� �m�a�y� �b�e� �d�e�f�i�n�e�d� �b�a�s�e�d� 

�u�p�o�n� �s�o�i�l�s�,� �l�a�n�d�u�s�e� �a�n�d� �p�h�y�s�i�o�g�r�a�p�h�i�c� �d�e�s�c�r�i�p�t�o�r�s�.� 

�T�h�e� �b�a�s�i�c� �p�r�o�c�e�d�u�r�e�s� �b�y� �w�h�i�c�h� �t�h�e�s�e� �s�u�b�a�r�e�a�s� �a�r�e� �d�e�f�i�n�e�d� 

�a�c�e� �d�e�s�c�r�i�b�e�d� �b�e�l�o�w�.� �T�h�e� �e�q�u�a�t�i�o�n�s� �w�h�i�c�h� �g�o�v�e�r�n� �t�h�a� �h�y�d�r�o�-� 

�l�o�g�i�c� �a�n�d� �h�y�d�r�a�u�l�i�c� �e�c�c�c�u�r�r�e�n�c�e�s� �o�n� �t�h�a� �s�u�b�a�r�e�a�s� �a�r�e� �r�e�s�e�r�v�e�d� 

�f�o�r� �d�i�s�c�u�s�s�i�o�n� �i�n� �C�h�a�p�t�e�r� �I�I�I�.



�2�0� 

�D�e�f�i�n�i�n�g� �H�y�d�r�o�l�o�g�i�c� �R�e�s�p�o�n�s�e� �U�n�i�t�s� 

�A� �p�r�o�c�e�d�u�r�e� �w�a�s� �o�u�t�l�i�n�e�d� �b�y� �L�i� �(�1�9�7�5�)� �t�o� �d�i�s�c�r�e�t�i�z�e� �a� 

�w�a�t�e�r�s�h�e�d� �i�n�t�o� �u�n�i�t�s� �t�h�a�t� �c�o�n�s�i�s�t� �o�f� �s�o�i�l� �m�a�p�p�i�n�g� 

�u�n�i�t�-�l�a�n�d�u�s�e� �c�o�m�b�i�n�a�t�i�o�n�s�.� �T�h�e�s�e�?� �u�n�i�q�u�e� �c�o�n�b�i�n�a�t�i�o�n�s� �w�a�r�e� 

�r�e�f�e�r�r�e�d� �t�o� �a�s� �h�y�d�r�o�l�o�g�i�c� �r�e�s�p�o�n�s�e� �u�n�i�t�s� �(�H�R�U�'�s�)�.� �A�n� �H�R�U� 

�w�a�s� �d�e�f�i�n�e�d� �a�s� �a�n� �a�r�e�a� �w�h�i�c�h� �r�e�s�p�o�n�d�e�d� �s�i�m�i�l�a�r�l�y� �t�h�r�o�u�g�h�o�u�t� 

�w�h�e�n� �s�u�b�j�e�c�t�e�d� �t�o� �a�@� �g�i�v�e�n� �r�a�i�n�f�a�l�l� �a�v�e�r�t�,� �1�.�¢�.�,� �r�a�i�n�f�a�l�l� 

�e�x�c�e�s�s� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �u�n�i�f�o�r�m�l�y� �d�i�s�t�r�i�b�u�t�e�d� �o�v�e�r� �t�i�e� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �l�a�n�d� �a�r�e�a�.� 

�T�h�e� �p�r�o�c�e�d�u�r�e� �f�o�r� �i�d�e�n�t�i�f�y�i�n�g� �H�R�U�'�s� �a�n�a� �c�r�e�a�t�i�n�g� �t�h�e� 

�b�a�s�i�c� �d�a�t�a� �b�a�s�a� �f�o�r� �s�u�b�s�e�q�u�e�n�t� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �c�o�m�p�u�t�a�t�i�c�a�s� 

�i�s� �a� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�,� �b�u�t� �t�i�n�e�-�c�o�n�s�u�m�i�n�g�,� �p�r�o�c�e�s�s�.� �T�h�e� �u�s�e� 

�o�f� �e�l�e�c�t�r�o�n�i�c� �d�i�g�i�t�i�z�i�n�g� �e�q�u�i�o�m�e�n�t� �W�i�t�h� �i�n�t�e�r�a�c�t�i�v�e� �j�r�a�p�h�i�c�s� 

�c�a�p�a�b�i�l�i�c�v� �a�r�e�a�t�l�y� �f�a�c�i�l�i�t�a�t�e�s� �t�h�e� �c�o�l�l�e�c�t�i�o�n� �a�n�d� �m�a�n�i�p�u�l�a�-� 

�t�i�o�n� �c�f� �t�h�i�s� �d�a�t�a�.� 

�T�h�e� �f�i�r�s�t� �s�t�a�p� �i�s� �t�o� �d�e�v�e�l�o�p� �t�w�o� �m�a�p�s�,� �w�i�t�h� �s�o�i�l� �m�a�p�p�i�n�g� 

�u�n�i�t�s� �4�e�l�i�n�e�a�t�e�d� �o�n� �o�n�e� �a�n�d� �l�a�n�d�u�s�e� �o�n� �t�h�e� �o�t�h�e�r�.� �T�h�e� �s�o�i�l�s� 

�R�a�r� �i�S� �o�v�e�r�l�a�i�d� �o�n� �t�h�e� �l�a�n�d�u�s�e� �m�a�p� �a�n�d� �e�a�c�h� �c�o�m�b�i�n�a�t�i�o�n� �i�s� 

�i�d�e�n�t�i�t�i�e�d�.�,� �T�t� �i�s� �L�u�a�p�o�r�t�a�n�t� �t�o� �n�o�t�e� �t�h�a�t� �a� �g�i�v�e�n� �c�o�m�b�i�n�a�-� 

�t�i�o�n� �c�a�d� �o�c�c�u�r� �a�t� �m�a�n�y� �d�i�f�f�e�r�e�n�t� �I�c�c�a�t�i�o�n�s� �i�n� �a� �w�a�t�e�r�s�h�e�d� 

�a�n�d� �t�h�i�s� �p�o�s�i�t�i�o�n� �i�s� �a�i�w�a�y�s� �m�a�i�n�t�a�i�n�e�d�.� 

�T�h�i�s� �p�r�o�c�e�d�u�g�n�s� �i�s� �a�z�i�i�u�s�t�c�r�a�t�e�d� �b�y� �F�i�g�u�r�e� �1� �w�h�e�r�e� �F�i�g�u�r�e� 

�Y�a� �T�a�p�r�e�s�e�n�t�s� �@� �S�s�o�l�l�s� �w�a�p� �w�i�t�h� �t�w�o� �s�o�i�l� �t�y�p�e�s� �a�n�d� �F�i�g�u�r�e� �i�b� 

�A� �a�n�n�d�a�s�e� �m�a�p� �d�e�f�i�n�i�n�g� �t�h�r�e�e� �i�a�n�d� �c�o�v�e�r�s�.� �F�i�g�u�r�e� �t�e� �p
�e
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�T�S�S�u�l�L�t�s� �C�o�m� �T�h�e� �e�r�e�c�e�s�s� �d�a�s�c�t�i�b�e�d� �a�b�e�v�e� �a�n�d� �c�r�e�a�t�e�s� �f�i�v�e
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�(�a�)� �S�o�i�l�s� �m�a�p� 
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�(�b�)� �L�a�n�d�u�s�e� �m�a�p� 
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� � � � 

� � � � � � � � �i� �e�e�e� �_� 

�(�c�)� �H�R�U� �m�a�p� 

�F�i�g�u�r�e� �1�.� �S�e�h�e�m�a�t�i�c� �i�l�l�u�s�t�r�a�t�i�o�n� �o�f� �t�h�e� �r�r�o�c�e�d�u�r�e� �f�o�r� �d�e�t�e�r�-� 
�m�i�n�i�n�s� �h�y�d�r�o�l�o�g�i�c� �r�e�s�r�o�n�s�e� �u�n�i�t�s� �{�f�r�o�m� �L�i� �(�1�9�7�5�)�}�.



�2�2� 

�u�n�i�q�u�e� �H�R�U�'�s�.� �O�b�v�i�o�u�s�i�y�,� �t�h�e� �n�u�m�b�e�r� �o�f� �H�R�U�'�s� �c�a�n� �i�n�c�r�e�a�s�e� 

�v�e�r�y� �r�a�p�i�d�l�y� �a�s� �t�h�e� �d�r�a�i�n�a�g�e� �a�r�e�a� �i�s� �i�n�c�r�e�a�s�e�d� �t�o� �i�n�c�l�u�d�e� 

�m�o�r�e� �m�a�p�p�i�n�g� �u�n�i�t�s� �a�n�d� �l�a�n�d�u�s�e� �t�y�p�e�s�.� �T�h�e� �d�a�t�a� �n�e�c�e�s�s�a�r�y� �t�o� 

�i�d�e�n�t�i�f�y� �e�a�c�h� �u�n�i�t� �a�n�d�,� �s�u�b�s�e�q�u�e�n�t�l�y�,� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �h�y�d�r�o�-� 

�l�o�g�i�c� �r�e�s�p�o�n�s�e� �f�r�o�m� �e�a�c�h� �a�r�e�a� �c�a�n� �r�i�s�e� �t�o� �e�n�c�r�m�o�u�s� �p�r�o�p�o�r�-� 

�t�i�o�n�s�.� �T�h�e�r�e�f�o�r�e�,� �s�o�m�e� �d�e�g�r�e�e� �o�f� �a�g�g�r�e�g�a�t�i�o�n� �i�s� �n�e�c�e�s�s�a�r�y�.� 

�T�h�i�s� �i�s� �b�e�t�t�e�r� �u�n�d�e�r�s�t�o�o�d� �a�f�t�e�r� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�c�n� �p�r�o�c�e�d�u�r�e� 

�f�o�r� �f�l�o�w� �e�l�e�m�e�n�t�s� �h�a�s� �b�e�e�n� �d�i�s�c�u�s�s�e�d�.� 

�T�h�e� �p�r�i�m�a�r�y� �a�s�s�u�m�p�t�i�o�n� �m�a�d�e� �i�n� �t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� 

�w�a�t�e�r�s�h�e�d� �i�s� �t�h�a�t� �o�f� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w�.� �T�h�e� �r�e�s�u�l�t�i�n�g� 

�e�l�e�m�e�n�t� �g�r�i�d� �s�t�r�u�c�t�u�r�e� �r�e�p�r�e�s�e�n�t�s� �a� �q�u�a�s�i� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� 

�p�a�t�t�e�r�n� �w�h�e�r�e� �t�h�e� �a�r�r�a�n�g�e�m�e�n�t� �c�f� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�l�o�w� 

�"�s�t�r�i�p�s�"� �m�a�i�n�t�a�i�n�s� �a�n� �o�v�e�r�a�l�l� �t�w�o�-�d�i�m�e�n�s�i�o�n�a�l� �p�a�t�t�e�r�n� �o�f� 

�f�l�o�w� �d�i�r�e�c�t�i�o�n�s�.� 

�T�h�e� �f�i�r�s�t� �c�r�i�t�e�r�i�o�n� �i�n� �d�e�v�e�l�o�p�i�n�g� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�g�r�i�d� �i�s� �t�h�a�t� �o�f� �d�i�s�c�r�e�t�i�z�i�n�g� �t�h�e� �w�a�t�e�r�s�h�e�d� �i�n� �s�u�c�h� �a� �m�a�n�n�e�r� 

�t�h�a�t� �s�i�g�n�i�f�i�c�a�n�t� �f�l�o�w� �p�a�t�h�s� �a�r�e� �m�a�i�n�t�a�i�n�e�d�.� �A� �w�a�t�e�r�s�h�e�d� 

�w�i�l�l� �u�s�u�a�l�l�y� �c�o�n�s�i�s�t� �o�f� �s�e�v�e�r�a�l� �s�u�b�s�h�e�d�s�,� �i�.�e�.�,� �s�t�r�e�a�m� �c�h�a�n�-� 

�n�e�l�s� �a�n�d� �t�h�e�i�r� �a�c�c�o�m�p�a�n�y�i�n�g� �d�r�a�i�n�a�g�e� �a�r�e�a�s�.� �E�a�c�h� �c�h�a�n�n�e�l� 

�m�u�s�t� �t�h�e�n� �b�e� �s�u�b�d�i�v�i�d�e�d� �i�n�t�o� �r�e�a�c�h�e�s�,� �o�r� �e�l�e�m�e�n�t�s�,� �f�o�r� �t�h�e� 

�p�u�r�p�o�s�e� �o�f� �r�o�u�t�i�n�g� �f�l�o�w� �t�h�r�o�u�g�h� �t�h�e� �c�h�a�n�n�e�l�.� �T�L�e� �s�u�b�a�r�e�a�s� 

�o�f� �d�r�a�i�n�a�g�2� �(�o�v�e�r�l�a�n�d� �f�l�o�w� �s�t�r�i�p�s�)� �i�n�t�o� �e�a�c�h� �c�h�a�n�n�e�l� �e�l�a�m�e�n�t



�2�3� 

�m�u�s�t� �b�e� �d�e�f�i�n�e�d� �f�o�r� �r�o�u�t�i�n�g� �o�v�e�r�l�a�n�d� �f�l�o�w� �a�n�d� �a�l�l�o�c�a�t�i�n�g� �t�h�e� 

�c�o�r�r�e�c�t� �i�n�f�l�o�w� �t�o� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �c�h�a�n�n�e�l� �e�l�e�m�e�n�t�.� �E�a�c�h� 

�o�f� �t�h�e�s�e� �o�v�e�r�l�a�n�d� �f�l�o�w� �s�t�r�i�p�s� �m�a�y� �b�e� �f�u�r�t�h�e�r� �s�u�b�d�i�v�i�d�e�d� �i�n�t�o� 

�a� �s�e�r�i�e�s� �o�f� �e�l�e�m�e�n�t�s� �t�o� �d�e�f�i�n�e� �s�i�q�n�i�f�i�c�a�n�t� �v�a�r�i�a�t�i�o�n�s� �i�n� 

�s�l�o�p�e�,� �s�u�r�f�a�c�e� �r�o�u�g�h�n�e�s�s�,� �e�t�c�.� 

�F�i�g�u�r�e� �2� �i�s� �a� �s�c�h�e�m�a�t�i�c� �i�l�l�u�s�t�r�a�t�i�o�n� �o�f� �t�h�e� �o�v�e�r�l�a�n�d� �a�n�d� 

�c�h�a�n�n�e�l� �f�l�o�w� �p�a�t�t�e�r�n� �o�f� �s�t�r�i�p�s�.� �F�i�g�u�r�e� �2� �r�e�p�r�e�s�e�n�t�s� �p�a�r�t� �o�f� 

�a� �t�y�p�i�c�a�l� �w�a�t�e�r�s�h�e�d� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �c�o�n�s�i�s�t�i�n�g� �o�f� �f�i�v�e� �o�v�e�r�-� 

�l�a�n�d� �f�l�o�w� �e�l�e�m�e�n�t�s� �a�n�d� �t�w�o� �c�h�a�n�n�e�l� �e�l�e�m�e�n�t�s�.� �F�o�r� �t�h�2� �p�u�r�-� 

�p�o�s�e� �o�f� �s�i�m�p�l�e� �i�l�l�u�s�t�r�a�t�i�o�n�,� �r�e�c�t�a�n�g�u�l�a�r� �b�o�u�n�d�a�r�i�e�s� �a�r�e� 

�s�h�o�w�n�.� 

�T�h�e�r�e� �a�r�e� �t�w�o� �o�v�e�r�l�a�n�d� �f�l�o�w� �s�t�r�i�p�s� �s�h�o�w�n�.� �T�h�a� �f�i�r�s�t� 

�f�l�o�w� �s�t�r�i�p� �c�o�n�t�a�i�n�s� �t�w�o� �e�l�e�m�e�n�t�s� �a�n�d� �t�h�e� �s�e�c�o�n�d� �c�o�n�t�a�i�n�s� 

�t�h�r�e�a� �e�l�e�m�e�n�t�s�.� �I�+� �s�h�o�u�l�d� �b�e� �n�o�t�e�d� �t�h�a�t� �e�a�c�h� �f�l�o�w� �s�t�r�i�p� �i�s� 

�s�o�l�v�e�d� �i�n�d�e�p�e�n�d�e�n�t�l�y� �o�f� �t�h�e� �o�t�h�e�r� �f�l�o�w� �s�t�r�i�p� �i�n� �c�o�n�f�o�r�m�a�n�c�e� 

�w�i�t�h� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �m�e�t�h�o�d� �o�f� �s�o�l�u�t�i�o�n�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� 

�r�e�d�u�c�e�s� �i�n�t�e�r�n�a�l� �c�o�m�p�u�t�e�r� �c�o�r�e� �s�t�o�r�a�g�e� �a�n�d� �a�l�l�o�w�s� �i�l�a�r�g�e� �o�r� 

�s�m�a�l�l� �w�a�t�e�r�s�h�e�d�s� �t�o� �b�e� �m�o�d�e�l�e�d� �w�i�t�h� �e�q�u�a�l� �g�2�a�s�e�.� 

�T�h�e� �s�t�a�p�s� �b�y� �w�h�i�c�h� �f�l�o�w� �i�s� �r�o�u�t�e�d� �t�h�r�o�u�g�h� �t�h�e� �w�a�t�e�r�s�h�e�d� 

�a�r�e� �d�e�s�c�r�i�b�e�d� �a�s� �f�o�l�l�o�w�s�.� �A� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �a�s�t�i�n�a�t�e� �i�s� 

�d�e�t�e�r�m�i�n�e�d� �(�s�e�e� �C�h�a�p�t�e�r� �I�I�I�)� �f�o�r� �e�a�c�h� �e�l�e�m�e�n�t� �a�n�d� �r�o�u�t�e�d� 

�t�h�r�o�u�g�h� �e�a�c�h� �o�v�e�r�l�a�n�d� �f�l�o�w� �s�t�r�i�p� �f�o�r� �e�a�c�h� �t�i�m�e� �s�t�e�p�,� �T�h�e� 

�v�a�l�u�e� �o�f� �f�l�o�w� �a�c�r�o�s�s� �t�h�e� �l�a�s�t� �n�o�d�e� �o�f� �a�n� �o�v�e�r�l�a�n�d� �f�l�o�w� �s�t�r�i�p� 

�b�e�c�o�m�e�s� �i�n�p�u�t� �t�o� �t�h�e� �c�h�a�n�n�e�l� �f�e�r� �e�a�c�h� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�i�n�e� 

�s�t�e�p�.� �P�l�o�w� �i�s� �r�o�u�t�e�d� �a�l�o�n�g� �t�h�e� �e�n�t�i�r�e� �c�h�a�n�n�e�l� �a�s� �i�f� �i�t� �w�e�r�e
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�F�i�s�u�r�e� �2�.� �A� �t�s�p�i�c�a�l� �r�e�c�t�a�n�g�u�l�a�r� �d�i�s�c�r�e�t�i�z�s�t�i�o�n� �o�f� �a�n� �i�d�e�s�l�-� 
�i�z�e�d� �w�a�t�e�r�s�h�e�d�.
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�a� �S�i�n�g�l�e� �s�t�r�i�p�.� 

�I�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �n�o�t�e� �t�h�a�t� �t�h�e� �u�s�a�g�e� �o�f� �t�h�e� �o�n�e�-�d�i�m�e�n�-� 

�s�i�o�n�a�l� �a�p�p�r�o�x�i�m�a�t�i�o�n� �c�r�e�a�t�e�s� �n�o� �a�d�d�i�t�i�o�n�a�l� �p�r�c�b�l�e�m�s� �i�n� �c�o�n�-� 

�p�l�e�x�i�t�y� �w�h�e�n� �i�r�r�e�g�u�l�a�r� �o�v�e�r�l�a�n�d� �f�l�o�w� �e�l�e�m�e�n�t� �b�o�u�n�d�a�r�i�e�s� �a�r�e� 

�e�n�c�o�u�n�t�e�r�e�d� �i�n� �n�a�t�u�r�a�l� �w�a�t�e�r�s�h�e�d�s�.� �T�h�i�s� �i�s� �t�r�u�e� �b�e�c�a�u�s�e� 

�l�i�n�e� �e�l�e�m�e�n�t�s� �r�e�s�u�l�t� �f�r�o�m� �t�h�e� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �a�s�s�u�m�p�t�i�o�n� �a�n�d� 

�2�l�e�m�e�n�t� �a�r�e�a�s� �a�r�e� �e�m�p�l�o�y�e�d� �s�o�l�e�l�y� �f�o�r� �t�h�e� �p�u�r�p�e�s�e� �o�f� �o�b�t�a�i�n�-� 

�i�n�g� �t�h�e� �q�u�a�n�t�i�t�y� �o�f� �t�h�e� �l�a�t�a�r�a�l� �f�l�o�w� �t�h�a�t� �i�s� �c�o�n�c�e�n�t�r�a�t�e�d� 

�a�l�o�n�g� �t�h�e�s�e� �e�l�e�m�e�n�t�s�.� �T�h�e�s�e� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �w�i�l�l� �b�e� �e�x�a�m�i�n�e�d� 

�i�n� �d�e�t�a�i�l� �w�h�e�n� �d�a�t�a� �p�r�e�p�a�r�a�t�i�o�n� �i�s� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �I�V�.� 

�R�e�s�o�l�v�i�n�g� �f�w�o� �L�e�v�e�l�s� �o�f� �D�i�s�c�r�e�t�i�z�a�t�i�o�n� 

�I�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�s�,� �t�w�o� �d�i�s�c�r�e�t�i�z�a�t�i�c�n� �p�r�o�c�e�d�u�r�e�s� 

�h�a�v�e� �b�e�e�n� �d�i�s�c�u�s�s�e�d� �w�h�i�c�h� �l�e�a�d� �t�o� �l�a�n�d� �u�n�i�t� �b�r�e�a�k�d�o�w�n�s� �w�h�o�s�e� 

�b�o�u�n�d�a�r�i�e�s� �w�i�l�l�,� �i�n� �g�e�n�e�r�a�l�,� �n�o�t� �c�o�i�n�c�i�d�e�.� �T�h�i�s� �c�o�n�s�t�i�t�u�t�e�s� 

�a�n� �i�m�m�e�d�i�a�t�e� �p�r�o�b�l�e�m� �b�e�c�a�u�s�e� �e�x�c�e�s�s� �r�a�i�n�f�a�l�l� �w�i�i�l� �n�o�t� �b�e� 

�u�n�i�f�o�r�m� �a�c�r�o�s�s� �a�n� �¢�l�e�m�e�n�t� �f�o�r� �a� �g�i�v�e�n� �t�i�m�e� �i�n�c�r�e�m�e�n�t�.� 

�A� �p�r�o�c�e�d�u�r�e� �m�u�s�t� �t�h�e�n� �b�e� �d�e�v�e�l�o�p�e�d� �w�h�e�r�e�b�y� �t�h�e� �p�r�o�p�e�r�-� 

�t�i�e�s� �o�f� �t�h�e� �t�w�o� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�s� �a�r�e� �i�n�t�e�g�r�a�t�e�d� 

�t�o�w�a�r�d� �o�n�e� �c�o�m�m�o�n� �i�n�t�e�n�t�i�o�n�.� �T�h�i�s� �i�s� �n�e�c�e�s�s�a�r�y� �s�i�n�c�e� �a� 

�g�i�v�e�n� �f�l�o�w� �s�t�r�i�p� �c�a�n� �c�o�n�s�i�s�t� �o�f� �m�a�n�y� �H�R�U�'�s� �c�f� �v�a�r�y�i�n�g� �s�i�z�e�.� 

�S�e�v�e�r�a�l� �a�l�t�e�r�n�a�t�i�v�e� �t�e�c�h�n�i�q�u�e�s� �t�h�a�t� �c�o�u�l�d� �b�e� �u�s�e�d� �t�o� �r�e�s�o�l�v�e� 

�t�h�i�s� �p�r�o�b�l�e�m� �a�r�a� �d�i�s�c�u�s�s�e�d� �b�e�l�o�w�.� 

�O�n�e� �o�p�t�i�o�n� �i�s� �t�h�a�t� �o�f� �c�o�n�c�e�p�t�u�a�l�i�z�i�n�g� �t�h�e� �d�R�U�'�s� �w�i�t�h�i�n



�2�6� 

�a�n� �o�v�e�r�l�a�n�d� �f�l�o�w� �s�t�r�i�p� �i�n�t�o� �a�n� �o�r�d�e�r�e�d� �s�e�q�u�e�n�c�e� �o�f� �e�l�e�m�e�n�t�s� 

�a�r�r�a�n�g�e�d� �s�u�c�h� �t�h�a�t� �h�y�d�r�a�u�l�i�c� �c�o�n�t�i�n�u�i�t�y� �i�s� �m�a�i�n�t�a�i�n�e�d� �i�n� �t�h�e� 

�o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �c�o�n�t�e�x�t� �w�i�t�h� �e�a�c�h� �H�R�U� �d�e�f�i�n�e�d� �a�s� �a�n� �e�l�e�m�e�n�t�.� 

�A�n� �i�n�v�e�s�t�i�g�a�t�i�o�n� �i�n� �t�h�i�s� �d�i�r�e�c�t�i�o�n� �w�o�u�l�d� �l�i�k�e�l�y� �r�e�s�u�l�t� �i�n� 

�p�r�o�b�l�e�m�s� �w�i�t�h� �n�u�m�e�r�i�c�a�l� �s�t�a�b�i�l�i�t�y� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �f�l�o�w� 

�t�h�r�o�u�g�h� �a�n� �o�v�e�r�l�a�n�d� �f�l�o�w� �s�t�r�i�p�.� �U�n�l�e�s�s� �t�h�e� �s�m�a�l�l�e�s�t� �o�f� �t�h�e� 

�H�R�U�' ��s� �w�e�r�2� �d�e�l�e�t�e�d� �f�r�o�m� �c�o�n�s�i�d�e�r�a�t�i�o�n�,� �e�l�e�m�e�n�t�s� �w�i�l�l� �h�e� 

�e�n�c�o�u�n�t�e�r�e�d� �t�h�a�t� �h�a�v�e� �v�e�r�y� �s�h�o�r�t� �l�e�n�g�t�h�s�.� �T�c� �o�b�t�a�i�n� �a� �s�o�l�u�-� 

�t�i�o�n�,� �v�e�r�y� �s�m�a�l�l� �t�i�m�e� �i�n�c�r�e�m�e�n�t�s� �w�o�u�l�d� �b�e� �n�e�c�e�s�s�a�r�y�.� �T�h�i�s� 

�w�o�u�l�d� �i�n�c�r�e�a�s�e� �c�o�m�p�u�t�e�r� �c�o�s�t�s� �m�a�n�y� �o�r�d�e�r�s� �o�f� �m�a�g�n�i�t�u�d�e� �w�i�t�h� 

�n�o� �b�e�n�e�f�i�t� �d�i�s�c�e�r�n�i�b�l�e� �i�n� �t�h�e� �p�r�e�d�i�c�t�e�d� �h�y�d�r�o�g�r�a�p�h�.� �T�h�i�s� 

�o�p�t�i�o�n� �a�l�s�o� �d�o�e�s� �n�o�t� �a�p�p�e�a�r� �w�o�r�t�h� �p�u�r�s�u�i�n�g� �d�u�e� �t�o� �a� �l�a�c�k� �o�f� 

�i�n�f�o�r�m�a�t�i�o�n� �o�n� �b�o�t�h� �t�h�e� �e�f�f�e�c�t� �o�f� �o�r�d�e�r�i�n�g� �t�h�e� �H�R�U ��'�s� �a�n�d� �t�h�e� 

�a�f�f�e�c�t� �o�f� �t�h�r�e�s�h�o�l�d�i�n�g�.� 

�T�h�e� �p�r�i�m�a�r�y� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �a�b�o�v�e� �m�e�t�h�o�d� �i�s� �t�h�e� �f�a�c�t� 

�t�h�a�t� �h�y�d�r�a�u�l�i�c� �c�o�n�t�i�n�u�i�t�y� �m�a�y� �b�e� �m�a�i�n�t�a�i�n�e�d� �a�t� �t�h�e� �H�R�U� 

�l�e�v�e�l�.� �T�h�i�s� �i�s� �i�m�p�o�r�t�a�n�t� �i�n� �l�i�g�h�t� �o�f� �t�r�a�n�s�m�i�s�s�i�o�n�,� �o�r� �r�e�-� 

�i�n�f�i�l�t�r�a�t�i�o�n�,� �l�o�s�s�e�s� �w�h�i�c�h� �m�a�y� �o�c�c�u�r� �a�S� �w�a�t�e�r� �m�o�v�e�s�,� �f�o�r� 

�e�x�a�m�p�l�e�,� �f�r�o�m� �a�n� �i�m�p�e�r�v�i�o�u�s� �H�R�U� �a�c�r�o�s�s� �a� �h�i�g�h�l�y� �p�e�r�v�i�o�u�s� 

�H�R�U�.� �T�h�i�s� �m�a�y� �c�a�u�s�e� �d�i�f�f�i�c�u�l�t�y� �i�n� �p�r�e�d�i�c�t�i�n�g� �t�h�e� �v�o�l�u�m�e� �o�f� 

�r�u�n�o�f�f� �f�o�r� �f�l�o�o�d� �e�v�e�n�t�s� �w�i�t�h� �s�h�o�r�t� �r�e�t�u�r�n� �p�e�r�i�o�d�s�,� �h�o�w�e�v�e�r�,� 

�f�o�r� �e�x�t�r�e�m�e� �f�l�o�c�d� �e�v�e�n�t�s�,� �c�r�e�-�i�n�f�i�l�t�r�a�t�i�o�n� �w�o�u�l�d� �h�a�v�e� �l�a�s�s� 

�i�m�p�a�c�t� �u�p�o�n� �t�o�t�a�l� �r�u�n�o�f�f�.� 

�D�e�s�p�i�t�>� �i�n�c�l�i�n�a�t�i�o�n�s� �t�o� �e�l�i�m�i�n�a�t�e� �d�a�t�a� �a�g�g�r�e�g�a�t�i�o�n�,� �s�o�m�e� 

�i�n�t�e�g�r�a�t�i�o�n� �m�u�s�t� �t�a�k�e� �p�l�a�c�e� �b�e�c�a�u�s�e� �a� �p�o�i�n�t� �w�i�l�l� �b�e� �r�e�a�c�h�e�d



�2�7� 

�w�h�e�r�e� �t�h�e� �c�o�s�t� �f�o�r� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �d�e�t�a�i�l� �f�a�r� �e�x�c�s�e�d�s� 

�p�o�t�e�n�t�i�a�l� �g�a�i�n�.� �N�o� �e�x�a�c�t� �l�i�n�e� �o�f� �d�e�m�a�r�c�a�t�i�o�n� �o�r� �s�i�n�g�l�e� �s�e�t� 

�o�f� �c�r�i�t�e�r�i�a� �a�p�p�e�a�r�s� �t�o� �b�e� �u�s�a�b�l�e�.� �R�a�t�h�e�r�,� �t�h�e� �s�e�p�a�r�a�t�i�o�n� 

�p�o�i�n�t� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �a�n� �i�n�c�r�2�d�i�b�l�y� �c�o�m�p�l�e�x� �s�e�t� �o�f� �f�a�c�t�o�r�s� 

�w�h�i�c�h� �i�n�c�l�u�d�e�s� �n�o�t� �o�n�l�y� �p�h�y�s�i�c�a�l� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �d�r�a�i�n�a�g�e� 

�s�y�s�t�a�m� �b�u�t� �e�c�o�n�o�m�i�c� �c�o�n�s�t�r�a�i�n�t�s�,� �t�h�e� �p�r�o�b�l�e�m� �b�e�i�n�g� �s�o�l�v�e�d� 

�a�n�d� �p�o�s�s�i�b�l�y�,� �m�o�s�t� �i�m�p�o�r�t�a�n�t�l�y�,� �t�h�e� �m�o�d�e�l� �i�t�s�e�l�f�.� 

�T�h�i�s� �a�g�g�r�e�g�a�t�i�o�n� �i�s� �b�e�s�t� �a�t�t�a�i�n�e�d� �b�y� �a� �w�e�i�g�h�t�i�n�g� �p�r�o�c�e�-� 

�d�u�r�e� �w�h�i�c�h� �i�s� �g�e�n�e�r�a�l�l�y� �n�e�c�e�s�s�a�r�y� �i�n� �a�l�l� �h�y�d�r�o�l�o�g�i�c� �m�o�d�e�l�s� 

�w�h�i�c�h� �a�t�t�e�m�p�t� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �p�h�y�s�i�c�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� 

�c�o�m�p�l�e�x� �w�a�t�e�r�s�h�e�d� �s�y�s�t�e�m�.� �S�o�m�e� �o�f� �t�h�e�s�e� �a�e�t�h�o�d�s� �i�n�v�o�l�v�e� �a�n� 

�e�n�t�i�r�e�l�y� �n�e�w� �c�o�n�c�e�p�t� �o�f� �w�h�a�t� �c�o�n�s�t�i�t�u�t�e�s� �a�n� �H�R�U�.� 

�O�n�e� �p�o�s�s�i�b�l�e� �w�e�i�g�h�t�i�n�g� �p�r�o�c�e�d�u�r�e� �i�s� �t�h�a�t� �o�f� �w�e�i�g�h�t�i�n�g� 

�t�h�e� �s�o�i�l� �a�n�d� �l�a�n�d�u�s�e� �p�r�o�p�e�r�t�i�e�s�,� �w�i�t�h�i�n� �e�a�c�h� �e�l�e�m�e�n�t�,� �t�h�a�t� 

�a�r�e� �n�e�e�d�e�d� �t�o� �d�e�f�i�n�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �p�a�r�a�m�e�t�e�r�s� �i�n� �t�h�e� �i�n�f�i�l�-� 

�t�r�a�t�i�o�n� �e�q�u�a�t�i�o�n�.� �T�h�i�s� �p�r�o�v�i�d�e�s� �a� �u�n�i�q�u�e� �H�R�U� �f�o�r� �e�a�c�h� �e�l�e�-� 

�m�e�n�t�.� �R�a�i�n�f�a�l�l� �e�x�c�e�s�s� �c�a�n� �t�h�e�n� �b�e� �g�e�n�e�r�a�t�e�d� �f�r�o�m� �t�h�e� 

�w�e�i�g�h�t�e�d� �p�r�o�p�e�r�t�i�e�s� �o�f� �a� �g�i�v�e�n� �e�l�e�m�e�n�t�.� 

�T�h�e� �s�o�i�l� �p�r�o�p�e�r�t�i�e�s� �i�n� �a� �s�t�r�i�p� �c�a�n� �b�e� �w�e�i�g�h�t�e�d� �t�o� �c�r�e�a�t�e� 

�a� �c�o�n�c�e�p�t�u�a�l�i�z�e�d� �s�o�i�l� �t�y�p�e� �f�o�r� �e�a�c�h� �s�t�r�i�p�.� �L�a�n�d�u�s�e� �t�y�p�e�s� 

�w�o�u�l�d� �t�h�e�n� �b�e� �d�e�f�i�n�e�d� �o�n� �t�h�e� �w�a�t�e�r�s�h�e�d� �w�h�e�r�e�b�y� �e�a�c�h� �l�a�n�d�u�s�e�,� 

�t�o�r� �t�h�e� �p�u�r�p�o�s�e� �c�f� �d�e�t�e�r�m�i�n�i�n�g� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s�,� �w�o�u�l�d� 

�c�o�n�s�t�i�t�u�t�e� �a� �u�n�i�g�u�e� �H�R�U�.� �A� �s�i�n�g�l�e� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �s�e�q�u�e�n�c�e� 

�w�o�u�l�d� �t�h�e�n� �b�e� �o�b�t�a�i�n�e�d� �f�o�r� �e�a�c�h� �e�l�e�m�e�n�t� �b�y� �w�e�i�g�h�t�i�n�g� �t�h�e� 

�g�e�n�e�r�a�t�e�d� �e�x�c�e�s�s� �a�s� �a� �F�u�n�c�t�i�o�n� �o�f� �t�h�e� �l�a�n�d�u�s�e� �a�r�a�a�s�.



