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(ABSTRACT)' *° 

DYNAMO (DYNAmic MOdels) is a computer program used to 

evaluate system dynamics models. This analysis determines the 

utility of the DYNAMO tool in the development of a roll- 

response predictor for an offshore drilling platform. The 

project consists of two major phases, including: 

1. development of the theoretical model for the roll- 
response and definition of the application within the 
systems context, 

and 

2. implementation of the theoretical model using DYNAMO. 

The results of the analysis demonstrate the success of 

DYNAMO application to the prediction of semisubmersible roll 

motion in regular sea states. The application successfully 

models the roll-response as a second-order differential 

equation of motion of a negative feedback system. The model is 

verified at semisubmersible heading angles of zero, forty- 

five, and ninety degrees with respect to the incident sea 

state.
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CHAPTER 13 INTRODUCTION 

1.4 PETROLEUM EXPLORATION AND PRODUCTION 

Petroleum buried within the earth exhibits no physical or 

chemical property that currently permits its detection from 

the earth surface. Geological, geophysical, and geochemical 

techniques only serve as crude indicators of the oil reserves. 

Actual verification of oil reserves requires drilling by trial 

and error -- an expensive proposition. The prohibitive cost 

of exploration was so great that it was not until the early 

years of the sixties that the world demand for new oil 

reserves made it economically feasible to explore using 

semisubmersible platforms. 

Much of the literature devoted to offshore development 

assumes a modest rate of increase in oil and gas demands until 

the end of the century. Despite the expected modest increase 

in demand, the world energy need will only be satisfied if new 

offshore fields are developed. This statement is supported by 

the reality that production from a majority of existing fields 

is dropping significantly.! 

The period of offshore development until the mid-eighties 

was characterized by a philosophy that the most economic 

exploration strategy entailed the location of so-called 

“supergiant”"™ oil fields. As years passed, this philosophy 

changed substantially, primarily due to the decline in 

discovery of these supergiants. The current exploration 

1
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philosophy addresses smaller fields that can be develored 

economically and swiftly. Table 1 illustrates this shift in 

exploration philosophy for one of the most predominant areas 

of exploration -~- the United Kingdom North Sea region. 

Tn addition to the shift from few larae fields to mary 

small fields in existing regions of oil exploration, the 

exploration envelope is expanding to include heretcfore 

undeveloped areas such as the Arctic and deep sea regions. 

What began as a small industry in the Gulf of Mexico has 

blossomed into an international operation in increasingly 

} Table 2 illustrates the hostile environmental conditions. 

expected increase in the number of drill islands in Arctic 

waters -- an increase from 5 in 1990 to 10 by 1995. More 

importantly. the table illustrates the increase in recoverabls 

oil from 100 million cubic meters to 449 million cubic meters 

due to the expanded Arctic operational envelope. 

The expansion of exploration efforts into deeper waters 

ana Arctic envirionments drives a number of technological 

changes in the evolution of offshore platform design. These 

changes are now briefly addressed in an overview of current 

semisubmersible technology. 

1.2 SEMISUBMERSIBLE TECHNOLOGY 

In recent years the semisubmersbile has become the most 

common type of drilling rig. By the mid-eighties, the
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Table 1. Oil exploration in the United Kingdom region.’ 

Size of Field 
(Million bbl) 

under 50 

50 - 100 

100 - 200 

200 - 500 

500 - 1000 

over 1000 

TOTAL 

  

  

Fields Under Future 
Development Development 

(1986) (1986 + 15 years) 

-- 50 

5 20 

6 10 

10 5 

3 1 

4 -- 

28 86
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Table 2. 

Discovery 
Field Date 

Tarsiut 1979 

Koakoak 1981 

Issungnak 1981 

Recoverable 

oil 

(million cu.m.)   

100 

285 

64 

Arctic oil field developments. 

Island 

Number 

First 

Production 

___Date_ 

1986 

1987 

1988 

1989 

1990. 

