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(ABSTRACT)

A continuous physical cake made up of porous fibrous media can be formed by
using air to draw the fibersto a moving screen. A numerical model of the formation of
this cake has been formulated and solved. The numerical model is based on solving
Darcy’s law, the Bernoulli equation, and two-material related experimental correlations at
discrete points along the screen. A permeability measurement test apparatus was
designed and built, and experiments were run to determine the experimental relations for
two different materials. A computer code was then written to solve the system of
equations at each point on the screen and give a density distribution of the resulting cake.
Tests were then run to see the effects of various density anomalies in the material at
different points along the screen.

The results of the experiments show that the first material was more permeable
and more compressible than the second material. This lead to distinct differences in the
cake that the two formed in the numerical model. The first material formed a fairly
constant density cake that was not greatly affected by the density anomalies. The second
material had a large variation in density across the final cake height and was affected

more by the different density anomalies.
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interpoiation constant for density relation (kg/m3)
cross-sectional area of device (m?)
interpolation constant for density relation (m/Pa)
interpolation constant for permeability relation
interpolation constant for permeability relation
height of cake (m)

hydraulic conductivity (m3-s/kg)

permeability of cake (m?)
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mass of material used in test apparatus (kg)
atmospheric pressure (Pa)

pressure below cake (Pa)

intermediate pressure (Pa)

plenum pressure (Pa)

pressure inside test apparatus (Pa)

pressure above screen (Pa)

specific flux vector (m/s)

flow rate (m3/s)

Reynolds number based on permeability
velocity of air (rn/sz)

width of sidewalls (m)

GREEK SYMBOLS

kinematic viscosity of air (mz/s)
pieziometric head (m)

viscosity of air (N -s/mz)

density of cake (kg/m3)

density of air (kg/m3)

SUBSCRIPTS

properties at the first discrete step down the screen
properties at the second discrete step down the screen
properties at the ith discrete step down the screen
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I. INTRODUCTION

Note: Since the material discussed in this thesis is of a proprietory nature, care has

been taken to word things as generally as possible.

General Background

A continuous cake of non-uniform porous fibers can be formed by packing the
fibers onto a moving screen conveyor with suction from above the screen. Figure 1.1
shows a diagram of how this process works. As the screen conveyor moves by, the
suction above the screen draws air carrying the individual fibers up to the screen and
packs them into a cake that builds up along the length of the screen. The fibers are fed up
to the conveyor at a set rate over a specified feed zone. The cake is held in place in the z-
direction between two walls. At the end of this formation area, a cutter trims the cake to
a uniform height, so a continuous length of formed cake with constant rectangular cross-
section is produced. The density distribution through this cake in the y direction after it is
cut can have important consequences on further manufacturing processes. This density
distribution is affected by several operating parameters as well as material bulk
properties. Large variances in the physical properties of individual fibers can produce

dense spots or voids, which can have adverse effects on the density distribution as well.

Screen Conveyor

-

Continuously c /
utter

formed cake

Feed Zone

Figure 1.1 reen Conveyor for Forming Fibrous Ca



Purpose
The purpose of this research is to model the formation of a cake of fibrous porous

material including its density distribution. A numerical model of this situation has been
developed. Also of interest is a comparison of the cake formed by two different
materials, A and B. Seven test cases of each material were run to see the effects of
various density anomalies on the final formed cake. In order to solve this model, some
experimental material-related equations are needed. A permeability measurement device

was built and experiments were run in order to determine these relations for the two

materials.
Literature Survey

The main areas covered by this survey are 1) methods of making actual
permeability measurements, 2) Darcy’s Law for flow through porous media, and 3) the

flow regime for which Darcy’s Law is valid.
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Figure 1.2 Suggested Permeability Measuremen ara Scheidegger



Permeability Measurement Device

A permeability measurement apparatus as suggested by Scheidegger (1957) is
shown in Fig. 1.2. This device is based on a non-compressible medium with liquid as a
working fluid. The porous medium of constant height, 4, and cross sectional area, 4, is
exposed to a constant pressure, P. The flow rate, O, is measured by timing the rate that
the graduated cylinder fills. Using Darcy’s law, the permeability, £, can then be

calculated:

where p is the viscosity of the working fluid.

