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Model Reduction of Power Networks

Bita Safaee

(ABSTRACT)

A power grid network is an interconnected network of coupled devices that generate, trans-
mit and distribute power to consumers. These complex and usually large-scale systems
have high dimensional models that are computationally expensive to simulate especially in
real time applications, stability analysis, and control design. Model order reduction (MOR)
tackles this issue by approximating these high dimensional models with reduced high-fidelity
representations. When the internal description of the models is not available, the reduced
representations are constructed by data. In this dissertation, we investigate four problems
regarding the MOR and data-driven modeling of the power networks model, particularly the
swing equations.

We first develop a parametric MOR approach for linearized parametric swing equations that
preserves the physically-meaningful second-order structure of the swing equations dynamics.
Parameters in the model correspond to variations in operating conditions. We employ a
global basis approach to develop the parametric reduced model. We obtain these local bases
by Hs-based interpolatory model reduction and then concatenate them to form a global
basis. We develop a framework to enrich this global basis based on a residue analysis to
ensure bounded Hy and H,, errors over the entire parameter domain.

Then, we focus on nonlinear power grid networks and develop a structure-preserving system-
theoretic model reduction framework. First, to perform an intermediate model reduction
step, we convert the original nonlinear system to an equivalent quadratic nonlinear model

via a lifting transformation. Then, we employ the Hs-based model reduction approach,



Quadratic Iterative Rational Krylov Algorithm (Q-IRKA). Using a special subspace struc-
ture of the model reduction bases resulting from Q-IRKA and the structure of the underlying
power network model, we form our final reduction basis that yields a reduced model of the
same second-order structure as the original model.

Next, we focus on a data-driven modeling framework for power network dynamics by apply-
ing the Lift and Learn approach. Once again, with the help of the lifting transformation, we
lift the snapshot data resulting from the simulation of the original nonlinear swing equations
such that the resulting lifted-data corresponds to a quadratic nonlinearity. We then, project
the lifted data onto a lower dimensional basis via a singular value decomposition. By em-
ploying a least-squares measure, we fit the reduced quadratic matrices to this reduced lifted
data. Moreover, we investigate various regularization approaches.

Finally, inspired by the second-order sparse identification of nonlinear dynamics (SINDY)
method, we propose a structure-preserving data-driven system identification method for the
nonlinear swing equations. Using the special structure on the right-hand-side of power sys-
tems dynamics, we choose functions in the SINDY library of terms, and enforce sparsity in
the SINDY output of coefficients.

Throughout the dissertation, we use various power network models to illustrate the effec-

tiveness of our approaches.



Model Reduction of Power Networks

Bita Saface

(GENERAL AUDIENCE ABSTRACT)

Power grid networks are interconnected networks of devices responsible for delivering electric-
ity to consumers, e.g., houses and industries for their daily needs. There exist mathematical
models representing power networks dynamics that are generally nonlinear but can also be
simplified by linear dynamics. Usually, these models are complex and large-scale and there-
fore take a long time to simulate. Hence, obtaining models of much smaller dimension that
can capture the behavior of the original systems with an acceptable accuracy is a necessity.
In this dissertation, we focus on approximation of power networks model through the swing
equations. First, we study the linear parametric power network model whose operating con-
ditions depend on parameters. We develop an algorithm to replace the original model with
a model of smaller dimension and the ability to perform in different operating conditions.
Second, given an explicit representation of the nonlinear power network model, we approxi-
mate the original model with a model of the same structure but smaller dimension. In the
cases where the mathematical models are not available but only time-domain data resulting
from simulation of the model is at hand, we apply an already developed framework to infer
a model of a small dimension and a specific nonlinear structure: quadratic dynamics. In
addition, we develop a framework to identify the nonlinear dynamics while maintaining their

original physically-meaningful structure.
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Chapter 1

Introduction

Power grid networks are networks of electrically coupled devices that play a fundamental
role in transferring power from generators to consumers. A power network grid can be
viewed as a network of nodes and links [90]. A node (bus) is a point where power is injected
by a generator (generator node) or consumed by a load (load node) or even redistributed
through branches of the transmission lines. A link is considered as a transmission line, i.e.,
an electrical connection between the two nodes. In Figure 1.1, an example of a power grid
networks, the IEEE 14-bus system which includes 14 buses, 5 generators, and 11 loads, is

depicted.

SN
G Generator
¢ Load

Figure 1.1: IEEE 14-bus
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In the following sections, we introduce some of the leading models of power network grids as

well as some concepts and terminology used in power systems analysis.

1.1 Power grid network model

The coupled dynamics of power generators plays an important role in determining the syn-
chronization stability of power generators, i.e., the power network fails to properly operate
if a single generator operates at a different frequency. Therefore, a good network model
capable of describing the coupled dynamics of power generators is of a great importance.
There are three most commonly used models for describing a dynamical model of a power
grid network: synchronous motor (SM), effective network (EN) and structure-preserving
(SP). Each model is described as a network of n coupled oscillators (generators or loads)

whose dynamics at the ith node is expressed by the nonlinear second-order equation [90]

2ic  Dii o~
Wh Wh ;:1: J ( j 'YJ) (1.1)
J#i

where ¢; is the angle of rotation for the ith oscillator; J; and D; are inertia and damping
constants, respectively; wg is the angular frequency for the system; K;; > 0 is dynamical
coupling between oscillator 7 and j; and ;5 is the phase shift in this coupling. Constants B;,
K;; and ~;; are computed by solving the power flow equations and applying Kron reduction
[90]. The three models (SM, EN, and SP) mainly differ by the way they model loads which
leads to different values and interpretations of the parameters B;, K;; and 7;;. The EN model
assumes loads as constant impedances instead of oscillators. The SP model represents loads
as first-order oscillators (.J; = 0) while the SM model represent loads as synchronous motors

that are expressed as second-order oscillators. In this thesis, we focus on the EN and SM
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models in [90] that will be explained in more detail in Sections 1.1.1 and 1.1.2 .

Define the state-vector

5:[51 52 (Sn]TERn.

Then, the dynamics of a network of n coupled oscillators, given in (1.1) for the ith node,

can be described in the system form

MO(t) + D(t) + f(6) = Bu(t), (1.2)

y(t) = Ca(t), (1.3)

where the matrices B € R", Me R™", and De R™" are defined as

T
B = |iB17 By, ..., Bn:| )
2J; 2 2
M = diag (iﬁ ﬁ) (1.4)
WRr WR WR
Dy D D
Dzdiag(—l,—2,...,—n>;
WR WR WR

u(t) =1 for t > 0 is input to the dynamics; and the nonlinear map f : R" — R" is defined

such that its ¢th component is

(f(0)), =) Kijsin(6; — 6; —7i5), i=12,....n. (1.5)
j=1
J#i

The variable y(t) € RP in (1.3) corresponds to the output (quantity of interest) of the

networks dynamics, described by the state-to-output matrix C € RP*",
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1.1.1 Effective network model

Before we go into the details of the EN model, we need to explain some basic concepts of a

power network.

Recall that a power network grid is a network of nodes and links where links represent the
transmission lines. Transmission lines in power system analysis are modeled by the so-called
m model shown in the grey box of Figure 1.2. We refer to the admittance J% as the shunt

admittance to the ground, where j is the imaginary unit, i.e., j> = —1. For more details, we

refer the reader to [90] and the references therein.

Generator i Transmission line Generator j
internal | terminal terminal internal
nodei  JXg  nodei nodej JXg; nodej

Figure 1.2: Electric circuit representation of a network with two generators

The structure of the physical network is represented by the admittance matrix Y in (1.6),
where the off-diagonal element Y(i, j) is the negative of the admittance y;; between nodes i
and j # i, and the diagonal element Y (4, ) is the summation of all the connected admittances

to node ¢ including the shunt admittance to the ground.

(

_yija lf El line(i,j),
Y(0,7) =\ S+, if =1, : (1.6)
0, otherwise

\

The sparse and symmetric matrix Y(,7) can be represented in the polar coordinate as
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Y(i,j) = ‘Y(i,j) e with magnitude ‘Y(i,j)‘ and phase angle o;;.

In a network with alternating current, power at node ¢ is a complex number with real and

complex parts given by
Si = Vili = P; +]jQy, (1.7)

where |¥ denotes the complex conjugate of the current l;, V; = |V;]|ei® is the complex voltage
(with magnitude |V;| and phase angle ¢;), and P; and Q; are, respectively, the active power
and the reactive power at node 7. Let n be the number of the nodes. Then, using the

admittance matrix Y in (1.6) and Ohm’s law, we can write the current at node 7 as

l; = ZY(i,j)Vj . (1.8)

Plugging (1.8) into (1.7) yields

ej(¢i—¢j—aij)

S =V, Y (Y(i.) V=Y ‘Y(i,j)VjVi
= =1

=> ‘Y(@j)VjVi (sin(¢s — 5 — 7ij) — jcos(d; — & — i) (1.9)

j=1

=P +]jQi,

where 7;; 1= a;; — 7, and

Pi=3 ‘Y(i,j)vjvi sin(¢; — ¢; — i), i=1,...,n and (1.10)
j=1

Q=-Y ‘Y(@',j)vjvi cos(ds — ¢ — 1), i=1,...,n (1.11)
j=1
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are called the power flow equations that are fundamental for steady state power systems
analysis. As one can see from (1.10)-(1.11), there are a set of 2n nonlinear equations to solve
for 4n unknowns P;, Q;, |V;| and ¢; for i = 1,...,n. To overcome this issue, we assume that
two of the four real unknowns per node are given. This assumption depends on the type
of the nodes: if node i is a generator node, we assume P; and |V;| are given as constants
P; = Py and |V}|. If node i is a load node, we assume P; = —P; and Q; = —Qj,. Given
these assumptions and the admittance matrix Y, the power flow equations (1.10)-(1.11) can
be numerically solved by a range of the available softwares such as MATHPOWER [133] and

Power System Toolbox (PST) [48].

The equation of motion for a generator ¢ results from the Newton’s second law and can be

expressed by the so-called swing equation [90]
2]« D

0 + —0; = P,,, — P.., (1.12)
WR WR

where P, (in per unit (p.u.)) is the mechanical input power to the generator and it is
assumed to be constant, i.e., P, = Py, and P, (in p.u.) is the output electrical power

demanded by the network.

Now going back to our problem, the EN model or the network-reduced model defines loads
as constant impedances to the ground, i.e., nodes without current injections. Hence, it
reduces the physical network to an equivalent network of interactions between generators by
eliminating all nodes except the generators’ internal node via Kron reduction. Towards this
goal, let n, and n; denote the number of generator internal nodes and load nodes, respectively.
Recall the admittance matrix Y in (1.6) for the physical network and decomposed it into

four block matrices resulted from separating the columns (rows) of the generators nodes and
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the columns (rows) of the load nodes.

v Y11 Y12 Gc(ng+n1)x("9+nl)7 (113)

Yor Yoo
where Yi; € C"*" Y5 € C"*™M Yy € C"*™ and Yy € C™ ™. Also, let us define
additional n, nodes, namely the generators terminal nodes, as points between the generators

internal nodes and transient reactances (see Figure 1.2) with the corresponding admittance

Y, formed as

1 1
Yg = dlag(—, Ce

,——) € Cxmo | (1.14)
iXg X,

where x4, is the transient reactance for generator 7. In a steady state, the consumed reactive
power Q; and the active power at P at a load node i (and a generator terminal node) is
represented by a constant impedance to the ground with an equivalent admittance

Y, = Pi —JQ;,

where the voltage magnitude |V;| is obtained by plugging P} and Q; into the power flow
equations (1.10)-(1.11). The constant Y, is then added to the diagonal elements of of the
admittances Yi; and Yoo, We denote the resulted admittances as ?11 and ?22. Note that
in this representation, we assumed a constant power demand, which is a valid assumption
on a short time scale. Now we are ready to form an augmented admittance matrix Y which

also contains the admittance of the transient reactances between the generators’ internal and
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terminal nodes, and the equivalent impenadces for the loads

g

Y -Y, Ony xny
Y= -Y, ?11 +Y, Yo | € Clrotm)x(ngtm) (1.16)

Oy xng Yo1 Yoo

Now let V € C2"st he a unique voltage vector including voltages for all nodes (the genera-

tors internal and terminal loads and load nodes) as
V=1|v, |, (1.17)

where V;,; € C" and V; € C" denote the voltage vectors of generators’ internal nodes and
generators’ terminal nodes, respectively, and V;, € C™ is the voltage vector of load nodes.
Since loads are defined as constant impedances to the ground, only generators’ internal nodes
have non-zero injection currents, which we denote by |;,;. Knowing theses facts, we can form

the current vector | as

lint lint

| = L | = {04, (1.18)
Il Oanl
From Kirchhoff’s current law, we can form 1 =YV as
lint Yg _Yg an Xny Vint
Ongx1| = | =Yy Yi + Yo Yo Ve |- (1.19)

~

O, x1 Oy xng Yo1 Yoo Vi
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Using the Kron reduction, i.e., reducing (1.19) to l;,; = YENV,,; by eliminating V; and V;,

we obtain the n, x n, admittance matrix of the effective network YEN asg
YEN = ?<In9 + Y;1?>71 where ? = ?11 - Y12?2721Y21 (120)

where I,,, € R™*"s denotes the identity matrix. Note that Y, is always invertible [90]. In
addition, the existence of Yg;' follows from the assumption of uniqueness of V [90]. Therefore,
the existence of YFN depends on x,,, for i = 1,...,n,, to be small. Due to the symmetry
property of YEN one can view the effective network as an electrically equivalent network
where every distinct pair of the generator internal nodes i and j are connected by an effective
admittance —YZN (i, j). We should note that all quantities must be expressed in p.u. with
respect to the system base. Using YV the electrical output power P, (1.12) is obtained by

the so-called power angle equation as

P=3 EjE;YEN(i,j)‘ cos(8; — 8; + aij)
j=1
= [EX|>GFN (i, 4) —I—Z E*E*YEN (i,7)|cos(d; — 0; + ), (1.21)
J#l
where YEN (i, 5) = ’YEN(Z 7)[e°5" and GV is the condunctance, i.e., the real part of the

complex admittance Y#V. By plugging (1.21) into the swing equation, we obtain the EN

model with the same form in (1.1) as

J
WR

5+ZKENSH15—5 —AENYy=BFN, i=1,....n, (1.22)
J#Z
BN =Py — [E[[PG"N(i,4), KV = [EEYPN(i, )|, Y =ap —



10 CHAPTER 1. INTRODUCTION

The steady-state internal voltage magnitude E] for each generator is calculated as

P* g\ 2 Q* g\ 2
B = (S50 ) (W + ) =T, 1.23
( z) |Vt* + | t |+ |V;j| b ) 1 Tg ( )

7

1.1.2 Synchronous motor model

In the SM model, loads are modeled as synchronous motors. A synchronous motor is the
same electrical device as a generator, but it translates electrical power into mechanical power,
as opposed to a generator. Therefore, in the SM model, a load node 7 is exactly modeled
by the swing equation (1.12) with P,,,, P., < 0. As in the previous case, to find the SM
model representation, let n, denote the number of generator internal nodes and n; denote
the number of synchronous motor internal nodes. Similar to the EN model where we defined
additional n, nodes for the generators terminal nodes, we define additional n; nodes to
represent the synchronous motors terminal nodes which makes the total number of nodes

2(ng + ny).

For simplicity of the notation, let n = n; + n,. Then, the admittance matrix corresponding

to the transient reactances of both generators and synchronous motors can be formed similar

to (1.14) as
Y, = diag( ! ! ) e Cv (1.24)
= d1 - gy T . .
! Xa T iXg,
Also, (1.16) will be replaced by
- Y, Y
Y= "’ T e (1.25)

Y, Y+Y,
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where Y is the admittance matrix representing the physical network as in (1.13). Now let

in

V= cC™ (1.26)

Vi

be the voltage vector including the voltages for both generators and motors internal nodes
\N/m € C™ and terminal nodes \~/t € C". Following the same argument as in the EN model

and using the Kirchhoff’s current law, we obtain

=7 ! . (1.27)

0 Y, Y4+Y,| |V
As in the previous case, we use Kron reduction to remove all the terminal nodes of generators
and motors and reduced (1.27) to Tm = YSM f/m, with the n x n admittance matrix Y™

defined as

YM =Y, (I, — (Y +Y,)7Y,). (1.28)

Using YoM | the electrical output power P., (1.12) is now formed as

n

P,=>

J=1

= [E;PG™M (i) + )
=1

J.: .
JFi

EVE;YS (i, )| cos(6: — 8 + o)

EXEXYSM (4, j)| cos(6; — 0; + ). (1.29)

Once again, by plugging (1.29) into the swing equation, we obtain the SM model that has



12 CHAPTER 1. INTRODUCTION

the same form in (1.1) as

R w_36 +ZKSMSIH5—5 —'ng):BZSM, i=1,...,n (1.30)
]751
YEM (G, ‘YSM i, J ‘e’o‘w , KSM. Er E*YSM(Z Dl fng = aij — g,
where
BM .= Pl — IE;|°G"M(i,4) for generators i=1,...,n, and

BM = —P;, — |[Ef[’G®™(i,i) forloads i=ng,+1,...,n.

The steady-state internal voltage magnitude E for each generator/motor is calculated in the

same way as in (1.23).

1.1.3 Linearized network swing model

Recall that a power network is represented by a connected graph G = (V, £) with buses as
nodes V = {1,...,n} and transmission lines as edges € C V x V [29, 99]. Here, we present
another representation of modeling the power networks dynamics in the literature where
the gnereators’ transient reactances are ignored, and it is assumed that each bus hosts a
generator. We can model the active power P,; flowing from bus (node) i to bus j along the

transmission line (i,7) € £ as
E,E;

le

P = L sin(d6; — §;), (1.31)

where d; is the phase angle, F; is the peak voltage magnitude, and x;; > 0 is the line

reactance. This model ignores the line resistances. The swing equation for a single generator
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1 results from Newton’s second law and is given by

M;0; + D;o; = Pmee — pelee e {1,...,n}, (1.32)

where M; > 0 is the rotor moment of inertia, D; > 0 is a damping constant, and Pmeh
and P¢°c are the input mechanical power and output electrical power for the i'* generator,
respectively. Plugging (1.31) into (1.32) leads to the swing equations of an electric power
grid [27, 91, 112]

M;é; + D;o; + Z L sin(6; — §;) = Pim“h — Pz-load = pret VieV, (1.33)
: Xij
JEV:

where the set V; € V refers to those buses connected to bus i in G, P corresponds to the
portion of the electric power consumed at bus i and P is the net power input at bus i.

Assuming small angle differences (§; — §; ~ 0) and unity voltage magnitudes (E; = 1), we
can rewrite (1.31) as
where b;; = x_lm is the suseptance between the nodes (i, j) € £.

Define 6 = [y, s, ..., 0,)7 € R™. Then, the original dynamics in (1.33) can be linearized as

MOo(t) + Do(t) + L(t) = Bu(t),
Y= (1.35)

y(t) = Co(1),

where M > 0 and D > 0 are the diagonal matrices of inertia and damping coefficients
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defined as

M = diag(My, Ms, ..., M,) € R"”" and D = diag(Dy, Ds,...,D,) € R™",  (1.36)

and L € R" " is the susceptance Laplacian matrix whose (7, j)th entry is given by

(

_bija if (7'7.]> S ga
L(1,7) = § Y jpee b 15 =1, : (1.37)
0 otherwise

\

and has the following properties: Matrix L has strictly positive diagonal entries while the
off-diagonal entries are negative or zero. It is positive semi-definite (L = LT > 0) and has
a simple zero eigenvalue with the corresponding eigenvector of ones 1, € R™ (L1, = 0,,x1)-

Moreover
w= [P ... PP €¢R" and B =1, € R™", (1.38)
where [,, € R™"™ is the identity matrix, and C' € RP*" yields the output of the system.