1989 

1992 

1996 

1992 

1993
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semisubmersible technology exceeded all other offshore rig 

architectures as far as number of new construction projects, 

with thirty semisubmersibles, two drillships, and fourteen 

jackup rigs under construction.’ Several factors contribute 

to the recent trend towards semisubmersibles. The first is 

their inherent stability. As shown in Figure 1, they are 

column stabilized vessels which, due to large roll and pitch 

gyradii and small waterplane area, have longer natural periods 

of roll and pitch than other vessels. The small waterplane 

area also contributes to improved seakeeping performance, as 

wave-induced forces are reduced and violent motions 

subsequently minimized.° 

Figure 2 illustrates the relationships that govern the 

stability of a floating body. Three distances are of primary 

concern. KB is the distance from the reference baseline to 

the center of vessel buoyancy. BM is the distance from the 

center of buoyancy to the metacenter point -- the point about 

which rotation occurs for small angles of roll. KG is the 

distance from the reference baseline to the center of vessel 

gravity. Each of these three distances is combined to 

determine the metacentric height, GM, of the vessel. As shown 

in Figure 3, the value of the metacentric height determines 

one of three static stability conditions for the vessel -- 

positive, neutral, and negative stability. Positive stability 

is the desired condition.
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Figure 1. The column-stabilized semisubmersible design.
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Figure 3. Stability conditions based on metacentric height.
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An excess of positive stability, however, is not a 

desirable condition. With reference to Figure 2, the roll 

period of the vessel, TR, is inversely related to the square 

root of the metacentric height, GM. If the GM is 

exceptionally high, the roll period is relatively small. As 

described in the literature’, the greater the GM the more 

stable the ship, the shorter the roll period, and the more 

rapid the motion. Vessels with short periods are referred to 

as ‘stiff'. From the human factors perspective, human 

performance is less affected by long periods than by short, 

‘stiff' periods. This fact drives the desirable design GM 

down. 

The semisubmersible attempts to achieve the optimum 

balance between a large GM for positive static stability and 

a low GM for a softer, longer roll period. With reference 

again to Figure 2, semisubmersibles have less waterplane area. 

As a result, the waterplane inertia, I, is reduced and the BM 

subsequently reduced. The lowered BM value yields a lower GM, 

thereby yielding a design better suited for hostile sea states 

because of its lengthened roll period. 

The motion sensitivity of semisubmersibles becomes an 

increasingly important design issue as the exploration 

objectives described in Chapter 1.1 evolve. A number of 

critical operating motion constraints are imposed on new 

semisubmersible design efforts due to the characteristics of
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new. operational environments. The technological challenge 

exists to meet the motion damping requirement of deep sea 

exploration and the stationkeeping and maneuverability 

requirements in Arctic regions of heavy ice flows. 

1.3 PURPOSE AND OBJECTIVES OF THE STUDY 

With the extensive use of semisubmersibles in motion 

sensitive drilling operations, vessel motion response 

prediction is a critical issue. This project develops a 

theoretical model to predict the roll-response of a six- 

column, twin-hull semisubmersible. The roll-response is 

predicted for a typical incident wave frequency at three 

heading angles in regular sea states. 

The theoretical model is implemented by the system 

dynamics modeling tool referred to as DYNAMO. The model 

accounts for the characteristic geometry of the vessel, 

determines the forces on the vessel due to the given sea 

state, and solves the differential equation of motion for the 

vessel roll. Several expressions for hydrodynamic forces and 

geometric coefficients were drawn from the work of J. Dalzell, 

who explored the heave response of semisubmersibles at Stevens 

Institute of Technology.’ The resulting theory permits roll- 

response prediction at any vessel draft, vertical center of 

gravity, and heading. 

In addition to the primary model development goal of the
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study, this project achieves two secondary goals. The problem 

and model are defined in the systems engineering context. 

including within both the system life-cycle development 

process and the system dynamics modeling process. Finally, 

recommendations for future research are made based on the 

results of this study.



CHAPTER 2: DEFINITION WITHIN THE SYSTEMS CONTEXT 

2.1 SYSTEM LIFE-CYCLE DEVELOPMENT 

This section of the report defines the modeling problem 

within the system life-cycle development process. The 

framework of the system life-cycle process is shown in Figure 

4. The entire process begins with a definition of need for 

the particular system. The need is based on a want or desire 

for something based on a real, or perceived, deficiency.’ 

The definition of need for the overall systems 

development process includes a well-defined statement of the 

existing deficiency, the date by which the new system is 

required, the magnitude of resources available for system 

investment, and the priority of the new capability. The 

defined need drives down into the rest of the entire life- 

cycle process. 

Though this study does not generate the life-cycle 

process for a semisubmersible design, it is clear that the 

thoughts developed in Chapter 1 can be used to form the basis 

for a definition of need. The deficiency is due to the lack 

of available technology in order to meet the need for energy 

exploration in new environments. The deficiency extends t7- 

platform survivability in regions of deep water and ice flows. 