�2�8� 

�T�h�e� �a�b�o�v�e� �m�e�t�h�o�d� �h�a�s� �o�b�v�i�o�u�s� �b�e�n�e�f�i�t�s� �b�e�c�a�u�s�e� �o�f� �t�u�e� 

�a�d�v�a�n�t�a�g�e�s� �i�n� �m�a�k�i�n�g� �l�a�n�d�u�s�e� �c�h�a�n�g�e�s� �a�n�d� �s�u�b�s�e�q�u�e�n�t� �e�v�a�l�u�a�-� 

�t�i�o�n� �o�f� �t�h�e�s�e� �c�h�a�n�g�e�s�.� �S�i�n�c�e� �l�a�n�d� �m�a�n�a�g�e�m�e�n�t� �w�i�l�l� �a�f�f�e�c�t� 

�t�h�e� �l�a�n�d� �c�o�v�e�r� �b�u�t� �n�o�r�m�a�l�l�y� �w�i�l�i� �n�o�t� �a�l�t�e�r� �t�h�e� �s�o�i�l�s�,� �t�h�e� 

�w�e�i�g�h�t�e�d� �s�o�i�l�s� �p�a�r�a�m�e�t�e�r�s� �f�o�r�a� �s�t�r�i�p� �w�i�l�l� �r�e�m�a�i�n� �f�i�x�e�d� 

�e�n�t�i�t�i�e�s�.� �T�h�i�s� �i�s� �c�o�n�v�e�n�i�e�n�t� �f�o�r� �t�h�e� �p�u�r�p�o�s�e�s� �o�f� �m�a�p�p�i�n�g� 

�a�n�d� �p�l�a�n�i�m�e�t�e�r�i�n�g� �l�a�n�d�u�s�e� �c�h�a�n�g�e�s� �f�o�r� �e�v�a�l�u�a�t�i�o�n� �a�n�d� �m�a�k�i�n�g� 

�t�h�e� �n�e�c�e�s�s�a�r�y� �i�n�p�u�t� �d�a�t�a� �a�d�j�u�s�t�m�e�n�t�s� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�s�c�r�i�b�e� 

�S�u�c�h� �a�l�t�e�r�a�t�i�o�n�s�.� 

�T�h�e� �p�r�o�c�e�d�u�r�e� �w�h�i�c�h� �a�p�p�e�a�r�s� �t�o� �r�e�t�a�i�n� �t�h�e� �h�i�g�h�e�s�t� �l�e�v�e�l� 

�o�f� �s�p�a�t�i�a�l� �u�n�i�q�u�e�n�e�s�s� �i�s� �t�h�a�t� �o�f� �d�e�f�i�n�i�n�g� �e�l�e�m�e�n�t�s� �i�n� �a� 

�s�t�r�i�p� �b�y� �t�o�p�o�g�r�a�p�h�i�c� �i�n�d�i�c�a�t�o�r�s� �a�n�d�,� �f�o�r�a� �g�i�v�e�n� �s�t�o�r�n� 

�e�v�e�n�t�,� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �s�e�q�u�e�n�c�e� �f�o�r� �s�e�a�c�h� �H�R�U� 

�w�i�t�h�i�n� �a�n� �e�l�e�m�e�n�t�.� �T�h�e� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �v�a�l�u�e�s� �a�r�e� �t�h�e�n� 

�w�e�i�g�h�t�e�d� �t�o� �p�r�o�v�i�d�e� �a� �s�i�n�g�l�e� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �s�e�q�u�e�n�c�e� �f�e� �0
� 

�n�m
� 

�t�h�e� �e�n�t�i�r�e� �s�l�e�m�e�n�t�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �t�h�e�n� �i�n�p�u�t�t�e�d� �t�o� �t�h� �0
� 

�f�l�o�w� �r�o�u�t�i�n�g� �r�o�u�t�i�n�e�s�.� 

�T�h�e� �w�e�i�g�h�t�i�n�g� �i�s� �p�e�r�f�o�r�m�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �a�r�e�a� �w�i�t�h� 

�t�h�e� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� 

�N�H� 

�P�e� �=� �)� �a�i�/�A�e� �R�y� �{�1�}� �i�=�l� 

�P�o� �=� �w�e�i�g�h�t�e�d� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �f�o�r� �a�n� �e�l�e�m�e�n�t�,� 

�e�l�e�m�e�n�t� �a�r�e�a�,� �a
� 

�i�D
� �i�l



�a�j� �=� �a�r�e�a� �o�f� �t�h�e� �i�t�h� �H�R�I� 

�R�j� �=� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �f�o�r� �t�h�e� �i�t�h� �H�R�U�,� �a�n�d� 

�N�H� �=� �n�u�m�b�e�r� �o�f� �H�R�U�'�s� �w�i�t�h�i�n� �t�h�e� �s�l�e�m�e�n�t� �b�o�u�n�d�a�r�y�.� 

�T�h�i�s� �p�r�o�c�e�d�u�r�e� �i�s� �c�o�n�v�e�n�i�e�n�t� �f�r�o�m� �t�h�e� �v�i�e�w�p�o�i�n�t� �o�f� �b�e�t�h� 

�s�t�o�r�a�g�e� �a�n�d� �e�f�f�i�c�i�e�n�c�y�.� �T�h�e� �p�r�i�m�a�r�y� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�i�s� 

�m�e�t�h�o�d�,� �h�o�w�e�v�e�r�,� �i�s� �t�h�a�t� �t�h�e� �i�n�d�i�v�i�d�u�a�l�i�t�y� �o�f� �t�h�e� �H�R�U�'�s� �i�s� 

�m�a�i�n�t�a�i�n�e�d�,� �i�.�¢�.�,� �h�y�d�r�o�l�o�g�i�c� �r�e�s�p�o�n�s�e� �i�s� �a�v�a�i�l�a�b�l�e� �f�o�r� �t�h�e� 

�s�m�a�l�l�e�s�t� �d�i�s�c�e�r�n�i�b�l�e� �a�r�e�a� �o�f� �t�h�e� �w�a�t�e�r�s�h�e�d�.� �T�h�i�s� �m�a�y� �h�e� 

�h�e�l�p�f�u�l� �w�h�e�n� �i�t� �i�s� �d�e�s�i�r�e�d� �t�o� �l�o�c�a�t�e� �a�n�d� �i�s�o�l�a�t�e� �c�r�i�t�i�c�a�l� 

�r�u�n�o�f�f�-�p�r�o�d�u�c�i�n�g� �a�r�e�a�s� �o�f� �a� �g�i�v�e�n� �e�l�e�m�e�n�t�.� �F�u�r�t�h�e�r�m�e�c�r�e�,� �t�h�e� 

�r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �a�c�r�e�s�s� �a�n� �e�l�e�m�e�n�t� �i�s� �a�v�a�i�l�a�b�l�e�.� 

�T�w�o� �a�l�t�e�r�n�a�t�i�v�e�s� �a�r�e� �p�o�s�s�i�b�l�e� �t�y� �w�h�i�c�h� �t�h�e� �v�o�i�u�m�e� �o�f� 

�d�a�t�a� �n�e�c�e�s�s�a�r�y� �f�o�r� �r�e�l�a�t�i�n�g� �H�R�U�'�s� �t�o� �e�l�e�m�e�n�t�s� �m�a�y� �b�e� �r�e�d�u�c�e�d� 

�i�n� �o�r�d�e�r� �t�o� �f�a�c�i�l�i�t�a�t�e� �t�h�e� �w�e�i�g�h�t�i�n�g� �p�r�o�c�e�s�s�.� �I�n� �t�h�e� �w�o�r�k� 

�o�f� �R�o�s�s� �(�1�9�7�5�)� �a� �t�h�r�e�s�h�o�l�d�i�n�g� �t�e�c�h�n�i�q�u�e� �w�a�s� �a�p�p�l�i�e�d� �w�h�i�c�h� 

�o�m�i�t�t�e�d� �c�o�n�s�i�d�e�r�a�t�i�o�n� �o�f� �H�R�U�'�s� �w�h�i�c�h� �f�e�l�l� �u�n�d�e�r� �a� �c�e�r�t�a�i�n� 

�p�r�e�d�e�f�i�n�e�d� �p�e�r�c�e�n�t�a�g�e� �o�f� �e�l�e�m�e�n�t� �a�r�e�a�.� �T�h�i�s� �p�r�e�c�e�d�u�r�e� �w�a�s� 

�b�a�s�e�d� �o�n� �t�h�e� �p�r�e�m�i�s�e� �t�h�a�t� �t�h�e�i�r� �i�n�c�l�u�s�i�o�n� �h�a�d� �l�i�t�t�l�e� �e�f�f�e�c�t� 

�u�p�o�n� �t�h�e� �f�i�n�a�l� �w�e�i�g�h�t�e�d� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �v�a�l�u�e�s� �p�e�r� �e�l�e�m�e�n�t� 

�a�n�d� �e�v�e�n� �l�e�s�s� �i�m�p�a�c�t� �o�n� �t�h�e� �d�o�w�n�s�t�r�e�a�m� �d�i�s�c�h�a�r�g�e� �h�y�d�r�o�g�r�a�p�h�.� 

�T�h�i�s� �w�a�s� �d�o�n�e� �p�r�i�m�a�r�i�l�y� �b�e�c�a�u�s�e� �m�a�n�u�a�l� �d�a�t�a� �c�o�l�l�e�c�t�i�o�n� �a�n�d� 

�m�a�n�i�p�u�l�a�t�i�o�n� �p�r�o�v�e�d� �t�o� �b�e� �a� �t�e�d�i�o�u�s�,� �t�i�m�e�-�c�o�n�s�u�m�i�n�g� �p�r�o�c�e�s�s�.� 

�A�n�o�t�h�e�r� �a�l�t�e�r�n�a�t�i�v�e� �i�s� �t�h�e� �o�p�t�i�m�a�l� �g�r�s�u�p�i�n�g� �o�f� �H�R�U�'�s� �b�y� 

�L�u�y�p�i�n�g� �t�h�o�s�e� �t�h�a�t� �h�a�v�e� �a� �s�i�m�i�l�a�r� �h�y�d�r�o�l�o�g�i�c� �r�e�s�p�o�n�s�e�,� �e�v�e�n� 

�t�h�o�u�g�h� �t�h�e�y� �m�a�y� �h�a�v�a� �a� �d�i�t�f�e�r�e�n�t� �a�r�r�a�n�g�e�m�e�n�t� �o�f� �s�o�i�l�s�,� �l�a�n�d



�3�0� 

�c�o�v�e�r�,� �e�t�c�.� �D�e�v�e�l�o�o�s�i�n�g� �a� �r�e�l�a�t�i�o�n�s�h�i�p� �t�o� �p�r�e�d�i�c�t� �t�h�e� �r�e�l�a�-�~� 

�t�i�v�e� �r�e�s�p�o�n�s�e�s� �f�r�o�m� �d�i�f�f�e�r�e�n�t� �H�R�O�'�s� �i�s� �d�i�f�f�i�c�u�l�t� �b�e�c�a�u�s�e� �o�f� 

�t�h�e� �m�a�n�y� �i�n�t�e�r�a�c�t�i�n�g� �F�a�c�t�o�r�s� �w�h�i�c�h� �a�r�e� �n�o�t� �c�o�n�s�t�a�n�t� �f�o�r� �a� 

�g�i�v�e�n� �H�R�U�,� �s�u�c�h� �a�s� �a�n�t�e�c�a�d�e�n�t� �m�o�i�s�t�u�r�e� �a�n�d� �r�a�i�n�f�a�l�l� �i�n�t�e�n�-� 

�s�i�t�y�.� �R�a�n�k�i�n�g�s� �o�f� �H�R�U� �r�e�s�p�o�n�s�e� �m�a�y� �r�e�s�u�l�t� �i�n� �d�i�f�f�e�r�e�n�t� �o�r�d�-� 

�e�r�s� �f�o�r� �d�i�f�f�e�r�e�n�t� �s�t�o�r�m� �i�n�t�e�n�s�i�t�i�e�s�.� 

�A�c�c�e�s�s� �t�o� �a�n� �e�l�e�c�t�r�o�n�i�c� �p�l�a�n�i�m�e�t�e�r� �p�r�e�c�l�u�d�e�s� �a�n�y� �n�e�c�e�s�-� 

�S�i�t�y� �o�f� �d�a�t�a� �r�e�d�u�c�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �o�f� �t�h�i�s� �t�y�p�e�.� �B�e�n�e�f�i�t�s� 

�d�e�r�i�v�e�d� �f�r�o�m� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �i�m�p�r�o�v�e�d� �d�a�t�a� �t�r�a�n�s�f�e�r�a�b�i�l�-� 

�i�t�y� �t�e�c�h�n�i�q�u�e�s� �f�r�o�m� �t�h�e� �m�a�p�s� �t�o� �i�n�p�u�t� �f�i�l�e�s� �a�r�e�,� �i�n� �a�l�i� 

�l�i�k�e�l�i�h�o�o�d�,� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�o�s�e� �o�b�t�a�i�n�e�d� �b�y� �a�n�y� �d�a�t�a� �r�e�d�u�c�-� 

�t�i�o�n� �t�e�c�h�n�i�q�u�e�s� �w�h�i�c�h� �m�a�y� �b�e� �i�m�p�l�e�m�e�n�t�e�d�.



�C�H�A�P�T�E�R� �I�I�t� 

�M�A�T�H�E�M�A�T�I�C�A�L� �D�E�V�E�L�O�P�M�E�N�T� �O�F� �T�H�E� �F�E�S�H�M� 

�A�l�l� �c�o�m�p�u�t�e�r�-�b�a�s�e�d� �m�o�d�e�l�s� �m�u�s�t� �h�a�v�e� �a� �d�r�i�v�i�n�g� �e�q�u�a�t�i�o�n� 

�o�r� �s�e�t� �o�f� �e�q�u�a�t�i�o�n�s� �w�h�i�c�h� �c�o�n�s�t�i�t�u�t�e� �t�h�e� �b�a�s�i�s� �o�f� �t�h�e� 

�m�o�d�e�l�'�s� �s�i�m�u�l�a�t�i�o�n� �c�a�p�a�b�i�l�i�t�y�.� �T�h�i�s� �s�e�c�t�i�o�n� �d�e�s�c�r�i�b�e�s� �t�h�e� 

�e�q�u�a�t�i�o�n�s� �u�s�e�d� �i�n� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �F�E�S�H�S� �a�n�d� 

�a�p�p�r�o�a�c�h�e�s� �t�a�k�e�n� �i�n� �t�h�e�i�r� �s�o�l�u�t�i�o�n� �b�y� �c�o�m�p�u�t�e�2�r�-�a�d�a�p�t�a�b�i�l�e� 

�m�e�t�h�o�d�s�.� �T�e�s�t�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �o�n� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �w�e�d�e�i� 

�i�n� �s�i�m�u�l�a�t�i�n�g� �r�u�n�c�f�f� �a�l�o�n�g� �w�i�t�h� �n�u�m�e�r�i�c�a�l� �s�t�a�b�i�l�i�t�y� �a�n�d� �c�o�n�-�~�-� 

�v�e�r�g�e�r�c�e� �t�e�s�t�s� �o�f� �t�h�e� �r�e�s�u�l�t�a�n�t� �s�o�l�u�t�i�o�n�s�.� 
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�D�e�s�c�r�i�b�i�n�g� �H�y�d�r�o�l�o�g�i�c� �a�n�d� �H�y�d�r�a�u�l�i�c� �P�r�o�c�e�s�s�e�s� 

�M�a�t�h�e�m�a�t�i�c�a�l� �r�e�l�a�t�i�o�n�s�h�i�p�s� �m�u�s�t� �b�e� �d�e�f�i�n�e�d� �t�o� �d�e�s�c�r�i�b�e� 

�t�h�e� �h�y�d�r�o�l�o�g�i�c� �a�n�d� �h�y�d�r�a�u�l�i�c� �p�r�o�c�e�s�s�e�s� �o�c�c�u�r�r�i�n�g� �c�n� �t�h�e� 

�w�a�t�e�r�s�h�e�d� �w�h�i�c�h� �t�h�e� �m�o�d�e�l�e�r� �d�e�s�i�r�e�s� �+�o� �s�i�m�u�l�a�t�e�.� �T�h�e�s�e� �a�r�e� 

�a�i�s�c�u�s�s�e�d� �b�e�l�o�w� �a�l�o�n�g� �w�i�t�h� �t�h�e�i�r� �a�p�p�l�i�e�d� �s�o�l�u�t�i�o�n� 

�t�e�c�h�n�i�q�u�e�s�.� 

�i�e� �e�R� �o�h� �e�e� �e�e� �e�e� 

�W�i�t�h� �t�h�e� �d�e�s�i�g�n�a�t�i�o�n� �o�f� �H�R�U ��s�,� �a� �m�e�t�h�o�d� �m�u�s�t� �b�e� �s�e�l�e�c�t�e�d� 

�b�y� �w�h�i�c�h� �a�n� �e�s�t�i�m�a�t�e� �o�f� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �m�a�y� �b�e� �o�b�t�a�i�n�e�d� �w�h�e�n� 

�a�n� �H�R�U� �i�s� �s�u�b�j�e�c�t�e�d� �t�o� �a� �g�i�v�e�n� �r�a�i�n�f�a�l�l� �i�n�p�u�t�.� �M�a�n�y� �t�h�e�o�r�-� 

 ¬�t�i�c�a�l� �a�n�d� �e�m�p�i�r�i�c�a�l� �h�y�d�r�o�l�o�g�i�c� �m�o�d�e�l�s� �h�a�v�e� �b�e�e�n� �d�e�v�e�l�o�p�e�d� 

�t�o� �0�6�©�c�S�i�m�u�l�a�t�e� �t�h�a� �p�r�o�c�e�s�s� �o�f� �i�n�f�i�l�t�r�a�t�i�o�n�.� �T�w�o� �o�f� �t�h�e�s�e� 

�i�n�f�i�l�t�r�a�t�i�o�n� �m�o�d�e�l�s� �w�e�r�e� �i�n�v�e�s�t�i�g�a�t�e�d� �b�y� �L�i� �(�1�9�7�5�)� �a�s� �p�o�s�s�i�-�~� 

�b�l�e� �m�e�t�h�o�d�s� �f�o�r� �t�h�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �f�o�r� �H�R�U�'�s�;� 

�t�h�e� �M�e�i�n� �a�n�d� �L�a�r�s�o�n� �e�q�u�a�t�i�o�n� �[�M�e�i�n� �a�n�d� �L�a�r�s�o�n� �(�1�9�7�1�}�)�}� �a�n�d� 

�t�h�e� �H�o�l�t�a�n� �e�q�u�a�t�i�o�n� �{�H�o�l�t�a�n� �(�1�9�6�1�)�}�.� �I�t� �w�a�s� �c�o�n�c�l�u�d�e�d� �t�h�a�t� 

�t�h�e� �l�a�t�t�e�r� �w�a�s� �e�a�s�i�e�r� �t�o� �h�a�n�d�l�e� �c�o�m�p�u�t�a�t�i�o�n�a�l�l�y� �w�i�t�h� �t�h�e� 

�i�n�f�o�r�m�a�t�i�o�n� �a�v�a�i�l�a�b�l�s� �f�r�o�m� �t�h�e� �H�R�U� �d�e�s�c�r�i�p�t�o�r�s�.� 

�T�h�e� �H�o�l�t�a�n� �e�q�u�a�t�i�o�n� �h�a�s� �a�l�s�o� �b�e�e�n� �a�p�p�l�i�e�d� �t�o�a� �w�i�d�e� 

�r�a�n�g�e� �o�f� �d�a�t�a� �w�i�t�h� �r�e�a�s�o�n�a�b�l�e� �s�u�c�c�e�s�s� �b�y� �S�h�a�n�h�o�l�t�z� �a�n�d� �L�i�l�~� 

�J�a�r�d� �(�1�9�7�0�)� �a�n�d� �H�o�l�t�a�n�,� �e�t�.�a�l�.� �1�9�7�5�)�.� �I�t� �w�a�s� �s�e�l�e�c�t�e�d� �f�o�r� 

�t�h�i�s� �s�t�u�d�y� �p�r�i�m�a�r�i�l�y� �b�e�c�a�u�s�e� �t�h�e� �d�a�t�a� �n�e�c�e�s�s�a�r�y� �t�o� �d�a�f�i�n�e� 

�m�o�d�a�i� �p�a�r�a�m�e�t�e�r�s� �c�l�o�s�e�l�y� �p�a�r�a�i�l�e�l� �t�h�e� �c�o�n�c�e�p�t�s� �f�o�r� �s�u�b�d�i�v�i�d�-
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�i�n�g� �a� �d�r�a�i�n�a�g�e� �a�r�e�a� �i�n�t�o� �H�R�U�'�s�.� 

�S�e�v�e�r�a�l� �f�o�r�m�s� �o�f� �t�h�i�s� �e�q�u�a�t�i�o�n� �a�r�e� �a�v�a�i�l�a�b�l�e� �i�n� �t�h�e� �l�i�t�-� 

�e�r�a�t�u�r�e�,� �h�o�w�e�v�e�r�,� �t�h�e� �f�o�l�l�e�w�i�n�g� �f�o�r�m� �w�a�s� �a�d�o�p�t�e�d� �f�o�r� �i�n�c�l�u�-� 

�S�i�o�n� �i�n� �t�h�e� �F�E�S�H�M�.� 

�f�=� �G�l�a� �S�°� �+�f�,� �{�2�}� 

�f� �i�s� �t�h�e� �i�n�f�i�l�t�r�a�t�i�o�n� �r�a�t�e�,� �i�n� �i�n�c�h�e�s� �p�e�r� �h�o�u�r�,� 

�G�I� �i�s� �t�h�e� �g�r�o�w�t�h� �i�n�d�e�x� �o�f� �a� �c�r�o�p� �e�x�p�r�e�s�s�e�d� �a�s� �2� 

�r�a�t�i�o� �o�f� �p�r�e�s�e�n�t� �g�r�o�w�t�h� �t�o� �t�h�a�t� �a�t� �m�a�t�u�r�i�t�y�,� 

�a� �i�s� �a� �c�o�e�f�f�i�c�i�e�n�t� �f�o�r� �i�n�d�e�x�i�n�g� �t�h�e� �e�f�f�e�c�t� �o�f� 

�c�o�v�a�r� �c�o�n�d�i�t�i�o�n�s�,� 

�S�$� �i�s� �t�h�e� �u�n�f�i�l�l�e�d� �s�t�o�r�a�g�e� �s�p�a�c�e� �t�o� �a� �r�e�s�t�r�i�c�t�i�v�e� 

�l�a�y�e�r�,� �i�n� �i�n�c�h�e�s�,� �u�s�u�a�l�l�y� �a�s�s�u�m�e�d� �t�o� �b�e� �t�h�e� 

�d�e�p�t�h� �o�f� �t�h�e� �'�A�'� �h�o�r�i�z�o�n�,� 

�f�.� �i�s� �t�h�e� �c�o�n�s�t�a�n�t� �i�n�f�i�l�t�r�a�t�i�o�n� �r�a�t�e� �a�f�t�e�r� �p�r�o�-� 

�l�o�n�g�e�d� �w�e�t�t�i�n�g�,� �i�n� �i�n�c�h�e�s� �p�e�r� �h�o�u�r�,� �a�n�d� 

�c� �i�s� �a� �c�o�e�f�f�i�c�i�e�n�t� �t�h�a�t� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �a� �f�u�n�c�-� 

�t�i�o�n� �o�f� �t�h�e� �s�o�i�l� �h�y�d�r�a�u�l�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d� 

�i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �r�a�t�i�o� �o�f� �p�o�t�e�n�t�i�a�l� �a�v�a�i�l�a�b�l�e� 

�w�a�t�e�r� �t�o� �t�h�e� �p�o�t�e�n�t�i�a�l� �g�r�a�v�i�t�a�t�i�c�n�a�l� �w�a�t�e�r� �i�n� 

�t�h�e� �s�o�i�l� �p�r�o�f�i�l�e�.� 

�E�q�u�a�t�i�o�n� �[�2�}� �i�s� �t�h�e� �d�r�i�v�i�n�g� �f�u�n�c�t�i�o�n� �o�f� �a� �s�o�i�l� �m�o�i�s�t�u�r�e� 

�m�o�d�e�l� �t�h�a�t� �w�a�S� �s�t�r�u�c�t�u�r�e�d� �t�o� �p�r�o�v�i�d�e� �a� �c�o�n�t�i�n�u�s�u�s� �m�o�i�s�t�u�r�e
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�u�p�d�a�t�e� �t�h�r�o�u�g�h�o�u�t� �a� �g�i�v�e�n� �s�t�o�r�m� �f�o�r� �a�i�l� �H�R�U ��'�s� �t�h�a�t� �h�a�v�e� �b�e�e�n� 

�d�e�f�i�n�e�d� �w�i�t�h�i�n� �a� �d�r�a�i�n�a�g�e� �a�r�e�a�.� �A� �s�o�i�l�'�s� �i�n�f�i�l�t�r�a�t�i�o�n� 

�p�o�t�e�n�t�i�a�l�,� �a�s� �d�e�f�i�n�e�d� �b�y� �t�h�e� �H�o�l�t�a�n� �i�n�f�i�l�t�r�a�t�i�c�n� �m�o�d�e�l�,� �i�s� 

�b�a�s�e�d� �u�p�o�n� �t�h�e� �d�y�n�a�m�i�c� �s�t�o�r�a�g�e� �c�a�p�a�c�i�t�y� �o�f� �a� �g�i�v�e�n� �f�i�n�i�t�e� 

�d�e�p�t�h� �o�f� �s�o�i�l�.� �T�h�e� �s�t�o�r�a�g�e� �c�a�p�a�c�i�t�y� �w�i�t�h�i�n� �a� �s�o�i�l� �p�r�o�f�i�l�e� 

�i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �p�e�r�c�e�n�t�a�g�e� �o�f� �p�o�r�e� �s�p�a�c�e� �i�n� �a� �u�n�i�t� �v�o�l�u�n�e� 

�o�f� �s�o�i�l� �t�h�a�t� �c�a�n� �b�e� �f�i�l�l�e�d� �b�y� �a�i�r� �a�n�d�/�o�r� �w�a�t�e�r�.� �T�h�u�s�,� �a�n�y� 

�u�n�i�t� �o�f� �s�o�i�l� �c�a�n� �b�e� �r�e�l�e�g�a�t�e�d� �i�n�t�o� �t�h�e� �s�o�l�i�d� �a�n�d� �p�o�r�e� �s�p�a�c�e� 

�c�o�m�p�o�n�e�n�t�s� �s�h�o�w�n� �i�n� �t�h�e� �s�c�h�e�m�a�t�i�c� �d�i�a�g�r�a�m� �o�f� �F�i�g�u�r�e� �3�.� 

�T�h�e� �d�e�p�t�h� �o�f� �s�c�i�l� �t�h�a�t� �m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �w�a�s� �d�e�f�i�n�e�d� �b�y� 

�H�o�l�t�a�n�,� �e�t�.�a�l�.� �(�1�9�7�5�)� �a�s� �t�h�e� �d�e�p�t�h� �t�o� �t�h�e� �i�m�p�e�d�i�n�g� �s�t�r�a�t�a� 

�a�n�d� �i�s� �o�f�t�e�n� �a�s�s�u�m�e�d� �t�o� �b�e� �t�h�a� �d�e�p�t�h� �o�f� �t�h�e� �' ��'�A�*� �h�o�r�i�z�o�n�.� 

�W�i�t�h�i�n� �t�h�i�s� �d�e�p�t�h�,� �t�h�e� �g�r�e�a�t�e�s�t� �r�a�n�g�e� �o�f� �n�y�d�r�o�l�o�g�i�c� �a�c�t�i�v�i�t�y� 

�i�s� �a�s�s�u�m�e�d� �t�o� �e�x�i�s�t� �b�e�t�w�e�e�n� �t�h�e� �s�a�t�u�r�a�t�i�o�n� �a�n�d� �w�i�l�t�i�n�g� �p�o�i�n�t� 

�l�e�v�e�l�s�.� �T�h�e� �w�a�t�e�r� �u�n�a�v�a�i�l�a�b�l�e� �t�o� �p�l�a�n�t�s� �(�m�o�s�t�l�y� �h�y�g�r�e�s�c�o�p�i�c� 

�w�a�t�e�r�)� �i�s� �u�n�a�f�f�a�c�t�e�d� �b�y� �t�h�e� �e�v�a�p�o�t�r�a�n�s�p�i�r�a�t�i�o�n� �p�r�o�c�e�s�s� �a�n�d�,� 

�t�h�e�r�e�f�o�r�e�,� �w�a�s� �c�o�n�s�i�d�e�r�e�d� �i�n�s�i�g�n�i�f�i�c�a�n�t� �i�n� �t�h�e� �m�o�d�e�l�i�n�g� �p�r�e�-� 

�P�l�a�n�t� �a�v�a�i�l�a�b�l�e� �w�a�t�e�r� �i�s� �d�a�f�i�n�e�d� �a�s� �s�o�i�l� �w�a�t�e�r� �r�e�a�d�i�l�y� 

�a�v�a�i�l�a�b�l�e� �f�o�r� �u�s�a� �b�y� �p�l�a�n�t�s� �a�n�d� �i�t�s� �u�p�p�e�r� �l�e�v�e�l� �i�s� �t�e�r�m�e�d� 

�f�i�e�l�d� �c�a�p�a�c�i�t�y�.� �T�h�e� �u�p�p�e�r� �l�a�y�e�r� �o�f� �w�a�t�e�r� �i�n� �t�h�e� �s�o�i�l� �p�r�o�-� 

�f�i�l�e� �i�s� �d�e�f�i�n�e�d� �a�s� �g�r�a�v�i�t�a�t�i�c�n�a�l� �w�a�t�e�r�.� �W�h�e�n� �t�h�i�s� �c�o�m�p�a�r�t�-� 

�m�e�n�t� �h�a�s� �b�e�e�n� �f�i�l�l�e�d�,� �s�a�t�u�r�a�t�i�o�n� �o�f� �t�h�e� �s�o�i�l� �h�a�s� �o�c�c�u�r�r�e�d�.� 

�M�a�x�i�m�a�o�m� �S�t�o�r�a�g�e�,� �t�h�e�r�e�f�o�r�e�,� �i�s� �c�o�n�s�i�d�e�r�e�d� �t�o� �b�e� �t�h�e� �s�u�m� �o�f� 

�t�h�e� �p�o�t�e�n�t�i�a�l� �p�l�a�n�t� �a�v�a�i�l�a�b�l�e� �w�a�t�e�r� �a�n�d� �t�h�e� �p�o�t�e�n�t�i�a�l� �g�r�a�v�i�-
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�F�i�g�u�r�e� �3�,� �S�c�h�e�m�a�t�i�c� �r�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �v�o�l�u�m�e� �c�o�m�r�o�s�i�t�i�o�n� 
�a�?� �s�o�i�l� �f�a�d�a�p�t�e�d� �f�r�o�m� �L�i� �(�1�9�7�5�)�}�.
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�t�a�t�i�o�n�a�l� �w�a�t�e�r� �f�o�r� �a� �g�i�v�e�n� �s�o�i�l� �p�r�c�f�i�l�e�.� �U�n�f�i�l�l�e�d� �s�t�o�r�a�g�e� 

�s�p�a�c�e�,� �S�,� �i�s� �a�q�u�a�l� �t�o� �t�h�e� �m�a�x�i�m�u�m� �s�t�o�r�a�g�e� �m�i�n�u�s� �t�h�e� �w�a�t�e�r� 

�e�x�i�s�t�i�n�g� �i�n� �t�h�e� �s�o�i�l� �v�c�r�o�f�i�l�e� �a�t� �a� �g�i�v�e�n� �t�i�m�e�.� 

�T�h�e� �f�i�n�a�l� �i�n�f�i�l�t�r�a�t�i�o�n� �r�a�t�e�,� �f�,�,� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �a� 

�s�o�i�l�'�s� �h�y�d�r�o�l�o�g�y� �g�r�o�u�p� �a�n�d� �r�e�p�r�e�s�e�n�t�s� �s�t�e�a�d�y� �s�t�a�t�e� 

�i�n�f�i�l�t�r�a�t�i�o�n� �f�o�r� �a� �g�i�v�e�n� �s�o�i�l�.� �I�t� �i�s� �t�h�e�o�r�e�t�i�c�a�l�l�y� 

�e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �s�o�i�l�'�s� �s�a�t�u�r�a�t�e�d� �h�y�d�r�a�u�l�i�c� �c�o�n�d�u�c�t�i�v�i�t�y�.� 

�D�u�r�i�n�g� �a� �s�t�o�r�m� �a�v�e�n�t� �o�n�l�y� �g�r�a�v�i�t�a�t�i�o�n�a�l� �w�a�t�e�r� �m�a�y� �b�e� �l�o�s�t� 

�f�r�o�m� �t�h�e� �s�o�i�l� �p�r�o�f�i�l�e� �b�y� �d�e�e�p� �s�e�e�p�a�g�e�,� �i�.�e�.�,� �f�£�,� �i�s� �a�s�s�u�m�e�d� 

�t�o� �b�e� �z�e�r�o� �w�h�e�n�e�v�e�r� �t�h�e� �w�a�t�e�r� �l�e�v�e�l� �i�n� �t�h�e� �s�o�i�l� �p�r�o�f�i�l�e� �i�s� 

�b�e�l�o�w� �f�i�e�l�d� �c�a�p�a�c�i�t�y�.� �W�h�e�n� �t�h�e� �w�a�t�e�r� �l�e�v�e�l� �i�s� �a�t� �f�i�e�s�i�d� 

�c�a�p�a�c�i�t�y� �o�r� �l�e�s�s�,� �l�o�s�s�e�s� �m�a�y� �b�e� �i�n�c�u�r�r�e�d� �o�n�l�y� �b�y� 

�e�v�a�p�o�t�r�a�n�s�p�i�r�a�t�i�o�n�,� �w�h�i�c�h� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �z�e�r�o� �d�u�r�i�n�g� 

�p�r�e�c�i�p�i�t�a�t�i�o�n�.� �T�h�e�s�e� �c�o�n�s�t�r�a�i�n�t�s� �a�r�e� �m�a�i�n�t�a�i�n�e�d� �i�n� �t�h�e� 

�m�o�i�s�t�u�r�e� �a�c�c�o�u�n�t�i�n�g� �c�o�m�p�o�n�e�n�t� �c�f� �t�h�e� �F�E�S�H�M� �d�u�r�i�n�g� �t�h�e� �c�o�u�r�s�e� 

�o�f� �a� �s�t�o�r�m� �e�v�e�n�t�.� 

�L�a�n�d�u�s�e� �t�a�c�t�o�r�  ��a �� �i�s� �d�e�p�e�n�d�e�n�t� �p�r�i�m�a�r�i�l�y� �u�p�o�n� �t�h�e� �v�e�g�e�-� 

�t�a�t�i�v�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� �l�a�n�d� �a�r�e�a�.� �T�h�i�s� �i�s� �b�a�s�e�d� �o�n� �t�h�e� 

�p�r�e�m�i�s�e� �t�h�a�t� �p�l�a�n�t� �r�o�o�t� �d�e�n�s�i�t�y� �d�i�r�e�c�t�l�y� �a�f�f�e�c�t�s� �t�h�a� �c�a�p�a�c�-� 

�i�t�y� �o�f� �a� �s�o�i�l� �t�o� �i�n�f�i�l�t�r�a�t�e� �w�a�t�e�r�.� �Y�a�l�u�e�s� �o�f�  ��a�*� �a�r�e� �u�s�u�-� 

�a�l�l�y� �e�v�a�l�u�a�t�e�d� �a�t� �p�l�a�n�t� �m�a�t�u�r�i�t�y� �a�n�d� �a�r�e� �e�x�p�r�e�s�s�e�d� �a�s� �t�h�e� 

�f�r�a�c�t�i�o�n� �o�f� �t�h�e� �l�a�n�d� �a�r�e�a� �o�c�c�u�p�i�e�d� �b�y� �p�l�a�n�t� �s�t�e�m�s� �o�r� �r�o�o�t� 

�c�r�o�w�n�s�.� 

�T�r�e� �s�o�i�l� �m�o�i�s�t�u�r�e� �a�c�c�o�u�n�t�i�n�g� �m�o�d�e�l� �i�n� �t�h�i�s� �s�t�u�d�y� �i�s� 

�b�a�s�e�d� �a�p�o�n� �t�h�e� �m�o�d�e�l� �s�t�r�a�c�t�u�r�e� �o�f� �L�i� �(�1�9�7�5�)� �w�h�e�r�e� �s�o�l�u�t�i�o�n�s
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�p�r�e�c�e�e�d� �f�o�r�w�a�r�d� �i�n� �d�i�s�e�r�e�t�e� �t�i�m�e� �s�t�e�p�s�.� �C�o�m�p�u�t�a�t�i�o�n�s� �a�r�e� 

�p�e�r�f�o�r�m�e�d� �f�o�r� �e�a�c�h� �p�e�r�i�c�d� �d�u�r�i�n�g� �w�h�i�c�h� �t�h�e� �r�a�i�n�f�a�l�l� �i�n�t�e�n�-� 

�s�i�t�y� �i�s� �c�o�n�s�t�a�n�t�.� �T�h�e� �b�a�s�i�c� �p�r�e�c�e�d�u�r�e� �i�s� �e�s�s�e�n�t�i�a�l�l�y� �a� 

�m�o�i�s�t�u�r�e� �a�c�c�o�u�n�t�i�n�g� �t�e�c�h�n�i�q�u�e� �w�h�e�r�e�b�y� �i�n�f�i�l�t�r�a�t�e�d� �w�a�t�e�r� �d�u�r�-� 

�i�n�g� �a�n�y� �t�i�m�e� �i�n�t�e�r�v�a�l� �i�s� �s�u�b�t�r�a�c�t�e�d� �f�r�o�m� �t�h�e� �a�v�a�i�l�a�b�l�e� �s�t�o�-� 

�r�a�g�e�.� �T�h�e� �i�n�f�i�l�t�r�a�t�i�o�n� �t�a�k�i�n�g� �p�l�a�c�e� �d�o�e�s� �n�o�t� �a�f�f�e�c�t� �t�h�e� 