By defining the new state variable

)
r=| | € R?",
o

one can equivalently represent the second-order dynamic (1.35) in its first-order form

#(t) = Az(t) + Bu(t),
y(t) = Cx()

(1.39)
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with

A— Onxn ]n e R(Zn)x(?n)’ B = Onxn c R(?n)xn’ C = |:C Opxn:| c Rpx(2n)‘

~M~'L —-M~'D M~'B

Since M and D are positive definite, and L = LT is positive semi-definite with the afore-
mentioned properties, A has one eigenvalue at zero and 2n — 1 eigenvalues in the left-half

plane [43, 45]. Thus (1.35) is a stable dynamical system, not asymptotically stable [45].

1.1.4 Linearized parametric model

In practice, the matrix L is not constant due to variations, for example, in peak voltage
magnitudes E;, reactances, and equilibria; see, e.g., [72]. Thus, to allow variations, in this
section we will view E; as a parameter that can vary and write it simply as p; to obtain the

parametric power network model

Mi§i(t;p)+Didi(tip) + > P2 sin(6,(t;p) — 6;(6:p) = P/, VieV (1.40)

JEV; XU

with the corresponding linear model

M6 (t; p) + Dé(t; p) + L(p)d(t; p) = Bu(t)
y(t;p) = Co(t; p),

(1.41)

where

p=I[pip: ... p) €EQCR"
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is the parameter vector, the matrix L(p) will now vary with p, and allows for variation in

operating conditions. The parametric matrix L(p) can be written as

L(p) = PLP, (1.42)

where
P = diag(p) = diag(p1,...,p,) € R™" (1.43)
is diagonal and L is as defined in (1.37). Note that p; =1 for i = 1,...,n recovers the non-

parametric problem. We will allow p;’s vary around this nominal value, i.e., p; € (1—a, 1+ )
where 0 < a < 1; thus P stays invertible for every p € ). Choosing, e.g., a = 0.15,

corresponds to allowing a 15% variation in peak voltage magnitudes.

1.2 Contributions

Power systems are complex and large-scale systems in operation. Simulation of these high
dimensional power system models are computationally expensive and demand unmanageable
levels of storage in dynamic simulation or trajectory sensitivity analysis. Hence, reducing the
order of these models is of a great importance especially for real time applications, stability
analysis, and control design [46]. Model order reduction (MOR) tackles this predicament by
constructing a substantially lower dimensional representation of the original high dimensional
model that provides a high-fidelity approximation of the input/output behaviour of the

original model [3, 4, 5, 5, 12, 22, 37|. For instance, recall the nonlinear power network model
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(1.2)-(1.3) of order n

MO(t) +Do(t) + f(6) = Bu(t), (1.2)

y(t) = Ci(t), (1.3)

Using MOR we aim to replace (1.2)-(1.3) with a lower dimensional model with r < n

M,0,(t) 4+ Do, (t) + f,(6,) = Bou(t),

uo(t) = .5, (1),

where M., D, e R™*"; B, € R"; f. : R" = R"; and C, € RP*". The goal is that the reduced
output y,(t) approximates the original output y(¢) with high fidelity, i.e., y(t) =~ y,(t). In
this thesis, we investigate MOR for both the nonlinear swing equations and its linearized

parametric model.

In a case where the internal description of a system is not accessible and only some measure-
ment data is available, data-driven modeling frameworks come into play [32, 53, 75, 78, 81,
102, 107, 113, 126]. In our setting, data corresponds to K input trajectory data as well as
the state snapshot data, i.e., simulation data of the original nonlinear swing equations (1.2)

as

Z = _5@0) 5(ty) ... 5(tK_1)] e RVK
Z= —S(to) o(ty) ... S(tKl)] e RVK
U= ulto) ult) . u(tK_l)} € R™K.

MOR and data-driven modeling have a long history in power systems [31, 39, 47, 124, 124,
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130]. For a comparative study of MOR techniques in power systems, see, e.g. [2, 28, 46]. In
this thesis, we develop model reduction frameworks and data driven modeling tailored for

power grid swing equations.
Main contributions and organization of the thesis

Our main contributions are:

1. We develop a structure-preserving parametric model reduction approach for parametrized
linearized swing equations where parametrization corresponds to variations in operat-

ing conditions. (Chapter 2)

2. We develop a structure-preserving system-theoretic model reduction framework for

nonlinear power grid networks. (Chapter 3 and Chapter 4)

3. We develop a non-intrusive data-driven modeling framework for power network dy-

namics using the Lift and Learn approach of [102]. (Chapter 5)

4. We develop a structure-preserving data-driven system identification framework for

nonlinear power grid networks. (Chapter 6)
The rest of this dissertation is organized as follows:

o Chapter 2: This chapter presents the first major contribution of this dissertation.
We develop a structure-preserving parametric model reduction approach for linearized
swing equations using a global basis framework and interpolatory Hs model reduction.
We establish the subspace conditions for the reduction basis so that the error system

is an Hy and H,, function over the entire parameter space.

o Chapter 3: We present a quadratic representation for the power network dynamics via

a lifting transformation. Then, we investigate the effect of this lifting transformation
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on the equilibrium points.

o Chapter 4: We develop the second major contribution of this thesis, namely Ho-based
structure-preserving MOR for power network dynamics (StrH2). We employ the Ho-
based model reduction approach, Quadratic Iterative Rational Krylov Algorithm (Q-
IRKA) [23], as an intermediate model reduction step. Exploiting the structure of the
underlying power network model, we show that the model reduction bases resulting
from Q-IRKA has a special subspace structure, which allows us to effectively construct
the final model reduction basis. This final basis is then applied in the original nonlinear
structure to yield a reduced model that preserves the physically meaningful (second-

order) structure of the original model.

o Chapter 5: This chapter presents the third major contribution of this dissertation.
We start by reviewing the Lift and Learn method [102] for quadratic models. Then,
we employ this method to learn a reduced quadratic model for the nonlinear swing

equations using time domain data.

o Chapter 6: This chapter present the last major contribution of this dissertation. We
develop a data-driven system identification method for the second-order nonlinear
model (1.1). Our framework is inspired by the second-order SINDY [38], where we
chose the nonlinear functions in the SINDY library of terms based on the structure of
the swing equations. Unlike the regular SINDY method [32], we enforced sparsity in

the SINDY output of coefficients by employing a mask matrix.

o Chapter 7: We present a summary of our work and future research outlooks.



Chapter 2

Structure-preserving Model
Reduction of Parametric Power

Networks

Power networks are naturally modeled as second-order dynamical systems [45, 79, 91, 112].
There is a plethora of model reduction approaches for second-order dynamical systems, see,
e.g., [9], [30], [13], [118], [85], [104], [37], for model reduction of general second-order systems,

and see, e.g., [71], [45], [44], [87], [129] with a focus on network dynamics.

In this chapter, we focus on parametrically varying power networks where the parameter
variations correspond to different operation conditions. This leads to the parametric model
reduction (PMOR) framework [21, 22, 64, 103]. The goal is to find a parametric reduced
model that can approximate the original model with acceptable accuracy over a wide range
of parameters. PMOR eliminates the need for performing a separate reduction for each
parameter value (operating condition) and therefore plays an important rule in control,
design, optimization and uncertainty quantification. In Section 2.1, we employ a global basis
approach to form our parametric reduced-order structure-preserving (second-order) power
network model. The model reduction basis is constructed by concatenation of local bases
for selected parameter samples. We obtain the local bases using second-order interpolatory

Ho-optimal methods [121, 127]. In Section 2.2, we establish a subspace condition on the

20
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model reduction basis to guarantee bounded Hs and H., error norms for whole parameter
domain. Then, we explain algorithmic implications. Section 2.3 illustrates the feasibility of

our approach via numerical examples.

Much of the material in this chapter has already appeared in the published manuscript [108].

2.1 Structure-preserving parametric reduced models for

linearized swing equations

Recall the linear parametric model from Section 1.1.4

M6 (t; p) + Dé(t; p) + L(p)d(t; p) = Bu(t)
y(t;p) = Ci(t; p),

(1.41)

where p = [p1 po ... pu)T € Q CR™ denotes the parameter vector. We seek to develop a
reduction framework such that not only it preserves the structure of (1.41), but also the
parametric reduced model serves with acceptable accuracy as a surrogate model over diverse
operating conditions. Since it is crucial that the reduced model preserves the physically-
meaningful second-order structure as in (1.35), instead of transferring the second-order dy-
namics to the first-order form, as in (1.39), and applying model reduction there, we will
directly reduce the second-order dynamics (1.41). In other words, our goal is to find a

reduced parametric system

M,6,(t; p) + D,0,(t;p) + Ly(p)6,(t;p) = Byu(t)

yr(t;p) = Cr0,(t; p),

(2.1)
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where 0,(t;p) € R", M,., L.(p), D, € R™", B € R™" and C' € RP*" with r < n such that

the y,.(t;p) ~ y(t; p) for a wide range of inputs u(t) over the parameter range of interest.

Since M and D are symmetric positive definite, and L(p) is symmetric positive semi-definite,
one should preserve these structures in the reduced model. We achieve this using Galerkin
projection where the original state ¢ is approximated as d ~ V§,: construct a model reduction

basis V € R™" and the reduced-order matrices in (2.1) using

M, =VT™MV, D, =VTDV, L.(p) = VT L(p)V, (2.2)

B, =VTB, and C, = CV.

Accuracy of the structure-preserving reduced model (2.1) with the form (2.2) clearly depends

on the choice of V. We describe this choice next.

2.1.1 Interpolatory model reduction bases

There are numerous ways to choose the model reduction basis V' for reducing parametric
dynamical systems; see, for example, [5, 21, 22, 64, 103] and the references therein. For the
parametric structured second-order dynamical system (1.41), we will employ the structure-
preserving parametric interpolatory model reduction framework from [6], which extended
the interpolatory model reduction framework for parametric systems [11] to the structured
setting. For recent extensions of structured interpolatory model reduction to special classes of
nonlinear systems, see [25, 26]. For a comprehensive study of interpolatory model reduction,

we refer the reader to [5].

To begin with, we need to obtain the frequency domain representation of the parametric

original and the reduced order models by Laplace transform. Let Y (s, p), Y,(s,p) and U(s)
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be the Laplace transforms of the y(¢; p), y,(¢; p) and u(t), respectively. By taking the Laplace

transform of (1.41) and (2.1), respectively, we obtain

Y(s,p) = (C(s*M +sD + L(p))” ' B)U(s) = H(s,p)U(s)

and Y, (s,p) = (C(s°M, + sD, + L.(p)) ' B,)U(s) = H,(s,p)U(s),

where the transfer functions of the full-order parametric model (1.41) and reduced one (2.1)

are, respectively,

H(s,p) = C(s°M + sD + L(p))"'B, (2.3)

and  H,(s,p) = C.(s*M, + sD, + L.(p)) ' B,. (2.4)

Note that both H(s,p) and H,.(s,p) are p X n matrix-valued rational functions in s. The
goal, in parametric interpolatory model reduction, is to choose V such that H,.(s,p) inter-
polates H(s,p) at selected points in the frequency s and parameter p. For a parametric
single input /single output (SISO) case with m parameter samples {p™®, ... p™} (p@ is a
parameter point of interest) and r; frequency interpolation points {O'Y), e ,0,(«?} € C, this

implies
H(Uj(»i),p(i)) = Hr(aj(i),p(i)) o 7=12,...,r;, and i=1,2,...,m. (2.5)

However, for a multi-input/multi-output (MIMO) system like (1.41), enforcing the inter-
polation condition (2.5) for every interpolation point and parameter sample may require a

large reduced order r. To overcome this issue, one can enforce interpolation only along the
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selected directions. Then, the goal is to construct V such that
H(oP pl = H (o pel? s j=1,2,....7 and i=1,2,...,m, (2.6)
where {bgi) e ,b%)} € C™ are tangent directions for the parameter sample p(. Define
K(s,p) = s°M + sD + L(p)

so that

H(s,p) = CK '(s,p)B.

For i =1,2,...,m, construct the local interpolation basis V® € C"*" corresponding to the

parameter sample p') using
VO = [;C(agﬂ, pN1BEY L K (o, p<i>)—1Bb$i>] (2.7)
and concatenate the local bases to construct the global basis:

V = orth ({V(l) Ve V(m)}) e R™, (2.8)

where “orth” refers to an orthogonal basis so that VIV = I.. Realness of V is guaran-
teed by choosing the interpolation points and tangent directions in conjugate pairs. Then,
the reduced model (2.1) obtained as in (2.2) using V from (2.8) satisfies the interpolation

conditions (2.6); see [5, 6].

Quality of the reduced model will depend on the choice of interpolation points and tangent
directions. We choose them, and thus the local bases V) using interpolatory optimal

H, model reduction. In other words, for every p¥, we construct the local basis V@ to
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minimize/reduce the Ho-distance

j ' L[ : i : i 2
Vo) = (o p D) s = (5 / 1H oo, p) = Ho (oo, p) B}, (2.9)

2m J_o

where || - || denotes the Frobenius norm. Note that the #Hs error norm (2.9) is related to

the L., norm of the output error
Iy, p™) = 4o (02 = sup Iy, p™) = e (0 1w
in the time domain as

“y('vp(i)) - yr('vp(i))HEoo < HH("p(i)) - HT("p(i))H'HQ HUHEW

which means that by using Hs-based model reductions, we can minimize the output error
in the £, norm. Optimal Hs model reduction is a heavily studied topic, see for example,
[1, 33, 36, 92] and the references therein. In the case of non-parametric unstructured linear
dynamical systems, i.e., H,(s) = C.(sI, — A,) ' B,, the optimal reduced model in the Hs-
norm is a bitangential Hermite interpolant to H(s) at the mirror images of the reduced poles

[6, 61]. This means that given the first order stable model

#(t) = Ax(t) + Bu(t),
y(t) = Cx(t)

with / inputs and p outputs, and the corresponding transfer function H(s) = C(sl, —.A)"'B,

let H,.(s) be the best rth order rational approximation of H with respect to the Hy norm.
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Then, for k=1,...,r

H(=Mp)re = Hp (= Ap)rs
(FH(=X\y) = (L H.(—);,) and (2.10)

g%H,(—/\k)’l“k = sz;,(—)\k)’l“k,

where H'(—\;) indicates the first derivative of H at s = =X, A\, € Cfor k = 1,...,r are the
simple poles of H,, and ¢; € CP and r;, € C are residue directions ({47} is a rank-1 matrix)

resulting from the pole residue expansion of H, as

T

Hy(s) = Co(sl, — A,) B, =%

Due to the lack of the prior knowledge of the reduced system poles, the model reduction
algorithm must be performed in an iterative way. The Iterative Rational Krylov Algorithm
(IRKA) [61] and it variants, e.g., [16, 67, 128], have been successfully applied in this setting
to construct optimal interpolation points and directions. Since we require the reduced-model
to have the second-order form, we employ the structured version of IRKA, namely the Second
Order IRKA (SOR-IRKA) [121, 127] to construct interpolation points {af), . ,afnf)} and
{bgi) e b%)} € C" and thus the local bases V. A brief sketch of SOR-IRKA is given in
Algorithm 1. SOR-IRKA produces a reduced-model that satisfies only a subset of optimal
interpolation conditions at the cost of preserving structure. This is due to the fact that in
SOR-IRKA instead of directly assigning the r; interpolation points as the mirror images of the
r; poles out of the 2r; poles of the reduced model H,,(s,p") = Ca,., (sla,, — Agy, (p)) 7By,
in Step (2) of Algorithm 1, we use an intermediate model reduction step to reduce the
dimension of the reduced model H,,(s,p®) from 2r; to r; and assign the mirror images of

the resulting r; poles as the r; interpolation points. In other words, the r; interpolation
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points {agi), . ,a,(,f)} are not the mirror images of the reduced model H,,(s,p™), yet result
from the key characteristic of the 2r; poles of the system. Since the underlying system has a
pole at zero in our case, we will modify SOR-IRKA further. This will be explained in detail
in Section 2.2.2. For other work on H,-based model reduction of second-order systems, see,

e.g., [15, 87, 129).

Remark 2.1. The intermediate model reduction technique in Step (2) of Algorithm 1 can

also be done via balanced truncation [60].

Remark 2.2. As opposed to developing locally optimal H, model reduction bases V® and
concatenating them to construct the global basis V', following [11] one could introduce a
composite error measure (Lo error in the parameter space and H, error in the frequency
domain). Then, one can try to construct V' directly to minimize this composite measure.
We refer the reader to [11] and more recent works [58, 68, 69] in this direction for the

unstructured setting.

2.2 Matching the parametric residue corresponding to

the pole at zero
Since L(p) = PLP and L1,, = 0,,x; where 1,, € R"*! is the vector of ones, we obtain
L(p)P "1, = PL1, = 0,1.

Therefore, for every p € 2, L(p) has a simple zero eigenvalue with the eigenvector v = P11,
and consequently H (s, p) has a simple pole at zero for every p. This means that H(s,p) is

not an Ho-function. However, we can still perform an H-based model reduction on H (s, p)
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Algorithm 1 SOR-IRKA [127]

Input: Full order model (1.41) at the parameter sample p (M, D, L(p®), B, C)

Output: Local base V)

b(i)

o Initialize interpolation points {aii), . ,aﬁf)} and tangent directions {bgi), N

« Form the orthogonal base V() = [K(agi),p(i))_legi), LKW pin1BpY | e e,

o While (not converged):

1.

M, =vVO'My®, D, =vOTDy@, L (p®) =vVOTLp0)ye),
B, =vVO'B  (C, =CV®

Convert the second-order reduced model of dimension r; found in Step (1) to its
associated first order model of dimension 2r; as done in (1.39).

#(t) = Aoy, (t) + Boyult),
y(t) = Carz(t)

Intermediate step: Reduce the first order model of dimension 2r; in Step (2)
by (first-order) IRKA [61] to a reduced order model of dimension r;, namely
Hn(s,p(i)) =Cr (sl — A, (p(i)))_lgn'

Compute the eigenvalue decomposition of A, (p®) = XA,, YT, where A, is the
matrix of eigenvalues, and X and Y (Y1 X = I,) are the right and left eigenvectors
of A,,(p'"), respectively.

Update the interpolation points and tangent directions

T

O'gi) — —Ni( A, (p(i))) and (bgi)) —elYB, fori=1,..r;,

where \;(.) denotes the eigenvalue of the quantity of interest, and e; is the unit
vector.

Update the local basis

VO = Ky B Kl p0) B (2.7)
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as long as we guarantee that the error system, i.e., H(s,p) — H,(s,p), stays an Ha-function
for every p. This issue has been studied in the non-parametric case. [45] achieves a bounded
Ho error norm in model reduction of second order networks where the Galerkin projection
is obtained via clustering techniques. In a more recent work, [129] splits a non-parametric
second order network with proportional damping into an asymptotically stable system and
an average subsystem containing the zero eigenvalue. Then, the asymptotically stable system
is reduced via interpolatory techniques and then re-combined with the average system leads
to a reduced model with bounded (and small) Hy error. We also refer the reader to, e.g.,

(74, 87, 88, 89] for the first-order dynamics case.

In reducing the parametric second-order model (1.41), we need to enforce that H,(s,p)
retains the zero eigenvalue and its parametric residue for every p € €0 so that the error stays
bounded over the whole domain. Next, we establish the subspace conditions on the model

reduction basis V' to achieve this goal.

2.2.1 Subspace conditions for matching the parametric residue

For a given a parameter, the next result establishes the conditions on V' to match the residue

at zero.

Theorem 2.3. Given the parametric full-order model (1.41), let the parametric reduced model
(2.1) be obtained as in (2.2). Let p € Q be a parameter of interest. Define P = diag(p) and
b =P 1,. Then for p € Q, the reduced model H,(s,p) retains the simple pole of H(s,p) at

s = 0 and its corresponding parameter-dependent residue if v € span(V).

