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Dimension Reduction in Structured Dynamical Systems: Optimal-
H2 Approximation, Data-Driven Balancing, and Real-Time Moni-
toring

Sean J. Reiter

(ABSTRACT)

This dissertation considers a variety of problems pertaining to the model-order reduction,
data-driven reduced-order modeling, and real-time monitoring of large-scale and structured
dynamical systems. In the first part, balancing-based methods for system-theoretic model
reduction of linear time-invariant systems are considered. We generalize conditions for which
the balanced truncation H∞ error bound is known to hold with equality. Specifically, we
show that the bound is tight for single-input, single-output systems for which the truncated
part of the model is a mild generalization of state-space symmetric. After this, we develop
data-driven reformulations of various kinds of balancing-based model reduction for linear
first-order and second-order systems. The variants considered are balanced stochastic trun-
cation, positive-real, bounded-real, bounded-real balanced truncation, frequency-weighted
balanced truncation, and position-velocity balanced truncation. For each variant, we show
how to approximately construct the balanced truncation reduced model from various kinds
of input-output invariant frequency response data. In the second part of this dissertation,
we consider the H2-optimal model reduction problem for linear dynamical systems with
quadratic-output functions. As the significant theoretical contributions of this portion, we
establish the Sylvester equation-based (Wilson) and interpolation-based (Meier-Luenberger)
H2-optimality frameworks for this class of systems. These frameworks are based on two inde-
pendent sets of first-order necessary conditions for optimality. We additionally show how to
enforce the established necessary optimality conditions using a Petrov-Galerkin projection,
and prove that the Wilson optimality conditions imply the interpolation-based optimality
conditions under some mild assumptions. Based on the theoretical optimality frameworks,
two iterative algorithms for the optimal-H2 approximation of linear quadratic-output sys-
tems are proposed. In the final portion, we investigate low-rank interpolatory matrix de-
compositions for reducing the dimensionality of large matrices of Phasor Measurement Unit
(PMU) data in the real-time monitoring of electrical power networks. We propose a theoret-
ical framework for analyzing sparse reconstructions of PMU data during online operations.
Drawing upon the numerical linear algebra literature, this framework allows us to state a
rigorous, computable upper bound for the interpolatory reconstruction error. This bound
can be used to certify whether a collection of PMUs or time instances truly captures the
low-rank character of the data, and can be leveraged toward various operational functions.
Specifically, we propose a data-driven algorithm for real-time disturbance monitoring that is
based upon interpolatory approximations and the discrete empirical interpolation method.



Numerical results are included in each portion to validate the theoretical results of the dis-
sertation.



Dimension Reduction in Structured Dynamical Systems: Optimal-
H2 Approximation, Data-Driven Balancing, and Real-Time Moni-
toring

Sean J. Reiter

(GENERAL AUDIENCE ABSTRACT)

Dynamical systems are mathematical models of physical phenomena that evolve and change
their behavior over time. They are widely used as computational tools for understanding
and making reliable predictions about physical systems. These models may take various
forms in order to accurately reflect the underlying problem. Often, these models are large
in some sense, requiring many degrees of freedom to make accurate predictions and thus are
computationally expensive to evaluate. In these instances, it becomes desirable to replace
the large-scale, expensive-to-evaluate system with a smaller-scale, cheaper-to-evaluate system
that accurately reflects the behavior of the original. This dissertation deals with a variety
of problems relating to this approximation procedure. First, we show how to compute
approximations that are guaranteed to have certain theoretical properties using data when
the underlying model is unavailable. These data can be obtained from computer simulations
or real-world measurements of some physical process. Second, we consider the problem of
computing the best approximation among smaller, more tractable models that is the best
out of all possible approximations, for a certain kind of nonlinear dynamical system. Finally,
we develop a method for monitoring the behavior of a system in real time using data. The
specific application we consider involves detecting and locating faults, e.g., a fallen power
line, in electrical power networks.
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Chapter 1

Introduction

1.1 Motivation and problem setting

Mathematical models in the form of dynamical systems are essential tools for forecasting and
deciphering the behavior of many complex physical phenomena. These dynamical systems
typically appear as collections of ordinary differential equations (ODEs) resulting from, e.g.,
detailed spatial discretizations of a partial differential equation (PDE), or interconnected
subsystems of large-scale networks like the electrical power grid and coupled mass-spring-
damper systems. In the presence of external control variables (inputs) and selected quantities
of interest (outputs) the time evolution of a real-valued, finite-dimensional dynamical system
can be formally expressed as

Eẋ(t) = f (t,x(t),u(t)) , x0 = x(0),

y(t) = g (t,x(t),u(t)) ,
(1.1)

where x : ℝ≥0 → ℝn contains the internal state variables, u : ℝ≥0 → ℝm the external inputs
used to control or influence the system, and y : ℝ≥0 → ℝp the outputs or quantities of
interest; E ∈ ℝn×n is called the descriptor matrix. The time-dependent functions f : ℝ≥0 ×
ℝn × ℝm → ℝn and g : ℝ≥0 × ℝn × ℝm → ℝp model the forward evolution of the state
and quantities of interest, respectively. This dissertation considers three connected problems
relating to dimensionality reduction and reduced-order modeling in the context of large-scale
dynamical systems of the general form (1.1).

1. System-theoretic model-order reduction. An important measure of the complexity
of a dynamical system (1.1) is its dimension or order : the number of differential equations
in (1.1). This metric is particularly useful for assessing complexity because it is agnostic to
any specific formulation of (1.1); e.g., whether the system is linear or nonlinear. In real-world
applications, the dimension n is often very large, e.g., n ≳ 106, due to the need for highly
accurate numerical predictions and fine spatial or temporal resolutions. This, in turn, places
significant demands on computational resources such as time and memory when the large-
scale system (1.1) is simulated in computations. A remedy to this problem is model-order
reduction (MOR): the construction of cheap-to-evaluate surrogate models that replicate the
input-to-output response of (1.1) but are described by far fewer differential equations. The
computed reduced-order model (ROM) can thereby be used as a high-fidelity approximation
in place of the original large-scale system (1.1) in downstream computational tasks such as

1



2 Chapter 1. Introduction

solving for the state x(t), controller design, or ODE-constrained optimization. Precisely,
the (generic) model reduction problem is stated as follows: Given an order-n system of the
form (1.1), we seek a comparatively low-order reduced model of the form

Ẽ ˙̃x(t) = f̃ (t, x̃(t),u(t)) , x̃0 = x̃(0)

ỹ(t) = g̃ (t, x̃(t),u(t)) ,
(1.2)

where x̃ : ℝ≥0 → ℝr contains the r reduced states with r ≪ n, Ẽ ∈ ℝr×r, f̃ : ℝ≥0 × ℝr ×
ℝm → ℝn, g̃ : ℝ≥0 × ℝr × ℝm → ℝp, and ỹ : ℝ≥0 → ℝp are the approximated outputs.
To serve as an effective surrogate, (1.2) should replicate the input-to-output response of the
original large-scale system; i.e., for a tolerance τ > 0 the approximate output ỹ should be
close to the full-order output y in the sense that

∥y − ỹ∥ ≤ τ · ∥u∥,

in suitable norms for all admissible inputs u. Other considerations are the preservation of
internal structural or qualitative features, and the complexity or offline cost of the computa-
tional procedure used to produce (1.2). Because of its broad applicability,MOR is an enabling
technology in numerous areas of engineering and the physical sciences; it plays a critical role
in outer-loop applications that require many queries of the original system (1.1) for multiple
parameter values, initial conditions, or control inputs. We refer to the works [4, 5, 19, 31, 32]
and the references therein for a comprehensive overview of the state of the art.

2. Data-driven reduced-order modeling. Most traditional system approximation tech-
niques are intrusive, insofar as they require an explicit mathematical formulation of the
system (1.1) and the associated operators E, f , and g to compute (1.2) by projection. In
complex applications, however, an explicit computational model of the form (1.1) may be
difficult to obtain or wholly unavailable; rather, the underlying system is only accessible in
the form of data. These data may appear in the form of, e.g., input-to-output invariants like
frequency-response measurements, or state trajectories obtained via numerical evaluation of
black-box or legacy codes. This motivates the discipline of data-driven reduced-order mod-
eling : the construction of low-dimensional surrogate models (1.2) solely from system data.
In these instances, the goal is to learn a compact representation of the underlying dynamics
in (1.1), which can then be used in arbitrary follow-up tasks that require a computational
model.

3. Real-time monitoring of physical systems. While data can be used to construct
reduced-order models of dynamical systems, another important area of research is the use
of streaming data, e.g., data collected dynamically from in situ sensors, for the real-time
monitoring of some physical asset or infrastructure. When paired with a computational
model such as (1.1), these data may also be used to infer the internal state of the system
or derive control actions used to drive the asset to a favorable operating condition. While
actual sensor measurements reveal a wealth of information about the system, data accu-
mulation often poses a significant roadblock to real-time operational benefits. Depending
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on the application, several gigabytes of data can be generated or collected each day. An
application of interest for this dissertation is the wide-area monitoring of electrical power
grids, which are particularly susceptible to low-probability, high-impact events. In settings
such as these, dimensionality reduction is employed to reduce the scale of streaming data
or impute the full dataset from fewer sparse measurements, thereby enabling more efficient
storage, transmission, and subsequent analysis.

This dissertation will make contributions to different aspects of each of these three topics.
A theme of this dissertation is the consideration of dynamical systems with structure. De-
pending on the modeling application or underlying physical phenomena, generic dynamical
systems of the form (1.1) often inherit additional features. These commonly appear in the
time-evolution of the model described by f ; relevant examples include systems with second-
order differential structure, such as the dynamics of an electrical power network or mechanical
structures [226], both of which are considered in this dissertation. On the other hand, if the
quantities of interest in y are governed by a nonlinear function g of the state x, such struc-
ture may appear in the output equation of (1.1). For instance, this dissertation considers the
case where g is a quadratic function of the state x. Quadratic outputs arise whenever one
is interested in observing quantities computed as the product of time- or frequency-domain
components of the state [215, Section 2]. In addition to structured formulations of f and g,
one might also consider qualitative system-theoretic features, such as stability or conserva-
tion laws, as another kind of structure. In the context of model reduction or reduced-order
modeling, it is desirable that the computed reduced model (1.2) preserve any structural
features of the underlying system (1.1) being approximated. Structured surrogates tend to
produce more accurate approximations compared to generic (unstructured) reduced models
of the same order; they also allow for the re-interpretation of the reduced-order quantities
in the original modeling context.

1.2 Outline and contributions of the dissertation

This dissertation makes contributions to each of the three previously introduced research
areas in the context of large-scale and structured dynamical systems. Chapter 2 lays out the
mathematical background and preliminaries required for the remainder of the dissertation.
The chapter begins with the relevant ideas from linear algebra, functional and complex
analysis, and linear systems theory, and then reviews state-of-the-art methods for system-
theoretic model reduction of linear dynamical systems. This material grounds the results of
later chapters.

In Chapter 3, we present new results pertaining to (intrusive) balanced truncation (BT)
model reduction for linear time-invariant dynamical systems. First, we show that the BT
H∞ error bound holds with equality for single-input, single-output (SISO) systems for which
the truncated part of the model satisfies a particular state-space symmetry in its canonical
balanced form. The sign parameters associated with the Hankel singular values provide
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the main tool for determining this generalized state-space symmetry of the balanced model.
Secondly, we show that these sign parameters are determined by any realization of the full-
order model that satisfies this generalized state-space symmetry condition. These results
are illustrated on a model of the aggregate dynamics of a network of coherent generators
that motivated the study. The content of Chapter 3 is published in [182] and also (in a
preliminary form) in the author’s M. S. dissertation [189].

1. Reiter, S., Damm, T., Embree, M., and Gugercin, S. (2024). On the balanced trunca-
tion error bound and sign parameters from arrowhead realizations.

Advances in Computational Mathematics, 50(1):10.

2. Reiter, S. J. (2022). On the Tightness of the Balanced Truncation Error Bound with
an Application to Arrowhead Systems.

M. S. dissertation, Virginia Tech.

Balancing-based methods are some of the gold standards for linear model reduction because
they (i) preserve desirable qualitative features of the full-order model, e.g., asymptotic stabil-
ity or passivity, and (ii) often provide error bounds. However, BT and its variants are intru-
sive projection-based algorithms, and thus cannot be implemented without access to an ex-
plicit computational model. Towards developing non-intrusive implementations of balancing-
based approximation, Chapter 4 presents novel data-driven reformulations for various types
of balancing-related model reduction that build upon the quadrature-based balancing frame-
work of [89]. Specifically, we develop data-driven formulations of balanced stochastic trunca-
tion [61, 92, 93], positive-real or passivity-preserving balanced truncation [61], bounded-real
balanced truncation [159], the frequency-weighted balanced truncation of Enns [69, 116, 244],
and position-velocity balanced truncation [181] for second-order systems. In each case, it
is shown how to (approximately) construct the reduced-order quantities underlying the BT-
ROM from different kinds of state-space invariant frequency-response data. For the linear
BT-variants, these data are either evaluations of particular spectral factors [245] associated
with the full-order model transfer function, or input- and output-weight functions that spec-
ify a frequency range of interest. For the second-order position-velocity BT, the requisite
data are evaluations of the system’s position- and velocity-output transfer functions. In
effect, these results provide the theoretical foundation for the (approximate) construction
of different BT reduced models directly from transfer function data. Numerical examples
are provided to validate the data-based reduced models. The results for balanced stochastic
truncation, positive-real BT, and bounded-real BRBT are contained in the preprint [184].

3. Reiter, S., Gosea, I. V., and Gugercin, S. (2023). Generalizations of data-driven bal-
ancing: what to sample for different balancing-based reduced models.

arXiv 2312.12561. (Provisionally accepted for publication in Automatica.)

The results for frequency-weighted BT are unpublished, and were developed in collaboration
with Serkan Gugercin and Steffen W. R. Werner from Virginia Tech, and Ion Victor Gosea
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from the Max Planck Institute for Dynamics of Complex Technical Systems in Magdeburg,
Germany. The results for second-order position-velocity BT were developed in collaboration
with Steffen W. R. Werner, and are in preparation [187].

4. Reiter, S., and Werner, S. W. R. (2025). Data-driven balanced truncation for second-
order systems with generalized proportional damping. In preparation.

Chapters 5 and 6 consider the interpolation-based and optimal-H2 approximation of lin-
ear dynamical systems with quadratic-output functions, or linear quadratic-output (LQO)
systems. Quadratic-output systems have received increased attention in the recent model
reduction literature due to the abundance of quadratic quantities of interest in applications;
see the motivating examples provided in Section 5.2. Traditional approaches for approximat-
ing quadratic-output systems involve first (equivalently) rewriting the quadratic outputs as
multiple linear outputs. Then, any well-established technique from linear model reduction
can be applied to determine suitable subspaces for approximation. However, this approach
usually results in a large number of outputs, p ∼ n, which can be disadvantageous in the
design of reduced models. Instead, Chapters 5 and 6 consider methods that leverage the
quadratic state-to-output structure directly to compute a reduced-order model. Outside of
the author’s previous work [186], this dissertation is the first to consider the optimal-H2

approximation of linear quadratic-output systems. In Chapter 5, we begin by introducing
the relevant systems theory for linear quadratic-output systems. As our first contribution
in this realm, we present two new expressions for calculating the system H2 norm and in-
ner product. Chapter 6 then formally considers the H2-optimal model reduction of LQO
systems. Therein, we present a pair of solutions to the H2-optimal approximation problem
in the form of two independent H2-optimality frameworks; each is based on a different set
of (structured) first-order necessary conditions for H2 optimality. In effect, these results
establish the Sylvester equation-based (or Wilson) [217, 233] and the interpolation-based
(or Meier-Luenberger) [97, 142] optimality frameworks for the optimal-H2 approximation
of LQO systems. Based on these theoretical optimality frameworks, two iterative algo-
rithms for H2-optimal model reduction of LQO systems are developed. The results for the
Wilson and interpolation-based H2-optimality frameworks were developed in collaboration
with Serkan Gugercin and Ion Victor Gosea, as well as Igor Pontes Duff from the Max
Planck Institute for Dynamics of Complex Technical Systems in Magdeburg, Germany. The
Wilson and interpolation-based H2-optimality frameworks are respectively contained in the
preprints [186] and [185].

5. Reiter, S., Pontes Duff, I., Gosea, I. V., and Gugercin, S. (2024a). H2-optimal model
reduction of linear systems with multiple quadratic outputs.

arXiv 2405.05951. (Under review.)

6. Reiter, S., Gosea, I. V., Pontes Duff, I., and Gugercin, S. (2025). H2-optimal model
reduction of linear quadratic-output systems by multivariate rational interpolation.
arXiv, 2505.03057.
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Portions of the numerical results in Chapter 6 are published in [188].

7. Reiter, S. and Werner, S. W. R. (2025b). Interpolatory model reduction of dynamical
systems with root mean squared error.

IFAC-PapersOnLine, 59(1):385–390.

Chapter 7 considers the low-rank matrix approximation of streaming Phasor Measurement
Unit (PMU) data for the real-time monitoring of electrical power networks. PMUs are sensor
devices that provide global positioning system (GPS)-synchronized phasor readings of various
grid quantities at a rate of 30–200 samples per second. These synchrophasor data reflect the
current operating condition of the physical network, and can be used to alert system operators
of irregularities and disturbances in a timely manner [125, 235]. However, data accumulation
presents a significant roadblock to real-time operational benefits; e.g., a network consisting of
100 PMUs, each with a sampling rate of 120 Hz, generates 200 gigabytes of data per day [79].
We propose using the technology of interpolatory matrix decompositions (IMD) [138, 206] and
the (discrete) empirical interpolation method (DEIM) [17, 52] for the sparse reconstruction
of PMU data, and related problems in power systems monitoring. From the interpolatory
approximation, we can state a rigorous, computable estimate of the reconstruction error
during online operations; violation of the estimate is used as a mechanism for detecting
changes in the network’s operating condition. In contrast to other, more commonly used
low-rank data reduction techniques, interpolatory approximations offer several benefits for
this particular application. We describe how this joint IMD-DEIM framework for reducing
the dimensionality of PMU data can be leveraged towards operational benefits in real-time
disturbance event monitoring, such as event detection and pilot PMU selection [235]. These
results are currently in preparation with Serkan Gugercin, Mark Embree, from Virginia Tech,
and Vassilis Kekatos from Purdue University. [183]

7. Reiter, S., Embree, M., Gugercin, S., and Kekatos, V. (2025). Interpolatory matrix
approximations for PMU data: Dimension reduction, pilot bus selection, and voltage
event monitoring. In preparation

Finally, Chapter 8 summarizes the contributions and provides an outlook toward future
research problems relating to those considered in this dissertation.

In summary, the major contributions of the dissertation are as follows.

1. In Chapter 3, we generalize conditions for which the balanced truncation H∞ error
bound is known to hold with equality. Specifically, we show that the bound is tight
for single-input, single-output systems for which the truncated part of the model is a
mild generalization of state-space symmetric.

2. In Chapter 4, we develop a theoretical framework for data-driven balancing that
shows how to construct various balancing-based reduced models directly from dif-
ferent input-to-output invariant transfer function data. The variants considered are
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balanced stochastic truncation, positive-real or passivity-preserving balanced trunca-
tion, bounded-real balanced truncation, the frequency-weighted balanced truncation
of Enns, and position-velocity balanced truncation.

3. In Chapters 5 and 6, we establish the Sylvester equation-based (Wilson) and ratio-
nal interpolation-based (Meier-Luenberger) optimality frameworks for the optimal-H2

approximation of linear quadratic-output systems. We propose a pair of iterative al-
gorithms based on the pair of optimality frameworks that generalize the two-sided
iterative algorithm and the iterative rational Krylov algorithm from linear model re-
duction.

4. In Chapter 7, we propose a theoretical framework for the dimensionality reduction
(compression) of large matrices of Phasor Measurement Unit data based on interpo-
latory matrix decompositions and the discrete empirical interpolation method. This
leads to a joint IMD-DEIM framework for wide-area event monitoring using sparse
reconstructions of Phasor Measurement Unit data.



Chapter 2

Mathematical Preliminaries

In this chapter, we establish the mathematical preliminaries and basic ideas that are assumed
for the remainder of the dissertation, as well as the general problem setting. Certain mate-
rial, specifically system-theoretic concepts for second-order linear time-invariant systems and
linear quadratic-output systems relevant to the results of Chapter 4 and Chapters 5 and 6,
is sequestered to those chapters in an effort to make them as self-contained as possible.

2.1 Linear algebra concepts and notation

Throughout this dissertation, we use the following notation to denote the rows, columns,
and entries of a matrix X ∈ ℂn1×n2 : The (i, j)-th entry of X is denoted X i,j ∈ ℂ and
occasionally xi,j ∈ ℂ; the i-th row of X is denoted X i, : ∈ ℂ1×n2 ; the j-th column of X is
denoted X : , j ∈ ℂn1 and occasionally xj ∈ ℂn1 . For a block matrix X ∈ ℂpK×mJ consisting
of p×m submatrices, we introduce the notation

Xk,j
def
= X(k−1)p+1:kp, (j−1)m+1:jm ∈ ℂp×m (2.1)

to denote the (k, j)-th block-wise entry of X of size p×m over the indicated indices. If p = 1
(or m = 1) we instead write X : , j (Xk, : ) to denote the j-th (k-th) block column (row) of

X. We take XH def
= XT to denote the Hermitian transpose of the matrix, where X is taken

to mean entrywise complex conjugation. For a complex number z ∈ ℂ, the modulus of z,
|z| ≥ 0, is defined via |z|2 = zz ∈ ℝ. We take In ∈ ℝn×n to denote the n×n identity matrix,
0n1×n2 ∈ ℝn1×n2 and 0n1 ∈ ℝn1 to respectively denote the n1×n2 matrix and n1-dimensional
vector of all zeros, and en

i ∈ ℝn to denote the i-th canonical basis vector in ℝn. When the
dimension of en

i is obvious from the discussion, we drop the superscript. Similarly, we drop
the subscripts and write I or 0 when the dimensions of the identity and zero matrix (vector)
are obvious from context. We denote the range and kernel of a matrix X by Range(X) and
Ker(X). Most of the tools and definitions from matrix theory and linear algebra presented
in this dissertation are taken from [86], but can be found in other standard texts.

