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(ABSTRACT)

A parameter design introduced by Taguchi provides a new quality control method which can
reduce cost-effectively the product vanation due to various uncontrollable noise factors such as
product deterioration, manufacturing imperfections, and environmental factors under which a
product is actually used. This experimental design technique identifies the optimal setting of the
control factors which is least sensitive to the noise factors. Taguchi’s method utilizes orthogonal
arrays which allow the investigation of main effccts only, under the assumption that intcraction
effects are negligible.

In this paper new techniques are developed to investigate two-factor interactions for
2rand 3 factorial parameter designs. The major objective is to be able to identify influential two-
factor interactions and take those into account in properly assessing the optimal sctting of the
control factors. For 2’ factorial parameter designs, we develop some new designs for the control
factors by using a partially balanced array. These designs are characterized by a small number of
runs and some balancedness property of the variance-covariance matrix of the estimates of main
effects and two-factor interactions. Mecthods of analyzing the new designs are also developed. For
¥ factorial parameter designs, a detection procedure consisting of two stages is developed by using
a sequential method in order to reduce the number of runs needed to detect influential two-factor
interactions. In this paper, an extension of the parameter design to several quality characteristics is
also developed by devising suitable statistics to be analyzed, depending on whether a proper loss

function can be specified or not.
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Chapter I
INTRODUCTION

Since Shewhart laid the foundation of statistical methods for quality control in 1931, we have
seen an increase in the application of statistical ideas to improve the quality and productivity of
industnial processes and products. Most procedures of the traditional quality control methods have
used control charts in which the procedures signal when process is out of control. But they cannot
be used successfully to reduce the variation of the quality characteristic of a product due to un-
controllable noise factors such as production deterioration, manufacturing imperfection, and envi-
ronmental factors under which a product is actually used. In quality control activities, we frequently

encounter a situation in which we want to reduce such product variability without increasing

manufacturing cost.

As a simple example (Taguchi and Wu, 1980, and Taguchi, 1986), consider the manufacturing
process of ceramic tiles, where there are seven controllable factors: lime additive content, granularity
of additive, feldspar content, agalmatolite content, type of agalmatolite, charge quantity, and waste
return content. In addition there is one factor, kiln temperature that is prohibitively expensive to

control. It is known that an uneven temperature distribution in the kiln causes variation in the size

INTRODUCTION 1



of tiles, which is the most important quality characteristic of the tiles. In this situation the man-
ufacturer wants to reduce the product vaﬁaﬁon attributed to uneven distribution of temperature in
the kiln without being able to control it adequately.

As this example demonstrates, there are two types of variables which affect the quality
characteristic of a product. These are called control and noise factors. The control factors are those
input variables which can be adjusted by the operator such as lime additive content. Noise factors
are those variables which are difficult, if not impossible, to control such as kiln temperature. Those

noise factors are the main sources of variation in the quality characteristic of a product.

This problem was addressed by Taguchi, and he developed an experimental design technique
( parameter design ) to reduce the product’s variation cost-effectively. It does this by identifying an
optimal combination of settings of given control factors, at which the quality characteristic is least
sensitive to the various noise factors. In the parameter design, we combine two designs, one for
control‘and one for noise factors, and analyze some performance statistic which Taguci termed a
signal-to-noise (SN) ratio. Then, by using an experimental design technique we identify an optimal
setting of each control factor at which the SN ratio is maximized with the mean value of the quality
characteristics close to the target value. In order for the parameter design to be successful, a suitable
SN ratio should be used. Taguchi developed various kinds of SN ratios according to the engi-
neering structure of a product.

In constructing designs for the control and noise factors, Taguchi suggested using orthogonal
arrays (especially orthogonal arrays of strength 2) with which we can investigate main effects only.
The interactions are not examined in the parameter design since the number of experimental runs
needed to estimate interactions in orthogonal arrays becomes unmanageably large as the number
of factors increases. However, if some interaction effects among the control factors do indeed exist,
then the parameter design may lead to settings which are not optimal. Moreover, Taguchi devel-
oped the parameter design technique only for a single quality characteristic, assuming that the
quality of a product can be assessed by the most important quality characteristic. But frequently
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we want to improve several quality characteristics of a product simultaneously. Therefore, the

problems we face in the parameter design are:

(i) development of the suitable SN ratios corresponding to the particular properties of pro-
ducts;
(i) construction of designs by which we can investigate interactions with minimum cost;

(iii) extension of the parameter design to several quality characteristics.

Most research for the parameter design centered on the first problem, and several kinds of
SN ratios for the univariate parameter design were developed by Leon, et.al.(1987), and Box (1988).
Although the second and third problems are important, no research has been done for these prob-
lems. Only some transformation techniques were suggested by Taguchi and Wu (1980), and Box
(1988) for the second problem.

The procedures outlined in this paper are directed toward the second and third problem. We
shall develop new designs by which we can identify influential 2-factor interactions, especially for
2t and 3 factorial designs for the control factors. To extend the parameter design technique to se-
veral quality characteristics we shall devise some suitable SN ratios which take several quality
characteristics into account simultaneously.

The following chapter provides relevant background information on the parameter design
with an example of its use, plus details of the influence of non-negligible interaction effects. In
Chapter III, we develop suitable designs for 2! factorial designs of the control factors, through which
we can detect and estimate influential 2-factor interactions under the assumption that 3-factor and
higher order interactions are all negligible. Also developed in Chapter III are methods of analyzing
the new designs. The procedure developed in Chapter IV is aimed to identify the influential 2-factor
interactions in 3¢ factorial designs for the control factors. We employ a sequential procedure to
reduce the number of experimental runs needed for detecting influential 2-factor interactions. The
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SN ratios for several quality characteristics are developed in Chapter V. Chapter VI contains a
summary and some suggestions for further study.
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Chapter 11
PARAMETER DESIGN

This chapter c.ontains a brief review of the parameter design, followed by a simple example.
For the development of new designs, problems resulting from influential interaction effects are dis-
cussed as well.

II.1 Loss Function and Expected Loss

Taguchi (1986) defines quality of a product as follows:

“I define quality as the losses a product imparts to the society from the time the product is
shipped”’.

The essence of this definition is that the societal losses generated by a product from the time the
product is shipped to the customer, determine its desirability. The smaller the losses, the more de-

sirable the product is. There are many ways in which a product can result in losses to the society.
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A typical loss on which we concentrate is failure to meet the ideal performance, that is, deviation
of the quality characteristic of a product from its ideal value.

To evaluate the quality of a product we need first to identify the quality characteristic of a
product, which is assumed here to be m.easured on a continuous scale and we denote it by Y. The
ideal value of the quality characteristic is called a target value and we denote it by 7. Also we denote
the continuous loss function by ¢(y:r) when y is a specific value of the quality characteristic Y.
The loss function ¢(y:t) represents the loss in terms of a quantitative measure, for example in dol-
lars, suffered by an arbitrary customer at an arbitrary time during the product’s life span due to the
deviation of the quality characteristic Y from its target value r. Here we assume that a loss function
¢(y:7) is convex and sufficiently smooth so that its second derivative exists. Then by Talyor’s series

expansion we can express ¢(y:t) as
£(z:7) 2
) =l(zr)+ () (y—1) + -2 =7+ . (2.1)

Since the loss function ¢(y:r) has a minimum value at y = ¢ , its first derivative ¢’(:7) evalu-
ated at y = 7 in (2.1) equals zero. Assuming that the loss is always zero when y is equal to its target

value r, we can then approximate the loss function as
) = k(y —7)? , 22

where the unknown constant & can be determined using an economic argument (see Taguchi and
Wu, 1980).

As we mentioned, there are two types of variables which affect the product performance.
These are control and noise factors. Control factors are the product design variables which can be
controlled by the product designer or manufacturing operator. The set of control factors is denoted
here by €. A vector @ of settings of the control factors in @ defines a product design specification

and vice versa. Noise factors are those variables which cause variation in the product’s performance
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during the life span of a product. We denote the set of noise factors by W. Taguchi and Wu (1980)
classified the noise factors into the following three categories.

(i) External noise factors: These noise factors include environmental conditions under which
a product is actually used, such as temperature, humidity, dust, etc.

(i) Internal noise factors: These are noise factors which cause the variation during the usage
of a product. For example, deterioration of a product or components of a product can be classified
into this category.

(iif) Manufacturing noise factors: These noise factors cause the variation among the product
units during the manufacturing process of a product. In the example of the manufacturing process
of ceramic tiles in Chapter I, the kiln temperature is a noise factor of this category. Moreover,
variations among the incoming materials and supplies fall into this category.

The parameter design is used to conduct an investigation to minimize the adverse effects of
various noise factors. Effects of noise factors change with different settings of the control factors.
The goal of the parameter design is to evaluate the effects of the noise factors at different settings
of the control factors, and identify the optimal settings at which the product is least sensitive to the
noise factors.

The external and internal noise factors can be investigated at the stage of research and devel-
opment (see Taguchi and Wu, 1980). Even though the manufacturing noise factors can be examined
in the parameter design at any stage, these noise factors are investigated primarily at the manufac-
turing stage. According to the noise factors included in the parameter design, we can state the
purposes of parameter design as following:

(i) to minimize product sensitivity to environmental conditions;

(ii) to minimize product variability due to deterioration;

(i1i) to minimize variation among the product units with the mean value of the quality char-
acteristic close to the target value.
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A simple manufacturing process is illustrated in Figure 2.1. Let @ = (6,, 0,, ..., 8,) denote the
setting of the control factors and let W = (W,, W,, ..., W,) represent the set of noise factors included
in the parameter design experiment. We assume that the quality characteristic Y is a function of
@ and W, that is, Y = f{¥; @), in which fis called a transfer function. The setting of the control
factors (@) is a set of the parameters of the distribution Y, and for a given @ the noise factors generate
the distribution. The noise factors are assumed to be random varniables so that the output is also a
random variable.

control factors
a
o output
Noise éactors AW 8) Yy , average loss R

< Figure 2.1: Block Diagram of a Manufacturing Process >

The expected loss at the setting 2 of control factors is

R@) = Eg(e(yv)
= Ey{k(y — 7)*) = kKMSE(@) (2.3)
= k(a*(@) + (bias @)") ,

where we use the notation, such as MSE(@) to emphasize that MSE is a function of 8 . Hereafter,

however, we shall omit § when no ambiguity arises. This expected loss is a quantity to be mini-

Note from equation (2.3) that the expected loss i3 proportional to MSE, and in turn the

quality of a product is inversely proportional to it. Moreover, if £(Y) is equal to the target value

7, the objective becomes to reduce the variance of the quality characteristic.
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An example is given here (see Taguchi and Wu, 1980), which shows that the inspection
method of a traditional quality control activity cannot reduce successfully the variance of the quality
characteristic. Assume that the quality characteristic Y has a normal distribution with mean u and
variance 3. If we inspect each product and remove those whose value of the quality characteristic
is outside of the tolerance interval, for example (1 — 34, u + 30), then for those having passed the
inspection the density function of Y is reduced to the following truncated normal distribution

1 .
_— if u=3e<ysu+3
ﬂy)={Q¢(y) p—=lo<yspu+3lo
0 otherwise
,Where @ = f :_*::¢(y)dy = (0.9973 and ¢(y) is the normal density function with mean u and vari-
ance o3,

Applying integration by parts, we obtain the variance of for passed products as

o1 = E(Y —u)?)
_ _1_ ut+3o )
=5 [, oo

=0.9720° .

Consequently, the perfect inspection method can reduce the product variability only up to 2.8%.
If we consider the inspection cost, then this inspection method turns out to be totally inefficient in
reducing the product variability. In the next section a new statistical method (parameter design)
will be described. Since the parameter design minimizes the product variability by reducing the in-
fluence of the noise factors rather than by controlling them, it is a cost-effective technique for im-

proving the quality of a product.
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II.2 Parameter Design and Its Analysis

11.2.1 Orthogonal Arrays

Before describing the analyzing technique of the parameter design, we define an orthogonal
array (OA) which will be used to construct the parameter design.

< Definition 2.1>

Let T be a (¢ x m) matrix with entries from a set S of s symbols. T is called an orthogonal
array of strength d in m assemblies with ¢ constraints and s levels if any (d x m) submatrix of T
contains all s¢ possible (d x 1) column vectors based on s symbols of S with the same frequency
A. Such an array is denoted by OA(m,t, 5,d:2) in which 4 is called the index of T.

OA'’s were introduced first into statistics by Rao(1946) under the name of hypercubes and
then by Bose and Btish(l952). For given values of m and s, it is possible in general to construct
OA'’s for a large value of ¢ if the value of 4 is small. Raghavarao (1971) provided several methods
for constructing OA’s up to strength 3, and Seiden and Zemach(1966) investigated the construction
methods of OA’s of strength 4 for s = 2, and Kackar(1982) tabulated some important OA’s.

From the above definition of OA, we can see easily that:
(i) m= A5 in any OA(m,t,5,d:1);
(ii) an OA of strength d, is also an OA of strength d, < d, ;

(iif) an OA remains an OA if we permuteA rows and/or columns of the array.

< Example 2.1>
(i) The following is an OA(8,4,2,3:1) :
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1 0000111
01001011
00101101
00011110
(ii) An OA(9,4,3,2:1) follows:
000111222
012012012
012120201
01220112090

If we consider the columns of an OA as treatment combinations, then such an array is a
fractional factorial design containing m (not necessarily distinct) treatment combinations from an
s* factorial design. It can be shown (Raktoe, et.al., 1981) that if 7T is a fractional factorial design
based on OA4(m,t,s,d:2), then we can estimate all the main effects and the interactions up to order

d+1

k, where k is the greatest integer less than — and the estimates are mutually independent.

11.2.2 Construction of Parameter Design

The parameter design technique developed by Taguchi can be described by the following 7
steps.

<Step 1>
Determine the quality characteristic of a product, and identify the control and noise factors.

<Step 2>
Determine the initial levels and the range of levels of the control factors. Also identify the
range of noise factors and choose the levels to be investigated in the parameter design.
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<step 3>

Using orthogonal arrays, construct the designs for the control and noise factors. Taguchi
called these designs inner array and outer array,respectively. Figure 2.2 shows how we construct the
parameter design. In Figure 2..2, we assign the control factors to columns of the inner array. Each
row of the inner array represents the combination of levels (treatment combination, or setting) of
the control factors. The columns of an outer array stand for different settings of the noise factors.
A complete parameter design experiment consists of a combination of the inner array and the outer
array as shown in Figure 22, Then, for each setting @ of the control factors, n values of the response
(quality characteristic) are generated at different settings w of the noise factors, in which 7 is the

number of rows in the outer array for the noise factors.

Inner Outer Quality SN
Array: OA(L,) Array: OA(L,) Characteristic Ratio
0, 8, 65 8, Wy Wp Wy
9.0 0 0 O w.]0 0 0 }— v, '
0./0 o 0o 12 wlo 1 1}—— ¢,
g/ 0 2 1 o0 ¥f1 0 1 p——— y,, S(8,)
g0 111 w1l 10 }pb— gy,
g:]1 0 1 0
8|1 0 1 1 : :
é|1 100 . . .
% 2 1 01 w.[0 6 © You
Y2001 1 b—— vy,
¥l 0 1 [—— vy, S(8s)
¥l 1 1 O —— y,, J

< Figure 2.2: Block Diagram of Parameter Design for 4 Control
Factors and 3 Noise Factors with 2 Levels >

<Step 4>
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Carry out the experiment, and for each setting @ for the control factors obtain (see section
11.2.3) a signal-to-noise (SN) ratio by using the 7 actual response values. Note that equation (2.3)
essentially says that in order to minimize the expected loss, we have to control the quality charac-
teristic ¥ through both the mean and the variance. Therefore, in the parameter design we need to
devise an objective measure which takes these two parameters into account. Taguchi called such
an objective measure an SN ratio. The SN ratio is a quantity whose maximization is equivalent

to minimization of the expected loss (2.3). We shall discuss the SN ratios in detail in section 11.2.3.

<Step 5>

Perform the standard ANOVA procedure using SN ratios as response values and estimate
the main effects for the control factors. Moreover, decompose the control factors @ into two groups
©, and ©,, in which €, is a subset of the control factors which have non-significant effects on the
SN ratio. We call the control factors in @, adjustment factors (Taguchi called them signal factors).
It is sometimes argued that we do not have to test the significance of control factors in the ANOVA
procedure since we must identify the optimal level of each control factor whether it has a significant

effect on the SN ratio or not.

< Step 6>

For each control factor, find the level at which the SN ratio is maximized. If the mean re-
sponse of the quality charateristic deviates from the target value at the combination of these iden-
tified levels of the control factors, then make the mean response close to the target value by
manipulating the adjustment factors, and finally identify the optimal setting 8* = (,*, 8,*) of the
control factors, at which the SN ratio is maximized with the mean response of the quality charac-
teristic close to the target value. The ANOVA procedure using the mean of n values of quality
characteristics as a response may bf helpful in identifying the most efficient adjustment factor. If
such a supplementary ANOVA is conducted, then in the correction procedure of the mean response

we use an adjustment factor which has the most significant effect on the mean. Note here that since
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the adjustment factors have non-significant effects on the SN ratio, we can manipulate the adjust-

ment factors without influencing the SN ratio.

<Step 7>

Conduct a new experiment to confirm that the identified optimal setting indeed improves the
SN ratio. If there is no improvement in the first parameter design procedure, then iterate the pro-
cedure using the optimal setting @* identified in Step 6 as the initial setting of control factors in
Step2. Figure 2.3 summarizes the seven steps of the parameter design analysis in a block diagram.

11.2.3 SN Ratios

As we mentioned before, in the parameter design we analyze SN ratios whose maximization
is equivalent to minimization of the expected loss (2.3). The SN ratio estimates the effects of the
noise factors on the quality characteristic. An efficient SN ratio takes advantage of the prior engi-
neering knowledge about the product, the loss function, and the property of the quality character-
istic. Depending on the property of the target value, Taguchi suggested the following SN ratios.

(1) Nominal is the Best

Here the quality characteristic is continuous and the nominal target value, say t =1, is
specified and the expected loss increases as Y deviates from 7, in either direction. For this case, we
have to control the variance and the bias simultaneously. Frequently the mean and the variance
are functionally dependent so that as the mean decreases the variance also decreases and vice versa.
In such cases, we cannot minimize first the variance and next reduce the bias by changing the mean
to the target value. However, it may be possible to reduce the bias independently of the coefficient
of variation % . Therefore, we minimize first the SN ratio based on the coefficient variation, and
then reduce the bias by manipulating the adjustment factors.

For this case, Taguchi recommends the following SN ratio:
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Identify quality
charateristic, control
and noise factors.

E—

Determine the levels

of control and noise factors.

l

Construct parameter design:
Inner array and Outer array.

L

Conduct the experiments
and estimate SN ratios.

L

Perform ANOVA procedure,

decompose control factors.

I

Identify optimal setting
d‘

Set initial setting

at 3¢

< Figure 2.3: Block Diagram of Analysis of Parameter Design >
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2
n(@ =10 log (55) (2.4)
(-4
;Where u and o? are expected value and variance of Y, respectively, and the base of log is 10.