Proof. First, we show that L.(p) has a simple zero eigenvalue.
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Using 0 € span(V'), write V as
V= [vl @} , (2.11)

where V; € R™ (=1 and ¢ ¢ span(V}). Then, using (2.11) and the fact L(p)o = 0, we obtain

%4 VIL(p)vi ViTL(p)o
L) = VLGV = | " | L) [m @]z (2.12)
o7 TLGVZ L)

VIEL(D)VE Op—1yx1

01><(7‘—1) 0

Since 0 ¢ span(Vy), L,(p) has only one simple zero eigenvalue. Moreover, since M and D
are positive definite and model reduction is performed via a Galerkin projection as in (2.2),

all the other poles of H,(s,p) have negative real parts except for this simple pole at zero.

Now we need to show that the parametrically varying residues of H(s,p) and H,.(s,p) cor-
responding to the pole at zero match. To find the residue of H(s,p), we follow an analysis

inspired by [45]. Transform the second-order dynamic (1.41) to its equivalent first-order

form
@(t;p) = A(p)z(t; p) + Bu(t),
y(t;p) = Cx(t;p),
where
Onxn In On><n
A(p) = , B= , and C= {C’ opxn} (2.13)
~M'L{p) —M~'D M'B
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Let A(p) have the Jordan decomposition

. 0 q
Alp) = QAQ™ = [ql Qz} : (2.14)

Al |QF
where the Jordan block A € C?"~1x(27=1) contains the eigenvalues with negative real parts,
and q; € R?" and §; € R?" are, respectively, the right and left eigenvectors corresponding to

the zero eigenvalue such that

AT(p)q] = 02n><17 (215)
A(p)a1 = Ogpx1, (2.16)
itq = 1. (2.17)

We note that this decomposition is parameter dependent but to simplify the notation, we

write, e.g., ) instead of Q(p). Let

q q
Q= " and q = o (2.18)

q12 qi2

where ¢, ¢1; € R™ for j = 1,2. Calculating (2.16) at p = p using (2.18) and (2.13) leads to

. Onxn [n q11 0n><1
AP = = : (2.19)
—M7'L(p) —M'D| |q2 Onx1

which by the fact L(p)o = 0 yields

>

q11

= . (2.20)
0n><1 0n><1

q1



32  CHAPTER 2. STRUCTURE-PRESERVING MODEL REDUCTION OF PARAMETRIC POWER NETWORKS

Similarly, form (2.15) using (2.18) and (2.13):

- Onxn  —L(P)M ™| |dun Onx1
AT (D)gr = = , (2.21)
I, —DM™! q12 Onx1
which leads to
—L(p)M g1 =0 and (2.22)
Gi1 — DM ™G, = 0. (2.23)

Then, by using L(p)v = 0 and (2.17), we obtain

N qu 1 | Do
q1 = = — s (224)

G| P |Mb
where ap = 07 Dd. Using (2.14), we write

H(s,p) = C(sly, — A(p))'B=CQ(sl, — N)'Q7'B

-7
= —(CCH)EQI 5 +CQa(sn-1 — M) Q2B (2.25)

_ %

S

+CQ2(slap—1 — A)_lézB'

where ¢o = (Cqy)(Gi B) is the residue of H(s,p) for the pole at zero. Then, substituting ¢
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and §; from (2.20) and (2.24), and C and B from (2.13) into ¢y = (Cq)(q¢i B) yields

o0"D 0T M
¢o = ap'C oTD @TM} B=a,'C B

0n><1 Oan Onxn

. o0TD 0T M Onxn
= ap C Op><n
Onxn Opxn | |MT'B

_ ol sT
= ap C0v" B.

33

(2.26)

Following similar steps, the residue of the reduced system H,(s,p) corresponding to the pole

at s = 0 is obtained as

g0, = ap CVVTod"'VVTB,

(2.27)

where ap, = 07V D, VTd. Since VV7T is an orthogonal projector (i.e., (VVT)? = VVT and

(VVDT =VVT) | when v € span(V), we have
VVTo =10 .
Then, plug (2.28) into (2.27) to obtain

¢o, = ap' Co0"B = (6"VD,V'0) 'Cov" B
= @'vvTDvvTo)Ccoo' B

= (0" D) Co0" B = a;'Cov' B = ¢y.

(2.28)

(2.29)

]

Theorem 2.3 establishes that if ¥ = P71, € span(V), for that parameter value p, the
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residues of H(s,p) and H,(s,p) match for the pole at s = 0. This means that

H(Svﬁ) - Hr(saﬁ) = C(SIZn - A(ﬁ))_lB - CT(S]’I‘ - Ar(ﬁ))_llgr

=)~ (24 Hu(s0) (2.30)
= Ha(saﬁ) - Har(svﬁ)a
where the transfer functions
Ha(s,ﬁ) = CQQ(SIQn_l - A)_IQQB (231)
and H, (s,p) = CoQa, (sl — A,)"1Qy, B, (2.32)

are asymptotically stable. Therefore, the error system (2.30) is asymptotically stable at p.

We write this result as a corollary.

Corollary 2.4. Assume the set-up of Theorem 2.3. Then, the error system H(s,p)—H,(s,p)

is asymptotically stable, and has bounded Ho and Hoo norms.

2.2.2 Algorithmic Implications

Theorem 2.3 and Corollary 2.4 hint at how to construct V so that the error system is
asymptotically stable at a parameter value of interest. As stated in Section 2.1.1, for the
parameter samples pt) for i = 1,...,m, we will construct the local bases V@ in (2.7) via
SOR-IRKA to have local Hs optimality. However, we will modify SOR-IRKA by taking into
consideration that H(s,p) has a pole at zero for every p, i.e., H(s,p) is not an H, function.
SOR-IRKA is an iterative algorithm that corrects the interpolation points in every step. Due

to the pole at zero, SOR-IRKA might drive one of the interpolation points to zero as it should



2.2. MATCHING THE PARAMETRIC RESIDUE CORRESPONDING TO THE POLE AT ZERO 35

so that the pole and residue at zero are matched. This will require computing the vector
K0, p™) =1 Bb{" in (2.7) of Algorithm 1. However, due to the pole at zero, K(0, p@) = L(p®)
is not invertible. Therefore, inspired by Theorem 2.3, in SOR-IRKA in Algorithm 1, we will
replace vector K(0, p(i))*leéi) with the zero eigenvector of L(p™), i.e., v?, and rewrite (2.7)

as

Thus the span of V® will contain this eigenvector. Hence, once the global basis V is
constructed as in (2.8), Theorem 2.3 will guarantee that the error system H(s,p) — H,.(s,p)

in (2.30) is asymptotically stable for the sampled parameter values p for i =1,...,m.

To use H,(s,p) for an unsampled parameter value p and to still guarantee bounded error, we
compute § = P11, construct the new basis V = {V {;}, and obtain H,.(s,p) as in (2.2),

now using V. Theorem 2.3 will then guarantee a bounded error at p as well.

The reduction step (2.2) does not need to be applied from scratch for every new p. For the

new basis V', consider

VT VMV VT Mb
M,: M,=V"MV = M[V @}:
o7 aTMV 6T Mb

The terms VIMV, VIM and MV are calculated only once in the offline stage using V/,
and only the vector M needs computing for a new parameter p. The situation is similar
for the other reduced quantities except for Zr(p) due to the nonaffine parametrization of
L(p) = PLP. To overcome this issue, an affine parametric approximation of L(p) via, for
example, DEIM [21] as we will see in Section 4.4.5, can be used to achieve efficient online

computations.
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2.2.3 Smaller number of parameters

Now we assume that L(p) is parametrized with a smaller number of parameters. Let p =

[p1 p2 -+ p,]t € Q, CR” and consider the parametrization
plInl
L(p) =PLP with P = ) (2.34)
Pvln,
where ny + --- +n, = n and v < n. This can be viewed as some of the peak voltage

magnitudes F; varying together. This structure will drastically simplify the algorithmic
considerations from Section 2.2.2. In (2.34) we can also set some p;’s to 1 to allow variations

only in a subset set F;’s.

Proposition 2.5. Consider the parametrization in (2.54). Define

e = 1, eER", k=12...v. (2.35)

O y1 41 ) x1

If{ei,es,...,e,} € span(V), then H,(s,p) retains the simple pole at zero and its correspond-

ing parameter-dependent residue of H(s,p) for every p € Q,.

Proof. For any p € Q,,, the eigenvector of L(p) corresponding to the zero eigenvalue can be



2.2. MATCHING THE PARAMETRIC RESIDUE CORRESPONDING TO THE POLE AT ZERO 37

written as

1 1
L, 1,, 11,
/lA) - 75_1]_” - =
L n 1, L n
L Pu v v Pu v
L]-n 0 n—m 1
N TR I 2l (2.36)
O(n—nl)xl piu]-n,,

1 1
=—e +- -+ —e,.
N bv

Therefore, if {e1,es,...,€,} € span(V), we have 0 € span(V) for every p € Q, and the

desired result follows from Theorem 2.3. L]

Proposition 2.5 shows that for the parametrization (2.34), adding v vectors to span(V)
suffices to match the residue at s = 0 for every p € €2, and augmenting the basis by a
new vector for a given p as in Section 2.2.2 is no longer necessary. A fized global basis V
satisfying {e;,es,...,e,} € span(V) does the job for every p € Q,. Note that one needs v

to be modest so that the reduced dimension stays modest.

2.2.3.1 Algorithmic details for implementing Proposition 2.5

The global basis V' in Proposition 2.5 can result from any model reduction method of choice.

As long as the vectors {eq, ..., e,} are added to its span, the result will hold.

We will form V' as in (2.8) where the local bases result from the modified implementation of
SOR-IRKA as described in Section 2.2.2. Given the parameter samples p® for i = 1,...,m,
let v denote the eigenvector of L(p) corresponding to the zero eigenvalue. Our SOR-

IRKA implementation will provide that {v™ ... v(™} € span(V). As shown in the proof
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of Proposition 2.5, for any p € Q,, v = P11, is spanned by v vectors. We will choose
m > v different parameter samples, obtaining a linearly independent set {v), ... v(™}.
Since these vectors are in the span of V', we will automatically satisfy the subspace condition
in Proposition 2.5. Therefore, our construction of V' via modified SOR-IRKA with m > v
parameter samples will guarantee bounded Hy and H, error for every p € €, (including the
unsampled parameters) without explicitly adding the vectors {ey,...,e,} to the reduction

basis V.

2.3 Numerical results

We use a linearized model of 2736-bus Polish network [132] with n = 2736. We focus on
a single-input single-output model with B = C?T =[1 0 --- 07 € R™! and allow 15%
variation in peak voltage magnitudes, i.e., 0.85 < p; < 1.15 in L(p). Recall that p; = 1

corresponds to the non-parametric unity voltage magnitude case (E£; = 1).

2.3.1 Case 1: single parameter

We start with the simple case

where p is a scalar; i.e., only Fy in (1.40) is varying. We randomly pick two parameter values

p for i = 1,2 as in Table 2.1, apply one-sided SOR-IRKA to obtain local bases V(1) € R™**1

Table 2.1: Sample sets for case 1

Sample set P
p™ 0.8536
p? 1.1412
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and V@ € R"* 2 with k; = ky = 20. SOR-IRKA is modified based on Section 2.2.3.1 so
that both VM) and V@ contain the eigenvectors of L(p")) and L(p®) corresponding to the
zero eigenvalue in their span. Then, the global basis V' € R™" is obtained by finding an
orthogonal basis for [V(1) V@] as in (2.8), leading to a final reduced model H,(s,p) with
r = 40. Due to Proposition 2.5, H,.(s,p) retains the residue at s = 0 and thus the error
system H(s,p) — H,(s,p) is bounded in the Hy and H., norms for every p € [0.85 1.15]. To

illustrate the accuracy of H,.(s,p), in Figure 2.1 we show the relative H., error defined as

— ||H(S,p) B HT(87P>||00

e(t) [Ha(o )

(2.37)

over the full parameter range. As the figure illustrates, the structure-preserving reduced
model H,.(s,p) is a high fidelity approximation to H(s,p) model with a maximum relative
error less than 5 x 1073 over the full parameter range.

Relative Hoo error Vs. p

0o
-
o

S

[IH-HJI_/IH, I
3
( [~)

Figure 2.1: Example 2.3.1: Relative H., error over the parameter domain

2.3.2 Case 2: two parameters

We consider a parametrization with v = 2 parameters p; and psy as

D plfg

szg

We pick two random samples as in Table 2.2, and apply the modified SOR-IRKA to obtain
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Table 2.2: Sample sets for case 2

Sample set D1 Do
pM 0.9572 0.93399
p 1.0304  0.9522

local bases V() € R™*20 and V@ € R"*2°. An orthogonalization of [V} V()] leads to the
global basis V' € R™“% thus a reduced model H,(s,p) with r = 40. Due to Proposition 2.5
and the discussion in Section 2.2.3.1, H,(s,p) matches the residue at s = 0 and provides
bounded H, and H., error throughout the whole domain [p;, pa] € Qo = [0.85 1.15] x
[0.85 1.15]. Once again, to illustrate the accuracy of H,.(s,p), in Figure 2.2 we show the
relative Ho, error in (2.37) over the full parameter space. As the figure illustrates, the
structure-preserving reduced model H,(s,p) is a high fidelity approximation to H (s, p) over
the full parameter space with a maximum relative error less than 1.5 x 1072

Relative HOC error Vs. p

0.014
0.015
; 0.013
E‘“ 0.012
g 001 0.011
=
T 0.01
0.005 0.009
1.2

0.008

0.007

P, 08 0.8

Figure 2.2: Example 2.3.2: Relative H., error over the parameter domain

2.3.3 Case 3: four parameters

We now consider the four parameter case, pi, p2, p3 and ps such that

P = diag(piIz, paln, p3ln, pyln).
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We randomly pick four parameter sample sets as in Table 2.3. Using these samples, we

Table 2.3: Sample sets for case 3

Sample set  p; P2 D3 P4
p) 1.0967 0.8541 0.9399 0.887
p? 0.9399 0.9146 1.0377 1.0459
p®) 0.9522 1.0713 0.9399 0.9572
p® 1.0801 0.9399 1.0377 1.1029

apply the modified SOR-IRKA to obtain the local bases V® ¢ R™%; j = {1,2 3,4} and

a parametric reduced model of order r = 80 (V € R™*®0).

As in the previous example,

the reduced model guarantees bounded error over the whole parameter space. To show the

approximation quality, we pick 200 random samples in the four-dimensional parameter space,

and depict the resulting relative H,, error in Figure 2.3, showing a maximum relative error

less than 1072 over this sample set.

-
<
o

allos

r'oo

[IH-H I /IH

1078

Relative HOO error Vs. p

S Sy, ¥
IR M FR

100 150
Samples

0 50 200

Figure 2.3: Example 2.3.3: Relative H, error over 200 samples.

2.3.4 Adaptive parameter sampling

Instead of random sampling of the parameter sample sets, one can adaptively choose them

via a greedy sampling method

[21, 34, 57, 123]. Greedy sampling method can improve the
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approximation error; however, it might be computationally expensive when the parameter
space is large. This method adaptively chooses sample sets p) by finding the location in
the predetermined parameter space where the estimate of the error in the reduced model is
maximum. In other word, let p™") be the current parameter sample set with the corresponding
local basis V. Then, the next parameter sample set is chosen such that the relative Hoo
error between the parametric full order and reduced models in (2.37), is maximized. In other

words,

2 — arg e JE(5:2) = Ho(s.p) o
p [ Ha(s, p)loc
The corresponding local basis is then added to the current local basis V" as in (2.8) to form
the parametric reduced model (2.1). These steps are repeated until we achieve a pre-specified
error tolerance , i.e., desired approximation error. In most cases, to avoid evaluating the
full model at each parameter set (especially for large parameter space), instead of using the
actual reduced model error, one can use an approximation of that in finding the worst-case

parameter value [21].

In this section, we apply the greedy parameter selection to our second example in Section
2.3.2. For a tolerance of 1072, the greedy algorithm stops after two iterations with the
corresponding parameter sample sets shown in Table 2.4. This leads to a parametric reduced
model H, (s, p) of order r = 60 with a maximum relative error less than 7.65 x 1072 over the
parameter domain (See Figure 2.4a). Although the greedy algorithm led to a higher order
reduced model, one can observe from comparing Figures 2.2 and 2.4b that even with a single
iteration of the greedy algorithm, the maximum relative error of the parametric reduced

model has decreased from 1.5 x 1072 in Figure 2.2 to 1.15 x 1072 in Figure 2.4b.
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Table 2.4: Sample sets for case 2

Greedy iteration Sample set  p; Do

p© 0.85 0.85
1 p) 1.05 1.15
p? 1.15 0.85
Relative Hoo error Vs. p 1073 Relative Hoo error Vs. p 1073
><10; 7 10
0.01
_3 6 _3 .
 ° oy
— 5 80005
T 4 T 6
T T
2 ¢ 0
1.2 1.2 N
3
2
P, 08 08 0 b, 08 08 o
1 1
(a) Two iterations of greedy algorithm (b) Single iteration of greedy algorithm

Figure 2.4: Example 2.3.2: Relative H, error over the parameter domain

2.4 Summary

We have developed a structure-preserving parametric model reduction approach for linearized
swing equations using a global basis framework and interpolatory s model reduction. We
have established the subspace conditions for the reduction basis so that the error system is
an Hy and H, function over the entire parameter space. Two examples have been used to

illustrate the the efficiency of our approach.



Chapter 3

Converting Power Networks

Dynamics into Quadratic Dynamics

In this chapter, we drive a quadratic representation for the power network dynamics

MO(t) + D(t) + f(6) = Bu(t), (1.2)

y(t) = Ci(t), (1.3)

by introducing a lifting transformation. These lifting transformation and quadratic dynamics
play an important role in the model reduction frameworks of Chapters 4 and 5. We also

investigate the effect of the lifting transformation on the equilibrium points.

Most of the analysis in this chapter are from the preprint [110].

3.1 Quadratic representation

A large class of nonlinear systems, such as those with smooth nonlinearities, e.g., exponential,
trigonometric, can indeed be represented as quadratic-bilinear systems by introducing new
variables (in a lifting map) [83], [59], [19], [106], [102]. Converting a nonlinear model to its
equivalent quadratic form provides an opportunity to perform input-independent model re-

duction techniques where a system-theoretic norm is defined; see, e.g., [18, 20, 23]. Although

44
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this transformation is not unique in most cases, it is exact, i.e., there is no approximation
error [20]. Second-order model (1.1) inherently contains a quadratic nonlinearity in f(J) and

the nonlinear system (1.2) can be lifted to a quadratic dynamic.

Towards this goal, expand the nonlinearity sin(d; — d; —7;;) using the trigonometric identity

sin(d; — 0; — ;) = (sin(6;) cos(d;) — cos(;) sin(d;)) cos(7i5) (3.1)

—(cos(d;) cos(d;) + sin(6;) sin(d;)) sin(7;5)-

Note that equation (3.1) is quadratic in sin(d;) and cos(é;). This directly hints at choosing
sin(d) and cos(0) as auxiliary variables in a new state vector to convert the nonlinear dynam-
ics to a quadratic one. This is precisely what has been done in [86], [106] to find a quadratic
representation for (1.2)-(1.3). However, since the transformation, the so-called lifting, is not
unique and we have a slightly different form in the resulting state-space form, we include its

derivation here for completeness.

Lemma 3.1. Given the second-order dynamics (1.2)-(1.3), define the new lifted state vector
q(t) € R as
T

q(t) = |o(t)" o) sin(6(t)T cos(3(t)T| - (3.2)

For the new state-variable q(t) in (3.2), the original network dynamics (1.2)-(1.3) can be

written exactly as a quadratic nonlinear system of the form

Eq(t) = Aq(t) + H(q(t) © q(t)) + Bu(t) (3-3)

y(t) = Cq(t),

where E, A € R¥4n B e Rin (O e RP4n g e R¥<Wn)° 4nd @ denotes the Kronecker
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product.

Proof. The proof is constructive, i.e., it will show how the matrices F, A, H, B and C in

(3.3) will be constructed. Using the new state vector ¢(t) in (3.2), we can directly rewrite

the original output y(t) = Ci(t) as

y(t) = Cq(t) with C=1{C 0,0p Opsn Open| € RZ™

To simplify the notation, define

@ =0(t), g=0(t), gs=sin(5(t)), and g = cos(6(t))

so that
o0 | ]
o | 00| e
sin(d(t)) q3(t)
cos(6() | {antt)

Then, it follows from (3.5) and (1.2) that

g1 = q2,
Mgy = —Dqy — f(q1) + Bu,
43 = G2 © qa,

g4 = —q2 © g3,

where o denotes the Hadamard product.

