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(ABSTRACT) 

Broadband, high power, dual polarized phased arrays constructed from waveguide 

type elements generally require a 90 degree rotationally symmetric waveguide cross 

sectional geometry that can support single-mode propagation over the desired bandwidth. 

This dissertation presents a novel method of obtaining bandwidth enhancement of a square 

waveguide using both dielectric loading and mode filters that retains the 90 degree 

rotational symmetry. By placing two orthogonal dielectric slabs transverse to the guide, 

one obtains what is referred to as the crossed-septum waveguide (CSW). The bandwidth 

enhancement of the square waveguide is achieved by exploiting the modal symmetry 

properties of the electric field about a given axis within the guide. The objective is to 

increase the modal separation between the TE,, (or TE,,) mode having even/odd (or 

odd/even) symmetry and TE,, mode having odd/odd symmetry in the guide. The TE,, 

and TM,, modes having even/even symmetry are forced to attenuate rapidly by the use of 

mode filters. 

An analysis of the CSW is performed using the mode matching technique to 

determine the electromagnetic fields, phase constants and modal cutoff frequencies. A 

numerical study of the modal cutoff frequencies as a function of septum thickness and 

dielectric constant is performed. The TE,, mode is found to split into two distinctly 

different modes upon the introduction of the dielectric septum and are referred to as the



'U'-upper and 'L'-lower modes. The analysis shows that one can obtain increased cutoff 

frequency separation between the TE,, and TE,,, modes, however the TM,, mode may 

limit bandwidth performance. A process for designing and experimentally verifying a 

mode filter for supporting the dual polarization requirement is described. The mode filter 

consisting of a thin conductive film is demonstrated using the resonant cavity technique, 

and is experimentally shown to suppress unwanted TM,, and TE,, higher-order mode 

resonances. 

A general case multi-mode radiation analysis is used to identify dominant mode 

and higher-order mode far-field radiation characteristics. Co- and cross-polarization 

measurements are performed and show that energy can be largely confined to dominant 

mode. Under these conditions, the patterns are reasonably well behaved and degrade 

gracefully at the high frequencies. The concept is demonstrated over a 2.2:1 bandwidth. 

A potential application of the CSW is a phased array antenna radiating element that 

supports dual polarization.
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CHAPTER 1 

INTRODUCTION 

1.1 Overview of the Dissertation 

This report describes research in support of the program to develop a broadband, 

high power, multi-polarization phased array antenna. The development of a wideband 

radiating element for use in a proposed phased array antenna is the focal point of the 

research. The research is motivated by the need for the Government to develop a 

broadband multi-functional test 'radar simulator' for use in a generic set of applications. 

This work was performed during the 1992-1994 time period for the Threat Simulation 

Department at the Naval Air Warfare Center, Weapons Division, China Lake, California. 

1.2 Motivation and Perspective 

A ‘radar simulator' (also referred to as a ‘threat simulator’) is a measurement 

device, used for testing electronic countermeasures (ECM) and electronic counter- 

countermeasures (ECCM) on a test and evaluation (T&E) range such as that found at the 

Naval Air Warfare Center, China Lake CA. Figure 1-1 illustrates a radar simulator 

Operating in a typical test environment. A functional description of a radar (threat) 

simulator can be found in references [1]-[4]. The radar simulator provides an interactive 

test bed for the ECM/ECCM equipment found on modern military aircraft and simulates a 

set of conditions from which tactics and the effectiveness of electronic warfare equipment 

are evaluated. 

The phased array antenna is the component of a radar system that allows an 

electronically scanned beam to search a volume of space, locate and track a target, and 
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Figure 1-1. Conceptual illustration of a radar ‘threat simulator' in a test environment. 
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guide missiles to engage the target if necessary. A radar simulator is a measurement 

device that simulates a specific phased array radar system. The radar simulator can 

therefore be thought of as somewhat of an ‘elaborate voltmeter’ or measurement device, 

that is used to measure a set of parameters in a controlled test environment. Therefore, 

the radar simulator must perform not necessarily as an operational radar, but rather as a 

test measurement system that simulates important characteristics of a radar system. This 

provides an additional degree of freedom for the antenna designer for evaluation of the 

phased array antenna performance tradeoffs. 

In past years several specialized phased array radar simulator systems have been 

built that cost in the tens of millions of dollars. These systems were designed to operate 

over a relatively narrow frequency band, typically, around 10% or less of the center 

frequency. A significant portion of the cost incurred in the radar simulator development 

historically has been due to the fact the systems developed were relatively specialized 

systems and could only perform a limited set of specialized tasks. Therefore, a cost 

savings could not be realized by building more than one because a significant part of the 

cost is due to non recurring engineering (NRE), (e.g., the NRE is not distributed over 

multiple systems, but applied to only one system). 

Approximately 30-50% of the cost in a modern radar simulator development is due 

to the phased array antenna system. It is believed that tf a broadband multi-functional 

phased array antenna could be developed, it would offer cost savings in two areas. First, 

manufacturing one antenna that can be reprogrammed and used for several applications or 

tasks will offer cost savings since reprogramming an existing antenna should be more cost 

effective than building an entirely new one, including the development, design and 

manufacture. Secondly, if multiple antennas are manufactured using the same design, it 

should be possible to distribute the NRE over multiple antennas, thus providing a 

substantial cost savings. 

In order to fully understand the phased array performance drivers which motivate 

this research, it is useful to provide some illustrative numbers. A set of five basic electrical 

requirements for a proposed hypothetical phased array 1s given in Table 1-1. First, the 

antenna polarization must be programmable, to support various applications which are 

expected to occur. Circular (right hand or left hand) and linear (vertical or horizontal) are 

the four basic requirements. Second, the power levels depend on the specific application 

and could be as high as about 150 kW, and could have up to about 40 % duty cycle. 
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Third, the goal is to achieve in excess of one octave bandwidth ranging from lower X- 

band to Ku-band. The frequency of operation is also application dependent and is 'tunable' 

by reconfiguring the system. The operating frequency is only required to be adjustable 

over relatively long periods of time (such as hours or days, rather than milliseconds or 

seconds). The fourth parameter is the beamwidth which is assumed to be adjustable 

dependent on the specific application. Typical beamwidths range from about 0.75-1.5 

degrees adjustable by illumination of the array aperture (see Section 2.2). The fifth 

desired specification is the need to support electronic scanning angles of up to about 15- 

30 degrees. Chapter 2 will discuss how each of these parameters defines the radiating 

element requirements addressed in this study. 

  

  

  

  

  

  

Table 1-1. 
Proposed Hypothetical Phased Array Performance Specifications and Parameters. 

PARAMETER SPECIFICATION COMMENTS 

polarization circular or linear adjustable 

power levels peak up to ~150 kW up to 40% duty cycle 

operational frequency | lower X-band to Ku, narrow instantaneous 
more than one octave bandwidth 

beamwidth about 0.75-1.5 degrees adjustable 
scan angles about + 30° to +15° | may accept lower scan angles at 

higher frequencies if necessa           
Implicit in each of these requirements is that these are goals and hence not ‘written 

in stone’. The radar simulator is a test measurement device that operates in a controlled 

environment, and in many cases it could be worthwhile to tradeoff performance for the 

convenience of having one multi-functional antenna system. Parameters such as 

efficiency, loss, scan angles and side lobe levels are tradeoff factors, to name a few. 

1.3 Summary and Problem Statement 

The performance specifications stated in Section 1.2 serve as drivers for the 

phased array antenna development, and consequently the radiating element development. 
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For high power ground based phased array radar antenna applications, the waveguide 

radiating element is the preferred radiator type, due to its good high power capabilities. 

The waveguide radiating element has the additional advantage of providing a natural 

transition to a phase shifter, which is also constructed of waveguide for high power 

applications. The waveguide is used as an interface between a phase shifter and free 

space, setting up a field distribution at the aperture leading to radiation. The problem 

addressed in this report is the development and performance assessment of a candidate 

high power radiating element for a phased-array antenna system that can support the 

necessary multiple polarization requirements while achieving the bandwidth requirements. 

Our approach is to extend the usable single-mode bandwidth of a square 

waveguide by the use of dielectric slabs strategically placed at locations such that the dual 

polarization capabilities of the square waveguide are preserved. The dielectric slabs are 

placed in such a way that certain modal cutoff frequencies can be affected based on the 

symmetry properties of the modes. Additionally, mode filters are used to attenuate energy 

in higher-order modes, which could be detrimental to the phased array performance. The 

problem is viewed in terms of a set of tradeoff considerations, where broadband operation 

is needed and therefore the objective is to achieve graceful degradation at the high 

frequency end of operation. Each of these considerations is described in more detail in the 

following chapters, as outlined in Section 1.5. 

The novel part of this research is in the theoretical and experimental investigation 

of a new type of radiating element, referred to as the crossed-septum waveguide (CSW), 

which contains the dielectric loading (slabs) and mode filters described above. A complete 

definition of the CSW is provided in Chapter 3, along with a basic discussion on the 

concept of exploitation of the symmetry properties to enhance the bandwidth and retain 

dual polarization. The analysis of the CSW is achieved by the use of a mode matching 

technique to solve for the cutoff frequencies, phase constants, and the electromagnetic 

fields inside of the waveguide. The mode matching technique is a numerical method 

useful in solving boundary value problems and is employed because the CSW has a 

nonseparable geometry, for which a closed form solution is not readily obtainable. The 

derived models for the CSW are experimentally verified by measurement of the cutoff 

frequency of the dominant mode and higher-order modes, using the resonant cavity 

technique. Radiation patterns are computed and compared to those measured for an 
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experimental CSW radiating element. Implications for the phased array antenna are given 

based on the measured and computed results. 

1.4 Technical Approach 

The novel component of this research is the investigation of a new type of 

radiating element that shows potential as a broadband radiating element candidate. The 

thrust is to investigate, develop, analyze, characterize and assess the new radiating 

structure, and determine its usefulness in broadband applications. The flowchart in Figure 

1-2 gives a broad overview of the analysis and experimental techniques used to 

characterize the CSW. 

The first step in the research is to consider a hypothetical broadband phased array 

and relate this into a set of radiating element requirements necessary for the CSW. This is 

performed in the background discussion portion of this report by reviewing the literature 

on broadband waveguide type arrays. After defining the CSW and explaining conceptually 

why it is believed to be a broadband phased array element candidate, a theoretical 

investigation of a 2-dimensional cross-section of the CSW is performed to determine the 

modal characteristics. 

Following a theoretical investigation, the next step is to experimentally verify the 

dominant mode and some of the higher-order mode cutoff frequencies for comparison 

theory. This will demonstrate the validity of the analysis technique, from which the fields 

and the cutoff frequencies of the higher-order modes are determined. The mode filter 

investigation is accomplished by experiment to demonstrate the concept and show the 

bandwidth enhancement can be achieved. 

Once the modal characteristics are well understood (by theory and experiment), 

the radiation properties of an open-ended waveguide consisting of the CSW is 

investigated. An analysis is performed and experimentally validated by measurements 

using the Satellite Communications Group's Antenna Lab at Whittemore Hall. 

Finally, once the CSW has been characterized both experimentally and 

theoretically, a discussion of the results 1s applied to the original phased array problem. 

Several of the key points including the advantages and disadvantages are given as a 

practical consideration. 
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Figure 1-2, CSW assessment technical approach. 
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1.5 Organization of the Dissertation 

Chapter 2 of this dissertation introduces the reader to the topic of phased array 

antennas and provides a background discussion. A basic space-fed phased array antenna is 

considered and the basic theory for the system is described. A discussion of array theory 

and mutual coupling will indicate that the control and containment of energy to the 

dominant single-mode of propagation is the key driver in a phased array radiating element. 

From a discussion of background work, the radiating element is one of the key 

components that must be developed to satisfy the broadband hypothetical phased array 

requirements. This chapter also provides a discussion of the prior work in the areas of 

broadband arrays, wideband dielectric loaded waveguide structures, and dielectric loaded 

antennas. 

Chapter 3 defines and discusses the Crossed-Septum Waveguide (CSW), a novel 

broadband phased array element, which is assessed in this dissertation. A qualitative 

understanding of how it works is also provided. In Chapter 3, we will define symmetry 

properties, geometry, and parameters that are varied to obtain bandwidth enhancement. 

An overview of the field symmetry relationships useful in analyzing the waveguide are also 

provided. 

Chapter 4 continues with the derivation of the system of equations necessary for 

solving the CSW boundary value problem. The form of solutions in the analysis of the 

CSW is obtained using the mode matching technique. Chapter 5 applies numerical 

techniques to solve the system of equations derived in Chapter 4. In Chapter 5 a study of 

the CSW is performed to investigate the modal characteristics of the CSW. The modal 

cutoff frequencies, fields and symmetry properties of the fields are investigated, as a 

function of septum width and dielectric constant. 

Results of an experimental investigation with a length of the CSW using the 

resonant cavity technique is reported in Chapter 6. The experimental investigation used 

two CSW versions and the results verified the cutoff frequencies of the dominant mode 

and some of the higher-order modes. The mode filters necessary for the bandwidth 

extension are described and experimentally demonstrated. 

The radiation characteristics of an open-ended CSW are discussed in Chapter 7. 

The CSW is analyzed using aperture theory techniques, assuming a general multimode 
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analysis. The multimode analysis is useful in distinguishing the salient features of single- 

mode and multimode radiation. Both co- and cross-polarization measurements are 

performed over an octave bandwidth and compared to theory. 

Chapter 8 discusses the practical implications of the results derived in this 

investigation with respect to the phased array application. This report addresses many of 

the key points necessary to demonstrate the usefulness of the CSW in the phased array 

application. It does not however answer every conceivable question related to the CSW 

and the phased array. Several of the key areas identified as future work are given in the 

Chapter 10. A summary and conclusions are provided in Chapter 9. 

1.6 References for Chapter 1 

[1] “Electronic Combat Range User's Guide-Volume 1: an Overview," NAWCWPNS TM 

7260, Vol. 1, May ,1993. 

[2] "Electronic Combat Range User's Guide-Volume 2: ECR Threat Simulator 

Parameters," NAWCWPNS TM 7260, Vol. 2, May ,1993. (Publication: SECRET- 

NOFORN) 

[3] "Electronic Combat Range User's Guide-Volume 3: Test Data," NAWCWPNS TM 

7260, Vol. 3, July ,1993. 

[4] D.M.North, "Special Report: China Lake Weapons Center", Aviation Week and 

Space Technology, pp. 46-87 January 20, 1986. 
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CHAPTER 2 

PROBLEM STATEMENT AND 

BACKGROUND DISCUSSION 

2.1 Overview of Chapter 2 

This chapter presents both basic phased array theory and a review of the current 

state of art in wideband phased array research. Prior to a detailed investigation of the 

radiating element, it is necessary to discuss some of the important phased array 

requirements. A hypothetical wideband dual polarized phased array is considered and a 

basic discussion of the relevant theory is provided. The discussion of phased array theory 

will enable us to identify key drivers and important aspects from which to launch a 

theoretical and experimental investigation of the CSW. A review of the pertinent 

literature and prior work conducted in the area of broadband phased arrays is then 

provided to assess the current state of art in this area of research. The emphasis is placed 

on waveguide type radiators and systems, but also included are data on other broadband 

systems for a relative comparison to the approach addressed in this report. 

2.2 Basic Array Descriptions and Definitions 

2.2.1 Space-fed Phased Arrays 

Consider the hypothetical phased array antenna system shown in Figure 2-1. The 

antenna system is assumed to be polarization adjustable so that it can be configured to 

operate in any of the four polarization modes used by radar systems including vertical or 

horizontal linear, and left- or right-hand circular polarization. Such systems are also 

referred to as dual polarized or polarization diverse systems. The antenna system 
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Figure 2-1. Hypothetical space-fed dual-polarized phased array. 
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consists of a transmitter/receiver (T/R) unit, a feed horn, a beam steering computer (BSC), 

and a planar array populated with radiating elements. Together, these subsystems 

comprise what is referred to as a space-fed phased array antenna and radar system [1], [2]. 

The discussion given below is in terms of the transmit mode, however by reciprocity, a 

similar discussion also applies to the receive mode. 

In the transmit mode the transmitter/receiver unit generates the desired radar signal 

which is eventually radiated into space. The transmitter as discussed in Chapter | is 

assumed to be capable of generating a relatively high power as would be needed for a 

radar system. Power levels for the purpose of this discussion can be assumed to be about 

150 kW peak power. The practical implications of the assumed power levels are 

discussed below. 

The transmitter is connected to an antenna called the feed horn. The feed horn on 

a search/tracking radar usually consists of a monopulse summing and difference network 

as described in references [1], [2]. The function of this feed horn is to distribute power to 

each of the array elements thus forming the space-fed system. The feed horn position 1s 

assumed to be movable depending on a particular application. Allowing the feed horn to 

be longitudinally repositioned permits adjustments in the array amplitude weighting (or 

illumination taper) which in turn can be used to vary the array's beamwidth for a given 

phased array application. 

The planar array is the main aperture of the antenna and produces the far-field 

pattern. Since the array receives power (from the left side) and then re-radiates (to the 

right side), it can be referred to as a Jens array. Identical radiating elements are assumed 

to populate the array. Therefore for the array to function over a wide frequency 

bandwidth, all array elements must also operate over the same range of frequencies. The 

planar array is populated with what is referred to in Figure 2-1 as multiple phased array 

radiating element assemblies. A detailed discussion of the radiating element is provided 

below. 

The power handling capacity and the total number of elements needed can be 

estimated by assuming the hypothetical phased array beamwidth and power requirements 

given in Chapter 1. The number of elements required for a phased array can be estimated 

by the simple relationship HP 60/sN where HP is the half power beamwidth in 

degrees [71], N is the number of array elements in one dimension of the array, and s is the 

spacing between elements. An illustrative example can be provided by assuming a spacing 
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of s=0.7A,, where A, is the wavelength at the highest operating frequency for an array 

operating over one octave bandwidth. At the highest frequency of operation and the 

largest beamwidth (HP =1.5°) one obtains about 3300 elements illuminated by a 

maximum peak power of 150 kW, or about 40-50 W per element. Of course, an 

illumination taper due to the feed horn will distribute more power to the central elements 

than to the outer elements but we are only concerned with a rough estimate here. At the 

lowest frequency of operation and the narrowest beamwidth (HP = 0.75°) one obtains a 

total of about 50,000 elements needed in the array!, and of course the total number of the 

elements i//uminated will be determined by the feed horn position. At this time we are less 

concerned with an exact total number of elements and an exact power handling 

requirement for the elements, but rather wish to imply the following. The total number of 

the elements will be in the tens of thousands, and the peak power handling requirements 

per element is in the tens of Watts. 

A detail of the radiating element assembly is shown in Figures 2-2a and 2-2b. As 

shown, the radiating element is the interface between the phase shifter and free space. 

Conceptually, the radiating element assembly provides a convenient place to view the 

polarization adjustable characteristics of the proposed array. Obtaining a desired 

polarization can be achieved by one of at least two methods. The first method is shown in 

Figure 2-2a and assumes the array lens is transparent, and preserves to some degree, the 

polarization of the feed horn. Using this approach the feed horn may be used to define or 

adjust the array system to the desired polarization used in a particular configuration. This 

implies that both sides of the lens array and the phase shifters must effectively support dual 

polarization. The second method would employ a switchable polarizer to obtain the 

desired polarization on the right side of the array as shown in Figure 2-2b. It is believed 

that one may be able to further develop one of the polarization schemes given in 

references [3]-[7] to obtain a suitable broadband polarizer, however this effort is left as an 

area of future work. The advantage of this configuration is that the feed horn, left side of 

array and phase shifter can all be designed to operate in linear polarization for example. In 

either case the radiating element discussed in this report provides an interface between the 

phase shifter (or polarizer) and free space. Due to the power requirements discussed 

above, the desired approach for a radiating element is the open ended waveguide [2] 

  

! It is well known that total number of elements in an array can be reduced using the technique of array 

thinning. For simplicity array thinning is omitted in this discussion. 
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Figure 2-2. Radiating element assembly. (a) Polarization transparent approach, 

(b) Polarization switching approach. 
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since it will support the high power requirements and is relatively easily interfaced to a 

waveguide-based ferrite phase shifter. 

Also shown in Figure 2-2 is the phase shifter and an associated coupling network. 

The phase shifter is an electronically controllable device that adjusts the desired phase 

weighting of the radiating elements, in order to rapidly steer the far-field beam to the 

desired angle. The phase shifter is assumed to be broadband in nature and must operate 

over the whole frequency range of the array. The power requirements of the phase shifter 

are dependent on array geometry and transmitter power output and hence are essentially 

the same as that of the radiating element i.e., tens of Watts. A high power phase shifter 

that can perform satisfactorily over a frequency range of more than an octave bandwidth is 

well within the current state of art. Examples of linear polarized ferrite phase shifters 

satisfying this requirement are provided in references [2], [7], [8], [9]. A detailed analysis 

of the phase shifter, coupling network, and polarizer is not part of this investigation. 

A computer is normally used to compute the differential phase shift for each of the 

phase shifters to achieve rapid electronic scanning for radar applications. This computer is 

usually referred to as the Beam Steering Computer (BSC). The BSC must perform 

calculations and communicate this information rapidly to the phase shifters, to facilitate 

forming a beam in space at the desired angle. It is further assumed that the BSC is capable 

of storing and/or computing the necessary phase information (i.e., phase and frequency 

correction data) as would be needed for the phased array antenna to operate at the desired 

frequency. 

2.2.2 Bandwidth Considerations 

2.2.2.1 Bandwidth Definitions 

In the literature, one finds two definitions for expressing bandwidth including 

bandwidth ratio and bandwidth percentage. The bandwidth ratio 1s defined as the ratio of 

highest operating frequency, f,, to that of the lowest operating frequency, /, 

BW (ratio) = te (2.1) 
L 
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The other common definition is percentage bandwidth and is given by 

BW(%) = 2oor| LoL (2.2) 

where f,, and f, are the highest and lowest operating frequencies respectively. For 

convenience, the conversion from percentage bandwidth to ratio is given by 

200% + BW(%) 
BW (ratio) = 

200% — BW(%) 
(2.3) 

Unless otherwise specified, this report will refer to the definition given by (2.1) however 

the reader may use (2.3) to obtain ratio from percentage if so desired. Unless otherwise 

specified, the bandwidth referred to in this report is tunable bandwidth, and is not 

necessarily the same as instantaneous bandwidth. Tunable bandwidth is defined as the 

range of operational frequencies in which the array (and hence radiating elements) must 

satisfactorily perform, subject to being adjusted or re-configured for another application. 

2.2.2.2 Practical Vs. Theoretical Bandwidth 

In practice, the entire theoretical bandwidth of waveguide cannot be used. The 

low frequency limitation of the waveguide radiating element occurs due to the attenuation 

of the finite conductivity waveguide walls. The reader may refer to [10, p.379] or 

numerous other texts on waveguide theory for a plot of waveguide loss vs. frequency. As 

the frequency of operation approaches cutoff, attenuation increases without bound. The 

commonly accepted values for the lowest frequency of operation are about 5-10% above 

the cutoff frequency of the dominant or lowest order mode of propagation as a result of 

the high attenuation. When the radiating element is placed in an array environment, the 

highest frequency of operation can be limited by a higher-order mode cutoff frequency and 

lattice spacing as discussed below. Near the cutoff frequency of a higher-order mode the 

alray may experience blindness--a resonance phenomena in which no real power is 

radiated. The blindness phenomena is discussed in further detail in Section 2.3. In this 

report, we distinguish between theoretical and practical bandwidth based on these 

guidelines when necessary. 
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2.3 Basic Array Theory 

2.3.1 Array Factor and Element Spacing 

Since the goal of this report is to investigate a potential waveguide type radiating 

element, emphasis is placed on array theory as it pertains to waveguide type elements. 

Consider a planar phased array as shown in Figure 2-3, having element spacing d, and d, 

in the x- and y-directions respectively. The periodic element arrangement forms a 

rectangular lattice. Each of the elements is assumed to have a linearly progressive phase 

  

  

  

at the m,n” element given by e ”*\™*""""*") and an amplitude weighting |a,,|. The 

magnitude of the electric field at a fixed radial distance in the far zone is given by [1] 

E(O,$) = KY Sun (9,9) ym|eXP| Jk, [md (a —u,) +nd, (v—v,)]} (2.4) 

2 Teolmdsto+nd yo) 

  

where: nan = |Byn 

u=sin@cos¢d 

v=sin@sing 

u, =sin8@, cos¢, 

v, =sin8@, sing, 

k,=2a/2, 

A, = wavelength in free space 

K = complex constant 

f,(9, 6)= the m,n” element field pattern 

é.,%, = beam steer angles. 

The element pattern is usually assumed to have a broad beamwidth with a radiation 

pattern that is relatively constant over the desired scan range. In (2.4) there are an infinite 

number of maxima generally located at 

  -p (2.5) 

and 
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�v�a�r�y�i�n�g� �t�h�e� �l�i�n�e�a�r� �p�h�a�s�e� �p�r�o�g�r�e�s�s�i�o�n� �i�n� �a�,�,�.� �I�n� �p�r�a�c�t�i�c�e�,� �t�h�i�s� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� 

�e�l�e�c�t�r�o�n�i�c�a�l�l�y� �a�d�j�u�s�t�i�n�g� �t�h�e� �p�h�a�s�e� �s�h�i�f�t�e�r�s� �f�o�r� �a� �g�i�v�e�n� �b�e�a�m� �s�t�e�e�r� �a�n�g�l�e� �(�6�,�,� �¢�,�)�.� �S�i�n�c�e� �o�n�e� 

�n�o�r�m�a�l�l�y� �d�e�s�i�r�e�s� �t�o� �s�c�a�n� �a� �s�i�n�g�l�e� �b�e�a�m� �i�n� �r�e�a�l� �s�p�a�c�e�,� �t�h�e� �o�b�j�e�c�t�i�v�e� �i�n� �d�e�s�i�g�n�i�n�g� �t�h�e� �p�h�a�s�e�d� 

�a�r�r�a�y� �1�s� �t�o� �s�p�a�c�e� �t�h�e� �e�l�e�m�e�n�t�s� �s�u�f�f�i�c�i�e�n�t�l�y� �c�l�o�s�e� �s�o� �t�h�a�t� �t�h�e� �o�n�l�y� �o�n�e� �g�r�a�t�i�n�g� �l�o�b�e� �e�x�i�s�t�s� 

�w�i�t�h�i�n� �t�h�e� �u�n�i�t� �c�i�r�c�l�e� �f�o�r� �a� �g�i�v�e�n� �s�c�a�n� �r�a�n�g�e�.� �F�o�r� �a� �p�h�a�s�e�d� �a�r�r�a�y� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t� �t�o� 

�o�p�e�r�a�t�e� �o�v�e�r� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �f�r�e�q�u�e�n�c�i�e�s�,� �t�h�e� �e�l�e�m�e�n�t�'�s� �p�h�y�s�i�c�a�l� �d�i�m�e�n�s�i�o�n�s� �m�u�s�t� �b�e� 

�s�u�f�f�i�c�i�e�n�t�l�y� �s�m�a�l�l� �s�o� �t�h�a�t� �i�t� �c�a�n� �f�i�t� �w�i�t�h�i�n� �t�h�e� �a�r�r�a�y� �l�a�t�t�i�c�e�,� �a�t� �t�h�e� �h�i�g�h�e�s�t� �f�r�e�q�u�e�n�c�y� �o�f� 

�o�p�e�r�a�t�i�o�n�,� �w�h�i�l�e� �p�l�a�c�i�n�g� �t�h�e� �g�r�a�t�i�n�g� �l�o�b�e�s� �o�u�t�s�i�d�e� �r�e�a�l� �s�p�a�c�e�?�.� �T�h�e�r�e�f�o�r�e�,� �f�o�r� �n�o� �g�r�a�t�i�n�g� 

�l�o�b�e�s� �i�n� �r�e�a�l� �s�p�a�c�e�,� �a�t� �t�h�e� �h�i�g�h�e�s�t� �f�r�e�q�u�e�n�c�y� �o�f� �o�p�e�r�a�t�i�o�n� �o�n�e� �h�a�s� �a� �m�a�x�i�m�u�m� �e�l�e�m�e�n�t� 

�s�p�a�c�i�n�g� �g�i�v�e�n� �b�y� �[�1�]� 

�d� �1� �(�2�.�7� 
�A�,� �1�+�s�i�n�l�o� 
� � 

� � �m�a�x� 

�w�h�e�r�e� �1�,� �i�s� �t�h�e� �w�a�v�e�l�e�n�g�t�h� �a�t� �t�h�e� �h�i�g�h�e�s�t� �f�r�e�q�u�e�n�c�y� �o�f� �o�p�e�r�a�t�i�o�n�,� �a�n�d� �d�,�,�,�,� �i�s� �t�h�e� �e�l�e�m�e�n�t� 

�s�p�a�c�i�n�g� �d�,� �o�r� �d�,�,� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �m�a�x�i�m�u�m� �s�c�a�n� �a�n�g�l�e� �@�,�,�,�,� �i�n� �t�h�e� �x�-�z� �o�r� �y�-�z� �p�l�a�n�e�s� 

�r�e�s�p�e�c�t�i�v�e�l�y�.� �T�h�e� �a�b�o�v�e� �d�i�s�c�u�s�s�i�o�n� �i�s� �r�e�l�e�v�a�n�t� �o�n�l�y� �f�o�r� �a� �s�i�m�p�l�i�f�i�e�d� �a�r�r�a�y� �a�n�a�l�y�s�i�s� �w�h�e�r�e� 

�i�n�t�e�r�a�c�t�i�o�n� �a�m�o�n�g� �e�l�e�m�e�n�t�s� �i�s� �n�e�g�l�e�c�t�e�d�.� �T�o� �a�c�c�u�r�a�t�e�l�y� �d�e�s�c�r�i�b�e� �a� �p�h�a�s�e�d� �a�r�r�a�y� �e�l�e�m�e�n�t� 

�p�e�r�f�o�r�m�a�n�c�e�,� �o�n�e� �m�u�s�t� �t�r�e�a�t� �t�h�e� �a�r�r�a�y� �s�u�r�f�a�c�e� �a�s� �a� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� 

�t�h�e� �n�e�x�t� �s�e�c�t�i�o�n�.� �T�h�e� �m�i�n�i�m�u�m� �d�i�m�e�n�s�i�o�n�s� �f�o�r� �a�r�r�a�y� �e�l�e�m�e�n�t� �s�p�a�c�i�n�g� �g�i�v�e�n� �i�n� �(�2�.�7�)� �a�r�e� 

� � 

�2� �F�o�r� �t�h�i�s� �i�l�l�u�s�t�r�a�t�i�v�e� �d�i�s�c�u�s�s�i�o�n�,� �w�e� �a�r�e� �a�s�s�u�m�i�n�g� �n�o� �g�r�a�t�i�n�g� �l�o�b�e�s� �i�n� �r�e�a�l� �s�p�a�c�e�,� �a�n�d� �a� �r�e�c�t�a�n�g�u�l�a�r� �a�r�r�a�y� 
�l�a�t�t�i�c�e�.� �A� �t�r�i�a�n�g�u�l�a�r� �a�r�r�a�y� �l�a�t�t�i�c�e� �i�s� �w�e�l�l� �k�n�o�w�n� �t�o� �a�l�l�o�w� �i�n�c�r�e�a�s�e�d� �e�l�e�m�e�n�t� �s�p�a�c�i�n�g� �a�n�d� �h�e�n�c�e� �r�e�d�u�c�e� �t�h�e� 
�t�o�t�a�l� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� �n�e�e�d�e�d�.� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �1�9
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�F�i�g�u�r�e� �2�-�4�.� �G�r�a�t�i�n�g� �l�o�b�e� �l�a�t�t�i�c�e� �f�o�r� �a� �r�e�c�t�a�n�g�u�l�a�r� �a�r�r�a�y� �e�l�e�m�e�n�t� �l�a�t�t�i�c�e�.� �T�h�e� �d�o�t�s� �i�n�d�i�c�a�t�e� 

�g�r�a�t�i�n�g� �l�o�b�e� �p�o�s�i�t�i�o�n� �f�o�r� �z�e�r�o� �s�c�a�n� �a�n�g�l�e�.� �T�h�e� �a�r�r�o�w�s� �i�n�d�i�c�a�t�e� �g�r�a�t�i�n�g� �l�o�b�e� �m�o�v�e�m�e�n�t� �a�s� 

�t�h�e� �a�r�r�a�y� �i�s� �s�c�a�n�n�e�d�.� �R�e�p�r�i�n�t�e�d� �f�r�o�m� �[�2�]�.� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �2�0



�n�e�c�e�s�s�a�r�y� �b�u�t� �i�n� �s�o�m�e� �c�a�s�e�s� �a�r�e� �n�o�t� �s�u�f�f�i�c�i�e�n�t� �c�o�n�d�i�t�i�o�n�s� �f�o�r� �m�i�n�i�m�a�l� �e�l�e�m�e�n�t� �s�p�a�c�i�n�g� �a�n�d� 

�s�i�z�e� �a�s� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�.� 

�2�.�3�.�2� �M�u�t�u�a�l� �C�o�u�p�l�i�n�g� �C�o�n�s�i�d�e�r�a�t�i�o�n�s� 
�A� �w�e�l�l� �k�n�o�w�n� �p�h�e�n�o�m�e�n�a� �b�e�t�w�e�e�n� �t�w�o� �o�r� �m�o�r�e� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t�s� �i�n� �a�n� �a�r�r�a�y� �i�s� 

�t�h�e� �e�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �c�o�u�p�l�i�n�g� �o�f� �e�n�e�r�g�y� �f�r�o�m� �o�n�e� �e�l�e�m�e�n�t� �t�o� �a�n�o�t�h�e�r�.� �T�h�i�s� �p�h�e�n�o�m�e�n�a� �i�s� 

�r�e�f�e�r�r�e�d� �t�o� �a�s� �m�u�t�u�a�l� �c�o�u�p�l�i�n�g� �a�n�d� �i�m�p�o�s�e�s� �r�e�q�u�i�r�e�m�e�n�t�s� �o�n� �a� �p�h�a�s�e�d� �a�r�r�a�y� �r�a�d�i�a�t�i�n�g� 

�e�l�e�m�e�n�t� �t�h�a�t� �a�r�e� �i�n� �s�o�m�e� �c�a�s�e�s� �m�o�r�e� �s�t�r�i�n�g�e�n�t� �t�h�a�n� �t�h�a�t� �o�f� �a�n� �i�s�o�l�a�t�e�d� �r�a�d�i�a�t�o�r�.� �M�u�t�u�a�l� 

�c�o�u�p�l�i�n�g� �c�a�n� �a�l�t�e�r� �t�h�e� �i�n�p�u�t� �i�m�p�e�d�a�n�c�e� �o�f� �a� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t� �w�h�e�n� �p�l�a�c�e�d� �i�n� �a�n� �a�r�r�a�y� 

�l�a�t�t�i�c�e� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �i�m�p�e�d�a�n�c�e� �o�f� �t�h�e� �s�a�m�e� �e�l�e�m�e�n�t� �i�n� �a�n� �i�s�o�l�a�t�e�d� �e�n�v�i�r�o�n�m�e�n�t�.� 

�G�e�n�e�r�a�l�l�y� �s�p�e�a�k�i�n�g�,� �t�h�e� �c�l�o�s�e�r� �t�h�e� �e�l�e�m�e�n�t�s� �a�r�e� �p�l�a�c�e�d� �t�o� �e�a�c�h� �o�t�h�e�r�,� �t�h�e� �g�r�e�a�t�e�r� �t�h�e� 

�c�o�u�p�l�i�n�g�.� �T�h�e�r�e�f�o�r�e�,� �i�n� �t�h�e� �r�i�g�o�r�o�u�s� �d�e�s�i�g�n� �o�f� �a�n� �a�r�r�a�y� �o�n�e� �m�u�s�t� �t�r�e�a�t� �t�h�e� �a�r�r�a�y� �a�s� �a� 

�b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m�.� 

�A� �c�o�n�d�i�t�i�o�n� �r�e�f�e�r�r�e�d� �t�o� �a�s� �s�c�a�n� �b�l�i�n�d�n�e�s�s� �c�a�n� �o�c�c�u�r� �d�u�e� �t�o� �m�u�t�u�a�l� �c�o�u�p�l�i�n�g�.� �I�n� �t�h�e� 

�l�i�t�e�r�a�t�u�r�e� �b�l�i�n�d�n�e�s�s� �h�a�s� �a�l�s�o� �b�e�e�n� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �s�u�r�f�a�c�e� �w�a�v�e� �e�f�f�e�c�t�,� �s�u�r�f�a�c�e� �w�a�v�e� 

�r�e�s�o�n�a�n�c�e�,� �e�l�e�m�e�n�t� �p�a�t�t�e�r�n� �n�u�l�l�s� �a�n�d� �b�l�i�n�d� �s�p�o�t�s�.� �B�l�i�n�d�n�e�s�s� �i�n� �a� �p�h�a�s�e�d� �a�r�r�a�y� �a�n�t�e�n�n�a� 

�o�c�c�u�r�s� �w�h�e�n� �t�h�e� �a�r�r�a�y� �m�a�i�n� �b�e�a�m� �t�s� �s�c�a�n�n�e�d� �t�o� �s�o�m�e� �a�n�g�l�e�,� �a�n�d� �t�h�e� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� 

�s�e�e�n� �b�y� �e�a�c�h� �o�f� �t�h�e� �a�r�r�a�y� �e�l�e�m�e�n�t�s� �a�p�p�r�o�a�c�h�e�s� �u�n�i�t�y�.� �A�r�r�a�y� �b�l�i�n�d�n�e�s�s� �c�a�u�s�e�s� �t�w�o� �s�e�v�e�r�e� 

�p�r�o�b�l�e�m�s�.� �F�i�r�s�t�,� �w�h�e�n� �s�c�a�n�n�e�d� �t�o� �t�h�e� �b�l�i�n�d� �s�p�o�t� �n�o� �e�n�e�r�g�y� �i�s� �r�a�d�i�a�t�e�d� �i�n�t�o� �t�h�e� �f�a�r�-�f�i�e�l�d� �a�n�d� 

�h�e�n�c�e� �a� �r�a�d�a�r� �s�y�s�t�e�m� �c�a�n�n�o�t�  ��s�e�e �� �a� �t�a�r�g�e�t� �a�t� �t�h�a�t� �a�n�g�l�e�.� �S�e�c�o�n�d�,� �d�u�r�i�n�g� �t�h�e� �t�r�a�n�s�m�i�t� 

�m�o�d�e� �a�l�l� �p�o�w�e�r� �i�n�c�i�d�e�n�t� �t�h�e� �e�l�e�m�e�n�t�s� �f�r�o�m� �a� �t�r�a�n�s�m�i�t�t�e�r� �s�o�u�r�c�e� �w�i�l�l� �b�e� �r�e�f�l�e�c�t�e�d� �b�a�c�k� �i�n�t�o� 

�t�h�e� �s�o�u�r�c�e�,� �p�o�s�s�i�b�l�y� �c�a�u�s�i�n�g� �d�a�m�a�g�e� �t�o� �t�h�e� �t�r�a�n�s�m�i�t�t�e�r�.� �T�h�e� �b�l�i�n�d�n�e�s�s� �p�h�e�n�o�m�e�n�a� �h�a�s� 

�b�e�e�n� �r�e�p�o�r�t�e�d� �e�x�t�e�n�s�i�v�e�l�y� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �f�o�r� �l�a�r�g�e� �a�r�r�a�y�s� �w�i�t�h� �v�a�r�i�o�u�s� �e�l�e�m�e�n�t� �t�y�p�e�s� 

�i�n�c�l�u�d�i�n�g� �w�a�v�e�g�u�i�d�e�s� �[�1�1�]�,� �p�r�i�n�t�e�d� �d�i�p�o�l�e� �a�r�r�a�y�s� �[�1�2�]�,� �f�l�a�r�e�d� �n�o�t�c�h�e�s� �[�1�3�]� �a�n�d� �s�l�o�t� �a�r�r�a�y�s� 

�[�1�4�]�.� �T�h�e� �d�i�s�c�u�s�s�i�o�n� �h�e�r�e� �i�s� �p�r�i�m�a�r�i�l�y� �c�o�n�c�e�r�n�i�n�g� �w�a�v�e�g�u�i�d�e� �t�y�p�e� �a�r�r�a�y�s�,� �h�o�w�e�v�e�r� 

�b�l�i�n�d�n�e�s�s� �i�s� �a� �c�o�n�s�i�d�e�r�a�t�i�o�n� �g�e�n�e�r�a�l�l�y� �f�o�r� �s�c�a�n�n�i�n�g� �a�r�r�a�y�s� �o�f� �m�o�s�t� �e�l�e�m�e�n�t� �t�y�p�e�s�.� �F�i�g�u�r�e� �2�-� 

�5� �s�h�o�w�s� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �o�f� �a� �p�l�a�n�a�r� �a�r�r�a�y� �w�i�t�h� �s�i�z�e�s� �o�f� �7�x�7�,� �1�3�x�1�3� �a�n�d� �1�9�x�1�9� 

�e�l�e�m�e�n�t�s�.� �I�n� �t�h�e� �p�a�t�t�e�r�n� �m�e�a�s�u�r�e�m�e�n�t�s� �s�h�o�w�n�,� �t�h�e� �a�r�r�a�y�s� �a�r�e� �c�o�n�f�i�g�u�r�e�d� �w�i�t�h� �t�h�e� �c�e�n�t�e�r� 

�e�l�e�m�e�n�t� �c�o�n�n�e�c�t�e�d� �t�o� �a� �s�o�u�r�c�e� �a�n�d� �a�l�l� �o�t�h�e�r� �e�l�e�m�e�n�t�s� �t�e�r�m�i�n�a�t�e�d� �t�o� �a� �m�a�t�c�h�i�n�g� �r�e�s�i�s�t�a�n�c�e�.� 

�T�h�e� �p�a�t�t�e�r�n�s� �s�h�o�w� �t�h�a�t� �a�s� �t�h�e� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� �i�s� �i�n�c�r�e�a�s�e�d�,� �a� �n�u�l�l� �i�n� �t�h�e� �p�a�t�t�e�r�n� 

�a�p�p�e�a�r�s� �a�t� �a�b�o�u�t� �+� �2�6�°�,� �j�u�s�t� �i�n�s�i�d�e� �t�h�e� �g�r�a�t�i�n�g� �l�o�b�e� �a�n�g�l�e� �o�f� �2�9�.�1�°�.� �I�f� �a�l�l� �e�l�e�m�e�n�t�s� �w�e�r�e� 

�c�o�n�n�e�c�t�e�d� �t�o� �a� �t�r�a�n�s�m�i�t�t�e�r� �s�o�u�r�c�e� �a�n�d� �a�p�p�r�o�p�r�i�a�t�e�l�y� �p�h�a�s�e�d� �(�i�n�s�t�e�a�d� �o�f� �t�e�r�m�i�n�a�t�e�d�)�;� �t�h�e�n� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �2�1
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�A�N�G�L�E� �O�F�F� �A�X�I�S� �(�D�E�G�R�E�E�S�)� 

�F�i�g�u�r�e� �2�-�5�.� �E�-�p�l�a�n�e� �p�a�t�t�e�r�n�s� �o�f� �v�a�r�i�o�u�s� �s�i�z�e�d� �a�r�r�a�y�s� �w�i�t�h� �t�h�e� �c�e�n�t�r�a�l� �e�l�e�m�e�n�t� 

�e�x�c�i�t�e�d� �a�n�d� �a�l�l� �o�t�h�e�r�s� �t�e�r�m�i�n�a�t�e�d�.� �R�e�p�r�i�n�t�e�d� �f�r�o�m� �[�1�1�]�.� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �2�2



�b�y� �s�u�p�e�r�p�o�s�i�t�i�o�n� �t�h�e� �p�h�a�s�e�d� �a�r�r�a�y� �w�o�u�l�d� �e�x�p�e�r�i�e�n�c�e� �b�l�i�n�d�n�e�s�s� �w�h�e�n� �s�c�a�n�n�e�d� �t�o� �t�h�e� �n�u�l�l�s� 

�i�n�d�i�c�a�t�e�d� �b�y� �t�h�e� �s�i�n�g�l�e� �e�l�e�m�e�n�t� �e�x�c�i�t�a�t�i�o�n� �p�a�t�t�e�r�n�s� �[�1�5�]�.� 

�F�o�r� �l�a�r�g�e� �a�r�r�a�y�s� �(�a�b�o�u�t� �1�0�0�0� �o�r� �m�o�r�e� �e�l�e�m�e�n�t�s�)� �o�n�e� �m�a�y� �a�s�s�u�m�e� �a�n� �i�n�f�i�n�i�t�e�l�y� �l�a�r�g�e� 

�a�r�r�a�y� �w�h�e�r�e� �a�l�l� �e�l�e�m�e�n�t�s� �h�a�v�e� �i�d�e�n�t�i�c�a�l� �c�o�u�p�l�i�n�g� �e�f�f�e�c�t�s�,� �a�n�d� �t�h�e� �e�d�g�e� �e�f�f�e�c�t�s� �o�f� �t�h�e� �f�i�n�i�t�e� 

�a�r�r�a�y� �a�r�e� �n�e�g�l�e�c�t�e�d�.� �F�o�r� �t�h�e� �i�n�f�i�n�i�t�e� �a�r�r�a�y� �m�o�d�e�l�,� �o�n�e� �a�s�s�u�m�e�s� �t�h�a�t� �a�l�l� �e�l�e�m�e�n�t�s� �a�r�e� 

�i�d�e�n�t�i�c�a�l� �a�n�d� �h�a�v�e� �a� �u�n�i�f�o�r�m� �a�m�p�l�i�t�u�d�e� �e�x�c�i�t�a�t�i�o�n� �w�i�t�h� �a� �l�i�n�e�a�r� �p�h�a�s�e� �p�r�o�g�r�e�s�s�i�o�n� �a�c�r�o�s�s� 

�t�h�e� �a�r�r�a�y� �a�p�e�r�t�u�r�e�.� �E�d�e�l�b�e�r�g� �a�n�d� �O�l�i�n�e�r� �[�1�6�]� �i�n� �1�9�6�0� �p�r�e�s�e�n�t�e�d� �a�n� �e�a�r�l�y� �a�p�p�r�o�a�c�h� �t�o� 

�m�o�d�e�l� �t�h�e� �e�f�f�e�c�t� �o�f� �m�u�t�u�a�l� �c�o�u�p�l�i�n�g� �o�f� �a� �p�h�a�s�e�d� �a�r�r�a�y� �d�u�r�i�n�g� �s�c�a�n�n�i�n�g�.� �T�h�e�i�r� �a�p�p�r�o�a�c�h� 

�w�a�s� �t�o� �a�s�s�u�m�e� �a�n� �i�n�f�i�n�i�t�e�l�y� �l�a�r�g�e� �a�r�r�a�y� �a�n�d� �d�i�v�i�d�e� �t�h�e� �r�e�g�i�o�n� �a�b�o�v�e� �t�h�e� �a�r�r�a�y� �s�u�r�f�a�c�e� �i�n�t�o� 

�s�p�a�t�i�a�l� �p�e�r�i�o�d�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �u�n�i�t� �c�e�l�l�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�-�6�.� �T�h�e� �u�n�i�t� �c�e�l�l� �i�s� �a�s�s�u�m�e�d� �t�o� 

�s�u�p�p�o�r�t� �a� �T�E�M� �w�a�v�e� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �s�c�a�n� �a�n�g�l�e� �o�f� �t�h�e� �m�a�i�n� �b�e�a�m�,� �p�l�u�s� �a�n� �i�n�f�i�n�i�t�e� 

�s�e�r�i�e�s� �o�f� �T�E� �a�n�d� �T�M� �m�o�d�e�s�.� �E�a�c�h� �u�n�i�t� �c�e�l�l� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �f�e�d� �b�y� �a� �s�l�o�t� �s�u�p�p�o�r�t�i�n�g� �o�n�l�y� 
�t�h�e� �T�E�,�,� �m�o�d�e�.� �S�c�a�n�n�i�n�g� �o�f� �t�h�e� �m�a�i�n� �b�e�a�m� �i�s� �m�o�d�e�l�e�d� �b�y� �i�n�t�r�o�d�u�c�i�n�g� �a� �p�h�a�s�e� �s�h�i�f�t� 

�b�e�t�w�e�e�n� �s�u�c�c�e�s�s�i�v�e� �u�n�i�t� �c�e�l�l�s�.� �U�s�i�n�g� �t�h�i�s� �a�p�p�r�o�a�c�h�,� �a�n� �e�x�p�r�e�s�s�i�o�n� �i�s� �o�b�t�a�i�n�e�d� �f�o�r� �t�h�e� 

�a�d�m�i�t�t�a�n�c�e� �s�e�e�n� �b�y� �t�h�e� �s�l�o�t� �f�e�e�d�i�n�g� �t�h�e� �a�r�r�a�y� �i�n� �t�h�e� �f�o�r�m� �o�f� �a�n� �i�n�f�i�n�i�t�e� �s�e�r�i�e�s�.� �T�h�i�s� �s�e�r�i�e�s� �i�s� 

�r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �g�r�a�t�i�n�g� �l�o�b�e� �s�e�r�i�e�s� �[�1�7�]�,� �[�1�8�]�.� �S�i�n�c�e� �t�h�e� �g�r�a�t�i�n�g� �l�o�b�e� �s�e�r�i�e�s� �1�s� �o�b�t�a�i�n�e�d� 

�a�s�s�u�m�i�n�g� �t�h�a�t� �o�n�l�y� �t�h�e� �T�E�,�,� �m�o�d�e� �i�s� �p�r�e�s�e�n�t� �i�n� �t�h�e� �s�l�o�t�,� �i�t� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �s�i�n�g�l�e�-�m�o�d�e� 

�m�u�t�u�a�l� �c�o�u�p�l�i�n�g� �t�h�e�o�r�y�.� �I�n� �t�h�e� �e�x�a�m�p�l�e�s� �o�f� �s�c�a�n�n�e�d� �a�r�r�a�y�s� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�,� �a�s� �w�i�l�l� �b�e� 

�s�h�o�w�n� �b�e�l�o�w� �f�o�r� �c�o�m�p�a�r�i�s�o�n�,� �t�h�e� �g�r�a�t�i�n�g� �l�o�b�e� �s�e�r�i�e�s� �c�a�n� �p�r�o�v�i�d�e� �a� �g�o�o�d� �a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� 

�e�l�e�m�e�n�t� �a�d�m�i�t�t�a�n�c�e�.� �H�o�w�e�v�e�r�,� �s�i�n�g�u�l�a�r�i�t�i�e�s� �(�a�n�d� �a� �r�e�f�l�e�c�t�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �u�n�i�t�y�)� �i�n� �t�h�e� 

�g�r�a�t�i�n�g� �l�o�b�e� �s�e�r�i�e�s� �c�a�n� �o�c�c�u�r� �a�s� �g�r�a�t�i�n�g� �l�o�b�e�s� �e�n�t�e�r� �r�e�a�l� �s�p�a�c�e� �t�h�e�r�e�f�o�r�e� �e�r�r�o�n�e�o�u�s�l�y� 

�i�n�d�i�c�a�t�i�n�g� �a� �b�l�i�n�d� �s�p�o�t�.� �T�h�i�s� �p�r�e�d�i�c�t�i�o�n� �o�f� �a� �b�l�i�n�d�n�e�s�s� �w�a�s� �f�o�u�n�d� �t�o� �b�e� �i�n�c�o�m�p�l�e�t�e� �d�u�e� �t�o� 

�t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �l�a�c�k�i�n�g� �i�n�c�l�u�s�i�o�n� �o�f� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� �i�n� �t�h�e� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t�.� �T�h�i�s� 

�p�o�i�n�t� �i�s� �d�i�s�c�u�s�s�e�d� �f�u�r�t�h�e�r� �b�e�l�o�w�.� 

�T�h�e� �w�o�r�k� �o�f� �F�a�r�r�e�l�l� �a�n�d� �K�u�h�n� �[�1�9�]� �w�a�s� �t�h�e� �f�i�r�s�t� �r�i�g�o�r�o�u�s� �a�n�a�l�y�t�i�c�a�l� �w�o�r�k� �t�h�a�t� �w�a�s� 

�a�b�l�e� �t�o� �a�c�c�u�r�a�t�e�l�y� �p�r�e�d�i�c�t� �a�n�d� �e�x�p�l�a�i�n� �b�l�i�n�d�n�e�s�s� �f�o�r� �a�r�r�a�y�s� �o�f� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t�s�.� �T�h�e� 

�m�o�d�e� �m�a�t�c�h�i�n�g� �t�e�c�h�n�i�q�u�e� �w�a�s� �e�m�p�l�o�y�e�d� �t�o� �a�n�a�l�y�z�e� �a�n� �i�n�f�i�n�i�t�e� �a�r�r�a�y� �o�f� �r�e�c�t�a�n�g�u�l�a�r� 

�w�a�v�e�g�u�i�d�e� �a�r�r�a�y� �e�l�e�m�e�n�t�s�.� �I�n� �t�h�e�i�r� �a�p�p�r�o�a�c�h�,� �t�h�e� �f�i�e�l�d�s� �i�n� �t�h�e� �e�x�t�e�r�n�a�l� �r�e�g�i�o�n� �(�a�b�o�v�e� �t�h�e� 
�z�>�0�O� �p�l�a�n�e�)� �a�r�e� �e�x�p�a�n�d�e�d� �i�n� �a� �F�l�o�q�u�e�t� �s�e�r�i�e�s� �[�2�0�]� �a�n�d� �t�h�e� �f�i�e�l�d�s� �i�n� �t�h�e� �i�n�t�e�r�n�a�l� �r�e�g�i�o�n� 

�(�b�e�l�o�w� �t�h�e� �z�<�0� �p�l�a�n�e�)� �a�r�e� �a�l�s�o� �e�x�p�a�n�d�e�d� �i�n� �a� �s�e�r�i�e�s� �o�f� �w�a�v�e�g�u�i�d�e� �s�o�l�u�t�i�o�n�s� �i�n�c�l�u�d�i�n�g� �b�o�t�h� 

�t�h�e� �d�o�m�i�n�a�n�t� �(�p�r�o�p�a�g�a�t�i�n�g�)� �a�n�d� �h�i�g�h�e�r�-�o�r�d�e�r� �e�v�a�n�e�s�c�e�n�t� �(�n�o�n�-�p�r�o�p�a�g�a�t�i�n�g�)� �m�o�d�e�s�.� �T�h�e�y� 

�s�h�o�w�e�d� �t�h�a�t� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� �t�o� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �b�o�u�n�d�a�r�y� �v�a�l�u�e� 

�p�r�o�b�l�e�m� �w�a�s� �i�n� �c�e�r�t�a�i�n� �c�a�s�e�s� �e�s�s�e�n�t�i�a�l� �t�o� �t�h�e� �a�c�c�u�r�a�t�e� �p�r�e�d�i�c�t�i�o�n� �o�f� �t�h�e� �b�l�i�n�d�n�e�s�s� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �2�3
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�p�h�e�n�o�m�e�n�a�.� �S�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�-�7� �i�s� �a�n� �e�l�e�m�e�n�t� �p�a�t�t�e�r�n� �f�o�r� �a� �9�5�-�e�l�e�m�e�n�t� �a�r�r�a�y�,� �f�o�r� 

�c�o�m�p�a�r�i�s�o�n� �t�o� �m�o�d�a�l� �t�h�e�o�r�y� �a�n�d� �t�h�e� �g�r�a�t�i�n�g� �l�o�b�e� �s�e�r�i�e�s�.� �A�s� �s�h�o�w�n�,� �t�h�e�r�e� �i�s� �e�x�c�e�l�l�e�n�t� 

�a�g�r�e�e�m�e�n�t� �b�e�t�w�e�e�n� �t�h�e�o�r�y� �a�n�d� �e�x�p�e�r�i�m�e�n�t�.� �A�l�s�o�,� �t�h�e� �s�i�n�g�u�l�a�r�i�t�y� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �g�r�a�t�i�n�g� 

�l�o�b�e� �s�e�r�i�e�s� �f�a�i�l�s� �t�o� �p�r�e�d�i�c�t� �t�h�e� �b�l�i�n�d� �s�p�o�t� �w�h�e�r�e�a�s� �t�h�e� �m�o�d�a�l� �t�h�e�o�r�y� �i�n�d�i�c�a�t�e�s� �a� �n�u�l�l� �i�n� �t�h�e� 

�v�i�c�i�n�i�t�y� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �n�u�l�l�.� �U�s�i�n�g� �t�h�i�s� �m�u�l�t�i�p�l�e� �m�o�d�e� �a�n�a�l�y�s�i�s� �t�e�c�h�n�i�q�u�e�,� �t�h�e� �n�u�l�l� �i�s� 

�a�c�t�u�a�l�l�y� �f�o�u�n�d� �t�o� �b�e� �c�a�u�s�e�d� �b�y� �a� �z�e�r�o� �i�n� �t�h�e� �c�o�n�d�u�c�t�a�n�c�e� �o�f� �t�h�e� �w�a�v�e�g�u�i�d�e� �a�d�m�i�t�t�a�n�c�e�,� 

�r�a�t�h�e�r� �t�h�a�n� �t�h�e� �a�d�m�i�t�t�a�n�c�e� �s�i�n�g�u�l�a�r�i�t�y� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �t�h�e� �g�r�a�t�i�n�g� �l�o�b�e� �s�e�r�i�e�s�.� 

�O�t�h�e�r� �r�e�s�e�a�r�c�h�e�r�s� �[�2�1�]�,� �[�2�2�]�,� �[�2�3�]�,� �[�1�4�]� �h�a�v�e� �a�l�s�o� �p�e�r�f�o�r�m�e�d� �r�i�g�o�r�o�u�s� �a�n�a�l�y�s�i�s� �o�n� 

�i�n�f�i�n�i�t�e� �w�a�v�e�g�u�i�d�e� �p�h�a�s�e�d� �a�r�r�a�y�s� �i�n� �w�h�i�c�h� �t�h�e� �e�f�f�e�c�t�s� �o�f� �h�i�g�h�e�r�-�o�r�d�e�r� �w�a�v�e�g�u�i�d�e� �m�o�d�e�s� �a�r�e� 

�i�n�c�l�u�d�e�d�.� �T�h�e� �m�e�t�h�o�d� �u�s�e�d� �b�y� �D�i�a�m�o�n�d� �[�2�1�]� �i�s� �b�a�s�e�d� �o�n� �t�h�e� �p�r�i�n�c�i�p�l�e� �t�h�a�t� �t�h�e� �e�l�e�c�t�r�i�c� 

�f�i�e�l�d� �a�n�d� �t�h�e� �a�p�e�r�t�u�r�e� �a�r�e� �r�e�l�a�t�e�d� �a�n�d� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �e�a�c�h� �o�t�h�e�r� �a�n�d� �e�x�p�r�e�s�s�e�d� �i�n� �a� 

�s�e�r�i�e�s� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s�.� �T�h�e� �f�o�r�m�u�l�a�t�i�o�n� �u�s�i�n�g� �t�h�i�s� �m�e�t�h�o�d�,� �o�n�e� �e�q�u�a�t�e�s� �t�h�e� �c�o�m�p�l�e�x� �p�o�w�e�r� 

�r�a�d�i�a�t�e�d� �b�y� �a�n� �e�l�e�m�e�n�t� �t�o� �t�h�e� �c�o�m�p�l�e�x� �p�o�w�e�r� �p�r�e�s�e�n�t� �i�n� �t�h�e� �w�a�v�e�g�u�i�d�e� �o�p�e�n�i�n�g� �t�o� �s�o�l�v�e� 

�f�o�r� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s�.� �I�n� �t�h�i�s� �m�a�n�n�e�r� �t�h�e� �d�r�i�v�i�n�g� �p�o�i�n�t� �a�d�m�i�t�t�a�n�c�e� �o�f� �t�h�e� �w�a�v�e�g�u�i�d�e� �i�n� �t�h�e� 

�a�r�r�a�y� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �a�l�s�o� �s�h�o�w�i�n�g� �p�a�t�t�e�r�n� �n�u�l�l�s� �d�e�p�e�n�d�e�n�t� �o�n� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s�.� �T�h�e� 

�a�p�p�r�o�a�c�h� �t�a�k�e�n� �b�y� �B�o�r�g�i�o�t�t�i� �[�2�2�]� �a�l�s�o� �i�n�c�l�u�d�e�s� �t�h�e� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �h�a�l�f� �s�p�a�c�e� �a�b�o�v�e� �t�h�e� 

�a�r�r�a�y� �i�n�t�o� �a� �F�l�o�q�u�e�t� �s�e�r�i�e�s� �a�n�d� �t�h�e� �r�e�g�i�o�n� �b�e�l�o�w� �i�n�t�o� �a� �s�e�r�i�e�s� �o�f� �w�a�v�e�g�u�i�d�e� �m�o�d�e�s�.� 

�G�a�l�e�r�k�i�n�'�s� �m�e�t�h�o�d� �i�s� �e�m�p�l�o�y�e�d� �i�n� �t�h�i�s� �a�p�p�r�o�a�c�h� �t�o� �s�o�l�v�e� �t�h�e� �a�r�r�a�y� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m�.� 

�T�h�e� �r�e�s�u�l�t�s� �f�o�r� �a� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e� �c�o�v�e�r�e�d� �w�i�t�h� �a� �d�i�e�l�e�c�t�r�i�c� �s�h�e�e�t� �a�r�e� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e�s� �2�-�8� �i�n�d�i�c�a�t�e� �t�h�e� �i�n�c�l�u�s�i�o�n� �o�f� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �w�a�v�e�g�u�i�d�e� �m�o�d�e�s� �a�r�e� �i�n� �s�o�m�e� �c�a�s�e�s� 

�n�e�c�e�s�s�a�r�y� �t�o� �a�c�c�u�r�a�t�e� �p�r�e�d�i�c�t� �t�h�e� �b�l�i�n�d� �s�p�o�t�s�.� �A�m�i�t�a�y� �a�n�d� �G�a�l�i�n�d�o� �[�2�3�]� �h�a�v�e� �a�n�a�l�y�z�e�d� �a�n� 

�i�n�f�i�n�i�t�e� �a�r�r�a�y� �o�f� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t�s�.� �T�h�e� �a�n�a�l�y�s�i�s� �w�a�s� �p�e�r�f�o�r�m�e�d� �t�o� �a�l�l�o�w� �b�o�t�h� 

�o�r�t�h�o�g�o�n�a�l� �l�i�n�e�a�r� �p�o�l�a�r�i�z�a�t�i�o�n�s� �a�n�d� �t�h�e� �r�e�s�u�l�t�s� �i�n�d�i�c�a�t�e� �a� �s�t�r�o�n�g� �d�e�p�e�n�d�e�n�c�e� �o�n� �h�i�g�h�e�r�-� 

�o�r�d�e�r� �m�o�d�e� �e�x�c�i�t�a�t�i�o�n�,� �s�c�a�n� �a�n�g�l�e� �a�n�d� �p�o�l�a�r�i�z�a�t�i�o�n�.� �I�n� �S�t�a�r�k�'�s� �r�e�v�i�e�w� �p�a�p�e�r� �[�1�4�]� �h�e� �h�a�s� 

�a�l�s�o� �i�n�c�l�u�d�e�d� �o�r�i�g�i�n�a�l� �w�o�r�k� �o�n� �s�o�l�v�i�n�g� �t�h�e� �a�r�r�a�y� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m� �a�n�d� �i�n�v�e�s�t�i�g�a�t�i�n�g� 

�m�u�t�u�a�l� �c�o�u�p�l�i�n�g�.� �H�e� �c�o�n�s�i�d�e�r�s� �a�n� �i�n�f�i�n�i�t�e� �a�r�r�a�y� �o�f� �s�l�o�t� �t�y�p�e� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t�s�,� �a�n�d� 

�e�m�p�l�o�y�s� �G�a�l�e�r�k�i�n�'�s� �m�e�t�h�o�d� �i�n� �o�b�t�a�i�n�i�n�g� �r�e�s�u�l�t�s� �t�h�a�t� �c�o�n�f�i�r�m� �t�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �b�e�t�w�e�e�n� 

�b�l�i�n�d�n�e�s�s� �a�n�d� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� �i�n� �w�a�v�e�g�u�i�d�e� �t�y�p�e� �e�l�e�m�e�n�t�s�.� 

�A� �g�r�a�p�h�i�c�a�l� �m�e�t�h�o�d� �o�f� �d�e�t�e�r�m�i�n�i�n�g� �b�o�u�n�d�s� �f�o�r� �b�l�i�n�d� �s�p�o�t�s� �i�s� �g�i�v�e�n� �b�y� �K�n�i�t�t�e�l� �[�2�4�]� 

�t�h�a�t� �p�r�o�v�i�d�e�s� �i�n�s�i�g�h�t� �t�o� �t�h�e� �b�l�i�n�d�n�e�s�s� �p�r�o�b�l�e�m� �i�n� �t�e�r�m�s� �o�f� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� �c�u�t�o�f�f� 

�f�r�e�q�u�e�n�c�y� �r�e�l�a�t�i�o�n�s�h�i�p�s�.� �T�h�e� �m�e�t�h�o�d� �u�s�e�s� �a� �s�e�t� �o�f� �n�o�r�m�a�l�i�z�e�d� �c�u�r�v�e�s� �o�n� �t�h�e� �k�-�£� 

�d�i�a�g�r�a�m� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�-�9�,� �w�h�i�c�h� �a�l�s�o� �i�n�c�l�u�d�e�s� �t�h�e� �a�r�r�a�y� �g�e�o�m�e�t�r�y�.� �T�h�e� �v�e�r�t�i�c�a�l� �a�x�i�s� 

�r�e�p�r�e�s�e�n�t�s� �v�a�r�y�i�n�g� �f�r�e�q�u�e�n�c�y�,� �w�i�t�h� �k�,� �=�2�7�/�A�,� �w�h�e�r�e� �1�,� �i�s� �t�h�e� �f�r�e�e� �s�p�a�c�e� �w�a�v�e�l�e�n�g�t�h�.� 
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�T�h�e� �h�o�r�i�z�o�n�t�a�l� �a�x�i�s� �a�n�d� �c�o�r�r�e�s�p�o�n�d�i�n�g� �h�o�r�i�z�o�n�t�a�l� �l�i�n�e�s� �r�e�p�r�e�s�e�n�t� �c�o�n�s�t�a�n�t� �f�r�e�q�u�e�n�c�y� �w�i�t�h� 
�v�a�r�y�i�n�g� �s�c�a�n� �a�n�g�l�e�,� �w�h�e�r�e� �k�.� �=�k�,� �s�i�n�@�,� �i�n� �t�h�e�s�e� �f�i�g�u�r�e�s�.� �T�h�e� �d�i�a�g�o�n�a�l� �l�i�n�e� �o�n� �t�h�e� �p�l�o�t� 

�i�n�d�i�c�a�t�e�s� �a� �c�o�n�s�t�a�n�t� �s�c�a�n� �a�n�g�l�e� �a�n�d� �t�h�e� �r�e�g�i�o�n� �a�b�o�v�e� �t�h�e� �@�,� �=� �9�0�°� �r�e�p�r�e�s�e�n�t�s� �v�i�s�i�b�l�e� �s�p�a�c�e�.� 

�T�h�e� �d�a�s�h�e�d� �h�o�r�i�z�o�n�t�a�l� �l�i�n�e�s� �o�n� �t�h�e� �f�i�g�u�r�e� �r�e�p�r�e�s�e�n�t� �t�h�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�y� �o�f� �t�h�e� �g�i�v�e�n� 

�m�o�d�e�s� �i�n� �t�h�e� �w�a�v�e�g�u�i�d�e�.� �D�a�s�h�e�d� �d�i�a�g�o�n�a�l� �l�i�n�e� �a�n�d� �c�u�r�v�e� �i�n�d�i�c�a�t�e�s� �t�h�e� �l�o�c�i� �o�f� �t�h�e� �g�r�a�t�i�n�g� 

�l�o�b�e� �s�e�r�i�e�s� �s�i�n�g�u�l�a�r�i�t�i�e�s� �(�i�.�e�.�,� �s�c�a�n� �a�n�g�l�e�s� �f�o�r� �a�p�p�e�a�r�a�n�c�e� �o�f� �g�r�a�t�i�n�g� �l�o�b�e�s� �i�n� �r�e�a�l� �s�p�a�c�e�)� �f�o�r� 

�a� �g�i�v�e�n� �a�r�r�a�y� �g�e�o�m�e�t�r�y�.� �T�h�e� �s�o�l�i�d� �c�u�r�v�e� �l�a�b�e�l�e�d� �"�F�K�"� �i�n�d�i�c�a�t�e�s� �t�h�e� �l�o�c�i� �o�f� �t�h�e� �b�l�i�n�d� �s�p�o�t�s�,� 

�w�h�i�c�h� �h�a�v�e� �b�e�e�n� �c�o�m�p�u�t�e�d� �u�s�i�n�g� �t�h�e� �d�i�m�e�n�s�i�o�n�s�,� �g�e�o�m�e�t�r�y� �a�n�d� �a�n�a�l�y�s�i�s� �t�e�c�h�n�i�q�u�e� �f�o�r� �t�h�e� 

�F�a�r�r�e�l�l� �a�n�d� �K�u�h�n� �m�e�t�h�o�d� �[�1�9�]� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e�.� �T�h�e� �f�i�g�u�r�e� �i�l�l�u�s�t�r�a�t�e�s� �t�h�a�t� �b�l�i�n�d�n�e�s�s� �i�s� �a� 
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�t�h�e� �g�r�a�t�i�n�g� �l�o�b�e� �s�i�n�g�u�l�a�r�i�t�y� �l�o�c�i�.� �T�h�e�r�e�f�o�r�e�,� �o�n�e� �h�a�s� �a� �g�r�a�p�h�i�c�a�l� �t�e�c�h�n�i�q�u�e� �f�o�r� �p�r�o�v�i�d�i�n�g� 

�b�o�u�n�d�s� �o�n� �t�h�e� �b�l�i�n�d�n�e�s�s� �p�h�e�n�o�m�e�n�a� �b�a�s�e�d� �o�n� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� �i�n� �t�h�e� 

�w�a�v�e�g�u�i�d�e� �a�n�d� �t�h�e� �a�r�r�a�y� �l�a�t�t�i�c�e�.� 

�T�h�e�r�e� �h�a�v�e� �a�l�s�o� �b�e�e�n� �s�e�v�e�r�a�l� �s�t�u�d�i�e�s� �c�o�n�d�u�c�t�e�d� �o�n� �t�h�e� �m�u�t�u�a�l� �c�o�u�p�l�i�n�g� �i�n� 

�w�a�v�e�g�u�i�d�e� �a�r�r�a�y� �e�l�e�m�e�n�t�s� �t�h�a�t� �s�u�p�p�o�r�t� �m�u�l�t�i�p�l�e� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� �[�2�5�]�,� �[�2�6�]�,� �[�2�7�]�,� �[�2�8�]�.� 

�T�a�n�g� �a�n�d� �W�o�n�g� �[�2�6�]� �a�n�d� �W�o�n�g� �e�f� �a�l�.� �[�2�5�]�,� �h�a�v�e� �d�i�s�c�u�s�s�e�d� �t�h�e� �u�s�e� �o�f� �i�n�t�e�n�t�i�o�n�a�l�l�y� �e�x�c�i�t�e�d� 

�h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� �i�n� �a� �w�a�v�e�g�u�i�d�e� �p�h�a�s�e�d� �a�r�r�a�y� �e�l�e�m�e�n�t�s�.� �I�n� �[�2�6�]� �i�t� �w�a�s� �d�e�m�o�n�s�t�a�t�e�d� 

�t�h�a�t� �e�x�c�i�t�a�t�i�o�n� �o�f� �t�h�e� �d�o�m�i�n�a�n�t� �m�o�d�e� �a�n�d� �t�h�e� �n�e�x�t� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� �c�a�n� �b�e� �u�s�e�d� �t�o� 

�i�m�p�r�o�v�e� �t�h�e� �m�a�t�c�h� �f�o�r� �w�i�d�e� �s�c�a�n� �a�n�g�l�e�s�.� �I�n� �[�2�5�]� �H�-�p�l�a�n�e� �s�c�a�n� �n�u�l�l�s� �w�e�r�e� �o�b�s�e�r�v�e�d� �f�o�r� �a�n� 

�a�r�r�a�y� �o�f� �r�e�c�t�a�n�g�u�l�a�r� �e�l�e�m�e�n�t�s� �w�i�t�h�o�u�t� �a�p�p�r�o�p�r�i�a�t�e� �m�a�t�c�h�i�n�g�.� �H�o�w�e�v�e�r�,� �u�s�i�n�g� �t�h�e� 
�m�u�l�t�i�m�o�d�e� �t�e�c�h�n�i�q�u�e� �t�h�e� �w�a�v�e�g�u�i�d�e� �w�a�s� �d�i�e�l�e�c�t�r�i�c�a�l�l�y� �l�o�a�d�e�d� �a�n�d� �e�x�c�i�t�e�d� �u�s�i�n�g� �t�h�e� �T�E�,�,�,� 

�T�E�,�,� �a�n�d� �t�h�e� �T�E�,�,� �m�o�d�e�s� �a�n�d� �i�t� �w�a�s� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �n�u�l�l� �w�a�s� �e�l�i�m�i�n�a�t�e�d� �a�n�d� �m�a�t�c�h�i�n�g� 

�i�m�p�r�o�v�e�d� �c�o�n�s�i�d�e�r�a�b�l�y�.� �A�n�o�t�h�e�r� �m�u�l�t�i�m�o�d�e� �s�t�u�d�y� �w�a�s� �c�o�n�d�u�c�t�e�d� �b�y� �C�o�n�s�t�a�n�t�i�n�i� �a�n�d� 

�K�n�i�t�t�e�l� �[�2�8�]� �i�n� �w�h�i�c�h� �t�h�e�y� �c�o�n�s�i�d�e�r�e�d� �e�x�c�i�t�a�t�i�o�n� �o�f� �t�h�e� �T�E�,�,� �a�n�d� �T�E�,�,� �m�o�d�e�s� �t�o� �i�m�p�r�o�v�e� 

�m�a�t�c�h�i�n�g� �i�n� �a� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e�.� �T�h�e�y� �s�h�o�w�e�d� �t�h�a�t� �o�n�e� �c�o�u�l�d� �i�m�p�r�o�v�e� �t�h�e� �m�a�t�c�h� 

�o�v�e�r� �a� �s�c�a�n� �r�a�n�g�e� �h�o�w�e�v�e�r� �n�u�l�l�s� �m�a�y� �a�l�s�o� �b�e� �o�b�s�e�r�v�e�d� �i�f� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� �a�r�e� 

�e�x�c�i�t�e�d� �p�r�o�p�e�r�l�y�.� �Y�e�t� �a�n�o�t�h�e�r� �a�p�p�r�o�a�c�h� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� �M�a�i�l�l�o�u�x� �a�n�d� �S�t�e�y�s�k�a�l� �[�2�7�]� �o�n� �a� 

�m�u�l�t�i�m�o�d�e� �m�e�t�h�o�d� �p�e�r�f�o�r�m�i�n�g� �a�t� �t�w�o� �f�r�e�q�u�e�n�c�y� �b�a�n�d�s� �s�e�p�a�r�a�t�e�d� �b�y� �a�n� �o�c�t�a�v�e�.� �T�h�e� 

�r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t� �c�o�n�s�i�s�t�s� �o�f� �a� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e� �w�i�t�h� �m�u�l�t�i�p�l�e� �d�i�e�l�e�c�t�r�i�c� �s�l�a�b� �i�n�s�e�r�t�s�.� 
�A�t� �t�h�e� �l�o�w� �f�r�e�q�u�e�n�c�y� �b�a�n�d� �o�f� �o�p�e�r�a�t�i�o�n� �o�n�l�y� �t�h�e� �T�E�,�,� �m�o�d�e� �p�r�o�p�a�g�a�t�e�s� �a�n�d� �t�h�e� �n�e�x�t� 

�h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� �t�h�a�t� �c�a�n� �c�o�n�t�r�i�b�u�t�e� �t�o� �b�l�i�n�d�n�e�s�s� �i�s� �t�h�e� �T�E�,�,� �m�o�d�e�.� �H�o�w�e�v�e�r� �a�t� �t�h�e� 

�h�i�g�h� �f�r�e�q�u�e�n�c�y� �b�a�n�d�,� �b�o�t�h� �t�h�e� �T�E�,�,� �a�n�d� �t�h�e� �T�E�,�,� �c�o�n�t�a�i�n� �p�r�o�p�a�g�a�t�i�n�g� �e�n�e�r�g�y� �a�n�d� �t�h�e� �n�e�x�t� 

�h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� �t�h�a�t� �c�a�n� �c�o�n�t�r�i�b�u�t�e� �t�o� �b�l�i�n�d�n�e�s�s� �i�s� �t�h�e� �T�E�,�,� �m�o�d�e�.� �T�h�e� �m�u�l�t�i�m�o�d�e� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �2�9



�e�x�a�m�p�l�e�s� �g�i�v�e�n� �a�b�o�v�e� �d�e�m�o�n�s�t�r�a�t�e� �t�h�a�t� �a�s� �o�n�e� �e�x�t�e�n�d�s� �b�e�y�o�n�d� �t�h�e� �f�i�r�s�t� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� 

�a�n�d� �a�s�s�o�c�i�a�t�e�d� �b�l�i�n�d� �s�p�o�t�,� �a� �s�u�i�t�a�b�l�e� �m�a�t�c�h� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �o�v�e�r� �a�n� �e�x�t�e�n�d�e�d� �f�r�e�q�u�e�n�c�y� 

�t�h�a�t� �i�s� �b�o�u�n�d�e�d� �b�y� �t�h�e� �n�e�x�t� �h�i�g�h�e�r� �m�o�d�e�.� 

�A� �c�o�n�c�e�p�t�u�a�l� �u�n�d�e�r�s�t�a�n�d�i�n�g� �o�f� �t�h�e� �m�u�t�u�a�l� �c�o�u�p�l�i�n�g� �p�h�e�n�o�m�e�n�a� �a�n�d� �t�h�e� �a�s�s�o�c�i�a�t�e�d� 

�a�r�r�a�y� �s�c�a�n� �b�l�i�n�d�n�e�s�s� �c�a�n� �b�e� �f�o�r�m�e�d� �f�r�o�m� �t�h�e� �b�o�d�y� �o�f� �p�r�e�v�i�o�u�s� �w�o�r�k� �i�n� �t�h�e� �a�r�e�a� �o�f� �p�h�a�s�e�d� 

�a�r�r�a�y� �a�n�t�e�n�n�a�s�.� �T�h�e� �b�l�i�n�d�n�e�s�s� �p�h�e�n�o�m�e�n�a� �c�a�n� �b�e� �c�o�n�c�e�p�t�u�a�l�l�y� �v�i�e�w�e�d� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� 

�2�-�1�0�,� �[�2�9�]�.� �I�f� �a�n� �a�p�p�r�e�c�i�a�b�l�e� �a�m�o�u�n�t� �o�f� �e�n�e�r�g�y� �i�s� �p�e�r�m�i�t�t�e�d� �t�o� �c�o�u�p�l�e� �i�n�t�o� �a� �h�i�g�h�e�r�-�o�r�d�e�r� 

�m�o�d�e�,� �e�v�e�n� �i�f� �t�h�e� �f�r�e�q�u�e�n�c�y� �i�s� �b�e�l�o�w� �t�h�e� �c�u�t�o�f�f� �o�f� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �m�o�d�e�,� �t�h�e�n� �t�h�e�r�e� �m�a�y� 

�e�x�i�s�t� �a� �s�c�a�n� �a�n�g�l�e� �f�o�r� �w�h�i�c�h� �t�h�e� �d�o�m�i�n�a�n�t� �m�o�d�e� �a�n�d� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� �c�a�n� �c�a�n�c�e�l�,� �a�n�d� 

�t�h�e� �a�r�r�a�y� �r�a�d�i�a�t�e�s� �n�o� �e�n�e�r�g�y�.� �T�h�i�s�,� �a�s� �s�t�a�t�e�d� �b�e�f�o�r�e�,� �i�s� �e�q�u�i�v�a�l�e�n�t� �t�o� �t�h�e� �r�e�f�l�e�c�t�i�o�n� 

�c�o�e�f�f�i�c�i�e�n�t� �b�e�i�n�g� �u�n�i�t�y� �a�n�d� �t�h�e� �b�l�i�n�d�n�e�s�s� �o�c�c�u�r�s� �a�t� �t�h�i�s� �a�n�g�l�e�.� �T�h�i�s� �b�l�i�n�d�n�e�s�s� �i�s� �t�h�e� �r�e�s�u�l�t� �o�f� 

�t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �a�r�r�a�y� �a�n�d� �o�c�c�u�r�s� �d�u�e� �t�o� �a� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� 

�r�e�s�o�n�a�n�c�e�,� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �s�c�a�n� �a�n�g�l�e�.� 

�I�n� �s�u�m�m�a�r�y�,� �t�h�e� �m�o�s�t� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t�s� �o�f� �b�l�i�n�d�n�e�s�s� �a�s� �i�t� �p�e�r�t�a�i�n�s� �t�o� �t�h�e� �p�r�o�b�l�e�m� 

�a�t� �h�a�n�d� �a�r�e�:� 

�e� �B�l�i�n�d�n�e�s�s� �i�s� �a�n� �u�p�p�e�r� �f�r�e�q�u�e�n�c�y� �l�i�m�i�t�a�t�i�o�n� �d�u�e� �t�o� �a� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� �r�e�s�o�n�a�n�c�e�.� 

�e� �A� �g�r�a�p�h�i�c�a�l� �t�e�c�h�n�i�q�u�e� �p�r�e�s�e�n�t�e�d� �i�n� �F�i�g�u�r�e� �2�-�9� �b�o�u�n�d�s� �b�l�i�n�d�n�e�s�s� �b�y� �t�h�e� �n�e�x�t� �h�i�g�h�e�r�-� 

�o�r�d�e�r� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�y� �a�n�d� �t�h�e� �g�r�a�t�i�n�g� �l�o�b�e� �l�o�c�i�.� 

�°� �P�r�i�o�r� �w�o�r�k� �[�2�5�]�-�[�2�8�]� �h�a�s� �d�e�m�o�n�s�t�r�a�t�e�d� �t�h�a�t� �a� �p�h�a�s�e�d� �a�r�r�a�y� �c�a�n� �a�l�s�o� �b�e� �m�a�t�c�h�e�d� 

�o�v�e�r� �s�o�m�e� �s�e�t� �o�f� �s�c�a�n� �a�n�g�l�e�s� �a�b�o�v�e� �t�h�e� �f�i�r�s�t� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� �o�f� �o�p�e�r�a�t�i�o�n�.� �U�n�d�e�r� �t�h�i�s� 

�c�o�n�d�i�t�i�o�n� �t�h�e� �n�e�x�t� �b�l�i�n�d�n�e�s�s� �c�a�n� �b�e� �b�o�u�n�d�e�d� �b�y� �t�h�e� �n�e�x�t� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� �c�u�t�o�f�f�.� 

�2�.�4� �S�u�m�m�a�r�y� �o�f� �R�a�d�i�a�t�i�n�g� �E�l�e�m�e�n�t� �R�e�q�u�i�r�e�m�e�n�t�s� 

�I�n� �C�h�a�p�t�e�r� �1�,� �a� �s�e�t� �o�f� �g�o�a�l�s� �n�e�c�e�s�s�a�r�y� �f�o�r� �a� �h�y�p�o�t�h�e�t�i�c�a�l� �w�i�d�e�b�a�n�d� �p�h�a�s�e�d� �a�r�r�a�y� 

�w�e�r�e� �d�i�s�c�u�s�s�e�d�.� �C�o�n�s�i�d�e�r�i�n�g� �t�h�e�s�e� �a�r�r�a�y� �r�e�q�u�i�r�e�m�e�n�t�s� �a�n�d� �t�h�e� �c�u�m�u�l�a�t�i�v�e� �d�i�s�c�u�s�s�i�o�n� �o�f� 

�t�h�e� �t�h�e�o�r�y� �i�n� �S�e�c�t�i�o�n�s� �2�.�2� �a�n�d� �2�.�3�,� �o�n�e� �c�a�n� �o�u�t�l�i�n�e� �a� �s�e�t� �o�f� �g�o�a�l�s� �n�e�c�e�s�s�a�r�y� �f�o�r� �a� 

�b�r�o�a�d�b�a�n�d� �p�h�a�s�e�d� �a�r�r�a�y� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t�.� �T�h�e�s�e� �e�l�e�m�e�n�t� �p�e�r�f�o�r�m�a�n�c�e� �g�o�a�l�s� �t�h�e�r�e�f�o�r�e� 

�r�e�p�r�e�s�e�n�t� �a� �p�e�r�s�p�e�c�t�i�v�e� �f�r�o�m� �w�h�i�c�h� �t�h�e� �C�S�W� �w�i�l�l� �b�e� �e�v�a�l�u�a�t�e�d� �b�o�t�h� �t�h�e�o�r�e�t�i�c�a�l�l�y� �a�n�d� 

�e�x�p�e�r�i�m�e�n�t�a�l�l�y� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �C�h�a�p�t�e�r�s�.� 

�e� �T�h�e� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t� �m�u�s�t� �o�p�e�r�a�t�e� �o�v�e�r� �t�h�e� �d�e�s�i�r�e�d� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e�.� �T�h�e� �e�n�e�r�g�y� 

�m�u�s�t� �b�e� �c�o�n�f�i�n�e�d� �m�o�s�t�l�y� �t�o� �a� �s�i�n�g�l�e�-�m�o�d�e� �o�f� �p�r�o�p�a�g�a�t�i�o�n�,� �1�.�e�.�,� �t�h�e� �d�o�m�i�n�a�n�t� �m�o�d�e�.� �T�h�e� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �3�0
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� � 
�F�i�g�u�r�e� �2�-�1�0�.� �C�o�n�c�e�p�t�u�a�l� �i�l�l�u�s�t�r�a�t�i�o�n� �o�f� �a�r�r�a�y� �b�l�i�n�d�n�e�s�s�.� �T�h�e� �r�a�d�i�a�t�i�o�n� �f�r�o�m� �a� �d�o�m�i�n�a�n�t� 

�a�n�d� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� �s�u�m� �t�o� �z�e�r�o� �c�r�e�a�t�i�n�g� �a� �b�l�i�n�d� �s�p�o�t� �a�t� �s�o�m�e� �s�c�a�n� �a�n�g�l�e� �i�n� �t�h�e� �f�a�r�-� 

�f�i�e�l�d�.� �R�e�p�r�i�n�t�e�d� �f�r�o�m� �[�2�9�]�.� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �3�1



�u�s�a�b�l�e� �b�a�n�d�w�i�d�t�h� �i�s� �d�e�f�i�n�e�d� �i�n� �t�e�r�m�s� �o�f� �t�h�e� �s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h� �o�f� �t�h�e� �w�a�v�e�g�u�i�d�e�.� �T�h�e� 

�s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h� �i�s� �a� �f�a�c�t�o�r� �i�n� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �u�s�a�b�l�e� �b�a�n�d�w�i�d�t�h� �i�n� �w�h�i�c�h� �t�h�e� �a�r�r�a�y� 

�c�a�n� �b�e� �s�c�a�n�n�e�d� �w�h�i�l�e� �a�v�o�i�d�i�n�g� �b�l�i�n�d�n�e�s�s� �i�n� �t�h�e� �f�a�r�-�f�i�e�l�d� �p�a�t�t�e�r�n� �d�u�e� �t�o� �m�u�t�u�a�l� �c�o�u�p�l�i�n�g�,� �a�s� 

�w�a�s� �d�i�s�c�u�s�s�e�d� �i�n� �S�e�c�t�i�o�n� �2�.�2�.� 

�e� �A�n� �e�l�e�m�e�n�t� �t�h�a�t� �c�a�n� �s�u�p�p�o�r�t� �b�o�t�h� �v�e�r�t�i�c�a�l� �a�n�d� �h�o�r�i�z�o�n�t�a�l� �(�l�i�n�e�a�r�)� �p�o�l�a�r�i�z�a�t�i�o�n� �i�s� 

�n�e�c�e�s�s�a�r�y� �s�i�n�c�e� �i�t� �w�i�l�l� �s�u�p�p�o�r�t� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n�.� �T�o� �f�a�c�i�l�i�t�a�t�e� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n�,� �t�h�e� 

�e�l�e�m�e�n�t� �m�u�s�t� �p�o�s�s�e�s�s� �9�0� �d�e�g�r�e�e� �r�o�t�a�t�i�o�n�a�l� �s�y�m�m�e�t�r�y�.� �C�r�o�s�s� �s�e�c�t�i�o�n�a�l� �g�e�o�m�e�t�r�i�e�s� �s�u�c�h� �a�s� 

�a� �c�i�r�c�l�e� �a�n�d� �s�q�u�a�r�e� �a�r�e� �e�x�a�m�p�l�e�s� �o�f� �e�l�e�m�e�n�t�s� �w�i�t�h� �9�0� �d�e�g�r�e�e� �r�o�t�a�t�i�o�n�a�l� �s�y�m�m�e�t�r�y�.� �T�h�e� 

�C�S�W� �a�s� �d�e�f�i�n�e�d� �i�n� �C�h�a�p�t�e�r� �3� �i�s� �a� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �l�o�a�d�e�d� �w�i�t�h� �a� �d�i�e�l�e�c�t�r�i�c� �i�n�s�e�r�t� �s�u�c�h� 

�t�h�a�t� �i�s� �p�r�e�s�e�r�v�e�s� �t�h�e� �9�0� �d�e�g�r�e�e� �r�o�t�a�t�i�o�n�a�l� �s�y�m�m�e�t�r�y�.� �T�h�e� �m�o�d�e� �f�i�l�t�e�r�i�n�g� �s�c�h�e�m�e� �d�i�s�c�u�s�s�e�d� 

�i�n� �C�h�a�p�t�e�r�s� �3� �a�n�d� �6� �m�u�s�t� �a�l�s�o� �p�r�e�s�e�r�v�e� �t�h�e� �9�0� �d�e�g�r�e�e� �r�o�t�a�t�i�o�n�a�l� �s�y�m�m�e�t�r�y�.� 

�e� �A�n� �a�l�t�e�r�n�a�t�i�v�e� �a�p�p�r�o�a�c�h� �m�e�n�t�i�o�n�e�d� �i�n� �S�e�c�t�i�o�n� �2�.�5� �t�o� �a�c�h�i�e�v�e� �t�h�e� �a�r�b�i�t�r�a�r�y� 

�p�o�l�a�r�i�z�a�t�i�o�n� �i�s� �b�y� �u�s�e� �o�f� �t�w�o� �l�i�n�e�a�r� �p�o�l�a�r�i�z�e�d� �o�r�t�h�o�g�o�n�a�l� �e�l�e�m�e�n�t�s� �p�l�a�c�e�d� �i�n� �t�h�e� �a�r�r�a�y�.� �T�h�i�s� 

�h�o�w�e�v�e�r� �i�s� �n�o�t� �d�e�s�i�r�a�b�l�e� �s�i�n�c�e� �i�t� �r�e�q�u�i�r�e�s� �d�o�u�b�l�i�n�g� �t�h�e� �n�u�m�b�e�r� �o�f� �e�l�e�m�e�n�t�s� �w�h�e�n� �c�o�m�p�a�r�e�d� 

�t�o� �t�h�e� �s�i�n�g�l�e� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h�.� �W�e� �a�p�p�r�o�a�c�h� �t�h�i�s� �p�r�o�b�l�e�m� �u�n�d�e�r� �t�h�e� �p�r�e�m�i�s�e� 

�t�h�a�t� �a� �s�i�n�g�l�e� �e�l�e�m�e�n�t� �i�s� �a� �r�e�q�u�i�r�e�m�e�n�t�.� 

�e� �T�h�e� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t� �m�u�s�t� �m�e�e�t� �c�e�r�t�a�i�n� �p�h�y�s�i�c�a�l� �s�i�z�e� �r�e�s�t�r�i�c�t�i�o�n�s� �i�n� �o�r�d�e�r� �t�o� �f�i�t� �i�n� 

�t�h�e� �a�r�r�a�y� �l�a�t�t�i�c�e�.� �T�h�e� �s�i�z�e� �r�e�s�t�r�i�c�t�i�o�n�s� �a�r�e� �g�o�v�e�r�n�e�d� �b�y� �t�h�e� �s�c�a�n� �a�n�d� �f�r�e�q�u�e�n�c�y� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �a�r�r�a�y�.� �T�h�e� �m�u�t�u�a�l� �c�o�u�p�l�i�n�g� �a�n�d� �b�l�i�n�d�n�e�s�s� �p�h�e�n�o�m�e�n�a� �m�a�y� 

�n�e�c�e�s�s�i�t�a�t�e� �f�u�r�t�h�e�r� �s�i�z�e� �r�e�d�u�c�t�i�o�n� �i�n� �e�x�c�e�s�s� �o�f� �t�h�a�t� �r�e�q�u�i�r�e�d� �b�y� �t�h�e� �g�r�a�t�i�n�g� �l�o�b�e� �l�a�t�t�i�c�e� 

�r�e�q�u�i�r�e�m�e�n�t�s�.� 

�e� �A� �t�y�p�i�c�a�l� �p�h�a�s�e�d� �a�r�r�a�y� �r�a�d�a�r� �s�y�s�t�e�m� �m�a�y� �h�a�v�e� �t�r�a�n�s�m�i�t�t�e�r� �p�o�w�e�r�s� �u�p� �t�o� �a�b�o�u�t� �1�5�0� 

�k�W� �p�e�a�k� �p�o�w�e�r�.� �T�h�i�s� �t�r�a�n�s�l�a�t�e�s� �t�o� �a� �'�t�y�p�i�c�a�l�'� �r�e�q�u�i�r�e�m�e�n�t� �o�f� �u�p� �t�o� �a�p�p�r�o�x�i�m�a�t�e�l�y� �4�0�-�5�0� �W� 

�p�e�a�k� �p�o�w�e�r� �p�e�r� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t� �f�o�r� �t�h�i�s� �a�p�p�l�i�c�a�t�i�o�n�.� �A� �w�a�v�e�g�u�i�d�e� �t�y�p�e� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t� 

�i�s� �i�d�e�a�l�l�y� �s�u�i�t�e�d� �f�o�r� �t�h�i�s� �a�p�p�l�i�c�a�t�i�o�n� �a�t� �X� �a�n�d� �K�u� �b�a�n�d� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �t�h�e�r�e�f�o�r�e� �t�h�e� �s�u�b�j�e�c�t� 

�o�f� �t�h�i�s� �i�n�v�e�s�t�i�g�a�t�i�o�n�.� �T�h�e� �C�S�W� �i�n�v�e�s�t�i�g�a�t�e�d� �i�n� �t�h�i�s� �r�e�p�o�r�t� �i�s� �c�o�n�s�t�r�u�c�t�e�d� �f�r�o�m� �a� �w�a�v�e�g�u�i�d�e� 

�a�n�d� �h�e�n�c�e� �a� �s�u�i�t�a�b�l�e� �c�a�n�d�i�d�a�t�e�.� 
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�2�.�5� �D�i�s�c�u�s�s�i�o�n� �o�f� �P�r�i�o�r� �W�o�r�k� 

�I�n� �t�h�i�s� �s�e�c�t�i�o�n� �w�e� �d�i�s�c�u�s�s� �p�r�i�o�r� �w�o�r�k� �a�s� �i�t� �p�e�r�t�a�i�n�s� �t�o� �t�h�e� �r�e�s�e�a�r�c�h� �c�o�n�d�u�c�t�e�d� �i�n� 

�C�h�a�p�t�e�r�s� �4� �t�h�r�o�u�g�h� �7� �o�f� �t�h�i�s� �r�e�p�o�r�t�.� �I�n� �o�r�d�e�r� �t�o� �d�e�m�o�n�s�t�r�a�t�e� �t�h�e� �o�r�i�g�i�n�a�l�i�t�y� �o�f� �t�h�e� �w�o�r�k� 

�p�r�e�s�e�n�t�e�d�,� �w�e� �m�u�s�t� �c�o�n�s�i�d�e�r� �s�e�v�e�r�a�l� �k�e�y� �a�s�p�e�c�t�s� �o�f� �t�h�e� �p�r�i�o�r� �w�o�r�k� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�.� �A� 

�d�i�s�c�u�s�s�i�o�n� �o�f� �p�r�e�v�i�o�u�s�l�y� �i�n�v�e�s�t�i�g�a�t�e�d� �w�a�v�e�g�u�i�d�e� �c�r�o�s�s�-�s�e�c�t�i�o�n� �g�e�o�m�e�t�r�i�e�s� �i�s� �g�i�v�e�n�,� 

�f�o�l�l�o�w�e�d� �b�y� �d�i�s�c�u�s�s�i�o�n� �o�f� �b�a�n�d�w�i�d�t�h� �e�n�h�a�n�c�e�m�e�n�t� �o�f� �w�a�v�e�g�u�i�d�e�s� �u�s�i�n�g� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g�.� 

�A� �d�i�s�c�u�s�s�i�o�n� �o�f� �o�t�h�e�r� �p�h�a�s�e�d� �a�r�r�a�y� �m�e�t�h�o�d�s� �w�h�i�c�h� �a�r�e� �o�f� �i�n�t�e�r�e�s�t� �f�o�r� �c�o�m�p�a�r�a�t�i�v�e� �r�e�a�s�o�n�s� 

�i�s� �a�l�s�o� �p�r�o�v�i�d�e�d�.� �T�h�e�s�e� �o�t�h�e�r� �m�e�t�h�o�d�s� �i�n�c�l�u�d�e� �w�i�d�e�b�a�n�d� �s�o�l�i�d� �s�t�a�t�e� �d�i�s�t�r�i�b�u�t�i�v�e� �a�r�r�a�y�s� �a�n�d� 

�o�t�h�e�r� �a�l�t�e�r�n�a�t�i�v�e� �b�e�a�m� �s�c�a�n�n�i�n�g� �m�e�t�h�o�d�s�.� �F�i�n�a�l�l�y�,� �a� �r�e�v�i�e�w� �o�f� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�e�d� 

�w�a�v�e�g�u�i�d�e� �a�p�e�r�t�u�r�e�s� �i�s� �g�i�v�e�n� �f�o�r� �c�o�m�p�a�r�i�s�o�n� �t�o� �t�h�e� �n�o�v�e�l� �a�p�p�r�o�a�c�h� �g�i�v�e�n� �i�n� �t�h�i�s� �r�e�p�o�r�t�.� 

�2�.�5�.�1� �W�a�v�e�g�u�i�d�e� �C�r�o�s�s�-�S�e�c�t�i�o�n�a�l� �G�e�o�m�e�t�r�i�e�s� 
�A� �s�u�m�m�a�r�y� �o�f� �e�a�c�h� �o�f� �t�h�e� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t� �c�r�o�s�s� �s�e�c�t�i�o�n�s� �f�o�r� �w�h�i�c�h� �t�h�e�r�e� �h�a�s� 

�b�e�e�n� �b�a�n�d�w�i�d�t�h� �r�e�l�a�t�e�d� �r�e�s�e�a�r�c�h� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�-�1�1�.� �E�a�c�h� �o�f� �t�h�e�s�e� �s�u�p�p�o�r�t� �d�u�a�l� 

�p�o�l�a�r�i�z�a�t�i�o�n� �a�n�d� �h�a�v�e� �b�e�e�n� �i�n�v�e�s�t�i�g�a�t�e�d� �i�n� �v�a�r�i�o�u�s� �f�o�r�m�s� �a�s� �i�s� �d�i�s�c�u�s�s�e�d� �b�e�l�o�w�.� 

�O�n�e� �o�f� �t�h�e� �m�o�s�t� �o�b�v�i�o�u�s� �w�a�v�e�g�u�i�d�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �g�e�o�m�e�t�r�i�c� �s�h�a�p�e�s� �t�h�a�t� �h�a�s� �9�0� 

�d�e�g�r�e�e� �r�o�t�a�t�i�o�n�a�l� �s�y�m�m�e�t�r�y� �i�s� �t�h�e� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�-�1�l�a�.� �T�h�e� �s�i�n�g�l�e�-� 

�m�o�d�e� �b�a�n�d�w�i�d�t�h� �o�f� �a� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �i�s� �1�.�4�1�4�:�1�(�3�4�.�3�%�)� �a�n�d� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �T�E�,�,� 

�a�n�d� �T�E�,�,�/�T�M�,�,� �m�o�d�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s�.� �T�s�a�n�d�o�u�g�l�a�s� �a�n�d� �K�n�i�t�t�e�l� �[�3�0�]� �i�n�v�e�s�t�i�g�a�t�e�d� �a� 

�d�u�a�l�-�p�o�l�a�r�i�z�e�d� �a�r�r�a�y� �o�f� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t�s�.� �T�h�e� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e�s� �w�e�r�e� 

�m�a�t�c�h�e�d� �b�y� �i�n�t�r�o�d�u�c�i�n�g� �m�u�l�t�i�p�l�e� �t�r�a�n�s�v�e�r�s�e� �d�i�e�l�e�c�t�r�i�c� �l�a�y�e�r�s� �w�i�t�h�i�n� �t�h�e� �w�a�v�e�g�u�i�d�e�,� �a�n�d� 

�a�l�s�o� �b�y� �a�d�d�i�n�g� �d�i�e�l�e�c�t�r�i�c� �s�l�a�b�s� �l�a�y�e�r�s� �e�x�t�e�r�n�a�l� �t�o� �t�h�e� �w�a�v�e�g�u�i�d�e� �o�n� �t�h�e� �a�r�r�a�y� �s�u�r�f�a�c�e�.� 

�S�t�u�d�i�e�s� �w�e�r�e� �p�e�r�f�o�r�m�e�d� �o�n� �t�w�o� �d�e�s�i�g�n�s� �w�i�t�h� �b�a�n�d�w�i�d�t�h�s� �o�f� �2�0�%� �a�n�d� �2�5�%�.� �<�A� �2�6�7�-� 

�e�l�e�m�e�n�t� �a�r�r�a�y� �w�a�s� �c�o�n�s�t�r�u�c�t�e�d� �t�o� �d�e�m�o�n�s�t�r�a�t�e� �p�e�r�f�o�r�m�a�n�c�e� �f�o�r� �m�u�l�t�i�p�l�e� �p�o�l�a�r�i�z�a�t�i�o�n�s�.� 

�A�n�o�t�h�e�r� �w�a�v�e�g�u�i�d�e� �t�y�p�e� �e�l�e�m�e�n�t� �t�h�a�t� �u�s�e�s� �a� �s�q�u�a�r�e� �g�e�o�m�e�t�r�y� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� 

�B�r�y�a�n�t� �[�3�1�]�,� �w�h�o� �e�m�p�l�o�y�s� �a�n� �e�l�e�c�t�r�i�c�a�l�l�y� �s�h�o�r�t� �(�~� �4�/�1�0�)� �p�i�e�c�e� �o�f� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� 

�o�p�e�r�a�t�i�n�g� �b�e�l�o�w� �t�h�e� �d�o�m�i�n�a�n�t� �m�o�d�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�y� �a�n�d� �a�n� �a�p�e�r�t�u�r�e� �l�o�a�d�e�d� �w�i�t�h� �a� �t�h�i�n� 

�d�i�e�l�e�c�t�r�i�c� �p�l�u�g� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�-�1�2�.� �T�h�e� �w�a�v�e�g�u�i�d�e� �i�s� �e�x�c�i�t�e�d� �b�y� �a� �p�a�i�r� �o�f� �o�r�t�h�o�g�o�n�a�l� 

�c�o�a�x�i�a�l� �f�e�d� �p�r�o�b�e�s� �w�h�i�c�h� �c�a�n� �p�r�o�v�i�d�e� �t�h�e� �d�e�s�i�r�e�d� �p�o�l�a�r�i�z�a�t�i�o�n� �b�y� �p�r�o�p�e�r� �p�h�a�s�e� �a�n�d� 

�a�m�p�l�i�t�u�d�e� �a�d�j�u�s�t�m�e�n�t�s� �o�f� �t�h�e� �a�p�p�l�i�e�d� �s�i�g�n�a�l�.� �T�h�e� �c�o�n�c�e�p�t� �o�f� �u�s�i�n�g� �a� �s�h�o�r�t� �s�e�c�t�i�o�n� �o�f� �c�u�t�o�f�f� 

�w�a�v�e�g�u�i�d�e� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� �W�h�e�e�l�e�r� �[�3�2�]�,� �[�3�3�]� �a�n�d� �i�s� �r�e�p�o�r�t�e�d� �t�o� �i�m�p�r�o�v�e� �t�h�e� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �3�3
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�F�i�g�u�r�e� �2�-�1�1�.� �C�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �v�i�e�w�s� �o�f� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t�s� �t�h�a�t� �s�u�p�p�o�r�t� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n�.� 
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�F�i�g�u�r�e� �2�-�1�2�.� �C�o�n�c�e�p�t�u�a�l� �i�l�l�u�s�t�r�a�t�i�o�n� �o�f� �t�h�e� �W�h�e�e�l�e�r� �e�l�e�m�e�n�t�.� �T�h�e� �a�p�e�r�t�u�r�e� �c�o�n�s�i�s�t�s� �o�f� �a� 

�s�h�o�r�t� �p�i�e�c�e� �o�f� �w�a�v�e�g�u�i�d�e� �(�~� �2�/�1�0�)� �o�p�e�r�a�t�e�d� �b�e�l�o�w� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�y�.� �A�f�t�e�r� �[�3�2�]�,�[�3�3�]�.� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �3�5



�i�m�p�e�d�a�n�c�e� �m�a�t�c�h�.� �T�h�e� �r�e�p�o�r�t�e�d� �a�r�r�a�y� �b�a�n�d�w�i�d�t�h� �u�s�i�n�g� �t�h�i�s� �e�l�e�m�e�n�t� �w�a�s� �f�o�u�n�d� �t�o� �b�e� �2�0�%� 

�f�o�r� �w�h�i�c�h� �a� �s�u�i�t�a�b�l�e� �m�a�t�c�h� �w�a�s� �a�c�h�i�e�v�e�d�.� �A� �s�i�m�i�l�a�r� �a�p�p�r�o�a�c�h� �a�l�s�o� �e�m�p�l�o�y�i�n�g� �a� �s�h�o�r�t� 

�s�e�c�t�i�o�n� �o�f� �c�u�t�o�f�f� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �w�a�s� �u�s�e�d� �b�y� �F�o�t�i� �a�n�d� �S�h�e�l�l�e�y� �[�3�4�]�,� �w�h�o� �d�e�m�o�n�s�t�r�a�t�e�d� 

�a� �2�.�0�8�:�1� �(�7�1�%�)� �b�a�n�d�w�i�d�t�h� �i�n� �a�n� �a�r�r�a�y� �s�c�a�n�n�i�n�g� �t�o� �+�6�0�°�.� �T�h�i�s� �i�s� �a�n� �i�m�p�r�e�s�s�i�v�e� �a�r�r�a�y� 

�e�l�e�m�e�n�t� �p�e�r�f�o�r�m�a�n�c�e� �i�n� �t�e�r�m�s� �o�f� �b�a�n�d�w�i�d�t�h�.� �I�t� �i�s� �u�n�c�e�r�t�a�i�n� �t�o� �t�h�e� �a�u�t�h�o�r� �a�s� �t�o� �h�o�w� �o�n�e� 

�w�o�u�l�d� �i�n�t�e�r�f�a�c�e� �F�o�t�i�'�s� �e�l�e�m�e�n�t� �t�o� �a� �w�a�v�e�g�u�i�d�e� �f�o�r� �h�i�g�h� �p�o�w�e�r� �u�s�e�.� 

�T�h�e� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�-�1�1�b� �i�s� �a�l�s�o� �c�a�n�d�i�d�a�t�e� �f�o�r� �d�u�a�l� �p�o�l�a�r�i�z�e�d� 

�a�r�r�a�y�s� �s�i�n�c�e� �i�t� �a�l�s�o� �s�a�t�i�s�f�i�e�s� �t�h�e� �s�y�m�m�e�t�r�y� �r�e�q�u�i�r�e�m�e�n�t�s� �f�o�r� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n�.� �T�h�e� 
�b�a�n�d�w�i�d�t�h� �o�f� �a�n� �u�n�l�o�a�d�e�d� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �i�s� �t�h�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �T�E�,�,� �a�n�d� �T�M�,�,� 

�m�o�d�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �i�s� �f�o�u�n�d� �t�o� �b�e� �1�.�3�0�6�2�:�1�(�2�6�.�5�%�)�.� �T�h�e�r�e�f�o�r�e�,� �a�n� �u�n�l�o�a�d�e�d� 

�c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �o�f�f�e�r�s� �l�e�s�s� �b�a�n�d�w�i�d�t�h� �t�h�a�n� �t�h�e� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e�.� �A�n� 

�a�n�a�l�y�s�i�s� �o�f� �a�n� �i�n�f�i�n�i�t�e� �a�r�r�a�y� �o�f� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e�s� �i�s� �f�o�u�n�d� �i�n� �[�1�1�]� �a�n�d� �[�2�3�]� �i�n� �w�h�i�c�h� �t�h�e�y� 

�r�e�p�o�r�t�e�d� �o�b�t�a�i�n�i�n�g� �b�a�n�d�w�i�d�t�h�s� �o�f� �1�5�%� �w�i�t�h� �w�e�l�l� �m�a�t�c�h�e�d� �p�e�r�f�o�r�m�a�n�c�e�.� �C�h�e�n� �[�3�5�]� 

�d�i�s�c�u�s�s�e�s� �a� �d�e�s�i�g�n� �a�p�p�r�o�a�c�h� �f�o�r� �a�n� �a�r�r�a�y� �o�f� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t�s� �l�o�a�d�e�d� �w�i�t�h� 

�d�i�e�l�e�c�t�r�i�c� �p�l�u�g�s� �a�n�d� �c�o�v�e�r�e�d� �w�i�t�h� �a� �d�i�e�l�e�c�t�r�i�c� �s�h�e�e�t�.� �H�e� �r�e�p�o�r�t�s� �o�b�t�a�i�n�i�n�g� �1�6�%� �b�a�n�d�w�i�d�t�h� 

�a�n�d� �d�i�s�c�u�s�s�e�s� �o�b�t�a�i�n�i�n�g� �a� �s�u�i�t�a�b�l�e� �i�m�p�e�d�a�n�c�e� �m�a�t�c�h� �o�v�e�r� �a� �+�6�0�°� �s�c�a�n�.� �S�c�h�m�i�e�r� �a�n�d� 

�B�u�c�k�l�e�y� �[�3�6�]� �r�e�p�o�r�t�e�d� �o�b�t�a�i�n�i�n�g� �a� �3�0�%� �b�a�n�d�w�i�d�t�h� �o�v�e�r� �a� �3�0�°� �s�c�a�n� �c�o�n�e� �u�s�i�n�g� �t�h�e� �e�l�e�m�e�n�t� 

�g�e�o�m�e�t�r�y� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�-�1�3�.� �T�h�e�i�r� �e�l�e�m�e�n�t� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e�  ��a�r�t�i�f�i�c�i�a�l� �p�u�c�k� 

�w�i�d�e�b�a�n�d� �e�l�e�m�e�n�t �� �a�n�d� �u�s�e�s� �a� �c�o�a�x�i�a�l�-�f�e�d� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �l�o�a�d�e�d� �w�i�t�h� �m�e�t�a�l�l�i�c� �r�i�d�g�e�s�,� 

�d�i�s�c�s� �a�n�d� �a� �d�i�e�l�e�c�t�r�i�c� �s�u�c�h� �t�h�a�t� �t�h�e� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�r�e� �m�a�i�n�t�a�i�n�e�d�.� 

�A�n�o�t�h�e�r� �v�a�r�i�a�t�i�o�n� �o�f� �t�h�e� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t� �w�a�s� �d�e�v�e�l�o�p�e�d� �b�y� �W�h�e�e�l�e�r� �[�3�2�]�,� �[�3�3�]� 

�(�s�e�e� �F�i�g�u�r�e� �2�-�1�2�)� �a�n�d� �i�s� �a�n�a�l�o�g�o�u�s� �s�q�u�a�r�e� �e�l�e�m�e�n�t� �d�i�s�c�u�s�s�e�d� �a�b�o�v�e� �w�h�i�c�h� �u�s�e�s� �a� �s�h�o�r�t� 

�p�i�e�c�e� �o�f� �c�u�t�o�f�f� �w�a�v�e�g�u�i�d�e�.� �T�h�e� �e�l�e�m�e�n�t� �w�a�s� �s�u�c�c�e�s�s�f�u�l�l�y� �m�a�t�c�h�e�d� �i�n� �a�n� �a�r�r�a�y� �w�i�t�h� �V�S�W�R� 

�o�f� �l�e�s�s� �t�h�a�n� �2�.�0� �o�v�e�r� �a� �b�a�n�d�w�i�d�t�h� �o�f� �1�3�%� �f�o�r� �a� �s�c�a�n� �c�o�n�e� �o�f� �3�0�°�.� 

�T�h�e� �b�a�n�d�w�i�d�t�h� �e�n�h�a�n�c�e�m�e�n�t� �p�r�o�p�e�r�t�i�e�s� �a�c�h�i�e�v�e�d� �b�y� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �o�n�e� �o�r� �t�w�o� 

�m�e�t�a�l�l�i�c� �r�i�d�g�e�s� �n�o�r�m�a�l� �t�o� �t�h�e� �b�r�o�a�d� �w�a�l�l� �o�f� �a� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e� �a�r�e� �w�e�l�l� �k�n�o�w�n� �[�1�0�]�.� 

�S�i�n�c�e� �s�i�n�g�l�e�-� �a�n�d� �d�u�a�l�-�r�i�d�g�e�d� �w�a�v�e�g�u�i�d�e�s� �a�r�e� �k�n�o�w�n� �t�o� �p�r�o�v�i�d�e� �m�u�l�t�i�-�o�c�t�a�v�e� �b�a�n�d�w�i�d�t�h� 

�f�o�r� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e�s�,� �a� �l�o�g�i�c�a�l� �e�x�t�e�n�s�i�o�n� �o�f� �t�h�i�s� �w�o�r�k� �w�o�u�l�d� �b�e� �t�o� �i�n�v�e�s�t�i�g�a�t�e� 

�b�a�n�d�w�i�d�t�h� �e�n�h�a�n�c�e�m�e�n�t� �o�f� �a� �s�q�u�a�r�e� �o�r� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �u�s�i�n�g� �r�i�d�g�e� �l�o�a�d�i�n�g�.� �I�n� �n�d�g�e� 

�l�o�a�d�i�n�g� �a� �s�q�u�a�r�e� �o�r� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e�,� �f�o�u�r� �s�y�m�m�e�t�r�i�c� �r�i�d�g�e�s� �m�u�s�t� �b�e� �a�d�d�e�d� �t�o� �m�a�i�n�t�a�i�n� 

�t�h�e� �d�e�s�i�r�e�d� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�.� �T�h�e� �f�i�r�s�t� �p�u�b�l�i�s�h�e�d� �w�o�r�k� �o�n� �q�u�a�d�r�u�p�l�e�-�r�i�d�g�e� 

�l�o�a�d�i�n�g� �w�a�s� �r�e�p�o�r�t�e�d� �b�y� �S�h�i�m�i�z�u� �[�3�7�]� �w�h�o� �e�x�p�e�r�i�m�e�n�t�a�l�l�y� �i�n�v�e�s�t�i�g�a�t�e�d� �a�n� �o�c�t�a�v�e� 

�b�a�n�d�w�i�d�t�h� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �f�e�e�d� �h�o�r�n� �f�o�r� �a� �r�e�f�l�e�c�t�o�r� �a�n�t�e�n�n�a�.� �L�a�t�e�r� �w�o�r�k� �p�e�r�f�o�r�m�e�d� �b�y� 
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�F�i�g�u�r�e� �2�-�1�3�.� �A�r�t�i�f�i�c�i�a�l� �p�u�c�k� �w�i�d�e�b�a�n�d� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t�.� �R�e�p�r�i�n�t�e�d� �f�r�o�m� �[�3�6�]�.� 
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�M�.�H�.� �C�h�e�n� �e�f� �a�l�.� �[�3�8�]� �f�o�c�u�s�e�d� �o�n� �a� �t�h�e�o�r�e�t�i�c�a�l� �a�n�d� �e�x�p�e�r�i�m�e�n�t�a�l� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �b�o�t�h� 

�c�i�r�c�u�l�a�r� �a�n�d� �s�q�u�a�r�e� �q�u�a�d�r�u�p�l�e�-�r�i�d�g�e�d� �w�a�v�e�g�u�i�d�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e�s� �2�-�l�l�c� �a�n�d� �2�-�1�l�d� 

�r�e�c�e�p�t�i�v�e�l�y�.� �D�e�t�a�i�l�e�d� �s�t�u�d�i�e�s� �w�e�r�e� �c�o�n�d�u�c�t�e�d� �o�n� �t�h�e� �m�o�d�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �a�n�d� �t�h�e� �r�e�s�u�l�t�s� 

�s�h�o�w�e�d� �t�h�a�t� �a�s� �t�h�e� �d�e�p�t�h� �o�f� �t�h�e� �r�i�d�g�e� �i�n�s�i�d�e� �t�h�e� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �i�n�c�r�e�a�s�e�s�,� �b�a�n�d�w�i�d�t�h� 

�d�e�c�r�e�a�s�e�s� �w�h�i�c�h� �i�s� �i�n� �c�o�n�t�r�a�s�t� �t�o� �d�u�a�l�-�r�i�d�g�e� �l�o�a�d�i�n�g� �o�f� �a� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e�.� �F�o�r� �t�h�e� 

�c�a�s�e� �o�f� �q�u�a�d�r�u�p�l�e�-�r�i�d�g�e�d� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e�,� �b�a�n�d�w�i�d�t�h� �w�a�s� �f�o�u�n�d� �t�o� �i�n�c�r�e�a�s�e� �s�o�m�e�w�h�a�t�,� 

�b�u�t� �o�n�l�y� �t�o� �a�b�o�u�t� �3�8�%�.� �T�h�e�r�e�f�o�r�e�,� �r�i�d�g�e� �l�o�a�d�i�n�g� �o�f� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e�s� �d�o�e�s� �i�n�c�r�e�a�s�e� 

�b�a�n�d�w�i�d�t�h�,� �h�o�w�e�v�e�r� �o�n�l�y� �t�o� �a�n� �a�m�o�u�n�t� �s�l�i�g�h�t�l�y� �m�o�r�e� �t�h�a�n� �t�h�a�t� �o�f� �a�n� �u�n�l�o�a�d�e�d� �s�q�u�a�r�e� 

�w�a�v�e�g�u�i�d�e�.� 

�S�e�v�e�r�a�l� �a�r�r�a�y� �s�t�u�d�i�e�s� �u�s�i�n�g� �q�u�a�d�r�u�p�l�e�-�r�i�d�g�e�d� �w�a�v�e�g�u�i�d�e� �h�a�v�e� �b�e�e�n� �c�o�n�d�u�c�t�e�d�.� 

�C�.�C�.� �C�h�e�n� �[�3�9�]� �h�a�s� �d�e�m�o�n�s�t�r�a�t�e�d� �a�r�r�a�y� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �a� �q�u�a�d�r�u�p�l�e�-�r�i�d�g�e�d� �c�i�r�c�u�l�a�r� 

�w�a�v�e�g�u�i�d�e� �p�h�a�s�e�d� �a�r�r�a�y� �o�v�e�r� �a� �b�a�n�d�w�i�d�t�h� �o�f� �1�6�%� �a�n�d� �a� �s�c�a�n� �h�a�l�f� �c�o�n�e� �s�c�a�n� �a�n�g�l�e� �o�f� �6�0�°�.� 

�R�e�s�e�a�r�c�h�e�r�s� �R�o�b�i�n�s�o�n� �e�f� �a�/�.� �[�4�0�]� �r�e�p�o�r�t�e�d� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �a�r�r�a�y� �t�h�a�t� �u�s�e�s� �t�h�e� �e�l�e�m�e�n�t� 

�d�e�s�c�r�i�b�e�d� �b�y� �S�o�k�o�r�a� �[�4�1�]�.� �T�h�i�s� �e�l�e�m�e�n�t� �[�4�1�]� �i�s� �q�u�a�d�r�u�p�l�e�-�r�i�d�g�e� �l�o�a�d�e�d� �v�a�r�i�a�n�t� �o�f� �a� �s�q�u�a�r�e� 

�w�a�v�e�g�u�i�d�e�,� �i�n� �w�h�i�c�h� �r�i�d�g�e�s� �a�r�e� �e�x�t�e�n�d�e�d� �b�e�y�o�n�d� �t�h�e� �w�a�v�e�g�u�i�d�e� �a�t� �t�h�e� �r�a�d�i�a�t�i�n�g� �e�n�d� �o�f� �t�h�e� 

�g�u�i�d�e�.� �T�h�e� �R�o�b�i�n�s�o�n� �s�h�o�w�s� �a� �s�i�n�g�l�e� �e�l�e�m�e�n�t� �p�a�t�t�e�r�n� �a�t� �t�h�e� �l�o�w�,� �m�i�d� �a�n�d� �h�i�g�h� �f�r�e�q�u�e�n�c�y� 

�o�v�e�r� �a� �3�:�1� �b�a�n�d�w�i�d�t�h�.� �A�r�r�a�y� �p�a�t�t�e�r�n� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �g�i�v�e�n� �a�t� �t�h�e� �m�i�d�d�l�e� �f�r�e�q�u�e�n�c�y�;� 

�h�o�w�e�v�e�r�,� �n�o� �p�a�t�t�e�r�n� �d�a�t�a� �a�r�e� �g�i�v�e�n� �f�o�r� �t�h�e� �a�r�r�a�y� �a�t� �t�h�e� �h�i�g�h� �a�n�d� �l�o�w� �o�p�e�r�a�t�i�n�g� �f�r�e�q�u�e�n�c�i�e�s�.� 

�I�t� �i�s� �n�o�t� �p�o�s�s�i�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �f�r�o�m� �r�e�f�e�r�e�n�c�e� �[�4�0�]� �w�h�e�t�h�e�r� �t�h�e� �a�r�r�a�y� �w�i�l�l� �f�u�n�c�t�i�o�n� �w�i�t�h�o�u�t� 

�b�l�i�n�d�n�e�s�s� �a�t� �t�h�e� �h�i�g�h�e�s�t� �f�r�e�q�u�e�n�c�y� �o�f� �o�p�e�r�a�t�i�o�n� �s�i�n�c�e� �t�h�e�s�e� �d�a�t�a� �a�r�e� �n�o�t� �p�r�e�s�e�n�t�e�d�.� 

�T�h�e� �c�r�o�s�s�-�s�h�a�p�e�d� �w�a�v�e�g�u�i�d�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �g�e�o�m�e�t�r�y� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�-�1�l�e� �w�a�s� 

�i�n�v�e�s�t�i�g�a�t�e�d� �b�y� �S�t�a�l�z�e�r� �e�t� �a�l�.� �[�4�2�]� �a�s� �a� �p�o�s�s�i�b�l�e� �c�a�n�d�i�d�a�t�e� �f�o�r� �a� �b�r�o�a�d�b�a�n�d� �e�l�e�m�e�n�t�.� �T�h�e� 

�f�i�n�i�t�e� �e�l�e�m�e�n�t� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e� �w�a�s� �u�s�e�d� �t�o� �s�o�l�v�e� �f�o�r� �t�h�e� �f�i�e�l�d�s� �a�n�d� �t�h�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s� 

�f�o�r� �t�h�e� �f�i�r�s�t� �s�e�v�e�r�a�l� �m�o�d�e�s�.� �S�t�a�l�z�e�r� �o�b�t�a�i�n�s� �a� �m�a�x�i�m�u�m� �t�h�e�o�r�e�t�i�c�a�l� �s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h� 

�(�a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �d�i�m�e�n�s�i�o�n�s� �o�f� �t�h�e� �g�u�i�d�e�)� �o�f� �a�b�o�u�t� �3�8�%�,� �w�h�i�c�h� �i�s� �j�u�s�t� �s�l�i�g�h�t�l�y� �l�a�r�g�e�r� �t�h�a�n� 

�t�h�e� �b�a�n�d�w�i�d�t�h� �o�f� �a�n� �u�n�l�o�a�d�e�d� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e�.� �I�t� �i�s� �b�e�l�i�e�v�e�d� �t�h�a�t� �t�h�e� �q�u�a�d�r�u�p�l�e�-�r�i�d�g�e�d� 

�c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �a�n�d� �t�h�e� �c�r�o�s�s�-�s�h�a�p�e�d� �w�a�v�e�g�u�i�d�e� �r�e�p�r�e�s�e�n�t� �t�h�e� �m�a�x�i�m�u�m� �o�b�t�a�i�n�e�d� 

�s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h� �o�f� �a�b�o�u�t� �3�8�%� �f�o�r� �w�a�v�e�g�u�i�d�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�s� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �t�h�a�t� 

�s�u�p�p�o�r�t� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n�.� 

�A� �s�u�m�m�a�r�y� �o�f� �s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h�s� �f�o�r� �w�a�v�e�g�u�i�d�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�s� �d�i�s�c�u�s�s�e�d� �i�n� 

�t�h�i�s� �s�e�c�t�i�o�n� �i�s� �p�r�o�v�i�d�e�d� �i�n� �T�a�b�l�e� �2�-�1�.� �T�h�e� �s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h�s� �g�i�v�e�n� �i�n� �T�a�b�l�e� �2�-�1� �a�r�e� 

�t�h�e� �t�h�e�o�r�e�t�i�c�a�l� �b�a�n�d�w�i�d�t�h�s�,� �d�e�f�i�n�e�d� �b�y� �(�2�.�2�)� �a�n�d� �s�h�o�u�l�d� �n�o�t� �b�e� �c�o�n�f�u�s�e�d� �w�i�t�h� �t�h�e� �p�r�a�c�t�i�c�a�l� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �3�8



�b�a�n�d�w�i�d�t�h� �d�i�s�c�u�s�s�e�d� �i�n� �S�e�c�t�i�o�n� �2�.�2�.�2�.�2�.� �T�h�e� �b�a�n�d�w�i�d�t�h�s� �o�f� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�e�d� �c�i�r�c�u�l�a�r� 

�a�n�d� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e�s� �a�l�s�o� �g�i�v�e�n� �i�n� �t�h�e� �t�a�b�l�e� �a�r�e� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�.� 

�T�a�b�l�e� �2�-�1�.� 

�T�h�e�o�r�e�t�i�c�a�l� �S�i�n�g�l�e�-�M�o�d�e� �B�a�n�d�w�i�d�t�h� �f�o�r� �V�a�r�i�o�u�s� �W�a�v�e�g�u�i�d�e� �C�r�o�s�s�-�S�e�c�t�i�o�n�a�l� �G�e�o�m�e�t�r�i�e�s�.� 

�(�T�h�e� �g�e�o�m�e�t�r�i�e�s� �s�h�o�w�n� �s�u�p�p�o�r�t� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n�.�)� 
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�C�r�o�s�s�-�S�e�c�t�i�o�n� �B�a�n�d�w�i�d�t�h� �(�%�)� 

�S�q�u�a�r�e� �3�4�.�3� 

�c�i�r�c�u�l�a�r� �2�6�.�5� 

�_� �q�u�a�d�-�r�i�d�g�e�d� �c�i�r�c�u�l�a�r� �3�8� �m�a�x�i�m�u�m� 

�_� �q�u�a�d�-�r�i�d�g�e�d� �s�q�u�a�r�e� �<� �3�4�3� 

�c�r�o�s�s�-�s�h�a�p�e�d� �3�8� �m�a�x�i�m�u�m� 

�d�i�e�l�e�c�t�r�i�c� �l�o�a�d�e�d� �c�i�r�c�u�l�a�r� �3�1�.�8� �m�a�x�i�m�u�m� 

�d�i�e�l�e�c�t�r�i�c� �l�o�a�d�e�d� �s�q�u�a�r�e� �<� �3�4�3� 
� � 

�2�.�5�.�2� �B�a�n�d�w�i�d�t�h� �E�x�t�e�n�s�i�o�n�:� �D�i�e�l�e�c�t�r�i�c� �L�o�a�d�e�d� �W�a�v�e�g�u�i�d�e�s� 
�T�h�e�r�e� �h�a�s� �b�e�e�n� �a� �c�o�n�s�i�d�e�r�a�b�l�e� �e�f�f�o�r�t� �t�o� �i�n�c�r�e�a�s�e� �t�h�e� �b�a�n�d�w�i�d�t�h� �o�f� �w�a�v�e�g�u�i�d�e�s� 

�t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g�.� �T�h�i�s� �s�e�c�t�i�o�n� �o�u�t�l�i�n�e�s� �p�r�i�o�r� �w�o�r�k� �a�n�d� �s�t�a�t�e�s� �t�h�e� 

�r�e�l�e�v�a�n�c�e� �t�o� �t�h�e� �o�v�e�r�a�l�l� �p�r�o�b�l�e�m� �o�f� �o�b�t�a�i�n�i�n�g� �a� �d�u�a�l� �p�o�l�a�r�i�z�e�d� �b�r�o�a�d�b�a�n�d� �p�h�a�s�e�d� �a�r�r�a�y� 

�e�l�e�m�e�n�t�.� �A� �s�u�m�m�a�r�y� �o�f� �t�h�e� �m�o�r�e� �r�e�l�e�v�a�n�t� �w�a�v�e�g�u�i�d�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �g�e�o�m�e�t�r�i�e�s� �i�s� 

�p�r�o�v�i�d�e�d� �i�n� �F�i�g�u�r�e� �2�-�1�4� �a�n�d� �i�n�c�l�u�d�e�s� �b�o�t�h� �s�i�n�g�l�e� �a�n�d� �d�u�a�l� �p�o�l�a�r�i�z�e�d� �m�e�t�h�o�d�s�.� 

�D�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� �o�f� �a� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e� �u�s�i�n�g� �E�-�p�l�a�n�e� �s�l�a�b�s� �h�a�s� �b�e�e�n� 

�i�n�v�e�s�t�i�g�a�t�e�d� �b�y� �G�a�r�d�i�o�l� �[�4�3�]�,� �F�i�n�d�a�k�l�y� �[�4�4�]�,� �a�n�d� �H�a�l�e�v�y� �e�f� �a�l�.� �[�4�5�]�.� �T�h�e� �p�r�o�b�l�e�m� �w�a�s� 

�t�r�e�a�t�e�d� �f�o�r� �a� �g�e�n�e�r�a�l� �n�u�m�b�e�r� �o�f� �s�l�a�b�s� �w�i�t�h� �a�r�b�i�t�r�a�r�y� �s�p�a�c�i�n�g�,� �h�o�w�e�v�e�r� �o�f� �p�a�r�t�i�c�u�l�a�r� �i�n�t�e�r�e�s�t� 

�i�s� �t�h�e� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e� �w�i�t�h� �o�n�e� �c�e�n�t�r�a�l�l�y� �l�o�c�a�t�e�d� �s�l�a�b� �i�n� �a� �r�e�d�u�c�e�d� �h�e�i�g�h�t� �w�a�v�e�g�u�i�d�e� 

�a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�-�1�4�a�.� �B�a�n�d�w�i�d�t�h� �i�n� �e�x�c�e�s�s� �o�f� �t�w�o� �o�c�t�a�v�e�s� �i�s� �o�b�t�a�i�n�a�b�l�e� �b�y� �c�h�o�o�s�i�n�g� �a� 

�s�u�f�f�i�c�i�e�n�t�l�y� �l�a�r�g�e� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �a�n�d� �a� �t�h�i�n� �s�l�a�b�.� �T�h�i�s� �t�e�c�h�n�i�q�u�e� �o�f� �i�n�c�r�e�a�s�i�n�g� �t�h�e� 

�b�a�n�d�w�i�d�t�h� �o�f� �a� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e� �i�s� �a�n�a�l�o�g�o�u�s� �t�o� �r�i�d�g�e� �l�o�a�d�e�d� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e� 

�a�s� �d�i�s�c�u�s�s�e�d� �i�n� �S�e�c�t�i�o�n� �2�.�5�.�1�.� �T�h�e� �e�x�a�m�p�l�e� �o�f� �a� �d�i�e�l�e�c�t�r�i�c�a�l�l�y� �l�o�a�d�e�d� �r�e�c�t�a�n�g�u�l�a�r� 

�w�a�v�e�g�u�i�d�e� �i�l�l�u�s�t�r�a�t�e�s� �t�h�a�t� �b�a�n�d�w�i�d�t�h� �e�x�t�e�n�s�i�o�n� �c�a�n� �b�e� �a�c�h�i�e�v�e�d�,� �h�o�w�e�v�e�r�,� �u�n�f�o�r�t�u�n�a�t�e�l�y� �a� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �3�9
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�F�i�g�u�r�e� �2�-�1�4�.� �D�i�e�l�e�c�t�r�i�c� �l�o�a�d�e�d� �b�a�n�d�w�i�d�t�h� �e�n�h�a�n�c�e�m�e�n�t� �s�c�h�e�m�e�s�.� 

�S�h�o�w�n� �a�r�e� �t�h�e� �w�a�v�e�g�u�i�d�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�s� �v�i�e�w�s�.� �(�a�)� �E�-�p�l�a�n�e� �s�l�a�b� �l�o�a�d�i�n�g�.� �(�b�)� �D�i�e�l�e�c�t�r�i�c� 

�l�o�a�d�e�d� �s�q�u�a�r�e�.� �(�c�)� �D�i�e�l�e�c�t�r�i�c� �l�o�a�d�e�d� �c�i�r�c�u�l�a�r�.� �(�d�)� �D�o�u�b�l�e� �T�-�s�e�p�t�u�m�.� �(�e�)� �D�o�u�b�l�e� �L�-� 

�s�e�p�t�u�m�.� �(�f�)� �I�n�s�e�r�t� �d�i�e�l�e�c�t�r�i�c� �g�u�i�d�e�.� 
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�p�r�i�c�e� �p�a�i�d� �i�n� �t�e�r�m�s� �o�f� �p�e�r�f�o�r�m�a�n�c�e�.� �O�b�v�i�o�u�s�l�y�,� �t�h�e� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e� �d�o�e�s� �n�o�t� 

�s�u�p�p�o�r�t� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n� �a�n�d� �f�u�r�t�h�e�r�m�o�r�e� �t�h�e� �p�o�w�e�r� �h�a�n�d�l�i�n�g� �c�a�p�a�b�i�l�i�t�i�e�s� �o�f� �t�h�e� 

�w�a�v�e�g�u�i�d�e� �a�r�e� �r�e�d�u�c�e�d� �b�e�c�a�u�s�e� �o�f� �t�h�e� �r�e�d�u�c�t�i�o�n� �i�n� �h�e�i�g�h�t� �n�e�e�d�e�d� �t�o� �o�b�t�a�i�n� �t�h�e� �b�a�n�d�w�i�d�t�h�.� 

�F�o�r� �t�h�e� �s�p�e�c�i�a�l� �c�a�s�e� �o�f� �a� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �l�o�a�d�e�d� �w�i�t�h� �a� �s�i�n�g�l�e� �v�e�r�t�i�c�a�l� �s�l�a�b�,� �b�a�n�d�w�i�d�t�h� �i�s� 

�a�c�t�u�a�l�l�y� �r�e�d�u�c�e�d�.� 

�D�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� �o�f� �b�o�t�h� �s�q�u�a�r�e� �a�n�d� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �w�a�s� �i�n�v�e�s�t�i�g�a�t�e�d� �b�y� 

�T�s�a�n�d�o�u�g�l�a�s� �[�4�7�]�,� �[�4�6�]�.� �I�n� �a�n� �e�f�f�o�r�t� �t�o� �i�n�c�r�e�a�s�e� �t�h�e� �b�a�n�d�w�i�d�t�h� �o�f� �a� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e�,� 

�T�s�a�n�d�o�u�g�l�a�s� �[�4�6�]� �s�t�u�d�i�e�d� �t�h�e� �e�f�f�e�c�t�s� �o�f� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� �t�h�e� �w�a�v�e�g�u�i�d�e� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� 

�2�-�1�4�b�.� �T�h�e� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� �c�o�n�s�i�s�t�e�d� �o�f� �a� �t�r�a�n�s�v�e�r�s�e� �s�q�u�a�r�e� �s�e�c�t�i�o�n� �o�f� �t�h�e� �g�u�i�d�e� �l�o�c�a�t�e�d� 

�i�n� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e�.� �I�n� �a�l�l� �t�h�e� �c�o�m�p�u�t�e�d� �t�e�s�t� �c�a�s�e�s� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �w�a�s� 

�f�o�u�n�d� �t�o� �r�e�d�u�c�e� �t�h�e� �s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h�.� �A� �s�i�m�i�l�a�r� �s�t�u�d�y� �w�a�s� �c�o�n�d�u�c�t�e�d� �f�o�r� �c�i�r�c�u�l�a�r� 

�w�a�v�e�g�u�i�d�e�s� �w�i�t�h� �d�i�e�l�e�c�t�r�i�c� �l�i�n�i�n�g� �[�4�7�]� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�-�1�4�c�.� �B�y� �v�a�r�y�i�n�g� �p�a�r�a�m�e�t�e�r�s�,� �i�t� 

�w�a�s� �s�h�o�w�n� �t�h�a�t� �o�n�e� �c�a�n� �i�n�c�r�e�a�s�e� �s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h� �o�f� �a� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �t�o� �3�1�.�8�%� 

�w�h�i�c�h� �i�s� �s�l�i�g�h�t�l�y� �l�e�s�s� �t�h�a�n� �a�n� �u�n�l�o�a�d�e�d� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e�.� 

�O�t�h�e�r� �r�e�s�e�a�r�c�h�e�r�s� �h�a�v�e� �i�n�v�e�s�t�i�g�a�t�e�d� �b�a�n�d�w�i�d�t�h� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�e�d� 

�w�a�v�e�g�u�i�d�e� �u�s�i�n�g� �v�a�r�i�o�u�s� �g�e�o�m�e�t�r�i�e�s� �a�n�d� �s�c�h�e�m�e�s�.� �M�a�z�u�m�d�e�r� �a�n�d� �S�a�h�a� �[�4�8�]� �i�n�v�e�s�t�i�g�a�t�e�d� 

�a� �n�o�v�e�l� �w�a�v�e�g�u�i�d�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �d�o�u�b�l�e� �T�-�s�e�p�t�u�m� �w�a�v�e�g�u�i�d�e�.� �T�h�e� �d�o�u�b�l�e� �T�-�S�e�p�t�u�m� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�-�1�4�d� �c�o�n�s�i�s�t�s� �o�f� �t�w�o� �m�e�t�a�l�l�i�c� �T�-�s�h�a�p�e�d� �p�o�s�t�s� �p�l�a�c�e�d� �i�n� �t�h�e� �b�r�o�a�d� �w�a�l�l�s� 

�o�f� �r�e�c�t�a�n�g�u�l�a�r� �g�u�i�d�e�.� �A� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�e�d� �d�o�u�b�l�e� �T�-�s�e�p�t�u�m� �w�a�v�e�g�u�i�d�e� �a�n�d� �a� �v�e�r�s�i�o�n� 

�r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �s�i�n�g�l�e� �T�-�s�e�p�t�u�m� �h�a�v�e� �a�l�s�o� �b�e�e�n� �i�n�v�e�s�t�i�g�a�t�e�d� �b�y� �M�a�n�s�o�u�r� �a�n�d� �M�a�c�p�h�i�e� 

�[�4�9�]�.� �B�a�n�d�w�i�d�t�h�s� �o�f� �t�h�r�e�e� �o�c�t�a�v�e�s� �(�8�:�1� �o�r� �~�1�5�0� �%�)� �h�a�v�e� �b�e�e�n� �r�e�p�o�r�t�e�d�.� �T�h�e� 

�i�n�h�o�m�o�g�e�n�e�o�u�s�l�y� �f�i�l�l�e�d� �d�o�u�b�l�e� �L�-�S�e�p�t�a� �w�a�v�e�g�u�i�d�e� �(�s�e�e� �F�i�g�u�r�e� �2�-�1�4�e�)� �s�t�u�d�i�e�d� �b�y� �S�a�h�a� �a�n�d� 

�G�u�h�a� �[�5�0�]� �i�s� �o�b�t�a�i�n�e�d� �b�y� �p�l�a�c�i�n�g� �t�w�o� �L�-�s�h�a�p�e�d� �m�e�t�a�l�l�i�c� �p�o�s�t�s� �o�n� �t�h�e� �b�r�o�a�d� �w�a�l�l�s� �o�f� �a� 

�r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e�.� �A� �b�a�n�d�w�i�d�t�h� �r�a�t�i�o� �o�f� �1�2�:�1� �(�o�r� �~�1�7�0� �%�)� �w�a�s� �r�e�p�o�r�t�e�d� �f�o�r� �t�h�e� 

�d�o�u�b�l�e� �L�-�s�e�p�t�u�m� �w�a�v�e�g�u�i�d�e� �w�i�t�h� �p�r�o�p�e�r� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g�.� �P�e�n�n�o�c�k� �e�f� �a�l�.� �[�5�1�]� �d�i�s�c�u�s�s� 

�t�h�e� �m�u�l�t�i�p�l�e� �l�a�y�e�r� �i�n�s�e�t� �d�i�e�l�e�c�t�r�i�c� �g�u�i�d�e� �w�h�i�c�h� �i�s� �f�o�r�m�e�d� �b�y� �c�u�t�t�i�n�g� �a� �l�o�n�g�i�t�u�d�i�n�a�l� �g�r�o�o�v�e� �i�n� 

�a� �g�r�o�u�n�d� �p�l�a�n�e� �a�n�d� �f�i�l�l�i�n�g� �i�t� �w�i�t�h� �d�i�e�l�e�c�t�r�i�c� �m�a�t�e�r�i�a�l� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �2�-�1�4�f�.� �T�h�e� �i�n�s�e�t� 

�d�i�e�l�e�c�t�r�i�c� �g�u�i�d�e� �i�s� �r�e�p�o�r�t�e�d� �t�o� �h�a�v�e� �a� �s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h� �o�f� �6�6�%� �w�h�i�c�h� �i�s� �c�o�m�p�a�r�a�b�l�e� 

�t�o� �s�i�m�i�l�a�r� �d�u�a�l�-�r�i�d�g�e�d� �w�a�v�e�g�u�i�d�e�.� �E�a�c�h� �o�f� �t�h�e�s�e� �m�e�t�h�o�d�s� �d�e�m�o�n�s�t�r�a�t�e� �t�h�a�t� �b�a�n�d�w�i�d�t�h� 

�e�n�h�a�n�c�e�m�e�n�t� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �b�y� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� �w�a�v�e�g�u�i�d�e�s�;� �h�o�w�e�v�e�r�,� �t�h�e�s�e� �s�c�h�e�m�e�s� 

�a�r�e� �n�o�t� �l�i�k�e�l�y� �t�o� �b�e� �s�u�i�t�a�b�l�e� �c�a�n�d�i�d�a�t�e�s� �f�o�r� �b�r�o�a�d�b�a�n�d� �a�r�r�a�y� �r�a�d�i�a�t�o�r� �e�l�e�m�e�n�t�s� �b�e�c�a�u�s�e� �o�f� 

�s�y�m�m�e�t�r�y� �r�e�q�u�i�r�e�m�e�n�t�s� �n�e�e�d�e�d� �f�o�r� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n�.� �T�h�e�r�e� �a�p�p�e�a�r�s� �t�o� �b�e� �n�o� �a�d�d�i�t�i�o�n�a�l� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �4�1



�w�o�r�k� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �o�n� �e�x�t�e�n�d�i�n�g� �t�h�e�s�e� �p�r�i�n�c�i�p�l�e�s� �t�o� �a� �d�u�a�l� �p�o�l�a�r�i�z�e�d� �v�e�r�s�i�o�n� �t�h�a�t� �m�e�e�t�s� 

�t�h�e� �9�0� �d�e�g�r�e�e� �r�o�t�a�t�i�o�n�a�l� �s�y�m�m�e�t�r�y� �r�e�q�u�i�r�e�m�e�n�t�.� 

�A� �s�u�m�m�a�r�y� �o�f� �w�a�v�e�g�u�i�d�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �g�o�e�m�e�t�r�i�e�s� �t�h�a�t� �e�m�p�l�o�y� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� 

�t�o� �o�b�t�a�i�n� �b�a�n�d�w�i�d�t�h� �e�x�t�e�n�s�i�o�n� �i�s� �s�h�o�w�n� �i�n� �T�a�b�l�e� �2�-�2�.� �T�h�e� �t�a�b�l�e� �g�i�v�e�s� �t�h�e�o�r�e�t�i�c�a�l� �s�i�n�g�l�e�-� 

�m�o�d�e� �b�a�n�d�w�i�d�t�h� �f�o�r� �w�a�v�e�g�u�i�d�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�s� �t�h�a�t� �d�o� �n�o�t� �s�u�p�p�o�r�t� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n� �(�s�e�e� 

�T�a�b�l�e� �2�-�1� �f�o�r� �c�r�o�s�s�-�s�e�c�t�i�o�n�s� �t�h�a�t� �d�o� �s�u�p�p�o�r�t� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n�)�.� 
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�T�a�b�l�e� �2�-�2�.� 

�S�u�m�m�a�r�y� �o�f� �B�a�n�d�w�i�d�t�h� �f�o�r� �D�i�e�l�e�c�t�r�i�c�-�l�o�a�d�e�d� �W�a�v�e�g�u�i�d�e�s� �t�h�a�t� �d�o� �n�o�t� �S�u�p�p�o�r�t� �D�u�a�l� 

�P�o�l�a�r�i�z�a�t�i�o�n� 

�W�a�v�e�g�u�i�d�e� �c�r�o�s�s�-�s�e�c�t�i�o�n� �B�a�n�d�w�i�d�t�h� �(�%�)� 

�E�-�p�l�a�n�e� �s�l�a�b� �l�o�a�d�i�n�g� �m�o�r�e� �t�h�a�n� �6�6� �%� 

�d�o�u�b�l�e� �T�-�s�e�p�t�u�m� �~� �1�5�0�%� 

�d�o�u�b�l�e� �L�-�s�e�p�t�u�m� �~�1�7�0�%� 

�i�n�s�e�t� �d�i�e�l�e�c�t�r�i�c� �g�u�i�d�e� �6�6� �%� � � � � � � 
� � 

�2�.�5�.�3�.� �W�i�d�e�b�a�n�d� �S�o�l�i�d� �S�t�a�t�e� �P�h�a�s�e�d� �A�r�r�a�y� �M�e�t�h�o�d�s� 

�A� �c�o�n�s�i�d�e�r�a�b�l�e� �d�e�v�e�l�o�p�m�e�n�t� �e�f�f�o�r�t� �f�o�r� �t�h�e� �l�a�s�t� �1�0�-�1�2� �y�e�a�r�s� �h�a�s� �b�e�e�n� �u�n�d�e�r�w�a�y� �t�o� 

�i�n�c�r�e�a�s�e� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y�,� �r�e�d�u�c�e� �t�h�e� �c�o�s�t� �a�n�d� �w�e�i�g�h�t�,� �a�n�d� �i�n�c�r�e�a�s�e� �t�h�e� �f�l�e�x�i�b�i�l�i�t�y� �o�f� �p�h�a�s�e�d� 

�a�r�r�a�y� �r�a�d�a�r� �s�y�s�t�e�m�s�,� �t�h�r�o�u�g�h� �t�h�e� �u�s�e� �o�f� �m�o�n�o�l�i�t�h�i�c� �m�i�c�r�o�w�a�v�e� �i�n�t�e�g�r�a�t�e�d� �c�i�r�c�u�i�t�s� �(�M�M�I�C�)� 

�t�e�c�h�n�o�l�o�g�y� �[�5�2�]�,� �[�5�3�]�,� �[�5�4�]�.� �M�M�I�C� �d�e�v�i�c�e�s� �a�r�e� �h�i�g�h� �d�e�n�s�i�t�y� �s�o�l�i�d� �s�t�a�t�e� �G�a�A�s� �c�i�r�c�u�i�t�s� �t�h�a�t� 

�a�r�e� �c�o�n�s�t�r�u�c�t�e�d� �o�n� �a� �s�u�b�s�t�r�a�t�e�,� �o�f�t�e�n� �f�o�r� �m�i�n�i�a�t�u�r�i�z�e�d� �a�p�p�l�i�c�a�t�i�o�n�s�.� �U�s�i�n�g� �M�M�I�C� 

�t�e�c�h�n�o�l�o�g�y�,� �t�h�e� �f�u�n�c�t�i�o�n�s� �o�f� �t�h�e� �c�e�n�t�r�a�l�i�z�e�d� �t�r�a�n�s�m�i�t�t�e�r� �a�n�d� �r�e�c�e�i�v�e�r� �c�a�n� �b�e� �d�i�s�t�r�i�b�u�t�e�d� �t�o� 

�e�a�c�h� �o�f� �t�h�e� �a�r�r�a�y� �e�l�e�m�e�n�t� �l�o�c�a�t�i�o�n�s� �i�n� �w�h�a�t� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �a� �t�r�a�n�s�m�i�t�/�r�e�c�e�i�v�e� �(�T�/�R�)� 

�m�o�d�u�l�e�.� �I�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e�,� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �o�r� �t�h�e� �a�c�t�i�v�e� 

�(�c�o�m�p�a�r�e�d� �t�o� �p�a�s�s�i�v�e�)� �a�r�r�a�y� �a�p�p�r�o�a�c�h�.� �A� �p�a�r�t�i�c�u�l�a�r�l�y� �d�e�s�i�r�a�b�l�e� �f�e�a�t�u�r�e� �f�o�r� �t�h�e�  ��r�a�d�a�r� 

�s�i�m�u�l�a�t�o�r �� �r�e�q�u�i�r�e�m�e�n�t� �d�i�s�c�u�s�s�e�d� �i�n� �C�h�a�p�t�e�r� �1� �i�s� �t�h�a�t� �o�n�e� �o�b�t�a�i�n�s� �a� �h�i�g�h� �p�o�w�e�r� �t�r�a�n�s�m�i�t�t�e�r� 

�u�s�i�n�g� �t�h�e� �m�u�l�t�i�p�l�e� �d�i�s�t�r�i�b�u�t�e�d� �l�o�w� �p�o�w�e�r� �s�i�g�n�a�l� �a�m�p�l�i�f�i�e�r�s�.� �G�e�n�e�r�a�l�l�y�,� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n� �i�s� 

�a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �s�w�i�t�c�h�i�n�g� �a�n�d� �a�p�p�r�o�p�r�i�a�t�e�l�y� �p�h�a�s�i�n�g� �t�w�o� �l�i�n�e�a�r� �o�r� �c�i�r�c�u�l�a�r� �o�r�t�h�o�g�o�n�a�l�l�y� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �4�2



�p�o�l�a�r�i�z�e�d� �e�l�e�m�e�n�t�s�.� �T�h�e�r�e� �m�a�y� �a�l�s�o� �b�e� �o�t�h�e�r� �a�d�v�a�n�t�a�g�e�s� �i�n�h�e�r�e�n�t� �i�n� �m�o�v�i�n�g� �t�h�e� �r�e�c�e�i�v�e�r� 

�s�y�s�t�e�m�s� �c�l�o�s�e�r� �t�o� �t�h�e� �r�e�c�e�i�v�i�n�g� �a�n�t�e�n�n�a�,� �i�n� �t�e�r�m�s� �o�f� �r�e�d�u�c�i�n�g� �t�h�e� �n�o�i�s�e� �f�i�g�u�r�e�.� 

�P�o�v�i�n�e�l�l�i� �a�n�d� �G�r�o�v�e� �[�5�5�]� �h�a�v�e� �i�n�v�e�s�t�i�g�a�t�e�d� �a� �6�-�1�8� �G�H�z� �a�c�t�i�v�e� �a�r�r�a�y� �f�o�r� �t�h�e� �s�h�a�r�e�d� 

�a�p�e�r�t�u�r�e� �a�r�r�a�y� �p�r�o�g�r�a�m�.� �T�h�e�y� �u�s�e�d� �b�o�t�h� �m�i�c�r�o�s�t�r�i�p� �f�e�d� �l�o�g� �p�e�r�i�o�d�i�c� �a�n�t�e�n�n�a�s� �a�n�d� �f�l�a�r�e� 

�n�o�t�c�h� �t�y�p�e� �r�a�d�i�a�t�o�r�s� �m�o�u�n�t�e�d� �o�r�t�h�o�g�o�n�a�l�l�y� �t�o� �o�b�t�a�i�n� �t�h�e� �d�e�s�i�r�e�d� �p�o�l�a�r�i�z�a�t�i�o�n� �a�g�i�l�i�t�y�.� 

�P�r�i�o�l�o� �e�t� �a�l�.� �[�5�6�]�,� �a�l�s�o� �i�n�v�e�s�t�i�g�a�t�e�d� �a� �6�-�1�8� �G�H�z� �a�c�t�i�v�e� �p�h�a�s�e�d� �a�r�r�a�y� �c�o�m�p�o�s�e�d� �o�f� �a� �T�/�R� 

�m�o�d�u�l�e� �a�n�d� �t�a�p�e�r�e�d� �n�o�t�c�h�e�s� �r�a�d�i�a�t�o�r�s�.� �T�h�e� �a�r�r�a�y� �i�n�v�e�s�t�i�g�a�t�e�d� �c�o�n�s�i�s�t�e�d� �o�f� �f�o�u�r� �e�l�e�m�e�n�t�s� 

�a�n�d� �c�o�u�l�d� �a�l�s�o� �a�c�h�i�e�v�e� �p�o�l�a�r�i�z�a�t�i�o�n� �a�g�i�l�i�t�y�.� �I�n� �e�a�c�h� �o�f� �t�h�e�s�e� �e�x�a�m�p�l�e�s� �t�h�e� �T�/�R� �m�o�d�u�l�e�s� 

�c�o�u�l�d� �s�u�p�p�l�y� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �1� �W�a�t�t� �t�o� �e�a�c�h� �o�f� �t�h�e� �r�a�d�i�a�t�o�r�s�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h� �o�f�f�e�r�s� �a�t�t�r�a�c�t�i�v�e� �f�e�a�t�u�r�e�s�,� �i�t� �d�o�e�s� �n�o�t� 

�m�e�e�t� �a�l�l� �o�f� �t�h�e� �h�y�p�o�t�h�e�t�i�c�a�l� �p�h�a�s�e�d� �a�r�r�a�y� �r�e�q�u�i�r�e�m�e�n�t�s� �g�i�v�e�n� �i�n� �T�a�b�l�e� �1�-�1�.� �T�h�e� �p�o�w�e�r� 

�l�e�v�e�l�s� �a�r�e� �c�o�n�s�i�d�e�r�a�b�l�y� �l�o�w�e�r� �t�h�a�n� �i�s� �n�e�e�d�e�d� �f�o�r� �a� �h�i�g�h� �p�o�w�e�r� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�i�s� �t�y�p�e�.� 

�F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �c�o�s�t� �p�e�r� �m�o�d�u�l�e� �o�f� �$�2�0�0�-�5�0�0� �[�5�4�]�,� �[�5�5�]� �i�n�d�i�c�a�t�e�s� �t�h�a�t� �s�u�c�h� �a�n� �a�p�p�r�o�a�c�h� 

�m�a�y� �b�e� �c�o�s�t� �p�r�o�h�i�b�i�t�i�v�e� �f�o�r� �l�a�r�g�e� �h�i�g�h� �p�o�w�e�r� �s�c�a�n�n�e�d� �a�r�r�a�y�s�.� 

�2�.�5�.�4� �O�t�h�e�r� �E�l�e�c�t�r�o�n�i�c� �S�c�a�n�n�i�n�g� �M�e�t�h�o�d�s� 
�O�t�h�e�r� �w�i�d�e�b�a�n�d� �e�l�e�c�t�r�o�n�i�c� �s�c�a�n�n�i�n�g� �m�e�t�h�o�d�s� �i�n�c�l�u�d�e� �v�a�r�i�o�u�s� �l�e�n�s� �t�y�p�e� �a�p�p�r�o�a�c�h�e�s�.� 

�T�h�e� �R�o�t�m�a�n�-�T�u�r�n�e�r� �l�e�n�s� �[�5�7�]� �i�s� �a� �w�i�d�e�b�a�n�d� �a�r�r�a�y� �c�a�p�a�b�l�e� �o�f� �m�u�l�t�i�-�o�c�t�a�v�e� �p�e�r�f�o�r�m�a�n�c�e�,� 

�r�e�a�l�i�z�e�d� �b�y� �f�e�e�d�i�n�g� �a� �t�r�a�n�s�m�i�t� �s�i�g�n�a�l� �a�t� �v�a�r�i�o�u�s� �p�o�i�n�t�s� �a�l�o�n�g� �a� �l�o�c�u�s� �d�e�s�c�r�i�b�e�d� �b�y� 

�t�r�a�n�s�c�e�n�d�e�n�t�a�l� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �d�i�s�t�a�n�c�e� �b�e�t�w�e�e�n� �t�h�e� �f�e�e�d� �p�o�i�n�t� �l�o�c�u�s� �a�n�d� �t�h�e� �a�r�r�a�y� 

�e�l�e�m�e�n�t�s� �i�s� �s�u�c�h� �t�h�a�t� �a� �l�i�n�e�a�r� �p�h�a�s�e� �t�i�l�t� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �s�i�m�p�l�y� �b�y� �m�o�v�i�n�g� �t�h�e� �f�e�e�d� �p�o�i�n�t� 

�a�l�o�n�g� �t�h�e� �l�o�c�u�s� �t�h�u�s� �a�c�h�i�e�v�i�n�g� �s�c�a�n� �i�n� �o�n�e� �p�l�a�n�e�.� �A� �s�c�h�e�m�e� �o�f� �e�x�t�e�n�d�i�n�g� �t�h�e� �R�o�t�m�a�n�-� 

�T�u�r�n�e�r� �l�e�n�s� �t�o� �t�w�o� �d�i�m�e�n�s�i�o�n�s� �i�s� �g�i�v�e�n� �i�n� �r�e�f�e�r�e�n�c�e� �[�5�8�]�.� �A�l�t�h�o�u�g�h� �t�h�i�s� �o�f�f�e�r�s� �w�i�d�e�b�a�n�d� 

�p�e�r�f�o�r�m�a�n�c�e�,� �i�t� �w�o�u�l�d� �b�e� �d�i�f�f�i�c�u�l�t� �t�o� �r�e�a�l�i�z�e� �a�t� �h�i�g�h� �p�o�w�e�r� �l�e�v�e�l�s� �d�u�e� �t�o� �t�h�e� �r�e�q�u�i�r�e�d� 

�s�w�i�t�c�h�i�n�g� �n�e�t�w�o�r�k�,� �a�n�d� �f�u�r�t�h�e�r� �w�o�u�l�d� �b�e� �p�r�o�b�l�e�m�a�t�i�c� �(�i�f� �p�o�s�s�i�b�l�e�)� �t�o� �i�m�p�l�e�m�e�n�t� �i�n� �a� 

�m�o�n�o�p�u�l�s�e� �c�o�n�f�i�g�u�r�a�t�i�o�n� �w�h�i�c�h� �i�s� �a� �r�e�q�u�i�r�e�m�e�n�t� �f�o�r� �a� �t�r�a�c�k�i�n�g� �r�a�d�a�r� �s�y�s�t�e�m�.� 

�A� �9�6�-�e�l�e�m�e�n�t� �w�i�d�e�b�a�n�d� �l�i�n�e�a�r� �p�o�l�a�r�i�z�e�d� �a�r�r�a�y� �c�o�n�s�t�r�u�c�t�e�d� �f�r�o�m� �r�e�c�t�a�n�g�u�l�a�r� 

�w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t�s� �h�a�s� �b�e�e�n� �d�e�m�o�n�s�t�r�a�t�e�d� �b�y� �L�a�u�g�h�l�i�n� �e�t� �a�/�.� �[�5�9�]�.� �T�h�e� �a�r�r�a�y� �e�l�e�m�e�n�t�s� 

�u�s�e�d� �w�e�r�e� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e�s� �w�i�t�h� �a�n� �a�s�p�e�c�t� �r�a�t�i�o�?� �o�f� �a�b�o�u�t� �2�;� �t�h�e�r�e�f�o�r�e� �t�h�e� �s�i�n�g�l�e�-� 

�m�o�d�e� �b�a�n�d�w�i�d�t�h� �i�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �t�h�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �T�E�,�,� �a�n�d� �t�h�e� �T�E�,�,� �m�o�d�e�s� 

�p�r�o�v�i�d�i�n�g� �a�b�o�u�t� �o�n�e� �o�c�t�a�v�e� �o�f� �b�a�n�d�w�i�d�t�h�.� �T�h�e� �a�r�r�a�y� �w�a�s� �w�e�l�l� �m�a�t�c�h�e�d� �o�v�e�r� �a� �6�0�°� �c�o�n�e� �o�f� 

� � 

�3� �T�h�e� �a�s�p�e�c�t� �r�a�t�i�o� �o�f� �a� �w�a�v�e�g�u�i�d�e� �i�s� �d�e�f�i�n�e�d� �b�y� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �b�r�o�a�d� �w�a�l�l� �d�i�v�i�d�e�d� �b�y� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� 
�n�a�r�r�o�w� �w�a�l�l�.� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �4�3



�s�c�a�n� �f�r�o�m� �3�.�5� �t�o� �6�.�5� �G�H�z� �w�h�i�c�h� �i�s� �6�3� �%� �b�a�n�d�w�i�d�t�h�.� �T�h�e� �m�u�t�u�a�l� �c�o�u�p�l�i�n�g� �a�n�d� �t�h�e� 

�i�m�p�e�d�a�n�c�e� �m�a�t�c�h�i�n�g� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �f�o�r� �d�o�u�b�l�e�-�r�i�d�g�e�d� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t�s� �h�a�v�e� �b�e�e�n� 

�i�n�v�e�s�t�i�g�a�t�e�d� �b�y� �M�o�n�t�g�o�m�e�r�y� �[�6�0�]� �w�h�e�r�e� �h�e� �w�a�s� �a�b�l�e� �t�o� �o�b�t�a�i�n� �a� �4�:�1� �V�S�W�R� �m�a�t�c�h� �o�v�e�r� �a� 

�6�0�°� �s�c�a�n� �c�o�n�e�.� �T�h�e� �b�a�n�d�w�i�d�t�h� �w�i�t�h� �w�h�i�c�h� �t�h�i�s� �w�a�s� �a�c�h�i�e�v�e�d� �w�a�s� �4�3�%�.� �A� �d�u�a�l� �r�i�d�g�e�d� 

�w�a�v�e�g�u�i�d�e� �l�i�k�e� �t�h�e� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e� �i�s� �o�f� �c�o�u�r�s�e� �l�i�m�i�t�e�d� �t�o� �l�i�n�e�a�r� �p�o�l�a�r�i�z�a�t�i�o�n�.� 

�A�n� �a�p�p�r�o�a�c�h� �t�o� �o�b�t�a�i�n�i�n�g� �w�i�d�e�b�a�n�d� �p�e�r�f�o�r�m�a�n�c�e� �c�o�u�l�d� �b�e� �t�o� �s�u�b�s�t�i�t�u�t�e� �i�n� �p�l�a�c�e� �o�f� 

�e�a�c�h� �d�u�a�l� �p�o�l�a�r�i�z�e�d� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t� �t�w�o� �l�i�n�e�a�r� �o�r�t�h�o�g�o�n�a�l� �p�o�l�a�r�i�z�e�d� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t�s� 

�[�6�1�]�.� �T�h�i�s� �t�e�c�h�n�i�q�u�e� �h�a�s� �b�e�e�n� �d�e�m�o�n�s�t�r�a�t�e�d� �b�y� �H�u�a�n�g� �[�6�2�]� �u�s�i�n�g� �m�i�c�r�o�s�t�r�i�p� �p�a�t�c�h� 

�e�l�e�m�e�n�t�s�,� �a�n�d� �c�o�u�l�d� �c�o�n�c�e�i�v�a�b�l�y� �b�e� �e�x�t�e�n�d�e�d� �t�o� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t�s�.� �T�o� �o�b�t�a�i�n� �a� �d�e�s�i�r�e�d� 

�p�o�l�a�r�i�z�a�t�i�o�n�,� �t�h�e� �p�h�a�s�e� �a�n�d� �a�m�p�l�i�t�u�d�e� �o�f� �t�h�e� �t�w�o� �e�l�e�m�e�n�t�s� �w�o�u�l�d� �b�e� �a�d�j�u�s�t�e�d�.� �T�h�e� 

�a�p�p�r�o�a�c�h� �w�o�u�l�d� �t�h�e�n� �e�n�t�a�i�l� �u�s�i�n�g� �a� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e� �[�5�9�]�,� �a�n� �E�-�p�l�a�n�e� �s�l�a�b� 

�d�i�e�l�e�c�t�r�i�c�a�l�l�y� �l�o�a�d�e�d� �w�a�v�e�g�u�i�d�e� �[�4�3�]�,� �o�r� �r�i�d�g�e�d� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t�s� �[�6�0�]� �a�s� �t�h�e� �l�i�n�e�a�r�l�y� 

�p�o�l�a�r�i�z�e�d� �e�l�e�m�e�n�t�s�.� �H�o�w�e�v�e�r�,� �t�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �i�m�m�e�d�i�a�t�e�l�y� �o�b�v�i�o�u�s� �p�r�o�b�l�e�m�s� �a�n�d� 

�d�i�s�a�d�v�a�n�t�a�g�e�s� �w�i�t�h� �t�h�i�s� �m�e�t�h�o�d�.� �F�i�r�s�t�,� �i�t� �d�o�u�b�l�e�s� �t�h�e� �n�u�m�b�e�r� �o�f� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t�s�,� �p�h�a�s�e� 

�s�h�i�f�t�e�r�s�,� �a�n�d� �a�s�s�o�c�i�a�t�e�d� �c�o�n�t�r�o�l� �h�a�r�d�w�a�r�e� �n�e�e�d� �t�o� �s�t�e�e�r� �t�h�e� �b�e�a�m�.� �S�e�c�o�n�d�l�y�,� �i�t� �d�o�u�b�l�e�s� �t�h�e� 

�d�e�n�s�i�t�y� �o�f� �e�l�e�m�e�n�t�s� �n�e�e�d�e�d� �o�n� �t�h�e� �a�r�r�a�y� �a�p�e�r�t�u�r�e� �s�u�c�h� �t�h�a�t� �i�t� �i�s� �q�u�e�s�t�i�o�n�a�b�l�e� �w�h�e�t�h�e�r� �o�r� 

�n�o�t� �t�h�e� �e�l�e�m�e�n�t�s� �c�o�u�l�d� �p�h�y�s�i�c�a�l�l�y� �f�i�t� �w�i�t�h�i�n� �t�h�e� �a�r�r�a�y� �l�a�t�t�i�c�e� �n�e�e�d�e�d� �f�o�r� �a� �w�i�d�e�b�a�n�d� 

�a�p�p�l�i�c�a�t�i�o�n�.� �I�n� �a�d�d�i�t�i�o�n�,� �o�n�e� �w�o�u�l�d� �q�u�e�s�t�i�o�n� �w�h�e�t�h�e�r� �o�r� �n�o�t� �t�h�e�r�e� �a�r�e� �u�n�d�e�r�l�y�i�n�g� �m�u�t�u�a�l� 

�c�o�u�p�l�i�n�g� �e�f�f�e�c�t�s� �a�n�d� �a�s�s�o�c�i�a�t�e�d� �i�m�p�e�d�a�n�c�e� �m�a�t�c�h�i�n�g� �u�n�k�n�o�w�n� �d�i�f�f�i�c�u�l�t�i�e�s� �r�e�s�u�l�t�i�n�g� �f�r�o�m� 

�t�h�e� �d�e�n�s�e� �o�r�t�h�o�g�o�n�a�l� �e�l�e�m�e�n�t� �l�a�t�t�i�c�e�.� �I�t� �i�s� �b�e�l�i�e�v�e�d� �t�h�a�t� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �l�e�s�s� �d�e�s�i�r�a�b�l�e� 

�w�h�e�n� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n� �s�i�n�g�l�e� �e�l�e�m�e�n�t� �p�u�r�s�u�e�d� �i�n� �t�h�i�s� �r�e�p�o�r�t�.� 

�2�.�5�.�5� �D�i�e�l�e�c�t�r�i�c� �L�o�a�d�e�d� �H�o�r�n�s� 
�V�a�r�i�o�u�s� �s�c�h�e�m�e�s� �o�f� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� �h�o�r�n� �a�n�t�e�n�n�a�s� �h�a�v�e� �b�e�e�n� �e�m�p�l�o�y�e�d� �t�o� �r�e�d�u�c�e� 

�c�r�o�s�s�-�p�o�l�a�r�i�z�a�t�i�o�n� �a�n�d� �s�i�d�e�l�o�b�e� �l�e�v�e�l�,� �i�n�c�r�e�a�s�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �e�f�f�i�c�i�e�n�c�y�,� �l�o�w�e�r� �n�o�i�s�e� �f�i�g�u�r�e� 

�a�n�d� �i�m�p�r�o�v�e� �p�h�a�s�e� �e�r�r�o�r�s� �a�c�r�o�s�s� �a�p�e�r�t�u�r�e� �[�6�3�]�,�[�6�4�]�.� �T�h�i�s� �h�a�s� �b�e�e�n� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� 

�s�e�v�e�r�a�l� �a�p�p�r�o�a�c�h�e�s� �f�o�r� �r�e�c�t�a�n�g�u�l�a�r�,� �c�i�r�c�u�l�a�r�,� �a�n�d� �o�t�h�e�r� �a�p�e�r�t�u�r�e� �s�h�a�p�e�s� �i�n�c�l�u�d�i�n�g� �b�o�t�h� 

�s�m�o�o�t�h�-�w�a�l�l�e�d� �a�n�d� �c�o�r�r�u�g�a�t�e�d� �s�u�r�f�a�c�e�s�.� �O�f� �i�m�p�o�r�t�a�n�c�e� �i�n� �t�h�i�s� �r�e�v�i�e�w� �a�r�e� �r�e�c�t�a�n�g�u�l�a�r� 

�s�h�a�p�e�d� �a�p�e�r�t�u�r�e�s� �w�h�e�r�e� �t�h�e� �e�m�p�h�a�s�i�s� �o�f� �t�h�e� �a�p�p�r�o�a�c�h� �h�a�s� �b�e�e�n� �t�o� �c�h�a�r�a�c�t�e�r�i�z�e� �o�r� �e�n�h�a�n�c�e� 

�b�a�n�d�w�i�d�t�h� �p�e�r�f�o�r�m�a�n�c�e�,� �a�n�d� �a�l�s�o� �g�e�o�m�e�t�r�i�c� �s�h�a�p�e�s� �t�h�a�t� �m�a�y� �h�a�v�e� �s�o�m�e� �r�e�l�e�v�a�n�c�e� �t�o� �t�h�e� 

�a�p�p�r�o�a�c�h� �i�n� �t�h�i�s� �r�e�p�o�r�t�.� �C�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e�s� �a�n�d� �c�o�n�i�c�a�l� �s�h�a�p�e�d� �h�o�r�n�s� �a�r�e� �o�m�i�t�t�e�d� �f�r�o�m� 

�t�h�i�s� �d�i�s�c�u�s�s�i�o�n�.� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �4�4



�T�s�a�n�d�o�u�g�l�a�s� �a�n�d� �F�i�t�z�e�r�a�l�d� �[�6�5�]� �s�t�u�d�i�e�d� �t�h�e� �e�f�f�e�c�t� �o�f� �d�i�e�l�e�c�t�r�i�c�a�l�l�y� �l�o�a�d�i�n�g� �t�h�e� �E�-� 

�p�l�a�n�e� �o�f� �a� �r�e�c�t�a�n�g�u�l�a�r� �h�o�r�n� �a�n�t�e�n�n�a�.� �W�e�d�g�e�s� �w�e�r�e� �p�l�a�c�e�d� �o�n� �t�h�e� �e�d�g�e�s� �(�s�i�d�e� �w�a�l�l�s�)� �a�n�d� 

�t�a�p�e�r�e�d� �s�u�c�h� �t�h�a�t� �t�h�e� �w�i�d�e� �e�n�d� �e�x�t�e�n�d�e�d� �t�o� �t�h�e� �m�o�u�t�h� �o�f� �t�h�e� �h�o�r�n� �a�n�d� �t�h�e� �e�n�d� �t�a�p�e�r�e�d� 

�e�x�t�e�n�d�s� �t�o� �t�h�e� �t�h�r�o�a�t� �o�f� �t�h�e� �h�o�r�n�.� �T�h�e� �e�m�p�h�a�s�i�s� �o�f� �t�h�e� �s�t�u�d�y� �w�a�s� �t�o� �i�n�c�r�e�a�s�e� �t�h�e� �a�p�e�r�t�u�r�e� 
�e�f�f�i�c�i�e�n�c�y� �b�y� �c�h�a�n�g�i�n�g� �t�h�e� �a�m�p�l�i�t�u�d�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �T�E�,�,� �m�o�d�e�.� �N�a�i�r� �[�6�6�]� 

�i�n�v�e�s�t�i�g�a�t�e�d� �t�h�e� �l�o�a�d�i�n�g� �o�f� �b�o�t�h� �E�-� �a�n�d� �H�-�p�l�a�n�e� �w�a�l�l�s� �o�f� �a� �r�e�c�t�a�n�g�u�l�a�r� �h�o�r�n� �a�n�d� �s�h�o�w�e�d� 

�t�h�a�t� �t�h�e� �t�e�c�h�n�i�q�u�e� �c�a�n� �b�e� �u�s�e�d� �f�o�r� �p�a�t�t�e�r�n� �s�h�a�p�i�n�g�.� �A� �f�l�a�n�g�e� �l�o�a�d�e�d� �h�o�r�n� �w�i�t�h� �a� �d�i�e�l�e�c�t�r�i�c� 

�w�e�d�g�e� �i�n�s�e�r�t�e�d� �i�n�t�o� �t�h�e� �H�-�p�l�a�n�e� �h�a�s� �b�e�e�n� �i�n�v�e�s�t�i�g�a�t�e�d� �b�y� �T�o�u�r�n�e�u�r� �[�6�7�]� �a�n�d� �d�e�m�o�n�s�t�r�a�t�e�d� 

�a�t� �1�2�-�1�7� �G�H�z�.� 

�A� �s�q�u�a�r�e� �h�a�r�d� �h�o�r�n� �i�s� �f�o�r�m�e�d� �b�y� �f�i�l�l�i�n�g� �b�o�t�h� �t�h�e� �E�-� �a�n�d� �H�-�p�l�a�n�e� �s�i�d�e� �w�a�l�l� 

�c�o�r�r�u�g�a�t�i�o�n�s� �w�i�t�h� �d�i�e�l�e�c�t�r�i�c� �s�l�a�b�s�.� �T�h�e� �s�q�u�a�r�e� �h�a�r�d� �h�o�r�n� �h�a�s� �b�e�e�n� �s�t�u�d�i�e�d� �b�y� �K�i�l�d�a�l� �a�n�d� 

�Z�i�e�n�u�i�t�y�c�z� �[�6�8�]�,� �[�6�9�]� �i�n� �t�e�r�m�s� �o�f� �c�r�o�s�s�-�p�o�l�a�r�i�z�a�t�i�o�n�,� �g�a�i�n�,� �b�a�n�d�w�i�d�t�h� �a�n�d� �s�i�d�e�l�o�b�e� �l�e�v�e�l�.� 

�T�h�i�s� �s�t�u�d�y� �i�s� �i�n�t�e�r�e�s�t�i�n�g� �b�e�c�a�u�s�e� �t�h�e� �g�e�o�m�e�t�r�y� �w�i�l�l� �s�u�p�p�o�r�t� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n�.� �C�r�o�s�s�-� 

�p�o�l�a�r�i�z�a�t�i�o�n� �l�e�v�e�l�s� �o�f� �l�e�s�s� �t�h�a�n� �-�3�0� �d�B� �a�n�d� �b�a�n�d�w�i�d�t�h�s� �o�f� �1�0�%� �h�a�v�e� �b�e�e�n� �d�e�m�o�n�s�t�r�a�t�e�d�.� 

�2�.�6� �S�u�m�m�a�r�y� �o�f� �C�h�a�p�t�e�r� �2� 

�T�h�i�s� �c�h�a�p�t�e�r� �h�a�s� �p�r�e�s�e�n�t�e�d� �t�h�e� �p�r�o�b�l�e�m� �s�t�a�t�e�m�e�n�t� �a�n�d� �t�h�o�r�o�u�g�h�l�y� �d�i�s�c�u�s�s�e�d� �t�h�e� 

�b�a�c�k�g�r�o�u�n�d� �g�e�r�m�a�n�e� �t�o� �t�h�e� �p�r�o�b�l�e�m� �a�t� �h�a�n�d�.� �T�h�e� �d�i�s�c�u�s�s�i�o�n� �f�o�c�u�s�e�d� �o�n� �a�r�r�a�y�s� �o�f� 

�w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t�s�.� �S�e�c�t�i�o�n� �2�.�2� �p�r�o�v�i�d�e�d� �b�a�s�i�c� �d�e�f�i�n�i�t�i�o�n�s� �o�f� �p�h�a�s�e�d� �a�r�r�a�y� �c�o�m�p�o�n�e�n�t�s�,� 

�p�o�l�a�r�i�z�a�t�i�o�n�,� �a�n�d� �b�a�n�d�w�i�d�t�h�.� �S�e�c�t�i�o�n� �2�.�3� �r�e�v�i�e�w�e�d� �b�a�s�i�c� �a�r�r�a�y� �t�h�e�o�r�y� �i�n� �t�e�r�m�s� �o�f� �a�r�r�a�y� 

�s�c�a�n�n�i�n�g� �p�r�i�n�c�i�p�l�e�s� �a�n�d� �m�u�t�u�a�l� �c�o�u�p�l�i�n�g�.� �M�u�t�u�a�l� �c�o�u�p�l�i�n�g� �i�s� �o�n�e� �o�f� �t�h�e� �m�a�j�o�r� �f�a�c�t�o�r�s� �t�h�a�t� 

�m�u�s�t� �b�e� �c�o�n�s�i�d�e�r�e�d� �w�h�e�n� �d�e�s�i�g�n�i�n�g� �a�n� �a�r�r�a�y� �e�l�e�m�e�n�t� �d�u�e� �t�o� �a� �p�h�e�n�o�m�e�n�a� �r�e�f�e�r�r�e�d� �t�o� �a�s� 

�a�r�r�a�y� �b�l�i�n�d�n�e�s�s�.� �A� �r�e�v�i�e�w� �o�f� �m�u�t�u�a�l� �c�o�u�p�l�i�n�g� �s�h�o�w�s� �t�h�a�t� �o�n�e� �m�u�s�t� �a�v�o�i�d� �o�p�e�r�a�t�i�n�g� �n�e�a�r� 

�h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s� �t�o� �a�v�o�i�d� �b�l�i�n�d�n�e�s�s�.� �T�h�e�r�e�f�o�r�e�,� �f�o�r� �a� �w�i�d�e�b�a�n�d� 

�p�h�a�s�e�d� �a�r�r�a�y�,� �o�n�e� �w�i�l�l� �n�e�e�d� �a� �c�o�r�r�e�s�p�o�n�d�i�n�g� �b�a�n�d�w�i�d�t�h� �t�h�a�t� �s�u�p�p�o�r�t�s� �s�i�n�g�l�e�-�m�o�d�e� 

�p�r�o�p�a�g�a�t�i�o�n� �w�i�t�h�i�n� �t�h�e� �w�a�v�e�g�u�i�d�e�.� �B�a�s�e�d� �o�n� �p�r�i�o�r� �w�o�r�k� �d�i�s�c�u�s�s�e�d� �i�n� �S�e�c�t�i�o�n� �2�.�3�,� �a� 

�d�e�t�a�i�l�e�d� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �p�h�a�s�e�d� �a�r�r�a�y� �e�l�e�m�e�n�t� �r�e�q�u�i�r�e�m�e�n�t�s� �n�e�e�d�e�d� �f�o�r� �t�h�e� �h�y�p�o�t�h�e�t�i�c�a�l� 

�a�r�r�a�y� �(�s�e�e� �T�a�b�l�e� �1�-�1�)� �a�r�e� �g�i�v�e�n� �i�n� �S�e�c�t�i�o�n� �2�.�4�.� �T�h�e� �k�e�y� �r�e�q�u�i�r�e�m�e�n�t�s� �i�n�c�l�u�d�e� �9�0�°� 

�r�o�t�a�t�i�o�n�a�l� �s�y�m�m�e�t�r�y�,� �h�i�g�h� �p�o�w�e�r� �h�a�n�d�i�n�g� �c�a�p�a�b�i�l�i�t�y�,� �a�n�d� �s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h� �o�f� �m�o�r�e� 

�t�h�a�n� �a�n� �o�c�t�a�v�e�.� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �4�5



�A� �d�i�s�c�u�s�s�i�o�n� �o�f� �p�r�i�o�r� �w�o�r�k� �o�n� �w�i�d�e�b�a�n�d� �d�u�a�l� �p�o�l�a�r�i�z�e�d� �a�r�r�a�y�s� �w�a�s� �g�i�v�e�n� �i�n� �S�e�c�t�i�o�n� 

�2�.�5�.� �A�l�t�h�o�u�g�h� �t�h�e� �f�o�c�u�s� �w�a�s� �o�n� �w�a�v�e�g�u�i�d�e� �t�y�p�e� �e�l�e�m�e�n�t�s�,� �s�e�v�e�r�a�l� �a�l�t�e�r�n�a�t�i�v�e� �m�e�t�h�o�d�s� �t�h�a�t� 

�d�o� �n�o�t� �u�s�e� �a� �d�u�a�l� �p�o�l�a�r�i�z�e�d� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t� �w�e�r�e� �a�l�s�o� �g�i�v�e�n� �f�o�r� �c�o�m�p�a�r�a�t�i�v�e� �p�u�r�p�o�s�e�s�.� 

�C�h�a�p�t�e�r� �3� �w�i�l�l� �d�e�f�i�n�e� �a�n�d� �o�u�t�l�i�n�e� �a�n� �a�p�p�r�o�a�c�h� �t�o� �o�b�t�a�i�n�i�n�g� �b�a�n�d�w�i�d�t�h� �e�n�h�a�n�c�e�m�e�n�t� �o�f� �a� 

�r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t� �t�h�a�t� �s�u�p�p�o�r�t�s� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n� �t�h�a�t� �i�s� �c�l�e�a�r�l�y� �n�o�v�e�l�,� �w�h�e�n� �c�o�m�p�a�r�e�d� �t�h�e� 

�p�r�i�o�r� �w�o�r�k�.� 

�2�.�7� �R�e�f�e�r�e�n�c�e�s� �f�o�r� �C�h�a�p�t�e�r� �2� 

�[�1�]� �R�.� �T�a�n�g� �a�n�d� �R�.�W�.� �B�u�r�n�s�,�  ��C�h�a�p�t�e�r� �2�0� �-� �P�h�a�s�e�d� �a�r�r�a�y�s�"�,� �A�n�t�e�n�n�a� �E�n�g�i�n�e�e�r�i�n�g� 
�H�a�n�d�b�o�o�k�,� �S�e�c�o�n�d� �E�d�i�t�i�o�n�,� �e�d�i�t�e�d� �b�y� �R�.�C�.� �J�o�h�n�s�o�n� �a�n�d� �H�.� �J�a�s�i�k�,� �N�e�w� �Y�o�r�k�:� �M�c�G�r�a�w�-� 
�H�i�l�l�,� �1�9�8�4�.� 

�[�2�]� �T�.�C�.� �C�h�e�s�t�o�n� �a�n�d� �J�.� �F�r�a�n�k�,� �"�C�h�a�p�t�e�r� �7� �-� �P�h�a�s�e�d� �a�r�r�a�y� �r�a�d�a�r� �a�n�t�e�n�n�a�s�"�,� �R�a�d�a�r� 
�H�a�n�d�b�o�o�k�,� �S�e�c�o�n�d� �E�d�i�t�i�o�n�,� �e�d�i�t�e�d� �b�y� �M�.�I�.� �S�k�o�l�n�i�k�,� �N�e�w� �Y�o�r�k�:� �M�c�G�r�a�w�-�H�i�l�l�,� �1�9�9�0�.� 

�[�3�]� �M�.�H�.� �C�h�e�n� �a�n�d� �G�.�N�.� �T�s�a�n�d�o�u�g�l�a�s�,� �"�A� �w�i�d�e�-�b�a�n�d� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �a�r�r�a�y� �p�o�l�a�r�i�z�e�r ��,� 
�I�E�E�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�2�1�,� �N�O�.�5�,� �p�p�.� �3�8�9�-�3�9�1�,� �M�a�y� �1�9�7�3�.� 

�[�4�]� �E�.� �L�i�e�r� �a�n�d� �T�.� �S�c�h�a�g�-�P�e�t�t�e�r�s�e�n�,� �"�A�n� �e�x�t�r�e�m�e�l�y� �b�r�o�a�d�b�a�n�d� �w�a�v�e�g�u�i�d�e� �p�o�l�a�r�i�z�e�r�"�,� 
�I�E�E�E� �I�n�t�e�r�n�a�t�i�o�n�a�l� �S�y�m�p�o�s�i�u�m� �o�n� �A�n�t�e�n�n�a�s� �a�n�d� �P�r�o�p�a�g�a�t�i�o�n� �D�i�g�e�s�t�,� �p�p�.� �1�2�8�6�-�1�2�8�9�,� 
�1�9�8�8�.� 

�[�5�]� �E�.� �L�i�e�r� �a�n�d� �T�.� �S�c�h�a�g�-�P�e�t�t�e�r�s�e�n�,� �"�A� �n�o�v�e�l� �t�y�p�e� �o�f� �w�a�v�e�g�u�i�d�e� �p�o�l�a�r�i�z�e�r� �w�i�t�h� �l�a�r�g�e� 
�c�r�o�s�s�-�p�o�l�a�r� �b�a�n�d�w�i�d�t�h�"�,� �J�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�3�6�,� 
�N�O�.�1�1�,� �p�p�.� �1�5�3�1�-�1�5�3�4�,� �N�o�v�e�m�b�e�r�,� �1�9�8�8�.� 

�[�6�]� �L�.�V�.� �S�k�r�y�p�n�i�k�,� �V�.�N�.� �P�o�c�h�e�r�n�y�a�e�v� �a�n�d� �S�.�V�.� �M�i�r�n�y�i�,� �"�D�e�s�i�g�n�i�n�g� �a� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� 
�p�o�l�a�r�i�z�e�r�"�,� �R�a�d�i�o� �e�l�e�c�t�r�o�n�i�c�s� �a�n�d� �C�o�m�m�u�n�i�c�a�t�i�o�n�s� �S�y�s�t�e�m�s� �(�t�r�a�n�s�l�a�t�e�d� �f�r�o�m� �I�z�v�e�s�t�i�y�a� �V�u�z� 
�R�a�d�i�o�e�l�e�k�t�r�o�n�i�k�a�)�,� �V�o�l�.� �3�2�,� �N�o�.�2�,� �p�p�.�9�1�-�9�2�,� �1�9�8�9�.� 

�[�7�]� �S�.� �K�o�u�l� �a�n�d� �B�.� �B�h�a�t�,� �M�i�c�r�o�w�a�v�e� �a�n�d� �M�i�l�l�i�m�e�t�e�r� �W�a�v�e� �P�h�a�s�e� �S�h�i�f�t�e�r�s�-�V�o�l�u�m�e� �[�.�-� 
�D�i�e�l�e�c�t�r�i�c� �a�n�d� �F�e�r�r�i�t�e� �P�h�a�s�e� �S�h�i�f�t�e�r�s�,� �B�o�s�t�o�n�.� �A�r�t�e�c� �H�o�u�s�e�,� �1�9�9�1�.� 

�[�8�]� �E�B�.� �E�l�-�S�h�a�r�a�w�a�y�,� �"�D�o�u�b�l�e� �r�i�d�g�e�d� �w�a�v�e�g�u�i�d�e� �p�h�a�s�e� �s�h�i�f�t�e�r�s� �f�o�r� �b�r�o�a�d�b�a�n�d� 
�a�p�p�l�i�c�a�t�i�o�n�s�"�,� �J�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�4�1�,� �N�o�.� �1�2�,� �p�p�.� �2�1�6�1�-� 
�2�1�6�5�,� �D�e�c�e�m�b�e�r� �1�9�9�3�.� �{�g�i�v�e�s� �6�-�1�6� �G�H�z� �d�e�s�i�g�n� �}� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �4�6



�[�9�]� �F�e�r�r�i�t�e� �p�h�a�s�e� �s�h�i�f�t�e�r� �p�e�r�f�o�r�m�a�n�c�e� �d�a�t�a� �s�h�e�e�t�,� �E�l�e�c�t�r�o� �M�a�g�n�e�t�i�c� �S�c�i�e�n�c�e�s� �(�E�M�S�)�,� 
�N�o�r�c�r�o�s�s� �G�A�,� �M�a�y�,� �1�9�9�2�.� 

�[�1�0�]� �C�.�A�.� �B�a�l�a�n�i�s�,� �A�d�v�a�n�c�e�d� �E�n�g�i�n�e�e�r�i�n�g� �E�l�e�c�t�r�o�m�a�g�n�e�t�i�c�s�,� �N�e�w� �Y�o�r�k�:� �J�o�h�n� �W�i�l�e�y� �a�n�d� 
�S�o�n�s�,� �1�9�8�9�.� 

�[�1�1�]� �N�.� �A�m�i�t�a�y�,� �V�.� �G�a�l�i�n�d�o�,� �a�n�d� �C�.�P�.� �W�u�,� �T�h�e�o�r�y� �a�n�d� �A�n�a�l�y�s�i�s� �o�f� �P�h�a�s�e�d� �A�r�r�a�y�s�,� �J�o�h�n� 
�W�i�l�e�y� �a�n�d� �S�o�n�s�:� �N�e�w� �Y�o�r�k�,� �1�9�7�2�.� 

�[�1�2�]� �D�.�M�.� �P�o�z�a�r� �a�n�d� �D�.�H�.� �S�c�h�a�u�b�e�r�t�,� �"�S�c�a�n� �b�l�i�n�d�n�e�s�s� �i�n� �i�n�f�i�n�i�t�e� �a�r�r�a�y�s� �o�f� �p�r�i�n�t�e�d� 
�d�i�p�o�l�e�s�,�"� �[�E�E�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�3�2�,� �N�O�.�6�,� �p�p�.� �6�0�2�-�6�1�0�,� �J�u�n�e� �1�9�8�4�.� 

�[�1�3�]� �D�.�H�.� �S�c�h�a�u�b�e�r�t�,� �J�.�A�.� �A�n�d�e�r�s�,� �M�.�E�.� �C�o�o�l�e�y�,� �a�n�d� �N�.�E�.� �B�u�r�i�s�,� �"�M�o�m�e�n�t� �m�e�t�h�o�d� 
�a�n�a�l�y�s�i�s� �o�f� �i�n�f�i�n�i�t�e� �s�t�r�i�p�l�i�n�e�-�f�e�d� �t�a�p�e�r�e�d� �s�l�o�t� �a�n�t�e�n�n�a� �a�r�r�a�y�s� �w�i�t�h� �a� �g�r�o�u�n�d� �p�l�a�n�e�,�"� �J�E�E�E� 
�T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�4�2�,� �N�O�.�8�,� �p�p�.� �1�1�6�1�-�1�1�6�6�,� �A�u�g�u�s�t� �1�9�9�4�.� 

�[�1�4�]� �L�.�S�t�a�r�k� �"�M�i�c�r�o�w�a�v�e� �t�h�e�o�r�y� �o�f� �p�h�a�s�e�d�-�a�r�r�a�y� �a�n�t�e�n�n�a�s�"�,� �P�r�o�c� �o�f� �I�E�E�E�,� �v�o�l�.� �6�2�,� �N�O�.� 
�1�2�,� �p�p�.�1�6�6�1�-�1�7�0�1�,� �D�e�c�e�m�b�e�r� �1�9�7�4�.� 

�[�1�5�]� �V�.� �G�a�l�i�n�d�o� �a�n�d� �C�.�P�.� �W�u�,� �"� �T�h�e� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �f�a�r�-�z�o�n�e� �p�a�t�t�e�r�n� �o�f� �t�h�e� �s�i�n�g�l�y� 
�e�x�c�i�t�e�d� �e�l�e�m�e�n�t� �a�n�d� �t�h�e� �t�r�a�n�s�m�i�s�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t� �o�f� �t�h�e� �p�r�i�n�c�i�p�a�l� �l�o�b�e� �i�n� �a�n� �i�n�f�i�n�i�t�e� �a�r�r�a�y�"�,� 
�I�E�E�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�1�4�,� �N�O�.�3�,� �p�p�.� �3�9�7�-�3�9�8�,� �M�a�y� �1�9�6�6�.� 

�[�1�6�]� �S�.� �E�d�e�l�b�e�r�g�,� �A�.�A�.� �O�l�i�n�e�r�,� �"�M�u�t�u�a�l� �c�o�u�p�l�i�n�g� �e�f�f�e�c�t�s� �i�n� �l�a�r�g�e� �a�n�t�e�n�n�a� �a�r�r�a�y�s�:� �P�a�r�t� �I�-� 
�s�l�o�t� �a�r�r�a�y�s�"�,� �J�R�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�8�,� �p�p�.� �2�8�6�-�2�9�7�,� �M�a�y� �1�9�6�0�.� 

�[�1�7�]� �H�.�A�.� �W�h�e�e�l�e�r�,�"� �T�h�e� �g�r�a�t�i�n�g� �l�o�b�e� �s�e�r�i�e�s� �f�o�r� �t�h�e� �i�m�p�e�d�a�n�c�e� �v�a�r�i�a�t�i�o�n� �i�n� �a� �p�l�a�n�a�r� 
�p�h�a�s�e�d� �a�r�r�a�y� �a�n�t�e�n�n�a�"�,� �"�|� �J�E�E�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�1�4�,� �N�O�.�6�,� �p�p�.� �7�0�7�-� 
�7�1�4�,� �N�o�v�e�m�b�e�r� �1�9�6�6�.� 

�[�1�8�]� �R�J�.� �M�a�i�l�l�o�u�x�,� �"�P�h�a�s�e�d� �a�r�r�a�y� �t�h�e�o�r�y� �a�n�d� �r�e�v�i�e�w�"�,� �P�r�o�c�.� �J�E�E�E�.�,� �v�o�l�.� �7�0�,� �n�o�.� �3�,� 
�p�p�.�2�4�6�-�2�9�1�,� �M�a�r�c�h� �1�9�8�2�.� 

�[�1�9�]� �G�-�F�.� �F�a�r�r�e�l�l� �a�n�d� �D�.�H�.� �K�u�h�n�,� �"�M�u�t�u�a�l� �c�o�u�p�l�i�n�g� �i�n� �i�n�f�i�n�i�t�e� �p�l�a�n�a�r� �a�r�r�a�y� �o�f� �r�e�c�t�a�n�g�u�l�a�r� 
�w�a�v�e�g�u�i�d�e� �h�o�r�n�s�"�,� �J�E�E�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�1�6�,� �n�o�.� �4�,� �p�p�.� �4�0�5�-�4�1�4�,� �J�u�l�y� 
�1�9�6�8�.� 

�[�2�0�]� �R�-�E�.� �C�o�l�l�i�n�,� �F�i�e�l�d� �T�h�e�o�r�y� �o�f� �G�u�i�d�e�d� �W�a�v�e�s�,� �N�e�w� �Y�o�r�k�:� �I�E�E�E� �P�r�e�s�s�,� �1�9�9�1�,� �C�h�a�p�t�e�r� 
�9�.� 

�[�2�1�]� �B�.�L�.� �D�i�a�m�o�n�d�,� �"�A� �g�e�n�e�r�a�l�i�z�e�d� �a�p�p�r�o�a�c�h� �t�o� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �i�n�f�i�n�i�t�e� �p�l�a�n�a�r� �a�r�r�a�y� 
�a�n�t�e�n�n�a�s�"�,� �P�r�o�c�.� �I�E�E�E�,� �v�o�l�.� �5�6�,� �N�O�.�1�1�,� �p�p�.� �1�8�3�7�-�1�8�5�1�,� �N�o�v�e�m�b�e�r� �1�9�6�8�.� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �4�7



�[�2�2�]� �G�.�V�.� �B�o�r�g�i�o�t�t�i�,� �"�M�o�d�a�l� �a�n�a�l�y�s�i�s� �o�f� �p�e�r�i�o�d�i�c� �p�l�a�n�a�r� �p�h�a�s�e�d� �a�r�r�a�y�s� �o�f� �a�p�e�r�t�u�r�e�s�"�,� �P�r�o�c�.� 
�I�E�E�E�,� �v�o�l�.� �5�6�,� �N�O�.�1�1�,� �p�p�.� �1�8�8�1�-�1�8�9�2�,� �N�o�v�e�m�b�e�r� �1�9�6�8�.� 

�[�2�3�]� �N�.� �A�m�i�t�a�y� �a�n�d� �V�.� �G�a�l�i�n�d�o�,� �"�T�h�e� �a�n�a�l�y�s�i�s� �o�f� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �p�h�a�s�e�d� �a�r�r�a�y�s�,�"� �B�e�l�l� 
�S�y�s�.� �T�e�c�h�.� �J�.�,� �v�o�l�.� �4�7�,� �p�p�.�1�9�0�3�-�1�9�3�2�,� �N�o�v�e�m�b�e�r� �1�9�6�8�.� 

�[�2�4�]� �G�H�.� �K�n�i�t�t�e�l�,� �"�T�h�e� �r�e�l�a�t�i�o�n� �o�f� �b�l�i�n�d�n�e�s�s� �t�o� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� �c�u�t�o�f�f� �c�o�n�d�i�t�i�o�n�s�,�"� 
�I�E�E�E� �G�-�A�P� �I�n�t�.� �S�y�m�p�.� �D�i�g�e�s�t�,� �p�p�.� �6�9�-�7�2�,� �S�e�p�t�e�m�b�e�r�,� �1�9�7�1�.� 

�[�2�5�}� �N�.�S�.� �W�o�n�g�,� �R�.� �T�a�n�g�,� �S�.�W�.� �L�e�e�,� �W�.�R�.� �J�o�n�e�s�,� �"�M�u�l�t�i�m�o�d�e� �p�h�a�s�e�d� �a�r�r�a�y� �e�l�e�m�e�n�t� �f�o�r� 
�w�i�d�e� �a�n�g�l�e� �i�m�p�e�d�a�n�c�e� �m�a�t�c�h�i�n�g�"�,� �P�h�a�s�e�d� �A�r�r�a�y� �A�n�t�e�n�n�a�s�,� �M�A�:� �A�r�t�e�c�h� �H�o�u�s�e�,� �E�d�.� �G�.�H�.� 
�K�n�i�t�t�e�l� �a�n�d� �A�.� �O�l�i�n�e�r�,� �p�p�.�1�7�8�-�1�8�6�,� �1�9�7�2�.� 

�[�2�6�]� �R�.�T�a�n�g� �a�n�d� �H�.�A�.� �W�o�n�g�,� �"�M�u�l�t�i�m�o�d�e� �p�h�a�s�e�d� �a�r�r�a�y� �e�l�e�m�e�n�t� �f�o�r� �w�i�d�e� �s�c�a�n� �a�n�g�l�e� 
�i�m�p�e�d�a�n�c�e� �m�a�t�c�h�i�n�g�"�,� �P�R�O�C� �I�E�E�E�,� �v�o�l�.� �5�6�,� �N�O�.� �1�1�,� �p�p�.� �1�9�5�1�-�1�9�5�9�,� �N�o�v�e�m�b�e�r� �1�9�6�8�.� 

�[�2�7�]� �R�J�.� �M�a�i�l�l�o�u�x�,� �H�.� �S�t�e�y�s�k�a�l�,� �"�A�n�a�l�y�s�i�s� �o�f� �a� �d�u�a�l�-�f�r�e�q�u�e�n�c�y� �a�r�r�a�y� �t�e�c�h�n�i�q�u�e�"� �J�E�E�E� 
�T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�2�7�,� �N�O�.�2�,� �p�p�.� �1�3�0�-�1�3�6�,� �M�a�r�c�h� �1�9�7�8�.� 

�[�2�8�]� �R�.�J�.� �C�o�s�t�a�n�t�i�n�i� �a�n�d� �G�.�H�.� �K�n�i�t�t�e�l�,� �"�A� �t�h�e�o�r�e�t�i�c�a�l� �s�t�u�d�y� �o�f� �a� �s�i�m�p�l�e� �m�u�l�t�i�m�o�d�e� �p�h�a�s�e�d�-� 
�a�r�r�a�y� �e�l�e�m�e�n�t� �f�o�r� �w�i�d�e�-�a�n�g�l�e� �i�m�p�e�d�a�n�c�e� �m�a�t�c�h�i�n�g�"�,� �J�E�E�E� �I�n�t�e�r�n�a�t�i�o�n�a�l� �S�y�m�p�o�s�i�u�m� �o�n� 
�A�n�t�e�n�n�a�s� �a�n�d� �P�r�o�p�a�g�a�t�i�o�n� �D�i�g�e�s�t�,� �p�p�.� �8�5�-�8�8�,� �1�9�7�1�.� 

�[�2�9�]� �A�.�A�.� �O�l�i�n�e�r�,� �"�S�u�r�f�a�c�e�-�w�a�v�e� �e�f�f�e�c�t�s� �a�n�d� �b�l�i�n�d�n�e�s�s� �i�n� �p�h�a�s�e�d�-�a�r�r�a�y� �a�n�t�e�n�n�a�s�,�"� �P�h�a�s�e�d� 
�A�r�r�a�y� �A�n�t�e�n�n�a�s�,� �E�d�i�t�o�r�s� �A�.� �O�l�i�n�e�r� �a�n�d� �G�.� �K�n�i�t�t�e�l�,� �M�A�:� �A�r�t�e�c�h� �H�o�u�s�e�,� �p�p�.�1�0�7�-�1�1�2�,� �1�9�7�2�.� 

�[�3�0�]� �G�.�N�.� �T�s�a�n�d�o�u�g�l�a�s� �a�n�d� �G�.�H�.� �K�n�i�t�t�e�l�,� �"�T�h�e� �a�n�a�l�y�s�i�s� �a�n�d� �d�e�s�i�g�n� �o�f� �d�u�a�l�-�p�o�l�a�r�i�z�a�t�i�o�n� 
�s�q�u�a�r�e�-�w�a�v�e�g�u�i�d�e� �p�h�a�s�e�d� �a�r�r�a�y�s�"�,� �J�E�E�E� �T�r�a�n�s� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�2�1�,� �p�p�.� �7�9�6�-� 
�8�0�8�,� �N�o�v�e�m�b�e�r� �1�9�7�3�.� 

�[�3�1�]� �G�H�.� �B�r�y�a�n�t�,� �R�.�W�.� �W�i�l�l�s� �a�n�d� �I�.�S�.� �A�l�t�a�f�,� �"�W�a�v�e�g�u�i�d�e� �E�l�e�m�e�n�t� �d�e�s�i�g�n� �f�o�r� �a� �p�h�a�s�e�d� 

�a�r�r�a�y�,�"� �[�E�E� �I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� �A�n�t�e�n�n�a�s� �a�n�d� �P�r�o�p�a�g�a�t�i�o�n� �(�I�C�A�P� �8�5�)�,� �P�a�r�t� �I�.� 

�p�p�.�3�1�-�3�4�,� �1�9�8�5�.� 

�[�3�2�]� �H�.�A�.� �W�h�e�e�l�e�r�,� �"�A� �s�y�s�t�e�m�a�t�i�c� �a�p�p�r�o�a�c�h� �t�o� �t�h�e� �d�e�s�i�g�n� �o�f� �a� �r�a�d�i�a�t�o�r� �e�l�e�m�e�n�t� �f�o�r� �a� 
�p�h�a�s�e�d� �a�r�r�a�y� �a�n�t�e�n�n�a�"�,� �P�r�o�c� �I�E�E�E�,� �v�o�l�.� �5�6�,� �n�o�.� �1�1�,� �p�p�.� �1�9�4�0�-�1�9�5�1�,� �N�o�v�e�m�b�e�r� �1�9�6�8�.� 

�[�3�3�]� �L�.� �S�t�a�r�k�,� �"�A� �c�o�m�p�a�r�i�s�o�n� �o�f� �a�r�r�a�y� �e�l�e�m�e�n�t� �t�y�p�e�s�"�,� �P�h�a�s�e�d� �A�r�r�a�y� �A�n�t�e�n�n�a�s�,� �E�d�i�t�o�r�s� 
�A�.� �O�l�i�n�e�r� �a�n�d� �G�.� �K�n�i�t�t�e�l�,� �M�A�:� �A�r�t�e�c�h� �H�o�u�s�e�,� �p�p�.�5�1�-�6�7�,� �1�9�7�2�.� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �4�8



�[�3�4�]� �S�.�J�.� �F�o�t�i� �a�n�d� �M�.�W�.� �S�h�e�l�l�e�y�,�"�A�n� �e�x�p�e�r�i�m�e�n�t�a�l� �w�i�d�e�b�a�n�d� �p�o�l�a�r�i�s�a�t�i�o�n� �d�i�v�e�r�s�e� �p�h�a�s�e�d� 
�a�r�r�a�y�"�,� �M�i�l�i�t�a�r�y� �M�i�c�r�o�w�a�v�e�s� �'�9�0� �C�o�n�f�e�r�e�n�c�e� �P�r�o�c�e�e�d�i�n�g�s�,� �J�u�l�y� �1�9�9�0�,� �p�p�.�2�6�3�-�2�7�1�.� 

�[�3�5�]� �C�¢�.�C�.� �C�h�e�n�,� �"�W�i�d�e�b�a�n�d� �w�i�d�e�-�a�n�g�l�e� �i�m�p�e�d�a�n�c�e� �m�a�t�c�h�i�n�g� �a�n�d� �p�o�l�a�r�i�z�a�t�i�o�n� 
�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �p�h�a�s�e�d� �a�r�r�a�y�s�,�"� �J�E�E�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�,� 
�v�o�l�.� �A�P�-�2�2�,� �n�o�.� �3�,� �p�p�.� �4�1�4�-�4�1�8�,� �M�a�y� �1�9�7�4�.� 

�[�3�6�]� �R�.�G�.� �S�c�h�m�i�e�r� �a�n�d� �M�.�J�.� �B�u�c�k�e�y�,� �"�B�r�o�a�d�b�a�n�d� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t� 
�f�o�r� �u�s�e� �i�n� �p�h�a�s�e�d� �a�r�r�a�y� �a�n�t�e�n�n�a�s�"�,� �/�E�E�E� �I�n�t�e�r�n�a�t�i�o�n�a�l� �S�y�m�p�o�s�i�u�m� �o�n� �A�n�t�e�n�n�a�s� �a�n�d� 
�P�r�o�p�a�g�a�t�i�o�n� �D�i�g�e�s�t�,� �p�p�.� �1�2�3�6�-�1�2�3�9�,� �1�9�9�4�.� 

�[�3�7�]� �J�.�K�.� �S�h�i�m�i�z�u�,� �"�O�c�t�a�v�e�-�b�a�n�d�w�i�d�t�h� �f�e�e�d� �h�o�r�n� �f�o�r� �p�a�r�a�b�o�l�o�i�d�"�,� �J�R�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� 
�P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�9�,� �p�p�.� �2�2�3�-�2�2�4�,� �M�a�r�c�h� �1�9�6�1�.�,� �S�e�e� �a�l�s�o� �E�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �H�o�r�n� 
�A�n�t�e�n�n�a�s�,� �e�d�.� �A�.�W�.� �L�o�v�e�,� �N�e�w� �Y�o�r�k�:� �I�E�E�E� �P�r�e�s�s�,� �1�9�7�6�.� 

�[�3�8�]� �M�.�H�.� �C�h�e�n�,� �"�M�o�d�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �q�u�a�d�r�u�p�l�e�-�r�i�d�g�e�d� �c�i�r�c�u�l�a�r� �a�n�d� �s�q�u�a�r�e� 
�w�a�v�e�g�u�i�d�e�,�"� �J�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�2�2�,� �n�o�.� �8�,� �p�p�.� �8�0�1�-� 
�8�0�4�,� �A�u�g�u�s�t� �1�9�7�4�.� 

�[�3�9�]� �C�.�C�.� �C�h�e�n�,� �"�Q�u�a�d�r�u�p�l�e� �r�i�d�g�e�d�-�l�o�a�d�e�d� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e� �p�h�a�s�e�d� �a�r�r�a�y�s�"�,� �/�J�E�E�E� 
�T�r�a�n�s� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�2�2�,� �p�p�.� �4�8�1�-�4�8�3�,� �M�a�y� �1�9�7�4�.� 

�[�4�0�]� �F�.�W�.� �R�o�b�i�n�s�o�n�,� �S�.�J�.� �W�o�o�d�h�o�u�s�e� �a�n�d� �M�.�A�.� �E�i�d�e�m�,�  ��T�o�w�a�r�d�s� �a� �3�:�1� �b�a�n�d� �p�h�a�s�e�d� 
�a�r�r�a�y�"�,� �I�E�E� �I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� �A�n�t�e�n�n�a�s� �a�n�d� �P�r�o�p�a�g�a�t�i�o�n�,� �(�I�C�A�P� �8�9�)�,� �P�a�r�t� �1�.� 
�p�p�.�1�7�8�-�1�8�1�.�,� �1�9�8�9� 

�[�4�1�]� �S�.�A�.� �S�o�r�o�k�a�,� �"�A� �p�h�y�s�i�c�a�l�l�y� �c�o�m�p�a�c�t� �q�u�a�d� �r�i�d�g�e�d� �h�o�r�n� �d�e�s�i�g�n�"�,� �J�E�E�E� �I�n�t�e�r�n�a�t�i�o�n�a�l� 
�S�y�m�p�o�s�i�u�m� �o�n� �A�n�t�e�n�n�a�s� �a�n�d� �P�r�o�p�a�g�a�t�i�o�n�,� �p�p�.� �9�0�3�-�9�0�6�,� �1�9�8�6�.� 

�[�4�2�]� �H�.�J�.� �S�t�a�l�z�e�r�,� �M�.�D�.� �G�r�e�e�n�m�a�n� �a�n�d� �F�.�G�.� �W�e�l�l�w�o�r�t�h�,� �"�M�o�d�e�s� �o�f� �c�r�o�s�s�e�d� �r�e�c�t�a�n�g�u�l�a�r� 
�w�a�v�e�g�u�i�d�e�"�,� �J�E�E�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �a�n�d� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�2�4�,� �n�o�.� �3� �p�p�.� �2�2�0�-�2�2�3�,� 
�M�a�r�c�h� �1�9�7�6�.� 

�[�4�3�]� �F�.�E�.� �G�a�r�d�i�o�l�,� �"�H�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� �i�n� �d�i�e�l�e�c�t�r�i�c�a�l�l�y� �l�o�a�d�e�d� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e�s�,�"� 
�I�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�1�6�,� �n�o�.� �1�1�,� �p�p�.� �9�1�9�-�9�2�4�,� �N�o�v�e�m�b�e�r� 
�1�9�6�8�.� 

�[�4�4�]� �T�.�K�.� �F�i�n�d�a�k�l�y� �a�n�d� �H�.� �M�.� �H�a�s�k�a�l�,� �"�O�n� �t�h�e� �D�e�s�i�g�n� �o�f� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�e�d� �w�a�v�e�g�u�i�d�e�s�,�"� 
�I�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�2�4�,� �n�o�.� �1�,� �p�p�.� �3�9�-�4�3�,� �J�a�n�u�a�r�y� �1�9�7�6�.� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �4�9



�[�4�5�]� �S�.� �H�a�l�e�v�y�,� �S�.� �R�a�z� �a�n�d� �H�.� �C�o�r�y�,� �"�B�a�n�d�w�i�d�t�h� �o�p�t�i�m�i�z�a�t�i�o�n� �b�y� �a� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g�"�,� 
�I�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�2�6�,� �n�o�.�6�,� �p�p�.� �4�0�7�-�4�1�2�,� �J�u�n�e� �1�9�7�8�.� 

�[�4�6�]� �G�.�N�.� �T�s�a�n�d�o�u�g�l�a�s�,� �"�P�r�o�p�a�g�a�t�i�o�n� �i�n� �d�i�e�l�e�c�t�r�i�c�-�l�i�n�e�d� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e�s�,�"� �J�E�E�E� �T�r�a�n�s�.� 
�o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�2�3�,� �n�o�.�5�,� �p�p�.� �4�0�6�-�4�1�0�,� �M�a�y� �1�9�7�5�.� 

�[�4�7�]� �G�.�N�.� �T�s�a�n�d�o�u�g�l�a�s�,� �"�B�a�n�d�w�i�d�t�h� �e�n�h�a�n�c�e�m�e�n�t� �i�n� �d�i�e�l�e�c�t�r�i�c�-�l�i�n�e�d� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e�s�"�,� 
�I�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�2�1�,� �n�o�.� �1�0�,� �p�p�.� �6�5�1�-�6�5�4�,� �O�c�t�o�b�e�r� 
�1�9�7�3�.� 

�[�4�8�]� �G�.�G�.� �M�a�z�u�m�d�e�r� �a�n�d� �P�.�K�.� �S�a�h�a�,� �"�A� �n�o�v�e�l� �r�e�c�t�a�n�g�u�l�a�r� �w�a�v�e�g�u�i�d�e� �w�i�t�h� �d�o�u�b�l�e� �T�-� 
�s�e�p�t�u�m�s�, �� �[�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�3�3�,� �n�o�.�1�1�,� �p�p�.� �1�2�3�5�-� 
�1�2�3�8�,� �N�o�v�e�m�b�e�r� �1�9�8�5�.� 

�[�4�9�]� �R�.�R�.� �M�a�n�s�o�u�r� �a�n�d� �R�.� �H�.� �M�a�c�p�h�i�e� �"�P�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �d�i�e�l�e�c�t�r�i�c�a�l�l�y� �l�o�a�d�e�d� �T�-�s�e�p�t�u�m� 
�w�a�v�e�g�u�i�d�e�"�,� �J�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�3�7�,� �n�o�.�1�0�,� �p�p�.� �1�6�5�4�-� 
�1�6�5�7�,� �O�c�t�o�b�e�r� �1�9�8�9�.� 

�[�S�5�0�]� �P�.�K�.� �S�a�h�a� �a�n�d� �D�.� �G�u�h�a�,� �"�C�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �i�n�h�o�m�o�g�e�n�e�o�u�s�l�y� �f�i�l�l�e�d� �d�o�u�b�l�e� �L�-�s�e�p�t�a� 
�w�a�v�e�g�u�i�d�e�s�,�"� �[�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�4�0�,� �n�o�.�1�1�,� �p�p�.� �2�0�5�0�-� 
�2�0�5�3�,� �N�o�v�e�m�b�e�r� �1�9�9�2�.� 

�[�S�5�1�]� �S�.�R�.� �P�e�n�n�o�c�k�,� �N�.� �I�z�z�a�t� �a�n�d� �T�.� �R�o�z�z�i�,�  ��V�e�r�y� �w�i�d�e�b�a�n�d� �o�p�e�r�a�t�i�o�n� �o�f� �a� �t�w�i�n�-�l�a�y�e�r� �i�n�s�e�t� 
�d�i�e�l�e�c�t�r�i�c� �g�u�i�d�e�"�,� �I�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�4�0�,� �n�o�.� �1�0�,� �p�p�.� 
�1�9�1�0�-�1�9�1�7�,� �O�c�t�o�b�e�r� �1�9�9�2�.� 

�[�5�2�]� �E�.� �B�r�o�o�k�n�e�r�,� �"�A�r�r�a�y� �r�a�d�a�r�s�:� �a�n� �u�p�d�a�t�e�,�"� �M�i�c�r�o�w�a�v�e� �J�o�u�r�n�a�l�,� �p�p�.� �1�1�7�-�1�3�8�,� �F�e�b�r�u�a�r�y� 
�1�9�8�7�.� 

�[�5�3�]� �R�.� �D�o�u�v�i�l�l�e� �a�n�d� �M�.�G�.� �S�t�u�b�b�s�,� �"�M�I�C� �T�e�c�h�n�o�l�o�g�y� �f�o�r� �p�h�a�s�e�d� �a�r�r�a�y�s�,�"� �M�i�c�r�o�w�a�v�e� 
�J�o�u�r�n�a�l�,� �p�p�.� �1�4�3�-�1�6�3�,� �M�a�r�c�h� �1�9�8�8�.� 

�[�5�4�]� �R�.� �T�a�n�g� �a�n�d� �R�.�W�.� �B�u�r�n�s�,� �"�A�r�r�a�y� �t�e�c�h�n�o�l�o�g�y�"�,� �P�r�o�c�.� �I�E�E�E�,� �v�o�l�.� �8�0�,� �n�o�.� �1�,� �J�a�n�u�a�r�y� 
�1�9�9�2�.� 

�[�5�5�]� �M�J�.� �P�o�v�i�n�e�l�l�i� �a�n�d� �C�.�E�.� �G�r�o�v�e�,� �"�W�i�d�e�b�a�n�d� �a�p�e�r�t�u�r�e�s� �f�o�r� �a�c�t�i�v�e� �p�l�a�n�a�r� �m�u�l�t�i�-�f�u�n�c�t�i�o�n� 
�p�h�a�s�e�d� �a�r�r�a�y�s�,�"� �[�E�E�E� �N�a�t�i�o�n�a�l� �R�a�d�a�r� �C�o�n�f�e�r�e�n�c�e�,� �1�9�8�9�,� �p�p�.�1�2�5�-�1�2�8�.� 

�P�R�O�B�L�E�M� �S�T�A�T�E�M�E�N�T� �A�N�D� �B�A�C�K�G�R�O�U�N�D� �D�I�S�C�U�S�S�I�O�N� �5�0



�[�5�6�]� �M�.� �P�r�i�o�l�o�,� �G�S�t�.� �O�n�g�e�,� �W�.� �C�o�u�g�h�l�i�n� �I�l�I�,� �J�.� �B�u�g�e�a�u�,� �a�n�d� �D�.� �M�e�h�a�r�r�y�,� 
�"�T�r�a�n�s�m�i�t�/�r�e�c�e�i�v�e� �m�o�d�u�l�e�s� �f�o�r� �6� �t�o� �1�8� �G�H�z� �m�u�l�t�i�f�u�n�c�t�i�o�n� �a�r�r�a�y�s�"�,� �I�E�E�E� �M�i�c�r�o�w�a�v�e� 
�T�h�e�o�r�y� �a�n�d� �T�e�c�h�n�i�q�u�e�-�S�y�m�p�o�s�i�u�m� �D�i�g�e�s�t�,� �1�9�9�0�,� �p�p�.� �v�o�l�.�3�,� �1�2�2�7�-�1�2�3�0�.� 

�[�5�7�]� �W�.� �R�o�t�m�a�n� �a�n�d� �R�F�.� �T�u�r�n�e�r�,�  ��W�i�d�e�-�a�n�g�l�e� �m�i�c�r�o�w�a�v�e� �l�e�n�s� �f�o�r� �l�i�n�e� �s�o�u�r�c�e� 
�a�p�p�l�i�c�a�t�i�o�n�s�,�"� �J�E�E�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�1�1�,� �p�p�.� �6�2�3�-�6�3�2�,� �N�o�v�e�m�b�e�r� 
�1�9�6�3�.� 

�[�5�8�]� �G�.�C�.� �S�o�l�e� �a�n�d� �M�.�S�.� �S�m�i�t�h�,� �"�M�u�l�t�i�p�l�e� �b�e�a�m� �f�o�r�m�i�n�g� �f�o�r� �p�l�a�n�a�r� �a�n�t�e�n�n�a� �a�r�r�a�y�s� �u�s�i�n�g� �a� 
�t�h�r�e�e�-�d�i�m�e�n�s�i�o�n�a�l� �r�o�t�m�a�n� �l�e�n�s�"�,� �J�E�E� �P�r�o�c�e�e�d�i�n�g�s�,� �v�o�l�.� �1�3�4�,� �p�t�-�H�,� �n�o�.� �4�,� �A�u�g�u�s�t� �1�9�8�7�.� 

�[�5�9�]� �G�J�.� �L�a�u�g�h�l�i�n�,� �E�.�V�.� �B�y�r�o�n� �a�n�d� �T�.�C�.� �C�h�e�s�t�o�n�,� �"�V�e�r�y� �w�i�d�e� �b�a�n�d� �p�h�a�s�e�d�-�a�r�r�a�y� 
�a�n�t�e�n�n�a�"�,� �J�E�E�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�2�0�,� �N�o�.� �6�,� �p�p�.� �6�9�9�-�7�0�4�,� �N�o�v�e�m�b�e�r� 
�1�9�7�2�.� 

�[�6�0�]� �J�.�P�.� �M�o�n�t�g�o�m�e�r�y�,� �"�R�i�d�g�e�d� �w�a�v�e�g�u�i�d�e� �p�h�a�s�e�d� �a�r�r�a�y� �e�l�e�m�e�n�t�s�"�,� �J�E�E�E� �T�r�a�n�s�.� 
�A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�2�4�,� �N�O�.�1�,� �p�p�.� �4�6�-�5�3�,� �N�o�v�e�m�b�e�r� �1�9�7�6�.� 

�[�6�1�]� �J�.�C�.� �N�o�l�e�n�,� �"�P�h�a�s�e�d� �a�r�r�a�y� �p�o�l�a�r�i�z�a�t�i�o�n� �a�g�i�l�i�t�y�"�,� �J�E�E�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� 
�v�o�l�.� �A�P�-�1�3�,� �p�p�.� �8�2�0�-�8�2�1�,� �J�u�l�y� �1�9�6�5�.� 

�[�6�2�]� �J�.� �H�u�a�n�g�,� �"�A� �t�e�c�h�n�i�q�u�e� �f�o�r� �a�n� �a�r�r�a�y� �t�o� �g�e�n�e�r�a�t�e� �c�i�r�c�u�l�a�r� �p�o�l�a�r�i�z�a�t�i�o�n� �w�i�t�h� �l�i�n�e�a�r� 
�p�o�l�a�r�i�z�e�d� �e�l�e�m�e�n�t�s�,�"� �J�E�E�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�3�4�,� �N�O�.�9�,� �p�p�.� �1�1�1�3�-� 
�1�1�2�4�,� �S�e�p�t�e�m�b�e�r� �1�9�8�6�.� 

�[�6�3�]� �A�.�W�.� �L�o�v�e�,� �E�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �H�o�r�n� �A�n�t�e�n�n�a�s�,� �N�e�w� �Y�o�r�k�,� �I�E�E�E� �P�r�e�s�s�,� �p�p�.� �3�5�3�,� 
�1�9�7�4�.� 

�[�6�4�]� �R�.� �C�h�a�t�t�e�r�j�e�e�,� �D�i�e�l�e�c�t�r�i�c� �a�n�d� �D�i�e�l�e�c�t�r�i�c�-�L�o�a�d�e�d� �A�n�t�e�n�n�a�s�,� �N�e�w� �Y�o�r�k�:� �J�o�h�n� �W�i�l�e�y� 
�a�n�d� �S�o�n�s�,� �1�9�8�5�.� 

�[�6�5�]� �G�.�N�.� �T�s�a�n�d�o�u�g�l�a�s� �a�n�d� �W�.�D�.� �F�i�t�z�g�e�r�a�l�d�,� �"�A�p�e�r�t�u�r�e� �e�f�f�i�c�i�e�n�c�y� �i�n� �d�i�e�l�e�c�t�r�i�c�a�l�l�y� �l�o�a�d�e�d� 
�h�o�r�n�s�,�"� �J�E�E�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �a�n�d� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�2�1�,� �n�o�.� �1� �p�p�.� �6�9�-�7�4�,� �J�a�n�u�a�r�y� �1�9�7�7�2�.� 

�[�6�6�]� �R�.�A�.� �N�a�i�r�,� �"�S�y�m�m�e�t�r�i�c� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� �o�n� �E�-� �a�n�d� �H�-�p�l�a�n�e� �w�a�l�l�s� �o�f� �a� �r�e�c�t�a�n�g�u�l�a�r� 
�h�o�r�n� �f�o�r� �p�a�t�t�e�r�n� �s�h�a�p�i�n�g�,�"� �/�n�t�.� �J�.� �E�l�e�c�t�r�o�n�i�c�s�,� �v�o�l�.� �6�3�,� �n�o�.� �4�,� �p�p�.� �4�7�9�-�4�8�8�,� �1�9�8�7�.� 

�[�6�7�]� �C�.� �J�.� �T�o�u�r�n�e�u�r�,� �"� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �E�-�P�l�a�n�e� �r�a�d�i�a�t�i�o�n� �p�a�t�t�e�r�n� �o�f� �a� �f�l�a�n�g�e� �l�o�a�d�e�d� �H�-�p�l�a�n�e� 
�q�u�a�s�i� �s�e�c�t�o�r�a�l� �h�o�r�n�s�,�"� �I�n�t�e�r�n�a�t�i�o�n�a�l� �C�o�n�f�e�r�e�n�c�e� �o�n� �A�n�t�e�n�n�a�s� �a�n�d� �P�r�o�p�a�g�a�t�i�o�n� �(�I�C�A�P� 
�8�3�)�,� �p�p�.� �1�3�2�-�1�3�5�,� �1�9�8�3�.� 
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�[�6�8�]� �W�.� �Z�i�e�n�i�u�t�y�c�z� �a�n�d� �P�.�S�.� �K�i�l�d�a�l�,� �"�S�t�u�d�y� �o�f� �w�a�l�l� �r�e�g�i�o�n� �a�n�d� �d�i�e�l�e�c�t�r�i�c� �l�o�s�s�e�s� �i�n� �a� �s�q�u�a�r�e� 
�h�a�r�d� �h�o�r�n�,�"� �J�E�E� �P�r�o�c�e�e�d�i�n�g�s�-�H�,� �V�o�l�.� �1�3�9�,� �N�o�.� �2�,� �A�p�r�i�l� �1�9�9�2�.� 

�[�6�9�]� �P�.�S�.� �K�i�l�d�a�l�,� �"�B�a�n�d�w�i�d�t�h� �o�f� �a� �s�q�u�a�r�e� �h�a�r�d� �h�o�r�n�,�"� �J�E�E� �P�r�o�c�e�e�d�i�n�g�s�-�H�,� �V�o�l�.� �1�3�5�,� �N�o�.� 
�4�,� �A�u�g�u�s�t� �1�9�8�8�.� 

�[�7�0�]� �R�.�J�.� �M�a�i�l�l�o�u�x�,� �P�h�a�s�e�d� �A�r�r�a�y� �A�n�t�e�n�n�a� �H�a�n�d�b�o�o�k�,� �B�o�s�t�o�n�:� �A�r�t�e�c�h� �H�o�u�s�e�,� �1�9�9�4�.� 

�[�7�1�]� �W�.�L�.� �S�t�u�t�z�m�a�n� �a�n�d� �G�.�A�.� �T�h�i�e�l�e�,� �A�n�t�e�n�n�a� �T�h�e�o�r�y� �a�n�d� �D�e�s�i�g�n�,� �N�e�w� �Y�o�r�k�:� �J�o�h�n� 
�W�i�l�e�y� �a�n�d� �S�o�n�s�,� �1�9�8�1�,� �C�h�a�p�t�e�r� �1�.� 
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�C�H�A�P�T�E�R� �3� 

�D�E�F�I�N�I�N�G� �T�H�E� �C�R�O�S�S�E�D�-�S�E�P�T�U�M� 
�W�A�V�E�G�U�I�D�E� �(�C�S�W�)� 

�3�.�1� �O�v�e�r�v�i�e�w� �o�f� �t�h�e� �C�r�o�s�s�e�d�-�S�e�p�t�u�m� �W�a�v�e�g�u�i�d�e� �(�C�S�W�)� 

�S�e�c�t�i�o�n� �2�.�4� �o�u�t�l�i�n�e�d� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t�s� �o�f� �a� �r�a�d�i�a�t�i�n�g� �e�l�e�m�e�n�t� �n�e�e�d�e�d� �f�o�r� �t�h�e� 

�h�y�p�o�t�h�e�t�i�c�a�l� �p�h�a�s�e�d� �a�r�r�a�y� �a�n�t�e�n�n�a�.� �T�h�e� �d�e�s�i�r�e�d� �e�l�e�m�e�n�t� �i�s� �a� �w�a�v�e�g�u�i�d�e� �t�y�p�e� �e�l�e�m�e�n�t� �w�i�t�h� 

�a�n� �a�p�e�r�t�u�r�e� �t�h�a�t� �s�u�p�p�o�r�t�s� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n� �a�n�d� �o�f�f�e�r�s� �b�r�o�a�d�b�a�n�d� �p�e�r�f�o�r�m�a�n�c�e� �i�n� �t�e�r�m�s� �o�f� 

�s�i�n�g�l�e�-�m�o�d�e� �p�r�o�p�a�g�a�t�i�o�n�.� �T�h�i�s� �c�h�a�p�t�e�r� �i�n�t�r�o�d�u�c�e�s� �t�h�e� �c�r�o�s�s�e�d�-�s�e�p�t�u�m� �w�a�v�e�g�u�i�d�e� �(�C�S�W�)�,� 

�w�h�i�c�h� �i�s� �a� �n�o�v�e�l� �d�i�e�l�e�c�t�r�i�c�a�l�l�y� �l�o�a�d�e�d� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e�.� �A� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �b�a�n�d�w�i�d�t�h� 

�e�n�h�a�n�c�e�m�e�n�t� �c�o�n�c�e�p�t� �i�s� �b�e�s�t� �a�c�c�o�m�p�l�i�s�h�e�d� �b�y� �f�i�r�s�t� �c�o�n�s�i�d�e�r�i�n�g� �a� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �a�n�d� 

�t�h�e�n� �e�x�p�a�n�d�i�n�g� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �t�o� �t�h�e� �i�n�h�o�m�o�g�e�n�e�o�u�s� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�e�d� �w�a�v�e�g�u�i�d�e�,� �w�h�i�c�h� �i�s� 

�t�h�e� �C�S�W�.� 

�T�h�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s� �f�o�r� �t�h�e� �T�E�,�,�,� �a�n�d� �T�M� 

�w�i�t�h� �a� �h�o�m�o�g�e�n�e�o�u�s� �d�i�e�l�e�c�t�r�i�c�)� �s�q�u�a�r�e� �m�e�t�a�l�l�i�c� �w�a�v�e�g�u�i�d�e� �a�r�e� �g�i�v�e�n� �b�y� �[�1�]� 

�m�o�d�e�s� �o�f� �a�n� �u�n�l�o�a�d�e�d� �(�o�r� �f�i�l�l�e�d� 
�m�n�?� 

�l� �2� �2� 
�J�A�M� �=� �T�T� �T�e� �m�+�n� �(�3�.�1�)� � � 

�w�h�e�r�e� �f�o�r� �T�M� �m�o�d�e�s� 

�m�,�n�=� �1�,�2�.�.�.� 

�a�n�d� �f�o�r� �T�E� �m�o�d�e�s� 

�m�,�n�=�0�,�1�,�2� �a�n�d� �m�=�n�+�#�0� 

�a�n�d� �a� �i�s� �t�h�e� �w�i�d�t�h� �o�f� �t�h�e� �g�u�i�d�e�,� �¢� �i�s� �t�h�e� �p�e�r�m�i�t�t�i�v�i�t�y�,� �a�n�d� �y�w� �i�s� �t�h�e� �p�e�r�m�e�a�b�i�l�i�t�y� �o�f� �t�h�e� 

�m�a�t�e�r�i�a�l� �i�n�s�i�d�e� �t�h�e� �w�a�v�e�g�u�i�d�e�.� 

�T�h�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �f�i�r�s�t� �s�e�v�e�r�a�l� �m�o�d�e�s� �o�f� �t�h�e� �u�n�l�o�a�d�e�d� �w�a�v�e�g�u�i�d�e� �a�r�e� 

�g�i�v�e�n� �i�n� �T�a�b�l�e� �3�-�1�.� �I�n� �t�h�e� �t�a�b�l�e� �t�h�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s� �f�.� �a�r�e� �n�o�r�m�a�l�i�z�e�d� �t�o� �t�h�a�t� �o�f� �t�h�e� 
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�T�E�,�,� �m�o�d�e�.� �T�h�e� �T�E�,�,� �m�o�d�e� �i�s� �t�h�e� �d�o�m�i�n�a�n�t� �m�o�d�e� �o�f� �p�r�o�p�a�g�a�t�i�o�n� �w�i�t�h�i�n� �t�h�e� �w�a�v�e�g�u�i�d�e�.� 

�F�o�r� �a� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e�,� �t�h�e� �T�E�,�,� �m�o�d�e� �i�s� �o�f� �c�o�u�r�s�e� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �T�E�,�,� �e�x�c�e�p�t� �t�h�a�t� �i�t� �i�s� 

�r�o�t�a�t�e�d� �b�y� �.�9�0� �d�e�g�r�e�e�s� �a�n�d� �h�e�n�c�e� �i�s� �a�l�s�o� �a� �d�o�m�i�n�a�n�t� �m�o�d�e� �b�u�t� �i�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� 

�o�r�t�h�o�g�o�n�a�l� �d�o�m�i�n�a�n�t� �m�o�d�e�.� �T�a�b�l�e� �3�-�1� �p�r�o�v�i�d�e�s� �c�o�m�m�e�n�t�s� �o�n� �e�a�c�h� �o�f� �t�h�e� �m�o�d�e�s� �t�h�a�t� �a�r�e� 

�i�m�p�o�r�t�a�n�t� �t�o� �t�h�i�s� �a�n�a�l�y�s�i�s�,� �a�n�d� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �l�a�t�e�r� �i�n� �t�h�i�s� �d�i�s�c�u�s�s�i�o�n�.� �T�h�e� �s�i�n�g�l�e�-�m�o�d�e� 

�b�a�n�d�w�i�d�t�h� �o�f� �t�h�e� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �i�s� �1�.�4�1�4�:�1�.� �T�h�e� �n�e�x�t� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� �a�b�o�v�e� �t�h�e� 
�d�o�m�i�n�a�n�t� �m�o�d�e� �a�r�e� �t�h�e� �T�E�,�,� �a�n�d� �T�M�,�,� �m�o�d�e�s�.� 

�T�a�b�l�e� �3�-�1�.� 

�C�u�t�o�f�f� �F�r�e�q�u�e�n�c�i�e�s� �o�f� �t�h�e� �F�i�r�s�t� �S�e�v�e�r�a�l� �M�o�d�e�s� �f�o�r� �a�n� �U�n�l�o�a�d�e�d� �W�a�v�e�g�u�i�d�e�.� 
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�m�o�d�e� �t�y�p�e� �n�o�r�m�a�l�i�z�e�d� �f�,� �c�o�m�m�e�n�t�s� 
�T�E�,�,�,� �T�E�,� �1�.�0�0�0� �d�o�m�i�n�a�n�t� �m�o�d�e� �o�f� �p�r�o�p�a�g�a�t�i�o�n� 

�T�E�,�,� �1�.�4�1�4� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�,� �t�o� �b�e� �'�r�e�m�o�v�e�d�'� �b�y� 

�m�o�d�e� �f�i�l�t�e�r�s� 

�T�M�,� �,� �1�.�4�1�4� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�,� �t�o� �b�e� �'�r�e�m�o�v�e�d�'� �b�y� 

�m�o�d�e� �f�i�l�t�e�r�s� 

�T�E�,�,�,� �T�E�,�,� �2�.�0�0�0� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�,� �i�n�c�r�e�a�s�e�d� 
�s�e�p�a�r�a�t�i�o�n� �r�e�l�a�t�i�v�e� �t�o� �t�h�e� �T�E�,�,� �m�o�d�e� 

�T�E�,�,�,�1�M�,�,� �2�.�2�3�6� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� 

�T�E�,�,�,� �T�M�,�,� �2�.�8�2�8� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� 
� � 

�T�h�e� �r�e�s�e�a�r�c�h� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�i�s� �r�e�p�o�r�t� �i�n�v�o�l�v�e�s� �t�h�e� �u�s�e� �o�f� �a�n� �i�n�h�o�m�o�g�e�n�e�o�u�s�,� 

�d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� �t�e�c�h�n�i�q�u�e� �t�o� �a�l�t�e�r� �c�e�r�t�a�i�n� �m�o�d�a�l� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �e�x�t�e�n�d� �t�h�e� �u�s�a�b�l�e� 

�b�a�n�d�w�i�d�t�h� �o�f� �t�h�e� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e�.� �A� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �v�i�e�w� �o�f� �t�h�e� �w�a�v�e�g�u�i�d�e� �e�l�e�m�e�n�t� 

�u�n�d�e�r� �c�o�n�s�i�d�e�r�a�t�i�o�n� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�-�1� �a�n�d� �w�a�s� �o�r�i�g�i�n�a�l�l�y� �s�u�g�g�e�s�t�e�d� �b�y� �S�w�i�n�f�o�r�d� �[�1�2�]� 

�a�s� �a� �p�o�s�s�i�b�l�e� �b�r�o�a�d�b�a�n�d� �r�a�d�i�a�t�o�r� �f�o�r� �u�s�e� �i�n� �a� �p�h�a�s�e�d� �a�r�r�a�y�.� �T�h�e� �w�a�v�e�g�u�i�d�e� �s�h�o�w�n� �i�s� �a� 

�s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e�,� �l�o�a�d�e�d� �w�i�t�h� �a� �t�h�i�n� �d�i�e�l�e�c�t�r�i�c� �s�l�a�b� �o�r� �'�s�e�p�t�u�m ��.� �W�e� �w�i�l�l� �r�e�f�e�r� �t�o� �t�h�i�s� 

�d�i�e�l�e�c�t�r�i�c�a�l�l�y� �l�o�a�d�e�d� �w�a�v�e�g�u�i�d�e� �a�s� �t�h�e� �c�r�o�s�s�-�s�e�p�t�u�m� �w�a�v�e�g�u�i�d�e� �(�C�S�W�)�.� 
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�f�i�l�t�e�r�s� �a�r�e� �o�m�i�t�t�e�d�.� 
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�\� 

�D�i�e�l�e�c�t�r�i�c� �I�n�s�e�r�t� 

�a�  ��C�r�o�s�s�e�d� �S�e�p�t�u�m�"� 

�M�e�t�a�l�l�i�c� �W�a�l�l�i�s� 

�F�i�g�u�r�e� �3�-�1�.� �C�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �v�i�e�w� �o�f� �t�h�e� �c�r�o�s�s�e�d�-�s�e�p�t�u�m� �w�a�v�e�g�u�i�d�e� �(�C�S�W�)�.� �T�h�e� �m�o�d�e� 

�5�5



�T�h�e� �b�a�n�d�w�i�d�t�h� �e�n�h�a�n�c�e�m�e�n�t� �c�o�n�c�e�p�t� �i�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�-�2�.� �T�h�e� �T�E�,�,� �m�o�d�e�l�,� 

�w�h�i�c�h� �h�a�s� �a� �m�a�x�i�m�u�m� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �i�n� �t�h�e� �c�e�n�t�e�r�,� �w�i�l�l� �b�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� 

�p�r�e�s�e�n�c�e� �o�f� �t�h�e� �v�e�r�t�i�c�a�l� �s�e�p�t�u�m� �s�u�c�h� �t�h�a�t� �t�h�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�y�,� �/�,�(�T�E�,�,�)� �c�a�n� �b�e� �l�o�w�e�r�e�d�.� 

�C�o�n�v�e�r�s�e�l�y�,� �t�h�e� �T�E�,�,� �m�o�d�e� �w�h�i�c�h� �h�a�s� �a� �n�e�a�r� �z�e�r�o� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �i�n� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� 

�w�a�v�e�g�u�i�d�e� �w�i�l�l� �b�e� �l�e�s�s� �a�f�f�e�c�t�e�d� �b�y� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �s�e�p�t�u�m�,� �a�n�d� �t�h�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�y� 

�J�.�(�T�E�,�,�)� �w�i�l�l� �b�e� �l�o�w�e�r�e�d� �l�e�s�s�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �d�e�s�i�r�e�d� �g�o�a�l� �i�s� �t�o� �o�b�t�a�i�n� �i�n�c�r�e�a�s�e�d� �m�o�d�e� 

�s�e�p�a�r�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �T�E�,�,� �a�n�d� �T�E�,�,� �m�o�d�e�s� �b�y� �e�x�p�l�o�i�t�i�n�g� �t�h�e� �s�y�m�m�e�t�r�y� �d�i�f�f�e�r�e�n�c�e�s� �i�n� 

�t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �p�a�t�t�e�r�n�s�.� �H�o�w�e�v�e�r�,� �t�h�e� �s�l�a�b� �l�o�a�d�e�d� �w�a�v�e�g�u�i�d�e� �i�n� �F�i�g�u�r�e� �3�-�2� �d�o�e�s� �n�o�t� 

�h�a�v�e� �t�h�e� �d�e�s�i�r�e�d� �s�y�m�m�e�t�r�y� �p�r�o�p�e�r�t�i�e�s� �a�n�d� �m�u�s�t� �b�e� �m�o�d�i�f�i�e�d�.� �B�y� �c�o�m�b�i�n�i�n�g� �a� �h�o�r�i�z�o�n�t�a�l� 

�a�n�d� �v�e�r�t�i�c�a�l� �d�i�e�l�e�c�t�r�i�c� �s�e�p�t�u�m�,� �a� �c�r�o�s�s� �s�h�a�p�e�d� �d�i�e�l�e�c�t�r�i�c� �s�l�a�b� �i�s� �o�b�t�a�i�n�e�d�,� �w�i�t�h� �t�h�e� �d�e�s�i�r�e�d� 

�9�0� �d�e�g�r�e�e� �r�o�t�a�t�i�o�n�a�l� �s�y�m�m�e�t�r�y� �n�e�c�e�s�s�a�r�y� �f�o�r� �d�u�a�l� �p�o�l�a�r�i�z�a�t�i�o�n� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�-�1�.� 

�I�n� �o�b�t�a�i�n�i�n�g� �b�a�n�d�w�i�d�t�h� �e�n�h�a�n�c�e�m�e�n�t� �w�e� �m�u�s�t� �a�l�s�o� �c�o�n�s�i�d�e�r� �t�h�e� �T�E�,�,� �a�n�d� �T�M�,�,� 

�m�o�d�e�s�.� �O�n�c�e� �a�g�a�i�n� �o�u�r� �c�o�n�c�e�p�t�u�a�l� �d�i�s�c�u�s�s�i�o�n� �w�i�l�l� �f�o�c�u�s� �o�n� �t�h�e� �s�y�m�m�e�t�r�y� �p�r�o�p�e�r�t�i�e�s� �o�f� 

�t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d�s� �i�n� �t�h�e� �g�u�i�d�e�.� �T�h�e� �g�o�a�l� �i�s� �t�o� �u�s�e� �m�o�d�e� �f�i�l�t�e�r�s� �(�s�u�p�p�r�e�s�s�o�r�s�)� �t�o� �a�t�t�e�n�u�a�t�e� 

�t�h�e� �T�E�,�,� �a�n�d� �T�M�,�,� �m�o�d�e�s�,� �w�h�i�c�h� �p�o�s�s�e�s�s� �s�i�g�n�i�f�i�c�a�n�t�l�y� �d�i�f�f�e�r�e�n�t� �s�y�m�m�e�t�r�y� �a�n�d� �f�i�e�l�d� 

�s�t�r�u�c�t�u�r�e�s� �(�c�o�m�p�a�r�e�d� �t�o� �t�h�e� �d�o�m�i�n�a�n�t� �m�o�d�e�)�.� �A� �f�u�r�t�h�e�r� �d�i�s�c�u�s�s�i�o�n� �a�n�d� �d�e�t�a�i�l�e�d� 

�d�e�s�c�r�i�p�t�i�o�n� �i�s� �p�r�o�v�i�d�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�,� �a�n�d� �a�l�s�o� �i�n� �C�h�a�p�t�e�r� �6�.� 

�I�n� �t�h�e� �c�o�n�t�e�x�t� �o�f� �t�h�e� �a�b�o�v�e� �d�i�s�c�u�s�s�i�o�n�,� �t�h�e� �g�o�a�l� �o�f� �t�h�i�s� �r�e�p�o�r�t� �1�s� �t�o� �s�h�o�w� �t�h�a�t� �o�n�e� 

�c�a�n� �e�n�h�a�n�c�e� �t�h�e� �s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h� �o�f� �a� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �u�s�i�n�g� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� 

�a�n�d� �m�o�d�e� �f�i�l�t�e�r�i�n�g� �s�c�h�e�m�e�.� �T�h�e� �o�b�j�e�c�t�i�v�e� �i�s� �t�o� �o�b�t�a�i�n� �s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h�,� �d�e�f�i�n�e�d� �a�s� 

�W�e�s�w� �=� �F�A�T�E�)� �(�3�.�2�)� 
�F�T�E�,� �9�)� 

�C�o�n�c�e�p�t�u�a�l�l�y� �t�h�i�s� �a�p�p�r�o�a�c�h� �i�s� �r�e�a�s�o�n�a�b�l�e� �i�f� �o�n�e� �a�c�c�e�p�t�s� �c�e�r�t�a�i�n� �p�r�a�c�t�i�c�a�l� �l�i�m�i�t�a�t�i�o�n�s� �f�r�o�m� 

�t�h�e� �o�n�s�e�t� �o�f� �t�h�e� �p�r�o�b�l�e�m�.� �I�f� �o�n�e� �u�s�e�s� �p�r�o�p�e�r� �c�o�u�p�l�i�n�g� �i�n�t�o� �t�h�e� �d�e�s�i�r�e�d� �m�o�d�e� �a�n�d� �m�o�d�e� 

�f�i�l�t�e�r�i�n�g� �t�e�c�h�n�i�q�u�e�s� �t�o� �s�u�p�p�r�e�s�s� �t�h�e� �T�E�,�,� �a�n�d� �T�M�,�,� �m�o�d�e�s�,� �i�t� �i�s� �t�h�o�u�g�h�t� �t�h�a�t� �t�h�i�s� �t�e�c�h�n�i�q�u�e� 

�c�a�n� �b�e� �u�s�e�d� �t�o� �p�r�o�v�i�d�e� �a� �d�e�s�i�g�n� �t�h�a�t� �e�x�h�i�b�i�t�s� �g�r�a�c�e�f�u�l� �d�e�g�r�a�d�a�t�i�o�n� �o�v�e�r� �t�h�e� �w�i�d�e� 

�f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �o�f� �o�p�e�r�a�t�i�o�n�.� �F�o�r� �t�h�e� �d�e�s�i�r�e�d� �a�p�p�l�i�c�a�t�i�o�n�,� �t�h�e� �C�S�W� �w�i�l�l� �h�a�v�e� �a� �r�e�l�a�t�i�v�e�l�y� 

�s�h�o�r�t� �l�e�n�g�t�h� �i�n� �t�e�r�m�s� �o�f� �w�a�v�e�l�e�n�g�t�h� �a�n�d� �w�i�l�l� �n�o�t� �h�a�v�e� �a�n�y� �b�e�n�d�s� �o�r� �d�i�s�c�o�n�t�i�n�u�i�t�i�e�s�,� �w�h�i�c�h� 

� � 

�1� �T�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �a� �d�i�e�l�e�c�t�r�i�c� �r�e�s�u�l�t�s� �i�n� �h�y�b�r�i�d� �m�o�d�e�s�.� �W�e� �a�r�e� �h�e�r�e� �r�e�f�e�r�r�i�n�g� �t�o� �h�y�b�r�i�d� �m�o�d�e�s� �t�h�a�t� 
�r�e�s�e�m�b�l�e� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �T�E� �a�n�d� �T�M� �m�o�d�e�s� �f�o�r� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �u�n�l�o�a�d�e�d� �w�a�v�e�g�u�i�d�e�.� �A� �t�h�o�r�o�u�g�h� 
�d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �h�y�b�r�i�d� �m�o�d�e�s� �i�s� �p�r�o�v�i�d�e�d� �i�n� �C�h�a�p�t�e�r� �5�,� �h�o�w�e�v�e�r� �t�h�e� �T�E� �a�n�d� �T�M� �m�o�d�e� �d�e�s�i�g�n�a�t�i�o�n�s� �a�r�e� 
�r�e�t�a�i�n�e�d� �f�o�r� �s�i�m�p�l�i�c�i�t�y� �t�o� �a�v�o�i�d� �c�o�n�f�u�s�i�o�n� �d�u�r�i�n�g� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�i�s� �r�e�p�o�r�t�.� 
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�T�E�,�,� �m�o�d�e� �T�E�.� �m�o�d�e� 

�F�i�g�u�r�e� �3�-�2�.� �C�o�n�c�e�p�t� �o�f� �b�a�n�d�w�i�d�t�h� �e�n�h�a�n�c�e�m�e�n�t� �u�s�i�n�g� �a� �d�i�e�l�e�c�t�r�i�c� �s�e�p�t�u�m�.� �N�o�t�e� �t�h�e� 
�e�l�e�c�t�r�i�c� �f�i�e�l�d� �i�s� �a� �m�a�x�i�m�u�m� �i�n� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �g�u�i�d�e� �f�o�r� �t�h�e� �T�E�,�,� �m�o�d�e� �c�o�m�p�a�r�e�d� �t�o� �a� 
�m�i�n�i�m�u�m� �f�i�e�l�d� �i�n�t�e�n�s�i�t�y� �f�o�r� �t�h�e� �T�E�,�,� �m�o�d�e�.� �C�o�m�b�i�n�i�n�g� �b�o�t�h� �t�h�e� �v�e�r�t�i�c�a�l� �a�n�d� �h�o�r�i�z�o�n�t�a�l� 
�s�e�p�t�u�m� �p�r�o�v�i�d�e�s� �9�0� �d�e�g�r�e�e� �r�o�t�a�t�i�o�n�a�l� �s�y�m�m�e�t�r�y� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�-�1�.� 
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�c�o�u�l�d� �e�x�c�i�t�e� �o�r� �c�o�u�p�l�e� �e�n�e�r�g�y� �i�n�t�o� �t�h�e�s�e� �u�n�d�e�s�i�r�e�d� �m�o�d�e�s�.� �I�n� �t�e�r�m�s� �o�f� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� 

�s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h�,� �a� �m�o�r�e� �a�p�p�r�o�p�r�i�a�t�e� �d�e�s�c�r�i�p�t�i�o�n� �m�i�g�h�t� �b�e� �"�q�u�a�s�i�"� �s�i�n�g�l�e�-�m�o�d�e� 

�b�a�n�d�w�i�d�t�h�.� �B�y� �"�q�u�a�s�i�"� �s�i�n�g�l�e�-�m�o�d�e� �b�a�n�d�w�i�d�t�h�,� �w�h�a�t� �i�s� �m�e�a�n�t� �i�s� �t�h�a�t� �s�o�m�e� �p�o�r�t�i�o�n� �o�f� �t�h�e� 

�u�s�e�f�u�l� �b�a�n�d�w�i�d�t�h� �w�i�l�l� �e�x�i�s�t� �a�b�o�v�e� �t�h�e� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s�,� �h�o�w�e�v�e�r� 

�e�n�e�r�g�y� �c�o�u�p�l�e�d� �i�n�t�o� �a� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e� �w�i�l�l� �b�e� �m�a�d�e� �t�o� �d�e�c�a�y� �r�a�p�i�d�l�y� �b�y� �t�h�e� �u�s�e� �o�f� �m�o�d�e� 

�f�i�l�t�e�r�s� �r�a�t�h�e�r� �t�h�a�n� �b�y� �t�h�e� �c�u�t�o�f�f� �c�o�n�d�i�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �o�b�j�e�c�t�i�v�e� �i�s� �t�o� �a�v�o�i�d� �c�o�u�p�l�i�n�g� 

�i�n�t�o� �t�h�e� �u�n�d�e�s�i�r�e�d� �T�E�,�,� �a�n�d� �T�M�,�,� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� �a�n�d� �t�o� �a�g�g�r�e�s�s�i�v�e�l�y� �a�t�t�e�n�u�a�t�e� 

�e�n�e�r�g�y� �w�h�i�c�h� �i�s� �c�o�u�p�l�e�d� �i�n�t�o� �t�h�e�s�e� �m�o�d�e�s�.� 

�3�.�2� �S�y�m�m�e�t�r�y� �P�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �C�S�W� 

�T�h�e� �s�y�m�m�e�t�r�y� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �f�i�e�l�d�s� �i�n� �a� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �s�u�c�h� �a�s� �t�h�e� �C�S�W� �c�a�n� 

�b�e� �u�s�e�d� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� �a�n�a�l�y�s�i�s� �b�y� �r�e�d�u�c�i�n�g� �t�h�e� �c�o�m�p�l�i�c�a�t�e�d� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �C�S�W� �i�n�t�o� �a� 

�s�e�t� �o�f� �e�q�u�i�v�a�l�e�n�t� �s�i�m�p�l�e�r� �g�e�o�m�e�t�r�i�e�s�.� �M�c�l�I�s�a�a�c� �[�2�,�3�]� �d�e�r�i�v�e�s� �a� �g�e�n�e�r�a�l�i�z�e�d� �p�r�o�c�e�d�u�r�e� �f�o�r� 

�c�l�a�s�s�i�f�y�i�n�g� �t�h�e� �m�o�d�e� �t�y�p�e�s� �a�n�d� �s�y�m�m�e�t�r�y� �p�r�o�p�e�r�t�i�e�s� �o�f� �c�e�r�t�a�i�n� �c�l�a�s�s�e�s� �o�f� �w�a�v�e�g�u�i�d�e�s�.� 

�A�l�s�o� �g�i�v�e�n� �i�s� �a� �p�r�o�c�e�d�u�r�e� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �m�i�n�i�m�u�m� �s�e�c�t�o�r� �a�n�g�l�e� �(�i�.�e�.�,� �m�i�n�i�m�a�l� �c�r�o�s�s� 

�s�e�c�t�i�o�n� �a�r�e�a�)� �a�n�d� �a�s�s�o�c�i�a�t�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�f� �a� �w�a�v�e�g�u�i�d�e� �n�e�c�e�s�s�a�r�y� �a�n�d� �s�u�f�f�i�c�i�e�n�t� 

�t�o� �c�o�m�p�l�e�t�e�l�y� �d�e�t�e�r�m�i�n�e� �a�l�l� �m�o�d�a�l� �e�i�g�e�n�v�a�l�u�e�s� �a�n�d� �e�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �f�i�e�l�d�s� �f�o�r� �a� �g�i�v�e�n� 

�s�y�m�m�e�t�r�y� �t�y�p�e� �w�a�v�e�g�u�i�d�e�.� �T�h�i�s� �m�e�t�h�o�d� �a�l�l�o�w�s� �o�n�e� �t�o� �d�e�t�e�r�m�i�n�e� �a� �s�e�t� �o�f� �e�q�u�i�v�a�l�e�n�t� 

�b�o�u�n�d�a�r�y� �v�a�l�u�e�s� �p�r�o�b�l�e�m�s� �(�B�V�P�)� �f�r�o�m� �t�h�e� �o�r�i�g�i�n�a�l� �w�a�v�e�g�u�i�d�e� �b�o�u�n�d�a�r�i�e�s� �s�u�b�j�e�c�t� �t�o� �t�h�e� 

�a�p�p�r�o�p�r�i�a�t�e� �s�y�m�m�e�t�r�y� �p�r�o�p�e�r�t�i�e�s�.� �S�u�p�p�o�s�e� �t�h�a�t� �t�h�e� �c�o�o�r�d�i�n�a�t�e� �s�y�s�t�e�m� �o�f� �t�h�e� �g�u�i�d�e� �1�s� �a�s� 

�s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�-�1� �a�n�d� �f�u�r�t�h�e�r� �a�s�s�u�m�e� �t�h�a�t� �t�h�e� �m�e�d�i�u�m� �i�s� �l�i�n�e�a�r� �a�n�d� �i�s�o�t�r�o�p�i�c�.� �T�h�e�n� �a�l�l� 

�m�o�d�a�l� �s�o�l�u�t�i�o�n�s� �a�n�d� �f�i�e�l�d�s� �c�a�n� �b�e� �d�e�r�i�v�e�d� �f�r�o�m� �a�n� �e�q�u�i�v�a�l�e�n�t� �s�e�t� �o�f� �b�o�u�n�d�a�r�y� �v�a�l�u�e� 

�p�r�o�b�l�e�m�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�-�3�.� �I�n� �t�h�e� �f�i�g�u�r�e�s� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �i�s� �n�o�t� �s�h�o�w�n� �b�u�t� �i�s� �a�s�s�u�m�e�d� 

�t�o� �b�e� �p�r�e�s�e�n�t�.� �T�h�e� �b�o�u�n�d�a�r�i�e�s� �o�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �p�r�o�b�l�e�m�s� �c�o�n�s�i�s�t� �o�f� �e�i�t�h�e�r� �p�e�r�f�e�c�t� �e�l�e�c�t�r�i�c� 

�c�o�n�d�u�c�t�o�r�s� �(�P�E�C�)� �o�r� �p�e�r�f�e�c�t� �m�a�g�n�e�t�i�c� �c�o�n�d�u�c�t�o�r�s� �(�P�M�C�)� �s�a�t�i�s�f�y�i�n�g� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� 

�o�f� �z�e�r�o� �t�a�n�g�e�n�t�i�a�l� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �a�n�d� �z�e�r�o� �t�a�n�g�e�n�t�i�a�l� �m�a�g�n�e�t�i�c� �f�i�e�l�d�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� 

�I�n� �F�i�g�u�r�e� �3�-�3� �t�h�e�r�e� �a�r�e� �t�w�o� �s�q�u�a�r�e� �s�h�a�p�e�d� �e�q�u�i�v�a�l�e�n�t� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m�s� �a�n�d� 

�f�o�u�r� �t�r�i�a�n�g�u�l�a�r� �s�h�a�p�e�D� �B�V�P�s�.� �F�r�o�m� �a�n� �a�n�a�l�y�s�i�s� �p�o�i�n�t� �o�f� �v�i�e�w�,� �i�t� �w�o�u�l�d� �b�e� �c�o�n�v�e�n�i�e�n�t� �t�o� 

�a�n�a�l�y�z�e� �t�h�e� �s�a�m�e� �g�e�o�m�e�t�r�i�c� �s�h�a�p�e�d� �s�t�r�u�c�t�u�r�e� �f�o�r� �a�l�l� �s�y�m�m�e�t�r�y� �c�a�s�e�s�.� �T�h�e�r�e�f�o�r�e� �u�s�i�n�g� 

�i�m�a�g�e� �t�h�e�o�r�y� �w�e� �w�i�l�l� �c�h�o�o�s�e� �t�o� �r�e�d�u�c�e� �t�h�e� �f�o�u�r� �B�V�P�s� �i�n� �F�i�g�u�r�e�s� �3�-�3�c�-�f� �t�o� �t�w�o� �s�q�u�a�r�e� 

�s�h�a�p�e�d� �B�V�P�s�.� �F�i�g�u�r�e�s� �3�-�3�c� �a�n�d� �3�-�3�d� �w�i�l�l� �c�o�m�b�i�n�e� �t�o� �f�o�r�m� �F�i�g�u�r�e� �3�-�4�c�,� �a�n�d� �F�i�g�u�r�e�s� �3�-�3�e� 
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�a�n�d� �3�-�3�f� �w�i�l�l� �c�o�m�b�i�n�e� �t�o� �f�o�r�m� �F�i�g�u�r�e� �3�-�4�d�.� �T�h�e� �r�e�s�u�l�t� �i�s� �a� �s�e�t� �o�f� �f�o�u�r� �u�n�i�q�u�e� �B�V�P�s� �w�i�t�h� 

�i�d�e�n�t�i�c�a�l� �s�i�z�e� �a�n�d� �s�h�a�p�e�,� �b�u�t� �d�i�f�f�e�r�e�n�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�s� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�-�4�.� �T�h�i�s� 

�p�r�o�c�e�d�u�r�e� �h�a�s� �h�e�n�c�e� �r�e�d�u�c�e�d� �t�h�e� �o�r�i�g�i�n�a�l� �C�S�W� �p�r�o�b�l�e�m� �w�i�t�h� �d�i�m�e�n�s�i�o�n�s� �o�f� �a�x�a� �t�o� �a�n� 

�e�q�u�i�v�a�l�e�n�t� �s�e�t� �o�f� �f�o�u�r� �p�r�o�b�l�e�m�s�,� �e�a�c�h� �w�i�t�h� �d�i�m�e�n�s�i�o�n�s� �o�f� �a�/�2�x�a�/�2�.� �O�n�c�e� �s�o�l�u�t�i�o�n�s� �f�o�r� 

�e�a�c�h� �o�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �s�y�s�t�e�m�s� �a�r�e� �o�b�t�a�i�n�e�d�,� �t�h�e� �f�i�e�l�d�s� �o�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �s�y�s�t�e�m�s� �c�a�n� �b�e� 

�u�s�e�d� �t�o� �r�e�c�o�n�s�t�r�u�c�t� �t�h�e� �f�i�e�l�d�s� �i�n� �t�h�e� �e�n�t�i�r�e� �w�a�v�e�g�u�i�d�e� �b�a�s�e�d� �o�n� �s�y�m�m�e�t�r�y� �p�r�o�p�e�r�t�i�e�s�.� �T�h�i�s� 

�r�e�p�r�e�s�e�n�t�s� �a� �s�i�g�n�i�f�i�c�a�n�t� �s�i�m�p�l�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �p�r�o�b�l�e�m� �i�n� �t�e�r�m�s� �o�f� �s�o�l�v�i�n�g� �t�h�e� �B�V�P�.� �T�h�e� 

�p�u�r�p�o�s�e� �f�o�r� �d�o�i�n�g� �t�h�i�s� �w�i�l�l� �b�e� �m�a�d�e� �m�o�r�e� �c�l�e�a�r� �i�n� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �p�r�o�v�i�d�e�d� �i�n� �C�h�a�p�t�e�r� �4�.� 

�O�n�e� �c�a�n� �d�e�s�c�r�i�b�e� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� �a�n� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �a�b�o�u�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� 

�w�a�v�e�g�u�i�d�e� �s�u�c�h� �a�s� �t�h�e� �C�S�W� �i�n� �F�i�g�u�r�e� �3�-�1� �b�a�s�e�d� �o�n� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�n� �t�h�e� �a�x�e�s�.� 

�W�h�e�r�e� �t�h�e� �b�o�u�n�d�a�r�y� �o�n� �a�n� �a�x�i�s� �i�s� �a� �P�M�C�,� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �i�s� �a� �m�a�x�i�m�u�m� �a�n�d� �h�a�s� �e�v�e�n� 

�s�y�m�m�e�t�r�y� �a�b�o�u�t� �t�h�a�t� �b�o�u�n�d�a�r�y�.� �C�o�n�v�e�r�s�e�l�y�,� �w�h�e�r�e� �t�h�e� �b�o�u�n�d�a�r�y� �o�n� �a�n� �a�x�i�s� �i�s� �a� �P�E�C�,� �t�h�e� 

�e�l�e�c�t�r�i�c� �f�i�e�l�d� �i�s� �z�e�r�o� �a�n�d� �h�e�n�c�e� �h�a�s� �o�d�d� �s�y�m�m�e�t�r�y� �a�b�o�u�t� �t�h�a�t� �b�o�u�n�d�a�r�y�.� �T�h�e�r�e�f�o�r�e�,� �i�n� �t�h�i�s� 

�r�e�p�o�r�t� �s�y�m�m�e�t�r�y� �o�f� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �e�l�e�c�t�r�i�c�-�f�i�e�l�d� �w�i�l�l� �b�e� �u�s�e�d� �t�o� �d�e�f�i�n�e� �s�y�m�m�e�t�r�y� �c�a�s�e�s� �a�s� 

�d�i�s�c�u�s�s�e�d� �b�e�l�o�w�.� �F�o�r� �a�l�l� �v�a�l�i�d� �T�E�,�,� �a�n�d� �T�M�,�,�,� �m�o�d�e�s� �g�i�v�e�n� �i�n� �e�q�u�a�t�i�o�n� �(�3�.�1�)�,� �w�e� �d�e�f�i�n�e� 

�t�h�e� �t�e�r�m� �s�y�m�m�e�t�r�y� �c�a�s�e�s� �a�s� �f�o�l�l�o�w�s�:� 

�e� �F�o�r� �e�v�e�n�/�o�d�d� �s�y�m�m�e�t�r�y� �c�a�s�e�s� �(�s�e�e� �F�i�g�u�r�e� �3�-�4�a�)� 

�T�E�,�,�,� �»�1�M�,�,�,� �w�h�e�r�e� �m�=� �1�,�3�,�-�-�-� �a�n�d� �n�=�0�,�2�,�-�-�-� 

�e� �F�o�r� �o�d�d�/�e�v�e�n� �s�y�m�m�e�t�r�y� �c�a�s�e�s� �(�s�e�e� �F�i�g�u�r�e� �3�-�4�b�)� 

�T�E�,�,�,� �»�>�1�M�,�,�,� �W�h�e�r�e� �m�=� �0�,�2�,�-�-�-� �a�n�d� �n� �=� �1�,�3�,�-�:�-� 
�m�n� �?� 

�e� �F�o�r� �e�v�e�n�/�e�v�e�n� �s�y�m�m�e�t�r�y� �c�a�s�e�s� �(�s�e�e� �F�i�g�u�r�e� �3�-�4�c�)� 

�T�E�,�,�,� �,�1�M�,�,�,�,� �w�h�e�r�e� �m� �=� �1�,�3�,�-�-�-� �a�n�d� �n�=� �1�,�3�,�-�-�-� 
�m�n� �>� 

�e� �F�o�r� �o�d�d�/�o�d�d� �s�y�m�m�e�t�r�y� �c�a�s�e�s� �(�s�e�e� �F�i�g�u�r�e� �3�-�4�d�)� 
�T�E�,�,�,� �»�1�M�,�,�,� �w�h�e�r�e� �m�=� �0�,�2�,�-�-�-� �a�n�d� �n�=�0�,�2�,�-�-�-� 

�m�n� �?� 

�F�o�r� �e�x�a�m�p�l�e�,� �a�n� �e�v�e�n�/�o�d�d� �s�y�m�m�e�t�r�y� �m�o�d�e� �s�u�c�h� �a�s� �t�h�e� �T�E�,�,� �m�o�d�e� �h�a�s� �a� 

�m�a�x�i�m�u�m�/�m�i�n�i�m�u�m� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �o�n� �t�h�e� �y�x� �a�x�i�s� �a�n�d� �h�a�s� �e�v�e�n�/�o�d�d� �s�y�m�m�e�t�r�y� �i�n� �t�h�e� �x�/�y� 

�d�i�r�e�c�t�i�o�n�s�.� �F�o�r� �c�o�n�v�e�n�i�e�n�c�e� �T�a�b�l�e� �3�-�2� �l�i�s�t�s� �t�h�e� �d�o�m�i�n�a�n�t� �m�o�d�e� �a�n�d� �s�e�v�e�r�a�l� �o�f� �t�h�e� 

�i�m�p�o�r�t�a�n�t� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� �i�n� �a�n� �u�n�l�o�a�d�e�d� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e�.� �T�h�e� �a�n�a�l�y�s�i�s� �a�n�d� �r�e�s�u�l�t�s� 
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�F�i�g�u�r�e� �3�-�4�.� �D�e�f�i�n�i�t�i�o�n�s� �o�f�  ��s�y�m�m�e�t�r�y� �c�a�s�e�s�'� �s�h�o�w�i�n�g� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �u�s�e�d� �i�n� �t�h�e� 

�a�n�a�l�y�s�i�s� �o�f� �t�h�e� �C�S�W�.� �(�a�)� �e�v�e�n�/�o�d�d�,� �(�b�)� �o�d�d�/�e�v�e�n�,� �(�c�)� �e�v�e�n�/�e�v�e�n�,� �(�d�)� �o�d�d�/�o�d�d�.� 
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�i�n� �C�h�a�p�t�e�r�s� �4� �a�n�d� �5� �w�i�l�l� �s�h�o�w� �t�h�a�t� �t�h�e� �m�o�d�e�s� �i�n� �t�h�e� �C�S�W� �a�r�e� �h�y�b�r�i�d� �m�o�d�e�s�.� �I�t� �w�i�l�l� �f�u�r�t�h�e�r� 

�b�e� �s�h�o�w�n� �t�h�a�t� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� �g�i�v�e�n� �m�o�d�e� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �w�a�v�e�g�u�i�d�e� �p�a�r�a�m�e�t�e�r�s� 

�w�i�l�l� �d�e�p�e�n�d� �o�n� �s�y�m�m�e�t�r�y� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�o�d�e�.� �H�e�n�c�e� �t�h�e�s�e� �s�y�m�m�e�t�r�y� �d�e�f�i�n�i�t�i�o�n�s� �w�i�l�l� 

�b�e� �r�e�f�e�r�r�e�d� �t�o� �f�r�e�q�u�e�n�t�l�y� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s�.� 

�T�a�b�l�e� �3�.�2�.� 

�M�o�d�e� �S�y�m�m�e�t�r�y� �D�e�f�i�n�i�t�i�o�n�s� �o�f� �t�h�e� �S�q�u�a�r�e� �W�a�v�e�g�u�i�d�e�.� 

�G�i�v�e�n� �a�r�e� �t�h�e� �m�o�d�e�s� �f�o�r� �a�n� �u�n�l�o�a�d�e�d� �w�a�v�e�g�u�i�d�e� �b�a�s�e�d� �o�n� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d�s� 

�a�b�o�u�t� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �g�u�i�d�e�.� 
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�D�E�F�I�N�E�D� �S�Y�M�M�E�T�R�Y� �M�O�D�E�S� 

�e�v�e�n�/�o�d�d� �T�E�,�,�,� �T�E�,�,�,�1!"�,�,�,�°�°�°� 

�o�d�d�/�e�v�e�n� �T�E�,�,�,� �T�E�,�,�,�T�M�,�,�,�-�"�°� 
�e�v�e�n�/�e�v�e�n� �T�E�,�,�,�T�M�,�,�,� �T�E�,�,�,�T�E�,�;�,� 

�T!"�,�,�,�-�"�-� 

�o�d�d�/�o�d�d� �T�E�,�,�,� �T�E�)�,� �T�M�3�.�,�°�"�"� � � � � � � 

�3�.�3� �D�i�s�c�u�s�s�i�o�n� �o�f� �M�o�d�e� �F�i�l�t�e�r�s� 

�T�h�e� �b�a�n�d�w�i�d�t�h� �e�x�t�e�n�s�i�o�n� �c�o�n�c�e�p�t� �o�f� �S�e�c�t�i�o�n� �3�.�1� �i�s� �p�r�e�d�i�c�a�t�e�d� �o�n� �t�h�e� �u�s�e� �o�f�:� �1�)� 
�d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� �f�o�r� �i�n�c�r�e�a�s�e�d� �m�o�d�e� �s�e�p�a�r�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� �T�E�,�,� �a�n�d� �T�E�,�,� �m�o�d�e�s�,� �a�n�d� 

�2�)� �a� �m�o�d�e� �f�i�l�t�e�r� �t�o� �c�o�n�f�i�n�e� �t�h�e� �p�r�o�p�a�g�a�t�i�n�g� �e�n�e�r�g�y� �t�o� �t�h�e� �d�e�s�i�r�e�d� �d�o�m�i�n�a�n�t� �(�T�E�,�,� �o�r� �T�E�,�,�)� 

�m�o�d�e� �a�b�o�v�e� �t�h�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�y� �o�f� �u�n�d�e�s�i�r�e�d� �m�o�d�e�s� �(�i�.�e�.�,� �T�E�,�,�,� �T�M�,�,�)�.� �T�h�i�s� �s�e�c�t�i�o�n� 

�d�i�s�c�u�s�s�e�s� �t�h�e� �r�e�l�e�v�a�n�c�e� �o�f� �t�h�e� �m�o�d�e� �f�i�l�t�e�r� �t�o� �t�h�e� �b�a�n�d�w�i�d�t�h� �e�x�t�e�n�s�i�o�n� �c�o�n�c�e�p�t�.� 

�A� �m�o�d�e� �f�i�l�t�e�r� �i�s� �a� �d�i�s�c�o�n�t�i�n�u�i�t�y�,� �o�b�s�t�a�c�l�e� �o�r� �a�l�t�e�r�a�t�i�o�n� �i�n� �a� �w�a�v�e�g�u�i�d�e� �t�h�a�t� 

�i�n�t�e�r�f�e�r�e�s� �w�i�t�h� �t�h�e� �t�r�a�n�s�p�o�r�t� �o�f� �e�n�e�r�g�y� �i�n� �a�n� �u�n�d�e�s�i�r�e�d� �m�o�d�e�,� �w�h�i�l�e� �l�e�a�v�i�n�g� �t�h�e� �d�e�s�i�r�e�d� 

�m�o�d�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �r�e�l�a�t�i�v�e�l�y� �u�n�c�h�a�n�g�e�d�.� �I�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �[�4�-�1�1�]� �o�n�e� �f�i�n�d�s� �v�a�r�i�o�u�s� 

�s�c�h�e�m�e�s� �t�h�a�t� �c�a�n� �b�e� �e�m�p�l�o�y�e�d� �t�o� �s�u�p�p�r�e�s�s� �u�n�w�a�n�t�e�d� �m�o�d�e�s� �i�n� �a� �w�a�v�e�g�u�i�d�e� �s�y�s�t�e�m�.� �F�o�r� 

�e�x�a�m�p�l�e� �R�e�n� �[�4�]� �d�i�s�c�u�s�s�e�s� �t�h�e� �u�s�e� �o�f� �t�h�i�n� �m�e�t�a�l�l�i�c� �p�l�a�t�e�s� �t�o� �s�u�p�p�r�e�s�s� �u�n�w�a�n�t�e�d� �s�p�u�r�i�o�u�s� 

�m�o�d�e�s� �i�n� �a� �d�i�e�l�e�c�t�r�i�c� �r�e�s�o�n�a�t�o�r� �f�i�l�t�e�r�.� �I�n� �t�h�e� �d�e�s�i�g�n� �o�f� �a� �n�o�n�r�a�d�i�a�t�i�v�e� �d�i�e�l�e�c�t�r�i�c� �c�i�r�c�u�l�a�t�o�r�,� 

�Y�o�s�h�i�n�a�g�a� �[�5�]� �d�e�v�e�l�o�p�s� �a� �n�o�v�e�l� �m�o�d�e� �s�u�p�p�r�e�s�s�o�r� �b�a�s�e�d� �t�h�e� �o�n� �t�h�e� �2�/�4� �c�h�o�k�e� �p�r�i�n�c�i�p�l�e�,� 
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�a�l�s�o� �c�o�n�s�t�r�u�c�t�e�d� �f�r�o�m� �a� �t�h�i�n� �m�e�t�a�l�l�i�c� �p�l�a�t�e�s�.� �T�h�e� �u�s�e� �o�f� �m�e�t�a�l�l�i�c� �w�i�r�e�s� �a�n�d� �r�i�n�g�s� �i�s� 

�d�e�s�c�r�i�b�e�d� �b�y� �I�s�h�i�i� �[�7�]� �a�n�d� �T�a�n� �[�1�1�]� �t�o� �i�m�p�l�e�m�e�n�t� �m�o�d�e� �f�i�l�t�e�r�s�.� �A� �m�o�d�e� �f�i�l�t�e�r� �c�a�n� �a�l�s�o� �b�e� 

�c�o�n�s�t�r�u�c�t�e�d� �u�s�i�n�g� �a�n� �o�b�s�t�a�c�l�e� �s�u�c�h� �a�s� �a� �s�c�r�e�w� �p�l�a�c�e�d� �t�r�a�n�s�v�e�r�s�e�l�y� �w�i�t�h�i�n� �a� �s�t�r�i�p�l�i�n�e� �a�s� 

�d�e�m�o�n�s�t�r�a�t�e�d� �b�y� �D�a�s� �[�6�]�.� �T�h�i�n� �r�e�s�i�s�t�i�v�e� �f�i�l�m�s� �h�a�v�e� �b�e�e�n� �u�s�e�d� �t�o� �r�e�a�l�i�z�e� �m�o�d�e� �f�i�l�t�e�r�s� �a�s� 

�r�e�p�o�r�t�e�d� �i�n� �r�e�f�e�r�e�n�c�e�s� �[�8�]�,� �[�9�]�,� �[�1�0�]�.� �A� �t�h�i�n� �r�e�s�i�s�t�i�v�e� �f�i�l�m� �c�a�n� �b�e� �f�o�r�m�e�d� �b�y� �c�o�a�t�i�n�g� �a� �t�h�i�n� 

�s�h�e�e�t� �o�f� �m�y�l�a�r� �w�i�t�h� �a� �c�o�n�d�u�c�t�i�v�e� �m�a�t�e�r�i�a�l� �s�u�c�h� �a�s� �a�q�u�a�d�a�g� �o�r� �g�r�a�p�h�i�t�e�.� 

�E�a�c�h� �o�f� �t�h�e�s�e� �m�e�t�h�o�d�s� �h�a�s� �a�d�v�a�n�t�a�g�e�s� �a�n�d� �d�i�s�a�d�v�a�n�t�a�g�e�s� �p�a�r�t�i�c�u�l�a�r�l�y� �t�o� �t�h�e� 

�g�e�o�m�e�t�r�y� �o�f� �t�h�e� �w�a�v�e�g�u�i�d�e� �a�n�d� �t�h�e� �t�a�s�k� �a�t� �h�a�n�d�.� �H�o�w�e�v�e�r� �o�n�e� �c�o�m�m�o�n� �p�r�i�n�c�i�p�l�e� �i�n� �e�a�c�h� 

�o�f� �t�h�e�s�e� �m�o�d�e� �f�i�l�t�e�r�i�n�g� �i�m�p�l�e�m�e�n�t�a�t�i�o�n�s� �i�s� �t�h�a�t� �t�h�e� �o�b�s�t�a�c�l�e� �i�n�t�r�o�d�u�c�e�s� �a� �c�o�n�d�u�c�t�i�v�e� �b�o�d�y� 

�i�n�t�o� �t�h�e� �w�a�v�e�g�u�i�d�e� �s�y�s�t�e�m�.� �T�h�e� �c�o�n�d�u�c�t�i�n�g� �b�o�d�y� �i�s� �p�l�a�c�e�d� �s�u�c�h� �t�h�a�t� �t�h�e� �c�o�n�d�u�c�t�i�v�e� 

�s�u�r�f�a�c�e� �i�s� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �o�f� �t�h�e� �u�n�d�e�s�i�r�e�d� �m�o�d�e�,� �a�n�d� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� 

�e�l�e�c�t�r�i�c� �f�i�e�l�d� �o�f� �t�h�e� �d�e�s�i�r�e�d� �m�o�d�e�.� �I�n� �t�h�i�s� �r�e�s�p�e�c�t� �t�h�e� �o�b�j�e�c�t�i�v�e� �o�f� �t�h�e� �d�e�s�i�g�n� �o�f� �t�h�e� �m�o�d�e� 

�f�i�l�t�e�r� �i�s� �t�o� �s�i�g�n�i�f�i�c�a�n�t�l�y� �a�l�t�e�r� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�f� �t�h�e� �u�n�d�e�s�i�r�e�d� �m�o�d�e� �l�e�a�v�e� �t�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �o�f� �t�h�e� �d�e�s�i�r�e� �m�o�d�e� �r�e�l�a�t�i�v�e�l�y� �u�n�a�f�f�e�c�t�e�d�.� �A�p�p�e�n�d�i�x� �D� �p�r�o�v�i�d�e�s� �a� 

�d�i�s�c�u�s�s�i�o�n� �o�f� �a� �c�a�n�o�n�i�c�a�l� �c�a�s�e� �i�d�e�a�l� �m�o�d�e� �f�i�l�t�e�r�.� 

�O�n�e� �c�a�n� �e�x�p�l�a�i�n� �t�h�e� �m�o�d�e� �f�i�l�t�e�r� �r�e�q�u�i�r�e�m�e�n�t�s� �o�f� �t�h�e� �C�S�W� �i�n� �t�e�r�m�s� �o�f� �s�y�m�m�e�t�r�y� 

�p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �m�o�d�e�s� �i�n� �t�h�e� �w�a�v�e�g�u�i�d�e�.� �I�t� �w�a�s� �s�t�a�t�e�d� �i�n� �S�e�c�t�i�o�n� �3�.�2� �t�h�a�t� �t�h�e� �d�o�m�i�n�a�n�t� 

�m�o�d�e� �w�i�l�l� �h�a�v�e� �e�v�e�n�/�o�d�d� �(�o�r� �e�q�u�i�v�a�l�e�n�t�l�y� �o�d�d�/�e�v�e�n�)� �s�y�m�m�e�t�r�y�.� �T�h�e� �u�n�d�e�s�i�r�e�d� �m�o�d�e�s� 

�h�a�v�e� �e�v�e�n�/�e�v�e�n� �s�y�m�m�e�t�r�y�,� �w�h�i�c�h� �i�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �d�o�m�i�n�a�n�t� �m�o�d�e� �s�y�m�m�e�t�r�y�.� 

�T�h�e�r�e�f�o�r�e� �t�h�e� �t�a�s�k� �o�f� �d�e�s�i�g�n�i�n�g� �a� �m�o�d�e� �f�i�l�t�e�r� �i�s� �t�h�a�t� �o�f� �d�e�s�i�g�n�i�n�g� �a� �s�c�h�e�m�e� �t�o� �e�x�p�l�o�i�t� �t�h�e� 

�d�i�f�f�e�r�e�n�c�e� �i�n� �t�h�e�s�e� �t�w�o� �t�y�p�e�s� �o�f� �s�y�m�m�e�t�r�y�.� �I�t� �i�s� �c�o�n�c�e�p�t�u�a�l�l�y� �r�e�a�s�o�n�a�b�l�e� �t�o� �e�x�p�e�c�t� �t�h�a�t� �t�h�i�s� 

�c�a�n� �b�e� �a�c�h�i�e�v�e�d� �b�y� �r�e�c�a�l�l�i�n�g� �t�h�a�t� �t�h�e� �e�v�e�n� �s�y�m�m�e�t�r�y� �m�o�d�e�s� �h�a�v�e� �a� �m�a�x�i�m�u�m� �e�l�e�c�t�r�i�c� �f�i�e�l�d� 

�i�n� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �g�u�i�d�e�,� �c�o�m�p�a�r�e�d� �t�o� �o�d�d� �s�y�m�m�e�t�r�y� �m�o�d�e�s� �w�h�i�c�h� �h�a�v�e� �a� �m�i�n�i�m�a�l� 

�e�l�e�c�t�r�i�c� �f�i�e�l�d� �i�n� �t�h�e� �c�e�n�t�e�r� �o�f� �t�h�e� �g�u�i�d�e�.� 

�S�i�n�c�e� �t�h�e� �i�n�t�r�o�d�u�c�t�i�o�n� �o�f� �a� �m�o�d�e� �f�i�l�t�e�r� �i�m�p�l�i�e�s� �s�o�m�e� �s�o�r�t� �o�f� �m�o�d�i�f�i�c�a�t�i�o�n� �t�o� �t�h�e� 

�i�n�t�e�r�n�a�l� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �g�u�i�d�e�,� �i�t� �i�s� �n�o�t� �r�e�a�s�o�n�a�b�l�e� �t�o� �e�x�p�e�c�t� �t�h�a�t� �t�h�i�s� �c�a�n� �b�e� �d�o�n�e� �w�i�t�h�o�u�t� 

�a�f�f�e�c�t�i�n�g� �t�h�e� �d�o�m�i�n�a�n�t� �(�d�e�s�i�r�e�d�)� �m�o�d�e� �a�l�s�o� �t�o� �s�o�m�e� �d�e�g�r�e�e�.� �T�h�e� �d�e�s�i�g�n� �g�o�a�l� �a�l�s�o� �b�e�c�o�m�e�s� 

�t�h�a�t� �o�f� �h�o�l�d�i�n�g� �t�h�e� �d�o�m�i�n�a�n�t� �m�o�d�e� �a�t�t�e�n�u�a�t�i�o�n� �t�o� �a� �m�i�n�i�m�u�m�.� �T�h�e� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �a� 

�m�o�d�e� �f�i�l�t�e�r� �i�s� �u�l�t�i�m�a�t�e�l�y� �a� �t�r�a�d�e�o�f�f� �c�o�n�s�i�d�e�r�a�t�i�o�n� �b�e�t�w�e�e�n� �r�e�t�a�i�n�i�n�g� �e�n�e�r�g�y� �i�n� �t�h�e� �d�e�s�i�r�e�d� 

�m�o�d�e�s� �a�n�d� �l�i�m�i�t�i�n�g� �e�n�e�r�g�y� �i�n� �t�h�e� �u�n�d�e�s�i�r�e�d� �m�o�d�e�s�.� �A� �d�e�t�a�i�l�e�d� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �f�i�l�t�e�r� 

�i�m�p�l�e�m�e�n�t�a�t�i�o�n� �f�o�r� �t�h�e� �C�S�W� �i�s� �g�i�v�e�n� �i�n� �C�h�a�p�t�e�r� �6�.� �I�t� �w�i�l�l� �b�e� �s�h�o�w�n� �t�h�a�t� �a� �t�h�i�n� �r�e�s�i�s�t�i�v�e� 

�f�i�l�m� �c�a�n� �b�e� �s�t�r�a�t�e�g�i�c�a�l�l�y� �p�l�a�c�e�d� �i�n� �t�h�e� �C�S�W� �s�u�c�h� �t�h�a�t� �i�t� �a�t�t�e�n�u�a�t�e�s� �t�h�e� �e�v�e�n�/�e�v�e�n� �s�y�m�m�e�t�r�y� 

�m�o�d�e�s� �w�h�i�l�e� �h�a�v�i�n�g� �a� �l�e�s�s�e�r� �e�f�f�e�c�t� �o�n� �t�h�e� �d�o�m�i�n�a�n�t� �m�o�d�e�.� 
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�3�.�4� �R�e�f�e�r�e�n�c�e�s� �f�o�r� �C�h�a�p�t�e�r� �3� 

�(�1�]� �C�.�A�.� �B�a�l�a�n�i�s�,� �A�d�v�a�n�c�e�d� �E�n�g�i�n�e�e�r�i�n�g� �E�l�e�c�t�r�o�m�a�g�n�e�t�i�c�s�,� �N�e�w� �Y�o�r�k�:� �J�o�h�n� �W�i�l�e�y� �a�n�d� 
�S�o�n�s�,� �1�9�8�9�.� 

�[�2�]� �P�.�R�.� �M�c�l�s�a�a�c�,�  �� �S�y�m�m�e�t�r�y�-�i�n�d�u�c�e�d� �m�o�d�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �u�n�i�f�o�r�m� �w�a�v�e�g�u�i�d�e�s�-�I�:� 
�s�u�m�m�a�r�y� �a�n�d� �r�e�s�u�l�t�s�,�"� �J�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�2�3�,� �N�O�S�,� 
�p�p�.� �4�2�1�-�4�2�9�,� �M�a�y� �1�9�7�5�.� 

�[�3�]� �P�.�R�.� �M�c�l�I�s�a�a�c�,� �"� �S�y�m�m�e�t�r�y�-�i�n�d�u�c�e�d� �m�o�d�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �u�n�i�f�o�r�m� �w�a�v�e�g�u�i�d�e�s�-�I�I�:� 
�T�h�e�o�r�y�,�"� �J�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�2�3�,� �N�O�.�5�,� �p�p�.� �4�2�9�-�4�3�3�,� 
�M�a�y� �1�9�7�5�.� 

�[�4�]� �C�.�L�.� �R�e�n�,� �"�M�o�d�e� �s�u�p�p�r�e�s�s�o�r� �f�o�r� �d�i�e�l�e�c�t�r�i�c� �r�e�s�o�n�a�t�o�r� �f�i�l�t�e�r�s�,�"� �J�E�E�E� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� 
�a�n�d� �T�e�c�h�.� �S�y�m�p�o�s�i�u�m� �D�i�g�e�s�t�,� �v�o�l�.� �1�,� �p�p�.� �3�8�9�-�3�9�1�,� �1�9�8�2�.� �{�t�h�i�n� �m�e�t�a�l� �p�l�a�t�e� �i�n�s�e�r�t�e�d� �t�o� 
�a�l�t�e�r� �B�C�s� �o�f� �t�h�e� �u�n�d�e�s�i�r�e�d� �m�o�d�e� �a�n�d� �n�o�t� �t�h�e� �d�e�s�i�r�e� �m�o�d�e�}� 

�[�5�S�]� �H�.�Y�o�s�h�i�n�a�g�a� �a�n�d� �T�.� �Y�o�n�e�y�a�m�a�,� �"�D�e�s�i�g�n� �a�n�d� �f�a�b�r�i�c�a�t�i�o�n� �o�f� �a� �n�o�n�r�a�d�i�a�t�i�v�e� �d�i�e�l�e�c�t�r�i�c� 
�w�a�v�e�g�u�i�d�e� �c�i�r�c�u�l�a�t�o�r�"�,� �J�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�3�6�,� �n�o�.� �1�1� 
�p�p�.� �1�5�2�6�-�1�5�2�8�,� �N�o�v�e�m�b�e�r� �1�9�8�8�.� �{�t�h�i�n� �m�e�t�a�l� �s�t�r�i�p� �a�n�d� �i�n�c�l�u�d�e�s� �a� �4�/�4� �c�h�o�k�e� �s�h�a�p�e�d� �t�o� 
�a�l�s�o� �a�t�t�e�n�u�a�t�e� �a� �T�E�M� �m�o�d�e� �t�h�a�t� �c�o�u�l�d� �b�e� �e�x�c�i�t�e�d�}� 

�[�6�]� �B�.�N�.� �D�a�s� �a�n�d� �K�.�V�.�S�.�V�.�R�.� �P�r�a�s�a�d�,� �"�I�m�p�e�d�a�n�c�e� �o�f� �a� �t�r�a�n�s�v�e�r�s�e� �s�l�o�t� �i�n� �t�h�e� �g�r�o�u�n�d� �p�l�a�n�e� 
�o�f� �a�n� �o�f�f�s�e�t� �s�t�r�i�p�l�i�n�e�"�,� �J�E�E�E� �T�r�a�n�s�.� �A�n�t�e�n�n�a�s� �P�r�o�p�a�g�a�t�.�,� �v�o�l�.� �A�P�-�3�2�,� �n�o�.�1�1�,� �p�p�.� �1�2�4�5�-� 
�1�2�4�8�,� �N�o�v�e�m�b�e�r� �1�9�8�4�.� �{�m�e�t�a�l� �t�r�a�n�s�v�e�r�s�e� �s�c�r�e�w�s� �i�n�s�i�d�e� �t�h�e� �g�u�i�d�e�}� 

�[�7�]� �T�.�K�.� �I�s�h�i�n�,� �M�i�c�r�o�w�a�v�e� �E�n�g�i�n�e�e�r�i�n�g�,� �N�e�w� �Y�o�r�k�:� �R�o�n�a�l�d� �P�r�e�s�s�,� �1�9�6�6�.� �{�m�e�t�a�l�l�i�c� �r�i�n�g�s�}� 

�[�8�]� �G�N�.� �T�s�a�n�d�o�u�g�l�a�s�,� �D�.�H�.� �T�e�m�m�e�,� �a�n�d� �F�.�G�.� �W�i�l�l�w�e�r�t�h�,� �"�L�o�n�g�i�t�u�d�i�n�a�l� �S�e�c�t�i�o�n� �M�o�d�e� 
�A�n�a�l�y�s�i�s� �o�f� �D�i�e�l�e�c�t�r�i�c�a�l�l�y� �l�o�a�d�e�d� �w�a�v�e�g�u�i�d�e�s� �w�i�t�h� �a�p�p�l�i�c�a�t�i�o�n� �t�o� �p�h�a�s�e� �s�h�i�f�t�e�r� �d�e�s�i�g�n�"�,� 
�I�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �a�n�d� �T�e�c�h�n�i�q�u�e�s�,� �v�o�l�.� �M�T�T�-�1�8�,� �n�o�.� �2�.� �F�e�b�.� �1�9�7�0�.� 
�{�t�h�i�n� �r�e�s�i�s�t�i�v�e� �f�i�l�m�}� 

�[�9�]� �L�.� �S�t�a�r�k�,� �C�.�V�.� �B�e�l�l�,� �R�.�A�.� �N�o�t�v�e�s�t�,� �R�.�E�.� �G�r�i�s�w�o�l�d�,� �D�.�A�.� �C�h�a�r�l�t�o�n� �a�n�d� �R�.�W�.� �H�o�w�a�r�d�,� 
�"�M�i�c�r�o�w�a�v�e� �c�o�m�p�o�n�e�n�t�s� �f�o�r� �w�i�d�e�-�b�a�n�d� �p�h�a�s�e�d� �a�r�r�a�y�s�"�,� �P�r�o�c�.� �I�E�E�E�,� �v�o�l�.� �5�6�,� �n�o�.�1�1�,� 
�p�p�.� �1�9�0�8�-�1�9�2�3�,� �N�o�v�e�m�b�e�r� �1�9�6�8�.� �{�t�h�i�n� �r�e�s�i�s�t�i�v�e� �f�i�l�m�s� �u�s�i�n�g� �a�q�u�a�d�a�g� �c�o�a�t�i�n�g�}� 
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�[�1�0�]� �K�.� �H�a�s�h�i�m�t�o�,� �"�C�i�r�c�u�l�a�r� �T�E�,�,� �m�o�d�e� �f�i�l�t�e�r�s� �f�o�r� �g�u�i�d�e�d� �m�i�l�l�i�m�e�t�e�r�-�w�a�v�e� �t�r�a�n�s�m�i�s�s�i�o�n�,�"� 
�I�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �a�n�d� �T�e�c�h�n�i�q�u�e�s�,� �v�o�l�.� �M�T�T�-�2�4�,� �n�o�.� �1�.� �p�p�.� �2�5�-�3�1� 
�J�a�n�u�a�r�y� �1�9�7�6�.� �{�r�e�s�i�s�t�i�v�e� �s�h�e�e�t� �i�n� �a� �c�i�r�c�u�l�a�r� �w�a�v�e�g�u�i�d�e�}� 

�[�1�1�]� �F�.�C�.�F�.� �T�a�n� �a�n�d� �J�.� �H�e�l�s�z�a�j�n�,� �"�S�u�p�p�r�e�s�s�i�o�n� �o�f� �h�i�g�h�e�r�-�o�r�d�e�r� �m�o�d�e�s� �i�n� �w�a�v�e�g�u�i�d�e�-� 
�j�u�n�c�t�i�o�n� �c�i�r�c�u�l�a�t�o�r�s� �u�s�i�n�g� �c�o�u�p�l�e�d� �o�p�e�n� �d�i�e�l�e�c�t�r�i�c� �r�e�s�o�n�a�t�o�r�s�,�"� �J�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� 
�T�h�e�o�r�y� �a�n�d� �T�e�c�h�n�i�q�u�e�s�,� �v�o�l�.� �M�T�T�-�2�4�,� �n�o�.� �1�.� �p�p�.� �2�7�1�-�2�7�3� �J�a�n�u�a�r�y� �1�9�7�6�.� �{�t�h�i�n� �m�e�t�a�l�l�i�c� 
�w�i�r�e�s� �p�a�r�a�l�l�e�l� �t�o� �t�h�e� �u�n�d�e�s�i�r�e�d� �m�o�d�e� �e�l�e�c�t�r�i�c� �f�i�e�l�d�}� 

�[�1�2�]� �H�.�W�.� �S�w�i�n�f�o�r�d�,� �p�r�i�v�a�t�e� �c�o�m�m�u�n�i�c�a�t�i�o�n�,� �N�a�v�a�l� �A�i�r� �W�a�r�f�a�r�e� �C�e�n�t�e�r�,� �C�h�i�n�a� �L�a�k�e�,� 
�C�A�.�,� �M�a�y�,� �1�9�9�2�.� 
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�C�H�A�P�T�E�R� �4� 

�F�O�R�M� �O�F� �S�O�L�U�T�I�O�N�S� �F�O�R� �T�H�E� �C�S�W� 

�4�.�1� �O�v�e�r�v�i�e�w� �o�f� �t�h�e� �M�o�d�a�l� �A�n�a�l�y�s�i�s� �A�p�p�l�i�e�d� �t�o� �t�h�e� �C�S�W� 

�T�h�e� �f�i�r�s�t� �g�o�a�l� �i�n� �t�h�e� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �t�h�e� �C�S�W� �i�s� �t�o� �p�e�r�f�o�r�m� �a� �r�i�g�o�r�o�u�s� �a�n�a�l�y�s�i�s� �t�o� 

�o�b�t�a�i�n� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� �p�h�a�s�e� �c�o�n�s�t�a�n�t�s� �a�n�d� �e�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �f�i�e�l�d�s� �f�o�r� �a�l�l� �w�a�v�e�g�u�i�d�e� 

�m�o�d�e�s� �o�f� �i�n�t�e�r�e�s�t�.� �B�o�t�h� �t�h�e� �f�i�e�l�d�s� �a�n�d� �t�h�e� �m�o�d�a�l� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s� �m�u�s�t� �b�e� �a�c�c�u�r�a�t�e�l�y� 

�d�e�t�e�r�m�i�n�e�d� �i�n� �o�r�d�e�r� �t�o� �p�r�e�d�i�c�t� �t�h�e� �u�s�a�b�l�e� �b�a�n�d�w�i�d�t�h� �a�n�d� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�e� �f�a�r�-�f�i�e�l�d� �p�a�t�t�e�r�n�s�,� 

�w�h�i�c�h� �a�r�e� �s�t�u�d�i�e�d� �i�n� �f�u�r�t�h�e�r� �c�h�a�p�t�e�r�s�.� �I�n� �t�h�i�s� �c�h�a�p�t�e�r� �a� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �a�v�a�i�l�a�b�l�e� �a�n�a�l�y�s�i�s� 

�m�e�t�h�o�d�s� �w�h�i�c�h� �w�e�r�e� �c�o�n�s�i�d�e�r�e�d� �f�o�r� �t�h�i�s� �t�a�s�k� �w�i�l�l� �b�e� �g�i�v�e�n�,� �a�l�o�n�g� �w�i�t�h� �a� �j�u�s�t�i�f�i�c�a�t�i�o�n� �f�o�r� 

�t�h�e� �a�n�a�l�y�s�i�s� �m�e�t�h�o�d� �c�h�o�s�e�n�-�-�t�h�e� �m�o�d�e� �m�a�t�c�h�i�n�g� �t�e�c�h�n�i�q�u�e�.� �F�o�l�l�o�w�i�n�g� �t�h�i�s� �t�s� �a� �d�e�t�a�i�l�e�d� 

�d�e�r�i�v�a�t�i�o�n� �o�f� �t�h�e� �f�o�r�m� �o�f� �s�o�l�u�t�i�o�n�s� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �s�y�m�m�e�t�r�y� �c�a�s�e�s� �u�s�e�d� �t�h�r�o�u�g�h�o�u�t� �t�h�e� 

�r�e�m�a�i�n�d�e�r� �o�f� �t�h�i�s� �r�e�p�o�r�t�.� 

�4�.�2� �A�n�a�l�y�s�i�s� �M�e�t�h�o�d�s� �C�o�n�s�i�d�e�r�e�d� 

�I�n� �o�b�t�a�i�n�i�n�g� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �C�S�W� �(�1�e�.�,� �e�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �f�i�e�l�d�s�,� �p�h�a�s�e� �c�o�n�s�t�a�n�t�s� 

�a�n�d� �m�o�d�a�l� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s�)� �o�n�e� �m�u�s�t� �s�o�l�v�e� �M�a�x�w�e�l�l�'�s� �e�q�u�a�t�i�o�n�s� �s�u�b�j�e�c�t� �t�o� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n�s�.� �B�y� �i�n�s�p�e�c�t�i�o�n� �o�f� �t�h�e� �C�S�W� �g�e�o�m�e�t�r�y� �d�e�f�i�n�e�d� �i�n� �F�i�g�u�r�e� �3�-�1� �o�n�e� �f�i�n�d�s� �t�h�a�t� �t�h�e� 

�p�e�r�m�i�t�t�i�v�i�t�y� �w�i�t�h�i�n� �t�h�e� �w�a�v�e�g�u�i�d�e� �i�s� �t�r�a�n�s�v�e�r�s�e�l�y� �i�n�h�o�m�o�g�e�n�e�o�u�s� �a�n�d� �o�f� �t�h�e� �f�o�r�m� 

�E�=�&�(�x�,�y�)� �#� �g�(�x�)�h�(�y�)�.� �T�h�i�s� �i�n� �t�u�r�n� �i�m�p�l�i�e�s� �t�h�a�t� �t�h�e� �f�o�r�m� �o�f� �s�o�l�u�t�i�o�n�s� �f�o�r� �t�h�e� �w�a�v�e�g�u�i�d�e� 

�a�r�e� �a�l�s�o� �n�o�n�s�e�p�a�r�a�b�l�e�.� �F�o�r� �a� �n�o�n�s�e�p�a�r�a�b�l�e� �w�a�v�e�g�u�i�d�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�,� �o�n�e� �m�u�s�t� �t�u�r�n� �t�o� 

�n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s� �t�o� �o�b�t�a�i�n� �s�o�l�u�t�i�o�n�s� �b�e�c�a�u�s�e� �c�l�o�s�e�d� �f�o�r�m� �s�o�l�u�t�i�o�n�s� �u�s�u�a�l�l�y� �a�r�e� �n�o�t� 

�p�o�s�s�i�b�l�e�.� �I�n� �t�h�i�s� �s�e�c�t�i�o�n� �a� �b�r�i�e�f� �o�u�t�l�i�n�e� �o�f� �t�h�e� �m�e�t�h�o�d�s� �c�o�n�s�i�d�e�r�e�d� �f�o�r� �t�h�e� �C�S�W� �a�n�a�l�y�s�i�s� �i�s� 

�n�o�w� �g�i�v�e�n�.� �T�h�i�s� �d�i�s�c�u�s�s�i�o�n� �i�s� �b�y� �n�o� �m�e�a�n�s� �a�n� �e�x�h�a�u�s�t�i�v�e� �s�t�u�d�y� �o�r� �t�r�e�a�t�m�e�n�t� �o�f� �a�l�l� �t�h�e� 

�p�o�s�s�i�b�l�e� �m�e�t�h�o�d�s� �o�f� �s�o�l�v�i�n�g� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m�s�.� �R�a�t�h�e�r�,� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� 

�F�O�R�M� �O�F� �S�O�L�U�T�I�O�N�S� �6�6



�d�i�s�c�u�s�s�i�o�n� �i�s� �t�o� �i�d�e�n�t�i�f�y� �i�m�p�o�r�t�a�n�t� �f�e�a�t�u�r�e�s� �o�f� �s�e�v�e�r�a�l� �r�e�l�e�v�a�n�t� �m�e�t�h�o�d�s� �f�o�r� �s�o�l�v�i�n�g� �t�h�e� 

�C�S�W� �b�o�u�n�d�a�r�y� �v�a�l�u�e� �p�r�o�b�l�e�m�.� �T�h�e�r�e� �a�p�p�e�a�r�s� �t�o� �b�e� �c�o�n�s�i�d�e�r�a�b�l�e� �f�l�e�x�i�b�i�l�i�t�y� �i�n� �c�h�o�o�s�i�n�g� �a� 

�s�u�i�t�a�b�l�e� �a�n�a�l�y�s�i�s� �t�e�c�h�n�i�q�u�e�.� �T�h�e� �c�h�o�i�c�e� �o�f� �a�n�a�l�y�s�i�s� �m�e�t�h�o�d�s� �i�s� �b�y� �n�o� �m�e�a�n�s� �u�n�i�q�u�e�;� 

�h�o�w�e�v�e�r� �t�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �s�a�l�i�e�n�t� �f�e�a�t�u�r�e�s� �o�f� �e�a�c�h� �o�f� �t�h�e� �m�e�t�h�o�d�s� �t�h�a�t� �c�a�n� �a�l�l�o�w� �o�n�e� �t�o� 

�s�e�l�e�c�t� �a� �s�u�i�t�a�b�l�e� �t�e�c�h�n�i�q�u�e�.� 

�T�h�e� �m�o�d�e� �m�a�t�c�h�i�n�g� �m�e�t�h�o�d� �[�1�]�,� �[�3�]�,� �[�4�]� �i�s� �a� �r�i�g�o�r�o�u�s� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d� �t�h�a�t� �c�a�n� 

�b�e� �a�p�p�l�i�e�d� �t�o� �t�r�a�n�s�v�e�r�s�e�l�y� �i�n�h�o�m�o�g�e�n�e�o�u�s� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �g�e�o�m�e�t�r�i�e�s� �s�u�c�h� �a�s� �t�h�e� �C�S�W�.� 

�T�h�e� �m�e�t�h�o�d� �i�s� �b�a�s�e�d� �o�n� �a� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �f�i�e�l�d�s� �(�o�r� �p�o�t�e�n�t�i�a�l�s�)� �i�n� �v�a�r�i�o�u�s� 

�"�r�e�g�i�o�n�s�"� �w�i�t�h�i�n� �t�h�e� �w�a�v�e�g�u�i�d�e�.� �F�o�r� �t�h�e� �C�S�W� �t�h�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �g�e�o�m�e�t�r�y� �i�s� �d�i�v�i�d�e�d� �i�n�t�o� 

�s�u�i�t�a�b�l�e� �r�e�g�i�o�n�s� �t�h�a�t� �c�a�n� �b�e� �r�e�a�d�i�l�y� �e�x�p�r�e�s�s�e�d� �i�n� �s�e�r�i�e�s� �f�o�r�m�.� �I�n� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n� �o�f� �t�h�e� 

�p�r�o�b�l�e�m� �o�n�e� �t�h�e�n� �a�p�p�l�i�e�s� �o�n�e� �o�f� �a� �n�u�m�b�e�r� �o�f� �t�e�c�h�n�i�q�u�e�s� �t�o� �s�o�l�v�e� �f�o�r� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� 

�s�e�r�i�e�s�.� �O�n�e� �o�f� �t�h�e�s�e� �t�e�c�h�n�i�q�u�e�s� �c�o�u�l�d� �b�e� �t�h�e� �u�s�e� �o�f� �o�r�t�h�o�g�o�n�a�l�i�t�y� �r�e�l�a�t�i�o�n�s�h�i�p�s� �t�o� �o�b�t�a�i�n� 

�t�h�e� �s�e�r�i�e�s� �c�o�e�f�f�i�c�i�e�n�t�s�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �s�o�l�u�t�i�o�n� �i�s� �e�x�a�c�t� �i�n� �t�h�e� �l�i�m�i�t�,� �w�h�e�n� �a�n� �i�n�f�i�n�i�t�e� �n�u�m�b�e�r� 

�o�f� �t�e�r�m�s� �a�r�e� �i�n�c�l�u�d�e�d�.� �A�n� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �m�o�d�e� �m�a�t�c�h�i�n�g� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e� �i�s� �t�h�a�t� �i�t� 

�d�o�e�s� �n�o�t� �s�u�f�f�e�r� �f�r�o�m� �s�p�u�r�i�o�u�s� �s�o�l�u�t�i�o�n�s� �i�n�h�e�r�e�n�t� �i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s� �t�e�c�h�n�i�q�u�e� �(�d�i�s�c�u�s�s�e�d� 

�b�e�l�o�w�)�.� �A�n�o�t�h�e�r� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �m�o�d�e� �m�a�t�c�h�i�n�g� �m�e�t�h�o�d� �i�s� �t�h�a�t� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� 

�g�e�o�m�e�t�r�i�e�s� �t�h�a�t� �c�a�n� �b�e� �d�i�v�i�d�e�d� �i�n�t�o� �p�i�e�c�e�w�i�s�e� �s�e�p�a�r�a�b�l�e� �r�e�g�i�o�n�s� �a�r�e� �c�o�n�v�e�n�i�e�n�t�l�y� �e�x�p�r�e�s�s�e�d� 

�i�n� �s�e�r�i�e�s� �f�o�r�m�,� �t�h�u�s� �a�r�e� �w�e�l�l� �s�u�i�t�e�d� �t�o� �t�h�i�s� �t�e�c�h�n�i�q�u�e�.� �T�h�i�s� �p�o�i�n�t� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �f�u�r�t�h�e�r� 

�b�e�l�o�w�.� �T�h�e� �m�o�s�t� �s�e�r�i�o�u�s� �l�i�m�i�t�a�t�i�o�n� �o�f� �t�h�e� �m�o�d�e� �m�a�t�c�h�i�n�g� �t�e�c�h�n�i�q�u�e� �i�s� �t�h�a�t� �o�n�c�e� 

�f�o�r�m�u�l�a�t�e�d�,� �i�t� �i�s� �r�e�l�a�t�i�v�e�l�y� �i�n�f�l�e�x�i�b�l�e� �i�n� �t�e�r�m�s� �o�f� �c�h�a�n�g�e�s� �t�o� �t�h�e� �w�a�v�e�g�u�i�d�e� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� 

�g�e�o�m�e�t�r�y�-�-�a� �p�r�o�b�l�e�m� �n�o�t� �i�n�h�e�r�e�n�t� �t�o� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �t�e�c�h�n�i�q�u�e�.� 

�F�i�n�i�t�e� �e�l�e�m�e�n�t� �t�e�c�h�n�i�q�u�e�s� �[�1�]�,� �[�2�]�,� �[�5�]�,� �[�6�]� �f�o�r� �s�o�l�v�i�n�g� �e�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �b�o�u�n�d�a�r�y� 

�v�a�l�u�e� �p�r�o�b�l�e�m�s� �a�p�p�e�a�r� �t�o� �b�e� �w�e�l�l� �s�u�i�t�e�d� �f�o�r� �s�o�l�v�i�n�g� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�e�d� �w�a�v�e�g�u�i�d�e� �p�r�o�b�l�e�m�s� 

�s�u�c�h� �a�s� �t�h�e� �C�S�W�.� �I�n� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n�,� �t�h�e� �p�r�o�b�l�e�m� �i�s� �c�a�s�t� �i�n� �t�e�r�m�s� �o�f� �v�a�r�i�a�t�i�o�n�a�l� �i�n�t�e�g�r�a�l� 

�e�q�u�a�t�i�o�n�s� �r�e�f�e�r�r�e�d� �t�o� �a�s� �a� �f�u�n�c�t�i�o�n�a�l�.� �T�h�e�s�e� �i�n�t�e�g�r�a�l� �e�q�u�a�t�i�o�n�s� �a�r�e� �a� �f�u�n�c�t�i�o�n�a�l� �w�h�i�c�h� �i�s� 

�s�t�a�t�i�o�n�a�r�y� �a�b�o�u�t� �a� �s�o�l�u�t�i�o�n�.� �I�n� �t�h�e� �n�u�m�e�r�i�c�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �f�u�n�c�t�i�o�n�a�l�,� �a� �c�r�o�s�s�-� 

�s�e�c�t�i�o�n�a�l� �p�o�r�t�i�o�n� �o�f� �t�h�e� �w�a�v�e�g�u�i�d�e� �i�s� �r�e�d�u�c�e�d� �o�r� �d�i�s�c�r�e�t�i�z�e�d� �i�n�t�o� �a� �s�e�t� �o�f� �s�m�a�l�l�e�r� �s�e�g�m�e�n�t�s� 

�c�o�m�p�r�i�s�i�n�g� �a� �m�e�s�h�.� �T�h�e� �e�l�e�m�e�n�t�s� �o�f� �t�h�e� �m�e�s�h� �a�r�e� �a�s�s�i�g�n�e�d� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n�c�l�u�d�i�n�g� 

�c�o�n�t�i�n�u�i�t�y� �o�f� �t�a�n�g�e�n�t�i�a�l� �e�l�e�c�t�r�i�c� �a�n�d� �m�a�g�n�e�t�i�c� �f�i�e�l�d�s� �r�e�s�u�l�t�i�n�g� �i�n� �a� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s�.� 

�S�o�l�u�t�i�o�n� �t�o� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �y�i�e�l�d�s� �t�h�e� �d�e�s�i�r�e�d� �r�e�s�u�l�t�s� �i�n� �t�e�r�m�s� �o�f� �p�h�a�s�e� �c�o�n�s�t�a�n�t�s� 

�a�n�d� �e�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �f�i�e�l�d�s�.� �T�h�e� �m�a�j�o�r� �a�d�v�a�n�t�a�g�e� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �t�e�c�h�n�i�q�u�e� �i�s� �t�h�a�t� �t�h�e� 

�m�e�t�h�o�d� �c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� �a� �w�i�d�e� �r�a�n�g�e� �o�f� �a�r�b�i�t�r�a�r�y� �c�r�o�s�s�-�s�e�c�t�i�o�n�a�l� �w�a�v�e�g�u�i�d�e� �g�e�o�m�e�t�r�i�e�s�,� 

�p�r�o�v�i�d�e�d� �t�h�a�t� �i�t� �c�a�n� �b�e� �e�x�p�r�e�s�s�e�d� �i�n� �a� �m�e�s�h� �w�i�t�h� �s�u�i�t�a�b�l�e� �e�l�e�m�e�n�t� �s�i�z�e�s�.� �A�l�t�h�o�u�g�h� �v�e�r�y� 
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�p�o�w�e�r�f�u�l� �a�n�d� �f�l�e�x�i�b�l�e�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �h�a�s� �t�h�e� �d�i�s�a�d�v�a�n�t�a�g�e� �o�f� �y�i�e�l�d�i�n�g� �s�p�u�r�i�o�u�s� 

�s�o�l�u�t�i�o�n�s�.� �T�h�e� �s�p�u�r�i�o�u�s� �s�o�l�u�t�i�o�n�s� �h�a�v�e� �n�o� �p�h�y�s�i�c�a�l� �m�e�a�n�i�n�g� �a�n�d� �t�h�e�r�e�f�o�r�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�m�e�t�h�o�d� �s�o�l�u�t�i�o�n�s� �m�u�s�t� �b�e� �c�h�e�c�k�e�d� �f�o�r� �v�a�l�i�d�i�t�y�.� �O�f�t�e�n� �t�h�i�s� �c�a�n� �b�e� �d�o�n�e� �b�y� �e�x�a�m�i�n�i�n�g� �t�h�e� 

�f�i�e�l�d� �q�u�a�n�t�i�t�i�e�s� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�s� �t�o� �d�e�t�e�r�m�i�n�e� �i�f� �c�e�r�t�a�i�n� �p�h�y�s�i�c�a�l� �p�a�r�a�m�e�t�e�r�s� �a�r�e� �s�a�t�i�s�f�i�e�d�.� 

�T�h�e�r�e� �a�r�e� �m�e�t�h�o�d�s� �o�u�t�l�i�n�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �[�5�]� �t�o� �e�l�i�m�i�n�a�t�e� �s�p�u�r�i�o�u�s� �s�o�l�u�t�i�o�n�s� �h�o�w�e�v�e�r� 

�t�h�e�r�e� �a�p�p�e�a�r�s� �t�o� �b�e� �a� �p�r�i�c�e� �p�a�i�d� �i�n� �n�u�m�e�r�i�c�a�l� �e�f�f�i�c�i�e�n�c�y�.� 

�T�h�e� �p�e�r�t�u�r�b�a�t�i�o�n� �m�e�t�h�o�d� �[�7�]� �i�s� �a� �w�e�l�l� �k�n�o�w�n� �m�e�t�h�o�d� �f�o�r� �c�o�m�p�u�t�i�n�g� �m�o�d�a�l� �c�u�t�o�f�f� 

�f�r�e�q�u�e�n�c�i�e�s� �o�f� �a�n� �"�u�n�k�n�o�w�n�"� �w�a�v�e�g�u�i�d�e� �g�i�v�e�n� �t�h�a�t� �o�n�e� �h�a�s� �a� �s�o�l�u�t�i�o�n� �t�o� �a� �s�i�m�i�l�a�r� 

�"�k�n�o�w�n�"� �s�y�s�t�e�m�.� �T�h�e� �p�e�r�t�u�r�b�a�t�i�o�n� �c�a�n� �b�e�,� �f�o�r� �e�x�a�m�p�l�e�,� �i�n� �t�h�e� �f�o�r�m� �o�f� �a�n� �i�n�w�a�r�d� �c�h�a�n�g�e� 

�i�n� �t�h�e� �w�a�l�l� �o�f� �t�h�e� �w�a�v�e�g�u�i�d�e�,� �o�r� �a�l�s�o� �a� �s�m�a�l�l� �c�h�a�n�g�e� �i�n� �t�h�e� �m�a�t�e�r�i�a�l� �i�n�s�i�d�e� �t�h�e� �w�a�v�e�g�u�i�d�e� 

�s�y�s�t�e�m�.� �I�n� �i�t�s� �p�r�a�c�t�i�c�a�l� �i�m�p�l�e�m�e�n�t�a�t�i�o�n� �i�t� �i�s� �o�f�t�e�n� �i�n� �t�h�e� �f�o�r�m� �o�f� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n�.� �I�n� �t�h�e� 

�c�a�s�e� �o�f� �t�h�e� �C�S�W� �o�n�e� �e�a�s�i�l�y� �h�a�s� �a� �"�k�n�o�w�n�"� �s�y�s�t�e�m�,� �b�e�i�n�g� �t�h�a�t� �o�f� �t�h�e� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e�,� 

�a�n�d� �t�h�e�n� �t�h�e� �p�e�r�t�u�r�b�a�t�i�o�n� �c�o�n�s�i�s�t�s� �o�f� �t�h�e� �d�i�e�l�e�c�t�r�i�c� �s�e�p�t�u�m� �i�n�t�r�o�d�u�c�e�d� �t�o� �t�h�e� �g�u�i�d�e�.� �T�h�e� 

�p�e�r�t�u�r�b�a�t�i�o�n� �m�e�t�h�o�d� �h�a�s� �t�h�e� �a�d�v�a�n�t�a�g�e� �o�f� �r�e�l�a�t�i�v�e� �e�a�s�e� �o�f� �f�o�r�m�u�l�a�t�i�o�n� �h�o�w�e�v�e�r� �t�o� 

�i�m�p�l�e�m�e�n�t� �i�t� �i�n� �i�t�s� �p�r�a�c�t�i�c�a�l� �f�o�r�m� �i�t� �h�a�s� �t�w�o� �d�i�s�a�d�v�a�n�t�a�g�e�s�.� �F�i�r�s�t�,� �t�h�e� �p�e�r�t�u�r�b�a�t�i�o�n� �m�e�t�h�o�d� 

�d�o�e�s� �n�o�t� �p�r�o�v�i�d�e� �a� �r�i�g�o�r�o�u�s� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �e�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �f�i�e�l�d�s�.� �S�e�c�o�n�d�,� �i�t� �i�s� �a�n� 

�a�p�p�r�o�x�i�m�a�t�e� �t�e�c�h�n�i�q�u�e� �t�h�a�t� �u�s�u�a�l�l�y� �r�e�s�u�l�t�s� �i�n� �a� �r�e�d�u�c�t�i�o�n� �o�f� �a�c�c�u�r�a�c�y� �a�s� �t�h�e� �p�e�r�t�u�r�b�a�t�i�o�n� �i�s� 

�i�n�c�r�e�a�s�e�d�.� 

�A�s� �s�t�a�t�e�d� �t�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �a�p�p�r�o�p�r�i�a�t�e� �m�e�t�h�o�d�s� �f�o�r� �a�n�a�l�y�z�i�n�g� �t�h�e� �C�S�W�.� �B�o�t�h� �t�h�e� 

�m�o�d�e� �m�a�t�c�h�i�n�g� �a�n�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �t�e�c�h�n�i�q�u�e�s� �a�r�e� �p�r�e�f�e�r�r�e�d� �o�v�e�r� �t�h�e� �p�e�r�t�u�r�b�a�t�i�o�n� �t�e�c�h�n�i�q�u�e� 

�d�u�e� �t�o� �t�h�e� �g�r�e�a�t�e�r� �a�c�c�u�r�a�c�y� �a�n�d� �a�l�s�o� �s�i�n�c�e� �t�h�e� �f�i�e�l�d�s� �c�o�m�p�o�n�e�n�t�s� �a�r�e� �m�o�r�e� �d�i�r�e�c�t�l�y� 

�o�b�t�a�i�n�e�d� �i�n� �t�h�e� �f�o�r�m�u�l�a�t�i�o�n�.� �T�h�e� �m�o�d�e� �m�a�t�c�h�i�n�g� �t�e�c�h�n�i�q�u�e� �d�o�e�s� �n�o�t� �s�u�f�f�e�r� �f�r�o�m� �t�h�e� 

�p�r�o�b�l�e�m� �o�f� �s�p�u�r�i�o�u�s� �s�o�l�u�t�i�o�n�s� �i�n�h�e�r�e�n�t� �i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �t�e�c�h�n�i�q�u�e�.� �T�h�e� �m�o�d�e� 

�m�a�t�c�h�i�n�g� �a�n�a�l�y�s�i�s� �w�a�s� �c�h�o�s�e�n� �s�i�n�c�e� �a�n� �a�r�b�i�t�r�a�r�y� �s�h�a�p�e�d� �c�r�o�s�s�-�s�e�c�t�i�o�n� �w�a�s� �n�o�t� �r�e�q�u�i�r�e�d�,� 

�a�n�d� �t�h�a�t� �t�h�e� �t�e�c�h�n�i�q�u�e� �h�a�s� �d�e�s�i�r�a�b�l�e� �a�n�a�l�y�t�i�c�a�l� �f�e�a�t�u�r�e�s�.� 

�4�.�3� �C�S�W� �M�o�d�a�l� �S�o�l�u�t�i�o�n� �T�e�c�h�n�i�q�u�e� �U�s�i�n�g� �M�o�d�e� �M�a�t�c�h�i�n�g� 

�T�h�e� �m�o�d�e� �m�a�t�c�h�i�n�g� �t�e�c�h�n�i�q�u�e� �i�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �l�i�t�e�r�a�t�u�r�e� �[�1�]�,� �[�3�]�,� �[�4�]� �a�n�d� �i�s� �t�h�e� 

�t�e�c�h�n�i�q�u�e� �e�m�p�l�o�y�e�d� �f�o�r� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �m�o�d�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �C�S�W�.� �T�h�e� �m�o�d�e� 

�m�a�t�c�h�i�n�g� �t�e�c�h�n�i�q�u�e� �i�s� �e�s�p�e�c�i�a�l�l�y� �w�e�l�l� �s�u�i�t�e�d� �f�o�r� �s�o�l�v�i�n�g� �t�h�e� �w�a�v�e�g�u�i�d�e� �g�e�o�m�e�t�r�i�e�s� �t�h�a�t� �a�r�e� 

�n�o�n�s�e�p�a�r�a�b�l�e� �b�u�t� �c�a�n� �b�e� �t�r�e�a�t�e�d� �a�s� �p�i�e�c�e�w�i�s�e� �s�e�p�a�r�a�b�l�e�.� �T�h�e� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e� �f�o�r� �a�n� 
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�i�n�h�o�m�o�g�e�n�e�o�u�s�l�y� �l�o�a�d�e�d� �w�a�v�e�g�u�i�d�e� �i�s� �b�a�s�e�d� �o�n� �s�u�p�e�r�p�o�s�i�t�i�o�n�,� �a�n�d� �i�n�v�o�l�v�e�s� �t�h�e� �c�o�m�b�i�n�i�n�g� 

�o�f� �b�o�t�h� �T�E� �a�n�d� �T�M� �m�o�d�e�s� �t�o� �e�x�p�r�e�s�s� �t�h�e� �r�e�s�u�l�t�s�,� �w�h�i�c�h� �a�r�e� �f�o�u�n�d� �t�o� �b�e� �h�y�b�r�i�d� �m�o�d�e�s�.� 

�H�y�b�r�i�d� �m�o�d�e�s� �a�r�e� �m�o�d�e�s� �t�h�a�t� �a�r�e� �i�n� �g�e�n�e�r�a�l� �n�e�i�t�h�e�r� �p�u�r�e�l�y� �T�E� �o�r� �T�M�,� �b�u�t� �c�o�n�t�a�i�n� �f�i�e�l�d� 

�c�o�m�p�o�n�e�n�t�s� �t�h�a�t� �c�a�n� �o�n�l�y� �b�e� �s�o�l�v�e�d� �b�y� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �b�o�t�h� �m�o�d�e� �s�e�t�s�.� �A� �f�u�r�t�h�e�r� 

�d�i�s�c�u�s�s�i�o�n� �o�f� �h�y�b�r�i�d� �m�o�d�e�s� �i�s� �p�r�o�v�i�d�e�d� �i�n� �C�h�a�p�t�e�r� �5�.� 

�R�e�c�a�l�l�i�n�g� �f�r�o�m� �C�h�a�p�t�e�r� �3�,� �t�h�e� �f�o�r�m� �o�f� �s�o�l�u�t�i�o�n�s� �f�o�r� �a� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �w�i�t�h� 

�s�y�m�m�e�t�r�i�c�a�l� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�i�n�g� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �u�s�i�n�g� �s�y�m�m�e�t�r�y� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �f�i�e�l�d�s� �i�n� 

�t�h�e� �w�a�v�e�g�u�i�d�e�.� �T�h�e� �o�r�i�g�i�n�a�l� �p�r�o�b�l�e�m� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�-�1� �i�s� �t�h�e�r�e�f�o�r�e� �d�i�v�i�d�e�d� �i�n�t�o� �a� �s�e�t� �o�f� 

�s�i�m�p�l�i�f�i�e�d� �s�u�b� �p�r�o�b�l�e�m�s�,� �r�e�f�e�r�r�e�d� �t�o� �a�s� �s�y�m�m�e�t�r�y� �c�a�s�e�s� �a�n�d� �d�e�f�i�n�e�d� �i�n� �F�i�g�u�r�e� �3�-�4�.� �E�a�c�h� �o�f� 

�t�h�e� �f�o�u�r� �s�y�m�m�e�t�r�y� �c�a�s�e�s� �i�m�p�o�s�e�s� �a� �d�i�f�f�e�r�e�n�t� �s�e�t� �o�f� �d�i�f�f�e�r�e�n�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s�,� �b�o�u�n�d�e�d� 

�b�y� �t�h�e� �m�e�t�a�l�l�i�c� �w�a�l�l�s� �w�i�t�h� �p�e�r�f�e�c�t� �e�l�e�c�t�r�i�c� �c�o�n�d�u�c�t�o�r�s� �(�P�E�C�)� �a�n�d� �b�y� �t�h�e� �a�x�e�s� �w�i�t�h� �P�E�C�s� 

�a�n�d� �p�e�r�f�e�c�t� �m�a�g�n�e�t�i�c� �c�o�n�d�u�c�t�o�r�s� �(�P�M�C�)�,� �r�e�s�u�l�t�i�n�g� �i�n� �a� �s�e�t� �o�f� �u�n�i�q�u�e� �s�o�l�u�t�i�o�n�s�.� �F�i�g�u�r�e� �4�-�1� 

�s�h�o�w�s� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �C�S�W� �s�y�m�m�e�t�r�y� �c�a�s�e�s� �h�o�w�e�v�e�r� �f�u�r�t�h�e�r� �s�u�b�-�d�i�v�i�d�e�d� �i�n�t�o� �t�h�r�e�e� 

�h�o�m�o�g�e�n�e�o�u�s� �r�e�g�i�o�n�s�.� �S�i�n�c�e� �e�a�c�h� �o�f� �t�h�e� �t�h�r�e�e� �r�e�g�i�o�n�s� �a�r�e� �h�o�m�o�g�e�n�e�o�u�s�,� �t�h�e�y� �a�r�e� 

�p�i�e�c�e�w�i�s�e� �s�e�p�a�r�a�b�l�e� �a�n�d� �t�h�e�r�e�f�o�r�e� �t�h�e� �f�i�e�l�d�s� �c�a�n� �b�e� �e�x�p�a�n�d�e�d� �i�n�t�o� �a�n� �i�n�f�i�n�i�t�e� �s�e�r�i�e�s� �f�o�r� �e�a�c�h� 

�r�e�g�i�o�n�.� �T�h�e� �i�n�f�i�n�i�t�e� �s�e�r�i�e�s� �i�s� �e�s�s�e�n�t�i�a�l�l�y� �a� �F�o�u�r�i�e�r� �s�e�r�i�e�s� �w�i�t�h� �c�o�e�f�f�i�c�i�e�n�t�s� �t�h�a�t� �a�r�e� �s�o�l�v�e�d� 

�b�o�t�h� �t�e�r�m�-�b�y�-�t�e�r�m� �a�n�d� �b�y� �u�s�i�n�g� �t�h�e� �o�r�t�h�o�g�o�n�a�l�i�t�y� �r�e�l�a�t�i�o�n�s�h�i�p�s�.� 

�I�n� �s�o�l�v�i�n�g� �f�o�r� �t�h�e� �f�i�e�l�d�s�,� �t�h�e� �c�o�n�c�e�p�t� �o�f� �m�a�g�n�e�t�i�c� �a�n�d� �e�l�e�c�t�r�i�c� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l�s� �a�r�e� 

�u�s�e�d�.� �T�h�e� �m�a�g�n�e�t�i�c� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l� �A�,� �a�n�d� �e�l�e�c�t�r�i�c� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l� �F� �d�e�f�i�n�e�d� �b�y� �[�8�]� �a�r�e� 

�u�s�e�d� �t�o� �e�x�p�r�e�s�s� �t�h�e� �m�a�g�n�e�t�i�c� �f�i�e�l�d� �H� �,�a�n�d� �e�l�e�c�t�r�i�c� �f�i�e�l�d� �E�a�s� 

�~� 

�H�-�=�H�,�+�H�,� �(�4�.�1�)� 
�a�n�d� 

�_�  ��_� 

�E�=�E�,�+�E�,� �(�4�.�2�)� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�e�r�e� �t�h�e� �f�i�e�l�d�s� �d�u�e� �t�o� �A� �a�n�d� �F� �a�r�e� �g�i�v�e�n� �b�y�!� 

�]� �-�_� 
�H�,�= ��V�x�A� �(�4�.�3�)� 

�H� �.� 

�A�,� �=�-�j�o�F� �- � �� �2� �=�  ��j�o�F� �V�(�V�e�F�|� �(�4�.�4�)� 
�Q�U�E� 

� � 

�1� �A� �L�o�r�e�n�t�z� �g�a�u�g�e� �i�s� �a�s�s�u�m�e�d�.� �A�l�s�o� �a�s�s�u�m�e�d� �a�r�e� �a�n� �e�x�p�(� �j�a�f�)� �t�i�m�e� �v�a�r�i�a�t�i�o�n� �a�n�d� �a� �s�o�u�r�c�e� �f�r�e�e� �r�e�g�i�o�n� �f�o�r� 
�t�h�e� �w�a�v�e�g�u�i�d�e� �a�n�a�l�y�s�i�s�.� 
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�y� 

�|� �P�E�C� 
�b� � � 

�(�1�)� �(�2�)� �P�p� �E�C� �/�P�M�C� �E�,�,� �M�l� �é�,�,�H�,� 

�P�E�C� � � � � 
�(�3�)� 

�é�,� �»� �f�e�,� 

�0� �h� �b� 

�P�E�C� �/� �P�M�C� 

� � � � � � 

�>
� �\� 

�b�=� �a�/�2� 

�h�=�c�/�2� 

�F�i�g�u�r�e� �4�-�1�.� �D�e�f�i�n�e�d� �r�e�g�i�o�n�s� �o�f� �t�h�e� �C�S�W� �f�o�r� �t�h�e� �s�y�m�m�e�t�r�y� �c�a�s�e�s�.� 
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�E�,� �=�-�-�V�x�F� �(�4�.�5�)� 

�E�,� �=�-�j�o�d�A�- ��_�V�(�V�e� �A�)�.� �(�4�.�6�)� 

�T�h�e� �m�a�g�n�e�t�i�c� �a�n�d� �e�l�e�c�t�r�i�c� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l�s� �i�n� �a� �s�o�u�r�c�e� �f�r�e�e� �r�e�g�i�o�n� �m�u�s�t� �s�a�t�i�s�f�y� �t�h�e� �v�e�c�t�o�r� 

�w�a�v�e� �e�q�u�a�t�i�o�n�s� 

�(�V�>�+�k�*�)�A�=�0� �(�4�.�7�)� 

�(�V�?� �+�k�*�)�F� �=�0� �(�4�.�8�)� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �a�n�d� �x� �i�s� �t�h�e� �w�a�v�e� �n�u�m�b�e�r� �d�e�f�i�n�e�d� �b�e�l�o�w�.� 

�A�n� �i�n�f�i�n�i�t�e�l�y� �l�o�n�g� �2�-�d�i�m�e�n�s�i�o�n�a�l� �c�r�o�s�s�-�s�e�c�t�i�o�n� �o�f� �t�h�e� �w�a�v�e�g�u�i�d�e� �i�s� �u�s�e�d� �i�n� �t�h�e� 

�a�n�a�l�y�s�e�s� �o�f� �t�h�e� �w�a�v�e�g�u�i�d�e� �p�o�r�t�i�o�n� �o�f� �t�h�e� �C�S�W�.� �S�o�l�u�t�i�o�n� �o�f� �t�h�e� �C�S�W� �i�s� �a�c�c�o�m�p�l�i�s�h�e�d� 

�u�s�i�n�g� �t�h�e� �m�o�d�e� �m�a�t�c�h�i�n�g� �t�e�c�h�n�i�q�u�e� �w�h�i�c�h� �i�s� �b�a�s�e�d� �o�n� �a� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �f�i�e�l�d�s�.� �T�h�e� 

�e�l�e�c�t�r�i�c� �a�n�d� �m�a�g�n�e�t�i�c� �f�i�e�l�d�s� �a�r�e� �o�f� �t�h�e� �f�o�r�m� 

�N� 

�E�O� �=� �(�R�O�R� �+� �E�H� �+� �B�O�Z�e� �(�4�.�9�)� 
�n�=�]� 

�H�®� �=� �S�H�O�R� �+� �H�O� �P�t� �H�o�s�e� �H�s� �(�4�.�1�0�)� 
�n�=�1� 

�w�h�e�r�e� �i� �=� �1�,�2�,�3� �f�o�r� �e�a�c�h� �r�e�g�i�o�n� �o�f� �t�h�e� �w�a�v�e�g�u�i�d�e� �a�s� �d�e�f�i�n�e�d� �i�n� �F�i�g�u�r�e� �4�-�1�.� �I�n� �e�q�u�a�t�i�o�n�s� 

�(�4�.�9�)� �a�n�d� �(�4�.�1�0�)�,� �E�®�,� �H�®� �a�n�d� �s�o� �o�n� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a� �f�i�e�l�d� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �a�r�e� �d�e�f�i�n�e�d� 

�b�e�l�o�w�.� �T�h�e� �s�u�b�s�c�r�i�p�t� �x�7� �w�i�l�l� �b�e� �u�s�e�d� �t�o� �d�e�n�o�t�e� �t�h�e� �n �� �t�e�r�m� �o�f� �t�h�e� �x�-�d�i�r�e�c�t�e�d� �c�o�m�p�o�n�e�n�t� 

�(�a�n�d� �s�i�m�i�l�a�r�l�y� �f�o�r� �y�-� �a�n�d� �z�-�d�i�r�e�c�t�e�d� �c�o�m�p�o�n�e�n�t�s�)�.� �T�h�e� �h�a�r�m�o�n�i�c� �f�u�n�c�t�i�o�n� �e ��* �� �i�s� �a�s�s�u�m�e�d� 

�f�o�r� �w�a�v�e�s� �t�r�a�v�e�l�i�n�g� �i�n� �t�h�e� �z�-�d�i�r�e�c�t�i�o�n�,� �w�h�e�r�e� �k�,� �i�s� �t�h�e� �a�x�i�a�l� �o�r� �l�o�n�g�i�t�u�d�i�n�a�l� �p�h�a�s�e� �c�o�n�s�t�a�n�t� 

�(�a�l�s�o� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �p�r�o�p�a�g�a�t�i�o�n� �c�o�n�s�t�a�n�t� �o�r� �w�a�v�e� �n�u�m�b�e�r�)�.� �B�y� �s�u�p�e�r�p�o�s�i�t�i�o�n�,� �t�h�e� 

�f�i�e�l�d�s� �a�r�e� �s�o�l�v�e�d� �i�n� �e�a�c�h� �r�e�g�i�o�n� �i�n� �t�e�r�m�s� �o�f� �T�E!"� �a�n�d� �T�M!"� �m�o�d�e�s� �a�n�d� �l�a�t�e�r� �c�o�m�b�i�n�e�d�.� 

�F�O�R�M� �O�F� �S�O�L�U�T�I�O�N�S� �7�1



�e� �F�o�r� �T�E!"� �s�o�l�u�t�i�o�n�s� �a� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m� �i�s� �u�s�e�d�:� 

�N� 

�P�s�y� �F�O�X� �(�4�.�1�1�)� �x�n� 

�n�=�l� 

�A�=�0� �(�4�.�1�2�)� 

�w�h�e�r�e� �F�,� �i�s� �a� �s�c�a�l�a�r� �f�u�n�c�t�i�o�n� �a�n�d� �e�a�c�h� �t�e�r�m� �i�n� �t�h�e� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �m�u�s�t� �s�a�t�i�s�f�y� �t�h�e� �s�c�a�l�a�r� 

�w�a�v�e� �e�q�u�a�t�i�o�n� 

�(�V�i� �+�k� �)�F�,�,� �=�0�.� �(�4�.�1�3�)� 

�T�h�e� �p�r�o�p�e�r� �f�o�r�m� �o�f� �s�o�l�u�t�i�o�n� �o�f� �(�4�.�1�3�)� �i�s� �g�i�v�e�n� �b�y� 

�F�F� �_� �F�O� �g�k� �O�x�o� �k�e�y�e� �(�4�.�1�4�)� 

�w�h�e�r�e� �g�(�é�)� �a�r�e� �t�h�e� �h�a�r�m�o�n�i�c� �f�u�n�c�t�i�o�n�s� �c�o�s�(�é�)� �a�n�d� �s�i�n�(�é�)� �w�i�t�h� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �a�r�g�u�m�e�n�t�s�.� 

�F�o�r� �T�E!"� �m�o�d�e�s� �i�n� �e�a�c�h� �o�f� �t�h�e� �r�e�g�i�o�n�s�,� �w�e� �d�e�f�i�n�e� �t�r�a�n�s�v�e�r�s�e� �p�h�a�s�e� �c�o�n�s�t�a�n�t�s� �(�p�r�o�p�a�g�a�t�i�o�n� 

�c�o�n�s�t�a�n�t�s� �o�r� �w�a�v�e� �n�u�m�b�e�r�s�)� �k � �� �a�n�d� �k�?� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �x�-� �a�n�d� �y�-�d�i�r�e�c�t�i�o�n�s� 

�r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�i�c�h� �a�r�e� �c�o�m�p�l�e�x� �i�n� �g�e�n�e�r�a�l�.� �I�n� �e�q�u�a�t�i�o�n� �(�4�.�1�4�)�,� �°�°� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� 

�a�m�p�l�i�t�u�d�e� �c�o�n�s�t�a�n�t�s�,� �w�h�i�c�h� �i�s� �a�l�s�o� �c�o�m�p�l�e�x� �i�n� �g�e�n�e�r�a�l�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� �w�a�v�e�s� �a�r�e� 

�t�r�a�v�e�l�i�n�g� �i�n� �t�h�e� �z�-�d�i�r�e�c�t�i�o�n�,� �h�e�n�c�e� �e � ��"� �i�s� �u�s�e�d�,� �w�h�e�r�e� �k�,� �i�s� �t�h�e� �p�h�a�s�e� �c�o�n�s�t�a�n�t� �i�n� �t�h�e� �z�-� 

�d�i�r�e�c�t�i�o�n�.� �F�o�r� �a� �w�a�v�e� �p�r�o�p�a�g�a�t�i�n�g� �i�n� �t�h�e� �a�x�i�a�l� �d�i�r�e�c�t�i�o�n�,� �a� �n�e�c�e�s�s�a�r�y� �c�o�n�d�i�t�i�o�n� �f�o�r� 

�m�a�t�c�h�i�n�g� �o�f� �t�h�e� �z�-�c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �f�i�e�l�d�s� �i�s� �t�h�a�t� �&�,� �m�u�s�t� �b�e� �t�h�e� �s�a�m�e� �i�n� �a�l�l� �t�h�r�e�e� �r�e�g�i�o�n�s�.� 

�G�i�v�e�n� �t�h�a�t� �e�a�c�h� �o�f� �t�h�e� �r�e�g�i�o�n�s� �o�f� �t�h�e� �C�S�W� �a�r�e� �p�i�e�c�e�w�i�s�e� �s�e�p�a�r�a�b�l�e�,� �t�h�e� 

�p�r�o�p�a�g�a�t�i�o�n� �c�o�n�s�t�a�n�t�s� �s�a�t�i�s�f�y� �t�h�e� �s�e�p�a�r�a�b�i�l�i�t�y� �c�o�n�d�i�t�i�o�n� 

�k�=� �B�o�B� �+�k� �4�.�1�9� 
�T�h�e� �p�r�o�p�a�g�a�t�i�o�n� �c�o�n�s�t�a�n�t� �i�n� �a�n� �u�n�b�o�u�n�d�e�d� �m�e�d�i�u�m� �i�s� �g�i�v�e�n� �b�y� �k�,� �=� �@�.�/�u�1�, ¬�,� �,� �w�h�e�r�e� �y�u�,� �1�s� 

�t�h�e� �p�e�r�m�e�a�b�i�l�i�t�y� �a�n�d� �¢�,� �i�s� �t�h�e� �p�e�r�m�i�t�t�i�v�i�t�y� �o�f� �t�h�e� �m�e�d�i�u�m�,� �a�n�d� �(�/�)� �i�s� �t�h�e� �r�e�g�i�o�n�.� �F�o�r� �t�h�e� 

�C�S�W�,� �k�,� �=�k�,� �s�i�n�c�e� �t�h�e�s�e� �t�w�o� �r�e�g�i�o�n�s� �c�o�n�s�i�s�t� �o�f� �t�h�e� �s�a�m�e� �m�e�d�i�u�m�.� 
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�°� �F�o�r� �T�M!"� �s�o�l�u�t�i�o�n�s� �a� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �o�f� �t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m� �i�s� �u�s�e�d�:� 

�N� �A�=� �A�S� �(�4�.�1�6�)� 
�n�=�]� 

�=� 

�F�=�0� �(�4�.�1�7�)� 

�w�h�e�r�e� �A�,�,�,� �i�s� �a� �s�c�a�l�a�r� �f�u�n�c�t�i�o�n� �a�n�d� �e�a�c�h� �t�e�r�m� �i�n� �t�h�e� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �m�u�s�t� �a�l�s�o� �s�a�t�i�s�f�y� �t�h�e� 

�s�c�a�l�a�r� �w�a�v�e� �e�q�u�a�t�i�o�n� 

�(�V�?�+�k�*�)�A�,�,� �=�0�.� �(�4�.�1�8�)� 

�T�h�e� �p�r�o�p�e�r� �f�o�r�m� �o�f� �s�o�l�u�t�i�o�n�s� �i�s� �g�i�v�e�n� �b�y� 

�A�Y� �=� �A�P� �O�K�O� �x�\�p�(�K�O� �y�e�t� �(�4�.�1�9�)� �x�n� �y�n� 

�a�n�d� �g�(�é�)� �a�r�e� �t�h�e� �h�a�r�m�o�n�i�c� �f�u�n�c�t�i�o�n�s� �c�o�s�(�é�)� �a�n�d� �s�i�n�(�é�)�w�i�t�h� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �a�r�g�u�m�e�n�t�s�.� 

�F�o�r� �T�M �� �m�o�d�e�s� �i�n� �e�a�c�h� �o�f� �t�h�e� �r�e�g�i�o�n�s�,� �w�e� �d�e�f�i�n�e� �p�h�a�s�e� �c�o�n�s�t�a�n�t�s� �k�o�)� �a�n�d� �k ��?� 

�c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �x�-� �a�n�d� �y�-�d�i�r�e�c�t�i�o�n�s� �r�e�s�p�e�c�t�i�v�e�l�y�,� �w�h�i�c�h� �a�r�e� �c�o�m�p�l�e�x� �i�n� �g�e�n�e�r�a�l�.� �I�n� 

�e�q�u�a�t�i�o�n� �(�4�.�1�9�)�,� �A �� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �a�m�p�l�i�t�u�d�e� �c�o�n�s�t�a�n�t�s�.� �I�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �t�h�e� 

�w�a�v�e�s� �a�r�e� �t�r�a�v�e�l�i�n�g� �i�n� �t�h�e� �z�-�d�i�r�e�c�t�i�o�n�,� �h�e�n�c�e� �e ��*�*� �i�s� �a�l�s�o� �u�s�e�d� �h�e�r�e�.� 

�G�i�v�e�n� �t�h�a�t� �e�a�c�h� �o�f� �t�h�e� �r�e�g�i�o�n�s� �o�f� �t�h�e� �C�S�W� �a�s� �d�e�f�i�n�e�d� �a�r�e� �p�i�e�c�e�w�i�s�e� �s�e�p�a�r�a�b�l�e� 

�s�y�s�t�e�m�,� �t�h�e� �p�h�a�s�e� �c�o�n�s�t�a�n�t�s� �w�i�l�l� �s�a�t�i�s�f�y� �t�h�e� �s�e�p�a�r�a�b�i�l�i�t�y� �c�o�n�d�i�t�i�o�n� 

�k�e� �=�k� �+� �k�v� �+�k�:� �(�4�.�2�0�)� 

�w�h�e�r�e� �7� �=�1�,�2�,�3� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �r�e�g�i�o�n�s�.� 

�S�o�l�v�i�n�g� �t�h�e� �C�S�W� �p�r�o�b�l�e�m� �r�e�q�u�i�r�e�s� �i�m�p�o�s�i�n�g� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�t� �e�a�c�h� �o�f� �t�h�e� 

�i�n�t�e�r�f�a�c�e�s� �w�i�t�h�i�n� �t�h�e� �w�a�v�e�g�u�i�d�e� �r�e�g�i�o�n�s�.� �T�h�e� �t�a�n�g�e�n�t�i�a�l� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �f�i�e�l�d�s� �a�t� �t�h�e� 
�(�x� �=� �A�)� �i�n�t�e�r�f�a�c�e� �o�f� �r�e�g�i�o�n�s� �(�1�)� �a�n�d� �(�2�)� �a�r�e� �m�a�t�c�h�e�d� �i�f� 

�A�e� �(�x�=�h�)�|� �|� �H�e�.� �(�e� �=�A�)� 
�=�4� �(�4�.�2�1�)� 

�E�(�x� �=�h�)� �E�®� �(�x�=�h�)� 
�x�n�,�o�n� �4�n�,�c�n� 
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�a�n�d� 

�k� �@� �=� �k�o� �(�4�.�2�2�)� 

�K�O� �=� �R�Y�.� �(�4�.�2�3�)� 

�T�h�e� �c�o�n�d�i�t�i�o�n�s� �g�i�v�e�n� �b�y� �(�4�.�2�2�)� �a�n�d� �(�4�.�2�3�)� �a�r�e� �n�e�c�e�s�s�a�r�y� �t�o� �m�a�t�c�h� �t�r�a�n�s�v�e�r�s�e� �y�-�d�i�r�e�c�t�e�d� 

�c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �f�i�e�l�d�s�,� �w�h�i�c�h� �a�r�e� �e�q�u�a�t�e�d� �t�e�r�m�-�b�y�-�t�e�r�m�.� �F�r�o�m� �(�4�.�1�5�)� �a�n�d� �(�4�.�2�0�)� �w�h�e�r�e� 

�i� �=�]�,�2� �a�n�d� �n�o�t�i�n�g� �t�h�a�t� �4�,� �i�s� �t�h�e� �s�a�m�e� �i�n� �a�l�l� �r�e�g�i�o�n�s� �o�f� �t�h�e� �g�u�i�d�e�,� �o�n�e� �o�b�t�a�i�n�s� 

�k�e�?� �k�D�?� �=�k� �i�g� �(�4�.�2�4�)� 

�k�D�?�  �� �R�2�?� �=�f�?� �K�e� �(�4�.�2�5�)� 

�B�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �m�u�s�t� �n�e�x�t� �b�e� �s�a�t�i�s�f�i�e�d� �b�y� �e�q�u�a�t�i�n�g� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �c�o�m�p�o�n�e�n�t�s� 

�o�f� �t�h�e� �e�l�e�c�t�r�i�c� �a�n�d� �m�a�g�n�e�t�i�c� �f�i�e�l�d�s� �o�n� �t�h�e� �b�o�u�n�d�a�r�i�e�s� �b�e�t�w�e�e�n� �r�e�g�i�o�n�s�:� �(�1� �a�n�d� �3�)�;� �a�n�d� 

�r�e�g�i�o�n�s� �(�2� �a�n�d� �3�)�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �s�o�l�v�e�d� �b�y� �m�u�l�t�i�p�l�y�i�n�g� �e�a�c�h� �o�f� �t�h�e� �f�o�u�r� �t�a�n�g�e�n�t�i�a�l� 

�f�i�e�l�d� �c�o�m�p�o�n�e�n�t�s� �e�v�a�l�u�a�t�e�d� �a�t� �(�v�y� �=� �A�)� �b�y� �a�n� �a�p�p�r�o�p�r�i�a�t�e� �o�r�t�h�o�g�o�n�a�l� �f�u�n�c�t�i�o�n� �a�n�d� 

�i�n�t�e�g�r�a�t�i�n�g� �o�v�e�r� �x� �o�n� �t�h�e� �i�n�t�e�r�v�a�l� �f�r�o�m� �0� �t�o� �4�,� �e�x�p�r�e�s�s�e�d� �a�s� 

�b�o�N� �H�O� �(�y�=�h�)� 

�[�S�y�p�r�a� �_� �h�)� 
�Q� �n�=�l� �x�n�,�z�n� 

�A�i�n�a�n�(�Y� �=�f�)� 
�E�c�n�a�n�l�¥� �=�h�)� �X�n�A�,�E�N� 

�e�e�n� �a�x� �(�4�.�2�6�)� �b�t�u� �d�e�=� �[�>� 
�n�=�]� 

�T�o� �s�i�m�p�l�i�f�y� �t�h�e� �r�i�g�h�t� �s�i�d�e� �o�f� �(�4�.�2�6�)�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �o�r�t�h�o�g�o�n�a�l�l�i�t�y� �r�e�l�a�t�i�o�n�s�h�i�p�s� �a�r�e� �u�s�e�d�:� 

�b�/�2�,�n�=�p�F�#�l� 
�(�4�.�2�7�)� 

�0�,� �n�F�p� �[� �o�,�x�)�o�(�k�,�x�)� �a�n�=�{� 

�T�h�e� �f�o�u�r� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �g�i�v�e�n� �i�n� �e�q�u�a�t�i�o�n�s� �(�4�.�2�6�)� �r�e�s�u�l�t� �i�n� �a� �s�e�t� �o�f� �f�o�u�r� �e�q�u�a�t�i�o�n�s� �o�f� 

�t�h�e� �f�o�l�l�o�w�i�n�g� �f�o�r�m�.� �F�o�r� �s�i�m�p�l�i�c�i�t�y�,� �w�e� �d�e�f�i�n�e� �t�h�e�s�e� �f�o�u�r� �e�q�u�a�t�i�o�n�s� �u�s�i�n�g� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�n�o�t�a�t�i�o�n�:� 

�N� 

�a�,�(�p�)�A�P� �=� �Y� �A�.�"�b� �(�p�.�m�)� �=� �0� �(�4�.�2�8�)� 
�n�=�1� 
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�A�(�p�)�F�. �� �-� �3� �F�Y� �g�,�(�p�,�n�)� �=�0� �(�4�.�2�9�)� 
�n�=� 

�a�,� �(�p�)�A�®� �-� �{�4�b� �(�p�,�n�)�}�+� �f�(�p�)�y�F�o� �-� �(�F�g�,� �(�p�.�n�)�}� �=� �0� �(�4�.�3�0�)� 

�a�,�(�p�)�A�,�  �� �1�1�4� �b�(�P�.�)�}�+� �A�W�D�)�,�  �� �D�A�F�,� �8�(�p�.�m�)�}� �=� �0� �(�4�.�3�1�)� 

�A�s� �d�e�f�i�n�e�d� �i�n� �e�q�u�a�t�i�o�n�s� �(�4�.�2�8�)� �t�h�r�o�u�g�h� �(�4�.�3�1�)�,� �a�,�,�,�(�p�)�,� �5�.�;�(�p�.�"�)�,� �f�i�2�;�(�p�)� �a�n�d� 

�£�,�2�3�(�p�,�n�)� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �s�e�r�i�e�s� �c�o�e�f�f�i�c�i�e�n�t�s� �a�n�d� �A �� �a�n�d� �F�\�?� �w�i�l�l� �b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� 

�a�m�p�l�i�t�u�d�e� �c�o�n�s�t�a�n�t�s�.� 

�W�h�e�n� �e�v�a�l�u�a�t�e�d�,� �t�h�e� �l�e�f�t� �s�i�d�e� �o�f� �(�4�.�2�6�)� �w�i�l�l� �c�o�n�t�a�i�n� �a� �s�u�m�m�a�t�i�o�n� �a�n�d� �i�n�t�e�g�r�a�l�s� 

�w�h�i�c�h� �c�a�n�n�o�t� �b�e� �s�i�m�p�l�i�f�i�e�d� �b�y� �t�h�e� �u�s�e� �o�f� �t�h�e� �o�r�t�h�o�g�o�n�a�l� �p�r�o�p�e�r�t�i�e�s� �u�s�e�d� �i�n� �s�i�m�p�l�i�f�y�i�n�g� �t�h�e� 

�r�i�g�h�t� �s�i�d�e�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �i�n�t�e�g�r�a�l�s� �a�r�e� �d�e�f�i�n�e�d� �f�o�r� �l�a�t�e�r� �u�s�e�,� �w�i�t�h� �t�h�e� �a�p�p�r�o�p�r�i�a�t�e� 

�a�r�g�u�m�e�n�t�s� �(�t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �p�h�a�s�e� �c�o�n�s�t�a�n�t�s� �w�i�l�l� �b�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n� �p�l�a�c�e� �o�f� �s� �a�n�d� �7�)�:� 

�h� �h� 

�L�(�s�,�4�)� �=� �[� �s�i�n� �s�x� �s�i�n� �t�x� �d�k� �(�4�.�3�2�)� �L�(�s�,�t�)� �=� �[� �c�o�s�s�x� �c�o�s�i�x�d�k� �(�4�.�3�3�)� 
�0� �0� 

�h� �b� 

�I�,�(�s�,�7�)� �=� �[�s�i�n� �s�x� �c�o�s�t�x� �d�x� �(�4�.�3�4�)� �1�,�(�s�,�4�)� �=� �[�s�i�n� �s�(�x�  ��b�)� �s�i�n�t�x�d�k� �(�4�.�3�5�)� 
�a� �h� 

�b� �b� 

�I�,�(�s�,�7�)� �=� �J� �c�o�s�s�(�x ��b�)� �c�o�s�t�e�d�x� �(�4�.�3�6�)� �I�,� �(�s�,�t�)�=� �{�s�i�n� �s�(�x� �-�8�)� �c�o�s�t�x� �d�x� �(�4�.�3�7�)� 
�h� �h� 

�b� 

�L�(�s�,�¢�)� �=� �[�c�o�s�s�(�x�-�6�)� �s�i�n� �t�x�d�x� �(�4�.�3�8�)� 
�h� 

�T�h�e� �a�b�o�v�e� �s�o�l�u�t�i�o�n� �t�e�c�h�n�i�q�u�e� �i�s� �u�s�e�d� �t�o� �o�b�t�a�i�n� �a� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �f�o�r� �e�a�c�h� �o�f� �t�h�e� 

�s�y�m�m�e�t�r�y� �c�a�s�e�s�,� �a�s� �d�e�s�c�r�i�b�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s�.� 
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�4�.�4� �F�o�r�m� �o�f� �S�o�l�u�t�i�o�n�s� 

�4�.�4�.�1� �E�v�e�n� �/�O�d�d� �S�y�m�m�e�t�r�y� �S�o�l�u�t�i�o�n�s� 
�B�y� �r�e�f�e�r�r�i�n�g� �t�o� �t�h�e� �e�v�e�n�/�o�d�d� �s�y�m�m�e�t�r�y� �c�a�s�e� �d�e�f�i�n�e�d� �i�n� �F�i�g�u�r�e� �3�-�4� �a�n�d� �b�y� �e�n�f�o�r�c�i�n�g� 

�t�h�e� �a�p�p�r�o�p�r�i�a�t�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �d�e�f�i�n�e�d� �f�o�r� �e�a�c�h� �o�f� �t�h�e� �t�h�r�e�e� �r�e�g�i�o�n�s� �i�n� �F�i�g�u�r�e� �4�-�1�,� 

�o�n�e� �o�b�t�a�i�n�s� �t�h�e� �e�l�e�c�t�r�i�c� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l�s� �f�o�r� �t�h�e� �T�E!"� �m�o�d�e�s� �g�i�v�e�n� �b�y� 

�F�®� �=� �F�®� �c�o�s�(�k� �x�)� �c�o�s� �(�y�b�)� �J�e� �*� �(�4�.�3�9�)� 
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�-� �e�m� �s�i�n�k�,� �(�h�-�b�)� �1� �(�k�y�,� �k�e �� 
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�1�)� 

�b�,� �(�p�n�)� �=�  � ��(�k�?�  �� �k�®�?�)� �s�i�n�k� �(�h ��B�)� �1�K�,� �K�)� �+� �X�n� �O�°� �x�p� 

� � � � 

�é� �H�y�e�,� �g�e� 
�(�4�.�7�4�)� 

�7� �4�0� �(�k�y�  �� �k�G�?�)� �s�i�n�k� �(�h�-�b�)�I�(�A�D� �k�D�)� 
�2�7�2� �n� 

�b�o�i� �r�a�n�\�a�z� �f�,�(�p�)� �=� �S�a� �t�i�  ��k�O�?�)�\� �s�i�n�k�,� �h� �u�(�p� �-�2�)� �(�4�.�7�5�)� 
�1�7�]� 

�g�i�(�p�.�n�)� �=� �M�P�D� �(�a�?� �£�2�"� �)�o�o�s�k�o�(�h ��B�)�1� �K�e� �k�i�p�)� �+� 
�i� �9�)� �F�O� �(�4�.�7�6�)� 
�M�O� �F�i� �l�b� �E�S�"�)� �c�o�s�e� �(�B�L�E�S� �k�p� 

�2�0�2� �n� 

�a�.�(�P�)�=� �5� �k�i�)� �c�o�s�k�y�>�h� �(�4�.�7�7�)� 
�m�7�)� 
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�k�k� 
�b�,�(�p�,�n�)� �=� �s�i�n� �k�y� �(�h�-� �b�)�1�,� �(�A�O�,� �k� �1�,� �|� 

�x�n� �9�°� �"�x�p� 

�(�2�)� �(�2�)� �p�a� �A�s�i�n� �k�(�n� �B�L� �K�O� �A�S� �O�M�E�,� �A�,� 

�f�,�(�p�)� �=� �k�&� �c�o�s�k�,� �k�h� �u�(�p ��2�)� 

�l�e�w�.� �2�,� �(�p�n�)� �=� �h�y�p� �s�i�n�k�?� �(�A ��b�)�1�,� �(�K�k�)� �u�(�p ��2�)� �x�n� �>�"� �°� �x�p� 
�]� 

�]� �F�o� �,� �;� 

 ��a�k�e� �°�)� �E�o�  � �� �s�i�n�k� �(�h�-�b�)� �1�,� �(�k�o� �k�D�)� �u�(�p�-�2�)� 
�n� 

�a�,�(�p�)� �=� �a�k�e� �s�i�n�k�y�h� �(�1�+�6�,�)� 
�1� 

�b�,�(�p�,�n�)� �=�  �� �a�t� �c�o�s�k�i�?�(�h ��b�)�1�,� �(�k�g� �K�S�)� 
�H�b�,� 

�1� �©� 

�A�D� 
� � �K�S� �c�o�s�k�S� �(�h ��b�)� �1�k� �A�S� 

�F�p�)� �=� �E�K� �s�i�n�h� �u�(�p ��2�)� 
�Z�O�U�,�  ¬�,� 

�7�,� �(�1�)� 

�g�,�(�p�.�n�)� �=� �c�o�s�h� �(�h�b�)� �1�,� �(�E�O� �4�2�)� �u�(�p� �2�)� 
�O�L�E�,� 

�k�k�&�?� �F�o� 

�o�u�,�e�,� �F�E� 
�n� 

� � �=�"� �c�o�s�k�(�h ��b�)� �1�h�,� �K�O�)� �u�(�p ��2�)� �x�n� �2�"�'� �x�p� 

�I�n� �e�q�u�a�t�i�o�n�s� �(�4�.�7�3�)� �t�h�r�o�u�g�h� �(�4�.�8�4�)� �w�e� �d�e�f�i�n�e� 

�5� �=� �1�,� �p�=�l�1� 

�P�l�o�,� �p�#�1� 
�a�n�d� 

�F�O�R�M� �O�F� �S�O�L�U�T�I�O�N�S� 

�(�4�.�7�8�)� 

�(�4�.�7�9�)� 

�(�4�.�8�0�)� 

�(�4�.�8�1�)� 

�(�4�.�8�2�)� 

�(�4�.�8�3�)� 

�(�4�.�8�4�)� 

�(�4�.�8�5�)� 

�8�1



�K�p�-�2�)�|� �(�4�.�8�6�)� 

�E�q�u�a�t�i�o�n�s� �(�4�.�8�5�)� �a�n�d� �(�4�.�8�6�)� �o�c�c�u�r� �a�s� �t�h�e� �r�e�s�u�l�t� �o�f� �d�e�g�e�n�e�r�a�t�e� �c�a�s�e�s�,� �w�h�e�n� �s�i�n�k�x� �=� �0� 

�a�n�d� �c�o�s�k�, ��x� �=�1� �a�r�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �(�4�.�2�7�)�.� �A� �d�i�s�c�u�s�s�i�o�n� �o�f� �h�o�w� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�i�s� 

�s�e�c�t�i�o�n� �a�r�e� �u�s�e�d� �t�o� �o�b�t�a�i�n� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �f�i�e�l�d�s� �i�s� �p�r�o�v�i�d�e�d� �i�n� �t�h�e� �C�h�a�p�t�e�r� �5�.� 

�4�.�4�.�3� �E�v�e�n� �/� �E�v�e�n� �S�y�m�m�e�t�r�y� �S�o�l�u�t�i�o�n�s� 
�T�h�e� �e�v�e�n�/�e�v�e�n� �s�y�m�m�e�t�r�y� �c�a�s�e� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �t�h�e� �e�v�e�n�/�o�d�d� �s�y�m�m�e�t�r�y� �c�a�s�e� 

�e�x�c�e�p�t� �t�h�a�t� �t�h�e� �l�o�w�e�r� �b�o�u�n�d�a�r�y� �o�n� �t�h�e� �x�-�a�x�i�s� �i�s� �a� �P�M�C� �i�n�s�t�e�a�d� �o�f� �a� �P�E�C�,� �a�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e�s� �3�-�4� �a�n�d� �4�-�1�.� �T�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �a�n�d� �e�l�e�c�t�r�i�c� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l�s� �a�r�e� �t�h�e� �s�a�m�e� 

�a�s� �t�h�o�s�e� �g�i�v�e�n� �i�n� �t�h�e� �e�v�e�n�/�o�d�d� �s�y�m�m�e�t�r�y� �c�a�s�e� �i�n� �r�e�g�i�o�n�s� �(�1�)� �a�n�d� �(�2�)�,� �a�n�d� �t�h�e�r�e�f�o�r�e� �F� 

�a�n�d� �F� �a�r�e� �g�i�v�e�n� �b�y� �e�q�u�a�t�i�o�n�s� �(�4�.�3�9�)� �a�n�d� �(�4�.�4�0�)� �r�e�s�p�e�c�t�i�v�e�l�y�.� �L�i�k�e�w�i�s�e�,� �t�h�e� �m�a�g�n�e�t�i�c� 
�v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l�s� �A �� �a�n�d� �A �� �g�i�v�e�n� �b�y� �(�4�.�4�2�)� �a�n�d� �(�4�.�4�3�)�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �H�o�w�e�v�e�r�,� �t�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n� �r�e�g�i�o�n� �3� �a�r�e� �u�n�i�q�u�e� �t�o� �t�h�i�s� �s�y�m�m�e�t�r�y� �c�a�s�e� �a�n�d� �t�h�e� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l�s� 

�a�r�e� �g�i�v�e�n� �b�y� 

�F�O� �=� �F� �c�o�s�(�k�x�)� �s�i�n�(�k� �y�e� �(�4�.�8�7�)� 

�A�®� �=� �A�®� �s�i�n�(�k�y�x�)� �c�o�s�(�k�,�,� �y�e�"� �(�4�.�8�8�)� 

�S�i�n�c�e� �t�h�e� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l�s� �(�a�n�d� �a�l�s�o� �t�h�e� �f�i�e�l�d� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �c�o�e�f�f�i�c�i�e�n�t�s�)� �i�n� �r�e�g�i�o�n�s� �1� 

�a�n�d� �2� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �f�o�r� �t�h�e� �e�v�e�n�/�o�d�d� �s�y�m�m�e�t�r�y� �c�a�s�e�,� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �e�q�u�a�t�i�o�n�s� �(�4�.�4�6�)� 
�t�h�r�o�u�g�h� �(�4�.�4�9�)� �a�r�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �&�° ��,� �k�° ��,� �A�®� �a�n�d� �F�©� �i�n� �t�e�r�m�s� �o�f� �A!"� �a�n�d� �F�.� 
�I�n� �r�e�g�i�o�n� �3�,� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �p�h�a�s�e� �c�o�n�s�t�a�n�t� �i�s� �g�i�v�e�n� �b�y� 

�(�2�n ��-�1�)�x� �f�@� �-�f�~�2� �=� 
�x�n� �x�n� �o�b� 

�(�4�.�8�9�)� 

�T�h�e� �m�a�t�r�i�x� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �a�l�s�o� �f�o�r� �t�h�e� �e�v�e�n�/�e�v�e�n� �s�y�m�m�e�t�r�y� �c�a�s�e� �a�r�e� �v�e�r�y� �s�i�m�i�l�a�r� �t�o� �t�h�o�s�e� 

�o�b�t�a�i�n�e�d� �i�n� �t�h�e� �e�v�e�n�/�o�d�d� �c�a�s�e�,� �s�i�n�c�e� �t�h�e� �f�i�e�l�d�s� �a�r�e� �t�h�e� �s�a�m�e� �i�n� �r�e�g�i�o�n�s� �(�1�)� �a�n�d� �(�2�)�.� 

�T�h�e�r�e�f�o�r�e�,� �u�s�i�n�g� �s�y�m�m�e�t�r�y� �p�r�o�p�e�r�t�i�e�s�;� �b�,�(�p�,�m�)� �i�s� �g�i�v�e�n� �b�y� �(�4�.�5�1�)�,� �g�,�(�p�,�n�)� �i�s� �g�i�v�e�n� �b�y� 

�(�4�.�5�3�)�,� �b�,�(�p�,�n�)� �i�s� �g�i�v�e�n� �b�y� �(�4�.�5�5�)�,� �g�,�(�p�,�m�)� �i�s� �g�i�v�e�n� �b�y� �(�4�.�5�7�)�,� �b�,�(�p�,�n�)� �i�s� �g�i�v�e�n� �b�y� �(�4�.�5�9�)�,� 
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�a�n�d� �g�,�(�p�,�n�)� �i�s� �g�i�v�e�n� �b�y� �(�4�.�6�1�)�.� �S�i�n�c�e� �t�h�e� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l�s� �a�n�d� �f�i�e�l�d� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �r�e�g�i�o�n� 

�3� �a�r�e� �u�n�i�q�u�e� �t�o� �t�h�i�s� �s�y�m�m�e�t�r�y� �c�a�s�e�,� �w�e� �o�b�t�a�i�n� �r�e�s�u�l�t�s� �g�i�v�e�n� �a�s� �f�o�l�l�o�w�s�:� 

� � 

� � 

�a�(�P�)�=�s� �(�A�?� �-�k�S �� �\�c�o�s�k�@�h� �(�4�.�9�0�)� 
�i�]� 

�b� �2� �¥�£�3�)�2�\� �0�:�0� �£�0�3�)� �f�(�p�)�=� �t�e� �(�A�;� �-�&�O�"�)� �s�i�n� �k�h� �(�4�.�9�1�)� 
�1�%�]� 

 ��b�k�.� 
�a�,�(�p�)� �=� �Y�o�u�s�,� �k�o� �c�o�s� �k�o�h� �(�4�.�9�2�)� 

�1� 

�b� �~� �7�,� �3� �S�,�(�P�)� �=� �3� �h�e� �c�o�s�h�,� �h� �(�4�.�9�3�)� 
�]� 

�a�,�(�p�)� �=� �7�k� �s�i�n� �k�h� �(�4�.�9�4�)� 
�l� 

�_�_� �O�k�,� �k�®� �s�i�n�k� �@�h� �4�.�9�5� 
�D�P�)� �s�o�n�e� �x�p� �s�i�n� �y�p� �.� �(� �.� �)� 

�7�1� 

�C�h�a�p�t�e�r� �5� �p�r�o�v�i�d�e�s� �a� �d�i�s�c�u�s�s�i�o�n� �o�f� �h�o�w� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�i�s� �s�e�c�t�i�o�n� �a�r�e� �u�s�e�d� �t�o� �o�b�t�a�i�n� �c�u�t�o�f�f� 

�f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �f�i�e�l�d�s�.� 

�4�.�4�.�4� �O�d�d� �/� �O�d�d� �S�y�m�m�e�t�r�y� �S�o�l�u�t�i�o�n�s� 
�T�h�e� �o�d�d�/�o�d�d� �s�y�m�m�e�t�r�y� �c�a�s�e� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�a�t� �o�f� �t�h�e� �o�d�d�/�e�v�e�n� �s�y�m�m�e�t�r�y� �c�a�s�e� 

�e�x�c�e�p�t� �t�h�a�t� �t�h�e� �l�o�w�e�r� �b�o�u�n�d�a�r�y� �o�n� �t�h�e� �x�-�a�x�i�s� �i�s� �a� �P�E�C� �i�n�s�t�e�a�d� �o�f� �a� �P�M�C�,� �a�s� �s�h�o�w�n� �i�n� 

�F�i�g�u�r�e�s� �3�-�4� �a�n�d� �4�-�1�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �e�l�e�c�t�r�i�c� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l�s� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �t�h�o�s�e� �g�i�v�e�n� 

�i�n� �t�h�e� �o�d�d�/�e�v�e�n� �s�y�m�m�e�t�r�y� �c�a�s�e� �i�n� �r�e�g�i�o�n�s� �|� �a�n�d� �2�,� �a�n�d� �h�e�n�c�e� �F � �� �a�n�d� �F�< �� �a�r�e� �g�i�v�e�n� �b�y� 
�e�q�u�a�t�i�o�n�s� �(�4�.�6�2�)� �a�n�d� �(�4�.�6�3�)� �r�e�s�p�e�c�t�i�v�e�l�y�.� �L�i�k�e�w�i�s�e�,� �t�h�e� �m�a�g�n�e�t�i�c� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l�s� �A �� 

�a�n�d� �A ��)� �g�i�v�e�n� �b�y� �(�4�.�6�5�)� �a�n�d� �(�4�.�6�6�)�,� �r�e�s�p�e�c�t�i�v�e�l�y�.� �H�o�w�e�v�e�r�,� �t�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �i�n� 

�r�e�g�i�o�n� �3� �a�r�e� �u�n�i�q�u�e� �t�o� �t�h�e� �s�y�m�m�e�t�r�y� �c�a�s�e� �a�n�d� �t�h�e� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l�s� �a�r�e� �g�i�v�e�n� �b�y� 
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�F�O� �=� �F�®� �s�i�n�k� �x�)� �c�o�s�h�,� �y�e� �*� �(�4�.�9�6�)� 

�A �� �=� �A�,�»� �c�o�s�(�k�y�x�)� �s�i�n�(�k�y�y� �y�e� �(�4�.�9�7�)� 

�S�i�n�c�e� �t�h�e� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l�s� �i�n� �r�e�g�i�o�n�s� �1� �a�n�d� �2� �a�r�e� �t�h�e� �s�a�m�e� �a�s� �f�o�r� �t�h�e� �o�d�d�/�e�v�e�n� �s�y�m�m�e�t�r�y� 

�c�a�s�e�,� �i�t� �f�o�l�l�o�w�s� �t�h�a�t� �e�q�u�a�t�i�o�n�s� �(�4�.�6�9�)� �t�h�r�o�u�g�h� �(�4�.�7�2�)� �a�r�e� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �&�° �� �,� �k�o �� 
�x�n� �?� 

�A �� �a�n�d� �F� �i�n� �t�e�r�m�s� �o�f� �A �� �a�n�d� �F ��.� �I�n� �r�e�g�i�o�n� �3� �t�h�e� �t�r�a�n�s�v�e�r�s�e� �p�h�a�s�e� �c�o�n�s�t�a�n�t� �i�s� �g�i�v�e�n� 

�b�y� 

�k�2�)� �=�f� �=� �a� �N�S� �(�4�.�9�8�)� 

�T�h�e� �s�e�r�i�e�s� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �a�l�s�o� �f�o�r� �t�h�e� �o�d�d�/�o�d�d� �s�y�m�m�e�t�r�y� �c�a�s�e� �a�r�e� �v�e�r�y� �s�i�m�i�l�a�r� �t�o� 

�t�h�o�s�e� �o�b�t�a�i�n�e�d� �i�n� �t�h�e� �o�d�d�/�e�v�e�n� �c�a�s�e�,� �s�i�n�c�e� �t�h�e� �f�i�e�l�d�s� �a�r�e� �t�h�e� �s�a�m�e� �i�n� �r�e�g�i�o�n�s� �|� �a�n�d� �2�.� 

�T�h�e�r�e�f�o�r�e�,� �u�s�i�n�g� �s�y�m�m�e�t�r�y� �p�r�o�p�e�r�t�i�e�s�;� �b�,�(�p�,�m�)� �i�s� �g�i�v�e�n� �b�y� �(�4�.�7�3�)�,� �g�,�(�p�,�n�)� �i�s� �g�i�v�e�n� �b�y� 

�(�4�.�7�6�)�,� �6�,�(�p�,�n�)� �i�s� �g�i�v�e�n� �b�y� �(�4�.�7�8�)�,� �g�,�(�p�,�n�)� �i�s� �g�i�v�e�n� �b�y� �(�4�.�8�0�)�,� �5�,�(�p�,�n�)� �i�s� �g�i�v�e�n� �b�y� �(�4�.�8�2�)�,� 

�a�n�d� �g�,�(�p�,�n�)� �i�s� �g�i�v�e�n� �b�y� �(�4�.�8�4�)�.� �S�i�n�c�e� �t�h�e� �v�e�c�t�o�r� �p�o�t�e�n�t�i�a�l�s� �a�n�d� �f�i�e�l�d� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �r�e�g�i�o�n� 

�3� �a�r�e� �u�n�i�q�u�e� �t�o� �t�h�i�s� �s�y�m�m�e�t�r�y� �c�a�s�e�,� �w�e� �o�b�t�a�i�n� �r�e�s�u�l�t�s� �g�i�v�e�n� �a�s� �f�o�l�l�o�w�s� 

�b� 

� � 

� � 

�a�,�(�p�)� �=�k� �-� �k�p ��)� �s�i�n�g� �+�5�)� �(�4�.�9�9�)� 
�1�%�]� 

�A�,� �(�P�)�=� �°� �(�A�?� �-�k�O �� �\�c�o�s�k� �O�h� �u�(�p �� �2�)� �(�4�.�1�0�0�)� 
�2�L�, ¬�,� 

 ��b�h�k� �(�p�)�=� �2�k�)� �s�i�n�k� �O�h� �4�.�1�0�1� �O�P�)� �=� �T�o�g� �t�e� �k�s�»� �(�4�.�1�0�1�)� 

�-� �9� �F�O� �E�O� �u�l� �p�-�2� �4�1�0�2� 
�F�.�(�P�)�=� �>� �y�p� �s�i�n� �y�p� �u�(�p�-� �)� �(� �,� �)� 

�]� 

�=� �E�O� �c�o�s�h� �(�1�4�5� �4�1�0�3� 
�a�(�P�)�=� �>� �y�p� �C�O�s� �y�p� �(� �)� �(� �.� �)� 

�]� 
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�b�k�.� �~� �~� 
�F�;�(�p�)� �=� �S�o�u�s�,� �k�s� �c�o�s�k�,�>�h� �u�(�p�  �� �2�)� �(�4�.�1�0�4�)� 

 ��1� 

�C�h�a�p�t�e�r� �5� �p�r�o�v�i�d�e�s� �a� �d�i�s�c�u�s�s�i�o�n� �o�f� �h�o�w� �t�h�e� �r�e�s�u�l�t�s� �o�f� �t�h�i�s� �s�e�c�t�i�o�n� �a�r�e� �u�s�e�d� �t�o� �o�b�t�a�i�n� �c�u�t�o�f�f� 

�f�r�e�q�u�e�n�c�i�e�s� �a�n�d� �f�i�e�l�d�s�.� 

�4�.�5� �R�e�f�e�r�e�n�c�e�s� �f�o�r� �C�h�a�p�t�e�r� �4� 

�[�1�]� �T�T�.� �I�t�o�h�,� �N�u�m�e�r�i�c�a�l� �T�e�c�h�n�i�q�u�e�s� �f�o�r� �M�i�c�r�o�w�a�v�e� �a�n�d� �M�i�l�l�i�m�e�t�e�r�-�W�a�v�e� �P�a�s�s�i�v�e� 
�S�t�r�u�c�t�u�r�e�s�,� �N�e�w� �Y�o�r�k�:� �J�o�h�n� �W�i�l�e�y� �a�n�d� �S�o�n�s�,� �1�9�8�9�.� 

�[�2�]� �S�.�M�.� �S�a�a�d�,� �"�A� �r�e�v�i�e�w� �o�f� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�s� �f�o�r� �t�h�e� �a�n�a�l�y�s�i�s� �o�f� �a�r�b�i�t�r�a�r�y�-�s�h�a�p�e�d� 
�m�i�c�r�o�w�a�v�e� �a�n�d� �o�p�t�i�c�a�l� �d�i�e�l�e�c�t�r�i�c� �w�a�v�e�g�u�i�d�e�s�,�"� �J�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� 
�v�o�l�.� �M�T�T�-�3�3�,� �n�o�.� �1�0�,� �p�p�.� �8�9�4�-�8�9�9�,� �O�c�t�o�b�e�r� �1�9�8�5�.� 

�[�3�]� �K�.� �S�o�l�b�a�c�h� �a�n�d� �I�.� �W�o�l�f�f�,� �"�E�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �f�i�e�l�d�s� �a�n�d� �t�h�e� �p�h�a�s�e� �c�o�n�s�t�a�n�t�s� �o�f� �d�i�e�l�e�c�t�r�i�c� 
�i�m�a�g�e� �l�i�n�e�s�,�"� �J�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�2�6�,� �n�o�.� �4�,� �p�p�.� �2�6�6�-� 
�2�7�4�,� �F�e�b�r�u�a�r�y� �1�9�7�8�.� 

�[�4�]� �W�.� �S�c�h�l�o�s�s�e�r� �a�n�d� �H�.�G�.� �U�n�g�e�r�,�  ��P�a�r�t�i�a�l�l�y� �f�i�l�l�e�d� �w�a�v�e�g�u�i�d�e�s� �a�n�d� �s�u�r�f�a�c�e� �w�a�v�e�g�u�i�d�e�s� �o�f� 
�r�e�c�t�a�n�g�u�l�a�r� �c�r�o�s�s�-�s�e�c�t�i�o�n�,�"� �A�d�v�a�n�c�e�s� �i�n� �M�i�c�r�o�w�a�v�e�s�,� �E�d�i�t�e�d� �b�y� �L�.�Y�o�u�n�g�,� �N�e�w� �Y�o�r�k�:� 
�A�c�a�d�e�m�i�c� �P�r�e�s�s�,� �1�9�6�6�.� 

�[�5�]� �E�d�i�t�o�r�s�:� �P�.� �S�i�l�v�e�s�t�e�r� �a�n�d� �G�.� �P�e�l�o�s�i�,� �F�i�n�i�t�e� �E�l�e�m�e�n�t�s� �f�o�r� �W�a�v�e� �E�l�e�c�t�r�o�m�a�g�n�e�t�i�c�s�,� �N�e�w� 
�Y�o�r�k�:� �I�E�E�E� �P�r�e�s�s�,� �1�9�9�4�.� 

�[�6�]� �Z�.�J�.� �C�s�e�n�d�e�s� �a�n�d� �P�.� �S�i�l�v�e�s�t�e�r�,� �"� �N�u�m�e�r�i�c�a�l� �S�o�l�u�t�i�o�n� �o�f� �d�i�e�l�e�c�t�r�i�c� �l�o�a�d�e�d� �w�a�v�e�g�u�i�d�e�:� �I�-� 
�f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s�"�,� �Z�E�E�E� �T�r�a�n�s�.� �o�n� �M�i�c�r�o�w�a�v�e� �T�h�e�o�r�y� �T�e�c�h�.�,� �v�o�l�.� �M�T�T�-�1�8�,� �N�O�.�1�2�,� 
�p�p�.� �1�1�2�4�-�1�1�3�1�,� �F�e�b�r�u�a�r�y� �1�9�7�0�.� �{�f�i�n�i�t�e� �e�l�e�m�e�n�t�s�}� 

�[�7�]� �R�.�F�.� �H�a�r�r�i�n�g�t�o�n�,� �Z�i�m�e� �H�a�r�m�o�n�i�c� �E�l�e�c�t�r�o�m�a�g�n�e�t�i�c� �F�i�e�l�d�s�,� �N�e�w� �Y�o�r�k�:� �M�c�G�r�a�w� �H�i�l�l�,� 
�C�h�a�p�t�e�r� �7�,� �1�9�6�1�.� �{�p�e�r�t�u�r�b�a�t�i�o�n� �m�e�t�h�o�d�}� 

�[�8�]� �C�.�A�.� �B�a�l�a�n�i�s�,� �A�d�v�a�n�c�e�d� �E�n�g�i�n�e�e�r�i�n�g� �E�l�e�c�t�r�o�m�a�g�n�e�t�i�c�s�,� �N�e�w� �Y�o�r�k�:� �J�o�h�n� �W�i�l�e�y� �a�n�d� 

�S�o�n�s�,� �1�9�8�9�.� 
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�C�H�A�P�T�E�R� �5� 

�C�S�W� �N�U�M�E�R�I�C�A�L� �R�E�S�U�L�T�S� 

�5�.�1� �O�v�e�r�v�i�e�w� �o�f� �N�u�m�e�r�i�c�a�l� �S�t�u�d�y� 

�I�n� �t�h�i�s� �c�h�a�p�t�e�r� �t�h�e� �r�e�s�u�l�t�s� �o�f� �a� �n�u�m�e�r�i�c�a�l� �s�t�u�d�y� �o�f� �t�h�e� �m�o�d�a�l� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� 

�C�S�W� �a�r�e� �p�r�e�s�e�n�t�e�d�.� �T�h�e� �i�n�v�e�s�t�i�g�a�t�i�o�n� �o�f� �t�h�e� �C�S�W� �i�s� �i�n� �t�e�r�m�s� �o�f� �m�o�d�a�l� �f�e�a�t�u�r�e�s�,� �c�u�t�o�f�f� 

�f�r�e�q�u�e�n�c�i�e�s�,� �a�n�d� �f�i�e�l�d� �p�l�o�t�s� �u�s�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�s� �d�e�r�i�v�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �c�h�a�p�t�e�r�.� �A� �s�t�u�d�y� �i�s� 
�p�e�r�f�o�r�m�e�d� �w�i�t�h� �r�e�l�a�t�i�v�e� �p�e�r�m�i�t�t�i�v�i�t�y� �¢�,� �a�n�d� �s�e�p�t�u�m� �t�h�i�c�k�n�e�s�s� �c�/�a� �a�s� �p�a�r�a�m�e�t�e�r�s� �o�f� 

�v�a�r�i�a�t�i�o�n�.� �A�l�s�o� �e�x�p�l�a�i�n�e�d� �i�n� �t�h�i�s� �c�h�a�p�t�e�r� �a�r�e� �c�o�n�v�e�r�g�e�n�c�e� �c�o�n�s�i�d�e�r�a�t�i�o�n�s� �a�n�d� �a� �p�h�e�n�o�m�e�n�a� 

�o�b�s�e�r�v�e�d� �a�s� �m�o�d�e� �s�p�l�i�t�t�i�n�g�.� �T�h�e� �r�e�l�a�t�i�o�n�s�h�i�p� �o�f� �t�h�e� �m�o�d�a�l� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s� �a�s� �a� �f�u�n�c�t�i�o�n� 

�o�f� �s�y�m�m�e�t�r�y� �a�n�d� �m�o�d�e� �t�y�p�e� �i�s� �d�e�s�c�r�i�b�e�d�.� �K�e�y� �e�l�e�m�e�n�t�s� �n�e�c�e�s�s�a�r�y� �t�o� �t�h�e� �b�a�n�d�w�i�d�t�h� 

�e�x�t�e�n�s�i�o�n� �o�f� �t�h�e� �s�q�u�a�r�e� �w�a�v�e�g�u�i�d�e� �a�r�e� �s�h�o�w�n�.� 

�5�.�2� �N�u�m�e�r�i�c�a�l� �C�o�m�p�u�t�a�t�i�o�n�a�l� �P�r�o�c�e�d�u�r�e� 

�5�.�2�.�1� �G�e�n�e�r�a�l� �C�a�s�e� �H�y�b�r�i�d� �M�o�d�e�s� 
�A� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �w�a�s� �d�e�r�i�v�e�d� �i�n� �C�h�a�p�t�e�r� �4� �u�s�i�n�g� �t�h�e� �m�o�d�e� �m�a�t�c�h�i�n�g� 

�t�e�c�h�n�i�q�u�e�.� �I�n� �d�e�r�i�v�i�n�g� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s�,� �a� �s�e�r�i�e�s� �e�x�p�a�n�s�i�o�n� �a�n�d� �s�u�p�e�r�p�o�s�i�t�i�o�n� �o�f� 

�T�E �� �a�n�d� �T�M �� �m�o�d�e�s� �i�n� �p�i�e�c�e�w�i�s�e� �s�e�p�a�r�a�b�l�e� �r�e�g�i�o�n�s� �o�f� �t�h�e� �w�a�v�e�g�u�i�d�e� �r�e�s�u�l�t�e�d� �i�n� �a� 
�s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �o�f� �t�h�e� �f�o�r�m� 

�N� 

�a�,� �(�p�)�A�, ��  �� �>�:� �A�n�d�,� �(�p�,�n�)�=�0� �(�5�.�1�)� 
�n�=�)� 

�N� 

�A�D�E� �-� �E�Y� �g�,�(�p�.�n�)� �=� �0� �(�5�.�2�)� 
�n�=�l� 
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�a�,�(�p�)� �A�,�  �� �2�1� �4�,�"�b�.�(�p�.�}� �+� �L�P�, ��  �� �L�F� �8�:� �(�p�.�m�)�}� �=� �0� �(�5�.�3�)� 

�N� �N� 

�a�,�(�p�)�A�®� �-� �>� �{�A�b� �(�p�,�n�)�}� �+� �f�,�(�p�P�)�F�O� �-� �>� �{�F�x�g�,�(�p�,�m�}� �=� �0� �(�5�.�4�)� 
�n�=�)� �n�=�1� 

�w�h�e�r�e� �t�h�e� �s�e�r�i�e�s� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �a�l�s�o� �g�i�v�e�n� �i�n� �C�h�a�p�t�e�r� �4�.� �T�h�e� �s�e�r�i�e�s� �c�o�e�f�f�i�c�i�e�n�t�s� �a�r�e� �g�i�v�e�n� 

�a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �f�o�u�r� �s�y�m�m�e�t�r�y� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �C�S�W� �s�y�s�t�e�m� �a�s� �d�e�f�i�n�e�d� �i�n� 

�C�h�a�p�t�e�r� �3�.� �G�i�v�e�n� �t�h�a�t� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �h�a�s� �b�e�e�n� �o�b�t�a�i�n�e�d�,� �t�h�e� �t�a�s�k� �i�s� �t�h�e�n� �t�o� �s�o�l�v�e� 

�f�o�r� �t�h�e� �c�u�t�o�f�f� �f�r�e�q�u�e�n�c�i�e�s�,� �p�h�a�s�e� �c�o�n�s�t�a�n�t�s�,� �a�n�d� �f�i�e�l�d�s� �f�o�r� �u�s�e� �i�n� �f�u�r�t�h�e�r� �c�h�a�p�t�e�r�s� �w�h�e�n� 

�i�n�v�e�s�t�i�g�a�t�i�n�g� �t�h�e� �b�a�n�d�w�i�d�t�h�,� �p�r�o�p�a�g�a�t�i�o�n� �a�n�d� �r�a�d�i�a�t�i�o�n� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �t�h�e� �C�S�W�.� �F�o�r� 
�t�h�e� �t�h�r�e�e� �r�e�g�i�o�n� �s�y�s�t�e�m� �i�n� �C�h�a�p�t�e�r� �4�,� �i�t� �i�s� �a�s�s�u�m�e�d� �t�h�a�t� �u�w�,� �=�u�,� �=�M�,�=�H�,�,�  ¬�,�=�6 ¬�,�= ¬�,� 

�a�n�d�  ¬�,�=�e�,�.� �T�h�e�r�e�f�o�r�e� �t�h�e� �t�h�r�e�e� �r�e�g�i�o�n� �s�y�s�t�e�m� �i�n� �F�i�g�u�r�e� �4�-�1� �h�a�s� �t�h�e� �s�a�m�e� �c�o�n�s�t�i�t�u�t�i�v�e� 

�r�e�l�a�t�i�o�n�s� �a�s� �t�h�e� �s�y�s�t�e�m� �s�h�o�w�n� �i�n� �F�i�g�u�r�e� �3�-�1�.� 

�T�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �g�i�v�e�n� �b�y� �(�5�.�1�)� �t�h�r�o�u�g�h� �(�5�.�4�)� �i�s� �e�x�a�c�t� �a�s� �N�  �� �«�0�,� �h�o�w�e�v�e�r� 

�a�s� �a� �p�r�a�c�t�i�c�a�l� �m�a�t�t�e�r� �m�u�s�t� �b�e� �t�r�u�n�c�a�t�e�d� �f�o�r� �n�u�m�e�r�i�c�a�l� �e�v�a�l�u�a�t�i�o�n� �o�n� �a� �d�i�g�i�t�a�l� �c�o�m�p�u�t�e�r�.� 

�T�h�e� �p�r�o�c�e�s�s� �o�f� �t�r�u�n�c�a�t�i�n�g� �t�h�e� �s�e�r�i�e�s� �r�e�s�u�l�t�s� �i�n� �a�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �t�h�e� �e�x�a�c�t� �s�e�r�i�e�s�.� �T�o� 

�s�i�m�p�l�i�f�y� �t�h�e� �n�o�t�a�t�i�o�n�,� �w�e� �d�e�f�i�n�e� �s�u�b�-�m�a�t�r�i�c�e�s� �f�o�r� �u�s�e� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �d�i�s�c�u�s�s�i�o�n� �o�n� �s�o�l�v�i�n�g� 

�t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �g�i�v�e�n� �i�n� �e�q�u�a�t�i�o�n�s� �(�5�.�1�)� �t�h�r�o�u�g�h� �(�5�.�4�)� �w�i�t�h� 

�s�i�n�g�l�e� �a�r�g�u�m�e�n�t�s� �p�,� �i�n�c�l�u�d�e� �a�,�(�p�)�,� �a�,�(�p�)�,� �a�;�(�p�)�,� �A�(�p�)�,� �f�,�(�p�)� �a�n�d� �f�,�(�p�)�.� �C�o�n�s�i�d�e�r�i�n�g� 

�a�,�(�p�)�,� �w�e� �d�e�f�i�n�e� �a� �d�i�a�g�o�n�a�l� �m�a�t�r�i�x� �w�i�t�h� �p� �=� �1�-�-�-�N� �g�i�v�e�n� �b�y� 

�a�d�)� �O�O� �+�:� �0� 

�e�f� �2� �A�O�!� �(�5�.�5�)� 

�0� �0� �+�+� �a�(�N�)� 

�S�i�m�i�l�a�r�l�y�,� �w�e� �d�e�f�i�n�e� �@�,�,� �@�,�,� �f�h� �f�,� �a�n�d� �f�,� �a�s� �d�i�a�g�o�n�a�l� �m�a�t�r�i�c�e�s� �h�a�v�i�n�g� �t�h�e� �f�o�r�m� �g�i�v�e�n� �b�y� 

�(�5�.�5�)�.� 

�T�h�e� �c�o�e�f�f�i�c�i�e�n�t�s� �g�i�v�e�n� �i�n� �e�q�u�a�t�i�o�n�s� �(�5�.�1�)� �t�h�r�o�u�g�h� �(�5�.�4�)� �w�i�t�h� �t�w�o� �a�r�g�u�m�e�n�t�s� �p� �a�n�d� 

�n�,� �i�n�c�l�u�d�e� �6�,�(�p�,�n�)�,� �5�,�(�p�,�n�)�,� �5�;�(�p�,�7�)�,� �2�,�(�p�.�"�)�,� �2�,�(�p�.�n�)� �a�n�d� �g�,�(�p�,�n�)�.� �C�o�n�s�i�d�e�r�i�n�g� 

�b�,�(�p�,�n�)�,� �w�e� �d�e�f�i�n�e� �a� �N� �x� �N� �m�a�t�r�i�x� �w�i�t�h� �p�=�1�-�-�-�N� �a�n�d� �n�m�=�1�-�-�-�N� �g�i�v�e�n� �b�y� 
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�5�0�,� �6�0�,�2�)� �-�-� �&�0�,�N�)� 

�b�(�2�,�1�)� �b�,�(�2�,�2�)� �+�+�+� �b�,�(�2�,�.�N�)� �(�5�.�6�)� �1� �=� 

�6�,� �(�N�,�1�)� �5�,� �(�N�,�2�)� �7� �b�(�N�,�N�)� 

�S�i�m�i�l�a�r�l�y�,� �w�e� �d�e�f�i�n�e� �5�,�,� �b�,�,� �2�,� �%�,� �a�n�d� �Z�,� �a�s� �N�x� �N� �m�a�t�r�i�c�e�s� �h�a�v�i�n�g� �t�h�e� �f�o�r�m� �g�i�v�e�n� �b�y� 

�(�5�.�6�)�.� 
�T�h�e� �a�m�p�l�i�t�u�d�e� �c�o�e�f�f�i�c�i�e�n�t�s� �i�n� �e�q�u�a�t�i�o�n�s� �(�5�.�1�)� �t�h�r�o�u�g�h� �(�5�.�4�)� �i�n�c�l�u�d�e� �4�{ ��,� �A�D�,� �B�®� 

�a�n�d� �F � � ��.� �C�o�n�s�i�d�e�r�i�n�g� �A � �� �w�e� �d�e�f�i�n�e� �a� �1�x� �N� �m�a�t�r�i�x� �a�s� �f�o�l�l�o�w�s� 

�(�1�)� �4�,� 
�Q�)� 

�A�s� �A�;� �|� �(�5�.�7�)� 

�(�1�)� 
�A�y� 

�W�e� �a�l�s�o� �d�e�f�i�n�e� �1�x� �N� �m�a�t�r�i�c�e�s� �A�\ ��,� �F�°� �a�n�d� �F� �b�y� �t�h�e� �f�o�r�m� �g�i�v�e�n� �i�n� �e�q�u�a�t�i�o�n� �(�5�.�7�)�.� 

�U�s�i�n�g� �t�h�i�s� �n�o�t�a�t�i�o�n�,� �t�h�e� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �c�a�n� �b�e� �w�n�t�t�e�n� �c�o�m�p�a�c�t�l�y� �a�s� 

�a� �i�b� �1�0�:� �0�7�A�%�)� �0� 
�I� �P�F�s� �A�G�)� 

�O�r� �O�A� �B�l�A� �|�_�|� �(�5�.�8�)� 
�a�}� �b�,� �|� �f�,�)� �8�,� �|� �F�O�}� �[�0� 
�~� �i�h�}� �F�i�g� �t�l� �F�o�]� �t�o� 

�a�,� �|�B�,� �S�s� �I� �3� �F� 

�w�h�e�r�e� �t�h�e� �l�e�f�t� �s�i�d�e� �o�f� �(�5�.�8�)� �i�s� �a� �4�N� �x�4�N� �s�q�u�a�r�e� �m�a�t�r�i�x�.� �I�n� �o�b�t�a�i�n�i�n�g� �n�o�n�-�t�r�i�v�i�a�l� �s�o�l�u�t�i�o�n�s� 

�o�f� �(�5�.�8�)� �i�t� �i�s� �r�e�q�u�i�r�e�d� �t�h�a�t� 

�G�1�6� �1�0�1�0� 
�0� �I� �0� �i�y�F�o�s�t� 

�d�e�t�]� �1�2�1�2�1�1� �|�<� �(�5�.�9�)� 
�a�,�b�,� �f�r�i� �&� 
�T�o�t�s� �T�e� �a�t� 

�a�,� �1�b�,� �|� �f�y� �|� �&�;� 

�w�h�e�r�e� �d�e�t�[� �]� �i�s� �t�h�e� �d�e�t�e�r�m�i�n�a�n�t� �o�f� �t�h�e� �m�a�t�r�i�x� �a�r�g�u�m�e�n�t�.� �T�h�e� �l�e�f�t� �s�i�d�e� �o�f� �e�q�u�a�t�i�o�n� �(�5�.�9�)� �w�i�l�l� 

�b�e� �r�e�f�e�r�r�e�d� �t�o� �a�s� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �e�q�u�a�t�i�o�n�.� �T�h�e� �n�o�n�-�t�r�i�v�i�a�l� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�e� 
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�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �e�q�u�a�t�i�o�n� �a�r�e� �f�o�u�n�d� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �o�n�e� �o�f� �t�h�e� �t�w�o� �p�o�s�s�i�b�l�e� �p�a�r�a�m�e�t�e�r�s�.� �T�h�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �e�q�u�a�t�i�o�n� �i�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� �p�h�a�s�e� �c�o�n�s�t�a�n�t� �i�n� �t�h�e� �z�-�d�i�r�e�c�t�i�o�n� �k�,� �a�n�d� 

�f�r�e�q�u�e�n�c�y� �®�.� �S�o�l�u�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�e�d� �b�y� �e�i�t�h�e�r� �h�o�l�d�i�n�g� �f�r�e�q�u�e�n�c�y� �@� �c�o�n�s�t�a�n�t� �a�n�d� �v�a�r�y�i�n�g� 

�k�,�,� �o�r� �b�y� �h�o�l�d�i�n�g� �&�,� �c�o�n�s�t�a�n�t� �a�n�d� �v�a�r�y�i�n�g� �@�,� �a�n�d� �t�h�e�n� �d�e�t�e�r�m�i�n�i�n�g� �t�h�e� �z�e�r�o� �c�r�o�s�s�i�n�g�s�.� �T�h�e� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �e�q�u�a�t�i�o�n� �i�s� �f�o�u�n�d� �t�o� �b�e� �e�i�t�h�e�r� �r�e�a�l� �o�r� �i�m�a�g�i�n�a�r�y� �a�n�d� �c�a�n� �b�e� �p�o�s�i�t�i�v�e� �o�r� 

�n�e�g�a�t�i�v�e�.� �T�h�e�r�e� �a�r�e� �a�n� �i�n�f�i�n�i�t�e� �n�u�m�b�e�r� �o�f� �s�o�l�u�t�i�o�n�s� �o�f� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �e�q�u�a�t�i�o�n�,� �e�a�c�h� 

�o�c�c�u�r�r�i�n�g� �a�t� �a� �d�i�f�f�e�r�e�n�t� �k�,� �a�n�d� �@�.� �T�h�e� �s�o�l�u�t�i�o�n�s� �a�r�e� �o�b�t�a�i�n�a�b�l�e� �b�y� �u�s�e� �o�f� �a� �r�o�o�t� �f�i�n�d�i�n�g� 

�a�l�g�o�r�i�t�h�m�,� �s�u�c�h� �a�s� �t�h�e� �b�i�s�e�c�t�i�o�n� �m�e�t�h�o�d� �[�1�]�.� �T�h�e� �b�i�s�e�c�t�i�o�n� �m�e�t�h�o�d� �w�h�i�c�h� �g�u�a�r�a�n�t�e�e�s� 

�c�o�n�v�e�r�g�e�n�c�e� �w�a�s� �f�o�u�n�d� �t�o� �b�e� �s�i�g�n�i�f�i�c�a�n�t�l�y� �m�o�r�e� �r�e�l�i�a�b�l�e� �t�h�a�n� �o�t�h�e�r� �d�e�r�i�v�a�t�i�v�e� �b�a�s�e�d� �r�o�o�t� 

�f�i�n�d�i�n�g� �a�l�g�o�r�i�t�h�m�s� �s�u�c�h� �a�s� �N�e�w�t�o�n�'�s� �m�e�t�h�o�d�.� 

�O�n�c�e� �a� �n�o�n�t�r�i�v�i�a�l� �s�o�l�u�t�i�o�n� �t�o� �t�h�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �e�q�u�a�t�i�o�n� �i�s� �f�o�u�n�d�,� �t�h�e�n� �b�o�t�h� �&�,� �a�n�d� 

�®� �a�r�e� �h�e�l�d� �c�o�n�s�t�a�n�t� �a�n�d� �o�n�e� �i�s� �i�n�t�e�r�e�s�t�e�d� �i�n� �s�o�l�v�i�n�g� �f�o�r� �t�h�e� �a�m�p�l�i�t�u�d�e� �c�o�n�s�t�a�n�t�s� �s�o� �t�h�a�t� 

�f�i�e�l�d�s� �c�a�n� �b�e� �o�b�t�a�i�n�e�d�.� �U�n�d�e�r� �t�h�e�s�e� �c�o�n�d�i�t�i�o�n�s� �l�i�n�e�a�r� �a�l�g�e�b�r�a� �t�e�c�h�n�i�q�u�e�s� �[�7�]� �a�r�e� �t�h�e�n� �u�s�e�d� 

�t�o� �s�o�l�v�e� �t�h�e� �s�y�s�t�e�m� �g�i�v�e�n� �b�y� �(�5�.�8�)� �w�i�t�h� �t�h�e� �s�e�r�i�e�s� �c�o�e�f�f�i�c�i�e�n�t�s� �h�e�l�d� �c�o�n�s�t�a�n�t�.� �I�t� �w�a�s� �f�o�u�n�d� 

�t�h�a�t� �t�h�e� �n�o�n�-�t�r�i�v�i�a�l� �s�o�l�u�t�i�o�n�s� �f�o�r� �a�l�l� �m�o�d�e�s� �i�n�v�e�s�t�i�g�a�t�e�d�,� �e�q�u�a�t�i�o�n� �(�5�.�8�)� �h�a�s� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�:� 

�H�i� �1�9�1� �0� 
�0� �i�g�!� �y�i� 

�r�a�n�k� �2�2�t�h� �=�4�N�-�1� �(�5�.�1�0�)� 
�@� �i�b� �i� �h�i� �&� 
�a�,� �|�b�,� �|� �f�,� �|� �8�3� 
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