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A combinatorial approach to scientific exploration of gene
expression data: An integrative method using Formal Concept

Analysis for the comparative analysis of microarray data.

Dustin P. Potter

Abstract

This work focuses on a method that integrates gene expression values obtained from microar-
ray experiments with biological functional information in order to make global comparisons
of multiple experiments. The integrated data is represented as a partially ordered set using
methods from Formal Concept Analysis. Appropriate measures defined on such sets are em-
ployed to compare a reference experiment to samples from a database of similar experiments,
and a ranking of similarity is returned. In this work, the mathematical foundations of the
method are presented as well as a fast algorithm for the construction of the representative
lattices. The validity of our method is supported by its application to data sets of both
simulated and reported microarray experiments.
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Leamer, John McGee, José Maŕıa Menédez, Brendan Meuse, Chris Newman, Vinh Nguyen,
Olgamary Rivera-Marrero, Ivan Rothstein, Jesse Seihler, and Paola Vera-Licona. I first set
foot on this academic road at the Evergreen State College and so many kudos go to you, my

iv



Alma Mater–go Geoducks!

v



Contents

1 Inroduction 1

1.1 Extended abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Setting the scene . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2.1 The historical setting . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2.2 From a reductionist to a systems science . . . . . . . . . . . . . . . . 4

1.2.3 Becoming a quantitative science . . . . . . . . . . . . . . . . . . . . 5

1.2.4 Microarray technologies . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3 Standard approaches to microarray analysis . . . . . . . . . . . . . . . . . . 9

1.3.1 Clustering methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.3.2 Statistical modeling methods . . . . . . . . . . . . . . . . . . . . . . 13

1.3.3 Projection methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.3.4 Novel methods with broader goals . . . . . . . . . . . . . . . . . . . . 18

1.3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2 Formal Concept Analysis 22

2.1 Contexts and concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2 Many-valued contexts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.2.1 Scaling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.2.2 Using scales to construct a single-valued context . . . . . . . . . . . . 31

2.2.3 Combining scaled contexts . . . . . . . . . . . . . . . . . . . . . . . . 34

2.3 An algebraic description of apposition lattices . . . . . . . . . . . . . . . . . 35

vi



2.3.1 Algorithm for constructing the lattice B(K1)~B(K2) . . . . . . . . . 40

2.3.2 Complexity of APPOSITION . . . . . . . . . . . . . . . . . . . . . . 43

2.4 The formal concept community . . . . . . . . . . . . . . . . . . . . . . . . . 44

3 microBLAST 46

3.1 Comparative measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.1.1 Graph measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.1.2 Statistical metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.2 A mathematical description of microBLAST . . . . . . . . . . . . . . . . . . 51

3.2.1 Expression lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.2.2 Biological lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.2.3 microBLAST lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.3 Edit distances between microBLAST lattices . . . . . . . . . . . . . . . . . . 58

4 Empirical Results 62

4.1 Description of microBLAST software . . . . . . . . . . . . . . . . . . . . . . 63

4.2 Data sets employed in testing . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.2.1 Simulated gene expression data . . . . . . . . . . . . . . . . . . . . . 65

4.2.2 Reported gene expression data . . . . . . . . . . . . . . . . . . . . . . 67

4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.3.1 Using simulated data, microBLAST identified similarity . . . . . . . . 68

4.3.2 Using reported experimental data, microBLAST identified similarity . 69

4.3.3 Systematically randomized data used to test validity of microBLAST
findings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

4.3.4 Systematically perturbed data used to test robustness to noise . . . . 70

4.4 Discussion of results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.5 A comparison of microBLAST to other analysis methods . . . . . . . . . . . 75

5 Discussion 77

vii



List of Figures

1.1 The normal pathway of information flow . . . . . . . . . . . . . . . . . . . . 4

1.2 A typical example of a genetic model. [92] . . . . . . . . . . . . . . . . . . . 6

1.3 General overview of the design for a microarray experiment. mRNA collected
from a sample are copied into cDNA which are labeled and then washed across
a DNA array [41]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.4 Example of hierarchical clustering of DNA microarray data [45] . . . . . . . 11

2.1 Pseudo-code for generating B(O, A, I) . . . . . . . . . . . . . . . . . . . . . 26

2.2 Concept lattice for the white-collar criminal context in Example 2.1.1. B = Boesky,
Eb = Ebbers, Eh = Ehrlichman, K = Kozlowski, Mc = McDougal, Mi = Milken,
S = Stewart. The concepts in the diagram are labeled such that the top label
corresponds to the extent of the concept and the bottom label to the intent
of the concept. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.3 Hasse diagram with reduced labeling . . . . . . . . . . . . . . . . . . . . . . 28

2.4 The concept lattices for the 3 scales described in Example 2.2.2 . . . . . . . 31

2.5 Hasse diagram of B(SM) and B(CM) . . . . . . . . . . . . . . . . . . . . . . 33

2.6 Hasse diagram for the lattice B(CM)~B(CT )~B(CFE) . . . . . . . . . . . . 36

2.7 Hasse diagram of the two white-color criminal lattices. . . . . . . . . . . . . 37

2.8 Hasse diagram of the FCL B(C1)~B(C2) . . . . . . . . . . . . . . . . . . . . 39

2.9 Diagram of the lattices B(C1) and B(C2) embedded in B(C1)~B(C2) . . . 40

2.10 Pseudo-code for the algorithm APPOSITION . . . . . . . . . . . . . . . . . 45

3.1 microBLAST representation of gene expression profiles of ten genes from two
lupus samples (Lattices A and B) and a control sample (Lattice C). . . . . . 47

3.2 The expression context CE1 and its corresponding FCL B(CE1). . . . . . . . 53

viii



3.3 The context for the data set (G, E2) using the scale AE2,T as well as its
corresponding FCL B((G,E2),AE2,T ). . . . . . . . . . . . . . . . . . . . . . 54

3.4 Single-valued context CB for GO(O) as well as the Hasse diagram for the
lattice B(CB). B1 = ATPase activity, B2 = ATP synthesis, and B3 = ATP
transport. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.5 Hasse diagram of the lattice µ((G,E),AD,T , CB) . . . . . . . . . . . . . . . . 58

3.6 The lattices B(CE1) and B(CB) are embedded in B(CE1)~B(CB) . . . . . . 59

4.1 Quadratic and exponential fit to experimental run time of the implementation
of the LATTICE algorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.2 Pseudo-code for generating simulated data generated from actual gene expres-
sion data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.3 The average edit distance distribution between pre-determined similar and
dissimilar mock samples with 25% noise added. . . . . . . . . . . . . . . . . 68

4.4 The average edit distance distribution between pre-determined similar and
dissimilar mock samples with 50% noise added. . . . . . . . . . . . . . . . . 69

4.5 Hierarchical clustering (A) of experimental data using Euclidean distance . . 70

4.6 The plot (B) of the edit distance between a reference experiment and the other
samples in the database. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.7 The average edit distance distribution between pre-determined similar and
dissimilar samples. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.8 Contour plots of the edit distances between samples from the real (left) and
randomly redistributed (right) microarray experiments. Though the labels for
the random data are not biologically significant, they are preserved for ease
of readability. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.9 The average edit distance between a sample and its subsequently perturbed
samples. The x-axis corresponds to the number of genes perturbed. The error
bars for the standard deviation from the mean are also plotted. . . . . . . . 74

ix



List of Tables

1.1 The genetic code for amino acids [61] . . . . . . . . . . . . . . . . . . . . . . 3

2.1 Cross table for white-collar criminal context. C = Conspiracy, F = Fraud,
GL = Grand Larceny, IT = Insider Trading, OJ = Obstruction of Justice,
and P = Perjury. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2 Many-valued context representing the vital statistics collected from 5 auto-
mobiles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.3 Scale for transforming the attributes Make and Type . . . . . . . . . . . . . 31

2.4 Scale for transforming the attribute Fuel Economy . . . . . . . . . . . . . . . 32

2.5 Single-valued contexts for the attributes Make and Type . . . . . . . . . . . 32

2.6 Single-valued contexts for the attribute Fuel Economy . . . . . . . . . . . . . 32

2.7 Cross table for the context CM |CT |CFE (A = Accord, B = Beetle, C = Civic,
E = Explorer, J = Jetta, W = Wrangler, F = Ford, H = Honda, Jp = Jeep,
Cp = Coupe, S = Sedan) with corresponding concept lattice. . . . . . . . . . 35

2.8 Cross tables for the contexts C1 (C = Conspiracy, F = Fraud, GL = Grand
Larceny, IT = Insider Trading, OJ = Obstruction of Justice, and P = Perjury)
and C2 (Cel = Celebrity, M = Male, and CEO = Chief Executive Officer). . 37

3.1 Scale used to transform the multi-valued context in Example 3.2.1 . . . . . . 52

3.2 GO molecular function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

x



Chapter 1

Inroduction

1



Dustin P. Potter Chapter 1. Introduction 2

1.1 Extended abstract

Functional genetics is the study of the genes present in a genome of an organism, the complex
interplay of all genes and their environment being the primary focus of study. The motivation
for such studies is the premise that gene expression patterns in a cell are characteristic of its
current state. The availability of the entire genome for many organisms now allows scientists
unparalleled opportunities to characterize, classify, and manipulate genes or gene networks
involved in metabolism, cellular differentiation, development, and disease.

System-wide studies of biological systems have been made possible by the advent of high-
throughput and large-scale tools such as microarrays which are capable of measuring the
mRNA levels of all genes in a genome. Tools and methods for the integration, visualization,
and modeling of the large-scale data obtained in typical systems biology experiments are
indispensable. Our work focuses on a method that integrates gene expression values obtained
from microarray experiments with biological functional information related to the genes
measured in order to make global comparisons of multiple experiments.

In our method, the integrated data is represented as a lattice and, using appropriate mea-
sures, a reference experiment can be compared to samples from a database of similar ex-
periments, and a ranking of similarity is returned. In this work, support for the validity
of our method is demonstrated both theoretically and empirically: a mathematical descrip-
tion of the lattice structure with respect to the integrated information is developed and the
method is applied to data sets of both simulated and reported microarray experiments. A
fast algorithm for constructing the lattice representation is also developed.

1.2 Setting the scene

1.2.1 The historical setting

The biologist seeks to understand both the molecular components that make up all living
things as well as their complex interactive networks [94] with the ultimate goal of completely
understanding the function of biological organisms [71]. It took Mendel [85] to plant the
seeds of our present day understanding of inheritance, Morgan [90] and to point us in the
direction of the chromosome for the location of the theoretical gene, and Watson, Crick [125]
and Franklin [83] to give us the double-helix blueprint for all living organisms before such
noble aspirations could take root and become a possibility. The flow of cellular regulatory
information has been established, DNA is transcribed into RNA which is then translated
into protein which in turn interacts with the cellular environment (see figure 1.1) [60].

It is the unique underlying structure of deoxyribonucleic acid (DNA) that enables genetic
biology. The base pairs – adenine (A), cytosine (C), guanine (G), and thymine (T) – can be
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arranged in almost any sequence in the DNA molecule and hence any digital information can
be stored in this unique structure. Within ten years of Watson and Crick’s initial discovery,
Meselson and colleagues showed that the information encoded in DNA is transferred to the
rest of the cell by the transcription of each gene into a complementary molecule, called
messenger RNA (mRNA) [18]. mRNA is made up of A, C, G, and uracil (U) which replaces
T. The 20 amino acids, the building blocks of all proteins, are each comprised of a string
of three bases of DNA and RNA: each triplet of nucleic acids (codons) in a gene encodes
one amino acid [34]. For example, AGT encode the amino acid serine [61]. Combinatorially,
there are 43 = 64 possible codons, 61 of which encode for the 20 amino acids, with obvious
redundancy, and 3 of which act as markers that signal the termination of the growing protein
chain (see Table 1.1 for the amino acid dictionary).

Table 1.1: The genetic code for amino acids [61]

Second Position
U C A G

F phenyl- U T
i U alanine serine tyrosine cysteine C h
r leucine stop stop A i
s stop tryptophan G r
t U d

C leucine proline histidine arginine C
P A P
o glutamine G o
s U s
i A isoleucine threonine asparagine serine C i
t A t
i methionine lysine arginine G i
o aspartic U o
n G valine alanine acid glycine C n

glutamic A
acid G

With the findings of Crick and colleagues in 1961 [34], the normal pathway of information
flow was established: DNA is transcribed into RNA which is then translated into protein
(see Figure 1.1). This flow of information suports Crick’s central dogma of molecular biology
as enunciated in 1958 [119] and published in 1970:

The central dogma of molecular biology deals with the detailed residue-by-residue
transfer of sequential information. It states that such information cannot be
transferred from protein to either protein or nucleic acid [35].
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Though it is now known that the flow of information is not as linear nor as closed a system
as depicted in Figure 1.1 [60], it will suffice for our purposes.

Figure 1.1: The normal pathway of information flow

With the central dogma and the pathway of information flow as a starting point, molecular
biologists have branched out in many directions with the goal of understanding the interactive
dynamic network of the different molecules that make up the cell. Presently we have a broad
and well-founded basic understanding of elementary processes behind heredity, evolution,
development, and disease [71]. In the half century since Crick et al.’s description of DNA,
thousands of genes have been identified and the function of their transcription determined.

1.2.2 From a reductionist to a systems science

Until very recently all approaches were reductionist in nature [59]: experiments and findings
were restricted to local interactions at the molecular level (i.e., a gene or a protein). Discov-
eries about individual components are stitched together to construct a system-level view of
the system whether it be a tissue, an organ, or an organism. Great strides in the understand-
ing of complex organisms as well as advances in medicine have been made with reductionist
approach. The original human genome project (which some herald as the hallmark of the
systems-biology paradigm shift) was first proposed within reductionism: determine all genes;
find out their respective functions; draw biological conclusions; apply them to medical prob-
lems [52]. However, we have come to realize that even though the nucleotide sequence of
the human genome is known, the original framework of the human genome project was too
limited. There is not always a mapping from one gene to one protein with a single function
[48]; non-coding sequences play an integral part in gene regulation as do signals from the
extra-cellular environment [20]; and auxiliary molecules are central in the transcription of
many genes [64].

Though necessary for understanding, reductionist approaches are too cumbersome and lim-
ited for many of the biological issues that confront scientists today and hence are not suffi-
cient. For example, Dr. von Eschenbach of the National Cancer Institute stated that because
of the large size of cancer networks as well as the lack of knowledge concerning the kinetic
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interaction of enzymes in the network, in order to meet the goal of the National Cancer Act
– to conquer cancer by 2015 – the reductionist approach must be replaced by an integrative
methodology [124]. Motivated by the human genome project and encouraged by multiple
areas of biological research, programs such as “transcriptomics”, the measurement of differ-
ent mRNA levels [120]; “proteomics”, the large scale study of protein expression structure
and function [98]; and “metabolomics”, the study of the metabolic profile of a cell [93], have
been developed in order to better understand the interaction of all relevant molecular species
and the regulation of their synthesis [52]. These new approaches can be characterized as a
systems approach to biological understanding as described by Ideker et al.:

... it [systems biology] investigates the behavior and relationships of all of the
elements in a particular biological system while it is functioning. These data can
then be integrated, graphically displayed, and ultimately modeled computation-
ally [63].

The central goal of reductionist biology is to describe the mechanisms of life in terms of
simple deterministic principles while the goal of systems biology is to understand the orga-
nization, function, and evolution of an organism and its environment [6]. As evidenced by
the incredible growth of companies, academic departments, scientific journals, and confer-
ences with the words “systems biology” in the title, there is little doubt that the systems
approach to biological research will be a driving mode. In this time of philosophical tran-
sition, however, “the baby must not be thrown out with the bath water”: the biological
discoveries made via traditionally reductionist means are essential to our understanding of
life and will be integrated into a more inclusive picture through systems biology. In other
words, the understanding of individual or small groups of genes, proteins and metabolites
will continue to be important to the advancement of biological understanding; the focus of
biological research, however, is shifting to an understanding of the structure and dynamics
of an entire system [72].

The systems approach to biology, and in general the sciences, is by no means a new methodol-
ogy. In the late forties, Norbert Wiener’s systems-level approach led to biological cybernetics
[126]. Ahead of his time, Ludwig von Bertalanffy, in the late sixties, proposed a systems-
theory of everything in which biology sat near the center of his hierarchical structure of the
sciences with respect to complexity [123]. However, it was not until recently that methods
for high-throughput measurement/observation of system-wide levels of mRNA, proteins, and
metabolites were developed, allowing for the approaches expounded by Wiener, Bertalanffy,
and their colleagues to be realized.