Definition 2.1 (Frobenius and p-norms [86]). Consider a matrixX ∈ ℂn1×n2 . The Frobenius
norm of X is defined as

∥X∥F def
=

√√√√ n1∑
i=1

n2∑
j=1

|xij|2 =
√
tr
(
XHX

)
, (2.2)

8
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where tr : ℂn×n → ℂ returns the trace of a square matrix defined as the sum of its diagonal
entries. For 1 ≤ p ≤ ∞, the p-norm of X is defined as

∥X∥p = sup
z ̸=0

∥Xz∥p
∥z∥p

. (2.3)

⋄

The singular value decomposition (SVD) is one of the most fundamental matrix decomposi-
tions. It is an essential tool in the analysis of high-dimensional matrices.

Theorem 2.2 (Singular value decomposition [86, Section 2.4]). For a matrix X ∈ ℂn1×n2

with rank(X) = r ≤ min{n1, n2}, there exist matrices with orthonormal columns

U =
[
u1 u2 · · ·ur

]
∈ ℂn1×r and Y =

[
y1 y2 · · · yr

]
ℂn2×r,

such that
X = UΣY H, where Σ = diag (σ1, . . . , σr) ,

and σ1 ≥ σ2 ≥ · · · ≥ σr > 0 are the singular values of X. The columns of U and Y are
called the left and right singular vectors of X. ⋄

Using the SVD, an arbitrary matrix X can be decomposed into a sum of r rank-1 matrices:

X =
r∑

i=1

σiuiy
H
i . (2.4)

We call (2.4) the dyadic form of X. Significantly, the SVD produces best low-rank approxi-
mations to a matrix in the 2-norm (the spectral norm), and the best low-rank approximation
to a matrix in the Frobenius norm.

Theorem 2.3 (Eckart-Young-Mirsky Theorem [86, Theorem 2.4.8]). Consider a matrix
X ∈ ℂn1×n2 , and consider k ∈ ℤ>0 such that 1 ≤ k < r, where rank(X) = r ≤ min{n1, n2}.
Let

U k =
[
u1 · · ·uk

]
∈ ℂn1×k, Y =

[
y1 · · · yk

]
ℂn2×k, and Σk = diag (σ1, . . . , σk)

denote the leading k left singular vectors, right singular vectors, and singular values of X.
Define the matrix

Xk
def
= U kΣkY

H
k =

k∑
i=1

σiuiy
H
i ,

which is obtained by truncating the trailing r − k components of the SVD of X. Then

Xk = argmin
Z∈ℂn1×n2

∥X −Z∥F subj. to rank(Z) = k,
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and the minimizer Xk attains the approximation errors

σk+1 = ∥X −Xk∥2 and

√√√√ r∑
i=k+1

σ2
i = ∥X −Xk∥F.

⋄

Evidently, Xk provides a satisfactory low-rank approximation to X if its trailing singular
values are negligibly small.

2.1.1 The Kronecker product and vectorization operator

Here, we introduce some algebraic properties of the Kronecker product and vectorization
operator. These will primarily be used in Chapters 5 and 6 for simplifying certain mathe-
matical expressions therein. The content of this section is collected from [86, Chapter 12.3]
as well as [47, 137].

Definition 2.4 (Kronecker product and vectorization [47]). Given X ∈ ℂn1×m1 and Y ∈
ℂn2×m2 , the Kronecker product of X and Y is the matrix X ⊗ Y ∈ ℂn1n2×m1m2 defined by

X ⊗ Y
def
=

 x11Y · · · x1m2Y
...

. . .
...

xn11Y · · · xn1m2Y

 . (2.5)

The vectorization operator vec : ℂn1×n2 → ℂn1n2 reshapes a matrix into a column vector by
column concatenation. The vectorization of X is defined as

vec (X)
def
=

X :, 1

...

X :, n1

 ∈ ℂn1n2 . (2.6)

⋄

As a direct consequence of Definition 2.4, one can deduce the following properties of the
Kronecker product and vectorization operator.

Proposition 2.5 (Properties of the Kronecker product and vectorization operator [86, Chap-
ter 12.3]). Given the matrices A ∈ ℂn1×m1 , B ∈ ℂn2×m2 , C ∈ ℂm1×k1 , D ∈ ℂm2×k2 , and
E ∈ ℂk1×q1 , the following properties hold:

vec (ACE) =
(
ET ⊗A

)
vec (C) , (2.7)

tr (AC) = vec
(
AT
)T

vec (C) , (2.8)

(A⊗B) (C ⊗D) = (AC ⊗BD) . (2.9)

⋄
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We refer to (2.9) as the mixed product property of the Kronecker product. In general, the
Kronecker product of two matrices X ∈ ℂn1×m1 and Y ∈ ℂn2×m2 is not commutative in the
sense that (X ⊗ Y ) ̸= (Y ⊗X). However, these matrices are permutation equivalent, i.e.,
there exist Kn1n2 ∈ ℝn1n2×n1n2 and Km1m2 ∈ ℝm1m2×m1m2 so that

Kn1n2(X ⊗ Y )Km1m2 = (Y ⊗X), (2.10)

where the so-called perfect shuffle (or commutation) matrices Kn1n2 and Km1m2 are defined
according to

Kn1n2

def
=

n1∑
i=1

n2∑
j=1

(
en1
i en2

j
T ⊗ en1

j en2
i

T
)
, (2.11)

where en1
i ∈ ℝn1 is the i-th canonical basis vector. See, for instance [137], [86, Chap-

ter 1.2.11]. By definition of the commutation matrices as well as (2.10), we have the following
identities from [137, Theorem 3.1].

Proposition 2.6 (Properties of the Kronecker product and perfect shuffle matrices [137,
Theorem 3.1]). Let Kn1n2 ∈ ℝn1n2×n1n2 denote the perfect shuffle matrix defined according
to (2.11). For any matrix X ∈ ℂn1×n2 and vector v ∈ ℂn2 , the following identities hold:

KT
n1n2

= Kn2n1 , (2.12)

KT
n1n2

Kn1n2 = Kn1n2K
T
n1n2

= In1n2 , i.e., KT
n1n2

= K−1
n1n2

, (2.13)

Kn1n2 (X ⊗ v) = (v ⊗X) , (2.14)

Kn1n2 vec (X) = vec
(
XT
)
and vec (X)TKT

n1n2
= vec

(
XT
)T

. (2.15)

⋄

For the results in Chapter 4, we will rely on the following identities.

Lemma 2.7 (Resolvent identities [68]). For matrices E,A ∈ ℂn×n, the identities

(sE −A)−1E(zE −A)−1 =
(zE −A)−1 − (sE −A)−1

s− z
, (2.16)

(sE −A)−1A(zE −A)−1 =
z(zE −A)−1 − s(sE −A)−1

s− z
, (2.17)

hold for any s, z ∈ ℂ such that s ̸= z and sE −A and zE −A are nonsingular. ⋄

Proof of Lemma 2.7. For any s, z ∈ ℂ such that sE − A and zE − A are nonsingular,
observe:

(s− z)(sE −A)−1E(zE −A)−1 = (sE −A)−1 (sE −A− (zE −A)) (zE −A)−1

= (zE −A)−1 − (sE −A)−1,
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thus proving (2.16). Similarly, observe:

(s− z)(sE −A)−1A(zE −A)−1 = (sE −A)−1 (szE − zA− (szE − sA)) (zE −A)−1

= z(zE −A)−1 − s(sE −A)−1,

thus proving (2.17).

2.2 Analysis preliminaries

This section recalls the relevant definitions and results from functional and complex analysis.
Throughout, we use ℝ≥0, ℝ>0 to denote the nonnegative and strictly positive real line, ℂ≥0,
ℂ>0 to denote the closed and open right complex half plane, and ℂ≤0, ℂ<0 to denote the
closed and open left complex half plane.

2.2.1 Functional analysis preliminaries

Because a portion of this dissertation deals with minimization over Hilbert spaces, we review
here the relevant definitions and results for performing calculus over normed vector spaces;
our presentation follows that of [55]. Throughout, we consider arbitrary normed vector
spaces X and Y over the field ℝ, and take L(X, Y ) to denote the space of bounded linear
operators A : X → Y . A vector space X is said to be complete if every Cauchy sequence
in X converges. A Banach space is a complete vector space X equipped with the norm
∥ · ∥ : X → ℝ≥0; a Hilbert space is a complete vector space X equipped with the inner
product ⟨·, ·⟩X : X ×X → ℝ.

Definition 2.8 (Fréchet derivative [55, Section 2.2]). Let X and Y be normed vector spaces
with the norms ∥ · ∥X and ∥ · ∥Y respectively, let U ⊂ X be open, and f : U → Y a function.
Then f is said to be Fréchet differentiable at x0 ∈ U if there exists a bounded linear operator
Df(x0) ∈ L(X, Y ) such that

lim
h→0

∥f(x0 + h)− f(x0)−Df(x0)h∥Y
∥h∥X

= 0.

We call Df(x0) the Fréchet derivative of f at x0 ∈ U . ⋄

For a function f : X → Y that is Fréchet differentiable at x0 ∈ X, we can write

f(x0 + h) = f(x0) +Df(x0)h+O(∥h∥2X),

for all h ∈ X in a neighborhood of zero. For functions f : X → Y and g : X → Y and a
point x0 ∈ X, we write f(x0 + h) = g(x0) + O(∥h∥2X) if ∥f(x0 + h) − g(x0)∥Y ≤ C∥h∥2X
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for all h ∈ X in a sufficiently small neighborhood of x0 and a real constant C < ∞. If it
exists, the Fréchet derivative is unique [55, Proposition 2.2], thereby justifying the notation
Df(x0). Moreover, f is continuous at x0 if it is Fréchet differentiable at x0.

Consider the special case of real-valued functions f (so that Y = ℝ) over a Hilbert space X
equipped with the inner product ⟨·, ·⟩X : X ×X → ℝ. Then L(X,ℝ) = X⋆, i.e., the Fréchet
derivative in Definition 2.8 is a linear functional and an element of the dual of X, denoted
X⋆. Df(x0) can thus be identified with a unique element of X via the Riesz Representation
Theorem [55, Theorem 6.4].

Definition 2.9 (Gradient of a Fréchet differentiable function [55, Section 6.4]). Let X be a
Hilbert space with inner product ⟨·, ·⟩X , let U ⊂ X be open, and f : U → ℝ be a function.
Suppose that f is Fréchet differentiable at x0 ∈ U . The Riesz representative of Df(x0), i.e.,
the unique element ∇f(x0) ∈ X such that

Df(x0)h = ⟨∇f(x0), h⟩X , (2.18)

for all h ∈ X, is called the gradient of f at x0. ⋄

For a multivariate function f : X1 × · · · × Xℓ → ℝ, partial gradients ∇xi
f(x1, . . . , xℓ) are

defined analogously. Consider f : U → ℝ in the context of Definition 2.9. Combining
Definition 2.8 and Definition 2.9, the condition for the existence of a Fréchet derivative of f
at x0 ∈ U becomes

f(x0 + h) = f(x0) + ⟨∇f(x0), h⟩X +O(∥h∥2X), (2.19)

for all sufficiently small perturbations h ∈ X. Thus, the problem of computing the gradient
of a real-valued function f becomes, for an arbitrary perturbation h, finding the unique
element ∇f(x0) ∈ X so that (2.19) holds.

If Df(x0) = 0, we call x0 ∈ X a critical point of f ; if f has a local extremum at a point
x0, then necessarily x0 is a critical point [55, Corollary 2.5]. Now, let X be a Hilbert space
equipped with the inner product ⟨·, ·⟩X and U ⊂ X be open. For a real-valued function
f : U → ℝ to have a local minimum (or maximum) at a point x0 ∈ U , then by (2.18) for
any point h ∈ X it holds that 0 = Df(x0)h = ⟨∇f(x0), h⟩X , meaning ∇f(x0) is identically
0 by properties of the inner product.

Next, we introduce the relevant ideas relating to optimization on normed vector spaces. The
following definition says nothing about the existence of extrema. Existence of such points
can be guaranteed if, e.g., f is continuous on a compact set.

Definition 2.10 (Local extrema [55, Section 2.5]). Let X be a normed vector space with
norm ∥·∥X , U ⊂ X be open, and f : U → ℝ be a function. We say that f has a local minimum
(local maximum) at x0 ∈ U if f(x0) ≤ f(x) (f(x) ≤ f(x0)) for all x in a neighborhood of x0.

⋄
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Proposition 2.11 (Critical points [55, Corollary 2.5]). Let X be a normed vector space
with norm ∥ · ∥X and U ⊂ X be open. If f : U → ℝ is Fréchet differentiable at x0 ∈ U and
f has a local extremum at x0, then Df(x0) = 0. ⋄

Now, let X be a Hilbert space equipped with the inner product ⟨·, ·⟩X and U ⊂ X be open.
Proposition 2.11 provides a necessary condition for a real-valued function f : U → ℝ to have
a local minimum (or maximum) at a point x0 ∈ U . Namely, by (2.18), for any point h ∈ X
we have

0 = Df(x0)h = ⟨∇f(x0), h⟩X ,
meaning ∇f(x0) is identically 0.

2.2.2 Complex analysis preliminaries

We review the relevant definitions and results for functions of a complex variable. Our
presentation pulls from [13, 81]. Throughout, we take g : D → ℂ to denote a function of the
complex variable s on an open domain D ⊆ ℂ. The definitions and results here generalize to
complex-matrix-valued functions of the form G : D → ℂn1×n2 straightforwardly by applying
them entrywise to Gi,j = gi,j, which are scalar-complex-valued functions. Throughout, we
take ı̇ı to be the imaginary unit such that ı̇ı2 = −1.

Definition 2.12 (Definition of an analytic function [81]). A function g : D → ℂ is analytic
on the domain D ⊆ ℂ if g(z) is complex differentiable at each point z ∈ D. ⋄

There are a few equivalent characterizations of analyticity. One characterization is that a
function g : D → ℂ is analytic on the domain D if and only if g(z) can be expanded as a
power series on a disc about any point z ∈ D. From this characterization, it follows that an
analytic function g is in fact infinitely complex differentiable, i.e., g ∈ C∞(D).

Definition 2.13 (Isolated singularities, poles, and residues [81, Section VI.2]). A point z0
is an isolated singularity of g : D → ℂ if g is analytic in some punctured disk {z ∈ ℂ : 0 <
|z − z0| < R}. The residue of g corresponding to z0 is defined as

res (g(z), z = z0) =
1

2πı̇ı

∫
|z−z0|=R

g(z)dz.

We further call z0 is a pole of order N if and only if g(z) = ǧ(z)

(z−z0)
N for some ǧ : ℂ→ ℂ that

is analytic and nonzero at z0. ⋄

The residue of an isolated singularity is the first coefficient corresponding to a negative power
in the function’s Laurent series expansion. A very powerful technique for evaluating contour
integrals is provided by the Residue Theorem.
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Theorem 2.14 (The Residue Theorem [81, Chapter VII]). Let g : D → ℂ be an analytic
function on the bounded domain D ∪ ∂D except at a finite number of isolated singularities
z1, . . . , zk ∈ D, where the boundary ∂D of D is piecewise smooth. Then∫

∂D

g(z)dz = 2πı̇ı
k∑

j=1

res (g(z), zj) ,

where res (g(z), z = zj) is the residue of g corresponding to zj. ⋄

When a complex contour integral cannot be evaluated, it is useful to bound its magnitude
in terms of the values taken by the integrand and the length of the contour; these types of
bounds are called ML-estimates.

Theorem 2.15 (ML-estimates [81]). Suppose that Γ ⊂ ℂ is a piecewise smooth curve. If
g : ℂ→ ℂ is a continuous function on Γ, then∣∣∣∣∫

Γ

g(z)dz

∣∣∣∣ ≤ ∫
Γ

|g(z)| dz.

Moreover, if Γ has length L > 0 and |g(z)| ≤M for all z ∈ Γ, then∣∣∣∣∫
Γ

g(z)dz

∣∣∣∣ ≤M · L.

⋄

The theory of several complex variables for k-variate functions g : D1 × · · · × Dk → ℂ is
significantly more involved than the univariate case; cf. [99, 192, 193]. If such a function
g is analytic on D1 × · · · × Dk ⊆ ℂn, then it is analytic in each variable separately [193,
Definition 1.1.3]. In this dissertation, it will suffice to deal with functions g(s1, . . . , sk) that
are analytic in each variable separately by applying the definitions and results introduced
above to a single argument si, while taking the remaining k − 1 variables to be arbitrarily
fixed.

2.2.3 Lp and Hp spaces

We introduce here the relevant Lp and Hp spaces of matrix-valued functions. Under some
mild assumptions, the kernels or transfer functions that characterize the input-to-output
response of a multitude of dynamical systems are elements of these spaces.

Definition 2.16 (H2 and H∞ norms [245, Chapter 4.3]). The H2 norm of a k-variate
complex-matrix-valued function H : ℂ≥0 × · · · × ℂ≥0 → ℂn1×n2 is defined as

∥H∥Hn1×n2
2

def
=

(
1

(2π)k
sup

x1>0 , ... , xk>0

∫ ∞

−∞
· · ·
∫ ∞

−∞
∥H(x1 + ı̇ıy1, . . . , xk + ı̇ıyk)∥2Fdy1 · · · dyk

)1
2

.

(2.20)
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The H∞ norm of H is defined as

∥H∥Hn1×n2∞

def
= sup

Re(s1)>0 , ... ,Re(sk)>0

∥H(s1, . . . , sk)∥2. (2.21)

⋄

The spaces of all functions H : ℂ≥0 × · · · × ℂ≥0 → ℂn1×n2 that are analytic in each vari-
able on ℂ≥0 with finite H2 norm (2.20) or H∞ norm (2.21) are denoted Hn1×n2

2

(
ℂk

≥0

)
and

Hn1×n2
∞

(
ℂk

≥0

)
, respectively. The space Hn1×n2

2

(
ℂk

≥0

)
is a Hilbert space endowed with the

inner product

⟨H1,H2⟩Hn1×n2
2

def
=

1

(2π)k

∫ ∞

−∞
· · ·
∫ ∞

−∞
tr
(
H1(−ı̇ıω1, . . . ,−ı̇ıωk)H2(ı̇ıω1, . . . , ı̇ıωk)

T
)
dω1 · · · dωk

(2.22)

for H1,H2 ∈ Hn1×n2
2

(
ℂk

≥0

)
. When it is obvious from the context, we drop the dependence

of the space on ℂk
≥0.

Definition 2.17 (L2 norm [245, Chapter 4.3]). The L2 norm of a k-variate real-matrix-
valued function h : ℝ≥0 × · · · ×ℝ≥0 → ℝn1×n2 is defined as

∥h∥Ln1×n2
2

def
=

(∫ ∞

0

· · ·
∫ ∞

0

∥h(τ1, . . . , τk)∥2Fdτ1 · · · dτk
)1

2

. (2.23)

The L∞ norm of h is defined as

∥h∥Ln1×n2∞

def
= sup

t1>0,...,tk>0
∥h(t1, . . . , tk)∥∞. (2.24)

⋄

The L2 norm in (2.23) is in fact equivalent to the H2 norm in (2.20) under some mild
assumptions; this result is known as Plancherel’s Theorem in k-variables [43]. The space of
all functions h : ℝ≥0×· · ·×ℝ≥0 → ℝn1×n2 with finite L2 norm (2.23) is denoted Ln1×n2

2

(
ℝk

≥0

)
.

Like the Hardy space Hn1×n2
2

(
ℂk

≥0

)
, Ln1×n2

2

(
ℝk

≥0

)
is a Hilbert space endowed with the inner

product

⟨h1,h2⟩Ln1×n2
2

def
=

∫ ∞

0

· · ·
∫ ∞

0

tr
(
h1(τ1, . . . , τk)h2(τ1, . . . , τk)

T
)
dτ1 · · · dτk

for h1,h2 ∈ Ln1×n2
2

(
ℝk

≥0

)
.

A useful tool for analyzing systems of time-dependent differential equations is the Laplace
transform. We will use this transformation in the subsequent chapters to derive frequency-
domain (or Laplace domain) representations of the dynamical systems we encounter therein.
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Definition 2.18 (Multivariate Laplace transformation [5, Chapter 7.3.1]). For a time-
domain function x : ℝ≥0 × · · · × ℝ≥0 → ℝn1×n2 , the k-dimensional multivariate Laplace
transformation X : ℂ× · · · × ℂ→ ℂn1×n2 of x is defined to be

X(s1, . . . , sk)
def
=

∫ ∞

0

· · ·
∫ ∞

0

x(t1, . . . , tk)e
−s1t1 · · · e−sktkdt1 · · · dtk

provided the integrals exist. ⋄

For the purposes of this dissertation, we will always have that k = 1 or k = 2.

2.3 Systems theory for linear dynamical systems

This section introduces the basic system-theoretic definitions and ideas for linear time-
invariant (LTI) dynamical systems. Our presentation primarily follows that of [4] and occa-
sionally [67, 245]; similar treatments can be found in other related texts, e.g., [5, 31, 32].