As an estimate of (2.4) at the i-th setting 8, we use
Ji 2y
S(@) =10 log ((= i=1,2 .., m 2.
@) 8((5) (2.5)
,where j, and S? are the usual estimate of x and ¢, respectively.
(2) The Smaller the Better

Here the quality characteristic is a continuous, positive and the target value is zero. Then the
expected loss (2.3) turns out to be

R@) = kEg(y?) . (2:6)
For this case, the SN ratio at the setting @ is
n(@) = —10 log (Eg(y?)) - 27

As a moment method estimate of (2.7) at the i-th setting 8, we use in practice

S@)=-101log | =, i=1,2, .., m (2.8)

,where m, n are the numbers of rows of the inner array and outer array, respectively.

(3) The Larger the Better

PARAMETER DESIGN 16



This is the case of a continuous quality characteristic which we want to be as large as possible.
If we take the reciprocal 1/Y, then we have the same situation as in the case of (2). The SN ratio
is defined as

n(@) = -10 log;q [Ez[(yl )’]] : 29

In practice, we use the following estimate of (2.9).

S@) =—10 103[;:(7;-)‘/,:], i=1,2 .,m. (2.10)
1

When the target value is equal to infinity (zero), it is impossible to fit the quality characteristic
exactly to the target value by manipulating adjustment factors in the parameter design.. Therefore,
for the cases of (2) and (3), there exist no adjustment factors in the true sense. But we can make
the mean response of the quality characteristic the largest (smallest) as possible.

When the nominal value of the target value is specified, Box (1988) discussed the SN ratio
(2.4), and showed that it was appropriate only when the standard deviation ¢ and the mean u were
linked through a linear function. If ¢ increases proportionally with u’, then the suitable SN ratio

is

n(8) = 10 log [(—‘f,p-)z]. @.11)

As a special case, if ¢ and u are functionally independent, i.e. p =0, then the suitable SN ratio is

(@) = —10 log (o?). (2.12)

Therefore, information on the extent of dependency between the mean and the variance is
necessary to devise the appropriate SN ratios. If they turn out to be dependent, Box (1988) sug-
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gested to transform the data to achieve independency. After transformation, we can then use the
SN ratio (2.12) for the transformed data.

Leon, et.al. (1987), also discussed the SN ratio (2.4) from the point of view of the transfer
function. They showed that if the transfer function is a particular multiplicative transfer model, i.e.
the transfer function is of the form

y=v¥@ ) (¥, 4, (2.13)

Where E(s(W, 9))=1 and E(Y)=y(Q,, 8,) is a strictly monotone function of each component
of @, for each @,, then the maximization process of the SN ratio (2.4) is equivalent to the minimi-
zation of expected loss (2.3).

However, for the additive transfer function

y=v(@, &) + «(¥, &) (2.19)

where E((W, §,)) =0, they showed that (2.12) is the suitable SN ratio whose maximization is
equivalent to the minimization of (2.3).

II.3 Example of Parameter Design Analysis

As a simple example of a parameter design, Pignatiello and Ramberg (1985) used it in the
manufacturing process of leaf springs for trucks. An important quality characteristic of a leaf spring
is the free height of a spring in the unloaded condition. The target value here is 8 inches.

In this production process there are 4 control factors: (A) furnace temperature, (B) heating
time, (C) transfer time, and (D) hold-down time. They found that the quenching oil temperature,
which was too expensive to control, caused variation in the free height of the leaf spring. Therefore,
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Pignatiello and Ramberg chose the quenching oil temperature (O) as a noise factor. Table 2.1
shows the two levels of each factor studied in the experiment.

They used an orthogonal array of strength 3 with 8 runs for constructing the inner array (see
Table 2.2) and replicated each test run of the inner array three times at each level of the noise factor.
The free height data and corresponding SN ratios are given in Table 2.3. Since this orthogonal array
can estimate all the main effects and three 2-factor interactions under the assumption that 3-factor
and higher order interactions are all negligible, they included 2-factor interactions 4B, AC , and
BC. Since there are no degrees of freedom for error, they pooled two small sums of squares,
SS(A) and SS(4B) , to obtain an error sum of squares.

From the ANOVA procedure based on SN ratios (see Table 2.4), we can see that two factors
A and D are adjustment factors, and one interaction BC is significant at the « = 0.1 level. Since
estimated effects (see Table 2.5) of A and D are negative and positive, respectively, the SN ratio is
maximized at the levels 4- and D*. For interacting factors, we can identify the optimal combination
of levels by evaluating the average SN ratio at four possible combinations of levels. Figure 2.4
shows that the average SN ratio is maximized at the combination (B*, C‘). Therefore, the SN
ratio is maximized at the setting § = (4", B*, C-, D+). If the mean response of the free height
at this setting differs from the target value of 8 inches, then we adjust the mean response by ma-
nipulating the factor A.
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< Table 2.1: Control and Noise Factors > °

Levels
Letter Factor Low(-)  High(+)
A Fumace temperature (°F) 1840 1880
B Heating Time (seconds) 25 23
C Transfer Time (seconds) 12 10
D Hold-down Time (seconds) 2 3
o) Quenching Ouil Temp. CF) 130-150 150-170

< Table 2.2: Orthogonal Array with 8 Runs >

- = 4+ + 4+ = -
¥ -+ - = 4 -
- + + - - - +
+ + o+ o+ o+ 4 +
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< Table 2.3: Data and Summary Statistics >

*: S5(4), SS(AB) are pooled to get the error sum of squares.

PARAMETER DESIGN

SN Ratio
p o o 4 5 lowg()sy
1 778778 7.81 7.507.25 7.21 7.54 .09 28.00
2 8.158.18 7.88 7.88 7.88 7.44 7.90 .07 29.46
3 7.50 7.56 7.50 7.50 7.56 7.50 7.52 .001 47.70
4 7.597.56 7.75 1.63 7.75 7.56 764 01 38.68
5 794 8.00 7.88 7.32 7.44 7.44 7.67 .09 28.11
6 7.69 8.09 8.06 7.56 7.69 7.62 7.79 .05 30.59
7 7.567.627.44 17.18 7.18 7.25 7.37 04 31.55
8 7.56 7.81 7.69 7.81 7.50 7.59 7.66 02 3531
- < Table 2.4: ANOVA Table for SN Ratio >
Source of )
SS df - F P
Variation :
A* 224 1 - - -
B 171.81 1 3180 o3
c 41.742 1 7.72 1
D 17.293 1 3.20 21
AB* 10.585 1 - -
Ac 23.826 1 4.40 17
BC 53.862 1 9.96 .09
Error 10.809 2
Total 319.342 7
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< Table 2.5: Estimated Main Effects of Control Factors >

Control Factors Estimated Effects
' A - <335
B 9.269
c -4.569
D 2.94]

435 +

30 T

25 ‘ .

< Figure 2.4: Plot of BC Interaction Effect on SN Ratio >
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I1.4 Influence of Non-negligible Interaction Effects

As mentioned in section II.2, Taguchi used orthogonal arrays, in particular OA’s of strength
2, when constructing the arrays for the parameter design. As we mentioned in section I1.2.1, OA’s
of strength 2 enable us in general to investigate only main effects under the assumption that all
interactions are negligible. Taguchi used OA’s since OA’s can accomodate a maximum number
of factors when all interactions are negligible (see Rao, 1946). However, in order to investigate
interaction effects using OA'’s, the number of experimental runs needed becomes unmanageably
large as the number of factors increases. For example, we need at least 64 experimental runs to
examine 2-factor interaction effects for a 27 factorial experiment. Moreover, in the parameter de-
sign, if we have 4 rows (treatment combinations) in the outer array, then we need at least
64 x 4 = 256 experimental runs. In practical situations, it is not rare to encounter a situation in
which we have to include a large number of control factors (say 100) in the parameter design. But
the rationale of using OA's is useful only when the interaction effects are all negligible. If there exist
some influential interaction effects among the control factors, then the optimal settings in the pa-
rameter design can be misleading.

In the parameter design, there are two types of factors, control and noise factors. Therefore
there can be three types of interaction effects in the parameter design:

(1) interaction effects between control factors and noise factors;
(2) interaction effects among the noise factors;

(3) interaction effects among the control factors.

Now we will discuss the influence of these interaction effects in more detail.

(1) Interaction effects between the control and noise factors are the basis of the parameter
design and necessary for the parameter design technique to be successful. If there exists interaction
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between the control and noise factors, then the effects of the noise factors are different at different
settings of the control factors. Through the parameter design analysis, we can then find the optimal
setting at which the expected loss is minimized.

(2) In the parameter design, it is not important whether interaction effects among the noise
factors exist or not. In the parameter design, we generate the response value Y at various settings
of the noise factors for each test setting @ of the control factors. Then we calculate SN ratios based
on these responses values. Consequently, all effects among the noise factors are accumulated in

calculating SN ratios.

(3) Suppose there exist some influential interactions among the control factors, then the

correct linear model for the parameter design can be expressed as
E(S =Xl£1 +X2£2 (2.15)

,where § is a (m x 1) vector of SN ratios
B, is a vector of the overall mean and main effects of the control factors
B is a vector of influential interaction effects among the control factors

X, and X, are corresponding model matrices.

Note here that in the parameter design, we include all the main effects in the model whether
they are negligible or not. This is because in the parameter design our final goal is to find the op-
timal setting of each control factor, not to evaluate the model.

In the usual parameter design, g, is assumed to be zero. Under the assumption that the error
term is distributed independently and identically and this assumption, the BLUE of g, is given by

Bi=(0 X)) x,S . (2.16)
If the correct model is (2.15), then
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E(ﬁl) =B+ 4,6, , @17

where 4 = (X" X,)'X", X, is the alias matrix.

Consequently, there is bias in estimating g, with the exact amouat of bias depending on X and
unknown X; , and §,.

However, equation (2.17) reveals that the bias will be identically zero if and only if the col-
umns of X, are orthogonal to the columns of X;, that is, X’,.X; =0 . This condition is equivalent
to requiring that in the parameter design, the orthogonal array used for the inner array be one or
more copies of a minimal complete factorial design. This, in general, is very inefficient and costly.

We note here that in the parameter design one of the most important considerations is to
estimate the main effects of the control factors accurately. In order to get accurate estimates with
small bias , the influential interactions should be included in the parameter design. Moreover, the
main effect plan is liable to give misleading optimal setting of the control factors in the presence

of influential interactions among the control factors for the following reasons:

(i) When there exists interaction between a significant control factor and an adjustment fac-
tor, the final setting 8* may not be optimal since we manipulate the adjustment factor. In other
words, if the adjustment factor interact with a significant control factor, then the adjustment pro-

cedure of the mean response cannot be done without influencing the SN ratio (See Hunter, 1985).

(i) The ANOVA results of main effect plan are not reliable in the presence of interactions

among the control factors.

(iii) For the interacting control factors, the identified levels in the main effect plan may not

be optimal since the effect due to one factor is influenced by the settings of the other factors.
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Therefore, in order for the parameter design technique to be successful, the influential inter-
action effects among control factors should be detected and accounted for properly.

PARAMETER DESIGN 26



Chapter 111
DETECTING INTERACTIONS IN 2-LEVEL
FACTORIAL PARAMETER DESIGNS

New designs which can be used as an inner array for a 2 factorial parameter design are de-
veloped in this chapter. These designs are intended to detect 2-factor interactions among the con-
trol factors with a minimum number of experimental runs. More specifically,

(i) the construction of new designs which allow detection and estimation of influential 2-factor
interactions is developed assuming that 3-factor and higher order interactions are all negligible;

(if) optimality criteria for the new designs are discussed;

(iii) we will discuss detection procedures for influential 2-factor interactions and introduce new de-
tection procedures;

(iv) the analysis of the new 2’ factorial parameter design is discussed taking influential 2-factor

interactions into account.
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III.1 2-Level Factorial Designs

A 2* factorial design is an experiment which involves t factors, each having two levels. In a
2! factorial design, a treatment combination is denoted by a (¢ x 1) vector 3’ = (x;, .., x) with ele-
ments x, from the Galois field of order 2, GF(2), where 0 and 1 of GF(2) represent the 2 levels of
each factor. There is an one-to-one correspondence between 2* treatment combinations and 2¢
points (t-tuples over GF(2)) in the finite Euclidean geometry of order ¢,£G(t,2). For a 2* factorial

experiment we express each main effect and interaction as
FOFS, Fo @3.1)

| with a, = 0,0r 1 and F} = 1, F} = F, and we ignore all unity elements in this expression. For short
we write (3.1) as Es where g’ = (ay, a, ..., a,) is called a defining vector. If all «, = 0, then (3.1) is
written as u, the overall mean of the experiment. For exa-mple. if all ¢, = 0 except i= 1, then (3.1)
reduces to F; which represents the main effect of factor F,, and if all «, = O excepti = 1 and 2, then
(3.1) represent the interaction effect F\F;.

For a 2' factorial design, one degree of freedom is associated with each main effect and inter-
action and it is represented geometrically by a contrast of the 2 subsets generated by the pencil in
the EG(¢,2). That is, for an effect Es = Fy1Fja...F¥r, the one degree of freedom can be represented

by a contrast of 2 sets of treatment combinations generated by the pencil
gx=i

ie. ayx) + a0+ .. +ax, =i (mod 2)

3.2
i=0orl. S

And the effect £t can be expressed as

B (-, (5-E, 3.3)
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where E§,i = 0,1 are the true effects at level i of Es defined by
Ef = (true mean response of treatment combinations satisfying g'x =i~ .

Now, we can infer from (3.3) that if in Fr1F}2.. F* the sum Za, is odd, then all treatment combi-
nations with Za,x, odd, i.e. g’x = 1 (mod 2), enter posmvely in estimating Fj2F}a...F* and those
=]

with Ea,x, even, i.e. g'x = 0 mod(2), enter negatively. If on the other hand Za, is even, then all
=}

treatment combinations satisfying g'x = 0 (mod 2) enter positively, and those satisfying g'x = 1
mod(2) enter negatively.

For a 2 factorial design where all possible treatment combinations are taken, we can estimate
all main effects and interactions. As the number of factors in a 2! factorial design increases, the
number of treatment combinations for a completely replicated design rapidly increases so that the
experiment outgrows the resources in most cases. If the experimenter can reasonably assume that
certain higher-order interactions are negligible, then information on the main effects and the
lower-order interactions can be obtained by taking only a suitably chosen fraction of treatment
combinations of the completely replicated factorial experiment. These fractional factorial designs
are widely used in many industrial experiments.

From fractional factorial designs, we cannot estimate all main effects and interactions since
the number of treatment combinations in the fractional factorial designs is less than the degrees of

freedom associated with all the main effects and interactions.

< Definition 3.1 >
A fractional factorial design is said to be saturated, if the number of treatment combinations
in the design is equal to the degrees of freedom associated with the effects to be estimated.

The estimability of effects can be used as a basis for classifying fractional factorial designs.
Following the terminology introduced by Box and Hunter (1961) we define the “resolution” of de-

signs.
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< Definition 3.2>

A fractional design is said to be of resolution r if all interactions up to k factors are estimable,
where k is the greatest integer less than r/2, under the assumption that all interactions of order
r — k and higher are negligible.

This definition establishes the resolution of a design in terms of estimability. In particular,

1. A resolution III design is one where all main effects are estimable under the as-
sumption that 2-factor and higher order interactions are all negligible.

2. A resolution IV design is one where all main effects are estimable in the presence of
2-factor interactions which may or may not be negligible, under the assumption that
3-factor and higher order interactions are all negligible.

3. A resolution V design is one where all main effects and 2-factor interactions are

estimable under the assumption that 3-factor and higher order interactions are all
negligible.

Using the usual notation, we can write the model equation for a 2* factorial design which is
cither a complete factorial design or fractional factorial design,

Ep)=Xg , (34

where p is a vector of responses associated with treatment combinations in the design and g is a
vector of parameters (effects), and X is a model matrix.

We can construct the model matrix X in the following way: The first column of X is a vector
with every element one corresponding to the overall mean u and the column of X which corre-
sponds to effect F}1F32...F¥r has elements 1 or -1, according as the treatment combination enters,

respectively, positively or negatively in the estimation of the effect.

< Example 3.1>
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Consider a 2* fractional factorial design where we take only 4 treatment combinations
(0,0,0) (1,1,0) (1,0,1) (0,1,1).
If the parameter vector g includes overall mean and all main effects and interactions, then we can

express

Yooo] [1 =1 =1 =1 1 1 1 =1
Y, 1 1 1 -1 1 =1 =1 -1
1,10

E = 8. (3.5
Yao| {1 1 -1 1 =1 1 -1 =1

Youn| 11 =1 1 1 =1 =1 1 -

where ' = (u, F, Fy, By, R F,, K\F, FF, F,RF) and Y, ,, ., denotes the response corresponding
to the treatment combinations (x,, x;, x,). From this example we can see that each column associ-
ated with an interaction effect in the model matrix can be obtained simply by componentwise

multiplication of columns corresponding to the main effects involved in the interaction.

A 2 factorial parameter design is essentially the same as the usual 2‘ factorial design as far as
the structure is concerned except that in the parameter design an appropriate outer array is com-
bined with each test setting (treatment combination of ¢ control factors) of a 2! factorial design and
the response to be analyzed is an SN ratio.

For a 2 factorial parameter design, each noise factor can have any number of levels which is
not necessarily the same for each noise factor. As we discussed in the previous chapter, in the pa-
rameter design analysis we can use any design as an outer array, for example an orthogonal array,
provided that the test settings of such a design can cover the possible range of all noise factors and
the number of runs is small. Therefore, in this thesis we assume that an appropriate outer array is
combined with each treatment combination of an inner array so that a reasonable SN ratio is ob-
served. A 2‘factorial parameter design is particularly useful as a factor screening design in the early
stages of the parameter design analysis, when there are likely many control factors to be investi-

gated.
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IIL.2 Construction of Designs for Inner Arrays

Consider a 2* factorial parameter design in the partitioned form
E(AS) = XIEI + XzEz (3.6)

with Cow(S) = 0%/ where § is a vector of observed SN ratios
B, is a vector of the overall mean and main effects of control factors
B, is a vector of interaction effects among the control factors, and

X, and X, are corresponding model matrices whose elements are 1 or -1.

Then in the parameter design analysis, we want to estimate all clements of g, and k non-negligible
elements of §, and also we want to find &, a number of non-negligible interactions. If we identify

k, then for a given design T of an inner array, we have the following family D, of competing models,
E(Sp) € Dr={Xi8, + X;*p2: 12 € Pi(62)} X))

,where S is a vector of observed SN ratios for the inner array T
Y2 is (k x 1) vector of non-negligible elements of g,
Py(B,) is the set of all subsets of §, with cardinality &
X3¢ is a sub-matrix of X; corresponding to y, , and
X, Bi» and B, are defined in (3.6).