�a�v�a�i�l�a�b�l�e� �s�t�o�r�a�g�e� �u�n�t�i�l� �t�h�e� �e�n�d� �o�f� �t�h�a�t� �t�i�m�e� �s�t�e�p� �a�n�d� �t�h�e� 

�p�r�o�c�e�d�u�r�e� �i�s� �r�e�p�e�a�t�e�d� �f�o�r� �e�a�c�h� �r�a�i�n�f�a�l�l� �i�n�t�e�r�v�a�l�.� �A� �m�a�j�o�r� 

�a�s�s�u�m�p�t�i�o�n� �o�f� �t�h�e� �s�o�i�l� �m�o�i�s�t�u�r�e� �u�p�d�a�t�i�n�g� �p�r�o�c�e�d�u�r�e� �1�s� �t�h�a�t� 

�t�h�e� �s�e�i�l� �p�r�o�f�i�l�e� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �h�o�m�o�g�e�n�e�o�u�s� �a�l�t�h�o�u�g�h� �h�o�n�o�-� 

�g�e�n�e�i�t�y� �d�o�e�s� �n�o�t�,� �i�n� �r�e�a�l�i�t�y�,� �e�x�i�s�t� �i�n� �a�n�y� �s�o�i�l� �p�r�o�f�i�l�e�.� 

�F�o�r� �e�a�c�h� �r�a�i�n�f�a�l�l� �i�n�t�e�r�v�a�l�,� �r�a�i�n�f�a�l�l� �i�n�t�e�n�s�i�t�y� �i�s� �c�o�n�-� 

�p�a�r�e�d� �t�o� �t�h�e� �c�o�m�p�u�t�e�d� �i�n�f�i�l�t�r�a�t�i�o�n� �r�a�t�e�.� �R�u�n�o�f�f� �i�s� �s�i�m�e�l�y� 

�t�h�e� �w�a�t�e�r� �a�v�a�i�l�a�b�l�e� �f�o�r� �i�n�f�i�l�t�r�a�t�i�o�n� �l�e�s�s� �t�h�e� �w�a�t�e�r� �t�h�a�t� �c�a�n� 

�i�n�f�i�l�t�r�a�t�e� �d�u�r�i�n�g� �a� �g�i�v�e�n� �t�i�m�e� �i�n�t�e�r�v�a�l� �a�n�d� �t�h�a�t� �r�e�t�a�i�n�e�d� �a�s� 

�d�e�p�r�e�s�s�i�o�n� �s�t�o�r�a�g�e�.� 

�A�n� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �h�y�d�r�o�l�o�g�i�c� �p�r�o�c�e�s�s�e�s� �w�h�i�c�h� �e�x�i�s�t� 

�a�s� �r�a�i�n� �f�a�l�l�s� �t�o� �t�h�e� �e�a�r�t�h� �r�e�s�u�l�t�s� �i�n� �t�h�e� �r�e�a�l�i�z�a�t�i�o�n� �t�h�a�t� 

�t�h�e�r�e� �a�r�e� �m�a�n�y� �i�n�t�e�r�a�c�t�i�n�g� �f�a�c�t�o�r�s� �w�h�i�c�h� �d�e�t�e�r�m�i�n�e� �t�h�e� 

�a�m�o�u�n�t� �o�f� �r�c�u�n�o�f�f� �w�h�i�c�h� �m�a�y� �o�c�c�u�r�.� �A� �c�o�n�t�i�n�u�o�u�s� �s�o�i�l� �a�o�i�s�-� 

�t�u�r�e� �b�u�d�g�e�t� �m�o�d�e�l� �m�u�s�t� �c�o�n�s�i�d�e�r� �m�a�n�y� �o�f� �t�h�e�s�e� �f�a�c�t�o�r�s� 

�i�n�c�l�u�d�i�n�g� �s�e�a�s�o�n�a�l� �v�e�y�e�t�a�t�i�v�e� �g�r�o�w�t�h�,� �c�a�n�o�p�y� �i�n�t�e�r�c�e�p�t�i�o�n�,� 

�d�e�p�r�e�s�s�i�o�n� �s�t�o�r�a�g�e�,� �e�v�a�p�o�r�a�t�i�o�n� �a�n�d� �t�r�a�n�s�p�i�r�a�t�i�o�n�.� �W�i�t�h� �t�h�e� 

�e�x�c�e�p�t�i�o�n� �o�f� �v�e�g�e�t�a�t�i�v�e� �g�r�o�w�t�h� �a�n�d� �d�e�p�r�e�s�s�i�o�n� �s�t�o�r�a�g�e�,� �t�h�e�s�e� 

�f�a�c�t�o�r�s� �h�a�v�e� �b�e�e�n� �n�e�g�l�e�c�t�e�d� �i�n� �t�h�i�s� �m�o�d�e�l�.� �T�h�e� �p�r�i�m�a�r�y� �t�e�a�-



�3�8� 

�s�o�n� �f�o�r� �t�h�i�s� �i�s� �b�e�c�a�a�s�e� �t�h�e� �m�o�d�e�l� �w�a�s� �p�r�i�n�c�i�p�a�l�l�y� �s�t�r�u�c�t�u�r�e�d� 

�f�o�r� �t�o�u�t�i�n�g� �s�t�o�r�m� �e�v�e�n�t�s� �o�n�l�y�.� �A�s� �s�t�c�r�m� �i�n�t�e�n�s�i�t�y� 

�i�n�c�r�e�a�s�e�s�,� �t�h�e� �r�e�l�a�t�i�v�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �a�b�o�v�e� �p�h�e�n�o�m�e�n�a� �o�n� 

�t�h�e� �v�o�l�u�m�e� �a�n�d� �t�i�m�i�n�g� �o�f� �r�u�n�o�f�f� �d�e�c�r�e�a�s�e�s�.� �C�a�n�c�p�y� �i�n�t�e�r�c�e�p�-� 

�t�i�o�n� �u�s�u�a�l�l�y� �r�e�p�r�e�s�e�n�t�s� �a� �m�i�n�i�m�a�l� �q�u�a�n�t�i�t�y� �o�f� �w�a�t�e�r� �a�n�d�,� 

�w�h�i�l�e� �e�v�a�p�o�r�a�t�i�o�n� �m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �i�n� �s�o�m�e� �c�o�n�t�e�x�t� �f�o�r� �a�n�y� 

�m�a�g�n�i�t�u�d�e� �o�f� �s�t�o�r�m�,� �i�t� �i�s� �i�m�p�l�i�e�d� �i�n� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� 

�a�n�t�e�c�e�d�e�n�t� �m�o�i�s�t�u�r�e� �c�o�n�d�i�t�i�o�n�s�.� 

�O�f� �t�h�e� �a�b�o�v�e� �f�a�c�t�o�r�s�,� �s�e�a�s�o�n�a�l� �c�h�a�n�g�e�s� �i�n� �v�e�g�e�t�a�t�i�o�n� �a�n�d� 

�d�e�p�r�e�s�s�i�o�n� �s�t�o�r�a�g�e� �r�e�p�r�e�s�e�n�t� �t�h�e� �f�a�c�t�o�r�s� �t�h�a�t� �w�i�l�l� �e�x�h�i�b�i�t� 

�t�h�e� �g�r�e�a�t�e�s�t� �i�n�f�l�u�e�n�c�e� �o�n� �r�u�n�o�f�f�.� �T�h�e� �f�o�r�m�e�r� �w�i�l�l� �d�o� �s�o� 

�S�p�e�c�i�f�i�c�a�l�l�y� �i�n� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �r�a�t�e� �o�f� �i�n�f�i�l�i�t�r�a�-� 

�t�i�o�n� �b�y� �i�t�s� �e�f�f�e�c�t� �o�n� �H�o�l�t�a�n�'�s�  ��a�'�.�,� �N�o�t�a�b�l�e� �e�x�a�m�p�l�e�s� �o�f� 

�c�h�a�n�g�e�s� �w�h�i�c�h� �a�r�e� �p�o�s�s�i�b�l�e� �a�r�e� �t�h�e� �p�l�o�w�i�n�g� �o�f� �a�g�r�i�c�u�l�t�u�r�a�l� 

�l�a�n�d� �i�n� �t�h�e� �S�p�r�i�n�g� �o�f� �t�h�e� �y�e�a�r� �a�n�d� �p�l�a�n�t� �m�a�t�u�r�i�t�y� �d�u�r�i�n�g� �t�h�e� 

�S�u�m�m�e�c� �m�o�n�t�h�s�,� �a�n�d� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �f�o�r�e�s�t� �l�i�t�t�e�r� �d�u�r�i�n�g� 

�t�h�e� �F�a�l�l� �a�n�d� �o�t�h�e�r� �s�e�a�s�o�n�s� �o�f� �t�h�e� �y�e�a�r�.� �T�h�e� �i�n�c�l�u�s�i�o�n� �o�f� 

�t�h�e�s�e� �f�a�c�t�o�r�s� �w�i�l�l� �a�l�l�o�w� �g�r�e�a�t�e�r� �v�a�r�i�a�b�i�l�i�t�y� �i�n� �t�h�e� �r�a�n�g�e� �o�f� 

�L�a�n�d�u�s�e� �c�h�a�n�g�e�s� �w�h�i�c�h� �c�a�n� �b�e� �p�r�e�s�u�p�p�o�s�e�d� �t�o� �a�l�t�e�r� �t�h�e� �f�a�c�e� 

�e�o�f� �a� �w�a�t�e�r�s�h�e�d�.� �T�h�e� �n�o�d�e�l� �c�o�n�t�a�i�n�s� �s�u�f�f�i�c�i�e�n�t� �f�l�e�x�i�b�i�l�i�t�y� 

�t�o� �i�n�c�o�r�p�o�r�a�t�e� �t�h�e� �e�f�f�e�c�t�s� �o�f� �v�e�g�e�t�a�t�i�o�n� �o�n� �i�n�f�i�l�t�r�a�t�i�o�n� 

�w�i�t�h� �a� �m�i�n�i�m�u�m� �o�f� �u�s�e�r� �e�f�f�o�r�t� �t�h�r�o�u�g�h� �t�h�e� �i�n�c�l�t�s�i�o�n� �o�f� �t�h�e� 

�c�r�o�p� �g�r�o�w�t�h� �i�n�d�e�x� �(�G�I�)� �t�e�r�m� �i�n� �E�q�n�.� �{�2�}�.� 

�D�e�p�r�e�s�s�i�o�n� �s�t�o�r�a�g�e� �e�s�t�i�m�a�t�e�s� �f�o�r� �s�a�l�e�c�t�e�d� �l�a�n�d�u�s�e�s� �m�a�y� 

�b�e� �r�e�l�a�t�i�v�e�l�y� �h�i�g�h� �a�n�d�,� �t�h�e�r�e�f�o�r�e�,� �m�a�y� �b�e�c�o�m�e� �a�n� �i�m�p�e�r�t�a�n�t



�3�9� 

�f�a�c�t�o�r� �a�s� �s�t�o�r�m� �i�n�t�e�n�s�i�t�y� �d�e�c�r�e�a�s�e�s�.� �T�h�i�s� �f�a�c�t�o�r� �c�a�n� �b�e� 

�v�i�s�u�a�l�i�z�e�d� �a�s� �a�n� �a�d�d�i�t�i�o�n�a�l� �s�t�o�r�a�g�e� �c�o�m�p�o�n�e�n�t� �i�n� �t�h�e� �s�o�i�l� 

�p�r�o�f�i�l�e�.� �W�h�i�l�e� �t�h�i�s� �f�a�c�t�o�r� �d�e�c�r�e�a�s�e�s� �t�h�e� �a�m�o�u�n�t� �o�f� �r�u�n�o�f�f� 

�i�t� �a�l�s�o� �p�r�o�v�i�d�e�s� �w�a�t�e�r� �a�v�a�i�l�a�b�l�e� �f�o�r� �i�n�f�i�l�t�r�a�t�i�o�n� �d�u�r�i�n�g� �t�h�e� 

�n�e�x�t� �s�t�o�r�m� �i�n�t�e�r�v�a�l� �i�n� �a�d�d�i�t�i�o�n� �t�o� �p�r�e�c�i�p�i�t�a�t�i�o�n�.� �T�h�u�s�,� �i�t� 

�m�a�y� �h�a�v�e� �a� �p�r�o�f�o�u�n�d� �e�f�f�e�c�t� �u�p�o�n� �t�h�e� �m�o�i�s�t�u�r�e� �b�a�l�a�n�c�e� �o�f� �t�h�e� 

�s�o�i�l� �p�r�o�f�i�l�e� �d�u�r�i�n�g� �a� �s�t�o�r�m� �e�v�e�n�t�.� 

�T�h�e� �a�p�p�r�o�a�c�h�e�s� �t�a�k�e�n� �i�n� �d�e�a�l�i�n�g� �w�i�t�h� �t�h�e� �a�b�o�v�e� �f�a�c�t�o�r�s� 

�w�i�l�l� �b�e� �d�e�s�c�r�i�b�e�d� �i�n� �a� �d�i�s�c�u�s�s�i�c�n� �o�f� �m�o�d�e�l� �p�a�r�a�m�e�t�e�r�s� �p�r�a�-� 

�s�e�n�t�e�d� �i�n� �C�h�a�p�t�e�r� �I�V�.� 

�F�l�o�o�d� �R�o�u�t�i�n�g� 

�T�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �e�q�u�a�t�i�o�n�s� �o�f� �c�o�n�t�i�n�u�i�t�y� �a�n�d� �m�o�m�e�n�t�u�n�,� 

�r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �S�t�.� �V�e�n�a�n�t� �e�q�u�a�t�i�o�n�s�,� �f�i�r�s�t� �a�p�p�e�a�r�e�d� �i�n� 

�1�8�7�1� �a�n�d� �h�a�v�e� �r�e�m�a�i�n�e�d� �e�s�s�e�n�t�i�a�l�l�y� �u�n�c�h�a�n�g�e�d� �s�i�n�c�e� �t�h�a�t� 

�t�i�m�e�.� �T�h�e�s�e� �e�q�u�a�t�i�o�n�s� �h�a�v�e� �b�e�e�n� �d�e�m�o�n�s�t�r�a�t�e�d� �t�o� �b�e� �a�p�p�l�i�c�a�-�~� 

�b�l�e� �t�o� �b�o�t�h� �o�v�e�r�l�a�n�d� �a�n�d� �c�h�a�n�n�e�l� �f�l�e�w�.� �F�i�g�u�r�e� �4� �s�h�o�w�s� �t�h�e� 

�¢�l�e�y�a�t�i�o�n� �v�i�e�w�s� �o�f� �t�h�e� �o�v�e�r�l�a�n�d� �a�n�d� �c�h�a�n�n�e�l� �f�l�o�w�s� �t�h�a�t� �a�r�e� 

�r�e�p�r�e�s�e�n�t�e�d� �b�y� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �S�i�m�i�l�a�r�i�t�y� �o�f� �t�h�e�s�e� 

�c�o�n�c�e�p�t�u�a�l�i�z�e�d� �f�l�o�w� �p�l�a�n�e�s� �s�h�o�u�l�d� �b�e� �n�o�t�e�d�.� 

�T�h�e� �e�q�u�a�t�i�o�n� �o�f� �c�o�n�t�i�n�u�i�t�y� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �a�s� 
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�l�a�t�e�r�a�l� �i�n�f�l�o�w� �(�r�a�i�n�f�a�l�l� �e�x�c�e�s�s�)� 

�|� �;� �|� �|� 

�(�a�)� �R�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �o�v�e�r�l�a�n�d� �f�l�o�w� �p�l�a�n�e� 

�l�a�t�e�r�a�l� �i�n�f�l�o�w� �(�o�v�e�r�l�a�n�d� �f�l�o�w�)� 

�t�o�t� �t�d� 
� � 

�(�b�)� �R�e�p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �c�h�a�n�n�e�l� �f�l�o�w� �p�l�a�n�e� 

�F�i�g�u�r�e� �4�.� �E�l�e�v�a�t�i�o�n� �v�i�e�w�s� �a�f� �&� �c�o�n�c�e�p�t�u�a�l�i�z�e�d� �o�v�e�r�l�a�n�d� �a�n�d� 

�c�n�a�m�n�e�l� �P�l�o�w� �r�l�a�e�n�e�-�.



�4�1� 

�a�n�d� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �p�o�m�e�n�t�u�m� �a�s� 

�2� �3� �8�0�4� �2� �(�L�Q�)� �=�-�g�a�(�S�-� �S�p�)� �-� �B�A�R� �{�4�}� 

�w�h�e�r�e� 

�Q� �i�s� �t�h�e� �d�i�s�c�h�a�r�g�e� �i�n� �t�h�e� �o�v�e�r�l�a�n�d� �f�l�e�w� �p�l�a�n�e� �o�r� 

�c�h�a�n�n�e�l�,� 

�q� �i�s� �l�a�t�e�r�a�l� �i�n�f�l�o�w� �p�e�r� �u�n�i�t� �l�e�n�g�t�h� �o�f� �f�l�o�w� �p�l�a�n�e� 

�{�c�a�i�n�f�a�l�l� �e�x�c�e�s�s� �f�o�r� �t�h�e� �o�v�e�r�l�a�n�d� �f�l�e�w� �p�l�a�n�e� �a�n�d� 

�o�v�e�r�l�a�n�d� �f�l�o�w� �o�u�t�p�u�t� �f�o�r� �t�h�e� �c�h�a�n�n�e�l�)�,� 

�A� �i�s� �t�h�e� �a�r�e�a� �o�f� �f�l�o�w� �i�n� �t�h�e� �c�v�e�r�l�a�n�d� �f�l�o�w� �p�l�a�n�e� 

�o�r� �c�h�a�n�n�e�l�,� 

�x� �i�s� �t�h�e� �G�i�s�t�a�n�c�e�a� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� �c�f� �f�l�o�w�,� 

�1
� 

�i�s� �t�i�m�e�,� 

�g� �i�s� �t�h�e� �a�c�c�e�l�e�r�a�t�i�o�n� �o�f� �g�r�a�v�i�t�y�,� 

�o
�7

� 

�i�s� �t�h�e� �b�e�d� �s�l�o�p�e� �o�f� �t�h�e� �f�l�o�w� �p�l�a�n�e�,� 

�S�¢� �i�s� �t�h�e� �f�r�i�c�t�i�o�n� �s�l�o�p�e�,� �a�n�d� 

�y�Y� �i�s� �t�h�e� �d�a�p�t�h� �o�f� �f�l�o�w�.� 

�U�n�d�e�r�l�y�i�n�g� �a�s�s�u�m�p�t�i�o�n�s� �a�n�d� �d�e�r�i�v�a�t�i�o�n�s� �l�e�a�d�i�n�g� �t�o� �t�h�e� 

�S�t�.� �V�e�r�n�a�n�t� �e�q�u�a�t�i�o�n�s� �w�i�l�l� �n�o�t� �b�e� �r�e�p�e�a�t�e�d� �k�e�r�e� �s�i�n�c�e� �t�h�e�y� 

�a�r�e� �p�r�a�s�a�n�t�e�d� �i�n� �m�a�n�y� �h�y�d�r�a�u�l�i�c� �t�e�x�t�s� �{�¢�.�g�.�,� �V�i�e�s�s�m�a�n�,� 

�e�t�.�a�l�.� �(�1�9�7�2�)�}�.� �A�p�p�r�o�a�c�h�e�s� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e�s�e� �e�q�u�a�-� 

�t�i�o�n�s� �a�r�a� �d�i�s�c�u�s�s�e�d� �b�e�l�o�w�.



�&�2� 

�S�i�m�p�i�i�f�i�e�d� �S�o�l�u�t�i�o�n� �F�o�r�m�s� 

�T�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �u�n�s�t�e�a�d�y� �f�l�o�w� �e�q�u�a�t�i�o�n�s� �p�r�e�s�e�n�t�s� �a�n� 

�i�m�m�e�d�i�a�t�e� �p�r�o�b�l�e�m� �t�o� �b�e� �r�e�s�o�l�v�e�d�.� �T�h�e� �t�w�o� �e�q�u�a�t�i�o�n�s�,� �a�s� 

�n�o�n�l�i�n�e�a�r� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�,� �c�a�n� �n�o�t� �b�e� �s�o�l�v�e�d� 

�a�n�a�l�y�t�i�c�a�l�l�y�,� �w�i�t�h�o�u�t� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �n�u�m�e�r�o�u�s� �s�i�n�p�l�i�f�i�-� 

�c�a�t�i�o�n�s� �w�h�i�c�h� �s�e�v�e�r�e�l�y� �l�i�m�i�t� �t�h�e� �a�p�p�l�i�c�a�b�i�l�i�t�y� �o�f� �t�h�e� 

�r�e�s�u�l�t�s�.� �A� �r�e�v�i�e�w� �o�f� �s�e�v�e�r�a�l� �o�f� �t�h�e�s�e� �s�i�m�p�l�i�f�i�e�d� �m�e�t�h�o�d�s� 

�a�r�e� �g�i�v�e�n� �b�y� �Y�e�v�j�e�v�i�c�h� �(�1�9�6�4�)�.� 

�O�n�e� �a�l�t�e�r�n�a�t�i�v�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e�s�e� �e�q�u�a�t�i�o�n�s� �i�s� �t�h�e� 

�a�p�p�l�i�c�a�t�i�o�n� �o�f� �n�u�m�e�r�i�c�a�l� �t�e�c�h�n�i�q�u�e�s� �t�o� �r�e�t�a�i�n� �a� �g�e�n�e�r�a�l� �f�o�r�-� 

�m�u�l�a�t�i�o�n� �a�p�p�l�i�c�a�b�l�e� �t�o� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s�.� 

�T�h�i�s� �t�y�p�e� �o�f� �a�p�p�r�o�a�c�h� �r�e�q�u�i�r�e�s� �a� �h�i�g�h�-�s�p�e�e�d� �d�i�g�i�t�a�l� �c�o�s�p�u�t�e�r� 

�w�h�i�c�h�,� �d�u�e� �t�o� �i�t�s� �c�u�r�r�e�n�t� �a�c�c�e�s�s�i�b�i�l�i�t�y�,� �r�e�d�u�c�e�s� �t�h�e� �n�e�e�d� 

�f�o�r� �s�i�m�p�l�i�f�i�e�d� �f�o�r�m�s� �o�f� �t�h�e� �u�n�s�t�e�a�d�y� �f�l�o�w� �e�q�u�a�t�i�o�n�s�.� 

�E�x�p�e�n�s�e� �o�f� �o�b�t�a�i�n�i�n�g� �s�o�l�u�t�i�o�n�s� �b�y� �t�h�e� �n�u�m�e�r�i�c�a�l� 

�a�p�p�r�o�a�c�h�,� �h�o�w�e�v�e�r�,� �m�a�y� �b�e� �p�r�o�h�i�b�i�t�i�v�e� �w�h�e�n� �t�h�e� �c�c�m�p�l�e�t�e� �S�t�.� 

�V�e�n�a�n�t� �e�q�u�a�t�i�o�n�s� �a�r�e� �m�o�d�e�l�e�d�.� �W�h�e�n� �a�p�p�l�i�e�d� �u�n�d�e�r� �c�e�r�t�a�i�n� 

�g�e�n�e�r�a�l� �p�h�y�s�i�c�a�l� �c�o�n�d�i�t�i�o�n�s�,� �a�s�s�u�m�p�t�i�o�n�s� �m�a�y� �b�e� �m�a�d�2� �w�h�i�c�h� 

�s�t�i�l�l� �a�l�l�o�w� �a� �w�i�d�e� �r�a�n�g�e� �c�o�f� �u�n�s�t�e�a�d�y� �f�l�e�w� �c�o�n�d�i�t�i�o�n�s� �t�o� �b�e� 

�m�o�d�e�l�e�d�.� �T�h�i�s� �l�e�a�d�s� �t�o� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f�r� �t�h�e� �k�i�n�e�m�a�t�i�c� 

�w�a�v�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �(�K�W�A�)�.



�4�3� 

�K�i�n�e�m�a�t�i�c� �W�a�v�e� �A�p�p�r�o�x�i�m�a�t�i�o�n� 

�T�h�e� �c�o�n�c�e�p�t� �o�f� �t�h�a� �k�i�n�e�m�a�t�i�c� �w�a�v�e� �i�m�p�l�i�e�s� �t�h�a�t� �i�n�e�r�t�i�a� 

�f�o�r�c�e�s� �a�r�e� �n�e�g�l�i�g�i�b�l�e� �r�e�l�a�t�i�v�e� �t�o� �g�r�a�v�i�t�a�t�i�o�n�a�l� �a�n�d� �f�r�i�c�-� 

�t�i�o�n�a�l� �f�o�r�c�e�s� �a�n�d� �t�h�a�t� �f�l�o�w� �i�s� �a� �f�u�n�c�t�i�o�n� �c�f� �d�e�p�t�h� �a�l�o�n�e�.� 

�T�h�i�s� �r�e�s�u�l�t�s� �i�n� �a� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �c�e�n�t�i�n�u�i�t�y� �2�q�u�a�-� 

�t�i�o�n� �a�n�d� �a�n� �a�n�a�l�y�t�i�c�a�l� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �n�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�,� 

�t�h�u�s� �r�e�d�u�c�i�n�g� �t�h�e� �c�o�m�p�l�e�x�i�t�y� �a�n�d� �c�o�s�t� �o�f� �o�b�t�a�i�n�i�n�g� �a� �s�o�l�u�-� 

�t�i�o�n�.� 

�L�i�g�h�t�h�i�l�l� �a�n�d� �W�h�i�t�h�a�m� �(�1�9�5�5�)�,� �i�n� �a� �t�h�e�o�r�e�t�i�c�a�l� �s�t�u�d�y� �o�f� 

�k�i�n�e�m�a�t�i�c� �f�l�o�w�,� �s�e�t� �f�o�r�t�h� �t�h�e� �j�u�s�t�i�f�i�c�a�t�i�o�n� �f�o�r� �i�t�s� �a�p�p�l�i�c�a�-� 

�t�i�o�n� �a�n�d� �c�l�e�a�r�e�d� �t�h�e� �w�a�y� �f�o�r� �i�t�s� �a�c�c�e�p�t�a�n�c�e� �a�s� �a�n� �a�p�p�r�o�a�c�h� 

�t�o� �f�l�o�o�d� �r�o�u�t�i�n�g�.� �I�n� �d�o�i�n�g� �s�o� �t�h�e�y� �e�s�t�a�b�l�i�s�h�e�d� �t�h�a�t�,� �f�o�r� 

�f�l�o�w� �t�o� �b�e� �c�l�a�s�s�i�f�i�e�d� �a�s� �k�i�n�e�m�a�t�i�c�,� �t�h�e� �F�r�o�u�d�e� �n�u�m�b�e�r� �s�h�o�u�l�d� 

�b�e� �l�e�s�s� �t�h�a�n� �t�w�o�.� �<�A� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �t�h�e�o�r�y� �l�e�a�d�i�n�g� �t�o� �t�h�e� 

�a�b�o�v�e� �c�o�n�c�l�u�s�i�o�n� �m�a�y� �b�e� �f�o�u�n�d� �i�n� �H�e�n�d�e�r�s�o�n� �(�1�9�6�6�)� �a�n�d� �E�a�a�q�l�e�-� 

�s�o�n� �(�1�9�7�0�)�,� �a�s� �w�e�l�l� �a�s� �t�h�e� �o�r�i�g�i�n�a�l� �w�o�r�k� �o�f� �L�i�g�h�t�h�i�l�l� �a�n�d� 

�W�h�i�t�h�a�m� �(�1�9�5�5�)�.� 

�A�n� �a�d�d�i�t�i�o�n�a�l� �c�r�i�t�e�r�i�o�n� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� �W�c�o�l�h�i�s�e�r� �a�n�d� 

�L�i�g�g�e�t�t� �(�1�9�6�7�}� �w�h�i�c�h� �u�t�i�l�i�z�e�s� �a� �d�i�m�e�n�s�i�o�n�l�e�s�s� �k�i�n�e�m�a�t�i�c� �f�l�o�w� 

�n�u�m�b�e�r�,� �K�k�,� �d�G�a�f�i�n�e�d� �a�s� 
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�V�i�s� �t�h�e� �v�e�l�o�c�i�t�y� �o�f� �f�l�o�w�.



�u�y� 

�W�h�e�n� �K� �>� �1�0� �t�h�e� �d�y�n�a�m�i�c� �w�a�v�e� �i�s� �s�m�r�a�l�i� �a�r�d� �t�n�e� �k�i�n�e�m�a�t�i�c� 

�W�a�v�e� �s�o�l�u�t�i�o�n� �a�p�p�r�o�x�i�m�a�t�e�s� �t�h�e� �s�c�l�u�t�i�c�n� �c�b�t�a�i�n�e�d� �b�y� �t�h�e� �c�o�m�-� 

�p�l�e�t�a� �e�q�u�a�t�i�o�n�s�.� �T�h�e�y� �w�e�r�e� �f�u�r�t�h�a�r� �a�b�l�e� �t�e� �d�e�t�e�r�m�i�n�e� �t�h�a�r� 

�a�h� �e�r�r�o�r� �o�f� �a�p�p�r�o�x�i�m�a�t�e�l�y� �1�0�%� �r�e�s�u�l�t�s� �w�h�e�n� �K� �=� �1�0� �a�n�d� �t�h�a�t� 

�a�n� �i�n�c�r�e�a�s�e� �i�n� �t�h�e� �v�a�l�u�e� �o�f� �K� �i�n�d�i�c�a�t�e�s� �a� �r�a�p�i�d� �d�e�c�t�e�a�s�e� �i�n� 

�t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �e�r�r�o�r�.� 

�E�a�g�l�e�s�o�n� �(�1�9�7�9�)� �s�u�g�g�e�s�t�e�d� �t�h�a�t� �b�o�t�h� �o�f� �t�h�e� �a�b�o�v�e� �c�o�n�d�i�-� 

�t�i�o�n�s� �b�e� �u�p�h�e�l�d� �f�o�r� �u�s�e� �o�f� �t�h�e� �K�W�A� �i�n� �u�n�s�t�e�a�d�y� �f�l�o�w� �s�i�m�u�l�a�-�~� 

�t�i�o�n�,� �h�o�w�e�v�e�r�,� �A�l�-�M�a�s�h�i�d�a�n�i� �a�n�c� �T�a�y�l�o�r� �(�1�9�7�4�)� �h�a�v�e� �s�h�o�w�n� 

�t�h�a�t� �t�h�e� �P�r�o�u�d�?� �n�u�m�b�e�r� �c�a�n� �b�e� �g�r�e�a�t�e�r� �t�h�a�n� �t�w�c�e� �p�r�o�v�i�d�e�d� �t�h�a�t� 

�t�h�e� �v�a�l�u�e� �o�f� �K� �i�s� �l�a�r�g�e�.� 

�T�h�e� �a�p�p�l�i�c�a�b�i�l�i�t�y� �o�f� �t�h�e� �K�W�A� �t�c� �o�v�e�r�l�a�n�d� �f�l�o�w� �h�a�s� �h�e�e�n� 

�v�e�r�i�f�i�e�d� �b�y� �m�a�n�y� �i�n�v�e�s�t�i�g�a�t�o�r�s� �{�e�.�g�.�,� �w�W�e�o�l�h�i�s�e�r� �a�n�d� �L�i�g�g�e�t�t� 

�(�1�9�6�7�)�,� �L�i�g�g�e�t�t� �a�n�d� �W�o�o�l�h�i�s�e�r� �(�1�9�6�7�)�,� �K�i�b�l�e�r� �a�n�d� �W�o�o�l�h�i�s�e�r� 

�(�1�9�7�0�)� �a�n�d� �O�v�e�r�t�o�n� �a�n�d� �B�r�a�k�e�n�s�i�e�k� �(�1�9�7�0�)�}�.� �L�i�a�g�g�e�t�r� �a�n�d� 

�W�o�o�l�h�n�i�s�e�r� �(�7�1�9�6�7�)� �h�a�v�e� �s�h�o�w�n� �t�h�a�t� �f�o�r� �m�a�n�y� �o�v�e�r�l�a�n�d� �f�l�o�w� �c�a�n�-� 

�d�i�t�i�o�n�s� �t�h�e� �v�a�l�u�e� �c�f� �K� �e�x�c�e�e�d�s� �1�0�0�0�.� �Y�o�c�d�i�n�g� �(�1�3�6�5�a�;� �1�9�6�5�b�;� 

�1�9�6�6�)� �p�r�e�s�e�n�t�e�d� �a� �c�o�n�v�i�n�c�i�n�g� �a�r�g�u�m�e�n�t� �i�n� �f�a�v�o�r� �c�f� �t�h�e� �K�w�A� �i�n� 

�a� �s�e�t� �o�f� �p�a�p�e�r�s� �i�n� �w�h�i�c�h� �h�e� �a�p�p�l�i�e�d� �t�h�e� �a�p�p�r�o�a�c�h� �e�n� �a� 

�h�y�p�o�t�h�e�t�i�c�a�l� �V�-�s�h�a�p�e�d� �w�a�t�e�r�s�h�e�d� �a�n�d� �o�b�t�a�i�n�e�d� �g�o�c�d� �a�g�r�e�e�m�e�n�t� 

�h�e�t�w�e�e�n� �h�y�d�r�e�g�r�a�p�h�s� �g�e�n�e�r�a�t�e�d� �b�y� �t�h�e� �s�i�m�p�l�i�f�i�a�d� �a�c�d�s�i� �a�n�d� 

�t�h�o�s� �g�e�n�e�r�a�t�e�d� �b�y� �a� �n�a�t�u�r�a�l� �c�a�t�c�h�m�e�n�t�.� 

�S�u�c�c�e�s�s�f�u�l� �a�p�p�l�i�c�a�t�i�o�n�s� �c�f� �t�h�e� �K�¥�R� �h�a�v�e� �b�e�e�n� �s�a�d�e� �t�o� 

�r�i�v�e�r� �f�l�o�w�s� �(�@�.�9�.�,� �S�u�e�i�s�h�i� �(�7�9�5�5�)�,� �I�s�h�i�h�a�r�a� �(�1�9�6�3�)� �a�n�d� �I�w�a�~� 

�g�a�k�i� �(�?�9�9�5�)�}�,� �a�n�d� �H�e�n�d�e�r�s�o�n� �(�1�4�9�6�6�)� �h�a�s� �s�t�a�t�e�d� �t�h�a�n� �t�n�e� �K�Y�A



�4�5� 

�i�s� �g�e�n�e�r�a�l�l�y� �a�p�p�l�i�c�a�b�l�e� �t�o� �n�a�t�u�r�a�l� �f�l�o�o�d�s� �i�n� �s�t�e�e�p� �r�i�v�e�r�s� 

�w�i�t�h� �s�l�o�p�e�s� �o�f� �r�o�u�g�h�i�y� �0�.�0�9�2� �o�r� �g�r�e�a�t�e�r�.� �H�e�n�d�e�r�s�o�n� �(�1�9�6�6�)� 

�f�u�r�t�h�e�r� �c�l�a�s�s�i�f�i�e�d� �r�i�v�e�r�s� �i�n�t�o� �o�n�e� �o�f� �t�h�r�e�e� �c�a�t�e�g�o�r�i�e�s� �f�o�r� 

�r�o�u�t�i�n�g� �b�y� �t�h�e� �S�t�.� �V�e�n�a�n�t� �e�q�u�a�t�i�o�n�s�,� �b�a�s�e�d� �s�o�l�e�l�y� �u�p�o�n� �a� 

�s�l�o�p�e� �c�r�i�t�e�r�i�o�n�.� �S�t�e�e�p� �r�i�v�e�r�s� �w�e�r�e� �b�e�s�t� �s�i�m�u�l�a�t�e�d� �b�y� �t�h�e� 

�K�W�A�,� �r�i�v�e�r�s� �w�i�t�h� �i�n�t�e�r�m�e�d�i�a�t�e� �s�l�o�p�e�s� �s�h�o�u�l�d� �b�e� �m�o�d�e�l�e�d� �b�y� 

�t�h�e� �c�o�m�p�l�e�t�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �a�n�d� �r�i�v�e�r�s� �w�i�t�h� �m�i�l�d� �s�l�o�p�e�s� 

�c�a�n� �b�e� �s�i�m�u�l�a�t�e�d� �n�e�g�l�e�c�t�i�n�g� �t�h�e� �l�o�c�a�l� �a�n�d� �c�o�n�v�e�c�t�i�v�e� �a�c�c�e�i�-� 

�e�r�a�t�i�o�n� �t�e�r�m�s�.� �T�h�e�s�e� �t�h�r�e�e� �f�o�r�m�s� �o�f� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� 

�w�i�l�l� �b�e� �s�o�l�v�e�d� �a�n�d� �t�h�e�i�r� �r�e�s�u�l�t�s� �c�o�m�p�a�r�e�d� �i�n� �t�h�e� �l�a�s�t� �m�a�j�o�r� 

�s�e�c�t�i�o�n� �o�f� �t�h�i�s� �c�h�a�p�t�e�r�.� 

�N�u�m�e�r�i�c�a�l� �M�e�t�h�o�d�s� �a�n�d� �t�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �T�e�c�h�n�i�q�u�e� 

�N�u�m�e�r�i�c�a�l� �t�e�c�h�n�i�q�u�e�s� �h�a�v�e� �b�e�e�n� �a�p�p�l�i�e�d� �t�o� �f�l�o�w� �p�r�o�b�l�e�m�s� 