2.3.1 Basic notation and definitions

For the time being, we consider continuous-time LTI dynamical systems of the form

Glo :
{

Eẋ(t) = Ax(t) +Bu(t), x0 = x(0),
ylo(t) = Cx(t) +Du(t),

(2.25)

where E,A ∈ ℝn×n, B ∈ ℝn×m, C ∈ ℝp×n and D ∈ ℝp×m; unless otherwise specified,
it is assumed that the mass matrix E is nonsingular. While (2.25) is stated for a non-
homogeneous initial condition, one can always assume that x0 = 0n by replacement of x
with x−x0 without loss of generality. The differential equations in (2.25) model the influence
of the external inputs u : ℝ≥0 → ℝm on the internal states x : ℝ≥0 → ℝn and the system
outputs ylo : ℝ≥0 → ℝp over time. We call ℝn the state space of (2.25) because the possible
solution trajectories, or states x of (2.25), take values in ℝn. The matrices E,A,B,C and
D constitute a state-space realization of (2.25), and we use the shorthand

Glo = (E,A,B,C,D)

when referring to a system Glo with the given realization (2.25); if ever E = In, then we take
for granted that (A,B,C,D) = (In,A,B,C,D).

Remark 2.19. Henceforth, we refer to LTI systems of the type (2.25) interchangeably as
linear systems or linear-output systems ; the latter is to distinguish between the so-called
linear quadratic-output systems that are the focus of Chapters 5 and 6. The choice of
notation in Glo and ylo is made to reflect this distinction. ⋄
Definition 2.20 (Order of a LTI system [4, Definition 4.2]). The dimension, or order of the
realization of a linear system (2.25) is defined to be the dimension n of the associated state
space ℝn. ⋄
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2.3.2 Solutions, input-to-output representations, and stability

For a given initial condition x0 ∈ ℝn and input u, the solution and output of the linear
system Glo in (2.25) at time t ≥ 0 are analytically given by

x(t) = eE
−1Atx0 +

∫ ∞

0

eE
−1A(t−τ)E−1Bu(τ)dτ (2.26)

and ylo(t) = CeE
−1Atx0 +

∫ ∞

0

CeE
−1A(t−τ)E−1Bu(τ)dτ +Du(t) (2.27)

where eXt denotes the usual matrix exponential [4, Equation 4.1.6]. For x0 = 0n, the output
equation (2.27) reveals an external description of the linear system (2.25) via the convolution

ylo(t) =

∫ ∞

0

glo(t− τ)u(τ)dτ,

where glo : ℝ≥0 → ℝp×m is called the impulse response of Glo, and is defined as

glo(t) =

{
CeE

−1AtE−1B + δ(t)D, for t ≥ 0;

0p×m, for t < 0,
(2.28)

and δ : ℝ → {0, 1} denotes the standard Dirac delta distribution. The impulse response
returns the ylo(t) in response to u(t) = δ(t).

Oftentimes, it is more straightforward to deal with a system’s (equivalent) formulation in
the frequency (or, Laplace) domain. By applying the univariate Laplace transform in Defi-
nition 2.18 to (2.25), one obtains the system of frequency-dependent algebraic equations

Glo :
{

sEX(s)−Ex0 = AX(s) +BU (s)
Y lo(s) = CX(s) +DU(s),

(2.29)

where X : ℂ → ℂn, U : ℂ → ℂm, and Y lo : ℂ → ℂp are the Laplace transformations of the
time-domain states, inputs, and outputs in (2.25). Because (2.25) and (2.29) are equivalent
under the Laplace transform, we refer to them both as Glo by standard abuse of notation.
Solving explicitly for X(s) = (sE −A)−1 (BU (s) +Ex0) and substituting Y in (2.29)
reveals the relationship

Y lo(s) =
(
C (sE −A)−1B +D

)
U (s) + (sE −A)−1Ex0.

The complex-matrix-valued function Glo : ℂ→ ℂp×m defined as

Glo(s) = C (sE −A)−1B +D (2.30)

is called the transfer function of (2.25), and describes the system’s input-to-output response
via the relationship Y lo(s) = Glo(s)U (s) when x0 = 0n, and is the Laplace transform of
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the impulse response (2.28). Using Cramer’s rule, the inverse of the resolvent (sE −A)−1

in (2.30) can be expressed as

(sE −A)−1 =
1

det (sE −A)
adj (sE −A) , (2.31)

where adj (sE −A) is the adjugate matrix of the co-factors of sE − A. Thus, Glo is an
order-n matrix-valued proper rational function; Glo is strictly proper whenever D = 0p×m.
Conversely, any univariate proper or strictly proper rational function is the transfer function
of a linear state-space system (2.25); see [67, Lemma 2.30, Proposition 2.31].

Having defined the solution to the linear system (2.25), we can introduce the fundamental
concept of asymptotic stability.

Definition 2.21 (Poles and asymptotic stability of a linear system [4, Definition 4.2]). The
system Glo in (2.25) is said to be asymptotically stable if all the eigenvalues of the matrix
pencil sE −A, i.e., all values s ∈ ℂ such that det (sE −A) = 0, have negative real parts.
The eigenvalues of sE −A are called the poles of the system (2.25). ⋄

Put differently, Definition 2.21 states that the system (2.25) is asymptotically stable if all
its poles exist in the open left-half of the complex plane, ℂ<0. Stability provides information
about the long-term behavior of the autonomous system Eẋ(t) = Ax(t), i.e., the dynamics
of (2.25) under zero external forcing u = 0m with the initial condition x0. Specifically, if
the system (2.25) is asymptotically stable, then limt→∞ x(t) = 0n for any solution trajectory
of the autonomous system [4, Chapter 5.8]. We additionally note that the poles of the
dynamical system (2.25) as defined above are precisely the poles of its rational transfer
function Glo in (2.30), and vice versa.

For any pair of invertible matrices T ,S ∈ ℝn×n, if we define a new state z : ℝ≥0 → ℝn via
the coordinate transformation z(t) = T−1x(t) for all time t ≥ 0, then the resulting system

Ǧlo :
{
SET ż(t) = SATz(t) + SBu(t), z0 = Sx(0),

ylo(t) = CTz(t) +Du(t)
(2.32)

is equivalent to Glo in (2.25), in the sense that the input-to-output mappings are the same.
Indeed, let Ǧlo be the transfer function of the transformed system Ǧlo defined according
to (2.30). It follows directly that

Ǧlo(s) = CT (sSET − SAT )−1 SB +D = C (sE −A)−1B +D = Glo(s)

for all s ∈ ℂ. Thus, the transfer function Glo of a linear system (2.25) is invariant under
state-space transformations, and we call it a state-space invariant. We thereby consider Ǧlo
to be the same linear input-output system as Glo in (2.25) and write Glo = Ǧlo. Although we
highlight that the transient behavior of the state space can differ under change of coordinate
transformations, see [210].
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Definition 2.22 (Minimum phase system). Let Glo be a linear system as in (2.25) so that
D has a left or right inverse. Glo is said to be minimum phase if it is asymptotically stable,
and all the zeros of its transfer function Glo, i.e., all values s ∈ ℂ for which Glo(s) = 0p×m,
have negative real parts. ⋄

2.3.3 Algebraic operations on linear time-invariant systems

For the results of Chapter 4, we require some basic results regarding linear system inter-
connection and algebraic operations on systems. These are taken from [245, Section 3.6].
Throughout, suppose that Glo and Ǧlo are respectively order-n1 and order-n2 linear systems
formulated according to (2.25) and having the state-space realizations

Glo = (A,B,C,D) and Ǧlo =
(
Ǎ, B̌, Č, Ď

)
.

The input, output dimensions of Glo and Ǧlo are (m1, p1) and (m2, p2), respectively. We have
assumed that E = In1 and Ě = In2 without loss of generality.

Proposition 2.23 (System cascade [245, Section 3.6]). The cascade GloǦlo of the two linear
systems Glo and Ǧlo with m2 = p1 is an order-(n1 +n2) linear system whose output is that of
Glo and input that of Ǧlo. Moreover, GloǦlo has a pair of equivalent realizations satisfying

GloǦlo =
([

A BČ
0n2×n1 Ǎ

]
,

[
BĎ
B̌

]
,
[
C DČ

]
, DĎ

)
=

([
Ǎ 0n1×n2

BČ A

]
,

[
B̌
BĎ

]
,
[
DČ C

]
, DĎ

)
.

(2.33)

The transfer function of GloǦlo is given by GloǦlo. ⋄

The system cascade described by Proposition 2.23 essentially describes the creation of a new
linear system by taking the output of Glo and feeding it as an input to Ǧlo. Clearly, this is not
a commutative operation. Algebraically, this corresponds to linear system multiplication.

Proposition 2.24 (System addition [245, Section 3.6]). The parallel connection or addition
Glo + Ǧlo of the two linear systems Glo and Ǧlo is an order-(n1 + n2) linear system having the
realization

Glo + Ǧlo =
([

A 0n1×n2

0n2×n1 Ǎ

]
,

[
B

B̌

]
,
[
C Č

]
, D + Ď

)
. (2.34)

The transfer function of Glo + Ǧlo is given by Glo + Ǧlo. ⋄

The inputs and outputs of the parallel connection are just the row- and column-concatenation
of the inputs and outputs of Glo and Ǧlo.
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Proposition 2.25 (Inverse of an LTI system [245, Lemma 3.15]). Suppose that D ∈ ℝp×m

has full row (column) rank and let D† denote a right (left) inverse of D. Then, the system
G†lo

G†lo =
(
A−BD†C,−BD†,D†C,D†) (2.35)

having the transfer function G†
lo is a right (left) inverse of Glo in the sense that GloG

†
lo = Ip

(G†
loGlo = Im). Moreover, if m = p and D† = D−1 is an inverse of D, then we write

G†lo = G−1
lo and G†

lo = G−1
lo , and call G−1

lo an inverse of Glo. ⋄
Definition 2.26 (Dual of a linear system [4, Section 4.2.3], [245, Definition 3.9]). The dual
of Glo is defined to be the linear system G⋆lo having the realization

G⋆lo =
(
−AT,−CT,BT,DT

)
(2.36)

and the transfer function Glo(−s)T. ⋄

2.3.4 Reachability, observability, and infinite Gramians

Two fundamental system-theoretic concepts are those of reachability and observability, which
we introduce next. Ultimately, these provide a quantifiable energy-based characterization
of how relevant a point x̌ ∈ ℝn in state space is to the input-to-output dynamics of a
linear system (2.25). For a complete treatment of these concepts, we refer the reader to [4,
Chapter 4.2, Chapter 4.3] and [67, Chapter 2.2, Chapter 2.4].

Definition 2.27 (Reachability of a state [4, Definition 4.6, Definition 4.17], [67, Chap-
ter 2.2]). Given the linear system Glo = (E,A,B,C,D) in (2.25), we say a state x̌ ∈ ℝn

is reachable from the zero state if there exists a finite time tf > 0, a finite-energy input
u ∈ Lm

2 (0, tf), and a solution trajectory x : ℝ≥0 → ℝn such that

x(0) = 0n, x(tf) = x̌, and Eẋ(t) = Ax(t) +Bu(t) for all t ∈ (0, tf).

The reachability subspace Xreach ⊆ ℝn is the set of all such reachable states x̌. We say the
triplet (E,A,B) is completely reachable if Xreach = ℝn. ⋄
Definition 2.28 (Reachability matrix [4, Definition 4.6], [67, Chapter 2.2]). Given a linear
system Glo = (E,A,B,C,D) as in (2.25), the n× nm matrix

R (E,A,B)
def
=
[
E−1B E−1AE−1B · · ·

(
E−1A

)n−1
E−1B

]
(2.37)

is called the reachability matrix of Glo. ⋄
Theorem 2.29 (Characterization of the reachability subspace [4, Theorem 4.7]). Let Glo =
(E,A,B,C,D) be a linear system as in (2.25). The reachability subspace Xreach of Glo is
given by

Xreach = Range (R (E,A,B)) .

Hence, Glo is completely reachable if and only if rank (R (E,A,B)) = n. ⋄
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Definition 2.30 (Observability of a state [4, Definition 4.19], [67, Chapter 2.4]). Given the
linear system Glo = (E,A,B,C,D) in (2.25), a state x̌ ∈ ℝn is unobservable if

ylo(t) = CeE
−1Atx̌ = 0p for all t ≥ 0.

The unobservable subspace Xunobsv ⊆ ℝn is the set of all such unobservable states x̌. We say
the triplet (E,A,C) is completely observable if Xunobsv = {0n}. ⋄

Definition 2.31 (Observability matrix [4, Definition 4.19], [67, Chapter 2.4]). Given a linear
system Glo = (E,A,B,C,D) as in (2.25), the np× n matrix

O (E,A,C)
def
=


C

CE−1A
...

C
(
E−1A

)n−1

 (2.38)

is called the observability matrix of Glo. ⋄

Theorem 2.32 (Characterization of the unobservable subspace [4, Theorem 4.20]). Let
Glo = (E,A,B,C,D) be a linear system as in (2.25). The unobservable subspace of Glo is
given by

Xunobsv = Ker (O (E,A,C)) .

Hence, Glo is completely observable if and only if rank (O (E,A,C)) = n. ⋄

Reachability and observability are dual concepts.

Theorem 2.33 (Duality principle [4, Theorem 4.23]). Let Glo be a linear system as in (2.25)
and G⋆lo be its dual defined according to Definition 2.26. Then, Glo is reachable (observable)
if and only if G⋆lo is observable (reachable). ⋄

Two fundamental objects related to a linear system (2.25) are the so-called infinite system
Gramians, or Gramians for short.

Definition 2.34 (Infinite system Gramians [4, Section 4.3]). Consider an asymptotically
stable linear system Glo as in (2.25). The infinite reachability Gramian of Glo, P ∈ ℝn×n, is
defined as

P
def
=

∫ ∞

0

eE
−1AτE−1B

(
eE

−1AτE−1B
)T

dτ. (2.39)

The infinite observability Gramian of Glo, ETQloE ∈ ℝn×n is defined via

Qlo
def
=

∫ ∞

0

E−TeA
TE−TτCT

(
E−TeA

TE−TτCT
)T

dτ. (2.40)

⋄
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By their definition, it follows that both P and ETQloE are symmetric positive semi-definite
(SPSD) matrices. Per Remark 2.19, the notation in Qlo is included to distinguish it from the
quadratic-output system Gramian introduced in Chapter 5. The infinite system Gramians
can also be expressed in the frequency domain [4, Section 4.3]. By applying Plancherel’s
Theorem [43] to the integrals in (2.39) and (2.40), we obtain the equivalent formulations

P =
1

2π

∫ ∞

−∞
(ı̇ıωE −A)−1B

(
(ı̇ıωE −A)−1B

)H
dω, (2.41)

Qlo =
1

2π

∫ ∞

−∞

(
C (ı̇ıωE −A)−1)HC (ı̇ıωE −A)−1 dω. (2.42)

For non-asymptotically stable systems, the integrals in Definition 2.34 will not converge,
while the contour integrals (2.41) and (2.42) will be well defined so long as a pole of the
system does not lie on the imaginary axis. For asymptotically stable systems, the matrices
P and Qlo are uniquely characterized as solutions to dual generalized Lyapunov equations.

Proposition 2.35 (Gramians as solutions to generalized Lyapunov equations [4, Propo-
sition 4.27]). Consider an asymptotically stable linear system Glo as in (2.25), and let the
matrices P ,Qlo ∈ ℝn×n be defined according to (2.39) and (2.40). Then, P and Qlo are the
unique solutions to

APET +EPAT +BBT = 0n×n, (2.43)

ATQloE +ETQloA+CTC = 0n×n. (2.44)

⋄

The infinite Gramians also characterize the reachable and unobservable subspaces of the
corresponding system Glo according to the following result.

Lemma 2.36 (Reachable and unobservable subspaces in terms of Gramians [4, Theo-
rem 4.15, Theorem 4.26]). Consider an asymptotically stable linear system Glo in (2.25)
and let P ,ETQloE ∈ ℝn×n be the reachablity and observability Gramians of Glo defined
according to (2.39) and (2.40). It holds that

Xreach = Range (R (E,A,B)) = Range (P ) ,

Xunobsv = Ker (O (E,A,C)) = Ker
(
ETQloE

)
.

Thus, Glo is completely reachable if and only if P = P T ≻ 0 and completely observable if
and only if ETQloE = ETQT

loE ≻ 0. ⋄

For results in Chapter 3, we will also use the cross Gramian of a linear system (2.25). This
was first introduced in [71] to study the minimality of single-input, single-output systems,
and then extended to multi-input, multi-output systems in [74, 123].
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Definition 2.37 (Cross Gramian [4, Section 4.3.2]). Consider an asymptotically stable LTI
system Glo as in (2.25) that is square, i.e., m = p. The cross Gramian of Glo, Xc ∈ ℝn×n, is
defined as

Xc
def
=

∫ ∞

−∞
(ı̇ıωE −A)−1BC (ı̇ıωE −A)−1 dω. (2.45)

⋄

Similar to the controllability and observability Gramians, the cross Gramian (2.45) satisfies
a generalized Sylvester equation [4, Section 4.3.2]:

AXcE +EXcA+BC = 0n×n. (2.46)

It is shown in [75] that X2
c = PQlo for square symmetric linear systems (2.25), i.e., systems

such that Glo(s) = Glo(s)
T for all s ∈ ℂ.

As a final consideration of this section, we introduce the concept of minimality. This idea
provides an answer to a fundamental question: When can a system have its order reduced
with zero approximation error?

Definition 2.38 (Minimality of a linear system [4, Definition 4.36]). We say that a realiza-
tion (E,A,B,C) of the system Glo in (2.25) is minimal if, among all possible realizations,
it has the smallest possible dimension n. ⋄

There is a useful characterization of minimality in terms of reachability and observability.

Lemma 2.39 ([4, Lemma 4.42]). A realization (E,A,B,C,D) of the system Glo in (2.25)
is minimal if and only if it is both reachable and observable. ⋄

If an order-n realization (E,A,B,C,D) of the system (2.25) is not minimal, then one can
always find a lower-order realization described by r < n differential equations that exactly
recovers the dynamics of the system. Thus, the model order of a non-minimal system can be
reduced with zero approximation error by removing components of the state space that are
neither controllable nor observable. One can obtain such a minimal realization by computing
the Kalman canonical decomposition [245, Theorem 3.10] of a system (2.25).

When a system (2.25) is minimal, it is reasonable to consider that one can reduce the model
order by instead truncating states which are, in some sense, difficult to reach or difficult to
observe. This is the fundamental idea behind balanced truncation model reduction, which
we discuss at length in Section 2.4.3.

2.3.5 Linear system norms

To assess the quality of a reduced-order model used to approximate (2.25), we require some
notion of the distance between two dynamical systems. To this end, we introduce the H2
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and H∞ norms of a dynamical system (2.25); these are defined as the Hardy space norms
from Definition 2.16 of the system’s transfer function (2.30).

Definition 2.40 (H2 and H∞ norms of a linear system [4, Chapter 5], [245, Chapter 4.3]).
Consider a linear system Glo in (2.25). The H2 norm of Glo is defined to be

∥Glo∥H2

def
= ∥Glo∥Hp×m

2 (ℂ≥0) =

(
1

2π

∫ ∞

−∞
∥Glo(ı̇ıω)∥2F dω

)1
2

. (2.47)

The H∞ norm of Glo is defined to be

∥Glo∥H∞
def
= ∥Glo∥Hp×m

∞ (ℂ≥0) = sup
ω∈ℝ
∥Glo(ı̇ıω)∥2. (2.48)

⋄

The norms provided in Definition 2.40 have equivalent formulations in the time domain;
see [4, Section 5.1]. If a system (2.25) is asymptotically stable, then its transfer func-
tion (2.30) is analytic in ℂ≥0, and the H∞ norm of the system is finite. Moreover, if
D = 0p×m, then the H2 norm of the system is finite as well. If a system Glo in (2.25)
is not asymptotically stable, we write ∥Glo∥H2 = ∥Glo∥H∞ = ∞ by convention. The Hilbert
space structure of Hp×m

2 (ℂ≥0) can be extended to a pair of linear systems Glo and Ǧlo via
the inner product of their transfer functions, i.e.,〈

Glo, Ǧlo
〉
H2

def
=
〈
Glo, Ǧlo

〉
Hp×m

2 (ℂ≥0)
=

1

2π

∫ ∞

−∞
tr
(
Glo (−ı̇ıω) Ǧlo (ı̇ıω)

T
)
dω, (2.49)

where Glo(s) = C
(
sE −A

)
B+D. Note that (2.49) returns the H2 norm defined in (2.47)

(up to a nonnegative square root) when Ǧlo = Glo.
The formulations for the H2 and H∞ norms provided in Definition 2.40 are mostly of theo-
retical interest. There are two alternative (exact) expressions for the system H2 norm that
are far more amenable to computation. These expressions are based on the linear system
Gramians and the pole-residue form of the system’s transfer function [5, Section 2.1].

Theorem 2.41 (Gramian-based formulae [97, Lemma 2.3]). Let Glo and G̃ lo be asymp-
totically stable linear systems as in (2.25) of order-n and order-r, respectively. Suppose

additionally that D = D̃ = 0p×m. Let X ∈ ℝn×r and Z lo ∈ ℝn×r be solutions of the
generalized Sylvester equations

AXẼT +EXÃT +BB̃T = 0n×r and ATZ loẼ +ETZ loÃ−CTC̃ = 0n×r. (2.50)

Then, X and Z lo are unique, and the H2 inner product of Glo and G̃ lo is〈
Glo, G̃ lo

〉
H2

= − tr
(
BTZ loB̃

)
= tr

(
CXC̃T

)
. (2.51)
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If Glo = G̃ lo, then X = P ∈ ℝn×n and Z lo = −Qlo ∈ ℝn×n according to (2.39) and (2.40).
Thus, the H2 norm of Glo is given by

∥Glo∥2H2
= tr

(
BTQloB

)
= tr

(
CPCT

)
. (2.52)

⋄

Theorem 2.42 (Transfer function-based formulae [97, Lemma 2.4]). Let Glo and G̃ lo be
asymptotically stable linear systems as in (2.25) of order-n and order-r, respectively, having

the transfer functions Glo and G̃lo defined according to (2.59). Suppose additionally that

D = D̃ = 0p×m. Suppose that Glo has simple poles µ1, . . . , µn so that Glo can be expanded
in pole-residue form as

Glo(s) =
n∑

k=1

δkβ
T
k

s− µk

, δk ∈ ℂp, βk ∈ ℂm.

