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(ABSTRACT) 

The probabilistic stability of a laminated composite plate is investigated. Three different 

models are considered in this study, namely, the classical laminated plate theory, a first-order 

shear deformation theory, and a higher-order shear deformation theory. The probabilistic charac- 

teristics, such as the probability density and cumulative distribution functions for the resistance 

to buckling of the plate are obtained by employing the first-order second-moment method of 

reliability analysis. Uncertainties associated with material mechanical properties and fiber ori- 

entations of individual layers are modeled as statistically independent random variables. Nu- 

merical results are presented for rectangular simply-supported laminates, showing the effects 

of thickness ratio, stacking sequence, and number of layers on the probabilistic stability of the 

plates.
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Chapter 1 

Introduction 

1.1 Motivation 

The stability of plate structures has always been a subject of great interest in the area of 

structural design. The use of plates in structural applications has been considerable, and many 

different approaches to the analysis of plate response to various loading and boundary conditions 

have been proposed in the literature. 

Conventional homogeneous, isotropic materials, such as steel or aluminum have long been 

the materials of choice for the construction of engineering structures. Recently, however, a new 

class of materials has come to the forefront of these applications, especially where a high stiffness- 

to-weight ratio is critical. This advanced material involves the macroscopic combination of two 

or more different materials into one, composite material. One application of this new material 

is the laminated, fiber-reinforced composite plate. The individual layers, or laminae, consist 

of high-strength fibers bonded to a matrix material in such a way that the resulting material 

is stronger and stiffer than either material standing alone. These individual laminae are then 

bonded together into a laminate . The mechanical properties of this laminate can then be tailored 

to the requirements of a specific application by altering the fiber orientations of its constitutive 

laminae. 

There are many different criteria which can be defined as failure in a plate structure. One 

important failure mode is buckling. In some cases, the plate may be designed specifically 

to buckle and carry a reduced load in the post-buckling regime, while in others, buckling is 

considered failure. In either situation, a reliable prediction of the load or combination of loads 

at which the plate will buckle is critical. 
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Many factors can affect the predicted load carrying capacity of a plate. Some involve errors 

or oversimplifications made in the plate mechanics models, and others involve a basic uncertainty 

about the physical makeup of the plate itself. As is the case for “conventional” engineering 

materials, there is some statistical scatter in the mechanical properties of the constitutive materials 

of the plate. Also, for laminated fibrous composites, there is often some difference between 

the specified angular orientation of the fibers and what is actually present in the plate after 

fabrication. In general, the level of uncertainty is also higher for this class of composite materials, 

due to the greater number of design variables present. 

There are two basic methods of laminated plate analysis, the exact elasticity solution or its 

approximation, laminated plate theory. Both theories assume that the individual laminae are 

linearly elastic, and that there is perfect bonding between layers. Elasticity solutions, though 

mathematically rigorous, are not possible for many complex boundary conditions. As a means 

of circumventing this difficulty, a simplified method of analysis is introduced in which the plate 

is considered to be in a state of plane stress. This is the approach taken by the laminated plate 

models. In many of these models, the mechanical properties of each individual lamina are 

combined into overall plate stiffness constants, and hence can be known as equivalent single- 

layer models. These models can be either stress- or displacement-based. Stress-based models use 

the state of stress within the plate as basic variables, while those which are displacement-based 

use the displacement field to model plate behavior. This study considers only displacement- 

based plate models. 

The classical plate (Kirchoff-Love) theory (CPT) (Timoshenko and Woinowsky-Krieger, 1961) 

is based on the assumption that normals to the plate mid-plane before deformation remain 

normal to the mid-plane after deformation. This implies that the transverse shear strain is 

neglected, and is a valid assumption for thin plates in many applications, however, its usefulness 

is limited. In cases where the transverse shear strain is important, the stiffness of the plate is 
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overestimated. This is the case for many laminated composite plates, due to their high in-plane 

modulus to transverse shear modulus ratio. 

There are several plate mechanics models which take into account the finite transverse shear- 

deformation which is prominent in these materials. Two representative models are considered 

in this study, a first-order shear-deformation theory (FSDT) proposed by Mindlin (1951), and a 

higher-order shear-deformation theory (HSDT) proposed by Reddy (1984). 

In the FSDT, transverse shear strains are defined by a displacement field that is linear 

with respect to the thickness coordinate. In order to reconcile the energy stored in transverse 

shear predicted by the model with reality, a shear correction factor must be used. Higher-order 

models assume displacement fields which are non-linear with respect to the thickness coordinate. 

The HSDT model considered in this study assumes that the transverse displacement can be 

represented by a cubic polynomial, and no shear correction factor is necessary. In general, the 

higher order models more accurately predict plate behavior, because the assumed displacement 

field more closely represents the actual displacements in the plate. 

1.2 Literature Review 

The term “plate” defines a solid which is bounded by two parallel planes, the distance 

between which is small when compared to their lateral dimensions. An excellent overview of 

composite plate buckling was presented by Leissa (1987), in which some considerations and 

some general results are given. In order to fully comprehend plate stability theory, the different 

models governing plate behavior must be understood. There have been several reviews of the 

various plate bending models applicable to composite plates (Bert, 1984; Librescu and Reddy, 

1989). 

There are many two-dimensional plate theories in existence, and the simplest of these is 

the classical plate theory (CPT). This model employs the Kirchoff-Love assumption that normals 

to the mid-plane before deformation remain normal to the mid-plane after deformation (Jones, 
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1975). This implies that the transverse shear strains are neglected, or the plate is infinitely rigid 

in the transverse direction. For thin plates, this assumption is valid because these strains are 

vanishingly small, however as the thickness of the plate increases, their effect becomes significant. 

In these situations, the plate stiffness can be overestimated, leading to an underestimation of 

deflections and a consequent overestimation of natural vibration frequencies and buckling loads, 

as shown by Khdeir (1989). The same study also shows the dramatic effect that a change in 

boundary conditions can have on the accuracy of the CPT critical load predictions. Geier and 

Rohwer (1989), however, maintain that CPT offers accurate, simple solutions for certain types of 

thin plates. Though its general use is quite limited, it can still be used for these specific cases 

with some confidence. 

There have been a number of attempts at including transverse shear strain in plate models, 

and they are generally known as the shear deformation models. The effect of shear-deformation 

on the bending and stability of composite plates is examined in (Bert and Chen, 1978; Noor and 

Mathers, 1976; Whitney, 1987). One of the more widely used shear deformation models is the 

first-order shear deformation theory (FSDT) proposed by Mindlin (1951). This model assumes a 

constant transverse shear strain through-the-thickness. Because this is an approximation to the 

actual strain state, a shear correction factor is required in order to maintain the correct transverse 

shear energy magnitude. As a result, there are five independent displacement functions in this 

model. Rotational degrees of freedom allow cross-sections normal to the plate before deformation 

to rotate, with the constraint that they remain straight. The Mindlin model was extended to the 

layered anisotropic case by Yang, Norris, and Stavsky (1966), and Whitney and Pagano (1970). 

Utilization of the FSDT model leads to a dramatic improvement in the accuracy of the 

solutions to plate response. Noor (1975) shows that FSDT results show good agreement with 

the three-dimensional elasticity solutions, however, they depend strongly on the selection of an 

appropriate shear correction factor. The study also shows that the transverse normal strain which 
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is taken into account in some first-order models, has a negligible effect. Turvey (1987) points 

out that the FSDT has two basic weaknesses, uncertainties associated with the selection of shear 

correction factors, and the inaccurate stress distributions predicted as compared to elasticity 

solutions. 

A great number of higher-order shear deformation models have been proposed. One of 

these was proposed by Lo, Christensen, and Wu (1977). This is a third-order model, implying 

that the displacement in the plate thickness direction is allowed to vary cubically. The number 

of displacement variables in this model is relatively large; even transverse normal strain is taken 

into account. The complexity of this model makes boundary conditions difficult to interpret 

and impose. It also does not satisfy the stress-free surface boundary condition and requires the 

selection of an appropriate shear correction factor. Other higher-order models were proposed 

by Green and Naghdi (1982), Nelson and Lorch (1974), and Librescu and Khdeir (1988). 

Levinson (1980) and Murthy (1981) presented higher-order models based upon expanded 

displacements in powers of the thickness coordinate, and required that the transverse shear 

stresses be zero on the bounding surfaces of the plate. There are three independent displacement 

variables for both models, the same as for the FSDT. The principal differences between the 

models are that the latter uses average displacements through-the-thickness, and also develops 

the model for laminated plates. Both models, however, are based upon the equilibrium equations 

of a first-order shear deformation theory, making them variationally inconsistent. 