�S�i�n�c�e� �t�h�e� �e�a�r�l�y� �d�a�y�s� �o�f� �t�h�e� �d�i�g�i�t�a�l� �c�o�m�p�u�t�e�r�.� �S�t�o�k�e�r� �(�1�9�5�3�)� 

�p�e�r�f�o�r�m�e�d� �t�h�e� �f�i�r�s�t� �i�m�p�o�r�t�a�n�t� �f�l�o�c�d� �r�o�u�t�i�n�g� �s�t�u�d�i�e�s� �u�s�i�n�g� �a� 

�d�i�g�i�t�a�l� �c�o�m�p�u�t�e�r� �w�h�i�l�e� �w�o�r�k�i�n�g� �w�i�t�h� �f�l�o�o�d�s� �o�n� �t�h�e� �O�h�i�o� 

�R�i�v�e�r�.� �H�i�s� �a�p�p�l�i�c�a�t�i�o�n� �i�n�v�o�l�v�e�d� �a�n� �e�x�p�l�i�c�i�t� �s�c�h�e�m�e� �o�f� �t�h�e� 

�f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d�.� �M�a�n�y� �o�t�h�e�r� �i�n�v�e�s�t�i�g�a�t�c�r�s� �h�a�v�e� 

�u�t�i�l�i�z�e�d� �t�h�e� �e�x�p�l�i�c�i�t� �s�c�h�e�m�e� �w�h�i�l�e� �o�t�h�e�r�s� �h�a�v�e� �a�p�p�l�i�e�d� �t�h�e� 

�i�m�p�l�i�c�i�t� �f�i�n�i�t�e� �d�i�f�f�e�r�e�n�c�e� �m�e�t�h�o�d� �a�n�d� �t�h�e� �m�e�t�h�o�d� �c�f� �c�h�a�r�a�c�-� 

�t�e�r�i�s�t�i�c�s�.� �S�e�v�e�r�a�l� �i�n�v�e�s�t�i�g�a�t�o�r�s� �h�a�v�e� �c�o�m�p�a�r�e�d� �t�h�e� �s�o�l�u�-� 

�t�i�o�n�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �v�a�r�i�o�u�s� �m�e�t�h�o�d�s� �a�n�d� �d�i�s�c�u�s�s�e�d� �t�h�e� 

�a�d�v�a�n�t�a�g�e�s� �a�n�d� �l�i�m�i�t�a�t�i�o�n�s� �c�f� �e�a�c�h� �[�8�.�g�.�,� �A�m�e�i�n� �a�n�d� �P�a�n�g� 
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�(�1�9�7�0�}� �a�n�d� �P�r�i�c�e� �(�1�9�7�4�5�j�}�.� 

�H�i�g�h� �c�o�m�p�u�t�a�t�i�c�a� �t�i�m�e�,� �i�n�s�t�a�b�i�l�i�t�y� �a�n�d� �c�o�n�v�e�r�g�e�n�c�e� �p�r�o�b�-� 

�l�e�m�s� �h�a�v�e� �b�e�e�n� �e�n�c�o�u�n�t�e�r�e�d� �w�i�t�h� �t�h�e� �u�s�e� �o�f� �t�h�e� �v�a�r�i�o�u�s� �n�u�n�-� 

�e�r�i�c�a�l� �t�e�c�h�n�i�q�u�e�s�.� �C�o�m�p�l�e�x� �g�e�o�m�e�t�r�i�c� �e�n�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�-�~� 

�t�i�o�n�s� �h�a�v�e� �a�l�s�o� �b�e�e�n� �o�b�s�t�a�c�l�e�s� �w�h�e�n� �w�o�r�k�i�n�g� �w�i�t�h� �t�h�e�s�e� �m�e�t�h�-� 

�o�d�s�.� 

�f�h�e� �r�e�c�e�n�t� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �f�o�r� 

�s�o�l�v�i�n�g� �f�l�o�w� �p�r�o�b�l�e�m�s� �h�a�s� �b�e�e�n� �e�n�c�o�u�r�a�g�i�n�g� �s�i�n�c�e� �i�t� �h�a�s� �b�e�e�n� 

�d�e�m�o�n�s�t�r�a�t�e�d� �t�h�a�t� �s�o�m�e� �o�f� �t�h�e� �l�i�m�i�t�a�t�i�o�n�s� �e�n�c�o�u�n�t�e�r�e�d� �b�y� �t�h�e� 

�u�s�e� �o�t�h�e�r� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s� �c�a�n� �b�e� �a�v�o�i�d�e�d�.� �C�o�m�p�u�t�a�t�i�o�n� 

�t�i�m�e� �c�a�n� �u�s�u�a�l�l�y� �b�e� �r�e�d�u�c�e�d� �b�e�c�a�u�s�e� �t�h�e� �m�e�t�h�o�d� �r�e�q�u�i�r�e�s� �l�e�s�s� 

�e�l�e�m�e�n�t�s� �a�n�d� �c�a�n� �a�c�c�o�m�m�o�d�a�t�e� �l�a�r�g�e�r� �t�i�m�e� �s�t�e�p�s�.� �T�h�e� �m�e�t�h�o�d� 

�c�a�n� �a�l�s�o� �h�a�n�d�l�e� �l�a�r�g�e� �s�p�a�t�i�a�l� �v�a�r�i�a�t�i�o�n�s�,� �c�o�m�p�l�e�x� �g�e�o�m�e�t�r�y� 

�a�n�d� �c�o�m�p�l�e�x� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�.� 

�A�l�t�h�o�u�g�h� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�s� �h�a�v�e� �b�e�e�n� �e�m�p�l�o�y�e�d� �i�n� 

�t�h�e� �s�o�l�i�d� �m�e�c�h�a�n�i�c�s� �f�i�e�l�d� �s�i�n�c�e� �t�h�e� �1�9�5�0�'�s�,� �t�h�e�i�r� �u�s�e� �i�n� 

�f�l�o�w� �p�r�o�b�l�e�m�s� �d�i�d� �n�o�t� �b�e�c�o�m�e� �p�r�o�m�i�n�e�n�t� �u�n�t�i�l� �t�h�e� �l�a�t�e� 

�1�9�6�0�'�s�.� �O�n�e� �o�f� �t�h�e� �e�a�r�l�i�e�s�t� �a�p�p�l�i�c�a�t�i�o�n�s� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�-� 

�m�e�n�t� �m�e�t�h�o�d� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �f�l�o�w� �p�r�o�b�l�e�m�s� �w�a�s� �m�a�d�e� �b�y� 

�Z�i�e�n�k�i�e�w�i�c�z� �a�n�d� �C�h�e�u�n�g� �(�1�9�5�5�)� �w�h�o� �c�o�n�d�u�c�t�e�d� �a� �s�e�e�p�a�g�e� �f�l�o�w� 

�a�n�a�l�y�s�i�s�.� �M�o�r�e� �r�e�c�e�n�t�l�y�,� �i�n�v�e�s�t�i�g�a�t�o�r�s� �s�u�c�h� �a�s� �O�d�e�n� �a�n�d� 

�S�c�m�o�g�y�i� �(�1�9�6�9�)� �a�n�d� �T�o�n�g� �(�1�9�7�1�)� �h�a�v�e� �a�p�p�l�i�e�d� �t�h�e� �m�e�t�h�o�d� �t�o� 

�i�n�c�o�m�p�r�e�s�s�i�b�l�e� �a�n�d� �c�o�m�p�r�e�s�s�i�b�l�e� �t�r�a�n�s�i�e�n�t� �f�l�e�w� �p�r�o�b�l�e�m�s�.� 

�J�u�d�a�h�,� �e�t�.�a�l�.� �(�1�9�7�5�)� �u�s�e�d� �t�h�e� �F�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �i�n� 

�c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �G�a�l�e�r�k�i�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�c� �d�e�v�e�l�o�p� �a
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�m�o�d�e�l� �o�f� �o�v�e�r�l�a�n�d� �a�n�d� �c�h�a�n�n�e�l� �i�o�w�.� �T�h�e� �m�e�t�h�c�d� �w�a�s� �a�p�p�l�i�e�d� 

�t�o� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n� �a�l�o�n�e� �s�i�n�c�e� �t�h�a� �K�W�A� �w�a�s� �a�s�s�u�n�e�d� 

�t�o� �a�p�p�l�y� �t�o� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�,� �A�l�t�e�r�a�t�i�o�n�s� �w�e�r�e� �m�a�d�e� �i�n� 

�t�h�e� �i�n�p�u�t� �d�a�t�a� �d�e�s�c�r�i�b�i�n�g� �t�h�e� �t�o�p�o�g�r�a�p�h�y� �o�f� �a� �n�a�t�u�r�a�l� �w�a�t�-� 

�e�r�s�h�e�d� �a�n�d� �c�h�a�n�g�e�s� �i�n� �t�h�e� �d�o�w�n�s�t�r�e�a�m� �h�y�d�r�o�g�r�a�p�h� �w�e�r�s� �n�o�t�e�d�.� 

�F�i�t�s� �b�e�t�w�e�e�n� �s�i�m�u�l�a�t�e�d� �a�n�d� �r�e�c�o�r�d�e�d� �h�y�d�r�o�g�r�a�p�h�s� �w�e�r�e� �g�o�o�d� 

�a�n�d� �i�t� �w�a�s� �r�e�p�o�r�t�e�d� �t�h�a�t� �t�h�e� �m�o�d�e�l� �c�o�u�l�d� �e�a�s�i�l�y� �h�a�n�d�l�e� �c�o�n�m�-� 

�p�l�e�x� �g�e�o�m�e�t�r�y�,� �d�i�v�e�r�s�e� �l�a�n�d�u�s�e� �a�n�d� �v�a�r�i�a�b�l�e� �r�a�i�n�f�a�l�l� �d�i�s�t�r�i�-� 

�b�u�t�i�o�n�.� 

�A�l�-�M�a�s�h�i�d�a�n�i� �a�n�d� �T�a�y�l�o�r� �(�1�9�7�4�)� �u�s�e�d� �t�h�a� �G�a�l�e�r�k�i�n� �f�o�r�n� �o�f� 

�t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �t�c� �s�o�l�v�e� �t�h�e� �n�o�n�-�d�i�m�e�n�s�i�o�n�a�l� �f�o�r�m� 

�o�f� �t�h�e� �S�t�.� �V�e�n�a�n�t� �e�q�u�a�t�i�o�n�s�.� �W�h�e�n� �c�o�m�p�a�r�e�d� �t�o� �o�t�h�e�r� �n�u�m�e�r�i�-�~� 

�c�a�l� �m�e�t�h�o�d�s� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h� �w�a�s� �f�o�u�n�d� �t�o� �h�a�v�e� 

�m�o�r�e� �s�t�a�b�i�l�i�t�y�,� �m�o�r�e� �r�a�p�i�d� �c�o�n�v�e�r�g�e�n�c�e� �a�n�d� �t�o� �b�e� �c�o�m�p�u�t�a�-� 

�t�i�o�n�a�l�l�y� �f�a�s�t�.� 

�C�o�o�l�e�y� �a�n�d� �M�o�i�n� �(�1�9�7�6�)� �a�l�s�o� �u�s�e�d� �t�h�e� �G�a�l�e�r�k�i�n� �m�e�t�h�o�d� �t�o� 

�d�e�r�i�v�e� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �e�q�u�a�t�i�o�n�s� �c�f� �c�o�n�t�i�n�u�i�t�y� �a�n�d� �m�o�m�e�n�-� 

�t�u�m�.� �T�h�e�y� �p�r�e�s�e�n�t�e�d� �a� �c�o�m�p�a�r�i�s�o�n� �o�f� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �w�i�t�h� 

�t�h�e�s�e� �o�f� �o�t�h�e�t� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s� �f�c�r� �s�e�v�e�r�a�l� �c�h�a�n�n�e�l� �f�l�o�w� 

�c�a�s�e�s�.� �I�t� �w�a�s� �a�l�s�o� �c�o�n�c�l�u�d�e�d� �t�h�a�t� �t�h�e� �l�i�n�e�a�r� �f�o�r�m�s� �o�f� �t�h�e� 

�a�p�p�r�o�x�i�m�a�t�i�n�g� �f�u�n�c�t�i�o�n�s� �p�r�o�d�u�c�e�d� �s�t�a�b�l�e� �a�n�d� �c�o�n�v�e�r�g�e�n�t� 

�r�e�s�u�l�t�s�.� 

�J�a�y�a�w�a�r�d�e�n�a� �a�n�d� �W�h�i�t�e� �(�1�9�7�7�)� �d�i�s�c�u�s�s�e�d� �t�h�e� �b�a�s�i�s� �o�f� �a� 

�d�i�s�t�r�i�b�u�t�e�d� �c�a�t�c�h�m�e�n�t� �f�l�c�o�d� �r�o�u�t�i�n�g� �m�e�d�a�l� �w�h�i�c�h� �u�t�i�l�i�z�e�d� �t�h�e� 

�G�a�l�e�r�k�i�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �f�o�r� �f�o�r�m�u�l�a�t�i�n�g� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t
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�s�o�l�u�t�i�o�n�.� �T�h�e� �K�W�A� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �a�p�p�l�i�c�a�b�l�e� �a�n�d�,� �t�h�e�r�e�-� 

�f�o�r�e�,� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �c�e�n�t�i�n�u�i�t�y� �a�l�o�n�e� �w�a�s� �s�o�l�v�e�d� �n�u�m�e�r�i�-�~� 

�c�a�l�l�y�.� �S�t�u�d�i�e�s� �o�f� �p�a�r�a�m�e�t�e�r� �s�e�n�s�i�t�i�v�i�t�y� �w�e�r�e� �c�o�n�d�u�c�t�e�d� �a�n�d� 

�s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �b�y� �d�i�f�f�e�r�e�n�t� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e�s� 

�w�e�r�e� �c�o�m�p�a�r�e�d�.� �T�h�e� �m�o�d�e�l� �w�a�s� �a�p�p�l�i�e�d� �t�o�a� �h�y�p�o�t�h�e�t�i�c�a�l� 

�s�t�r�i�p� �c�a�t�c�h�m�e�n�t� �a�n�d� �i�t� �w�a�s� �r�e�p�o�r�t�e�d� �t�h�a�t� �f�u�t�u�r�e� �t�e�s�e�a�r�c�h� 

�w�o�u�l�d� �i�n�v�o�l�v�e� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �m�o�d�e�l� �t�c� �t�w�o� �n�a�t�u�r�a�l� 

�c�a�t�c�h�m�e�n�t�s�.



�W�g� 

�D�e�r�i�v�a�t�i�o�n� �c�f� �t�h�e� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �E�q�u�a�t�i�o�n�s� 

�T�h�e� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �o�f� �c�c�n�t�i�n�u�i�t�y� �a�n�d� 
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�m�e�m�e�n�t�u�m� �(�E�q�n�s�.� �{�3�}� �a�n�d� �{�4�}�)� �m�u�s�t� �b�e� �a�r�r�a�n�g�e�d� �i�n�t�o� �a� �f�o�r�m� �b�y� 

�w�h�i�c�h� �t�h�e�y� �c�a�n� �b�e� �s�e�l�v�e�d� �a�l�g�e�b�r�a�i�c�a�l�l�y�.� �T�h�e� �d�e�r�i�v�a�t�i�o�n� �o�f� 

�t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�o�n�t�i�n�u�i�t�y� �a�n�d� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�c�n�s� �f�o�l�l�o�w�s� 

�b�e�l�o�w�.� 

�C�o�n�t�i�n�u�i�t�y� �E�q�u�a�t�i�o�n� 
�a�o� 

� � � � 

�T�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n� �(�E�q�n�.� �[�{�3�}�)� �i�s� �s�o�l�v�e�d� �i�n� �i�t�s� �s�o�n�r�-� 

�p�l�e�t�e� �f�o�r�m� �i�n� �a�l�l� �t�h�r�e�a� �a�f�o�r�e�m�a�n�t�i�o�n�e�d� �a�p�p�r�o�a�c�h�e�s� �t�o� �o�b�t�a�i�n� 

�t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�s�a� �o�f� �f�l�o�w�,� �A�.� �T�h�e� �p�a�r�a�m�e�t�e�r�s� �A� �a�n�d� �9� 
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�m�n� �E�q�n�.� �{�3�}� �a�r�e� �a�s�s�u�m�e�d� �t�o� �b�e� �v�a�r�i�a�b�l�e� �w�h�i�l�e� �l�a�t�e�r�a�l� �i�n�f�l�o�w�,� 

�q�,� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �c�o�n�s�t�a�n�t� �c�v�e�r� �a�n� �e�l�e�m�e�n�t�.� �W�h�a�n� �w�r�i�t�t�e�n� 

�i�n� �t�e�r�m�s� �o�f� �t�h�e� �n�o�d�a�l� �p�o�i�n�t� �u�n�k�n�o�w�n�s�,� �A� �a�n�d� �Q� �c�a�n� �b�e� �a�s�s�u�m�e�d� 

�t�o� �b�e� �d�i�s�t�r�i�b�u�t�a�d� �w�i�t�h� �x� �i�n� �e�a�c�h� �e�l�e�m�e�n�t� �a�s� �f�c�l�l�o�w�s�:� 

�*� �N�N� 
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�A�(�x�,� �t�)� 
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�5�0� 

�Q�3� �(�*�)� �i�s� �d�i�s�c�h�a�r�g�e� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�i�m�e� �c�n�l�y�,� 

�N�z� �(�x�)� �i�s� �t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�,� �a�n�d� 

�N�N� �i�s� �*�h�2� �n�u�m�b�e�r� �o�f� �n�o�d�e�s� �i�n� �a�n� �e�l�e�m�e�n�t�.� 

�F�o�r� �a� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �l�i�n�e� �e�l�e�m�e�n�t�,� �N�N� �=� �2�,� �a�n�d� 

�*� 
�A� �(�x�,�t�)� �N�,� �A�y�(�t�)� �+� �N�y� �A�,�(�t�)� �(�8�}� 

�Q!"�(�x�,�t�)� �=� �N�,� �Q�(�t�)� �+�N�,� �Q�(�t�)� �(�9�)� 

�T�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�s�,� �N�,� �a�n�d� �N�o�,� �a�r�e� �o�f�t�e�n� �r�e�f�e�r�-� 

�r�e�d� �t�o� �a�s� �t�h�e� �c�c�o�r�d�i�n�a�t�e�s� �f�u�n�c�t�i�o�n�s� �s�i�n�c�2� �t�h�e�y� �d�a�f�i�n�e� �t�h�e� 

�r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�a�n� �t�h�e� �g�l�o�b�a�l� �a�n�d� �l�o�c�a�l�,� �o�r� �n�a�t�u�r�a�l�,� �c�o�o�r�-� 

�d�i�n�a�t�e�s�.� �I�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�s� �f�o�r� �l�i�n�2� �e�l�e�m�e�n�t�s� �a�r�e� �a�d�e�-� 

�q�u�a�t�e�l�y� �d�i�s�c�u�s�s�e�d� �i�n� �v�a�r�i�o�u�s� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �t�e�x�t�s� �2�e�T�D�e�r� 

�D�é�s�a�i� �a�n�d� �A�b�e�l� �(�1�9�7�2�)� �a�n�d� �H�u�e�b�n�e�r� �(�1�9�7�5�)�}�.� 

�T�h�e� �d�e�r�i�v�a�t�i�o�n� �c�f� �t�h�e� �f�i�n�i�t�e� �s�l�e�m�e�n�t� �e�q�u�a�t�i�o�n�s� �i�n�v�o�l�v�e�s� 

�t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �a�l�g�e�b�r�a�i�c� �a�q�u�a�t�i�o�n�s� �f�r�o�m� �t�h�e� �g�o�v�e�r�n�i�n�g� 

�s�e�*� �o�f� �d�i�f�f�e�r�e�n�t�i�a�l� �a�q�u�a�t�i�c�o�n�s�.� �T�h�e� �t�w�o� �p�r�o�c�e�d�u�r�e�s� �s�o�s�t� �c�o�m�-� 

�m�o�n�l�y� �u�s�e�d� �a�r�a� �v�a�r�i�a�t�i�o�n�a�l� �m�e�t�h�o�d�s� �a�n�d� �w�é�i�g�h�t�e�d� �t�e�s�i�d�u�a�l� 

�m�e�t�h�o�d�s�.� �T�h�e� �c�h�o�i�c�e� �c�o�f� �G�a�l�a�r�k�i�n�'�s� �r�e�s�i�d�u�a�l� �w�e�t�h�o�d� �w�a�s� �m�a�d�e� 

�f�e�r� �t�h�i�s� �f�o�r�m�u�l�a�t�i�o�n� �b�e�c�a�u�s�e� �i�t� �h�a�s� �b�e�e�n� �d�e�n�c�n�s�t�r�a�t�e�d� �b�y� 

�c�t�h�e�r�s� �{�e�.�g�.�,� �J�u�d�a�h� �e�t�.�a�l�.� �(�1�9�7�3�)� �a�n�d� �A�l�-�M�a�s�h�i�d�a�n�i� �a�n�d� �T�a�y�-� 

�L�o�r� �(�1�9�7�4�)�}� �t�o� �b�e�a� �a� �c�o�n�v�e�n�i�e�n�t� �f�o�r�m�u�l�a�t�i�c�n� �p�r�o�c�e�d�u�r�e� �f�o�r� 

�s�u�r�f�a�c� �"�
 �f�i�c�w� �p�t�o�b�l�e�m�s�.



�5�1� 

�I�n� �G�a�l�e�r�k�i�n�'�s� �r�e�s�i�d�u�a�l� �m�e�t�h�o�d�,� �t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�-� 

�t�i�o�n� �i�s� �g�e�n�e�r�a�l�l�y� �u�s�e�d� �a�s� �t�h�a� �w�e�i�g�h�t�i�n�g� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� 

�t�r�i�a�l� �f�u�n�c�t�i�o�n� �c�h�o�s�e�n� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �f�i�e�l�d� �f�u�n�c�t�i�o�n�s�,� 

�w�h�i�c�h�,� �i�n� �t�h�i�s� �c�a�s�e�,� �a�r�a� �E�q�n�s�.� �{�6�}� �a�n�d� �{�7�}�.� �B�e�c�a�u�s�e� �t�h�e� 

�t�r�i�a�l� �f�u�n�c�t�i�o�n� �i�s� �n�o�t� �t�h�e� �e�x�a�c�t� �f�u�n�c�t�i�o�n�,� �a�n� �e�r�r�o�r� �i�s� �i�n�t�r�o�-� 

�d�u�c�e�d�.� �I�t� �i�s� �t�h�i�s� �e�r�r�o�r� �w�h�i�c�h� �m�u�s�t� �b�e� �n�o�r�m�a�l�i�z�e�d� �b�y� �t�h�e� 

�w�e�i�g�h�t�i�n�g� �f�u�n�c�t�i�o�n�.� 

�G�a�l�e�r�k�i�n�'�s� �m�e�t�h�o�d� �s�p�e�c�i�f�i�e�s� �t�h�a�t� �t�h�e� �i�n�t�e�g�r�a�l� 

�D� 

�w�h�e�r�a� 

�D� �i�s� �t�h�e� �e�l�e�m�e�n�t� �d�o�m�a�i�n�,� �a�n�d� 

�R� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �r�e�s�i�d�u�a�l� �+�o� �b�e� �w�e�i�g�h�t�e�d� �b�y� �<�h�e� 

�i�n�t�e�r�p�o�l�a�t�i�c�n� �f�u�n�c�t�i�o�n�,� �N�j�.� 

�W�h�i�l�e� �E�q�n�.� �{�1�0�}� �i�s� �s�p�e�c�i�f�i�e�d� �f�o�r� �t�h�e� �e�n�t�i�r�e� �s�o�l�u�t�i�o�n� 

�d�c�n�a�i�n�,� �i�t� �m�a�y� �b�e� �a�p�p�l�i�e�d� �t�o�t�h�e� �i�n�d�i�v�i�d�u�a�l� �e�l�e�m�e�n�t�s� �a�s� 

�s�h�o�w�n� �b�e�l�o�w� �w�h�e�r�e� �t�h�e� �t�r�i�a�l� �f�u�n�c�t�i�o�n� �h�a�s� �b�e�e�n� �s�u�b�s�t�i�t�u�t�e�d� 

�i�n�t�o� �E�q�n�.� �{�1�0�}� �a�n�d� �t�h�e� �i�n�t�e�g�r�a�l� �i�s� �t�a�k�e�n� �o�v�e�r� �e�a�c�h� �a�l�a�m�e�n�t� 

�o�f� �t�h�e� �d�o�m�a�i�n�.� 

 ��e� �j� �3�0 �� �*� �|� �1�4� �}� �N� �=� �+�A� �-�q� �a�p�.� �=� �0� 
�a�=�1� �D�e� �*� �|� �e�x� �4� �°



�5�2� 

�w�h�e�r�e� 

�N�E� �i�s� �t�h�e� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� �i�n� �t�h�e� �s�c�l�u�t�i�o�n� 

�d�o�m�a�i�n�,� 

�A� �i�s� �t�h�e� �t�i�m�e� �d�i�f�f�e�r�e�n�t�i�a�l� �o�f� �t�h�e� �a�r�e�a�,� �a�n�d� 

�D�e� �i�s� �t�h�@� �d�o�m�a�i�n� �f�o�r� �a� �g�i�v�e�n� �e�l�e�m�e�n�t�.� 

�B�y� �c�o�n�s�i�d�e�r�i�n�g� �o�n�e� �e�l�e�m�e�n�t� �c�n�l�y�,� �t�h�e� �e�x�p�a�n�s�i�o�n� �o�f� �E�q�n�.� 

�{�1�1�3�}� �y�i�e�l�d�s� 

�f�i�n�,� �2�2� �(�Q�e� �+�n�,� �t�A�)� �-�N� �d�D�,� �=� �0� �1�2� �i�L� �O�x� �1�  ��i� �4� �e�-� �{�1�2�}� 
�D�e� 

�T�h�e� �t�h�r�e�e� �t�a�r�m�s� �i�n� �t�h�e� �e�q�u�a�t�i�o�n� �a�r�e� �t�h�e�n� �i�n�t�e�g�r�a�t�e�d� �o�v�e�r� 

�t�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �e�l�e�m�e�n�t� �t�o� �g�i�v�e� 

�m�a�t�r�i�x� �t�e�r�m�s� �f�o�r� �l�i�n�e�a�r� �e�l�e�m�e�n�t�s�:� 
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�J�"� �(�N�y� �s�+�)� �d�x� �(�Q�}� �=� �x�1� �o�e� �i�L� 
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�5�3� 

�A�f�t�e�r� �c�o�m�b�i�n�i�n�g� �t�h�e�s�e� �t�e�r�m�s�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�q�u�a�t�i�o�n� 

�b�e�c�o�m�e�s� 

�1� �1� �1� �1� �1� 
�3� �6�]� �Y�A�  ��2� �2�]� �|� �2� 

�R� �.� �+� �-�2�q� �=� �0� �{�1�3�}� 
�1� �l� �;� �1� �1� �1� 
�6� �3�J� �\�A�2�  ��J� �D�J� �{� �2� 

�o�r� 

�g� �[�K�]� �{�A�}� �+� �[�L�]� �{�Q�}� �-� �2� �q� �{�M�}� �=� �0� �{�1�4�}� 

�w�h�e�r�s�,� �f�c�r� �a�n� �e�l�e�m�e�n�t�,� 

�i� �o�l� 
�3� �6� 

�[�K�]� �=� 
�i�o�l� 
�6� �3� 

�o�l� 
�2� �2� 

�[�L�]� �=� 
�w�t� �o�l� 

�2� �2� 

�i� 
�2� 

�{�M�}� �=� 

�t�
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�5�4� 

� � 

�.� �A�y� 
�{�A�}� �=� �7� 

�A�y�,� 

�Q�i� 
�{�Q�}� �=� �|� 

�Q�2� 

�E�q�u�a�t�i�o�n� �{�1�3�}� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �s�i�n�g�l�e� �e�l�e�m�e�n�t� �e�q�u�a�t�i�o�n� �f�o�r� 

�t�h�i�s� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �w�h�i�l�e� �E�q�n�.� �{�1�4�}� 

�e�x�p�r�e�s�s�e�s� �t�h�e� �g�a�n�e�r�a�l� �f�o�r�m� �c�f� �t�h�e� �e�q�u�a�t�i�o�n�.� 

�I�f� �t�h�e� �t�i�m�e� �d�i�f�f�e�r�e�n�t�i�a�l� �o�f� �t�h�e� �a�r�e�a� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �a� 

�S�i�m�p�l�e� �e�x�p�l�i�c�i�t� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �p�r�o�c�e�d�u�r�3�,� 

�A�(�t�)� �=� � � �A�(�t�t�d�t�)� �-� �A�(�t�)� �5�1�5�3� 
�d�t� 

�w�h�e�r�e� �d�t� �=� �t�h�e� �t�i�m�e� �i�n�c�r�e�m�e�n�t�,� �t�h�e� �e�q�u�a�t�i�o�n� �f�o�r� �o�n�e� �e�l�e�m�e�n�t� 

�b�e�c�o�m�e�s� 

�a�e� �(�K�]� �f�A�b�i�a�g�e� �-� �g�e� �(�K�]� �{�A�}�,� �+� �[�L�]� �(�}�,� �-� �2�4� �M�H� �=� �0� �1�7�6�)� 

�P�o�r� �t�h�e� �e�l�e�m�e�n�t� �e�q�u�a�t�i�c�n� �t�e� �b�e� �a�d�a�p�t�e�d� �+�a� �a� �f�i�n�i�t�e� �e�l�e�-� 

�m�é�n�t� �g�r�i�d� �c�o�n�s�i�s�t�i�n�g� �o�f� �a�c�r�e� �t�h�a�n� �c�n�e� �e�l�e�m�e�n�t�,� �i�t� �m�u�s�t� �b�e� 

�a�r�r�a�n�g�e�d� �i�n� �a� �f�o�r�n� �t�h�a�t� �e�m�b�o�d�i�e�s� �t�h�e� �t�e�t�a�l� �n�u�m�b�e�r� �o�f� �e�l�a�-� 

�m�e�n�t�s�.� �I�n� �t�h�i�s� �a�p�o�l�i�c�a�t�i�o�n� �a�n� �a�s�s�e�m�b�l�e�d� �e�q�u�a�t�i�o�n� �m�u�s�t� �t�e



�5�5� 

�3� 

�p�r�o�v�i�d�e�d� �f�o�r� �e�a�c�h� �s�t�r�i�p� �a�n�d� �c�h�a�n�n�e�l� �s�i�n�c�e� �t�h�e� �s�t�r�i�p�s� �a�r�e� 

�r�o�u�t�e�d� �i�n�d�e�p�e�n�d�e�n�t�i�y�.� 

�T�h�e� �"�d�i�r�e�c�t� �s�t�i�f�f�n�e�s�s�"� �m�e�t�h�c�d� �i�s� �u�s�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� 

�a�s�s�e�n�b�l�e�d� �m�a�t�r�i�c�e�s�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �i�s� �L�l�l�u�s�t�r�a�t�e�d� �b�y� �t�h�e� 

�f�o�l�l�o�w�i�n�g� �e�x�a�m�p�l�e� �o�f� �a�n� �a�s�s�e�m�b�l�a�g�e� �c�o�n�t�a�i�n�i�n�g� �t�w�o� �2�l�e�m�e�n�t�s� 

�a�n�d� �t�h�r�e�e� �n�o�d�e�s�.� �T�h�e� �a�s�s�e�m�b�l�e�d� �e�l�e�m�e�n�t� �a�q�u�a�t�i�o�n� �f�o�r� �t�h�i�s� 

�c�a�s�e� �i�s� �w�r�i�t�t�e�n� �a�s� 

� � 

� � � � � � � � 

�I� �I� �I� �£� �£� �g� �g� �3� �6� �0�4�4� �3�8� �o�y�"� 
�I� �I� �I�L� �I�f� �I� �I� �I�f� �I�l� �L�}� �2�-� �V�2� �g� �g� �~�L�}� �2� �2� �L� �g� �d�e�j�e� �+�3� �0� �&� �|�j�A�o�l�  ��L�G� �G�t�Z�d� �=�F� �|�y�r�r� 

�g�i�l� �g�i�t� �t�e�d�t� �g�i�l� �g�i�t� 
�0� �6� �3� �|� �A�3� �0� �é� �3� �A�;� 

�L�e� �_� �L�a�e� �_� 

�1� �1� �>� �a�t� �g�l� 
�7� �7�2� �Q� �i� 

�a�L� �L� �_� �)� �p�t� �o�l� �a� �p�t�t� �p�i�t�}� �_� �7� �+� �5� �0� �5� �Q�,� �L�X� �q� �t�h�a� �0� �{�1�7�}� 

�L�o�L� �t� �I�l� �I�I� 
�0�  ��>� �9� �Q�,� �=�I� 

�b�e�s� �a�a�d� � � � � 
�w�h�e�r�e� �t�h�é� �s�u�b�s�c�r�i�p�t�s� �c�f� �A� �a�n�d� �Q� �a�r�e� �t�h�e� �n�u�m�b�e�r�i�n�g� �c�f� �t�h�s� 

�n�o�d�e�s�,� �a�n�d� �t�h�a� �s�u�p�e�r�s�c�r�i�p�t�s�,� �I� �a�n�d� �I�I�,� �c�f� �v�a�r�i�a�b�l�e�s� �1� �a�n�d� �¢



�5�6� 

�a�r�e� �t�h�e� �n�u�m�b�e�r�i�n�g� �c�f� �t�h�e� �e�l�e�m�e�n�t�s�.� 

�T�h�e� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� �r�e�p�r�e�s�a�n�t�e�d� �b�y� �t�h�e� �f�i�n�i�t�e� �e�l�e�-� 

�m�e�n�t� �e�q�u�a�t�i�o�n� �m�u�s�t� �b�e� �s�o�l�v�e�d� �a�s� �a� �s�e�t� �o�f� �S�i�m�u�l�t�a�n�e�o�u�s� �e�q�u�a�-� 

�t�i�o�n�s� �t�o� �o�b�t�a�i�n� �t�h�e� �u�n�k�n�o�w�n� �v�a�l�u�e�s� �o�f� �t�h�e� �f�i�e�l�d� �v�a�r�i�a�b�l�e�s� �a�t� 

�t�h�e� �n�o�d�e�s�.� �G�a�u�s�s�i�a�n� �e�l�i�m�i�n�a�t�i�o�n� �i�s� �o�n�é� �p�r�o�c�e�d�u�r�e� �b�y� �w�h�i�c�h� 

�t�h�e� �s�o�l�u�t�i�o�n� �m�a�y� �b�e� �o�b�t�a�i�n�e�d�.� 

�|� �A� �s�o�l�u�t�i�o�n� �i�n� �t�i�m�e� �i�s� �p�e�r�f�o�r�m�e�d� �b�y� �a�n� �i�t�e�r�a�t�i�v�e� �s�t�e�p� 

�a�p�p�r�o�a�c�h� �w�h�e�r�e�  ��d�t�'� �i�s� �a�s�s�i�g�n�e�d� �a� �v�a�l�u�e� �a�n�d� �c�c�m�p�u�t�a�t�i�o�n�s� �a�r�e� 

�m�a�d�e� �f�r�o�m� �t�=�0� �t�o� �t�h�e� �d�e�s�i�r�e�d� �d�u�r�a�t�i�o�n� �o�f� �s�o�l�u�t�i�o�n�.� �I�n� �c�o�n�-� 

�p�l�i�a�n�c�e� �w�i�t�h� �t�h�e� �"�m�a�r�c�h�i�n�g�"� �p�r�o�c�e�d�u�r�e�,� �v�a�l�u�e�s� �o�f� �A� �a�n�d� �Q� 

�s�o�l�v�2�d� �f�o�r� �a�t� �o�n�e� �t�i�m�e� �s�t�e�p� �a�r�2� �u�s�e�d� �i�n� �E�q�n�.� �{�1�6�}� �f�o�r� �t�h�e� 

�s�o�l�u�t�i�o�n� �o�f� �A� �a�n�d� �Q�a�t� �t�h�e� �n�e�x�t� �t�i�m�e� �s�t�e�p�.� �T�h�e� �v�a�l�u�e�s� �o�f� 

�A�,� �(�t�t�d�t�)�,� �A�o�(�t�t�d�t�)�,� �A�g� �(�t�t�d�t�)�,� �Q�o�(�t�t�d�t�)� �a�n�d� �Q�3�(�t�+�d�t�)� �s�o�l�v�e�d� 

�f�o�r� �a�t� �o�n�e� �t�i�m�e� �s�t�e�p� �w�o�u�l�d� �b�e�c�o�m�e� �A�j�,�(�t�)�,� �A�o�(�t�)�,� �A�3�(�t�)�,� �Q�2�{�t�)� 

�a�n�d� �Q�3�(�t�)�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �a�t� �t�h�e� �n�e�x�t� �t�i�m�e� �s�t�e�p�.� �T�h�i�s� �p�r�o�c�e�-� 

�d�u�r�e� �w�o�u�l�d� �c�o�n�t�i�n�u�e� �f�o�r� �a�s� �l�o�n�g� �a�s� �a� �s�o�l�u�t�i�o�n� �i�s� �d�e�s�i�r�e�d�,� 

