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Model-Based Vibration Diagnostic of Cracked Beams in the Time Domain

Sergio H. S. Carneiro

(ABSTRACT)

A time-domain model-based crack diagnostic methodology using vibration data is presented.
Most of the damage detection methods proposed to date are based on modal parameters and
are limited by the loss of information caused by data reduction and by the implicit assump-
tion of linearity. The use of time domain information permits the direct inclusion of the
nonlinear behavior due to crack opening-closure cycles. In addition, very little information
is lost, since no signal processing or parameter identification steps are involved. The proposed
method is based on a continuous model for the transverse vibrations of beams consisting of
partial differential equations of motion with varying coefficients to account for the presence
of damage. In order to provide accurate representation of the structure’s behavior over a
broader frequency range, a new continuous cracked beam model including shear effects and
rotatory inertia is developed using the Hu-Washizu-Barr variational method. The resulting
equations of motion are discretized by a Galerkin method using local B-splines as test func-
tions. The crack is assumed to be either fully open or fully closed, resulting in a bilinear
system. The simultaneous identification of crack location and depth is performed by mini-
mizing the norm of the differences between the numerical and experimental time responses
to multiple excitations. Impact, low frequency sinusoidal and Schroeder—phased multisine
inputs are investigated as potential excitation methods. The cost function to be minimized
presents several local minima that are shown to be related to the length of the response
records. A genetic algorithm is used to overcome the multimodal nature of the objective
function. The methodology is validated through simulated identifications of several damage
scenarios. The importance of the inclusion of the nonlinear behavior is addressed, and the
effects of model uncertainties and measurement noise are quantified in terms of minimum

identifiable crack size.
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Chapter 1

Introduction

1.1 Motivation for Vibration-Based Damage Detection

Over the past few years, the problem of detecting structural damage in mechanical, aero-
nautical and civil engineering systems has been the subject of numerous research papers
and conferences. Traditional nondestructive evaluation (NDE) techniques, such as ultra-
sonic emission, X-radiography analysis, Eddy current, etc., can detect small-scale flaws, but
these methods usually require that the structure/system under investigation be taken out of
service for inspection at pre-set time intervals. The inspection procedure can be very expen-
sive and time consuming, especially when it involves components at inaccessible locations.
This has motivated the research of new NDE techniques that can be applied to in-service
structures, reducing maintenance costs and improving safety as well as system performance.
Recent technological advances have renewed interest in damage detection research. Innova-
tive sensing technologies, increased computational power, improvements in signal processing
techniques, and the development of new material systems can all be combined to create
self-sensing, automatically monitored structural systems with a broad range of potential

applications.



The aeronautical industry, a traditional leader in the development of new technologies, has
contributed two problems on opposite ends of the spectrum. On one hand, the development of
a new generation of aircraft could incorporate automated, real-time monitoring of structural
integrity to meet the requirements of increasing performance and reduced operational costs.
On the other hand, the challenges of an aging aircraft fleet must also be met. Due to economic
factors, both commercial and military aircraft operators are considering the extension of the
life spans of some airplanes well beyond their original design lives, hence greatly increasing
the needs for reliable maintenance procedures. This requires the development of inspection
techniques that could preserve and possibly improve current safety and reliability levels and

concurrently reduce downtime and labor-related costs.

Civil infrastructure is also an area with interesting technical challenges, either related to
aging bridges and buildings or to the development of structural systems capable of fast
integrity assessments in the case of an earthquake. Offshore structural systems are also
extremely difficult to be inspected and could benefit from the development of automated
structural monitoring techniques. In summary, the demands for new structural health moni-
toring methods are evident. However, the current level of maturity of this technology is still

incipient and numerous basic questions have to be addressed.

One of the most popular approaches in detecting damage is the use of vibration data as a basis
for structural health monitoring. Since presumably the presence of damage causes a change
in the mass, stiffness and/or damping characteristics of a structure, the vibration responses
due to operating loads or applied inspection loads will also change. Vibration-based damage
detection can be defined mathematically as a nonlinear inverse problem where the changed
vibration responses are known and the parameters that determine location and extent of the

damage causing those changes are the variables to be identified.

According to Rytter [92], the problem of damage diagnostics in general can be approached

at four different levels:

Level 1 : detecting the existence of damage in the structure;



Level 2 : Level 1 plus determination of the damaged site;
Level 3 : Level 2 plus quantification of severity of damage;

Level 4 : Level 3 plus prediction of remaining service life of the structure.

Strictly speaking, the term damage detection would refer only to Level 1 diagnostic. However,
the term has been loosely applied as equivalent to structural damage identification in general,
including all four levels of diagnostics. Level 4 can be considered “uncoupled” from the
previous three levels in the sense that, once the extent of damage is known, the problem of
life prediction can be handled by means of fracture mechanics and fatigue-life analysis. This

dissertation will focus on the first three levels of diagnostics.

1.2 No-Model versus Model-Based Diagnostics

Among the vibration-based structural health monitoring techniques one may find two dis-
tinct classes of methods: model-based techniques and no-model techniques. Each approach
has its own intrinsic advantages and limitations. No-model methods have the advantage of
avoiding modeling errors and computational costs involved in numerical simulations, which
can pose severe limitations when iterative identification schemes are used. However, most
no-model methods developed to date can only provide Level 1 and limited Level 2 damage
identification. Furthermore, attempts of Level 2-3 diagnostics by means of no-model meth-
ods imply a considerable increase in number of sensors and consequent amount of signal
processing. This indicates that, in order to achieve Level 3, a mathematical model of the
structure is necessary. The level of model refinement needed to describe small flaws, as in
the case of fatigue cracks, can be a considerable restriction. However, the use of a theoretical

model can be advantageous in many aspects. For example,

- the use of a mathematical structure describing the dynamic system permits the application



of model-based parameter identification methods, possibly reducing the amount of

experimental data required;

- it allows inexpensive off-line simulations of slight variations in the system, such as changes
in physical parameters, boundary conditions, external influences, etc. These simula-

tions can provide valuable information for pre-test procedures;

- the model can be used in the test design phase to optimize the number and location of

sensors, actuators, and excitation/measurement cycles;

- the model can be used to easily generate extensive amounts of data, as needed for example

in the training phase of neural-network-based monitoring schemes.

In addition, modeling errors inherent to theoretical models can be greatly reduced by using
well-established model updating techniques. A good compromise between accuracy and
simplicity is the most desired characteristic of a model used in any on-line health monitoring

procedure.

The next important question now becomes, “What model would be suitable for the method
we envision?” Most of the work on dynamics of cracked members deals with the forward
problem, either quantifying the effects of a certain damage of known extent on the dynamic
characteristics of the structure or predicting a nonlinear signature spectrum that would
indicate the presence of damage. The computational cost is usually not a concern when
dealing with the forward problem. Investigations on solving the inverse problem (localizing
and quantifying a crack from the responses) are usually based on simplified linear models
where the effect of the damage is represented by a local reduction in stiffness. We need
a model that explicitly includes crack location and depth as model parameters and that is
capable of representing the key characteristics of such a system. Specifically, this refers to
the stress/strain concentration around the crack tip and the nonlinear behavior caused by
crack closure, usually referred in the literature as “breathing” crack model. An accurate

representation of the stress and strain fields due to the presence of a crack could be obtained



with the help of refined, 3D finite element models, which could also include the crack opening-
closure feature by means of nonlinear interface elements or imposition of constraint equations.
However, such a refined model would be very costly in computational time due to mesh
resolution requirements, especially when time responses are to be computed. In addition,
since crack depth and location are unknowns to be identified during the diagnosis process,
automatic remeshing capabilities would be necessary, making the modeling task even more
complicated and time consuming. In order to overcome these limitations, we seek a simplified
model that can represent the basic characteristics of a cracked member at an acceptable

computational cost.

The family of continuous models of cracked beams seen in recent publications stands as the
natural choice to be used in the proposed methodology, since they rely on a description of the
damaged structure in terms of partial differential equations. The first published continuous
cracked beam model was proposed by Christides and Barr in 1984 [31] and later improved
upon by Shen and Pierre [100, 101]; both cases were limited to Euler-Bernoulli beams.
The basic idea is to obtain a continuous, one-dimensional mathematical model consisting
of partial differential equations derived from a stationary variational principle, the so-called
Hu-Washizu-Barr method [14, 56, 116]. The variational process makes it possible to account
for the effect of stress/strain concentration in an approximate sense with the inclusion of
“crack disturbance functions” into the kinematic assumptions. The resulting equations of
motion already captures the locally distributed stiffness reduction due to the presence of

damage as a function of crack location and depth.

Published results of damage detection based on modal parameters clearly indicate that a
successful diagnosis is closely related to the number of modes included in the process [7].
Since the mathematical model must be as accurate as possible in the frequency range of
interest, an Euler-Bernoulli formulation would not be adequate even in the case of slender
beams, especially when excitation of higher frequencies is involved. Therefore, the concepts
in Refs. [31, 100, 101] are used to derive a cracked beam model using Timoshenko theory.

The resulting equations of motion can then be used in an identification procedure similar to



the one proposed by Banks and Inman, Ref. [12], for the computation of the time responses

needed for damage diagnosis.

1.3 Modal versus Time Domain Methods

A very important aspect to consider is the choice of dynamic quantities used in the monitoring
process. Friswell [40] presents a discussion of damage detection methods in terms of the
measured data used, which can basically be in three forms: time series, frequency response
functions (FRF’s), and modal parameters. Time series are digitalized responses from sensors
such as accelerometers, strain gauges, PZT sensors and other measuring devices. Frequency
responses are obtained from time series by nonparametric estimation and signal processing
techniques, usually through numerical Fourier transform. The FRF’s are then used as the
data source to the estimation of modal parameters through curve fitting methods of varying
complexity level, depending on the amount of data in hand . Time series and FRF’s are the
main components of a typical modal test, a very well established experimental tool for the
dynamic analysis of structures. Some potentially useful information is lost during each step
of data reduction. In some cases, modal parameters can be directly estimated from time
responses, but the extent of data compression remains the same. For a linear system, it is
possible to accomplish intensive data reduction, from time series to a modal model, without

significant loss of relevant information in the frequency range of interest.

Friswell also notes that the use of FRF’s or modal parameters is equivalent for most linear
cases. Although FRF data might contain some information from modes out of range, or
from modes not captured during the curve fitting procedure, these advantages all but dis-
appear provided the modal parameter estimation phase is careful and thorough. This is the
main reason why the vast majority of technical papers published recently focus on diagno-
sis methods based on modal parameters such as natural frequencies, mode shapes, modal

strain energy, strain mode shapes, etc., which have the appealing advantage of dealing with



a reduced volume of data. However, there are two main reasons why the use of modal pa-
rameters may be a serious limitation for the case of crack-type damage: first, the effect of
small flaws on modal quantities, such as natural frequency shifts and local changes in the
mode shapes, are usually very small and likely to be masked by experimental uncertainties
and data reduction; and second, the assumption of linearity inherent in modal methods
may introduce errors in the identification procedure. Frequency domain data may provide
a quick, qualitative assessment of the presence of cracks, since the nonlinearity introduces
peaks due to harmonics of the natural frequencies or combinations of those frequencies and
the excitation frequency. This crack-signature analysis is limited to a Level 1 diagnostic, and
the extension to Levels 2 and 3 would require complex nonlinear models in the frequency

domain.

A promising alternative is the use of time responses in a model-based, iterative parametric
identification procedure proposed by Banks, Inman and co-workers [12, 10], proven to be
capable of detecting fairly small defects modeled as geometrical imperfections in the cross
section of beams. The methodology involves a theoretical model based on a b-spline Galerkin
approximation of the differential equations of equilibrium that provides both the accuracy
and the simplicity required for a successful damage diagnosis. The use of time responses
is less likely to be limited by data reduction problems, since the only differences from raw,
analog data are due to the digital data acquisition process. Besides, the nonlinear behavior
is also preserved, increasing the chances of a more realistic characterization of crack-type

damage.

1.4 Identification via Genetic Algorithm

The most common approach for a model-based diagnosis involves conventional identification
techniques such as the extended weighted least-squares implemented in Ref. [12]. A cost

function is defined in terms of a metric between the measured and analytical comparison



quantities, and the damage parameters result from a minimization of that metric. The least-
square estimation is a gradient-based minimization technique that requires either analytical
or numeric evaluation of derivatives of the cost function with respect to the parameters to be
estimated. The basic idea is to choose a starting point in the solution space, define a search
direction from gradient information and perform a unidimensional minimization in the search
direction to find a better solution. The process is iteratively repeated until convergence is

achieved.

Damage detection problems result in numerous local minima in the defined objective func-
tion, and this introduces serious practical difficulties in finding the correct diagnosis. Under
those conditions, convergence to the correct estimates (not known a priori) will be strongly
dependent on a good initial guess. This may be acceptable if there is only a very small num-
ber of probable damage sites with well defined physical locations. Since this is not the case

in general, gradient-based techniques are likely to fail in solving a crack diagnostic problem.

Genetic algorithms (GA’s) [46, 55, 76] have recently become popular as an efficient alterna-
tive to solve complex design and optimization problems where conventional, gradient-based
methods fail. They were developed using ideas borrowed from biological sciences such as ge-
netics and natural evolution. The algorithm does not require the computation of derivatives,
and it can be easily parallelized. In addition, it relies on a probabilistic exploration of the
entire region of interest, so it is not hurt by a poor initial guess; therefore GA’s offer a higher
likelihood of identification of the global minimum. The methodology is relatively new, and
most of the current applications are on design optimization and task planning problems,
with only a few recent publications involving damage detection methods. In the proposed
research a GA is introduced as part of the identification procedure in order to overcome the

limitations imposed by the multimodal nature of the defined cost function.



1.5 Objectives

The goal of the present research is to investigate a model-based vibration diagnostic method-
ology that can be applied to cracked beams. To overcome the reported limitations of methods
based on modal parameters to identify small defects, time responses are used as the compari-
son data for crack diagnostic. In the proposed research, a second advantage of using time do-
main information is the possibility of simulating the nonlinear behavior introduced by crack
opening-closing cycles, believed to play an important role in the diagnostic procedure. The
effects of the crack nonlinearity on the accuracy of the diagnostic will be quantified. Another
important contribution of this work is the development of a new cracked beam continuous
model which includes the effects of shear deformation and rotatory inertia, which permits
the application of the proposed diagnostic method to short, stubby beam-like structures.

The following steps are a breakdown of the proposed work and summarize the contributions:

Extend the time-domain method developed by Banks to the case of cracked beams,

including time responses that account for nonlinearities related to crack closure;

e Develop a continuous model for cracked beams that take into account shear deformation

in order to provide better accuracy in a broader frequency range;

e Improve the detection capabilities by using a genetic algorithm for the identification

procedure;

e Investigate and compare the effects of different excitations (impulsive, low-frequency
sinusoidal and Schroeder-phased multisine pulse), as well as the length of the time

response records, on the performance of the diagnostic procedure;

e Quantify the relative advantages and limitations of the linear and nonlinear models in
terms of minimum identifiable crack size in the presence of noise, modeling errors, and

uncertainties in material properties.
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1.6 Overview

Chapter 2 is a literature review including the most relevant technical publications related
to the present research. Chapter 3 presents the mathematical derivation of the equations of
motion for a cracked beam including the effects of shear deformation by means of a mixed
variational approach. A brief review of the continuous cracked Euler-Bernoulli beam model
developed by Shen [100] is also presented along with a discussion of its mathematical and
numerical limitations and the corresponding proposed solutions. Chapter 4 presents the
numerical implementation of the equations derived in Chapter 3 together with validations
against numeric and experimental data found in the literature for the case of slender beams.
The solution is based on a Galerkin discretization using cubic b-splines as the basis for the
admissible functions. To assess the advantages of the proposed model for the case of short
beams, for which no literature data was found, a 2D finite element model is constructed
and the results are used as reference for a quantitative comparison between the proposed
model and the Euler-Bernoulli model. The computation of time responses is also discussed
in Chapter 4, including a description of the bilinear model for the crack opening-closure
cycles. Responses to impact, sinusoidal and Schroeder multisine inputs are presented with
a discussion of the their potential use as excitations in the proposed diagnostic scheme.
Chapter 5 describes the proposed model-based time-domain diagnostic procedure using a
genetic algorithm for the parameter estimation phase. Simulations of different identification
scenarios are presented, including selection of the excitation, investigation of the effects
of model uncertainties and noise, and importance of the inclusion of the nonlinear effect.
Finally, Chapter 6 presents the summary, conclusions, and contributions of the present

research as well as suggestions for future work.



Chapter 2

Review of Literature

2.1 Introductory Remarks

The first systematic investigations on damage detection using vibration information ap-
peared in the 1970s. Doebling [38] attributes the initial developments in this field to the
offshore oil industry, while Dimarogonas [37] acknowledges the power generation industry for
the first studies on the more specific problem of crack identification. Since the early 1980s
the subject of damage detection using vibration data has received enormous attention from
the engineering and research communities, with emphasis on (but not limited to) turboma-
chinery, civil engineering, and aerospace applications. In the 1990s, damage detection has
become a recurrent topic for sessions in technical conferences and symposiums such as the
SPIE conference [105] and the Structural Health Monitoring Workshop at Stanford Univer-
sity [23, 24], and it was the main theme of the 1997 annual International Modal Analysis
Conference, with more than 400 papers presented [103]. The literature related to structural
damage diagnostics is therefore quite extensive and involves a myriad of applications ranging
from the health assessment of large infrastructure systems to the monitoring of miniature
electronic components. An excellent source of information is the on-line damage detection

database developed recently by Pappa et al. (2000) [82].

11
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This chapter presents a review of the literature more directly related to the present research,
including the publications regarded as cornerstones in the field of structural damage detec-
tion. Three main topics that are sometimes overlapping are discussed, but they cover the key
aspects of this dissertation. First, a general review of detection methods based on vibration
information without any restriction on the type of damaged is presented. Second, a survey of
the investigations on vibrations of cracked members is presented. Finally, the development

of genetic algorithms and its application to parameter estimation are discussed.

2.2 Vibration-Based Damage Diagnostics

2.2.1 Historical Overview

The early investigations in damage detection from vibration data were published well before
the establishment of experimental modal analysis as a mainstream laboratory technique.
Computational power and sensor technology were also very limited, which may explain why
the first methods found in the literature are based on changes in natural frequencies alone.
In his excellent review paper, Doebling [38] refers to Lifshitz and Rotem (1969) as the
authors of the assumably first journal article to suggest the use of vibration data for damage
diagnostics. Their work did not even refer directly to natural frequency shifts. Instead, they
used changes in the dynamic moduli obtained from extensional and torsional stress-strain
curves as indicators of damage in the form of delaminations in a composite specimen under

dynamic loading.

Over the years, methods for damaged detection incorporated more sophisticated information
as they become available both from laboratories and computer simulations. In fact, it was
not until the late 1970s that more systematic investigations on natural frequency shifts, many
of which including finite element models, appeared in scientific publications, and only in the

1980s did changes in mode shape changes and related quantities start to be considered as
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potential damage indicators. In the following sections, the diagnosis methods are categorized

and reviewed based upon which dynamic quantity is used in the procedure.

2.2.2 Methods Based on Natural Frequency Shifts

Damage diagnosis based on changes in natural frequencies was the first vibration-based
method to appear in the literature, and to date they remain by far the most investigated.
For a summary of methods based on natural frequencies only, see the review by Salawu (1997)
[94]. Adams et al. (1978) [3] and Cawley and Adams (1979) [21] published what is usually
referred as the first systematic attempt to detect damage from changes in natural frequencies.
They use the ratio of frequency changes in two different modes as a function of the damage
position only, and use this ratio for the localization process. The estimated magnitude of
the damage is reported to be inaccurate. The method is based on a sensitivity analysis
obtained via finite element model (FEM), requiring good accuracy from both the model
and the experimental results. Stubbs and Osegueda (1990) [107, 108] further developed
the sensitivity approach to also include better estimates of damage severity using fractional
changes of the natural frequencies as damage indicators. Similarly, Armon et al. (1994)
introduced a rank-ordering procedure according to fractional eigenfrequency shifts that is
intended to overcome the requirements of high accuracy for the sensitivities and provide a
method that is more robust with respect to measurement errors and model uncertainties.
Friswell et al. (1994) [42] also extend Cawley and Adam’s ideas with the introduction of
statistical analysis for the identification of the best damage scenario, which can be seen as a
forward method. The idea of using fractional changes is present in some form in most of the
frequency-based methods found in the literature, including the ones published recently using
modern approaches such as neural networks by Luo and Hanagud (1997) [69] and Mahmoud
and Kiefa (1999) [70], and genetic algorithms by Friswell et al. (1998) [41].
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2.2.3 Methods Based on Mode Shapes

The use of spatial information to improve the detection was first introduced by West in
1984 [118] using the Modal Assurance Criterion (MAC), which correlates mode shapes of
the damaged and undamaged structure. Yuen (1985) [122] suggests the use of rotational
mode shapes to characterize the presence of damage. Rizos et al. (1990) [89] suggest the use
of mode shape information measured at only two locations. Recognizing that displacement
mode shapes are fairly insensitive to the presence of local damage, Pandey et al. (1991) [80]
suggested the use of curvature mode shapes instead. Chance et al. (1994) [22], Swamidas
and Chen (1995) [110, 26], and Yam et al. (1996) [119] proposed the use of strain mode

shapes that could be directly obtained from strain gauge measurements.