1.2.3 Becoming a quantitative science

The development of tools for system-wide high-throughput measurements has not only al-
lowed for the realization of systems biology but has also encouraged the development of
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molecular biology as a quantitative science, as opposed to being solely descriptive [1]. A
typical genetic model has traditionally been comprised of either verbal descriptions, a car-
toon model, or line diagrams (e.g., Figure 1.2) in which the vertices correspond to genes,
proteins, or metabolites and an edge exists between two vertices if there is a biological rela-
tionship between the two molecules (e.g., one gene regulates the transcription of the other, a
protein is the product of a gene, two proteins bond to form a complex molecule, a metabolite
is converted into another through an enzyme, etc.).

Figure 1.2: A typical example of a genetic model. [92]

It should not be misconstrued however that all information at the gene/protein/metabolite
level can now be represented quantitatively. Much of the known information with respect to
genomics is descriptive or nominal in nature. Following are examples of descriptive charac-
teristics of genes and their transcripts.

Protein Motif: A pattern of amino acids that is conserved across many proteins and
confers a particular function. For example, the presence of one particular motif in a protein
indicates that the protein probably binds ATP and may therefore require ATP for its action
[5].
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Gene Ontologies: Ontologies are ‘specifications of a relational vocabulary’. In other
words, they are sets of defined terms like the sort that one would find in a dictionary, but
the terms are networked. The terms in a given vocabulary are likely to be restricted to
those used in a particular field, and in the case of GO, the terms are all biological. The
Gene Ontology (GO) project is a collaborative effort to address the need for consistent
descriptions of gene products in different databases. The GO collaborators are developing
three structured, controlled vocabularies (ontologies) that describe gene products in terms
of their associated molecular functions, biological processes, and cellular components in a
species-independent manner [33]:

Molecular functions: Molecular function describes activities, such as catalytic or
binding activities, at the molecular level. GO molecular function terms represent
activities rather than the entities (molecules or complexes) that perform the actions,
and do not specify where or when, or in what context, the action takes place. Molecular
functions generally correspond to activities that can be performed by individual gene
products, but some activities are performed by assembled complexes of gene products
[32].

Biological process: A biological process is a series of events accomplished by one or
more ordered assemblies of molecular functions [32].

Cellular component: A cellular component is a component of a cell but with the
proviso that it is part of some larger object, which may be an anatomical structure
(e.g., rough endoplasmic reticulum or nucleus) or a gene product group (e.g., ribosome,
proteasome or a protein dimer) [32].

Enzyme Commission (EC) Numbers: EC numbers are a numerical classification scheme
for enzymes, based on the chemical reactions they catalyze. As a system of enzyme nomen-
clature, every EC number is associated with a recommended name for the respective enzyme.
Every enzyme code consists of the letters ”EC” followed by four numbers separated by peri-
ods. Those numbers represent a progressively finer classification of the enzyme. For example,
the enzyme tripeptide aminopeptidase has the code EC 3.4.11.4 which is constructed as fol-
lows: 3 stands for hydrolases (enzymes that use water to break up some other molecule), 3.4
for hydrolases that act on peptide bonds, 3.4.11 for those that cleave off the amino-terminal
amino acid from a polypeptide, and 3.4.11.4 for those that cleave off the amino-terminal end
from a tripeptide [127].

1.2.4 Microarray technologies

Genomics has been revolutionized by the advent of recent quantitative means of measuring
the levels of mRNA, protein, and metabolites. Though the method proposed in this paper
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can theoretically be applied to all three types of high-throughput measurements, our present
work focus on the analysis of microarray data (i.e., the measurements of mRNA levels
in a sample). Therefore, the continuation of this chapter will focus on the elucidation
of microarray technologies and the analysis methods developed for working with the data
generated by the technology. The following description is derived from Drăghici’s book [41].

In the most generic of definitions, a microarray, or DNA array, is a synthetic slide (nylon
membrane, glass, plastic, or silicon wafer) upon which various sequences of single stranded
or complementary DNA (cDNA) are deposited. Usually, the cDNA are adhered to the slide
in a regular grid-like arrangement. As proposed by Duggan et al. [44] the cDNA printed on
the slides are referred to as probes.

When used in gene expression studies, the probes printed on the arrays typically correspond
to reduced portions of known gene sequences. The DNA targets to be tested on the array
are obtained by reverse transcription of the mRNA (see Figure 1.3). The targets have an
affinity to bind with probes on the slide which have complementary nucleotide sequences.
Since the targets are labeled with a fluorescent dye, a radioactive element or by some other
detectable element, the hybridized spot on the array can be detected and quantified. The
targets are allowed to hybridize to the array, after which time they are washed and scanned.
The intensity of dye or radioactivity at each spot is interpreted as being related to the
amount of mRNA present in the sample which, by the central dogma, is in turn related to
the amount of protein produced by the gene corresponding to the location on the array.

The actual implementation of this process can be carried out in a number of ways. The
two most widely used approaches are cDNA two channel and Affymetrix oligonucleotide
technologies. In the two channel design, targets are labeled with two distinct dyes (most
commonly cy3 and cy5). Typically, targets from a control sample are labeled with one
dye and targets from the experimental sample labeled with the other. The ratio of the
intensities of the two dyes is then interpreted as the fold-change of gene expression between
control and experiment. In the Affymetrix design, there are two types of probes printed
on the array: reference probes and mismatch probes. The reference probes match a target
exactly. For every reference probe there is an adjacent probe with a sequence that differs from
the reference only at the central base position–this probe is called a mismatch. Typically,
the average difference between reference and mismatch intensities is taken as the expression
value of the gene.

Both technologies have strengths and weaknesses and at this time there is no consensus as
to which is superior for gene expression experiments. cDNA technologies are presently more
flexible, allowing for the spotting of almost any sequence, while the Affymetrix technology is
generally more reproducible [11, 81]. The field of molecular biology will eventually sort this
out. For our purposes, the end result of either technology is the same: a quantitative value
is assigned to each gene which is interpreted as corresponding in some way to the amount of
mRNA expressed by the gene in the system being studied.
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Figure 1.3: General overview of the design for a microarray experiment. mRNA collected
from a sample are copied into cDNA which are labeled and then washed across a DNA array
[41].

1.3 Standard approaches to microarray analysis

There are an estimated 20,000 - 25,000 genes encoded by the human genome, however, cel-
lular responses to environmental changes are determined by the expression of only a small
subset of these genes [110]. In many areas of research and medicine, the exact genes respon-
sible for a particular biological function or response are not known. As such, microarrays
have become the method of choice for many fields in which it is necessary to profile changes
in gene expression levels under different conditions [47]. In the area of medical research,
gene expresion signatures shows promise as a means of providing “individualized” treatment
for different medical conditions [46]. The pharmaceutical industry uses the technology to
monitor and detect potential biomarkers for therapeutic intervention as well as to moni-
tor changes in expression levels in response to a treatment [36, 38]. In the area of cancer
research, scientists are using microarrays to define new pathological subclasses for tumors,
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discover genetic markers associated with different cancers, and develop means of predicting
responses to treatment [14, 13].

Two aspects of microarray data make the analysis of gene expression patterns exceptionally
challenging. First, even with recent advances in microarray technology, there is a high
variability between slides making difficult the detection of statistically significant variance
between expression patterns [112]. The variability is mostly caused by the probe labeling
process as well as inconsistent experimental conditions (temperature, hybridization pattern,
etc.). Second, if p genes are measured with a microarray, then the result is a p-dimensional
random vector with mutually dependent components. Cost, both monetary and temporal,
makes it prohibitive to generate more than a small number (with respect to p) of replicates.
Due to the underdetermination of the system, classical statistical approaches to data analysis
are inadequate for working with microarray data.

Existing clustering/classification approaches used for analyzing microarray data can be cate-
gorized into two broad categories: supervised and unsupervised [77]. The two approaches are
distinguished by the degree to which prior information or hypotheses concerning the mea-
sured samples are used in the analysis of the sample. Supervised approaches are most useful
when samples can be grouped into different classes via known classifications (for example,
normal versus infected tissue). Such approaches can then be used to detect gene signatures
or expression patterns that distinguish the different classes as well as provide means for
predicting class membership [4, 19, 55, 77]. When little prior biological information concern-
ing the samples is known, unsupervised methods are most appropriate for microarray data
analysis [17]. Such approaches are important for discovering biological mechanisms as well
as genetic regulatory systems [116, 22, 107]. Since the method proposed in this paper is an
unsupervised analysis tool, we will further expound these techniques.

Unsupervised methods can be further decomposed into three categories: clustering ap-
proaches, model-based approaches, and projection approaches. Clustering approaches use
similarity of behavior as the criterion for grouping genes and experiments [39, 22], making
the data easier to analyze [67]. The broad hypothesis of clustering methods is that genes
that are similarly expressed under similar experimental conditions are functionally related.
Model-based methods propose a model, or family of models, that best describes the inter-
actions between the biological entities in the system as well as experimental interactions
(such as dye effect and chip location); the data sets are then used to train the parameters
[129, 49, 39]. Discovery of differentially expressed genes is the most common use of modeling
methods for the analysis of gene expression data. Projection methods decompose a data set
into components that have desired properties [82, 2]. Most projection methods employed for
microarray data analysis are based on either principal component analysis (PCA) or inde-
pendent component analysis (IPA) [77] and are often used to either reduce the dimensionality
of the data so as to employ other analysis tools or as a clustering technique.
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1.3.1 Clustering methods

Scoring

The most straightforward approach for identifying and grouping genes of interest is to apply
a scoring method. For example, each gene in the experiment can be assigned a value based
on (a) whether its expression level is significantly changed in one experimental condition,
(b) whether, over all experimental conditions, there has been significant aggregate change,
(c) whether the expression pattern across experiments shows high diversity with respect to
established information criteria [39]. In a comparative analysis of different scoring methods,
Cunningham et al. [36] have shown that scoring based on Shannon entropy allows for the
most conclusive distinction of drug-specific expression patterns .

Hierarchical clustering

Beyond general scoring methods, approaches based on a “guilt by association” (GBA) cri-
terion are the simplest techniques for clustering genes or samples with possibly shared func-
tional or regulatory signatures. Hierarchical clustering, a method long employed by the bi-
ological community for generating phylogenetic trees, is the most widely used GBA method
[112]. Relationship among the genes (or samples) are represented by a tree with leaves la-
beled by the genes (samples) and branch lengths reflecting the degree of similarity between
genes (samples) based on some metric defined on the sample space (see Figure 1.4) [45].

Figure 1.4: Example of hierarchical clustering of DNA microarray data [45]

As noted by Eisen et al. [45], when working with complex data sets, it is natural to first scan
for large-scale features and then focus on the more interesting details. Hierarchical clustering
organizes the data in a way that enables such an intuitive approach to analyzing them. Since
few assumptions about the nature of the data are required, hierarchical clustering is an ideal
approach for hypothesis-free data analysis.



Dustin P. Potter Chapter 1. Introduction 12

However, hierarchical clustering does have a number of deficiencies as a method for gene
expression analysis. Gene expression patterns can be similar in multiple distinct ways,
however hierarchical trees are only capable of reflecting singular relationships [113]. It has
also been noted that hierarchical clusters are not unique nor are they robust to noise and
outliers [89]. Finally, hierarchical trees are best suited for representing data that has an
underlying hierarchical structure; however, there is no support for such relationships in
biological functions of different genes [112].

Self-organizing Maps

The method of self-organizing maps directly partitions genes into clusters thus avoiding some
of the difficulties inherent in hierarchical clustering. First applied to expression data by
Tamayo et al. [113], self-organizing maps construct ordered low-dimensional representations
of a data space. In the approach, each gene is initially assigned a vertex in an n-dimensional
lattice. Random vertices are selected and iteratively adjusted in the n-dimensional space
according to the gene expression pattern. In the end, genes that belong to clusters that
are close to each other in the geometry of the lattice are more similar (at least in terms of
expression pattern) than genes that belong to clusters that are farther away from each other.

As with hierarchical clustering, no prior information about the distribution of the data is
necessary for confidently constructing self-organizing maps. Also, the results are easy to
visualize and, as with hierarchical clustering, allows for intuitive analysis of the data. The
clustering algorithms are relatively fast and scalable to large data sets [111]. In a comparison
with hierarchical clustering, Mangiameli et al. [84] found self-organizing maps more robust
when used to analyze data sets with dispersion, irrelevant variables, outliers, and non-uniform
densities.

The strength of self-organizing maps is also a weakness. The method does not require
any knowledge concerning the distribution of the data, hence no statistical tools exist for
providing a theoretical foundation. Without a statistical model underlying the method, no
measure of confidence can be assigned to the findings [112].

K-means clustering

Similar to self-organizing maps, K-means clustering partitions the genes into distinct non-
overlapping groups. However, in K-means clustering, the number of partitions must be
decided upon beforehand and is not determined by the data. Initially, K centroids c1, . . . , ck

are randomly chosen. Each expression value xi is assigned to the cluster with centroid cj

such that the squared distance ||xi − cj||2 is minimized. The average value of each cluster
is computed and becomes the new centroid values. The genes are re-assigned to the cluster
with centroid that minimizes the squared distance from its expression value. This process is
repeated until the centroid values do not change [29].
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K-means clustering has many of the same positive attributes as self-organizing maps (i.e.,
visually accessible and no prior information required). Tavazoie et al. [115] demonstrated
the promise of K-means clustering with their work with Saccharomyces cerevisiae when they
generated clusters, unbiased by prior biological knowledge, that were significantly enriched
with genes of similar function.

This method seeks to minimize the least squares distance between gene expression values
and the centroid of the cluster to which the genes are assigned. This is a combinatorial
optimization problem and as such the global optimum will most likely not be found [29].
Different initializations therefore will lead to different clusters. As with self-organizing maps,
there is no statistical theory underlying the method and therefore no means of assigning
confidence [112].

These three are, by far, not the only clustering techniques that have been applied to mi-
croarray data; they are simply the most common. Other approaches are, but not limited
to, independent and principal component analysis (see Section 1.3.3), supermagnetic fields
and Superparamagnetic Clustering [40, 51], block clustering [43], coupled two-way clustering
[114], and hybrid clustering methods [130].

1.3.2 Statistical modeling methods

A model is a mathematical idealization that is used as an approximation to represent the
outputs of a system, and a statistical model represents the outputs in terms of probabilities
[106]. The intensity values of the probes on a slide comprise the outputs of microarray
models and the parameters used range from rates of change due to response to gene chip
interaction to response to hybridization [78]. Models employed as well as the distribution
of their parameters depend on the technology used to measure the expression levels. For
example, a simple, but useful model, used for microarray data collected with Affymetrix
chips would be:

yij = PMij −MMij = θiφj + εij

where yij is the jth probe for the gene in the ith sample, MMij and PMij denote the intensity
values of the mismatch and perfect match probes respectively, θi is the expression value of
the gene, φj is the rate of increase of the PM response, and εij is the error [78]. Obviously
the parameters would have to be changed if the model were to work with measurements from
a two-channel array.

Another generic model useful for detecting differentially expressed genes in an experiment
with two conditions and K1 and K2 replicates of the first and second condition is:

Yjk = αj + βjΥK1(k) + εjk
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where Yjk is the jth genes expression value on the kth array, ΥK1(k) = 1 if k ≤ K1 and
zero otherwise, and ε is the random error. Then αj + βj and αj are the mean expression
levels of the jth gene under the two respective conditions. Determining differential expression
between conditions then reduces to testing for the null hypothesis

H0 : βj = 0 against H1 : βj 6= 0

[95].

It is often assumed that in microarray experiments, the factors modeled are not independent
and have a synergistic interaction in which the combined effect of the two or more factors
at the same time is greater than the sum of their individual effects [41]. Two-way factorial
designs model this assumption. A basic example would be:

yijg = µ + Ai + Dj + Gg + (AD)ij + (AG)ig + (DG)jg + εijg

where yijg is the expression value of the gene on the ith array, on the jth channel under the
gth treatment; µ is the average expression value; A is the array effect; D is the dye effect, G
is the gene effect, and ε is the random error.

Other models use the above models as a theoretical starting point and then define more
sophisticated models to analyze the behavior of genes. Such models fall into two broad
categories, those that handle data from a single array with only one gene per slide, and
those that can work with (or require) multiple or replicate expression values for each gene
[96]. Lee et al. [76] demonstrated that due to high signal-noise ratio replicates are necessary
in order to guarantee confidence in any statistical finding . More important, some have
demonstrated differential variability among various genes, hence replicates are necessary to
assess the different variability [62, 91]. The three general techniques outlined below work
with replicate microarray data.