Then, the H2 inner product of Glo and G̃ lo is〈
Glo, G̃ lo

〉
H2

=
n∑

k=1

δT
k G̃lo(−µk)βk. (2.53)

If G̃ lo = Glo, then the H2 norm of Glo is given by

∥Glo∥H2 =

(
n∑

k=1

δT
kGlo(−µk)βk

)1
2

. (2.54)

⋄

2.4 Model reduction of linear time-invariant systems

We have already motivated the model reduction of generic dynamical systems in Chapter 1.
Linear systems of the form (2.25) with high-dimensional state spaces, e.g., n ∼ 106 and
higher, are commonplace in applications. In this linear setting, the goal of model reduction
is the construction of another, comparatively lower-order linear system, of the form

G̃ lo :
{

Ẽ ˙̃x(t) = Ãx̃(t) + B̃u(t), x̃(0) = x̃0,

ỹlo(t) = C̃x̃(t) + D̃u(t),
(2.55)

where Ẽ, Ã ∈ ℝr×r, B̃ ∈ ℝr×m, C̃ ∈ ℝp×r and x̃ : ℝ≥0 → ℝr for r ≪ n. Henceforth and
without loss of generality, we assume that x(0) = 0n and x̃(0) = x̃0. In order for (2.55) to
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be an effective surrogate, we require that the reduced output ỹlo : ℝ≥0 → ℝp be a faithful
recreation of the full output in (2.25) for arbitrary admissible inputs u, i.e.,

∥ylo − ỹlo∥ ≤ τ · ∥u∥, τ > 0.

The choice of norms will inform the order-reduction algorithm used to compute G̃ lo. In
particular, both the H2 and H∞ system (transfer function) errors can be related to the
corresponding output error in the time domain [5, Section 2.1]. Indeed, suppose that Glo and
G̃ lo are asymptotically stable linear systems as in (2.25) of order-n and order-r, respectively,
having the outputs ylo and ỹlo. Then for any u ∈ Lm

2 (ℝ≥0), it holds that

∥ylo − ỹlo∥Lp
∞(ℝ≥0) ≤ ∥Glo − G̃ lo∥H2 ∥u∥Lm

2 (ℝ≥0),

∥ylo − ỹlo∥Lp
2(ℝ≥0) ≤ ∥Glo − G̃ lo∥H∞ ∥u∥Lm

2 (ℝ≥0),
(2.56)

where the L2 and L∞ norms are defined according to Definition 2.17. The H2 or H∞ model
reduction error can thereby be used as a posteriori error estimators for the approximate
output, or a minimization objective.

The general framework we consider for computing surrogate models of the form (2.55) is
that of Petrov-Galerkin projection. Suppose that the state x of the full-order model (2.25)
evolves predominantly in an r ≪ n lower-dimensional subspace span (V ) ⊂ ℝn spanned by
the basis V ∈ ℝn×r, i.e., x ≈ V x̃. Substituting x ≈ V x̃ into (2.25), one then identifies a
second r-dimensional subspace span (W ) ⊂ ℝn spanned by the basis W ∈ ℝn×r to enforce
the Petrov-Galerkin orthogonality condition

W T
(
EV ˙̃x(t)−AV x̃(t)−Bu(t)

)
= 0r, t ≥ 0. (2.57)

This ensures that the reduced states exactly satisfy the dynamics of the reduced-order system.
The order-r reduced model G̃ lo as in (2.55) resulting from this projection scheme is given by

Ẽ = W TEV , Ã = W TAV , B̃ = W TB, C̃ = CV , and D̃ = D. (2.58)

The choice of D̃ = D is most common, although this is not required. Significantly, the
reduced model depends upon the subspaces span(V ) and span(W ), not the particular choice
of bases V and W . Thus, one can always replace V and W with well-conditioned matrices
containing orthonormal columns that are computed via, e.g., a QR factorization.

In the regime of (2.58), computing a reduced-order model of the form (2.55) resolves to choos-
ing left and right approximation subspaces spanned by W ,V ∈ ℝn×r, and projecting the
full-order matrix operators according to (2.58). There is a rich and well-established theory
on the model reduction of LTI systems (2.25); see, e.g., the standard texts [4, 5, 31, 32]. Many
system-theoretic model reduction techniques can be categorized as those based on the bal-
ancing of energy functionals and truncation of system states [46, 61, 69, 92, 96, 114, 151, 152],
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or those based on the rational interpolation of the transfer function in (2.25) or the match-
ing of its moments [5, 60, 80, 94, 97, 139, 195]. There is also a rich and interesting con-
nection between rational transfer function interpolation and optimality in the H2 met-
ric [97, 142, 217, 218, 233]. The references listed above are by no means comprehensive;
in the remainder of this chapter, we describe the balancing-based, interpolatory, and H2-
optimal model reduction theory relevant to the remainder of this dissertation.

2.4.1 Interpolatory model reduction of linear systems

Recall that the input-to-output map of a linear system (2.25) is described (completely) by
the order-n rational function (2.30). Because the system error, according to Definition 2.40,
is the Hardy H2 or H∞ norm of the transfer function error, it is a reasonable strategy to
design the reduced-order model in (2.55) so that its transfer function

G̃lo : ℂ→ ℂp×m, where G̃lo(s)
def
= C̃

(
sẼ − Ã

)−1
B̃ + D̃, (2.59)

which is itself an order-r rational function, is a good approximation to Glo. One possibility
is to construct G̃lo as a rational interpolant of Glo; this is the fundamental idea behind
interpolatory model reduction, which we review in this section.

Roughly speaking, the interpolatory model reduction problem in a projection-based regime
(2.58) resolves to designing specifically tailored model reduction bases V ,W ∈ ℂn×r so that
the reduced-order transfer function (2.59) matches its full-order counterpart (2.30), or its
derivatives, at selected points σ1, . . . , σk ∈ ℂ. For multiple-input, multiple-output systems,
instead of full-matrix interpolation, it is usually preferred to perform so-called tangential
interpolation; that is, the interpolation of a matrix-valued function along specified vectors
called tangential directions. The theoretical foundations of interpolatory model reduction
have their roots in classical Padé approximants [14], which are rational Hermite interpolants
that match the leading moments of a (scalar-valued) rational function G(s), i.e., its deriva-
tives about s = 0. The single-input, single-output interpolatory model reduction problem
was related to a projection formulation by Skelton et al. [60, 239, 240], which was later
developed into a numerically efficient framework by Grimme [94] using the rational Krylov
method of Ruhe [195]. Gallivan et al. [80] established how to construct tangential inter-
polations using rational Krylov methods. These results are summarized in the following
theorem.

Theorem 2.43 (Tangential interpolation of linear systems [5]). Consider Glo as in (2.25)

and let G̃ lo be a reduced model (2.55) by projection (2.58) with D = D̃. Consider the

interpolation points σ, µ ∈ ℂ such that sE −A and sẼ − Ã are nonsingular for all s = σ, µ
and the left and right tangential direction vectors ℓ ∈ ℂp and r ∈ ℂm. Suppose that
V ,W ∈ ℂn×r have full rank and satisfy

(σE −A)−1Br ∈ Range (V ) and
(
µET −AT

)−1
CTℓ ∈ Range (W ) . (2.60)
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Then G̃ lo satisfies the tangential interpolation conditions

Glo(σ)r = G̃lo(σ)r and ℓTGlo(µ) = ℓTG̃lo(µ).

Moreover, if additionally σ = µ, then ℓT d
ds
Glo(σ)r = ℓT d

ds
G̃lo(σ)r. ⋄

Theorem 2.43 can be used to enforce interpolation at multiple points σ1, . . . , σk ∈ ℂ with
multiple left- and right-tangential direction vectors ℓ1, . . . , ℓk ∈ ℂp and r1, . . . , rk ∈ ℂm

in an obvious way. We refer to model reduction bases satisfying the conditions in (2.60)
as interpolatory bases. Moreover, Theorem 2.43 can be extended to match higher-order
interpolation conditions and even preserve internal system structures using constructions
similar to (2.60); see [5, Theorem 3.3.3] and [22], [5, Theorem 3.4.1], respectively. For

constructing interpolants with D̃ ̸= D, see [5, Theorem 3.3.3].

Interpolatory reduced models can be computed in a very numerically efficient manner using
Theorem 2.43. Assuming the interpolation points and tangential directions are given, one
simply needs to solve 2r shifted linear systems according to (2.60), then orthogonalize and
project (2.58). Obviously, the choice of interpolation points and tangential directions will
greatly affect the quality of the reduced model. Interestingly, it can be shown that H2-
optimal reduced models are tangential interpolants, and the optimal interpolation points are
the mirror images of the reduced model’s poles; we discuss this at length in Section 2.4.2.
Other methods, which are based on adaptive point selection or greedy H∞ or L∞ error norm
minimization, can be employed; cf. [1, 2, 6, 66].

2.4.2 H2-optimal model reduction of linear systems

In this section, we review the optimal-H2 approximation of linear dynamical systems (2.25).
This problem is stated precisely as follows: Given an order-n, asymptotically stable LTI
system Glo as in (2.25), we wish to construct a reduced-order system G̃ lo as in (2.55) of a
fixed approximation order 1 ≤ r < n such that the H2 error in approximating (2.25) is

minimized, i.e., G̃ lo solves

∥Glo − G̃ lo∥H2 = min
dim(Ǧlo)=r

∥Glo − Ǧlo∥H2 subj. to Ǧlo asymptotically stable. (2.61)

The H2-optimal model reduction of linear systems is very well studied; see, e.g. [97, 142, 147,
148, 149, 150, 217, 218, 233, 237]. We refer the reader to [5, Chapter 5] for a comprehensive
and in-depth discussion of this topic. The minimization problem in (2.61) is nonconvex,
and global minimizers are hard to characterize. Thus, best practice in H2-optimal model
reduction instead is to identify reduced-order models that satisfy some first-order necessary
conditions for (local)H2 optimality. The two most well-known optimality frameworks are the
Sylvester equation-based, or Gramian-based framework attributed to Wilson [97, 217, 233],
and the interpolation-based framework of Meier and Luenberger [97, 142, 217]. These were
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shown to be equivalent using a structured orthogonality framework by Gugercin et al. [97].
We review both the Sylvester equation-based and interpolatory optimality frameworks for
solving (2.61) to set the stage for the results in Chapter 6, which considers the optimal-H2

approximation problem for a class of weakly nonlinear systems. Because D = D̃ is necessary
for a finite H2 error, we assume this throughout the subsequent discussion.

The Wilson (Sylvester equation-based) optimality framework.

The starting point for deriving the Wilson conditions is the so-called error system Glo− G̃ lo.
This is an order-(n+ r) linear system defined according to (2.25) and having the realization

Ee =

[
E

Ẽ

]
, Ae =

[
A

Ã

]
, Be =

[
B

B̃

]
, Ce =

[
C −C̃

]
, and De = D−D̃. (2.62)

The Gramians of the error system P e,E
T
e Qlo,eEe ∈ ℝ(n+r)×(n+r) satisfy the generalized

Lyapunov equations (2.43) and (2.44) for the realization above, and can be written in 2× 2
block form as

P e =

[
P X

XT P̃

]
and ET

e Qlo,eEe =

[
ET

e QloEe ET
e Z lo

ZT
loEe ET

e Q̃loEe

]
, (2.63)

where P ,ETQloE ∈ ℝn×n and P̃ , ẼTQ̃loẼ ∈ ℝr×r are the full- and reduced-order system
Gramians defined according to (2.39) and (2.40), while the matrices X,Z lo ∈ ℝn×r satisfy
the generalized Sylvester equations in (2.50). Applying Theorem 2.41 to the realization (2.62)
reveals the following expressions for the squared H2 error:

∥Glo − G̃ lo∥2H2
= tr

(
BTQloB + 2BTZ loB̃ + B̃TQ̃loB̃

)
= tr

(
CPC̃T − 2CXC̃T + C̃P̃ C̃T

)
.

(2.64)

Thus, the error ∥Glo−G̃ lo∥H2 can be interpreted as a cost function J : ℝr×r×ℝr×r×ℝr×m×
ℝp×r → ℝ≥0 that takes the matrices of the reduced-order linear model (2.55) as arguments.
Wilson [233] originally derived first-order optimality conditions for (2.61) by computing
gradients of J with respect to the reduced model matrices; this result is summarized next.
Although we mention that in the original work Wilson assumed E = In; a proof of the
conditions for a general nonsingular E was given in [146, Theorem 2.44].

Theorem 2.44 (Sylvester-equation based H2-optimality conditions for linear systems [97,

146, 217, 233]). Suppose that Glo and G̃ lo are asymptotically stable linear systems as in (2.25)

and (2.55), and suppose additionally that G̃ lo minimizes the H2 error in (2.61). Then, the



2.4. Model reduction of linear time-invariant systems 31

following conditions hold:

0r×r = Q̃loÃP̃ +ZT
loAX, (2.65a)

0r×r = Q̃loẼP̃ +ZT
loEX, (2.65b)

0r×r = Q̃loB̃ +ZT
loB, (2.65c)

0r×r = C̃P̃ −CX, (2.65d)

where P̃ , Q̃lo ∈ ℝr×r are the Gramians of (2.55) that satisfy (2.43) and (2.44), while

X,Z lo ∈ ℝn×r satisfy the generalized matrix equations (2.50). Moreover, if P̃ and Q̃lo are

nonsingular, then the locally H2-optimal reduced model G̃ lo is defined by Petrov-Galerkin
projection (2.58), where the model reduction bases W ,V ∈ ℝn×r are given by

V = XP̃−1 and W = −Z loQ̃
−1
lo . (2.66)

⋄

We also mention the work of Hyland and Bernstein [111, 247] that offers conditions in terms
of coupled Lyapunov equations. These are equivalent to the Wilson conditions, so we do not
include them in our discussion.

Evidently, the optimality conditions in (2.65) depend explicitly on an H2-optimal reduced
model. As a necessary consequence, reduced models that satisfy the first-order optimality
conditions in (2.65) must be computed using iterative algorithms. In [237], Xu and Zheng de-
velop the so-called two-sided iterative algorithm (TSIA). The algorithm performs iteratively-
corrected projection using the solutions to the Sylvester equations in (2.50). Computational
considerations for TSIA, such as solving the matrix equations in (2.50) and general nonsin-
gular E, were addressed in [30]. TSIA is written down in Algorithm 2.4.1. In its description,

we use J
(
G̃(i)lo

)
to denote the H2 error of the i-th model iterate.

The Meier-Luenberger (interpolation-based) optimality framework.

Interpolation-based optimality conditions for the H2-minimization problem in (2.61) were
derived for single-input, single-output systems by Meier and Luenberger [142]. These were
extended to the multiple-input, multiple-output setting, in parallel in [97, 217]. For the sake
of simplicity, we restrict our attention to reduced models (2.55) with simple poles ; generaliza-
tions to the setting of higher-order poles can be found in [218]. Under this assumption, recall

from Theorem 2.42 that the reduced-order transfer function G̃lo in (2.59) can be expressed
in pole-residue form as

G̃lo(s) =
r∑

k=1

ckb
T
k

s− λk

, ck ∈ ℂp, bk ∈ ℂm. (2.67)
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Algorithm 2.4.1: Two-sided iterative algorithm (TSIA) [237].

Input: E,A,B,C from (2.25), order r (1 ≤ r < n), tolerance τ > 0, maximum
number of iteration steps M ≥ 1, initial reduced model (2.55) given by

Ẽ(0), Ã(0), B̃(0), C̃(0).

Output: Ẽ, Ã, B̃, C̃—state-space matrices of the converged model (2.55).

1 Iteration count i = 0.

2 while E (i) > τ and i ≤M do

3 Solve generalized Sylvester equations (2.50) for X(i),Z
(i)
lo ∈ ℝn×r:

ATZ
(i)
lo Ẽ

(i)+ETZ
(i)
lo Ã

(i)−CTC̃(i) = 0 and AX(i)Ẽ(i)T+EX(i)Ã(i)T+BB̃(i)T = 0.

4 Orthonormalize X(i) and Z
(i)
lo to obtain V and W :

V ← orth(X(i)), W ← orth(Z
(i)
lo ).

5 Compute reduced-order matrices by Petrov-Galerkin projection using V and W :

Ẽ(i+1) = W TEV , Ã(i+1) = W TAV , B̃(i+1) = W TB, C̃(i+1) = CV .

6 Compute the normalized H2 distance between model iterates:

E (i+1) =

∣∣∣J (G̃(i)lo

)
− J

(
G̃(i+1)
lo

)∣∣∣
J
(
G̃(0)lo

) .

7 Set i← i+ 1.

8 end

The rank-1 matrices ckb
T
k ∈ ℂp×m are the residues of G̃lo corresponding to the pole at

s = λi. We call the vectors ck ∈ ℂp and bk ∈ ℂm the residue directions. If the full-order
transfer function (2.30) also has simple poles µ1, . . . , µn, the squared H2 model reduction

error ∥Glo − G̃ lo∥2H2
is given by

∥Glo−G̃ lo∥2H2
=

n∑
i=1

δT
i

(
Glo(−µi)− G̃lo(−µi)

)
βi−

r∑
i=1

cTi

(
Glo(−λi)− G̃lo(−λi)

)
bi, (2.68)

where βi ∈ ℂm and δi ∈ ℂp are the residue directions of Glo corresponding to s = µi. Using
the error expression in (2.68), one can arrive at interpolation-based necessary conditions for
H2 optimality by taking appropriately defined perturbations of the reduced model poles and
residues [23, 97], [5, Theorem 5.1.1]. These are summarized in the following result.
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Algorithm 2.4.2: Iterative rational Krylov algorithm (IRKA) [97].

Input: E,A,B,C from (2.25), order r (1 ≤ r < n), tolerance ϵ > 0, maximum number

of iteration steps M ≥ 1, initial interpolation points λ
(0)
1 , . . . , λ

(0)
r ∈ ℂ, and

directions b
(0)
1 , . . . , b(0)r ∈ ℂm, c

(0)
1 , . . . , c

(0)
r ∈ ℂp, closed under complex

conjugation such that λ
(0)
k E −A is invertible for all k = 1, . . . , r.

Output: Ẽ, Ã, B̃, C̃—state-space matrices of the converged model (2.55).

1 Iteration count i = 0.

2 while maxj |λ(i+1)
j − λ

(i)
j | > ϵ and i ≤M do

3 Compute interpolatory model reduction bases V ,W ∈ ℝn×r according to
Theorem 2.45 such that(

λ
(i)
k E −A

)−1

Bb
(i)
k ∈ Range (V ) and

(
λ
(i)
k ET −AT

)−1

CTc
(i)
k ∈ Range(W ).

4 Orthonormalize bases V and W :

V ← orth(V ), W ← orth(W ).

5 Compute reduced-order matrices by Petrov-Galerkin projection:

Ẽ(i+1) = W TEV , Ã(i+1) = W TAV , B̃(i+1) = W TB, C̃(i+1) = CV .

6 Compute λ
(i+1)
k ∈ ℂ and b

(i+1)
k ∈ ℂm, c(i+1) ∈ ℂp in (2.67) from the

eigendecomposition of sẼ − Ã and set i← i+ 1.
7 end

Theorem 2.45 (Interpolation-basedH2-optimality conditions for linear systems [23, 97, 142,

217]). Suppose that Glo and G̃ lo are asymptotically linear systems as in (2.25) and (2.55) with

the transfer functions Glo and G̃lo defined according to (2.30), and that G̃ lo has simple poles

λ1, . . . , λr. Let bi ∈ ℂm and ci ∈ ℂp be the corresponding residue directions in (2.67). If G̃ lo
minimizes the H2 error in (2.61), then G̃ lo satisfies the tangential interpolation conditions:

Glo(−λk)bk = G̃lo(−λk)bk,

cTkGlo(−λk) = cTk G̃lo(−λk),

and cTk
d

ds
Glo(−λk)bk = cTk

d

ds
G̃lo(−λk)bk.

(2.69)

for all k = 1, . . . , r. ⋄

In other words: The best linear system approximation is a bi-tangential Hermite interpolant
and tangential Lagrange interpolant at the mirror images of the reduced model poles. The
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corresponding tangential directions are the residue directions of the reduced model transfer
function. Given the optimal interpolation data, one could compute a reduced model using
the interpolatory bases in Theorem 2.43 with σk = −λk, rk = bk, and ℓk = ck for all
k = 1, . . . , r. As with the Wilson framework, the interpolation-based optimality conditions
of Theorem 2.45 depend explicitly on the H2-optimal reduced-order transfer function, which
is not known a priori. To deal with this, Gugercin et al. [97] proposed the iterative ratio-
nal Krylov algorithm (IRKA) for automatically determining the optimal interpolation data;
the method is presented in Algorithm 2.4.2. The algorithm performs iteratively-corrected
projection using the poles and residue directions of the previous reduced model iterate; it re-
peats until the poles stop changing, so that the interpolatory optimality conditions in (2.69)
will be satisfied. It was shown recently in [147] that IRKA can be viewed as a Rieman-
nian gradient descent method with a fixed step size; this perspective can be leveraged to
guarantee convergence of the method under certain conditions. The works [148, 149, 150]
establish interpolatory optimality conditions similar to (2.69) for more general settings, such
as structured or parameter-dependent linear systems.

2.4.3 Balanced truncation model reduction

Balanced truncation model reduction [151, 152] and its variants [46, 61, 69, 92, 96, 114, 159,
244] are the gold standard for linear system approximation. The allure of balancing-based
model reduction stems from the fact that these methods (i) preserve desirable qualitative
features of the full-order system, e.g., asymptotic stability or passivity, and (ii) often provide
error bounds. The original, so-called Lyapunov balanced truncation was first introduced by
Mullis and Roberts [152], and later in the systems and control literature by Moore [151].
Popular variations of the original method are proposed in, e.g. [61, 69, 92, 114]. The essential
ingredients to any balancing-based model reduction are the system Gramians; classically,
these are the (infinite) reachability and observability Gramians introduced in Definition 2.34.
The infinite Gramians satisfy generalized algebraic Lyapunov equations (2.43) and (2.44); in
variants of balanced truncation, the Gramians satisfy generalized algebraic Riccati equations.
Gramians define energy functionals that are thereby used to identify which system states
contribute only marginally to the input-to-output dynamics of a system (2.25) in a pre-
determined sense, i.e., those corresponding to small or large energies. Such states are deemed
insignificant and can be truncated to reduce the model order.