�|� �I�n� �a� �t�i�m�e�-�d�e�p�e�n�d�e�n�t� �p�r�o�b�l�e�m� �o�f� �t�h�i�s� �t�y�p�e� �i�n�i�t�i�a�l� �c�o�n�d�i�-� 

�t�i�o�n�s� �m�u�s�t� �b�e� �s�p�e�c�i�f�i�e�d� �i�n� �o�r�d�e�r� �t�o� �c�o�m�m�e�n�c�e� �t�h�e� �t�i�m�e� 

�s�e�q�u�e�n�c�e� �o�f� �s�o�l�u�t�i�c�n�.� �F�o�r� �t�h�e� �e�x�a�m�p�l�e� �o�f� �a� �f�l�o�w� �s�t�r�i�p� �c�o�n�-� 

�t�a�i�n�i�n�g� �t�w�o� �e�l�e�m�e�n�t�s� �a�n�d� �t�h�r�e�e� �n�e�d�é�s�,� �i�n�i�t�i�a�l� �f�l�o�w� �c�a�n� �b�e� 

�a�s�s�u�m�e�d� �t�o� �b�e� �z�e�r�e� �a�t� �a�l�l� �n�o�d�e�s�.� �F�o�r� �b�o�t�h� �o�v�e�r�l�a�n�d� �a�n�d� 

�c�h�a�n�n�e�l� �f�l�o�w� �a�t� �t�i�m�e�,� �t�=�0�,� �E�q�n�.� �{�1�7�}� �r�e�d�u�c�e�s� �t�o



�5�7� 

� � 

�I� �L� �2� �g� �I�l� 
�3� �S� �O� �A�l� �4� 

�L�.� �I� �I�l� �I�l� �1� �|�e� �2� �g� �Q� �I� �I� �,� �j�l� �I�t� �&� �R�o�g� �k� �=� �<�Q� �+� �1�8� �d�e� �|� �6� �G�t�z�g�d� �A�,� �q� �t�i�g� �(�1�8�)� 
�t�l� �I�I� �0� �2� �2� �A� �.� �I�L� �G�I�L� 

�6� �3� �3�  � �� �A� 
 �� �=� � � 
�F�o�r� �s�o�l�u�t�i�o�n�s� �a�f�t�e�r� �t�i�m�e�,� �t�=�0�,� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�c�n�s� �n�e�e�d� 

�t�e� �b�2� �s�p�e�c�i�f�i�e�d�.� �D�i�s�c�h�a�r�g�e� �a�t� �t�h�e� �u�p�p�e�r� �n�o�d�s� �o�f� �a� �f�l�o�w� 

�S�t�r�i�p�,� �Q�i�s� �1�s� �z�e�r�e� �a�t� �a�l�l� �t�i�m�e�s�,� �t�,� �f�o�r� �b�o�t�h� �t�h�e� �o�v�e�r�l�a�n�d� 

�a�n�d� �c�h�a�n�n�e�l� �f�l�o�w� �s�t�r�i�p�s�.� �H�o�w�e�v�e�r�,� �i�n� �t�h�e� �c�a�s�e� �o�f� �c�h�a�n�n�e�l� 

�f�l�o�w� �w�h�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� �s�u�b�s�h�e�d�s� �e�x�c�e�e�d�s� �o�n�e�,� �t�h�e� �u�p�p�e�r� �r�o�d�e� 
�,� 

�o�f� �c�e�r�t�a�i�n� �c�h�a�n�n�e�l�s� �m�a�y� �b�e� �l�o�c�a�t�e�d� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �c�o�n�f�l�u�-� 

�e�n�c�e� �o�f� �t�w�o� �u�p�s�t�r�e�2�n� �C�h�a�n�n�e�l�s�.� �W�h�e�n� �t�h�i�s� �c�c�c�u�r�s�,� �t�h�e� �D�d�o�u�n�-� 

�d�a�t�y� �c�o�n�d�i�t�i�o�n� �i�s� �s�p�e�c�i�f�i�e�d� �t�h�a�t� �u�p�s�t�r�e�a�m� �d�i�s�c�h�a�r�g�e� �c�o�f� �t�h�e� 

�C�h�a�n�n�e�l� �b�e�i�n�g� �c�o�n�s�i�d�e�r�e�d� �i�s� �t�h�e� �s�u�m� �o�f� �t�h�e� �d�i�s�c�h�a�r�g�e�s� �a�t� �t�h�e� 

�d�o�w�n�s�t�r�e�a�m� �n�o�d�e�s� �o�f� �t�h�e� �t�w�o� �u�p�s�t�r�e�a�m� �c�h�a�n�n�e�l�s�.� 

�B�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �m�a�y� �a�l�s�o� �b�e� �s�p�e�c�i�f�i�e�d� �a�t�  ��t�h�e� 

�i�n�t�e�r�i�o�r� �n�o�d�e�s� �o�f� �a� �f�l�o�w� �s�t�r�i�p�.� �A�n� �e�x�a�n�p�l�e� �o�f� �t�h�e� �n�e�c�e�s�s�i�t�y� 

�e�f� �d�o�i�n�g� �t�h�i�s� �i�s� �w�h�e�n� �a� �s�t�r�u�c�t�u�r�e� �w�h�i�c�h� �t�e�n�d�s� �t�o� �i�m�p�e�d�e� 

�l�o�w�,� �s�u�c�h� �a�S� �a�4� �w�e�i�r� �o�r� �c�u�l�v�e�r�t�,� �a�x�i�s�t�s� �a�t� �a� �c�h�a�n�n�e�l� �n�e�d�e�.� 

�I�n� �t�h�i�s� �c�a�s�a� �a� �f�u�n�c�t�i�o�n� �r�e�l�a�t�i�n�g� �f�l�o�w� �a�r�e�a�,� �o�r� �d�e�p�t�h�,� �t�o� 

�d�i�s�c�h�a�r�g�e�s�  ��t�h�r�o�u�g�h� �t�h�e� �s�t�r�u�c�t�u�r�e� �m�u�s�t� �b�e� �a�v�a�i�l�a�b�l�e�.� �T�h�e� 

�v�a�l�u�2� �o�f� �Q�Q� �a�t� �t�h�e� �n�o�d�e� �b�e�i�n�g� �c�o�n�s�i�d�e�r�e�c� �i�s� �s�o�l�v�e�d� �b�y� �t�h�i�s� 

�f�u�n�c�t�i�o�n� �a�n�d� �n�o�t� �b�y� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�.



�5�8� 

�M�o�m�e�n�t�u�m� �E�q�u�a�t�i�o�n� 

�T�h�e� �t�h�r�e�2� �a�f�e�r�a�m�e�n�t�i�o�n�e�d� �s�o�l�u�t�i�c�n� �a�p�p�r�o�a�c�h�e�s� �t�o� �t�h�e� 

�m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �(�E�q�n�.� �{�4�}�)� �a�r�e� �p�r�e�s�e�n�t�e�d� �b�e�l�o�w�.� 

�C�o�m�p�l�e�t�e� �M�o�m�e�n�t�u�m� �F�q�u�a�t�i�o�n� 

�T�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�m�e�n�t�u�m� �(�E�q�n�.� �[�{�4�}�)� �c�a�n� �b�e� �t�a�w�r�i�t�t�e�n� �f�o�r� 

�s�c�l�u�t�i�o�n� �a�s� 

�q�v�,� �a�v� �o�v� �a�y� �,� �V� �=� �1�9� �s�e� �V�e�t� �S�a�x�e� �t�a�a�t�s�s�s�-�e�5�=�0� �(�1�9�3� 

�T�h�e� �f�i�n�i�t�s�a� �s�a�l�e�m�e�n�*� �e�g�q�u�a�t�i�c�n� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �c�o�n�s�i�d�e�r�-� 

�i�n�g� �V�,� �y�,� �A� �a�n�d� �S�¢� �t�o� �v�a�r�y� �l�i�n�e�a�r�l�y� �w�h�i�l�e� �t�h�e� �p�a�r�a�m�e�t�e�r�s� �n�,� 

�S�$�,� �q� �a�n�d� �g� �a�r�e� �c�e�n�s�t�a�n�t� �w�i�t�h�i�n� �a� �g�i�v�e�n� �e�l�e�m�e�n�t�.� �C�o�n�s�e�-� 

�q�u�e�n�t�l�y�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �r�e�l�a�t�i�o�n�s�h�i�p�s� �m�a�y� �b�e� �e�s�t�a�b�l�i�s�h�e�d�.� 

�A!"�(�x�,�t�)� �=� �N�,� �A�y�(�t�)� �+�N�,� �A�j�(�t�)� �{�2�0�}� 

�V�i�(�x�,�t�)� �=� �N�,� �V�,�(�t�)� �+�N�,� �V�,�(�t�)� �(�2�1�)� 

�y�'�(�x�,�t�)� �=�N�,� �y�y� �(�t�)� �+�N�,� �y�p� �(�t�)� �[�2�2�]� 
�e�e� 

�S�.� �(�x�,�t�)� �=� �N�,� �S�_�1�(�t�)� �+� �N�,� �S�e�o� �C�e�)� �{�2�3�}
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�I�t� �m�a�y� �b�e� �f�u�r�t�h�e�r� �a�s�s�u�m�é�d� �t�h�a�t� �t�h�e� �f�c�l�l�o�w�i�n�g� �i�s� �t�r�u�e�:� 

�V�i�c�e�)� �+� �N�y� 
�=� 

�1� 
�4� 

�y�t� 
�@� �G�t�)� �=� �N�y� �t�)� �{�2�4�}� �>
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�T�h�e� �S�i�m�i�l�a�r�i�t�y� �b�e�t�w�e�e�n� �t�e�r�m�s� �i�n� �t�h�e� �a�b�c�v�e� �e�q�u�a�t�i�o�n�s� �a�n�d� 

�t�h�o�s�?� �i�n� �E�q�n�s�.� �{�8�}� �a�n�d� �{�9�}� �i�s� �e�v�i�d�e�n�t�,� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �d�e�r�i�-� 

�V�a�t�i�o�n� �o�f� �e�l�e�m�e�n�t� �m�a�t�r�i�c�e�s� �i�s� �r�o�t� �p�r�e�s�e�n�t�e�d� �f�e�r� �t�h�e� �m�o�m�e�n�t�u�n� 

�e�q�u�a�t�i�o�n�.� �T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n�,� �w�i�t�h� �a�n� 

�e�x�p�l�i�c�i�t� �t�i�m�e� �i�n�t�e�a�r�a�t�i�o�n� �p�r�o�c�a�d�u�r�e� �a�n�d� �w�i�t�h� �k�n�o�w�n� �q�u�a�n�t�i�-�~� 

�t�1�e�s� �o�n� �t�h�e� �r�i�g�n�t� �s�i�d�e�,� �c�a�n� �b�e� �w�r�i�t�t�e�n� �a�s� 

�a�e� �(�K�]� �(�V�h�e�v�a�e� �+�8� �O�K�]� �G�h�e�s�a�e� �+�8� �(�K�]� �(�S�p�h�e�v�a�e� �=� �a�e� �(�k�]� �(�v�}�,� 

�{�2�5�}� 

�-�Y�n�j� �w�i�,� �-� �2�1�]� �y�i�,� �t�e�s� �O�8�0� �2�g� �t� �Q� �Y�i�p� �g�  �� 

�w�h�e�r�?� 

�y�=� �4�7� 
�g� 

�P�a�c�t�o�r�i�n�g� �o�u�t� �t�h�e� �"�s�t�i�f�f�n�e�s�s�"� �m�a�t�r�i�x� �a�n�d� �s�u�m�m�i�n�g�  ��h�e� 

�k�n�o�w�n� �q�u�a�n�i�t�i�t�e�s� �o�n� �t�h� �r�i�g�h�t� �s�i�d�e� �a�f�t� �«�h�e� �a�q�u�a�t�i�c�n�,



�6�C� 

�[�k�K�]� �(�V�+�d�t� �q�y� �+� �d�t� �g� �S�g�}� �=� �{�P�}� �{�2�6�}� 

�w�h�e�r�e� 

�P�y� 

�{�P�}� �=� 

�P�o� 

�E�q�u�a�t�i�o�n� �{�2�6�}� �c�o�n�t�a�i�n�s� �f�o�u�r� �u�n�k�n�o�w�n�s�,� �V�i�,� �V�o�,� �S�y� �a�n�d� 

�S�o� �a�n�d� �o�n�l�y� �t�w�o� �i�n�d�e�p�e�n�d�e�n�t� �e�q�u�a�t�i�c�n�s�,� �t�h�e�r�e�f�o�r�e�,� �a�n� �a�d�d�i�-�~� 

�t�i�o�n�a�l� �r�e�l�a�t�i�o�n�s�h�i�p� �i�s� �n�e�c�e�s�s�a�r�y�.� �T�h�e� �t�e�r�m�s�,� �S�f�,� �a�n�d� �S�f�o�,� 

�c�a�n� �b�e� �e�v�a�l�u�a�t�e�d� �f�r�o�m� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�q�u�a�t�i�c�n� �w�h�i�c�h� �i�s� �b�a�s�e�d� 

�o�n� �t�h�e� �M�a�n�n�i�n�g� �f�o�r�m�u�l�a�:� 

�S�e� �=�>� �{�2�7�}� 

�w�h�e�r�e� 

�m�n� �i�s� �t�h�e� �M�a�n�n�i�n�g� �r�o�u�g�h�n�e�s�s� �c�c�e�f�f�i�c�i�e�n�t�,� �a�n�d� 

�R� �i�s� �t�h�e� �h�y�d�r�a�u�l�i�c� �r�a�d�i�u�s�.� 

�S�u�b�s�t�i�t�u�t�i�o�n� �o�f� �E�q�n�.� �{�2�7�}� �i�n�t�o� �E�q�n�.� �{�2�6�}� �c�e�s�u�l�t�s� �i�n� 

�,� �2� �,� 
�i�x�)� �(�G�S� �B�S�)� �V�+� �+�5�5� �v�y� �=� �t�I� �(�2�8�)� 

�T�h�e�n� 

�[�K�]� �{�T�}� �=� �{�P�}� �{�2�9�}



�6�1� 

�w�h�e�r�s� 

�S�o�l�u�t�i�o�n� �o�f� �E�q�n�.� �{�2�9�}� �f�o�r� �T�,� �a�n�d� �T�y�»� �a�l�l�o�w�s� �t�h�e� �q�u�a�d�r�a�t�i�c� 

�e�q�u�a�t�i�o�n� �t�o� �b�e� �u�s�a�d� �i�n� �a� �s�o�l�u�t�i�o�n� �f�o�r� �b�o�t�h� �¥�,� �a�n�d� �V�5�.� 

�_� �-�B� �+� �V�B�e�-� �G�A�C� �{�3�0�}� 

�w�h�e�r�e�s� 

�_� �d�t� �n�é� 
�A� �=� �3� �a�y�h�g�t�r�3� 

�p�=�1�+�9�t�9� �A� 

�C�=� �-�T� 

�A�f�«�a�r� �s�o�l�u�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �f�o�r� �A� �f�r�o�m� �E�q�n� �{�1�6�}� �a�n�d� �V� 

�f�r�o�m� �E�q�n�.� �{�2�8�}�,� �d�i�s�c�h�a�r�g�e�,� �@�,� �m�a�y� �k�e� �o�b�+�a�i�n�e�d� �a�t� �e�a�c�h� �n�o�d�e



�6�2� 

�b�y� 

�Q�=�V�A� �{�3�1�}� 

�P�a�r�a�b�o�l�i�c� �E�q�u�a�t�i�o�n�s� 

�E�l�i�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �l�c�c�a�l� �a�n�d� �c�o�n�v�e�c�t�i�v�e� �a�c�c�e�l�a�r�a�t�i�o�n� 

�t�e�r�m�s� �i�n� �F�q�n�.� �{�1�9�}� �r�e�s�u�l�t�s� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�q�u�a�t�i�o�n� �o�f� 

�M�O�R�E�N�T�U�M�.� 

�d�y� �_� �i�e� �7�S� �>� �S�E� �(�3�2�)� 

�T�h�e� �u�s�e� �c�f� �b�o�t�h� �E�q�n�.� �{�3�2�}� �a�n�d� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n� �(�E�q�n�.� 

�{�3�}�)� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �p�a�r�a�b�o�l�i�c�  ¬�q�u�a�t�i�c�n�s� �a�p�p�r�o�a�c�k�.� 

�E�l�i�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�e�r�m�s� �i�n� �E�q�n�.� �{�2�5�}� 

�r�e�s�u�l�t�s� �i�n� �t�h�e� �f�i�n�i�t�=� �a�l�e�m�e�n�t� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �b�e�l�o�w�.� 

�[�K�]� �{�S�g�}� �=� �s� �0�9� �-� �$� �[�1�]� �t�y�}� �(�3�3�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �E�q�n�.� �[�2�7�}�,� 

�2� �[�K�]� �(�p�t�e�)� �V�I� �=�s� �t�e� �-� �2� �(�1� �(�3�4�)� 

�4�/�3� �p�e�}� �t�v�2�p� �=� �2�2�2� �B�P� �5� �n�g� �.� �2�2�2� �O�y� �y�y� �(�3�5�)� 
�n�e
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�A� �s�o�l�u�t�i�o�n� �f�o�r� �V�4� �a�n�d� �V�.� �c�a�n� �t�h�e�n� �b�e� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� 

�a�b�o�v�e� �e�q�u�a�t�i�o�n� �a�f�t�e�r� �A�,� �a�n�d� �A�y� �h�a�v�e� �b�e�e�n� �f�c�u�n�d� �f�r�o�m� �E�q�n�.� 

�{�1�6�}�.� �E�q�u�a�t�i�o�n� �{�3�1�}� �p�r�o�v�i�d�e�s� �t�h�e� �v�a�l�u�e�s� �o�f� �9�,� �a�n�d� �Q�o�.� 

�K�i�n�e�m�a�t�i�c� �W�a�v�e� �A�p�p�r�o�x�i�m�a�t�i�o�n� 

�A�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �K�W�A� �r�e�d�u�c�e�s� �t�h�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�c�n� 

�{�E�q�n�.� �(�{�1�9�}�)� �t�o� �t�h�s� �f�o�r�m� 

�S� �=�S�¢� �|� �{�3�6�}� 

�S�i�n�c�e� �f�r�i�c�t�i�o�n� �s�l�o�p�e� �i�s� �e�q�u�a�t�e�d� �w�i�t�h� �b�e�d� �s�l�o�p�e�,� �t�h�e� 

�f�r�i�c�t�i�o�n� �s�l�o�p�e� �i�n� �a� �u�n�i�f�o�r�m� �f�l�e�w� �e�q�u�a�t�i�o�n�,� �s�u�c�h� �a�s� �t�h�e� �C�h�e�z�y� 

�O�r� �M�a�n�n�i�n�g� �e�q�u�a�t�i�o�n�,� �c�a�n� �b�e� �r�e�p�l�a�c�e�d� �b�y� �t�h�e� �b�e�d� �s�l�o�p�e�.� �T�h�e� 

�f�o�l�l�o�w�i�n�g� �f�o�r�m� �o�f� �t�h�e� �M�a�n�n�i�n�g� �¢�q�u�a�c�t�i�c�n� �c�a�n� �b�e� �u�s�e�d� �t�o� �s�c�o�l�y�e� 

�f�o�r� �d�i�s�c�h�a�r�g�e� �a�t� �t�h�e� �n�o�d�e�s�.� 

�P�l�o�w� �j�u�a�n�t�i�t�i�e�s� �a�r�2� �o�b�t�a�i�n�e�d� �b�y� �s�o�l�v�i�n�g� �E�q�n�.� �{�3�7�}� �w�i�t�h� 

�t�h�e� �p�e�r�t�i�n�e�n�t� �i�n�p�u�t� �d�a�t�a� �a�n�d� �v�a�l�u�e�s� �o�f� �A� �o�b�t�a�i�n�e�d� �f�r�o�m� �E�q�n�.� 

�{�1�6�}� �f�o�r� �e�a�c�h� �r�o�d�e� �i�n� �a� �f�l�o�w� �s�t�r�i�p�.
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�E�v�a�l�u�a�t�i�o�n� �a�n�d� �T�e�s�t�i�n�g� �o�f� �t�h�e� �F�E�S�H�M� 

�T�e�s�t�i�n�g� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �a�l�l� �u�c�d�e�l�s� �i�s� �n�e�c�e�s�s�a�r�y� �b�e�f�o�r�e� 

�t�h�e� �u�s�e�r� �c�a�n� �p�r�o�p�e�r�l�y� �j�u�d�g�e� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �o�f� �s�m�e�d�e�l� 

�r�e�s�u�l�t�s�.� �T�h�i�s� �p�r�o�c�e�d�u�r�e� �t�a�k�e�s� �o�n� �t�h�e� �f�o�r�m� �o�f� �m�o�d�e�l� �a�c�c�u�r�a�c�y� 

�i�n� �t�e�r�m�s� �o�f� �p�r�o�p�e�r� �m�a�t�h�e�m�a�t�i�c�a�l� �d�e�s�c�r�i�p�t�i�o�n� �c�f� �t�h�e� �v�a�r�i�o�u�s� 

�p�h�y�s�i�c�a�l� �p�r�o�c�e�s�s�e�s� �h�e�i�n�g� �r�e�p�r�e�s�e�n�t�e�d�,� �a�n�d� �f�o�r� �t�h�o�s�e� �m�o�d�e�l�s� 

�b�e�i�n�g� �d�r�i�v�e�n� �b�y� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s�,� �a�n� �e�v�a�l�u�a�t�i�o�n� �o�f� �c�o�n�v�e�r�-� 

�g�e�n�c�e� �a�n�d� �s�t�a�b�i�l�i�t�y�.� 

�E�r�r�o�r�s� �d�u�e� �t�o� �t�h�e� �n�a�t�u�r�e� �c�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �a�p�p�r�o�a�c�h� �m�a�y� 

�b�e� �i�n�h�e�r�e�n�t� �i�n� �t�h�e� �s�o�l�u�t�i�o�n�,� �y�a�t� �b�e� �c�o�m�p�l�e�t�e�l�y� �u�n�p�e�r�c�e�i�v�e�d� 

�b�y� �t�h�e� �u�s�e�r�.� �T�h�e�s�e� �e�r�r�o�r�s� �m�a�y� �r�e�s�u�l�t� �f�r�o�m� �a� �s�o�l�u�t�i�o�n� �w�h�i�c�h� 

�d�o�e�s� �n�o�t� �c�o�n�v�e�r�g�e� �t�o� �a�n� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �d�u�e� �t�o� �a� �t�i�m�e� �i�n�c�r�e�-� 

�m�e�n�t� �w�h�i�c�h� �i�s� �t�o�o� �l�a�r�g�e� �a�n�d�/�o�r� �a� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �g�r�i�d� �w�h�i�c�h� 

�1�S� �t�o�o� �c�o�a�r�s�e�.� �A�n�o�t�h�e�r� �a�r�e�a� �o�f� �c�o�n�c�e�r�n� �i�n�v�c�l�v�i�n�g� �t�h�e� �f�o�r�a� 

�o�f� �t�h�e� �g�o�v�e�r�n�i�n�g� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s�,� �i�s� �t�h�e� �a�p�p�l�i�c�a�b�d�i�l�-� 

�i�t�y� �o�f� �t�h�a� �k�i�n�e�m�a�t�i�c� �w�a�v�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� �p�a�r�t�i�c�u�l�a�r�l�y� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �t�h�e� �m�o�d�e�l�i�n�g� �o�f� �c�h�a�n�n�e�l� �f�l�o�w�.� 

�V�a�l�i�d�i�t�y� �o�f� �M�o�d�2�l� �A�p�p�r�o�a�c�h� 

�T�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �f�l�o�w� 

�r�o�u�t�i�n�g� �t�e�c�h�n�i�q�u�e�,� �s�e�v�e�r�a�l� �m�o�d�e�l� �r�u�n�s� �w�e�r�e� �m�a�d�e�.� �T�h�r�e�e� �d�i�s�-� 

�t�i�n�c�t� �c�a�s�e�s� �w�e�r�e� �e�v�a�l�u�a�t�e�d�.
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�C�a�s�e� �1�:� �O�v�e�r�l�a�n�d� �f�i�l�c�w� �e�x�a�m�p�l�e� 

�D�a�t�a� �r�e�p�o�r�t�e�d� �b�y� �C�r�a�w�f�o�r�d� �a�r�d� �L�i�n�s�l�e�y� �(�1�9�6�6�)� �w�e�r�e� �u�s�e�d� 

�t�o� �e�v�a�l�u�a�t�e� �t�h�e� �a�p�p�l�i�c�a�b�i�l�i�t�y� �o�f� �t�h�e� �K�W�A� �t�o� �o�v�e�r�l�a�n�d� �f�l�o�w� �o�n� 

�c�u�r�t� �a�n�d� �c�o�n�c�r�e�t�e� �s�u�r�f�a�c�e�s�.� �T�h�e� �r�e�s�u�l�t�s� �f�o�r� �a� �t�u�r�f� �s�u�r�f�a�c�e� 

�t�h�a�t� �w�e�r�e� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� �c�o�m�p�l�e�t�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �a�n�d� 

�t�h�e� �K�W�A� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �5�.� �T�h�e� �a�p�p�r�o�x�i�m�a�t�i�o�n� �b�y� �e�i�t�h�e�r� 

�a�p�p�r�o�a�c�h� �c�a�r�t�a�i�n�l�y� �a�p�p�e�a�r�s� �s�a�t�i�s�f�a�c�t�o�r�y�,� �a�l�t�h�o�u�g�h� �a� �v�a�r�i�a�b�l�e� 

�M�a�n�n�i�n�g� �'�n�*�'� �d�e�f�i�n�e�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �d�e�p�t�h� �c�f� �f�l�o�w� �w�o�u�l�d� 

�l�i�k�e�l�y� �p�r�o�v�i�d�e� �a� �b�e�t�t�e�r� �f�i�t�.� 

�T�h�e� �p�o�i�n�t� �t�o� �n�o�t�e�,� �h�o�w�e�v�e�r�,� �i�s� �t�h�e� �s�i�m�i�l�a�r�i�t�y� �c�f� �t�h�e� �t�w�o� 

�c�o�m�p�u�t�e�d� �h�y�d�r�o�g�r�a�p�h�s�.� �T�h�e�s�e� �i�n�d�i�c�a�t�e� �t�h�a�t� �c�o�n�d�i�t�i�o�n�s� �w�e�r�e� 

�m�e�t� �f�o�r� �p�r�o�p�e�r� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �K�W�A�,� �i�.�e�.�,� �g�r�a�v�i�t�a�t�i�o�n�a�l� 

�a�n�d� �f�r�i�c�t�i�o�n�a�l� �f�o�r�c�e�s� �w�e�r�e� �d�o�m�i�n�a�n�t� �r�e�l�a�t�i�v�e� �t�e� �t�h�e� �g�r�a�d�i�e�n�t� 

�a�n�d� �a�c�c�e�l�e�r�a�t�i�o�n� �t�e�r�m�s�.� �T�h�e� �F�r�o�u�d�e� �(�P�F�)� �a�n�d� �k�i�n�e�m�a�t�i�c� �w�a�v�e� 

�{�k�K�}� �n�u�m�b�e�r�s� �a�t� �p�e�a�k� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s� �w�e�r�e� �0�.�0�5� �a�n�d� �3�6�9�0�,� �t�e�s�-� 

�p�e�c�t�i�v�e�l�y�,� �w�e�l�l� �w�i�t�h�i�n� �a�c�c�e�p�t�a�b�l�e� �l�i�m�i�t�s�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �a� �c�o�n�c�r�e�t�e� �s�u�r�f�a�c�e� �a�r�e� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� 

�o�.� �T�h�e� �m�s�e�a�s�u�r�2�d� �a�n�d� �K�W�A� �n�y�d�r�o�g�r�a�p�h�s� �s�h�o�w� �g�o�e�e�d� �a�g�r�e�e�m�e�n�t�.� 

�F�u�r�t�h�e�r�m�o�r�e�s�,� �t�h�e� �c�r�i�t�e�r�i�a� �t�h�a�t� �d�e�f�i�n�e� �t�h�e� �r�a�n�g�e� �o�f� �a�p�s�l�i�c�a�-� 

�b�i�l�i�t�y� �o�f� �t�h�e� �K�d�A� �w�e�i�e� �F� �=� �1�.�4� �a�n�d� �K� �=� �3�8�7�,� �w�h�i�c�h� �i�n�d�i�c�a�t�e� 

�t�h�a�t�,� �f�o�r� �a�x�t�r�a�p�e� �o�v�e�r�l�a�n�d� �f�l�o�w� �c�o�n�d�i�t�i�c�n�s� �(�s�m�o�o�t�h� �s�u�r�f�a�c�e� 

�a�n�d� �i�n�t�e�n�s�e� �r�a�i�n�f�a�l�l�)�,� �t�h�e� �c�r�i�t�e�c�i�a� �w�e�r�e� �m�a�t�.
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�C�a�s�e� �2�:� �R�i�v�e�r� �f�l�o�w� �e�x�a�m�p�l�e� 

�T�o� �f�u�r�t�h�e�r� �t�e�s�t� �t�h�e� �v�a�l�i�d�i�t�y� �c�f� �t�h�e� �r�o�u�t�i�n�g� �t�e�c�h�n�i�g�u�e� 

�a�n�d� �t�h�e� �a�p�p�l�i�c�a�b�i�l�i�t�y� �o�f� �t�h�e� �K�W�A� �t�o� �c�h�a�n�n�e�l� �r�o�u�t�i�n�g�,� �d�a�t�a� 

�p�r�e�s�e�n�t�e�d� �b�y� �V�i�e�s�s�m�a�n�,� �e�t�.�a�l�.� �(�1�9�7�2�)� �w�e�r�e� �u�s�e�d� �t�o� �m�o�d�e�l� �a� 

�r�i�v�e�r� �s�y�s�t�e�n�.� 

�A� �2�0�-�f�o�o�t� �w�i�d�e� �r�e�c�t�a�n�g�u�l�a�r� �c�h�a�n�n�e�l� �w�i�t�h� �a� �b�e�d� �s�l�o�p�e� �o�f� 

�0�.�0�0�1�5� �a�n�d� �M�a�n�n�i�n�g� �r�o�u�g�h�n�e�s�s� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �0�.�0�2� �w�a�s� 

�a�s�s�u�m�e�d�.� �I�n�i�t�i�a�l� �f�l�o�w� �w�a�s� �a�s�s�u�m�e�d� �t�o� �b�e� �u�n�i�f�o�r�m� �a�n�d� �a�t� �4� 

�d�e�p�t�h� �o�f� �6� �f�e�e�t�.� �F�o�r� �t�h�e� �u�p�s�t�r�e�a�m� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �t�h�e� 

�d�i�s�c�h�a�r�g�e� �w�a�s� �i�n�c�r�e�a�s�e�d� �l�i�n�e�a�r�l�y� �t�o� �2�0�0�0� �c�f�s� �f�o�r� �a� �p�e�r�i�o�d� �o�f� 

�2�0� �m�i�n�u�t�e�s�,� �a�n�d� �f�o�r� �t�h�e� �r�e�m�a�i�n�i�n�g� �4�0� �m�i�n�u�t�e�s� �o�f� �s�i�m�u�l�a�t�i�o�n�,� 

�d�i�s�c�h�a�r�g�e� �w�a�s� �d�e�c�r�e�a�s�e�d� �u�n�i�f�c�r�m�l�y� �u�n�t�i�l� �t�h�e� �i�n�i�t�i�a�l� �f�l�e�w� 

�c�o�n�d�i�t�i�o�n�s� �w�e�r�e� �a�t�t�a�i�n�e�d�.� �T�h�r�o�u�g�h�o�u�t� �t�h�a� �r�o�u�t�i�n�g� �l�a�t�e�r�a�l� 

�i�n�f�l�o�w� �w�a�s� �z�e�r�o�.� 

�I�n� �F�i�g�u�r�e� �7�,� �t�h�e� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �b�y� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�a�n�t� 

�m�o�d�e�l� �(�1�0� �e�l�e�m�e�n�t�s� �a�n�d� �d�t� �=� �4� �s�e�c�o�n�d�s�)� �a�r�e� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� 

�e�x�p�l�i�c�i�t� �(�2�0� �r�e�a�c�h�e�s� �a�n�d� �d�t� �=� �2� �s�e�c�o�n�d�s�)� �a�n�d� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� 

�(�2�0� �r�e�a�c�h�e�s�)� �s�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �b�y� �V�i�e�s�s�m�a�n�,� �e�t�.�a�l�.� �(�1�9�7�2�)�.� 

�T�h�e� �f�i�n�i�t�s� �e�l�e�m�e�n�t� �a�n�d� �d�i�f�f�e�r�e�n�c�e� �s�o�l�u�t�i�o�n�s� �a�r�e� �p�r�a�c�t�i�c�a�l�l�y� 

�i�d�e�n�t�i�c�a�l� �w�h�i�l�e� �t�h�e� �m�e�t�h�o�d� �o�f� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �d�i�f�f�e�r�s� 

�s�l�i�g�h�t�i�y�.� 

�I�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�e� �K�W�A� �u�n�d�e�r� �f�l�o�w� 

�c�o�n�d�i�t�i�o�n�s� �s�u�c�h� �a�s� �t�h�e�s�e�,� �t�h�e� �a�b�o�v�e� �d�a�t�a� �s�e�t� �w�a�s� �u�s�e�d� �a�n�d� 

�t�h�e� �r�e�s�u�l�t�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �S�o�l�u�t�i�o�n�s� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� 

�c�o�m�p�l�e�t�s� �m�o�m�e�n�t�u�m� �e�g�q�u�a�t�i�c�n� �a�n�d� �t�h�e� �p�a�r�a�b�c�l�i�c� �f�o�r�m� �s�f� �t�h�e
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�f�l�o�w� �e�x�a�m�p�l�e� �u�s�i�n�g� �t�h�r�e�e� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� 
�t�a�c�h�n�i�a�u�v�u�e�s�,



�7�0� 

�u�n�s�t�e�a�d�y� �f�l�o�w� �e�q�u�a�t�i�c�u�s� �(�F�i�g�u�r�e� �8�)�.� �T�h�e� �h�y�d�r�o�g�r�a�p�h�s� �i�n�d�i�-� 

�c�a�t�e� �t�h�e� �e�x�i�s�t�e�n�c�e� �o�f� �s�i�z�e�a�b�l�e� �e�r�r�o�r�s� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� �b�y� �t�h�e� 

�K�W�A�.� �T�h�e� �p�a�r�a�b�o�l�i�c� �a�p�p�r�c�e�a�c�h� �i�m�p�r�o�v�e�d� �t�h�e� �s�o�l�u�t�i�c�n� �c�o�n�s�i�d�e�r�-� 

�a�b�l�y�,� �t�h�e�r�e�b�y�,� �l�m�p�l�y�i�n�g� �t�h�a�t� �t�h�e� �t�e�r�m�s� �e�l�i�m�i�n�a�t�e�d� �f�r�o�m� �t�h�e� 

�c�o�m�p�l�e�t�e� �n�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �(�E�q�n�.� �{�4�}�)� �t�o� �c�r�e�a�t�e� �t�h�e� �p�a�r�a�-� 

�b�o�l�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n� �c�o�n�t�r�i�b�u�t�e� �l�i�t�t�l�e� �i�n�d�i�v�i�d�u�a�l�l�y� �o�r� �c�o�l�-� 

�l�e�c�t�i�v�e�l�y� �f�o�r� �t�h�i�s� �p�a�r�t�i�c�u�l�a�r� �c�a�s�e�.� 

�F�o�r� �t�h�e� �p�e�a�k� �d�o�w�n�s�t�r�e�a�m� �d�i�s�c�h�a�r�g�e�,� �F� �a�n�d� �K� �w�e�r�e� �f�o�u�n�d� �t�o� 

�b�e� �0�.�4�7� �a�n�d� �7�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�i�c�h� �i�n�d�i�c�a�t�e�d� �t�h�a�t� �e�r�r�o�r�s� 

�s�h�o�u�l�d� �b�e� �e�x�p�e�c�t�e�d� �b�e�c�a�u�s�e� �o�f� �t�h�e� �l�o�w� �v�a�l�u�e� �o�f� �K�.� 

�C�a�s�e� �3�:� �C�h�a�n�n�e�l� �f�l�o�w� �i�n� �s�m�a�l�l� �w�a�t�e�r�s�h�e�d�s� 

�A�l�t�h�o�u�g�h� �t�h�e� �m�e�t�h�o�d� �o�f� �r�o�u�t�i�n�g� �f�l�o�w�s� �o�n� �a� �n�a�t�u�r�a�l� �w�a�t�~�-� 

�e�r�s�h�e�d� �i�n�v�o�l�v�e�s� �t�h�e� �s�i�m�u�l�a�t�i�o�n� �o�f� �f�l�o�w� �i�n� �c�h�a�n�n�e�l�s� �o�r� 

�s�t�r�e�a�m�s�,� �c�h�a�n�n�e�l� �s�l�o�p�e�s� �a�r�e� �g�e�n�e�r�a�l�l�y� �s�t�e�e�p� �e�n�o�u�g�h� �t�o� �a�l�l�o�w� 