ANOVA

Probably the most widely used statistical model for discovering differentially expressed genes,
ANalysis Of VAriance (ANOVA) is a collection of statistical models that separates the ob-
served variance of an experiment into assignable causes [41]. Related to the t-test, ANOVA
tests between the means of two or more groups. However, unlike the t-test, the probability
of making a type-I error (the null hypothesis is rejected even though it is true) does not
increase with multiple tests [97].

A key of the ANOVA method is that it systematically estimates the parameters of a factorial
design based on all relevant data as opposed to a piecemeal approach [68]. The method also
allows one to study the dependence and variance of signal relative to different positions on
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the array [105]. As an analysis tool, ANOVA has been widely used to estimate confidence
intervals of expression levels [69, 118].

ANOVA models make assumptions that are not satisfied by microarray data. Two key
assumptions are that the data is normally distributed and that the genes are independent.
There is no experimental support for the first assumption, and the second assumption is
clearly false. The key strength of ANOVA, however, is that it estimates all factors involved
in the design as well as provides a means of estimating the quality of the results [41].

Normal mixture model

The application of mixture models for gene expression analysis has generally been with
experimental designs in which two conditions are investigated and there are m and n replicate
arrays measuring expression under two conditions X and Y respectively [95]. A t-type score
Zi is applied as the test statistic [118, 95]:

Zi =
X̄i − Ȳi√

vxi/m + vyi/n + a0

for gene i where X̄i and Ȳi are the sample means, vxi and vyi are the sample variance, and
a0 a constant that stabilizes the denominator. To obtain an estimation of the distribution
of the Zi, Pan et al. [95] suggest permuting the labels and generating test statistics Zσ

i for
each permutation σ. The distribution of the Zjs corresponding to genes for which the null
hypothesis is true (i.e., the gene is not differentially expressed in the two conditions) has
the same distribution as the Zσ

i s. By this observation, if f is the distribution of all the Zis,
f0 is the distribution of all the Zσ

i s, and f1 is the distribution of the Zjs for which the null
hypothesis is not true, then

f = p0f0 + p1f1

where p1 is the proportion of the genes which are differentially expressed and p0 = 1 − p1.
A Normal mixture model is then used to estimate f and f0:

f0(z; Ωg0) =

g0∑
i=1

πiφ(z; νi, Vi)

where φ(·; νi, Vi) is the normal density function with mean νi and variance Vi, the πi are
mixing proportions, and the Ωg0 represent all unknown parameters. The distribution f is
estimated using the same type of model.

The use of Normal components in a mixture distribution is natural when working with
continuous data [95]. Tail probabilities are estimated with greater stability with Normal
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mixture models rather than other standard kernel and local likelihood estimators [96]. Tail
probabilities play a central role in determining statistical significance for the test statistic,
hence the power of Normal mixed models.

Any statistical model makes assumptions concerning the distribution of its factors that may
not be biologically supported, and Normal mixed models are no exception. The random
errors are assumed to have symmetric distribution about 0 and the biological random errors
all have the same distribution, up to suitable standardization [95]. The model also relies on
subtle assumptions about the dependency between the genes that are difficult to verify [108].

Empirical Bayes model

Originally introduced by Newton et al. [91], empirical Bayes models begin with the same
test statistic Zi and distribution description, f = p0f0 + p1f1, as the Normal mixture model.
Bayes’ rule is then used to give the posterior probabilities p0(Z) and p1(Z) for determining
differentially expressed genes:

p0(Z) =
p0f0(Z)

f(Z)

and
p1(Z) = 1− p0(Z).

The key difference is that instead of trying to estimate the overall proportion of differentially
expressed genes, p1 becomes an indeterminate parameter of the model [108]. In application,
the overall proportion of differentially expressed genes, both detected and not, must be
specified in advance. Adjusting this value will affect the posterior odds. However, the order
in which the genes are ranked will remain unchanged.

The hypotheses concerning the distribution of random errors are identical to those for mix-
ture models and so empirical Bayes models suffer from the same difficulty of working with
assumptions that are difficult to validate. The model also requires multiple replicates in
order to guarantee confidence in the results; this is still a limitation due to the prohibitive
costs of microarray experiments.

There are probably as many statistical modeling methods applied to microarray data as there
are statisticians working on the problem, hence the above is by far not a complete list of all
modeling methods in use but provides an idea of the techniques that exist. Other promising
modeling methods consist of, but are not limited to, the following: ratio-based decision
methods [28], hierarchical models [91], maximum-likelihood analysis [62], gene shaving [58],
and plaid models [75].
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1.3.3 Projection methods

Projection methods decompose a data set into components that have desired properties.
The data is linearly decomposed to reduce the dimensionality of the data in order to apply
other analysis methods. As discussed above, they can also be used as a clustering approach.
The two widely used methods are principal component analysis (PCA) and independent
component analysis (ICA).

Principal Component Analysis

Formally, PCA is a linear transformation of the data that chooses an orthogonal basis for
the feature space so that the kth basis element points in the direction of the kth greatest
variance of the data [16]. The basis is constructed by applying singular value decomposition
(SVD) to the covariance matrix of the data [132], that is, the principal components are the
eigenvectors of the covariance matrix. In classic applications of PCA, only the first few
components are used to represent the data since they capture the most variance and the last
few components are assumed to capture only ‘noise’ in the data [132]. Jolliffe [65] proposes
that PCA is the optimal dimension-reduction technique with respect to the sum of squares.

As a clustering method, PCA is used to reduce the dimensionality of the data. A clustering
method, such as K-means or self-organizing maps, is applied to the first few principal compo-
nents. The assumption is that the principal components may extract cluster structure from
the data set [132]. There are theoretical results, however, that suggest that this may not be
a valid assumption; Chang [26] showed that theoretically, the first few principal components
may even contain less cluster information than other components. Yeung and Ruzzo [132]
have demonstrated empirically that there is not a measurable benefit to clustering principal
components as opposed to clustering the data directly.

Alter et al. [2] and Misra et al. [88] describe the use of PCA for representing microarray
data as a means of analyzing the data directly. Components that are inferred to represent
noise are filtered out of the data. PCA is then used to construct a picture of the system-wide
dynamics of the data in which genes with biologically equivalent function or regulation have
mathematically equivalent component signature. A similar analysis can be applied when
components correspond to samples or experiments instead of genes, in which case comparable
component signatures are interpreted as similar cellular state or biological phenotype.

PCA is a strong explorative tool when little prior knowledge concerning the data is known.
However, since the focus of exploration is shifted from the analysis of individual genes to
combined effects of genes, the method is not suitable as a classifier nor for detecting differ-
entially expressed genes [88].
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Independent Component Analysis

As with PCA, independent component analysis (ICA) is a method for separating data into
additive subcomponents. However, in ICA, the components are constructed so that each
component is statistically as independent from the others as possible and are not necessarily
orthogonal [77]. In the linear model, it is assumed that the observed data can be linearly
decomposed as

x =
n∑

k=1

aksk

where the vector s = (s1, . . . , sn) of observed signals maximizes some function of indepen-
dence. Nonlinear models have also been developed in which

x = f(s; θ),

where f(¦; θ) is some nonlinear mixing function.

Liebermeister [79] first applied linear ICA for microarray analysis and Lee et al. [77] have
applied nonlinear models. In both applications, the authors used the method to detect
differentially expressed genes as well as attempt to characterize cell behavior with respect
to the different components. Lee et al. found that using nonlinear ICA outperformed many
leading clustering methods with respect to consistently generating clusters composed of
functionally related genes.

In order for ICA to determine a unique solution, it must be assumed that the samples
are linearly independent, that the number of observations is greater than or equal to the
number of independent sources, and that at most one of the signals has Gaussian distribution.
The first and second conditions are not prohibitive when modeling gene expression as a
combination of biological processes sk. However, they are too restrictive if one wants to
model cellular or sample response since it is assumed that molecular components of the cell
are related (possibly linearly) and the forbidding expense of microarray experiments makes
it impossible to make as many measurements as there are active molecular components.
Since biological processes are assumed to be highly non-Gaussian [77], the third assumption
is acceptable for working with gene expression data.

1.3.4 Novel methods with broader goals

Though clustering methods are capable of grouping samples according to a measurement of
similarity, they have predominantly been successful at distinguishing genes which are simi-
lar in biological functionality or expression signature. PCA has been suggested as a means
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for making global comparisons of microarray data, but, as a search of the PubMed database
demonstrates [102], the majority of work has been in applying the method towards compara-
tive analysis of gene response under multiple conditions. Recently two novel approaches have
been proposed for directly comparing cellular response measured via microarray technology.

BlastSets

Proposed by Barriot et al. [10], BlastSets is a method in which directed acyclic graphs are
created that capture particular attributes for a given set of genes (e.g. chromosome location,
EC number, expression profile). The basic principles of the approach are as follows:

• sets of nucleotide sequences are used as a data structure,

• biological knowledge with respect to genes is converted into sets of sequences,

• the sets of sequences are stored in a database which supports public access as well as
the import of new data,

• similarity between sets is measured via a hypergeometric probabilistic model.

Barriot et al. have demonstrated that the method is particularly well suited for the analysis
of hierarchically clustered expression profiles. A publicly available web interface for the
developed BlastSets software is available (http://cbi.labri.fr/outils/BlastSets/).

According to the authors [10], BlastSets is the first method that is capable of analyzing the
integration of bio-molecular information at the cellular level. A strength of the method over
standard clustering techniques is that the groupings of genes (i.e., nucleotide sequences) are
not independent but instead there are often inclusion relationships between the sets. Since
the measure of similarity is a probabilistic model, confidence levels can be assigned to any
findings by the method.

Though the BlastSets method does use heterogeneous information for comparisons, it does
not integrate the data into a comprehensive model but rather compares groupings of genes
that respect different biological characteristics. Within the BlastSets paradigm, once com-
parisons of different structures have been performed, analysis tools for further inspection of
the results are not available.

Meta-Analysis

Rhodes et al. [103] and Khan et al. [70] have proposed a meta-analysis of multiple mi-
croarray data sets collected at different institutions that address similar hypotheses. The
goal of the approach is to statistically assess all of the results from multiple institutions
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simultaneously. The method is capable of removing artifacts of individual studies and yields
sets of differentially expressed genes across experiments that are candidates for constructing
cellular pathways or transcription factor networks.

The Meta-Analysis approach is complex with multiple steps; however, the general idea is that
(1) groups of differentially expressed genes in each experiment are first detected and are used
to define differential expression signatures, (2) the expression distributions for the different
signatures are estimated via standard bootstrap methods, and (3) expression signatures are
intersected, and statistically significant intersections are established and used to identify
transcription profiles characteristic of the multiple samples and hypotheses tested.

The Meta-Analysis method has a well-defined statistical model underlying its approach and
therefore measures exist for determining confidence in the results. Though the approach is
designed for global comparisons of microarray data and can handle the difficulty of comparing
results from different sources, its end goal is the discovery of differentially expressed genes
across multiple experiments as opposed to identifying cellular response signatures determined
by functionality as well.

1.3.5 Summary

As is evident in the abbreviated discussion above, there are myriad methods that have been
developed or adapted to work with the unique data types that is produced in microarray
experiments. Noticeably absent in all but a few approaches are techniques capable of inte-
grating expression data with other types of heterogeneous biological data. Similarly missing
are methods designed to make global comparisons of the cellular response; instead, most tech-
niques are capable only of comparing gene response and detecting differentially expressed
genes. It is imperative for the development of systems biology that methods be developed
that are capable of incorporating knowledge and information from different domains and/or
of making system wide comparisons of multiple experiments.

We propose a method capable of integrating data obtained from gene expression experi-
ments and a priori biological characteristics or functions associated with measured genes;
the integrated data is represented as a single mathematical object, i.e., a concept lattice.
The mathematical representation lends itself to biological discoveries in that relationships
between genes, based on expression levels, genetic information, or both, are encoded in the
lattice structure. In our method, the integrated data can also be realized as an acyclic di-
rected graph and as such, employing appropriate graph measures, a reference experiment can
be compared to samples from a database of similar experiments, and a ranking of similarity
is returned. Indeed, we have christened our method microBLAST due to its operational
resemblance to the popular BLAST tool for comparing a sequence of interest to a large
database of sequences [3]. Also, like BLAST, using a reference gene expression pattern of in-
terest, our method may be tuned to identify global similarity or local similarity from among
comparable experiments in a database.
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The remainder of this thesis will be focused on the foundation, description, analysis, and
empirical support of the microBLAST method. The proposed method is mathematically
founded in the theory of Formal Concept Analysis (FCA) and, more broadly, combinatorics.
In order for this work to be self contained, the second chapter is devoted to introducing the
reader to the basic theory of FCA as well as providing specific results necessary for later
discussions. In Chapter 3, the microBLAST method is rigorously described, comparative
measures are defined, and theoretical results are presented. In the fourth chapter, we present
empirical results in support of our method as well as a comparison of microBLAST to other
existing microarray analysis approaches. In the final chapter, we close with a brief discussion
of future directions of our work.



Chapter 2

Formal Concept Analysis

22
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The first section of this chapter provides the fundamental definitions and theorems of Formal
Concept Analysis (FCA), as established by Wille and Ganter [50]. The second section
explores FCA operations employed in the microBLAST method. In the next section, a new
algorithm for constructing concept lattices is developed. The chapter closes with a brief
description of the FCA community. All definitions in this chapter can also be found in [50].
Theorems, if not original, are appropriately cited.

The central ideas of Formal Concept Analysis revolve around the notion of a formal context
and a formal concept. Of interest is the duality called Galois connection that arises naturally
in different contexts. This duality is often observed between sets whose elements are related,
such as objects and their attributes. In a Galois connection between two sets, the increase
in size of one set corresponds to the decrease in size of the other set and vice versa. For
example, an increase in the number of search terms used in a Google query corresponds, in
general, to a decrease in the number of hits.

The use of the adjective “formal” is to stress that we are working with abstract mathematical
objects which only reflect the notions behind the words “context” and “concept”. For ease of
reading however, we will often omit the word “formal” when discussing contexts and concepts
provided it does not lead to confusion.

2.1 Contexts and concepts

Definition 2.1.1. A formal context is a triple (O, A, I) where O is called the set of objects,
A the set of attributes, and I ⊂ O×A is the binary relationship or incidence between O and
A ( (o, a) ∈ I is read “Object o has attribute a” ).

Example 2.1.1. Consider the set of objects P = {Ivan Boesky, Bernard Ebbers, John
Ehrlichman, Dennis Kozlowski, John McDougal, Michael Milken, Martha Stewart} of infa-
mous white collar criminals and the set of attributes C = {Conspiracy, Fraud, Grand Larceny,
Insider Trading, Obstruction of Justice, Perjury} their possible crimes. With G ⊂ P × C
the relation such that (p, c) ∈ G if and only if the person p was found guilty of the crime c,
(P,C, G) is a formal context.

A convenient way of representing a formal context is with a cross table which is a rectangular
table with its rows labeled by the objects, the columns labeled by the attributes, and a cross
in an entry if the corresponding pair is incident. The cross table for the above context
(P,C, G) is presented in Table 2.1.

Definition 2.1.2. For a set M ⊆ O of objects and a set N ⊆ A of attributes we define

M ′ = {a ∈ A | (m, a) ∈ I for all m ∈ M}
to be the intent of M . Similarly, we define

N ′ = {o ∈ O | (o, n) ∈ I for all n ∈ N}



Dustin P. Potter Chapter 2. FCA 24

Table 2.1: Cross table for white-collar criminal context. C = Conspiracy, F = Fraud,
GL = Grand Larceny, IT = Insider Trading, OJ = Obstruction of Justice, and P = Perjury.

(P, C, G) =

C F GL IT OJ P

Boesky X
Ebbers X X X
Ehrlichman X X X
Kozlowski X X X
McDougal X X
Milken X X
Stewart X X X

to be the extent of N .

In words, the intent (extent) of a set X is the set of attributes (objects) maximal with respect
to being incident to every element in X. In situations where the incidence relationship is not
clear, we will use the incident variable to replace the ′ notation; i.e., for a context (O,A, I),
XI = X ′. This notation will be useful when we are working with multiple contexts. The set
of all intents and extents are denoted by E(O, A, I) and I(O,A, I) respectively.

Definition 2.1.3. A formal concept of the context (O, A, I) is a pair (M,N) with M ⊆ O,
N ⊆ A, M ′ = N , and N ′ = M . The set of all concepts is denoted by B(O, A, I).

For notational ease, ext(C) and int(C) denote the extent and intent of the concept C re-
spectively.