We assume that in this thesis §, contains only 2-factor interactions, that is, 3-factor and
higher order interactions are assumed to be all negligible. It is a well known fact that in practical
experiments the higher order interactions tend to be negligible and the most important interactions
to be investigated are 2-factor interactions (Daniel, 1973). Moreover, in the parameter design
analysis, if the higher order interactions are present, then the situation where all control factors have

an influence on the SN ratio may occur easily, so that no adjustment factors exist. If there is no
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adjustment factor, we cannot adjust the mean response of a quality characteristic to the target value
when such adjustment is necessary. Therefore, the assumption of a 2-factor interaction model has

a plausible rationale in the context of parameter design analysis.

The theory and methodology for constructing designs which make it possible to draw some
inferences about non-negligible interactions were first introduced in the form of “search design” by
Srivastava (1975) and then extended by Srivastava and Ghosh (1976, 1977) and Srivastava and
Gupta (1979), and Ghosh (1981) for 2* factorial designs for some range of ¢. Most of the work
about search designs assumes that the number of influential effects is known, in particular k=1 or
2. Moreover, it is assumed that there is no experimental error, i.e. 6 = 0 in (3.6). Recently, Ghosh
(1987) developed a search procedure for the noisy case where 02> 0.

In the parameter design analysis, the most important consideration is that the analysis should
be cost-cffective (Taguchi and Wu, 1980). That is, we should identify the optimal setting of the
control factors with a minimum cost. In some practical situations, experimental runs (treatment
combinations) may be difficult to make or expensive to apply. Moreover, in the parameter dcsigﬁ
analysis, if there are m rows (treatment combinations of control factors) in the inner array, then
we need a total of mx n experimental runs, where 7 is the number of rows (test settings of noise
factors) of the outer array. Therefore, for constructing designs which will be used as an inner array
we shall develop designs with a minimum number of treatment combinations. We shall now de-
velop designs which allow us to detect any number of non-negligible 2-factor interactions in the
model (3.6). The detection procedures for the correct model in (3.7) will be developed in section

IIL.4. Before we embark on the construction of the inner array, we shall present some definitions.

< Definition 3.3: (Srivastava, 1965) >
A fractional factorial design is called a balanced design if the variance-covariance matrix of

estimates is invariant under any permutation of the factor symbols.
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As an example, for a 2! fractional factorial design of resolution V, the balancedness means that
for any distinct set of 4 integers ijk, and 1 chosen from {1,2,..t}, the quantities
Var(F), Cowi, F), Cowp, FF), CowF, ), Cowf, FF), Cowf, FF), CoFF, FF),  and
Cow(F,F,, F,F) are independent of the subscripts ik, and I, where 4, F, FiF, denote the estimates
of the overall mean, effect of factor F,, and interaction effect between factor F, and F, , respectively.
Thus we have, e.g. Var(ﬁ'l) = Var(ﬁ',), Cov(F,AF,, F;I-',) = Cav(FfF., F,AF.) , etc. but not necessarily
Cowfy, ) = ConF,, FF), Varth)= CowF.F)) and Cow(FFy, FiF;) = Cow(F[F,, F}F)), etc.

< Definition 3.4: ( Chakravarti, 1956) >

A (t x m) array (matrix) where each column represents a treatment combination of ¢ factors
cach with s levels is called a partially balanced array (PBA) of strength d if, with respect to any d
of the ¢ rows (factors), the treatment combinations (i,, 4, ..., i) occurs (i, 4, ..., i) times, where
A(i, &, &, ..., i) remains the same for all permutations of a given set (i, i, ..., i). The set of all such
numbers, as i, i, ..., i, runs over all s* treatment combinations is called the set of index numbers of
the array, or simply index set and is denoted by A . And we denote the array by PBA(m,t,s,d:A).

It is customary to denote A(i, , ..., i) in a partially balanced array with 2 symbols (levels) in
which two symbols coded by 0 and 1, by A, where w is equal to the numbers of ones in
(4 4y .oy i). W is called the weight of (i, &, ..., i) and the index set A is completely specified by
A = (2, 4y, ..., ) in this case.

From this definition we can easily sce that a PBA(m,t,s5,d:A)) is also a PBA(m,t,s,dy:A,)
where dy 2 dy, Ay = (4, 4, .., 4,,) and Ay = (4,, 4y, ..., 4,,) and a partially balanced array reduces to
an orthogonal array when all index numbers are equal. Therefore, it can be said that a partially
balanced array is a generalized orthogonal array in a certain sense.

It can be shown (Srivastava, 1965) that a balanced 2! fractional factorial design of resolution
V is identical to a partially balanced array of strength 4 with 2 symbols, i.e. PB4(m,1,2,4:A) . Using
this result and the algebraic structure of a partially balanced array, Srivastava and Chopra (1971a),
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and Chopra and Srivastava (1973a, 1973b, 1974, 1975) and Chopra (1975a, 1975b, 1977a, 1977b,
1979, 1983) tabulated some optimal 2' balanced fractional factorial designs of resolution V having
minimum value for the trace of the variance-covariance matrix of the estimates. But they listed the
designs only for 4 < ¢ < 10 and some range of number of treatment combinations m for each ¢.
Now, for any number of factors ¢ we can construct the following saturated 2¢ fractional fac-

torial designs of resolution V.

< Proposition 3.1 >
Consider a 2! factorial experiment for ¢t > 4, where the treatment combinations are denoted

by (x1, X3, ..., X,) With x,= 0 or 1 (i=1,2, ..., ?). The following eight designs indexed by (s, 5;, 5,)

4
Ty, 53 59 = {10 X2 oy %) | Z;x,é 5,008, ors;) , (3.9)

where s; =0 or ¢
s=lort-1
s3=20rt—2

are minimal (saturated) balanced 2! fractional factorial designs of resolution V.

<PROOF>
Since a balanced 2¢ fractional factorial design of resolution V is identical with a PBA of
strength 4, we shall first show that each design Ty . +p is @ PBA of strength 4.

Consider any design T, ,,, « Written in matrix form in which each treatment combination is
represented by a column. Then 7, ,, ., is a (¢ X m) matrix consisting of (3‘1) columns with exactly
5 Us, (&:) columns with exactly 5, 1’s, and (_:3) columns with exactly s; 1’s, ie. m=1+¢+ (;) .
Therefore, the design TO:. am is a PBA of strength t (full strength). Since a PBA of strength 4 is
also a PBA of strength d, < d), we can conclude that the design T4y 12 oy is @ PBA of strength 4.

Moreover, for any submatrix consisting of 4 rows of T‘u.'z. sy We can see that the number of

columns in the submatrix that contain ¢ 1’s will be y,,where

DETECTING INTERACTIONS IN 2-LEVEL FACTORIAL PARAMETER DESIGNS 35



3
t—-
Y¢= (;) Z (Jj-:l) :
J=1
Consequently, Ty, ,, . is a PBA(m, t, 2, 4: A), where

3 -4 3, t~4
A=().°, Al’ 12, 13. 14), 10=Z( '?/ )t ll’z ({’—l
J=1

J=1

3 -4 3 1-4 3 (-
=2 (g-20 H=2(;-3) me ‘4’2(:1—:)-
J=1 J=1 J=1

Moreover, since the minimum number of treatment combinations for a 2* factorial exper-
iment of resolution V is m = 1+ ¢+ (), it follows that the design T, ,, , is a saturated balanced
design of resolution V.

Q.E.D.

To construct, for example, the design indexed by (0,1,2), we simply take one treatment
combination in which all levels are 0’s and t different treatment combinations in which any one
level is 1, and t(t-1)/2 different treatment combinations in which any two levels are 1’s. And for
construction the design indexed by (t,t-1,t-2), we take one treatment combination, each level being
1 and t different treatment combinations in which any one level is 0, and t(t-1)/2 different treatment

combinations in which any two levels are 0's.

< Example 3.2>

(i) For t=35, T, isgiven as
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This design is the dual one of T, in the sense that each treatment level 1 in T, 5, changes to 0,

and every 0 changes to 1.

DETECTING INTERACTIONS IN 2-LEVEL FACTORIAL PARAMETER DESIGNS 37



These designs, as Srivastava and Chopra (1971a) said, possess the same kind of advantage
over an unbalanced one, as a balanced incomplete block design does over an unbalanced or partially
balanced incomplete block design. These balanced designs also lead to ease in the analysis, inter-
pmﬁﬁon or usage of results since the variance-covariance matrix of the estimates has some even
structure. For example, we can estimate all the main effects with the same precision and all the
2-factor interactions with the same precision. But the two variances are not necessarily equal.
Therefore, these balanced fractional factorial designs of resolution V are now proposed to be used
as an inner array in a 2 factorial parameter design in which 2-factor interactions of control factors
should be investigated. Next, we shall consider some optimality criteria for selecting a proper design
among the eight possible balanced fractional factorial designs of resolution V.

II1.3 Optimality Criteria for Proposed Designs

Under the general linear model

EQ@)=Xp

with Var(y) = o*l, (3.10)

if the parameter vector g is estimable then the best linear unbiased estimator and its variance-

covariance matrix are

=02y

vl = 001 (3.11)

The matrix (X" X) is called the information matrix of the design and this information matrix
depends on the design 7. It is natural to choose a design 7" which produces the inverse matrix of
the information matrix as small as possible in some sense. The most common measures of the size

of (X’X)~! have generated the following three measures of a design’s goodness (Kiefer, 1959).
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< Definition 3.5>

(i) A design T is called D-optimal (determinant optimal) if the determinant of the matrix (X"X)-!
is minimized for design T.

(i) A design T is called an E-optimal (cigenvalue optimal) if the largest eigenvalue of (X" X)-! is
minimized for design 7 .

(iii) A design 7 is called an A-optimal (average optimal) if the trace value of (X*X)~! is minimized

for design T .

Choosing a design T so as to minimize |(X"X)~!| is equivalent to minimizing the volume
of the region within which the true parameter points may lie with a certain probability, and the
E-optimality criterion corresponds to a minimax criterion since this criterion minimizes the maxi-
mum possible variance of any linear function of parameters. The trace of (X’X)~! is proportional

to the average variance of all parameters.

Srivastava and Chopra (1971b) studied the characteristic polynomial of the variance-
covariance matrix V which is the inverse of information matrix for a balanced 2 fractional factorial
design of resolution V, i.e. PBA(m,t,2,4:A) and obtained the following characteristic polynomial as
a function of index numbers A = (4,, 4,, 43, 4, 4.

|V — I = (¢;6° — 6% — €36 —1)(cq6* — 56 + 1Pcsb — 1)7 , (3.12)

where
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_He=9¢=3) ,
2

ajazas — (3¢ — 2)a1a§

xads + t(l - l)(l - 2)¢2d3¢4

2
=~ @r-2ad + L2 g LD g
+ 2(3‘ - 5)¢1¢3 + (‘ - 2)(‘ - 3)¢1¢5 - 2(‘ - l)(‘ - 2)a2a4

+ (t—1)(¢ ; 2)(t-3) a3ag

(t=2)(t—13)
2 s
ca = (@) — ag)(ay — (¢ = B)as + (t = d)az) — (¢ — 2)(az — a)’
¢s = 2a; + (t — S)az — (£ — as
¢ = ay — 2a3 +as

C3=3¢1+(31—5)¢3+

and where the «,’s are given in terms of the 4, ’s as follows:

ay = dg + 41y + 64y + 43 + Ay
ag = (dg = o) + 243 — 1)
a3=A44=2A+ 4

ag = (A = o) = 243 = 4,)

a5 =g — 4k; + 61y — 41y + g .

From (3.12) we can see that the variance-covariance matrix V; for a design T will not have
more than six distinct characteristic roots. Let us denote these roots by §,, 4,, 6, for the cubic

equation
3 2
é =" —c36—1=0 (3.13)
then the following relationships hold
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61 +62+63 =02/C]

8y+65085=1/¢, .19

and for two roots é,, &5 for the quadratic equation
a6 —csd+1=0 (3.19)

we also have
6;:: Z: - 3’:0 (3.16)
Thus, we can express the three optimality criteria for the designs in (3.9) as
[Vrl = (81 + 87+ 83)(84 - 85 V(56 N2
= (ey)(1/eg)* 1/~ &1
trace(Vy) = 6y + 6 + 6 + (1 — 1)(64 + 65) + '(';3) 5

-o,/c,+(:-1)—°c:-+'(—'g—32- 1, 19
maximum eigenvalue = max(é,, 3,, 93, 83, 65, Jg) . (3.19)

Srivastava and Chopra (1971b) argue that since V7 has only six possible distinct eigenvalues

t—
with multiplicities 1,1,1,4—1,—1 and « 2 3) even though the value of ¢ is large, the maximum

cigenvalue criterion may not give a good overall view of the variance-covariance matrix V. Neither

is the determinant criterion suitable for choosing the optimal design among the eight possible pro-
posed designs, since | ;| could be small when variances of each effect are small and (or) when the
correlations between effects are large. If the correlations between two effects are large in a 2' fac-
torial design, it can be said that such two effects are confounded with each other in a sense (
Srivastava, 1965). Moreover, the calculation of the determinants of variance-covariance matrix for
the eight possible proposed designs for each ¢ shows that the determinants become very small as ¢
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increases. Even when ¢ = 4, for example, the largest and smallest determinants are 2.32831 x 101
and 2.58701 x 10-", respectively, and the difference between these two values is negligible. Thus,
the E-optimality and D-optimality criteria are not appropriate for selecting the optimal design
among the 8 possible designs.

Table 3.1 gives the trace value of variance-covariance matrix ¥, and an index set for each
minimal balanced fractional factorial designs of resolution ¥ for 4 < ¢ < 15. From Table 3.1 we can

see the following:

1. The designs indexed by (¢,1,¢ — 2) and (0, —~ 1,2) have the smallest value for tr(Vy);
2. The designs indexed by (¢,1,2) and (0, — 1, — 2) have the same value for tr(V5);
3. The designs indexed by (0,1,2) and (¢,¢ ~ 1,¢ — 2) have the largest value for (V7).

It should be noted here that an optimality criterion such as the minimum value of r(V5) is
not a real restriction in the parameter design analysis. The more important properties are that the
design should be cost-effective and also balanced since unbalanced designs lead us neither to reliable
analysis nor to solid interpretation of results.

In practice, some treatment combinations cost less than other treatment combinations. And
for some factors the lower level is easier to apply than the higher, or vice versa. Therefore, in
practical parameter design analyses, one design with a reasonable value for t7(V;) can be selected
out of these eight designs by using, in addition to statistical considerations, cost considerations and
engineering convenience. If the cost and other considerations are not different among the designs,
then we choose the design with the smallest value for (7(V;) as an inner array of the parameter de-
sign. For example, for ¢ = 6, we can choose cither design indexed by (¢,1,t — 1) or (0,2 — 1,2) since
both have the smallest trace value 1.152. For an outer array, we can use any design provided that
the design has a small number of runs and the test settings of such a design can cover the possible
range of all noise factors. An orthogonal array may be suitable for these purposes.
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<Table 3.1> Index Set and Trace of Variance-covariance Matrix for Minimal Balanced Fractional

Factorial Designs of Resolution V,4<¢< 15.

Design 1 2 3 4

t (0)1) t'z) (t’ 1’ t‘Z) (t, t'lo 2) (0) t’l’ 2)

aa [ L0 [0 | (00,000 (1,0,1,1,0)
tr(v) 375 1.486 .375 1.486

5 A (2.1.1,1.0) (131010101) (0,1.1,1.2) (1.1.1,1,1)
tr(v) 1.764 1.000 1.764 .000

614 (3.1,1,2,1) (2,1,1,2,2) (1,2,1,1,3) (2,2,1,1,2)
tr(v) 1.625 1.152 1.625. .152

7 A ' (40101.3t3) (30111|3r4) (3n331’104) (4n3l101:3)
tr(v) 2.024 1.486 2.024 1.486

8 A (5,1,1,4,6) (4.1,1.4,7) (6,4,1,1,5) (7.4,1,1,4)
tr{v) 2.719 1.942 2.719 1,942

9 A (6,1,1,5,10) (5,1,1,5,11) (10.5.1,1.6) (11,5,1,1,5)
tr(v) 3.648 2.504 3.648 2.504

10 A (7,1,1.6,15) (6.1,1,6,16) (15.6,1,1.7) (16,6.1,1.6)
tr(v) 4,788 3.165 4,7 3.165

11 A (8n191'7021) (7319107322) (2117|101n8) (2207014197)
tr(v) 6.130 3.924 6.130 3.924

12 A (9,1,1,2,28) (8,1,1,8,29) (28,8,1,1,9) (29,8,1,1,8)
tr(v) 7.667 4,778 7.667 4,778

13 A (10,1,1,9,36) (9,1,1,9,37) (36.9,1,1,10) (37,9,1,1,9)
tr(v) 9.398 5.727 9.398 5.727

14 A (11.1,1.10.45) (10,1,1,10,46) (45.10.1.1,11) (46.10,1,1,10)
tr(v) 11.320 6.771 11.320 6.771

15 A (12.1,1.11,55) (11,1,1.11,56) (55.11.1.1,12) (56,11,1,1,11)
tr(v) 13.433 7.909 13.433 7.909
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<Table 3.2> Index Set and Trace of Variance-covariance Matrix for Minimal Balanced Fractional

Factorial Designs of Resolution V,4<t<15.

Des ign 5 6 7 8
t (t, 1, 2) (0, 1, 2) (0, t-1, t-2) | (t, t-1, t-2)
4 A (0,1,1,0,1) (1,1,1,0,0) (1,0,1,1,0) (0,0,1,1,1)
tr(v) 1.486 .375 1.486 4.375
5|4 (1,2,1,0,1) (2,2,1,0,0) (1,0,1,2,1) (0,0,1,2,2)
tr(v) .597 10.375 2.597 10.375
6 | A (3,3,1,0,1) (4,3,1,0,0) (1,0,1,3,3) (0,0,1,3,4)
tr(v) 4,885 21.625 4.885 1.625
7 | A (6,4,1,0,1) (7,4,1,0,0) (1,0,1,4,6) (0,0,1,4,7)
tr(v) 8.649 40.375 8.649 40,375
g | A (10,5,1,0,1) | (11,5,1,0,0) | _(1,0,1,5,10) (0,0,1,5,11)
tr(v) 14.244 69.250 14.244 . .250
9 |.A (15,6,1,0,1) | (16,6,1,0,0) | (1,0,1,6,15) | (0,0,1,6,16)
tr(v) .036 111.250 22.036 111.250
10 |A (1,7,1,0,1) | (22,7,1,0,0) (1,0,1,7,21) | (0,0,1,7,22)
tr(v) .397 169.750 32.397 169.750
1 | A (28,8,1,0,1) | (29,8,1,0,0) (1,0,1,8,28) | (0,0,1,8,29)
tr(v) 45,698 248,500 45.698 248.500
12 | A (36,9,1,0,1) | (37,9,1,0,0) (1,0,1,9,36) | (0,0,1,9,37)
tr(v) 62.314 351.625 62.314 351.625
3 | A (45,10,1,0,1) | (46,10,1,0,0) | (1,0,1,10,45) (0,0,1,10,46)
tr(v) 82.620 483.625 82.620 483,625
14 | A (%5,11,1,0,1) | (s6,11,1,0,0) | (1,0,1,11,55) | (0,0,1,11,56)
tr(v) 106.989 649,375 106.989 649.375
15| A (66,12,1,0,1) | (67,12,1,0,0) | (1,0,1,12,66) (0,0,1,12,67)
tr(v) 135.797 854.125 135.787 854.125
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III.4 Analysis of Proposed Designs

By the general theory of linear models for a 2! factorial experiment(Hinkelmann, 1985), we can
obtain the sum of squares due to each effect £ (here we omit the defining vector g) for the proposed

designs

(3.20)

:Where (X’ X)3! denotes the clement of (X"X)~! for the estimated effect E.