Reddy (1984) introduces a refined higher-order plate model in which the governing equa- 

tions are derived from the principle of virtual work, making them variationally consistent. This 

model makes use of the same displacement field as Levinson (1980) and Murthy(1981), allowing 

for a parabolic variation of transverse shear strain in the thickness direction. The model also 

satisfies the stress free surface boundary condition, and requires no shear correction factor. The 

number of independent displacement variables in this model is five, the same as for FSDT. 
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The exact solutions for plates exist for only a few, specific cases. The Navier solution 

technique is among the most popular methods of obtaining closed-form results. It utilizes a 

Fourier series expansion of the displacement field, and is therefore limited to simply supported 

rectangular plates of a specific stacking sequence. All of the previously mentioned models have 

been used to examine plate stability. The Levy-type solution procedure is used to find the 

exact buckling loads for various laminates, symmetric and anti-symmetric angle-ply, in (Khdeir, 

Reddy, and Librescu, 1987; Khdeir, 1988; Khdeir, 1989). As mentioned earlier, the necessity for 

the proper choice of shear correction factor for the FSDT is critical. It was shown by Noor (1975) 

that, when proper correction factors are chosen, the FSDT buckling loads are in good agreement 

with elasticity solutions. Reddy and Phan (1985) present stability results for composite plates 

based upon the HSDT. Harris (1975) examines the effect of biaxial loading on plate stability. It is 

found that a tensile perpendicular load has the effect of stabilizing the plate, while the converse 

is true for a compressive load. 

Considerable work has been done in the area of optimization of composite laminates for 

maximum load-carrying capacity. Due to the unique ability of composite materials to be tailored 

to specific mechanical properties, the angular orientations of the individual laminae may be 

altered in such a way that a particular desired buckling capacity may be achieved. Muc (1988) 

found optimal layups for various types of laminate, including the anti-symmetric angle-ply. He 

concluded that the optimal angle for this type of plate is 9 = 45. It was also demonstrated that 

any bending-twisting coupling reduces the load carrying capacity of the plate. Muc’s analysis 

was extended to cover hybrid composites by Adali and Duffy (1990). It was found that, in 

some cases, hybrids can have higher critical buckling loads than non-hybrids. Duffy and Adali 

(1990)also examine the effect of optimizing with respect to layer thickness. Other papers dealing 

with optimization are presented by Chao, Koh, and Sun (1975) and Hirano (1979). 
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1.3 Objectives 

This study is primarily concerned with the application of the first-order second-moment 

technique of reliability analysis to examine the probabilistic stability of a laminated composite 

plate under combined in-plane loads. The effects introduced by various uncertainties, such as 

fiber orientation, material properties, and geometric parameters of the layers are investigated. 

The effects of these random variables upon the overall stability of the plate, as predicted by the 

three different plate models given above, are examined. 
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Chapter 2 

Classical and Shear Deformable Plate Models 

Plate bending models considered in this study are displacement based. These models are 

based upon an assumed displacement field of the general form 

u(z,y,z) = uo(z, y) + z¥2(z, y) + z7€,(2,y) + 2°C,(z, y) +... (2.1a) 

v(t, y,z) = v(x, y) + 2by(z,y) + 27£y(2,y) + 220, (2, y) + -.. (2.16) 

w(z, y,Z) = wo(z, y) (2.1c) 

where u, v, and w are displacements of an arbitrary point on the plate in the z-, y-, and z- 

directions, respectively, while uo, vo, and wo denote the corresponding displacements at the 

plate mid-plane. The functions ¥, and y, represent rotations of the normals to the mid-plane 

about the y- and z- axes, respectively. The remaining unknown functions €,, &,, ¢z, and ¢y 

can be determined by the application of the appropriate boundary conditions, i.e. the stress-free 

condition on the plate bounding surfaces. 

The resulting displacement field is given as 

u= up +2 [te — 645 (2) (v.43) (2.2a) 

v=u+z Ys ~ bas (2) (¥, + =) (2.26) 

WwW = Wo (2.2c) 

where A is the plate thickness, as shown in Fig. 2.1. The parameter 64 is set to 64 = 1 for the 

refined shear deformation model introduced by Reddy (1984). When 64 = 0, the displacement 

field is reduced to that of the first-order model. 
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Fig. 2.1— Plate configuration and coordinate system. 
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The classical plate model displacement field can be obtained from this by further setting 

Ow Ow 
Wr _ Wy —_ Oy or? (2.3) 

Consequently, the displacement fields of both the HSDT and FSDT are governed by five inde- 

pendent functions, while that of the CPT is reduced to three. All three displacement fields are 

illustrated in Fig. 2.2. 

The plate equilibrium equations will be derived for three different plate bending models 

in this chapter. From these equations, the critical buckling load can be arrived at through an 

analytical approach (under the appropriate conditions), or a more general solution can be found 

by using a numerical approximation to the solution of the differential equations. 

2.1 Strain-Displacement Relations 

The first step in developing the constitutive equations which govern the behavior of a 

laminated composite plate is the derivation of the consitutive equations for a single lamina of 

that plate. The lamina is composed of a matrix material, reinforced with unidirectional fibers. 

A local “material” coordinate system is defined such that the 1-direction is along the fiber, the 

2-direction is normal to the fiber direction and in the plane of the lamina, and the 3-direction is 

out-of-plane. This coordinate system is illustrated in Fig. 2.3. 

The strain measures considered in this study are based upon the linear strain relations, and 

are related to the gradients of displacement as follows 

_ Ou _1/du, | du i ($2 a) 
“= 92,’ “= %9 & + sa » a= 9\ ort da; 

dus 1 (52 x) _ _ dug gq = = ( 22g SB 2.4 €21 = €12, €22 0x9’ 23 2\0zr3  Oze ( 
_ Ou3 

€31 = €13, €32 = €23, “33 = 0x3 

where the variables ui, u2, and ug are defined as displacements in the 1-, 2-, and 3-directions, 

respectively, and 21, 22, and x3 describe the location of a point in the 1-2-3 material coordinate 

system. 
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Fig. 2.2 — Displacement fields for (a) CPT, (b) FSDT, (c) HSDT. 
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A substitution of the displacement field given in Eq. 

displacement relations 

€1n = , + 249, + 27K 

€22 = €99 + 2K 99 + 2°K39 

€33 = 0 

23 = 733 + 27K33 

713 = 13 + 2°13 

_ 0 0 3.2 
12 = Vig + 2ZKyq + 2 K 93 

where 

Oui Ov 0 _ Gul 0 _ OVI 
11- Ax,’ Ky Ax, ’ 

eo, = Wu 2, = v2 
22 Are’ 22 ~ Oro’ 

Ou 
133 = —_ we + Dae’ 

Ou 
Vi3 = vit Da, 

o — Om, O20 OU, a 
Y12 = Ore Ox,” 12 Ox Ox, , 

2.2 into Eq. 2.4 gives the strain- 

  

(2.5) 

2 _ 4 Ov, 07 ug 

Ki = ba app 3h? & + Ox? 

_ 4 f[Op2 
22 ba sho 3h? & + Ox? ) 

ac 0 
K33 = — bags (vs + = (2.6) 

4 O 
Ki3 = bars (vs + o) 

2 7 Ayr | Oho | 9 Gus 
Kz = —6a 3h? (Se + O21 2a 

In the preceding equations, the superscript ¢? indicates a strain occurring at the 1-2 plane, where 

z3 = 0. The corresponding relations for the first-order shear deformation model can be recovered 

by setting 64 = 0. Similarly, the terms for the classical deformation model can be found by the 

substitution of eqn. (2.3) into the first-order model. 

2.2 Constitutive Equations 

The stress associated with a fully anisotropic elastic material can be defined by the following 

equation relating the stresses, o;;, to the strains, ¢;;, 

C11 Cir Cyn Cig) Cig C15 
O22 Coo C3 Coa Cos 
O33 | _ C33 C34 (C35 
O23 { C44 Cas 
013 symm. Css 

012 
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C16 €11 

C6 €22 
C36 €33 
C46 €23 
Cs6 €13 
Cee €12 

(2.7) 
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where C;; are the constants defining the stiffness matrix in the principal (1-2-3) material di- 

rections. In the case of a transversely isotropic material, the number of independent material 

constants defining C;; is reduced from twenty-one to five, and the constitutive equation may be 

expressed more simply, depending on the plate model used. The following sections will develop 

the equilibrium equations for the plate bending models studied. 