Simulations have shown that the use of mode shapes can indeed provide Level 2 and 3 diag-
nostics (see Section 1.1) in the studied situations, but experimentally identified modes lack
the necessary measurement accuracy demanded by these procedures. In addition, either a
very large number of sensors or a good a priori definition of potential damage sites is re-
quired for mode shape identification, posing an additional practical limitation. Hoesrt and
Ratcliffe (1997) [53] propose the application of a Laplace operator to enhance the detectabil-
ity potential of mode shape information. Stubbs et al. (1995) [106] proposed a damage index
obtained from integrations of the mode shapes and uses it in a pattern recognition technique.
Cornwell et al. (1997) [35] revisit the integral damage index describing it in terms of modal
strain energy and extend the approach for plate-like structures. Yoo et al. (1999) [121]
compare several damage indicators derived from the MAC and its variations and concludes,
based on FE simulations of a cracked plate, that the use of absolute values of the differences

of mode shapes is the best damage index.

Even if the stated practical limitations can be overcome, the theoretical benefits of including
mode shapes in damage detection are a controversial subject. Some researchers regard mode
shapes and related quantities capable of providing the much-needed spatial information not

directly available from natural frequencies, thus increasing the chances of achieving Level 2
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and 3 diagnostics. Others reply that the mode shapes are affected very little by the presence
of local damage and the changes would be virtually indistinguishable from experimental
errors typical even in careful mode shape identification. Although seemingly obvious, the
best conclusion is that both sides are partially correct and the advantages of using mode
shape information will depend on the type of structure under investigation. A complex truss
would be a good candidate for the application of mode shape methods, since local damages
on joints or individual members may result in large modal displacements in a large region, as
in the cases investigated by Kam and Lee (1994) [62], and Kim and Bartkowicz (1997) [64].
On the other hand, attempts to detect cracks in geometrically uniform structures like beams
and plates are unlikely to benefit from the use of mode shapes, which have been reported to

present very little changes due to that type of damage [19].

2.2.4 Methods Based on FRFs

The peak magnitudes and anti-resonances in FRF’s can provide some spatial information
for diagnostic. Fritzen et al. (1997) [43] proposed the use of FRFs in a model-based so-
lution to the inverse problem using QR decomposition to reduce the number of candidate
damage parameters and improve numerical conditioning. Swamidas and Cheng (1997) [111]
used strain FRFs as indicators of fatigue crack initiation and growth in a tubular joint.
Lopes et al. (1997) [67] published a detection technique using neural networks in which
the training phase is based on numeric FRFs computed from a finite element model previ-
ously updated using experimental FRFs from the undamaged structure. The method was
experimentally validated by successfully detecting damage in the welded joint of a metallic
structure. Perchard and Swamidas (1999) [83] suggest that displacement FRFs and strain
FRFs can provide combined information for crack detection both from peak and off-peak
regions. Recently, Sampaio et al. (2000) [95] published a comparative study of FRF-based
methods and suggested the used of the strain energy obtained directly from FRFs as damage

indicator.
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2.2.5 Methods Based on Structural Matrices

Another family of methods uses structural matrices to identify damage by determining the
degrees of freedom that correspond to the elements in an identified error or perturbation
matrix. Mannan and Richardson (1990) [71] proposed the estimation of mass, stiffness, and
damping matrices from measured modal data and use the differences to the corresponding
undamaged matrices as a direct indication of damage location. Pandey and Biswas [79] use
the first three measured natural frequencies and mode shapes to estimate flexibility matrices
both from the intact and damaged structure, and they then use the difference between the
two as damage indicator. More elaborate matrix-based techniques are derived from model
updating methods, available in the literature since the late 1970s, in which the matrices
of an analytical model are corrected to match experimental modal data by minimizing the
norm of the corresponding perturbation matrices. Kim and Bartkowicz (1993) [63] discuss
the influence of noise level, number of damage sites, number of measurement points, and
number of modes in different matrix-based detection procedures and conclude that number os

measurement points is the most relevant factor for the accuracy of the investigated methods.

In the 1990s, Zimmerman and co-workers have published numerous investigations on detec-
tion methodology using structural matrices. They proposed a minimum rank perturbation
theory [123, 124] that produces perturbation matrices of the same rank as the number of
modes used. Many developments followed from that method, including the use of changes
in the damping matrix as damage indicator [102]. More recent publications include dam-
age location using subspace recognition by Lopez and Zimmerman (2000) [68] and a hybrid

expansion-reduction method based on linear matrix inequalities by Abdala et al. (2000) [1].

2.2.6 Time-Domain Methods

An alternative to using modal parameters is using time responses directly as the comparison

quantity for the diagnostic procedure. One advantage of time-domain techniques is that
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they avoid the implicit data reduction of modal analysis methods, which may cause the
loss of important information about the structure’s dynamics. Another advantage is that
time-domain methods are not limited by the assumption of linearity as the modal analysis
approach is. The main disadvantage of model-based, time-domain methods is that they may
require considerable computational effort for the calculation of time responses. Qian et al.
(1990) [86] proposed a method that used an ARMA model to estimate damage parameters
from time responses, but he still presented results in terms of equivalent eigenfrequencies.
Ostachowicz and Krawczuk (1990) [78] investigated crack identification from the maximum

amplitudes of time responses.

Banks et al. (1996) [12] developed a model-based diagnostic procedure via a least-squares,
sensitivity-based parameter estimation routine proven to be able to detect small geometric
defects. They investigated Euler-Bernoulli beams with damaged in the form of circular holes
modeled by a Galerkin method using b-splines. Masri et al. (1996) [73] proposed a neural
network based detection scheme that uses time responses both in the training and detection
phases. Cattarius and Inman (1997) [20] proposed a time-domain method that uses the
beat phenomenon to characterize small differences between the responses of a damaged and
undamaged linear structure without referring to a model. Seibold and Weinert (1996) [93]
published a probabilistic time-domain method based on parameter estimation using a series
of Kalman filters to locate cracks in rotor taking nonlinearities into account. The use of AR
and ARMA regression coefficients obtained from time records has been recently investigated
by Garcia and Osegueda (2000) [44] and Sohn et al. (2000) [104], while George et al. (2000)

[45] propose a method based on nonlinear time-series and bispectral analysis.

2.3 Vibrations of Cracked Structures

We can group the different models of cracked structures in three basic categories [37]: equiv-

alent reduction in local stiffness (here also referred as “smeared” crack models); lumped
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flexibility models; and continuous cracked bar and beam models. In addition, we present
a section dealing specifically with the crack closure phenomenon in dynamic analysis. The

following is a review of the literature on each approach.

2.3.1 “Smeared” Crack Models

This approach usually consists of a finite element model of the structure in which the damage
is represented by an equivalent reduction in the stiffness of a particular element or group of
elements. The use of this approach to solve the inverse problem (localization and quantifi-
cation of damage from vibration response) has been investigated by many authors, but is
not considered here as an alternative to realistic crack modeling since the correspondence
between crack severity and equivalent stiffness reduction is usually arbitrary and strongly
dependent on model refinement. Better representations of the effect of a crack over a region
may be achieved by developing special finite elements, as in Haisty and Springer (1988) [50]
and Gounaris and Dimarogonas (1988) [47]. Ibrahim (1992) [58] proposes an elastoplastic
finite element capable of accounting for the plastic deformations at the crack tip. Despite
the level of sophistication in the element formulation in these approaches, the determination
of the size of element to be used is somewhat arbitrary. An interesting application has been
proposed by Friswell et al. [41] in which a smeared crack model is used as a Level 2 diag-
nostic to select regions where more detailed detection (refined Level 2 plus Level 3) is to be

attempted.

2.3.2 Lumped Flexibility Models

This family of methods is based on substructuring concepts. The undamaged portions of
the structure are modeled using standard techniques such FEM, component mode synthesis,
or partial differential equations, and the crack is represented by lumped springs or by a

compliance matrix, usually derived from the expression for the strain energy release rate
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or stress intensity factors. The first investigations are attributed to Kirmser (1944) [65]
and Thomson (1949) [112]. They represented the effect of a notch by equivalent forces
and moments at the location of the geometrical discontinuity. Among the most referred
publications in the literature we must cite investigations by Dimarogonas [36], who was
arguably the first to propose the derivation of compliance constants from fracture mechanics

results for vibration analysis.

Gudmundson (1983) [49] presents a method for modelling a Timoshenko cracked beam using
a transfer matrix approach, later extended by Tsai and Wang (1996) [113] to characterize
cracks in a nonuniform stationary shaft. Gudmundson’s paper has the additional merit of
compiling experimental results of his own and from Wedtland (1972) in his comparisons,
providing a good source for the validation of new models. Araijo Gomes and Montalvao
e Silva (1990,1991) [5, 6] also published investigations based on a lumped method with

extensive experimental results for slender, free-free beams with fatigue cracks.

Ostachowicz and Krawczuk (1991) [77] investigated the vibrations of a cantilever beam with
two cracks. The more specific applications to rotor dynamics deserved numerous investi-
gations, well summarized by Wauer (1990) [117]. Collins, Plaut and Wauer (1991, 1992)
[33, 34] published a method for the longitudinal vibration of a bar that is a combination
of the equivalent force concept with the local compliance approach. They derive the local
equivalent forces that replace the crack in a continuous model from the compliance expres-
sions obtained by Papadopoulos and Dimarogonas (1986) [81], who investigated the coupling
between longitudinal and bending vibrations of a beam when a crack is present. Ibrahim
et al. (1987) [4] and Ismail et al. (1990) [60] proposed a lumped model of a cracked beam
using an augmented bondgraph technique accounting for nonlinear behavior. Brandon and
coworkers, (1995-1999) centered their investigations on crack closure effects using lumped

flexibility models. Their work is reviewed in more detail in Section 2.3.4.
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2.3.3 Continuous Models

This family of models was developed more recently in an attempt to explicitly incorporate
the relevant crack parameters, i.e., location and depth, as part of the equations of motion
of the cracked structure. Christides and Barr initially developed models for the transverse
vibrations of a symmetric, double-edge cracked Euler-Bernoulli beam [31] and for the tor-
sional vibration of a cracked bar [32]. Both models rely on the characterization of the stress
concentration due to the crack by means of a decay function introduced in the kinematic
assumptions used in a variational derivation of the equations of motion. The mixed varia-
tional theorem used is an extension of the Hu-Washizu stationary principle [56, 116, 87], and
it is now referred to in the literature as the Hu-Washizu-Barr [14] principle. Christides and
Barr’s model was improved and extended in recent years by Shen and Pierre (1990-1998)
[100, 101, 98, 99], first by introducing an alternative estimation of the decay parameter from
2D finite element models and later by applying the same ideas to develop a model for beams

with a single edge “breathing” crack.

Chondros and Dimarogonas [27, 28, 30, 29] used a similar variational approach, but they
derived the so-called crack functions from energy considerations and fracture mechanics con-
cepts. Their approach is an attempt to combine Christides and Barr’s ideas of a continuous
model with Dimarongonas’ previous investigations on using fracture mechanics concepts to
determine compliance constants in lumped parameter models. The most appealing advan-
tage of such combination is that no decay parameter would have to be estimated, and there-
fore the disturbance functions could be based solely on well-known, handbook-type fracture
mechanics expressions of stress intensity factors. However, a word of caution is necessary
regarding their continuous formulation since several steps of the derivations are obscure.
First, pre-assumed mathematical forms of crack disturbance functions result neither from
algebraic derivations nor from physical reasoning. Second, one of the key conclusions in Ref.
[28] is that only the displacement field needs to be assumed; the stress and strain distribu-

tions would cancel out through the derivation of the differential equations of motion. If that
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is correct, a mixed formulation would probably not be required and the whole formulation
could be simplified drastically. Finally, some key mathematical steps lack the minimum nec-
essary rigor and justifications and could not be reproduced, including the above-mentioned
cancellation of the stress/strain functions. For these reasons, it was not possible to reproduce
their results to further evaluate the merits of the formulation, and this methodology and its

extension were disregarded in this research.

2.3.4 Crack Opening-Closure Models

Both the lumped models and the continuous models provide a description of the structure
when a crack is present and open, i.e., they are initially linear models of damaged members.
The nonlinear effect originated by the crack opening-closure cycles in dynamic problems is
incorporated by combining the damaged and undamaged models by means of a convenient
switching strategy. This is commonly referred in the literature as “breathing” crack models.
Studies on this nonlinear behavior using perturbation models have been proposed, e.g., by
Gudmundson (1982) [48], Tsyfanskii (1994) [114], Plakhtienko and Yasinskii (1995) [84], and
Ballo (1997) [9].

A more direct approach is the numeric integration of the combined differential equations
of motion in the time domain with iterative check of crack status using different control
quantities. Changhe et al. (1989) [25] uses the angle between the instantaneous bending
moment and the rotating tangent axis to determine the crack condition in an unbalanced
rotor application, accounting for partial opening and closure. When the crack is assumed
to be either fully open or fully closed, the resulting system is bilinear, which simplifies the
analysis even further. Chu and Shen (1992) propose a modal decomposition in which the
modal restoring force is represented by a square wave. Sundermeyer and Weaver (1995)
[109] use the bending moment at the cracked section as the control variable. Ruotolo et al.
(1996) [91] use the slopes at stations before and after the crack in a transfer matrix model

as the indicator of crack status. Rivola and White (1998) [88] propose the use of bispectral
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analysis for crack detection using a model in which the nonlinear switch is represented by a
square wave representation of the stiffness constants, transforming the problem in a linear

time-variant system.

Brandon and coworkers (1995-1999) [2, 15, 16, 17] published what are probably the most
detailed investigations on the dynamic crack closure effects. They use component mode
synthesis models to obtain a nonlinear signature, basically a forward Level 1 diagnosis.
Their model accounts for coupling between longitudinal and transverse vibrations due to the
crack and checks both the bending moment and slope at the crack section to perform the
transitions. Since the independent calculation of bending and slope can be asynchronous, the
model is referred as “almost” bilinear. They also compute crack interface forces and relative
longitudinal displacements, which allows for the introduction of crack interface friction forces.
The level of detail in the model is reported to make it computationally intensive and therefore

no crack identification via solving the inverse problem has been attempted.

2.4 Genetic Algorithms

2.4.1 Historical Overview

The original idea of applying concepts of genetics and natural evolution to solve complex
engineering problems is attributed to Holland (1975) [54]. He developed the first genetic
algorithms (GA’s) in binary form and attempted mathematical investigations on algorithm
convergence based on schemata theory. In 1989, Goldberg, one of Holland’s former students,
published a more organized compilation of GA’s theory and applications [46]. Genetic Algo-
rithms gained popularity in the optimization community in the late 1980s and early 1990s,
as shown on a survey by Béck and Schwefel (1993) [8]. Michalewicz’s book (1995) [75] dis-
cusses GA’s in the context of Evolutionary Programming and presents detailed descriptions

of the various binary and floating-point genetic operators. Houck et al. (1995) [55], at North
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Carolina State University, developed the GA MATLAB toolbox used in the present work.

2.4.2 Diagnostic Methods Using GA’s

The most attractive feature of a GA is the efficient handling of multimodal functions that
are common in identification problems in general and in model-based damage detection
in particular. Larson and Zimmerman (1993) [66] proposed a model refinement technique
using GA’s for the minimization of a cost function defined from the differences between
experimental and numerical eigenvalues and eigenvectors. Mares and Surace (1996) [72]
proposed using binary GA’s to minimize an objective function for damage detection defined
in terms of residual forces. Carlin and Garcia (1996) [18] investigated the optimal tuning of
a binary GA for damage detection using simple mass-spring systems. Ruotolo and Surace
(1997) [90] applied a binary GA to the problem of identifying multiple cracks, and they
presented a comparative study on the use of different objective functions including natural
frequencies, displacement mode shapes and curvature information. Friswell et al. (1998) [41]
proposed a two-stage diagnostic method that uses a GA and a simplified model to determine
the most likely damage sites. They then applied a gradient-based identification to refine the
location and determine the extent of damage. Yap and Zimmerman (1998) [120] proposed
improvements in the binary encoding to enhance the performance of GA’s for the specific

problems of damage detection.

2.5 Summary

The present literature survey provides a historical overview of the relevant research in three
main branches leading to the topic of this dissertation. More specifically, a methodology is
taken from each branch as “seed” for the present work: the ideas from Banks and Inman’s
time domain damage detection, Shen and Pierre’s continuous model of cracked beams, and

the recent application of genetic algorithms to structural health monitoring.



Chapter 3

Derivation of Mathematical Model

3.1 Introduction

In this chapter, the equations of motion and corresponding boundary conditions for the
transverse vibrations of cracked beams including the effects of shear deformations are derived
using the so-called Hu-Washizu-Barr variational principle. The main goal is to obtain a
system of partial differential equations that account for the presence of a crack by introducing
disturbance functions to the kinematic assumptions, thus modifying the stress and strain
fields in the vicinity of the crack. The equations of motion derived are then shown to
constitute a self-adjoint differential operator, which will guarantee symmetry and simplify
the numerical computation of the matrices during the discretization. In order to provide
the background for the comparisons and discussions in Chapter 4, the main results from
the derivation of the Euler-Bernoulli cracked beam model developed by Shen [101] are also

revisited, along with proposed modifications to overcome the mathematical inconsistencies.

24



25

3.2 The Hu-Washizu-Barr Variational Principle

The Hu-Washizu-Barr [14] variational method can be viewed as an extension of the Hellinger-
Reissner stationary principle [87, 97]. Stationary methods, also called mixed variational
principles, have the advantage of incorporating all the governing equations into a single
functional and allowing independent kinematic assumptions of the displacement, strain, and
stress fields. The dynamics analogies of these stationary methods are in fact statements of
Hamilton’s Principle for a continuum, in which stress-strain equations, strain-displacement
equations, equilibrium equations, and both essential and natural conditions are included in
one single functional. This is achieved by treating the additional relations as constraints and

using the method of Lagrange multipliers.

Consider the general expression for the Hamilton’s Principle for a continuous elastic body,

to to
5[ Hat=6 [ [T—(V+Udt=0. (3.1)

t1 t1

In this expression, T is the kinetic energy, V' is the potential energy of applied loads and U

is the strain energy. Mathematically, these are defined as

1 (9uz (9uz
2 ot at ’ (3.2)
V=_ /V (Bau)dV — [ Fouds, (3.3)
_ AV 4
U= [ Wieav (3.4)

where u; are the displacements, B; are the body forces, g; are the surface tractions prescribed
on surface Sy, and W (e;;) is the strain energy density. We wish to include the linear elastic
strain-displacement equations

1
€ij = §(Uz’,y' + i) (3.5)

and the displacement boundary conditions defined on the surface S,

u; =U; on S (3.6)
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into the functional. Define the Lagrange multipliers \;; and p; associated with the strain-
displacement relations and the displacement boundary conditions, respectively. The ex-
tended form for the functional in Hamilton’s Principle may now be written as

_ 1
H=H + /V {[Eij — 5(’[1,1'7]' + ’U,jyl')])\ij} dV + (Ul - ’U,_l) ,uzdSQ

So

1 1
= /V {§pu,ul + B,ul — W(Eij) + [Eij — §(ui,j + uj,i)]Aij} dV-F

+ /81 giuidS1 + /52 (ui — ;) p1idSs (3.7)

The first variation of the extended functional is set to zero, i.e.,
0H = 6,H +6H + 6,H + 6,H =0, (3.8)
and since the variations are arbitrary, we have
ouH =0, 6 =0, 60bH=0, 6,H=0, (3.9)

both within the body and on its boundary. Variations with respect to the Lagrange multi-
pliers will recover the constraint equations. The term 6., corresponding to the variation in

strains, leads to
oW

862’3'

which implies that the Lagrange multipliers A;; are equal to the stress components o;;. The

=0V, (3.10)

variation in the displacement components will produce a term with the form
1
/V 5(61@'0’ + 6u],z))\”dV = /V[o,»jéui,j]d‘/ s (311)

where symmetry of the stress tensor has been considered. Using the divergence theorem on

the last term yields
46 ,»-dV:/ U -dV—/ L dudV =
/V[UJ Ui ;] V[UJ u;] ; VUJJ U

= 110 idS_/ i ioudV 3.12
/SUJ”J u VUJJ u ( )
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where § = §1+ &s is the total surface of the body and n; is the outward normal. Combining
the portion of the first right-hand side term in Eq. (3.12) over Sy with the term from the
variation of the boundary integral over Sy in Eq. (3.7) and recalling that éu; is arbitrary,
we get

04T — Wy = 0 s (313)

which implies that the Lagrange multipliers y; correspond to the surface tractions g; acting
on S3. The Hu-Washizu functional will therefore take the form

1
—(ui,j + iji)]aij} dVv

= 1 ..
H = /V {§pu,u, =+ BZ’U,Z — W(Eij) + [Eij — 5

+ [ TS+ [ (w =) gids, (3.14)

Barr [14] introduced an additional modification to the functional in order to allow indepen-
dent variations of displacements u; and velocities p;. This is useful when deriving approxi-
mate solutions in which displacement components are to be introduced, but not the inertial
forces associated with them, as in the case of the Euler-Bernoulli theory of beams. Barr

extends the Hu-Washizu functional to be

to

. 7 1
J = {/V[Ppiui —T(pi) — W(eij) + (€5 — §(u” + u;;))oi; + BiugdV +

t1

+/ gzuzdsl +/ gzdSQ} dt 5 (315)

where T(pz) = %ppipi is the kinetic energy density expressed in terms of velocities as inde-
pendent variables. When independent variations of displacements u;, strains €;;, stresses o;;,

and velocities p; are considered, we now have

to

0=46J = {/V [pp,éuz + (puz — T(pz),pl)épz + (Uij — W(eij),eij)éfij — O'ij(sui,j‘i‘

t1

1
+(Eij 2(“2 j U, Z))(SO'Z] + Bi 6%} dv + S gidu;dS1+

+ [ lgidui + (ui — ) g1 dSz} dt . (3.16)

The first term in Eq.(3.16) can be integrated by parts with respect to time, yielding

to to to
/ {/ pp,»éuidV} dt = / PPiOu; — / {/ ppiéuidV} dt . (3.17)
t1 1% \% t1 t1 \%
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Figure 3.1: Typical geometry of a cracked beam

The first term in the right-hand side of Eq.(3.17) vanishes since the variations éu; are assumed
to be zero at ¢; and 3 over the entire domain. Next, the term on du;; is modified using
integration by parts and the divergence theorem, as described in Eq.(3.12). Collecting terms

and recalling that o;;n;, = g;, we arrive at the final form of the Hu-Washizu-Barr principle,
. 1
/V{(Uz'j,j +Bi — ppi)bui + (015 — Wei),e; Joess + leis — 5 (i + )60 +

pi — T(ps) op YV + /s (T — g:)6usdSy + /S (us — ) 6g,dSs = 0. (3.18)

1 2
The overbarred quantities g; and @; are prescribed surface tractions and displacements acting
over surfaces Sy and Sy, respectively. Equation (3.18) is the starting point for the derivation

of an approximate model of a cracked beam including shear deformations.