Example 2.1.2. Continuing Example 2.1.1, setting

M = {Obstruction of Justice}′ = {Ehrlichman, Stewart}

and
N = M ′ = {Conspiracy, Obstruction of Justice, Perjury},

then
N ′ = {Ehrlichman, Stewart}

and hence, (M, N) is a concept.

The above example suggests several relationships between intents and extents which are
captured in the following proposition.

Proposition 2.1.1 ([50]). If (O,A, I) is a context, M, M1,M2 ⊆ O are sets of objects and
N,N1, N2 ⊆ A are sets of attributes, then,
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1. M1 ⊆ M2 ⇒ M ′
2 ⊆ M ′

1

2. N1 ⊆ N2 ⇒ N ′
2 ⊆ N ′

1

3. M ⊆ M ′′

4. N ⊆ N ′′

5. M ′ = M ′′′

6. N ′ = N ′′′

7. M ⊆ N ′ ⇐⇒ N ⊆ M ′ ⇐⇒ M ×N ⊆ I

Proof.

1. If m ∈ M ′
2 then (o, m) ∈ I for all o ∈ M2 in particular (o,m) ∈ I for all o ∈ M1 since

M1 ⊆ M2. Hence, m ∈ M ′
1.

2. This follows from an argument identical to that in 1.

3. If m ∈ M then (m,n) ∈ I for all n ∈ M ′ which implies m ∈ M ′′.

4. This follows from an argument identical to that in 3.

5. From 4. we know that M ′ ⊆ M ′′′. From 3., M ⊆ M ′′ which implies by 1. that
M ′′′ ⊆ M ′.

6. This follows from an argument identical to that in 5.

7. If M ⊆ N ′ then N ⊆ N ′′ ⊆ M ′. If N ⊆ M ′ then (m, n) ∈ I for all m ∈ M and n ∈ N
which implies that M ×N ⊆ I. Finally, If M ×N ⊆ I then for all n ∈ N , (m,n) ∈ I
for any m ∈ M and hence M ⊆ N ′

Proposition 2.1.1 demonstrates that the prime operator forms a Galois correspondence be-
tween the power-set lattices P(O) and P(A). It also follows that for any M ⊆ O and
N ⊆ A, (M ′′,M ′) and (N ′, N ′′) are always concepts. This provides an algorithm for generat-
ing B(O, A, I). First, for each element of the object set, the extent of the intent is computed.
For each set created in the previous step, an object not in the set is added and the extent of
the intent of the new set is computed. This process is repeated until all objects have been
incorporated. Such an explanation is difficult to parse, so the pseudo-code is provided in
Figure 2.1. The algorithm is by far not the most efficient; however, it does provide an easy
method for building all the concepts by hand for a small context.
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Figure 2.1: Pseudo-code for generating B(O,A, I)

INPUT ← (O, A, I)

OUTPUT ← ⋃
o∈O

({o}′′, {o}′)

for each X ∈ OUTPUT

for each o ∈ O\ext(X)

Y ← ext(X) ∪ {o}
IF (Y ′′, Y ′) 6∈ OUTPUT

THEN append(OUTPUT,(Y ′′, Y ′))

return OUTPUT

Definition 2.1.4. If C1 and C2 are concepts, C1 is called a subconcept of C2 provided
ext(C1) ⊂ ext(C2) (which is equivalent, by Proposition 2.1.1, to int(C2) ⊂ int(C1)). Under
the same conditions, C2 is called a superconcept of C1 and we write C1 < C2. Then,
(B(O, A, I), <) is a partially ordered set that is denoted by B(O, A, I) and is called the
concept lattice of the context (O, A, I).

Example 2.1.3. The context in Example 2.1.1 has 11 concepts. The Hasse diagram in
Figure 2.2 represents the concept lattice of this context.

The Hasse diagram in Figure 2.2 labels each node by the concept it represents. For large or
complex concept lattices, this can lead to a very messy and confusing diagram. The labeling
can be simplified considerably by using each object and each attribute to label the concept
which it generates (e.g., the object o would be a label for the concept ({o}′′, {o}′)). See
Figure 2.3 for the reduced representation of the Hasse diagram in Figure 2.2. The intents
and extents of each concept can still be read off of the reduced representation. For a node v
in the diagram, the extents of the concepts can be read off from the label of v as well as the
labels of any node that can be reached by a descending path from v. Similarly, the intents
of the concept can be read off from the label of v as well as the labels of any node that can
be reached be an ascending path from v.

The following theorem demonstrates that B(O, A, I) has been named appropriately and is
a lattice.

Theorem 2.1.1 ([50] The Basic Theorem on Concept Lattices). The concept lattice
B(O, A, I) is a complete lattice in which the infimum and supremum are given by
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Figure 2.2: Concept lattice for the white-collar criminal context in Example 2.1.1.
B = Boesky, Eb = Ebbers, Eh = Ehrlichman, K = Kozlowski, Mc = McDougal, Mi = Milken,
S = Stewart. The concepts in the diagram are labeled such that the top label corresponds
to the extent of the concept and the bottom label to the intent of the concept.

∧
t∈T

(Mt, Nt) =

(⋂
t∈T

Mt,

(⋃
t∈T

Nt

)′′)

∨
t∈T

(Mt, Nt) =

((⋃
t∈T

Mt

)′′

,
⋂
t∈T

Nt

)

To prove the Basic Theorem, we need a technical lemma.

Lemma 2.1.1. If T is an index set and, for every t ∈ T , Mt ⊆ O is a set of objects
(respectively Mt ⊆ A is a set of attributes), then

(⋃
t∈T

Mt

)′

=
⋂
t∈T

M ′
t
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Figure 2.3: Hasse diagram with reduced labeling

Proof. We will prove the result for a set of objects M .

(⋃
t∈T

Mt

)′

= {a ∈ A | (m, a) ∈ I for all m ∈
⋃
t∈T

Mt}

= {a ∈ A | (m, a) ∈ I for all m ∈ Mt for all t ∈ T}
=

⋂
t∈T

M ′
t

By the symmetry due to the duality of the correspondence, the proof is almost identical for
M a set of attributes.

Proof. (The Basic Theorem on Concept Lattices)
(⋂

t∈T Mt,
(⋃

t∈T Nt

)′′)
=

(⋂
t∈T N ′

t ,
(⋃

t∈T Nt

)′′)
=

((⋃
t∈T Nt

)′
,
(⋃

t∈T Nt

)′′)

hence
(⋂

t∈T Mt,
(⋃

t∈T Nt

)′′)
is a concept. Obviously

⋂
t∈T Mt is the largest set contained

in Mt for all t ∈ T and therefore the infimum of {(Mt, Nt) | t ∈ T}. The proof for the
supremum is analogous to the above proof.
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Table 2.2: Many-valued context representing the vital statistics collected from 5 automobiles.

Make Type Fuel Economy
(City)

Accord Honda Sedan 25
Beetle VW Coupe 28
Civic Honda Coupe 39
Explorer Ford SUV 15
Jetta VW Sedan 27
Wrangler Jeep SUV 14

2.2 Many-valued contexts

In the common vernacular, “attributes” are not restricted to describing the properties an
object may or may not have as is the case with the formal definition. For example, attributes
such as “color”, “religion”, “gender”,”weight”, “ethnicity”, and “income” can all take on
many values and as such we call them many-valued attributes as opposed to the single-
valued attributes previously considered.

Definition 2.2.1. A many-valued context (G,M, W, I, φ) consists of sets G, M , and W , a
binary relationship I between G and M (i.e. I ⊂ G ×M), and a map φ : I → W . As in
the definition of a single-valued context, the elements of G are called objects and those of M
(many-valued) attributes. The elements of W are called attribute values.

As with single-valued contexts, many-valued contexts can be displayed in table form with
the rows and columns labeled by the objects and many-valued attributes. However, the
attribute value φ(g,m) is entered in the cell with row and column labeled g and m respectively
(provided (g,m) ∈ I).

For a fixed attribute m ∈ M we will often abuse notation and write m(g) for φ(g,m). In
other words, the attribute m can be thought of as the map φ restricted to m.

Example 2.2.1. Many attributes associated with cars are single valued (e.g., A/C, con-
vertible, etc.) though most are many valued by nature. Table 2.2 is a many-valued context
describing the relationship between six cars and three attributes.

The set of attribute values for the context in Table 2.2 is

N ∪ {Honda, VW, Ford, Jeep} ∪ {Sedan, Coupe, SUV}
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2.2.1 Scaling

In order to assign concepts to a many-valued context, the context is transformed into a
single-valued context and the concepts of the single-valued context are interpreted as the
concepts of the many-valued context (alternatives to this approach have been suggested
but will not be explored here, see [57]). If the attribute values are numerical, as with
Fuel Economy in the above example, then the transformation is simply a discretization of
the values. Unfortunately, as with any discretization approach, there is no unique way to
transform a many-valued context onto a single-valued context.

Formally, a many-valued context is transformed by constructing a scaling for each attribute.
The scales are used to construct single-valued contexts for each attribute which are then
combined or joined to form a single-valued context which represents the original many-valued
context.

Definition 2.2.2. A scale for an attribute m ∈ M from a many-valued context (G,M, W, I, φ)
is a (single-valued) context Sm = (Gm,Mm, Im) with Gm = {m(g) | (g, m) ∈ I}.

Any context can be used as a scale; however, there are standard scales that are more natural
than others. In our example, the values for Type are a finite number of categories so it is
natural to use a scale that simply uses each value of Type as an attribute. On the other
hand, the values for Fuel Economy are numeric; a scale that discretizes the values is more
appropriate. Three examples of scales used for discretization are as follows:

Example 2.2.2. (Scales)

Ordinal scale On = (n, n,≤).

O5 =

1 2 3 4 5

1 x x x x x
2 x x x x
3 x x x
4 x x
5 x

Interordinal scale In = (n, n, {≤, ≥})

I4 =

≤ 1 ≤ 2 ≤ 3 ≤ 4 ≥ 1 ≥ 2 ≥ 3 ≥ 4

1 x x x x x
2 x x x x x
3 x x x x x
4 x x x x x

Intraordinal scale An,Sm = (n, Sm,≤ ∗ <) where Sm is a totally ordered set
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A5,{0,2,4,6} =

0 ≤ ∗ < 2 2 ≤ ∗ < 4 4 ≤ ∗ < 6

1 x
2 x
3 x
4 x
5 x

For an expanded list of useful scales see [50]

Figure 2.4 shows the lattices for the above three scales.

Figure 2.4: The concept lattices for the 3 scales described in Example 2.2.2

In Tables 2.3 and 2.4 are the cross tables for scales which could be used to transform the car
context in our running example.

Table 2.3: Scale for transforming the attributes Make and Type

SM=

Ford Honda Jeep VW

Ford X
Honda X
Jeep X
VW X

ST =

Coupe Sedan SUV

Coupe X
Sedan X
SUV X

2.2.2 Using scales to construct a single-valued context

Once a scale Sm = (W,Mm, Jm) is chosen for an attribute m from a many-valued context
(G,M, W, I, φ), a single-valued context Cm = (G,Mm, Im) is defined with
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Table 2.4: Scale for transforming the attribute Fuel Economy

SFE =

≤ 15 ≤ 25 ≤ 35 ≥ 15 ≥ 25 ≥ 35

15 X X X X
16 X X X
... . . .

40 X X X
41 X X X

Table 2.5: Single-valued contexts for the attributes Make and Type

CM =

Ford Honda Jeep VW

Accord X
Beetle X
Civic X

Explorer X
Jetta X

Wrangler X

CT =

Coupe Sedan SUV

Accord X
Beetle X
Civic X

Explorer X
Jetta X

Wrangler X

(gi, mj) ∈ Im if and only if (gi,m) ∈ I and (m(gi),mj) ∈ Jm

Tables 2.5 and 2.6 are the cross tables for the attributes from the car example using the
scales in Tables 2.3 and 2.4.

The scale used to transform a many-valued context can greatly determine the structure of the
resulting lattice. In Figure 2.5 we see that the FCL of a scale and the context transformed
by the scale can be isomorphic.

Table 2.6: Single-valued contexts for the attribute Fuel Economy

CSF =

≤ 15 ≤ 25 ≤ 35 ≥ 15 ≥ 25 ≥ 35

Accord X X X X
Beetle X X X
Civic X X X

Explorer X X X
Jetta X X X

Wrangler X X X
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Figure 2.5: Hasse diagram of B(SM) and B(CM)

Lemma 2.2.1. Consider the many-valued context K = (G, {m}, G×{m},W, φ). Let Cm =
(G,Mm, I) be the single-valued context for K constructed using the scale Sm = (E,Mm, Jm),
with E the range of φ. If φ is defined on all G× {m} and {e}Jm 6= ∅ for all e ∈ E, then, as
lattices, B(Sm) ∼= B(Cm).

To prove two lattices are isomorphic, a bijective map between the two sets which preserves
order must be demonstrated. In our situation, we need to construct a map between the
concepts of the two lattices. Since the attribute sets of both contexts are identical, a map
that preserves intents is the most promising candidate for an isomorphism between the two
lattices.

Proof. Let Y ⊆ Mm. Then

(Y Jm)Jm = {n ∈ Mm | (φ(g, m), n) ∈ Jm for all φ(g,m) ∈ Y Jm}
= {n ∈ Mm | (φ(g, m), n) ∈ Jm for all φ(g,m) ∈ E

such that (φ(g, m), y) ∈ Jm for all y ∈ Y }
= {n ∈ Mm | (g, n) ∈ I for all g ∈ G

such that (g, y) ∈ I for all y ∈ Y }
= {n ∈ Mm | (g, n) ∈ I for all g ∈ Y I}
= (Y I)I

(2.1)

Define ψ : B(Sm) → B(Cm) via ψ((X,Y )) = (Y I , Y )
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By Equation 2.1, ψ is well defined. Now ψ((X1, Y1)) = ψ((X2, Y2)) if and only if Y1 = Y2.
Also, for (Y I , Y ) ∈ B(Cm), (Y Iev , Y ) ∈ B(Sev) by Equation 2.1 and therefore ψ is a bijection.

Finally,

(X1, Y1) ≤ (X2, Y2) ⇐⇒ Y2 ⊆ Y1

⇐⇒ (Y I
1 , Y1) ≤ (Y I

2 , Y2)

⇐⇒ ψ(X1, Y1) ≤ ψ(X2, Y2)

2.2.3 Combining scaled contexts

When transforming a many-valued context (G,M, W, I, φ), there will be a single-valued
context for each element of M ; hence, if M has more than one element, then the multiple
contexts need to be combined to form one unified context. Apposition is the operation
employed to combine multiple contexts having the same set of objects in common.

Definition 2.2.3. Let C1 = (G,M1, I1) and C2 = (G,M2, I2) be contexts. Using the
abbreviations Ṁj = {j} ×Mj and İj = {j} × Ij for j ∈ {1, 2}, then

C1|C2 := (G, Ṁ1 ∪ Ṁ2, İ1 ∪ İ2)

is the apposition of C1 and C2.

The corresponding apposition lattice will be denoted by either

B(C1|C2) or B(C1) ~ B(C2)

By using Ṁj we are requiring that the attribute sets of the two contexts being opposed are
disjoint. This is simply a formality and will not be used if the attribute sets are naturally
disjoint. Under the above definition, apposition is commutative but not associative. Since
non-associativity is due solely to a notational technicality, we will identify the contexts

(C1|C2)|C2 and C1|(C2|C3).

The single-valued context and the lattice corresponding to the car context of our running
example are in Table 2.7 and Figure 2.6.
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Table 2.7: Cross table for the context CM |CT |CFE (A = Accord, B = Beetle, C = Civic, E
= Explorer, J = Jetta, W = Wrangler, F = Ford, H = Honda, Jp = Jeep, Cp = Coupe, S
= Sedan) with corresponding concept lattice.

F H Jp VW Cp S SUV ≤ 15 ≤ 25 ≤ 35 ≥ 15 ≥ 25 ≥ 35

A X X X X X X
B X X X X X
C X X X X X
E X X X X X
J X X X X X
W X X X X X

2.3 An algebraic description of apposition lattices

We will see in the next chapter that apposition plays a big part in the construction of the
microBLAST representation of microarray data. Therefore, some time is spent now on the
mathematical elucidation of the operation. By definition, the attributes of the apposition of
two contexts K1|K2 is the disjoint union of sets of attributes of K1 and K2. The intent of
any concept of B(K1) ~ B(K2) can also be described as the union of the, possibly empty,
disjoint sets of attributes from the set of attributes of K1 and K2 respectively. Since the
incidence relationship of K1|K2 is also defined to be disjoint on the set of attributes, the
extent of the concepts of B(K1) ~ B(K2) can be described in terms of extents from B(K1)
and B(K2). This is clarified in the following lemma.