The definition of system need is also derived from 

economic and ecologic deficiencies in addition to technologic 

deficiencies. The declining performance of existing oil 

12
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fields is described in Chapter 1, and is the economic 

consideration that helps define the definition of need. The 

literature also documents the need for drilling systems that 

will preserve the fragile ecologic balance in the Arctic.? 

Platform operating noise, for example, has been identified as 

disruptive to the natural behavior of marine wildlife. This 

ecologic concern drives the need for platforms with noise 

reducing equipment, including shrouded propellers to reduce 

cavitation noise and compressed air curtains around pile 

drivers and drills. 

Clearly the deficiency of a semisubmersible design that 

includes each of the technologic., economic, and ecologic 

characteristics described herein is a feasible origin from 

which a system definition of need may be derived. The 

established definition of need would be the basis for the 

execution of the other system life-cycle processes, including 

the formulation of system operational requirements, 

development of the maintenance concept, and evolution of each 

of the conceptual, preliminary, and detail design phases shown 

in Figure 4. 

This project is not intended to fully develop the system 

life-cycle of a semisubmersible system design. However, tne 

definition of need described justifies the assumption that 

such a system development process is feasible. This project 

proposes that the application of the system modeling process
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described herein is a useful tool in the system optimization 

phase of platform preliminary design. Figure 4 contains a 

process described as ‘system and subsystem trade-offs and 

evaluation of alternatives'. This process is advanced by the 

application of modeling tools. 

The developed model of roll-response observes the systems 

analysis definition of a model in a number of ways. Models 

are described in the systems context as a tool or aid in the 

i Such models should simplify the decision making process. 

complexity facing the decision maker, thereby allowing the 

designers to consider many design alternatives. These models 

must also provide a means of comparing design alternatives on 

an equivalent basis. There are a variety of model types, one 

of which -- the mathematical model -- symbolically represente¢ 

the principles of the situation being studied. The 

mathematical model represents an abstraction of reality and 

identifies a control variable upon which the various design 

alternatives are equivalently compared. 

The roll-response model is a mathematical model that 

identifies the roll angle as the control variable by which the 

various platform alternatives are equivalently compared. The 

roll-response model also qualifies as a model in the systems 

context since it simplifies the complexity of roll motion 

analysis. The designers are afforded a means of quantifying 

one aspect of seaworthiness of design alternatives,
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considering complex factors such as damping and inertial 

effects. 

However, the roll-response model is not strictly a pure 

application of the systems mathematical model. For example, 

the literature descirbes the mathematical model as one that 

incorporeates probabilistic elements to explain the random 

2 Since the roll-response model is a behavior of systems. 

Simple application of physical laws, no elements of 

probability are required. If the model had been expanded in 

complexity to account for the multiple frequencies of 

irregular sea states, rather than sea spectrums of single 

frequencies, probability would have played an integral role in 

the model. The model would have then adhered more faithfully 

to the systems context of a mathematical model. 

The literature cautions that abstract models involve many 

assumptions about the operational components of the system and 

about the nature of the operating environment.!! This 

statement implies that all model results must be considered 

with regard to the assumptions applied during the decision 

making process. The roll-response model is built around a 

number of constraining assumptions, including: 

1. roll motion is uncoupled with other platform 

motions, 

2. the design alternative is symmetric about the 
transverse and longitudinal axes, and is of the
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twin-pontoon, six-column variety, and 

3. damping and restoring actions behave linearly, 
as described in Chapter 3. 

As long as these constraints are considered when comparing the 

roll-response results of the various design alternatives. the 

application qualifies as a valid modeling according to the 

systems process definition. 

2.2 SYSTEM DYNAMICS MODEL   

In A Systems View of Development, by Drew and Hsieh,   

system dynamics is described as an evolution of the work begun 

by Forrester at the M.I.T. School of Industrial Management. 

It is described as a methodology for analyzing comple:: 

dynamic systems, and as a means of examining how systen 

structure and decision policies affect the system in terms cf 

mathematical equations. 

The steps in the development of the system dynamics model 

include the formulation of the mental model in terms of 42 

verbal description, the development of a flow diagram for this 

verbal description, and the generation of difference 

equations from the flow diagran.!! These equations detail the 

system in terms of two types of variables, levels and rates. 

The level variables represent system states at discrete times 

15 
and the rates effect changes in the level variables. Rates
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are assumed constant during time intervals. Table 3, taken 

from Reference / , further details the steps in the system 

dynamics approach. 