(3.5)

(3.6)

(3.10)
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We start by writing ¢; in (3.9) and ¢4 in (3.10) as

g3 =P(2®qs) and ¢ =—P(¢2 @ gs) (3.11)
where
=3, &, ... d,|cR” (3.12)
with
Op =eper €R™" for k=1,...,n,

where e, is the k" column of the identity matrix I,,.

Next, we write the nonlinearity f(qi) in (3.8) as a quadratic term. Towards this goal, we

use the expansion (3.1) in (1.5) to obtain

(f(Ch))i = Z Kij ((¢3)i(qa); — (q4)i(g3);) cos(7iz) — Z K;i((q4)i(qa);) sin(vi5)
o =
- Z Kij ((Q3)i(q3)j) sin(%»j),

Jj=1
J#i

(3.13)

Using (3.13), we can write the vector f(q;) compactly as

fl@) = = (Z(gs © qa) + ¥(q2 © qa) + V(g3 @ g3)) , (3.14)
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where

szlg.“ZJEWW
consists of n block matrices Z;, € R™*" defined as

Ky cos (i), i=j=1,..n, j#k

Zi(i,J) = § —Kpjcos (vy), i=k,j=1,...,n, j#k-
0 otherwise
Similarly,
V=g, v, ... ¥,|€R”

and for the £ block of ¥ denoted by ¥, € R™", we have

—%Kkj sin (i), i=j7=1,..,n, j#£k

\I/k(?,,]) = _%Kk] sin (’}/kj), 1= k‘,j - 1a ey 10, .] 7é k-

0 otherwise

Using (3.11) and (3.14), we now rewrite (3.7)-(3.10) as

g1 = qo,

Mis = —Dgo+ Z(q3 @ q1) + V(qa ® q4) + Y (g3 ® ¢3) + Bu,

43 = (g2 ® qu),

ds = —P(q2 ® g3).

(3.15)

(3.16)

(3.17)
(3.18)
(3.19)

(3.20)

Note that the new formulation of the dynamics in (3.17)-(3.20) only contains linear and
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quadratic terms in ¢ and the input mapping is linear. The output mapping C is already
established in (3.4). Therefore, there exist matrices E, A, H, B and C' such that the original
power network dynamics can be written as a quadratic nonlinear system as in (3.3), thus
proving the desired result. However, to give a constructive proof, we continue to show how

the state-space matrices in (3.3) can be explicitly constructed.

It immediately follows from (3.17)-(3.20) that E € Ri*4n A € Ri4" and B € R in (3.3)

(corresponding to the linear parts of the dynamics) are given by

0n><1 On><n [n Onxn Onxn
B Onxn _D Oan Oan
E = blkdiag(1,, M, I, I,,), B = and A= , (3.21)
Onxl Onxn Onxn Onxn 0n><n
_0n><1_ _Onxn Onxn 0n><n Onxn_

where I,, € R"*" denotes the identity matrix.

To show how H is constructed, we first define a revised version of the Kronecker product as

G ®q %@ q

~ @ ®q ~ 4 @ q2
gRq= _ where ¢;®q = , 1=1,...,4. (3.22)

Q3D q 4 @ qs

i CI4<§>Q_ |4 @ G4 |

Clearly, (3.22) is simply a permuted form of the regular Kronecker product. It is introduced
here to make the derivation of H easier. The quadratic terms in (3.18)-(3.20), i.e., Z(g3 ®

q1) + V(g ® q4) + V(g3 @ q3), P(q2 ® q4) and —P (g2 ® ¢3) can be written as

H(q®q), where H e R*">*@n)* (3.23)
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Decompose H into four sub-matrices:

H = {Hl H, H, FLJ, (3.24)

where H), € R¥*4* for k= 1,2,3,4. The first submatrix H; corresponds to the first block

of (3.22), i.e,

Hn®q= [Q1®CI1; @1 X q2; q1 & qs; CI1®CI4]'

There is no ¢; ® ¢; term in (3.17)-(3.20). Thus, we set
Hy = 0. (3.25)

Similarly, the matrix H, corresponds to the second block of (3.22), i.e., ¢28q. We can see
from (3.17)-(3.20) that two terms, namely ¢, ® g3 and ¢a ® ¢4, exist in (3.19) and (3.20),

respectively. One can rewrite (3.19) as

) d i)
43 = E(qZ ® qq) + 5(% ® q2)

and allocate the first term, i.e., %(QQ ®qs) in H(g® q) to Hy. More specifically and by using

the MATLAB notation for row and column indices, we set the
F 2 2 P
Hy(2n+1:3n,3n"+1:4n°) = 3

(The second term in §s, i.e.,2(qs ® ¢2)) will be matched by H, below).

Similarly, we can write (3.20) as

) d i)
qs = _E(QQ ® q3) — 5(% ® ¢2)
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and allocate the first term to H, by setting
N ) ) ®
Hy(3n +1:4n,2n* +1:3n?) = =

(the second term will be matched via Hs). Thus, we set

Onxn?z Onxnz Onxn2  Opxn2
~ 0n><n2 On><n2 0n><n2 On><n2
iy = . (3.26)
Onxnz  Onxn2  Opxn2 D)
—d
Onxnz  Opxn2 5 Onxcn2

Following similar arguments, the matrix H; corresponds to the third block of (3.22), i.e,
q3®q. According to (3.17)-(3.20), one can see that two terms ¢z ® ¢z and g3 ® ¢4 exist in

(3.18). By rewriting ¢, in (3.18), we obtain

. Z 7
Go = —Dqo + 5(% ® qs) + V(g3 ®q3) — 5(@(4 ®q3) + V(g1 ® qu) + Bu,

where the two terms %(Q3®Q4) + V(g3 ®q3) will be match by H;, and —%(q4®q3) + V(4 ®qy)

will be match by H, such that

Onxn2 Onxn2 Opxnz Opxn2 Onxn2 Onxn2 Opxnz Opxn2
Z -7
~ Onxn2z  Opxn2 v D) ~ Onxn2  Opxn2 5 v
H; = and Hy = (3.27)
[oi]
Onxnz  Onxn2 Onxn2z  Opsn2 Ornxn2 D) Onxnz  Opxn2
Onsnz 55 Onxn? Opn2 Onscnz Onscnz Onsenz O
nxn 2 nxn nxn nxn nxn nxn nxn

Since (3.22) is a permuted form of (¢ ® ¢), there exists a permutation matrix P, € R >4

such that
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(q®4q) = PT(¢®q), (3.28)
where P = blkdiag (P,, P,, P, P;). Then, H in (3.3) is

H=HPT. (3.29)

3.2 Equilibrium analysis

So far we have represented the power network dynamics in two formats: as second-order
dynamics in (1.2) and as quadratic dynamics in (3.3). In this section, we investigate the

effect of the lifting transformation (3.2) on the equilibrium points.

To find the equilibrium points of (1.2), first we transform it to a first-order form by defining

a state vector

Xi(t ot
X(t) = B .() € R
Xs(t) o(t)
and recalling that u(t) = 1 to obtain
: Onxn I, On, 0y,
X)) =] " X(1) + S I R (3.30)
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Let X* = be an equilibrium point of (3.30). By setting X () = 0, we obtain

X =0,

~MTIDXS - MTUF(X)+ MTIB=0

that leads to

X =0,

MU =f(X)) +B) =0 — f(X) =B

Hence, X™* satisfies

X[ 0*
X* = = where f(6%) = B. (3.31)
XQ* On><1
5*
Lemma 3.2. Let X* = be an equilibrium point of the original dynamics (3.30).
Onxl
Then,
4 0
@ 0
c=1"=] " (3.32)
4 sin (6%)
q; cos (0%)
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is an equilibrium point of (3.3). Similarly, let

qr
q*
=" (3.33)
%
|94
q*
be an equilibrium point of (3.3). Then, g5 =0 and X* = Yl s an equilibrium point of
Onxl
(3.30).
Proof. Rewrite (3.30) as
X = F(x), (3.34)

where F : R? — R?". If X* in (3.31) is an equilibrium of (3.34), then we have
F(X*)=0. (3.35)

Now, let us write (3.2) as

q="T(X), (3.36)
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where T is the quadratic lifting in (3.34), given by

X
X X
T:X= —q= . (3.37)
XQ sin (Xl)
cos (X))
Differentiate (3.36) to obtain
¢ = JrX = JrF(X) = G(g), (3.38)
where the Jacobian Jr is given by
[n OTLXTL
OTL n ]n
Jr = g € R4, (3.39)

diag(cos (X1))  Onxn

—diag(sin (X1)) Onxn

Insert (3.35) into (3.38) to obtain
¢§=6(¢") = JrF(x*) =0, (3.40)

which shows that (3.32) is an equilibrium of (3.3).

Now let ¢* in (3.33) be an equilibrium of (3.3). Then from (3.38), we obtain

G(q*) = JrF(X*) =0. (3.41)
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Since the Jacobian (3.39) has full column rank, we have,

F(X*) =0, (3.42)

which by (3.34) yields that (3.31) is an equilibrium of (3.30). The fact that ¢5 = 0 follows

from the second row block of

Onen I X 0, 0,
Fxn =" o ool T | =0, (3.43)

Opsxn —MTID| | Xy — ML) M™B

which yields to X5 = 0. ]



Chapter 4

Structure-Preserving Model
Reduction for Nonlinear Power

Networks

As we briefly discussed in Chapter 3, for systems with quadratic nonlinearities, effective, and
in some cases optimal, systems-theoretic model reductions methods already exist. Therefore,
in obtaining high-fidelity reduced models, we can significantly benefit from a quadratic rep-
resentation of the nonlinear swing dynamics. In this chapter, we seek to develop a nonlinear
structure-preserving model reduction approach such that the reduced model preserves the
physically-meaningful second-order structure, i.e., we seek to obtain a reduced second-order
model, not a reduced quadratic model. Therefore, by exploiting the inherent structure of the
model reduction bases obtained for the quadratic model, we form the final reduction base V
to construct the final structure preserving reduced model (4.3). This is achieved in Sections

4.2-4.3.

Much of the material of this chapter has already appeared in the submitted manuscript [110].

57
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4.1 Structure-preserving model reduction approach

Recall the nonlinear dynamics

MS(t) +DS(t) + f(8) = Bult), (1.2)

y(t) = Ca(t). (1.3)

As previously stated, we seek to develop a nonlinear structure-preserving model reduction
approach. In other words, we directly reduce the second-order dynamics (1.2)-(1.3) to obtain

a reduced second-order system with dimension r < n such that it has the form

M,0,(t) 4+ Do, (t) + f,(6,) = Bou(t), (4.1)

yr(t) = C,6,(1). (4.2)

where 9, € R" is the reduced state; M,., D, € R™"; B, € R"; f. : R" — R"; and C, € RP*".
The goal of this structure-preserving model reduction process is that the reduced output

y-(t) approximates the original output y(¢) with high fidelity.

Given the full-order dynamics (1.2)-(1.3), the most common approach for constructing the
reduced model (4.1)-(4.2) is the Petrov-Galerkin projection framework: Construct two model
reduction bases W,V € R™" such that §(t) = V4,(t). Insert this approximation of §(¢) into

(1.2)

MVO,(t) + DVo,(t) + f(V6,.(t)) = Bu(t)
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and enforce a Petrov-Galerkin condition on the residual
w7 (Mvs;(t) +DVS (L) + F(VO,(1)) — Bu(t)) —0
to obtain the reduced matrices in (4.1) as

M, = WTMY, D, = WDV, [,.(6,) = WTf(Vs,),
B, = WTB, and C, = CV.

(4.3)

Note that although the term f,.(4,) € R" in (4.3) lies in r dimensional subspace, it requires
evaluating the original nonlinear function f at V4, € R™. Hence, it is usually further
approximated to resolve this lifting bottleneck [41] that will be addressed in Section 4.4.5.
The reduced model (4.1) should preserve the symmetry and positive definiteness of M and D.
In our framework, we achieve this goal by setting VW = V. Therefore, we obtain the reduced
model via a Galerkin projection. However, unlike the usual Galerkin projection formulation
for model reduction where the subspace V (and thus W) only contains information from
the dynamics equation (1.2) and ignores the output equation (1.3), by taking advantage of
the special structure arising in the network dynamics, our one-sided Galerkin projection will
contain information from both (1.2) and (1.3). These issues are discussed in detail in Section

4.3.

Obviously, the accuracy of the structure-preserving reduced model (4.1) depends on the
proper choice of V. For general nonlinearities, POD [65], [80] is usually the method of
choice. However, for special classes of nonlinear systems such as bilinear, quadratic and
quadratic-bilinear systems, one can indeed use well-established system theoretical methods;
see, e.g., [18, 20, 23]. Recall that we have represented the original nonlinear swing dynamics

(1.2)-(1.3) as an equivalent quadratic dynamical system (3.3) in Chapter 3. In the following
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section, we will investigate the model reduction problem for those systems in more details.

4.2 Model reduction for quadratic systems

Consider the quadratic dynamical system

Ei(t) = Az(t) + H(z(t) @ x(t)) + Bu(t)

5= , (4.4)

y(t) = Cx(t), x(0)=0

where E and A € RV*N B e RV*L ¢ € RP*N and H € RN*N*. The matrix H can be
viewed as the mode-1 matricization of a third-order tensor H € RVN*V*N Tn other words,

let H; € RY*N for i =1,..., N be the frontal slices of H. Then,

H=HY = [%1 Hy ... HN}, (4.5)

where we introduce the notation H to denote the mode-1 matricization. Similarly, for the

mode-2 matricization H?), we have
HP = [’HlT HT .. ”H]TV] e RV, (4.6)

For the cases where the state-space dimension N is large, the goal is to find a reduced

quadratic system

E,.2.(t) = Arz,(t) + Ho(z,(t) @ 2,(t)) + Byu(t)
5, = , (4.7)

U t) = (), ,(0) = 0
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where F,., A, € R« H,_ € quxrg, C, € RP*™a and B, € R™*! with r, < N such that
y(t) = y,(t) for a wide range of inputs. We construct the reduce system (4.7) via projection:
Construct two model reduction bases V', W € RY¥*" guch that the reduced matrices in (4.7)

are given by

E.=WTEV, A, =WTAV, H. =W TH(V V), (4.8)

B, =WTB, C.=CV.

Note that in practice it is undesirable to explicitly formulate V ® V' for large scale systems
in the reduced matrix H,. There are efficient methods as proposed in [19] and [23] to avoid
this computational issue. The former is based on the properties of tensor matricizations,

and the latter uses a particular sparsity structure of H.

The quality of the reduced system (4.7) depends on the choice of the model reduction bases
V and W. There are various model reduction techniques to determine theses bases including
trajectory-based method such as POD (see, e.g.,[65], [80]) and trajectory piece-wise linear
method [105]; and input-independent systems theoretic methods for quadratic systems such
as balanced truncation [20], [106], interpolatory projections [17], [8], [35], [97], [98] and Ha-
quasi-optimal model reduction [23]. In this chapter, we employ the Hs-based approach in

[23].

4.2.1 "H,-based model reduction of quadratic nonlinearities

Consider the original quadratic dynamics (4.4) with an asymptotically stable matrix E~1A,

i.e., eigenvalues of E~!A have negative real parts . The output y(t) of the quadratic dynamics
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(4.4) can be written as [23]

t
y(t) :/ CeP M ETBu(t — t))dt
’ t t—ts3 t—ts3 . . .
+ / / / Cef T Ap-lH(eP AE- 1B el AMEIR) (4.9)
0 0 0

X U(t — 1ty — t3) & U(t — 1t — tg)dtldtgdtg + ...
Using the three leading Volterra kernels of (4.9)

hi(t) = Ce® M ETB, hy(ti,t) =0

and  hs(ty, ta, t3) = CeP ABETH(P A ETIB @ P A ETIB)

define a truncated Hy norm for (4.4) denoted by ||X||3,(7) as [23]:

3 0 0
: i=1 70 0

where tr(-) denotes the trace of the argument. Note that when H = 0 (in other words, when
the underlying system is linear), only the first kernel h;(¢;) remains and accordingly (4.10)
boils down to the classical Ho-norm of an asymptotically stable linear system. We know that
the Hs norm of the linear systems are computed using reachability and observability grami-
ans. Similarly, the truncated Hs-norm for the quadratic systems in (4.10) can be computed
via the truncated reachability gramian Pr and observability gramian Qp. When E~'A is

asymptotically stable, theses gramians are unique and positive semi-definite solutions are
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the following Lyaponov equations [23, 56]

APrET + EPpAT + H(P,® P)H" + BBT =0 (4.11)

ATETTQr+ QrE A+ HP (P o Q)(He ) +CTC =0, (4.12)

where ”Hg) is the mode-2 matricization of E~'H, and P, and Q; are the unique solutions to

the Lyapunov equations

APE" + ERA" + BBT =0 (4.13)

ATETTQ,+ QE*A+CTC =0.
Then (4.10) can be written as [23]

||E||ig> = tr (CPrETCT). (4.14)

The goal is now to construct V and W such that the truncated #s error norm || X —3, ||, (7) is
approximately minimized. This can be achieved by the numerically efficient model reduction
algorithm Q-IRKA [23, 56]. Q-IRKA generates quadratic reduced models that approximately
satisfy the optimality conditions resulting from the truncated Hy error norm || — X,.||3, (7).
A brief sketch of (Two-sided) Q-IRKA is shown in Algorithm 2. In some settings, to retain
the positive definiteness and/or symmetry of the original realization in the reduced order
matrices (4.8), one sided version of Q-IRKA is applied where W is set to V as given in
Algorithm 3. The proposed approach to structure preserving model reduction of power
networks as outlined in the next section will employ Q-IRKA as an intermediate step. Note
that the reduced models from Q-IRKA is quadratic and does not preserve the original second-

order structure (1.2) and thus it cannot be directly used in a structure preserving setting.
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In the next section, we will prove that the model reduction bases V and W resulting from
applying Q-IRKA to the quadratic form of power network have special subspace structure,

which will then allow us to develop our structure-preserving model reduction algorithm.

4.2.2 Modifications to perform Q-IRKA for power network dy-

namics: zero initial conditions and asymptotic stability

Recall the state vector ¢(t) in (3.2). Since sin(d(¢)) and cos(d(t)) can not be simultaneously
zero, the reformulation (3.3) as a quadratic model will always have a nonzero initial condition.
Although some MOR approaches for linear dynamical systems can handle non-zero initial
condition [14, 63], most system theoretic methods to model reduction assumes a zero initial
condition. Hence, to have a zero initial condition, a natural approach is to consider a shifted
state vector that allows the use of the reduction methods developed for zero initial condition
[12]. Towards this goal, we define a shifted state vector x = ¢ — qo, such that in the new

state x, we have (0) = 0. Following the approach in [125], we write

(Rq=(2+q@)@(x+q)=rR0z+@TQq@+qp ) +q Qg (4.15)

=22+ ((I1n ® q0) + (g0 @ 11n))T + g0  qo-

By substituting (4.15) in (3.3), we obtain

Ei(t) = Ax(t) + H(x(t) @ 2(t)) + Bi(t) (4.16)

y(t) = Cx(t), x(0) =0,
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Algorithm 2 Two-sided Q-IRKA

Input: The system matrices: E, A, H, B, C

Output: The reduced matrices: E,., A,, H,, B,, C,, and the reduction bases: V., W

o Symmetrize the Hessian H, then transform it to a third-order N x N x N tensor and
determine its mode-2 matricization H?) as (4.6) (for details see, e.g., [77], [23])

o Make an initial guess for the reduced matrices E,., A,, H,, B,, C.

 while (not converged)

1.

Perform the spectral decomposition of the pair E, and A,, ie., A,R = E,RA and
define:

N

H=(E,R‘H(R®R), B=(E,R)™'B,, C =C,R
Compute mode-2 matricization H?
Solve for V; and V5:

—EViA — AV, = BB”
—EVoh — AVy = H(V; @ V) H"

Solve for Wy and Ws:

—ETWA - ATW, = CTC

—ETWoA — ATW, = HO(V; @ W) (HP)T
Compute V and W:

V=Vi+V, and W =W+ W,

Create an orthogonal basis for each V and W

Determine the reduced matrices:

E,=WTEV, A, =WTAV
H =W'HV®V), B.=W'B, C.=CV
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Algorithm 3 One-sided Q-IRKA

Input: The system matrices: E, A, H, B, C
Output: The reduced matrices: E,., A,, H,, B,, C,, and the reduction bases: V., W
o Apply Algorithm 2 by replacing Step 4 with

Wi=V, and W, =V,

where

A

A+ H ((Itn ® q0) + (g0 ® 1)) ,

B=|B Ag+H (gp®q)|. and @=[u 1]". (4.17)

Given the dynamical system (4.17) with zero initial conditions, one can apply a wide range
of available methods, as mentioned at the beginning of Section 4.2, to construct a quadratic
reduced model. However, as in the linear case, optimal-H, model reduction for quadratic
system requires asymptotic stability of E~*A [23]. Recall the quadratic dynamics (4.16) and
Ain (4.17).

A=A+ H ((Itn ® q0) + (40 ® Lun)) -

Also recall that the first n columns of A in (3.21) are zero. As we will see in the proof of
Theorem 4.1, the first n columns of H ((I4, ® qo) + (g0 ® I4,)) are zero as well. Thus, the
first n columns of A are zero. Hence, A have zero eigenvalues and therefore E~*4 is not
asymptotically stable [125]. To overcome this stability issue in the power network setting,

we replace A in (4.16) by the shifted matrix

A, =A-nE, (4.18)
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where 1 > 0 is real and small, so that all the eigenvalues of the pair An and F have negative

real part. Therefore, as the final modification, we replace (4.16) by

Ei(t) = Ax(t) + H(z(t) @ (1)) + Ba(t)
y(t) = Czx(t), «(0)=0.

(4.19)

The quadratic dynamical system in (4.19) has now asymptotically stable linear part and have
zero initial conditions. Therefore, it has the structure to perform Hy based model reduction
using Q-IRKA. However, we re-emphasize that the reduced-model obtained from applying
Q-IRKA to (4.19) is not structure-preserving; it does not inherit the second-order structure.
Therefore, we employ Q-IRKA only to obtain potential reduction subspace information.
In the next section where we present the proposed framework, we describe how we benefit
from and how we use the subspaces resulting from Q-IRKA to obtain a reduced second-order
model in (4.1). We also show that Q-IRKA subspaces applied to (4.19) has special properties

due to the underlying power network structure.

4.3 The proposed approach for model reduction of power

networks

Recall that our aim is to perform structure-preserving model reduction of the second-order
dynamics (1.2) using the reduction bases V, W € R™" to obtain the reduced second-order
model (4.1)-(4.3). In order to keep the symmetry of the underlying dynamics, we will perform
a Galerkin projection by choosing W = V. Converting the nonlinear second-order dynamics
to the quadratic form has allowed us to use (optimal) systems-theoretic techniques to apply,
such as Q-IRKA. However, as pointed out in the previous section, we cannot simply use

the output of Q-IRKA as the reduced model since it does not preserve the second-order
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structure. However, we would like to employ the model reduction bases V' and W resulting
from Q-IRKA in constructing V since they are high-fidelity model reduction bases. In this
section, by analyzing and exploiting the structure of the underlying power network dynamics,

we show how to efficiently construct V using V and W from Q-IRKA.

4.3.1 Structures arising in Q-IRKA in the power network setting

Let V € R*>*" and W € R*"*"¢ be the model reduction bases obtained from applying
Q-IRKA to (4.19). Let Vp € R™" and Wy € R" " denote leading n rows of V' and W.
Recall that due to (3.2), the leading n rows of ¢(t), the state of quadratic dynamic (4.19),
corresponds to the original (second-order) state §(t). Therefore, one can consider choosing
YV = Vp and W = Wy in (4.3). However, in addition to this being a Petrov-Galerkin
projection and thus not preserving the symmetry, we will show in the next result that
Wr has a particular subspace structure that one can exploit in constructing the structured

reduced model.

Theorem 4.1. Let V and W be obtained by applying Q-IRKA as in Algorithm 2 to the
quadratised power network dynamics (4.19) resulting with a reduced quadratic system with

asymptotically stable linear part. Let W € R™* " denote the first n rows of W. Then

Range(Wr) C Range(CT). (4.20)

In addition, when p < r,, we have Range(CT) = Range(Wr).

Before we prove Theorem 4.1, we establish a symmetry property of H that will be used in

the proof.

Lemma 4.2. Let H in (4.19) be the mode-1 matricization of the third order tensor H €
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Rénxanxdn Then  the tensor H is symmetric, i.e.,

Hr®p) =H(p®v) for every v,p € R (4.21)
Proof. Recall (3.28) and (3.29), and rewrite H(p ® v) as

H(pov)=HP (pov)=H(pov),

where
L1 151
P2 )
p= and v = : pi, v € RML
P3 V3
_,04_ _V4_

Using (3.22) and (3.24) we obtain
Hip®v) = [ﬁ@(pz 50+ y(psB0) + Fa(ps & m] . (4.22)
Let
I, = [[n O O Onxn:| € R4, (4.23)

Multiply (4.22) from the right with (4.23) to pick the first n rows:

IlH(p@ V) = |:[n On><n 0n><n Onxn:| {H2(02®V) + HB(PSéV) + H4(p4éy) : <424)
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Since from (3.26) and (3.27) the first n rows of Hy, Hs and Hy are zero, we have
TiH(pRv) = 0px1- (4.25)
Similarly,
H(v e p) = {ﬁm B p) + (s B p) + Halia B m} (4.26)
and

IlH(y®p) = |:In Onxn Onxn Onxn:| |:]~{2(V2®p> +ﬁ3<7/3<§>p)+£’4(7/4®,0)} = OTL><1'

(4.27)
Therefore, we have
TiHpev)=T1H(v®p). (4.28)
Now let
I, = {Om I, Onsn Om} € RV (4.29)

and multiply (4.22) from the right with (4.29):

[ Onxn In Opxn Onxn:| |:-H2<)02®V) +ﬁ3(p3®y) +]:.74(p4(§)y)1
|:n><n2 n><n2 v %:| (p?)éy)'f— |:On><n2 Onxn2 —% ‘If:| (p4®V) (430)

A Z
=U(ps®@u3) + 5(/)3 ® vy) — 5(/)4 R v3) + U(ps @ vy).
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Let S € R”*"* be the permutation matrix so that
pRv=>Srehp), (4.31)
where S is partitioned as
S = [Sl So .. .Sn] : (4.32)
Each S; € R”QX”, for j =1,...,n, is defined as

Sj = {ej €n+j €2n45 .- €n(n_1)+]} ) (433)

where e; € R™*! denotes the jth unit vector, i.e., the jth column of the identity matrix

I» € R Tnsert (4.31) into (4.30) to obtain
A A
LH(pov)=VYS(rs® ps) + ES(V;), ® p4) — 55(1/4 ® p3) + US(vs ® py). (4.34)

Use (4.32) to obtain

S = {\1151 US, \I/Sn] , (4.35)
where, for j = 1,...,n, we have
vs; =w |:€j Cntj €ontj - en(n_l)ﬂ} (4.36)
= [‘1’1(:,1') Uo(:, ) Wslg) - ‘Ifn(r,j)} )

and where Wy(:, j) corresponds to the jth column of ¥;. Using (3.16), for the j column of
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V.., we write

— 5 K sin (), i=j#k
(s, ) = — 5 Ky sin (), i=k, j£k- (4.37)
0 otherwise

Since for the coupling between the oscillators i and j we have K;; = Kj; and ~;; = v;i, it

follows from (4.37) that
Uy(s,§) = U0, k) - (4.38)
Then using (4.38) to rewrite (4.36) yields

\Iij:|:\IJ1(Z,j) Us(:,7) Ys(:,jg) .. \I/n(:,j)]

Z{\I/j(:,l) U,(:,2) U,(,3) ... \Ifj(:,n)]:q’j- (4.39)

Inserting (4.39) into (4.35) for j = 1,...,n, then, yields

US = {xpsl US, \IISH} = {\1/1 Uy . \Ixn} = 7. (4.40)
Similarly,
ZS = {Zs1 7S, ...an} : (4.41)
where, for j = 1,...,n, we have

ZSj:[Zl(:,j) Z5(5,§) Zs(5,5) ... Zn(:,j)]- (4.42)
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According to (3.15) for the j column of Z, we have

Kyj cos (Vi) i=j#k
Zi(:,7) = § —Kyjcos (7)), i=k j#k-

0 otherwise

Knowing the facts that K;; = K;; and v;; = 7j;, lead to

N
nn
I
N
A
N
&
N
al
I
|
N
|
N
|
AN
I
|
N

Using (4.40) and (4.46), we rewrite (4.30) as

Z A
LH(p@v) =U(ps @ vs) + 5 (ps @va) = S (pa @ v3) + V(ps ® 1)

7S ZS
=VS(p3 @v3) — 7(,03 ® V) + —(pa @ v3) + US(ps ® vg)

2

73

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

A A
=V (3@ p3) = 5 (va® ps) + - (v3 @ pa) + V(s @ ps) = LH(v @ p).

2 2
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Recall the definition of ® in (3.11). Let

Iy = |:On><n Onxn  In Onxn:| S R4 (448)

and follow a similar strategy by multiplying (4.48) from the left with (4.22) to obtain

I3H(p ® V) = Onxnz Opxnz  Opxp2 §:| (P2 éy) + |:On><n2 % Orxcn2 On><n2:| (p4®l/)

| — |

1] 1
=3 _q)(pQ ® ,/4)} + B {@(m ® 1/2):|
:% :(P2)1@1V4+- + (p2)n® ’4 % {( )1 Py + - (P4)nq’nV2} (4.49)
— % :(pQ)l(M)lel + - } { Ji(ve)rer + -+ + (P4)n(V2)n€n] ’

where (ps); € R refers to the jth entry of the vector ps, and the unit vector e; € R™*!
corresponds to the ith column of the identity matrix [, € R™*™. By rearranging (4.49) we

obtain

LH(p®v) = % [(V4)1(/)2)161 +t (V4)n(ﬂ2)n€n] T % {(V2)1(P4)1€1 + o (V2)n(pa)nen
— 5 oo m| + 3 [pe 0| -0 ) (150)
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Following similar steps and by letting Z, = {()Wn Onxn  Onscn [n] € R™4" we obtain

T,H(pov) = —% :CI)(pQ ® y3)] - % {cb(pg ® VQ)]

10 1
=5 |(p21 Pz + - + (P2)n‘1)n’/3} — 35 [(Ps)l‘bm +-+ (P3)n‘I’nV2}
1 1
=3 -(p2)1<l/3)1€1 + -+ (p2)n(7/3)n€n:| 3 |:(p3)1(’/2)161 +oee (PS)n(V2)n€n]
1 1
=75 _(Vs)l(P2)1€1 et (VS)n(P2)n€n] 3 {(V2)1(P3)1€1 ot (V2)n(/)3)n€n]
- }b(u?, ® p2>} - {qm ® ,,3,)} =LiH (v ® p), (4.51)

Combining (4.28), (4.47), (4.50), and (4.51), we conclude (4.21), i.e., H is symmetric. O
Now we are ready to prove Theorem 4.1.

Proof. (of Theorem 4.1) We start by analyzing the first Sylvester equation involving W; in

Step 7 of Algorithm 2:

—E"WiA — Al'w, = 07 C, (4.52)
where A = diag(\1, ..., \,) € R"<*" contains the eigenvalues of E;'A,, C' € RP*"« and
Ay=A—nE=A+H (14 ® @) + (¢ ® L)) — nE. (4.53)

Recall H € R¥*(4n)” in (3.29):

H = I:—,PT = ]::Ilqu FIQPqT ﬁgpg ]ZL,LP(;T:| = |:04n><4n2 ]::IQPqT PI?)Pt;T ]:—:]-4PqT ’ <454)
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Multiply H ((Is, ® qo) + (g0 ® I4,)) by the first unit vector e; € R¥*! from the right to

obtain

hy = H ((Ls4n ® q0) + (90 @ I4n)) €1 = H ((e1 ® qo) + (o ® €1)) , (4.55)

where h; € R**! denotes the first column of H ((Is, ® qo) + (g0 @ I4,,)). Now, we apply

Lemma 4.2 to (4.55) and use (4.54) to obtain

do
hl = H ((61 ® qO) =+ (61 ® q0>> = 2H(€1 ® qO) = 2H = O4n><1- (456)
O4n(4n—1)
Similarly, for the second column of (4.54), we have
04n
hy = 2H(€2 @ C]o) =2H qo = O4nx1 ; (4'57>
04n(4n—2)
and for the kth column of (4.54), we obtain
O4n(n—1)
he =2H(ex ®q0) =2H | gy | =Omx1  ;k=2,3,...,n. (4.58)
0122

Therefore, (4.56) and (4.58) reveal that the first n columns of H ((14, ® qo) + (qo ® I4,)) are
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zero. Using this fact, and (3.21), we obtain the first n columns of (4.53) as

“U]ﬁ
~ OnXTL
A,(1:n)=A(G1:n) —nE(,1:n) = € R (4.59)

0n><n

OTLXTL

where Y(:,1 : n) refers to the first n columns of the matrix Y. Now let W) € R¥"*"s he

decomposed as

Wi
LwHQ « .
Wi = ., where Wy e R :4=1,2,3,4 (4.60)
Wis
_W14_
Recall (3.4) and (3.21),
y(t) = Cq(t) with C=1|C Opun Opxn Opun| € RP™ (3.4)
Onxl Onxn ]ﬁ Onxn Onxn
B Onxn _1) Oan Onxn
E = blkdiag({,, M, I,,,1,), B = and A= , (3.21)
Onxl Onxn Onxn Onxn Onxn
_Onxl_ _Oan Oan Oan Oan_
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and use (4.59) and (4.60) to obtain the first n rows of (4.52)

Wi Wi
Wiz Wig .
_In 0n><n On><n Onxn:| A + |:_TIIn Onxn On><n 0n><n - CTC? (461)
Wis Wis
[ W4 | | Wia |
which yields,
Wii(nl,, — A) =C"C. (4.62)

Recall that 7 is a positive real number and the reduced order poles are assumed in the

left-half plane. Therefore, the matrix n/, — A is invertible and

Wiy =CTC(nl,, — A)~". (4.63)
Similarly, let
War
W22 nxr -
Wy = , where Wy, € R"*"e ;1= 1, 2, 3,4 (464)
Was

and solve for the first n x r, block of W5 € R*"%7a denoted by Ws; € R™ " in the second

Sylvester equation in Step 7 of Algorithm 2:
—E"WoA — ATW, = HO (Vi @ W) (HP)T. (4.65)

Next, we will prove that the first n rows of H(?) are zero. Towards this goal, recall (4.5) and
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let H be partitioned as
H = H(l) — |:H1 7‘[2 e H4n:| ) (466)

where H; € R*™4" for i = 1,2,...,4n. From (4.54), we know that the leading 4n? columns

are zero. Therefore, we write

H = 7_[(1) — |:04n><4n2 Hn—i—l . H4n:| s (467)

ie., H; = Ogpuan for i = 1,2,... n. Recall that H is symmetric due to Lemma 4.2. This

means that
HE = HO) ¢ Rinx@n)? (4.68)
where

HE) = [vec(m) vec(Ha) ... vec(mn)r (4.69)

denotes the mode-3 matricization, and vec(-) stands for vectorization of a matrix. Since

H; = Ogpxan for i =1,2,...,n, we obtain

T
HO = {ownzm vee(Hpp1) . .. Vec(/H4n)} : (4.70)

Due to (4.68), the first n rows of H?) are the first n columns of (H(3))T. Then, (4.70) implies

that H) (1 :n,:) = Onx(any2- Using this fact in (4.65) yields

W21 (77]rq — A) = Onxrq' (471)
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Since nl,, — A is invertible, we obtain
War = Onxr, - (4.72)

Recall W in Step 8 of Algorithm (2) defined as W = W; + W,. Then, for the first n rows of

W, i.e., for Wr, we obtain
We =W +Woy =Wy = CTé(n]Tq — A)_l € R™"*"q, (473)

Hence, Range(Wr) C Range(C”), which proves (4.20). In addition, when p < ry, if » €

Range(CT), there exist a vector ¢ such that
»=Cr¢.
By using the right-inverse of C , namely Ct, where et = I,,, we can write
x=CT¢=C"CCt¢=C"C¢,
where ( = C*¢. Using the fact that (nl., — A) is invertible, we can write

% =C"C(nly, — N (nl, — M)

= WT(nIrq - A)g

that yields Range(CT) C Range(Wr), completing the proof of the theorem.

We emphasize that the structure of the range of W7 due to Q-IRKA as shown in Theorem
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4.1 is specific to the underlying power network dynamics and its quadratic form. We are not
aware of any other models that yield such a form. This result will be crucial in forming the

proposed algorithm next.

4.3.2 Proposed structure-preserving model reduction algorithm

Theorem 4.1 states that whenever p < r, (which will be the common situation), Wy is rank-
deficient. Therefore, even though this means that Wr is not suitable to be used as a model

reduction space as is, we will use it to our advantage.

As noted earlier, we will perform Galerkin projection. In other words, in (4.3) we will use
W = V. One option is to simply ignore Wy and set ¥V = V. However, this is not preferred
in an input-output based systems-theoretic model reduction setting since the information in
W related to the output is fully ignored. Fortunately, due to the subspace result in Theorem
4.1, (span(Wr) C span(C?)), we can include both the input-to-state subspace information
(Vr) and the state-to-output subspace information (Wr) in one subspace V by choosing in

(4.3) as

V = orth ({VT CT]) e R™", (4.74)

where “orth” refers to forming an orthonormal basis so that VIV = I,. Then, we choose
W =V and perform a Galerkin projection to compute the reduced second-order structure-
preserving model (4.1)-(4.3). This means that despite performing a one-sided Galerkin,
by exploiting Theorem 4.1 and using the reduction basis V in (4.74), we are able to also
incorporate the output information in the reduction framework, as the standard in systems
theoretic model reduction. We note that for the column dimension of V in (4.74), i.e., r, we

have r = min(r, + p, 2r,).
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Now, we finally summarize our proposed approach, an Hs-based Structure-preserving MOR
method for Power Network Dynamics (StrH2), in Algorithm 4. We start by converting the
original dynamics to the equivalent quadratic form in Step 1. Then, in Step 2, we either
apply two-sided Q-IRKA (Algorithm 2) or one-sided Q-IRKA (Algorithm 3) to the resulting
quadratic-system to construct V. The resulting versions of the proposed method will be
labeled as StrH2-A and StrH2-B, respectively. Step 3 constructs the final model reduction

basis using the analysis of Theorem 4.1 and Step 4 constructs the structured reduced-model.

We note that in (4.74), the W-subspace information is not needed since it is already contained
in W. However, StrH2-A version of Algorithm 4, in Step 2, still uses two-sided Q-IRKA,
which computes W during the iteration unlike in one-sided Q-IRKA where the W -subspace
is never computed. One might think that since the W-subspace information is replaced by
CT in the end, the two options StrH2-A and StrH2-B should produce equivalent result. This
is not the case at all since the V-subspace resulting from one-sided and two-sided Q-IRKA
implementations are completely different; the former never used the output information. We

will see in next section that this distinction does indeed impact the final reduced model.

4.4 Numerical experiments

We test the proposed approach on two models: (i) the SM model of the 39-bus New England
test system and (ii) IEEE 118 bus system, included in the MATPOWER software toolbox
[131],[133]. We focus on a single-output system (p = 1) by choosing the arithmetic mean of
all phase angles as the output as in [106, 109]. Models are generated by MATPOWER and
MATLAB toolbox pg-sync-models [90] that provide all the necessary parameters to form

(1.2) including J;, D;, wg, Kij, v;; and B;. To illustrate the effectiveness of our approach, we

compare it with two other approaches, namely a structure-preserving formulation of balanced
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Algorithm 4 H,-based Structure-preserving MOR for Power Network Dynamics (StrH2)

Input: Second-order model (1.2)-(1.3)

MO(t) + Di(t) + f(6) = Bu(t)

Output: Reduced second-order model (4.1)-(4.2)

Mo, (t) + Do, (t) + fr(6,) = Bou(t)
yr<t> = Cr(sr<t)

o Transform the second-order dynamic (1.2) into the quadratic dynamics (4.19) with
asymptotically stable linear part:

(4.19)

« For the quadratic dynamics (4.19), apply

Option A: Algorithm 2
or to construct V.

Option B: Algorithm 3

e Form the final model reduction basis V using the leading n rows of V' and the output
matrix C as in (4.74):

Y = orth ([VT CTD

« Compute the reduced matrices as in (4.3):
M, =VIMY, D, =VTDV, £.(5,) = VT f(V6,),
B, =VTB, and C, = CV.

truncation (Str-QBT) for power systems and POD. Before we go to numerical examples, we

will briefly explain these methods in the following sections.
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Also, to test the accuracy of the reduced models, we will measure the time-domain error
between the true output y(t) and the reduced-model outputs y,(t) over a time interval

t € [0,7]. Towards this goal, define the L (7") norm of y(t) as

— 0. 4.75
Y] oo () tgg%\y()l (4.75)

The corresponding relative L., output error is defined as

My =l

HeHﬁoo(T) - HyHE - (4'76)

4.4.1 Structure-preserving formulation of balanced truncation

We follow the approach of [106] in finding V' and W. Recall (4.19), (4.11) and (4.12), and
let Pr and Qr be, respectively, the truncated reachability and observability gramians of the

quadratic system (4.16) satisfying the following Lyapunov equations:

A,PrE" + EPrAT + H(P,® P)H" + BB =0 (4.77)
~ ~ ~ ~ ~ ~ ~ (2
ATEQr + QrE ' A, + HP (B o Q)(He )" +C7C =0, (4.78)

where ’Hg) is the mode-2 matricization of E~'H, and P, and Q, are the solutions to the

Lyapunov equations

A,RE" + ERAT + BB" =0 (4.79)

ATETTQ+ QuET'A, +CTC =0 (4.80)
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Then, form the reduction bases V' and W as

V = blkdiag{Vi, V;, Vi, Vo} and W = blkdiag{W;, Wy, Wy, W, }, (4.81)

with V, and W, € R"*" being constructed as

N

Vi=RIU(G,1:r)(S(1:1)7 2 and Wy, = STV 1:r)(S(, 1)) 72, (4.82)

where R,ST = USVT is the SVD of R,Sf. The matrix R, is the Cholesky factor of the
second n x n block of the truncated reachability Py in (4.77), namely PTb = RI'Ry. Similarly,
S, is the Cholesky factor of the second n x n block of the observability gramians Qr in (4.78),
namely Qr, = SIS, [20], [106]. Literature [106] performs the reduction on (4.19) using (4.81)

to obtain the quadratic reduced model

B, (t) = Ay 2. (t) + Ho(2,(t) @ 2,.(t)) + Ba(t)

yr<t) = Orxr(t)v I‘T(O) =0

However, as opposed to [106], which performs the reduction on the quadratic dynamics
(4.19) and constructs a quadratic reduced model, we directly find the reduced second order
dynamic (4.1) by extracting V and W from V and W. Since the second n x n blocks of the
truncated reachability and observability gramians of the quadratic system correspond to the

second order dynamic (1.2), we pick in (4.3)

V=V, and W=W,,
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and directly perform the reduction on the second order dynamic (1.2), (1.3) to obtain the

reduced second order dynamic (4.1)-(4.2):
WEMV, 6,(t) + W,"DV, 6,(t) + WL f(Vid,) = W' B u(t),

yr(t) = CV 0:(t)

4.4.2 Proper Orthogonal Decomposition

POD [40, 65, 80] or also known as Principal Component Analysis (PCA) in statistics [73] is
a method which enables us to extract the most importnt information from a data set. In our
setting, this data set is the state snapshot matrix A € R™ ! that is formed by simulating

the dynamical system (1.2) for a given time interval
A= (§(t)) 6(t)) ... O(t,_)| €R™F.
Then, we compute the SVD of the state snapshot A as
A = UpXAVYE
and we pick the reduction basis ¥V = W in (4.3) as

V=Ua(:,1:7),
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where Ua(:, 1 : r) denotes the r leading left singular vectors of A, i.e., the leading r columns

of Ua. Then, form the reduced model (4.1)-(4.2) as

VIMY 6,.(t) + VIDV 6,(t) + VI F(V6,) = VIB u(t),

ye(t) = CV 6,(1).

Since the reduction base V is formed by the state snapshot A that depends on the simulation
of the system, particularly the training input, POD generated reduced models could behave

differently for different inputs.

4.4.3 Example 1: New England test system

The model has order n = 39 in the original second-order coordinates (1.2). We choose
n = 1073 in (4.18). We apply both formulations of StrH2 in Algorithm 4 (SthH2-A and
StrH2-B), Str-QBT, and POD; and reduce the order to r = 2,... 25. In Figure 4.1, the
relative Lo, error ||e||z(r) in (4.76) with 7" = 10 vs. reduction order r is depicted for
each method. The figure shows that for the majority of r values, StrH2-A yields the lowest
relative L., error. We note that this is indeed the best case scenario for POD since the

reduced model is tested with the same input that is used to train POD.

For a more detailed comparison, the output of the original and the reduced order models
obtained by different methods for » = 23, (at which the relative error due to StrH2-A drops
below 1%), are depicted in Figure 4.2. The corresponding absolute error, | y(t) — y,(t) |,
plots are shown in Figure 4.3. These two figures support the earlier observation that StrH2-A

approximates the original model with a better accuracy compared to POD and Str-QBT.

To investigate the robustness of the algorithms to variations in the input, we slightly perturb
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LA ' ' StrH2-B
10 '(4.&:{‘, :8: StrH2-A
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Figure 4.1: Relative L, error vs. reduction order
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-0.2 .
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Figure 4.2: Original model and the reduced order models output vs. time for r = 23

the input and repeat the same model reduction procedures as before. One might view this
perturbation to the input as if the operation conditions are slightly varied. We perturb
the input only by 0.1%, the maximum amount that we can add to the input such that the
system output remains stable. Note that the choice of input has never entered the proposed
algorithm or Str-QBT; however it is used to train the POD model. Figures 4.4 shows the
relative error as r varies for this slightly varied input. As in the previous case, StrH2-
A outperforms the other methods. We also observe that the relative errors for the POD
reduced models stagnate after » = 13, i.e. not much further improvements, while StrH2-A
and StrH2-B, and Str-QBT approximate the original model with almost the same accuracy

as the earlier case. This is expected since the input never entered the model reduction process
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Figure 4.3: Absolute error vs. time for r = 23

of the StrH2-A, StrH2-B, or Str-QBT. Thus, for this small input variation case, we except
those reduced models to provide accurate approximations independent of the input selection

as in the linear case. As before, outputs of the original and the reduced order models and

StrH2-B
10 StrH2-A
= POD

= A str-QBT

o

5]

_I8 1

5 10 we

2 \N%O A

© S A SIS =

© \/ T

- R
1072 3

5 10 15 20 g

Figure 4.4: Relative L, error vs. reduction order

the absolute output errors, for r = 23, are depicted in Figures 4.5 and 4.6, respectively.

While POD has the largest absolute error, the absolute error of StrH2-A is less than 0.14%.
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Figure 4.5: Original model and the reduced order models output vs. time for r = 23
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Figure 4.6: Absolute error vs. time for r = 23

4.4.4 Example 2: IEEE 118 bus

Here, the second-order model (1.2) is of order n = 118. We choose n = 1072 and as in the
previous example, apply StrH2-A, StrH2-B, and POD for r = 2,... 10 and over T' = [0 3].
Str-QBT has been ignored in this example due to its poor performance. The relative L
output error ||e(t)||z.(r) vs. reduction r is depicted in Figure 4.7. According to the figure,
although POD yields the lower L, error, StrH2-A has an acceptable accuracy as POD does.
We re-emphasize that this is the best case scenario for POD since the same input used to
train POD is also used to test the reduced model. For a more detailed comparison, the
output of the original and the reduced order models obtained by StrH2-A, StrH2-B and

POD for r = 10 with the corresponding absolute error, | y(t) —y,(t) |, plots are illustrated in
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Figure 4.7: Relative L., error vs. reduction order

Figures 4.8a and 4.8b, respectively. According to the figures, although POD has the lowest

absolute error over 7' = [0 3], the absolute error of StrH2-A has an acceptable accuracy of

less than 0.14%.
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Figure 4.8: Comparison of the original and the reduced models for r = 10.

As in the previous example, to test the robustness of the algorithms in the presence of a
variation in the input, we slightly perturb the input u by 0.5%. As one can observe in
Figure 4.9, both StrH2-A and StrH2-B outperform POD. Also as in the previous example,

the relative errors for the POD reduced models receive not much further improvements after
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r = 3, while both StrH2 formulations approximate the original model with similar accuracy

as in the earlier case.

StrH2-B
StrH2-A

POD

2107t

Relative L error

Figure 4.9: Relative L., error vs. reduction order

As before, outputs of the original and the reduced order models and the absolute output
errors, for r = 10, are shown in Figures 4.10a and 4.10b, respectively. While POD has the

largest absolute error (less than 1.26%), the absolute errors of StrH2-A and StrH2-B are,

respectively, less than 0.2% and 0.24%.
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(a) Original model and the reduced order .
(b) Absolute error vs. time

models output vs. time

Figure 4.10: Comparison of the original and the reduced models for » = 10.
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4.4.5 The need for (D)EIM

Even though the reduced order nonlinear term

fr(6,) = VI f(VS,) (4.83)

in (4.3) lies in an r-dimensional subspace, it has a computational cost that depends on the full
order dimension n since it requires evaluating the original nonlinear function f at V9, € R™.
This is known as the lifting bottleneck that may make the simulation of the reduced model as
costly as that of the original. One way to tackle this issue is to approximate the nonlinearity

fr(6,) via (Discrete) Empirical Interpolation Method (DEIM) [10, 41] as

f(V(ST) ~ PDEIMf(V(ST), (484)

where

Porv = Un(STU,) 7' ST

Matrix U,, € R™™ with m < n and ULU,, = I,, is a POD basis for the nonlinear snapshot

F obtained from the original full model

F=1f06t) ... f6(t)] >

and § € R™™ is a row selection operator, obtained by picking m columns of the n x n

identity matrix, such that STU,, is invertible. Then, the DEIM approximation to f,.(,) is
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given by

f(6,) = VU, (STU,,) ST f(V6,) (4.85)

and in the final reduced model (4.3), the reduced nonlinear term is replaced by the DEIM
approximation (4.85). Clearly, the effectiveness of the DEIM approximation depends on the
selection operator S and this is done by picking S such that ||(S7U,,)7!s is as small as
possible in the DEIM error bound [10, 41, 49, 50]

1f = Poena | < (S Um) " llecpl, (4.86)

where eqp = (I, — U, UL) f.

There are other variations and extensions to DEIM such as QDEIM [50], adaptive DEIM
93, 117], DEIM-CUR [115], localized DEIM [95], and DEIM in the presence of noise [96].
In the next chapter, we replace F' with the nonlinear snapshot F(V) that depends on the

reduction base V and is defined as

FYV) = fvo,(t) .. fOVO.(t)]

which requires the simulation of the reduced model without DEIM. Also, we use the QDEIM
selection operator from [50] that uses QR factorization of U with column pivoting to de-

termine S. This leads to a sharper error bound for (4.86).

4.4.5.1 Example: IEEE 118 bus

We use the IEEE 118 bus system to employ QDEIM in our framework. We vary the reduction

order from r = 2 to r = 10 with increments of one and choose the corresponding QDEIM
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dimension m based on the singular value decays of the nonlinear snapshots using a relative
truncation tolerance of 1 x 107%. The corresponding m value for every r is given in Table 4.1.
In Figure 4.11, we illustrate the performance of StrH2-A with and without QDEIM. As the
figure depicts, QDEIM-based reduced model is able to match the high-fidelity behavior of the
reduced model without it (almost replicates) while at the same decreasing the computational

cost arising from the lifting bottleneck.

Table 4.1: QDEIM dimension vs. reduced order

r 2 3 4 5 6 7 8 9 10
m 6 9 12 13 16 17 18 19 20

VaN

—8— StrH2-A
~(3 - StrH2-A with QDEIM

107}

Relative L _ error
o0

102 ' : :
2 4 6 8 10

Figure 4.11: Performance of the StrH2-A with QDEIM

4.5 Summary

We have developed a structure-preserving system-theoretic model reduction technique for
nonlinear power grid networks. We used a lifting transformation to convert the original
nonlinear model to its equivalent quadratic system. With the help of this quadratic repre-
sentation, we are able to employ Q-IRKA as an intermediate stage of our model reduction

framework. We have shown that the model reduction bases obtained by Q-IRKA has a
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specific subspace structure that can be exploited to construct the desired reduction basis for
reducing the original nonlinear model. This reduction basis has led to a reduced model that
preserved the physically meaningful second-order structure of the original model. We have

illustrated the effectiveness of our proposed approach via two numerical examples.



Chapter 5

Data-driven Modeling of Power

Networks

Recall that in Section (4.2) of Chapter 4, we showed that we can find a reduced quadratic
model as in (4.7) for (3.3) via projection. However, obtaining the reduced order matrices in
(4.8) requires the knowledge of the full order model, i.e., the full order matrices M, D, B and
f(9) in (1.2) that may not always be available or easy to derive. In some cases, even though
the reduced order matrices can no longer be obtained via intrusive projection-based model
reduction as in (4.8), they can be inferred from data. Recently, non-intrusive model reduction
methods (data-driven methods) have received great attention. These methods learn a model
based on data and without explicitly having access to the full order model operators. Various
methods have been used to construct a reduced model from data. While some approaches
are based on the frequency-domain data (see, e.g., [5, 7, 51, 55, 62, 70, 76, 82]) the others
use time-domain data (see, e.g., [53, 75, 78, 81, 102, 107, 113, 126]).

In this chapter, we aim to learn a quadratic reduced model for nonlinear swing equations
modeling power network dynamics and employ the Lift and Learn approach [102]. We apply
the previously defined lifting map (3.37) in Section 3.2 to data obtained by evaluating the
swing equations. The lifted data is projected onto a lower dimensional basis. Then, lower
dimensional quadratic matrix operators are fitted to this reduced lifted data by a least-

squares operator inference procedure.

97
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The remainder of this chapter is organized as follows: In Section 5.1, we review the Lift
and Learn approach of [102]. Section 5.2 presents the proposed data-driven framework
where we apply the Lift and Learn approach to learn a low dimensional quadratic model
for swing equations. Section 5.3 illustrates the feasibility of our approach via numerical
examples. Finally, in Section 5.3.3, we employ the regularization strategy of [84] to improve

the predictive power of the inferred quadratic reduced models.

Much of the material of this chapter has appeared in the published manuscript [109].

5.1 Lift and Learn method for quadratic models

The Lift and Learn approach [102] is a powerful data-driven approach that uses the sim-
ulation data from the original nonlinear model (without access to its full-order state-space
representation) to learn a quadratic reduced-order approximation to it. First, the approach
collects state trajectory data of the original nonlinear model. Next, it lifts the data by a
proper problem-dependent mapping to a quadratic model, and project the lifted data onto
a low-dimensional basis via singular value decomposition (SVD). Then, it fits the reduced

quadratic operators to the data by the least-squares operator inference procedure [94].

To be more precise, consider the following nonlinear dynamical system of n ordinary differ-

ential equations

= f(z,u), (5.1)

where z € R" is the state, u € R! is the input, and f(z,u) : R* x R — R" is a nonlinear

function. For the dynamics (5.1), collect K state snapshot data and input trajectory data
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at the time samples ¢, for k=0,..., K — 1:

Z

{z(to) 2(t) ... z(tKl)} e R™H, (5.2)

U= [u(to) u(ty) ... u(tK_l)} c RXK,
Define a lifting map 7 : R® — R¥
T:z—zx (5.3)

such that in the lifted-state z, the dynamics (5.1) can be written exactly as a quadratic

model (5.4), i.e.,

#(t) = Az(t) + H(z(t) ® 2(t)) + Bu(t), (5.4)

y(t) = Cx(t),

similar to what we did in (3.2) and (3.3) for the power network dynamics. Note that (3.3)
can be written in the form of (5.4) by multiplying the dynamics of (3.3) with E~!. Then,

apply this lifting map on each column of state snapshot (5.2) to form the lifted snapshot:

X = |a(t) a(ty) ... a(tx_)| € RV (5.5)

Compute the economy-size singular value decomposition (SVD) of the lifted snapshot X:
X = o2’

where ¥ = diag(oy, 09, ...,0x) € REXE is diagonal with the singular values {o;} of X on
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the diagonal, and ® € RV*X and ¥ € RE*X have orthonormal columns. (Here we assumed
N > K; the N < K case follows similarly.) Based on the decay of {o;}, choose a truncation
index 7 and use the leading r columns of ®, denoted by ®,, to construct the reduced lifted

snapshot matrix X, € R™K

X, =ol'X. (5.6)

The goal is to learn a reduced quadratic approximation, as

in(t) = Ay, () + Ho(w, (1) @ 2,(8)) + Byult) (5.7)

ut) = G (8),

to the original nonlinear dynamics (5.1). It is clear from (5.7) that to infer the reduced
operators A,, H, and B,, the reduced time derivative of state snapshot X, is also required
in addition to the reduced state snapshot X, in (5.6). Time derivative snapshot X € R¥*X
can be obtained from the state snapshot (5.5) using a time derivative approximation [24],
e.g., the forward difference approximation. Then, similar to (5.6), [102] obtains the reduced

time derivative snapshot X, € R™*¥ ag

X, =o7X. (5.8)

5.1.1 Least-squares operator inference procedure

Given K reduced state snapshot (5.6), its corresponding reduced time derivative (5.8) and
the input snapshot in (5.2), operator inference approach in [94] formulates the following least-

squares minimization problem to obtain the reduced order matrices 4, € R™*" | H, € R™",
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B, € R™! appearing in (5.7):

2
min

1
Ap Hy,B, ?‘ (5-9)

)Xf AT 4 (X, ® X,)THT + UTBT — XT

F'

The least-squares problem (5.9) is linear in the unknown variables A,, H, and B,. Hence, the

minimization problem (5.9) can be transformed into solving the linear least-squares problem

[94], [102]
min |AX — B||7, (5.10)
XER(H'H_LQJLT)XT
with
AT
7‘2 T .
A = [XTT T Xg] e RI*UHH52) - X = | gr|, and B= X7, (5.11)
]fIT
where X, = (X, ® X,) € R™2"*K ig constructed as
X, X, - [x Sor 7,81 ... o B |, (5.12)

where =, is the ith column of X, and ® denotes the Kronecker product ® without the
redundant /repeated terms [102]. For example, for z = [z x5)T, the standard Kronecker
product yields * ® z = [2? 2129 Tox; 23]T while by removing the repeated term xox, we

have z ® x = [2% z129 23)7.

o 7‘2 T
Similarly, H, € R™"2" is the form of H, without redundancy such that we can construct

H, € R™" from H, by splitting the values corresponding to the quadratic cross terms across
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the redundant terms. For example, for r = 3,

his h
. hir hig hig hip #2452 hig
H, = and H, =
has
ha1  hag  hag hor 752 32 hag

The least-squares (5.10) problem has a unique solution for K > (r + 7"2% +1) if A has a full
column rank [54]. In addition, it can be expressed as r independent least-squares problems

as
mxinHAX(:,i) —-BGA)5 ;i=1,...,m (5.13)

where X(:,) is the MATLAB notation referring to the ith column of X.

In the following section, we show how the Lift and Learn approach of [102] can be applied

for data-driven modeling of nonlinear swing equations in power networks.

5.2 Learning power networks model from data

Recall the second-order dynamics of power grid networks given in (1.2), which we repeat

here:

MO(t) +Do(t) + f(6) = Bu(t), (1.2)

y(t) = C8(¢). (1.3)
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For this nonlinear model (1.2), our goal in this section is to infer a reduced quadratic model

approximation that preserves the quadratic structure, as in (5.7)

(1) = Ay (t) + Hy (2,(t) © (1)) + Bru(t), (5.7)

Yr (t) = Gy, (t),

using the data trajectories of ¢, § and input u (without access to the full order operators
M, D, f(9), B) by employing the Lift and Learn approach [102] reviewed in Section 5.1. In
other words, the goal is to fit quadratic reduced order matrices A,, H, and B, to the reduced

snapshot data.

For the nonlinear model (1.2) under investigation, let Z, Z and U be, respectively, the K

snapshots of 4, § and input at time instances t;; k=0,..., K — 1:

Z = _5(150) 5(t) ... 5(tK1)] e R,
Z = _S(to) o(ty) ... 5(tK_1)] e R™K, (5.14)
U= ulto) u(t) . u(tK_l)} e R™K

Recall that in (1.2), u(t) = 1, thus in this setting, we have

U= {1 1 1} e RIXK, (5.15)
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Also recall the lifting map 7 : R?* — R in (3.37)

()
T o) — o) = x(t). (3.37)
o(t) sin (6(t))
cos (0(t))

(we called z(t) in Chapter 3 as ¢(t)). Then, using 7 in (3.37), the lifted data matrix

X € R*¥*K ig gbtained as

5(to) o(t) ... O(tr—1)
d(to) o(t) ... d(tg—y)
X = = x(to) J](tl) x(tK_1) . (516)
sin (0(tg)) sin(d(t1)) ... sin(d(tx_1))
| cos (6(to)) cos(d(t1)) ... cos ((5(tK—1))_

The time derivative data snapshot X is also computed as explained in Section 5.1. Next, we

compute the SVD basis ®, for the lifted state data X as in (5.16):

X =0XU”,  where &, =®(;,1:7)

to construct the reduced lifted state data X, as in (5.6)

X, =or'X (5.6)

and the reduced lifted time derivative data X, in (5.8) via projection.

X, =o7X. (5.8)
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Then, by solving the least-squares minimization

2
min

1 .
—HXTTAf + (X, ® X,)THT + UTBT — X7
ArHr By K

. 5.9
) (59)
using the reduced lifted data and input snapshot in (5.14), we infer matrices A,, H, and B,..

The reduced matrix C, is calculated as
Cr = CCI)T:

where C' yields the output of choice. The resulting data-driven modeling approach for non-

linear power networks (1.2) via Lift and Learn is summarized in Algorithm (5).

In situations where the coefficient matrix A in (5.11) is rank-deficient, [119] proposes to

regularize the least-squares problem (5.13) with an £, regularization as
mxin |AX(:,4) — B(:,4)||5 + [ X(:,4)|[3, fori=1,...,7 (5.17)

where p > 0 is the regularization tuning parameter that controls a trade-off between solutions
that fit the data well and solutions with a small norm. Regularization avoids over-fitting
and improves the conditioning of the problem as well as the stability of the reduced order
model. As we discuss in the next section, for the power network models we have studied,
we have frequently encountered this situation in our numerical examples and had to employ

the regularization process in our implementation.



106 CHAPTER 5. DATA-DRIVEN MODELING OF POWER NETWORKS

Algorithm 5 Lift and Learn for Power Network Models

Input: Snapshot data and input trajectory for the original nonlinear model (1.2)
Output: A,, H,, B, and C,

1. Collect the snapshot data Z, Z, and U (5.14) from the power network model (1.2).

Z=1[5(to) 6(tr) ... O(tx1)]
Z=1[(te) O(t1) ... O(tx—1)]
U=[11 ... 1]

2. Use the lifting map (3.37) to find the lifted state snapshot X (5.16).

6(t0) (S(tl) (5(tK_1>

X — d(to) o(t1) O(tr-1)
sin (0(to)) sin (0(t1)) sin (0(tx—-1))
cos (0(to)) cos (0(t1)) cos (0(tx—1))

3. Compute the SVD basis @, for the lifted state data.

X =ox0" &, =d(:,1:7)

4. Compute the reduced lifted state data (5.6) and the reduced lifted time derivative data
(5.8) via projection.

X, =0r'X
X, = or'X.

5. Solve least-squares minimization (5.9) using the reduced lifted data and input snapshot
in (5.14) to infer matrices A,, H, and B, as in (5.7).

2
111111

1 .
—foAZ (X, ® X,)THT + UTBT - XT
Ar,Hr,Br K

. (5.9)

6. Using the desired output of choice (C is given), calculate C, = C®P,.
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5.3 Numerical example

The two test systems we investigate are the SM model of the IEEE 118 bus system introduced
in Section 4.4 with n = 118 and the EN model of IEEE 300 with n = 69, included in the
MATPOWER software toolbox [131], [133]. We focus on the single-output system (p = 1);
thus C € R, We choose the output, quantity of interest, y(t) as the arithmetic mean of
all phase angles §(t) as done in [106]. In both cases, we obtain the data via a numerical
simulation with the time step size At = 1073 and the regularization tuning parameter
i = 1073, The inferred reduced order r is chosen based on the singular value decay of the
snapshot data X with a relative tolerance of tol = 1.5 x 10~*. In our simulations, we have

employed the operator inference source code provided in [101].

5.3.1 Example 1: IEEE 118 bus

We collect the data snapshots for the time interval T = [0 3] seconds. With a step size of
At = 1073, this leads to the snapshot matrix X € R*™*3001  Based on the singular value
decay of X as shown in Figure 5.1 and the relative truncation tolerance of 1.5 x 1074, we

choose r = 23 and form the projection basis ®, € R*?*23_ Based on the reduced lifted data

Singular values for state snapshot X

X23
Y 0.0001357
e,

10—5 L

5 10
= 10

10-15 L

10-20 L L L L
0 100 200 300 400 500

Figure 5.1: Singular values for state snapshot X
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X, € RZ*3001 and X, e R2*3001 and the input snapshot U = [1 1 1}, resulting
coefficient matrix A € R3901>3% jg rank-deficient with rank(A) = 82 < 300. Therefore, we
solve the regularized least-squares problem (5.17) with u = 1073. Using Algorithm 5, we
find the data-driven quadratic reduced matrices A, € R%*2 H_ e R2*23)* and B, € R
in (5.7). To test the accuracy of the inferred model, we compare full-order model output

y(t) with the reduced quadratic output y,(t) calculated as

yr(t) = {c 0 0 o] Oz, (t)

in Figure 5.2. As the figure illustrates, the data-driven reduced quadratic model of order r =
23, obtained without access to original power network dynamics, accurately approximates

the full model output. Recall the £ (T") norm of the output y(¢) in (4.75) which we repeat

0.04

—— Original output
0.02 1 - — Data-driven reduced output |1

0.02
>.0.04F
-0.06 |

-0.08 1

_0-1 i 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3
Time (sec)

Figure 5.2: Comparison of original output and the data-driven reduced output

here

Y/l zocir) = max | y(t) | (4.75)

teT
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The relative output error

_ 1)~y (0 |

) = Tyl (518)

for T' = [0 3] is shown in Figure 5.3. Figure 5.3 illustrates that, the learned model achieves

a relative Lo error ||e]|z_ (r) of less than 0.9% with a reduced order r = 23.

0.01

0.008

0.006

0.004

Output relative error

0.002

0 0.5 1 1.5 2 2.5 3
Time (sec)

Figure 5.3: Relative L, error vs. time

5.3.2 Example 2: IEEE 300

In this example, we use EN model of IEEE 300 with n = 69. We collect the data snapshots
for the time interval 7' = [0 10] and obtain the snapshot matrix X € R*7*19001 Baged on the
singular value decay depicted in Figure 5.4, we choose r = 46. As in the previous example,
the coefficient matrix A € RI000Ix1128 g rank-deficient (rank(A) = 221 < 1128). Hence,
we solve (5.17) with = 1073 to infer the reduced operators A, € R46x46 = [ ¢ [R16x46%

B, € R,
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Singular values for state snapshot X

X 46
Y 0.0001332
e,

& 4nt0l
= 10

10-15 L

10720 - ' : : :
0 50 100 150 200 250 300

Figure 5.4: Singular values for state snapshot X

The outputs of the full-order and the reduced quadratic models are shown in Figure 5.5, once

again illustrating an accurate match of the power network output via the learned model.

0.2

= Original output
= = +Data-driven reduced output

0.15}
0.1r

Z 005¢

-0.05

-0.1 . : . .
0 2 4 6 8 10
Time (sec)

Figure 5.5: Comparison of original output and the data-driven reduced output

Figure 5.6 illustrates relative output error over the simulation time. According to the figure,
the reduced model successfully approximate the full model with a relative L, (T") output

error less than 0.46% over the time-interval 7" = [0 10] seconds.
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x1073

Output relative error

Time (sec)

Figure 5.6: Relative L., error vs. time

5.3.3 Operator inference with regularization selection

Recall that in Section 5.2, we used an L, regularizer pf 2., in (5.10) as
2
min  [JAX = B|[z + ullX|[x (5.19)

2
XeR(r-H-&-LQﬂ)Xr

to improve the conditioning of the problem, where ;1 > 0 is a regularization parameter and
I is the identity matrix. The unique minimizer of the least squares problem (5.19) satisfies

X = (ATA + 11

r+l+#

)ATB,

where (ATA+p?1

r+l+ﬂ%

) is symmetric positive definite [84]. The regularizer in (5.19) equally
penalizes each entry of X, i.e., the inferred reduced operators A,, B, and H,. However, the
entries of the quadratic operator H, have a different scaling compared to the entries of A,,
B, [84]. Therefore, the learned reduced models obtained by (5.19) may sometimes have poor
predictive performance outside the training time interval 7' = [0 tx_1] (see, e.g., Figure 5.7

). To solve this overfitting issue, [84] proposes a block diagonal regularizer of the form
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0.1 T T
= Original output
= = 'Data-driven reduced output
005 I /’ \\ I, \\ I, \
¢ \ ’ \ 7 \
! AN N_ \
, -
0 N >
=
-0.05
011
-0.15 1 1 1 1
0 0.5 1 1.5 2 25 3
Time (sec)

Figure 5.7: Example 1 with training time 7' = [0 0.5] (X € R*"™*%01) has a poor performance

for the prediction period [0.7 3]. The training and prediction periods are separated by the
vertical black lines.

T2 T 7‘2 T
Y = blkdiag(pu s , pol 2y, ) € RUHHFTZIXHEST) (5.20)
2

with p1, e > 0 such that p; penalizes the entries of A, and B, , and us penalizes the entries

of H,. In other words, using (5.20), the least squares problem (5.19) is replaced by

min,  [AX = BlE + (A + 1B l17) + pal 17 - (5.21)

2
XE]R(T-&-H- LQﬂ ) X7

The parameters p1 and ps are chosen such that the resulting learned reduced model minimizes
some error metric over 1" = [0 tx_1] keeping the integrated POD coefficients bounded over
Ty = [0 ty], where ty > tx_1. In other words, we want each entries of the reduced quadratic

state z,(t) = [z, (t) ... z..(t)]" in (5.7) to satisfy

xri(t)’ <7 i=1,....r and Ty =[0t/], (5.22)
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for some 7 > 0. Using (5.22) and the fact that x(t) = ®,,.(f), one can write

r

> (®(i,5))an (t)

Jj=1

xi(t)‘ _

<y ‘@(i,j)‘ a:ri(t)‘ <ry ‘(I)(i,j)‘ i=1,....n, (5.23)
j=1 j=1

which means that bounding the magnitude of entries of the reduced state x.(t) ensures a

bound on the magnitude of entries of the original high dimensional state z(t) [84]. A detailed

description of the regularized operator inference selection procedure [84] for power network

models is given in Algorithm 6, where 7 is chosen proportional to the maximum absolute

entry of X, [84], i.e.,
7 = fmax | X, (i, 7)) (5.24)
17]

where § > 1. According to the algorithm, as before, first we collect the snapshot data 7,
Z, and U (5.14) from the power network model (1.2) and use the lifting map (3.37) to find
the lifted state snapshot X (5.16). Second, we compute the SVD basis @, = &(:,1 : r) for
the lifted state data X = ®XWUT. Third, we compute the reduced lifted state data X, in
(5.6) and the reduced lifted time derivative data X, in (5.8) via projection. Next, we solve
least-squares minimization (5.21) using the reduced lifted data and input snapshot in (5.14),
and an initial value for (uq, p2) to infer matrices A,, H, and B, as in (5.7).

min - [|AX = B|IE + (| AE + 1BAF) + pel Bl - (5.21)

2
XGR(T+L+%ﬂ)xr

Then, we simulate the corresponding quadratic dynamic for Ty = [0 t]

() = Ayan(t) + Hy(2,(1) ® 2(1)) + Bou(d), (5.7)



114 CHAPTER 5. DATA-DRIVEN MODELING OF POWER NETWORKS

and gather its snapshot for Ty = [0 ¢;], namely X, :

Xy = |ap(to) 2(t1) ... x(tg,—1)

If max; ; | X, (4,7)| <= Bmax;;|X,(i,7)|, we compute and store the training error

e =X, - X,,(1: K. (5.25)

We repeat this process for other candidate values for (uy, t2) and choose the optimal value
(w7, 13) as the one that leads to smaller error (5.25). Finally, using (u7, 13), we solve least-

squares minimization (5.21) and infer matrices A,, H, and B,.

In the next two sections, we repeat our numerical examples for our two case studies in Section
5.3, the SM model of IEEE bus system and the EN model of IEEE 300. As before, the output
is the arithmetic mean of all phase angles. Data is obtain via numerical simulation with the
step size A = 1073, and r is obtained based on the relative tolerance of tol = 1.5 x 10~* for
the singular value decay of the snapshot data X. The only difference is that we solve for
the reduced quadratic operators A,, H, and B, using Algorithm 6 where instead of solving
the minimization problem in (5.19) with a single random regularization parameter, we solve

(5.21) with two optimal regularization parameters.

5.3.3.1 Example 1: TEEE 118 bus

We obtain two sets of data over two training time intervals 7" = [0 0.5] and T = [0 0.7].
Figures 5.8a and 5.8b depict the singular value decay for the state snapshot X for 7)) =
[00.5] and T = [0 0.7], respectively. Based on the figures, we choose, respectively, rt) = 12

and 7® = 13. Let T; = [0 3] and 3 = 1 in Algorithm 6. We infer the reduced operators
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Algorithm 6 Operator inference with regularization selection for Power Network Models

Input: Snapshot data and input trajectory for the original nonlinear model (1.2) over
T = [0 tK—l]a ﬁ in (524)

Output: A,, H, and B, of the predictive quadratic model
« Follow steps (1)-(4) of Algorithm 5.

e Define a desired two-dimensional grid to generate a set including pairs of u; and pus,
namely S,

o For each (1, p12) in the set S,
— Solve (5.21) with regularizer Y in (5.20) to obtain A,, H, and B,

— Simulate (5.7) with the quadratic operators obtained in the previous step for
Ty = [0 t;] and gather the corresponding reduced quadratic snapshot X,

— If max; ;| X,,(i,j)| <= 7 compute the training error || X, — X, (:;,1 : K)|| and
store it in the vector e,

o Find the optimal regularizer T*

. .
T* = argmin e,
(11,112) €Sy

« Solve (5.21) with the optimal regularizer T* and obtain A,, H, and B,
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Singular values for state snapshot X Singular values for state snapshot X

| x13
Y 0.0001294
d

| X 12
M Y 5.728e-05
e,

100 200 300 400 500 0 100 200 300 400 500
i i

(a) Training time 7™M = [0 .5] (b) Training time T = [0 .7

Figure 5.8: Singular values for state snapshot X

A, € Rr®xrt , H. € Rr(i)x(r(i))z, B, € R™ for i = 1,2 first with Algorithm 5 combined
with the regularization tuning parameter © = 1072, and second using Algorithm 6 where S,
includes 20 x 20 combinations of (u1, u2) € [1072,107%] x [107°,107!]. The regularization
selection strategy in Algorithm 6 yields the optimal regularization parameters for 7 =
[0 0.5] and T® = [0 0.7] as (1, p2) = (1075,1073) and (p1, p2) = (6.158 x 1072,2.636 x
1077), respectively. To investigate the effectiveness of Algorithm 6 in generating a predictive
reduced quadratic model, we plot the obtained reduced quadratic output y,(¢) and relative
output error over Ty = [0 3] in Figures 5.9 and 5.10, respectively. According to these figures,
we gain the following insights: First, the inferred reduced quadratic models obtained by
Algorithm 5 combined with the £, regularizer with ;1 = 1072 are able to reconstruct the
training data but have a poor performance in the prediction regime. Second, by using
Algorithm 6, the inferred reduced quadratic models not only capture the output throughout
the training time, but also have a comparatively better performance in approximation the
original model in the prediction phase (the relative Lo, error |||z (r;) has decreased from
20.33% in 5.9¢ (5.10c) to 3.067% in 5.9d (5.10d)). Although |||z, (r;) has decreased from
62.53% in 5.9a (5.10a) to 10.93% in 5.9b (5.10b), the inferred model struggles to appropriately
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predict the output beyond 1.25 seconds which indicates the importance of training time on
the behavior in the prediction period. Once again, comparing Figures 5.9b (5.10b) and 5.9d
(5.10d), one can observe that ||e||z.,(r,) has decreased from 10.93% to 3.067% which implies

that as the training time increases, the inferred models prediction power increases.

5.3.3.2 Example 2: IEEE 300

Once again, we obtain two sets of data over two training time intervals 7 = [0 2.1] and
T® = [0 2.5]. Based on the singular value decay for the state snapshot X depicted in
Figure 5.11a for M and Figure 5.11b for T®), we choose, respectively, r) = 23 and r® =
25. Then, we infer the reduced operators using both Algorithm 5 with L regularization
parameter ;4 = 1073, and Algorithm 6. Let Ty = [0 8] and 8 = 1. The regularization
selection approach in Algorithm 6 leads to the optimal regularization parameters for 7 as
(p1, po) = (10712,1.291 x 107%) among 10 x 10 combinations of (uy, i) € [10712, 10711 x
[107°,1073], and for T® as (1, p2) = (1073,1072) among 10 x 10 combinations of (p1, uo) €
[1074,1073] x [1073,107%]. Figures 5.9 and 5.10 illustrate the reduced quadratic output ¥,.(t)
and relative output error over Ty = [0 8], respectively. According to Figures 5.12a and
5.13c, we observe that by increasing the training time (here by 0.4 seconds) even by using
Algorithm 5 and a single £ regularization parameter, one can improve the performance of
the reduced inferred model beyond the training time. To have a more detailed comparison,
according to Figures 5.13a and 5.13c, the relative L, error |le[|z, (r;) has decreased from
10.27% to 3.7%. As Figures 5.13c and 5.13d illustrate, ||e[|z..(r,) has decreased from 3.7% to
2.7%. Similarly, by observing Figures 5.13a and 5.13b, one can see a decrease in |le||z,(r;)
from 10.27% to 5.12%. These observations support the earlier observation in the previous
example that the Algorithm 6 yields a better approximation of the original model in the

prediction regime.
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Figure 5.9: Comparison of original output and the data-driven reduced output.
The training and prediction periods are separated by the vertical black lines.
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Singular values for state snapshot X Singular values for state snapshot X
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Figure 5.11: Singular values for state snapshot X

5.4 Summary

We have illustrated the application of a data driven model reduction approach, the so called
Lift and Learn method, to power grid networks. The non-intrusive nature of this methods
enables us to infer a quadratic reduced model for the nonlinear swing equations using time
domain data. We also investigated the effect of two regularization strategies on the pre-
dictive power of the inferred quadratic reduced models. Two examples have been used to

demonstrate the the efficiency of our approach.
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Figure 5.12: Comparison of original output and the data-driven reduced output
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Chapter 6

Structure-preserving Data-driven

Modeling of Power Networks

Dynamical system modeling in power systems has received great attention. There exists a
plethora techniques for discovering governing equations from time series data including sparse
identification of nonlinear dynamics (SINDY') method [32, 66], dynamic mode decomposition
[42, 81, 100, 113, 122, 126], equation-free modeling [52], symbolic regression [114], system
identification methods [53, 75], methods based on lifting transformations [78, 102, Koopman
operator [107], etc. In power network setting, [111, 116] proposes a data-driven system
identification method for synchronous generators using an extended version of the SINDY
method. Artificial neural networks [31] and genetic algorithm [130] have been employed for

identification of power system load dynamics.