It is well known that under the null hypothesis H,: the effect £ is negligible, and the normality
assumption of error terms, S_‘i(f_)_ has the central »? distribution with 1 degree of freedom. If we
know ¢? or have an independent estimate of o3, then we can proceed with the test procedure using
the usual x? statistic or F statistic, respectively. For most practical experiments, however, we don‘t
know ¢? nor do we have a prior estimate of o2, so that we have to estimate o2 from the experiment.
But, since the proposed designs are saturated, we cannot obtain the estimate of o2 simply by fol-

lowing the usual ANOVA procedure.
For analyzing a saturated design, some statistical methods including informal methods have

been developed. We shall discuss and modify some methods and propose other methods for ana-
lyzing the proposed balanced fractional factorial parameter design of resolution V.
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1I1.4.1 Pooling Method

For a saturated design, Taguchi and Wu (1981) suggested obtaining the error sum of squares
simply by pooling the sums of squares for the effects that are small. For example, each sum of
squares less than 5% of the total variation may be pooled together for an error sum of squares.
Following Taguchi and Wu, some authors (eg, Pignaticllo and Ramberg (1985), and Quinlan
(1985)) used the pooling method in some experiments of the parameter design.

However, it is a well known fact that extreme bias can be induced by this kind of pooling of
sums of squares. A simulation study of Box (1988) showed that such a pooling method may lead

to unreasonable conclusions. Moreover, this pooling method can be criticized to be too subjective
in determining the effects to be pooled.

II1.4.2 Normal Probability Plot Method

For a 2' factorial design, or a regular fractional 2 factorial design where we take a
(1/2y,r<t fraction of all treatment combinations, all estimated effects can be expressed as linear
combinations of the data and they are mutually independent since such designs are orthogonal.
Therefore, if the data are normally and independently distributed then the estimates of effects are
normally distributed independently and identically with mean 0 and some variance under the as-
sumption that there is no influential effect. For detecing influential effects, based on this fact,
Daniel (195-9) suggested a method of plotting the estimated effects on normal probability paper.

For the proposed designs, we have an irregular fraction of treatment combinations so that the
main effects and 2-factor interactions are estimated with different variances. Moreover, estimated
effects are not independent of each other. However, since the proposed designs are balanced, all
2-factor interactions are estimated with the same variance. We an also expect that the covariances

between any two estimated interactions are very small, since the proposed designs are based on the
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partially balanced array which is a generalized orthogonal array. For designs based on an
orthogonal array, any two estimated effects have covariances equal to zero.

The calculation of the variance-covariance matrix of the optimal proposed designs indexed
by (¢,1,6 = 2) and (0,¢ - 2,2) in Table 3.1 reveals that

@) for t=4, Var(FF)=0.13890% CowFF,FF,)=001389c% i#k and

Cov(F.F,, FF) = —0.04810%, isj#k#1 , so that the covariances are about 1/10 and 1/3 , re-
spectively of Var(F.F)) in magnitude;

(if) for ¢ = 5, the designs are orthogonal arrays so that the covariances are zero;

(iii) for t=6, Var(FF)=0.052220 CoWFF, FF,)=—0.003333c% and Cow(FF, F.F)=
0.00361110? so that covariances are less than 1/10 of variance in magnitude;

(iv) for ¢t>6, covariances are less than 1/10 of the variance in magnitude, especially
CowF;F,, F,F) is small compared to Cow(F.F), F.F,).

Therefore, assuming that the estimates of 2-factor interactions are approximately independent,

we can develop the following plotting method to detect influential 2-factor interactions.

qe—1)
2

and plot the j — th of these ordered values against the adjusted empirical cumulative probabilities

Arrange the absolute values of the estimates of the

interactions in ascending order,

(j—0.5) Ht—1)
Pjsm. J=12,.., 3

(3.21)

on normal probability paper (or half-normal probability paper). Then the interactions that are
negligible will tend to fall along a straight line on this plot, while significant interactions will be far
from the line. The negligible interactions then can be combined to form an error sum of squares
which is used to test the significance of the main effect of each control factor, if such a test proce-

dure is necessary.
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As Daniel (1959) pointed out, however, if there is a considerable number of non-negligible
effects, then the normal-probability plot may show some irregular pattern so that drawing a true
straight line on which the non-negligible effects lie may be difficult.

111.4.3 Stepwise Method

In determining the unknown number & of influential 2-factor interactions and the k influential

2-factor interaction effects themselves, we propose the following stepwise procedure:

<Step 1>

Calculate the sum of squares due to error (SSE), S for the main effect model,

E(Sﬁ = Xlél . (3-22)

<Step 2>
Calculate ¢ SSE’s for the models which include the main effects and only one 2-factor inter-

M , that is, fit the model

action, where g = 3

ESp=Xp + Xy, =124, (3.23)

where y, is an any 2-factor interaction effect of 8, and X;, is the corresponding model vector, and
obtain the error sum of squares SSE,. Then choose the smallest SSE, say SSE,. = S}, among these
q SSE’s.

<Step 3>

Using the following test statistic
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_ (S=Shm=1t-2)

F
1 512

(3.24)

()
2 1
test the null hypothesis that no influential 2-factor interaction exists. Note that the alternative hy-

where m= 14t +

pothesis is that there exists only one non-negligible 2-factor interaction. It is well known (e.g.
Draper and Smith, 1981) that the test statistic F, has a central F distribution with (1, m~ ¢t —2)
degrees of freedom under the null hypothesis and normality assumption of error terms. If we fail
to reject the null hypothesis, then we conclude that there is no influential 2-factor interaction effect.
If we reject the null hypothesis, then go to step 4.

<Step 4>

Repeating Step 1-3, test the null hypothesis that y,. is the only non-negligible interaction effect
using the alternative hypothesis that there are two non-negligible 2-factor interaction effects. The
model under the null hypothesis is the following one which produces the minimum SSE, S? in Step
2, say

E(Sp) = X8, + Xaprpe - (3.25)

And obtain the minimum SSE among the (¢ — 1) SSE’s for the models obtained by adding one

more 2-factor interaction effect to (3.25), that is,
ESp) = X\, + Xopve + Xasrr, k#j, k=12,..9. (3:26)

Denote the corresponding SSE by SSE., , and let the minimum SSE be SSE.,. = S2. To test the

null hypothesis, we use the following test statistic,

_ (s} -Shm-1-3
s

F, (3.27)
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which has a central F distribution with (1, m — ¢ — 3) degrees of freedom under the null hypothesis
and normality assumption of error terms. If we fail to reject the null hypothesis, then we conclude
that there is one non-negligible 2-factor interaction effect and identify such a model that produces
S7 as the best one. Otherwise, continue this step until we fail to reject the null hypothesis (say,
there are k non-negligible 2-factor interaction effects) and identify the best model. After identifying
the best model, combine the sum of squares for the negligible interactions to obtain the error sum

of squares, if it is necessary.

II1.4.4 Modified Stepwise Method

If we identify the number of non-negligible interactions from the stepwise method, then we
bave the family Dy of competing models in (3.7). That is, there may exist more than one possible
candidate for the best model in the final step of the stepwise method. To choose the best model
from D; we can modify the stepwise method, using a frequency plot method suggested by
Srivastava (1975).

<Step 1>
Determine the number of influential interaction effects, say &, using the stepwise method.

<Step 2>
Calculate the p SSE’s, say Sturi=1, 2, .., p, where S}, denotes the SSE for the i — th
model including main effects and &, 2-factor interactions, where p = (Zl ), by fitting

ESp=X8,+ X80, i=1,2, .., p. (3.28)

<Step 3>
Calculate for each model
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(s - s,il,)(m —t—k—1)

ki + Sy

Tt = yi=1,2, ., p. (3.29)
Then under the null hypothesis that no influential interaction effect exists, and the normality

assumption for the error term, each F, , has the central F distribution with (ky:m—t =k, —~ 1) de-

grees of freedom. Here the alternative hypothesis is that there exist &, influential interactions.

<Step 4>
Compare cach F, , with the critical value F m-r-t; -1ya and retain models for which the test
result is significant, that is

Fa> Fpmepmky =1y - (3.30)

These models are possible candidates for the best model. If there are u possible candidates,
then we have uk, (not necessarily distinct) elements of g,.

<Step 5>

Make a frequency distribution in which for each clement of 8, we indicate the frequency of
its occurrence among the uk; (not necessarily distinct) elements of 8, . Finally, from this frequency,
choose &, elements of #, for which the frequencies are high. In case of a tie, the interactions of the
model] with smaller SSE are selected. Then identify these , elements of g, as the influential 2-factor

interaction effects.

< Example 3.3>
For a 2¢ factorial parameter design, we assume that the identified number of influential
2-factor interactions in Step 1 is four and three models are retained in Step 5, and the 2-factor

interactions in the retained models are as follow;

Model I : (F\F, F,F, FF, FF,)
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Model II : (F,F, FF, FF, F,F)
Model Il : (FF, FF, FF, FF).

For this situation, the frequencies for interactions F,F,, F,F, F,F, F,F, F.F; and FFg are,
respectively, 3, 3, 2, 2, 1, 1. Therefore, we identify the four interactions F\F,, F.F,, F,F;, and F,F,

as influential interactions.

II1.4.5 Modified Ghosk’s Procedure

Ghosh(1987) developed a detection procedure when a suitable search design is given. How-
ever, he suggested to guess the unknown number of influential effects. Therefore, his detection
procedure is statistically valid only when the guessed number is correct.

After identifying the number of non-negligible interactions, say k =k, from the stepwise
method, we can also modify the final step of the stepwise method following the procedure suggested
by Ghosh.

Among the p possible models with main effects and %, 2-factor interactions, denote the i-th
model as

q
E(S,)-X,g, +X§’)£g) , i=1,2, ., p= (kl)
where X{) is an (mx k;) submatrix of X, corresponding to 34 (3.31)
ﬁg’ is (k; x 1) subvector of B, .

For the model (3.31), write
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) =69, . 89 . 8D

=05, ... X .., x4]

X{) = the matrix obtained X{? by deleting
the j* column

X =05, 0]

PP = 1 - XP(xY X D) XY

zj)= Pg,g) 2{(’?

V& PP X

and

SSE® = SSE for the i— th model in (3.31)
SSE® = SSE for the main effects model .

Then it can be shown (Ghosh, 1987) that under the hypothesis H,:f{) = 0 for the i-th model in

(3.31) and normality assumption of error terms,

. zZ¥ s i=1,2 w, p
(0 o M (3.32)
/ SSE® J=1,2 ..k
m=—t-— kl -1

has the central t-distribution with (m — t — &, — 1) degrees of freedom.

Suppose that in the final step of the modified stepwise method, we have significant 1“",,1 , for
i=1i, b, ..., 4. Then we have u« k, (not necessarily distinct) elements of 8,. Forv= 1,2,...,, denote
the number of i in {i, ..., i} for which ¢ is significant by n,. This number n, represents the fre-
quency of how many times the interaction B, appears significantly among the candidate models.

We now arrange the n,’s in decreasing order and write
)2 Ag) 2 - 2 ) - (3.33)
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If there are more than k, nonzero n,’s then select X, interaction effects which have the largest
n, value. Otherwise, choose the interaction effects which have the nonzero value of n,. For this case,
the number of influential interactions is less than &,. Finally obtain an error sum of squares, if

necessary, by pooling the sums of squares for negligible interactions.

After identifying the influential 2-factor interactions by the detection procedures developed in
this chapter , we have the following model for a 2! factorial parameter design analysis,

E(S7) = X\, + X2*,*

- X8 (3.34)

+where T is a balanced fractional factorial design of resolution V
B is a vector of the overall mean and main effectts
B.* is a vector of identified influential 2-factor interactions, and
X=[X, X+,
g'=0g, g*.].

Since the matrix X is of full column rank, we can estimate all the effects in 8 by the usual least

square procedure.

For a 2! factorial parameter design, the estimate E is defined as in (3.3)

2 E,— £, if Eis the main effect

A A (3.35)
Eq~ E, if E is the 2-factor interaction

,where we omit the defining vector g in the expression of effect.

If the estimate £ of the main effect is positive, then the estimated effect at level 1 (higher level)
is positive since £, + E, = 0. That is, the SN ratio is maximized when we set the control factor £
at the higher level. If Eis negative then the estimated effect of E at level 0 (lower level) is positive
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so that the optimal setting of E is at the lower level. The interaction effect of factors F, and F, at,
say the lower level of F, and the higher level of F, can be evaluated as the average response (SN
ratio) for the treatment combinations for which the lower level and the higher level of F, and E
appear, respectively. (See the example in 11.3.) Therefore, by evaluating main effect at two levels
(high and low) and influential interaction effects at four possible combinations of levels, we can
identify the optimal settings of control factors. That is, for the control factors which are not inter-
acting with other factors, we evaluate the main effects at each level. And for the interacting control
factors, we identify the best combination of levels among the four possible combinations, at which
the average SN ratio is largest. Then, finally we can identify the optimal setting of control factors
at which the SN ratio is maximized.

Frequently in the parameter design, especially when the nominal target value is specified, the
supplementary analysis for the mean response of quality characteristics is helpful in identifying the
best adjustment factors. For the analysis of the mean response, we can also use the same proce-
dures of analysis developed in this chapter.
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Chapter IV
DETECTING INTERACTIONS IN 3-LEVEL
FACTORIAL PARAMETER DESIGNS

The parameter design may be more effective in identifying the optimal setting of control fac-
tors when quadratic effects of control factors exist (see Taguchi and Wu, 1980). To investigate such
quadratic effects, each control factor must have three test levels. Also, for 3¢ factorial parameter
designs we need at least m = 1 + 2¢ + 2¢(¢ — 1) treatment combinations to estimate main effects and
2-factor interactions. Moreover, if the outer array consists of 7 rows, then n x m experimental units
are necessary for a 3¢ parameter design. This number 7 x m may be too large even when the number
of control factors ¢ is moderate.

To reduce the number of experimental units necessary for detecting influential 2-factor inter-
actions, a sequential detection procedure will be developed in this chapter. As in the 2¢ factorial
parameter designs, 3-factor and higher order interactions are assumed to be negligible. It is also
assumed that a proper outer array of noise factors is combined with each treatment combination

of the inner array and appropriate SN ratios are observed.
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IV.1 3-Level Factorial Designs

1V.1.1 Definition of Effects in 3-Level Factorial Designs

In 3 factorial designs in which each of ¢ factors F,, F;, ..., F, has 3 levels, a treatment combi-
nation can be denoted by a (¢ x 1) vector X’ = (x;, x;, ..., X,) with elements x, from the Galois field
of order 3, GF(3) in which 3 elements 0,1, and 2 of GF(3) represent the 3 levels of each factor. Also,
there exists an one-to-one correspondence between the 3¢ treatment combinations and the 3* points
(t-tuples over GF(3)) in the finite Euclidean geometry of order ¢, EG(¢,3). As in 2! factorial designs,

[
the % symbols for effects and interactions (each accounting for 2 d.f.) can be written as

ES= FuFS . F @.1)

with «,=0,1,2 (i= 1,2,...,) and the convention that

(i) any letter F, with «, = 0 is dropped from the expression,

(ii) the first non-zero «, is equal to one. (This can always be achieved by multiplying each «, by 2
mod (3)),

(iii) any letter F, with «, = 1 is written as F,

(iv) g’ = («,, a;, ...a,) is the defining vector.

In 3 factorial désign. each main effect is represented by one symbol in (4.1), i.c. the main
effect F, is given by Es, in which all «,= 0 except a, = 1. The interactions, however, cannot be
expressed so simply since more than one symbol (component) in (4.1) constitute each interaction.
For example, the 2-factor interaction denoted by F, x F, between factors F, and F; consists of two
components FF, and FF}. The 3-factor interaction F, x F, x F, consists of four components
FFF, FFF;, FFF,, FF3F}. And the other higher order interactions can be defined by a similar

way. Therefore, each main effect consists of one component £%, and each 2-factor interaction con-
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sists of two components. Hereafter, we write the 2-factor interaction as F, x F, and we call the two

interaction components F,F,, F,F} the first interaction component and the second interaction com-

ponent, respectively.

The 2 degrees of freedom for each main effect can be represented geometrically by 2 inde-
pendent contrasts of the 3 sets of treatment combinations generated by the pencil in £G(t,3)

gx=b
where 5=0,1,2 .

The four degrees of freedom associated with the 2-factor interaction F, x F, consist of each 2
degrees of freedom associated with two interaction components FF, and FF}. The 2 degrees of
freedom corresponding to the first interaction component £s = F,F; can be represented by 2 inde-
pendent contrasts of the 3 sets of treatment combinations generated by the pencil in £G(t,3)

ax=>5
= x+x=b (4.3)
where 5=0,1,2.

Similarly, 2 degrees of freedom for the second interaction component £s = F,F? can be represented
by 2 independent contrasts of the 3 sets of treatment combinations generated by the pencil in
EG(t,3)

ax=>5
= x+2x=b 4.4)
where b=0,1,2.

The two degrees of freedom associated with component Es can be expressed by the set of

orthogonal contrasts
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C=|0 =2 4.5)

;Where the rows of C correspond to levels 0, 1, and 2, respectively.
That is, for the component Es the linear effect of Es can be expressed as

E§ - Ef (4.6)
and the quadratic effect as
E§ + E§ - 2E} C))
,where Ep, 1 = 0,1,2 are the true effects at level i of Es defined by

Eft = (true mean response of treatment combinations satisfying g'x = i) — p,
where u is the overall mean.

(4.8)

The two parameters corresponding to 2 degrees of freedom for main effect F, are denoted by
(F)', (F)?. Similarly, two parameters (F.F)!,(F.F)? represent the 2 degrees of freedom associated
with the first interaction component F.F, . And (FF)!,(F.F? also represent the 2 degrees of free-
dom associated with the second interaction component FF?. Therefore, we can say that

(£9),(Es)? represent the linear and quadratic effects of Es, respectively.
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IV.1.1 Regular Fractional Factorial Designs

A 1/3 (r<1) regular fractional factorial design of a 3¢ factorial experiment is defined as the
set of 3* treatment combinations x obtained as solutions to a set of  independent equations in ¢

- unknowns over the GF(3) such that
Ax =), 4.9)
where 4 is an (r x #) coefficient matrix of rank 7 and } is an (7 x 1) vector of constants.
In the regular fraction, the components Es are partitioned into some number of groups in a

systematic way. Such groups of components are called alias sets. The following two definitions

establish that the alias sets of components are determined by the 4 matrix in (4.9).
< Definition 4.1>
Let g’ = (), a3, ..., &) denote the defining vector of component £t = FriF2.. F* . Then the

component Es is aliased (confounded) with the overall mean u if and only if

A
rank[ } = rank(d)=r. (4.10)
ﬁ'

< Definition 4.2>
Let g’, and g’; be the two defining vectors of £ and Es2. Assume that

-l
rank = rank = r+l. (4.11)
1 g’

Then Es is aliased with Es if and only if
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rank| a1 = r+1. (4.12)

¥

The alias set S, containing the overall mean u carries one degree of freedom and every another
alias set S, i = 1,2,..., u carries two degrees of freedom. Therefore, in a 1/3 fractional factorial de-
3"'2' L ol +ualias sets S, S,, ..., S, The task of
finding the alias set for a fraction is simple. By definition 4.1, the alias set S, will contain all com-

sign, the components are partitioned into 1 +

ponents whose defining vectors are in the row space of 4. By definition 4.2, to find another alias
set, for example S, , pick some component not in S,, and take linear combinations of its defining
vector and the defining vectors of all components in S;. To continue, pick some component neither
in S, nor in S; , and take all linear combinations of its defining vector and the defining vectors of
all components in S,. Then this alias set corresponds to S,. This process is continued until all

components are accounted for.