The system dynamics approach described by Table 3 has 

been applied to natural ecological systems. engineering 

industrial systems, and social systems. This project examines 

the utility of the system dynamics model in a specifi- 

engineering application -- the prediction of roll-response in 

various sea states for an offshore drilling platform. The 

project applies the nine steps of Table 3 in modified form. 

Specifically, steps 2, 3, and 4 are replaced by the 

@evelopment of a theoretical model for the roll-response from 

known hydrodynamic forces. 

The theoretical model that is developed yields a linear 

second-order differential equation of motion that describes 

the roll of the semisubmersible drilling platform. The 

equation represents a damped second-order negative feedback 

system dynamics model. The system structure is represented in 

the equation by the components of the system, including the 

vessel geometry and wave characteristics. The system 

policies, or rationales by which decisions are reached, are 

represented by the physical laws that govern the differential 

equation. 

Many applications of the system dynamics approach have 

been successfully used to solve complex metaproblems,. including
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�3�.�1� �O�V�E�R�V�I�E�W� 

�T�h�e� �b�a�s�i�s� �o�f� �t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �m�o�d�e�l� �f�o�r� �t�h�e� �r�o�l�l�-�r�e�s�p�o�n�s�e� 

�o�f� �t�h�e� �s�e�m�i�s�u�b�m�e�r�s�i�b�l�e� �i�s� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� �m�o�m�e�n�t� �t�e�r�m�s� 

�a�t�t�r�i�b�u�t�a�b�l�e� �t�o� �t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �a�c�t�i�n�g� �o�n� �t�h�e� 

�s�u�b�m�e�r�g�e�d� �p�o�n�t�o�o�n�s� �a�n�d� �c�o�l�u�m�n�s� �o�f� �t�h�e� �d�e�s�i�g�n�.� �T�h�e� �a�n�a�l�y�s�i�s� 

�a�s�s�u�m�e�s� �r�o�l�l� �i�s� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �o�t�h�e�r� �f�i�v�e� �d�e�g�r�e�e�s� �o�f� 

�m�o�t�i�o�n�,� �s�i�n�c�e� �c�o�u�p�l�e�d� �m�o�t�i�o�n� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �a�c�c�u�r�a�t�e�l�y� �m�o�d�e�l� 

�a�n�d� �b�e�y�o�n�d� �t�h�e� �s�c�o�p�e� �o�f� �t�h�e� �p�r�o�j�e�c�t�.� 

�T�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �m�o�m�e�n�t� �t�e�r�m�s� �a�n�d� �t�h�e� �p�r�i�n�c�i�p�l�e�s� 

�d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� �l�a�w�s� �o�f� �a�n�g�u�l�a�r� �m�o�t�i�o�n� �r�e�s�u�l�t� �i�n� �t�h�e� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n� �d�e�t�a�i�l�e�d� �i�n� �T�a�b�l�e� �4�.� �T�h�e� 

�i�n�e�r�t�i�a�l� �f�u�n�c�t�i�o�n�,� �m�(�u�)�,� �r�e�f�l�e�c�t�s� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �a� �b�o�d�y� �a�s� �i�t� 

�a�c�c�e�l�e�r�a�t�e�s� �t�h�r�o�u�g�h� �a� �f�l�u�i�d�.� �T�h�e� �m�e�a�s�u�r�e�d� �m�o�m�e�n�t�-�c�a�u�s�i�n�g� 

�f�o�r�c�e� �i�s� �f�o�u�n�d� �t�o� �b�e� �g�r�e�a�t�e�r� �t�h�a�n� �t�h�e� �p�r�o�d�u�c�t� �o�f� �t�h�e� �v�e�s�s�e�l� 

�m�a�s�s� �a�n�d� �a�c�c�e�l�e�r�a�t�i�o�n�.� �T�h�i�s� �b�e�h�a�v�i�o�r� �i�s� �d�u�e� �t�o� �t�h�e� �a�d�d�e�d�,� �o�r� 

�i� �T�h�e� �a�c�t�u�a�l� �m�e�a�s�u�r�e�d� �f�o�r�c�e� �h�y�d�r�o�d�y�n�a�m�i�c�,� �m�a�s�s� �o�f� �t�h�e� �b�o�d�y�.� 

�i�s� �p�r�o�p�o�r�t�i�o�n�a�l� �t�o� �t�h�e� �v�i�r�t�u�a�l� �m�a�s�s� �o�f� �t�h�e� �b�o�d�y�,� �w�h�i�c�h� �i�s� 