3.3 Kinematic Assumptions

The reduction of the 3-D elastic problem to a simplified, beam-like unidimensional system
is achieved by the imposition of convenient kinematic assumptions on the stress, strain,
and displacement fields. Figure 3.1 shows an example geometry of a cracked beam with a
rectangular cross section. For zero body forces and linear momentum only in the z and z

directions, the kinematic assumptions may be summarized as



ury = (—z+g(x,2))(x,t) (3.19-a)
u, = 0 (3.19-b)
u, = wiz,t) (3.19-¢)
€on(T,2,8) = (—2+ filz,2))S(z, ) (3.19-d)
€z, 2,t) = folx,2)Ss(x,t) (3.19-¢)
€y = €= Ve (3.19-f)
€y = €.=0 (3.19-g
Oue(m,2,t) = (—2+ fi(z,2))Ti(z,1) (3.19-h

Ouz(T,2,1) = folz, 2)Th(x,t) (3.19-i
Oy = Opp = 0Ogy =0y, =0 (3.19-j
pr = Pu(x,t), p, =0, p, = P.(2,1) (3.19-k

B, = B,=B.=0, (3.19-1

where T(z,t), To(z,t), Si(z,t), and Sa(x,t) are the unknown unidimensional stress and
strain fields, respectively. The two displacement functions to be determined are the trans-
verse displacement w and the cross section rotation . The functions f; and f> are per-
turbation functions introduced to account for the stress/strain concentration in the cracked

region.

3.3.1 Normal Stress/Strain Disturbance Function

For a rectangular cross section, the disturbance function acting in the normal stress and

strain fields is assumed to have the form

|z — x|
P

). (3.20)

filz,2) = [z —ma(z + g)H(d —a— z)|exp(—«

Figure 3.2 depicts the distribution of the stress function. The normal stress disturbance
function is similar to the one introduced by Shen in Ref. [101] and decays exponentially

when we move away from the crack tip. It can be noticed that, in the absence of the crack,
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Figure 3.2: Crack function for normal stress disturbance f;.

the usual linear distribution of stresses and/or strains trough the cross section is obtained.
The zero stress condition along the crack faces is also met with the introduction of a Heaviside
step function H(.). The decay parameter o;; was first obtained experimentally by Christides
and Barr in Ref. [31] and further adjusted by Shen and Pierre in Ref. [101] by means of
a bidimensional finite element model consisting of eight-noded quadrilateral elements with
mid-side nodes repositioned to simulate the stress singularity at the crack tip. The identified

value was then validated against experimental results.

3.3.2 Shear Stress/Strain Disturbance Function

Function f5 is the newly introduced shear stress disturbance function which is based on an
initially quadratic distribution of the shear stress and is given by

|z — |

falw,z) = folz) + [=fol2) + mafir(2)H(d — a - z)lexp(—ar—

)y, (3.21)

with
folz) =1-— (3.22)
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Figure 3.3: Crack function for shear stress disturbance fs.

and
4z—(d—a))(z+d)

fr(z) == (a—2d)? : (3.23)

Figure 3.3 illustrates the distribution of the shear stress/strain disturbance function. The

same decay characteristics found in the normal stress function are assumed in a first approx-
imation. It is worth noting that, in the absence of a crack, this is a representation of the
shear distribution that is more refined than the typical Timoshenko model, which assumes
constant shear stress over the cross section adjusted by shear correction factors. In fact,
the typical shear correction factor used in Timoshenko models for rectangular cross sections
(usually 5/6) is predicted exactly with this quadratic distribution. Constants m; and my are
computed from normal and shear force continuity conditions and are computed in Section

(3.4.7).

3.3.3 Displacement Disturbance Function

Function g is introduced to account for the local variation in the neutral axis in the vicinity

of the crack tip, as suggested in Ref. [101], and is kept in the formulation for the sake
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completeness. It has a form very similar to the normal stress disturbance function, i.e.,

ola,2) = [ — (= + DH( — a— 2)Jexp( -5

). (3.24)

The decay parameter (3 is obtained in Ref. [101] from a curve fitting to an expression of the
form % . The inclusion of ¢ in two inconsistent kinematic assumptions in Ref. [101] has the
undesired effect of generating a stiffness operator that is not self-adjoint, requiring further
simplifications before numerical implementation. In addition, the steep nature of the terms

involving g causes numerical difficulties, as discussed in Chapter 4.

3.4 Derivation of the Equations of Motion

The kinematic assumptions in Eq. (3.19) are substituted into Eq. (3.18), and the equations
of motion and boundary conditions are obtained after several integrations by parts and
convenient simplifications. We will derive the equations of motion for the general case of a
single-edge crack, which includes the effects introduced by f1, fo, and g. The double-edge,
symmetric crack model may be obtained from the final equations by means of the required
simplifications and adequate changes in function f;. The derivation process is described

separately for each major term in Eq. (3.18) in the following sections.

3.4.1 Strain-Displacement Term

The strain—displacement term becomes

1
A[Gij — —(Ui,j + Uj,i)]éO'ijdV =

2
du, ou,  Ou,
= [l )81~ (~2+9) 50 ~ 2yl FiSTs + (S (1L )= w] fod T}V =

= /‘/{[2251 —22f151 + f1S1 — 22 + 2 fid + 2g¥ + 29" — gf1Y) — g FrY)]6Th+



+[f2252 + fop — fg%@b — fow)]6To}dV =

- / ([(Io — 21 + 1)S1 — (Io — I, — Is + I} — (Is — I)]6Th

+[1352 — (Ig — 14)"(/1 — U)/) — I4w’](5T2}dsc s

where the generalized cross section inertia integrals are defined in Eq. (3.42).

3.4.2 Stress-Strain Energy Density Term

The stress—strain term may be rewritten as
/ (03 = We,)oeidV =
v
- / { Ozx — ezz 661‘1 + (Umz - I/V,ezz)éemz}dv
For isotropic, elastic beams, the strain energy function is expressed as
1
W = §>\Ekk6¢i + HEij€i5 ,

which leads to the derivatives

ow oW
Oéy

= Ge,, .

Plugging (3.27) and (3.19) into (3.26) we get

/{( ESl)( o— 217 + 12)551 -+ (TQ GSQ)IgéSQ}d.T .

3.4.3 Velocity-Momentum Term

The velocity-momentum term becomes

/ [pt; — (%ppipi),p,;]épidv =
/{ —2+ g)th — pPJ6 Py + [p — pP.J6 P, }dV.

Since 6 P, and 8P, are arbitrary in Eq. (3.29), we may conclude that

Pz:(—z+g)@/'), P, =w.
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(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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3.4.4 Dynamic Equilibrium Term

The first term in Eq. (3.18) is the virtual work done by the dynamic forces. After substituting

in Egs. (3.19), it can be rewritten as

/V{(mj,j + B; — ppi)du;}dV =

aamm aamz . 80Iz . o
Xﬁ[m;+ o, ~ PLl(=2 4 )80 + [ — pP.Jow}dV =
! ! / a .
= /V{[—le + AT+ fiTh + a—ng — pP)(—z + g)6v+
HfTo + f2Ty — pPJow}dV . (3.31)

Plugging Eqgs. (3.30) into Eq. (3.31), collecting terms, and integrating over the cross section,

we get
/ {[(Io — I — I+ I.)T] + (Lo — I))Ty + (111 — I)Ty — (Ip — 216 + ]12)P@2;]5¢+

+[I,To + I, Ty — pAw]dw} dx (3.32)

where the additional generalized inertia integrals are defined in Eq. (3.42).

3.4.5 Differential Equations of Motion

The equations of motion are derived by substituting the intermediate terms back into
Eq.(3.18). Since all variations are considered independent, Eq. (3.18) only holds if all
terms inside the brackets vanish. Therefore, since 8§77 and §T» are arbitrary, Eq. (3.25)

implies
(Io—I — Ig+ I) (Is — I4)
S, = + , 3.33
! (h—%+b)¢ uyﬂh+m¢ (3.33)
and
I, — 1 I
A$:Li—ﬁ¢+iw. (3.34)
I I

Similarly, for arbitrary 657 and 6Ss, Eq. (3.28) yields

T, = ES; , Ty = GS, . (3.35)
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Performing all the necessary substitutions into Eq. (3.32), and taking into account Egs.

(3.34), (3.33), (3.35) and (3.30), we get the final expression

0 ((h—1L—-Is+1I7) , (Is — I})
/z{[(fo—h—fﬁ—l-h)E%( (lo— 26 + 1) P (To—20, + 1) )—l—

(Io— I, — I + Ir)
(Io — 211 + 1)

(Is — I)

Ry y 12)1/’> +

(I — I)E (

(In1 — I5)G ((191;314)@/) + %w’) — (Lo — 216 + hQ)P@ZJW o+

Iy — 1 I 0 ((Iyg—1 I

+Jx:Li—ﬁw+iw + ,G— Li—ﬁw+iw — pAw| Swhdr =0
I 3 I 3 ox I 3 I3

Now, since dw and 61 are arbitrary, we can finally write the two coupled partial differential

equations of motion as

o I

( 0 1,1
ox ]3

Gw' — 1)) + %(I—BG&D) — pAdw + q(z,t) =0 (3.36-a)

%(Epg(l‘)’g/),) + Epo(l’)@ﬁ + G%(Ill — ]5)21), — p([g — 216 + ]12)’@/) =0. (336—b)

The coefficient functions in Eq.(3.36) are defined as

o) = (Io— I} — Iy + I;)Q: () (3.37)
po(e) = (b~ I — T+ I)@(e) + (Do ~ [)@e) + 2Qs(e) . (339)
with
Qd@:=uz;?£fiZ?) (3.39)
Qz@ﬂ==(%§?é;{€1ﬁ (3.40)
Qs(w) = Lo L = L) (3.41)

I3
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The generalized inertia integrals are obtained via integration over the cross section of different

product combinations involving the crack perturbation functions, and are defined as

Iy = /ZQdA 11:/ 2fidA
A A
L = / F2dA I = / F2dA
A A
I - / fdA L= [ 22244
A A Oz
A A
9
Iy = [ fgaa L= [ pZaA
A A0z
, 0
Lo = /f19dA 111:/9£d14
A A” 0z
Iy = AdeA. (3.42)

3.4.6 Boundary Conditions

Over the beam surface, tractions are given by g; = o;;n; , where n; are the direction cosines
of the external normals. The lateral surfaces of the beam (z = +d) are assumed to be
traction-free, and the effects corresponding to the surface integral over that portion of S; are
assumed to be accounted for by the transverse load ¢(z,t) introduced in Equations (3.36).
The transversely applied load, as typical in beam theories, is considered a distributed force
acting over the resulting unidimensional domain with no distinction between top or bottom

surface, and it is a function of the axial coordinate = only.

The resulting unidimensional model still requires boundary conditions over the end surfaces
(x = 0 and x = L) consistent with the derived equations of motion. If displacements are

prescribed over the end surfaces, we can rewrite the integral over Sy as

z=L
/A (s — ) 60ms + (us — W) b0au} dA| (3.43)
=0
which, after substitutions, leads to
— z=L
[ {(=2+ 9 = D=2+ PST: + (w =) LoTo} dA] (3.44)
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Similarly, when tractions are prescribed over the end surfaces, the integral over &7 becomes

=L

/A {(9z — 9z)0us + (9: — Gz)0u. } dA] (3.45)

z=0

or
z=L

[ A2+ FOT =g (-2 + )60 + (BT~ gswhda] (3.46)
For the typical homogeneous cases, i.e., either prescribed tractions or prescribed displace-
ments equal to zero, Equations (3.44) and (3.46) lead to the boundary conditions over the

end surfaces, which can be summarized, as:

B(lo— I — I+ (@ + Qu) = 0, (3.47-2)
or v = 0; (3.47-b)
and
GL;(Mw—l—éw’) = 0, (3.48-a)
I3 I3
or w = 0. (3.48-b)

3.4.7 Calculation of Constants m; and my

The scaling constants in the expression for the crack disturbance functions may be obtained
by the additional assumption that the presence of a crack does not introduce jumps in the
bending moment and shear force along the axial direction. First, consider that the bending
moment carried by the cracked section and by the correspondent uncracked section may be

expressed as
/A (= 2T (20, t)2dA = /A (=2 + filae 2)Ti(ae (= +a/2)dA (3.49)

where A, is the cross section at x = .. At this section, we can write

fi(xe,2) = 2z —mq(z+a/2). (3.50)
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Substituting Eq. (3.50) into Eq.(3.49) and integrating over the cross section we get

Io

T+ (@2 (351

mi =

where
L:/zWL L:/ZMA (3.52)
A A

are the first and second moment of area of the reduced section with respect to z with the

origin kept at the centroid of the uncracked section.

Next, consider a similar expression relating the shear forces

Ah@nmﬁmzﬂﬁm@nmﬁmﬂ (3.53)

At = =z, , we have
f2($07 Z) = meT(Z) ’ (354)

which after plugging into Eq.(3.53) and integrating over the cross section, yields the expres-

sion for ms

2
C2d—a’

(3.55)

ma

3.5 Symmetric Form and Check of Self-Adjointness

The solution of the equations of motion derived requires some sort of numerical discretiza-
tion, which can be greatly simplified when the differential operator involved is self-adjoint.
Once self-adjointness is guaranteed, the matrix representation after discretization will be
symmetric and will benefit from the obvious computational advantages. The use of inde-
pendent kinematic assumptions will not necessarily lead to a self-adjoint operator; in fact,
certain conflicts in the assumptions may lead to an operator that is not self-adjoint and
will require further simplifications before the numerical implementation, as can be seen in

Ref.[101] and discussed in Appendix A. The objective of the present section is two-fold:
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confirm the self-adjointness of the derived equations and, in the process, obtain the symmet-
ric form that is most adequate for discretization and allows the utilization of test functions

satisfying only the essential boundary conditions.

The self-adjointness is investigated following the approach in Inman, 1989 [59]. First, write
the differential eigenvalue problem associated with Eqgs.(3.36), (3.47), and (3.48). For zero
external forces (g(z,t) = 0), assume that solutions for the free vibration problem are har-

monic and separable in z and ¢
w(z,t) = W(z)F({) v =V(z)F(t), (3.56)

with
F(t) = —A\F(t), A=w?. (3.57)

To further simplify the notation, we write the resulting eigenvalue problem in the form

LY = MY, (3.58)
where
Y(z) = [W(z) ()", (3.59)
L L My 0
[—_ 11 12 7 M = 1 ’ (3.60)
Lo Lo 0 Moo
0 Iz _0() 0 I
£11 = %(I—BG%) £12 = 9 (I3 (Ig — I4)G)
1 0 0 0
Lo = I—;l(]n - 15)G% Loy = %(M(iﬁ)%) + po(z) (3.61)
M11 = pA M22 = p(]() — 216 + ]12) . (362)

The inertia operator M is diagonal and does not involve any derivatives, which implies that
it is implicitly self-adjoint and will be positive definite for positive values of (Iy — 21 + I12),
which is guaranteed by the definitions in Eqgs.(3.42). The self-adjointness of the system will

therefore depend on the properties of the stiffness operator.
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An unbounded differential operator £ with domain D(L) has a formal adjoint operator L*

on domain D(L*) defined by
< LMu,v >=<u, L >, ue D(L), ve DL, (3.63)

where <, > denotes the Lebesgue integral inner product. The differential operator is said
to be self-adjoint if D(L) = D(L*) and L*u = Lu, for all w € D(L). Therefore, for the
stiffness operator in Eqn.3.58, one must show that for any two comparison functions U and

V' the following relation holds
I I
/ UTLVdr = / VT LUdx (3.64)
0 0

and U and V are in the same domain. This relation can be demonstrated by developing the
right-hand side integral until getting a term that is symmetric with respect to U and V' when
the same boundary conditions apply to U and V. Writing the first integral in Eq.(3.64) in

terms of its components, we get

L L L1 L i
/ UTLVde = — / Uy Uy) | T 78 ol =
0 0 »621 £22 V\I’
L
- /0 {UW,CHVW + UW,C12V\1: + U¢:£21VW + U\IUCQQV\IJ} dx . (365)

First, analyze terms involving the diagonal components in operator £. The term involving

L1; can be integrated by parts, yielding

[ ( a(@V;)) - I4G8(anW)

Lo(Uw) I ,0(Vs )
—/0 O (366)

0
Similarly, taking into account the definitions in Egs.(3.37) through (3.41), the term in Lo
can be modified through integration by parts as

0
/0 lpra (p2Vyg) + U\IJPOV\IJ] dr =

— UyE(Iy— I — Is + Ir) (Q1 V3, + Qa2Va)|L +
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L
—/0 UgE(Io— I — Is + Ir) (Q1 Vg + Q2Viy) da+

. /0 MU B [(Is — I)(Q1VL + QaVi)] da + /0 " GO Va] da (3.67)

Using the fact that
(Is = I5)Q1 = (o — I — I + I7)Q2 (3.68)

the integral terms in Eq.(3.67) can be further simplified to

UyE(In— 1 — Is + I7) (Q1 Vg + QQV\I/ / UyE(Io— I — Is + I;) Q1 Vg dx+

- /0 (UL Ve + Us VI E(Is — 1) Qada + /0 N UaGQs — B(ls — I)QalVads.  (3.69)

Next, address the off-diagonal terms. Through integration by parts, the term in £15 can be

rewritten as

I L
/ U ( 14)va> de = Uwpt(lh = I)GVs| +
0
L G(UW) Iy
/0 5o I~ L)GVadz . (370)
The term in Lo is left in its original form as
/ Uwp In - 15)Ga(;;w)d:c. (3.71)

Both equations (3.66) and (3.69) are indeed symmetric forms in U and V. The boundary term
in Eq.(3.69) has the same form as the derived natural boundary condition in Eq.(3.47). The
boundary terms in Eq.(3.66) and (3.70) combined also match the natural boundary condition
in Eq. (3.48). Therefore, the boundary terms vanish provided that U and V satisfy the same
boundary conditions, which in turn implies D(£) = D(L*). The only remaining terms are
the integrals in Eqgs.(3.70) and (3.71). which also combine into a symmetric form provided
that

(I — 1) = —(Iy — Lb) , (3.72)
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which will now be verified. From Eq.(3.31), the terms that originate (I;; — I5) may be

rewritten as

/z (I — I5)Tobbde = /V [(—2 + g)%}Tg&/)dV -

— /r/y{Tg(%ﬁ/Z(—z%—g)%dz} dxdy, (3.73)

where T, and 61 are functions of x only. Integrating by parts with respect to z yields

1260 | (=2 + g)f2|id — [ (-1+ @>f2d2’ dzdy =
/m/y /z 0z

_ / /y [Ty [(—2 + ) fol ] } dady - / (Iy — I) foTodudz. (3.74)

Since f, vanishes at the edges z = +d, the first term in Eq.(3.74) is equal to zero and
therefore Eq. (3.72) holds.

This concludes the check of self-adjointness of the differential operator. The derived sym-
metric form including the natural boundary conditions permits less strict requirements for
the test functions, which now can be chosen from the space of admissible functions, i.e.,

satisfying only the geometric (essential) boundary conditions.