Here, we review the basics behind Lyapunov balanced truncation [151, 152]. Other variants
of balanced truncation—namely, those proposed in [61, 69, 92, 114, 181]—that are the focus
of the results of Chapter 4 are presented therein. Portions of this discussion are taken from
the author’s previous work [182].
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The concept of balancing and Lyapunov balanced truncation

Recall the concepts of reachability and observability as well as the infinite Gramians of
Section 2.3.4. The original formulation of balanced truncation model reduction theory
from [151, 152] is based on the reachability and observability energy functionals ℓr : ℝn → ℝ≥0

and ℓo : ℝn → ℝ≥0 of the linear system (2.25), which are defined as

ℓr (x̌)
def
= min

x(−∞)=0n, x(0)=x̌

1

2

∫ 0

−∞
∥u(τ)∥22 dτ,

ℓo (x̌)
def
=

1

2

∫ ∞

0

∥y(τ)∥22 dτ, where x(0) = x̌, u(t) = 0m.

(2.70)

For a point x̌ ∈ ℝn, ℓr (x̌) is the minimal energy required to drive the dynamics in (2.25) from
x(−∞) = 0n to x(0) = x̌ using a finite energy input u; ℓo (x̌) is the energy produced by the
system (2.25) with initial condition x(0) = x̌ under zero forcing u(t) = 0m. States that are
“difficult to reach” are those that correspond to a large reachability energy ℓr (x̌), whereas
states that are “difficult to observe” are those that correspond to a small observability energy
ℓo (x̌). The cost functionals in (2.70) serve as a quantifiable characterization for how much
each component of the state-space contributes to the input-to-output dynamics of the system.
States that are difficult to reach or difficult to observe are expected to contribute little and
can thus be truncated to reduce the model order with little consequence.

We already know that the reachability and observability Gramians of a system (2.25) charac-
terize its reachable and unobservable subspaces from Lemma 2.36. Significantly, the infinite
Gramians P ∈ ℝn×n and ETQloE ∈ ℝn×n in (2.39) and (2.40) characterize the energy
functionals in (2.70), as well.

Lemma 2.46 (Reachability and observability energy functionals [4, Lemma 4.29]). Consider
an asymptotically stable, minimal linear system Glo in (2.25) and let P ,ETQloE ∈ ℝn×n

be the reachablity and observability Gramians of Glo defined according to (2.39) and (2.40).
Then, for any x̌ ∈ ℝn

ℓr (x̌) =
1

2
x̌TP−1x̌ and ℓo (x̌) =

1

2
x̌TETQloEx̌,

where ℓr and ℓo are the reachability and observability energy functionals defined in (2.70). ⋄

Lemma 2.46 says that (ii) states which are difficult to reach are those that are well ap-
proximated in the span of the eigenvectors of P corresponding to small eigenvalues, and
(ii) states which are difficult to observe are those that are well approximated in the span
of the eigenvectors of ETQloE corresponding to small eigenvalues. Thus, one can reduce
the model order by truncating states that are weakly reachable or weakly observable in this
sense. However, the controllability and observability energies of a state are basis dependent
quantities. Indeed, under a state-space transformation given by z = Tx for T ∈ ℝn×n, the
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matrices P̌ and Q̌lo that define the system Gramians obey the contragradient transformation
laws

P̌ = TPT T and Q̌lo = T−TQloT
−1. (2.71)

Hence, states that are difficult to reach might simultaneously be easy to observe and vice
versa, depending on the basis used to realize the Gramians; see [4, Ex. 7.1] for an illustration
of this dilemma. It is thus natural to ask: Does there exist a basis of ℝn in which states
that are difficult to reach are simultaneously difficult to observe? This is the fundamental
question behind the concept of balancing and balanced truncation model reduction.

Definition 2.47 (Balancing and Hankel singular values [4, Definition 7.2]). Consider an
asymptotically stable, minimal linear system Glo in (2.25) and let P and ETQloE ∈ ℝn×n

be the reachablity and observability Gramians of Glo defined according to (2.39) and (2.40).
We say that the system Glo is balanced if

P = ETQloE = Σ
def
= diag

(
σ1Im1 , σ2Im2 , . . . , σqImq

)
, (2.72)

where σ1 > σ2 > · · · > σq are called the Hankel singular values of Glo, and their multiplicities
mk satisfy m1 +m2 + · · ·+mq = n. ⋄

We call the realization of a system (2.25) in the coordinate system where (2.72) a balanced
realization of the system.

Remark 2.48. From a linear algebraic point of view, balancing means the simultaneous
diagonalization of two symmetric positive (semi) definite matrices [4, Remark 7.1.1]. ⋄

Remark 2.49. The Hankel singular values are often introduced in the literature as the
square roots of the eigenvalues of the products of the system Gramians, i.e.,

σi =
√
λi

(
PETQloE

)
, i = 1, . . . , n,

counted with multiplicity. While these definitions are equivalent, the one above reveals that
the eigenvalues are system invariants because, under the change of coordinate transformation
z = T−1x by T ∈ ℝn×n, it holds that P̌ETQ̌loE = TPETQloET−1. In other words,
equivalent systems have the same Hankel singular values. In fact, these are the singular
values of the so-called Hankel operator of a linear system (2.25); see [4, Section 5.4] for
further discussion. ⋄

The subsequent result states that every asymptotically stable and minimal linear system (2.25)
is equivalent to a balanced system according to Definition 2.47.

Theorem 2.50 (Balancing transformation [4, Section 7.3]). Consider an asymptotically
stable, minimal linear system Glo in (2.25) and let P ,ETQloE ∈ ℝn×n be the reachablity
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and observability Gramians of Glo defined according to (2.39) and (2.40). Let R,Qlo ∈ ℝn×n

be Cholesky factors of P and Qlo so that

P = RRT and ETQloE = LloL
T
lo.

Then, a balancing transformation that achieves (2.72) via (2.32) is given by

T = Σ−1/2UTLT
lo and S = T−1 = RY Σ−1/2, (2.73)

where LT
loER = UΣY T is the singular value decomposition of LT

loER ∈ ℝn×n. Moreover,
the singular values Σ of LT

loER are the Hankel singular values of Glo. ⋄

Proof of Theorem 2.50. Assume without loss of generality that E = In. By multiplying
TS = In, it is readily seen that T = S−1 in (2.73). From (2.71), the transformed Gramians
satisfy

P̌ = Σ−1/2UTLT
lo

(
RRT

)
LloUΣ−1/2 = Σ−1/2UT

(
UΣY T

) (
UΣY T

)T
UΣ−1/2 = Σ.

Likewise, it follows readily that Q̌lo = STQloS = Σ, and that the singular values of LT
loR

are the Hankel singular values of Glo.

It is obvious that, because the Gramians are equal and diagonal in a balanced basis, states
that are weakly reachable are simultaneously weakly observable in this basis. Moreover,
the i-th Hankel singular value σi serves as a precise characterization of how easily a point
in state space x̌ ∈ ℝn is to reach and observe. Indeed, in balanced coordinates (2.72),
Lemma 2.46 reveals that states that are difficult to reach and difficult to observe are exactly
those corresponding to the smallest Hankel singular values. The model order is thereby
reduced by simply truncating the trailing n−r components of the state space; this reduction
can be expressed compactly by writing the system in block form, as given in the following
theorem. The asymptotic stability result is due to Pernebo and Silverman [169], while the
error bound (2.77) is due to Enns [69].

Theorem 2.51 (Balanced truncation model reduction [169, Theorem 3.2], [69]). Consider an
asymptotically stable, minimal, and balanced linear system Glo in (2.25) having the balanced
realization

E = In, A =

[
A11 A12

A21 A22

]
, B =

[
B1

B2

]
, and

[
C1 C2

]
, (2.74)

where the state-space matrices are partitioned according to the system Gramians P = Qlo =
Σ = diag (Σ1,Σ2), with

Σ1 = diag (σ1Im1 , . . . , σrImk
) and Σ2 = diag

(
σk+1Imr+1 , . . . , σqImq

)
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for r = m1 + · · ·+mk. Then, the order-r reduced model

G̃ lo,bt :
{

ẋ1(t) = Ã11x1(t) + B̃1u(t),

ỹlo,bt(t) = C̃1x1(t) + D̃u(t),
(2.75)

obtained via balanced truncation and having the transfer function

G̃lo,bt(s) = C̃1

(
sIr − Ã11

)−1
B̃1 + D̃, (2.76)

is balanced, asymptotically stable, and satisfies the error bound

∥Glo − G̃ lo,bt∥H∞ ≤ 2 (σk+1 + · · ·+ σq) . (2.77)

⋄

By Theorem 2.51, if the trailing q − (k + 1) Hankel singular values are small, then the H∞
model error, and thus the L2 output error by (2.56), is guaranteed to be small as well.
We emphasize that (2.77) is an a priori error bound; in other words, one can compute
the bound (2.77) for an order of reduction r without having to compute the corresponding
BT reduced model. In a practical implementation, balancing and truncation are performed
simultaneously. This approach, called the square-root algorithm for balanced truncation [124,
208], [4, Section 7.4], is presented in Algorithm 2.4.3. The dominant cost of the algorithm
is solving the pair of generalized Lyapunov equations in (2.43) and (2.44). This can be
done exactly using the Bartels-Stewart Algorithm [18], although this requires dense matrix
operations and has O (n3) complexity, which is typically infeasible for systems of order n ⪆
105. Fortunately, the singular values of the system Gramians tend to decay quickly due to
the low-rank right-hand sides in (2.43) and (2.44); see [7, 15, 168]. Thus, the exact Cholesky

factors in Algorithm 2.4.3 can be replaced by approximate, low-rank factors R̃ ∈ ℝn×k1 ,
L̃lo ∈ ℝn×k2 where P ≈ R̃R̃T, Qlo ≈ L̃loL̃

T
lo and k1, k2 ≪ n. These low-rank factors can be

computed very efficiently using sparse matrix operations; see, e.g. [34, 121, 203].

Singular perturbation balancing.

A model reduction technique related to balanced truncation is the singular perturbation
approximation [72, 73, 133, 134]. Let

x =

[
x1

x2

]
, where x1 ∈ ℝr, x2 ∈ ℝn−r,

be the state vector of a balanced linear system (2.25) that satisfies the hypotheses of Theo-
rem 2.51. Because the system is balanced, we haveE = In. Balanced truncation as described
by Theorem 2.51 corresponds to directly truncating the n− r trailing state components, i.e.,
setting x2(t) = 0n−r for all t ≥ 0. By contrast, the singular perturbation approximation
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Algorithm 2.4.3: Square-root algorithm for Lyapunov balanced truncation [4].

Input: E,A,B,C,D from (2.25), order r (1 ≤ r < n).

Output: Ẽ, Ã, B̃, C̃, D̃—state-space matrices of (2.55).

1 Compute Cholesky factors R ∈ ℝn×n and Llo ∈ ℝn×n of P ∈ ℝn×n in (2.39) and
Qlo ∈ ℝn×n in (2.40) from the generalized Lyapunov equations (2.43) and (2.44).

2 Compute the singular value decomposition of LT
loER partitioned according to

LT
loER = UΣY T =

[
U 1 U 2

] [Σ1

Σ2

][
Y T

1

Y T
2

]
,

for Σ1 ∈ ℝr×r, U 1,Y 1 ∈ ℝn×r and Σ2 ∈ ℝ(n−r)×(n−r), U 2,Y 2 ∈ ℝn×(n−r).
3 Compute the model reduction bases W ,V ∈ ℝn×r as

W = LloU 1Σ
−1/2
1 , V = RY 1Σ

−1/2
1 .

4 Compute the reduced model G̃ lo by projection (2.58) using W and V :

Ẽ = Ir,

Ã = Σ
−1/2
1 UT

1

(
LT

loAR
)
Y 1Σ

−1/2
1 ,

B̃ = Σ
−1/2
1 UT

1

(
LT

loB
)
,

C̃ = (CR)Y 1Σ
−1/2
1 ,

and D̃ = D.

(2.78)

instead sets ẋ2(t) = 0n−r for all t ≥ 0. Under this assumption, the trailing n − r states in
the resulting reduced model (2.55) can be rearranged to solve explicitly for x2:

0n−r = A21x1(t) +A22x2(t) +B2u(t) =⇒ x2(t) = −A−1
22 A21x1(t)−B2u(t),

where A22 is invertible by asymptotic stability. Substituting this expression for x2 in the
equations for x1 leads to the balanced singular perturbation approximation

G̃ lo,spa :
{

ẋ1(t) = Ãspax1(t) + B̃spau(t),

ỹlo,spa(t) = C̃spax1(t) + D̃spau(t),
(2.79)
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where Ãspa ∈ ℝr×r, B̃spa ∈ ℝr×m, C̃spa ∈ ℝp×r, and D̃spa ∈ ℝp×m are defined as

Ãspa
def
=
(
A11 −A12A

−1
22 A21

)
,

B̃spa
def
=
(
B1 −A12A

−1
22 B2

)
,

C̃spa
def
=
(
C1 −C2A

−1
22 A21

)
,

D̃spa
def
=
(
D −C2A

−1
22 B2

)
.

(2.80)

The above approximation can be implemented for any coordinate system; it need not be
balanced. When the original system is balanced, however, the balanced singular perturbation
approximation (2.79) has the following properties.

Theorem 2.52 (Singular perturbation balancing [73]). Consider an asymptotically stable,
minimal, and balanced linear system Glo in (2.25) having the balanced realization in (2.74)

for r = m1 + · · · + mk. Then, the order-r reduced model G̃ lo,spa in (2.79) obtained via
the balanced singular perturbation approximation is balanced, asymptotically stable, and
satisfies the error bound (2.77). ⋄

One interesting additional property of the singular perturbation approximation is that it
interpolates the full-order model at s = 0, while the reduced model obtained via balanced
truncation interpolates at s =∞. A square-root or low-rank implementation of the balanced
singular perturbation approximation can also be achieved; see [127] for details.



Chapter 3

On the balanced truncation error
bound

Equality is known to hold in the balanced truncation H∞ error bound (2.77) when only one
Hankel singular value is truncated [69], i.e., Σ2 = σqImq in Theorem 2.51 with r = n−mq, or
when the full-order model Glo is single-input, single-output and state-space symmetric [131],
i.e., Glo has a realization (2.25) satisfying E = In, A = AT, B = CT with m = p = 1.
In this chapter, we establish more general conditions for which the bound (2.77) holds with
equality, thereby providing an exact formula for the error in the reduction.

The results of this chapter, as well as parts of the discussion, are taken from the author’s
previous work [182].

[182] Reiter, S., Damm, T., Embree, M., and Gugercin, S. (2024a). On the balanced trun-
cation error bound and sign parameters from arrowhead realizations. Advances in
Computational Mathematics, 50(1):10.

A preliminary version of the work in this chapter is also available in the author’s M. S.
thesis [189].

First, we provide an example of a system from power systems modeling that motivated the
initial investigation and led to the results in this section.

3.1 A motivating example from power systems model-

ing

A common technique for modeling the frequency response of an electrical power network with
coherent generators—that is, generators that swing in a synchronized fashion in response to
excitations—is to aggregate them into a single effective machine. It is shown in [144, 145]
that for a network of n − 1 coherent generators modeled by the swing equations with first-
order turbine control, the aggregate frequency dynamics are approximated well by an order-n

41
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single-input, single-output linear system Glo as in (2.25) having the transfer function

Glo(s) =
1

m̌+ ď+
∑n−1

i=1
r−1
i

τis+1

. (3.1)

Here, m̌ =
∑n−1

i=1 mi ∈ ℝ and ď =
∑n−1

i=1 di ∈ ℝ denote the aggregate inertia and damping
coefficients of the generators in the network, while τi ∈ ℝ and r−1

i ∈ ℝ denote the time
constant and droop control coefficient of the i-th generator, i = 1 . . . , n − 1. For the
theoretical justification that Glo as defined in (3.1) sufficiently approximates the network
response, see [144, Sec. 2].

There is a natural coordinate system for the model described by (3.1) in which its dynamics
are described by simple expressions involving the physical parameters of the network; this
is obtained by applying [144, Equation 1] to the dynamics [161, p. 3009, Example 2] and
simplifying. In these coordinates, the realization of Glo having the transfer function (3.1) has
an arrowhead form:

A =



−ď
√

r−1
1

m̌τ1
. . .

√
r−1
n−1

m̌τn−1

−
√

r−1
1

m̌τ1
− 1

τ1
...

. . .

−
√

r−1
n−1

m̌τn−1
− 1

τn−1


, B =

1√
m̌
e1, C =

1√
m̌
eT
1 . (3.2)

Apart from its first row, first column, and main diagonal, all of the entries ofA are zero. Note
that A in (3.2) is not state-space symmetric; rather, the realization satisfies a particular sign

symmetry condition A = SATS and B = SCT, where S
def
= diag (+1,−1, . . . ,−1) ∈ ℝn×n.

While applying balanced truncation in Algorithm 2.4.3 to this model problem, we observed
that the H∞ error bound (2.77) was tight—that is, the bound held with equality—for all
orders of reduction. This motivated us to investigate whether the balanced truncation error
bound holds with equality for a more general class of systems than those that are state-
space symmetric. Ultimately, we prove that the bound (2.77) will hold with equality when
the truncated part of the model in (2.74) is a slight generalization of state-space symmetric;
this is a weaker condition than the state-space symmetric case, where the truncated part of
the model is always state-space symmetric.

3.2 The sign symmetry of balanced realizations

We start our discussion by describing an important sign symmetry property of balanced
systems originally characterized in [157, 232], which will be essential for the main result of
this section.
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Theorem 3.1 (Canonical balanced form and sign parameters [4, Sec. 7.4]). Suppose that Glo
is an asymptotically stable and minimal single-input, single-output linear system as in (2.25).
Then, Glo has a balanced realization satisfying the sign-symmetric form

E = In, A = SATS and B = (CS)T, (3.3)

where S = diag (s1, s2, . . . , sn) and si ∈ {±1} for i = 1, . . . , n are the sign parameters of the
linear system Glo. Moreover, the sign parameters si correspond to σj for some j = 1, . . . , q,
and are ordered such that the associated Hankel singular values are non-increasing. ⋄

Like the Hankel singular values, the sign parameters are system invariants. Ober [156, 157]
shows that every asymptotically stable, minimal, single-input, single-output linear system
is equivalent to a balanced system with a realization satisfying (3.3), which we call the
canonical form of a balanced system. In the case of distinct Hankel singular values, i.e.,
q = n, we can explicitly apply the formula [4, Eq. (7.24)] to construct the canonical form of
Glo having the state-space matrices A,B, and C as

Aij =
−γiγj

sisjσi + σj

, Bi = γi, Ci = siγi, i, j = 1, . . . , n. (3.4)

In fact, [157] shows that all single-input, single-output balanced systems are parameterized
by the distinct Hankel singular values σ1, . . . , σn > 0, the signs s1, . . . , sn ∈ {±1}, and the
entries γ1, . . . , γn of B ∈ ℝn. A similar formula holds for systems with repeated Hankel
singular values; see [4, Eq. (7.26)]. We include this formula to emphasize that the sign
symmetry (3.3) is not merely an artifact of the canonical balanced realization; these signs
arise explicitly in the parameterization of all balanced linear systems [157]. Consequently,
multiple sign parameters can correspond to the same Hankel singular value, as is the case
with repeated Hankel singular values; see [136, Section 2.7] for specific details. As we will
show in this section, the importance of these sign parameters and, equivalently, the sign-
symmetry of the canonical balanced form (3.3), is that they provide sufficient conditions for
determining whether the H∞ error bound (2.77) holds with equality. We will also show how
to determine these sign parameters from any (not necessarily balanced) realization of Glo
satisfying the sign-symmetry structure (3.3).

Remark 3.2. Any balanced realization of a system Glo is unique up to orthogonal transfor-
mations of the state space [151], permitting multiple balanced realizations of Glo that obey
the same sign symmetry as (3.3) but with different permutations of the signs on the diagonal
of S. In these realizations, the associated balanced coordinates are generally not ordered in
decreasing significance, in contrast to the canonical form. ⋄

Consider a balanced linear system Glo as in (2.25) having the canonical form (3.3). Since
the reduced model obtained via balanced truncation is independent of the initial system
realization, for the time being, we will assume, without loss of generality, that Glo is already
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balanced with the realization given in (3.3), and so E = In. Define r = m1 + · · · +mk for
1 ≤ k < q, and partition the sign matrix as

S = diag (S1,S2) ,

where
S1 = diag(s1, . . . , sk) and S2 = diag(sk+1, . . . , sn).

Partition A, B, and C as in (2.74), revealing the sign symmetries

A11 = S1A
T
11S1, A12 = S1A

T
21S2, A21 = S2A

T
12S1,

A22 = S2A
T
22S2, B1 = (C1S1)

T, and B2 = (C2S2)
T,

(3.5)

which follow from direct multiplication in (3.3). Therefore, the Lyapunov equations in (2.43)
and (2.44) both have the solution P = Qlo = Σ, i.e.

AΣ+ΣAT +BBT = 0n×n and ATΣ+ΣA+CTC = 0n×n. (3.6)

A special case of systems is those that are state-space symmetric.

Definition 3.3 (State-space symmetric systems [131]). If a linear system Glo has a (not
necessarily balanced) realization satisfying (3.3) with S = In, then we say Glo is state-space
symmetric. In this case, E = In, A = AT and B = CT. ⋄

As stated earlier, the H∞ error bound (2.77) for balanced truncation holds with equality if
only one singular value is truncated [69]. State-space symmetric systems have the property
that the error bound (2.77) holds with equality for any truncation order [131]. Next, we show
that only the truncated part of the model in (2.74) need be a generalization of state-space
symmetric for the bound (2.77) to be tight.