�g�i�v�e�n� �a�s� �t�h�e� �s�u�m� �o�f� �t�h�e� �a�c�t�u�a�l� �p�l�a�t�f�o�r�m� �m�a�s�s� �a�n�d� �t�h�e� �a�d�d�e�d� 

�m�a�s�s�.� �D�a�l�z�e�l�l� �r�e�l�a�t�e�s� �t�h�e� �a�d�d�e�d� �m�a�s�s� �o�f� �t�h�e� �p�l�a�t�f�o�r�m� �t�o� �t�h�e� 

�§� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �p�o�n�t�o�o�n�s�!� �a�s� �d�e�s�c�r�i�b�e�d� �b�y� 

�C�c�,� �=� �W�w�W�,� �/� �#�H� �(�e�q�.� �2�)� 

�2�1



�2�2� 

�T�a�b�l�e� �4�.� �T�h�e� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �e�q�u�a�t�i�o�n� �o�f� �m�o�t�i�o�n�.� 
� � 

�E�Q�U�A�T�I�O�N� �O�F� �M�o�T�i�a�N�n� 

� � 

�m�(�G�)� �+� �c�C�a�y�+�e� �k�u�)� �=� �F�(�t�)� �(�e�q�.� �1�)� 

�C�O�M�P�O�N�E�N�T� �D�E�S�C�R�I�P�T�I�O�N� 

�U� �R�o�t�t� �A�N�G�L�E� 

�m�C�)� �L�N�E�R�T�I�A�L� �F�U�N�C�T�I�O�N� 

�c�(�u�)� �D�A�M�P�I�N�G� �F�U�N�C�T�I�O�N� 

�k�K� �(�u�)� �R�E�S�T�O�R�I�N�G� �F�u�N�C�T�I�O�N� 

�F�(�t�)� �E�X�C�I�T�A�T�I�O�N� 

�t� �T�I�M�E



�2�3� 

�w�h�e�r�e� �C�,� �i�s� �t�h�e� �a�d�d�e�d� �m�a�s�s� �c�o�e�f�f�i�c�i�e�n�t�,� �W�,� �i�s� �t�h�e� �p�o�n�t�o�o�n� �9� 

�w�i�d�t�h�,� �a�n�d� �H�p� �i�s� �t�h�e� �p�o�n�t�o�o�n� �h�e�i�g�h�t�.� 

�T�h�e� �s�e�c�o�n�d� �t�e�r�m� �o�f� �e�q�u�a�t�i�o�n� �1�,� �e�(�u�)�,� �r�e�p�r�e�s�e�n�t�s� �t�h�e� 

�s�y�s�t�e�m� �d�a�m�p�i�n�g� �f�u�n�c�t�i�o�n�.� �T�h�i�s� �e�q�u�a�t�i�o�n� �c�o�m�p�o�n�e�n�t� �v�a�r�i�e�s� �w�i�t�h� 

�t�h�e� �r�o�l�l� �v�e�l�o�c�i�t�y�,� �a�,� �o�f� �t�h�e� �s�y�s�t�e�m�,� �a�n�d� �a�c�c�o�u�n�t�s� �f�o�r� �t�h�e� �l�a�g� 

�o�f� �t�h�e� �s�e�m�i�s�u�b�m�e�r�s�i�b�l�e� �r�e�s�p�o�n�s�e� �b�e�h�i�n�d� �t�h�e� �e�x�c�i�t�a�t�i�o�n� �f�o�r�c�e�.� 

�F�(�t�)�.� 

�T�h�e� �r�e�s�t�o�r�i�n�g� �f�o�r�c�e� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �b�y� �k�(�u�)�,� �w�h�i�c�h� �i�s� �a� 

�f�u�n�c�t�i�o�n� �o�f� �t�h�e� �v�e�s�s�e�l� �r�o�l�l� �p�o�s�i�t�i�o�n�.� �T�h�i�s� �f�o�r�c�e� �d�e�r�i�v�e�s� �f�r�e�n� 

�t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e�s� �o�n� �t�h�e� �c�o�l�u�m�n�s�,� �a�n�d� �f�r�o�m� �t�h�e� �r�e�s�t�o�r�i�n�g� 

�m�o�m�e�n�t� �t�h�a�t� �r�e�s�u�l�t�s� �d�u�e� �t�o� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �c�e�n�t�e�r�s� �o�f� 

�b�u�o�y�a�n�c�y� �a�n�d� �g�r�a�v�i�t�y� �o�f� �t�h�e� �v�e�s�s�e�l�.� 

�T�h�e� �l�i�t�e�r�a�t�u�r�e� �s�u�g�g�e�s�t�s� �t�h�a�t� �t�h�e� �d�a�m�p�i�n�g� �a�n�d� �r�e�s�t�o�r�i�r�2�z� 