By restricting the materials studied to those which are transversely isotropic, ie. exhibiting 

planes of material symmetry parallel to the 1-2 plane, the constitutive equations for the k** layer 

can be written as 

k = = k k 
oy)” Qi1 Qin 0 0 a1) 
722 = Qo 0 €22 
O12 symm. Qee €12 (2.8) 

k = k k 
{owe \ _ [Ou 5 po fea 

013 0 Qss5 €13 

The constants Q;; are the plane-stress reduced elastic stiffness coefficients in the k** layer, and 

are defined in terms of the basic material mechanical constants as 

by = 49h ep) 
Qi2 = TO Qo2 = L—ov01 (2.9) 

Qa = Gos, Qss = Gis, Qee = Gio 

Qu = 3 

1 — 4221 

Upon transformation into the general plate coordinate system, the lamina stress-strain rela- 

tion can be expressed as 

o)\ [Qu Qe Qe] P(e) 
Cy = Qo2  Qee ey 
Ory symm. Qes Cry (2.10) 

{ov " _ [oe Qu] { eys \" 
rz Qs Q55 €xz 

where Q,; are the transformed material stiffness coefficients for the k** layer, and are given by 

(Jones, 1975) 

Qii = Qii cos* 6 + 2(Qio + 2 Qe) sin? cos” 4 + Qa2 sin‘ 

Qo = (Qi1 + Qoo — 4 Qe6) sin? 6 cos” 6 + Qi2(sin* 6 + cos* 6) 
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Qo2 = Qi1 sin* 6 + 2(Qi2 + Qes) sin? 6 cos” 6 + Qos cos* 6 

Qis = (Qi1 — Q12 — 2 Qee) sin 0 cos® 6 + (Qi2 — Qa2 + 2 Qee) sin® 6 cos 0 

Qos = (Qi — Qiz — 2 Qos) sin® 6 cos 8 + (Qi2 — Qa2 + 2 Qee) sin 6 cos* 8 

Qee = (Qi1 + Qo2 — 2 Qi2 — 2 Qes) sin? 6 cos? 6 + Qee(sin* § + cos* 6) 

Qaa = Qa4 cos? 6 + Qss sin? 6 

Qas = (Qss + Qa) cos O sin 0 

Qss = Qss cos” 6 + Qag sin” 0 (2.11) 

As shown in Fig. 2.3, the variable 6 is defined as the angular orientation of the fiber with respect 

to the general plate x-y-z coordinate system. 

2.3 Equilibrium Equations 

Resultant forces and moments acting on a laminate can be obtained by the integration of 

the stresses in each layer through the laminate thickness. These resultants are defined as follows 

3 
(Ne, Ny) Noy) = f° (02,04, 004) de (2.114) 

-3 

R 

(Mz, My, Mzy) = , (Fes Fy, zy)2 dz (2.118) 

-3 

5 
(Qy,Q2) = (Oyz,%rz) dz (2.11¢) 

—h 
2 

The cubic variation of u and v through the laminate thickness introduces the additional force 

resultants 

kh 

(Pr, Py, Pry) = ° (Oz, Fy; Ony)2° dz (2.12a) 
—k 

2 
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(Ry, Re)= | (oy20e2)2? dz (2.126) 
—~k 

2 

Now, recalling that the strains, «;, are defined by terms which are independent of z, Eq. 2.10 

can be rewritten as 

          
  

( Nz ) PAyr Aiz Ais Bir Bio Big Ei: Ei2 Fie] ( & ) 

Ny A2o Ase Bio Boo Bog Eig Eon Eve gy 

Ney Acs Big Boge Bes Eig Erg Eee Yey 

Mz Dy, Dio Dig Fir Fio Fie Ke 

{ My p= Doz Dog Fiz For Fae | § ¥y , (2.132) 

Moy Des Figs Foe Fee | | ey 
P, Ay, Ay Hie K2 

Py A Hoe Ke 

\ Pry ) - Hee J \ Key J 

(Qy Aas Ags Daa Das] ( V2 

Qe | _ Ass Das Dss| J 79, (2.138) 
Ry { Faq Fas Ki, 

\ R: Fs K2, 

where the stiffness terms are defined as 

5 
(Ai;, Biz, Dij, Fiz, Fiz, Wij) = . Qiz(1, 2,27, 27, 24, 2®)dz i,j —1,2,6 

-3 

(2.14) 
h 

2z 

(Ai;, Dij, Fig) = Qij(1,2?,z4)dz i,j =4,5 
- 

2 

The equilibrium equations for the HDST can be found by the application of Hamilton’s 

principle, which finds the functional describing the minimum energy (potential and kinetic) of 

the system. When the static case is considered, the principle can be stated in the form 

& 
[. [ (obec + Oy bey + Ory b€xy + Oyz 5€yz + Orz6€22) dx dy dz 

-r Jo 2 

i Ow ; Ow) dow ; Ow ,Ow\ bw _ 
+f (aaa Ox + (wi, Or +i) oe dzdy = 0 

where Nj, Nj, and Ni, denote the initial in-plane applied loads, and is the domain of the 

(2.15) 

plate. 
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Using (2.11) and (2.12) in (2.15), the following equation is obtained 

Obu Ob, 4 (060, 0? bw 

[ine “Ox + Mea Ox +P.|- 5 ( Ox + nr) 
2 

+ Nye 4 om, OMY + p, |- te (Se 42 | 

  

  

  

dy dy 3h? \ dy dy? 
Ou Abu Ody, Ob 

+ Ney (s+) + Moy (Se + wt) (2.16) 
  

4 (Ob, , Ob rt) fu bbw 
+ Pry [aie By + On + andy) | + Pe (Oey + + Qs be + a 

+a (on Me)] ofS (on M2)] 
,; Ow ; Ow\ 0bw ; Ow ; Ow \ Obw 

+ (w: tet Ne) Ba + (Wing + NSE) Se By ef} ay=0 

Integrating (2.16) by parts and collecting coefficients of éu, dv, dw, 6,, and 6y,, the follow 

ing equilibrium equations are obtained 

  

  

      

      

    

  

  

ON, | ONzy _ 
Or + Oy = 0 (2.17a) 

ONzy | ONy _ 

dQ: OQ, ( , Ow j oe) é ( ; Ow ; Ow 
Ox + Sy + On NeGq + Novo, + By Nev Gz + Ny ¥ Oy 

(2.17c) 
_ ae 4 ORy ORy a4 4 (53 9 O° Pay ot) =0 

Ox Oy 3h2 \ Ox? Oxdy Oy? J 

OM, es 4» 4 (OP, | OPsy\ _ 
Ba + —-Q:+ Ra ~ 3R2 (= + By ) =0 (2.17d) 

OMzy | st 4 OPry OPs _ 

Ox ~ Gat ee 3h2 ( Ont 7) =0 (2.17¢) 

Similarly, the equilibrium equations for the FSDT can be shown to be 

ON, . ONey _ 
Ox + dy 0 (2.182) 

ONzy , ONy _ 
Or + Oy = 0 (2.185) 

OQ, , OQy _ 52 ty = 9 (2.18¢) 

OM,  OMry _ 
Oz + ey Q: =0 (2.18d) 
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OMzy | OMy 
Ox Oy 

  

and the CPT is reduced to three governing equations 

ON,  ONgy 
  

  

Ox + Oy =0 (2.19a) 

ONzy | ON 
a + By =0 (2.196) 

0°M, O°Msy | 07M, 
Ag? +2 Deby + ay =0. (2.19¢) 

The differences in the plate behavior when different displacement fields are allowed can be 

seen in the increasing complexity of the higher order models. Clearly, the more complex set of 

equations offer the most flexibility in describing the displacement field. 
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Chapter 3 

Navier Solution Procedure 

A solution to the equilibrium equations must be found in order to find the critical buckling 

load of a plate. One method of finding the analytical solution of this problem for the classical, 

first-order, and higher-order models is the Navier solution method. This technique employs 

the double Fourier series representation of the displacement field; but due to the nature of the 

boundary conditions which must be satisfied, solutions for only a limited number of cases may 

be obtained. 

3.1 The Navier Solution of the Classical Plate Theory 

Due to the necessity that the physical boundary conditions of the problem be satisfied, only 

plates which have specific lamination schemes and boundary constraints can be solved by the 

Navier method. This is due to the inseparability of the governing differential equations. In this 

study, one simply-supported case in particular is examined. When the CPT is used, constraints 

applied to the edges of a rectangular plate of dimension a x b (Fig. 2.1) are as follows 

uo(0, y) = uo(a, y) = vo(x,0) = vo(z,b) = 0 (3.1) 

wo(zx,0) = wo(z, b) = wo(0, y) = wo(a, y) = 0 (3.16) 

Ney(0, y) = Ney(a,y) = Ney(z,0) = Ney(z, 6) = 0 (3.1c) 

M,(0,y) = Mz (a, y) = M,(z,0) = M,(z,6) =0 (3.1d) 

In order to satisfy the boundary conditions for the simply supported plate, Eqs. 3.1, the 

displacement components are assumed to be of the form 

co oO 
. mr nt 

up = » Umn sin cos 4. (3.2a) 
1 

  
a b 

m=ln= 
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oO oo 

v9 = Ss; S— Vinn sin mae cos — (3.2b) 

maoin=l a 

Wo = Ss) > Winn sin — cos — (3.2c) 

m=in=li 

where m and n are integers indicating the number of half sine waves present an the buckling 

mode, and the constants Umn, Vin, aNd Wm, are the corresponding modal amplitudes. 

A substitution of the displacement field given in Eq. 3.2 into the governing equations Eq. 