�t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �K�W�A� �f�c�r� �f�i�r�s�t�-� �o�r� �s�e�c�o�n�d�-�o�r�d�e�r� 

�s�t�r�e�a�m�s�.� �I�f� �t�h�i�s� �a�s�s�u�n�p�t�i�c�n� �i�s� �v�a�l�i�d� �f�o�r� �m�e�s�t� �a�p�p�l�i�c�a�t�i�o�n�s�,� 

�t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�o�r�t� �i�n�v�o�l�v�e�d� �i�n� �r�o�u�t�i�n�g� �c�a�n� �b�e� �s�i�g�q�n�i�f�i�-� 

�c�a�n�t�l�y� �r�e�d�u�c�e�d�.� 

�T�h�e� �C�r�a�b� �C�r�e�e�k� �w�a�t�e�r�s�h�e�d�,� �M�o�n�t�g�o�m�e�r�y� �C�o�u�n�t�y�,� �V�i�r�g�i�n�i�a� 

�{�s�e�e� �F�i�g�u�r�e� �5�4�)� �w�a�s� �u�s�e�d� �t�o� �c�o�m�p�a�r�e� �h�y�d�r�o�g�r�a�p�h�s� �g�e�n�e�r�a�t�e�d� �b�y� 

�b�o�t�h� �t�h�e� �c�o�m�p�l�e�t�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �a�n�d� �t�h�e� �K�W�A�.� �T�h�e� �i�n�p�u�t� 

�d�a�t�a� �f�o�r� �t�h�i�s� �w�a�t�e�r�s�h�e�d� �c�a�n� �b�e� �F�o�u�n�d� �i�n� �T�a�b�l�e�s� �A�i�C�-�A�i�2�.� 

�P�i�g�u�r�e�s�s� �9� �a�n�d� �1�0� �s�h�o�w� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�a� �r�e�u�t�i�n�g� �o�f� �f�l�o�w�s
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�f�l�o�w� �e�x�a�m�e�l�e� �d�i�v�e�n� �i�n� �F�i�s�u�r�e� �7� �w�i�t�h� �t�h�e� �c�o�m�p�l�e�t�e� 
�m�o�m�e�n�t�u�m� �s�o�l�u�t�i�o�n�s� �K�W�A� �a�n�d� �r�w�a�r�s�b�o�l�i�c� �a�r�r�r�o�x�i�m�a�t�i�o�n�.
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�T�h� 

�u�n�d�e�r� �b�o�t�h� �t�h�e� �K�W�A� �a�n�d� �t�h�e� �c�o�m�p�l�e�t�e� �m�e�m�e�n�t�u�m� �e�g�u�a�t�i�c�n�,� �f�o�r� 

�t�h�e� �c�h�a�n�n�e�l�s� �i�n� �s�n�b�s�h�e�d�s� �1� �a�n�d� �2� �o�f� �C�r�a�b� �C�r�e�e�k� �w�a�t�e�r�s�h�e�d�,� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �p�e�a�k� �K�W�A� �f�l�o�w�s� �f�o�r� �b�o�t�h� �e�x�a�m�p�l�e�s� �d�i�f�f�e�r�e�d� 

�f�r�o�m� �t�h�e� �c�o�m�p�l�e�t�e� �m�o�m�e�n�t�u�m� �s�o�l�u�t�i�o�n�s� �b�y� �1�.�9�%� �a�n�d� �3�.�2�%�,� �r�e�s�-� 

�p�e�c�t�i�v�e�l�y�.� �S�o�l�u�t�i�o�n� �c�f� �t�h�e� �F�r�o�u�d�e� �a�n�d� �k�i�n�e�m�a�t�i�c� �w�a�v�e� �n�u�a�-� 

�b�e�r�s� �u�S�i�n�g� �t�h�e� �t�o�t�a�l� �l�e�n�g�t�h� �a�n�d� �a�v�e�r�a�g�e� �s�l�o�p�e� �o�f� �e�a�c�h� �c�h�a�n�-� 

�n�e�l�,� �g�a�v�e� �v�a�l�u�e�s� �o�f� �F� �=� �.�5�9� �a�n�d� �K� �=� �3�7�4� �f�o�r� �t�h�e� �c�h�a�n�n�e�l� �i�n� 

�s�u�b�s�h�e�d� �1� �a�n�d� �F� �=� �.�5�6� �a�n�d� �K� �=� �3�0�0� �f�o�r� �t�h�e� �c�h�a�n�n�e�l� �i�n� �s�u�b�s�k�e�d� 

�2�.� 

�T�h�e�s�e� �t�w�o� �s�u�b�s�h�e�d�s� �w�e�r�e� �t�y�p�i�c�a�l� �o�f� �t�h�e� �m�a�j�o�r�i�t�y� �o�f� �t�h�e� 

�s�u�b�s�h�e�d�s� �w�h�i�c�h� �a�p�p�e�a�r� �i�n� �C�h�a�p�t�e�r� �V�.� �T�h�e� �c�h�a�n�n�e�l� �s�l�o�p�e�s� �i�n� 

�t�h�e� �t�w�o� �e�x�a�m�p�l�e�s� �w�e�r�e� �a�m�o�n�g� �t�h�e� �m�i�l�d�e�s�t� �w�h�i�c�h� �w�e�r�e� �e�n�c�o�u�n�-� 

�t�e�r�e�d�.� 

�E�f�f�e�c�t� �o�f� �T�i�m�e� �I�n�c�r�e�m�e�n�t� �o�n� �S�o�l�u�t�i�o�n� �C�o�n�v�e�r�g�e�n�c�e� 

� � 

�T�w�o� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�S� �h�a�v�e� �b�e�e�n� �a�v�a�i�l�a�b�l�e� �f�o�r� 

�u�s�e� �w�i�t�h� �f�i�x�e�d� �g�r�i�d� �m�o�d�e�l�s� �i�n� �t�h�e� �p�a�s�t�.� �T�h�e�s�e� �a�r�e� �t�h�e� 

�e�x�p�l�i�c�i�t� �a�n�d� �i�m�p�l�i�c�i�t� �p�r�o�c�e�d�u�r�e�s� �w�h�i�c�h� �m�a�y� �t�a�k�e� �o�n� �m�a�n�y� 

�f�o�r�m�s� �o�f� �v�a�r�y�i�n�g� �c�o�m�p�l�e�x�i�t�y�.� �A� �d�i�s�c�u�s�s�i�c�n� �o�f� �t�h�e�s�e� �t�w�o� 

�m�e�t�h�o�d�s� �a�n�d� �t�h�e�i�r� �a�p�p�l�i�c�a�t�i�o�n� �t�o� �t�h�e� �u�n�s�t�e�a�d�y� �f�l�o�w� �e�q�u�a�t�i�o�n�s� 

�i�s� �p�r�e�s�e�n�t�e�d� �b�y� �L�i�g�g�e�t�t� �a�n�d� �C�u�n�g�e� �(�1�9�7�7�)�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �n�u�m�e�r�i�c�a�l� �p�r�o�c�e�d�u�r�a� �m�a�y� 

�r�e�s�u�l�t� �i�n� �a�n� �u�n�c�o�n�d�i�t�i�o�n�a�l�l�y� �s�t�a�b�l� �s�o�l�u�t�i�o�n�,� �t�h�e� �t�i�m�e� 

�d�e�p�e�n�d�e�n�t� �s�o�l�u�t�i�o�n�s� �c�h�t�a�i�n�e�d� �b�y� �a�n� �e�x�p�l�i�c�i�t� �p�r�o�c�e�d�u�r�e� �{�E�g�n�.



�7�5� 

�{�1�6�}�)� �m�a�y� �r�e�s�u�l�t� �i�n� �a�n� �u�n�s�t�a�b�l�e� �s�o�l�u�t�i�o�n�.� �T�r�u�n�c�a�t�i�o�n� �e�r�r�o�r�s� 

�i�n�v�o�l�v�e� �a� �s�m�a�l�l� �p�e�r�t�u�r�b�a�t�i�o�n� �o�f� �t�h�e� �e�x�a�c�t� �s�o�l�u�t�i�o�n� �w�h�i�c�h� 

�g�r�o�w�s�,� �m�o�s�t� �o�f�t�e�n� �e�x�p�o�n�e�n�t�i�a�l�l�y�,� �w�i�t�h� �t�i�m�e�.� �I�t� �b�e�c�o�m�e�s� 

�o�b�v�i�o�u�s�,� �t�h�e�r�e�f�o�r�e�,� �t�h�a�t� �t�h�e� �p�r�o�p�e�r� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �t�i�m�e� 

�i�n�c�r�e�m�e�n�t� �f�o�r� �t�h�e� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �d�i�f�f�e�r�-� 

�e�n�c�e� �b�e�t�w�e�e�n� �a�n� �a�c�c�u�r�a�t�e� �o�r� �e�r�r�o�n�e�o�u�s� �s�o�l�u�t�i�c�n�.� �P�r�o�p�e�r� 

�s�e�l�e�c�t�i�o�n� �o�f� �t�h�i�s� �p�a�r�a�m�e�t�e�r� �t�o� �a�v�o�i�d� �t�i�m�e�-�c�o�n�s�u�m�i�n�g� �c�o�n�v�e�r�-� 

�g�e�n�c�e� �t�e�s�t�i�n�g� �i�s� �n�o� �s�i�m�p�l�e� �t�a�s�k�.� 

�U�s�e� �c�f� �t�h�e� �f�u�l�l�y� �e�x�p�l�i�c�i�t� �p�r�o�c�e�d�u�r�e� �a�s� �s�h�c�w�n� �i�n� �t�h�e� �d�e�r�-� 

�i�v�a�t�i�o�n� �o�f� �t�h�e� �u�n�s�t�e�a�d�y� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �e�q�u�a�t�i�o�n�s�,� �h�a�s� �b�e�e�n� 

�a�c�c�u�s�e�d� �b�y� �m�a�n�y� �a�s� �b�e�i�n�g� �i�n�e�f�f�i�c�i�e�n�t� �{�f�{�e�.�g�.�,� �L�i�g�g�e�t�t� �a�n�d� 

�C�u�n�g�e� �(�1�9�7�7�)�}� �a�n�d� �u�n�s�u�i�t�a�b�l�e� �f�o�r� �u�s�e�r�-�t�y�p�e� �o�r� �i�n�d�u�s�t�r�i�a�l� 

�p�r�o�g�r�a�m�s�.� �T�h�i�s� �i�s� �t�r�u�e� �i�n� �v�i�e�w� �o�f� �t�h�e� �f�a�c�t� �t�h�a�t� �t�i�m�e� �i�n�t�e�r�-� 

�v�a�l�s� �m�a�y� �b�e�c�o�m�e� �e�x�c�e�s�s�i�v�e�l�y� �s�m�a�l�l� �r�e�s�u�l�t�i�n�g� �i�n� �l�a�r�g�e� �c�o�m�p�u�-� 

�t�a�t�i�o�n� �t�i�m�e�s�.� 

�I�m�p�l�i�c�i�t� �t�i�m�e� �s�c�h�e�m�e�s� �a�r�e� �u�n�c�o�n�d�i�t�i�o�n�a�l�l�y� �s�t�a�b�l�e� �a�n�d� �m�a�y� 

�u�t�i�l�i�z�e� �a� �l�a�r�g�e�r�,� �a�n�d� �m�o�r�e� �e�f�f�i�c�i�e�n�t� �t�i�m�e� �i�n�c�r�e�m�e�n�t�.� �T�h�e� 

�i�m�p�l�i�c�i�t� �p�r�o�c�e�d�u�r�e�,� �h�o�v�y�e�v�e�r�,� �r�e�q�u�i�r�e�s� �a�n� �a�d�d�i�t�i�o�n�a�l� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n� �o�v�e�r� �t�h�e� �e�x�p�l�i�c�i�t� �m�e�t�h�o�d� �d�u�e� �t�o� �t�h�e� �i�n�t�r�o�d�u�c�t�i�c�n� 

�o�f� �a�n� �a�d�d�i�t�i�o�n�a�l� �t�e�r�m� �o�r� �t�e�r�m�s�,� �-�e�v�a�l�u�a�t�e�d� �a�t� �t�i�m�e�,� �t�+�d�t�,� �i�n� 

�t�n�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �e�q�u�a�t�i�o�n�.� �T�h�e�s�e� �v�a�l�u�e�s� �a�r�e� �g�e�n�e�r�a�l�l�y� 

�o�b�t�a�i�n�e�d� �f�r�o�m� �a� �k�n�o�w�n� �d�e�w�n�s�t�r�e�a�m� �h�y�d�r�o�g�r�a�p�h�.� �T�h�i�s� �c�h�a�r�a�c�-� 

�t�e�r�i�s�t�i�c� �o�f� �i�m�p�l�i�c�i�t� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e�s� �p�r�e�s�e�n�t�s� �a�n� 

�i�m�m�e�d�i�a�t�e� �p�r�o�b�l�e�m� �w�h�e�n� �a� �m�o�d�e�l� �i�s� �d�e�s�i�r�e�d� �w�h�i�c�h� �w�i�l�l� �s�i�n�u�-� 

�l�a�t�e� �f�l�o�o�d�s� �o�n� �u�n�g�a�g�e�d� �w�a�t�e�r�s�h�e�d�s�.� �T�h�e� �e�x�p�l�i�c�i�t� �m�e�t�h�o�d� �h�a�s
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�t�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �b�s�i�n�g� �a�b�l�e� �t�o� �s�c�l�v�e� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n� 

 ��d�i�r�e�c�t�l�y �� �i�n� �t�i�m�e�.� �M�o�r�e�o�v�e�r�,� �u�s�e� �o�f� �t�h�e� �e�x�p�l�i�c�i�t� �m�e�t�h�o�d� �i�n� 

�t�h�e� �m�o�d�e�l� �b�e�i�n�g� �d�i�s�c�u�s�s�e�d� �i�s� �n�o�t� �a�s� �o�b�v�i�o�u�s� �a� �h�a�n�d�i�c�a�p� �w�h�e�n� 

�o�n�e� �c�o�n�s�i�d�e�r�s� �t�h�a�t� �t�h�e� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �n�e�e�d� �o�n�l�y� �t�o� �b�e� 

�a�p�p�l�i�e�d� �t�o� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n� �(�E�q�n�.� �{�3�}�)� �w�h�e�n� �t�h�e� �K�W�A� 

�i�s� �v�a�l�i�d�.� 

�A�n�c�t�h�e�r� �a�s�p�e�c�t� �o�f� �t�h�e� �K�W�A� �w�h�i�c�h� �l�e�s�s�e�n�s� �t�h�e� �i�n�e�f�f�i�c�i�e�n�c�y� 

�e�f� �u�s�i�n�g� �a�n� �e�x�p�l�i�c�i�t� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e� �i�s� �b�e�t�t�e�r� 

�u�n�d�e�r�s�t�o�o�d� �b�y� �e�x�a�m�i�n�i�n�g� �a� �c�r�i�t�e�r�i�o�n� �t�h�a�t� �p�r�o�v�i�d�e�s� �a� �g�u�i�d�e� 

�f�o�r� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �t�i�m�e� �i�n�c�r�e�m�e�n�t�  ��d�t ��.� �T�h�i�s� �c�r�i�t�e�r�-� 

�1�6�n� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �C�o�u�r�a�n�t� �c�o�n�d�i�t�i�o�n� �a�n�d� �c�a�n� �b�e� �w�r�i�t�-� 

�t�e�n� �a�s� 

�d�t� �<� �&� �{�3�8�}� 

�w�h�e�r�e� �C� �i�s� �t�h�e� �w�a�v�e� �s�p�e�e�d�.� 

�I�f� �t�h�e� �c�o�m�p�l�e�t�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �i�s� �u�s�e�d�,� �t�h�e� �d�y�n�a�m�i�c� 

�w�a�v�e� �s�p�e�e�d�,� �C�q�,� �a�p�p�l�i�e�s� �w�h�e�r�e� 

�C�.�=�V�i�v�g�y� �{�3�9�}� 

�A�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �K�W�A� �r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �d�y�n�a�m�i�c� �w�a�v�e� 

�s�p�e�e�d�,� �C�q�,� �b�e� �r�e�p�l�a�c�e�d� �b�y� �t�h�e� �k�i�n�e�m�a�t�i�c� �w�a�v�e� �s�p�e�e�d�,� �C�y�.� �T�h�e� 

�v�a�l�u�e�s� �o�f� �t�h�i�s� �p�a�r�a�m�e�t�e�r�,� �h�o�w�e�v�e�r� �d�i�f�f�e�r�s� �d�e�p�e�n�d�i�n�g� �u�p�o�n� �t�h�e� 

�r�e�s�i�s�t�a�n�c�e� �a�q�u�a�t�i�o�n� �u�s�e�d�.
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�I�f� �t�h�e� �r�e�s�i�s�t�a�n�c�e� �e�q�u�a�t�i�c�n� �i�s� �e�x�p�r�e�s�s�e�d� �i�n� �t�e�r�m�s� �o�f� 

�q�=�a�y�"� �{�4�0�}� 

�w�h�e�r�2� �g�q� �i�s� �d�i�s�c�h�a�r�g�e� �p�e�r� �u�n�i�t� �w�i�d�t�h� �o�f� �t�h�e� �c�h�a�n�n�e�l�,� �t�h�e�n�,� 

�f�o�r� �t�h�e� �M�a�n�n�i�n�g� �e�q�u�a�t�i�o�n�,� 

�1�.�4�9� �a�1�/�2� 
�a�z � ��S� �/� 

�a�n�d� 

�m�=� �5�/�3� 

�T�h�e� �k�i�n�e�m�a�t�i�c� �w�a�v�e� �s�p�e�e�d� �i�s� �g�i�v�e�n� �{�H�e�n�d�e�r�s�o�n� �(�1�9�6�6�)�}� �a�s� 

�Q�=�G�=�m�a�M�l�e�n�y� �{�4�1�}� 

�s�i�n�c�e� 

�y�=�d�-� �-�1� �{�4�2�}� 

�y�a�y� 

�T�n�e�r�e�r�c�o�r�e�,� 

�G�,� �=� �5�/�3� �V� �{�4�3�}� 

�S�l�i�g�h�t�l�y� �d�i�f�f�e�r�e�n�t� �r�e�s�u�l�t�s� �w�i�l�l� �b�e� �o�b�t�a�i�n�e�d� �w�h�e�n� �t�h�e� 

�C�h�e�z�y� �r�e�s�i�s�t�a�n�c�a� �@�q�u�a�t�i�o�n� �i�s� �a�p�p�l�i�e�d�.
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�T�h�e� �p�r�i�m�a�r�y� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �a�b�o�v�e� �c�o�n�c�e�p�t� �i�s� �t�h�a�t� �C�,� �i�s� 

�a�l�w�a�y�s� �i�e�s�s� �t�h�a�n� �C�g� �p�r�o�v�i�d�e�d� �t�h�a�t� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �m�e�t� �f�o�r� �t�h�e� 

�a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �K�W�A�.� �T�h�u�s�,� �w�h�e�n� �F�r�o�u�d�e� �n�u�m�b�e�r�s� �f�a�l�l� 

�b�e�l�o�w� �t�h�e� �s�p�e�c�i�f�i�e�d� �c�r�i�t�e�r�i�o�n� �a�n�d� �t�h�e� �K�W�A� �c�a�n� �b�e� �a�p�p�l�i�e�d�,� 

�t�h�e� �i�n�s�e�r�t�i�o�n� �o�f� �C�p�,� �i�n�t�o� �E�q�n�.� �{�3�8�}� �a�l�l�o�w�s� �t�h�e� �u�s�e� �o�f� �a� �l�a�r�-� 

�g�e�r� �t�i�m�e� �i�n�c�r�e�m�e�n�t�.� 

�T�h�e�s�e� �c�r�i�t�e�r�i�a� �a�r�e� �b�e�s�t� �i�l�l�u�s�t�r�a�t�e�d� �b�y� �a� �m�a�t�h�e�m�a�t�i�c�a�l� 

�e�x�a�m�p�l�e�.� �C�o�n�s�i�d�e�r� �a� �f�l�o�w� �c�a�s�e� �w�i�t�h� �a� �d�e�p�t�h� �c�f� �f�l�o�w� �c�f� �2� 

�f�e�e�t�,� �v�e�l�o�c�i�t�y� �o�f� �1�.�5� �f�e�e�t� �p�e�r� �s�e�c�o�n�d�,� �l�e�n�g�t�h� �o�f� �f�l�o�w� �p�l�a�n�e� 

�o�f� �1�0�0� �f�e�e�t� �a�n�d� �a� �s�l�o�p�e� �o�f� �0�.�0�5�.� �S�o�l�v�i�n�g� �f�o�r� �F� �a�n�d� �K� �g�i�v�e�s� 

�0�.�1�8�7� �a�n�d� �7�1�.�6�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �K�W�A�,� �t�h�e�r�e�f�o�r�e�,� �c�a�n� �h�e� 

�a�s�s�u�m�e�d� �t�o� �a�p�p�l�y�.� �B�y� �E�q�n�.� �{�4�3�}�,� �C�y�,� �=� �2�.�5� �a�n�d� �b�y� �E�q�n�.� �{�3�9�}�,� 

�C�q� �=� �9�-�5�2� �a�n�d� �t�h�e� �c�o�r�r�e�s�p�e�n�d�i�n�g� �m�a�x�i�m�u�m� �v�a�l�u�e�s� �o�f�  ��d�t�'� �f�o�r� 

�t�h�e� �K�W�A� �a�n�d� �d�y�n�a�m�i�c� �w�a�v�e� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �w�e�r�e� �o�b�t�a�i�n�e�d� �f�r�o�m� 

�E�q�n�.� �{�3�8�}� �a�s� �4�0� �a�n�d� �1�0�.�5� �s�e�c�o�n�d�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�i�s� �d�i�f�-� 

�f�e�r�e�n�c�e� �w�i�l�l� �o�b�v�i�o�u�s�l�y� �r�e�s�u�l�t� �i�n� �a�p�p�r�e�c�i�a�b�l�e� �s�a�v�i�n�g�s� �o�f� �t�i�m�e� 

�a�n�d� �m�o�n�e�y�.� �T�h�e� �s�m�a�l�l�e�r� �t�h�e� �F�r�o�u�d�e� �n�u�m�b�e�r�,� �t�h�s� �g�r�e�a�t�e�r� �t�h�e� 

�v�a�r�i�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �c�o�m�p�u�t�e�d� �d�y�n�a�m�i�c� �a�n�d� �k�i�n�e�m�a�t�i�c� �w�a�v�e� 

�s�p�e�e�d�s�.� 

�A�n�o�t�h�e�r� �t�i�m�e� �i�n�c�r�e�m�e�n�t� �c�r�i�t�e�r�i�o�n� �t�h�a�t� �m�u�s�t� �b�e� �m�e�t� �t�o� 

�i�n�s�u�r�e� �s�t�a�b�i�l�i�t�y� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� �w�h�e�n� �r�o�u�t�i�n�g� �f�l�o�w�s� �b�y� �t�h�e� 

�c�o�m�p�l�e�t�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �i�s� �t�h�e� �e�f�f�e�c�t� �o�f� �t�h�e� �f�r�i�c�t�i�o�n� 

�t�e�r�m� �(�S�¢�)�.� �T�h�e� �s�t�a�b�l�i�i�t�y� �o�f� �t�h�e� �e�x�p�l�i�c�i�t� �n�u�m�e�r�i�c�a�l� �s�o�l�u�t�i�o�n� 

�i�s� �c�o�n�t�r�o�l�l�e�d� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�c�n�d�i�t�i�o�n�:
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�4�/�3� �e� �2�.�2�2� �R�i�!� �5�4�}� �d�t� �<� �S�a�r�a�a�y� 

�S�a�t�i�s�f�y�i�n�g� �t�h�i�s� �c�o�e�n�d�i�t�i�c�n� �o�n� �s�m�a�l�l� �w�a�t�e�r�s�h�e�d�s� �m�a�y� 

�r�e�q�u�i�r�e� �e�x�c�e�s�s�i�v�e�l�y� �s�m�a�i�l� �t�i�m�e� �i�n�c�r�e�m�e�n�t�s� �b�e�c�a�u�s�e� �o�f� �t�h�e� 

�s�m�a�l�l� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �h�y�d�r�a�u�l�i�c� �r�a�d�i�u�s� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �f�l�o�w� 

�v�e�l�o�c�i�t�y�.� �T�h�i�s� �c�o�n�d�i�t�i�o�n� �e�x�i�s�t�s� �b�e�c�a�u�s�e� �c�h�a�n�n�e�l� �s�l�o�p�e�s� �a�r�e� 

�g�e�n�e�r�a�l�l�y� �s�t�e�e�p�e�r� �c�n� �s�m�a�l�l� �w�a�t�e�r�s�h�e�d�s�.� �T�h�i�s� �r�e�l�a�t�i�o�n�s�h�i�p� �i�s� 

�o�b�v�i�o�u�s� �f�r�o�m� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �v�e�l�o�c�i�t�y� �b�y� �t�h�e� �M�a�n�n�i�n�g� �e�q�u�a�-� 

�t�i�o�n� �(�E�q�n�.� �{�3�7�}�)�.� �T�h�e� �l�e�s�s�e�r� �v�a�l�u�e� �o�f� �'�d�t�*� �c�b�t�a�i�n�e�d� �b�y� �t�h�e� 

�C�o�u�r�a�n�t� �c�o�n�d�i�t�i�o�n� �(�E�q�n�.� �{�3�8�}�)� �a�n�d� �t�h�e� �f�r�i�c�t�i�o�n� �c�r�i�t�e�r�i�o�n� 

�(�E�q�n�.� �{�4�4�]�}�)� �m�u�s�t� �b�e� �s�e�l�e�c�t�e�d� �t�o� �a�s�s�u�r�e� �s�t�a�b�i�l�i�t�y� �w�h�e�n� �t�h�e� 

�c�o�m�p�l�e�t�e� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �i�s� �u�s�e�d�,� 

�T�h�e� �a�b�o�v�e� �c�r�i�t�e�r�i�o�n� �i�l�l�u�s�t�r�a�t�e�s� �a�n�o�t�h�e�r� �o�b�v�i�o�u�s� �a�d�v�a�n�-�~� 

�t�a�g�e� �f�o�r� �t�h�e� �u�s�e� �o�f� �t�h�e� �K�W�A� �i�n� �s�m�a�l�l� �w�a�t�e�r�s�h�e�d� �f�l�o�o�d� �r�o�u�t�i�n�g� 

�w�h�e�n� �a�p�p�l�i�c�a�b�l�e�.� �T�h�e� �C�o�u�r�a�n�t� �c�e�n�d�i�t�i�o�n� �i�s� �t�h�e� �o�n�l�y� �t�i�n�e� 

�i�n�c�r�e�m�e�n�t� �c�r�i�t�e�r�i�o�n� �t�h�a�t� �m�u�s�t� �b�e� �s�a�t�i�s�f�i�e�d� �i�n� �t�h�e� �a�p�p�l�i�c�a�-� 

�t�i�o�n� �o�f� �t�h�e� �K�W�A�.� 

�T�h�e� �d�i�f�f�e�r�e�n�c�e�s� �i�n� �c�o�m�p�u�t�a�t�i�o�n�a�l� �e�f�f�i�c�i�e�n�c�y� �a�r�e� �i�l�l�u�s�-� 

�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �1�1� �w�h�e�r�e� �t�h�e� �S�-�e�l�e�m�e�n�t� �c�o�n�c�r�e�t�e� �s�u�r�f�a�c�e� �i�s� 

�s�h�o�w�n� �w�i�t�h� �t�h�e� �c�o�m�p�l�e�t�e� �m�o�m�e�n�t�u�m� �a�n�d� �K�W�A� �s�o�l�u�t�i�o�n�s� �c�t�o�t�h� �a�t� 

�d�t� �=� �5� �s�e�c�o�n�d�s� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �K�W�A� �s�o�l�u�t�i�o�n� �a�t� �d�t� �=� �7�1� �s�a�c�-� 

�o�n�d�.� �S�l�i�g�h�t�l�y� �g�r�e�a�t�e�r� �d�i�v�e�r�g�e�n�c�e� �i�s� �n�o�t�i�c�s�a�b�l�e� �i�n� �t�h�e� �s�o�l�u�-� 

�t�i�o�n� �b�y� �t�h�e� �c�o�m�p�l�e�t�e� �m�e�m�e�r�t�u�m� �e�q�u�a�t�i�o�n� �a�t� �d�t� �=� �5� �s�e�c�o�n�d�s�.� 

�T�h�i�s� �s�i�t�u�a�t�i�o�n� �o�c�c�u�r�s� �e�v�e�n� �t�h�o�u�g�h� �t�h�e� �P�r�e�o�u�d�e� �n�u�m�b�e�r� �f�o�r� �t�h�i�s� 

�+� �f�l�o�w� �e�x�a�m�p�l�e� �i�s� �a�p�p�r�o�a�c�h�i�n�g� �t�h�e� �K�W�A� �c�r�i�t�e�r�i�c�n� �o�f� �F�P� �=� �2�,
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�O�t�h�e�r� �f�l�o�w� �c�a�s�e�s� �i�n�v�o�l�v�i�n�g� �s�m�a�l�l�e�r� �v�a�l�u�e�s� �o�f� �F� �s�h�o�u�l�d� �r�e�s�u�l�t� 

�i�n� �e�v�e�n� �g�r�e�a�t�e�r� �d�i�s�p�a�r�i�t�i�é�¢�s�.� 

�T�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �c�o�r�r�e�c�t� �v�a�l�u�e� �o�f�  ��d�t�'� �i�s� �n�o�t� �a� 

�s�t�r�a�i�g�h�t�f�o�r�w�a�r�d� �d�e�c�i�s�i�o�n�.� �T�h�e� �b�e�s�t� �c�h�o�i�c�e� �a�t� �a�n�y� �p�o�i�n�t� �i�n� 

�t�i�m�e� �w�o�u�l�d� �b�e� �t�h�a�t� �v�a�l�u�e� �w�h�i�c�h� �i�s� �e�q�u�a�l� �t�o�,� �o�r� �s�l�i�g�h�t�l�y� �l�e�s�s� 

�t�h�a�n�,� �t�h�e� �t�r�a�v�e�l� �t�i�m�e� �o�f� �f�l�o�w� �f�r�o�m� �o�n�e� �e�l�e�m�e�n�t� �n�o�d�e� �t�o� �t�h�e� 

�n�e�x�t� �d�u�r�i�n�g� �t�h�a�t� �t�i�m�e� �s�t�e�p�.� �A�c�h�i�e�v�i�n�g� �t�h�i�s�,� �h�o�w�e�v�e�r�,� �i�s� 

�i�m�p�r�a�c�t�i�c�a�l� �s�i�n�c�e� �e�a�c�h� �e�l�e�m�e�n�t� �i�n� �a� �f�l�o�w� �s�t�r�i�p� �w�o�u�l�d� �r�e�q�u�i�r�e� 

�a� �u�n�i�q�u�e�  ��d�t�'� �b�e�c�a�u�s�e� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t� �f�l�o�w� �p�r�o�p�e�r�t�i�e�s� �i�n� 

�e�a�c�h� �w�h�i�c�h� �r�e�s�u�l�t� �i�n� �d�i�f�f�e�r�e�n�t� �v�e�l�o�c�i�t�i�e�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� 

�e�a�c�h� �e�l�e�m�e�n�t�'�s� �u�n�i�q�u�e� �'�d�t�*� �w�o�u�l�d� �v�a�r�y� �a�s� �f�l�o�w� �p�r�o�p�e�r�t�i�e�s� 

�c�h�a�n�g�e� �d�u�r�i�n�g� �t�h�e� �c�o�u�r�s�e� �o�f� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�s�.� �O�n�e� �d�a�n�g�e�r� �i�n� 

�c�o�m�p�u�t�i�n�g� �a� �n�e�w� �'�d�t�*� �a�s� �t�h�e� �s�o�l�u�t�i�o�n� �p�r�o�g�r�e�s�s�e�s� �i�s� �t�h�a�t�,� �i�f� 

�t�o�o� �l�a�r�g�e�,� �e�r�r�o�r�s� �w�i�l�l� �r�e�s�u�l�t� �f�r�o�m� �s�u�d�d�e�n� �c�h�a�n�g�e�s� �i�n� �f�l�o�w� 

�p�a�t�t�a�r�n�s� �w�h�e�r�e� �t�h�e� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �d�u�r�i�n�g� �a� �l�a�r�g�e� �t�i�m�e� 

�s�t�e�p� �i�s� �n�o� �l�o�n�g�e�r� �v�a�l�i�d�.� 

�W�i�t�h� �t�h�e�s�e� �f�a�c�t�o�r�s� �c�o�n�s�i�d�e�r�e�d�,� �i�t� �i�s� �c�b�h�v�i�o�u�s� �t�h�a�t� �s�m�a�l�l� 

�l�e�n�g�t�h� �i�n�t�e�r�v�a�l�s�,� �s�u�c�h� �a�s� �t�h�o�s�e� �e�n�c�o�u�n�t�e�r�e�d� �o�n� �s�m�a�l�l� �w�a�t�-� 

�e�r�s�h�e�d�s�,� �w�i�l�l� �r�e�q�u�i�r�e� �s�m�a�l�l� �v�a�l�u�e�s� �o�f�  ��d�t�*� �i�n� �o�r�d�e�r� �t�o� 

�e�n�s�u�r�e� �a� �s�t�a�b�l�e� �s�o�l�u�t�i�o�n�.� �I�t� �i�s� �l�o�g�i�c�a�l�,� �h�o�w�e�v�e�r�,� �t�h�a�t� 

�s�m�a�l�l� �v�a�l�u�e�s� �o�f� �V� �w�i�l�l� �e�n�a�b�l�e� �a� �l�o�n�g�e�r� �t�i�m�e� �i�n�c�r�e�m�e�n�t� �t�o� �b�e� 

�u�s�e�d�.� �T�h�i�s� �i�s� �t�h�e� �c�a�s�e� �w�h�i�c�h� �e�x�i�s�t�s� �i�n� �t�h�e� �o�v�e�r�l�a�n�d� �f�l�o�w� 

�p�h�a�s�e� �o�f� �t�h�e� �m�o�d�e�l�.� �D�e�p�t�h� �a�n�d� �v�e�l�o�c�i�t�y� �o�f� �f�l�c�w� �o�v�e�r� �t�h�e� 

�i�d�e�a�l�i�z�e�d� �o�v�e�r�l�a�n�d� �f�l�e�w� �p�l�a�n�e�s� �a�r�e� �v�e�r�y� �s�m�a�l�l� �r�e�l�a�t�i�v�e� �t�o� 

�*�h�o�s�e� �e�n�c�o�u�n�t�e�r�e�d� �i�n� �t�h�e� �c�h�a�n�n�e�l�,� �e�v�e�n� �d�u�r�i�n�g� �e�x�t�r�e�m�e� �F�l�o�o�d
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�s�e�l�e�c�t�i�o�n� �o�f� �3� �l�a�r�g�e� �t�i�m�e� �i�n�c�r�e�m�e�n�t� �s�t
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�+
� �v�e�n�t�s�.� �T�h�e�r�e�f�o�r�e�,� �0
� 

�~� 

�f�o�r� �o�v�e�r�l�a�n�d� �f�l�o�w� �i�n� �c�c�u�j�u�n�c�t�i�o�n� �w�i�t�h� �t�n�e� �s�m�a�l�l�e�r� �t�i�n�e� 

�i�n�c�r�e�m�e�n�t� �s�e�l�e�c�t�e�d� �f�c�r� �c�h�a�n�n�e�l� �f�l�o�w� �i�n�c�r�e�a�s�e�s� �t�h�e� �o�v�e�r�a�l�l� 

�e�f�f�i�c�i�e�n�c�y� �o�f� �t�h�e� �n�u�m�e�r�i�c�a�l� �p�r�o�c�e�d�u�t�e�.� 

�T�h�e� �b�e�s�t� �a�p�p�r�o�a�c�h� �a�p�p�e�a�r�s� �t�o� �b�e� �t�h�a�t� �o�f� �a�s�s�u�m�i�n�g� �a� �p�r�o�b�-� 

�a�b�l�e� �m�a�x�i�m�u�m� �v�e�l�o�c�i�t�y� �o�f� �f�l�o�w� �f�o�r� �a�n�y� �g�i�v�e�n� �e�l�e�m�e�n�t� �n�o�d�e� �i�n� 

�a� �s�t�r�i�p� �a�n�d� �u�s�i�n�g� �t�h�a�t� �v�a�l�u�e� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �l�e�n�g�t�h�s� 

�o�f� �t�h�e� �s�h�o�r�t�e�s�t� �o�v�e�r�l�a�n�d� �f�l�o�w� �a�n�d� �c�h�a�n�n�e�l� �f�l�o�w� �e�l�e�m�e�n�t�s� �t�o� 

�a�s�s�i�g�n� �a�  ��t�d�t�'� �t�o� �t�h�e� �e�n�t�i�r�e� �f�l�o�w� �s�t�r�i�p�.� �T�h�i�s� �c�o�u�l�d� �b�e� �d�o�n�s� 