Lemma 2.3.1. Let Ki = (G,Mi, Ii) be contexts for i ∈ {1, 2}. Then

E(B(K1) ~ B(K2)) =
{

O1

⋂
O2 | Oi ∈ E(B(Ki)) for i ∈ {1, 2}

}

Proof.

The ′ notation will be used to denote the prime operator defined using the incidence relation
from K1|K2 and Ii will be used to denote the prime operator restricted to the context Ki.

Let Oi ∈ E(B(Ki)) for i ∈ {1, 2}. Then (Oi, O
Ii
i ) ∈ B(Ki) for each i. By definition,

(ȮIi
i )′ = Oi, which implies that (Oi, O

′
i) ∈ B(K1) ~ B(K2). Finally,

(O1, O
′
1) ∧ (O2, O

′
2) = (O1 ∩O2, (O1 ∩O2)

′)

and hence,
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Figure 2.6: Hasse diagram for the lattice B(CM)~B(CT )~B(CFE)

{
O1

⋂
O2 | Oi ∈ E(B(Ki)) for i ∈ {1, 2}

}
⊆ E(B(K1) ~ B(K2)).

Let (X,Y ) ∈ B(K1) ~ B(K2). Then Y = Ḃ1 ∪ Ḃ2 where Bi ⊆ Mi for i ∈ {1, 2}. Then

X = Y ′ = Ḃ1
′ ∩ Ḃ2

′
= BI1

1 ∩BI2
2 . Since BIi

i ∈ E(B(Ki)) this completes the proof.

Since the extents of the concepts of B(K1) ~ B(K2) can be described as the intersection
of two sets in the set of attributes from K1 and K2 respectively, it is tempting to assume
that the union of intents of concepts from B(K1) and B(K2) would comprise an intent of a
concept from B(K1)~B(K2). The following example demonstrates that such an assumption
is invalid.
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Figure 2.7: Hasse diagram of the two white-color criminal lattices.

Example 2.3.1. In order to gain some familiarity with lattice appositions, we will reconsider
the infamous white collar criminals from Example 2.1.1 on page 23. Context C1 is the context
discussed in the earlier example and is presented again here in Table 2.8 for ease of analysis.
The second context C2 will also serve as a running example for the following section. The
object set of C2 consists of the same criminals as in C1 however the attribute set is different.
See Table 2.8 for the cross table for C2. The Hasse diagrams are presented in Figure 2.7.

Table 2.8: Cross tables for the contexts C1 (C = Conspiracy, F = Fraud, GL = Grand
Larceny, IT = Insider Trading, OJ = Obstruction of Justice, and P = Perjury) and C2

(Cel = Celebrity, M = Male, and CEO = Chief Executive Officer).

C1 =

C F GL IT OJ P

Boesky X
Ebbers X X X
Ehrlichman X X X
Kozlowski X X X
McDougal X X
Milken X X
Stewart X X X

C2 =

Cel M CEO

Boesky X
Ebbers X X
Ehrlichman X
Kozlowski X X
McDougal X
Milken X
Stewart X X

As a set in the apposition context C1|C2, the extent of the intent of ({C,OJ, P} ∪ {CEO})
is

({C,OJ, P} ∪ {CEO})′′ = {S}′ = {C,OJ, P, Cel, CEO}.

Hence, {C,OJ, P} ∪ {CEO} is not an intent.
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As the example suggests, the union of two intents is not necessarily large enough to be an
intent in the apposition context. The following lemma describes the algebraic structure of
the intents of an apposition context in terms of the original contexts.

Lemma 2.3.2. Let Ki = (G,Mi, Ii) be contexts for i ∈ {1, 2}. For X ∈ B(K1) ~ B(K2),

int(X) =
⋃
{Ȧ1 ∪ Ȧ2 | Ai ∈ I(B(Ki)) and ext(X) = AI1

1 ∩ AI2
2 }

Proof. By definition,

int(X) = ext(X)′

= {m ∈ Ṁ1 ∪ Ṁ2 | (o,m) ∈ İ1 ∪ İ2 for all o ∈ ext(X)}
=

⋃

i∈{1,2}
{m ∈ Ṁi | (o,m) ∈ İi for all o ∈ ext(X)}

= Ẋ1

⋃
Ẋ2 where Xi = ext(X)Ii for i ∈ {1, 2}.

Now, XIiIi
i = Xi and ext(X) = ext(X)′′ = (Ẋ1∪ Ẋ2)

′ = Ẋ1
′∩ Ẋ2

′
= XI1

1 ∩XI2
2 which implies

that

int(X) ⊆
⋃
{Ȧ1 ∪ Ȧ2 | Ai ∈ I(B(Ki)) and ext(X) = AI1

1 ∩ AI2
2 }.

Let ȧ ∈ ⋃{Ȧ1 ∪ Ȧ2 | Ai ∈ I(B(Ki)) and ext(X) = AI1
1 ∩ AI2

2 }. Then there exists A ∈
I(B(Ki)) for some i ∈ {1, 2} such that a ∈ A and ext(X) ⊆ AIi . Now A = AIiIi ⊆
ext(X)Ii ⊆ ext(X)′ = int(X) which implies that a ∈ int(X). This demonstrates the reverse
containment and completes the proof.

Example 2.3.2. (Revisiting Example 2.3.1)

As we have seen, {S}′ is an intent of B(C1) ~ B(C2). Since

{S} = {S}∩{Eh, S} = {S}∩{Eb, Eh, S} = {S}∩{Eb, Eh,Mc, S} = {Eb, K, S}∩{Eh, S}
(all intents of B(K1) and B(K1)) then, according to Lemma 2.3.2,

{S}′ ={Cel, CEO} ∪ {C, OJ, P} ∪ {Cel, CEO} ∪ {C, P} ∪ {Cel, CEO} ∪ {C}
∪ {CEO} ∪ {C,OJ, P}

={C, Cel, CEO,OJ, P}

Lemmas 2.3.1 and 2.3.2 provide a means of describing the concepts of B(K1) ~ B(K2)
completely in terms of intents of concepts in B(K1) and B(K1).
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Theorem 2.3.1.

(X,Y ) ∈ B(K1) ~ B(K2) if and only if there exist Oi ∈ E(B(Ki)) for i ∈ {1, 2} such that

X = O1 ∩O2

and
Y =

⋃
{Ȧ1 ∪ Ȧ2 | Ai ∈ I(B(Ki)) and O1 ∩O2 = AI1

1 ∩ AI2
2 }

Proof. This follows directly from Lemmas 2.3.1 and 2.3.2.

Figure 2.8: Hasse diagram of the FCL B(C1)~B(C2)
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2.3.1 Algorithm for constructing the lattice B(K1)~B(K2)

Theorem 2.3.1 suggests a method for constructing the concepts of an apposition lattice from
the concepts of its generating lattices. Given two concept lattices B(K1) and B(K2), one
simply needs to compute the intersection of the extents in B(K1) and B(K2) and the union
of the appropriate intents. This process does not lend itself to constructing the actual lattice
structure of the apposition lattice.

Given a concept X ∈ B(K1) ~ B(K2) with extent O1 ∩O2, Oi ∈ E(B(Ki)), it is reasonable
to suspect that the neighbors of X are determined by the “intersection” of the neighbors of
O1 and O2. Unfortunately it is not so straightforward; however, the neighborhood structure
of B(K1)~B(K2) is determined by the neighborhood structures of both B(K1) and B(K2)
as we will see in Theorem 2.3.2. In order to gain insight, we will continue with our running
example.

Example 2.3.3.

Figure 2.9: Diagram of the lattices B(C1) and B(C2) embedded in B(C1)~B(C2)

Consider the concepts

V1 = ({Eb, K, Mc}, {C, F}) and V2 = ({Eb, Eh, K,Mc, S}, {C}) in B(C1)

and the concept
W = ({Eb, K, S}, {CEO}) ∈ B(C2).
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Then V1 is a neighbor of V2 in B(C1) (see Figure 2.9).

Now, {Eb, K, Mc}∩{Eb, K, S} = {Eb, K} and {Eb,Eh,K, Mc, S}∩{Eb, K, S} = {Eb,K, S}.
Since {Eb, K} and {Eb, K, S} differ by only one element, namely S, their corresponding con-
cepts in B(C1) ~ B(C2) must be neighbors.

Unfortunately, this is not always the case. Consider the concepts

X1 = ({Eb, K}, {CEO, M}) and X2 = ({B, Eb,Eh, K, Mc, Mi}, {M}) in B(C2)

and the concept
Y = ({B,Mi}, {IT}) ∈ B(C1).

Then X1 is a neighbor of X2 (see Figure 2.9).

Now {Eb, K} ∩ {B, Mi} = ∅ and {B, Eb, Eh, K,Mc,Mi} ∩ {B,Mi} = {B, Mi}. However,
upon inspection of Figure 2.8, one can see that the concepts of B(C1) ~ B(C2) with extents
∅ and {B,Mi} are not neighbors. However, one is a subconcept of the other, which will
always be the case.

As the previous example demonstrates, given two concepts X and Y in B(K1) and B(K2)
respectively, the intersection of ext(X) with the extent of a neighboring concept of Y in
B(K2) is not guaranteed to be an extent of a neighbor of the concept with extent ext(X) ∩
ext(Y ) in B(K1) ~ B(K2). However, as the following theorem demonstrates, the converse
is true, that is, two neighboring concepts in B(K1) ~ B(K2) must have extents that are the
intersections of extents of neighboring concepts in either B(K1) or B(K2).

Theorem 2.3.2. Let Ki = (G, Mi, Ii) be contexts for i ∈ {1, 2}. For Λ1, Λ2 ∈ B(K1) ~
B(K2), if Λ1 ≺ Λ2 then either

1. There exist U ∈ B(K1) and V,W ∈ B(K2) such that:

• ext(Λ1) = ext(U) ∩ ext(V )

• ext(Λ2) = ext(U) ∩ ext(W )

• V ≺ W in B(K2)

or

2. There exist U ∈ B(K2) and V,W ∈ B(K1) such that

• ext(Λ1) = ext(V ) ∩ ext(U)

• ext(Λ2) = ext(W ) ∩ ext(U)

• V ≺ W in B(K1)
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Proof.

By Lemma 2.3.1, there exist A,B ∈ E(B(C1)) and X,Y ∈ E(B(C2)) such that ext(Λ1) =
A ∩X and ext(Λ) = B ∩ Y .

Since Λ1 ≺ Λ2, A ∩X ⊂ B ∩ Y which implies that

A ∩X ⊆ B ∩ (X ∩ Y ) ⊆ B ∩ Y

and hence either A∩X = B ∩ (X ∩ Y ) or B ∩ (X ∩ Y ) = B ∩ Y , otherwise Λ1 could not be
a neighbor of Λ2.

Assume A ∩X = B ∩ (X ∩ Y ):

There exists a maximal chain, with respect to length,

X ∩ Y = Y1 ⊆ Y2 ⊆ . . . ⊆ Yn = Y

such that Yi ∈ E(B(K2)) for all i. Since A∩X = B ∩ (X ∩ Y ) ⊆ B ∩ Yi ⊆ B ∩ Y and
Λ1 ≺ Λ2, it follows that either A ∩X = B ∩ Yi or B ∩ Yi = B ∩ Y for all i and hence
there exist a j such that

B ∩ Yi =

{
A ∩X i ≤ j

B ∩ Y i > j
.

By the maximality of the above chain, (Yj, Y
I2
j ) ≺ (Yj+1, Y

I2
j+1).

By setting U = (B,BI1), V = (Yj, Y
I2
j ), and W = (Yj+1, Y

I2
j+1), the existence statements

of Case 1 of the theorem have been demonstrated

Assume B ∩ (X ∩ Y ) = B ∩ Y :

As in the previous case, there exists a maximal chain

A ∩B = B1 ⊆ B2 ⊆ . . . ⊆ Bn = B

such that Bi ∈ E(B(K1)) for all i. By the same argument as above, there exists a j
such that

Bi ∩ (X ∩ Y ) =

{
A ∩X i ≤ j

B ∩ Y i > j

with (Bj, B
I1
j ) ≺ (Bj+1, B

I1
j+1).

By setting U = (X∩Y, (X∩Y )I2), V = (Bj, B
I1
j ), and W = (Bj+1, B

I1
j+1), the existence

statements of Case 2 of the theorem have been demonstrated.
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We are now in a position to describe the algorithm APPOSITION for constructing an ap-
position lattice B(K1) ~ B(K2) solely from information from its generating lattices B(K1)
and B(K2). The extent of every concept X ∈ B(K1) is intersected with the extent of every
concept Y ∈ B(K2) which, by Lemma 2.3.1, is an extent of B(K1) ~ B(K2). The intents
of X and Y are added to the intent list for ext(X) ∩ ext(Y ). According to Lemma 2.3.2,
if all intersections are performed, such a process is guaranteed to construct the intent of
(ext(X) ∩ ext(Y )). Finally, the extents of all the concepts above X in B(K1) and the ex-
tents of all the concepts above Y in B(K2) are intersected with the extents of X and Y
respectively and tested for being extents of neighbors of ext(X) ∩ ext(Y ). See Figure 2.10
for the pseudo-code for the algorithm APPOSITION. In the code, M∗ is the set of concepts
directly above M in B(K1) ~ B(K2).

By Theorem 2.3.2, the extent of every upper neighbor of M is of the form W ∩X or V ∩ Y
for some representation (X ∩Y, (X ∩Y )′) of M where Y ≺ W and X ≺ V . Then Temp (see
Figure 2.10) are all possible candidates for upper neighbors of M . A candidate neighbor Z
is added to the list if it is a subconcept of K, an element in M∗ (K is subsequently removed
from M∗), or if no concept in M∗ is found to be a subconcept of Z. In this process, all
neighbors of M will eventually be added to M∗, since all combinations of W ∩X or V ∩ Y
will eventually be considered where M = (X ∩ Y, (X ∩ Y )′), Y ≺ W , and X ≺ V . If
a false neighbor K is added to M∗ at some step, then there must be a concept N such
that M ≺ N ≤ K, hence K will eventually be removed from M∗ when the concept N is
considered.

2.3.2 Complexity of APPOSITION

If N = max{|B(K1)| , |B(K2)|}, then the asymptotic complexity of APPOSITION is O(N2).
The complexity of Lindig’s algorithm ??, considered to be the fastest algorithm for con-
structing FCLs, is given as O(|L| |G|2 |M |) where L = B(G,M, I). Since both measures
are based on different parameters, it is difficult to directly compare the complexity of the
two algorithms. Empirical evidence published in the same article supports that the run-
time of Lindig’s algorithm grows quadratically with respect to |L|. We are guaranteed that
N < |L| (conceivably much less, see Figure 2.9) and so it is possible that the runtime of
APPOSITION would be much faster than that of Lindig’s algorithm.

One aspect of Lindig’s algorithm that slowed down the runtime of our implementation of
Lindig’s algorithm has been the construction of intents and extents of the concepts in the
lattice. When the contexts are very large (as is the case when working with tens of thousands
of objects), constructing extents requires searching through a very large look-up space. In the
APPOSITION algorithm intents and extents are constructed by intersecting and unioning
sets already existing in memory. Since intents and extents must be calculated multiple
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times for every step in Lindig’s algorithm, each step of APPOSITION should run faster
than an equivalent step in Lindig’s algorithm. Unfortunately, APPOSITION has yet to be
implemented so all discussions of improvement on runtime are completely theoretical.

2.4 The formal concept community

Formal Concept Analysis is a method for information or knowledge analysis, representation,
and management. A branch of applied lattice theory that applies Galois connections within
binary relationships in order to represent and analyze various different forms of information,
FCA was invented by Rudolf Wille in the early 80s [128]. FCA was Originally developed
by Wille, his students, and a small group of researchers; however, over the last 10 years,
an international community has developed which applies the methods of FCA to myriad
fields of research such as linguistics [99], software engineering [87, 54], psychology [109], web-
browsing [31], machine learning [74], and information retrieval [100]. FCA, however, is still
relatively unknown in the USA.

Growth in the FCA community is due in part to existing FCA open-source software. Two of
the most all-encompassing software implementations of FCA are ConExp (sourceforge.net/-
projects/conexp) and ToscanaJ (http://toscanaj.sourceforge.net/). Both programs are cross-
platform compatible, easy to install and fairly easy to use. However, neither program is
close to realizing the full potential of FCA [101]. Such shortcomings can be attributed to
the complexity of the underlying lattice structures and of the visualizations. Conceivably,
with proper funding such difficulties will be overcome.