3.6 Euler-Bernoulli Cracked Beam Model Revisited

In this section, we present the basic assumptions and the main results in the derivation of
the equations of motion of cracked Euler-Bernoulli beams developed by Shen and co-workers
[100, 101, 98, 99]. The goal of the present summary is to provide reference for the key
equations implemented in Chapter 4 and used for comparison with the new model proposed
in Sections (3.3) and (3.4). The details of the derivation are omitted, but all the intermediate

steps are well described in [100].
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3.6.1 Kinematic Assumptions

The basic kinematic assumptions can be summarized as

u, = (—z+g(z,2)w"(x,t) (3.75-a)
u, = 0 (3.75-b)
u, = w(x,t) (3.75-c)
€z = (—2+ fi(z,2))S1(z,t) (3.75-d)
€yy = €25 = —Vegy (3.75-¢)
€oy = €y =€p, =10 (3.75-f)
Gre = (—2+ il 2)Ti(a, ) (3.75.9)
Opz = Oz, 2,1) (3.75-h)
Oy = 0Oup =04y =0y, =0 (3.75-1)
pz = 0,p, =0, p. = P.(z,t) (3.75-))
B, = B,=B.=0. (3.75-k)

Although shear effects are not considered, the component o, is included by Shen to provide
mathematical consistency in the treatment of transverse loading. A very important fact
should be pointed out regarding Shen’s assumptions: it is the first derivative of the axial dis-
placement, u/,, that is assumed to be disturbed by the crack function. However, throughout

the variational process, the first variation of the axial displacement is taken as
duy = (—z + g)ow' (3.76)
which presumes
Uy = (—z+ g)uw' (3.77)

which in turn would lead to

/

u, = (—z4+g)w" + gw'. (3.78)
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This apparently minor inconsistency is believed to be the cause of mathematical problems

discussed later.

3.6.2 Equations of Motion

Plugging Eqs. (3.75) and (3.76) into (3.18) and going through all the intermediate mathe-

matical steps yields the partial differential equation of motion for free vibrations
E(ly— I, — I + I;)Quw'™ + E[2(I — I — Iy + I)Q), + (2I1o + Iy — I} — 2I))Q1|w" +
+E[(lo — Iy — Is + I7)QY + (2L1o + s — Iy — 211)Q) + (I1p — I{)h]w" + pAw = 0, (3.79)

where the definitions in Eqs.(3.39) and (3.42) still apply.

3.6.3 Boundary Conditions

At the ends of the beam, Shen concludes that the relations to be satisfied for zero prescribed

forces and/or displacements are

E(Io — Il — Iﬁ + I7)Q1w" = 0,
or w = 0; (3.80)
and
E[(I@ — I — Ig+ I7)(QI1U)” + Qlw”’) + E(Ilo — Ii)Qlw” = 0,
or w = 0. (3.81)

3.6.4 Comments on Shen’s Model

There are undeniable merits in Shen’s work as the first to address the problem of deriving a
continuous model of a cracked beam with a single edge crack. However, a few remarks are

in order.
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e The stiffness operator in Eq. (3.79) is not self-adjoint, as demonstrated in Appendix A.
This will generate a stiffness matrix which may be non symmetric, leading to complex
eigenvalues that are incompatible with the conservative physical nature of the problem

when no damping is present;

e The numerical implementations presented in Ref. [100] are preceded by simplifications
which render the stiffness matrix symmetric. The details of these simplifications are

neither shown nor referenced in the article;

e The displacement disturbance function g has a very steep nature, which may cause
problems in the numerical implementation, as discussed in Chapter 4. In addition,
the procedure proposed in [100] for the estimation of the decay parameter (3 leads
to a value that is implicitly dependent on the step of numerical integration, also an

undesired characteristic.

3.6.5 Proposed Modification

In order to overcome the limitations found in Shen’s model, a modified version of the equation
of motion and boundary conditions is proposed. The kinematic assumptions, Egs. (3.75), are
modified to include Eq. (3.77) replacing Eq. (3.75-a) and hence Egs. (3.76) and (3.78) will
now both hold. Only the final equations are presented here, and the details of the derivation

are found in Appendix A.

Equation of Motion

The variational process is carried out as usual and the final form of the equation is
E(Iy— T — I + I;)Qw'™ + E[(Iy — I — I + I;)(2Q} + Q2) + (260 + Is — I — 2I)) Q1 Jw" +

+E[(Io — I = I + In)(Q7 + 2Q%) + (25 + Is — Ig — 217)(Q) + Q2) + (I}o — I7)Q1]w”

E[(I@ — Il — Iﬁ + I7) ,2/ + (2[10 + Ig — Ié — 2[1)62,2 + (I{O — I{/)Qg]w, + pAi[) = O, (382)
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which is now self-adjoint and can be rewritten in a more convenient form as
Elps(z)w(z,t)")" + Elpi(z)w'(x,1))]" + pAdi(z,t) =0, (3.83)
with po as defined in Equation (3.37) and

pi(z) =E[(lo— 1L — I + I7)Q5 + (I}, — I7)Q2] - (3.84)

Boundary Conditions

The boundary conditions that result from the variational derivation now are expressed as

E(Io — L —Ig+ I7)(Q1”LU” + sz,) =0 (385—&)
or w =0 (3.85-b)

and

E(Io — I — Is + I7)(Q1w" + (Q} + Q2)w" + Qyu') +
+ E(Lio—IN)(Qiw" + Qw') = 0 (3.86-a)
or w = 0.(3.86-b)

This completes the review of the Euler-Bernoulli models implemented in Chapter 4 and

concludes the chapter on mathematical formulation.



Chapter 4

Numerical Implementation

4.1 Introduction

The solution of Eqns. (3.36) or the Euler-Bernoulli models discussed in Chapter 3 requires
a numerical discretization in order to reduce the partial differential equations to a set of
ordinary differential equations. The Galerkin method discussed here is an attractive option
especially when dealing with dynamic systems involving damping. Previous publications by
Banks and co-workers show that the approach is very efficient when damping parameters
need to be estimated [115], which is often the case in practical applications of model updat-
ing, even for undamaged structures. Detection of small geometric defects was also demon-
strated successfully with this numerical technique [12]. Finally, proofs of well-posedness and
existence of solutions for inverse problems involving second order operators with general
damping using spline-based discretizations are available in the literature [13] and they pro-
vide the necessary mathematical background for the present work and its possible future

extensions.

47
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4.2 Galerkin Discretization Using B-Splines

In order to discretize the equations of motion in Eqn. (3.36), we first consider the undamped
case. The introduction of damping is discussed in Section 4.4.2. Rewrite the equations of

motion in the general operator form,
Mu + Lu={Q}, (4.1)

with u = {w ¥}T and {Q} = {q 0}T. Assume an N-dimensional, separable series approxi-

mation for the components of u given by

w(z,t) = wN(wyt)Z;@(w)Ci(t),
P(x,t) =~ @DN(ﬂf,t):;%(ﬂf)m(t), (4.2)

where ¢;(x) and @;(z) are admissible functions chosen from an appropriate function space.

In matrix form, we may write

{u}™ = (@] {y}, (4.3)

with
{v} ={¢, G vy 2} (4.4)
[9] (0]
(@] = : (4.5)
CHER.
(9] = [01, 2, s O] (4.6)
[p] = [e1, 0N, s oN] - (4.7)

Recalling that the stiffness and mass operators have dimension 2 x 2, we plug Eq. (4.3) into

(4.1), pre-multiply by [®]” and integrate over the domain to obtain

[M]{g} + [K]{y} = {F}, (4.8)

where the resulting mass and stiffness matrices are defined respectively by
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K= [ 19" £(a]dr

and the forcing vector in the discretized space is
Lo
{Fy = [ [0)"{Q}dz .

The test functions are chosen from the space defined by the span of {61}5237 the standard
cubic B-splines locally defined over a uniform N -partition of the unidimensional domain rep-
resenting the beam. The relationship between N and N depends on the boundary conditions
to be imposed, with N = N+3 corresponding to the free-free case. For all other bound-
ary conditions, the admissible functions are chosen from a subspace of {l;z} obtained by the
appropriate linear combinations of the basis of standard splines. The polynomial definition
of the spline functions and the construction of subspaces corresponding to the imposition of

boundary conditions are discussed in Appendix B.

Equation (4.8) is the desired discretized version of the equations of motion in Eqn. (3.36) and
can now be used in the numerical calculations for model validation and for the computation

of time responses needed for the identification procedure.

4.3 Model Validation

4.3.1 Convergence Study

As a first validation of the numerical model implemented, a convergence study is performed
by analyzing simply supported beams with aspect ratios L/2d = 5 and L/2d = 20. The depth
of a crack introduced at midspan is increased up to 50% of the beam cross section depth.
The natural frequencies are then evaluated for different levels of discretization, i.e., different
number of test functions included in the Galerkin approximation. Figure 4.1 illustrates
the percent variation of the first four natural frequencies of the long and short undamaged

beams, when modeled both by the Euler model, Eq. (3.83), and the “Timoshenko” model,
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Egs. (3.36). In each case, the reference for comparison is the corresponding value obtained
using 100 test functions, which was found to be a good estimate of the converged values for
all practical purposes. As expected, a relatively small number of test functions is needed for
very good convergence of the results in all undamaged cases. As can be noticed, discretization
with about 20 test functions is sufficient to produce results within 0.01% of the reference

(“converged”) values for all natural frequencies.

When a crack is introduced, the minimum number of test functions required for the same
level of relative precision increases as the crack depth increases. Figures 4.2 to 4.4 depict the
percent variations of the first four natural frequencies of the beams with different crack depth
ratios for both models and aspect ratios. The relatively better convergency rates for modes 2
and 4 when compared to modes 1 and 3 can be explained by the fact that the corresponding
natural frequencies of the former are very little affected by the presence of a crack, since the
midspan point is a modal node of those modes. In general, the clear link between precision
and crack depth in the most affected modes can be explained by a careful exam of the
nature of the crack disturbance functions discussed in Chapter 3. It can be noticed that
the exponential decay characteristics of those functions are not affected by the crack depth
variable, but the strength of the concentration on the stress fields, given by parameters m,
and me, are inversely proportional to the crack length a. The region around the crack tip
affected by the disturbance functions is therefore larger for deeper cracks, requiring a better

discretization to be accurately captured.

Another important aspect can be inferred from Figures 4.2 to 4.4 when comparing the results
from the short and slender beams; the convergence is somewhat slower for the long beam,
which can be easily explained by looking at the actual size of the subdomain of each test
function (“element”). Since the element size is uniform and directly proportional to the
length of the beam, this means that for the same value of N the crack tip neighborhood is
better represented, i.e., it has a more refined discretization in the shorter beam. To confirm
that this is in fact the most relevant parameter that explains the differences, we further

compare the results using a normalized discretization index N*, which is taken equal to N for
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the short beam and equal to N/4 for the long beam, assuring that for a given N* the element
length in both beams will be the same. Figure 4.2 shows that the normalized convergence
plots are in fact very similar for all cases. This indicates that a possible implementation
of nonuniform spline discretizations, suggested as future work, can potentially increase the
precision of the proposed model without the burden of increasing the size of the matrices in

the model.

Another useful comparison can be made by plotting curves of natural frequency versus crack
length for different levels of discretization, as shown in Figures 4.6 and 4.7. These plots
provide an indication of the accuracy of the models when damage severity is increased. It
is apparent that the curves are well characterized with 20 and 50 test functions for the
short and slender beams, respectively. The larger differences to the converged curves always
occur when deeper cracks are present, and once again the Timoshenko models offer less
accurate results than the Euler model with the same level of discretization, especially for
the slender beam. In summary, Figures 4.2 to 4.7 indicate that for the same precision level,
the Timoshenko model consistently requires a higher level of discretization than the Euler
model, which can be considered a numerical disadvantage of the proposed model. This is
however clearly compensated by the increased accuracy in the actual values of the natural

frequencies, as discussed in later sections.

Finally, as a by-product of the convergency studies, Figures 4.2 to 4.7 can provide estimates
of the required level of discretization for a desired level of precision. For instance, a dis-
cretization with N = 30 can provide results within 0.5% accuracy for crack length ratios up
to 40% and within 1% up to 50%. This is particularly important when using such models
in the time-domain damage detection scheme proposed in Chapter 5, where the numerical

costs involved can be reduced by using a model with the minimum acceptable size.
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Figure 4.1: Comparison of convergence characteristics of the Euler and Timoshenko

models for undamaged short and slender simply supported beams.
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cracked beam models. Crack depth ratio a/2d = 0.1.
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cracked beam models. Crack depth ratio a/2d = 0.5.
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4.3.2 Effects of Displacement Disturbance Function g(z, )

The inclusion of the displacement disturbance function g(x,z) as suggested by Shen and
Pierre in [101] causes the mathematical problems discussed in Chapter 3, more specifically
the lack of self-adjointness of the derived stiffness operator. A possible correction of this
mathematical inconsistency was discussed in Section 3.6.5, but the inclusion of the displace-
ment function still implies in higher numerical demands due to the computation of terms

involving a very steep function, consequently requiring very small integration steps.

In order to assess the effect of the displacement function on the quality of the model, a series
of simulations with and without the inclusion of g(x, z) was investigated, using the same
cantilever beam example in [100]. The numerical integrations of the terms in the stiffness
matrix are performed using the MATLAB high order quadrature function QUADS, with
relative error set to its default value, le-3, recommended for most cases. This function is
basically an adaptive integration routine, which automatically refines the integration step
based on precision requirements. The same calculations are then repeated with a more refined
precision, now set at le-7, and the results for different crack locations are summarized in
Figures 4.8 to 4.10. It is apparent that with the new precision settings the results with and
without g are identical for any practical purposes. More importantly, they are in very good
agreement with the results obtained with the lower precision settings when the displacement
functions is not included, which indicates that the only effect of the inclusion of function
g(z, z) is the need for a more refined integration procedure, with no apparent advantages to
the quality of the model. In fact, the more refined precision in the presented simulations
increase the integration time by a factor of two or more, which implies in a extremely
high price to pay to avoid the occasional numerical imprecisions depicted in Figures 4.8
to 4.10. In short, inclusion of g(x, z) introduces very small contributions to the model at
an unreasonable numerical price. Based on these numerical experiments, the effect of the

displacement disturbance function g(zx, z) was disregarded in the remaining calculations.
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quencies of a simply supported slender beam, L/2d = 24.65 , /L = 0.3.
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4.3.3 Influence of Aspect Ratio

An important investigation to characterize the potential advantages of the Timoshenko model
versus the Euler model is the study of the influence of aspect ratio on the natural frequencies.
This effect is well reported in the literature for the case of uniform (undamaged) beams, and
we produce here similar comparisons taking into account the effect of the presence of a crack

of different depths.

Table 4.1 presents natural frequencies for the first four modes of cracked beams with the
maximum and minimum aspect ratios investigated in this study, with both pinned-pinned
and clamped-free boundary conditions. The differences increase significantly for the short
beam, becoming as high as 95% for the fourth mode with the larger crack depth. Figure
4.11 summarizes the evolution of the differences of the two models when the aspect ratio is
continuously decreased. Two important conclusions can be drawn from that figure: first, the
differences are larger for the higher modes for all crack depths, which is intuitive and was
somewhat expected; and second, the curves for different crack depths, including zero depth
(undamaged case) are clearly of the same general trend and are clustered for each natural
frequency, which means that the cracked models maintain the same relative merits of the

Timoshenko over the Euler formulation as in the uniform beam case.

Another aspect to be analyzed is the variation of the normalized natural frequencies used
as damage indicator in many proposed model-based frequency-domain health monitoring
methods. One of the main advantages of this normalization is that the absolute values of
the natural frequencies are strongly dependent on the accuracy of the model, whereas the
normalized relative changes (damaged frequency divided by the correspondent undamaged
value) are fairly insensitive to modelling errors. To check whether the Timoshenko model
has any advantage over the Euler model when normalized values are used, Figure 4.12
depicts the natural frequency vs. crack length curves for the first four modes of two simply
supported cracked beams of different aspect ratios for both the Timoshenko and the Euler

models; some selected numerical values are presented in Table 4.2. The curves are almost
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coincident for the slender beam, but they show significant differences for the short beam.
The curve for the third and fourth natural frequencies are illustrative of a key characteristic,
namely the relatively “nonconservative” prediction of the Euler model. Indeed, for the
same change in natural frequency, the Euler model underestimates the correspondent crack
length when compared to the Timoshenko model, which could lead to significant errors in
a frequency domain crack detection procedure. Figure 4.13 depicts the variation of natural
frequencies with the crack position for a given crack depth. As expected, the influences are
less accentuated at the nodes of the mode shapes and close to the simple supports. The
relevant information is the pronounced differences in the predictions of the two models for
the short beam. In this case, for a known crack depth, the same change in natural frequencies

would lead to very discrepant crack locations depending on the model used.

The last investigation related to aspect ratio is on the influence of the presence of a crack
on the mode shapes, which are included as damage indicators in some of the methods found
in the literature. As discussed in Chapter 2, the extremely localized changes introduced in
the mode shapes by the presence of a crack would require either a priori knowledge of the
possible damaged site or a large number of sensors installed over the structure, which is
clearly confirmed by mode shape investigations for slender beams published in Ref. [100] .
The proposed model can be used to assess whether or not the same localized changes occur
in short beams. Figure 4.14 shows the variations in the first three displacement modes for
a long and a short beam. It is apparent that, although more evident than in the slender
beam, the same localized characteristics are present in the short beam, which confirms the
expected little advantage of the use of mode shapes in damage detection methods. Another
proposed alternative found in the literature is the use of curvature mode shapes or strain
mode shapes, both directly related to the rotational mode shapes depicted in Figure 4.15,
which certainly show larger changes for a crack of 50% of the beam depth, but still not