�t�o� �t�h�e� �e�x�r�e�n�t� �t�h�a�t� �t�h�e� �c�h�a�n�n�e�l� �a�n�d� �e�a�c�h� �o�v�e�r�l�a�n�d� �f�l�o�w� �s�t�r�i�p� 

�f�
d
�.�

 

�i�n� �a� �g�i�v�e�n� �s�u�b�s�h�e�d� �a�r�e� �r�o�u�t�e�d� �u�s�i�n�g� �d�i�f�f�e�r�e�n�t� �t�i�m�e� �i�n�c�r�e�-� 

�m�e�n�t�s�.� �T�h�i�s� �f�i�n�e�s�s�e� �i�s� �n�o�t� �w�a�r�r�a�n�t�e�d�,� �h�o�w�e�v�e�r�,� �s�i�n�c�e� �f�l�o�w� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�i�l�l� �g�e�n�e�r�a�l�l�y� �n�o�t� �v�a�r�y� �e�n�o�u�g�h� �f�r�o�m� �o�n�e� 

�o�v�e�r�l�a�n�d� �f�l�o�w� �p�l�a�n�e� �t�o� �a�n�o�t�h�e�r� �i�n� �a� �g�i�v�e�n� �w�a�t�e�r�s�h�e�d�.� 

�T�h�e� �a�p�p�r�o�a�c�h� �t�a�k�e�n� �w�a�s� �t�o� �s�e�l�e�c�t� �a� �t�i�m�e� �i�n�c�r�e�m�e�n�t� �w�h�i�c�h� 

�i�s� �s�m�a�l�l� �e�n�o�u�g�h�  ��t�o� �s�a�t�i�s�f�y� �t�h�e� �e�x�t�r�e�m�e� �o�v�e�r�l�a�n�d� �f�l�o�w� �c�l�a�n�e� 

�c�a�s�e�.� �A�n�o�t�h�e�r� �m�u�c�h� �s�m�a�l�l�e�r� �t�i�m�e� �i�n�c�r�e�m�e�n�t� �m�u�s�t� �t�h�e�n� �b�e� �c�h�o�-� 

�s�e�n� �f�o�r� �u�s�e� �i�n� �c�h�a�n�n�a�l� �r�o�u�t�i�n�g� �u�s�i�n�g� �t�h�e� �s�a�m�e� �p�r�i�n�c�i�p�l�a�.� 

�T�h�i�s� �c�o�n�c�e�p�t� �c�a�n� �b�e� �e�x�t�e�n�d�e�d� �t�o� �t�h�e� �r�e�m�a�i�n�i�n�g� �s�u�b�s�h�e�d�s� �i�n� 

�t�h�e� �o�v�e�r�a�l�i� �w�a�t�e�r�s�h�e�d�.� �A�l�t�h�o�u�g�h� �v�a�r�i�a�t�i�o�n�s� �i�n� �o�t�h�e�r� �o�v�e�r�-� 

�l�a�n�d� �f�l�o�w� �p�l�a�n�e�s� �n�d� �c�h�a�n�n�e�l�s� �m�a�y� �r�e�s�u�l�t� �i�n� �a� �h�i�g�h�e�r�,� �m�e�r�e� 

�e�f�f�i�c�i�e�n�t�,� �t�i�m�e� �i�n�c�r�e�m�e�n�t�,� �t�h�e� �p�r�o�c�e�d�u�r�e� �t�h�a�t� �w�a�s� �t�a�k�e�n� �w�a�s� 

�t�o� �u�s�e� �t�h�e� �m�i�n�i�m�u�m� �t�i�m�e� �i�n�c�r�e�m�e�n�t� �n�e�c�e�s�s�a�r�y� �f�o�r� �a� �g�i�v�e�n� 

�o�v�e�r�l�a�n�d� �f�l�o�w� �s�t�r�i�p� �o�r� �c�h�a�n�n�e�i� �a�n�d� �t�h�e�s�e� �v�a�l�u�e�s� �v�e�r�e� �u�s�e�d� 

�f�o�r� �r�o�u�t�i�n�g� �f�l�o�w�s� �t�h�r�o�u�g�h� �a�l�l� �o�v�e�r�l�a�n�d� �f�l�o�w� �s�t�r�i�p�s� �a�n�d� �c�h�a�n�-
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�n�e�l�s�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�i�s� �g�r�e�a�t�l�y� �s�i�n�p�l�i�f�i�e�d� �t�h�e� �s�y�n�c�h�r�o�n�i�-� 

�z�a�t�i�o�n� �o�t� �t�h�e� �f�l�o�w� �r�e�u�t�i�n�g� �t�h�r�o�u�g�h� �c�h�e� �s�y�s�t�e�m� �a�n�d� �m�i�n�i�n�i�z�e�d� 

�e�r�r�o�r�s� �c�o�o�r�d�i�n�a�t�i�n�g� �t�h�e� �t�i�m�i�n�g� �o�f� �i�n�f�l�o�w�s� �t�o� �c�h�a�n�n�e�l�s� �a�n�d� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �d�o�w�n�s�t�r�e�a�m� �c�h�a�n�n�e�l�s�.� 

�T�h�e� �p�r�o�b�l�e�m� �r�e�m�a�i�n�i�n�g� �w�a�s� �d�e�v�e�l�o�p�i�n�g� �a� �m�e�t�h�o�d� �b�y� �w�h�i�c�h� 

�t�h�e�s�e� �t�i�m�e� �i�n�c�r�e�m�e�n�t�s� �m�a�y� �b�e� �r�e�l�i�a�b�l�y� �d�e�t�e�r�m�i�n�e�d� �f�o�r� �a� �g�i�v�e�n� 

�w�a�t�e�r�s�h�e�d� �p�r�i�o�r� �t�c� �m�o�d�e�l� �e�x�e�c�u�t�i�o�n�.� �T�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� 

�p�r�e�b�a�b�l�e� �m�a�x�i�m�u�m� �v�e�l�o�c�i�t�y� �f�o�r� �o�v�e�r�l�a�n�d� �a�n�d� �c�h�a�n�n�e�l� �f�l�o�w� �w�a�s� 

�d�e�n�e� �p�u�r�e�l�y� �f�r�o�m� �p�r�i�o�r� �e�x�p�e�r�i�e�n�c�e� �w�i�t�h� �t�h�i�s� �m�o�d�e�l�.� �M�o�r�e� 

�d�e�t�a�i�l� �w�i�l�l� �b�e� �g�i�v�e�n� �a�b�o�u�t� �t�h�e� �a�c�t�u�a�l� �c�h�o�i�c�e� �o�f� �t�h�e�s�e� �v�a�l�u�e�s� 

�i�n� �C�h�a�p�t�e�r� �I�V�.� 

�A�n� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t� �o�f� �t�h�e� �C�o�u�r�a�n�t� �c�o�n�d�i�t�i�o�n� �i�s� �t�h�a�t� �t�h�e� 

�m�a�x�i�m�u�m� �a�l�l�o�w�a�b�l�e� �v�a�l�u�e� �o�f�  ��d�t ��,� �o�b�t�a�i�n�e�d� �f�r�o�m� �E�q�n�.� �(�3�8�}�,� 

�m�a�y� �n�o�t� �g�i�v�e� �a�n� �a�c�c�e�p�t�a�b�l�e� �c�o�n�v�e�r�g�e�n�t� �s�o�l�u�t�i�c�n�.� �F�o�r� �e�x�a�m� 

�p�l�e�,� �V�i�e�s�s�m�a�n�,� �a�t�.�a�l�.� �(�1�9�7�2�)� �s�t�a�t�e� �t�h�a�t� �f�o�r� �t�h�e� �f�u�l�l� �e�x�p�l�i�-� 

�c�i�t� �s�c�h�e�m�e�,� �t�h�e� �b�e�s�t� �r�e�s�u�l�t�s� �a�r�e� �o�b�t�a�i�n�e�d� �w�i�t�h� �a� �t�i�m�e� �i�n�c�r�e�-� 

�m�e�n�t� �t�h�a�t� �i�s� �a�p�p�r�o�x�i�m�a�t�e�l�y� �2�0�%� �o�f� �t�h�a�t� �d�e�f�i�n�e�d� �b�y� �t�h�e� �C�o�u�r�-� 

�a�n�t� �c�o�n�d�i�t�i�o�n� �(�E�q�n�.� �{�3�8�}�)�.� �T�h�i�s� �c�r�i�t�e�r�i�o�n� �w�a�s� �f�o�u�n�d� �t�c� �h�e� 

�a�p�p�l�i�c�a�b�l�e� �t�o� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �s�i�n�c�e� �t�h�e� �p�r�o�c�e�d�u�r�e�s� 

�f�o�r� �i�n�t�r�o�d�u�c�i�n�g� �t�i�m�e� �i�n�t�e�g�r�a�t�i�o�n� �w�e�r�e� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �f�u�l�l�y� 

�e�x�p�l�i�c�i�t� �m�e�t�h�o�d� �f�e�r� �f�F�i�n�i�t�a� �d�i�f�f�e�r�e�n�c�e� �t�e�c�h�n�i�q�u�e�s�.� 

�T�h�e� �u�s�e� �o�f� �t�h�e� �C�o�u�r�a�n�t� �c�o�n�d�i�t�i�o�n� �(�E�q�n�.� �{�3�8�}�)� �t�o� �d�e�f�i�n�e� 

�t�h�e� �v�a�i�u�e� �o�f� �'�d�t�'� �p�r�i�o�r� �t�o� �m�o�d�e�]� �e�x�e�c�u�t�i�o�n� �i�s� �i�l�l�u�s�t�r�a�t�e�d� 

�w�i�t�h� �t�h�e� �d�a�t�a� �f�o�r� �t�h�e� �c�o�n�c�r�e�t�e� �s�u�r�f�a�c�e� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �6�.� 

�T�h�e� �c�o�u�p�u�t�e�d� �v�e�l�o�c�i�t�y� �a�t� �p�e�a�k� �d�i�s�c�h�a�r�g�e� �f�o�r� �t�h�e� �s�o�l�u�t�i�o�n
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�w�i�t�h� �d�t� �=� �1� �s�e�c�o�n�d� �w�a�s� �a�s�s�u�m�e�d� �t�o� �a�y�p�r�o�a�c�h� �t�h�e� �c�o�n�v�e�r�g�e�n�t� 

�v�e�l�o�c�i�t�y�.� �T�h�e� �v�e�l�o�c�i�t�y� �w�a�s� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �E�q�n�.� �{�4�3�}� �t�o� 

�d�e�f�i�n�e� �t�h�e� �k�i�n�e�m�a�t�i�c� �w�a�v�e� �s�p�e�e�d�.� �T�h�i�s� �v�a�l�u�e� �a�l�o�n�g� �w�i�t�h� �d�x� �=� 

�9�3�.�4� �f�a�a�t� �w�a�s� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�c� �E�q�n�.� �{�3�8�}� �t�o� �g�i�v�e� �a� �m�a�x�i�r�u�n�m� 

�a�l�l�o�w�a�b�l�e� �v�a�l�u�e� �f�o�r�  ��d�t�'� �o�f� �3�0�.�3�5� �s�e�c�o�n�d�s�.� �T�h�e� �v�a�r�i�o�u�s� 

�h�y�d�r�o�g�r�a�p�h�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �1�2� �i�n�d�i�c�a�t�e� �t�h�a�t� �c�o�n�s�i�d�e�r�a�b�l�e� 

�e�r�r�o�r� �i�s� �i�n�t�r�o�d�u�c�e�d� �i�n�t�o� �t�h�e� �s�c�l�u�t�i�o�n� �a�t� �d�t� �=� �1�0� �s�e�c�o�n�d�s� �a�n�d� 

�a�i�g�h�e�r� �(�p�e�a�k� �d�i�s�c�h�a�r�g�e� �i�s� �6�.�2�5�%� �h�i�g�h�e�r� �t�h�a�n� �t�h�a�t� �g�i�v�e�n� �b�y� 

�t�h�e� �c�o�n�v�e�r�g�e�n�t� �s�o�l�u�t�i�o�n� �f�o�r� �t�h�e� �f�o�r�m�e�r� �a�n�d� �t�h�e� �l�a�t�t�e�r� �i�s� 

�c�o�m�p�l�e�t�e�l�y� �u�a�n�s�t�a�b�l�e�)�.� �T�h�e� �v�a�r�i�a�n�c�e� �i�n� �p�e�a�k� �d�i�s�c�h�a�r�g�e� �f�o�r� 

�t�h�e� �h�y�d�r�o�g�r�a�p�h� �w�i�t�h� �d�t� �=� �5� �s�e�c�o�n�d�s� �i�s� �1�.�5�2�%�,� �t�h�e�r�e�b�y� �i�n�d�i�-� 

�c�a�t�i�n�g� �t�h�a�t� �t�h�e� �2�0�%� �c�r�i�t�e�r�i�o�n� �i�s�,� �i�n� �a�l�i� �p�r�o�b�a�b�i�l�i�t�y�,� �n�e�c�e�s�-�~� 

�s�a�r�y� �f�o�r� �v�a�l�i�d� �h�y�d�r�o�g�r�a�p�h� �s�i�m�u�l�a�t�i�o�n� �u�s�i�n�g� �t�h�e� �e�x�p�l�i�c�i�t� �t�i�m�e� 

�i�n�t�e�g�r�a�t�i�o�n� �a�p�p�r�o�a�c�h�.� 

�T�h�e� �e�f�f�e�c�t�,� �h�o�w�e�v�e�r�,� �o�f� �a� �c�h�a�n�g�e� �i�n� �t�i�m�e� �i�n�c�r�e�m�e�n�t� �o�n� 

�t�h�e� �p�r�e�d�i�c�t�e�d� �h�y�d�r�o�g�r�a�p�h� �i�s� �c�l�a�a�r�l�y� �e�v�i�d�e�n�t� �i�n� �F�i�g�u�r�e� �1�2�.� 

�W�h�i�l�e� �t�h�e� �a�b�o�v�e� �c�r�i�t�e�r�i�o�n� �w�i�l�l� �l�e�a�d� �t�o� �a� �d�a�m�p�e�n�i�n�g� �o�f� �t�h�i�s� 

�i�n�f�l�u�e�n�c�e�,� �i�t� �i�s� �i�m�p�o�s�s�i�b�l�e� �t�o� �p�r�a�d�i�c�t� �t�h�i�s� �e�f�f�e�c�t� �s�h�o�r�t� �o�f� 

�a� �c�o�m�p�a�r�i�s�o�n� �o�f� �r�u�n�s� �m�a�d�e� �w�i�t�h� �v�a�r�i�o�u�s� �t�i�m�e� �i�n�c�r�e�m�a�n�t�s�.� 

�B�r�a�k�e�n�s�i�e�k� �(�1�9�6�6�)� �h�a�s� �s�t�a�t�e�d�,� �h�o�w�e�v�e�r�,� �t�h�a�t� �t�h�e� �n�o�n�-�p�r�i�s�-� 

�M�a�t�i�c� �n�a�t�u�r�e� �o�f� �n�a�t�u�r�a�i� �c�h�a�n�n�e�l�s� �t�e�n�d�s� �t�o� �l�e�s�s�e�n� �t�h�e� �i�n�f�l�u�-�~� 

�e�n�c�e� �o�f� �t�h�e� �t�i�m�e� �i�n�c�r�e�m�e�n�t� �s�i�z�e� �c�n� �t�h�e� �r�e�s�u�l�t�a�n�t� �h�y�d�r�o�g�r�a�p�h�.� 

�A�n�y� �v�a�l�u�e� �s�e�l�e�c�t�e�d� �b�y� �a� �v�e�l�o�c�i�t�y� �c�r�i�t�e�r�i�c�n� �s�h�o�u�l�d� �n�o�t� �b�e� 

�c�o�n�s�t�r�u�e�d� �a�s� �a�n� �a�b�s�o�l�u�t�e� �m�a�x�i�m�u�m� �q�u�a�n�t�i�t�y� �i�n� �t�h�e� �e�v�e�n�t� �t�h�a�t� 

�e�x�t�r�e�m�e� �c�a�s�e�s� �2�r�2�@� �e�n�c�o�u�n�t�e�r�e�d�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �m�o�d�e�l� �c�o�n�-
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�t�a�i�n�s� �a� �c�h�e�c�k� �t�o� �s�i�g�n�a�l� �t�h�e� �o�p�e�r�a�t�c�r� �w�h�e�n� �v�e�l�o�c�i�t�i�e�s� �a�t� �a�n�y� 

�g�i�v�e�n� �t�i�m�e� �e�x�c�e�e�d� �t�h�e� �p�r�e�s�c�r�i�b�e�d� �l�i�m�i�t�s� �s�e�t� �t�o� �a�s�s�u�r�e� �s�t�a�-� 

�b�i�l�i�t�y�.� �W�h�e�n� �t�h�i�s� �o�c�c�u�r�s� �t�h�e� �a�s�s�i�g�n�m�e�n�t� �o�f�  ��'�d�t�'� �v�a�l�u�e�s� �i�n� 

�t�h�e� �m�o�d�e�l� �m�u�s�t� �b�e� �r�e�e�v�a�l�u�a�t�e�d�.� 

�+� �E�f�f�e�c�t� �o�f� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �M�e�s�h� �o�n� �S�o�l�u�t�i�o�n� �C�o�n�v�e�r�g�e�n�c�e� �k�
 

� � 

�T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�s�h� �m�a�y� �a�l�s�o� �a�f�f�e�c�t� �t�h�e� �c�o�n�v�e�r�g�e�n�c�e� 

�o�f� �a� �s�o�l�u�t�i�o�n�,� �I�n� �s�o�m�e� �c�a�s�e�S� �a� �c�o�a�r�s�e� �g�r�i�d� �w�i�l�l� �r�e�s�u�l�t� �i�n� �a� 

�n�o�n�-�c�o�n�v�e�r�g�e�n�t� �s�o�l�u�t�i�o�n� �w�h�i�c�h� �w�i�l�l� �n�o�t� �h�e� �i�m�p�r�o�v�e�d� �b�y� �u�s�i�n�g� 

�a� �s�m�a�l�l�e�r� �t�i�m�e� �i�n�c�r�e�m�e�n�t�.� 

�T�h�i�s� �c�a�n� �b�e� �a� �S�i�g�n�i�f�i�c�a�n�t� �p�r�o�b�l�e�m� �w�h�e�n� �t�h�e� �s�t�r�u�c�t�u�r�i�n�g� 

�o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �g�r�i�d� �r�e�s�u�l�t�s� �i�n� �o�n�e� �o�r� �m�o�r�e� �o�v�e�r�l�a�n�d� 

�f�l�o�w� �s�t�r�i�p�s� �c�o�n�s�i�s�t�i�n�g� �o�f� �a� �s�i�n�g�l�e� �e�l�e�m�e�n�t�.� �T�h�e� �n�a�t�u�r�e� �o�f� 

�t�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �g�e�n�e�r�a�l�l�y� �p�r�o�v�i�d�e�s� �a�n� �a�d�e�q�u�a�t�e� �n�u�m�b�e�r� �o�f� 

�e�l�e�m�e�n�t�s� �i�n� �t�h�e� �c�h�a�n�n�e�l� �f�l�o�w� �r�e�g�i�m�e�,� �h�o�w�e�v�e�r�,� �t�h�e�r�e� �m�a�y� �b�e� 

�c�a�s�e�s� �w�h�e�r�e� �a� �c�h�a�n�n�e�l� �f�l�o�w� �s�t�r�i�p� �a�l�s�o� �w�i�l�l� �c�c�n�s�i�s�t� �o�f� �o�n�e� 

�e�l�e�m�e�n�t�.� �T�h�e� �p�r�o�b�l�e�m� �t�h�a�t� �a�r�i�s�e�s� �i�s� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �m�i�n�i�n�u�n� 

�n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� �n�e�e�d�e�d� �i�n� �a� �f�l�o�w� �s�t�r�i�p� �t�o� �p�r�o�v�i�d�e� �a� �c�o�n�-� 

�v�e�r�g�e�n�t� �s�o�l�u�t�i�o�n�.� 

�T�h�i�s� �p�r�o�b�l�e�m� �i�s� �i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �1�3� �w�h�e�r�e� �t�h�e� �t�u�r�f� 

�s�u�r�f�a�c�e� �h�a�s� �b�e�e�n� �a�n�a�l�y�z�e�d� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �n�u�m�b�e�r�s� �o�f� �e�l�e�m�e�n�t�s� 

�i�n� �t�h�a� �f�l�o�w� �p�l�a�n�e�.� �T�o� �m�a�i�n�t�a�i�n� �s�i�m�i�l�a�r�i�t�y� �o�f� �s�o�l�u�t�i�o�n�s�,� �t�h�e� 

�r�a�t�i�o�,� �d�x�/�f�d�t�,� �w�a�s� �h�e�l�d� �c�o�n�s�t�a�n�t� �f�o�r� �a�a�c�h� �c�a�s�e�.� �I�t� �i�s� �o�b�v�i�-� 

�o�u�s� �f�r�o�m� �t�h�e� �h�y�d�r�o�g�r�a�p�h�s� �t�h�a�t� �a� �c�o�n�v�e�r�g�e�n�t� �s�c�l�u�t�i�o�n� �i�s� �b�e�i�n�g
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�a�t�t�a�i�n�e�d� �a�s� �t�h�e� �n�u�m�b�e�r� �c�f� �e�l�e�m�e�n�t�s� �i�s� �i�n�c�r�e�a�s�e�d�.� 

�A�s�s�u�m�i�n�g� �t�h�a�t� �a� �c�o�n�v�e�r�g�e�n�t� �s�o�l�u�t�i�o�n� �c�a�n� �n�o�t� �h�e� �o�b�t�a�i�n�e�d� 

�w�i�t�h� �a� �m�i�n�i�m�u�m� �o�f� �o�n�e� �o�r� �t�w�o� �e�l�e�m�e�n�t�s�,� �t�h�e�r�e� �a�r�e� �t�w�o� 

�a�p�p�r�o�a�c�h�e�s� �w�h�i�c�h� �m�a�y� �b�e� �t�a�k�e�n�.� �O�n�e� �c�f� �t�h�e�s�e� �i�s� �t�h�e� �i�n�t�e�r�n�a�l� 

�g�e�n�e�r�a�t�i�o�n� �o�f� �a�d�d�i�t�i�o�n�a�l� �e�l�e�m�e�n�t�s� �w�i�t�h�i�n� �t�h�e� �e�l�e�m�e�n�t�s� �p�r�e�-� 

�s�e�n�t� �i�n� �t�h�e� �p�r�e�s�c�r�i�b�e�d� �g�r�i�d�.� �T�h�e� �i�m�m�e�d�i�a�t�e� �d�r�a�w�b�a�c�k� �t�o� �t�h�i�s� 

�p�r�o�c�e�d�u�r�e� �i�s� �t�h�e� �n�e�c�e�s�s�i�t�y� �o�f� �s�h�o�r�t�e�n�i�n�g� �t�h�e� �t�i�m�e� �i�n�c�r�e�m�e�n�t� 

�t�o� �a�c�c�o�m�m�o�d�a�t�e� �t�h�e� �r�e�d�u�c�e�d� �e�l�e�m�e�n�t� �l�e�n�g�t�h�s�.� �A�d�d�i�t�i�o�n�a�l� �p�r�o�-� 

�g�r�a�m�m�i�n�g� �c�o�m�p�l�e�x�i�t�y� �i�s� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �a�s�s�i�g�n�m�e�n�t� �o�f� �p�r�o�p�e�r�-� 

�t�i�e�s� �t�o� �t�h�e� �e�l�e�m�e�n�t�s� �i�n� �t�h�e� �n�e�w�l�y� �c�r�e�a�t�e�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�m�e�s�h�,� �i�.�¢�.�,� �d�a�t�a� �p�r�e�p�a�r�a�t�i�o�n� �i�s� �m�a�g�n�i�f�i�e�d�.� 

�A�n� �a�l�t�e�r�n�a�t�i�v�e� �a�p�p�r�o�a�c�h� �w�i�t�h�o�u�t� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� 

�c�o�m�p�u�t�a�t�i�o�n�a�l� �s�t�e�p�s� �i�n�v�o�l�v�e�s� �a� �r�e�f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n� �t�o� �a�c�c�o�m�m�o�d�a�t�e� �a� �h�i�g�h�e�r�-�o�r�d�e�r� 

�p�o�l�y�n�o�m�i�a�l� �i�n� �t�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�.� �T�h�i�s� �a�p�p�r�c�a�c�h� 

�W�i�l�l� �r�e�s�u�l�t� �i�n� �t�h�e� �u�s�e� �o�f� �q�u�a�d�r�a�t�i�c� �o�r� �c�u�b�i�c� �o�n�e�-�d�i�m�e�n�s�i�o�n�a�l� 

�e�l�e�m�e�n�t�s� �i�n� �t�h�e� �s�o�l�u�t�i�o�n�.� 

�T�h�i�s� �l�a�t�t�e�r� �a�p�p�r�e�a�c�h� �w�a�s� �s�e�l�e�c�t�e�d� �a�s� �t�h�e� �m�e�s�t� �e�f�f�i�c�i�e�n�t� 

�m�e�t�h�o�d� �f�o�r� �r�e�a�c�h�i�n�g� �t�h�e� �d�e�s�i�r�e�d� �g�o�a�l� �s�i�n�c�e� �t�h�e� �s�a�m�e� �n�u�m�b�e�r� 

�o�f� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� �r�e�s�u�l�t�s� �f�o�r� �t�h�e� �a�s�s�e�m�b�l�a�g�e� �f�r�o�m� �b�o�t�h� 

�d�i�s�c�r�e�t�i�z�a�t�i�o�n� �p�r�o�c�e�d�u�r�e�s�,� �i�.�&�.�,� �t�h�e� �s�a�m�e� �r�u�m�b�e�r� �o�f� �a�l�g�e�-� 

�b�r�a�i�c� �e�q�u�a�t�i�o�n�s� �m�u�s�t� �b�e� �s�c�l�v�e�d� �i�n�a� �f�l�o�w� �s�t�r�i�p� �c�o�n�s�i�s�t�i�n�g� 

�o�f�,� �f�o�r� �e�x�a�m�p�l�e�,� �t�h�r�e�e� �l�i�n�e�a�r� �e�l�e�m�e�n�t�s� �o�r� �o�n�e� �c�u�b�i�c� �e�l�e�m�e�n�t�.� 

�S�o�m�e� �e�f�f�i�c�i�e�n�c�y� �i�s� �l�o�s�t�,� �h�o�w�e�v�e�r�,� �i�n� �t�h�e� �s�o�l�u�t�i�o�n� �b�y� �h�i�g�h�e�r�-� 

�o�r�d�e�r� �p�o�l�y�n�o�m�i�a�l�s� �s�i�n�c�e� �t�h�e� �m�a�t�r�i�x� �b�a�n�d� �w�i�d�t�h� �i�n� �t�h�e� �a�s�s�e�n�-



�8�9� 

�b�l�a�g�e� �i�s� �i�n�c�r�e�a�s�e�d�.� 

�T�h�e� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�s� �f�o�r� �t�h�e� �g�u�a�d�r�a�t�i�c� �a�n�d� �c�u�b�i�c� 

�a�p�p�r�o�x�i�m�a�t�i�o�n�s�,� �a�l�o�n�g� �w�i�t�h� �t�h�e� �l�i�n�e�a�r� �a�p�p�r�e�x�i�m�a�t�i�o�n�,� �a�r�s� 

�g�i�v�e�n� �i�n� �F�i�g�u�r�2� �4�.� �T�h�e� �d�e�r�i�v�a�t�i�o�n�s� �o�f� �t�h�e� �m�a�t�r�i�x� �t�e�r�m�s� �i�n� 

�E�q�n�.� �{�1�6�3� �a�r�e� �p�e�r�f�o�r�m�e�d� �i�n� �t�h�e� �S�a�m�e� �m�a�n�n�e�r� �a�s� �t�h�a�t� �o�f� 

�o�b�t�a�i�n�i�n�g� �t�h�e� �m�a�t�r�i�x� �v�a�l�u�e�s� �f�o�r� �t�h�e� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�.� 

�T�h�e�s�e� �d�e�r�i�v�a�t�i�o�n�s� �a�r�e� �s�t�r�a�i�g�h�t�f�o�r�w�a�r�d�,� �h�o�w�e�v�e�r�,� �t�h�e� �i�l�l�u�s�-� 

�t�r�a�t�i�o�n� �o�f� �s�t�e�p�s� �i�n�v�o�l�v�e�d� �i�s� �l�e�n�g�t�h�y� �a�n�d� �w�i�l�l� �n�o�t� �b�e� �p�r�e�-� 

�s�e�n�t�e�d�.� 

�R�e�f�e�r�r�i�n�g� �t�o� �E�q�n�.� �{�1�6�}�,� �t�h�a� �m�a�t�r�i�c�e�s� �c�b�t�a�i�n�e�d� �f�o�r� �t�h�e� 

�q�u�a�d�r�a�t�i�c� �f�i�n�i�t�2� �e�l�e�m�e�n�t� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n� �a�r�a� 

� � � � 

�4� �2� �-�1� 
�l� �[�K�]� �x�g� �2� �1�6� �2� 

�-�1� �2� �4� 

�.� �_� 
�=�3� �4� �-�1� 

�1� �[�L�l�=�<� �-�4� �0� �4� 

�L�l� �-�4� �3� 

�1� 
�_�l� �(�M�h� �=�<� �4� 

�L� 

�(�®� �(�A�P� �=� �9� �A�,� 
�A



�9�0� 

� � 

� � � � � � 

� � 

� � 

�L�o�m� �e�j� 

�g� �=� 

�x� �=� �X�~� 

�(�a�)� �L�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�s� 

�a�e� �X� �.� 
�J� 

�L� 
� � 

�b
�o

�]
� 

�>
� �-� �-� �{� 

�2� �N�=� �-�S� �a�-�>� 
� � �b

�o
�f
� 

�2
� 

�Y
�Y

� 

�_� �4�x� �x� 

�x� �2�x� 
�K�P�;� �a�-� �=�|� 

�(�b�)� �Q�u�a�d�r�a�t�i�c� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�s� 

 �� �|� �j� �k� 
�~�-� �~� �d�l�  ��@� �1� 

�2� �2�g� �g�  ��I� �i�F� 
�3�x� �3�x� �x� �_� �9�x� �3�x� �_�x� 

�N�;� �=� �(�1� �-� �=�>�)� �a� �-� �7� �(�l� �-� �>� �N�,� �=�=� �(�l� �-� �a�e� �(�1� �>� 

�i� 

� � � � 

�9�x� �3�x� �x� �=� �x� �3�X�,� �7�,� �_� �3�%� �N�L� �=� �-�3�¢� �(�1� �-� �=�>� �(�1� �-� �>� �N�y� �z� �(�1� �-� �=�>� �(�1� �>� 

�(�c�)� �C�u�b�i�c� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�s� 
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�Q�y� 
�B�o�t�h� �t�h�e� �q�u�a�d�r�a�t�i�c� �a�n�d� �c�u�b�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �w�e�r�e� �a�p�p�l�i�e�d� 

�t�o� �t�h�e� �t�u�r�f� �s�u�r�f�a�c�e� �a�n�d� �t�h�e� �r�e�s�u�l�t�s� �a�r�s� �c�o�m�p�a�r�e�d� �i�n� �F�i�g�u�r�e� 

�1�5� �w�i�t�h� �«�h�e� �l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�.� �I�t� �c�a�n� �e�a�s�i�l�y� �b�e� �s�e�e�n� 

�t�h�a�t� �t�h�e� �q�u�a�d�r�a�t�i�c� �a�n�d� �c�u�b�i�c� �s�o�l�u�t�i�c�n�s� �a�p�p�r�c�e�x�i�m�a�t�e� �s�h�e� �c�o�r�-� 

�r�e�s�p�o�n�d�i�n�g� �2�~� �a�n�d� �3�-�e�l�a�m�e�n�t� �l�i�n�e�g�a�r� �s�c�l�u�t�i�o�n�s�.� 

�T�h�e� �e�f�f�e�c�t� �c�f� �h�i�g�h�e�r�-�o�r�d�e�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n�s� �o�n� 

�t�h�e�a� �o�t�a�l� �r�e�s�p�o�n�s�e� �o�f� �a�@� �n�a�t�u�r�a�l� �w�a�t�e�r�s�h�e�d� �w�a�s� �e�x�a�m�i�n�e�d� �b�y� 

�u�S�i�n�g� �t�h�e� �P�o�n�y� �M�c�u�n�t�a�i�n� �B�r�a�n�c�h� �w�a�t�e�r�s�h�e�d�,� �C�u�l�p�e�p�p�e�r� �C�o�u�n�t�y�,� 

�V�i�r�g�i�n�i�a�.� �T�h�i�s� �w�a�t�e�r�s�h�e�d� �i�s� �d�e�s�c�r�i�b�e�d� �i�n� �d�e�t�a�i�l� �i�n� �C�h�a�p�t�e�r� 

�V�v�.� �T�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �t�h�e� �w�a�t�e�r�s�h�e�d� �(�s�e�e� �F�i�g�u�r�2� �4�7�)� 

�r�e�s�u�l�t�e�d� �i�n� �o�n�e� �e�l�e�m�e�n�t� �p�e�r� �o�v�e�r�l�a�n�d� �f�l�o�w� �s�t�r�i�p�.� 

�T�h�e� �l�i�n�e�a�r�,� �q�u�a�d�r�a�t�i�c� �a�n�d� �c�u�b�i�c� �a�p�p�r�e�x�i�n�a�t�i�o�n�s� �w�e�r�e� 

�a�p�p�l�i�e�d� �t�o� �a�l�l� �o�v�e�r�l�a�n�d� �f�l�o�w� �s�t�r�i�p�s� �a�n�d� �t�h�e� �d�c�w�n�s�t�r�e�a�n� 

�h�y�d�r�o�g�r�a�p�h� �c�o�m�p�u�t�e�d� �a�n�d� �p�l�e�t�t�e�d� �i�n� �P�i�a�q�u�r�e� �1�6�.� �T�h�e�s�e� �c�e�s�u�l�t�s� 

�r�e�v�e�a�l� �a� �c�o�n�v�e�r�g�i�r�g� �s�o�l�u�t�i�c�n� �2�5� �h�i�g�h�e�r�-�o�r�d�e�r� �e�l�e�m�e�n�t�s� �a�r�e� 

�u�s�e�d�.� 

�T�h�e� �a�b�o�v�e� �h�i�g�h�e�r�-�o�t�d�e�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �w�e�r�2� �o�n�l�y� �a�p�p�l�i�e�d� 

�t�o� �0� �«�o�v�e�r�l�a�n�d� �f�l�o�w� �c�o�m�p�u�t�a�t�i�o�n�s�.� �T�h�i�s� �s�a�m�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f
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�h�i�g�h�e�r�-�o�r�d�e�r� �i�n�t�e�r�p�c�o�i�a�t�i�c�n� �f�u�n�c�t�i�o�n�s� �w�a�s� �a�x�t�e�n�d�e�d� �t�o� �i�n�c�l�u�d�e� 

�c�h�a�n�n�e�l� �f�l�o�w� �r�o�u�t�i�n�g� �t�o� �d�e�t�e�r�m�i�n�e� �t�o� �w�h�a�t� �e�x�t�e�n�t� �t�h�i�s� �a�d�d�i�-� 

�t�i�o�n�a�l� �f�i�n�e�s�s�e� �w�i�l�l� �i�m�p�r�o�v�e� �f�l�o�w� �c�o�m�p�u�t�a�t�i�o�n�s�.� �S�i�n�c�e� �a�l�l� �o�f� 

�t�h�e� �s�u�b�s�h�e�d�s� �i�n� �t�h�e� �P�o�n�y� �M�o�u�n�t�a�i�n� �B�r�a�n�c�h� �w�a�t�e�r�s�h�e�d� �c�o�n�s�i�s�t� 

�o�f� �t�w�o� �o�r� �m�o�r�e� �c�h�a�n�n�e�l� �e�l�e�m�e�n�t�s�,� �w�i�t�h� �t�h�e� �e�x�c�e�p�t�i�o�n� �o�f� �s�u�b�-� 

�s�h�e�d� �N�o�.� �3�,� �t�h�e� �q�u�a�d�r�a�t�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n� �w�a�s� �a�p�p�l�i�e�d� �o�n�l�y� �t�o� 

�t�h�i�s� �s�u�b�s�h�e�d�.�,� �T�h�i�s� �a�c�t�i�o�n� �w�a�s� �b�a�s�e�d� �o�n� �t�h�e� �e�a�r�l�i�e�r� �c�o�n�c�l�u�-� 

�s�i�o�n� �t�h�a�t� �a� �2�-�e�l�e�m�e�n�t� �l�i�n�e�a�r� �s�o�l�u�t�i�o�n� �w�i�l�l� �a�p�p�r�o�x�i�m�a�r�e� �t�h�a�t� 

�o�f� �a� �i�-�e�¢�l�e�m�e�n�t� �q�u�a�d�r�a�t�i�c� �s�o�l�u�t�i�o�n�.� 

�T�h�e� �e�f�f�e�c�t�s� �o�f� �t�h�e� �t�w�o� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �o�n� �b�o�t�h� �s�u�b�s�h�e�d� 