�t�e�r�m�s� �b�e�h�a�v�e� �n�o�n�l�i�n�e�a�r�l�y� �a�t� �l�a�r�g�e� �a�n�g�l�e�s� �o�f� �m�o�t�i�o�n� �a�n�d� �i�r�?� 

�d�e�s�c�r�i�b�e�d� �b�y� 

�e�(�u�)� �=� �Z�.� �c�.�u�)� �(�e�q�.� �3�)� 
�4�,�3�.� �°� 

�a�n�d� �,� 

�k�K�(�u�)� �=� �3� �k�y�u�!� �(�e�q�.� �4�)� 
�3�s� 

�H�o�w�e�v�e�r�,� �i�t� �i�s� �a�l�s�o� �r�e�c�o�m�m�e�n�d�e�d� �t�h�a�t� �a� �l�i�n�e�a�r� �a�s�s�u�m�p�t�i�o�n� �o�f� 

�i�e�
}� 

�
-
�
 

�m�a�l�l� �d�a�m�p�i�n�g� �a�n�d� �r�e�s�t�o�r�i�n�g� �i�s� �c�o�n�s�i�d�e�r�e�d� �s�a�t�i�s�f�a�c�t�o�r�y� �a�t� 

�1�9� �a�n�g�u�l�a�r� �m�o�t�i�o�n�s�.� �F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �a�n�a�l�y�s�i�s�.� 

�l�i�n�e�a�r�i�t�y� �i�s� �a�s�s�u�m�e�d� �f�o�r� �t�h�e� �d�a�m�p�i�n�g� �a�n�d� �r�e�s�t�o�r�i�n�g� �f�u�n�c�t�i�c�n�s



�2�4� 

�s�i�n�c�e� �r�o�l�l� �a�n�g�l�e�s� �f�o�r� �s�e�m�i�s�u�b�m�e�r�s�i�b�l�e�s� �a�r�e� �u�s�u�a�l�l�y� �l�i�m�i�t�e�d� �t�o� 

�t�w�e�n�t�y� �d�e�g�r�e�e�s� �o�r� �l�e�s�s�.� 

�E�q�u�a�t�i�o�n� �1� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �c�l�a�s�s�i�c� �v�i�b�r�a�t�i�o�n� �p�r�o�b�l�e�m� �o�f� �a� 

�m�a�s�s�,� �s�p�r�i�n�g�,� �a�n�d� �d�a�m�p�e�r� �s�y�s�t�e�m�.� �T�h�e� �e�q�u�a�t�i�o�n� �i�s� �r�e�f�e�r�r�e�d� �t�o� 

�a�s� �n�o�n�h�o�m�o�g�e�n�e�o�u�s�,� �s�i�n�c�e� �t�h�e�r�e� �i�s� �a� �f�o�r�c�i�n�g� �t�e�r�m� �t�h�a�t� �i�s� �n�o�t� 

�a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �d�e�p�e�n�d�e�n�t� �v�a�r�i�a�b�l�e�.� �T�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�i�s� 

�e�q�u�a�t�i�o�n� �i�s� �c�o�m�p�r�i�s�e�d� �o�f� �a� �t�r�a�n�s�i�e�n�t� �a�n�d� �s�t�e�a�d�y�-�s�t�a�t�e� 

�s�o�l�u�t�i�o�n�.� �T�h�e� �t�r�a�n�s�i�e�n�t� �s�o�l�u�t�i�o�n� �i�s� �t�h�e� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� 

�h�o�m�o�g�e�n�e�o�u�s� �f�o�r�m� �o�f� �t�h�e� �e�q�u�a�t�i�o�n� �a�n�d� �i�s� �n�o�t� �c�a�l�c�u�l�a�t�e�d� �i�n� �t�h�i�s� 

�a�n�a�l�y�s�i�s� �s�i�n�c�e� �t�h�i�s� �s�o�l�u�t�i�o�n� �o�n�l�y� �s�a�t�i�s�f�i�e�s� �i�n�i�t�i�a�l� �c�o�n�d�i�t�i�o�n�s� 

�2�0� �T�h�i�s� �s�t�u�d�y� �c�o�n�c�e�r�n�s� �a�n�d� �d�i�e�s� �o�u�t� �d�u�e� �t�o� �s�y�s�t�e�m� �d�a�m�p�i�n�g�.� 