1V.1.2 Analysis and Estimable Functions for Fractional Designs

Let T denote a design consisting of a set of m treatment combinations from a regular frac-
tional factorial design. T is used to denote ecither the set of treatment combinations in the design
or the (¢xm) matrix bhaving Xx,X,.X. as m treatment combinations. Let
T"'=M=(m, m, ... m) so that M is an (m x {) matrix with each column 2z, representing the levels
of factor F, for m treatment combinations in the design 7. If for any two factors F, and F, the first
interaction component and/or the second interaction component are to be included in the model
(4.13), then columns m, + m, and/or m, + 271, mod(3), should be adjoined to M since the “levels”
of two interaction components F.F; and F,F} are represented by m, + m, and m, + 2m, , respectively.

This procedure is followed for every pair of factors that interact and M* represents the matrix that
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results after all appropriate columns corresponding to interaction components have been adjoined
to M. Then, using the usual notation, we can write the model equation for a 3¢ (fractional) factorial
design, in which 3-factor and higher order interactions are assumed to be negligible,

E@)=Xp (4.13)

;Where the parameter vector g contains the overall mean u and two parameters (F)!,(F)? associated
with each main effect F, and two parameters (F,F)!,(F.F)?, or(FF})\(FF?)? associated with each
2-factor interaction component.
The model matrix X can be constructed in the following way:

The first column is a vector with every element one, corresponding to the overall mean u. Since
each column of M* corresponds to two degrees of freedom, each column of M* is transformed into
two columns in the X matrix. This is done by replacing each element in M* by the corresponding
row of Cin (4.5). But note here that the matrix X may not be of full column rank, which means
that not all parameters in § are necessarily estimable, since components may be aliased with each

other.

Now, we consider the estimable function(s) for each alias set. Since only one and two de-
grees of freedom are associated with S, and S, (i = 1,2,...,4), respectively, we cannot estimate all
components contained in each alias set. Instead, some linear functions of components in each alias
set can be estimated. Consider first an estimable function for the alias set S,. Since only one degree
of freedom is associated with S,, one estimable function for S, exists. Let En, En, ..., Ete denote the
components contained in S, and let us denote the vector of two parameters associated with Ex by

E, that is

(E%!
E = | (4.14)
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Note that each component Es contained in S, appears at the same “level” for all treatment combi-
nations in a fractional design. Suppose that Eu, E«, ...E% appear at “levels” x,, X3, ...X, , respec-

tively. Then the estimable function ES, of the components Eu, Eu, ...Fs can be expressed as
ESp=p+orby+ i+ +Cx B (4.15)

where ¢, is the row of C corresponding to level x, of Eu .

Therefore, associated with the alias set S, is the estimable function represented by a linear combi-
nation of u and the linear and quadratic effects of Ew aliased with u.

Consider next the estimable functions for the alias set S, i # 0. Since each alias set S, carries
two degrees of freedom, we can find the two estimable functions of parameters corresponding to
the components contained in each S,. Let P denote the set of all possible permutations in GF(3).
Then

P = {e,(012),(021),(12),(02),(01)} , 4.16)
where e is the identity permutation and (012) denotes the permutation
0-1
1-2
2—-0

and the remaining permutations are defined similarly.

Following the conventions of Mardekian (1979), define the following six matrices
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[1 0 R —-1/2  32] R —-1/2 =32
D‘ = = = .
0 1 oD ez -2 T 12 -112

O 0] 5 s 112 =32
o | R TS T71 B S Y7 STy

(4.17)

Suppose that the components Esi, Esa, ...E are contained in the alias set S, i# 0. Choose any
component , for example Eu as a reference component. Then the “levels” of the other components
are related to the levels of the reference component by some permutations (not necessarily distinct)
in P, say p,, ps, ...y, tespectively, since P contains all possible permutations in GF(3) . And it can
be shown (sec Appendix) that the vector ES, of two estimable functions for S, is

ES;=D, E\+ Dy E+..D,, & , (4.18)

where each E, denotes the (2 x 1) vector (4.14) of two parameters corresponding to the component
En and D, represents the matrix defined in (4.17) corresponding to the permutation p,.

Note here that for a regular fractional design T obtained from (4.9), the alias structure is
completely determined by the matrix 4 and the estimable functions for each alias set are determined

by the constant vector 5.

< Example 4.1>
Consider the 1/3? fractional design T of a 3* factorial experiment in which 3-factor and higher
order interactions are assumed to be negligible. From the following set of equations

x|

oo dlfe- L

X3

we can get
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012
T =101 2
1 20

,where each column represents a treatment combination.

The two alias sets corresponding to T are

So={u F\F}, R F}, K;F})
S, ={F, F,, F;, i F,, i F;, F,F3}.

Since the components F,F3, F,F3, and F,F3 appear at “levels” 0, 2, and 2, respectively, for all
treatment combinations in 7, the estimable function for S, is

£S5, = pt [L1] (FF)! . (oLi] (FF)! L] 12925%
=4 , -1, e 1
° (FF)? (F ) (FF)

=u+ (R +F R - ER) +F R - B + G

If wee choose F, as a reference component for S, then the “levels” of F, F, F\F,, F,F,, F,Fy
are related to the “levels” of F, by permutations e, (012), (12), (01), (01), respectively. Therefore,

('] [@'] [-12 2 @& [ 12 -3n]EsR!
ES, = |+ Nk .| )
(| @] -2 -] @] -2 -]l ER)
112 32||ER'| 12 ]| &R
+ +
12 ~12)| R (12 -12)| &R

and the two estimable functions for S, are

F) +E -5 ) + 5 F 5 (RR) -3 ER +

—;‘ (FF)' + % (FF) + % (FF)' + % (FF3)?
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and

FEP+ B -5 ) -3 ) -3 RR) - RE+

5 ERY -3 ER +LER) -1 ERR

IV.2 Detection Procedure for Influential 2-Factor Interactions

1V.2.1 Description

Some detection procedures for influential 2-factor interactions in 3¢ factorial designs were de-
veloped by Anderson and Thomas (1980), and Hussain (1986). Anderson and Thomas used a
“near” minimal 3¢ fractional design of resolution IV and developed detection procedure for the
noiseless case, that is 6= 0. Their basic assumption is that we can detect the influential 2-factor
interactions using only the first interaction component. That is, if F}F, is negligible, then they
conclude that the 2-factor interaction F, x F, is negligible. However, even though the first inter-
action component FF, is negligible, the 2-factor interaction F, x F, is not negligible whenever the
second interaction component F.F} is influential. Therefore, this assumption is too strong in some
experiments. Moreover, their procedure can detect at most 3 influential interactions.

Hussain (1986) developed a detection procedure from another point of view in which a se-
quential approach is used. He applied each factor sequentially and tested whether it interacted with
other factors by taking treatment combinations sequentially from the fractional factorials. The
most serious drawback of Hussain’s procedure is that we perform too many tests, especially when
prior information on the underlying interaction structure is not available, since we have to test all

factors sequentially. In practical experiments it is not rare to encounter a situation where only a
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few interactions are present, although many control factors are involved. For this case, employing

Hussain’s method is very costly.

Moreover, both procedures include all four parameters associated with a 2-factor interaction
when a 2-factor interaction is identified to be influential. However, some interaction component,
for example F,F, may be negligible even though the interaction F, x F, turns out to be influential.
In the parameter design analysis, one of the most important considerations is to obtain accurate
estimates with small bias of main effects for control factors. We should, therefore, include as small
a number of negligible interaction component as possible in the model to get accurate estimates
of main effects. Anderson and Thomas, and Hussain also considered the estimation procedure of
the identified influential 2-factor interactions. In the parameter design, however, we do not have
to estimate the influential 2-factor interactions. This is because we can identify the optimal com-
bination of factor levels for the interacting factors (at which the SN ratio is maximized) simply by
evaluating the average SN ratio at the nine different combinations of factor levels. Therefore it is
sufficient in the parameter design analysis to identify the influential 2-factor interactions only, re-
gardless of estimability of such interactions.

The procedure developed in this chapter is designed to overcome the drawbacks of both
methods. The proposed procedure consists of two stages:

(i) In Stage I, we shall use a “near” minimal resolution IV design developed by Anderson and
Thomas. We split each 2-factor interaction F, x F; into two components FF, and F,F}. Then we
develop detection procedure for each interaction component by utilizing the same kinds of hy-
potheses proposed by Hussain.

If the underlying interaction structure is sufficiently simple, then we can identify all influential
interaction components in this stage, and we can terminate the detection procedure. Otherwise,

we go to Stage II and continue the detection procedure.
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(ii) In Stage II, we shall utilize the sequential procedure developed by Hussain. Since in Stage
I we can screen out the control factors which are not interacting with other factors, the number of
control factors to be tested in Stage II will be small. Moreover, the interaction structure identified
in Stage I and treatment combinations used in Stage I will be exploited in this stage. Therefore,
the sequential procedure in Stage II will be simplified by using information obtained and treatment
combinations employed in Stage I. This sequential procedure will be efficient especially when ob-

servations become available quickly.

The proposed detection procedure is, therefore, essentially a combination of extending the
“pure” search procedure developed by Anderson and Thomas, and modifying the sequential method
and adapting them to the parameter design analysis. As in the detection procedure for 2 factorial
parameter designs, we assume that 3-factor and higher order interactions are all negligible. We
make one more assumption in this chapter, which is also used by Anderson and Thomas, and
Hussain. That is, if an estimable function of components is negligible then all components involved
in the estimable function will be assumed to be negligible. This assumption is reasonable since the
probability of such an event is one when each component is observed from some continuous dis-
tribution. We also assume that with each treatment combination of the inner array a proper outer
array is combined so that an appropriate SN ratio can be observed. Therefore, as in the Chapter
II, the treatment combinations considered in this chapter are the settings of control factors for the

inner array.
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1V.2.2 Stage I: Detection Procedure with a Resolution IV Design

1V.2.2.1 Estimable Functions for a Resolution IV Design

For a given number ¢ of control factors, consider the regular fractional factorial designs

T,i=1,2,.., ¢, obtained as solutions to the set of equations

Ax=0, i=12,...¢ (4.19)

where 0 means a vector with every element 0 and 4, are (¢ — 2) x ¢ matrices of rank
(t-2) such that

(i) the i-th column of 4,is 0

(i) the second column of 4, and the first column of 4, i# 1 have every element
equal to 2,

(iif) the remaining (t-2) columns of 4, represent the identity matrix of order (t-2)

in order.
Let the design T denote the union of all treatment combinations of all fractions 7,
t
T=U{x: 4x=0}. (4.20)
P

Then the i-th fraction 7, has nine treatment combinations. Since 3 treatment combinations
x=0,1, and 2 are common to all fractions, the number of treatment combinations in T is
6t+ 3. The design T contains 6 treatment combinations more than the theoretical minimal 3
fractional factorial design of resolution IV which has (6¢—3) treatment combinations (see

Margolin, 1969). The alias sets corresponding to each 7, are (see section IV.1.1)
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Soi={w FyFp j<kjrik#d

Sy={F}

Sy = {F},j# i, Fij’j<ktj¢irk$i} (4.21)
Sy={FF; j#*i

Su={FF j#§ .

We can see that each main effect F, can be estimated from 7, so that all main effects are estimable
in T. For these reasons, Anderson and Thomas (1979) called the design 7" a near minimal resol-
ution IV design.

From the definition of the fraction 7} in (4.19) we can see that the nine treatment combina-

tions in 7, are

Factors1—(i—-1): {0 1 2 0 1 20212
Factori: |0 0 0 1 1 1 2 2 2f. (4.22)

Factors(i+1)-¢ |0 1 2 01 2 Q1 2

From (4.22) we can see that each effect F,F7 in the alias set S, appears at “level” 0 for all nine

treatment combinations in 7, so that the estimable function for S, is
:
ESy=p+ 3 E(l.l)

1
P> :ﬁg, =u+ le 21 (FFD)' + (FFRY) . (4.23)
J<k, JAhw J<k, Jkwl

Since the main effect F, occurs alone in S, both parameters associated with the linear and
quadratic effects of F, are estimable from T, For the alias set S,, pick any main effect F,j#ias
a reference component. Then we can see that the levels of other main effects are related to the levels
of the reference effect by a permutation e, and the levels of EF, are related by a permutation (12).

Therefore, we can get the vector ES,, of estimable functions as
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e[1 0] (B & [ y2 -32) R
ESuszl[ ][ ’2}+E Z[ J[ - z]. (4.29)
=10 1] | () /=t kL2 =12 R

Similarly, we can get ES,, ES,, as follow:

¢ 1 0| (FF)!

ES;I-Z[ }[ /2} (4.25)
j=ilo 1]| FF)
e[1 o) (FFD!

ES4,=Z[ ] 12. (4.26)
Jeifo 1 (FFD

Using this near minimal resolution IV design 7', we now develop a detection procedure for
the influential 2-factor interactions. First, we develop a detection procedure for the first interaction
component, and next a procedure for detecting the second interaction component will be devel-
oped. Developing procedures separately is only for convenience of explanation. In actual exper-
iments, we can apply both procedures simultaneously to each fraction 7,.

1V.2.2.2 Detection Procedure for the First Interaction Component

<Step 1>

Consider the alias set Sy, in the fraction 7,. If the estimable function ES,, in (4.25) is negli-
gible, then all components FF,j=1,2,...,1,j+ i involved in ES), are negligible by assumption.
Therefore, by testing the null hypothesis H;:ESy, = 0 we test the hypothesis that the factor F, does

not interact with other factors.
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We obtain the estimate of ES), and the sum of squares due to ES,, from the fraction 7, as

follows

ESy= (X3:X3) ™' X038,

. 4.27)
SS(ES3) = "X 3(X 3X3)™ X308

Wwhere X;, is the (9 x 2) model matrix for a reference effect in the alias set S, and S, is the
(9 x 1) vector of observed SN ratios in 7, .

Under the null hypothesis and the normality assumption of error terms, the quantity
SS(ES;)
207
estimate of o we can test the null hypothesis. To get an independent estimate of o3, it may be

has a central 2 distribution with 2 degrees of freedom. Therefore, using an independent

necessary to replicate some treatment combinations. For this case, it is recommended that the three
treatment combinations x = 0, 1,2 be replicated since they are common to all fractions 7,.

If the null hypothesis is not rejected for each 7, then we can conclude that no influential first
interaction component exists. For the case that the null hypothesis is rejected for only two frac-
tions, for example 7, and T, we can say that only one component, namely F,F, , is influential, and
we can terminate the detection procedure for the first interaction component. Otherwise, exclude
the factors for which the null hypothesis is not rejected for further consideration and go to Step 2.
For Step 2, we assume that the retained and excluded factors are renumbered from 1 to ¢, and from

4 + 1 to ¢, respectively.

<Step 2>

For the fractions T, { = 1,2,..., t, consider the following linear combination of the first inter-

action components in S,
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e | @
ESu‘ = ESzl - ZDQ

| @
m 4.28)
4 % [ 1/2 —3/2] (FFp'
= 2
2 g2 -w2| EFy

Since we can estimate ES, and F,j=1.2,..,,j# i from the fractions 7, and T, ES,* is also
estimable from T. If the null hypothesis H,:ES,* =0 is not rejected, then the first interaction
components F,F, in (4.28) are all negligible by assumption. Therefore, if the null hypothesis is not
rejected for some fraction 7, then we can conclude that the influential first interaction components
are FF,j=12,..,1,j#i and we can terminate the detection procedure for the first interaction

component.

The function ES,* may be estimated in several ways. One easy method is described here.
We can estimate ES,, from the fraction 7, and E:S‘,, can be expressed as a linear combination of §
inT

ESy= (X )™ XS, (4.29)
=L'S,

where X;, is the (9 x 2) model matrix for a reference effect in Sy and S, is the (9 x 1) vector of SN

ratios for 7, and § is the ((6¢ + 3) x 1) vector of SN ratios for 7, and L, is a ((6¢ + 3) x 2) matrix.

Also, we can estimate each F, j = 1,2,...,t, j # i from the fraction T,as

E=o X)X S, j=12.0j#i

By (4.30)

where X, is the (9 x 2) model matrix for F, in the fraction 7} and S, and § are as defined in (4.29).
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Then an estimate of ES,* can be obtained simply as the following linear combination of (4.29)
and (4.30),

A 4
ES*=L'S-3 KS
J=1

¢ 4.31
=(L- 2 K)S “30
Jm1

=L'S.

Note here that (4.31) is an unbiased estimate but not necessarily the estimate with minimum var-

iance. However, in this paper we will use this type of estimate, hereafter, whenever such an estimate

is necessary.

Under the null hypothesis and the normality assumption of error terms, the quantity

sSLuLyT'Ls

02

(4.32)

has a central x? distribution with 2 degrees of freedom. Therefore, using an independent estimate
of o we can test the null hypothesis. If the null hypothesis is rejected for all T}, i= 1,2,..., ¢, , then

go to Step 3.

<Step 3>

Consider a situation in which only two factors, say F, and F, , interact with each other but
not with other factors for the first interaction component. Following the nomenclature of Hussain,
these two factors are called isolated factors for the first interaction component. If two factors
F, and F, are isolated factors for the first interaction component, then the alias sets S,, and Sy
respectively, from the fractions 7, and 7, contain only one first interaction component FF,
Therefore, by testing the null hypothesis Hy:ES,, = ESy,ij=1.2,.,4,i#j, we can detect the iso-

lated factors for the first interaction component.
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From the fraction 7,, ES,, can be estimated as

E/:S'_u = (X’ 3lx3l)-lx’ S (4.33)
=M.

Similarly, we can estimate £Sy, from the fraction 7} as
ESy=M's. (4.34)

Since both ES, and ES, are estimable from the design T, the difference ESy —ES,, is also
estimable and an esitmate is

P £ (4 (]
ES3y— ESy=M'— M')S

(4.35)
=M'S.
Under the null hypothesis and the normality assumption of error terms, the quantity
’ -I (4
TMMM) MS (4.36)

02

has a central y? distribution with 2 degrees of freedom. Therefore, using an independent estimate
of o we can test the null hypothesis. If the null hypothesis is not rejected for some pair(s) of re-
tained control factors, then go to the Step 4. Otherwise, go to the Stage II and continue the de-
tection procedure by using the sequential method.