sufficient for any practical use in crack diagnosis.
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Table 4.1: Differences in natural frequencies computed with both cracked beam models  (refer-
ence: undamaged value obtained via Timoshenko model).
Simply Supported Slender Beam (L/2d = 20, x./L = 0.5)
a/2d = 0.0 a/2d =0.1 a/2d = 0.5
Euler | Timo. | diff % | Euler | Timo. | Diff % | Euler | Timo. | Diff %
fi] 1.00422 | 1.00000 | 0.42 | 0.99702 | 0.99299 | 0.41 | 0.89102 | 0.89649 | -0.61
f2 | 1.01670 | 1.00000 | 1.67 | 1.01665 | 0.99986 | 1.68 | 1.01572 | 0.99869 | 1.71
f3 | 1.03694 | 1.00000 | 3.69 | 1.02970 | 0.99348 | 3.65 | 0.94051 | 0.91711 | 2.55
fa | 1.06422 | 1.00000 | 6.42 | 1.06400 | 0.99952 | 6.45 | 1.06029 | 0.99528 | 6.53
Simply Supported Short Beam (L/2d = 4,z./L = 0.5)
a/2d = 0.0 a/2d =0.1 a/2d = 0.5
Euler | Timo. | diff % | Euler | Timo. | Diff % | Euler | Timo. | Diff %
fi ] 1.09770 | 1.00000 | 9.77 | 1.06132 | 0.97069 | 9.34 | 0.72075 | 0.68165 | 5.74
fa | 1.33144 | 1.00000 | 33.14 | 1.32482 | 0.99239 | 33.50 | 1.21910 | 0.92048 | 32.44
f3 | 1.62927 | 1.00000 | 62.93 | 1.58770 | 0.98385 | 61.38 | 1.31627 | 0.87447 | 50.52
fa ] 1.95928 | 1.00000 | 95.93 | 1.93819 | 0.98939 | 95.90 | 1.66459 | 0.90297 | 84.35
Cantilever Slender Beam (L/2d = 20, z./L = 0.2)
a/2d = 0.0 a/2d =0.1 a/2d = 0.5
Euler | Timo. |diff % | Euler | Timo. | Diff % | Euler | Timo. | Diff %
f1 ] 1.00199 | 1.00000 | 0.20 | 0.99441 | 0.99257 | 0.19 | 0.88410 | 0.89151 | -0.83
f2 ] 1.01380 | 1.00000 | 1.38 | 1.01368 | 0.99981 | 1.39 | 1.01182 | 0.99792 | 1.39
f3 | 1.03241 | 1.00000 | 3.24 | 1.03008 | 0.99773 | 3.24 | 0.99727 | 0.96867 | 2.95
fa | 1.05874 | 1.00000 | 5.87 | 1.05267 | 0.99482 | 5.82 | 0.97965 | 0.93591 | 4.67
Cantilever Short Beam (L/2d = 4,z./L = 0.2)
a/2d = 0.0 a/2d =0.1 a/2d = 0.5
Euler | Timo. | diff % | Euler | Timo. | Diff % | Euler | Timo. | Diff %
f1 ] 1.04806 | 1.00000 | 4.81 | 1.01006 | 0.96531 | 4.64 | 0.67028 | 0.65198 | 2.81
fo | 1.29837 | 1.00000 | 29.84 | 1.29138 | 0.99137 | 30.26 | 1.18923 | 0.92029 | 29.22
f3 | 1.58784 | 1.00000 | 58.78 | 1.56702 | 0.98834 | 58.55 | 1.35039 | 0.90749 | 48.80
fa ] 1.93265 | 1.00000 | 93.26 | 1.89364 | 0.98954 | 91.37 | 1.62767 | 0.92773 | 75.45
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Table 4.2: Changes in normalized natural frequencies for selected crack depth ratios  (reference:
undamaged value from the same model).
Simply Supported Slender Beam (L/2d = 20, x./L = 0.5)
a/2d = 0.1 a/2d = 0.3 a/2d = 0.5
Euler | Timo. |diff % | Euler | Timo. | Diff % | Euler | Timo. | Diff %
f110.99283 | 0.99299 | -0.02 | 0.96481 | 0.96676 | -0.20 | 0.88727 | 0.89649 | -1.03
f210.99995 | 0.99986 | 0.01 | 0.99973 | 0.99952 | 0.02 | 0.99903 | 0.99869 | 0.03
f3 1 0.99301 | 0.99348 | -0.05 | 0.96725 | 0.97038 | -0.32 | 0.90700 | 0.91711 | -1.10
fa10.99979 | 0.99952 | 0.03 | 0.99896 | 0.99829 | 0.07 | 0.99630 | 0.99528 | 0.10
Simply Supported Short Beam (L/2d = 4,z./L = 0.5)
a/2d = 0.1 a/2d = 0.3 a/2d = 0.5
Euler | Timo. |diff % | Euler | Timo. | Diff % | Euler | Timo. | Diff %
f1]10.96686 | 0.97069 | -0.39 | 0.85750 | 0.87216 | -1.68 | 0.65660 | 0.68165 | -3.68
fo 1 0.99503 | 0.99239 | 0.27 | 0.97501 | 0.97109 | 0.40 | 0.91563 | 0.92048 | -0.53
f3 | 0.97449 | 0.98385 | -0.95 | 0.90390 | 0.94104 | -3.95 | 0.80789 | 0.87447 | -7.61
fa10.98923 | 0.98939 | -0.02 | 0.94853 | 0.96150 | -1.35 | 0.84959 | 0.90297 | -5.91
Cantilever Slender Beam (L/2d = 20, z./L = 0.2)
a/2d = 0.1 a/2d = 0.3 a/2d = 0.5
Euler | Timo. |diff % | Euler | Timo. | Diff % | Euler | Timo. | Diff %
f110.99244 | 0.99257 | -0.01 | 0.96300 | 0.96491 | -0.20 | 0.88234 | 0.89151 | -1.03
f210.99988 | 0.99981 | 0.01 | 0.99940 | 0.99926 | 0.01 | 0.99805 | 0.99792 | 0.01
f3 1 0.99774 |1 0.99773 | 0.00 | 0.98903 | 0.98953 | -0.05 | 0.96596 | 0.96867 | -0.28
fa | 0.99427 | 0.99482 | -0.06 | 0.97323 | 0.97665 | -0.35 | 0.92530 | 0.93591 | -1.13
Cantilever Short Beam (L/2d = 4,z./L = 0.2)
a/2d = 0.1 a/2d = 0.3 a/2d = 0.5
Euler | Timo. |diff % | Euler | Timo. | Diff % | Euler | Timo. | Diff %
f1]10.96374 | 0.96531 | -0.16 | 0.84661 | 0.85358 | -0.82 | 0.63954 | 0.65198 | -1.91
fo 1 0.99461 | 0.99137 | 0.33 | 0.97390 | 0.96940 | 0.46 | 0.91594 | 0.92029 | -0.47
f3 | 0.98689 | 0.98834 | -0.15 | 0.94200 | 0.95859 | -1.73 | 0.85046 | 0.90749 | -6.28
fa10.97982 | 0.98954 | -0.98 | 0.92361 | 0.96562 | -4.35 | 0.84219 | 0.92773 | -9.22
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Figure 4.11: Differences in natural frequencies estimated by Euler and Timoshenko
models as a function of aspect ratio for a simply supported beam with a midspan

crack.

4.3.4 Comparison with data from literature

The validations and investigations performed so far were mainly based on relative compar-
isons between the Timoshenko and Euler model. In order to further evaluate the quality of
the proposed model, comparisons with refined finite element models as well as experimental

data from the literature are presented and discussed.

The first example is the simply supported beam with rectangular cross section described in
Ref. [101]. Figures 4.16 and 4.17 depict the variation of the first three natural frequencies
as a function of crack depth for both models, along with results of the finite element model
used as reference. The FE model was implemented in [101] to estimate the value of the decay
parameter «, and it consists of a typical 2-D discretization with eight-noded, quadrilateral

elements with the midside nodes repositioned at 1/4 of the length along the crack interface
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Crack depth: a/2d = 0.3.
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Figure 4.14: Influence of crack depth on displacement mode shapes of a simply

supported Timosehnko cracked beam. z./L = 0.5.
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Timoshenko cracked beam. x./L = 0.5.
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Figure 4.16: Comparison of finite element model and beam theory results for the

first and second natural frequencies of a simply supported beam with a midspan

crack.L/2d = 20. FE results from Reference [101].

to simulate the 1//r singularity. The same value a; = ap = 1.276 was used in the present

implementation, and the results are in very good agreement with both the FE model and

the Euler-Bernoulli (E-B) model.

Another set of comparisons was performed with experimental results published by Wendtland
and reproduced in Reference [101]. Figure 4.18 shows the frequency variation for the first
and third natural modes of a cantilever beam obtained by both E-B and Timoshenko models.
Once again the agreement with experimental data is satisfactory, but no evident advantages

of the Timoshenko model can be inferred since all the available data is from slender beams.

4.3.5 Comparison with Finite Element Model

In order to validate the cracked Timoshenko beam model when applied to short beams, two-
dimensional finite element models were created using the commercial FE package ABAQUS.
A simply supported beam with aspect ratio of 5 and properties described in Table 4.3 with

different crack depths was modeled and the results are discussed in this section.
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Table 4.3: Properties of simply supported short beam for validation against FE model.

Property Value

Dimensions L x 2d x 2b (m) | 1.25e-1 x 2.50e-2 x5.00e-3

Young’s Modulus E (GPa) 200
Shear Modulus G (GPa) 76.9
Poisson’s Ratio v 0.3
Density p ( m/kg®) 7810

Description of the Finite Element Model

The cracked beams were discretized using 2D, eight-noded quadrilateral, plane stress ele-
ments corresponding to the CPS8R reduced integration elements in Ref. [52]. The cracked
region was modeled using a focused mesh which creates a progressively refined grid as the
crack tip is approached, as illustrated in Figure 4.19. In addition, the mid-side nodes of the
elements around the crack tip are moved to 1/4 point of the corresponding side (measured
from the crack tip) in order to produce the required stress singularity. These crack tip ele-
ments are in fact triangular as a result of collapsing the three nodes of one of the sides of the
original quadrilateral, and the coinciding nodes are joined via multipoint constraint equa-
tions. This meshing technique is typical in linear fracture mechanics analyses and produces

a stress singularity of the form 1/,/r around the crack tip, as discussed in Ref. [52].

At the simple supports, additional constraints were introduced at the lateral surfaces in
order to better approximate the boundary conditions and minimize end effects that are
not accounted for in the beam models. Due to possible complex interactions of the stress
disturbances induced by the support and the disturbances induced by the crack, the actual
point of support in the finite element model that better approximates the simply support
condition of the beam model cannot be determined a priori. However, it can be assumed to

be somewhere between two limiting points: the midpoint of the original cross section, z = 0,



75

X C
—_——
crack face
/ \
a
/// \\\ o A
31l/4
\ N3
\
Rl /4
\ crack tip
f I\
[ | |
\ J
\ /
AN J

Figure 4.19: Finite element model of a simply supported short beam, with detailed

illustration of the mesh at the cracked region. L/2d = 5.

which would correspond to the undamaged case; and a point with 2z coordinate equivalent
to the midpoint of the cracked section, z = —a/2, which would correspond to a uniform
beam of reduced cross section. It should be noted that this discussion is only relevant for
short beams, and more evident for higher modes, since in long beams the end effects and the
crack disturbances are unlikely to interact and the results obtained from both situations are
virtually indistinguishable. For the sake of completeness, finite element results from both

support approximations are presented in the following section.

Results

Table 4.4 and Figure 4.20 present the results for the first three natural frequencies for the
short beam under simply supported end conditions and a crack at midspan for the finite

element, Euler and Timoshenko models. As can be inferred from the plots on the left-hand
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side in Figure 4.20, the variations of the normalized natural frequencies of the beam models
show good agreement with the finite element results, and significant differences between
the Timoshenko and Euler results only become apparent for the third natural frequency.
However, when comparing the actual numerical values of the natural frequencies produced
by the two beam models, the results from the E-B model are very different from the reference
FE results, with discrepancies as large as 40% on the third natural frequency. The advantages
of the Timoshenko-type approximation become now very clear, with a much better agreement

with the FE model, as shown by the plots on the right-hand side of Figure 4.20.

4.4 Computation of Time Responses

4.4.1 General Procedure

The proposed model was derived in order to be used as a part of a model-based damage
diagnosis procedure using time responses. The derived partial differential equations were
discretized using a Galerkin approximation with /N cubic B-splines as test functions, leading

to the equilibrium equations in matrix form

[M]{5} + [CH{y} + [K]{y} = {F} . (4.9)
Up to this point, the equations are for a general linear system and can be efficiently solved
for the case of a general excitation by standard techniques such as the Duhamel integral after
a modal transformation to decouple the system of equations [74, 59]. This will indeed be
the method of choice once the current damage state is determined, as discussed in the next

sections. For all the examples in this section, we analyze a cantilever beam with properties

defined on Table 4.5.



Table 4.4: Comparison of natural frequencies for a short simply supported

beam with a mid-span crack.L/2d = 5.

18 Natural Frequency (Hz)

a/2d | FE 2D Model | Euler Model | Diff % | Timo Model | Diff %
0.0 3457.2 3671.5 6.20 3449.4 -0.23
3390.4 5.35 -0.80
0.1 3388 9 3571.7 5 49 3363.4 0.73
3216.6 6.65 0.76
0.2 2910.9 3430.6 6.84 3241.0 0.94
2959.4 9.13 3.57
0.3 90531 3229.6 0.36 3064.9 379
2634.4 11.77 6.71
0.4 2632.1 2944.4 11.87 2811.1 6.80
2254.6 13.13 8.81
05 2260.5 2550.7 12.84 2453.3 8.53
ond Natural Frequency (Hz)
a/2d | FE 2D Model | Euler Model | Diff % | Timo Model | Diff %
0.0 12045 14686 21.92 11964 -0.67
12045 21.58 -1.16
0-1 12084 14644 21.19 11905 -1.48
12038 21.11 -1.69
0.2 12164 14580 19.86 11835 -2.70
12016 20.46 -2.29
03 12219 ladrd 18.46 117dl -3.91
11964 19.45 -3.08
04 12200 14291 17.14 11595 -4.96
11870 17.48 -4.47
05 12087 13945 15.37 11340 -6.18
3td Natural Frequency (Hz)
a/2d | FE 2D Model | Euler Model | Diff % | Timo Model | Diff %
0.0 23115 33043 42.95 22859 -1.11
22788 41.79 -1.20
01 22806 32312 41.68 22514 -1.28
22032 42.39 0.24
0.2 22184 31371 41.41 22084 -0.45
21114 42.99 2.00
03 21544 SU191 40.13 21536 -0.04
20246 42.14 2.95
04 21027 2877 36.86 20843 -0.88
19551 39.06 2.30
05 20632 21187 31.77 20000 -3.06

7
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Figure 4.20: Variations of the normalized values of natural frequencies of a short
simply supported beam with a midspan crack. L/2d = 5. Left-hand-side plots: val-
ues normalized by the undamaged natural frequency from the corresponding model;

right-hand-side plots: values normalized by the undamaged natural frequency from

the 2-D FE model.



79

Table 4.5: Properties of cantilever beam for computation of time responses.

Property Value
Dimensions L x 2d x 2b (m) 2.5 x 2.5e-1 x2.5e-2
Young’s Modulus E (GPa) 73

Shear Modulus G (GPa) 28
Poisson’s Ratio v 0.3

Density p ( m/kg®) 2766
Damping coefficient * c¢p ( N/m?s) le-2
Damping coefficient * v ( N/m?s) 6eb

4.4.2 Damping Model

The effect of fatigue cracks on damping is extremely difficult to characterize and is still an
open area of research. Experimental work available in the literature show inconclusive and
sometimes contradictory results, and a realistic mathematical model is yet to be proposed
[61, 39]. Experimental results by Jones [61] using metallic beams indicate that significant
damping changes only occur when severe cracks are present and the structure is approaching
failure. Although the detection of that phenomenon is of importance, the present work is
concerned with the potential detection of a crack in its early stages, when changes in stiffness
are expected to dominate the damage state. For these reasons, crack-induced damping
changes are assumed negligible, and the damping operator C is represented by a simple
combination of internal (Kelvin-Voigt) and external (air) damping. We assume that the
internal mechanism can be approximated by the time derivative of the stiffness operator,
whereas the external damping portion is of viscous nature. This is equivalent to the damping

model successfully used for metallic beams with circular holes in [12] and can be written as

C= (CD%£ + 7%) () (4.10)
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The coefficients c¢p and v can be experimentally obtained by a parameter estimation tech-
nique also based on time-domain responses, using information exclusively from the undam-
aged structure, as suggested in [12]. More refined mathematical representations of the damp-
ing operator, including a modified Kelvin-Voigt shear model, are proposed by Wang, 1991
in Ref. [115], and its relative merits were discussed based on a uniform composite beam ex-
ample. A detailed investigation of damping mechanisms is beyond the scope of the present

work and therefore we restrict our analysis to the simplified model given by Equation 4.10.

The damping operator in Equation 4.10 is discretized via the same procedure used for the
stiffness and mass matrices. This corresponds to a model of general proportional damping,
i.e., the resulting discretized damping matrix can be written as a linear combination of the
previously computed mass and stiffness matrices, which brings the advantage of permitting
a modal decoupling of the equations of each linear subsystem without doubling the order
of the system matrices. Extensions of the damping model to include other mechanisms of
energy dissipation such as hysteresis due to fatigue damage, or Coulomb friction forces on
the crack surfaces, as well as the possible use of damping parameters as additional damage

indicators are interesting potential topics for future research.

4.4.3 Representation of Crack Closure

To simulate the nonlinear “breathing” crack, it is assumed that when the crack is closed
the stiffness matrix is identical to the undamaged sate. The crack is assumed to remain
completely closed until the axial strain in the crack tip region becomes positive (tension).
The crack then opens and the damaged stiffness matrix is obtained from the model derived

in Chapter 3, which means,

[K]™), €ze >0
(K] = o (at crack tip). (4.11)
(K] €y <0

The superscripts (D) and (U) stand for damaged and undamaged states, respectively. It is

further assumed that both the mass and damping matrices do not change throughout the
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crack-breathing cycles. The resulting nonlinear model can be viewed as bilinear, since it
preserves the properties of linear systems within the damage and undamaged states, and
all nonlinear characteristics come from the breathing mechanism. Numerous crack closure
models have been proposed based on a much more detailed representation of the cracked
region to account for partial and incremental closing, interface force computations, etc. The
chosen crack closure model has the advantage of capturing the main source of nonlinearity at
a relatively low numerical cost. At each time step, the check of crack status is based on the

axial strain at the crack tip derived from the current displacement field using the expression

€xa (t)|(jra(jk tip = (_Z + fl)(Qlw, + QQQ/})|m:mc;z=d7a ) (412)

which results from the derivation in Chapter 3. The sign of €, determines the damage state
to be used for the next time interval according to Equation (4.11). When a change occurs,
the stiffness matrix is updated accordingly and the solution proceeds by taking the current

displacements and velocities as initial conditions for the next interval.

4.4.4 Adaptive Time Step Implementation

A crucial issue in the closure model is a precise representation of the instants when stiffness
changes, which could be numerically accomplished by a selection of a sufficiently small time
step. However, the computational costs involved would not be compatible with the goal of
a fast and reliable model to be used as part of a health monitoring method. Since in general
those instants cannot be determined beforehand, an adaptive time-step procedure needs to be
added to the chosen numerical solution routine. It is important to register that this adaptive
scheme is independent from inherently adaptive methods like numerous Runge-Kutta ODE
integration procedures of varying orders. Instead, this is an additional adaptive loop, solely

aimed on precisely pinpointing the switching instants in the crack opening-closure cycles.

A simple and yet very efficient implementation of the adaptive feature may be accomplished

by successive bipartitions of a reference time interval, illustrated by the block diagram in
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Table 4.6: Comparison of relative execution time for adaptive time step procedure.

At (s) | A7 (s) | Execution Time
le-4 le-4 100 (ref.)
le-2 le-4 5.4
le-2 le-3 4.9
le-2 le-2 1.8

Figure 4.21. The module can be easily added to any chosen time integration routine, pre-
serving all its advantages for the time intervals between crack closure events. Figure 4.22
depicts the free vibration time histories calculated with four different combinations of time
interval At and refinement tolerance A7 described in Table 4.6 along with the relative com-
putational costs, taking the most refined, fixed integration step results as reference. The
results using the larger fixed time step are clearly erroneous and could lead to completely
wrong identification. It can be noticed that the introduction of the adaptive capability leads
to very good results with considerable savings in execution time, with no noticeable error

propagation even after several cycles of vibration.

4.4.5 Excitations

An important decision to be made when implementing a time-domain diagnostic method is
the choice of excitation signal. Some of the issues that have to be considered are relatively
obvious, such as repeatability and a frequency bandwidth able to excite a reasonable number
of modes. An additional concern related to the proposed methodology is the impact of the
selected excitation method on the cost involved in the computation of responses, which have
to be performed several times during the identification phase. Impact excitations would meet
the broadband requirements with the additional advantage of leading to time records with

large portions of easy-to-compute, free vibration responses, but repeatability would be hard



83

_ Y= %R
tL.: tR
- At:=At/2

Routine

k:=k+1

Figure 4.21: Block diagram of the adaptive time step algorithm to identify crack

opening/closure instants.

to accomplish. Sinusoidal excitations, on the other hand, have the nice feature of allowing

closed form solutions for each linear subinterval, but with limited frequency content.

The use of a single low frequency sinusoidal excitation to characterize the presence of cracks
has been proposed by Shen in 1998 [98]. The idea is to analyze the response spectrum
looking for peaks at harmonics of the excitation frequency and combinations of the excitation
frequency and the system’s natural frequencies, which characterizes the nonlinear behavior
caused by a crack. Figure 4.23 shows the numerical response of a cracked beam to a low
frequency excitation (5 Hz), with the corresponding spectral data shown on Figure 4.24,
where we can notice peaks at multiples of the driving frequency and also strong peaks at
fi+5 and f; —5 Hz, confirming Shen’s predictions. Similar conclusions can be inferred from
free vibration time records after transient excitations such as a short impact, or imposition of
nonzero initial conditions, as depicted in Figures 4.25 and 4.26. The power spectrum plots do
indeed reveal the existence of nonlinearities, but for crack location and quantification (Level
3) the same restrictions of frequency domain detection procedures discussed in Chapter 1 still

apply. In fact, frequency information of the type shown on Figure 4.24 would make difficult,
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Figure 4.22: Time responses due to initial velocity at tip computed with different

combinations of time step and adaptive refinement tolerance.

if at all possible, the application of experimental modal analysis techniques. The alternative
approach of taking advantage of those nonlinear signatures as a quick qualitative detection
and then using the same available time records in the proposed time domain monitoring

method to achieve Level 3 diagnostic is investigated in Chapter 5.

Another option for excitation is the use of multi-sine, Schréeder-phased signals [96], which
can be tailored to uniformly excite a desired frequency bandwidth for the experimental data
collection and allow fast computation of the corresponding numerical responses. The con-
struction of the excitation signal is performed by a straightforward algorithm that calculates
sinusoidal components and phase angles from user-defined bandwidth and spectral resolution,
with the requirement of uniform spectral content and minimum amplitude scatter. Figure
4.27 illustrates time records of Schroeder signals and the corresponding frequency spectra
for inputs designed to excite a frequency band around the first three natural frequencies of

the cantilever beam. The bandwidths are chosen to range from 75% to 105% of the corre-
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sponding undamaged beam, therefore increasing the chances of capturing the effects of any
possible damage. This is the same strategy proposed in Reference [12] for linear systems and

its possible application to the nonlinear problems will also be investigated in Chapter 5.