Businesses built around the methods of FCA have also contributed to the field’s growth.
Navicon (www.navicon.de) in Germany, founded by students of Wille, was the first company
to be built around FCA. Its original vision was to develop and apply FCA software to
information management tasks that arise in the development of nautical/radio technical
equipment. More recently, an Australian company has developed an email analysis tool
based on FCA (www.mailsleuth.com).

The basic structure of FCA has been rediscovered over and over again supporting the hypoth-
esis that the basic structures of FCA appear to be fundamental to information representation.
Godin el al.’s work in 1989 [53] introduced Galois lattices (which are equivalent to the lattice
of interest in FCA) as a means of information representation and retrieval. Their work was
based on a discovery, independent of Wille, by Barbut and Monjardet in the early 70s [8].
Carpineto and Romano’s work in information retrieval and data clustering [23, 24, 25] uses
methods similar to both Godin and Wille’s. These three groups have integrated over time
to make up an international FCA community.
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Figure 2.10: Pseudo-code for the algorithm APPOSITION

Input ← B(K1) & B(K2)
Obj ← {}
FOR all (X, X ′) ∈ B(K1)

FOR all (Y, Y ′) ∈ B(K2)
M ← X ∩ Y
IF M 6∈ Obj
THEN
Obj ← Obj∪{M}
Att(M) ← X ′ ∪ Y ′

M∗ = {}
ELSE
Att(M) ← Att(M)∪X ′ ∪ Y ′

————FINDING NEIGHBORS OF M————
Temp ← {}
FOR all (V, V ′) ∈ (X, X ′)∗

IF V ∩ Y 6∈ M∗

THEN Temp ← Temp∪{V ∩ Y }
FOR all (W,W ′) ∈ (Y, Y ′)∗

IF W ∩X 6∈ M∗ THEN
Temp ← Temp∪{W ∩X}

FOR all K ∈ Temp
Q ← 0
Hold ← M∗

WHILE Q = 0 AND Hold 6= {}
CHOOSE Z ∈Hold
Hold ← Hold\Z
IF K ∩ Z = K THEN

M∗ ← (M∗\Z) ∪K
Q ← 1

IF K ∩ Z = Z THEN
Q ← 1

IF Q = 0 THEN
M∗ ← M∗ ∪K
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We present a novel method, which we call microBLAST, that integrates both gene expression
values as well as gene functionality in order to make comparisons of biological samples. The
integrated product is represented as a lattice (visually represented as a Hasse diagram) in
which elements correspond to groups of genes associated according to relationships derived
from the integrated data. Graph measures are then employed to compare the Hasse diagram
of a reference sample with other samples from the same set of experiments, from different
labs, or from a gene expression database. For a more natural flow of discussion, lattices and
their visual representations will be used interchangeably.

Figure 3.1 illustrates the general idea of microBLAST. The small-scale (only 10 genes are
used) microBLAST representations of microarray experiments are presented. Protein motifs
and gene expression values were used to generate the lattices in Figure 3.1. Lattice A and B
represent samples collected from two individuals diagnosed with systemic lupus erythemato-
sus (SLE) and Lattice C represents a sample collected from a control subject [7]. The central
idea of microBLAST is that biologically “similar” samples will have “similar” lattices. Note
that the lattices for the lupus samples differ by only two edges and a node (these are in bold
on Lattice B in Figure 3.1) while the control lattice differs significantly from the other two.

Figure 3.1: microBLAST representation of gene expression profiles of ten genes from two
lupus samples (Lattices A and B) and a control sample (Lattice C).
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In order for the lattices in the above example to be visually accessible with little background
experience, the expression levels of only 10 genes were used for this example. An increase
in the number of genes used to build a microBLAST lattice of a sample directly affects the
complexity of the representative lattice. For complex lattices, visual comparisons require
greater sophistication from both the user as well as the visual representation. Graph mea-
sures can be used to supplement as well as complement the visual comparison of the lattice
representations of microarray data. Suitable measures would allow the comparison of a ref-
erence sample to a large database of microarray samples in a reasonable amount of time,
provided the database provides microBLAST representations of their samples.

The lattice representation of microarray data captures the gene expression value as well as
user-defined biological information about the genes. In principle, this approach allows for
increased investigative and comparative power as compared to representations which only
take into account expression values. Also, the microBLAST approach groups genes into
non-exclusive collections, allowing for genes to be present in multiple categories, potentially
allowing for a more realistic representation of the relationships between gene and function
than is possible with classical clustering methods.

3.1 Comparative measures

A key benefit to the representation of gene expression data as a concept lattice is that it
allows the employment of existing well-established mathematical tools for the analysis of the
lattice structure as well as for comparisons. Since concept lattices can be realized as acyclic
labeled graphs, a natural approach to comparing microBLAST lattices is via metrics defined
on their graphs.

3.1.1 Graph measures

Edit distance

Edit distance is a graph measure [86], which computes the number of edges and vertices
that must be added or deleted to or from one graph to be transformed into another. Edit
distance is the graph analogue of the Hamming distance between two strings, i.e., the number
of positions that differ between two strings of characters. For graphs G1 = (V1, E1) and
G2 = (V2, E2), the edit distance between them is given by

ED(G1, G2) = |V1|+ |V2| − 2|V1 ∩ V2|+ |E1|+ |E2| − 2|E1 ∩ E2|.
The edit distance is therefore fairly straightforward to compute.

One could also employ a weighted edit distance for graph comparisons in which the “expense”
for adding or removing an edge or vertex is weighted by some scalar. If αi was a weighting
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function defined on the edges and vertices of Gi, then the weighted edit distance between
G1 and G2 would be

ED(G1, G2; α) =
∑
v∈V1

α1(v) +
∑
v∈V2

α2(v)−
∑

v∈V1∩V2

(α1(v) + α2(v))

+
∑
e∈E1

α1(e) +
∑
e∈E2

α2(e)−
∑

e∈E1∩E2

(α1(e) + α2(e))

Both of the above defined measures count the number of additions or deletions necessary
two make the graphs equal. Edit distance can be modified further to count how many moves
it would require to make two graphs “close” to being equal. For example, since the vertices
of our graphs are labeled by genes, we can determine two vertices to be “close enough” if
their intersection is greater than some threshold. Defining

V k
i = {v ∈ Vi | ∃ w ∈ Vj such that |v ∩ w| ≥ k}

and
Ek

i = {(eh, et) ∈ Ei | ∃ (fh, ft) ∈ Ej such that |eh ∩ fh|+ |et ∩ ft| ≥ 2k},
then the edit distance between G1 and G2 with respect to k is given by

EDk(G1, G2) = |V1|+ |V2| − |V k
1 | − |V k

2 |+ |E1|+ |E2| − |Ek
1 | − |Ek

2 |

Eigenvalue metrics

For any graph G = (V, E), an adjacency matrix A can be associated with rows and columns
labeled by the vertices of G and

A(i, j) =

{
1 if (i, j) ∈ E

0 else
.

The diagonal matrix D is also often associated with G in which D(i, i) = δ(i) the degree of
the vertex i. The spectrum of A, D − A and D−1A can be used to compute many graph
invariants of G such as diameter and number of spanning trees (for details see [30, 37]).
Since the eigenvalues of these three matrices encode invariants of the graph, a comparison of
eigenvalues for two different graphs can be interpreted as a comparison of the graphs directly.
One simple measure of similarity that uses eigenvalues is

λ(M(G1),M(G2)) :=
1

min{m1,m2}
min{m1,m2}∑

i=1

(λ1,i − λ2,i)
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where {λj,i, . . . , λj,mj
} are the eigenvalues of M(Gj) indexed in ascending order.

Another means of using eigenvalues for defining measures on graphs is to assign a vector
I(G) to a graph G with entries numeric invariants of G (as calculated using the eigenvalues
associated with G). The invariance measure between two graphs is defined as

Inv(G1, G2) := ((I(G1)− I(G2)) · (I(G1)− I(G2)))
1/2

the Euclidean distance between the invariant vectors.

In either measure, the focus is on the “geometry” of the lattice and not on the concepts that
make up the elements of the lattice.

3.1.2 Statistical metrics

Given two concept lattices K1 = B(G,M, I1) and K2 = B(G,M, I2) and a probability
distribution P defined on P(G), we can define a probabilistic similarity measure between
concepts from the two lattices. For a concept (Xi, Yi) ∈ Ki define P (X, Y ) = P (X) and for
A ∈ K1 and B ∈ K2 define

Sim(A,B) =
log P ((int(A) ∩ int(B))I1) + log P ((int(A) ∩ int(B))I2)

log P (A) + log P (B)
.

This measure of similarity is based on the entropy of a class as defined by Bernstein et al.
[12]. Since (int(A) ∩ int(B))Ii is the smallest extent with ext(A) ∩ ext(B) as a subset, Sim
specifies similarity as the probabilistic degree of overlap of ascending intents. The average
similarity of K1 and K2 is defined as

Sim(K1, K2) :=
1

|K1||K2|
∑

A∈K1

∑
B∈K2

Sim(A,B)

Similarly we can define the average maximum similarity to be

mSim(K1, K2) :=
1

2

( ∑
A∈K1

max
B∈K2

{Sim(A, B)}+
∑

B∈K2

max
A∈K1

{Sim(A,B)}
)

The probability of an intersection of size c between two sets of size q and t both contained
in a set of size g is given by

pV (c, t, q, g) =

min{q,t}∑

k=c

(
t
k

)(
g−t
q−k

)
(

g
q

) where

(
n

m

)
=

n!

m!(n−m)!
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The probability distribution of pV values for formal concepts can be estimated using Monte
Carlo simulations as in [9]. Such a probability would be a good candidate for the similarity
measure defined above.

The above three measures detect different aspects of similarity between two graphs such
as: equality (edit distance), geometric similarity (Eigenvalue measures), and probabilistic
measures. In our first implementation of the microBLAST method, we have employed edit
distance solely as a measure of similarity. This decision was based on the fact that edit
distance is easy to implement, it results are intuitive to analyze, and it scales linearly. For
the remainder of this work, if a measure need to be specified, edit distance will consistently
be used.

3.2 A mathematical description of microBLAST

A natural application of FCA to the modelling of microarray data would be to use the
expression values of the genes as the attribute and the genes as the objects. Such a context is
many-valued (see Definition 2.2.1) because the relationship between the object and attribute
set is continuous and not binary. We will consider the following small gene expression data
set.

Example 3.2.1. (Small gene expression data set)

G = {g1, . . . , g8} are genes with the following measured expression values

g1 g2 g3 g4 g5 g6 g7 g8

ev 3.8 15.6 8.7 2.1 3.3 7.8 14.2 2.8

The many-valued context for this data set is

C = (G, {ev}, E1, G× {ev}, φ)

where the values of φ(gi, ev) are the entries in the above table and
E1 = is the range of φ.

3.2.1 Expression lattices

If only the expression values from one microarray experiment are used as the attributes
for the genes, there is no need to appose contexts when transforming the gene expression
many-valued context into a single-valued context.

The scale to be used to transform the context is left to the discretion of the user as there is no
unique scale available. At the very least, the scale decided upon should somehow reflect the
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nature of the attributes. Since the intraordinal scale (see 2.2.2 page 30) clusters the objects
with respect to given thresholds, it is a natural scale to use for transforming the context in
Example 3.2.1. We will use the following scale in Table 3.1 to transform our example data
set.

Table 3.1: Scale used to transform the multi-valued context in Example 3.2.1

AD,T =

≥ 0 and ≤ 5 ≥ 5 and ≤ 10 ≥ 10 and ≤ 20

2.1 x
2.8 x
3.3 x
3.8 x
7.8 x
8.7 x
14.2 x
15.6 x

where D = {2.1, 2.8, 3.3, 3.8, 7.8, 8.7, 14.2, 15.6} and T = {0, 5, 10, 20}.
The single-valued context CE1 for the attribute ev (and hence the entire many-valued context)
constructed using the scale AD,T has incidence relation as in Figure 3.2 (where P1 = “≥
0 and ≤ 5”, P2 = “≥ 5 and ≤ 10”, and P3 = “≥ 10 and ≤ 20”).

The above example is the standard process of constructing a FCL from gene expression data.
To facilitate further discussion, the process is formally defined.

Definition 3.2.1. Given a set (G,E) of genes and their expression values and a scale Sev,
B((G,E); Sev) is the expression lattice for (G,E) using the context constructed from the
multi-valued context (G, {ev}, G× {ev},R, φ) using the scale Sev.

It should be stressed that this formalism is introduced to allow mathematical analysis of the
objects. In layman’s terms, an expression lattice is simply a FCL constructed from a context
with genes as objects and the attributes the categories to which the gene expression values
are discretized.

As lattices, both the FCL for the scale A5,{0,2,4,6} and B((G,E1);A5,{0,2,4,6}) are isomorphic
(see figures 2.4 and 3.2). This is no coincidence since the entries in the cross table for both
contexts are identical and there is a bijective correspondence between G and D. Note that,
given two gene expression data sets, the first hypothesis of Lemma 2.2.1 is satisfied since
φ(g, ev) is the expression value of g. Therefore, if the contexts for the two data sets are
constructed using the same (or isomorphic) scales, then the lattices for the contexts will be
isomorphic. In other words, the isomorphism between the expression lattices and the scale
used to construct it can be used to show that the expression lattices of two gene expression
data sets are isomorphic if they are constructed using isomorphic scales.
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Figure 3.2: The expression context CE1 and its corresponding FCL B(CE1).

Ce P1 P2 P3

g1 x
g2 x
g3 x
g4 x
g5 x
g6 x
g7 x
g8 x

Proposition 3.2.1. Let (G,E1) and (G,E2) be gene expression data sets, and let S1 and
S2 be scales in which each object is incident with at least one attribute and B(S1) ∼= B(S2).
Then B((G, E1); S1) ∼= B((G,E2) : S2).

Proof. This is a restatement of Lemma 2.2.1 in the vocabulary of expression contexts.

The edit distance between two lattices is zero only if the lattices are identical. Therefore,
isomorphic lattices do not necessarily have edit distance zero between them. For example,
let

(G,E2) =
g1 g2 g3 g4 g5 g6 g7 g8

ev 3.8 1.6 8.7 12.1 3.3 7.8 14.2 7.8

be another gene expression data set. In Figure 3.3 the expression context for (G,E2) using
the scale AE2,T as before, and the expression lattice B((G,E2),AE2,T ) is presented.

The edit distance between B((G,E1),AE1,T ) and B((G,E2),AE2,T ) is 5+5− 2(2)+6+6−
2(0) = 18 which is 6(|T | − 1). This is because the maximal and minimal elements of the
lattice are the only identical concepts.

Lemma 3.2.1. Let (G,E1) and (G,E2) be two data sets of gene expression values and AEi,Ti

the intraordinal scale used to construct B((G,Ei),AEi,T ). If for all t1, t2 ∈ T t1 6= t2, we
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Figure 3.3: The context for the data set (G,E2) using the scale AE2,T as well as its corre-
sponding FCL B((G,E2),AE2,T ).

Ce P1 P2 P3

g1 x
g2 x
g3 x
g4 x
g5 x
g6 x
g7 x
g8 x

have that {t1}′ ∩ {t2}′ = ∅, B(AE1,T ) ∼= B(AE2,T ) and N I1 6= N I2 for all N ⊂ Mi, then the
edit distance between B((G,E1),AE1,T ) and B((G,E2),AE2,T ) is 6(|T | − 1).

Proof. Let Ci, for i ∈ {1, 2} be the single-valued context for the data set (G,Ei) constructed
using the scale AEi,T .

By Corollary 3.2.1 and the proof of Lemma 2.2.1, there is an isomorphism ψ : B(C1) →
B(C2) such that ψ((X,Y )) = (Y I2 , Y ). By the hypothesis, X = Y I1 6= Y I2 provided
Y 6∈ {∅,M}. Hence, the edit distance between B(C1) and B(C2) is

2|B(C1)| − 4 + 2|E(B(C1))|
Where E(B(C1)) is the set of edges in the Hasse diagram of B(C1).

Since {t1}′ ∩ {t2}′ = ∅, by the proof of Lemma 2.2.1

B(C1) = {({m}I1 ,m) | m ∈ M1} ∪ {(G, ∅), (∅,M)}.
Therefore

|B(C1)| = |M1|+ 2 = (|T | − 1) + 2 = |T |+ 1,

E(B(C1)) = {((G, ∅), K) or ((∅,M), K) | K 6∈ {(G, ∅), (∅,M)}},
and

|E(B(C1))| = 2(|B(C1)| − 2) = 2(|T | − 1).
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In the present application, the hypothesis {t1}′ ∩ {t2}′ = ∅ simply states that an expression
value can not be discretized into two states. N I1

1 6= N I2
2 is equivalent to saying that no

two clusterings of the genes, with respect to their expression values in the two samples, are
identical. This is a reasonable assumption when working with gene expression data since the
data is fairly noisy and the likelihood that there will occur identical clusters for two gene
expression data sets is very small. The exact probability is dependent upon the scale used
to discretize the data as well as the distribution of gene expression values.