�i�t�s�e�l�f� �w�i�t�h� �t�h�e� �s�t�e�a�d�y�-�s�t�a�t�e� �r�e�s�p�o�n�s�e� �o�n�l�y�.� 

�R�e�f�e�r�e�n�c�e� �8� �d�e�s�c�r�i�b�e�s� �t�h�e� �p�h�e�n�o�m�e�n�a� �o�f� �f�e�e�d�b�a�c�k� �a�s� �a� 

�s�y�s�t�e�m� �r�e�s�p�o�n�s�e� �t�h�a�t� �e�i�t�h�e�r� �c�o�n�t�r�i�b�u�t�e�s� �t�o� �o�r� �c�o�u�n�t�e�r�a�c�t�s� 

�s�y�s�t�e�m� �i�n�s�t�a�b�i�l�i�t�y�.� �W�h�e�n� �t�h�e� �f�e�e�d�b�a�c�k� �p�r�o�v�i�d�e�s� �c�h�a�n�g�e� �i�n� �t�h�e� 

�d�i�r�e�c�t�i�o�n� �o�f� �s�y�s�t�e�m� �s�t�a�b�i�l�i�t�y�,� �i�t� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �n�e�g�a�t�i�v�e� 

�f�e�e�d�b�a�c�k�.�?�*�!� �S�i�n�c�e� �t�h�e� �f�o�r�c�e�s� �i�n�c�l�u�d�e�d� �i�n� �e�q�u�a�t�i�o�n� �1� �a�c�t� �t�o� 

�r�e�s�t�o�r�e� �t�h�e� �v�e�s�s�e�l� �t�o� �i�t�s� �r�e�s�t� �p�o�s�i�t�i�o�n�,� �e�q�u�a�t�i�o�n� �1� �r�e�p�r�e�s�e�n�t�s� 

�a� �n�e�g�a�t�i�v�e� �f�e�e�d�b�a�c�k� �s�y�s�t�e�m�.� �N�e�g�a�t�i�v�e� �f�e�e�d�b�a�c�k� �s�y�s�t�e�m�s� �a�r�e� 

�d�e�s�c�r�i�b�e�d� �a�s� �g�o�a�l� �s�e�e�k�i�n�g� �-�-� �i�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �g�o�a�l� �i�s� �t�o� 

�r�e�s�t�o�r�e� �t�h�e� �p�l�a�t�f�o�r�m� �t�o� �i�t�s� �z�e�r�o� �r�o�l�l� �d�a�t�u�m�.� 

�W�i�t�h� �a� �g�e�n�e�r�a�l� �o�v�e�r�v�i�e�w� �o�f� �t�h�e� �p�l�a�t�f�o�r�m� �m�o�t�i�o�n� �c�o�m�p�l�e�t�e�,� 

�t�h�e� �a�n�a�l�y�s�i�s� �t�u�r�n�s� �t�o� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �e�a�c�h� �o�f� �t�h�e� �t�e�r�m�s� �o�f� 

�e�q�u�a�t�i�o�n� �1�.



�2�5� 

�3�.�2� �D�E�F�I�N�I�T�I�O�N� �O�F� �G�E�O�M�E�T�R�Y� 

�I�n� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �t�e�r�m�s� �i�n� �t�h�e� �s�e�c�o�n�d�-�o�r�d�e�r� 

�d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n� �o�f� �r�o�i�l�,� �a� �n�u�m�b�e�r� �o�f� �m�o�m�e�n�t�-�c�a�u�s�i�n�g�z� 

�f�o�r�c�e�s� �a�r�e� �c�o�n�s�i�d�e�r�e�d�.� �F�i�v�e� �d�y�n�a�m�i�c� �f�o�r�c�e�s� �a�r�e� �o�f� �c�o�n�c�e�r�n�.� 

�i�n�c�l�u�d�i�n�g� �t�h�e� �h�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e� �o�n� �t�h�e� �c�o�l�u�m�n�s�,� �a�n� �e�x�c�i�t�i�n�z� 

�f�o�r�c�e� �o�n� �t�h�e� �p�o�n�t�o�o�n�s� �d�u�e� �t�o� �t�h�e� �w�a�v�e� �a�m�p�l�i�t�u�d�e�,� �a� �p�o�n�t�o�o�n� 

�d�a�m�p�i�n�g� �f�o�r�c�e�,� �t�h�e� �s�t�a�t�i�c� �h�y�d�r�o�d�y�n�a�m�i�c� �f�o�r�c�e� �o�n� �t�h�e� �p�o�n�t�o�o�n�s� 