4.4.6 Numerical Response Results

Figures 4.28 to 4.30 depict time responses of a cantilever beam to Schroeder-phased inputs
around the first and second natural frequencies. The undamaged, open-crack and breathing
crack responses are compared for the case of crack depth ratios a/2d = 0.05 , 0.25 and 0.5. It
can be noticed that the time responses from the damaged and undamaged structure become
distinguishable after a number of vibration cycles. It is also evident that for the results for
5% crack depth ratio, Figure 4.28, the differences are less pronounced and will require a
longer time record in order to capture the differences due to small flaws. Another important
result is that the linear and nonlinear damaged models differ substantially both in frequency
and in amplitude in the more severe damage scenarios, which is an early indication that the
use of linear models in the proposed health monitoring technique may lead to considerable

inaccuracies in the diagnostic results, as discussed in more details in Chapter 5.
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Chapter 5

Time Domain Crack Diagnostic via

Genetic Algorithms

5.1 Introduction

The majority of health monitoring techniques proposed in the literature are based on fre-
quency domain data. As discussed in Chapter 1, certain limitations are inherent to that
family of methods, especially when dealing with crack detection problems which involve
both small defects and nonlinear behavior. The procedure proposed here aims to overcome
those limitations by utilizing time domain information, which presents two important ad-
vantages: first, the use of raw data before the extensive data reduction involved in modal
tests offer the possibility of a better characterization of small flaws, as discussed in [12];
and second, the use of time domain responses permits a more straightforward inclusion of
nonlinear characteristics as part of the identification process via a nonlinear numerical model
that captures more closely the behavior of the physical system. Figure 5.1 illustrates the
time responses and corresponding power spectra for damped single-degree-of-freedom system
under free vibration where the damaged state is represented by a 1% drop in the undamped

natural frequency. It is clear that the spectral data do not provide much information for
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damage detection since the curves are nearly coincident. In an actual structure, noise and
limitations in equipment resolution will only make things even more difficult. On the other
hand, the time records, which are obviously not affected by limitations in the data spectral
analysis process, have a greater potential of characterizing the presence of damage, provided
the time record is long enough to characterize the differences between the responses for the

damaged and undamaged states.

The proposed diagnostic technique is based on a parameter identification procedure. More
specifically, it is an enhanced nonlinear least-squares estimation of the variables representing
damage site and severity. The method consists in minimizing a defined cost function that
represent some norm of differences between the measured and numerical responses. Defining
a cost function J similar to the one proposed by Banks and co-authors [12], the identification
problem for a beam with a crack of depth a located at z. can be mathematically stated as

2

Ny, Ny
MIN J(a,zc) = > i > [wi (te) — w ()], (5.1)

i=1 k=1

where wgz) and wfn) are the V,,, experimental and numerical responses, respectively, measured
at a total of V; discrete times t;. The weights ¢; are introduced to account for differences in

amplitudes of responses to different excitations.

The minimization process is successfully performed in Ref. [12] by a traditional gradient
based method. However, the defined cost function is multimodal, i.e., it presents numerous
local minima, which renders the identification procedure extremely dependent on a good
initial guess. As a simple example, suppose that the mass and damping properties of a linear
damped single-degree-of-freedom system subjected to an initial displacement are known and
damage is introduced by a decrease in stiffness, which implies that the spring constant Kj
would be the parameter to identify in a diagnosis procedure. If we compute the corresponding
cost function defined in Eq. (5.1) for different values of stiffness constants and use time
responses of different durations, we get the results depicted in Figure (5.2). It is clear that
when the time record length ¢, is too long, the cost function has numerous local minima in

the vicinity of the exact match of experimental and numerical stiffness. Another important
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consequence of using long time records is that the global minimum becomes “narrower”,
which can be an additional source of trouble for minimization algorithms. In conclusion,
the choice of record length must satisfy two conflicting demands: it must be long enough
to reveal subtle differences in the responses caused by small flaws, but not so long that it
introduces artificial local minima. For a more realistic example, Figure 5.3 illustrates the cost
surface for a cracked beam identification problem where the parameters to be identified are
the crack location and depth. In summary, traditional gradient based minimization methods
have very little chance of success in finding the global minimum and hence identifying the
desired damage parameters. In order to overcome those intrinsic limitations of the problem,
the use of genetic algorithms is proposed and the fundamentals required to a minimum

understanding of the method are discussed briefly in the next section.
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Figure 5.1: Time histories and power spectra for a single-degree-of-freedom system
in free vibration. Damage state corresponds to a 1% drop in the undamped natural

frequency.

5.2 Basics of Genetic Algorithms

Genetic Algorithms (GA’s) are a subset of evolutionary programming techniques, which

also encompass neural networks and simulated annealing methods. These techniques were
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system under free vibration.

inspired on natural processes such as the evolution of biological systems and have been
recently used to tackle a variety of engineering problems. More specifically, GA’s provide
an excellent tool for the minimization of complex, multimodal objective functions and offer

many advantages over traditional, gradient based techniques, as highlighted by Haupt [51]:
e GA’s do not require the calculation of derivatives, allowing for the treatment of dis-
continuous and nonsmooth cost functions;

e GA’s search the solution space simultaneously from a wide sampling, virtually elimi-

nating any dependence on initial guesses;

e GA’s are well suited for parallel computations, ideal when dealing with a large number

of parameters;

e The probabilistic transitions involved in the search process provide a much better

chance of avoiding local minima and converging to the global minimum.
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A block diagram of the steps involved in a typical GA is shown in Figure 5.4, along with a
illustrative representation of the basic operators. The nomenclature used by the developers
of GA’s was borrowed from the theories of genetics and evolution of species, and it provides
an intuitive understanding of the philosophy behind the method. The terms used throughout

this chapter are defined as follows:

Fitness Function is the equivalent of cost or objective function and is a measure of the
quality of a candidate solution. Since GA’s are based on the concept of survival of the
fittest, the objective function is conveniently modified so that the solution is obtained
from a maximization. This is usually accomplished by defining the fitness function as

the negative or the inverse of the corresponding cost function.

Chromossomes or Individuals are points in the search space, i.e., a set of allowed values

of the parameters to be identified.
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Figure 5.4: Block diagram of a typical genetic algorithm with schematic illustration

of the basic genetic operators in binary form.

Population is the set of individuals that is analyzed and modified throughout the maxi-

mization process.
Generation is the equivalent to iteration and denotes the successive evolutionary states of
the population.

Selection is the driving force of a GA. It is the process that determines which individuals of

a given generation will survive to the next and will undergo “reproduction” operations

like crossover and mutations to guarantee diversity.

Crossover is the creation of new individuals (offspring) from two selected individuals via

exchange of genetic information of the parents.

Mutation is the creation of a new individual from one selected individual by means of a

random modification in its genetic content.
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There are two basic families of GA’s: binary and floating-point. The classification is based
on the numerical representation of the independent variables. In the binary family, the
variables are coded into sequences of zeros and ones, most of the time as a simple basis
transformation of initially real numbers. Binary GA’s were the first to be developed, and
they are more adequate to problems where the parameters can take on only a finite number
of values. It is important to note that in many cases the binary representation is not a mere
numerical transformation, but instead an encoding of otherwise discrete, alpha-numeric,
or even symbolic variables. For example, a list of warehouses in a transport planning or

encrypted words in message decoding are well suited for a binary GA.

Floating-point, or continuous GA’s represent individuals by a set of real numbers, each
corresponding to the actual value of a parameter. Continuous GA’s have the important
advantage of permitting greater precision without the corresponding increase of chromo-
some length that occurs in the binary algorithms. In fact, studies indicate that continuous
GA’s clearly outperform binary GA’s in terms of both computational time and accuracy for

optimization and identification problems when all the variables involved are real [55, 75].

In this work, the GA MATLAB package developed by Houck et al. [55] at North Carolina
State University was used as the primary tool for the implementation of the proposed diag-
nostic method. The continuous genetic operators used in the present implementation and

the most important parameters involved are revised briefly in the next subsections.

5.2.1 Selection

The process for choosing the fittest members of a population at each generation can be
accomplished by methods such as tournament rounds, roulette wheel selection, and ranking
methods. The basic idea of most selection methods is to assign a probability of survival P;
to each individual based on its fitness, calculate the cumulative probability C; = 23:1 P;
of the population and use a uniform random number generator in the interval (0,1) to

select the survivors. Individual 7 is selected if the generated random number U (0, 1) satisfies
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Ci-1 < U(0,1) < C;. This ingenious combination of random and fitness-based selection
gives the process two equally important properties: the best individuals will always have
a greater chance of surviving into the next generation, and any individual has a chance of
being selected, which ensures diversity and consequently allows the presence of less fit but

potentially good future parents in the population.

The selection method used in this work is the normalized geometric ranking proposed by

Michalewicz [75]. The probability P; of selecting individual ¢ is defined as
P=q(1-q " (5.2)

where g is the probability of selecting the best individual, chosen by the user as a measure
of the selective pressure of the algorithm, and r is the rank of the individual when the
population is ordered according to fitness, i.e., r = 1 for the best member and r = N, for

worst, where N, is the population size. The scaling constant ¢’ is defined as

/ 4q

-G (5.3)

q

and is introduced to ensure that the total cumulative probability of the population is equal
to 1. A direct consequence of the probabilistic selection methods is that some chromosomes
may be selected more than once, hence mimicking the process of natural selection. The best
chromosomes generate more copies, the average ones keep the same relative presence in the
population, and the worst are virtually extinct. After the selection step, a mating pool of
individuals is available and reproductive operations such as crossover and mutation can now
take place in order to complete the generation of the new population, providing the necessary

exploration (search) and exploitation (refinement) features of the algorithm.

5.2.2 Crossover Operators

Crossover consists of the generation of new individuals, or offspring, from two selected parents

and can be implemented in different mathematical forms. Let’s define the representation of
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chromosomes as an n-dimensional row vector of real-valued parameters to be identified and
denote X = (z1, 9, ...,2,) and Y = (y1, 42, ..., yn) as the selected parents and X’ and Y’ the

corresponding offspring. The crossover operators in a continuous GA are as follows.

Arithmetic Crossover

In this operator, two complementary linear combinations of the parents are created as
X = rX+(1-rY (5.4)
Y = (1-r)X+7rY, (5.5)

where r is a uniform random real number U(0, 1), which guarantees that the offspring will

have all genes within the corresponding parameter bounds (a;, b;) .

Simple Crossover

This is the most intuitive crossover operator. The genetic information of two individuals
is exchanged after a partition at the k* position of the row vector, where k is a uniform

random integer between 1 and n. The mathematical expression of the operator is

X/ = (:cl,:cg,...,:ck,yk+1,...,yn) (56)
Y/ = (yl,yg,...,yk,xk+1,...,xn). (57)
Despite its simplicity, this operator does not guarantee closure, which means that the off-

spring may be outside the feasible solution space. To overcome this difficulty, Michalewicz

proposes the use of a property of convex spaces that there exists a € [0, 1] such that

X' = (21,22, s Ty @ Yo + (1= @) - Tpp1y sy + (1= a) - 2y) (5.8)

Y' = (y1,¥2, Uk @ Tpp1 + (1 —a) Yrs1, a2+ (1 —a) - y,) (5.9)

is always feasible. The initial value of a is set to 1, which reduces Equation 5.8 to Equation

5.6. If at least one of the offspring is not within bounds, a is reduced by a constant 1/c,
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where ¢ is an integer. In the unlikely case of ¢ unsuccessful attempts, the resulting value
of a is zero and the offspring are identical to the parents. Michalewicz remarks that the
necessity of the maximum reduction is usually very small and rapidly decreases throughout

the evolution process.

Heuristic Crossover

This is a unique crossover operator, since it generates at most a single new individual and it
is the only operator to use fitness information to define the direction of a linear extrapolation

of the parents. Suppose that X has better fitness than Y. Then, the operator produces

X = X+4r(X-Y) (5.10)

Y = X/, (5.11)

where 7 is the usual uniform random number U(0,1). The heuristic operator can generate
an offspring that is unfeasible, i.e., one or more of the resulting parameters may be outside
its corresponding bounds. Unfeasible offspring are automatically discarded and the opera-
tion is repeated. If no feasible offspring is obtained after a predetermined finite number of
repetitions, the offspring are taken as identical copies of the parents and no new individual

is created.

5.2.3 Mutation Operators

Mutation is a unary operator, i.e., one individual produces a single offspring with a random

local modification in its genetic code. The three mutation operators are defined as follows.
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Uniform Mutation

In this operator, a position k in the row vector is randomly selected and the k% parameter

is replaced by a new, randomly generated value within the corresponding bounds,

U(ai,bi) N if i==k
x; = (5.12)
x; , otherwise.

Boundary Mutation

The mutated chromosome has one of its genes randomly selected and replaced by either its

upper or lower bound according to the value of a uniform random number r = U(0,1) , i.e.,

a; , if 1=k, r<0.5
2 =14 b, if i=k r>05. (5.13)

x; , otherwise.

Nonuniform Mutation

The individual suffers a mutation at a randomly selected gene given by

x; + (bz — .’L‘l)f(G) R if 1= ]{7, r1 < 0.5
i =1 x; — (z;—a;))f(G), if i=Fk, ri >05 (5.14)

x; , otherwise,

with

F(G) =1 (1 __¢ )b, (5.15)

G]\[ azr

where G is the number of the current generation, Gj,, is the maximum number of genera-
tions, and b is a shape parameter determining the degree of non-uniformity. The practical
effect of this mutation is a broad search at the beginning of the process and a more lo-
cal search at later stages of the evolution, which provides fine tuning characteristics to the

operator.
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Figure 5.5: Flow chart of the proposed time-domain, model-based crack diagnostic

procedure.

5.3 Implementation of the Identification Procedure

Figure 5.5 presents a block diagram of the proposed identification scheme. The first step
is the collection of experimental data via measurement of time responses of the damaged
structure due to the chosen excitations. Next, an initial population is randomly created,
consisting of different combinations of possible crack parameters within defined bounds. For
each individual (a, x.);, numerical time responses are computed using the model developed
in Chapters 3 and 4, and the corresponding fitness is calculated as the negative value of
the objective function in Eq. (5.1). The GA is now initialized and successive generations
are created through selection and reproduction until a termination criteria is achieved, most
commonly based on a maximum number of generations. The process is computationally
intensive due the numerous evaluations of time responses, but it has the advantage of allowing

straightforward parallelization since the computation of each individual’s fitness is completely
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independent from others. The entire algorithm is coded in MATLAB programming language,
with the cracked beam model and the time response module linked to the GA structure via

standard subroutine calls.

5.4 Results

5.4.1 Definition of Test Cases

The structure used in all the investigations in this section is a cantilever beam with aspect
ratio L/2d = 10 and properties described in Table 4.5. The damage scenarios are defined in
Table 5.1 and the loading cases in Table 5.2. Table 5.3 shows the parameters used for the
calculation of the simulated experimental records and theoretical time responses used in the
diagnostics. The simulated experimental data was generated using more refined parameters,
both for model discretization and for time response computations. The calculations were
performed using modal superposition for each linear subsystem, with the number of modes
also shown in Table 5.3. For the Shroeder excitations, the record length was set to include
approximately 25 cycles of vibration of the corresponding natural frequency in the range of
excitation. The record length of the response to initial velocity was set to 25 cycles of the
first natural frequency of the undamaged structure. For the low frequency sinusoidal input,
only the first 10 cycles of excitation were included, since the remaining of the time record
reveals very little change due to the damage, as seen on Figure 4.23. All excitations were

applied at the tip of the cantilever beam.

Table 5.1: Definition of damage scenarios

Case | A B C D E F G H I J K L

z./L | 0.15]0.15 | 0.85 | 0.85 | 0.15 | 0.15 | 0.85 | 0.85 | 0.15 | 0.15 | 0.15 | 0.15
a/2d | 0.05 | 0.50 | 0.05 | 0.50 | 0.10 | 0.25 | 0.10 | 0.25 | 0.01 | 0.02 | 0.03 | 0.04
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Table 5.2: Definition of loading cases for investigations on the influence of excitation

method.
Frequency Content
Loading Case | Type of Input | 5 Hz | 25-35 Hz | 150-210 Hz | 390-545 Hz
1S Schréeder — X — —
25 Schréeder — X X —
35 Schréeder — X X X
v Inicial velocity | — — — -
LF Low frequency | X — — .

Table 5.3: Numerical parameters used for generations of simulated experimental data and

numerical model responses

Parameter Simulated | Numerical || Parameter Simulated | Numerical
Test Data | Responses Test Data | Responses
N 50 40 At (290-545Hz) le-4 1.5e-4
# Modes 10 5 AT (290-545Hz) le-7 1.5e-5
At (25-35Hz) 1.5e-3 2e-3 At (IV) be-4 le-3
AT (25-35Hz) 1.5e-6 2e-4 AT (IV) 5e-7 le-4
At (150-210Hz) 2.5e-4 3.5e-4 At (LF) 2e-3 2e-3
AT (150-210Hz) 2.5e-7 3.5e-5 AT (LF) 2e-6 2e-4
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Figure 5.6: Evolution of fitness function for a population of 200 individuals.

5.4.2 GA Parameters

The basic parameters that control the execution of the genetic algorithm are the population
size, number of generations, number of selected parents for crossover and mutation, and
selection pressure defined by the value of ¢ in Equation 5.2. These parameters can greatly
influence the performance of the algorithm, and recommended values are defined in Refer-
ence [55] based on the authors’ previous experiences applying the GA toolbox to problems in
different areas. For the present application, preliminary tests indicated the need of popula-
tion sizes larger than the default value of 80 individuals, and consequently the mutation and
crossover operations were adjusted accordingly. The population size and number of genera-
tions were defined after preliminary runs for damage cases A and B, with results shown on
Table 5.4. Three initial populations were independently generated such that the individuals
of each one are not present in the others. The initial runs with 200 individuals for 10 gen-
erations indicated that 5 generations were sufficient for convergence, as depicted in Figure
5.6. In all cases, both the fitness of the best individual and the population average fitness
indicate that little was gained by continuing the evolution process. Two new tests were then

performed with population sizes of 300 and 400 for 5 generations in order to verify whether
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or not the unsuccessful runs would benefit from a larger number of individuals. Although
no improvements in the unsuccessful diagnostics were achieved, the computational cost was
reduced in as much as 50% and 47%, respectively. Table 5.5 summarizes the values of the

GA parameters used in all the remaining in this chapter.

Table 5.4: Preliminary identifications for definition of GA parameters
Pop. Size 200 300 400

Max. Gen. 10 5 5

z./L | a/2d | Time | z./L | a/2d | Time | z./L | a/2d | Time
A3S 0.1400 | 0.0486 | 100 | 0.1400 | 0.0481 | 74 |0.1612 | 0.0527 | 79
ATV 0.3384 | 0.2499 | 100 | 0.3296 | 0.2329 | 50 | 0.3538 | 0.2484 | 53
ALF 0.8692 | 0.0181 | 100 | 0.8358 | 0.0169 | 63 | 0.8522 | 0.3235 | 65

B3S 0.1398 | 0.4951 | — | 0.1390 | 0.4904 | — | 0.1623 | 0.5115
BIV 0.2566 | 0.5237 | — | 0.0534 | 0.4890 | — | 0.0449 | 0.4852
BLS 0.0323 | 0.4892 | — ]0.0960 | 0.4901 | — | 0.0291 | 0.4923

Table 5.5: Genetic algorithm parameters selected for the identification runs
GA Parameters

Pop. | Max. # | Selection Crossover Parameters Mutation Parameters

Size | Gen. |Pressure g | Arithmetic | Simple | Heuristic | Uniform | Nonuniform | Boundary
400 5 0.08 10 4 4 8 10 4

5.4.3 Excitation Method

This investigation has the objective of verifying the potential use of three types of excitations:
impulse, low frequency sinusoidal and Schroeder-phased multisine inputs. The latter were
successfully applied to identify small linear defects [12] and are tested here for a nonlinear
system. The use of transient and low frequency sinusoidal excitations has been proposed in
the literature for spectral signature analysis that indicates the onset of cracks [98, 16], as

discussed in Section 4.4, and the possibility of using the same time records to localize and
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quantify the damage is investigated here. Three different combinations of Schréeder inputs
(loading cases 1S, 2S and 3S in Table 5.2) are also tested for selected cases. For comparison
purposes, a diagnostic is considered satisfactory when results in errors not greater than 20%
in any of the two parameters, and at most one parameter with error greater than 15%. The
errors of unsuccessful runs are boxed for easy analysis of the tables in this section. The
results presented in Table 5.6 indicate that the use of a single impact response, despite the
broadband frequency content, was not able to provide successful location for most cases.
The same conclusion can be made regarding the low frequency sinusoidal input. As for the
Schréeder inputs, consistent identifications only occurred when at least two excitations were

used. The effect of noise was not considered and is discussed in the next section.