2.19, gives a matrix eigenvalue problem for each pair of m and n, such that 

Kit = Ki2 Kig Umn 0 0 0 Umn 

symm K33 Wrn symm G33 Wn 

where Amn is the eigenvalue and the constants Umn, Vin, and Wmn describe the associated 

eigenvector. The coefficients of the stiffness matrix, [K], and stability matrix, [G], are given in 

Appendix A. In terms of 4 for the (m,n) mode, the corresponding critical buckling load of the 

plate is given as 

274 

(Pes )mnn = 7 Eadmn (3.4) 

where E2 is the elastic modulus of the plate constitutive layers in the in-plane direction normal 

to the fiber axis. The critical buckling load of the plate, P,, is then the smallest of (Per) mn: 

3.2 The Navier Solution of the Shear Deformation Theories 

Additional unknown functions are introduced when shear-deformation models are em- 

ployed, hence more comprehensive boundary conditions must be applied. The FSDT introduces 

the following additional constraint 

we(x,0) = ¢-(z, b) = py (0,4) = ty(a,y) = 0 (3.5) 

while the HSDT model additionally requires that (Reddy)[35] 

P,(0,y) = Pr(a,y) = P,(x,0) = P,(z,6) =0 (3.6) 
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In order to satisfy the boundary conditions for the simply supported plate, Eqs. 3.1, the 

displacement field is assumed to be of the form 

  

oO oo 

. mre ny 
Up = ) ) Umn sin 7 cos ——— 

  

  

  

b 
m=ln=1 

oo oo 

. marr ny 
vp = 5 ) Vinn Sin —— cos —— 

a b 
moin=l 

a T nTy 
wo= > ) Wrmn sin cos = 

ma=ln=1 

Co oo 

. NX ny 
vd, = ) ) Xmn sin cos =~ 

m=ln=1 

Co oo 

. mre nTry 
vy = y ) Ymn sin cos —— 

a b 
m=aln=l 

(3.7) 

where m and n are integers indicating the number of half sine waves present in the buckling 

mode, and the constants Umn, Van, Wmn, Xmn, and Ymn, are the corresponding modal ampli- 

tudes. 

As for the CPT, a substitution of the displacement field, Eqs. 3.7 into the governing equations 

Eq. 2.17, gives a matrix eigenvalue problem for each pair of m and n, such that 

Ki Ki2 Kig Kia Kis Usan 
Koo Keg Koa Kos Vinn 

K33 K3a4 K35 Wn 
symm Kaq Kags Xmn 

Kegs Ymn o
o
o
 

eo 
&
 

(3.8) 

where Amn is the eigenvalue and the constants Umn, Vian, Wmn, Xmn nd Ymn describe the 

associated eigenvector. The coefficients of the stiffness matrix, [K], and stability matrix, [G], for 

the FSDT and HSDT are given in Appendix A. The critical buckling load of the plate is then 

given by Eq. 3.4. 
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Chapter 4 

Probabilistic Analysis 

4.1 Background 

Traditional structural design relies primarily upon deterministic analysis. Appropriate di- 

mensions, material properties, and loading conditions are assumed completely determined, and 

an analysis is performed which predicts the response of the structure. In the past, uncertainties 

were not ignored, but it was believed that a realistic upper limit to any load and lower limit to 

strength could be established. The structure could then be designed to survive this “worst case” 

scenario. Thus, safety factors were generally established by the judgment and experience of those 

who worked on a particular design. These safety factors generally failed to produce designs with 

uniform probabilities of failure, because of variabilities specific to individual designs. 

In recent years, a more rigorous approach to reliability has been introduced. Economic 

factors have proved to be a driving force in the development of this design concept. Many 

structures in the past were greatly overdesigned because of a lack of detailed knowledge in 

probability theory. This leads to high cost without a significant improvement in reliability. The 

development of techniques which accurately reflected the probability of structural failure have 

enabled the designer to reduce material costs while maintaining a suitably high level of safety. 

4.2 Probability-Based Methods 

Many methods of reliability analysis exist. A basic precept of all models is the separation of 

the structural performance into two distinct regions, “failure” and “non-failure.” In practice, the 

complexity of systems makes the true reliability, p-, of the system which accounts for all failure 

modes, virtually impossible to determine. Instead, reliability methods determine a reliability, p, 
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which considers only a specific set of failure modes. This p, is then used as a measure of pi. 

The probability of failure, p;, of a system is related to p, by the relation 

py =1—p,r. (4.1) 

A real system can be modeled with differing degrees of accuracy, therefore a system of 

classification has been established (Madsen, Krenk, and Lind, 1986). This classification is based 

upon the extent of information about the problem that is used or provided. 

Reliability methods which employ only one “characteristic” value (the mean) of each random 

variable are known as Level I methods . Methods which employ two values of each uncertain 

parameter (usually mean and variance), along with a measure of the correlation between the 

parameters (covariance), are called Level I] methods . Methods which use probability of failure as 

a measure, and therefore require a knowledge of the joint distribution of all uncertain parameters 

are called Level HI methods . Finally, a reliability method which considers factors outside of the 

specific structural problem itself, i.e. consequences of failure, cost of fabrication, frequency of 

repair, etc. is classified as a Level IV method . These methods are appropriate when the structure 

is of major importance, for example, a highway bridge. 

Although this study is concerned with a situation where only one parameter (the plate 

buckling resistance) is random, while the loading is assumed deterministic, insight into the 

problem can be gained by looking at the classic supply vs. demand problem, as shown by Ang 

and Tang (1984). When the safety of a structure is considered, it must be insured that the strength 

(supply) of the structure is sufficient to withstand the maximum applied loading (demand). A 

realistic determination of available supply and maximum demand is, of course, difficult to arrive 

at. Some degree of estimation and prediction is necessary, and therefore, the supply and demand 

are modeled as the random variables 

X = supply 

(4.2) 
Y = demand 
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with distributions shown in Fig. 4.1. It is the objective of reliability analysis to insure that X > Y 

throughout the design life of the structure. Because X and Y are random variables, it is not 

possible to absolutely assure that Y will never be greater than X. A measure of the degree of 

certainty that X > Y is the reliability, P(X > Y). It follows, from eqn. (4.1), that the probability 

of failure, py, is P(X < Y). 

If the probability distributions of X and Y are known, p; may be expressed as 

pp = P(X <Y)=S P(X <Y|Y =y) P(Y =y) (4.3) 
¥ 

When X and Y are continuous and statistically independent, (4.3) becomes 

py = [ Fx (y) fy(y) dy (4.4) 

where F'x(y) is the cumulative distribution function of X evaluated at y, and f,(y) is the prob- 

ability density function of y evaluated at y. 

Demand exceeds supply in the region where the two curves in Fig. 4.1 overlap. Upon close 

examination of the curves, it is apparent that the region of overlap depends on the relative 

distance between fx(z) and fy(y), and on their degree of dispersion. Their relative position can 

be quantitatively measured be the ratio of the mean demand to the mean supply, ux /puy. This 

quantity is known as the central safety factor. The dispersion may be measured in terms of the 

coefficients of variation, 6x and dy. 

The problem of supply and demand may also be recast in terms of the state or performance 

function (Ang and Tang, 1984), 

g=X-Y (4.5) 

where failure is defined as the condition g < 0. The probability of failure is given by 

g 

p= _ filo) 4a = Fla) (4.6) 
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Fig. 4.1-— Probability density functions for supply and demand. 
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and is illustrated in Fig. 4.2. 

The application of classical probability theory (Freudenthal,1956) to reliability assessment 

requires a full description of the joint statistical distribution of the random (design) variables, 

(X1, X2,..., Xn), aS well as the definition of the limit-state equation 

9(X1, X2,...,Xn) = 0. (4.7) 

The performance function, g, determines the state of the system. The limiting performance 

requirement can be defined as the condition when g = 0, the “limit-state” of the system. If 

viewed geometrically, the limit-state equation, g(X) is an n-dimensional surface which may be 

called the “failure surface.” 

The probability of failure, p; of the system in then defined to be 

Py = IJ wf Fr Kaeo (1,22, vy Ey) adz1, dz2, .w) dz, (4.8) 

where fx,,x,,...,X, is the joint probability density function for X,, X2,...,X, and the integration 

is performed over the region where g < 0. 

In practice, the data required to determine the joint probability density function is usually 

inadequate. Furthermore, even if the joint density function is known, it is usually impractical to 

evaluate (4.8). Consequently, alternatives based upon simplifications of the classical theory have 

been developed. The first-order second-moment (FOSM) method which is a Level II method, 

estimates the probability of failure by using only the first two moments — the means and co- 

variances, of the design variables, is frequently employed (Ang and Tang, 1984 and Shinozouka, 

1983). The formulation is based upon the assumption that design variables are statistically in- 

dependent random variables. It involves the linearization of the function g at the most probable 

failure point (X1,Xo,...,Xn) = (#1, 23,...,£%) on the failure surface g = 0. 