3.3 Generalized conditions for the balanced truncation

error bound to hold with equality

In this section, we show that theH∞ error bound for balanced truncation holds with equality
for a more general class of systems than the state-space symmetric ones just described. In
accordance with the partitioned balanced realization (2.74), we define the truncated system

G̃t :
{

ẋ2(t) = A22x2(t) +B2u(t)
y̌lo(t) = C2x2(t),

(3.7)

having transfer function G̃t(s) = C2 (sIr −A22)
−1B2 and the balanced Gramian(s) Σ2 =

diag
(
σk+1Imk+1

, . . . , σqImq

)
. We refer to (3.7) as the truncated system because its state



3.3. Generalized conditions for the balanced truncation error bound to
hold with equality 45

x2 : ℝ≥0 → ℝn−r contains the state components that are removed in the process of balanced

truncation. Note from (3.5) that the realization of G̃t in (3.7) is also balanced, and satisfies
the sign symmetry conditionA22 = S2A

T
22S2 andB2 = (C2S2)

T. For the results that follow,
we will allow the signs in S1 to vary, but assume that either S2 = In−r or S2 = −In−r.
In other words, we do not assume that Glo is state-space symmetric; we only assume that
the sign parameters corresponding to the truncated Hankel singular values are the same.
In such cases, the truncated system G̃t obeys the state-space symmetry A22 = AT

22 and
B2 = ±CT

2 . We note that this is a slight relaxation of the truncated system (3.7) being
state-space symmetric according to Definition 3.3.

Theorem 3.4 (Conditions for the error bound (2.77) to hold with equality [182, The-
orem 3.1]). Suppose that Glo is an order-n asymptotically stable, minimal, and balanced
single-input, single-output system according to (2.25). Partition the Hankel singular values
of Glo as Σ = diag (Σ1,Σ2) according to (2.74) for r = m1+ · · ·+mk. Conformally partition

the sign matrix, S = diag(S1,S2), with S1 ∈ ℝr×r and S2 ∈ ℝ(n−r)×(n−r). Let G̃ lo,bt denote
the order-r reduced model obtained from Glo via balanced truncation, as in (2.75). If all the
signs in S2 are the same, i.e.,

S2 = diag (+1, . . . ,+1) or S2 = diag (−1, . . . ,−1) , (3.8)

then the truncated Hankel singular values are distinct,

Σ2 = diag (σk+1, . . . , σq) ,

and G̃ lo,bt in (2.75) achieves the H∞ error bound (2.77), i.e.

∥Glo − G̃ lo,bt∥H∞ = 2(σk+1 + · · ·+ σq).

⋄

Proof of Theorem 3.4. Because G̃ lo,bt is obtained via balanced truncation, it satisfies the
upper bound (2.77), and so it suffices to show that this bound is attained for the particular
frequency ω = 0, i.e.,

2 tr (Σ2) = |Glo(0)− G̃lo,bt(0)| =
∣∣CA−1B −C1A

−1
11 B1

∣∣ .
Note that the absolute values come from the fact that Glo and G̃lo,bt are scalar valued when

p = m = 1. First, note that the difference G̃lo,bt(0) − Glo(0) = CA−1B − C1A
−1
11 B1 in

the right-hand side of the above error expression can be expressed in terms of the Schur
complement

A/A11
def
= A22 −A21A

−1
11 A12.
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To see this, define the matrices

M l =

[
Ir 0

−A21A
−1
11 In−r

]
and M r =

[
Ir −A−1

11 A12

0 In−r

]
.

One can verify via the formula for the inverse of a 2 × 2 block matrix [135, Theorem 2.1]
that A−1 = M r diag

(
A−1

11 , (A/A11)
−1
)
M l, and so

G̃lo,bt(0)−Glo(0) = C

(
A−1 −

[
A−1

11 0
0 0

])
B

= C

(
M r

[
A−1

11 0
0 (A/A11)

−1

]
M l −M r

[
A−1

11 0
0 0

]
M l

)
B

= CM r

[
0 0
0 (A/A11)

−1

]
M lB

= tr

([
0 0
0 (A/A11)

−1

]
M lBCM r

)
. (3.9)

This last equality follows from the fact that G̃lo,bt(0)−Glo(0) is a scalar, and that the trace of
the product of matrices is invariant under cyclic permutation. By the sign symmetry (3.3),
we can transform the Lyapunov equation (3.6) into

−BC = −BBTS = AΣS +ΣATS = A(ΣS) +Σ(SAS)S = A(ΣS) + (ΣS)A. (3.10)

Using the partitioning of A as in (2.74), block matrix multiplication reveals M lAM r =
diag (A11, A/A11) . Multiplying (3.10) on the left and right by M l and M r respectively, we
can exploit the triangular structure of these matrices to obtain

−M lBCM r = M l

(
A(M rM

−1
r )(ΣS) + (ΣS)(M−1

l M l)A
)
M r

= (M lAM r)M
−1
r (ΣS)M r +M l(ΣS)M−1

l (M lAM r)

=

[
A11 0
0 A/A11

] [
S1Σ1 ⋆
0 S2Σ2

]
+

[
S1Σ1 0
⋆ S2Σ2

] [
A11 0
0 A/A11

]
.

(Entries indicated by ⋆ are irrelevant.) Inserting this expression into (3.9) and again using
invariance of the trace under cyclic permutations, we obtain

G̃lo,bt(0)−Glo(0) = tr

([
0 0
0 (A/A11)

−1

] [
A11 0
0 A/A11

] [
S1Σ1 ⋆
0 S2Σ2

])
+ tr

([
0 0
0 (A/A11)

−1

] [
S1Σ1 0
⋆ S2Σ2

] [
A11 0
0 A/A11

])
= 2 tr

([
0 0
0 S2Σ2

])
= 2 tr(S2Σ2).
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Thus, if S2 = ±In−r then |Glo(0) − G̃lo,bt(0)| = 2 tr(Σ2) and hence the bound (2.77) is
sharp. To see that the Hankel singular values are distinct, note that the conclusion that
|Glo(0)−G̃lo,bt(0)| = 2 tr (Σ2), along with the fact that ∥Glo−G̃ lo,bt∥H∞ ≤ 2 (σk+1 + · · ·+ σq),
necessarily implies that mk+1 = · · · = mq = 1. Otherwise, the magnitude 2 tr(Σ2) would
exceed the bound in (2.77). We thus conclude that

∥Glo − G̃ lo,bt∥H∞ = 2 (σk+1 + · · ·+ σq) ,

completing the proof.

This result neatly generalizes the sharpness of the balanced truncation error bound when
only one Hankel singular value is truncated: in this case, the hypothesis of Theorem 3.4 is
always satisfied, since the truncated system contains only one distinct sign parameter.

Remark 3.5. Theorem 3.4 can also be deduced by adapting results from [160], which proves
an H∞ lower bound on the error in balanced truncation model reduction for systems with
semi-definite Hankel operators. While [160, Proposition 13] is stated for systems that are
semi-definite, its proof only requires that the truncated system is semi-definite. With this
insight, we can apply [160, Corollary 14] to the systems in Theorem 3.4, showing that the
lower bound on the error in [160, Corollary 14] holds with equality. ⋄

We illustrate Theorem 3.4 with a synthetic example showing how the balanced truncation er-
ror bound holds with equality when the truncated system obeys the sign consistency in (3.8).

Example 3.6 (An example with flipped signs and a strict bound). We construct a linear
system Glo of order n = 4 in its canonical form (3.4). Start by specifying the system’s Hankel
singular values

Σ = diag(101, 100, 10−1, 10−2),

the corresponding sign parameters

S = diag(1, 1,−1,−1),

and the entries γi of B ∈ ℝ4

γ1 = 1, γ2 = 2, γ3 = 3, γ4 = 4.

Since the Hankel singular values of the construction Glo are distinct, we can apply the for-
mula (3.4) to construct its canonical balanced realization explicitly. The system Glo is asymp-
totically stable, minimal, and balanced by construction, having the canonical form

A =


−0.05 −0.18 0.30 0.40
−0.18 −2.00 6.67 8.08
−0.30 −6.67 −45.00 −109.09
−0.40 −8.08 −109.09 −800.00

 , B =


1
2
3
4

 , CT =


1
2
−3
−4

 .
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Table 3.1: H∞ norm of the error system, compared to the balanced truncation upper
bound (2.77) for a system where the hypothesis (3.8) of Theorem 3.4 holds for r = 2 and
r = 3, but not for r = 1.

∥Glo − G̃ lo,bt∥H∞ 2(σr+1 + · · ·+ σn)

r = 1 1.780× 100 2.220× 100

r = 2 2.200× 10−1 2.200× 10−1

r = 3 2.000× 10−2 2.000× 10−2

We compute reduced order models via balanced truncation of orders r = 1, 2, 3. The partition
of Glo above highlights the truncation order r = 2 to expose the sign symmetry of the
truncated system. Table 3.1 compares the H∞-norm of the error system to the balanced
truncation upper bound (2.77). For reduction to orders r = 2 and r = 3, the condition (3.8) is
met, and the balanced truncation bound holds with equality, as guaranteed by Theorem 3.4.
However, for reduction to order r = 1, the truncated system does not obey the required sign
consistency (3.8), and the upper bound (2.77) holds with a strict inequality. ⋄

As a consequence of Theorem 3.4, we will show that the H∞ error bound (2.77) also holds
with equality when performing singular perturbation balancing (2.79), provided the sign
parameters of the system Glo satisfy (3.8). Opmeer and Reis make this observation in [160,
Section V.A], also using the concept of reciprocal system as in the proof below, but in a
slightly different manner.

Theorem 3.7. Suppose that Glo is an order-n asymptotically stable, minimal, and balanced
single-input, single-output system according to (2.25). Partition the Hankel singular values
of Glo as Σ = diag (Σ1,Σ2) according to (2.74) for r = m1+ · · ·+mk. Conformally partition

the sign matrix, S = diag(S1,S2), with S1 ∈ ℝr×r and S2 ∈ ℝ(n−r)×(n−r). Let G̃ lo,spa be the
order-r balanced singular perturbation approximation of Glo defined according to (2.79). If all

the signs in S2 are the same, as in (3.8), then G̃ lo,spa in (2.79) achieves the error bound (2.77):

∥Glo − G̃ lo,spa∥H∞ = 2(σk+1 + · · ·+ σq).

⋄

Proof of Theorem 3.7. Without loss of generality, assume that Glo is balanced with the
canonical form satisfying (3.3). It is shown in [134, Theorem 3.2] that the model reduction

error from the r-th order balanced singular perturbation approximation G̃ lo,spa to Glo can be
written as

∥Glo − G̃ lo,spa∥H∞ = ∥Ĝ lo − Ĝ lo,bt∥H∞ ,

where Ĝ lo is the reciprocal system of Glo, which is itself a linear system (2.25) having the

realization Ĝ lo = (A−1,A−1B,CA−1, D̃spa). In fact, by [134, Lemma 3.1], the given realiza-

tion of Ĝ lo is balanced with the Gramian Σ, and so the Hankel singular values of Ĝ lo are the
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same as those of the original system Glo. Moreover, it is obvious that the reciprocal system
obeys the same sign symmetry condition (3.3) as the original, that is A−1 = SA−TS, where
S carries the sign parameters of Glo in (3.3), and

A−1B = SA−TSSCT =
(
CA−1S

)T
.

Then, the submatrices of the reciprocal system partitioned according to (2.74) satisfy those

in (3.5). This shows that Ĝ lo satisfies the hypotheses of Theorem 3.4. Applying the result of

Theorem 3.4 to Ĝ lo and Ĝ lo,bt, we conclude that

∥Glo − G̃ lo,spa
∥∥
H∞

= ∥Ĝ lo − Ĝ lo,bt∥H∞ = 2(σk+1 + · · ·+ σq),

thus completing the proof.

3.4 On the sign parameters of a linear system

Theorem 3.4 shows that the balanced truncation H∞ error bound (2.77) holds with equality
when the truncated sign parameters are consistent, i.e., S2 = ±In−r. One could check this
condition by computing the canonical balanced form described in Theorem 3.1, although it
may not always be feasible to compute a full balancing transformation. Recall the power
systems example introduced in Section 3.1; the realization in (3.2) is not balanced, but
satisfies a sign symmetry condition

E = In, A = ŠATŠ, B =
(
CŠ

)T
for Š = diag (š1, . . . , šn) ∈ ℝn×n. (3.11)

with š1 = +1 and ši = −1, i = 2, . . . , n for this example. Without any further investiga-
tion, it does not follow that the signs ši = ±1 in Š are the sign parameters of the linear
system because the corresponding realization is not balanced. However, one can verify com-
putationally that s1 = š1 = +1 and si = ši = −1, i = 2, . . . , n, suggesting that this is in
fact the case. We prove this fact here; in other words, we show that the sign parameters
of a single-input, single-output linear system satisfying the hypotheses of Theorem 3.1 can
be ascertained (up to a permutation) from any (not necessarily balanced) realization of the
system that satisfies a sign-symmetry condition such as (3.3). We then strengthen this result
for a class of systems with arrowhead representations, such as (3.2).

To show this, we recall the cross Gramian Xc ∈ ℝn×n of a single-input, single-output linear
system (2.25) from Definition 2.37. Because such a system has a scalar-valued transfer
function, the system is trivially square and symmetric, and so Xc is well defined. From [75],
it holds that Xc = (PQlo)

1/2, and so the eigenvalues of Xc are real. This is because they
are the square roots of the eigenvalues of a positive semi-definite matrix. As it turns out,
the sign parameters of a linear system Glo in this setting are given analytically by the signs
of the eigenvalues of the cross Gramian, i.e.

si = sign (λi (Xc)) , i = 1, . . . , n, λ1 (Xc) ≥ λ2 (Xc) ≥ · · · ≥ λn (Xc) , (3.12)
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where si is the i-th sign parameter of Glo in (3.3). This fact can be obtained by combining
results from [136] with [4, Lemma 5.6]. It can be shown that the Hankel singular values of a
system Glo are the unsigned eigenvalues of its cross Gramian [136, Section 2.7], so that the
given ordering λi (Xc) is consistent with that of the system’s Hankel singular values.

Using (3.12), we can now inspect the eigenvalues of the cross Gramian Xc to determine
whether a system’s sign parameters obey the hypotheses of Theorem 3.4. This leads to the
following result.

Theorem 3.8. Let Glo be an order-n asymptotically stable and minimal single-input, single-
output system, as in (2.25). Suppose Glo has a realization satisfying the generalized sign
symmetry condition (3.11) with signs ši ∈ {±1} for i = 1, . . . , n. Then there exists a
permutation π = (π1, π2, . . . , πn) of (1, 2, . . . , n) such that

sπi
= ši, i = 1, . . . , n.

That is, the signs š1, . . . , šn are a permutation of the sign parameters s1, . . . , sn of Glo. ⋄

Proof of Theorem 3.8. Consider the realization (3.11) of the linear system Glo. Applying the
sign symmetry property and multiplying (2.46) on the left by Š reveals

0n×n = Š (AXc +XcA+BC) = ŠAXc + ŠXc(ŠA
TŠ) + (ŠB)(ŠB)T

=
(
ŠAŠ

) (
ŠXc

)
+
(
ŠXc

) (
ŠATŠ

)
+
(
ŠB

) (
ŠB

)T
.

Note that
(
ŠB

) (
ŠB

)T
is symmetric positive semi-definite. Because Glo is asymptotically

stable and minimal, Lyapunov’s theorem [4, sect. 6.2] implies that X̌c
def
= ŠXc is symmetric

positive definite. Then, we claim that the sign pattern of Š determines the signs of the
eigenvalues of Xc. To see this, let λ (Xc) denote the spectrum of Xc and observe that

λ (Xc) = λ
(
ŠX̌c

)
= λ

(
X̌1/2

c ŠX̌cX̌
−1/2
c

)
= λ

(
X̌1/2

c ŠX̌1/2
c

)
.

Thus Š is a congruence transformation of Xc, and hence by Sylvester’s law of inertia [4,
Prop. 6.15] Š and Xc have the same number of positive and negative eigenvalues. Recall-
ing (3.12), there must exist some permutation π = (π1, π2, . . . , πn) of (1, 2, . . . , n) such that
sπi

= ši for i = 1, . . . , n. The permutation stems from the fact that Sylvester’s law of iner-
tia determines the signs of the eigenvalues of Xc; it does not tell us anything about their
magnitude.

Theorem 3.8 says that the sign pattern of Š in the realization (3.11) reveals the sign parame-
ters of the corresponding linear system (2.25). As illustrated with the example in Section 3.1,
such a realization may be directly obtained via the modeling process or some underlying con-
servation laws. The realization (3.11) does not, however, indicate the ordering of the sign
parameters with respect to the Hankel singular values. There exists a permuted realization
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x1

x2

x3

x4

x5

x6

u

ylo

Figure 3.1: An arrowhead network with n = 6, with input u and output ylo restricted to
state x1.

that reveals the canonical ordering of the sign parameters of Glo; that is, the Hankel singular
values to which they correspond are non-increasing. Next, we study a special class of sys-
tems having an arrowhead structure for which, under some mild assumptions, the result of
Theorem 3.8 can be strengthened.

3.5 Systems with arrowhead realizations

In this section, we apply the result of Theorem 3.8 to linear systems with arrowhead realiza-
tions. In general, we say a single-input, single-output linear system Glo as in (2.25) has an
arrowhead realization if it has a realization (In,A,B,C,D) where

A =


δ1 α2 · · · αn

β2 δ2
...

. . .

βn δn

 , B = γe1, and C = eT
1 , (3.13)

where αi, βi, δi ∈ ℝ and γ ∈ ℝ is nonzero. Occasionally, we refer to systems having arrowhead
realizations as arrowhead systems. Systems with arrowhead realizations arise in network
models where the internal state variables interact as in Figure 3.1, with the input u and
output ylo directly interacting only with the first state variable, x1. The example from
Section 3.1 having the realization (3.2) is a specific instance of the general structure in (3.13).

First, we present some useful facts regarding arrowhead systems. Let

α =
[
α2 · · · αn

]
∈ ℝ1×(n−1),

β =
[
β2 · · · βn

]T ∈ ℝ(n−1)×1,

and ∆ = diag (δ2, . . . , δn) ∈ ℝ(n−1)×(n−1).
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IfA ∈ ℝn×n has the arrowhead form (3.13) with δi ̸= 0 for all i = 2, . . . , n, and δ1−α∆−1β ̸=
0, then the inverse of the arrowhead matrix A can be expressed as a diagonal matrix plus a
rank-one update [197]:

A−1 =

[
0 0
0 ∆−1

]
+ ρ

[
−1

∆−1β

] [
−1 α∆−1

]
, (3.14)

where

ρ =
1

δ1 −α∆−1β
.

This expression follows from the Sherman–Morrison–Woodbury formula [86, p. 65]; though
most easily derived when δ1 ̸= 0, the formula holds even when δ1 = 0. While we have stated
the formula for arrowhead matrices having real entries, (3.14) holds when the nonzero entries
of A are complex-valued, as well. Applying (3.14) to the transfer function (2.30) of a system
having an arrowhead realization (3.13) leads to the revealing form

Glo(s) =
γ

s− δ1 −
∑n

i=2
αiβi

s−δi

. (3.15)

Any system having a transfer functionGlo with the general form (3.15) has an arrowhead real-
ization given by (3.13). Conversely, given any system having an arrowhead realization (3.13),
the transfer function Glo can be expressed in the form (3.15).

The entries of the arrowhead matrix in (3.13) reveal whether or not the corresponding
arrowhead realization is minimal.

Lemma 3.9. Let Glo be an order-n asymptotically stable and minimal single-input, single-
output system, as in (2.25) having the arrowhead realization in (3.13). Then

1. The pair (A,C) is observable if and only if δi ̸= δj for i ̸= j and αT ̸= 0n−1.

2. The pair (A,B) is reachable if and only if δi ̸= δj for i ̸= j and β ̸= 0n−1. ⋄

Proof. By the duality principle, Theorem 2.33, it suffices to prove the statement about
observability, since the dual of Glo is also an arrowhead system. By the Hautus test [245,
Theorem 4.15], the pair (A,C) is not observable if and only if there exists an eigenvector
v ̸= 0n of A such that Cv = eT

1 v = 0n due to the structure of the realization (3.13), i.e.,
v1 = 0. We prove the necessary condition by the contrapositive implication. If αj = 0, for
some j = 2, . . . , n, then v = ej ∈ ℝn is an eigenvector of A with v1 = 0. If δi = δj and
αi ̸= 0, αj ̸= 0 for i ̸= j, then αjei − αiej is an eigenvector of A with v1 = 0. In both cases,
(A,C) is not observable by the previous application of the Hautus test.

We now prove sufficiency of the conditions by contradiction. Suppose that δi ̸= δj for i ̸= j,
αj ̸= 0 for j = 2, . . . , n, and for the sake of contradiction, that (A,C) is not observable.
Again by the Hautus test, there exists an eigenvector v ̸= 0n of A such that Cv = 0n, and
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so v1 = 0. The eigenvector condition Av = λv with v1 = 0 implies that δjvj = λvj for
j = 2, . . . , n. Hence, vi ̸= 0 for exactly one i ∈ {2, . . . , n}, otherwise we would have v = 0n.
Without loss of generality, take vi = 1 so that v = ei. But then Av = Aei = αie1 + δiei,
and so v is not an eigenvector of A since αi ̸= 0. It follows that (A,C) is observable by
contradiction.

From Lemma 3.9, it follows straightforwardly that an arrowhead system is minimal if and
only if αi and βi are nonzero for all i = 2, . . . , n and δi ̸= δj for all i ̸= j. We are now in a
position to apply Theorem 3.8 to these arrowhead systems.