Table 5.6: Comparison of identification results using different excitations

Load 18 29 39 1Y% LF

Case | wz./L a/2d | /L  a/2d | x./L  a/2d xc/L a/2d x/L a/2d
A [[0.2694] [0.0749]]0.1483 0.0501 |0.1612 0.0528 |{0.3538] [0.2484]|[0.8522] {0.3235]
B | 0.1646 0.5080 |0.1626 0.5088 |0.1627 0.5115 0.4852 0.4923
C | 0.8926 [0.1305]|0.9149 0.9064 0.8704 0.9117
D | 0.8129 [0.3777]|0.8530 0.5111 |0.8388 0.4752 | 0.7955 0.8380  0.4603
E 0.1598 [0.1442 0.0975 |0.1402 0.0961 |[0.3371] [0.2626]([0.0652] [0.0558 |
F 0.2792 |0.1481 0.2492 [0.1630 0.2634 |[0.3769]| [0.4000]|[0.2976] [0.3405 |
G | 0.8917 [0.2140]|0.8786 [0.1679]]|0.8641 0.1281 | 0.8704 0.8367  0.0813
H | 0.8530 0.2617 |0.8512 0.2567 |0.8616 0.2767 | 0.8460 [0.1677]| 0.8574  0.2760

5.4.4 Effect of Noise

To verify whether or not the suggested method was sensitive to the inevitable measurement
noise, different levels of normal random noise were added to the simulated experimental
responses and the identifications for all crack lengths at a fixed location x./L = 0.15 were
repeated. The advantages of using a third excitation were also investigated. The results
presented in Table 5.7 show that the noise level indeed influences the accuracy of the results,

but did not prevent successful diagnostics in most cases. The presence of noise affects the
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Figure 5.7: Time responses to first Schroeder excitation. Damage case B.

minimum crack size that can be identified, from a/2d = 0.01 for the case without noise, up
to a/2d = 0.04 for 5% noise level. Figure 5.7 depicts time responses for case B1S and 5%
noise level. Careful measurements are likely to produce time records of better quality than
the one in Figure 5.7, and therefore noise levels above 5% were not tested . The results also
show that the use of responses from the 3 Schréeder inputs provide slightly better results
in the presence of noise, as can be seen from the tests with 2% and 5% noise levels. Figure
5.4.6 illustrates the diagnostic results for damage case L without noise and with 5% noise.

All cracks larger than 5% of the beam depth were correctly identified for all noise levels.

5.4.5 Influence of Nonlinearities

The time responses computed in Chapter 4 show that the crack model used strongly influ-
ences the results. More specifically, the linear, open crack model produces larger deviations
from the responses of the undamaged structure than the breathing-crack model. This indi-
cates that the inclusion of the nonlinearities has the potential of improving the diagnostic
results, and this is quantified in this section. Table 5.8 presents the comparison of identi-

fication results for selected damage cases using linear and nonlinear models. The omission



Table 5.7: Effect of noise on minimum identifiable crack for loading cases 2S and 3S.

110

Noise 0% 1%
Load 2S 3S 2S 3S
Damage || z./L a/2d | z./L  a/2d x./L a/2d z./L  a/2d
I 0.1607 0.0111 | 0.1629 0.0115 || 0.2203  0.0133 | 0.2311 0.0116
% error | 7.16 1083 | 860 14.68 | [46.87| [32.83] |[54.08] [15.67|
J 0.1461  0.0209 | 0.1375 0.0180 || 0.1374 0.0176 | 0.1417 0.0190
% error || -2.57 440 | -832 -9.96 || -8.39  -12.14 | -5.50  -5.01
K 0.1259  0.0233 | 0.1375 0.0293 || 0.1402  0.0301 | 0.1632 0.0347
% error || |-16.09] [-22.38]| -8.32 -2.19 | -6.53 0.47 8.80  15.59
L 0.1683 0.0482 | 0.1365 0.0381 || 0.1285  0.0375 | 0.1411 0.0415
% error || 12.18 [20.55] | -8.98  -4.65 || -14.3¢  -6.28 | -5.91  3.71
A 0.1483  0.0501 | 0.1612 0.0528 || 0.1498  0.0500 | 0.1546 0.0516
% error || -1.10  0.21 747  5.52 -0.16  -0.03 | 3.04  3.25
E 0.1442  0.0975 | 0.1402 0.0961 || 0.1459  0.0982 | 0.1528 0.0982
% error || -3.89  -248 | -6.56 -3.93 || -2.74  -1.78 | 189  -1.85
F 0.1481 0.2492 | 0.1630 0.2634 || 0.1490 0.2518 | 0.1602 0.2527
% error || -1.24  -0.32 | 869  5.37 -0.64 0.71 6.79  1.10
B 0.1626  0.5088 | 0.1627 0.5115 || 0.1465 0.5002 | 0.1627 0.5119
% error || 8.43 1.77 | 846  2.29 -2.35 0.04 8.46 237
Noise 2% 5%
Load 2S 35 2S 35
Damage || z./L a/2d | z./L  a/2d ze/L a/2d z./L  a/2d
I 0.2607 0.0158 | 0.2301 0.0115 || 0.2660  0.0210 | 0.2535 0.0134
% error || (73.77| |57.73| | [53.40| [14.68]| [77.31] [110.41]][68.99]| [34.21]
J 0.1372  0.0158 | 0.1367 0.0184 || 0.1231  0.0162 | 0.1595 0.0168
% error | -8.50 [-21.12]| -8.86  -7.83 || [-17.97| [-18.91|| 6.34  -15.96
K 0.1491  0.0324 | 0.1560 0.0320 || 0.1431  0.0319 | 0.1812 0.0398
% error || -0.63 8.13 399  6.73 -4.58 6.42 |[20.77] [32.74]
L 0.1174 0.0358 | 0.1313 0.0378 || 0.3417  0.0697 | 0.1222 0.0443
% error | |-21.74] -10.38 | -12.45 -5.53 || [127.82] [74.20] | -18.56  10.71
A 0.1420 0.0460 | 0.1545 0.0513 || 0.1491  0.0470 | 0.1560 0.0502
% error || -5.30  -7.92 | 3.02  2.60 -0.63  -5.98 | 401 048
E 0.1402  0.0952 | 0.1519 0.0982 || 0.1304 0.0925 | 0.1516 0.1039
% error | -6.54  -4.78 | 124  -1.78 || -13.04 -7.51 | 1.04  3.94
F 0.1482 0.2519 [ 0.1617 0.2590 || 0.1520  0.2581 | 0.1609 0.2504
% error || -1.17  0.76 7.80  3.59 1.35 3.25 728  0.15
B 0.1498  0.5034 | 0.1627 0.5119 || 0.1527  0.5049 | 0.1618 0.5077
% error || -0.15 0.68 | 846 237 1.82 0.97 7.86  1.54
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of nonlinear effects results in poorer identification for all cases studied. The crack position
obtained from the open crack model does not vary significantly for cracks of moderate to
large depths when compared with the breathing crack results, and are even incidentally
better in some cases. However, the more important result is the consistent identification of
smaller crack depths, which means that the use of a linear model leads to underestimations
of the severity of damage. Figure 5.4.6 illustrates the identification results for a crack of
10% depth. One could intuitively expect that the differences in diagnostics using a linear or
a nonlinear model would be less pronounced for small cracks, but the identification results
indicate otherwise. In fact, the error in crack depth increases as a/2d decreases from 50%
to 3%, and although some improvement seems to occur for smaller cracks (%1 and 2%), a

much larger error in location is also present in those cases.

Table 5.8: Influence of nonlinearity on identification results.

Model Open Crack (linear) Breathing Crack (nonlinear)
Case | z./L error (%) | a/2d error ( z./L error (%) | a/2d error (%)
I3S | 0.2181 0.0065 0.1629 8.60 0.0115 14.68
J3S | 0.1730 15.33 0.0114 0.1375 -8.32 0.0180 -9.96
K3S | 0.1361 -9.24 0.0149 0.1375 -8.32 0.0293 -2.19
L3S | 0.1414 -5.73 0.0207 0.1365 -8.98 0.0381 -4.65
A3S | 0.1661 10.73 0.0291 0.1612 7.47 0.0528 5.52
E3S |0.1478 -1.47 0.0588  |-41. 0.1402 -6.56 0.0961 -3.93
F3S | 0.1556 3.75 0.1657  [-33.70 0.1630 8.69 0.2634 5.37
B3S | 0.1593 6.18 0.3863 [-22.74 0.1627 8.46 0.5115 2.29

X

1 1 1 1
I (&) 1SN w
o |=2] [<°] [+
w H~ [\ (@)
w ot [\ =~

1
=~
t_l
[\ ~J
=~ (\]

5.4.6 Effect of Model Uncertainties

The use of a good numerical model is an obvious pre-requisite for the application of any

model-based, damage detection methods. Model updating methods currently available can
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greatly improve the accuracy of the analytical model in reproducing the experimental be-
havior of structural systems. For the time domain method proposed in Reference [12], Banks
et al. apply a model updating step prior to the damage diagnostic procedure in order to
fine tune the mass and stiffness properties, resulting in a numerical model that reproduces
the first three natural frequencies of the undamaged structure with very good accuracy. In
Reference [100], Shen and Pierre show that the Euler-Bernoulli model accurately predicts
the relative changes in natural frequencies up to the third mode of a beam with same aspect
ratio as the one in the present simulations, L/2d = 10. This could relax the requirements for
model accuracy in frequency domain methods, but might not be recommended when time
responses are used. To investigate the robustness of the proposed methodology to modelling

errors, two sources of uncertainty are considered:
e Uncertainties due to the use of the Euler-Bernoulli model instead of the Timoshenko-
theory model,
e Uncertainties in the damping coefficients, usually very difficult to estimate and suscep-

tible to large variations due to environmental conditions.

In the first case, a modified version of the objective function was also used in addition to the
one defined in Equation (5.1). The proposed modified cost function is built from differences

of time responses from the damaged and intact beam as

2

I(a,x) = i z (Wi (t) = 2 (t)) = (w™(t) — " ()|, (5.16)

where the barred quantities are measured or calculated from the undamaged structure. The
idea behind this modified cost function is similar to the use of relative changes in natural
frequency methods, i.e., by using the differences between damaged and undamaged data
one might expect that only the changes due to the presence of damage would be taken into

account and the model uncertainties would be left out of the diagnostic.
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Table 5.9 compares the identification results using Shen’s model with the ones obtained
with the Timoshenko model. The diagnostics using the E-B model are inaccurate both in
terms of crack location and depth when J is used. The use of the modified cost function
J improved the diagnostic significantly, producing results similar to the ones obtained with
the Timoshenko model. However, when the modified fitness function is applied to responses
contaminated with 2% noise, the results obtained with the two models deteriorate, as shown
in Table 5.10 and illustrated by Figures 5.10 and 5.11. This indicates that the cost function
based on differences is much more sensitive to the presence of noise and might lead to
erroneous diagnostics in practical cases. For the investigations on damping uncertainties,

only fitness function J, Eq. (5.1) is used.

Table 5.9: Comparison between diagnostic results using the Euler-Bernoulli and

Timoshenko model with fitness funtions J and J. No noise added.

Euler, J Euler, J Timoshenko, J | Timoshenko, J
Case | z./L a/2d | z./L aj2d || z./L a/2d | z./L a/2d

A3S | 0.6958 0.4450 | 0.1785 0.0517 || 0.1612 0.0527 | 0.1459 0.0483
% error 19.0 340 | 747 540 | -2.73  -3.40
E3S | 0.7021 0.4521 | 0.1870 0.1051 || 0.1402 0.0961 | 0.1514 0.0894
% error | [368] [352] | [24.7] 5.1 6.56  -3.93 | 0.93  -10.6
F3S | 0.6751 0.4497 | 0.1765 0.2878 || 0.1630 0.2634 | 0.1609 0.2535
% error | [350] [79.9] | [17.7] [15.1] | 869 537 | 727 140
B3S | 0.1095 0.4927 | 0.1691 0.5190 || 0.1623 0.5115 | 0.1625 0.5063
% error 146 | 127 3.8 820 230 | 833 126

Table 5.10 describes the different combinations of uncertainties in damping coefficient in-
vestigated. Since damping coefficients are usually the physical parameters more difficult to
estimate and more susceptible to variations due to changes in environmental conditions, the
cases studied simulate large errors in the values of ¢p and . The maximum value of c¢p was

chosen such that only underdamped modes were used in the calculation of the responses.



114

Table 5.10: Comparison between diagnostic results using the Euler-Bernoulli and

Timoshenko model with fitness funtions J and J. Noise level: 2%.

Euler, J Euler, J Timoshenko, J | Timoshenko, J
Case z./L a/2d | z./L a/2d || z./L a/2d | z./L a/2d

A3S | 0.6958 0.4450 | 0.9409 0.4512 | 0.1545 0.0513 | 0.2326 0.1032
% error | [339] [790] | [527] [802] | 3.00 2.60 | [55.1] [106
E3S | 0.7021 0.4521 | 0.1328 0.0854 || 0.1519 0.0982 | 0.2021 0.0808

% error 115 -14.6 || 127 -1.80 | [34.7] [-19.2]

F3S | 0.6799 0.4543 | 0.1564 0.2312 || 0.1617 0.2590 | 0.2259 0.2356

% error 427 2752 || 780  3.60 5.7

B3S | 0.1096 0.4951 | 0.1657 0.5260 | 0.1627 0.5119 | 0.1642 0.5256
% error -0.98 | 10.5  5.20 846 238 | 947  5.12

The identification results are presented in Table 5.11. The uncertainties in the air damping
coefficient v did not affect the results significantly even for an overestimation of one order of
magnitude. This was somewhat expected, since the contributions of Kevin-Voight damping
to the total system damping are much larger. When the effect of errors in cp are studied,
cracks as small as 5% depth were still correctly identified for model errors of -50% and 100%.
When the damping was underestimated by one order of magnitude, a 10% crack depth was
still identifiable. Overestimation of one order of magnitude in cp, however, produced much

worse results and no consistent identification was possible.
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Table 5.11: Damping coefficients for model uncertainty investigations.

Damping Case
Coefficient D1 D2 D3 D4 D5
Kevin-Voight damping | ¢p/2 | cp*2 | ¢p cp/10 | ¢p * 10
Air (viscous) damping | ¥ v * 10 vy 0

Table 5.12: Effect of uncertainties in model damping coefficients on diagnostics

Damping D1 D2 D3 D4 D5
Damage | z./L a/2d | z./L a/2d | /L a/2d | z./L a/2d | xz./L a/2d
I3S | 0.4759 0.0459 | 0.8280 0.1321 [0.1629 0.0115|0.4329 0.0775 | 0.4241 0.1235
% error ||217.3] |358.5]([452.0] [1221]| 8.60 14.68 |[188.6] |675.4]|[182.8] [1135]
J3S ] 0.4325 0.0557 | 0.8746 0.1772 [0.1386 0.0180 | 0.4325 0.0690 | 0.4219 0.1273
% error |[188.4| [178.7]|[483.1] [786.1]| -7.60 -9.90 |[188.3] [245.2]| [181.3] |536.7|
K3S |0.4546 0.0526 | 0.3007 0.0523 | 0.1398 0.0284 | 0.4329 0.0885 | 0.4207 0.1518
% error |[203.0] [75.26|[100.5]| [74.47|| -6.79 -5.18 |[188.6] [194.9]| [180.5| [405.9|
L3S |0.4326 0.0586 | 0.2532 0.0626 | 0.1365 0.0380 | 0.4329 0.0845 | 0.4191 0.1568
% error |[188.4| [46.39]|68.78] |56.41|| -8.98 -5.07 |[188.6] [111.4]|[179.4| [292.0|
A3S  |0.1586 0.0528 | 0.1342 0.0520 | 0.1521 0.0511|0.4328 0.0857 | 0.4207 0.1664
% error | 5.75 550 |-10.51 3.92 | 1.41 225 |[188.5] |71.41]|[180.5] [232.8]
E3S |0.1409 0.0971{0.1357 0.0982|0.1396 0.0974 | 0.1423 0.1011 | 0.0569 0.1020
% error | -6.07 -2.85 | -9.55 -1.77 | -6.91 -2.62 | -5.10  1.14 2.00
F3S |0.1523 0.2491 | 0.1507 0.2538 [0.1615 0.2560 | 0.1412 0.2503 | 0.1006 0.2523
% error | 1.54 -0.36 | 0.48  1.50 | 7.69 242 | -5.84 0.13 0.93
B3S |0.1391 0.4912|0.1517 0.5062|0.1627 0.5120 | 0.1354 0.4917 | 0.1267 0.5089
% error | -7.28 -1.77 | 1.14  1.24 | 846 240 | -9.71 -1.65 | -15.53  1.79
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Figure 5.8: Effect of noise on diagnostic results. Damage case L (x./L = 0.15,
a/2d = 0.04). Loading cases 2S and 3S.
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Figure 5.9: Comparison of diagnostic results using the open crack model and the

breathing crack model. Damage case L (z./L = 0.15, a/2d = 0.1). Loading case
3S.
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Figure 5.10: Comparison of diagnostic results using the Euler Bernoulli model and

the Timoshenko model with fitness functions J and J . Damage case L (z./L = 0.15,
a/2d = 0.1). Loading case 3S, no noise added.

O J, Euler
¢ J, Euler
X J, Timoshenko
* J, Timoshenko

4
e a—

Figure 5.11: Comparison of diagnostic results using the Euler Bernoulli model and
the Timoshenko model with fitness functions J and J . Damage case L (z./L = 0.15,
a/2d = 0.1). Loading case 3S, noise level 5%.
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Chapter 6

Conclusions, Contributions and

Future Work

6.1 Conclusions

The overall objective of this work was the investigation of a time-domain, model-based
damage diagnostic methodology applied to cracked beams. Most of the methods developed
to date are based on frequency domain information such as frequency response functions
(FRF’s) and modal parameters. The use of time domain records minimizes the loss of
information due to the data reduction involved in frequency domain methods and permit
a straightforward treatment of the nonlinear behavior of cracked structural members. The

results of this work are summarized according to the subgoals defined in Section 1.5.
1. Extension of Banks and Inman’s method to crack problems;

2. Derivation of a continuous cracked beam model including shear deformation;

3. Addition of a genetic algorithm to tackle the multimodal nature of the objective func-

tion defined in the identification problem;
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4. Comparison of excitation methods for the generation of the time responses;

5. Quantification of the advantages and limitations of the method by investigating the

effects of

e presence of noise;
e inclusion of nonlinearities in the model,
e use of the Timoshenko model versus the Euler-Bernoulli model;

e uncertainties in physical parameters.

Item 1

The identification proposed by Banks and Inman is based on a model of the damaged struc-
ture in terms of partial differential equations (PDE’s) with varying coefficients due to a geo-
metric representation of the flaw. They validated the method for beams with small circular
holes and suggested similar implementations for other damage geometries. The application
of this idea to cracks, as reported in References [11, 10] was based on a representation of
the damage by rectangular slots in a bi-dimensional plate models and were applied success-
fully only to structures with relatively wide cuts. Preliminary investigations in the present
work attempted to model cracks as very narrow slots. This required extremely refined dis-
cretizations and, even when convergence was achieved, the results did not correlate well to
experimental and numerical data from the literature. The geometric representation of flaws
was abandoned and replaced by continuous cracked models. The selected models preserved
the idea of representing damaged structures in terms of PDE’s with varying coefficients,
which now were obtained from a mixed variational formulation. The same B-spline Galerkin
discretization could be readily applied, preserving the mathematical framework that guar-
antees the well-posedeness of the inverse problem. The next step in the extension of Banks’
method to crack problems was the inclusion of the nonlinear crack-breathing feature to the

numerical model. This was achieved by a bilinear representation of the stiffness operator
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controlled by the sign of the normal strain at the cracked region. The implementation of the

proposed extension led to the results discussed in more details in the following items.

Item 2

The first choice to replace the geometrical description of flaws used in Banks’ and Inman’s
method was the continuous cracked beam model developed by Shen and Pierre [100]. The
family of continuous models are derived from a mixed variational formulation that permits
the assumption of independent stress, strain and displacement field, allowing for an approx-
imate representation of the stress concentration due to the crack. Initial implementations
of the model occasionally generated complex eigenvalues from the real mass and stiffness
matrix resulting from the discretization of the PDE’s. The source of the problem was the
lack of symmetry in the stiffness matrix, which in turn was linked to the non-self-adjointness
of the differential stiffness operator. The mathematical inconsistency was identified and a

solution was proposed, as derived in Appendix A.

The proposed identification methodology requires the excitation of several modes of the
structure to provide accurate diagnostics. This would limit the use of Shen’s model to slen-
der beams, since it is based on the Euler-Bernoulli (E-B) theory. To permit the application of
the method to short beam-like structures, a new continuous cracked beam model was devel-
oped, including the effects of shear deformations and rotatory inertia. A shear stress/strain
disturbance function was proposed in addition to the normal stress and axial displacement
functions in Shen’s model. The derivation resulted in the coupled PDE’s in Section 3.4.5,
which reduce to the Timoshenko model when no crack is present, and for that reason the

model is referred to as Timoshenko cracked beam model.

When implementing the E-B and Timoshenko model for validation, a second limitation of
Shen’s model was revealed. Due to the steep nature of the displacement disturbance function,
the numerical calculation of the stiffness matrix demanded very small integration steps to

provide the necessary accuracy. The results in section 4.3.2 demonstrate that very little is
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gained from the inclusion of the displacement function in the Timoshenko model. Almost
identical results are produced with and without g when the integration precision is increased.
When a less strict but still adequate precision is used, the results from the model including
g present large numerical errors, whereas the model without g consistently reproduces the
results from the more refined case. The displacement disturbance function was therefore

disregarded for the remaining calculations.