As the failure surface, g(X) = 0, moves further or closer to the origin, the safe region 

g(X) > 0, increases or decreases. The location on the failure surface of the point with minimum 

Probabilistic Analysis 26



  

f,@) 

    

fF, (9) 

    

  

Fig. 4.2 — Probability density function for performance function, g. 
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distance to the origin is known as the most probable failure point. This distance may be used 

as an approximate measure of the system reliability. 

In order gain a good understanding of the meaning of second-moment reliability, a problem 

involving one random variable will be examined (Hasofer and Lind, 1974). Suppose that a 

structure having a deterministic resistance, X, is subjected to a random load, Y. Failure is 

defined to occur when Y > X. It is the function of the reliability analysis method to determine 

the probability of failure, P(Y > X). Generally, if this probability is less than some small value, 

€, the design is viewed as acceptable. Because often, sufficient information on the tail of the 

distribution of S is not available, the failure criterion P(Y > X) < « is replaced by a criterion 

involving the mean and standard deviation of Y. This criterion can be stated as 

X > py + Boy (4.9) 

where py is the mean value of Y, cy is its standard deviation, and @ is a “reliability coefficient.” 

An illustration of this condition is given in Fig. 4.3. The largest value of 6 which satisfies (4.9) 

is called the safety index of the design. The rationale for the use of (4.9) is that it can be expected 

that most of the probability of the design variable, Y, will be concentrated within a few standard 

deviations of the mean. 

One may also use a “reduced load”, 

y= (Y — py) (4.10) 
oy 

In the space of Y’, there will be a corresponding new safe region, G(Y’), and the failure criterion 

will be defined such that the interval (—8, +) will be entirely within G(Y’). More simply stated, 

if the failure region is denoted as G*(Y‘), the distance from the point py to the region G*(Y‘), 

when S is measured in units of standard deviation, must be greater than 6 (Hasofer and Lind, 

1974). 

The problem can now be extended to the case of two random variables. Now, assume that 

the resistance, X, from the previous problem is considered to be random. As before, reduced 
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variables can be introduced, X’ = (X — yx)/ox and Y’ =(Y — py)/oy. The plane of X’ and Y' 

is now divided into a safe region, G(X’, Y‘), and a failure region, G*(X’, Y’). It is now required 

that the circle of radius @ centered at the origin, lie entirely within G(X’, Y’), as illustrated in 

Fig. 4.4. Again, the reason for this is that it can be expected that most of the joint probability 

of X and Y will be concentrated within the circle, and will be associated with safe values of X 

and Y. 

The minimum distance to the origin can be determined as follows (Shinozouka, 1983). 

The distance from a point (X{,X$,...,.X4), where X/ = (X: — ux;)/ox,, on the failure surface 

g(X) = 0 to the origin is given by 

  

Da VX)? 4+ Xi? 4... 4 X12 = /(K"X) (4.11) 

The point on the failure surface, (xj, 23,...,2%,), which has the minimum distance to the origin 

can be found by the minimization of the function D subject to the constraint g(X) = 0. In order 

to accomplish this, the method of Lagrange’s multiplier can be used as follows. Let 

L=D+Ag(X) (4.12) 

or 

L= J(K"* X) + Ag(X) (4.13) 

In minimizing L, the following set of n + 1 equations with n + 1 unknowns is arrived at 

  

OL XxX} Og ; 
— = A = = 1,2,... . OX! ~ REPRE OEE + aX! 0 i=1,2,...,n (4.14) 

and 

OL 
Dy = 9(X1, X2,...,Xn) = 0 (4.15) 

The solution of these equations will yield the most probable failure point, (xj, 73, ..., 2%). 
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Fig. 4.4 — Safety index for two variables. 
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Following the approach presented by Ang and Tang (1984), the gradient vector 

_( Og oOo Og G= Ga BK,“ OX (4.16) 

where 

om = a = ox. (4.17) 

Equations (4.14) can then be rewritten as 

X =-ADG (4.18) 

From this, it can be shown that 

1=(Gte)y”? (4.19) 

and by further substituting into (4.14) and (4.15), the minimum distance from the failure surface 

to the origin, Dmin = 8, is 

—G“*x" 

p= (G*tG* yi? 
(4.20) 

where G* is the gradient vector at the most probable failure point. Equation (4.20) can be 

rewritten in scalar form as 

B= Tea (3%), _ My (4.21) 
> (2). Sg 

where m, and s, are the first order approximations of the mean and variance of the function g 

as evaluated at the most probable failure point. 

When the function g is linear in the design variables (Xi, X2,...,X,), and these variables 

are statistically independent and normally distributed, @ relates to the probability of failure, p;, 

by 

B=O-(1—pys), pp = B(-8) (4.22) 
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where ©(.) is the standard normal distribution function. 

In the case where the probability distribution of the design variables is not normal, the 

relation given in (4.22) is not valid. For this situation, an equivalent normal transformation 

technique can be applied. This is accomplished by the approximation of the actual distribution 

of the design variable X; by a normal distribution at the location corresponding to the most 

probable failure point on the failure surface. 

An equivalent normal distribution for a non-normally distributed variable can be obtained 

so that both the cumulative probability as well as the probability density of the equivalent normal 

distribution are equal to that of the corresponding non-normal distribution at the point x7 on 

the failure surface (Ang and Tang, 1984). 

Equating the cumulative probabilities at the failure point, zx], gives 

* N 
t; — Xs 

& (2) = Fx+(27) (4.23) 
Ox: 

where uv. and of. are the mean and standard deviation of the equivalent normal distribution, 

and Fx+(zj) is the original cumulative distribution function (CDF) of X; evaluated at x}. This 

then yields 

Hy: = af — ox O” (Fx: (27)] (4.24) 

Equating the probability density at zj implies that 

* aN 

wv ¢ (a8) = fx,(zj) (4.25) 
ox; i 

where ¢(.) indicates the probability density function (PDF) of the standard normal distribution. 

From this, the following relation can be obtained 

1 Nw 7 -1 zr 8 = ay HO Fas 20} (4.26) 

The value of the safety index, 6, may now be calculated in a similar fashion as with normal 

variables, by using the equivalent normal mean and standard deviation. 
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For correlated design variables, the application of the FOSM method requires the original 

reduced variables to be transformed to a set of uncorrelated reduced variables, (21, Z2,..., Zn). 

This is accomplished by the method of orthogonal transformation (Ang and Tang, 1984) 

Z=(T|'Y (4.27) 

where Y and Z are vectors of the reduced correlated and uncorrelated variables. The trans- 

formation matrix [T]’ contains the normalized eigenvectors of the correlation matrix [C] of the 

original variables. 
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Chapter 5 

Results and Conclusions 

5.0 Introduction 

In this study, the thickness of each layer, h;, i= 1,2,...N, and the plate lateral dimensions, 

a and b are assumed deterministic. The mechanical properties and fiber angle of each layer are 

considered random variables with a specified mean, standard deviation, and probability density 

function. Depending on the plate model considered in the analysis, the total number of random 

variables for each transversely isotropic layer varies. For the classical plate model, there are four 

independent linear elastic mechanical constants (£;, E2,G12,12) and the fiber orientation angle, 

§. For first- and higher- order shear deformation models, however, an additional independent 

mechanical constant, G3, is required. Thus, for an N -layer laminated composite plate, the total 

number of random variables, n, is 5N for the CPT and 6N for both the FSDT and HSDT. 

To eliminate the need for material specific information concerning the mechanical and geo- 

metric properties of the laminae, the following nondimensional parameters are introduced into 

the analysis, 

Ej a Gy a i,j =1,2,3 (5.1) 

where the over-bar indicates the mean value. 

For comparative purposes, the critical buckling load of the composite plate, P.,, will be 

normalized with respect to the mean critical buckling load of the classical plate theory, P&PT, 

obtained by using the mean values of mechanical properties and fiber orientation of the consti- 

tutive layers. The buckling resistance of the plate is denoted the by nondimensional parameter 
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R, where 

Per 

The probability of failure of the composite plate, py, due to buckling instability is defined 

as the probability that the resisting buckling load of the plate, R, is less than or equal to the 

applied load, s. That is 

ps = Prob[R < s] (5.3) 

where s is a nondimensional load parameter obtained by dividing the actual applied load by 

pCPT 
cr ‘ 

As a result of uncertainties associated with material mechanical properties and fiber angle 

orientation for each layer, the plate critical buckling resistance, R, is a random variable with a 

cumulative probability distribution function (CDF), Fr(r), given as 

Fr(r) = Prob[R < r] (5.4) 

and the corresponding probability density function (PDF), fr(r), is obtained by 

fr(r) = a (5.5) 

For the problem at hand, the state function g is defined as 

g(X1, X2,...Xn) = R(X, X2,...Xn) —4 (5.6) 

where X; are the random variables. 