Darcy’s Law

Darcy’s law is a widely used equation for describing flow through porous medium.
It is a reduced form of the equations of fluid motion that predicts a linear relation between
the ﬂuid velocity and the pressure gradient. In its most general form, Darcy’s law as
stated by Bear (1974) is:

g =—K-grad(¢)

where ¢ is the specific flux vector with components in all three dimensions, X is the
hydraulic conductivity, ¢ is the pieziometric head and -grad() is the defined as the
hydraulic gradient. The hydraulic gradient is the sum of pressure and potential energies
of the fluid per unit weight. For an isotropic medium with flow in only one dimension

and neglecting gravity effects, Darcy’s law reduces to:

y=_k. ar
poodx
where V is the velocity of the fluid through the porous medium, £ is the permeability of

the medium, p is the viscosity of the fluid, and dP/dx is the pressure gradient.



Darcy’s law is valid only for flows with relatively low fluid speeds where the
viscous forces due to the resistance to fluid flow by the medium outweigh the inertial
forces of the fluid. Hassanizadah and Gray (1987) define a Reynolds number for porous

flow to be:

where / represents a characteristic length of the porous medium. The critical range of this
Reynolds number varies anywhere from 5 to about 13 depending on which reference is
consulted. What value to use for / is also the subject of some debate. Bear suggests
using the mean grain diameter or some other measure of the average diameter that the
fluid flows through as it goes through the medium. Ward (1964) uses / = K% for his

characteristic length.



II. EXPERIMENTAL PROCEDURE

In order to solve the numerical model described in the next section, two equations
relating the density of the material, p, the permeability of the material, k, and the
pressure drop across a given height of material are needed. To get these relations a
permeability and density measurement device was designed and built. Experiments were
performed on two different materials, A and B, and regression curves were found from

the data.

Test Apparatus

A device to measure the pernieability and density of the material was constructed
based on the design suggested by Scheidegger. The device used for the experiments
discussed in this thesis has a few differences. First, in order to get conditions similar to
those in the actual machine, the working fluid used is air. Also the cross-section of the
device is rectangular, with the distance between the sidewalls being the same as in the
actual machine’s feed zone. A flow meter is used to measure the air flow rate and a water
manometer is used to measure the pressure drop across the porous material. Since a
relation giving the density to which the material compresses for a given pressure gradient
is also required, the device was designed so it would be convenient to measure the height
to which the material compresses.

A diagram of the experimental apparatus is shown in Fig. 2.1. The device consists
of a Plexiglas box that is enclosed on the top and sides but open at the bottom. Grooves
are cut into the sidewalls at the bottom which allow a screen be inserted across the
bottom. The screen used is a piece of the actual screen conveyor from the cake formation
machine. Holes are drilled and tapped into the top and into one side of the device. The
supply air goes through the flow meter and into a diffuser in the top of the device. The
hole in the back side of the device is connected to the manometer which measures the

pressure drop between the inside of the device (above the screen and material) and



atmospheric pressure. The top of the device is removable to allow for adding or

removing the fibrous material for each test.

Supply . Flow Meter
Diffuser
Manometer
Measures(P P, Material of
known mass
Pref

Patm

Screen
Outflow to Atmosphere

Figure2.1 TestA for M ing P ili

Test Procedure

In order to make the required permeability measurements and get usable relations,
an experimental test procedure was developed. This procedure consists of starting with a
known mass of material which is put into the device and leveled across the screen (but
not compressed). The supply air is then turned on to a specified initial flow rate. The

height to which the air compresses the material is noted, as well as the pressure drop



across this height. This is repeated at one or two higher flow rates for the same sample.
Then the material is removed and discarded, and another sample can be tested. The
actual data from this testing is included in Appendix A. For both materials, some
additional data points were taken where the material was compressed in the device by
hand before readings were taken. The reasons for this will be explained in the next

section.

Analysis of Experimental Da

It is necessary to perform some manipulations on the data collected in order to get
the relations needed for the numerical model. First, the density of the material at each
point is calculated from the known mass, m, the measured height, 4, the known cross-
sectional area of the device, 4., and a conversion factor to get to standard SI units:

_ m
A, -h

p

This is the density of the material plus the air which occupies the spaces between the
individual fibers. The velocity through the material at each data point is also needed. It
is found with the measured flow rate, O, the known cross-sectional area of the device, 4,

and another SI conversion factor:

To find the permeability, it is necessary to calculate the pressure gradient across the
material. This is found by dividing the pressure drop across the material by its height:
dP_ Py —Puy
dh h
The next required manipulation is to calculate the permeability at each data point.
Darcy’s law is used to find the permeability, &, based on the velocity through the material,
V, the viscosity of air, u, the pressure gradient, dP/dh, and another SI conversion factor:

1
k=V-p-—5

dh



The last required data manipulation is necessary in order to normalize the permeability
with respect to velocity. Noting that permeability has units of [Lz] a Reynolds number
for porous flow can be calculated based on permeability:

_Vk

L

Re,

All of these calculations for each data point are included with the collected data in
Appendix A.