The resulting PDE’s of the cracked Timoshenko model were validated via comparisons of
natural frequencies in open-crack state. The results show very good agreement with both
FEM and experimental results found in the literature for the case of slender beams. The E-B
and Timoshenko models produce very similar curves of relative natural frequency variations
(normalized by the corresponding “undamaged” value), but the actual values differ signifi-
cantly even for second and third natural frequencies of long beams. Mode shapes were also
calculated and proved to be fairly insensitive to the presence of a crack. In a more detailed
study of the effects of aspect ratio AR = L/2d, it was found that the differences in the
variation of natural frequencies of cracked beams with respect to AR produced by the two
models followed a trend very similar to the undamaged case, regardless of the crack depth.
To confirm the better predictions of the cracked Timoshenko beam model, a short beam
was modeled by 2-D finite elements in a mesh typical of fracture mechanics applications
and the results were compared with both beam models. The Timoshenko model produced
much better results than the E-B model, especially for frequencies above the first natural
mode. This is particularly important for the accurate computation of time responses due to

excitations in relatively higher frequencies, even when dealing with slender beams.

Item 3

Genetic algorithms (GA’s) have recently become a powerful tool to solve complex optimiza-
tion problems. The solution of the identification problem involves the minimization of a

function defined from an appropriate measure of the “distance” between numerical and ex-
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perimental data. This cost function usually presents multiple minima, a known difficulty
for the more popular gradient-based minimization techniques. The proposed time-domain
method introduces an extra complexity related to record length of the time responses, as
discussed in Section 5.1. It was demonstrated that relatively long time records can arti-
ficially introduce numerous local minima and render a narrower global minimum. On the
other hand, time records too short would not reveal the presence of damage. Preliminary
attempts to identify damage using gradient based least squares estimations proved useless.
The inclusion of GA’s into the identification procedure was therefore a natural choice, since
the principal strength of these algorithms is the ability to deal with multimodal objective
functions. The results of the investigations in this work confirmed the adequacy of that
choice. Due to the need of large initial populations, the computational cost in GA-based
identifications is relatively high, but the intrinsic parallel nature of GA’s can potentially

reduce the computational time and provide fast diagnostics.

Item 4

The selection of the excitation method was addresses in section 5.4.3. The use of low fre-
quency excitations and free vibration responses have both been suggested in the literature
as good choices for a qualitative assessment of the presence of a crack by means of a spectral
analysis. The time responses due to those excitations were investigated in the proposed time
domain methodology to verify whether or not damage location and quantification could also
be identified. The diagnostic results indicate that neither method can consistently provide
accurate diagnosis. Multiple Schéeder-phased multisine inputs with designed bandwidths
around the natural frequencies of the undamaged structure were shown to provide the best
results. The inclusion of two and three responses produced similar results, but three excita-

tions were shown to provide results that were less sensitive to the presence of noise.
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Item 5

The robustness of the proposed methodology was verified by means of simulations of several
damage scenarios in different uncertainty conditions, discussed in Sections 5.4.4 to 5.4.6.

The main conclusions are summarized as follows.

Noise: Measurement of time responses are likely to include noise originated from several
sources, such as electric equipment, spurious vibration sources, defective sensors, etc. Dif-
ferent levels of normal random noise were added to the simulated experimental records and
the identification results were compared. The method proved robust to the presence of mea-
surement noise; cracks as small as 2% of the beam depth were correctly identified even in

the presence of 2% noise, and as small as 4% depth for 5% noise level.

Inclusion of nonlinearity: A very important result of this research is the quantification
of the effect of nonlinearities on the diagnostic. It was demonstrated that the use of a
linear model may produce very inaccurate results. For small cracks, both position and depth
were erroneously identified. For crack depths above 3%, the damage location was accurately
identified, but the crack depth was consistently underestimated, implying potentially unsafe
diagnostics. The use of a linear model is therefore not recommended for crack diagnostics

in the time domain.

E-B vs. Timoshenko model: The effect of model uncertainties due to the use of an E-B
model instead of the Timoshenko model was also addressed. It was found that diagnostics
with E-B model failed in all cases when the objective function proposed in Ref. [12] was
used. A modified version of the cost function based on the differences between damaged
and undamaged records was proposed in an attempt to factor out the model uncertainties.
The identification results with the E-B showed very impressive improvement, but in general
they were worse than the corresponding diagnostics with the Timoshenko model. However,
the modified cost function proved considerably more sensitive to the presence of noise, and
even previously successful identifications with the Timoshenko model and the original cost

function could not be reproduced. In conclusion, the use of the E-B model requires modi-
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fications that should only be applied when very clean measurements can be made. Despite

the additional computational cost, the Timoshenko model is strongly recommended.

Damping uncertainties: The physical parameters more likely to present large uncertain-
ties are the damping coefficients. Small variations in damping did not influence the results,
and therefore simulations with errors of up to one order of magnitude in damping coeffi-
cients were performed. For -50% and 100% variations in the Kevin-Voight coefficient, cracks
of 5% depth were still correctly quantified, but smaller cracks were completely misdiagnosed.
Even with a damping coefficient one order of magnitude smaller than the correct value, a
10% depth crack was still detected. This robustness to changes in damping is a direct con-
sequence of the use of forced response records, were the influences of damping are not as

important as in free vibration responses.

6.2 Contributions

The mathematical derivations and numerical simulations in this research resulted in the

following contributions:

e Extended Banks and Inman’s time domain identification approach to the case of

cracked structures by introducing a nonlinear model;

e Identified mathematical inconsistency in Shen’s cracked Euler-Bernoulli model that
renders a stiffness differential operator that is not self-adjoint and proposed corrections

to the equations;

e Demonstrated numerical precision problems in Shen’s model due to the steep nature of
the crack displacement disturbance function and showed that the benefits on including

it in the formulation are negligible;

e Developed a new cracked beam model that takes into account shear and rotatory inertia
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effects and demonstrated, via FE simulations, the advantages of the new approach when

modeling short beams;

e Revealed the effect of time record length on the multimodal nature of the objective
function in the time-domain identification procedure and proposed the use of genetic

algorithms to overcome those difficulties;

e Showed the advantages of using narrowband multisine excitations to generate the time
responses and revealed the inadequacy of impact or low frequency sinusoidal inputs for

time domain crack diagnostic;

e Demonstrated the importance of using the Timoshenko formulation and including the

crack opening-closure behavior in the numerical model for the diagnostic procedure.

6.3 Future Work

The results of the present work indicate the following potential topics for future research:

e Incorporate disturbance functions for different cross-section geometries to the model;
e Extend the continuous cracked approach to plate-like structures;

e Investigate the possible benefits of using higher order stress/strain distributions in the

representation of the disturbances caused by the presence of a crack;

e Develop a continuous model that captures the coupling between longitudinal, torsional
and transverse vibrations reported by some authors and investigate the use of coupling

effects for damage diagnostics;

e Include more elaborate damping models and investigate the potential use of damping

parameters as damage indicators;
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e Perform sensitivity analysis of the crack model with respect the decay parameters
and investigate the possibility of computing those parameters directly from fracture

mechanics expressions;

e Extend the proposed model to the case of multiple cracks and extend the identification

methodology to deal with multisite damage cases;

e Incorporate statistical analysis to the identification procedure to address the problem

of possible false positive and false negative diagnostics
e Investigate the importance of crack partial opening-closure;

e Investigate the inclusion of an offset strain level to the crack opening-closure switch in
order to simulate the effects of permanent deformations at the crack tip region on the

responses;

e Implement the proposed diagnostic technique experimentally in order to identify the
possible limitations and propose modifications and/or improvements for the practical

application of the method.

6.4 Closing Remarks

Despite the unquestionable advances in vibration-based damage detection methods in recent
years, the state-of-the-art of this technology has not achieved real-life-application status.
Very few industry-level solutions have been reported, such as qualitative nonlinear signature
analysis in rotors [37] and the inspection of the space shuttle based on modal analysis [57].
Although in both cases only the presence of damage is identified (Level 1 diagnostic), those
applications are a good example of the great potential of this new technology. The practical
advantages of having reliable Level 2 and 3 diagnostics from easy-to-measure dynamic re-
sponses are still attracting the attention of the academic and scientific community, but many

fundamental questions are yet to be answered. The development of new sensing technology
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and the ever increasing computational power continue to open the doors to new approaches
considered impractical just a few years ago, and will certainly affect the future research on
vibration-based damage diagnostic. The present work addresses some of the issues that must
be investigated, such as identification of small flaws, inclusion of nonlinearities, and existence
of multiple local minima in the solution of the inverse problem, and proposes solutions that

might help the pursuit for reliable technologies for monitoring structural integrity .
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Appendix A

Euler-Bernoulli Cracked Beam Models

A.1 Check of Self Adjointness of Shen’s Model

The equations of motion derived in Ref. [100] are:
E(Iy— I — I + I)Q1w'™ + E[2(Iy — I — Is + I)Q} + (2L + Is — I§ — 2I7)Q1]w"'+

VE[(Iog— I, — Is + I)Q! + (2L + Is — I, — 2I) Q' + (Ilg — I Quw" + pAi = 0 (A.1)

with the boundary conditions

E(]O — ]1 — 16 + I7)Q1w" = O,
or w = 0; (A.2)
and
E[(Io — I — Is + I)(Qw" + Quw") + E(Iip — I})Q1w" = 0,
or w = 0. (A.3)

were the definitions in Eqs.(3.39) and (3.42) still apply. The fourth order stiffness operator

can be rewritten, for simplicity, as

n

Lw = E(paw™ + psw + pyw” + prw’ + po). (A4)
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A fourth order differential operator with varying coefficients can only be self adjoint if it has

the form

0? 0? 0 0
— | o=— — = ) A5
0x? (qQ 8:U2> + Ox <Q1 833) a0 (A.5)
Therefore, with the derived boundary conditions, £ will be self adjoint if and only if we can

write the correspondence

@2 = pa, 2¢y = ps3, n+q = p (A.6)
@ = % = DPpo
Since p; = 0 and py = 0 in Eq.(A.4), one must satisfy
ps = 2py, (A7)

where C' is an arbitrary constant. The conditions in Eqns. (A.7) and (A.8) will only be
satisfied if the displacement disturbance function g(z, z) defined in Eq. (3.24) is identically
zero. Therefore, we may conclude that the stiffness operator in Eq. (A.1) is in general not

self-adjoint.

A.2 Proposed Correction

Start with the kinematic conditions in Eq. (3.75) and replace (3.75-a) with (3.77). The steps

in the variational derivation can be summarized as follows.

Strain-Displacement Term

1 Ou,
/V[Ez'j = 5 (Ui +uji))boydV = /V{[Em — 5 100w =

= /V{[(—Z + f1)51 — (—Z + g)w" — %w'](—z + f1)(5T1}dV =
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= / {[2S) — 22151 + 191 — 220" + zfiw” + zguw" + zg'w' — gfiw” — ¢ frw']6T  }dV =
v

— [{s =20+ B)S) = (o — Iy = Ig + Iy — (I — [g)w/]6Ti e,

where the generalized inertia integrals are defined in Eq. (3.42).

Stress-Strain Term

[ (@ = We)bessdV = [ {02 =W )oer}aV =
\%4 1%

_ / (T, — ES))(Iy — 21, + )85 }dx.

Velocity-Momentum Term

) 1
[ pii = GGpppe) opidv =

| Alpi = pP.JoP.}av.

Dynamic Equilibrium Term

For zero body forces,

/V{(mj,j + B — ppi)du; }dV =
00 1z 00, , 00, : _
/V{< o + % > (—z+ g)ow' + ( o —pPz> 6w}dV—
aazz ’ agzz .
—/{< —z+ )T + 8z>(_z+g)6w+<8x pz>(5w}dV.

Integrate the terms in dw’ by parts and get
L
dA—
0

/YZ { (((—z + )T + 8;:) (—2 + g)bw

- /V {8% K((—z + )T + ag:) (—z+ g)] + (agf - pPz> } SwdV

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)
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Integrate the terms in 7} in the volume integral in (A.13) over the cross section, plug into

Eq. A.12 and get the dynamic equilibrium term expressed as

/YZ { (((—z + )T + 85;”) (—2 + g)bw } dA—/V {(% [(—z n g)agﬂ n 85; } SwdV

- /X {{(Io— I = Is + I)TY + (21 + Is — I = 2I))T, + (I} — I)T3] + pAP. } 6wdz
(A.14)

L

0

The boundary term and the terms in o,, in expression A.14 will be used in the derivation

of the boundary conditions.

Boundary Integrals - Prescribed Forces

The lateral surfaces of the beam are assumed to be traction-free, i.e., g; = 0 . Over the
surfaces z = £d , the tractions are defined by ¢g; = o;;n; and result in g, = +o0,. and
gy = g. = 0. This implies that the shear stress distribution, which is not relevant for the
derivation, must vanish at the surfaces. The term is kept in the boundary integral to permit

further simplifications and a consistent derivation of the boundary conditions.

The boundary integral over the lateral surfaces will be part of §; and can be written as

U {( — 9: 6um}dA] [/ {(@% — 9. 6Um}dA:| =

z=—d

[ [ ()2 + g)ou'} dA] o+ [ [ () (=2 + g)ou'y dA}

z=—d
z=d

((=00.)(—2 + g)6u') dA]

|: XY z=—d

integrate by parts over x and get

x=L z=d

_[/X 9 (—oq;z)(—Z—i—g)}(SwdA] (A1)

y Ox oy

z=d

[ A=) (== + gewdy

z=—d|y—0
Now deal with the volume integral in expression (A.14). The term in square brackets can

be integrated by parts over z as
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0

v Ox

dg

__ /X § (% {[(~2 + g)ou =0} SwdA + l(—1 + a)am] SwdV. (A.16)

The first integral on the right-hand-side of Eq. (A.16) cancels the last integral in expression
(A.15). The first term in the volume integral on the right-hand-side of Eq. (A.16) will cancel
the last term of the volume integral in (A.14).

The last term of the boundary integral in (A.14) can also be integrated by parts over z

4 (52 cevomn]_faa

= [[ )=+ gyow ] _ et Gt aa]|

The first integral on the right-hand-side of Eq. (A.17) cancels the first integral in expression

yielding

z=d z=L

(A.17)

z=—d

(A.15). The last term inside the second integral on the right-hand-side of Eq. (A.17) cancels
the corresponding term in the volume integral on the right-hand-side of Eq. (A.16) after
integrating over x. All that is left from the boundary integrals in the dynamic equilibrium
term, the terms in o0,., and from the lateral surface integrals are the first part in the boundary

term of (A.14) and a term from the last integral in Eq. (A.17), i.e
=L
[/ {((—z+f1)T1)'(_z+g)+amz}6wdA] : (A.18)
YZ =0
The end surfaces © = 0 and = L can be either part of &7 or S;. When tractions are
prescribed, we have g, = +0,, and g, = £+0,, and the end surfaces will produce the boundary

integrals

U {(@z — g2)0us + (7= gz)(Suz}dA] [/ {(Tz — g2)0us + (T2 gz)éuz}dA} —

=0
=L
- UYZ (T — (2 + f)T)(—2 + g)6w’ + (T — 042)0w} dA] N (A.19)
Combine (A.18) and (A.19) and finally get
=L
H/ Go(—2+g)dA— (Io— L — Is + ]7)T1} 6w’] +

YZ o

=L

=0
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Boundary Integrals - Prescribed Displacements

When displacements are prescribed over the end surfafces x =0 and z = L , we have

/A {(uy — W) 6045 + (u, — W) b0, } dA} T

z=L

/A {(ue — T3) 6 (—0a) + (uz — T2) 6 (—042) } dA] =

= [/A {((=2+ g)w' =) (=2 + f1)6T1 + (w — )60} dA} Zj =
— [{- [mz+ dA+ (T - 1~ o+ 1w 5T1Kj+[{,4(w —m)} sonTTh . (A21)

Differential Equation of Motion

Since 6T, 651, 6P,, and éw are independent and arbitrary, each corresponding term in

the integrals must independently be zero. Hence, Eqgs. (A.9), (A.10) and (A.11) yields,

respectively
S1 = Q" + Qo' (A.22)
Th=FES, (A.23)
and
P, =w. (A.24)

Performing all the necessary substitutions into expression (A.14) and taking into account

Egs. (A.22), (A.23) and (A.24), get

2

8 1l ! ! ! a " /
/{l(]0_11_16+l7)E@ (Qrw +Q2w)+(2110+18_16_2]1)E% (Qiw" + Qow') +

+ (Iip — 1) (Qrw" + Qaw") + pAw] dw} dx = 0,

Finally, considering that dw is arbitrary, obtain
E(lo— T — Is + I)Qw™ + E[(Iy — I — Is + I;)(2Q} + Q2) + (2Lg + Is — I§ — 217) Q1w+

+E[(Io — I = I + In)(Q7 + 2Q%) + (25 + Is — Ig — 217)(Q) + Q2) + (I}o — I7)Q1]w”
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El(lo— 1 — Is + I7)QYy + (2110 + Is — I — 211) Q% + (I1g — I7)Qa]w' + pAir = 0. (A.25)

After some algebra, Equation (A.25) can be simplified and rewritten as

Elpa(z)w(z,t)"]" + Elp1(z)w'(z,t))]" + pAi(x,t) = 0, (A.26)

with
pg(ﬂ?) = (IO — Il — 16 —|— ]7)621(17), (AQ?)
pi(z) = o — I — Ie + I7)Q5 + (I1g — 1)) Q2. (A.28)

Boundary Conditions

The boundary integrals in expressions (A.20) and (A.21) also have to be equal to zero. There-
fore, the homogeneous boundary conditions for zero prescribed forces and/or displacements

can be written as

E(Iy— I — Ig+ I7)(Qiw" + Qw') = 0

or w o= 0, (A.29)
and
E(lo— I — Is + I)(Q1w" + (Q) + Q2)w" + Qyu') +
+ E(Ilo — I{)(Qlw" + ng,) =0
or w = 0. (A.30)
Self-Adjointness

Since equation (A.26) is in the form required by Eq. (A.5), the operator can be integrated by
parts and, using the BC’s in Eq. (A.29) and (A.30), will automatically render a symmetric

form. Therefore, we conclude that the stiffness operator is self-adjoint.



Appendix B

Cubic B-Spline Functions

B.1 Preliminary Remarks

The estimation of damage parameters from time responses belongs to a class of inverse
problems that has been extensively investigated by Banks and co-workers at the Center for
Research in Scientific Computation at North Carolina State University. Cubic splines are
their usual choice for approximation schemes in PDE-based estimation problems for two
main reasons. First, the polynomial forms permit very efficient numerical implementation;
and second, they provide straightforward satisfaction of hypothesis in important theorems
developed in the rigorous mathematical investigations of well-posedness and convergence of
solutions to inverse problems [13].The following is a summary of the key equations defining
the cubic b-splines used as test functions in the Galerkin method discussed in Chapter 4.
Most of these definitions can be found in Ref.[13] or in the more detailed discussions of Ref.

[85].
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B.2 Mathematical Definitions

Let s(x) be an approximation of the function f(z) € C*(I) over the interval I = [0,1].
Define {#}ﬁo an equidistant partition of [0,1]. Let S¥ be the linear space defined by

Sév(I) = {s € C*): s is a cubic polinomial on each
subinterval [z;,z;11], 0<1i< N }.
One can prove that there is a unique function s(x) in Sév (I) satisfying the N + 3 constraints

$'(0) = f(0),
s(i/N) = f(i/N), 0<i<N, (B.1)

S(1) = F).
and such function is called the cubic spline interpolate to f(x).

To construct Sév (I) ,define the basic piecewise cubic function over [—2, 2] as

2—2)3/24—(1—2)3/6 —2*/4+ (1 +2)3/6  for -2 <z < -1
(2—2)3/24— (1 —2)3/6 —2%/4 for -1 <z <0
B(z)=4q (2—-2)%/24— (1 -2)3/6 for 0 <z <1
(2 —x)%/24 for 1 <z <2
0 elsewere.
(B.2)
Let B be the set of functions defined by
B={b(z)=BNz—i) —1<i<N+1}. (B.3)

The functions B,@), illustrated in Figure B.1, are linearly independent in [0, 1]. Moreover,
it can be shown that B spans SY(I). Thercfore, B is a basis of S¥(I) and the linear space
has dimension N + 3.
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Cubic B-Splines
0.8 T T

0.4 -

j=-1 i=N+1

b(x)

Normalized Domain

0.2 *

0.4 I I I I I I I I

Figure B.1: Basis of cubic B-splines for N=10.

B.3 Test Functions for Galerkin Discretization of PDE’s

The test functions used in the Galerkin approximations for beam PDE models are defined in
linear subspaces {¢;}" of S¥([0, L]) generated by the imposition of the geometric boundary
conditions. As a first example, consider the approximation for the transverse displacements

of a cantilever beam given by

wle) = (o) = Y (a) (B
The geometric boundary conditions to be satisfied are w(0) = 0 and w'(0) = 0. Select ¢;
such that
o1 = —2b_q + by — 2
¢ = b, 2<i<N=N+1 (B.5)

and the geometric BC’s will be automatically satisfied by w” (z). Similarly, for a simply-

supported beam, define

¢ = by—4b 4



148

by = by —by/4
¢ = b1, 3<i<N-2 (B.6)
on-1 = by —by/4
IS 61\7 - 46N+1
and the conditions w(0) = 0 and w(L) = 0 will be satisfied by w" (z). For the free-free case,
{¢:}Y = B and consequently N = N + 3. Variations of the linear combinations described in
Egs. (B.5) and (B.6) can be used to impose the most common boundary conditions (free,

clamped, pinned) both in Euler-Bernoulli and Timoshenko beam models.
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