<Step 4>
Suppose two factors F, and F, tum out to be isolated factors for the first interaction com-
ponent. Then among the first interaction components involving either factor F, or F, only the
component F.F, is non-negligible.
Let ESy** denote the linear combination of components in S, after removing the component

F,F, along with the main effects F,, j= 1,2, ..., 0,/ #i,
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@ [z -3nR)[ER
ES*=ESy-3| * |- - 4.37)
RLE ] =12 1] E

If the null hypothesis Hy:ES,** =0 is not rejected for some fraction T}, i=1,2,..., 4, i # &, I, then
we can conclude that the influential first interaction components are F.F, j=1,2,.... 4, , j#i,k, 1,
and F,F,

The interaction component F,F, can be estimated from the fractions 7, and 7, as

(FeFo = ESy
= (X" 3X30) ™ X318 (4.38)
= NS

(F;FI)I = 5/:931
= (X3 X0) "' XyS, (4.39)
= N'AS»

where (F,F), i = k,I denote the estimates of F,F, from the fraction 7,

As an estimate of F,F, , the average of the two estimate can be used
A
FeFym+ (NS + N'S). (4.40)

Then, since ES,;, F},j = 1,2,...1, j % { and F,F, are all estimable in the design 7', we can also estimate
(4.37) and it can be expressed as a linear combination of S, say

ES**=N'§. 4.41)
Under the null hypothesis and the normality assumption of error terms, the quantity
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S'N(N:N)—IN'S

0'2

(4.42)

also has a central x? distribution with 2 degrees of freedom. Therefore, we can test the null hy-
pothesis by using an independent estimate of o3

If more than one pair of isolated factors exist for the first interaction component, then the
same procedure can be used by subtracting all identified isolated factors in (4.37). Suppose that the
null hypothesis is not rejected for some fraction, then terminate the detection procedure for the first
interaction component, and identify the influential first interaction components. Otherwise, go to

Stage II in which we continue the detection procedure.

1V.2.2.3 Detection Procedure for the Second Interaction Component

The detection procedure for the second interaction component can be described by following

the same steps as for the first interaction component.

<Step 1>

Consider the alias set S, in (4.21) for the fraction 7. If the estimable function ES,, in (4.26)
is negligible then all second interaction components F,F3,j= 1,2,...,,j# i involved in ES, are
negligible by assumption. Therefore, if the null hypothesis Hy:ES,, = 0 is not rejected for some
fraction 7, then we conclude that the control factor F, does not interact with any other control

factors through the second interaction component.

Since the nine observations in the fraction T, do provide an orthogonal design for estimating
ES;,j=0,1,2,4, we can also devise a test statistic for the null hypothesis following the same pro-

cedure as in Step 1 for the first interaction component. As in the detection procedure for the first
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interaction component, if the null hypothesis is not rejected for all 7,,i= 1,2,...,t, then terminate
the detection procedure for the second interaction component and conclude that there exists no
influential second interaction component. In the case in which the null hypothesis is rejected for
only two fractions, say 7, and 7}, we can conclude that only one second interaction component
FF} is influential. Otherwise, go to Step 2 excluding the control factors for which the null hy-
pothesis is not rejected. In Step 2, 4 control factors are assumed to be retained. And we also as-

sume that retained and excluded control factor are renumbered from 1 to ¢, and from

4+ 1 to t, respectively.

<Step 2>
Consider the estimable function ES,, for the alias set S, in (4.21). Since the estimate E:S'o,
is the average SN ratio for nine treatment combinations in T}, we can also express E:S’.,, as the linear

combination of SN ratios in the design T, such that
A
ESg = R',S, (4.43)

where R, is a ((6¢ + 3) x 1) vector and § is defined in (4.29).

It can be shown (Anderson and Thomas, 1976) that we can estimate the overall mean 4 in the

design 7. Therefore, since ESy, and u are estimable in T, we can also estimate ES,* in T as

ESy* = ESop;— n
L h
=2 X (HF) +EFRY) (4.44)

J=1 k=l
J<k Jk#l

and the estimate E:S'.,,‘ can be expressed as a linear combination of S,
By =R'S. (4.45)
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If the null hypothesis Hy:ES,* = 0 is not rejected for a fraction T}, i = 1,2,..., , then all second
interaction components Fif3,jk = 1,2,..., 4,j # k # i, are said to be negligible. This implies that
all influential second interaction components involve factor F,. That is, FFL,j=1_2,..,4,j+#ican
be identified as influential. If the null hypothesis is not rejected for some fraction 7, then terminate
the detection procedure and identify the influential second interaction component. Otherwise, go
to Step 3 to continue the procedure.

Under the null hypothesis and the normality assumption of error terms, the quantity
RSP
(B'R)o?
hypothesis by using an independent estimate of o32.

has a central x2 distribution with one degree of freedom. Therefore, we can test the null

<Step 3>
Consider the following null hypothesis

This null hypothesis is true if the two factors F, and F, are isolated factors for the second inter-
action component. Therefore, we can identify the isolated factors for the second interaction com-
ponent by testing this null hypothesis.

For testing the null hypothesis, the same kind of test statistic can be developed as in Step 3
for the detection procedure for the first interaction component. If the null hypothesis is not rejected
for some pair(s) of retained ¢ control factors then go to Step 4. Otherwise, go to Stage II in which
a sequential method will be used.

< Step 4>
Suppose two factors, say F, and F,, are isolated factors for the second interaction com-
ponent. Then we can estimate the following linear combination of the second interaction compo-

nents in the same way as described in Step 4 for the first interaction component,
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ESo** = ESq — u— (FF' — (FFD? (4.47)

If the null hypothesis Hy:ES,** = 0 is not rejected for a fraction T, i = 1,2,..., 4,,i # ./, then
we can identify the influential second interaction components as FF7,j= 1,2,..., b/ # ikl and
F,F}, and we can terminate the detection procedure for the second interaction component. Other-
wise, go to Stage II in which we will continue the detection procedure.

The test statistic for the null hypothesis can be also developed following the same procedure
used in Step 4 for the first interaction component. Moreover, if we identify more than one pair of
isolated factors in Step 3, a similar test procedure can be developed easily by subtracting all identi-
fied isolated second interaction components from ES,, .

IV. 2.3 Stage II: Detection Procedure With Sequential Designs

1V. 2.3.1 Deletion of Isolated Factors

In this stage, we will continue the detection procedure by modifying the sequential method
developed by Hussain. In the sequential detection procedure developed in this section, we will not
split the interaction into the two components, but consider them simultaneously. Before applying
the sequential procedure, we can remove some control factors for which information obtained in

Step 1 is sufficient to identify the interaction structure for those factors.

Two control factors which are isolated for both interaction components will be called com-
pletely isolated factors. If they are isolated factors for only one interaction component, then we call
them partially isolated factors. Before applying the sequential procedure, we remove the completely
isolated factors and the partially isolated factors which do not belong also to the interaction struc-

DETECTING INTERACTIONS IN 3-LEVEL FACTORIAL PARAMETER DESIGNS 80



ture of another interaction component. These isolated factors can be removed because the inter-
action structure for them is completely identified. After removing such factors, we renumber the

remaining factors, say from 1 to 4.

< Example 4.2>
Consider a 3'° factorial parameter design in which we identify the following interaction at

the end of Stage I:

For the first interaction component, we identified four non-interacting control factors
R, F,, Ry, F;, two isolated control factors F;, F,, and we failed to identify the interaction structure
for the control factors F;, Fy, Fy, Fy,. And for the second interaction component, we identified two
pairs of isolated factors (F; and F,, F, and F;), and we need to continue the detection procedure
for the factors F,, F;, Fy, F,,. This structure can be symbolically expressed as

First interaction component: (F, F, F, Fio)(F;, F)
Second interaction component: (F, Fy, Fy, Fio)(F, F)(F,, F)) .

For this situation we see that the interaction structure for the completely isolated factors
F,, F, is identified completely. Moreover, the partially isolated factor F, for the second interaction
component does not interact with other factors with respect to the first interaction component.
Therefore, we can remove these 3 control factors and narrow the sequential procedure only to 5
factors, namely F,, F,, F,, F,, and F,,.

1V. 2.3.2 Hypothesis Testing in the Sequential Procedure

Consider the following 1/3* fractions of 3¢ factorial design obtained as the solutions to

Bx=b i=12,..,¢ . (4.48)
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swhere each B, is a (¢ — 1) x ¢ matrix of rank (t-1) obtained from the identity matrix of order
¢ by deleting the i-th row, and 5 is any ((¢ — 1) x 1) vector of constants in GF(3).

In the equations (4.48), the rows of B, represent the defining vectors g of the main effects
E, j # i and the corresponding elements of b represent a level of each such main effect in the treat-
ment combinations obtained as solutions to the equations.

Since there are 3 treatment combinations for the fraction (4.48), the 2 alias sets are

ZO[={“,E}'FijleF2v j,k=l,2,...t.j,k¢l’}

(4.49)
Zy={FFF,FF}, j=12.4j#1.
The estimable functions for these alias sets can be expressed as
- X
t (F )l t t (F k)l t t (F )l
EZy=p+ 3¢ 12 +2, Xk sz +2 Xy ﬂ'}fz
AR S BT Ll
®' o« [Em] o [&E
EZy=| ., |+ZDy 2|+ Dy 2|’
@[ =t T ERY| LT | FEY

where ¢, G4, Gy are (2 x 1) vectors determined from C in (4.5), and Dy, D, are (2 x 2) matrices
determined from (4.17) and the coefficient vectors ¢, &4, G and matrices Dy, D;, are determined
by the vector b of constants in (4.48).

For any given factors F, and F,, consider the hypothesis

H,:FFy=FF} =0, (4.51)

where FF, FF} denote (2 x 1) vectors of parameters defined in (4.14), and Q represents a null
vector. This hypothesis implies that the two factors F, and F, do not interact with each other. It
can be shown (Hussain ,1986) that we can test this hypothesis with six treatment combinations

- obtained as solutions to the following two fractions
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Bx=h

4.52)
Bx =5

such that b,, = b, for all k except k= j, where b, /= 1,2, k= 1,2,..., t denote the elements of b,

Hussain showed that under the hypothesis H, and normality assumption of error terms, the

following sum of squares
SSy=(8; - SCACO™CES - 8) , (4.53)

where S, i= 1,2 are (3 x 1) vectors of SN ratios for the fractions in (4.52), and Cis a (3 x 2) matrix
defined in (4.5), has mean 402 and is distributed as 40%y? with 2 degrees of freedom. Therefore,
we can develop a test statistic for H, by using an independent estimate of o2 .

Moreover, Hussain showed that for a given factor F,, the hypothesis
HyFFy=FF} =0 V k except k #j (4.54)

can be tested with observations from the two fractions (4.52) such that b, # b;, for all v except
v=j. The hypothesis H, can be used to test the null hypothesis that the factor F, interacts only
with the factor F, . We can also develop a test statistic for this hypothesis following the same pro-
cedure for H,.

The similar hypothesis

HyFFy=FFi=Q V k except k=j,, for a given factor F, (4.55)

can be also tested by two fractions (4.52) such that b, # 5, for all v except v=j,/. Moreover, we
can construct the same kind of hypotheses H,, H,..., etc. ,and they can be tested by using observa-
tions from the two fractions in (4.52). For testing each hypothesis, the same kind of test statistic
for H, can be easily devised by using the of sum of squares (4.53).
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IV. 2.3.2 Strategies for Selecting Fractions

Consider the following three fractions

Bx=p

Bx=bh

By = by
where by #b#5; .

(4.56)

Since these three fractions correspond to the three parallel spaces in the finite Euclidean ge-
ometry EG(t,3), there are no common treatment combinations among the three fractions. Let us

rewrite (4.56) in matrix form as

By =y, by, bs] -

The total number of treatment combinations in (4.56) is nine. If we take
by=0, by=]1,and b =2, then the equations

Bx=[0,1,2] 4.57)

can be reduced to (4.58) by subtracting the first row from every other row,

[ |
A -
of[1][2
offoffo
B, A
x= (4.58)
4, 1
offoflo
b-.‘.J-.‘J

,where A4, is defined in (4.19), and B, is the first row of B..
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This implies that (4.57) is equivalent to (4.19) in Stage I (4,x =) Therefore, the fraction T, ob-
tained from (4.19) is exactly the same as the fraction obtained from (4.57). The following fact
reveals some useful information on selecting fractions in the sequential procedure.

< Proposition 4.1 >

Consider three treatment combinations obtained as solutions to any one of the following
three sets of equations ,
Bx =0
Bx=1, NE (4.59)

in which, for example (, denotes a vector which comes from 0 by changing an element
corresponding to factor F, from 0 to v# 0 (ve GF(3)), leaving the other clements un-
changed, where  represents a vector with every element 0. The vectors 1, 2 are defined
similarly.
Then this fraction has one treatment combination in common with the fraction T} obtained from
(4.19).

< proof >
Without loss of generality, assume that i <j. Then, three treatment combinations in the
fraction Bx = b, in (4.59) are

Factors1—(i—1): |k & b
Factori: {0 1 2
Factors(i+ 1) = (—=1): |6 & &

Factor j: [v v v
Factors(f+ 1)—6: |56 b b

and the nine treatment combinations in the fraction 7| are
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FactorsI—(j—-1:10 1 2 01 2 Q0 1 2
Factor /0 0 0 1 1 1 2 2 2

Factors(j+1)-« |0 1 2 0 1 2 Q 1 2

By comparing these two scts of treatment combinations, we can easily see that they have one
treatment combination in common for any value of v and the vector b.

Q.ED.

Since the fraction 7, in Stage I is identical with the fraction (4.57), we can test the two hy-
potheses H, and H, in (4.51) and (4.54) by taking one additional fraction, for example

Bix = 1(10) (4.60)

Where ]1(10) denotes a vector which comes from the vector 1 by changing an element

corresponding to factor F, from 1 to 0.

That is, we can test H; and H, by following pairs of fractions: for H,

Bx=1

B = 110) 4.61)

and for H,

Bx=0

B = 1410). (4.62)

Note that the treatment combinations corresponding to the fractions Bx =0 and Bx =] are
available from Stage I. Morcover, we need to take two more treatment combinations to test H, and

H,, since one of the three treatment combinations corresponding to the fraction (4.60) is available
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from Stage I by the Proposition 4.1. Then each hypothesis H, and H, can be tested by using 6
~ treatment combinations corresponding to fractions (4.61) and (4.62).

In order to test another hypothesis, for example H,, we have to take three more treatment

combinations from a fraction, say
B = 1,,(10) (4.63)

swhere 1,(10) denotes a vector obtained from the vector 1 by changing two elements corresponding
to factors F), F, from 1 to 0.
Then the hypothesis H, can be tested by using six treatment combinations obtained from

Bx=0

Bix = 1,(10) . (4.64)

Some comments about taking treatment combinations seems to be necessary at this point.
For testing the hypotheses H,, H, and H,, we take the treatment combinations from the fractions
such as (4.60), (4.63). However, there are many possible ways for choosing appropriate fractions.
As an example, the hypotheses H, and H, can be tested by using other pairs of fractions: for H, ,

Bx=
=2 (4.65)
Bx =2/21)
and for H,
Bx=1
Bx=2(21) . (4.66)

For this case, we take three treatment combinations corresponding to the following fraction, among
which one treatment combination is available in Stage I,

Bx=2421) . (4.67)
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Therefore, in practical applications of parameter design analyses we should take proper
treatment combinations from, for example (4.60) or (4.67), by taking cost or engineering consid-
erations into account as we discussed in 2! factorial parameter designs.

Another comment is related to the testing of hypotheses. At the end of Stage I, some inter-
action component, for example F,F? may be identified as being negligible. Even though, in testing
the hypothesis, say H,:FF,= FF} =0, the negligible interaction components FF} is involved, the
sequential testing procedure is still valid. This kind of information about the negligible interaction
components may be useful in identifying influential interaction components at the final step after
completing the whole detection procedure. As an illustration, suppose that in Example 4.2, we
conclude that interactions exist between factors F, and F;, F; and F, F;and F,,, and F;and F,.
Then, since we can identify the interaction components F,F;, F.F as negligible based on the in-
formation obtained from Stage I, the following components can be identified finally as influential

interaction components:

First interaction component: F.F,, F,F,, FF,,, F,F,
Second interaction component: F,F3, F,F3, F Fy, FF2, F,F} .

Following Hussain, the detection procedure developed in Stage I and II can be summarized
in the block diagrams of Figure 4.1, Figure 4.2, and Figure 4.3. Figure 4.1 can be applied to both
detection procedures for the first and second interaction component. In Figures 4.2 and 4.3, we
developed the loops 1, 2, and 3 to test the hypotheses H), H, and H,, and more loops can be de-

veloped, if necessary.
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< Table 4.1: lllustration of Symbols in Figure 4.2 and 4.3 >

H\(F,F) :The hyphothesis H, in (4.51) to test that F, F, do not interact each other.

Hy(F,:F) : The hypothesis H, in (4.54) to test that F, interacts only with F,

Hy(F,: F,, F)) :The hyphothesis H, in (4.55) to test that F, interacts only with F,and F,.
E(F) : Replace factor F, by factor E.

(F, F) : Exchange roles of F, and F.

@ ¢ Loop 1.
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Take fractions
Ti=m1,.t.

Step I: Test ]

hypothesis.

Step 2: Test
hypothesis.

Step 3: Test
hypothesis.

NO

ccepted for

aT,
YES

Step 4: Test

hypothesis.

Stage ]

< Figure 4.1: Block Diagram of Detection Procedure in Stage | >
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Hy(F:E)N\ NO

Take

v 2 Accepted? Enter F, 3
YES
Take
Enter F,
Bx = 1(10) /'/
] L

Fy(F)

< Figure 4.2: Block Diagram of Detection Procedure in Stage 11>
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Take
Bx =1,(10)

Enter F, F,
F(F), F.(F)

O

(F.E)
F(F,)

(FuF)

B =1,(10)

WFeF, Fy
Accepted?

< Figure 4.3: Block Diagram of Detection Procedure in Stage II >
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IV. 3 Identification of Optimal Setting

Let T* denote the design which is the union of treatment combinations taken in Stages I and
I, and let S* represent the vector of observed SN ratios for the design T* . Then we have the final
model

E(S*) = XB
-IX, le[&] (4.68)
B2

;Where B, denotes a ((2¢ + 1) x 1) vector of the overall mean u and 2t parameters associated with ¢
main effects, and §, denotes a vector of parameters associated with the identified influential 2-factor

interaction components, and X;, X; are model matrices corresponding to B Ba, respectively.