In applying the FOSM method, the value of the most probable buckling resistance (strength) 

of the plate must be evaluated. This can be accomplished by considering the eigenvalue problem 

of the plate, Eqn. 3.3 and 3.8, using the most probable values of the mechanical properties and 

fiber angle of the constitutive layers (most probable failure point). However, due to the highly 
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nonlinear nature of the state function g, these most probable values of the design variables 

are not known a priori. Consequently, the most probable value of R is obtained through an 

iterative approach introduced by Rackwitz and Fiessler (1978). Computer implementation of 

this approach involves the calculation of the buckling load of the plate several hundred times in 

order to determine the probability of failure of a plate subject to a particular loading situation. 

The actual number of critical loads which must be computed is dependent upon the rate of 

convergence of the algorithm for a particular state function, g{z). 

In this investigation, the following (nondimensionalized) material properties for Gr/Ep com- 

posites are used. 

E, = (40.0, 4.0), E> = (1.0, 0.1), Vig = (0.25, 0.025), 
- (5.7) 

Gio = (0.6, 0.06), Gog = (0.5, 0.05), 6 = (0,5°), 

where the first and second values in the parentheses are the mean and standard deviation of 

the corresponding variable, respectively. For the purposes of this study, a coefficient of variation 

of 10% is imposed upon the material properties examined, as this is deemed to be a reasonable 

approximation of the variability found in many engineering materials. 

5.1 Uniaxial Loading of a Square Plate 

Numerical results will be presented for the case of a square N-layer composite plate (p = 

a/b = 1) subjected to a unidirectional, in-plane loading along the x -axis (u = 0). All random 

variables will be considered statistically independent and normally distributed unless otherwise 

stated. A shear correction factor of 5/6 is used in the FSDT. 

The probability of failure of the plate is evaluated for the first five (lowest energy) buck- 

ling modes. The resulting probabilities of failure are, however, found to be insignificant when 

compared to that for the critical mode, as shown in Fig. 5.1.1. Consequently, the following 

probabilistic stability analysis of the composite plate will be based on the assumption that the 

plate will buckle only in the first, critical mode. This assumption is valid for cases in which 
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the lowest energy mode is sufficiently distinct from higher modes. It should be noted that the 

critical mode may not have the lowest mode number; it is defined as the buckling mode with 

the lowest value of P.,. 

Plots comparing the cumulative distribution function (CDF), Fr, and the associated proba- 

bility density function (PDF), fr, for the resistance to buckling, r, of a composite plate obtained 

via three different plate mechanics models are shown in the following figures for various thick- 

ness ratios, a/h, and stacking sequences. Figures 5.1.2 — 5.1.4 illustrate the effect of a/h on the 

probabilistic buckling resistance of a composite plate with a [+45/—45] stacking sequence. Con- 

sistent with the results obtained through a deterministic analysis (Phan and Reddy, 1987), the 

mean critical buckling loads calculated by the FSDT and HSDT are found to be smaller than that 

obtained through the CPT. In terms of the CDF and PDF, it can be seen that the distributions 

of the resistance to buckling of the plate obtained by the shear-deformable models are generally 

less dispersive. This can be observed from the steeper slope of the CDF and the higher peak 

of the PDF. As a/h increases, the influence of the transverse shear deformation decreases and 

the probability distributions for the critical buckling load obtained by the three plate models 

converge. It should be noted that both the CDF and PDF for the CPT are not affected by the 

change in the a/h ratio. This is due to the CPT’s inability to model transverse shear deformation. 

One factor which has a significant effect on the distribution of the critical loads for the 

composite plates examined is the number of random variables in a particular model. Again, 

it should be noted that there are 5 or 6 random variables per layer (depending on the plate 

model used), and the material properties and fiber orientation in each layer are allowed to 

vary independently. As the number of random variables (number of layers) is increased, the 

dispersion of the buckling loads decreases. This is illustrated in a comparison of Figs. 5.1.3, 

5.1.5, and 5.1.6, where a [+45/-45] laminate is examined in three different ways, each with an 

increasing number of random variables. This is because, as the number of random variables 
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Fig. 5.1.1 - Comparison of mode contributions to cumulative distribution and probability density 
functions for the resistance to buckling of a [+45/-45] composite plate. 

Results and Conclusions 39



  

    

  

    
  

  

  
    

  

1.0 T 

0.8 “ 

0.6 . FSDT ——— _ 

F (r) HSDT 

0.4 7 

0.2 7 [+45/-45], 7] 

afh=20, p=1, p=0 

0.0 i } | 

0.7 0.8 0.9 1.0 1.1 1.2 
r 

12.0 I T —T I 

[+45/-45], 
10.0 FF 

ah=20, p=1, p=0 

8.0 T 

fi, (r) 6.0 F 

40 

2.0 | 

0.0 

0.7 0.8 0.9 1.0 1.1 1.2 

  

Fig. 5.1.2 - Cumulative distribution and probability density functions for the resistance 
to buckling of a [+45/-45] composite plate. 
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Fig. 5.1.3 - CDF (a) and PDF (b) for the resistance to buckling of a [+45/-45] composite plate 
with a/h = 50, p= 1, and p = 0. 
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Fig. 5.1.4 —- CDF (a) and PDF (b) for the resistance to buckling of a [+45/ — 45] composite plate 
with a/h = 100, p= 1, and p = 0. 
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becomes large, the influence of one individual variable on the overall strength of the plate 

becomes less pronounced. In the extreme, the distribution of P., reduces to the deterministic 

load as the number of random variables approaches infinity. 

A similar trend is also found in Figs. 5.1.7 — 5.1.10 for plates with a similar stacking sequence 

but a larger number of layers. Increasing the number of layers is shown to produce less variation 

in the distribution of the plate buckling resistance. This may be caused by the fact that the global 

mechanical properties of the plate are now more homogeneous, and the plate, therefore becomes 

less sensitive to the change in the mechanical properties of each individual layer. 

Probability functions for the critical buckling load of a composite plate with a [+30/-30] 

stacking sequence are shown in Figs. 5.1.11 and 5.1.12. The overall statistical variation of the 

resistance in this case is found to be almost identical to that of the previous case of the [+45/-45] 

laminate. 

In Figs. 5.1.13 — 5.1.16, it is interesting to note that probability distribution of the critical 

buckling loads for a plate with a [(0/90/90/0] stacking sequence has a much larger variation 

than that for a plate with a [90/0/0/90] stacking sequence. This is caused by fibers in layers 

with @ = 0° at the outermost layers having a greater contribution to the load carrying capacity 

of the plate. The plate is therefore highly sensitive to any variation in the mechanical properties 

and fiber orientation angle of these layers. 

Because the mean values of mechanical properties of the laminae are all located more than 

five standard deviations away from zero, assuming either normal or lognormal random variables 

will have an insignificant effect on the probability distribution of the critical buckling load of 

the plate. 
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Fig. 5.1.5 - CDF (a) and PDF (b) for the resistance to buckling of a [+452/ — 45.) composite plate 
with a/h = 50, p= 1, and p = 0. 
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Fig. 5.1.6 - CDF (a) and PDF (b) for the resistance to buckling of a [+453/ — 453] composite plate 
with a/h = 50, p= 1, and p = 0. 
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Fig. 5.1.7 -— CDF (a) and PDF (b) for the resistance to buckling of a [+45/ — 45]2r composite plate 
with a/h = 20, p= 1, and p = 0. 
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Fig. 5.1.8 — CDF (a) and PDF (b) for the resistance to buckling of a [+45/ — 45]o7 composite plate 
with a/h = 50, p = 1, and p = 0. 
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Fig. 5.1.9 — CDF (a) and PDF (b) for the resistance to buckling of a [+45/ — 45]37 composite plate 
with a/h = 20, p= 1, and p = 0. 
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Fig. 5.1.10 — CDF (a) and PDF (b) for the resistance to buckling of a [+45/ — 45]37 composite plate 
with a/h = 50, p = 1, and px = 0. 
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Fig. 5.1.11 — CDF (a) and PDF (b) for the resistance to buckling of a [+30/ — 30]z7 
composite plate with a/h = 20, p= 1, and p = 0. 
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Fig. 5.1.12 — CDF (a) and PDF (b) for the resistance to buckling of a [+30/ — 30]7 
composite plate with a/h = 50, p = 1, and p = 0. 
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Fig. 5.1.13 — CDF (a) and PDF (b) for the resistance to buckling of a [0/90]s 
composite plate with a/h = 20, p = 1, and p = 0. 
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Fig. 5.1.14 — CDF (a) and PDF (b) for the resistance to buckling of a [0/90]5 
composite plate with a/h = 50, p= 1, and np = 0. 
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Fig. 5.1.15 - CDF (a) and PDF (b) for the resistance to buckling of a [90/0]5 
composite plate with a/h = 20, p = 1, and » = 0. 
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Fig. 5.1.16 —- CDF (a) and PDF (b) for the resistance to buckling of a [90/0]5 
composite plate with a/h = 50, p = 1, and p = 0. 
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5.2 Biaxial Loading of a Square Plate 

In practical applications, plates are not commonly subjected to purely uniaxial loading. 

Some degree of biaxiality in the loading is often present. In cases where this type of loading is 

dominant, different physical phenomena can play important roles in the stability of the plate. In 

this section, the effect of an applied load with varying degrees of biaxiality on the probabilistic 

stability of laminated composite plates is examined. It is important to note that all critical loads 

in this section have been normalized to the uniaxial critical load as predicted by the CPT model 

for that particular plate. 

Initially, the case of a square plate (p = a/b = 1) with a [45/ — 45] stacking sequence is 

considered, where the lamina fiber orientations are indicated by [+@/ — 6] and 6 is measured 

in degrees. Predictions for the CPT, FSDT, and HSDT models are given in Figs. 5.2.1 ~ 5.2.3 

for p = 0,0.25,0.5,0.75,1. It can be readily seen that the directionality of the applied loading 

has a strong effect on the magnitude of the mean critical buckling load. Yet, for the range of pu 

examined, the directionality of the loading has no effect on the critical modeshape (the buckling 

mode associated with the critical buckling load). This result can be explained by the symmetry 

of the problem. The plate is square (p = 1) and the fibers are initially oriented so that they will 

offer the same stiffness to loads applied in either the 1- or 2- directions, thus the plate exhibits 

the same sensitivity to material and geometric (fiber orientation) property variations in either 

direction. It is also important to note that the dispersion of the critical loads becomes much 

smaller as the degree of biaxiality is increased. This implies that as y is increased, the critical 

buckling load becomes less sensitive to variations in material parameters in the plate. The same 

result is obtained when the [+45/ — 45]o7r layup is examined with the HSDT model (Fig. 5.2.4). 

It would be reasonable to expect the same result for the ([90/0]s layup because of the same 

symmetries in the laminate, however a quite different result is arrived at. The PDF’s are clearly 

broken out into two distinct groups with different dispersive characteristics: one for pu = 0, 
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Fig. 5.2.1 - CDF (a) and PDF (b) for the resistance to buckling of a [+45/-45]; 
composite plate with a/h = 50, p = 1, and » = 0,1/4,1/2,3/4, 1. 
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Fig. 5.2.2 - CDF (a) and PDF (b) for the resistance to buckling of a [+45/-45]; 
composite plate with a/h = 50, p= 1, and » = 0,1/4,1/2,3/4,1. 
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Fig. 5.2.3 - CDF (a) and PDF (b) for the resistance to buckling of a [+45/-45]7 
composite plate with a/h = 50, p = 1, and p = 0,1/4. 
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Fig. 5.2.4 —- CDF (a) and PDF (b) for the resistance to buckling of a [+45/-45].T 

composite plate with a/h = 50, p = 1, and p = 1/2,3/4, 1. 
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1/4, and another for p > 0.5 (Fig. 5.2.5). Initially, this seems inconsistent with previous results, 

but upon closer inspection, it can be seen that the reason for this disparity is in the critical 

modeshapes. For the » < 0.5, the critical modeshape is (m,n) = (2,1), while for the higher 

degrees of biaxiality, (m,n) = (1, 1) becomes the lowest energy one. Within each buckling mode, 

however, the trend towards decreasing sensitivity of the critical load with increasing biaxiality 

is again displayed. 

The [0/90]5 layup has the same critical modeshape ((m,n) = (1,1)) for » = 0, 0.25, 0.5, 0.75, 

and 1, and therefore the respective CDF’s and PDF’s display the same dispersive characteristics. 

As seen in the previous cases, increasing biaxiality results in decreased dispersion of critical 

buckling loads. Graphical illustrations of these phenomena are given in Fig. 5.2.6. 

5.3 Generally Rectangular Plates with Biaiaxial Loading 

A more broad class of laminated plate includes the generally rectangular geometry. In 

this section, the generally rectangular plate is studied under both uniaxial and biaxial loading 

conditions. 

One parameter which has a strong influence on the plate rigidity, and hence on the resistance 

to buckling of the plate, is the inclusion of the transverse shear deformation degree of freedom. 

As the degree of allowed shear deformation is increased, the resistance to buckling is diminished. 

Results presented in this section are normalized with respect to the mean critical buckling load 

of the CPT, PS?T. The buckling resistance of the plate is again denoted by R, where 

Per 

The first case examined is, again, the baseline [+45/-45]7 laminate. A comparison of plates 

with three different aspect ratios, (p =1, 2, and 4) subjected to uniaxial loading is given in 

Figs. 5.3.1 — 5.3.3 for each of the plate deformation models. 

The introduction of statistical parameters such as the mean (yx), standard deviation (cx), 
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Fig. 5.2.5 —- CDF (a) and PDF (b) for the resistance to buckling of a [90/0]s 
composite plate with a/h = 50, p= 1, and p = 0,1/4,1/2,3/4,1. 
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Fig. 5.2.6 - CDF (a) and PDF (b) for the resistance to buckling of a [0/90]; 
composite plate with a/h = 50, p = 1, and p = 0, 1/4, 1/2,3/4, 1. 
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Fig. 5.3.1 - CDF (a) and PDF (b) for the resistance to buckling of a [4+45/-45]r 
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composite plate using CPT with p = 1,2,4 (a/h = 50, » = 0).
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Fig. 5.3.2 ~ CDF (a) and PDF (b) for the resistance to buckling of a [+45/-45]7 
composite plate using FSDT with p = 1,2,4 (a/h = 50, » = 0). 
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Fig. 5.3.3 — CDF (a) and PDF (b) for the resistance to buckling of a [+45/-45]7 
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composite plate using HSDT with p = 1,2,4 (a/h = 50, pw = 0).



and skewness, can aid in the understanding of the statistical information presented in the prob- 

ability distribution functions (Ang and Tang, 1975). These statistical parameters can be put into 

the following nondimensional forms to aid in comparisons of different plate responses. 

A nondimensional measure of the dispersion or spread in a distribution is known as the 

Coefficient of Variation (COV, 6x), and can be expressed as 

6x = * (5.3.2) 
Ux 

A nondimensional measure of the skewness can be found by dividing the third central moment 

(Ang and Tang, 1975) by the cube of the standard deviation as follows 

_ [&, (@ — ux)? fx (2) de 
g 3 

ox 

  (5.3.3) 

This parameter is then known as the skewness coefficient. A positive value of @ indicates a 

probability distribution which is skewed to the values less the mean, zx, and conversely a 

negative skewness coefficient describes a distribution which is skewed to the right of the mean. 

When the statistical parameters for the (+45/—45]7 laminate given in Table 5.3.1 are exam- 

ined, the general trends of the data become more straightforward to analyze. The data for the 

uniaxial loading (4 = 0) indicates that as the complexity of the plate bending model is increased, 

there is a minor decrease in the COV, and hence the dispersion of P.,. This indicates that vari- 

ations in material properties of the laminate have a slightly smaller influence on the stability of 

the plate when shear deformation is included in the bending models. 

The CPT shows no increase in the COV with increasing p, while both the shear deforma- 

tion models again show a small decrease in their dispersive properties with increasing p. All 

distributions for the uniaxial loading case are symmetric about px. 

When the loading is made uniformly biaxial (u = 1), a dramatic effect is found upon the 

dispersive characteristics of the shear deformation model, as shown in Fig. 5.3.4. As mentioned 
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Table 5.3.1— Statistical parameters for a [+45/ — 45]r plate with » = 0 and a/h = 50. 
  

  

  

  

  

    

[+45/—45} 

w=0, a/h=50 

p Model Ly dy, % 6 

CPT 1.00 5.66 0.00 

1 FSDT 0.99 5.61 0.00 

HSDT 0.99 5.62 0.00 

CPT 1.00 5.66 0.00 

2 FSDT 0.96 5.46 -0.01 

HSDT 0.97 5.50 -0.01 

CPT 1.00 5.66 0.00 

4 FSDT 0.86 5.32 -0.06 

HSDT 0.89 5.10 -0.03     
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in the previous section, an increase in p decreases the effective stiffness of the plate. Compres- 

sive loading in the transverse direction reduces the plate stiffness in the normal direction, and 

therefore the plate is dramatically more sensitive to variations in its constitutive properties. This 

is numerically illustrated in Table 5.3.2. The high degree of skewness for p=2, 4 should be noted. 

The next case examined is that of the [45/—45]o7 laminate. Again, due to the anti-symmetry 

of the laminate, the same dispersive characteristics are seen for the CPT predictions in the 

uniaxial loading case, as shown in Fig. 5.3.5. When the HSDT model is used for the same 

plate configuration, the results diverge in much the same manner as for the [45/ — 45]7 plate 

(Fig. 5.3.6.). When the biaxial loading case is considered, the same trends are apparent as were 

described earlier (Figs. 5.3.7, 5.3.8). There is an increase in the dispersion for the plates with 

higher aspect ratio. In general, Tables 5.3.3 and 5.3.4 show that the 4 lamina is generally less 

dispersive than the [45/ — 45}, configuration. This is caused by the larger number of random 

variables considered in the analysis. 

Now the case of the [0/90]s5 plate is examined. Again, the relative magnitudes of the critical 

loads are seen to be the same, however there is a marked increase in the dispersion seen for 

plates with higher p. This is because, as p increases, more of the load is being supported by the 

outer, 0° plies, as they make the greatest contribution to the plate stiffness. Hence, the plate is 

much more sensitive to variations in parameters which control the stiffness of those layers. This 

increases the dispersion in the predicted buckling loads, as is shown in Figs. 5.3.9 — 5.3.11 and 

Tables 5.3.5 and 5.3.6. For the case of biaxial loading, there is again the increase in dispersion, 

along with the shift to lower relative critical loads (Fig. 5.3.11 — 5.3.12). It should also be noted 

that the buckling mode associated with changes as p is increased, and therefore the dispersion 

is decreased then increased with still higher aspect ratios. 

Cumulative and probability density functions for the [90/0]s laminate using the CPT and 

HSDT are presented in Figs 5.3.13 and 5.3.14, and results are presented in a tabular form in 
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Table 5.3.2 - Statistical parameters for a [+45/ — 45]7 plate with p = 1 and a/h = 50. 
  

  

  

  

  

    

[+45 /—45}y 

u=1, a/h=50 

p Model Ly by, % 6 

CPT 1.00 5.66 0.00 

1 FSDT 0.99 5.61 0.00 

HSDT 0.99 5.62 0.00 

CPT 1.00 9.35 0.16 

2 FSDT 0.98 9.23 0.14 

HSDT 0.98 9.25 0.14 

CPT 1.00 14.57 0.34 

4 FSDT 0.95 14.10 0.32 

HSDT 0.96 14.21 0.32     
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Fig. 5.3.4 - CDF (a) and PDF (b) for the resistance to buckling of a [+45/-45]; 
composite plate using HSDT with p = 1,2,4 (a/h = 50, p = 1). 
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Fig. 5.3.5 —- CDF (a) and PDF (b) for the resistance to buckling of a [+45/-45]o7 

composite plate using CPT with p = 1, 2,4 (a/h = 50, u = 0). 
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Fig. 5.3.6 — CDF (a) and PDF (b) for the resistance to buckling of a [+45/-45]o7 
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Table 5.3.3 -— Statistical parameters for a [+45/ — 45]or plate with » = 0 and a/h = 50. 
  

  

  

  

  

    

[+45/-45p7 

uw =0, a/h=50 

p Model Ly dy (%) Q 

CPT 1.00 4.80 0.00 
1 FSDT 0.97 4.68 -0.01 

HSDT 0.97 4.68 -0.01 

CPT 1.00 481 -0.03 
2 FSDT 0.91 4.39 -0.02 

HSDT 0.90 4.37 0.02 

CPT 1.00 4.81 -0.04 
4 FSDT 0.67 4.75 0.02 

HSDT 0.66 4.78 0.01     
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Fig. 5.3.7 - CDF (a) and PDF (b) for the resistance to buckling of a [+45/-45]o7 

composite plate using CPT with p = 1,2, 4 (a/h = 50, wp = 1). 
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Fig. 5.3.8 — CDF (a) and PDF (b) for the resistance to buckling of a [+45/-45]or 
composite plate using HSDT with p = 1,2, 4 (a/h = 50, wp = 1). 
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Table 5.3.4-— Statistical parameters for a [+45/ — 45]or plate with » = 1 and a/h = 50. 
  

  

  

  

  

    

[$45/—45]oy 

=1, a/h=50 

p Model Hy dy, % 0 

CPT 1.00 4.80 0.00 

1 FSDT 0.97 4.68 -0.01 

HSDT 0.97 4.68 -0.01 

CPT 1.00 8.22 0.08 

2 FSDT 0.95 7.93 0.06 

HSDT 0.94 7.93 0.06 

CPT 1.00 13.13 0.33 

4 FSDT 0.88 12.21 0.25 

HSDT 0.87 12.20 0.26     
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Fig. 5.3.9 - CDF (a) and PDF (b) for the resistance to buckling of a [0/90]5 
composite plate using CPT with p = 1,2,4 (a/h = 50, p = 0). 
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Fig. 5.3.10 - CDF (a) and PDF (b) for the resistance to buckling of a [0/90]s 
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Table 5.3.5 — Statistical parameters for a [0/90]5 plate with » = 0 and a/h = 50. 
  

  

  

  

  

    

[0/90]c 

u=0, a/h=50 

p Model Ly dy, % 6 

CPT 1.00 5.72 0.00 

1 FSDT 0.98 5.56 -—0.01 

HSDT 0.97 5.56 -0.01 

CPT 1.00 4.49 0.00 

2 FSDT 0.98 4,4] -0.01 

HSDT 0.97 4.39 0.00 

CPT 1.00 4.66 0.00 

4 FSDT 0.85 3.89 -0.03 

HSDT 0.84 3.87 -0.03     
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Fig. 5.3.11 - CDF (a) and PDF (b) for the resistance to buckling of a [0/90];5 
composite plate using CPT with p = 1,2, 4 (a/h = 50, p = 1). 
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Fig. 5.3.12 — CDF (a) and PDF (b) for the resistance to buckling of a [0/90]>5 
composite plate using HSDT with p = 1,2,4 (a/h = 50, » = 1). 
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Table 5.3.6 — Statistical parameters for a [0/90]5 plate with « = 1 and a/h = 50. 
  

  

  

  

  

    

[0/90], 

w=1, a/h=50 

) Model Ly 8x, % 8 

CPT 1.00 5.72 0.00 

1 FSDT 0.98 5.56 -0.01 

HSDT 0.97 5.56 -0.01 

CPT 1.00 4.49 0.00 

2 FSDT 0.98 4.41 0.00 

HSDT 0.97 4.39 -0.01 

CPT 1.00 5.81 0.00 

4 FSDT 0.93 5.45 -0.02 

HSDT 0.92 5.35 0.02     
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Table 5.3.7. The [90/0]5 laminate shows a generally smaller 6x for the uniaxial loading case than 

the (90/0]s5. This could be explained in that the outer, 90° plies have less of an impact on the 

plate stiffness in the loading direction, and the plate is therefore less sensitive to variations in 

material parameters of those layers. 

5.4 Conclusions 

The conclusions of this work can be briefly summarized. In general, as shear deformation is 

included in the plate governing equations, the influence of variations in material properties and 

fiber angle orientation on the resistance to buckling is diminished. As the degree of biaxiality 

of the loading is increased, the mean value of the buckling load is decreased, but the dispersion 

of the critical loads is not significantly influenced provided that the critical mode is not altered. 

And finally, as the plate aspect ratio is increased, dispersion of the critical load decreases for the 

uniaxial case, but is dramatically increased for the case of biaxial loading. Also a large skew in 

the resultant critical loads is in evidence for the [+45/-45],7 laminates. This skewness is due to 

the fact that, for the biaxial loading case, perturbations in material parameters (especially fiber 

orientation) are more likely to decrease the critical load than to increase it, because the initial 

fiber angles are in the orientation which offers the highest resistance to buckling. 
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Fig. 5.3.13 - CDF (a) and PDF (b) for the resistance to buckling of a [90/0]; 
composite plate using CPT with p = 1,2,4 (a/h = 50, » = 0). 
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Fig. 5.3.14 — CDF (a) and PDF (b) for the resistance to buckling of a [90/0], 
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Table 5.3.7 — Statistical parameters for a [90/0]5 plate with » = 0 and a/h = 50. 
  

  

  

  

  

    

[90/0], 

p=0, a/h=50 

p Model Ly dx, % 6 

CPT 1.00 4.49 0.00 

1 FSDT 0.98 4.41 0.00 

HSDT 0.97 4.39 -~0.01 

CPT 1.00 4,35 0.00 

2 FSDT 0.93 4.02 -0.02 

HSDT 0.92 4.00 -0.02 

CPT 1.00 4.35 0.00 

4 FSDT 0.77 3.47 -0.03 

HSDT 0.75 3.41 -0.02     
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Appendix A 

Coefficients of Stiffness Matrices 
for the Navier Solution 

The elements of the stiffness and stability matrices in Eqn. 3.3 (CPT) and Eqn. 3.8 (FSDT, 

HSDT) are given by 

  

CPT: 

Kin = (8) jp [an + Aso(§) * 
Kia = ($)"ga(g)om [4+ A 
Kaa = ($) je ~86(G) m9 ~ Bos (§) = 
Kn = (5) ju [Aavn? + Ana(5) 
Koa = (5) | Bem’ —800(5) me 
Kea = (2) BE, [m? + u(Z) 0?) + 7 [Diam + (250 + 4D) ($) mn? + Daa($) ‘nt 

FSDT: 

Kua = (€)'js [aunt +e (§)# 
Kia= ($)" js (Gm [A+ Ae 
Ki3 = 0 

tie (2)'& pS) 

) a | Acer’ + Az2 (¢) "| 
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