�N�o�.� �3� �a�n�d� �t�h�e� �d�o�w�n�s�t�r�e�a�m� �h�y�d�r�e�g�r�a�p�h� �a�r�e� �c�o�m�p�a�r�e�d� �i�n� �F�i�g�u�r�e� 

�1�7�.� �T�h�e� �c�u�b�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n� �w�a�s� �r�e�t�a�i�n�e�d� �f�o�r� �t�h�e� �o�v�e�r�l�a�n�d� 

�f�l�o�w� �c�o�m�p�u�t�a�t�i�o�n�s�.� �I�m�p�r�o�v�e�m�e�n�t� �i�n�  ��t�h�e� �s�o�l�u�t�i�o�n� �w�a�s� �m�i�n�i�m�a�l� 

�a�s� �i�t� �r�e�s�u�l�t�e�d� �i�n� �a�n� �i�n�c�r�e�a�s�e�d� �p�e�a�k� �o�f� �o�n�l�y� �9�.�9�%� �f�o�r� �s�u�b�s�h�e�d� 

�N�o�.� �3� �a�n�d� �a� �d�a�c�r�e�a�s�e�d� �p�e�a�k� �o�f� �0�.�2�%� �f�o�r� �t�h�e� �t�o�t�a�l� �w�a�t�e�r�s�h�e�d�.� 

�T�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e�s�e� �i�m�p�r�o�v�e�m�e�n�t�s� �f�o�r� �t�h�e� �c�h�a�n�n�e�l� �e�l�e�-� 

�m�e�n�t� �w�e�r�e� �l�e�s�s� �t�h�a�n� �a�n�t�i�c�i�p�a�t�e�d� �b�e�c�a�u�s�e� �o�f� �t�h�e� �i�m�p�r�o�v�e�m�e�n�t�s� 

�w�h�i�c�h� �w�e�r�e� �n�o�t�2�d� �i�n� �t�h�e� �a�b�o�v�e� �o�v�e�r�l�a�n�d� �f�l�o�w� �c�o�m�p�u�t�a�t�i�o�n�s� 

�w�i�t�h� �h�i�g�h�e�r�-�o�r�d�e�r� �e�l�e�m�e�n�t�s�.� �S�i�n�c�e� �t�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �f�o�r�n�m�u�l�a�-� 

�t�i�o�n� �p�r�o�c�e�d�u�r�e� �f�o�r� �b�o�t�h� �o�v�e�r�l�a�n�d� �a�n�d� �c�h�a�n�n�e�l� �f�l�o�w� �c�o�m�p�u�t�a�-� 

�t�i�o�n�s� �i�s� �i�d�e�n�t�i�c�a�l�,� �t�h�e� �r�e�l�a�t�i�v�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �r�e�s�p�e�c�t�i�v�e� 

�v�e�l�o�c�i�t�i�e�s� �i�s� �p�o�s�s�i�b�l�y� �r�e�s�p�o�n�s�i�b�l�e� �f�e�r� �t�h�i�s� �i�n�e�q�u�a�l�i�t�y�.� 

�T�o� �e�v�a�l�u�a�t�e� �t�h�i�s� �p�r�e�m�i�s�e�,� �t�h�e� �t�u�r�f� �s�u�r�f�a�c�e� �w�a�s� �u�s�e�d� 

�(�F�i�g�u�r�e� �5�)�.� �T�h�e� �t�e�s�t� �p�r�o�c�e�d�u�r�e� �w�a�s� �t�o� �s�i�m�p�l�y� �a�l�t�e�r� �f�l�o�w� 

�p�l�a�n�2�=� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �t�o�e� �c�r�e�a�t�e� �a� �s�e�q�u�e�n�c�e� �o�f� �h�i�g�h�e�r� �v�e�l�o�c�i�-
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�t�i�e�s�.� �T�h�i�s� �w�a�s� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �s�e�t�t�i�n�g� �t�h�e� �M�a�n�n�i�n�g� �r�o�u�g�h�-� 

�n�e�s�s� �c�o�e�f�f�i�c�i�e�n�t�s� �t�o� �0�.�1�7�5� �a�n�d� �0�.�0�3�5� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�a�l� �M�a�n�-� 

�n�i�n�g� �r�o�u�g�h�n�e�s�s� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �0�.�3�5�0�.� �T�h�i�s� �h�a�d� �t�h�e� �r�e�s�u�l�t�a�n�t� 

�e�f�f�e�c�t� �o�f� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �o�r�i�g�i�n�a�l� �v�e�l�o�c�i�t�y� �b�y� �f�a�c�t�o�r�s� �o�f� �2� 

�a�n�d� �1�0� �f�o�r� �a� �g�i�v�e�n� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�s�a� �o�f� �f�l�o�w�.� 

�T�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�e�s�e� �a�n�a�l�y�s�e�s� �s�h�o�w� �t�h�a�t� �a�s� �v�e�l�o�c�i�t�y� 

�i�n�c�r�e�a�s�e�s�,� �t�h�e� �m�a�g�n�i�t�u�d�e� �o�f� �t�h�e� �e�r�r�o�r� �b�e�t�w�e�e�n� �t�h�e� �l�i�n�e�a�r� �a�n�d� 

�h�i�g�h�e�r�-�o�r�d�e�r� �a�p�p�r�o�x�i�m�a�t�i�o�n�s� �d�e�c�r�e�a�s�e�s�.� �T�h�i�s� �i�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e� �1�8� �w�h�e�r�e�,� �f�o�r� �t�h�e� �t�h�r�e�e� �v�e�l�o�c�i�t�i�e�s�,� �t�h�e� �d�i�f�f�e�r�e�n�c�e� 

�b�e�t�w�e�e�n� �t�h�e� �l�i�n�e�a�r� �a�n�d� �q�u�a�d�r�a�t�i�c� �a�p�p�r�o�x�i�m�a�t�i�c�n�s� �i�s� �d�e�c�r�e�a�s�-� 

�i�n�g� �a�s� �v�e�l�o�c�i�t�y� �i�n�c�r�e�a�s�e�s�.� �I�n�c�r�e�a�s�i�n�g� �t�h�e� �v�e�l�e�c�i�t�y� �f�r�o�m� �t�h�e� 

�o�r�i�g�i�n�a�l� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s� �r�e�d�u�c�e�s� �t�h�e� �e�r�r�o�r� �b�e�t�w�e�e�n� �t�h�e� �c�o�m�-� 

�p�a�r�e�d� �c�u�r�v�e�s� �b�y� �1�7�.�5�%� �a�n�d� �6�7�.�5�%�.� �T�o� �c�o�m�p�u�t�e� �v�o�l�u�m�e� �e�r�r�o�r� �t�o� 

�p�e�a�k� �f�o�r� �t�h�e� �c�a�s�e�s� �o�f� �M�a�n�n�i�n�g�  ��n�*� �=� �0�.�3�5� �a�n�d� �0�.�1�7�5� �t�h�e� 

�h�y�d�r�o�g�r�a�p�h�s� �w�e�r�e� �e�x�t�r�a�p�o�l�a�t�e�d� �o�u�t� �t�o� �t�h�e� �p�o�i�n�t� �w�h�e�r�:� �i�t� �w�a�s� 

�e�s�t�i�m�a�t�e�d� �t�h�a�t� �t�h�e�y� �w�o�u�l�d� �a�t�t�a�i�n� �t�h�e� �c�o�n�s�t�a�n�t� �r�a�i�n�f�a�l�l� 

�i�n�t�e�n�s�i�t�y� �r�a�t�e�.� �T�h�i�s� �w�a�s� �c�o�n�s�i�d�e�r�e�d� �p�e�r�m�i�s�s�i�b�l�e� �s�i�n�c�e� �a� 

�c�o�n�t�i�n�u�i�n�g� �p�e�r�i�o�d� �o�f� �c�o�n�s�t�a�n�t� �r�a�i�n�f�a�l�l� �i�n�t�e�n�s�i�t�y� �w�o�u�l�d� �h�a�v�e� 

�a�l�l�o�w�e�d� �t�h�e� �h�y�d�r�e�g�r�a�p�h� �t�o� �r�e�a�c�h� �t�h�i�s� �l�e�v�e�l�.� 

�B�a�s�e�d� �u�p�o�n� �t�h�e� �a�b�o�v�e� �c�o�n�c�l�u�s�i�o�n�s�,� �i�t� �w�a�s� �d�e�c�i�d�e�d� �t�o� 

�d�e�s�i�g�n� �t�h�e� �m�o�d�e�l� �t�o� �a�p�p�l�y� �t�h�e� �c�u�b�i�c� �a�p�p�r�o�x�i�m�a�t�i�c�n� �t�o� �a�l�i� 

�o�v�e�r�l�a�n�d� �f�l�o�w� �s�u�r�f�a�c�e�s�.� �F�u�r�t�h�e�r�m�o�t�e�,� �f�o�r� �c�h�a�n�n�e�l� �f�l�o�w�,� �t�h�e� 

�l�i�n�e�a�r� �a�p�p�r�o�x�i�m�a�t�i�o�n� �w�a�s� �a�s�s�u�m�e�d� �w�h�e�n� �a� �c�h�a�n�n�e�l� �c�o�n�s�i�s�t�e�d� �o�f� 

�t�w�o� �o�r� �m�o�r�e� �e�l�e�m�e�n�t�s�.� �F�o�r� �t�h�o�s�e� �i�n� �w�h�i�c�h� �o�n�e� �e�l�e�m�e�n�t� 

�e�x�i�s�t�e�d�,� �t�h�e� �g�u�a�d�r�a�t�i�c� �a�p�p�r�o�x�i�m�a�t�i�o�n� �w�a�s� �u�t�i�l�i�z�e�d�.� �E�v�e�n
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�t�h�o�u�g�h� �c�h�a�n�n�e�l� �f�l�o�w� �v�e�l�o�c�i�t�i�e�s� �a�r�e� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �t�e�n� �t�i�n�e�s� 

�o�v�e�r�l�a�n�d� �f�l�o�w� �v�e�l�o�c�i�t�i�e�s�,� �t�h�i�s� �p�r�o�c�e�d�u�r�®� �w�a�s� �a�d�o�p�t�e�d� �t�o� 

�a�s�s�u�r�e� �r�e�l�i�a�b�i�l�i�t�y� �i�n� �t�h�e� �r�e�s�u�l�t�s�.� �A�d�d�i�t�i�o�n�a�l� �c�o�m�p�u�t�a�t�i�o�n�a�l� 

�e�f�f�o�r�t� �i�s� �n�e�g�l�i�g�i�b�l�e�.� 

�A�n�o�t�h�e�r� �a�s�p�e�c�t� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �g�r�i�d� �w�h�i�c�h� �w�a�s� 

�i�n�v�e�s�t�i�g�a�t�e�d� �w�a�s� �t�h�e� �p�o�t�e�n�t�i�a�l� �e�f�f�e�c�t� �t�h�a�t� �d�i�f�f�e�r�e�n�t� �e�l�e�m�e�n�t� 

�l�e�n�g�t�h�s� �i�n� �a� �f�l�o�w� �s�t�r�i�p� �m�a�y� �h�a�v�e� �o�n� �t�h�e� �r�e�s�u�l�t�a�n�t� �s�o�l�u�t�i�o�n� 

�i�n� �c�o�n�t�r�a�s�t� �t�o� �t�h�a�t� �o�b�t�a�i�n�e�d� �w�i�t�h� �t�h�e� �u�s�2� �o�f� �e�q�u�a�l�-�l�e�n�g�t�h� 

�e�l�e�m�e�n�t�s�.� �T�h�i�s� �i�s� �i�m�p�o�r�t�a�n�t� �s�i�n�c�e� �t�h�e� �e�l�e�m�e�n�t� �g�r�i�d� �i�s� 

�d�e�s�i�g�n�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �t�h�e� �p�h�y�s�i�c�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� 

�n�a�t�u�r�a�l� �d�r�a�i�n�a�g�e� �s�y�s�t�e�m� �a�n�d� �l�i�n�e� �e�l�e�m�e�n�t�s� �w�i�t�h� �g�r�e�a�t�l�y� �d�i�f�-� 

�f�e�r�i�n�g� �l�e�n�g�t�h� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �m�a�y� �r�e�s�u�l�t�.� �O�n�e� �o�f� �t�h�e� �p�r�i�-� 

�m�a�r�y� �a�d�v�a�n�t�a�g�e�s� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �i�s� �i�t�s� �a�b�i�l�i�t�y� 

�t�o� �h�a�n�d�l�e� �v�a�r�i�o�u�s� �e�l�e�m�e�n�t� �s�h�a�p�e�s� �a�n�d� �s�i�z�e�s� �a�n�d� �t�o� �a�c�c�o�n�m�n�o�-� 

�d�a�t�e� �c�o�m�p�l�2�x� �g�e�o�m�e�t�r�y� �a�n�d� �e�l�e�m�e�n�t� �p�r�o�p�e�r�t�i�e�s� �w�i�t�h�o�u�t� �a�p�p�r�e�-� 

�c�i�a�b�l�y� �a�f�f�e�c�t�i�n�g� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�.� 

�T�h�e� �e�f�f�e�c�t� �o�f� �d�i�f�f�e�r�a�n�t� �l�i�n�e� �e�l�e�m�e�n�t� �l�e�n�g�t�h� �r�a�t�i�o�s� �i�s� 

�i�l�l�u�s�t�r�a�t�e�d� �i�n� �F�i�g�u�r�e� �1�9�.� �F�o�r� �t�h�i�s� �e�x�a�m�p�l�e�,� �t�h�e� �t�u�r�f� 

�s�u�r�f�a�c�e� �(�F�i�g�u�r�e� �5�)� �w�a�s� �d�i�s�c�r�e�t�i�z�e�d� �i�n�t�o� �2� �e�l�e�m�e�n�t�s� �a�n�d� 

�d�i�s�c�h�a�r�g�e� �h�y�d�r�o�g�r�a�p�h�s� �g�e�n�e�r�a�t�e�d� �w�i�t�h� �s�e�v�e�r�a�l� �p�o�s�s�i�b�l�e� 

�e�l�e�m�e�n�t� �l�e�n�g�t�h� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �T�h�e� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �t�h�a�t� 

�v�a�r�i�a�t�i�o�n�s� �a�r�2� �m�i�n�i�m�a�l� �a�n�d� �t�h�e� �f�i�n�i�t�e� �a�l�e�m�e�n�t� �n�a�t�h�o�d� �i�s� 

�S�u�i�t�3�a�d� �t�o� �t�h�i�s� �t�y�p�e� �o�f� �d�i�s�c�r�e�t�i�z�a�t�i�c�n�.
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�C�H�A�P�T�E�R� �I�V� 

�T�H�E� �C�O�M�P�U�T�E�R� �P�R�O�G�R�A�M�:� 

�D�A�T�A� �I�D�E�N�T�I�F�I�C�A�T�I�O�N� �A�N�D� �P�R�E�P�A�R�A�T�I�O�N� 

�T�h�i�s� �c�h�a�p�t�e�r� �c�o�n�t�a�i�n�s� �a� �d�e�t�a�i�l�e�d� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� 

�m�o�d�e�l� �f�o�r� �u�s�e�r� �i�m�p�l�e�m�e�n�t�a�t�i�o�n�.� �P�r�i�m�a�r�y� �e�m�p�h�a�s�i�s� �i�s� �p�l�a�c�e�d� 

�o�n� �t�h�e� �I�/�O� �d�a�t�a� �a�s�p�e�c�t�s� �o�f� �t�h�e� �F�E�S�H�M�.� �T�h�r�e�e� �s�e�c�t�i�o�n�s� �f�o�l�l�o�w� 

�d�e�s�c�r�i�b�i�n�g� �t�h�e� �I�/�O� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �m�o�d�e�l�,� �h�o�w� �d�a�t�a� �i�s� 

�o�b�t�a�i�n�e�d� �i�n� �b�u�i�l�d�i�n�g� �t�h�e� �i�n�p�u�t� �d�a�t�a� �f�i�l�e� �a�n�d� �a� �s�t�e�p�-�b�y�-�s�t�e�p� 

�i�l�l�u�s�t�r�a�t�i�o�n� �o�f� �t�h�e� �c�r�e�a�t�i�o�n� �c�f� �a� �t�y�p�i�c�a�l� �i�n�p�u�t� �d�a�t�a� �f�i�l�e� 

�i�n�c�l�u�d�i�n�g� �w�a�t�e�r�s�h�s�d� �a�n�d� �s�t�o�r�m� �e�v�e�n�t� �d�e�s�c�r�i�p�t�o�r�s� �a�n�d� �p�r�o�g�r�a�m� 

�c�e�n�t�r�e�l� �o�p�t�i�o�n�s�.� 

�1�9�1



�1�0�2� 

�T�h�e� �C�o�m�p�u�t�e�r� �P�r�o�g�r�a�m� 

�T�h�e� �b�a�s�i�c� �p�r�o�g�r�a�m� �s�t�r�u�c�t�u�r�e� �w�a�s� �d�e�v�e�l�o�p�e�d� �f�o�l�l�o�w�i�n�g� �t�h�e� 

�s�c�h�e�m�a�t�i�c� �f�l�o�w� �c�h�a�r�t� �g�i�v�e�n� �i�n� �F�i�g�u�r�e� �2�0�.� �T�h�e� �p�r�o�g�r�a�m� �w�a�s� 

�d�e�s�i�g�n�e�d� �t�o� �g�e�n�e�r�a�t�e� �s�y�n�t�h�e�t�i�c� �d�i�s�c�h�a�r�g�e� �h�y�d�r�o�g�r�a�p�h�s� �w�h�e�n� 

�g�i�v�e�n� �a� �p�r�e�c�i�p�i�t�a�t�i�o�n� �d�i�s�t�r�i�b�u�t�i�o�n�,� �H�R�U� �a�n�d� �e�l�e�m�e�n�t� �d�e�s�c�r�i�p�-� 

�t�o�r�s� �a�n�d� �a�p�p�r�o�p�r�i�a�t�e� �p�r�o�g�r�a�m� �c�o�n�t�r�o�l� �v�a�r�i�a�b�l�e�s�.� �R�a�i�n�f�a�l�l� 

�e�x�c�e�s�s� �f�o�r� �e�a�c�h� �H�R�U� �i�s� �c�o�m�p�u�t�e�d� �b�y� �a�n� �i�t�e�r�a�t�i�v�e� �s�o�l�u�t�i�o�n� �o�f� 

�E�q�n�.� �{�2�}�.� �E�q�u�a�t�i�o�n� �{�3�}� �i�s� �s�o�l�v�e�d� �f�o�r� �a�r�e�a� �o�f� �f�l�o�w� �a�n�d� 

�d�i�s�c�h�a�r�g�e� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �E�q�n�.� �{�3�7�}�.� 

�P�r�o�g�r�a�m� �S�t�r�u�c�t�u�r�e� 

�(� �T�h�e� �c�o�m�p�u�t�e�r� �m�o�d�a�l� �w�a�s� �w�r�i�t�t�e�n� �i�n� �t�h�e� �F�o�r�t�r�a�n� �I�V� 

�l�a�n�g�u�a�g�e� �f�o�r� �u�s�e� �o�n� �a�n� �I�B�M� �3�7�0� �m�o�d�e�l� �1�5�8� �c�o�m�p�u�t�e�r�.� �A� 

�m�o�d�u�l�a�r� �s�t�r�u�c�t�u�r�e� �w�a�s� �f�o�l�l�o�w�e�d� �t�o� �p�r�o�v�i�d�e� �a� �b�e�t�t�e�r� 

�u�n�d�a�r�s�t�a�n�d�i�n�g� �o�f� �p�r�o�g�r�a�m� �l�o�g�i�c�,� �t�o� �m�i�n�i�m�i�z�e� �t�h�e� �e�f�f�o�r�t� 

�n�e�c�e�s�s�a�r�y� �t�o� �m�a�k�e� �m�o�d�i�f�i�c�a�t�i�o�n�s� �i�n� �e�x�i�s�t�i�n�g� �c�o�d�e� �a�n�d� �t�o� 

�s�i�m�p�l�i�f�y� �s�u�b�s�t�i�t�u�t�i�o�n�s� �f�o�r� �e�x�i�s�t�i�n�g� �s�u�b�r�o�u�t�i�n�e�s�.� �T�h�e� 

�p�r�o�g�r�a�m� �i�s� �c�o�m�p�o�s�e�d� �o�f� �a� �m�a�i�n� �a�n�d� �é�i�g�h�t� �s�u�b�r�o�u�t�i�n�e�s�.� �E�a�c�h� 

�s�u�b�r�o�u�t�i�n�e� �h�a�s� �b�e�e�n� �s�t�r�u�c�t�u�r�e�d� �t�c� �a�c�c�o�m�p�l�i�s�h� �a� �s�p�e�c�i�f�i�c� �s�e�t� 

�o�f� �c�a�l�a�t�e�d� �t�a�s�k�s�.� �A� �l�i�s�t�i�n�g� �o�f� �F�o�r�t�r�a�n� �c�o�d�i�n�g� �i�s� �g�i�v�e�n� �i�n� 

�A�p�p�e�n�d�i�x� �8�B� �w�h�i�c�h� �i�s� �f�o�l�l�o�w�e�d� �b�y� �a� �d�e�s�c�r�i�p�t�i�c�n� �o�f� �p�r�o�g�r�a�m� 

�v�a�t�i�a�b�l�s�s� �(�A�p�p�e�n�d�i�x� �C�)�.�,� �T�h�i�s� �v�e�r�s�i�o�n� �o�f� �t�h�e� �m�o�d�e�l� �d�o�e�s� �n�o�t
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�L�a�n�d�-�u�s�e� �d�e�s�c�r�i�p�t�o�r�s� �P�r�e�c�i�p�i�t�a�t�i�o�n� 
�b�y� �r�e�s�p�o�n�s�e� �u�n�i�t� � � � � � � � � 
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�C�o�m�p�u�t�a�t�i�o�n� �o�f� �p�r�e�c�i�p�i�t�a�t�i�o�n� �e�x�c�e�s�s� 

�b�y� �r�e�s�p�o�n�s�e� �u�n�i�t� 

� � 

� � � � � � 
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�S�u�r�f�a�c�e� �e�l�e�m�e�n�t� 
�d�e�s�c�r�i�p�t�o�r�s� 
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�C�o�m�p�u�t�a�t�i�o�n� �o�f� �p�r�e�c�i�p�i�t�a�t�i�o�n� �e�x�c�e�s�s� 
�b�y� �e�l�e�m�e�n�t� �|� 

� � 

� � � � � � 

� � �i� 
�R�o�u�t�i�n�g� �b�y� 

�F�I�N�I�T�E� �E�L�E�M�E�N�T� �M�E�T�H�O�D� 

� � 

� � � � � � 

� � �f� 
�H�y�d�r�o�g�r�a�p�h� �o�f� 
�o�v�e�r�l�a�n�d� �f�l�o�w� 

� � 

� � � � � � 

� � 

�C�h�a�n�n�e�l� �e�l�e�m�e�n�t� 
�d�e�s�c�r�i�p�t�o�r�s� 

� � �_ �� 

� � � � � � � � �/� � � 

�R�o�u�t�i�n�g� �b�y� 
�F�I�N�I�T�E� �E�L�E�M�E�N�T� �M�E�T�H�O�D� � � � � � � 

� � �\� 
� � 

�T�o�t�a�l� �d�i�s�c�h�a�r�g�e� �h�y�d�r�o�g�r�a�p�h� 
� � � � � � 

�F�i�s�s�u�r�e� �2�0�.� �S�c�h�e�m�a�t�i�c� �f�l�o�w� �c�h�a�r�t� �o�f� �t�h�e� �F�E�S�H�M�,



�1�0�4� 

�i�n�c�l�u�d�e� �a� �s�u�b�r�o�u�t�i�n�e� �t�o� �s�o�l�v�e� �t�h�e� �f�u�l�l� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �n�o�r� 

�t�h�e� �c�o�d�i�n�g� �t�o� �g�e�n�e�r�a�t�e� �s�e�d�i�m�e�n�t� �p�r�e�d�i�c�t�i�o�n�s�.� �T�h�e�s�e� 

�S�u�b�r�o�u�t�i�n�e�s� �a�r�e� �b�e�i�n�g� �i�n�c�o�r�p�o�r�a�t�e�d� �i�n�t�o� �t�h�e� �m�o�d�e�l� �a�n�d� �w�i�l�l� 

�b�e� �a�v�a�i�l�a�b�l�e� �a�t� �a� �l�a�t�e�r� �d�a�t�e�.� 

�M�A�I�N� 

�T�h�e� �M�A�I�N� �r�o�u�t�i�n�e� �p�e�r�f�o�r�m�s� �e�x�e�c�u�t�i�v�e� �t�a�s�k�s� �s�u�c�h� �a�s� �i�n�i�t�i�-� 

�a�t�i�n�g� �t�h�e� �p�r�o�p�e�r� �a�c�c�e�s�s� �t�o� �s�u�b�r�o�u�t�i�n�e�s�.� 

�S�u�b�r�o�u�t�i�n�e� �I�N�P�O�T� 

�A�l�l� �i�n�p�u�t� �t�a�s�k�s� �a�r�e� �h�a�n�d�l�e�d� �b�y� �t�h�i�s� �r�o�u�t�i�n�e�.� 

�S�u�b�r�o�u�t�i�n�e�s� �O�U�T�P�U�T� 

�A�l�l� �o�u�t�p�u�t� �t�a�s�k�s� �a�r�e� �h�a�n�d�l�e�d� �b�y� �t�h�i�s� �r�o�u�t�i�n�e�.� 

�S�u�b�r�o�u�t�i�n�e� �E�X�C�E�S�S� 

�T�h�e� �f�u�n�c�t�i�o�n� �o�f� �t�h�i�s� �r�o�v�t�i�n�e� �i�s� �t�o� �d�e�t�e�r�m�i�n�e� �a�n�t�e�c�e�d�e�n�t� 

�m�o�i�s�t�u�r�e� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �i�n�i�t�i�a�l� �s�t�o�r�a�g�e� �c�a�p�a�c�i�t�y� �f�o�r� �t�h�e� 

�s�e�c�i�l� �p�r�o�f�i�l�e� �o�f� �e�a�c�h� �H�R�U�.� �R�a�i�n�f�a�l�l� �e�x�c�e�s�s� �f�o�r� �e�a�c�h� �H�R� 

�w�i�t�h�i�n� �a�n� �e�l�e�m�e�n�t� �i�s� �w�e�i�g�h�t�e�d� �t�o� �c�r�e�a�t�e� �a� �w�e�i�g�h�t�e�d� �v�a�l�u�e� 

�t�h�a�t� �i�s� �a�p�p�l�i�c�a�b�l�e� �t�o� �t�h�e� �e�n�t�i�r�e� �e�l�e�m�e�n�t�.� 

�S�u�b�r�o�u�t�i�n�e� �H�O�L�T�A�N� 

�T�h�e� �a�l�l�o�c�a�t�i�o�n� �o�f� �i�n�c�o�m�i�n�g� �m�o�i�s�t�u�r�e� �t�o� �r�a�i�n�f�a�l�l� �e�x�c�e�s�s� 

�a�n�d� �s�c�i�l� �w�a�t�e�r� �s�t�o�r�a�g�e� �i�s� �h�a�n�d�l�e�d� �b�y� �t�h�i�s� �s�u�b�r�o�u�t�i�n�e�.� �A



�1�0�5� 

�b�o�o�k�k�e�e�p�i�n�g� �p�r�o�c�e�d�u�r�e� �w�a�s� �u�s�e�d� �t�o� �p�r�o�v�i�d�e� �a� �c�o�n�t�i�n�u�o�u�s� 

�u�p�d�a�t�e� �o�f� �t�h�e� �s�t�o�r�a�g�e� �c�a�p�a�c�i�t�y� �o�f� �a� �g�i�v�e�n� �s�o�i�l� �p�r�o�f�i�l�e�.� 

�S�u�b�r�o�u�t�i�n�e�s� �f�o�r� �R�o�u�t�i�n�g� �F�l�o�w� 

�S�u�b�r�o�u�t�i�n�e�s� �O�V�E�R�L�,� �C�H�A�N�G�,� �R�O�U�T�E� �a�n�d� �G�E�L�B� �w�e�r�e� �s�t�r�u�c�t�u�r�e�d� 

�t�o� �p�e�r�f�o�r�m�.� �b�o�t�h� �o�v�e�r�l�a�n�d� �a�n�d� �c�h�a�n�n�e�l� �f�l�o�w� �r�e�u�t�i�n�g�.� �R�o�u�t�i�n�g� 

�p�r�o�c�e�d�u�r�e�s� �a�r�e� �i�d�e�n�t�i�c�a�l� �w�i�t�h� �t�h�e� �e�x�c�e�p�t�i�o�n� �t�h�a�t� �a� �c�u�b�i�c� 

�i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �i�s� �u�s�e�d� �f�o�r� �o�v�e�r�l�a�n�d� �f�l�o�w� �a�n�d� �a� �q�u�a�d�-� 

�T�a�t�i�c� �i�n�t�e�r�p�o�l�a�t�i�o�n� �f�u�n�c�t�i�o�n� �i�s� �u�s�e�d� �f�o�r� �t�h�o�s�e� �c�h�a�n�n�e�l�s� 

�w�h�i�c�h� �c�o�n�t�a�i�n� �o�n�l�y� �o�n�e� �e�l�e�m�e�n�t�.� 

�R�a�i�n�f�a�l�l� �e�x�c�e�s�s� �g�e�n�e�r�a�t�e�d� �b�y� �H�O�L�T�A�N� �a�n�d� �w�e�i�g�h�t�e�d� �b�y� 

�E�X�C�E�S�S� �i�s� �p�a�s�s�e�d� �t�o� �O�V�E�R�L� �w�h�e�r�e� �i�t� �i�s� �c�o�n�v�e�r�t�e�d� �t�o� �e�x�c�e�s�s� 

�p�e�r� �a�n�i�t� �l�e�n�g�t�h� �o�f� �e�a�c�h� �e�l�e�m�e�n�t�.� �T�h�e� �s�i�n�g�l�e�-�e�l�e�m�e�n�t� �c�o�n�t�i�n�-� 

�u�i�t�y� �e�q�u�a�t�i�o�n� �i�s� �u�s�e�d� �t�o� �s�o�l�v�e� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �a�r�e�a� �o�f� 

�f�l�o�w� �a�t� �t�h�e� �d�o�w�n�s�t�r�e�a�m� �n�o�d�e� �o�f� �e�a�c�h� �o�v�e�r�l�a�n�d� �f�l�o�w� �e�l�e�m�e�n�t� 

�a�n�d� �M�a�n�n�i�n�g�'�s� �e�q�u�a�t�i�o�n� �p�r�o�v�i�d�e�s� �t�h�e� �d�i�s�c�h�a�r�g�e�.� �T�h�u�s�,� �a�i�l� 

�s�c�l�u�t�i�o�n�s� �f�o�r� �o�v�e�r�l�a�n�d� �f�l�o�w� �a�r�e� �p�e�r�f�o�r�m�e�d� �b�y� �s�u�b�r�o�u�t�i�n�e� 

�O�V�E�R�L�.� 

�T�h�e� �d�i�s�c�h�a�r�g�e� �h�y�d�r�o�g�r�a�p�h� �c�r�e�a�t�e�d� �a�t� �t�h�e� �d�c�w�n�s�t�r�e�a�n� �n�o�d�e� 

�o�f� �e�a�c�h� �o�v�e�r�l�a�n�d� �f�l�o�w� �s�t�r�i�p� �i�s� �r�s�t�a�i�n�e�d� �a�s� �i�n�p�u�t� �t�o� �C�E�A�N�L� 

�w�h�e�r�e� �t�h�e� �f�l�o�w�s� �a�r�e� �a�l�l�o�c�a�t�e�d� �t�o� �t�h�e� �p�e�r�t�i�n�e�n�t� �c�h�a�n�n�e�l� �e�l�e�-� 

�m�e�n�t�s� �a�n�d� �p�a�s�s�e�d� �t�o� �R�O�U�T�E�.� �T�h�e� �m�a�t�r�i�c�e�s� �a�r�e� �t�h�e�n� �a�s�s�e�m�b�l�e�d� 

�a�n�d� �p�a�s�s�e�d� �t�o� �G�E�L�B� �f�o�r� �a� �s�o�l�u�t�i�o�n� �o�f� �f�l�e�w� �a�r�e�a�s�,� �h�o�w�e�v�e�r�,� 

�w�h�e�n� �t�h�e� �c�h�a�n�n�e�l� �c�o�n�s�i�s�t�s� �o�f� �o�n�l�y� �o�n�e� �e�l�e�m�e�n�t� �t�h�i�s� �t�r�a�n�s�f�e�r� 

�i�s� �b�y�p�a�s�s�e�d� �a�n�d� �s�c�l�u�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �e�a�n�t�i�r�e�l�y� �w�i�t�h�i�n



�1�0�6� 

�C�H�A�N�L�.� �D�i�s�c�h�a�r�g�e�s� �a�r�e� �c�o�m�p�u�t�e�d� �f�o�l�l�o�w�i�n�g� �t�h�e� �p�r�o�c�e�d�u�r�e� �o�u�t�-� 

�l�i�n�e�d� �f�o�r� �o�v�e�r�l�a�n�d� �f�l�o�w�s�.� 

�S�o�l�u�t�i�o�n� �S�e�q�u�e�n�c�e� 

�R�a�i�n�f�a�l�l� �e�x�c�e�s�s� �i�s� �d�e�t�e�r�m�i�n�e�d� �f�o�r� �a�l�l� �H�R�U�'�s� �a�n�d� �w�e�i�g�h�t�e�d� 

�r�a�i�n�f�a�l�l� �e�x�c�e�s�s� �f�o�r� �a�l�l� �a�l�e�m�e�n�t�s� �i�n� �t�h�e� �w�a�t�e�r�s�h�e�d� �p�r�i�o�r� �t�o� 

�a�n�y� �r�o�u�t�i�n�g� �o�f� �f�l�c�w�s�.� �T�h�e� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �o�f� �a� �w�a�t�e�r�s�h�e�d� 

�i�n�t�o� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s� �r�e�s�u�l�t�s� �i�n�a� �m�u�l�t�i�-�b�r�a�n�c�h�e�d� �c�r�a�i�n�a�g�e� 

�n�e�t� �(�t�r�e�e� �s�t�r�u�c�t�u�r�e�)� �w�h�e�n� �t�h�e� �n�u�m�b�e�r� �o�f� �s�u�b�s�h�e�d�s� �e�x�c�e�e�d�s� 

�o�n�e�.� �A�l�l� �a�n�a�l�y�s�e�s� �a�r�e� �p�e�r�f�o�r�m�e�d� �b�y� �s�u�b�s�h�e�d�.� �O�v�e�r�l�a�n�d� �f�l�o�w� 

�r�o�u�t�i�n�g� �1�s� �p�e�r�f�o�r�m�e�d� �t�i�r�s�t� �f�o�r� �a�l�l� �s�t�r�i�p�s� �w�i�t�h�i�n� �a� �s�u�b�s�h�e�d�,� 

�f�o�l�l�o�w�e�d� �b�y� �c�h�a�n�n�e�l� �r�o�u�t�i�n�g�.� �T�h�e� �d�i�s�c�h�a�r�g�e� �h�y�d�r�o�g�r�a�p�h� �a�t� 

�t�h�e� �s�u�b�s�h�e�d� �o�u�t�l�e�t� �i�s� �r�e�t�a�i�n�e�d� �a�n�d� �t�h�e� �a�n�a�l�y�s�i�s� �p�r�o�c�e�e�d�s� �t�o� 

�t�h�e� �n�e�x�t� �s�u�b�s�h�e�d�.� 

�S�i�n�c�e� �r�o�u�t�i�n�g� �p�r�o�c�e�e�d�s� �f�r�o�m� �u�p�s�t�r�e�a�m� �t�o� �d�o�w�n�s�t�r�e�a�m�,� �t�h�e� 

�d�a�t�a� �b�a�s�e� �m�u�s�t� �b�e� �o�r�g�a�n�i�z�e�d� �s�o� �t�h�a�t� �t�h�e� �a�n�a�l�y�s�i�s� �s�t�a�r�t�s� �a�t� 

�t�h�e� �t�o�p� �o�f� �t�h�e� �"�t�r�e�e�"� �a�n�d� �g�r�a�d�u�a�l�l�y� �p�r�o�g�r�e�s�s� �t�o� �t�h�e� �"�t�r�u�n�k�"�,� 

�a�s�s�e�m�b�l�i�n�g� �a�l�l� �t�r�i�b�u�t�a�r�y� �f�l�o�w�s�.� �A�n� �e�x�a�m�p�l�e� �w�i�l�l� �b�e� �g�i�v�e�n� 

�l�a�t�e�r� �t�o� �i�l�l�u�s�t�r�a�t�e� �s�p�e�c�i�f�i�c� �d�e�t�a�i�i�s�.� 

�P�r�o�g�r�a�m� �F�e�a�t�u�r�e�s� 
� � 

�T�h�e� �m�a�j�o�r� �f�e�a�t�u�r�e�s� �o�f� �t�h�i�s� �m�o�d�e�l�i�n�g� �s�y�s�t�e�m� �c�a�n� �b�e� �s�u�n�m�-� 

�- ��R�N�M�a�r�i�z�e�d� �a�s� �f�o�l�l�o�w�s�:


