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G�, W|slfdo jhrphwu| ri d fudfnhg ehdp � � � � � � � � � � � � � � � � � � � � � � � � .M

G�. Fudfn ixqfwlrq iru qrupdo vwuhvv glvwxuedqfh i�1 � � � � � � � � � � � � � � � � � � G/

G�G Fudfn ixqfwlrq iru vkhdu vwuhvv glvwxuedqfh i21 � � � � � � � � � � � � � � � � � � � G,

I�, Frpsdulvrq ri frqyhujhqfh fkdudfwhulvwlfv ri wkh Hxohu dqg Wlprvkhqnr prghov iru

xqgdpdjhg vkruw dqg vohqghu vlpso| vxssruwhg ehdpv1 � � � � � � � � � � � � � � -.

I�. Frpsdulvrq ri frqyhujhqfh fkdudfwhulvwlfv ri wkh Hxohu dqg Wlprvkhqnr fudfnhg

ehdp prghov1 Fudfn ghswk udwlr d@5g @ 3=41 � � � � � � � � � � � � � � � � � � � � -G

I�G Frpsdulvrq ri frqyhujhqfh fkdudfwhulvwlfv ri wkh Hxohu dqg Wlprvkhqnr fudfnhg

ehdp prghov1 Fudfn ghswk udwlr d@5g @ 3=61 � � � � � � � � � � � � � � � � � � � � -I

I�I Frpsdulvrq ri frqyhujhqfh fkdudfwhulvwlfv ri wkh Hxohu dqg Wlprvkhqnr fudfnhg

ehdp prghov1 Fudfn ghswk udwlr d@5g @ 3=81 � � � � � � � � � � � � � � � � � � � � --

I�- Frpsdulvrq ri frqyhujhqfh fkdudfwhulvwlfv ri wkh Hxohu dqg Wlprvkhqnr fudfnhg

ehdp prghov1 Fxuyhv qrupdol}hg wr wkh vdph hohphqw ohqjwk1 Fudfn ghswk udwlr

d@5g @ 3=81 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � -H

I�H Yduldwlrqv ri qdwxudo iuhtxhqflhv gxh wr lqfuhdvh lq fudfn ghswk iru gl�huhqw ohyhov

ri glvfuhwl}dwlrq ri d vkruw/ vlpso|0vxssruwhg ehdp/ O@5g @ 81 � � � � � � � � � � -J

I�J Yduldwlrqv ri qdwxudo iuhtxhqflhv gxh wr lqfuhdvh lq fudfn ghswk iru gl�huhqw ohyhov

ri glvfuhwl}dwlrq ri d vohqghu/ vlpso|0vxssruwhg ehdp/ O@5g @ 531 � � � � � � � � � -M

<�



I�M Lq�xhqfh ri glvsodfhphqw glvwxuedqfh ixqfwlrq j rq wkh qdwxudo iuhtxhqflhv ri d

vlpso| vxssruwhg vohqghu ehdp/ O@5g @ 57=98 / {S@O @ 3=51 � � � � � � � � � � � � H/

I�L Lq�xhqfh ri glvsodfhphqw glvwxuedqfh ixqfwlrq j rq wkh qdwxudo iuhtxhqflhv ri d

vlpso| vxssruwhg vohqghu ehdp/ O@5g @ 57=98 / {S@O @ 3=61 � � � � � � � � � � � � H,

I�,/ Lq�xhqfh ri glvsodfhphqw glvwxuedqfh ixqfwlrq j rq wkh qdwxudo iuhtxhqflhv ri d

vlpso| vxssruwhg vohqghu ehdp/ O@5g @ 57=98 / {S@O @ 3=71 � � � � � � � � � � � � H.

I�,, Gl�huhqfhv lq qdwxudo iuhtxhqflhv hvwlpdwhg e| Hxohu dqg Wlprvkhqnr prghov dv d

ixqfwlrq ri dvshfw udwlr iru d vlpso| vxssruwhg ehdp zlwk d plgvsdq fudfn1 � � � HJ

I�,. Yduldwlrq ri qrupdol}hg qdwxudo iuhtxhqflhv ri vlpso| vxssruwhg ehdpv zlwk uhvshfw

wr fudfn ghswk1 {S@O @ 3=81 � � � � � � � � � � � � � � � � � � � � � � � � � � � � HM

I�,G Yduldwlrq ri qrupdol}hg qdwxudo iuhtxhqflhv ri vlpso| vxssruwhg ehdpv zlwk uhvshfw

wr fudfn orfdwlrq1 Vkruw ehdp= O@5g @ 7> Vohqghu ehdp= O@5g @ 53> Fudfn ghswk=

d@5g @ 3=61 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � HL

I�,I Lq�xhqfh ri fudfn ghswk rq glvsodfhphqw prgh vkdshv ri d vlpso| vxssruwhg Wlp0

rvhkqnr fudfnhg ehdp1 {S@O @ 3=81 � � � � � � � � � � � � � � � � � � � � � � � � J/

I�,- Lq�xhqfh ri fudfn ghswk rq urwdwlrq prgh vkdshv ri d vlpso| vxssruwhg Wlprvkhqnr

fudfnhg ehdp1 {S@O @ 3=81 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � J,

I�,H Frpsdulvrq ri �qlwh hohphqw prgho dqg ehdp wkhru| uhvxowv iru wkh �uvw dqg vhfrqg

qdwxudo iuhtxhqflhv ri d vlpso| vxssruwhg ehdp zlwk d plgvsdq fudfn1O@5g @ 531

IH uhvxowv iurp Uhihuhqfh ^434`1 � � � � � � � � � � � � � � � � � � � � � � � � � � J.

I�,J Frpsdulvrq ri �qlwh hohphqw prgho dqg ehdp wkhru| uhvxowv iru wkh wklug qdwxudo

iuhtxhqflhv ri d vlpso| vxssruwhg ehdp zlwk d plgvsdq fudfn1 O@5g @ 531 IH

uhvxowv iurp Uhihuhqfh ^434`1 � � � � � � � � � � � � � � � � � � � � � � � � � � � � JG

I�,M Frpsdulvrq ri h{shulphqwdo dqg ehdp wkhru| uhvxowv iru wkh �uvw dqg wklug qdwxudo

iuhtxhqflhv ri d vlpso| vxssruwhg ehdp zlwk d plgvsdq fudfn1 O@5g @ 58=971

H{shulphqwdo uhvxowv iurp Uhihuhqfh ^434`1 � � � � � � � � � � � � � � � � � � � � � JG

<��



I�,L Ilqlwh hohphqw prgho ri d vlpso| vxssruwhg vkruw ehdp/ zlwk ghwdlohg looxvwudwlrq

ri wkh phvk dw wkh fudfnhg uhjlrq1 O@5g @ 81 � � � � � � � � � � � � � � � � � � � J-

I�./ Yduldwlrqv ri wkh qrupdol}hg ydoxhv ri qdwxudo iuhtxhqflhv ri d vkruw vlpso| vxs0

sruwhg ehdp zlwk d plgvsdq fudfn1 O@5g @ 81 Ohiw0kdqg0vlgh sorwv= ydoxhv

qrupdol}hg e| wkh xqgdpdjhg qdwxudo iuhtxhqf| iurp wkh fruuhvsrqglqj prgho>

uljkw0kdqg0vlgh sorwv= ydoxhv qrupdol}hg e| wkh xqgdpdjhg qdwxudo iuhtxhqf| iurp

wkh 50G IH prgho1 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � JM

I�., Eorfn gldjudp ri wkh dgdswlyh wlph vwhs dojrulwkp wr lghqwli| fudfn rshqlqj2forvxuh

lqvwdqwv1 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � MG

I�.. Wlph uhvsrqvhv gxh wr lqlwldo yhorflw| dw wls frpsxwhg zlwk gl�huhqw frpelqdwlrqv

ri wlph vwhs dqg dgdswlyh uh�qhphqw wrohudqfh1 � � � � � � � � � � � � � � � � � � MI