Since B, is estimable in Stage I, it is also estimable from the final design 7*. However, B

may not be estimable. To estimate §,, write the normal equations in partitioned form

xx, x5 [x
[ 15 X 2] gl =[ 1]5.. 469
XXy XX Ba| X2

Clearly, X'X is not in general of full rank since not all detected interaction components are
estimable. But the inverse of X",.X, exists since all the main effects are estimable. Moreover, X', X,
is not equal to zero since the columns of X, are not orthogonal to the columns of X;. Therefore,
é, is not simply (X",X,)'X",S*. Using a generalized inverse for a partitioned matrix (sce Searle
(1971), and Anderson and Thomas (1979)), we obtain the solutions to (4.69) as
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I
82

(4.70)
@X) ™+ X)X x0T X0 )T, - (A",xo“X'leQ‘}[X'ls*J

-0 XX (X X)) 0 X, 8

Where O = X", X, — X, X,(X",X))"'X", X, and A- denotes a generalized inverse of A.

Then we obtain the minimum variance unbiased estimate of B as

By = [0 X + (X0, X)X X0 X0, X, (X0, X)X,

. 4.71
— (X)) 0 XS0 “m

Note that g, includes u and two parameters (Es)!,(E%)? for each main effect Es. And the two

parameters associated with main effect £s are defined in (4.6) and (4.7) as

(EY =E§-E}

4.72
(E%? = E§ + Ef - 2E% @

swhere Ep, j = 0,1,2 is defined in (4.8).

Therefore, using a relationship £y + Ep + £3 =0, we can estimate Ep for each main effect Es by
solving the following three equations in three unknowns £s j= 0, 1, 2.

B
ES — 288 = (E9y2 (4.73)
E?

Then we identify the optimal setting for each control factor as the level j for which éf is the largest.
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For interacting two control factors, we can also identify the optimal combination of factor
levels simply by evaluating the average response for the nine possible combinations of factor levels.
Therefore we can identify the optimal setting of control factors in the same way as explained for
2' factorial parameter designs.

Some control factor which has the least significant effect on the SN ratios and does not
interact with other significant control factors can be used as an adjustment factor. If a supple-
mentary analysis of the mean response of a quality characteristic is conducted, then we ﬁay choose
a control factor which has the most significant effect on the mean as an adjustment factor among
the non-significant control factors in the analysis of SN ratio. Then we can bring the average re-
sponse of a quality characteristic close to the target value with its variance minimized by correcting

adjustment factor levels.
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Chapter V
SN RATIOS FOR SEVERAL QUALITY
CHARACTERISTICS

In chapter II, we discussed various kinds of SN ratios for the parameter design analysis for
one quality characteristic. The basic premise of such univariate parameter design analysis is that
the quality of a product can always be assessed by the most important quality characteristic.
However, the quality of a product is seldom defined by a single quality characteristic. Rather,
quality is 2 composite of several properties which are often interrelated and are different in their
relative importance in contributing to the overall quality of a product. In this chapter, we shall
develop some SN ratios for parameter design analysis where we deal with several quality charac-

teristics.
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V.1 Loss Function and Expected Loss for Several Quality Characteristics

In the multiresponse parameter design analysis in which we are taking more than one quality
characteristic into account, we have the same experimental design structure as in the univariate
parameter design analysis except that we observe a vector of several quality characteristics. That
is, given an inner array of control factors and outer array of noise factors for the experiment, we
observe several variables (quality characteristics) for each combination of settings for inner array
and outer array. Therefore, we can analyze the multiresponse parameter design following the same
procedure as for the univariate parameter design except for using different types of SN ratios which
take several quality characteristics into account simultaneously.

Let the (g x 1) vector X" = (Y}, 1, ..., ¥,) be a vector of g variables (quality characteristics)
of interest. Then for a given setting 4 of control factors, the output vector p of Y is generated,
through the transfer function, by the noise factors J. Since the noise factors are assumed to be
random, the output vector will also be a random vector which is assumed here to have some con-
tinuous distribution with mean vector u’ = (uy, 5, ..., #,) and (g x g) variance-covariance matrix
2. Suppose that the vector of target values of 1” is ’ = (v,, 7, ..., 7,) With each 7, being a finite
number. If the specific value p of X deviates from z, then a loss occurs. Let 4y) represent the loss
function (say, represented in terms of dollars) which is assumed to be convex and sufficiently
smooth so that its second derivative for each variable exists.

Then, by the Taylor’s series expansion of /) at £ we approximate ) as

Kp=iz) + [@— 1)« VIPI =g
*l(y) (5.

,where V denotes the gradient vector.

SN RATIOS FOR SEVERAL QUALITY CHARACTERISTICS 97



Since the loss function has a minimum value at y = 1, the second term of the right hand side
in (5.1) is zero. And assuming that the loss is always zero when the values of the quality charac-
teristics are exactly equal to their target values, we can express the loss function, apart from a con-

stant term, as
)=@-2Bp-1 ., (5.2)
where
B=(b)
o*y)
= dy'dy pg=1

is the second derivative matrix of ) evaluated at Y=z

Then the average loss or expected loss at the setting 8 of control factors can be approximated as

R(@) = Eg(lp))
= Eyl(y — 3B - )]
= tr(BE) + (4 — 2'B(a — 3)
where tr(4) is the trace of the matrix A .

(5.3)

Note here that the values of the loss function (5.2) and the expected loss (5.3) should be invariant
under change of scaling of measurement units for any variable since we express the loss function in
terms of objective quantity, say in dollars. If we change scaling of measurement units for some
quality characteristic, then another loss function which has the same loss as the original one can
be derived simply by transforming the original loss function. Moreover, in (5.2) and (5.3), the rel-
ative importance of different quality characteristics are also taken into account in the coefficient

matrix B.

From the equation (5.3) we see that the average loss R(@) depends on B, Z, g, and 7. Just
as for the univariate loss function, information about independence of the variance-covariance

matrix and the mean vector is useful for decomposing the average loss into the variance part and
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the bias part in order to develop suitable SN ratios. However, for the multiresponse case a general
method for detecting this independence is not yet available. To devise such a method and to sim-
plify the expression for the expected loss (5.3), consider the following transformation of the original

variables Y into the canonical variables Z,
Z=UY (5.9

where U is (g x g) orthogonal matrix whose rows are the normalized eigenvectors of 3.
Then we have

EZ)= Uy
=3

Varn(Z) = USU’

=D (5.3)

;where D is a diagonal matrix whose diagonal elements are the eigenvalues corresponding to each

row of U.

Since the value of the loss function should be invariant under any transformation, we define
here the loss function /(z) for the specific value z of the transformed variables Z as

h(2) = KU "2). (5.6)

Then we can easily see the following fact.

< Proposition 5.1>
Consider the orthogonal transformation (5.4). Then the loss function /(z) defined in (5.6) for

the transformed variables has its minimum value at z = 1, = Uz.

< Proof >

SN RATIOS FOR SEVERAL QUALITY CHARACTERISTICS 99



Since U is an orthogonal matrix, the inverse U-! always exists. Since {y) its the minimum

value at y = 7 by assumption, we have

W<y vy
w (U ') <KU™'2) ¥; where z9=Us
= hzg)<h(2) Yz

which implies that /(z) has the minimum value at 1, = Uz.
Q.E.D.

If we expand /(z) about z = 1, by the Taylor’s series expansion, then by the proposition (5.1)

we can approximate the loss function 4y), apart from the constant, by

) =4
= h(z0) + [(2— 20) * V14 (2) | ;.= 5,

!
+1/z<z—:o)'[-5z%]‘-,, @)+

~(z ~ 10)'H(z - 20)

o)

,where

H = (hy)

- P42
879z L= %o

is a (g x g) matrix of second derivatives of /,(2) at z = z,.

Then the expected loss R(@) at the setting § of control factors can be approximated by

R@) = tr(HD) + (& = x0) H(é — 17) - (5-8)

Since the transformed variables are mutually independent, we can investigate the independ-

ence of the variance-covariance matrix D and the mean vector § by using some statistical methods
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such as g scatter plots of paired values (4, 4) for j = 1,2,....,g or exploratory data analysis methods.
That is, for each transformed variable Z, j=1.2,...8, calculate the sample mean values 3. and
variances ;1,,, i=1,2,...,m defined by

8= fr.h

ij ij4

A a an (5.9)
Ajj = U’'iiSil;

.Wwhere é, and S, are the usual estimates of mean vector 4 and variance-covariance matrix T , re-
spectively, based on 7 observed vectors y,, yg, .., JVw at the i-th setting 8, of control factors, and ﬁ',
is the j-th normalized eigenvector of S,.

Then for each Z, based on m paired values (3,,, oy), i = 1,2,..., m, determine the relationship between
the variance 4, and the mean §; . If the variance and mean vector are functionally independent for
each Z, then we can conclude that the variance-covariance matrix D is functionally independent
of the mean vector ¢ for the transformed variables. Otherwise, D is said to be dependent on §.

V.2 SN Ratios for Specified Loss Function

For some multiresponse parameter design analyses, a loss function can be provided in ad-
vance, for example from past experience. Moreover, if the approximation of a loss function up to
the third term in the Taylor series expansion (5.1) is appropriate, then it may often be possible to
estimate a quadratic loss function, even when a prior loss function cannot be specified. A quadratic
loss function could be estimated by using economic arguments similar to those suggested by
Taguchi (1986) for estimating univariate loss function. For example, if we know the actual values
of the loss for a sufficiently large number of points ¥, we can estimate the coefficient matrix B in
(5.2) by assuming the quadratic loss function. When the loss function for several quality charac-
teristics can be specified, we can develop the different SN ratios according to whether the
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variance-covariance matrix D depends on the mean vector § or not. The maximization process of

such SN ratios is then equivalent to the minimization of the approximate average loss (5.3).

V.2.1 Variance-covariance Matrix not Linked to Mean Vector

For this situation, the variance-covariance matrix D and the mean vector § of the transformed
variables Z are functionally independent of each other. This kind of independence is the usual
assumption for multivariate ANOVA procedures and such situations can occur frequently in many
engineering applications. Then the bias part of average loss (5.8) can be reduced independently of
the variance part (/D). Therefore, we minimize the variance part first by analyzing the SN ratio,
and then reduce the bias part by adjusting the mean responses close to target values. This adjust-
ment can be made by correcting the levels of adjustment factors which have non-significant effects
on the SN ratio. The appropriate SN ratio for this case is a measure whose maximization is

equivalent to minimization of ¢r(HD) in (5.8). Thus a proper SN ratio for this case is

(@) = ~101logyo(er(HD))

5.10
= —1010gyq(hyy dy + Apgdy + e + hggly), (>.10)

where A, 1, j = 1,2,..., g are the diagonal elements of H and D, respectively.

The following fact enables us to estimate the SN ratio (5.10) directly from the loss functions
of non-transformed variables Y or transformed variables Z.

< Proposition 5.2 >

Consider the two loss function {y) and /(z) in (5.2) and (5.6). Let G and G, be gradient
vectors of ) and /(z), respectively and let B and H be second derivative matrices of Ky) and 4(2)
, respectively, then the following relationships hold.
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g =U¢g

H=UBUL' (5.11) .
< Proof >
Note that
_ - i - - -
311 F4) alQ) 61(2)
621 621 6y1
L2 aky) aky)
0zy 02, oy,
G =| = | G=
o (2) al(y) alfy)
0z, 9z, Oyg
and
»=U""z
= U’z
r F -
Y1z N
Y22 8 /]
Y gé -yg |

where y, is the i-th column of U. Then,
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ayl ayl ayl )

¥ (521 "3z, O =12.¢
And, by the chain rule
a4 (2) - oly)
0z 9z
oY) oy, olly) oy, ol oy
W o0z oy 0g 3y, 0z
al)
i
aly)
7))
=( W o W )
azi ’ azl g eee az‘
ol(y)
6yg
=G
,where i/, is the i-th row of U.
Therefore,
. .
34 (2) .
azl u’l
511(2)
9z, ok
a=| ~ = G=UG .
azg - -
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Let Ay be the (i,j) element of H. Then applying the chain rule twice, and using the fact that
&y,
9292 = 0 since y, is a linear function of z, ij = 1,2,..., g, we have

i@ _ 21y
hy= az,az, = 20
( oky) . + oly) ) bt oly) a}’g

ayl 0z, 9y, 0z g * )

( ) ayl ) 1 ( aI(Z) ay2 ) ( ) ayg )
az, 0z dy, Oyg az,
(a“l(z) » a’l(z) o a o ay1r 2

ay, oz ay,ay, 0z, 6y16yg 0z az,
o ) o W) Pl Wy
o0y 0z gt 0z 0y 0y, 0z ' 0z

('321(2) M Z1y) R N Fly) by
g0y 0z Oygdy, Oy »t 0a’ g

- -

Py aUy) o*Ky) [ o

Fly) Py . ) |t
EI) 2 205 || 9
%, g s a{’z . -

-(a—zl, —67,-' ey —07,)

My Py . P || %
aygayl ay gayz aygz azj
I J

It then follows that
H=(hj) = UBU" .
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Q.E.D.

From this proposition, we can see analytically that the two expressions for expected loss (or
loss function) in (5.3) and (5.8) are the same, that is,

R(@) = tr(HD) + (8 — 10)' H(& — 1)
= (UBU'UEU") + (u — 2)' U'UBU' U’ Uy — 1)
= i(UBEU") + (u — 1) U'"UBU' Ul — 1)
=r(BL) + (p—3)'Bu-1) .

Moreover, we can easily obtain A, in the expression of the SN ratio (5.10) from the loss function
(5.2) in terms of the original variables

hy=uBu)p j=12vg8, (5.12)

where i), j=1,2,...8 is the j-th row of the matrix U in the transformation (5.4). Therefore, in

practice the SN ratio (5.10) at the setting g, of the control factors can then be estimated as

5(8) = —10log(tr(BS)) (5.13)

or

A A A A A A
S(Q‘) =-10 lOg(h"]l" + hnzla + ..+ hmllg), i= 1,2,...,”!

L. A (5.19)

where i/, and 3.,,, Jj=12,....,g are the cigenvectors and corresponding eigenvalues of the sample

variance-covariance matrix S, based on 7 observations p,, ya, ..., Vi, at the setting g,.
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V.2.2 Variance-covariance Matrix Linked to Mean Vector

In this case, the variance-covariance matrix D and the mean vector § are functionally de-
pendent so that the mean vector cannot be adjusted independently of the variance-covariance ma-
trix. Therefore, we have to use the expected loss R(@) or some monotone function of R(@) such

as —10log,,(R(8)), as an SN ratio. Thus an appropriate SN ratio for this case is

#(8) = —10log,o{tr(HD) + (& — 50 H(& — 10)) <
= —10log;o{tr(BE) + (1 — 2B ~ 1)} - (513

Let y1, Yas - Y be a random sample from the distribution Y at a given setting @, of the control
factors then the estimate of (5.15) is

S@) = —101og{tr(BS) + (&4 — 1By —2)}, i=12,..m (5.16)

for a given loss function of (5.2), where S, and 4, are the sample estimates of Z and p, respectively
at the setting @,.

After identifying the optimal setting at which the expected loss is minimized, we sometimes
need to adjust the mean value(s) of some quality characteristic(s) to bring them close to the target
value(s) when the mean value(s) deviate from the target value(s). This adjustment procedure is
necessary especially when the unbiasedness property is vital for some quality characteristics. In
such a situation, we recommend to use the control factors which have non-significant effects on the
SN ratio as adjustment factors. However, we note that after such an adjustment process, the av-
erage loss may not be minimized at the final setting of control factors. This is a price we may have
to pay in order to have some quality characteristics close to their target values.

For best results, the detection procedure for the independence of the variance-covariance

matrix D and the mean vector §, and the resulting SN ratios should be used only when all of the
qQuality characteristics are measured in the same units. This is because the eigenvalues and corre-
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sponding eigenvectors of the sample variance-covariance matrix S are not invariant under the
change of measurement scale for any quality characteristic. Otherwise, the detection procedures
should be performed on the sample variance-covariance matrix S* based on the scaled quality
characteristics such as ¥ -7’2- J=12,....8, where o} is the variance of the quality characteristic

Y,. Therefore, we summarize the procedure as follows:

<Step 1>

For each setting §,, i= 1,2,...,m of control factors, calculate the sample variance o} for each
quality characteristic Y;, j= 1,2,...,g based on n observations. Then scale each quality character-
isticto V= -&Lj and calculate the sample-covariance matrix S,* and mean vector ;* for the scaled
quality characteristics.

<Step 2>
Calculate the eigenvalues and corresponding eigenvectors of S,* and transform the scaled
quality characteristics to the canonical variables by using the orthogonal transformation (5.4). Then

the cigenvalues and eigenvectors are invariant under change of measurement scale.

<Step 3> 4
Determine the independence of the variance-covariance matrix and the mean vector for the

canonical variables.

<Step 4>

Depending on the results of Step 3, determine a suitable SN ratio and estimate the SN ratio
from the loss function of the scaled variables for each setting @, and proceed with the appropriate
parameter design analysis.

Moreover, for developing SN ratios where the loss function can be specified, we assume that
all target values are finite. If the target values of some (all) quality characteristics are infinite, then
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we transform such quality characteristics by taking reciprocals. The target values of the transformed
quality characteristics are then changed to finite numbers (actually they are zeros). Therefore, we
can develop the same SN ratios such as (5.10) and (5.15) using the same arguments for the loss
function of such transformed quality characteristics.

V.3 SN Ratios When a Loss Function Cannot Be Specified

V.3.1 Description

In the previous section, two types of SN ratios were developed when we can specify the loss
function for several quality characteristics. However, in practice we may not be provided with the
pre-specified loss function outside the experiments, nor may not it be possible to estimate a suitable

loss function.

Even though a loss function cannot be specified, we can use the procedure described in sec-
tion V.2 for detecting independence of the variance-covariance matrix and the mean vector. Let
us assume that the variance-covariance matrix D and the mean vector § of the transformed variables
are functionally independent, and as a result we decide to use the SN ratio (5.10). The coefficients
h, and cigenvalues 4, j=1,2,..., g in (5.10) are all positive since both matrices H and T are positive
definite. Therefore, the maximum value of the SN ratio (5.10) can be achieved when each 4, is
minimized since the 4, are unknown positive constants depending on the loss function. This leads
to the same kinds of problems that one encounters in developing optimal designs by minimizing
all eigenvalues simultaneously. Instead we minimize the sum of the eigenvalues. In the case of
SN ratios this leads us the following SN ratio
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£
n(@) = -10 108[ 2 11]
{m]

= —10 log[ t(D)]
= ~10log[r(T)] .

(5.17)

Besides (5.17), minimization of the product of eigenvalues gives us another type of SN ratio,

n(@) = —10 los[fm]
i)

= ~10log(|DI)
=-10log(IZ]) .