In this chapter, we propose a data-driven system identification method for the second-order
nonlinear model (1.1). The method is inspired by the second-order SINDY method [38] where
the first-order derivative of the state is also incorporated in the SINDY library function to
predict the second-order derivative of the state. Using a special structure of power systems
dynamics, we choose the nonlinear functions in the SINDY library of terms, and enforce
sparsity in the SINDY output of coefficients. Therefore, there would be no need for using
sparsity promoting techniques such as £, regularization [120] or sequential threshold least

square algorithm [32].

123
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6.1 Problem formulation

Recall (1.1), which we repeat here

2J;i . D Zn : :
52+ 52+ Kijsm(éi—éj —"}/Z]) :Bi7 1 = 1,...,7’L.
R -
j=1

WR w
JF

Let m; = i—‘}]; and d; = 5; Using (3.1), rewrite (1.1), i =1,...,n, as

n

- K b
i >y (000 = ) o) = conts, =8 s ) +
J#
d; — Ki; cos(vy) Ky sin(ys) :
__dig ; ’ B j J - =
-5 Z m sin(d; — 6;) + Z 1 cos(d; — d;) + .
j=1 =
JFi 77
As an example, let n = 3. Then, (6.1) becomes
d - K Ko i
6= — —L5, — M sin(d; — 02) + M cos(01 — 92)
my my m
K Ksssi b
_ Kagcosms) s, — gy 4 Kassinm) o5 gy B
mq m m
. K Kipsi
dy = — 252 _ Kz cos(ha) sin(dy — 61) + UL cos(0z — d1)
mo ma e
K Ko s b
— Ko 0808) 05, — i) + L2IOB) 5, ) 4 L2
mo ma e
de - K K131
g = — —2 55 — Ky cos(t1a) sin(d3 — 1) + AL cos(d5 — 1)
ms ms3 ms
K. Ko si b
_ Bancostum) g, — gy 4 KsinCm) o5 gy B
ms s s

(1.1)

(6.1)

(6.3)

(6.4)

Recall (1.2). For this simple example, our goal is to identify the coefficients on the right

hand side of (6.2)-(6.4) shown in Table 6.1 from the data trajectories of 4, 0, 4, and input
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Towards this goal,

Table 6.1: Coefficients to be identified

01 09 03
Br By B3
Ty U iy
my m
__ Kiacos(v12) Ko 005(2712) Kis COS(i'ylg)
mi ma
K12 sin(y12) K12 sin(y12) Kis 51n('ylg)
mi m2
_ Kis cos(v12) _ Kas cos(v23) Koz COS(’ng)
m1 m
K13 sin(y12) Kos Sin(?ygg) Kog sm('ygg)
my mo m3
let 6(¢) = [61(¢) da(t) ..., 0n(t)]
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€ R" denote the state at time t. We

collect K state snapshot data &(t;), its first and second time derivatives (d(t,) and d(ty)),

and input trajectory data u(ty) at the time samples ¢ for k =0, ...,

corresponding snapshots, respectively, as

6T (to) 51 (to)
6T (1) B 61(t1)
(5 (tK 1)_ i

ity || bt
6T () o (ty)

0"t )|

52 (to)
62 (tl)

O1(tk—1) O2(tr-1)

da(to)
da(t1)

o (tx-1) 52(751(71)

5n(t0)
dn(t1)

On(tr—1)

Sn(to)
on(ty)

K — 1, and form the

c RE*m, (6.5)

c RE*", (6.6)
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and

0" (to)
o7 (1)

6T (tg_1)

52(150)
52@1)

51(?50)
o1 (t1)

01(tk—1) 52(751(—1)

U:[l 1

5n(t0)

on(t1)

On(tr—1)

1:| c RlXK.
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(5.15)

The right hand side of (6.1) does not explicitly contain ¢ while it includes sin and cos terms

of §. Knowing the facts that sin(d; — 0;) = —sin(d; — J;) and cos(d; — d;) = cos(d; — &;),

we form another snapshot matrix, namely A®¢ using the state snapshot A. To simplify the

notation, let

Then, define

where, fort =1, ..

A% = Aic A;c

,n—1,

sin (0;(tx) — 0;(t)) = si;(tr)

and cos (5z<tk) — 5]' (tk)) = Cij(tk)'

Aial c IRKXn(n—l)7

sc __
Ay =

Si(i+1) (to)

Sii+1)(t1)

Ci(i+1) (to)

Ci(i+1)(t1)

_Si(i—i-l)(tK—l) Ci(i+1)(tr—1)

(6.8)
Sin(to) Cin(to) -
Sin(t1) Cin(t1) (6.9)
Sin(trk-1) Cin(tx—1)
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Next, using (6.6), (5.15) and (6.8), we construct the library function ©(U, A, A)
O(U,A,A) = {UT A Asc} e REX(+7%) (6.10)

where K > 1+ n?. Now, we can write the dynamic model (6.1) in the form of

A=0U,A AT o =), (6.11)

where = is a sparse coefficients matrix that includes the unknown coefficients on the right

hand-side of (6.1) and is defined as

éil

==lo & e R0 wim = | U lert ey

_&Hn? i

Note that each vector & includes the coefficients on the right hand side of §; for i = 1,...,n.
The matrix I' € R is a matrix of zeros and ones that enforces a special form of sparsity

in Z. For instance, for the simple example (6.2)-(6.4) with n = 3, I becomes

T
1100111100

'=|1 01011001 1| €R”
1001001111
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which creates sparsity in = as

611 612 0 O 515 516 517 518 0 0
E:{& & 53}: Gy 0 & 0 & & 0 0 & &,| €R”C
631 0 0 634 0 0 637 538 539 6310

The over-determined problem (6.11), can be solved via the least-squares problem

2
min
EGR(1+n2) Xn

A—-0O(U A AT o B)

. (6.13)

Then, the non-zero entries of each column of = in (6.11) (vector &; ) can be calculated using

a separate sparse regression algorithm as

&i(k;) = argmin HA(,@) - (@(U, AN, m))gz(m) i for i=1,...n, (6.14)
&i(kq)

2

where k; represents an array of logical values for the ¢th column of I'. Once the sparse matrix

= is determined, we can form (6.1)
0;(t) = 0(u,0,0)& , for i=1,...,n, (6.15)
with
0(u,0,8) = {1 ST(H) §5e(t) S5e(t) ... 8 (t)] € RO, (6.16)
where fortc=1,...,n—1

65°(t) = [sin(&-(t) — 0;41(t)) cos(6;(t) — diya(t)) ... sin(0;(t) — 6,(t)) cos(d;(t) — d,(t))] -
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Note that 6(u,d,0) at t = ¢, corresponds to the (k + 1)th row of O(U, A, A) for k =

0,...,K — 1. A brief sketch of our approach is given in Algorithm 7.

Algorithm 7 Identification of Power network models

o Collect K snapshot of the state snapshot A in (6.5), the first and second derivatives
of the state snapshot A in (6.6) and (6.7) and the input trajectory as in (5.15).

 Construct the nonlinear snapshot A* in (6.8).

« Construct the library function (U, A, A) in (6.10)

O(U,AA)=[UT A A*]. (6.10)
» Solve the sparse regression algorithm

&i(ki) = argmin HA(,Z) - (@(U,A, A)(:, /{J)@(ﬁl) z for i=1,...,n. (6.14)

&i(Ki)

» Using &; and (6.16), form (6.1)

o;i(t) = 0(u,6,0) &, for i=1,...,n (6.15)

To summarize our results, we present the following lemma.

Lemma 6.1. Given the nonlinear state snapshot data A% in (6.8), A in (6.6), A in (6.7),

input snapshot U in (5.15), we can identify the coefficients on the right hand side of (6.1) as

() = arg min |a¢0) - (6w A a) ¢ m)) () Z

for i=1,....n (6.14)

and form (6.1) fori=1,...,n as

oi(t) = 0(u,0,0)& , (6.15)

where 0(u,0,6) is defined in (6.16).
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6.2 Numerical examples

The two test systems we investigate are the simple EN model of "test-system-3gen” with
n = 3 and the SM model of the New England test system with n = 39, provided by
MATPOWER and MATLAB toolbox pg-sync-models [90] . We focus on the single-output
system with y(¢) chosen as the arithmetic mean of all phase angles §(¢). In both cases, we
obtain the data via a numerical simulation with the time step size At = 1073. The second
order derivative (6.7) is calculated from (6.6) by using the second-order forward difference

approximation.

6.2.1 Example 1: 3-generator system

In this example, we have a model of dimension n = 3 as in (6.2)-(6.4). Using data, our aim
is to identify the coefficients shown in Table 6.1 from the data. We collect K snapshot of

the state snapshot A € R¥*? as in (6.5):

01(to)  G2(to)  d3(to)
81 (t1) da(t1) d3(t1)

O1(tk—1) O2(tx—1) O3(trx—1)



 https://sourceforge.net/projects/pg-sync-models/ 
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and form the nonlinear snapshot A% as in (6.8):
A% = Aic Agc

s12(to) ci2(to) s13(%o) c13(to) s93(to) ca3(to)

| ose(t) ee(t) se(t) o cs(t) o sa(t) o en(ty) c REX6

_512(tK—1) c1o(tx-1) S13(tx—1) c13(tx-1) sos3(tx-1) co3(trx—1)

Also, we collect K snapshot of the first and second derivatives of the state snapshot A as in

(6.6) and (6.7):

hi(te)  da(te)  ds(to) oi(te)  dalte)  ds(to)

oi(t))  Ga(th)  Os(ty) oi(t))  0ao(tr)  ds(ty)

AI GRKXS’ A: ERKX?)

51@1{71) 52@1@1) 53(751(71) 01 (tk—1) ('5.2(th1) 53@1@1)

and input trajectory as in (5.15):
Ut = {1 1 ... 1} =1x € R
Following Algorithm (6.14), we form the library function
OU,AA) = {1K A Asc} e REX10
and solve for

== [51 &2 53} e R with & e R}
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with T' € R19%3 formed as

T
1100111100

I'=s]j1 010110011
1001001111

Note that each vector & € R*! contains the terms in the right hand side of &; for i = 1,2, 3.
For example, & includes the term in the first column of Table 6.1. We collect the data
snapshots for the time interval T' = [0 .5] seconds. With a step size of At = 1072 this leads
to the snapshot matrix A € R%13, The true and identified values for = are shown in Tables

6.2 and 6.3, respectively.

Table 6.2: True value for =

&1 &2 &3

1 DL — 18145 Do — 34.3647 Bs — 35.2895

o —4 = —1.0575 0 0

8o 0 —& — —3.9063 0

03 0 0 — 4 — 83056
sin(0y — 6,) | —fzeeluz) — 133868 Kreetna) — 49 4474 0
cos(0y —dy) | Fenlud — 95404 Iazebn) — g 3834 0
sin(0y — 0;) | — el — 10,5013 0 Biscooluz) — 89 4752
cos(d; —05) | etz — g 7958 0 BiasinCiz) — _14.1042
sin(0y — d3) 0 —fameosln) _ 349917 Kaelm) _ 79 7636
cos(0y — b3) 0 Foaostlinn) — g 7086  K2snCe) — 14 2641

As these tables show, the proposed method has efficiently identified = with a high accuracy.

According to the obtained = in Table 6.3, we form our dynamics (6.1)

0i(t) =0(u,d,0) &

=1 51 52 53 8(512) C((Sm) 8(513) 0(513) S((Sgg) 0(523) é'iu fori:1)273
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Table 6.3: Identified value for =

133

mi

$ &3
1 5 — — B2 — 34.3759 Bu — 35.2787
0 —i—i = —1.0576 0 0
s —& — —3.9064 0
ds 0 — 4 — 83057
sin(0y — 6,) | —fzeelua) — 133869  Kzeetna) — 49 4484 0
cos(6y — &y) | Kzsihuz) — 9 5404 Kipsintnz) g 3853 0

m2

—fscotna) — 105018

0

Fascostna) — 894748

mi

0

m3
FaasinCuz) — 14,0976

m3

jen}

—Kascosbas) — 34,9944

faacolion) — 79 7650

m3

e

( )

( )

( ) A
cos(8y — &3) | Kussintnz)

( )

( )

Kasinta] — 6 7176

m2

Kassnlias) — 14,2509

m3

which yields

51 :—1057651—133869 Sin((51 — 52)—25404 COS((Sl — 52)

—10.5018 sin(8; — 65)—1.795 cos(d; — d5)—1.8155

0y =—3.90640, + 49.4484 sin(6; — 05)—9.3853 cos(d; — d,)

—34.2244 5in(5y — 65)—6.7176 cos(8; — 03) + 34.3759

03 =—8.305705 + 82.4748 sin(; — 03)—14.0976 cos(d; — J3)

+ 72.765 sin(dy — d3)—14.2599 cos(dy — d3) + 35.2787

The state § and its time derivative § of the original and the identified models and their

corresponding absolute error over Ty = [0 4] are illustrated in Figure 6.1. According to the

figure, the identified model has successfully captured the original model behavior. To have a

more detailed comparison, we compare the original model output y(¢) with the output of the

identified model, namely ¢(t), and the corresponding relative output error in Figure 6.2.
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Figure 6.1: Comparison of the original and the identified system
The training and prediction periods are separated by The vertical black lines.
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According to Figure 6.2, the identified model approximates the original model with a relative

L (Ty) output error

()] £oo (1) = max M

Ty =104
A ey 04

less than 0.0243% over the time-interval T = [0 4] (3.5 seconds beyond the training time). To
illustrate whether this approach can avoid overfitting the training time, we plot the original
model output y(t) and the output of the identified model 4(¢) , and the corresponding relative
output for different values of the training time 7. As figure shows, even with smaller amount

of data (7" = [0 0.2]), one can achieve a relative L,(T) output error less than 0.1513% over
Ty = [0 4].
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Figure 6.3: Comparison of the original and the identified outputs for different 7'

6.2.2 Example 2: New England test system

Recall the SM model of New England test system in 4.4 with n = 39 in the original second-
order coordinates (1.2). We collect the data snapshots A, A, A and U for three time

intervals 7' = [0 2.8], T'= [0 3.2] and 7" = [0 3.5], and follow Algorithm 7 to identify (6.1) for
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i=1,2,...,39. The original model output y(¢) and the output of the identified models for
the aforementioned time intervals, and the corresponding relative output error for 7y = [0 10]
are depicted in Figure 6.4. As Figure 6.4a illustrates, the outputs of the identified models
have successfully captured the original model output y(t) even beyond their training time
intervals. According to Figure 6.4b, for the smallest time interval 7" = [0 2.8], the relative
Lo (Ty) output error |[e(t)||z.. (1) is less than 1.46% for Ty = [0 10] (7.2 seconds beyond the
training time). This supports our previous observation about the immunity of the proposed
method towards overfitting the training time. In addition, we can observe that one can
improve the performance of the model by slightly increasing the training time. To be more
specific, the ||e(t)||z..(r,) has decreased from 1.46% to 0.0554% when the training time is

increased by only 0.7 seconds.
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Figure 6.4: Comparison of the original and the identified outputs for different T'

6.3 Summary

Inspired by the second-order SINDY method, we proposed a data-driven system identification

method for the second-order nonlinear model (1.1). Exploiting the structure of the swing
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equations, we picked the nonlinear functions in the SINDY library of terms. We enforced
sparsity in the SINDY output of coefficients by employing a mask matrix. We showed that
our proposed method is able to identify accurate models even with small amount of data
and seems to be immune to overfitting. We have illustrated the effectiveness of our proposed

approach via two numerical examples.



Chapter 7

Conclusions and Outlook

In this dissertation, we have explored model reduction and data-driven modeling for power

networks.

As the first major contribution, we developed a structure-preserving parametric model reduc-
tion approach for linearized swing equations using a global basis framework and second-order
interpolatory H, model reduction. We discussed that since the full-order dynamics has a
pole at zero with a parametrically varying residue, the parametric reduced model needs to
retain this residue in order to have bounded H, and H., error norms for whole parameter
domain. Based on a detailed residue analysis, we established the subspace conditions on the
model reduction basis to guarantee this property and explain the algorithmic implications.

We illustrated the effectiveness of the proposed method through two numerical examples.

As the second main contribution, we designed a structure-preserving and input-independent
MOR framework for a special class of power grid networks. We obtained the reduction bases
using the idea of lifting the nonlinear dynamics to quadratic models and employing Hs-quasi-
optimal model reduction for quadratic systems (Q-IRKA). To be more specific, we obtained
the reduction basis for the second-order nonlinear power network grids model with the help
of the reduction bases obtained by Q-IRKA and their particular subspace structure. Then,
we applied this reduction basis on the second-order nonlinear power network grids model to
form a structure-preserving reduced model. We used two numerical example to illustrate the

effectiveness of our approach, and compared our results with POD and Q-BT.

138
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As the third major contribution, we developed a non-intrusive data-driven modeling frame-
work for power network dynamics using the Lift and Learn approach. We applied a lifting
map to the snapshot data obtained from the original nonlinear swing equations describing
the underlying power network such that the lifted data corresponds to quadratic nonlin-
earity. Then, we projected the lifted data onto a lower dimensional basis and fitted the
reduced quadratic matrices to this reduced lifted data via a least-squares measure. We also
investigated two regularization approaches. We illustrated the effectiveness of the proposed

approach by two power network models.

As our final and fourth contribution, We developed a data-driven system identification
method inspired by the second-order SINDY for the second-order nonlinear model (1.1).
Unlike the regular SINDY method, we limit the choice of nonlinear functions in the SINDY
library of terms based on the structure of the swing equations, and enforced sparsity in
the SINDY output matrix of coefficients by employing a mask matrix. We illustrated the

effectiveness of the proposed approach via numerical examples.

There are various interesting future directions to pursue. In Chapter 2, we use a global basis
approach to construct the reduction base V' by concatenating the locally optimal Hs model
reduction bases. That would be interesting to directly construct V' via the recent composite
Ho X Lo-optimal basis constructions [58, 68, 69]. Extensions to the nonlinear parametric

setting is also an important topic to consider.

In Chapter 5, the learned model is a reduced quadratic system and thus does not preserve
the original second-order structure of the swing equations. Another interesting research
direction to pursue would be learning a reduced-structured model. In addition, the data
for our data-driven approach has been obtained via numerical simulation. One can test the
robustness of the approach on the noisy real measurements, such as Phasor Measurement

Unit data.
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Appendix A

Permutation matrix

The permutation matrix P, € R*"**47* included in P in (3.28) is generated using Algorithm

8.

Algorithm 8 MATLAB Pseudo-code for F,

I = speye(4n?), P, = sparse(4n?, 4n?)
i=1,j=1,iter =1
while iter <n do
P(,(i—=1)n+1:in)=1(:j n—i—(]—l))
P,(:, z—1+n)n+1 (i+mn)n)=1I(:

(:

(
Py(;,(i—=14+2n)n+1: (14 2n)n) = I(;, j+2n.3n+(j—1))
P,(:,(i—=14+3n)n+1:(i+3n)n)=1(,j+3n:4n+(j — 1))
=7 +4n
1=1+1
iter = iter + 1
end while
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