Once the data is collected, plots of certain parameters are made in order get
regression equations. Figure 2.2 is a plot of the density versus Re, for the data collected
on materials A and B. The pre-compressed material data points were included in this data
set because they help define the permeability of material that is near its maximum
possible density. A power regression has been found for the data points for each

material. This regression results in the following equation relating the density to Re;:

dm
Rek = cm P

where c,, and d,, are constants determined by the material. This power form was chosen
because it fit the collected data well, giving R? values of 0.95 for material A and 0.90 for
material B. Table 2.1 gives the values of these constants for the two materials. The

permeability can be solved for from this equation:

2
c, v g
k:m."‘
[V"}

Figure 2.3 shows the pressure gradient versus density for the two data sets, not

including the data taken from pre-compressed material. The pre-compressed data was left
out because this relation shows the density to which the material is compressed for a
given pressure gradient. When the material is already compressed to a given density, the
pressure gradient has no additional effect, unless it is driven above the point where it
would naturally cause the pre-compressed density. To avoid skewing this data, these data
points were neglected. A logarithmic regression was used on this data, which yields the

following relation:



)
dh

where a,, and b,, are the regression constants determined by the material. The logarithmic

p=a, -ln[bm .

regression was used even though the power form gave a slightly better curve fit. This
was done because in solving the model, a Newton-Raphson iterative solver is used, and it
is necessary to solve this equation for h and take a derivative. This is much simpler to do
with the logarithmic equation. The values for the constants are also given in Table 2.1.
When these experiments were performed, it was noticed that there was a maximum
density to which the material could be compressed whereas the experimental relation has
no such limit. A test was performed where the material was compressed in a graduated
cylinder and the maximum density was found. The maximum density was found to be
approximately 250 kg./m3 for both materials. Therefore, in the computer code the density
relation is clipped for each material at its maximum density. Note that since the
permeability relation is density dependent, the permeability will also be clipped when the

density is clipped.

Table 2.1 Regression Constants for the Two Materials

a,, b Cm Do
Material A | 32.4006 16.5888 6081.19 -1.4725
Material B | 38.2165 10.75 3956.61 -1.4809
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III. NUMERICAL ANALYSIS

In order to get the density distribution of the cake after it passes the cutter, a
numerical model was developed that breaks the cake into discrete sections in the x-
direction over the entire feed zone. This model makes use of the two relations developed
from the experimental work described above. Seven test cases were run for each material

in order simulate anomalies that might occur in the fibers as they feed onto the cake.

Cake Formation Model
Assumptions

The numerical model to describe the cake formation is based on a few
assumptions that simplify the problem to the point that it can be solved. The first main
assumption was to neglect the effects of friction between the fibrous material and the
sidewalls. As the cake is formed in the real machine, this could have a large effect on the
cake formation as the screen conveyor can be moving extremely fast. The fourth test case
tries to address this problem to some extent.

The next main assumption involves the way the cake is discretized. The model
assumes that once a discrete mass of material is added to the cake at a given step, it
develops certain properties at that step, such as p, &, and 4, which are determined by the
conditions the mass is subjected to when it is added. At all following steps down the
screen, these properties are assumed to remain the same. For example, at the initial step
some material is added at a given p, k, and A. At the final step, this material, which is at
the top of the cake against the screen, will still have these same properties.

Another necessary assumption has to do with the use of the Bernoulli equation.
First, the air is assumed to be incompressible because at the pressure differences used in
this model, the density of the air does not change significantly. Also, in order to utilize
the Bernoulli equation, it is assumed that there is some point below the screen where the

flow rate is very small due to a much larger cross-sectional area. The pressure of the air

12



at this point is the plenum pressure, P,. This pressure will be used along with the velocity
at each discrete step, V, to calculate the bottom pressure, Pb, that each discrete column of
cake feels, using the Bernoulli equation:

V2
Pb =Pp—pair'_2—

Figure 3.1 shows the pressures acting on a discrete column of the cake. Pt is the low
pressure that draws the material up to the screen. In the model, Pt is taken to be zero,

while the bottom pressure, Pb, represent the pressure drop across the cake.

Pt Screen

™~

Pp

Figure 3.1 Pressures Acting on Cake

The last major assumption has to do with the way the material is added to the
cake. In the actual machine, the fibers are physically thrown on to the screen as well as
being drawn up by the lower pressure above the screen. For this model, the effect of the
inertia carried by the fibers is neglected. In the model the material is added evenly across
the length of the feed zone, with only the pressure difference above and below the screen
affecting the formation of the cake. It is also assumed that there is a uniform density

distribution in the z-direction.