Corollary 3.10 (Sign parameters from arrowhead realizations). Let Glo be an order-n,
asymptotically stable, and minimal single-input, single-output system with an arrowhead
realization (3.13). Then there exists a permutation π = (π1, π2, . . . , πn) of (1, 2, . . . , n) such
that the sign parameters of Glo are given by

sπ1 = sign(γ), and sπi
= sign(γαiβi), i = 2, . . . , n.

⋄

Proof. First, note that any arrowhead realization of the form (3.13) can be made to satisfy
the generalized sign symmetry condition (3.11) via an appropriate diagonal change of basis.
In particular, let

T =
√
|γ| diag

(
1,
√

|β2|
|α2| , . . . ,

√
|βn|
|αn|

)
. (3.16)

Then it follows that the transformed system

As = T−1AT =


δ1 sign(α2)

√
|α2β2| · · · sign(αn)

√
|αnβn|

sign(β2)
√
|α2β2| δ2

...
. . .

sign(βn)
√
|αnβn| δn

 ,

Bs = T−1B = sign(γ)
√
|γ|e1, Cs = CT =

√
|γ|eT

1

satisfies (3.11) with the sign matrix

Š = diag (sign(γ), sign(γα2β2), . . . , sign(γαnβn)) .

In other words, the transformed arrowhead realization is such that As = ŠAT
s Š and Bs =(

CsŠ
)T
. Therefore, the entries of the sign matrix Š above are entirely determined by the

signs of γ and the off-diagonal entries {αi} and {βi} of the arrowhead matrix. Since Glo is
asymptotically stable and minimal by hypothesis, we can apply Theorem 3.8 to obtain the
stated result.
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Corollary 3.10 is stated for systems having the particular structure in (3.13). While this
structure differs slightly from the power system model in (3.2), the two models are related
by the simple diagonal state space transformation (3.16), and the corollary applies to both.

3.6 A special case of arrowhead systems

We return now to the power systems example from Section 3.1 that motivated our study. For
these systems, we first observed numerically that the balanced truncation error bound (2.77)
was tight for all orders of reduction, and then noticed that the truncated part of the model
in these systems’ canonical balanced forms obeyed the sign pattern hypothesis (3.8) in The-
orem 3.4. Applying Corollary 3.10 to this power system model Glo with realization (3.2)
guarantees that

sπ1 = sign
(

1√
m̌

)
= +1, sπi

= sign

(
−
√

r−1
i−1

m̌τi−1

)
= −1, i = 2, . . . , n.

However, numerically we observed that s1 = +1 and si = −1 for all i = 2, . . . , n, suggesting
that the permutation π given in the statement of Corollary 3.10 is the identity. This turns
out to be true; we next show that this pattern holds in a more general setting. Specifically, if
a system Glo has an arrowhead realization (3.13) such that the diagonal entries as well as the
signs of the products of the off-diagonal entries are negative, i.e., δi < 0 for all i = 1, 2, . . . , n
and sign(αiβi) = −1 for all i = 2, . . . , n, then the trailing n − 1 sign parameters of the
arrowhead system Glo are identical.

Corollary 3.11 (Conditions for a single sign flip after the first parameter). Let Glo be an
order-n asymptotically stable, minimal, single-input, single-output system as in (2.25) with
an arrowhead realization as in (3.13). Suppose further that the arrowhead realization (3.13)
is such that sign(αiβi) = −1 for all i = 2, . . . , n and δi < 0 for all i = 1, . . . , n. Then the
sign parameters of Glo are given by

s1 = sign(γ), si = − sign(γ), i = 2, . . . , n.

Moreover, the Hankel singular values of Glo are distinct. ⋄

Proof. Without loss of generality, suppose that sign(γ) = +1. If the given arrowhead re-
alization of Glo is such that the permutation π in Corollary 3.10 is the identity, then the
result follows trivially. Otherwise, Corollary 3.10 only guarantees that Glo has one positive
sign parameter and n− 1 negative sign parameters. We claim that the positive sign param-
eter corresponds to the dominant eigenvalue of the cross Gramian, i.e., s1 = +1. As noted
in [4, Remark 5.4.3], 2 tr (Xc) = − tr(CA−1B). Since B = γe1 and C = e1 in the given
realization (3.13), the formula (3.14) reveals

CA−1B =
γ

δ1 −
∑n

i=2
αiβi

δi

.
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Since this quantity is a scalar, CA−1B = tr
(
CA−1B

)
. The hypothesis that δi < 0 for all

i = 1, . . . , n, along with the assumption that sign(γ) = +1 implies

tr
(
CA−1B

)
= CA−1B =

γ

δ1 −
∑n

i=2
αiβi

δi

< 0.

Thus, tr(Xc) = −1
2
tr
(
CA−1B

)
> 0. Because the trace of Xc is equal to the sum of its

eigenvalues and Xc has only one positive eigenvalue, the dominant eigenvalue of Xc must
be the positive one. Thus we conclude that s1 = +1 and si = −1, for all i = 2, . . . , n.
Theorem 3.4 further implies that the n − 1 trailing Hankel singular values of Glo, and thus
all Hankel singular values of Glo, are distinct. For the case of sign(γ) = −1, the proof follows
nearly identically by noting that tr (Xc) = −1

2
tr
(
CA−1B

)
< 0, which shows that s1 = −1

and si = +1 for all i = 2, . . . , n by the same logic as above.

Corollary 3.11 implies that the trailing sign parameters of the systems described here are
consistent, and can be determined directly from the off-diagonal entries of the arrowhead
matrix using the formula

s1 = sign(γ), si = sign(γαiβi), i = 2, . . . , n.

In other words, the sign parameters of systems having an arrowhead realization satisfying
the hypotheses of Corollary 3.11 exhibit a single sign flip after the first parameter, and so
these systems obey the necessary sign consistency conditions in Theorem 3.4 for all orders
of reduction: the balanced truncation H∞ error bound (2.77) will always hold with equality.

Example 3.12. We illustrate Theorem 3.4 and Corollary 3.11 with a particular example of
the power system model presented in Subsection 3.1. Consider a network with n − 1 = 4
coherent generators. Take m̌ = 0.044, ď = 0.038,

(r−1
1 , r−1

2 , r−1
3 , r−1

4 ) = (0.013, 0.014, 0.022, 0.025),

and
(τ1, τ2, τ3, τ4) = (5.01, 6.82, 7.38, 7.79).

Since the physical parameters associated with the system are all positive, Corollary 3.11
implies, for the realization of Glo given by (3.2), that the sign parameters are

s1 = sign
(

1√
m̌

)
= +1, si = sign

(
−
√

r−1
i−1

m̌τi−1

)
= −1, i = 2, . . . , 5. (3.17)

These signs can be verified by computing a balanced realization of Glo satisfying the symmetry
condition (3.3) with the sign matrix

S = diag(1,−1,−1,−1,−1).
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Table 3.2: H∞ norm of the error system, compared to the balanced truncation upper
bound (2.77) for a power system, n = 5.

∥Glo − G̃ lo,bt∥H∞ 2(σr+1 + · · ·+ σn)

r = 1 1.747× 101 1.747× 101

r = 2 7.067× 10−2 7.067× 10−2

r = 3 1.697× 10−4 1.697× 10−4

r = 4 8.248× 10−8 8.248× 10−8

The Hankel singular values of Glo with transfer function Glo in (3.1) are

Σ = diag(11.63, 7.13, 3.53× 10−2, 8.48× 10−5, 4.12× 10−8).

We construct the canonical balanced realization of Glo using the formula (3.4), then compute
order-r approximations via balanced truncation to Glo for r = 2, 3, and 4. Under these
conditions, the truncated systems obey the sign consistency in (3.8) for each r. As in
Example 3.6, we highlight this symmetry by partitioning the system for r = 3:

A =


−0.9913 0.5924 −0.0467 0.0020 0.0000
−0.5924 −0.0216 0.0087 −0.0004 −0.0000
0.0467 0.0087 −0.1800 0.0157 0.0003
−0.0020 −0.0004 0.0157 −0.1437 −0.0062
−0.0000 −0.0000 0.0003 −0.0062 −0.1372

 ,

B =


−4.8009
−0.5552
0.1126
−0.0049
−0.0001

 , CT =


−4.8021
0.5552
−0.1126
0.0049
0.0001

 , D = 0.

Table 3.2 compares the H∞ norm of the error system to the balanced truncation upper
bound (2.77). Because the trailing sign parameters of Glo are all −1, we can perform trun-
cation at any order r ≥ 1 and the truncated system will satisfy the sign requirements (3.8)
of Theorem 3.4. Thus, the balanced truncation error bound holds with equality for approx-
imations of all orders. ⋄

3.7 Conclusions

In this chapter, it is shown that the balanced truncation error bound (2.77) holds with
equality for SISO systems satisfying the sign consistency condition (3.8), providing an explicit
formula for the approximation error in terms of the system’s Hankel singular values. This
analysis generalizes an earlier result for state-space symmetric systems from [131]. It is
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additionally proven that the sign parameters corresponding to a system’s Hankel singular
values are determined by the generalized state-space symmetry property (3.11) of the system.
This result is strengthened for a special class of arrowhead systems, illustrated by a model
of coherent generators in power systems. From these results, one can verify whether the sign
consistency condition (3.8) in Theorem 3.4 holds and thus whether or not the corresponding
order-r balanced truncation approximation achieves the H∞ error bound (2.77).



Chapter 4

Data-driven balancing: What to
sample for various balancing-based
reduced models

4.1 Introduction

We shift our attention in this chapter to data-driven formulations of balancing-based model
reduction. The classical Lyapunov balanced truncation (BT), which was discussed in the
previous chapter, and its variants are intrusive; that is, they require an explicit state-space
realization (E,A,B,C) of the full-order model dynamics (2.25) to compute a reduced-order
model (2.55) by Petrov-Galerkin projection. In complex applications, however, explicit com-
putational models of the form (2.25) may be either difficult to obtain or wholly unavailable.
Rather, the underlying system is only accessible in the form of data. Certain data-driven
methodologies for reduced-order modeling are non-intrusive insofar as they construct low-
dimensional surrogates such as (2.55) from input-to-output invariants, e.g., evaluations of
the transfer function (2.30). The recent work [89] develops a data-driven reformulation of
Lyapunov BT for LTI systems (2.25), called quadrature-based balanced truncation (QuadBT),
that is able to construct approximate BT reduced models using only evaluations of the trans-
fer function (2.30). As the major theoretical contribution of this chapter, we generalize the
QuadBT framework to other types of balanced truncation model reduction. Specifically,
we develop data-driven (quadrature-based) reformulations of balanced stochastic truncation
(BST) [61, 92, 93], positive-real or passivity-preserving balanced truncation (PRBT) [61],
bounded-real balanced truncation (BRBT) [159], and frequency-weighted balanced trunca-
tion (FWBT) [69, 116, 244] for first-order linear systems (2.25). We also develop a specially
tailored data-driven formulation of position-velocity balanced truncation (sopvBT) [181] for
the structured surrogate modeling of second-order linear systems. These results lay the the-
oretical foundation for the construction of various BT reduced models directly from input-
output invariant frequency-response data.

The results of Sections 4.2 and 4.3 in this chapter are also available in the preprint [184],
which has been provisionally accepted for publication in Automatica.

[184] Reiter, S., Gosea, I. V., and Gugercin, S. (2023). Generalizations of data-driven balanc-
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ing: what to sample for different balancing-based reduced models. arXiv, 2312.12561.

The results of Section 4.5 will be available in a preprint that is in preparation [187].

[187] Reiter, S. and Werner, S. W. R. (2025a). Data-driven balanced truncation for second-
order systems with generalized proportional damping. In preparation.

4.1.1 Literature review

A variety of methods for data-driven modeling based on different types of data and prob-
lem formulations have emerged in recent years. Not all are based on balanced truncation;
nonetheless, we briefly overview a collection of them here for completeness. For the ease of
presentation, we assume henceforth that E = In without loss of generality.

For time-domain data such as discretely-sampled state trajectories, one can apply the dy-
namic mode decomposition [10, 174, 200, 213], which is a special instance of the more general
framework of operator inference [27, 164, 167, 179, 202]. Roughly speaking, these methods
perform a least squares fit to trajectory data to learn some reduced-order matrix operators
that explain the underlying dynamics. For frequency-domain data such as transfer function
evaluations, one can apply the Loewner interpolation framework [139, 166, 172], the vector-
fitting method for rational least-squares fitting of the data [65, 100, 227], or methods based
on barycentric rational forms that combine interpolation and least-squares [90, 153].

This chapter will focus on data-driven formulations of balanced truncation. In the original
BT paper [151], Moore motivated a data-based implementation of (approximate) balanced
truncation using time-domain trajectories. The balanced proper orthogonal decomposition
(POD) method [191, 204, 229] approximately recovers the reachability and observability
Gramians P and Qlo via numerical quadrature rules constructed from time- or frequency-
domain snapshots of the state. Although it is a data-driven method, balanced POD is still
intrusive insofar as it is projection-based and uses state trajectories that depend on a par-
ticular realization of the full-order model. Other approximate methods for BT that use
numerical quadrature rules for approximating the system Gramians are proposed in [35, 45].
We also mention the empirical Gramian framework of [107, 108, 122]. The so-called empir-
ical Gramians that are used in these works can be viewed as an extension of the classical
system Gramians for nonlinear and parameter-dependent systems that facilitate data-driven
computation. As with balanced POD, these methods use realization-dependent state tra-
jectories, not input-to-output invariants. The eigensystem realization algorithm [115] uses
input-to-output invariant impulse responses, which are based on the time domain, but we are
primarily interested in frequency-domain methods. By contrast, the QuadBT method [89]
constructs approximate Lyapunov BT reduced models entirely from input-to-output invari-
ant transfer function data. The fundamental innovation of [89] is to implicitly use low-rank
factors derived from numerical quadrature rules applied to P in (2.41) and Qlo in (2.42)
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in place of the exact Cholesky factors R and Llo in Algorithm 2.4.3. These low-rank fac-
tors are never explicitly formed; rather, the quadrature-based approximations to (2.78) that
result from this replacement are computable entirely from data. Using similar ideas, a data-
driven implementation of the balanced singular perturbation approximation presented in
Section 2.4.3 was developed in [127].

4.1.2 Chapter contents

The essential quantities in any balancing-based model reduction are Gramians : A pair of
symmetric positive (semi-)definite matrices that obey the contragradient transformation laws
in (2.71). Balancing is just the simultaneous diagonalization of two such matrices. Recall
from Section 2.4.3 that in the classical (Lyapunov) BT due to [151, 152], these are the
reachability and observability Gramians that uniquely satisfy the dual algebraic Lyapunov
equations (ALEs) in (2.43) and (2.44). In variants of balanced truncation, the Gramians often
satisfy algebraic Riccati equations (AREs). Once the relevant Gramians—that is, relevant
to the type of BT being performed—are specified, any variant of BT proceeds identically
according to Algorithm 2.4.3. The same can be said for the BT-MOR of second-order systems;
see Section 4.5. By exploiting this insight, we develop here theoretical extensions of the
(quadrature-based) data-driven balancing framework from [89] to other types of BT-MOR.

In the first part of this chapter, extensions of QuadBT for first-order linear systems (2.25)
are considered. Section 4.2 presents an abstract framework for (intrusive) Lyapunov bal-
anced truncation wherein the relevant Gramians satisfy a generic pair of ALEs. Unlike the
traditional BT, these Gramians can be respectively interpreted as the reachability and ob-
servability Gramians of a pair of related linear systems that are not necessarily the underlying
full-order model Glo. At least each of the first-order BT variants covered in Section 4.3—
namely BST, PRBT, and BRBT—can be interpreted under this abstract formulation. By
replacing the exact square-root factors of the abstract Gramians with appropriately cho-
sen quadrature-based factors, we show how to compute the reduced-order quantities that
determine a BT-ROM from certain transfer function data. This leads to a generalized frame-
work for quadrature-based balancing, which we call generalized QuadBT (GenQuadBT). The
theoretical and algorithmic formulations of GenQuadBT are presented in Theorem 4.1 and
Algorithm 4.2.2. In Section 4.3 we interpret GenQuadBT in the settings of BST, PRBT, and
BRBT; see Theorems 4.5, 4.9, and 4.13. Unlike [89], the data required to recover each type of
BT reduced model are not necessarily evaluations of the underlying system’s transfer func-
tion; rather, they are determined by the pair of Gramians being balanced. Specifically, these
data are evaluations of various spectral factors associated with the full-order model transfer
function. In contrast to QuadBT, it is not clear how to evaluate these spectral factors in
practice. Nonetheless, our results lay the theoretical foundation for data-driven implemen-
tations of BST, PRBT, and BRBT. Section 4.4 presents a quadrature-based formulation of
the frequency-weighted balanced truncation (FWBT) developed by Enns [69, 116] and the
self-weighted balanced truncation of Zhou [244] as a special case. We show that computing a
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frequency-weighted BT-ROM requires sampling the underlying transfer function Glo as well
as the associated input- and output-frequency weights Gi and Go. Finally, in Section 4.5, we
derive a specially tailored extension of QuadBT for second-order dynamical systems. Specif-
ically, this is a data-driven reformulation of the position-velocity BT (sopvBT) from [181].
The method applies to any system that exhibits a type of generalized proportional damping.
Throughout the chapter, numerical experiments serve as a proof of concept and validate the
data-based BT-ROMs.

4.2 Generalized quadrature-based balancing

In this section, we develop a generalized framework for quadrature-based (data-driven) bal-
ancing that is applicable to each of the BT-variants for LTI systems (2.25) mentioned in
Section 4.1, namely BST, PRBT, and BRBT. Traditional formulations of these variants are
intrusive insofar as they require a state-space realization of a linear system (2.25) to com-
pute a balanced reduced model by projecting the full-order matrix operators A,B, and C
according to (2.58). While the QuadBT algorithm [89] is non-intrusive, it is currently limited
to the usual Lyapunov setting where the Gramians being balanced are P and Qlo.

As the first step towards generalizing QuadBT to other types of balancing, we present here
an abstract formulation of Lyapunov-based BT where the Gramians are the unique solutions
to a generic pair of ALEs; the methods of BST, PRBT, and BRBT can all be interpreted from
this perspective. Based on this abstract formulation, we then derive a generalized version of
QuadBT that is applicable to each of the aforementioned variants.

4.2.1 An abstract framework for Lyapunov balanced truncation

Consider the solutions P X ∈ ℝn×n and QY ∈ ℝn×n to the pair of ALEs:

AP X + P XA
T +BXB

T
X = 0n×n, (4.1a)

ATQY +QYA+CT
YCY = 0n×n, (4.1b)

where BX ∈ ℝn×mx and CY ∈ ℝpy×n for mx, py ∈ ℤ>0. Because A is assumed Hurwitz,
the solutions P X and QY to (4.1a) and (4.1b) are unique. Moreover, they can respectively
be viewed as the reachability and observability Gramians of a pair of asymptotically stable
linear systems X and Y defined according to (2.25):

X = (A,BX ,CX ,DX ) and Y = (A,BY ,CY ,DY) , (4.2)

where BY ∈ ℝn×my , DY ∈ ℝpy×my and CX ∈ ℝpx×n, DX ∈ ℝpx×mx for my, px ∈ ℤ>0.
Exact formulations of these systems, along with the corresponding state-space quadruples,
in the context of each BT variant we consider, are provided in Section 4.3. For ease of
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reference later on, we refer to (4.1a) as the reachability Lyapunov equation of the system X ,
and (4.1b) as the observability Lyapunov equation of the system Y . We also refer to P X and
QY as agnostic Gramians because they are agnostic to any particular kind of BT we will
consider. We further assume that the given realizations of X and Y are minimal. Under
these assumptions, P X and QY are symmetric positive definite (SPD) and thus admit the
Cholesky factorizations

P X = RXR
T
X and QY = LYL

T
Y ,

where LY ,RX ∈ ℝn×n. The agnostic Gramians P X and QY obey the transformation laws
in (2.71). Thus, one can reduce the model order of a linear system (2.25) by:

1. Computing a balancing transformation for P X and QY as laid out in Theorem 2.50;

2. Applying this transformation to the system (2.25) being approximated and truncating.

This procedure effectively neglects the components of the state space that correspond to
the smallest singular values of the joint Cholesky factors LT

YRX . Algorithmically, the bal-
ancing and truncation steps occur simultaneously using the same square-root algorithm
from [124, 208]. This is written down in Algorithm 4.2.1. Note that this is nearly identical
to Algorithm 2.4.3, with the Cholesky factors LY and RX of the agnostic Gramians taking
the place of Llo and R. In fact, Algorithm 4.2.1 contains Algorithm 2.4.3 for the special case
of X = Y = Glo.
Once the Cholesky factors LY and RY of the relevant Gramians are specified, Steps 2–
4 of Algorithm 4.2.1 proceed identically. The same can be said for a quadrature-based
implementation; one only needs that the Gramians being balanced elicit exploitable integral
representations, and the structure of the abstract Lyapunov equations in (4.1) provides
precisely this. This insight enables us to derive a generalized formulation of QuadBT that is
applicable to any type of balancing that can be cast into the previously described abstract
formulation, including BST, PRBT, and BRBT.

4.2.2 Theoretical formulation for data-driven balancing

Recall that the projection matrices W ∈ ℝn×r and V ∈ ℝn×r given in Algorithm 4.2.1 are
defined as

W = LYU 1Σ
−1/2
1 and V = RXY 1Σ

−1/2
1 .

Because U 1,Y 1, and Σ1 are extracted from the singular valued decomposition (SVD) of
LT

YRX , the BT reduced model given by (4.3) is entirely specified by the four key quantities

LT
YRX , LT

YARX , LT
YB, and CRX . (4.4)

By replacing the exact Cholesky factors above with (inexact) quadrature-based factors de-
rived from numerical quadrature rules that applied to P X and QY , we derive approximations
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Algorithm 4.2.1: Square-root algorithm for abstract Lyapunov balanced trunca-
tion [184].

Input: A,B,C,D from (2.25), order r (1 ≤ r < n).