As is apparent, edit distance is not sensitive enough to be used for comparing expression
lattices since the edit distance between any two such lattices has a high probability of being
constant. It is then either necessary to use other metrics to compare expression lattices or
integrate more information into the lattice representation of expression samples with the
hope that edit distance will improve in performance.

There are other standard lattice measures that could be used to analyze expression lattices, as
discussed earlier. However, we have decided to focus our present research on the integration
of biological information into the lattice representation. We have had empirical success with
this approach using edit distance as the metric (as will be further discussed in Chapter 4).
We now focus on the method of incorporating different information into a concept lattice.

3.2.2 Biological lattices

We consider the inclusion of biological information into the construction of an FCL repre-
sentation of a gene expression data set. Formally, if B((G,E), Sev) is an expression lattice,
CE the corresponding single-valued gene expression context, and CB a context encoding bi-
ological information, then we will consider B(CE|CB) = B(Ce) ~ B(CB) as a microBLAST
representation of (G,E) where CE|CB is the apposition of CE and CB as in Definition 2.2.3
on page 34.

In general, any context in which the object set is a collection of genes will be considered
a biological context. With this definition, an expression context is a biological context.
In practice the attributes of a biological context will capture static characteristics of the
genes such as function, location, or structural classification. Hence, expression contexts is a
special case in which the attributes are not static (i.e., they will change from experiment to
experiment).

Example 3.2.2.

Let G = {g1, . . . , g8} be the same genes as in Example 3.2.1. Table 3.2 lists known molecular
functions of the given genes.

As with the expression data, GO(G) is a many-valued context (G,F, W,G×F, φ) with F =
{Function}, W = {ATPase activity, ATP synthesis, ATP transport}, and φ : I → P(W )
the power set of W . Since each element of W is a category, the ordinal scale OW (see 2.2.2
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Table 3.2: GO molecular function

GO(G) =

Function

g1 ATPase activity
g2 ATP synthesis, ATP transport
g3 ATP transport
g4 ATPase activity, ATP synthesis
g5 ATP transport
g6 ATPase activity
g7 ATPase activity, ATP synthesis
g8 ATP synthesis, ATP transport

on page 30) is a natural scale to use to transform GO(G) into a single-valued context. The
transformed context, CB = (G,B, IB) is in Figure 3.4 as well as the Hasse diagram of the
FCL B(CB) (note that since the range of φ is P(W ), Lemma 2.2.1 does not hold).

In general, the biological context will be many-valued. In all our applications of microB-
LAST, the attributes of the biological contexts have all been categorical in nature (as in
the above example) and we have used the ordinal scale to transform them into single-valued
contexts. Biological information such as chromosome location or relative position on the
chromosome does not lend itself as naturally to scaling via the ordinal scale and some other
scale would have to be devised to convert it into a single-valued context. The transformation
of multi-valued biological contexts are not the focus of this paper; hence, when discussing
biological contexts, it will be assumed, unless explicitly stated, that the context is single-
valued.

Again, the use of scales is a formality that allows us to take advantage of theorems and
techniques from Formal Concept Analysis. Intuitively however, a biological context is a
collections of genes as well as a list of biological characteristics that could describe the genes
or their product. The biological lattice then captures the interrelationships determined by
the biological attributes of the genes.

3.2.3 microBLAST lattices

Definition 3.2.2. (microBLAST lattice)

Given a gene expression data set (G,E), a scale Sev, and a biological context CB = (G,M, I),
the microBLAST representation µ((G,E), Sev, CB) of (G,E) is the formal concept lattice
B((G,E); Sv) ~ B(CB).

Example 3.2.3. Let B((G,E);AD,T ) be the expression lattice constructed from Example
3.2.1 where D = {2.1, 2.8, 3.3, 3.8, 7.8, 8.7, 14.2, 15.6} and T = {0, 5, 10, 20}, and CB be the
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Figure 3.4: Single-valued context CB for GO(O) as well as the Hasse diagram for the lattice
B(CB). B1 = ATPase activity, B2 = ATP synthesis, and B3 = ATP transport.

B1 B2 B3

g1 x
g2 x x
g3 x
g4 x x
g5 x
g6 x
g7 x x
g8 x x

biological context as in Example 3.2.2. The Hasse diagram of the microBLAST lattice
µ((G,E),AD,T , CB) is given in Figure 3.5.

Notice that there is a good deal more information contained in the microBLAST lattice in
Figure 3.5 than in either of its generating lattices (see Figures 3.2 and 3.4). For instance, in
the original expression lattice, the concept Ke = ({g3, g6}, {P2}) is an atom (i.e. the only
element below it is the minimal element 0̂). In the microBLAST lattice however, K has been
refined and there are now two different concepts below it. This can be interpreted that the
genes g3 and g6 are both similarly expressed, however, their protein products are involved in
different functional activities (namely g3 is involved in ATP transport while g6 is involved
in ATPase activity). Similarly, the concept Kb = ({g4, g7}, {B1, B2}) is also an atom in the
biological lattice, however it has also been refined in the microBLAST lattice. An inter-
pretation is that the protein encoded by the genes g4 and g7 have the same functionalities,
however these genes are differently expressed in the experiment.

Refinements as discussed above are due to the integration of information represented in the
expression lattice and the biological lattice. How powerful is this representation of the data?
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Figure 3.5: Hasse diagram of the lattice µ((G,E),AD,T , CB)

The remainder of this chapter describes the structure of a generic microBLAST lattice with
a focus on what aspects are captured by computing the edit distance between two lattices.

The apposition of two contexts is fairly straightforward; however, as is evident in Figure
3.5, the algebraic structure of the lattice of two apposed contexts is not as easy to predict
or interpret. Fortunately, 2.3.1 provides a general structure for the elements of the FCL
of an apposition, however, a more exact description will assist in our understanding of the
behavior of edit distance on the space of such lattices. Figure 3.6 illustrates how the lattices
of CE1 and CB are embedded in the lattice of their apposition.

3.3 Edit distances between microBLAST lattices

The understanding of the general structure of B(CEi
) ~ B(CB) will assist in our under-

standing of edit distance as a metric for comparing microBLAST representations. Thank-
fully, Theorem 2.3.1 provides the structure of B(CEi

) ~ B(CB) allowing the analysis of its
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Figure 3.6: The lattices B(CE1) and B(CB) are embedded in B(CE1)~B(CB)

concepts in terms of the concepts of B(CEi
) and B(CB)

1. A concept of B(CEi
) is a concept of B(CEi

) ~ B(CB) precisely when its extent is not
contained in any extent of the elements of B(CB).

2. A concept of B(CB) is a concept of B(CEi
) ~ B(CB) precisely when its extent is not

contained in any extent of the elements of B(CEi
) .

3. For concepts (W,X) and (Y, Z) in B(CEi
) and B(CB) respectively, W ∩ Y 6= ∅ if and

only if (W ∩ Y, (W ∩ Y )′) is a concept of B(CEi
) ~ B(CB) .

We can also use Theorem 2.3.1 to make observations concerning the likelihood that two
microBLAST lattices B(CE1) ~ B(CB) and B(CE2) ~ B(CB) have concepts in common
where 1 and 2 refer to two different experiments (not necessarily the example experiments
previously discussed).

For the analysis we must establish the scale used to discretize the data. For a gene expression
data set (G,Ei) we will assume that the intraordinal scale AEi,Ti

has been used to construct
the single-valued context CEi

. We will also assume the hypothesis concerning the lattices
B(AEi,Ti

) of Lemma 3.2.1 are satisfied, that is, ext(ti,1) ∩ ext(ti,2) = ∅ for all t1, t2 ∈ Ti and
B(AE1,T1)

∼= B(AE2,T2). Because of the isomorphism, we can assume that the elements of Ti

are labeled such that t1,n and t2,n are equivalent discrete states.
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The size of the intersection of the extents of t1,n and t2,n in the two lattices will be of impor-
tance. Though an oversimplification, we will assume that each gene has equal probability of
being discretized into one of the k attributes of T (i.e. P ((φ(g, ev), ti,j) ∈ Ji) = 1

k
).

Observation 3.3.1. Assume ext(t1,n)∩ ext(t2,n) is large for every ti,n ∈ Ti. In other words,
all the corresponding clusters for the two experiments have many genes in common. Then,
there is a greater likelihood that for (X, Y ) ∈ B(CB),

X 6⊂ ext(t1,n) ⇔ X 6⊂ ext(t2,n).

Hence by Item 2 above, there is a greater likelihood that

(X, Y ) ∈ B(CE1) ~ B(CB) ⇔ (X, Y ) ∈ B(CE2) ~ B(CB).

Therefore, a greater “similarity” in terms of expression value implies a greater “similarity”
of microBLAST lattices.

Observation 3.3.2. Item 3 above will assist in our understanding of how the biological
information “refines” the gene expression clusters and vice versa. Since we have assumed
that ext(ti,n)∩ext(ti,m) = ∅, every non-maximal or minimal concept of B(CEi

) is of the form
(ext(ti,n), ti,n). By Theorem 2.3.1, the extent of every concept of B(CEi

)~B(CB)\(B(CEi
)∪

B(CB)) is of the form (X ∩ ext(ti,n)) where (X, X ′) ∈ B(CB). Therefore, we want to know
when (X ∩ ext(t1,n)) = (X ∩ ext(t2,n)).

As in the above observation, if ext(t1,n)∩ ext(t2,n) is large, then there is a greater likelihood
that (X ∩ ext(t1,n)) = (X ∩ ext(t2,n)). Again, a greater ”similarity” in terms of expression
value implies a greater ”similarity” of microBLAST lattices.

Observation 3.3.3. There is an inverse relation between the number of vertices identical
between two graphs and their edit distance. As the above observations elucidate, if the gene
expression signatures are similar, then there is a greater likelihood that edit distance between
their microBLAST lattices will be relatively small. As was demonstrated in Section 3.2.1,
edit distance performs poorly when comparing expression lattices. With the apposition of
biological lattices, the performance of edit distance theoretically improves. Unfortunately,
it has yet to be determined what the best type of biological information is. We have had
success using protein motifs to construct biological lattices (see Chapter 4). Though such
empirical results provide confidence, theoretical results determining the best structure or
type relationships would provide a stronger foundation for the method. It is conceivable
however, that the biological lattices to be apposed will be dependent on the situation and
experimental conditions, as well as on the questions to be answered.

Observation 3.3.4. As has been seen in observations above, the larger the intersection
ext(t1,n) ∩ ext(t2,n) the more likely there will be a large number of concepts in common
between the lattices B(CE1)~B(CB) and B(CE2)~B(CB). It is important to reiterate the
assumptions made:
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• Each gene had an equal probability of belonging to any cluster ti,n. This is surely an
oversimplification of reality, however, it allows us to gain a general sense of what the
microBLAST lattices look like.

• An intraordinal scale was used to discretize the data and construct the expression
lattice. Though such a scale has been used in all implementations of the microBLAST
method, it is definitely not the only scale available. In fact, there is some concern
that it is too simple a scale for discretization since it ignores most of the statistical
information concerning the gene expression data. However, its simplicity does lend
itself to ease of analysis as witnessed above.

• The scales used were isomorphic. As mentioned, this is a simple approach to discretiz-
ing the data which ignores the distribution of the gene expression values.



Chapter 4

Empirical Results

62
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In the previous chapter, we outlined the algebraic structure of a microBLAST lattice as well
as the theoretical abilities of such representations for microarray comparisons. Theoretical
findings are of little use to the scientific community at large without a demonstration of the
abilities of the method when working with actual data. In the following chapter we will
describe two different experiments in which microBLAST lattices were constructed for all
the microarray experiments in a database and edit distance was then used as a comparative
metric for similarity detection. The empirical results are supportive of the microBLAST
method and provide applicable understanding of the theoretical results described in Chapters
2 and 3.

4.1 Description of microBLAST software

According to the contemporary literature [101, 122], the fastest algorithm for constructing
a FCL (both the concepts and the lattice structure) is LATTICE developed by C. Lindig
[80]. In Lindig’s algorithm, first the subconcepts of the maximal element 1̂ are constructed
by computing the extent of each object and performing a local test to check if the corre-
sponding concept is actually a subconcept of 1̂. The subconcepts of the subconcepts of 1̂
are constructed in a similar manner. This iterative process is repeated until all concepts are
constructed. For a more detailed explanation of, as well as the theory behind, the algorithm,
see [80].

The asymptotic complexity of LATTICE for a context (G,M, I) is O(|L|×|G|2×|M |) where
|L| is the number of concepts in the concept lattice [80]. In the same paper, Lindig presents
empirical results that the run time for his implementation of the LATTICE algorithm is
quadratic with respect to |L| when working with contexts with sparsely filled context tables.
Lindig’s implementation of his algorithm was run on an otherwise idle 200 MHz AMD K6
Linux 2.0 system.

We implemented the LATTICE algorithm using the Java architecture. We were unable
however to reproduce Lindig’s impressive running time for our implementation. Conducting
tests similar to Lindigs on an otherwise idle 1.33 GHz PowerPC G4 Mac OS X system, the
run time grew exponentially with respect to |L| (see Figure 4.1). It is assumed that Lindig
used a more efficient data structure than ours and hence the difference in runtimes. The
Java implementation of LATTICE was used to generate all lattices discussed in this chapter.

The algorithm for computing edit distances between lattices was also implemented in the
Java architecture. The program uses unique numerical labeling of the concepts of a lattice to
determine equality. This approach allows for a considerable speed of up runtime compared
to an approach using direct comparisons of sets.

The entire package (lattice construction as well as comparisons via edit distance) will be
referred to as the microBLAST software. As input, the software takes a folder of contexts
saved in CSV format. It is assumed that each context has the same set of objects and
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Figure 4.1: Quadratic and exponential fit to experimental run time of the implementation
of the LATTICE algorithm.

attributes. The first row and column of the CSV file should be the labels for the attributes
and objects respectively. A cell in an input file should have a value of 1 if the object has the
attribute that labels the cell and 0 otherwise. The microBLAST software will (1) construct
the FCL for each file in the input folder and (2) compute the edit distance between each
lattice computed in the first step. A table of the edit distances between each pair of lattices
is returned in CSV format by the program as well as TXT files for each lattice constructed
that provides the following information about each concept in the lattice:

• the objects that comprise the concept,

• the attributes that comprise the concept,

• all the concepts directly above the concept,

• all the concepts directly below the concept.

The microBLAST software allows only the analysis of contexts provided by the user. Future
versions of the software should be able to take a folder of contexts as input, compute their
lattices, and then use edit distance to compare them to previously constructed lattices in an
existing database. Another necessary improvement would be the ability to take raw gene
expression data, a discretizing scale for the data, and a biological lattice as input and use
the APPOSITION algorithm to compute the lattices.
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4.2 Data sets employed in testing

4.2.1 Simulated gene expression data

Published data was selected from four microarray experiments reported in the literature
using custom 2-color arrays and one unpublished experiment performed by Incyte Genomics
Inc. using the dual-channel microarray format. All values were log2 ratios of infected samples
versus mock-infected controls. The five in vitro experiments represent the following: three
clinical isolates of cytomegalovirus (CMV) [56]; early host responses to the intracellular
parasite Toxoplasma gondii [15]; early and intermediate host responses to Trypanosoma
cruzi infection [121]; three strains of varicella-zoster virus [66]; and an influenza A lab strain
A/WSN/33 [42]. The host cells were human foreskin fibroblasts, with the exception of the
influenza experiment, where the cells were HEK293.

Due to the heterogeneity of the microarray platforms used in the different experiments, only
140 genes were common to all five experiments. The microBLAST method requires that
the object sets are identical in all microBLAST lattices to be compared. Therefore, the 140
genes common to all five experiments comprised the object set of each microBLAST lattice
representation.

All microarrays were dual channel style and were synthesized at Stanford University, save
for the influenza samples which were synthesized by Incyte Genomics. The log2 expression
ratios were averaged to create a standard host response for the strain or the time point.
Missing values (less than 3% of the total) were assigned as zero, to reflect unchanged status
in both conditions. Each pathogen’s standard response was used as the basis for creating a
population of simulated samples representing that class.