(5.18)

The SN ratio (5.17) corresponds to the minimization of the average variance for g quality
characteristics and (5.18) refers to the minimization of the volume of the variance-covariance matrix
Y. However, the approximate SN ratio (5.17) is meaningful only when cach quality characteristic
is measured in the same units and all the quality characteristics are of the same relative importance.
But, for a multiresponse parameter design analysis, variables are nearly always obtained from dif-
ferent scales of measurements and are not necessarily of the same relative importance. Conse-
quently the combination of variances of several variables measured in different units as in (5.17) is
physically meaningless. The same kind of difficulty also arises for the SN ratio (5.18). Moreover,
the determinant of the variance-covariance matrix may also be small when some off-diagonal ele-
ments of the variance-covariance matrix are large. That is, the SN ratio (5.18) can be large espe-
cially when the correlations among the quality characteristics are large. Therefore, the SN ratios
(5.17) and (5.18) are not appropriate for general usage, especially (5.18) is not suitable even when
all the quality characteristics are measured in the same units and they are the same in relative im-
portance. Moreover, when the variance-covariance matrix D and mean vector § of the transformed
variables are functionally dependent, it is more difficult to devise the proper SN ratio since we
cannot evaluate the loss function. Therefore, when a loss function cannot be specified for a
multiresponse parameter design, we should develop the SN ratio from a different point of view in
which a loss function is not utilized.

SN RATIOS FOR SEVERAL QUALITY CHARACTERISTICS 110



According to the philosophy espoused by Taguchi the primary goal of a multiresponse pa-
rameter design is to achieve minimum variance for each quality characteristic with its location close
to some target value. Here the variance includes variation among the units of the product and the
variation due to deterioration and the environmental conditions under which the product is actually
used. In accordance with this objective, we shall develop SN ratios which are independent of the
means of all quality characteristics and whose maximization corresponds to the minimization of
some combined measure of variances of all quality characteristics. Then we can adjust the quality
characteristics to their target values using the adjustment factors which have non-significant effects

on the SN ratios if such adjustment procedure is necessary.

V.3.2 Determination of Dispersion Measure

The first step in developing the SN ratios is to determine the functional relationship between
the variance and the mean for each quality characteristic. As we discussed in the univariate pa-
rameter design (see section I1.2.3), this procedure is necessary mainly because we cannot adjust the
mean response to the target value independently of the variance if the variance of a quality char-
acteristic depends on the mean level. Therefore, we must, first of all! determine the extent of de-
pendency of the mean and the variance for each quality characteristic. That is, for each quality
characteristic Y, we determine the value of p, from the data

o oc W) j=12..,3, (5.19)

where o, and p, are the standard deviation and mean value of a single quality characteristic Y,
For each Y, the value of p, in (5.19) can be determined from the m paired values
(oy, ity i=12,..,m. If p=0for some Y,for example, then it means essentially that the variance

and the mean are functionally independent and the variance is constant over the level of mean
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values for the quality characteristic ¥, And p,=1 means that the standard deviation increases
(decreases) proportionally with the mean.

Then, for the quality characteristic Y, the quantity

D)= (i)2 i=12..2 (5.20)
(™
represents some measure of “dispersion” of y, where “dispersion” means the measure of variation

which is independent of the mean level.

After determining the relationship of the variance and the mean for each Y,, the next step is
to combine each D, into one quantitative measure representing overall dispersion. However, as
we discussed earlier, combination of several D, obtained from different measurement units is phys-
ically meaningless and only valid when each Y, is measured in the same units and each Y, is of the
same relative importance for evaluating the overall quality of a product. As an example, in the
manufacturing process of a leaf spring in chapter II, the strength of a leaf spring may be so impor-
tant that we should include this property as another quality characteristic of the leaf spring along
with the property of free height in unloaded condition. The strength of the leaf spring can be
measured by the pressure in psi (pounds per square inches) units at which the leaf spring is broken.
And the free height is measured by in inches. If we combine directly the two measures of dispersion
of these two quality characteristics, then the resulting quantity is not meaningful since the real sig-
nificance of the dispersion dcpends on the property of each quality characteristic. That is, the
measure of dispersion, say 20 for free-height is not twice as important as the measure of dispersion
40 for the strength variable. Moreover, dispersion is not invariant under the change of scale of the

measurement unit.

One approach to such combining problem is to transform each dispersion measure D, to some

index number represented in a dimensionless scale. Then, after transformation combine trans-
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formed index numbers into one quantity representing the total measurement of dispersions for se-
veral quality characteristics. Harrington (1965) introduced such a transformation and combining
scheme utilizing what he termed the desirability function and illustrated its use in the manufacturing
process of a rubber compound for tire treads. Even though the idea of desirability function has
been appealing to experimenters who want to optimize several quality characteristics, this approach
has not been widely used nor has much research been done on it. We will employ the concept of
a desirability function in transforming the dispersion measure of each quality characteristic and de-

velop the appropriate SV ratios.

V.3.3 Transformation of Dispersion Measures

In transforming each dispersion measure D to some index variable W , there are many pos-
sible ways in determining the range of W . Following Harrington (1965), and Derringer and Suich
(1980), we use a scale which ranges between 0 and 1, where W =0 corresponds to an absolutely
undesirable value of dispersion and W = 1.0 represents a completely desirable value of dispersion.
And we may assign a value, say W = 0.5 when the value of D is acceptable but poor. This assigning
scheme of W depends on the manufacturer’s standpoint and the relative importance of the quality
characteristic. The scale of W is a dimensionless scale to which any dispersion measure D can be
transformed so that its value can be expressed in terms of goodness, say “measure of desirability for

dispersion”.

After determining the range of W, we then transform the measured value of D to the desir-
ability scale W. If no other suitable form of transformation is specified, the following exponential
transformation is convenient and adequate for the purpose of transforming measured dispersion D
to the desirability scale W(see Harrington, 1965).

2
W=e €D (5.21)
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The constant ¢ in the equation determines the slope of the curve. In Figure 5.1, the values
of measured dispersion are represented along the horizontal line and the corresponding values of
W are specified along the vertical line. The constant ¢ in Figure 5.1 is 0.05. The value of ¢ in the
transformation (5.21) can be determined by selecting some values of D and corresponding values
of W for the quality characteristic. Then from the paired values of (D, W) we can determine the
value of c easily by the equation

log W
D -

c=—

(5.22)

Note here that the transformation (5.21) is just one example of the many possible ways in
transforming the measured value D of the dispersion to the dimensionless scale W. If we can
evaluate the values of W for many points of D, then we can also draw the appropriate transfor-
mation curve simply by plotting the paired values of (D,W) and cohnecting the points by a smooth

curve.
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One possible alternate form of equation (5.21) is

a o=@ i De(0,dy)
2
aee” @D i Deld),d)

uv=1\ ' (5.23)

'an-c"("'D)z if Deld,_; o0) .

The transformation (5.23) may be viewed as a generalization of (5.21). This kind of transformation
is appropriate when we want to use different weighing schemes according to the values of D. As
an example, we may want to use a transformation such that for a value of D in some interval, the

corresponding value of W decreases rapidly. Figure 5.2 shows the transformation curve corre-
sponding to the equation

1 if 0<D<S5
101.e~ @920 ¢ s<p<an
6316~ 09D i 20 <p<ap
6.884.¢~ 092" ¢ pogg

U = (5.24)

For this transformation, a value of D below 5 would result in the same value 1 of W, which cor-
responds to the totally acceptable level. And until D reaches 20, the value of W decreases slowly.
But if D is greater than 20, we transform the D with very strong weight. In other words, if D is less
than 20, the corresponding desirability values are essentially the same, but the desirability decreases
rapidly for the value of D above 20. Therefore it can be said that D = 20 is the tolerance Limit of
dispersion for this quality characteristic.

As we mentioned before, in any product some quality characteristics are of critical impor-
tance, and others are relatively insignificant. Therefore it is necessary that each quality character-

istic be weighed according to its importance relative to the intended application. Although a
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number of weighing procedures are available through the exponential family transformation such
as (5.21), we can accomplish this simply by adjusting the constant ¢ in the transformation (5.21).
As we noted, a small value of the constant ¢ produces a transformation curve approaching zero
rapidly. Therefore, for critical quality characteristics, we will use small values for the constant.
And for less important quality characteristics relatively large values will be used. In Figure 5.3, three
different curves corresponding to ¢, = 0.03, ¢, = 0.05, and ¢, = 0.07, respectively are presented. The
Figure 5.3 reveals essentially that for more important quality characteristics, the transformation
curve will be steeper and for less critical quality characteristics, the curve will be more horizontal.
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V.3.4 SN Ratios

Having transformed the measured dispersion D for each quality characteristic to the desir-
ability scale W at each setting 9, of control factors, we are now ready to combine these several values
of W to develop SN ratios for multiresponse parameter design. One possible SN ratio is a simple

arithmetic mean of W’s,

VVH+WQ+"‘+W@ '
— g (5.29)
= W“, i= 1,2,...,m,

SN@) =

where W, j=1,2,...g are the desirability scales of dispersion for a quality characteristic Y, at the

setting g, of the control factors, and the subscript s in W, denotes the simple mean.

The geometric mean used by Harrington(1965) gives us the following type of SN ratio,

SN@) = Wiy« Wy« W o=+ AR 526
=W .

If one of the W's is (close to) zero, the SN ratio (5.26) as an overall measure of dispersion
will also be (close to) zero. That is, if the dispersion for some quality characteristic is too large then
(5.26) gives us a very poor overall measure of dispersion even though the dispersion measures for
other quality characteristics may be small. Furthermore, the SN ratio (5.26) is strongly weighed
by small undesirable values of W’s. Therefore, this SN ratio is suitable for experiments where, if
one of several quality characteristics is poor in dispersion at some setting @, then such a setting
should be identified as bad, regardless of other quality characteristics.

The basic rationale of the SN ratio (5.25) is different. A few small values of W, in (5.25) can
not exert much influence on the overall measure of dispersion. The SN ratio (5.25) may be suitable

for a multiresponse parameter design in which poor performance in dispersion for some quality
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characteristic is not fatal for the overall measure. Therefore, the decision of which SN ratio should
be used can be determined by the property of a product and the engineering conditions.

Since the SN ratios (5.25) and (5.26) are doubly bounded by zero and one, it may be useful
to transform (5.25) and (5.26) by some monotone increasing function to another type of SN ratios

whose ranges are whole real numbers. Thus

Wi
SN@) =101o L 5.2
@) BT, (5-27)
w,
SN(@) = 10log —2— (5.28)
1-Wg

can also be used as SN ratios.

As we noted, for each quality characteristic we transform the measured value of dispersion
regardless of the property of the target value. Therefore, in contrast to the univariate SN ratio
suggested by Taguchi, we also separate the variance and the bias in developing the SN ratios for a
quality characteristic whose target value is zero or infinite. This separation may give us a more ef-
ficient SN ratio for reducing variances, especially when the bias part is significantly larger than the
variance. This is because, if we include the bias part in the SN ratio as in the univariate case, then

the resulting SN ratio can be dominated by the large portion of the bias part.

If any SN ratio developed in this section is influenced by only a subset @, of the control
factors © = (@, @,) , then we can expect that the individual desirability variable W is also influenced
by only @, since the SN ratio is a function of the W,’s. Consequently, each dispersion measure D,
also depends only on a subset 8, since W, is also a function of D,. Equivalently, D, is independent
of u, since given ©;, u, depends only on ©,. Moreover, D, is independent of u,, k # j since D, and
u, depend on ©, and ©;, respectively, and ©, and @, are disjoint. That is, we can adjust the mean
response u, to target value 7, independently of all D,’s by manipulating levels of control factors in
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©, Therefore, only the subset ©, of control factors @ = (@, ©,) will have dispersion effects and the
remaining control factors in @, can be used as adjustment factors in correcting the mean response
of each quality characteristic.

Therefore,using a suitable SN ratio developed in this section, we can proceed with the
multiresponse parameter design analysis with a designed experiment such as balanced fractional
factorial parameter design of resolution ¥ developed in Chapter IlI, or a sequential parameter de-
sign developed in Chapter IV. Then with adjustment factors detected in the ANOVA procedure,
we can find the optimal setting by fitting mean responses close to target values by correcting the
adjustment factors, if such adjustment procedure is necessary for some quality characteristics, while
fixing the subset ©, of control factors at the identified levels in the ANOVA procedure.

Even though a specific loss function can be provided in a multiresponse parameter design, the
approximation of the loss function up to the third term in (5.1) may turn out to be crude so that
the higher-order terms are necessary. And the estimation of a quadratic loss function is valid only
when the remaining terms in the Taylor expansion are negligible. However, some authors doubt
the adequacy of the quadratic loss function (see Nair and Pregibon (1988)). For such cases, the
SN ratios such as (5.10) and (5.15) based on the approximation of the loss function are not ap-
propriate for the procedure through which we want to minimize the loss function. Instead of these,
the SN ratios (5.27) and (5.28) developed by not utilizing loss functions can be used as alternatives.
Therefore, the SN ratios developed in this section are widely applicable and can be thought of as
generalizations suitable for multiresponse parameter design analyses.
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Chapter VI
SUMMARY AND AREAS FOR FURTHER
RESEARCH

VI.1 Summary of Results

Parameter designs have been shown to be cost-effective in many industrial applications to
reduce the product’s variation due to various noise factors. To improve the performance of pa-
rameter designs, suitable SN ratios were suggested by some authors. However, the parameter design
technique still has some serious problems in constructing the designs, since typically only main ef-
fects of the control factors are investigated.

The goals of this dissertation have been to develop new parameter designs, especially the
inner array for the control factors, through which we can detect influential two-factor interactions.
For developing new designs, we restrict the scope of our research to 2¢ and 3* factorial designs for

the control factors, and assume that three-factor and higher order interactions are all negligible.
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For 2' factorial parameter designs ( Chapter III ), we develop eight saturated balanced frac-
tional factorial designs of resolution V for any number ¢ of the control factors by using a partially
balanced array. Those designs have the following desirable properties:

(i) They are easy to construct for any number of control factors;

(ii) They have a minimum number of treatment combinations for investigating two-factor
interactions,;

(iif) They are easy to analyze and the results are easy to interpret and to use since the designs
have some “balanced” structure with respect to the variance-covariance matrix of the estimates of
main effects and two-factor interactions;

(iv) We can evaluate easily various optimality criteria for the designs.

Among the three optimality criteria, determinant , trace, maximum eigenvalue criterion, we
argue that only the trace criterion is suitable for evaluating our designs. Therefore, we tabulate the
trace of the variance-covariance matrix for the designs, and we see that two designs among the eight
possible designs are optimal for the trace criterion. In order to analyze our saturated balanced de-
signs two stepwise methods , a normal probability plot method , and a modification of Ghosh’s
method are being developed.

For 3¢ factorial parameter designs ( Chapter IV ), a sequential detection procedure is devel-
oped to reduce the number of treatment combinations needed to detect influential two-factor
interactions. The sequential procedure consists of two stages. In the first stage, using a “near”
minimal resolution IV design we develop a series of hypotheses for detecting influential interactions.
In contrast to other detection procedures in the literature, we partition two-factor interactions into
the two components in the first stage, and develop a detection procedure for each component. By
splitting the two-factor interactions we can obtain more accurate estimates, i.e. with small bias, of
the main effects of the control factors. The second stage will be used when the underlying inter-

action structure of the control factors is too complicated to be identified in the first stage. In the
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second stage, a series of sequential hypotheses is developed to continue the detection procedure by
taking treatment combinations sequentially. The sequential procedure in the second stage can be
simplified by making use of the information obtained and the treatment combinations taken in the
first stage. After identifying influential two-factor interactions, a method of analyzing 3‘ factorial
parameter designs in which identified influential two-factor interactions have been accounted for,
is developed.

In chapter V, to extend the parameter design to several quality characteristics, we devise some
suitable SN ratios according to whether a proper loss function for several quality characteristics can
be specified or not. When a loss function can be specified, we develop two different types of SN
ratios depending on whether the variance-covariance matrix is linked to the variance-covariance
matrix or not. Moreover, a detection procedure for dependence between the mean vector and the
variance-covariance matrix is developed by using an orthogonal transformation. When a proper loss
function cannot be specified, we develop other kinds of SN ratios by utilizing the concept of a de-
sirability function. These SN ratios are quite general and can be used even when a loss function
can be specified, especially when the mean vector is linked to the variance-covariance matrix, or
when validity of the specified loss function is doubted.

V1.2 Areas for Future Research

The development of detecting methods for influential interactions considered in this paper are
restricted to 2* and 3¢ factorial designs for the control factors. Future research may be directed to-
wards developing detection procedures for more general factorial designs, such as p* factorial designs
for the control factors, where p is a prime number, and especially for non-symmetrical factorial
parameter designs, such as 2*3* factorial designs for the control factors.
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To evaluate various analyzing methods for saturated balanced fractional factorial designs of
resolution V developed in Chapter III, some simulation studies may be helpful.

Moreover, for developing detection procedures for influential interactions, we assume that
three-factor and higher order interactions are all negligible. However, such an assumption may be
inadequate for some experiments when higher order interactions exist. Therefore, development of
more general parameter designs deserves special attention in particular with respect to detection
of higher order influential interactions.

In Chapter IV, we consider simple estimates, for example (4.31), for developing test statistics.
As we mentioned in section IV.2.2.2 , these esti : unbiased estimates but not necessarily
the estimates with minimum variance. Therefore, in order to develop more powerful test statistics,
one needs to obtain more efficient estimates with small variance.

Another interesting area is related to a_multiresponse. parameter design. In Chapter V, we

e —

ratios. But another extension to the multiresponse case may be directed towards hicrarchical -
multiresponse designs in which some important quality characteristics are observed more frequently
than other less important quality characteristics, and where different parameter designs are used for

different quality characteristics.
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APPENDIX

< Derivation of the equation (4.18) >
Let us assume that two component £,, E, are contained in the alias set S, i# 0, and the
“levels” of E, are determined by the “levels” of E, by a permutation (02), i.e.
0-2
-1
2-0

» where the first and second rows represent the “levels “ of the components E, andE,, respectively.
Then, by the above relationship we can sce that in the submatrix X, of four columns of the
model matrix X in (4.13) , corresponding to four parameters (E,)!, (E,)?, (E,)', (E,)? associated with

the two components, at most three distinct rows can appear, and we can transform the submodel

for the two components E,, E, as
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(£
1 1 -1 1
(E))?
X]E] = 0 —2 0 —2 1
(By)
-1 1 i 1 )
(E)
_ &' W
1 1 1 1 5
(Ey)
=0 -2 0 =2 |
-1 1 -1 1 (Ezz)
(£)
1 1 l :
(Ey) —(EY
=0 =2 2 .|
(B +(Ey)

This implies that if two components E, E, are contained in the alias set S, i# 0, and the
“levels” of the two components are related by the permutation (02), then instead of estimating all

individual parameters associated with the components, we can estimate the following two linear

(£ -1 0][(&y'
A [0 1] E?|

By the same arguments, we can generally show that if two components E; E, are contained

combinations of the parameters,

in the same alias set S, i # 0, and their “levels” are related by the permutation p, , then the vector

of two estimable functions of parameters associated with the two components can be expressed as
D,E, + D &,
where D,, and £, are defined in (4.14) and (4.17), respectively.
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Moreover, suppose that the components E, E, ..., E, are contained in the same alias set
S, i#0, and we choose a component, say E,, as a reference effect. If the “levels” of the other
components are related to the “levels” of the reference component by permutations, say
Pa, Py - » Py, Tespectively, then by the same arguments it follows that the vector ES, of two estimable

functions of parameters associated with the components is

ES;= D,y + Dy + + Dy, By .
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