13
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Figure 3.2 First Five Steps of Cake Formation

Description of Model

Figure 3.2 shows the first five steps in the x-direction of the discretized model. At
the initial step in the x-direction, an initial height of material is assumed to already be on
the screen. In order to determine the properties of this initial height, the two experimental
correlations are needed, along with the Bernoulli equation and Darcy’s law:

_k Pb-Pt

4
H hy

Darcy’s Law

14



2
k = {v"‘ °. pl“""] Permeability Relation

4
b
p,=a -ln(bm i) Ptj Density Relation
1
VZ
Pb,=P, -p, —é— Bernoulli Equation

Simultaneously solving these four non-linear equations iteratively with the computer
program yields the velocity, permeability, density and bottom pressure felt by the initial
height of cake at the first discrete step.

At the second step, a new mass of material is added on top of the initial mass.
The bulk properties of the initial mass are known from the calculations at the previous
step, but the velocity of the air flowing through the cake at this point is different. Also,
there is some intermediate pressure, Pi,, at the interface the new mass and the initial
mass. This intermediate pressure, along with the velocity of the air through the discrete
cake column link the two masses. In order to find the bulk properties of the new piece,
the two experimental relations, an equation relating the density to the height of the new

piece, the Bernoulli equation and Darcy’s law for each of the masses of material have to

be solved:

v, = kL Plz—h_ﬂ Darcy’s Law for the initial mass

H 1
V, = b Pb-Pi Darcy’s Law for the new mass

K h,

2

C, O 4 . .

k, = { L m:' Permeability Relation
2
Ppi
p, =a, ln(bm szh 12) Density Relation
2
v,? . .

Pb, =P -p,, =N Bernoulli Equation at step two

15



_dm _1
dx W-h,

P,

Definition of density

where W is the width of the sidewalls, and dm/dx is the mass of material that is added to

the cake per discrete step in the x-direction. By solving these six equations, the bulk

properties of the added mass can be found.

At the third step, this same set of equations has to be solved, with the addition of

another Darcy’s law equation and another intermediate pressure variable, because there

are now three masses of material that are linked with two interfaces. However, since the

bulk properties of the initial mass and the mass added at step two are known from the

previous calculation, they can be lumped into one mass that has a varying permeability.

Since Darcy’s law can be thought of as a resistance to flow, different masses of

permeable material can be summed as if they were resistors. Therefore Darcy’s law for

the two linked masses can be written:

Pii Pt 1

o
kI k2

V3=

Darcy’s Law for first two masses at step 3

Now the six equations can be solved for the remaining steps in the discretized model with

each new step relying on information calculated at the previous step. In the general form

these equations at the ith discrete step down the cake can be written:

[EQN 3.1] v = P, Pt
(h_1+h_z+ h_]
kl k2 ki—l u
[EQN 3.2] y -k 2o P
LA
2
[EQN 3.3] k, {cm 2 p}
%
[EQN 3.4] P =a, -ln(bm -Pb’h P”]

16

Darcy’s Law for the previous masses

Darcy’s Law for the new mass

Permeability Relation

Density Relation



V2 . . .
[EQN 3.5] Pb, =P —-p, Y Bernoulli Equation at step i
[EQN 3.6] _dm 1 Definition of density
' P = won

Once these equations are solved for each step down the screen, the density along with the
height of each added mass give the density distribution in the formed cake. This is

demonstrated in the four test cases.

mputer el

In order to solve the non-linear sets of equations described above a computer code
was written. This code is included as Appendix B. Figure 3.3 is a flow chart describing
the main iteration loop of the program. First an initial guess is made for the velocity.
Theﬁ Eqn. 3.1 is solved for the intermediate pressﬁre based on the guessed velocity and
Eqgn. 3.5 is solved to find the pressure beneath the cake. At this point an Newton-
Raphson iterative solver is used to solve equations 3.4 and 3.6 for the height and density
of the most recently added mass. Now Eqn. 3.3 can be éolved for the permeability of
this new piece. With all of the properties of the new piece now known, Eqn. 3.2 can be
solved for the air velocity through the whole cake at the current step. This calculated
velocity is compared to the initial guessed velocity, and if they are not within some
prescribed tolerance, then a new guess is made based on these guessed and calculated
velocities. If the two are close enough, all of the variables are saved for that step, and the
program goes on to the next discrete step. This continues until the entire length of screen
is solved.

A grid refinement analysis was performed and is included in Appendix C. From
this analysis, a grid consisting of 170 points is used which produces a numerical error of

less then 0.2%. This grid divides the feed zone into 0.5 cm segments.
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Figure 3.3 Flow Chart of Program
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