I�.G Wlph uhvsrqvhv wr d 8 K} vlqxvrlgdo h{flwdwlrq dw wkh wls1 � � � � � � � � � � � � � MH

I�.I Srzhu Vshfwuxp ri wkh uhvsrqvhv wr d 8 K} vlqxvrlgdo h{flwdwlrq dw wkh wls1 � � � � MH

I�.- Wlph uhvsrqvhv wr d xqlw lqlwldo wls yhorflw|1 � � � � � � � � � � � � � � � � � � � � MJ

I�.H Srzhu Vshfwuxp ri wkh uhvsrqvhv wr d xqlw lqlwldo wls yhorflw|1 � � � � � � � � � � � MJ

I�.J Vfku�rhghu skdvhg pxowl0vlqh h{flwdwlrqv1 � � � � � � � � � � � � � � � � � � � � � � MM

I�.M Wlph uhvsrqvh wr d Vfku�rhghu skdvhg lqsxw lq wkh ylflqlw| ri wkh �uvw dqg vhfrqg

qdwxudo iuhtxhqflhv1 d@5g @ 3=381 � � � � � � � � � � � � � � � � � � � � � � � � � � ML

I�.L Wlph uhvsrqvh wr d Vfku�rhghu skdvhg lqsxw lq wkh ylflqlw| ri wkh �uvw dqg vhfrqg

qdwxudo iuhtxhqflhv1 d@5g @ 3=581 � � � � � � � � � � � � � � � � � � � � � � � � � � L/

I�G/ Wlph uhvsrqvh wr d Vfku�rhghu skdvhg lqsxw lq wkh ylflqlw| ri wkh �uvw dqg vhfrqg

qdwxudo iuhtxhqflhv1 d@5g @ 3=831 � � � � � � � � � � � � � � � � � � � � � � � � � � L,

-�, Wlph klvwrulhv dqg srzhu vshfwud iru d vlqjoh0ghjuhh0ri0iuhhgrp v|vwhp lq iuhh yleud0

wlrq1 Gdpdjh vwdwh fruuhvsrqgv wr d 4( gurs lq wkh xqgdpshg qdwxudo iuhtxhqf|1 LI

<���



-�. H�hfw ri wkh wlph uhfrug ohqjwk rq wkh remhfwlyh ixqfwlrq iru d VGRI v|vwhp xqghu

iuhh yleudwlrq1 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � L-

-�G Remhfwlyh ixqfwlrq rewdlqhg iurp irufhg yleudwlrq uhvsrqvhv ri d fudfnhg fdqwlohyhu

ehdp= rqh phdvxuhg srlqw/ wkuhh qduurz edqg h{flwdwlrqv1 Fudfn sdudphwhuv=

d@5g @ 3=8> {S@O @ 3=5= � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � LH

-�I Eorfn gldjudp ri d w|slfdo jhqhwlf dojrulwkp zlwk vfkhpdwlf looxvwudwlrq ri wkh edvlf

jhqhwlf rshudwruv lq elqdu| irup1 � � � � � � � � � � � � � � � � � � � � � � � � � LJ

-�- Iorz fkduw ri wkh sursrvhg wlph0grpdlq/ prgho0edvhg fudfn gldjqrvwlf surfhgxuh1 ,/G

-�H Hyroxwlrq ri �wqhvv ixqfwlrq iru d srsxodwlrq ri 533 lqglylgxdov1 � � � � � � � � � ,/H

-�J Wlph uhvsrqvhv wr �uvw Vfku�rhghu h{flwdwlrq1 Gdpdjh fdvh E1 � � � � � � � � � � � ,/L

-�M H�hfw ri qrlvh rq gldjqrvwlf uhvxowv1 Gdpdjh fdvh O +{S@O @ 3=48/ d@5g @ 3=37,1

Ordglqj fdvhv 5V dqg 6V1 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ,,H

-�L Frpsdulvrq ri gldjqrvwlf uhvxowv xvlqj wkh rshq fudfn prgho dqg wkh euhdwklqj

fudfn prgho1 Gdpdjh fdvh O +{S@O @ 3=48/ d@5g @ 3=4,1 Ordglqj fdvh 6V1 � � � � � ,,H

-�,/ Frpsdulvrq ri gldjqrvwlf uhvxowv xvlqj wkh Hxohu Ehuqrxool prgho dqg wkh Wlp0

rvkhqnr prgho zlwk �wqhvv ixqfwlrqv M dqg �M 1 Gdpdjh fdvh O +{S@O @ 3=48/

d@5g @ 3=4,1 Ordglqj fdvh 6V/ qr qrlvh dgghg1 � � � � � � � � � � � � � � � � � � � ,,J

-�,, Frpsdulvrq ri gldjqrvwlf uhvxowv xvlqj wkh Hxohu Ehuqrxool prgho dqg wkh Wlp0

rvkhqnr prgho zlwk �wqhvv ixqfwlrqv M dqg �M 1 Gdpdjh fdvh O +{S@O @ 3=48/

d@5g @ 3=4,1 Ordglqj fdvh 6V/ qrlvh ohyho 8(1 � � � � � � � � � � � � � � � � � � � ,,J

'�, Edvlv ri fxelf E0vsolqhv iru Q@431 � � � � � � � � � � � � � � � � � � � � � � � � � ,IJ

<��



���� �� #�(
��

I�, Gl�huhqfhv lq qdwxudo iuhtxhqflhv frpsxwhg zlwk erwk fudfnhg ehdp prghov

+uhihuhqfh= xqgdpdjhg ydoxh rewdlqhg yld Wlprvkhqnr prgho,1 � � � � � � � � � � H-

I�. Fkdqjhv lq qrupdol}hg qdwxudo iuhtxhqflhv iru vhohfwhg fudfn ghswk udwlrv +uhihu0

hqfh= xqgdpdjhg ydoxh iurp wkh vdph prgho,1 � � � � � � � � � � � � � � � � � � HH

I�G Surshuwlhv ri vlpso| vxssruwhg vkruw ehdp iru ydolgdwlrq djdlqvw IH prgho1 � � � JI

I�I Frpsdulvrq ri qdwxudo iuhtxhqflhv iru d vkruw vlpso| vxssruwhg ehdp zlwk d plg0

vsdq fudfn1O@5g @ 81 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � JJ

I�- Surshuwlhv ri fdqwlohyhu ehdp iru frpsxwdwlrq ri wlph uhvsrqvhv1 � � � � � � � � � JL

I�H Frpsdulvrq ri uhodwlyh h{hfxwlrq wlph iru dgdswlyh wlph vwhs surfhgxuh1 � � � � � M.

-�, Gh�qlwlrq ri gdpdjh vfhqdulrv � � � � � � � � � � � � � � � � � � � � � � � � � � � ,/I

-�. Gh�qlwlrq ri ordglqj fdvhv iru lqyhvwljdwlrqv rq wkh lq�xhqfh ri h{flwdwlrq phwkrg1 ,/-

-�G Qxphulfdo sdudphwhuv xvhg iru jhqhudwlrqv ri vlpxodwhg h{shulphqwdo gdwd dqg

qxphulfdo prgho uhvsrqvhv � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ,/-

-�I Suholplqdu| lghqwl�fdwlrqv iru gh�qlwlrq ri JD sdudphwhuv � � � � � � � � � � � � ,/J

-�- Jhqhwlf dojrulwkp sdudphwhuv vhohfwhg iru wkh lghqwl�fdwlrq uxqv � � � � � � � � � ,/J

-�H Frpsdulvrq ri lghqwl�fdwlrq uhvxowv xvlqj gl�huhqw h{flwdwlrqv � � � � � � � � � � ,/M

<�



-�J H�hfw ri qrlvh rq plqlpxp lghqwl�deoh fudfn iru ordglqj fdvhv 5V dqg 6V1 � � � � ,,/

-�M Lq�xhqfh ri qrqolqhdulw| rq lghqwl�fdwlrq uhvxowv1 � � � � � � � � � � � � � � � � � ,,,

-�L Frpsdulvrq ehwzhhq gldjqrvwlf uhvxowv xvlqj wkh Hxohu0Ehuqrxool dqg Wlprvkhqnr

prgho zlwk �wqhvv ixqwlrqv M dqg �M1 Qr qrlvh dgghg1 � � � � � � � � � � � � � � � ,,G

-�,/ Frpsdulvrq ehwzhhq gldjqrvwlf uhvxowv xvlqj wkh Hxohu0Ehuqrxool dqg Wlprvkhqnr

prgho zlwk �wqhvv ixqwlrqv M dqg �M1 Qrlvh ohyho= 5(1 � � � � � � � � � � � � � � � ,,I

-�,, Gdpslqj frh�flhqwv iru prgho xqfhuwdlqw| lqyhvwljdwlrqv1 � � � � � � � � � � � � ,,-

-�,. H�hfw ri xqfhuwdlqwlhv lq prgho gdpslqj frh�flhqwv rq gldjqrvwlfv � � � � � � � � ,,-

<��
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*
��� -�L2 Frpsdulvrq ehwzhhq gldjqrvwlf uhvxowv xvlqj wkh Hxohu0Ehuqrxool dqg

Wlprvkhqnr prgho zlwk �wqhvv ixqwlrqv M dqg �M1 Qr qrlvh dgghg1

!����$ C !����$ DC *���
���0�$ C *���
���0�$ DC

	

� �S+* !+.� �S+* !+.� �S+* !+.� �S+* !+.�

%G� /�HL-M /�II-/ /�,JM- /�/-,J /�,H,. /�/-.J /�,I-L /�/IMG

^ ����� GGL JL/ ,L�/ G�I/ J�IJ -�I/ 4.�JG 4G�I/

!G� /�J/., /�I-., /�,MJ/ /�,/-, /�,I/. /�/LH, /�,-,I /�/MLI

^ ����� GHM G-. .I�J -�, 4H�-H 4G�LG /�LG 4,/�H

�G� /�HJ-, /�IILJ /�,JH- /�.MJM /�,HG/ /�.HGI /�,H/L /�.-G-

^ ����� G-/ JL�L ,J�J ,-�, M�HL -�GJ J�.J ,�I/

'G� /�,/L- /�IL.J /�,HL, /�-,L/ /�,H.G /�-,,- /�,H.- /�-/HG

^ ����� 4.J�/ 4,�IH ,.�J G�M M�./ .�G/ M�GG ,�.H
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*
��� -�,/2 Frpsdulvrq ehwzhhq gldjqrvwlf uhvxowv xvlqj wkh Hxohu0Ehuqrxool dqg

Wlprvkhqnr prgho zlwk �wqhvv ixqwlrqv M dqg �M1 Qrlvh ohyho= 5(1

!����$ C !����$ DC *���
���0�$ C *���
���0�$ DC

	

� �S+* !+.� �S+* !+.� �S+* !+.� �S+* !+.�

%G� /�HL-M /�II-/ /�LI/L /�I-,. /�,-I- /�/-,G /�.G.H /�,/G.

^ ����� GGL JL/ -.J M/. G�// .�H/ --�, ,/H

!G� /�J/., /�I-., /�,G.M /�/M-I /�,-,L /�/LM. /�./., /�/M/M

^ ����� GHM G-. 4,,�- 4,I�H ,�.J 4,�M/ GI�J 4,L�.

�G� /�HJLL /�I-IG /�,-HI /�.G,. /�,H,J /�.-L/ /�..-L /�.G-H

^ ����� G-G M,�J I�.J 4J�-. J�M/ G�H/ -/�H 4-�J

'G� /�,/LH /�IL-, /�,H-J /�-.H/ /�,H.J /�-,,L /�,HI. /�-.-H

^ ����� 4.H�L 4/�LM ,/�- -�./ M�IH .�GM L�IJ -�,.
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*
��� -�,,2 Gdpslqj frh�flhqwv iru prgho xqfhuwdlqw| lqyhvwljdwlrqv1

�
����� 	

�

	��8����� �, �. �G �I �-

1����4������ �
����� >(+. >( � . >( >(+,/ >( � ,/
%�� 5��
���
6 �
����� ? ? ? � ,/ ? ?

*
��� -�,.2 H�hfw ri xqfhuwdlqwlhv lq prgho gdpslqj frh�flhqwv rq gldjqrvwlfv

Gdpslqj G4 G5 G6 G7 G8

Gdpdjh {S@O d@5g {S@O d@5g {S@O d@5g {S@O d@5g {S@O d@5g

L6V 317:8< 31378< 31;5;3 314654 31495< 313448 31765< 313::8 317574 314568

( huuru 54:16 68;18 78513 4554 ;193 4719; 4;;19 9:817 4;51; 4468

M6V 317658 31388: 31;:79 314::5 3146;9 3134;3 317658 3139<3 31754< 3145:6

( huuru 4;;17 4:;1: 7;614 :;914 0:193 0<1<3 4;;16 57815 4;416 8691:

N6V 317879 313859 31633: 313856 3146<; 3135;7 31765< 313;;8 31753: 31484;

( huuru 53613 :8159 43318 :717: 091:< 0814; 4;;19 4<71< 4;318 7381<

O6V 317659 3138;9 315865 313959 314698 3136;3 31765< 313;78 3174<4 31489;

( huuru 4;;17 7916< 9;1:; 89174 0;1<; 0813: 4;;19 44417 4:<17 5<513

D6V 3148;9 31385; 314675 313853 314854 313844 31765; 313;8: 31753: 314997

( huuru 81:8 8183 043184 61<5 4174 5158 4;;18 :4174 4;318 5651;

H6V 31473< 313<:4 31468: 313<;5 3146<9 313<:7 314756 314344 31389< 314353

( huuru 0913: 051;8 0<188 041:: 091<4 05195 08143 4147 095143 5133

I6V 314856 3157<4 31483: 31586; 314948 315893 314745 315836 314339 315856

( huuru 4187 03169 317; 4183 :19< 5175 081;7 3146 0651<7 31<6

E6V 3146<4 317<45 31484: 318395 31495: 318453 314687 317<4: 31459: 3183;<

( huuru 0:15; 041:: 4147 4157 ;179 5173 0<1:4 04198 048186 41:<



,,H

2S - 0% noise

3S - 0% noise

2S - 5% noise

3S - 5% noise

������ -�M2 H�hfw ri qrlvh rq gldjqrvwlf uhvxowv1 Gdpdjh fdvh O +{S@O @ 3=48/

d@5g @ 3=37,1 Ordglqj fdvhv 5V dqg 6V1

Open crack

Breathing crack

������ -�L2 Frpsdulvrq ri gldjqrvwlf uhvxowv xvlqj wkh rshq fudfn prgho dqg wkh

euhdwklqj fudfn prgho1 Gdpdjh fdvh O +{S@O @ 3=48/ d@5g @ 3=4,1 Ordglqj fdvh

6V1



,,J

J,   Euler

J,   Timoshenko

J,   Euler

J,   Timoshenko

������ -�,/2 Frpsdulvrq ri gldjqrvwlf uhvxowv xvlqj wkh Hxohu Ehuqrxool prgho dqg

wkh Wlprvkhqnr prgho zlwk �wqhvv ixqfwlrqv M dqg �M 1 Gdpdjh fdvh O +{S@O @ 3=48/

d@5g @ 3=4,1 Ordglqj fdvh 6V/ qr qrlvh dgghg1

J,   Euler

J,   Timoshenko

J,   Euler

J,   Timoshenko

������ -�,,2 Frpsdulvrq ri gldjqrvwlf uhvxowv xvlqj wkh Hxohu Ehuqrxool prgho dqg

wkh Wlprvkhqnr prgho zlwk �wqhvv ixqfwlrqv M dqg �M 1 Gdpdjh fdvh O +{S@O @ 3=48/

d@5g @ 3=4,1 Ordglqj fdvh 6V/ qrlvh ohyho 8(1
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