We created 24 copies of the gene expression vector associated with the standard host response
and added pseudo-random noise to mimic the population structure of possible responses. The
added noise was computed for each gene by randomly choosing a normal distribution, an
exponential distribution or a uniform distribution and then adding noise reflecting the dis-
tribution. Three different standard deviation were used to create the different distributions
in order to introduce different levels of noise. The maximum noise value added was 0.25,
0.35, and 0.50 to demonstrate degradation in performance as noise increases. Actual gene
expression ratios ranged from approximately 5-fold up-regulated to 3-fold down-regulated.
The end result was 175 microarray results (5 actual and 170 simulated) at three different
maximum noise levels. See Figure 4.2 for the algorithm used to generate the simulated data.
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Figure 4.2: Pseudo-code for generating simulated data generated from actual gene expression
data

INPUT ← {ExpressionData, Number, σ}
ExpressionData is an m×n gene expression matrix with the columns corresponding

to the expression values of the genes measured in the m different experiments
Number is the number of simulated experiments desired
σ is the standard deviation to be used to construct the different distributions

FOR each ROW of ExpressionData

COUNT = 0

WHILE COUNT < Number

CHOOSE x ∈ {1, 2, 3} with P(x = j) = 1
3

CASES

x = 1, DIST = normal probability distribution with mean 0 and standard
deviation σ

x = 2, DIST = uniform probability distribution with with variance σ2

3

x = 3, DIST = exponential probability distribution with standard devi-
ation σ−1

NOISE ← random vector of length n with the entries chosen from DIST

multiply each entry of NOISE by -1 with probability 1
2

NOISE ← NOISE + ROW

OUTPUT ← APPEND[OUTPUT, NOISE]

COUNT ← COUNT + 1

RETURN OUTPUT

An intraordinal scale with three attributes was used to transform the gene expression data
into a single-valued context. The attributes consisted of three values with the first attribute,
a1, a threshold for which 1/3 of the genes in the experiment had expression value less than
a1, the second attribute, a2, a threshold for which 2/3 of the genes in the experiment had
expression value less than a2, and the third attribute, a3, the maximum gene expression
value for the experiment. The expression lattices were all isomorphic to B(A5,{0,2,4,6}) (see
Figure 2.4 on page 31). The three concepts, other than the maximal and minimal elements,
correspond to genes in the 33rd, 66th, and 100th percentiles respectively.

ProSearch [73] was used to determine the motifs associated with the amino sequence of each
gene. An ordinal scale was used to transform the motif information into a single-valued
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context. The expression lattice for each gene expression sample was then apposed with the
biological lattice to form the microBLAST representation of the microarray sample.

4.2.2 Reported gene expression data

Seventy-seven microarray experiments reported at NCBI Gene Expression Omnibus (www.ncbi.-
nlm.nih.gov/geo) using the single-channel microarray format were selected. The in vitro ex-
periments were obtained from three different labs and can be categorized as follows: 12 time-
point expression profiles of foreskin fibroblasts infected by human cytomegalovirus (HCMV)
[21]; 7 time-point expression profiles of HeLa cells infected with coxsackievirus B3 (CVB3)
or control PBS [131] ; gene expression in macrophages and dendritic cells following expo-
sure to 12 different pathogens that produce variable chronic infections [27]. All microarray
platforms were single-channel Affymetrix HG-U95.

To account for background noise and measurement error in the different experiments, only
genes with expression value greater than 100 in all 75 experiments were considered for con-
structing microBLAST lattices. The set of genes used was reduced further by defining the
object set to consist only of the 500 genes with the highest variance across all 75 experi-
ments. This reduction was performed for two reasons. First, the goal of the experiment was
to test the microBLAST method with regards to distinguishing between biologically similar
and dissimilar samples. It was hypothesized that the genes of greatest variance across the
experiments were better candidates for distinguishing the host response being measured.
Second, in order to construct the microBLAST lattices on a personal computer in a rea-
sonable amount of time, a reduced number of genes needed to be used (for a plot of the
algorithm;s runtime, see Figure 4.1).

The same type of intraordinal scale as used with the simulated data was used to construct
the expression lattices.

Twenty-one protein motifs, describing the function of the proteins encoded by the genes
considered in the above experiments, were used to construct a biological lattice. As in
the simulated data experiment, ProSearch [73] was used to determine the motifs associated
with the amino sequence of each gene. An ordinal scale was used to transform the motif
information into a single-valued context. The expression lattice for each gene expression
sample was then apposed with the biological lattice to form the microBLAST representation
of the microarray sample.
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4.3 Results

As a proof of concept, the two different types of microarray data sets described above were
used to conduct microBLAST comparison experiments.

4.3.1 Using simulated data, microBLAST identified similarity

Edit distance was used to compare the microBLAST lattice of a reference experiment against
the other 174 experiments in the database for the specified noise level. At all noise levels,
the edit distance between samples derived from the same actual sample was typically less
than the edit distance between pairs of samples derived from different actual samples. As
more noise was added, this tendency decreased. Figures 4.3 and 4.4 shows the percentage of
pairs of similar and dissimilar samples with edit distance within a given range. The results
for the data sets built using 25% and 50% noise are shown.

Figure 4.3: The average edit distance distribution between pre-determined similar and dis-
similar mock samples with 25% noise added.
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Figure 4.4: The average edit distance distribution between pre-determined similar and dis-
similar mock samples with 50% noise added.

4.3.2 Using reported experimental data, microBLAST identified
similarity

Edit distance was used to compare the microBLAST lattice of a reference experiment against
the other 76 experiments in the database. Biological knowledge as well as hierarchical
clustering of the samples was used to determine similar samples to be used in assessing
microBLAST’s capability of detecting similarities. Samples infected with the same pathogen
were a priori considered more similar than those infected with a different pathogen. This
assumption is supported by the hierarchical cluster in Figure 4.5.

The plot in Figure 4.6 demonstrates a typical analysis using microBLAST,i.e., a reference
sample is compared, via edit distance, to all other samples in a database of microarray
experiments. To capture the cumulative results of comparing every sample in our database
to the other 76 samples, the distributions for the edit distances between similar and dissimilar
samples are plotted together in Figure 4.7.
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Figure 4.5: Hierarchical clustering (A) of experimental data using Euclidean distance

4.3.3 Systematically randomized data used to test validity of mi-
croBLAST findings

To further test microBLAST’s ability to distinguish dissimilar data, the method was used on
a nonsense data set of 22 gene expression samples. The data from the HCMV experiments
were used as a template in that the expression level of a given gene in a given HCMV sample
was randomly reassigned to a different gene as well as experiment with uniform probability.
An intraordinal scale, as described in Section 4.3.1, was used to construct the expression
lattice for the 22 nonsense data sets. The biological lattice constructed in Section 4.3.2 was
apposed with each expression lattice to form the microBLAST representation. Edit distance
was used to measure the differences between the microBLAST lattice representations for
every pair in the non-sense data set. Figure 4.8 shows both the edit distance between the
pairs of real HCMV time-series samples as well as between pairs of nonsense samples. The x-
and y-axis are labelled by the sample (i.e., time point) and color represents the edit distance
value between the given samples. Black corresponds to edit distance zero and lighter colors
to higher values.

4.3.4 Systematically perturbed data used to test robustness to
noise

Samples in which progressively more and more genes are perturbed by noise were used as
a second way to systematically assess the ability for microBLAST to detect similarities and
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Figure 4.6: The plot (B) of the edit distance between a reference experiment and the other
samples in the database.

dissimilarities. Ten actual samples were chosen and from each template a data set of 51
samples was created. The first simulated sample was created by adding normally distributed
noise to 10 genes, chosen with a uniform probability, from the actual sample. The second
simulated sample was created by adding noise to 10 previously unperturbed genes from the
first simulated sample. As in the first step, genes were chosen with uniform probability and
the noise was normally distributed. Subsequent samples were generated in this manner until
all genes had been modified, i.e., noise has been added to their expression values.

The same process as described in Section 4.3.3 was used to construct the microBLAST lattice
representation for each of the 51 samples that were created. Figure 4.9 shows the average
edit distance between the microBLAST lattice for the template sample and the lattice for
its perturbed samples. The x-axis corresponds to the number of genes perturbed and the
y-axis corresponds to the edit distance. The error bars measure the standard deviation from
the mean.
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Figure 4.7: The average edit distance distribution between pre-determined similar and dis-
similar samples.

4.4 Discussion of results

In Section 4.3.1 and 4.3.2, the edit distance (ED) between similar samples was on average less
than the ED between dissimilar samples, supporting the validity of microBLAST as a method
for detecting similar samples. With the distribution of EDs between similar samples differing
very little from the distribution of EDs between dissimilar samples when 50% noise is added
is Section 4.3.1, the robustness to noise of the method is brought into question. However,
in Section 4.3.4 it was demonstrated that ED grows linearly with respect to increase in
noise. Also, the distributions of EDs between similar and dissimilar samples are strikingly
different in Section 4.3.2 suggesting that the noise added does not model realistic population
structures. In light of these observations, we hypothesize that microBLAST, using edit
distance, is robust with respect to noise.
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Figure 4.8: Contour plots of the edit distances between samples from the real (left) and
randomly redistributed (right) microarray experiments. Though the labels for the random
data are not biologically significant, they are preserved for ease of readability.

50 100 150 200 250 300 3500

In Section 4.3.2 there is no pair of dissimilar samples with ED less than 150 (maximum
ED between similar samples); it cannot be said with any statistical confidence that a pair
of dissimilar samples is determined similar by ED,i.e., the false discovery is zero in this
experiment (see distribution of similar samples in Figure 4.7). A possible explanation is the
heterogeneity of the data: all three sets are from different cell types infected with biologically
unrelated pathogens. Differences in experimental conditions at the time of gene expression
extraction could also explain the lack of unexpected similarities. Future standardizations
and improvements of gene expression sampling will minimize such laboratory bias. Neither
hypothesis is statistically supported at this point nor do they cover all possible explanations.

In Section 4.3.3, it is demonstrated that the discovery of similarity via edit distance cannot
be attributed to random chance. The dark islands in Figure 4.8 correspond to groupings
of samples with small edit distance between them. However, no such islands exist in the
contour plot for the random samples.

The largest grouping of samples found in Figure 4.8 corresponds to samples that are tempo-
rally close to each other. Upon closer inspection of the edit distances between the HCMV
samples, it was found that 97% of the samples collected before 17 hours post-infection (T6)
and 100% of the samples collected after 17 hours post-infection had edit distance less than
100 between them. However, only 25% of the pre-17 hour samples had edit distance less than
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Figure 4.9: The average edit distance between a sample and its subsequently perturbed
samples. The x-axis corresponds to the number of genes perturbed. The error bars for the
standard deviation from the mean are also plotted.

100 from a post-17 hour sample. This might suggest that a shift in the cells’ immune defense
system occurs after the 17th hour of infection; however, appropriately designed experiments
would have to be performed to test this hypothesis.

As observed in Section 4.3.2, the groupings of similar experiments via the microBLAST
method were comparable to groupings constructed using hierarchical clustering via Euclidean
distance. Unlike hierarchical clustering, once groups of similar and dissimilar samples are
established via the microBLAST method, one can analyze the microBLAST lattices to deter-
mine possible biological signatures that are common to all samples in a group. For instance,
when analyzing the attributes that contribute to the detection of dissimilarity between the
HCMV and CVB3 samples, it was found that genes that encode for surface receptors (a
protein motif used to generate the biological lattice) had high expression values in the CVB3
samples. However, the same receptor genes were not highly expressed in the HCMV sam-
ples. In mouse models infected with CVB3, Taylor, et al., found that the upregulation of a
particular receptor gene appears to contribute to cell survival [117]. This suggests a possible
functional difference between the survival strategies of HeLa cells infected with CVB3 and
foreskin fibroblasts infected with HCMV.

The results obtained from the performed experiments support microBLAST as a method
for identifying similarities and dissimilarities between microarray samples. Not only were
expected similarities identified, but unexpected differences in the HCMV data were detected.
It is unclear whether the differences in the HCMV data are due to biological changes in the
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cell, though the detection of such differences allows one to design experiments in order to
confirm or refute the hypothesis.

4.5 A comparison of microBLAST to other analysis

methods

microBLAST lattices can be viewed as a clustering of the genes based on expression values
as well as other biological information. In structure, they are most similar to hierarchical
clusters in that at the top of the lattice are groups of genes that comprise large scale features
of the data while groups of genes lower on the lattice capture more refined and specific details
of the data. In classic clustering methods, groups of genes are identified according to their
gene expression signature and the clusters are validated by the number of genes with similar
biological function comprising the grouping. In a microBLAST lattice, biological functions
are incorporated into the representation allowing for such validation analysis directly.

Recently there have been novel non-clustering approaches to microarray data analysis and
sample comparisons. Related to the microBLAST method is BlastSets as discussed in the
introduction. The acyclic graphs constructed in the BlastSets approach can be realized as
concept lattices (though the authors of the method give no mention of FCA). For comparative
analysis, the nodes of the graphs are intersected, and collections of genes that comprise
statistically significant intersections are discovered. As we have seen, the microBLAST
lattice is constructed by intersecting all the concepts of two different lattices (the expression
and biological lattices). Therefore, the microBLAST lattice can be used to make discoveries
similar to those made by BlastSets. In particular, if a statistical measure were used to analyze
a microBLAST lattice, it is conceivable that all BlastSets findings could be reproduced. Our
method is fundamentally different from BlastSets in that the attribute clusters are not the
end result but are used to make comparisons of two samples to detect “global” or “system-
wide” similarities.

ROAST is also like microBLAST in that it identifies microarray samples that are similar to
a reference sample (Rosetta Biosoftware, Seattle WA). As ROAST is a proprietary program,
publicly available descriptions of its underlying algorithm are unavailable. We have inferred
from the available information [104] that ROAST takes only expression values as input and
does not incorporate a priori biological information. The Lebesgue measures L1 and L2 have
also been used for comparing microarray samples and do not require any reduction of data to
make comparisons; as with ROAST, these measures do not incorporate biological knowledge
into their comparisons.

The usefulness of such incorporated information has not been fully demonstrated; however
the potential use in both the clinical and experimental setting is great. Attributes can
capture information such as the chromosome on which the gene is located, protein motifs
that the gene encodes, or biological pathways in which the proteins contribute. As we have
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previously discussed, the incorporated biological information directly affects the structure
of the microBLAST lattice and can be mathematically interpreted as a refinement of the
groupings of the genes with respect to their expression values.



Chapter 5

Discussion
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The size of databases in the public, and presumably private, sector that store high-throughput
profiling experiments is growing rapidly. This new wealth of information provides an un-
precedented resource to the research community. We have presented the foundations of a
new method for the comparative analysis of microarray data and, theoretically, other types
of high-throughput “-omics” data. The novel characteristics are two fold: a mathematical
representation (the microBLAST lattice) of the gene activity is constructed that encodes
information obtained from gene expression experiments as well as heterogeneous biological
information; similarity of cellular response at the system level can be discovered via measures
defined on the lattices.

Our method is founded in Formal Concept Analysis, a growing mathematical area of research
with an international community of support. Though a relatively new area of analysis, FCA
has strong roots in classic combinatorics thus allowing for a wide breadth of mathematics to
build upon. The basic constructions of FCA are intuitively accessible to the novice, allowing
for the use of our method for scientific discovery with little background knowledge of the
field.

A deficiency of the present analysis is that only one metric of similarity has been investigated
in detail. In Chapter 3 we have listed a number of other measures that could be employed
for the comparative analysis of microBLAST lattices. As detailed previously, edit distance
is a very strict measure of similarity and may be too restrictive for discovering subtle simi-
larities. A benefit to the advancement of the microBLAST method would be a well-designed
experiment in which multiple measures are used to compare microBLAST lattices. The ideal
design would be one in which all or most of the biological aspects underlying the system
were understood. Since no biological system is completely understood, a simulated gene
regulatory system could be used to provide the required data.

Another aspect of the present method that may prove to be sub-optimal is that all expression
lattices are isomorphic. This is a consequence of the scales used to discretize the gene
expression data. An interesting approach would be to use a clustering method to group
the genes and construct the gene expression lattice from these clusters. For instance, a
hierarchical clustering of the data can be realized as an acyclic graph and hence a lattice. The
hierarchical cluster would then be the expression lattice which is apposed with a biological
lattice.

A natural approach to the analysis of mathematical objects is to decompose them into struc-
turally simpler parts. Concept lattices are no exception. Conceivably, a decomposition of
a microBLAST lattice may assist in the identification of particular biological pathways or
substructures of functional importance to the underlying system. Further, lattice decompo-
sitions may provide theoretical understanding and/or classification of microBLAST lattices
in general. Concept lattice decompositions will therefore be a future area of research.
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