�a�n�d� �t�h�e� �a�d�d�e�d� �m�a�s�s� �m�o�m�e�n�t� �o�f� �i�n�e�r�t�i�a� �p�e�r� �p�o�n�t�o�o�n�.� �E�a�c�h� �o�f� 

�t�h�e�s�e� �f�o�r�c�e�s� �h�a�s� �b�e�e�n� �d�i�s�c�u�s�s�e�d� �b�y� �D�a�l�z�e�l�l�,�-� �a�n�d� �e�a�c�h� �r�e�s�u�l�t�s� 

�i�n� �a� �r�o�l�l�-�c�a�u�s�i�n�g� �m�o�m�e�n�t� �d�u�e� �t�o� �i�t�s� �l�i�n�e�-�o�f�-�a�c�t�i�o�n� �d�i�s�t�a�n�c�e� 

�f�r�o�m� �t�h�e� �a�x�i�s� �o�f� �r�o�l�l�.� �A� �s�i�x�t�h� �f�o�r�c�e� �i�s� �a�l�s�o� �c�o�n�s�i�d�e�r�e�d� �i�n� 

�o�r�d�e�r� �t�o� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e� �c�e�n�t�e�r�s� �o�f� �g�r�a�v�i�t�y� 

�a�n�d� �b�u�o�y�a�n�c�y� �o�f� �t�h�e� �s�e�m�i�s�u�b�m�e�r�s�i�b�l�e�.� 

�S�i�n�c�e� �t�h�e� �r�o�l�l� �m�o�m�e�n�t� �a�t�t�r�i�b�u�t�a�b�l�e� �t�o� �e�a�c�h� �o�f� �t�h�e�s�e� 

�f�o�r�c�e�s� �d�e�p�e�n�d�s� �o�n� �t�h�e� �v�e�s�s�e�l� �o�r�i�e�n�t�a�t�i�o�n� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �t�h�-� 

�w�a�v�e� �d�i�r�e�c�t�i�o�n�,� �t�h�e� �t�h�e�o�r�y� �d�e�v�e�l�o�p�m�e�n�t� �b�e�g�i�n�s� �w�i�t�h� �a� 

�d�e�f�i�n�i�t�i�o�n� �o�f� �g�e�o�m�e�t�r�y� �c�o�n�v�e�n�t�i�o�n�s�.� �F�i�g�u�r�2� �5� �d�e�p�i�c�t�s� �t�h�e� 

�p�l�a�t�f�o�r�m� �p�l�a�n� �v�i�e�w� �b�e�l�o�w� �t�h�e� �w�a�t�e�r�l�i�n�e�.� �E�a�c�h� �o�f� �t�h�e� �c�o�l�u�m�n�s� 

�h�a�s� �b�e�e�n� �i�d�e�n�t�i�f�i�e�d� �f�o�r� �t�r�a�c�k�i�n�g� �v�o�u�r�p�o�s�e�s� �d�u�r�i�n�g� �t�h�e� �t�h�e�c�e�r�v�r� 

�d�e�v�e�l�o�p�m�e�n�t�,� �a�n�d� �e�a�c�h� �c�f� �t�h�e� �p�o�n�t�o�o�n�s� �i�s� �v�i�s�i�b�l�e�.� �T�h�e� �X�-�Y� 

�a�x�i�s� �i�s� �t�h�e� �f�i�x�e�d� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �r�e�p�r�e�s�e�n�t�i�n�g� �t�h�e� �d�i�r�e�c�t�i�c�r� 

�o�f� �w�a�v�e� �p�r�o�p�a�g�a�t�i�o�n�.� 

�F�i�g�u�r�e� �6� �s�h�o�w�s� �t�h�e� �v�e�s�s�e�l� �a�t� �a� �h�e�a�d�i�n�g� �a�n�g�l�e� �X� �w�i�t�h� 

�r�e�s�p�e�c�t� �t�o� �t�h�e� �f�i�x�e�d� �a�x�i�s� �o�f� �t�h�e� �w�a�v�e� �d�i�r�e�c�t�i�o�n�.� �T�h�i�s� �a�n�z�!�:� 

�i�s� �d�e�f�i�n�e�d� �a�s� �t�h�e� �a�n�g�l�e� �b�e�t�w�e�e�n� �t�h�e� �v�e�s�s�e�l� �l�o�n�g�i�t�u�d�i�n�a�l
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