Output: Ã, B̃, C̃, D̃—state-space matrices of (2.55).

1 Compute Cholesky factors RX ∈ ℝn×n and LY ∈ ℝn×n of P X ∈ ℝn×n and QY ∈ ℝn×n

that solve the Lyapunov equations in (4.1).

2 Compute the singular value decomposition of LT
YRX partitioned according to

LT
YRX = UΣY T =

[
U 1 U 2

] [Σ1

Σ2

] [
Y T

1

Y T
2

]

for Σ1 ∈ ℝr×r, U 1,Y 1 ∈ ℝn×r and Σ2 ∈ ℝ(n−r)×(n−r), U 2,Y 2 ∈ ℝn×(n−r).
3 Compute the model reduction bases W ,V ∈ ℝn×r as

W = LYU 1Σ
−1/2
1 , V = RXY 1Σ

−1/2
1 .

4 Compute the reduced model G̃ lo by projection (2.58) using W and V :

Ẽ = Ir,

Ã = Σ
−1/2
1 UT

1

(
LT

YARX
)
Y 1Σ

−1/2
1 ,

B̃ = Σ
−1/2
1 UT

1

(
LT

YB
)
,

C̃ = (CRX )Y 1Σ
−1/2
1 ,

and D̃ = D.

(4.3)

to the deterministic quantities in (4.4) that are entirely computable (up to quadrature errors)
from various state-space invariant input-output data; see Theorem 4.1. These quadrature
rules are never explicitly formed but rather form the basis for our analysis. This generalized
presentation contains QuadBT as a special case; see Remark 4.2. We note that the results
that follow from this insight are not significantly different from those in [89] at face value.
Rather, the power of this abstraction lies in its generality. Indeed, multiple BT variants
based on balancing the solutions to algebraic Riccati equations can be framed in this ab-
stract Lyapunov setting, and it provides the foundation for the data-driven formulations of
BST, PRBT, and BRBT that are presented in Section 4.3.

Recall the linear systems X and Y introduced in (4.2). Because the Gramians P X ,QY ∈
ℝn×n being balanced in this abstract formulation are solutions to Lyapunov equations (4.1),
they can be uniquely expressed as contour integrals and are amenable to low-rank factoriza-
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tions via (implicit) numerical quadrature rules. Specifically, we have:

P X =
1

2π

∫ ∞

−∞
(ı̇ıωIn −A)−1BX

(
(ı̇ıωIn −A)−1BX

)H
dω, (4.5)

QY =
1

2π

∫ ∞

−∞

(
CY (ı̇ıωIn −A)−1)HCY (ı̇ıωIn −A)−1 dω. (4.6)

Consider a numerical quadrature rule defined by the nodes ı̇ıζ1, . . . , ı̇ıζJ ∈ ı̇ıℝ and weights
ϱ21, . . . , ϱ

2
J ∈ ℝ. Applying this rule to P X in (4.5) reveals the approximate factorization

P X ≈
J∑

j=1

ϱ2j (ı̇ıζjIn −A)−1BX
(
(ı̇ıζjIn −A)−1BX

)H
= ŘX Ř

H
X ,

where ŘX ∈ ℂn×mxJ is defined as

ŘX
def
=
[
ϱ1 (ı̇ıζ1In −A)−1BX ϱ2 (ı̇ıζ2In −A)−1BX · · · ϱJ (ı̇ıζJIn −A)−1BX

]
. (4.7)

We assume that the factor 1/2π is included in each of the quadrature weights. Likewise,
applying a numerical quadrature rule defined by the nodes ı̇ıϑ1, . . . , ı̇ıϑK ∈ ı̇ıℝ and weights
φ2
1, . . . , φ

2
K ∈ ℝ to QY produces the approximate factorization

QY ≈
K∑
k=1

φ2
k

(
CY (ı̇ıϑkIn −A)−1)HCY (ı̇ıϑkIn −A)−1 = ĽYĽ

H
Y ,

where ĽY ∈ ℂn×pyK is defined according to

ĽH
Y

def
=


φ1CY (ı̇ıϑ1In −A)−1

φ2CY (ı̇ıϑ2In −A)−1

...

φKCY (ı̇ıϑKIn −A)−1

 . (4.8)

Replacing the exact Cholesky factors RX and LY in (4.4) with the quadrature-based factors
in (4.7) and (4.8) already yields a low-rank implementation of Algorithm 4.2.1. The resulting
(approximate) BT-ROM is determined by the quadrature-based approximations to (4.4),
namely

ĽH
YŘX , ĽH

YAŘX , ĽH
YB, and CŘX . (4.9)

We recall from our previous discussion that (4.9) provides everything one needs to compute
a BT-ROM. Significantly, the modified quantities in (4.9) can be computed entirely from
transfer function data. We prove this next. For the results that follow, we recall the notation
described in (2.1) for block matrices: For a (block) matrix X ∈ ℂpyK×mxJ , we use

Xj,k
def
= X(k−1)py+1:kpy , (j−1)mx+1:jmx ∈ ℂK×J ,

to denote the block submatrix of X containing the rows (k − 1)py + 1, . . . , kpy and the
columns (j − 1)mx + 1, . . . , jmx If py = 1 (or mx = 1) we instead write X : , j (Xk, : ) to
denote the j-th (k-th) block entry of X.
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Theorem 4.1. Define Gσ,A : ℂ→ ℂpy×mx , GB : ℂ→ ℂpy×m, and GC : ℂ→ ℂp×mx by

Gσ,A(s)
def
= CY (sIn −A)−1BX , (4.10a)

GB(s)
def
= CY (sIn −A)−1B, (4.10b)

and GC(s)
def
= C (sIn −A)−1BX . (4.10c)

Let the quadrature-based square-root factors ŘX ∈ ℂn×mxJ and ĽY ∈ ℂn×pyK be defined
according to (4.7) and (4.8). Define the so-called data matrices

𝔼 def
= ĽH

YŘX ∈ ℂpyK×mxJ , 𝔸 def
= ĽH

YAŘX ∈ ℂpyK×mxJ ,

𝔹 def
= ĽH

YB ∈ ℂpyK×m, ℂ def
= CŘX ∈ ℂp×mxJ .

(4.11)

Then, the entries of the data matrices in (4.11) are defined by

𝔼k,j = −φkϱj
Gσ,A(ı̇ıϑk)−Gσ,A(ı̇ıζj)

ı̇ıϑk − ı̇ıζj
, (4.12a)

𝔸k,j = −φkϱj
ı̇ıϑkGσ,A(ı̇ıϑk)− ı̇ıζjGσ,A(ı̇ıζj)

ı̇ıϑk − ı̇ıζj
, (4.12b)

𝔹k, : = φkGB(ı̇ıϑk) and ℂ :, j = ϱjGC(ı̇ıζj), (4.12c)

for all j = 1, . . . , J and k = 1, . . . K. ⋄

Proof of Theorem 4.1. For any i, ℓ ∈ ℕ, we introduce the matrix

I i,ℓ =
[
e(i−1)ℓ+1 e(i−1)ℓ+2 · · · eiℓ

]
∈ ℝn×ℓ. (4.13)

Note I i,ℓ contains a subset of the columns of the n × n identity and has the effect of re-
trieving columns (i− 1)ℓ+ 1 through iℓ of a matrix by right multiplication. The proof is a
generalization of standard algebraic manipulations found in, e.g., [89], and heavily exploits
the two resolvent identities in Lemma 2.7. First, by the definition of 𝔼 in (4.11), ĽY in (4.8),
and ŘX in (4.7), applying the first resolvent identity (2.16) gives

𝔼k,j = IT
k,py𝔼Ij,mx = IT

k,pyĽ
H
YŘXIj,mx = φkϱjCY(ı̇ıϑkIn −A)−1(ı̇ıζjIn −A)−1BX

= φkϱjCY

(
(ı̇ıζjIn −A)−1 − (ı̇ıϑkIn −A)−1

ı̇ıϑk − ı̇ıζj

)
BX = −φkϱj

Gσ,A(ı̇ıϑk)−Gσ,A(ı̇ıζj)

ı̇ıϑk − ı̇ıζj
,

where the last line follows from the definition of Gσ,A(s) in (4.10a). This proves (4.12a).
Similarly, by the definition of 𝔸 in (4.11) and ĽY and ŘX , applying the second resolvent
identity in (2.17) gives

𝔸k,j = IT
k,py𝔸Ij,mx = IT

k,pyĽ
H
YAŘXIj,mx = φkϱjCY(ı̇ıϑkIn −A)−1A(ı̇ıζjIn −A)−1BX

= φkϱjCY

(
ı̇ıζj(ı̇ıζjIn −A)−1 − ı̇ıϑk(ı̇ıϑkIn −A)−1

ı̇ıϑk − ı̇ıζj

)
BX

= −φkϱj
ı̇ıϑkGσ,A(ı̇ıϑk)− ı̇ıζjGσ,A(ı̇ıζj)

ı̇ıϑk − ı̇ıζj
,
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which proves (4.12b). The formulae in (4.12c) for 𝔹 and ℂ follow directly from their defini-
tion: Observe that

𝔹k, : = IT
k,py𝔹 = IT

k,pyĽ
H
YB = φkCY (ı̇ıϑkIn −A)−1B = φkGB(ı̇ıϑk),

and likewise

ℂ : j = ℂIj,mx = CŘXIj,mx = ϱjC (ı̇ıζjIn −A)−1BX = ϱjGC(ı̇ıζj),

thus completing the proof.

By replacing the exact quantities in (4.4) with the (approximate) quadrature-based quantities
in (4.11) that are computed from data, we obtain a completely data-driven formulation
of Algorithm 4.2.1. We refer to this as generalized quadrature-based balanced truncation
(GenQuadBT); its algorithmic formulation is presented in Algorithm 4.2.2. The choice of
notation Gσ,A, GB, and GC for the transfer functions in (4.10a)-(4.10c) is intentional: the
underscored quantities in each transfer function are the quantities in the data-driven reduced
model that require samples of that transfer function. Put differently, Theorem 4.1 and the
associated notation can be interpreted as follows.

1. The construction of 𝔼 and hence its SVD, as well as the reduced-order Ã in Steps 2
and 3 of Algorithm 4.2.2 require samples of Gσ,A(s) at the left and right quadrature
nodes;

2. The construction of the reduced-order B̃ in Step 3 of Algorithm 4.2.2 requires samples
of GB(s) at the left quadrature nodes;

3. The construction of the reduced-order C̃ in Step 3 of Algorithm 4.2.2 requires samples
of GC(s) at the right quadrature nodes.

Thus, in principle, Algorithm 4.2.2 requires only the left and right quadrature weights and
nodes used to implicitly approximate P X and QY , and samples of the transfer functions
Gσ,A, GB and GC given in (4.10a)–(4.10c) evaluated at these nodes (or, at least the ability
to evaluate them). We emphasize that at no point do we explicitly compute the quadrature-
based approximations of the Gramians P X and QY . Indeed, these are leveraged implicitly to
derive the quadrature-based square-root factors in (4.7) and (4.8) and subsequently realize
the quantities in (4.11) from input-to-output data. There is also an error analysis in [89,
Proposition 3.2] that translates directly to this generalized setting. The key deviation of The-
orem 4.1 and Algorithm 4.2.2 from the work of [89] is that the transfer function evaluations
required in this generalized setting are not necessarily those of Glo, the transfer function
of the underlying system. Nonetheless, Algorithm 4.2.2 avoids any explicit reference to in-
ternal quantities; e.g., a state-space realization of Glo, or any other linear model. Because
D = lims→∞Glo(s), the feedthrough term D included as an input to Algorithm 4.2.2 can
also be obtained from transfer function data.
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Algorithm 4.2.2: Generalized quadrature-based balanced truncation [184].

Input: Mappings Gσ,A, GB, GC , left, right quadrature nodes and weights
{ı̇ıϑk, φk}Kk=1, {ı̇ıζj, ϱj}Jj=1, order r (1 ≤ r < n), and D ∈ ℝp×m.

Output: Ã, B̃, C̃, D̃—state-space matrices of (2.55).

1 Evaluate the mappings to obtain the data {Gσ,A(ı̇ıϑk)}Kk=1, {Gσ,A(ı̇ıζj)}Jj=1,
{GB(ı̇ıϑk)}Kk=1 and {GC(ı̇ıζj)}Jj=1 and construct the data matrices in (4.11) according to

Theorem 4.1.
2 Compute the singular value decomposition of 𝔼 ∈ ℂpyK×mxJ partitioned according to

𝔼 = ǓΣ̌Y̌ T =
[
Ǔ 1 Ǔ 2

] [Σ̌1

Σ̌2

][
Y̌ T

1

Y̌ T
2

]
,

for Σ̌1 ∈ ℝr×r, Σ̌2 ∈ ℝ(pyK−r)×(mxJ−r), and Ǔ 1, Ǔ 2, Y̌ 1, Y̌ 2 partitioned conformally.
3 Compute the data-driven reduced model according to:

Ẽ = Ir,

Ã = Σ̌
−1/2

1 ǓT
1 (𝔸) Y̌ 1Σ̌

−1/2

1 ,

B̃ = Σ̌
−1/2

1 ǓT
1 (𝔹) ,

C̃ = (ℂ) Y̌ 1Σ̌
−1/2

1 ,

and D̃ = D.

(4.14)

Remark 4.2. Theorem 4.1 and Algorithm 4.2.2 contain the original QuadBT of [89] as a
special case. Indeed, in the Lyapunov setting, we simply have that QY = Qlo and P X = P ,
and so the generalized equations (4.1) are the dual ALEs (2.44) and (2.43) corresponding
to Glo. Then, BX = B, CY = C, and the transfer functions Gσ,A, GB, and GC all equal
Glo −D. This is precisely the aggregate result of [89, Proposition 3.1 and 3.3]. ⋄

4.3 What to sample for balanced truncation variants

What remains to be seen is what the contrived transfer functions Gσ,A, GB, and GC

in (4.10a)–(4.10c) correspond to for different BT variants. We investigate this question
next for BST, PRBT, and BRBT. Applying the generalized result of Theorem 4.1 to each
of these variants, we answer the question: What do you need to sample for different (data-
driven) balanced reduced models? Unlike in the Lyapunov setting, the to-be-sampled data
are not necessarily measurements of Glo, the transfer function of the underlying system. We
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ultimately show that for each of BST, PRBT, and BRBT, the general quantities in (4.10a)–
(4.10c) can be interpreted in terms of certain spectral factorizations.

In the rest of this section, we sequentially derive data-based formulations of BST, PRBT,
and BRBT according to the following structure.

1. First, we review the key details of these methods and introduce the relevant Grami-
ans, as well as the spectral factorizations that arise from the matrix equations that
determine the said Gramians.

2. Second, we describe how each variant fits the abstract Lyapunov framework of Sec-
tion 4.2.1. In particular, we provide specific formulations for the linear systems X and
Y in (4.2) as well as the agnostic Gramians P X and QY that solve (4.1). This enables
us to apply the generalized framework of Section 4.2.

3. Finally, we interpret the result of Theorem 4.1 applied to the type of BT in question
to derive explicit expressions of the transfer functions (4.10a)–(4.10c).

Our review of the BT variants that we consider uses [96] as its primary source. For a
comprehensive overview of balancing-based model reduction, we refer to the surveys and book
chapters [25, 46, 96], [4, Ch. 7]. Many variants of BT, including a subset of those introduced
here, can be framed in the language of dissipative systems and supply rates [230, 231]; a
very nice presentation from this perspective can be found in [46, Sec. 2.3]. Our treatment
of spectral factorizations follows [245, Chapter 13.4]; we refer the reader there for a more
detailed study.

For the results in this section, we use the following notation and definitions: When Glo =
(A,B,C,D) does not fit in a single line, we represent the corresponding system by

Glo =

 A B

C D

 .

For linear systems (2.25) with a nontrivial D term, and thus a proper transfer function Glo,
we use the notation Glo,∞ to denote the strictly proper part of Glo, i.e.,

Glo,∞(s) = C(sIn −A)−1B = Glo(s)−D, s ∈ ℂ. (4.15)

If a system Glo of the form (2.25) is not asymptotically stable, we may decompose its transfer
function (2.30) as Glo = G−

lo +G+
lo, where G

−
lo has poles in ℂ<0 (and is thus analytic in ℂ≥0)

and G+
lo has poles in ℂ≥0 (and is thus analytic in ℂ<0) For a linear system Glo in (2.25) with

the transfer function Glo, we refer to the linear subsystem G−lo corresponding to G−
lo in the

decomposition Glo = G−
lo + G+

lo as the purely stable part of Glo. Likewise, we call G−
lo the

purely stable part of the transfer function Glo.



4.3. What to sample for balanced truncation variants 69

4.3.1 Data-driven balanced stochastic truncation

Intrusive balanced stochastic truncation.

Model reduction by balanced stochastic truncation (BST) can be viewed as a spectral factor-
based algorithm for approximating a linear system (2.25). BST was first introduced in [61]
for the model reduction of stochastic processes, and further studied in [33, 92, 93, 105, 219].
Compared to Lyapunov balanced truncation, BST provides an a priori error bound on the
relative approximation error, and preserves asymptotic stability as well as the minimum
phase property (Definition 2.22) of a linear system.

Consider an asymptotically stable, minimal, and square (m = p) linear system Glo as in (2.25)
with a nonsingular feedthrough term D. By [245, Corollary 13.28] there exists a minimum
phase right spectral factor W : ℂ→ ℂm×m of GloG

H
lo, i.e., W satisfies

W (−s)TW (s) = Glo(s)Glo(−s)T, s ∈ ℂ.
The spectral factor W is the transfer function of a minimal, asymptotically stable linear
system (2.25), denoted W , having the realization

W =
(
A,BW ,CW ,

(
DDT

)1/2)
for BW

def
= PCT +BDT and CW

def
=
(
DDT

)−1/2 (
C −BT

WQ−
W
)
,

(4.16)

where P ∈ ℝn×n is the reachability Gramian of Glo that solves (2.43), while Q−
W ∈ ℝn×n is

the minimal (stabilizing) solution to the ARE

ATQW +QWA+
(
C −BT

WQW
)T (

DDT
)−1 (

C −BT
WQW

)
= 0n×n. (4.17)

Theminimal solution to (4.17) is the unique SPDmatrixQ−
W that obeys the partial order 0 ≺

Q−
W ⪯ QW for all symmetric solutions Q−

W of (4.17); see [245, Theorem 13.11]. Explicitly,
W is written as

W (s) = CW(sIn −A)−1BW +DDT, s ∈ ℂ.
We call the factor W minimum phase because the solution QW to (4.17) used in its con-
struction is the minimal solution to (4.17). By [245, Thm. 13.11], Q−

W is unique and SPD.
In BST, Q−

W takes the place of the usual observability Gramian Qlo ∈ ℝn×n and is balanced
against the reachability Gramian P ∈ ℝn×n. The model order is then reduced by truncat-
ing the trailing n − r components of the state space in these so-called balanced stochastic
coordinates.

Definition 4.3 (Balanced stochastic realization [219]). We say that a state-space realization
of the minimal system Glo in (2.25) is a balanced stochastic realization if

P = Q−
W = Σbst = diag

(
ς1Im1 , ς2Im2 , . . . , ςqImq

)
, (4.18)

where 1 ≥ ς1 > ς2 > · · · > ςq > 0 and their multiplicities satisfy m1 + · · · + mq = n. The
values ςi are called the stochastic singular values of Glo. ⋄
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Theorem 4.4 (Balanced stochastic truncation model reduction [61, 92, 93, 105]). Consider
an asymptotically stable, minimal linear system Glo in (2.25) having the balanced stochastic
realization

Abst =

[
A11 A12

A21 A22

]
, Bbst =

[
B1

B2

]
, and Cbst =

[
C1 C2

]
according to Definition 4.3. The matrices are partitioned with respect to P = Q−

W = Σbst =
diag

(
Σbst

1 ,Σbst
2

)
, where

Σbst
1 = diag (ς1Im1 , . . . , ςkImk

) and Σbst
2 = diag

(
ςk+1Imk+1

, . . . , ςqImq

)
for r = m1 + · · · + mk and 1 ≤ k < q. Then the order-r reduced model G̃ lo,bst =
(A11,B1,C1,D) obtained via balanced stochastic truncation is balanced in the sense of (4.18),
asymptotically stable, minimal, and satisfies the relative H∞ error bound

∥G−1
lo

(
Glo − G̃ lo,bst

)
∥H∞ ≤

q∏
i=k+1

1 + ςi
1− ςi

− 1.

Moreover, if Glo is minimum phase, then G̃ lo,bst is as well. ⋄

The inverse system G−1
lo is well-defined according to Proposition 2.25. The fact that BST

preserves asymptotic stability and minimality was proven in [105], while preservation of
the minimum phase property was shown in [92]. The relative H∞ error bound is due to
Green [93]. Both [33, 219] investigate numerically reliable algorithms for BST.

Quadrature-based balanced stochastic truncation.

To derive a data-driven formulation of BST, we describe how it fits in the GenQuadBT
framework of Section 4.2. Specifically, we need to show that the Gramians in BST, P ∈ ℝn×n

and Q−
W ∈ ℝn×n, are the reachability and observability Gramians P X and QY of some linear

systems X and Y . Obviously, P X = P is the reachability Gramian of the system being
approximated, and so

X =
(
A,BX ,CX ,DX

)
=
(
A,B,C,D

)
= Glo,

with P solving (2.43). For Y , recall the definition of CW =
(
DDT

)−1/2 (
C −BWQ−

W
)

from (4.16). Fixing the right-hand side of the ARE (4.17) with QW = Q−
W produces an ALE:

ATQW +QWA+
(
C −BT

WQ−
W
)T (

DDT
)−1 (

C −BT
WQ−

W
)︸ ︷︷ ︸

= CT
WCW

= 0n×n

=⇒ ATQW +QWA+CT
WCW = 0n×n. (4.19)
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Clearly, the ALE (4.19) is uniquely solved by Q−
W . It follows from the definition of CW

that (4.19) is the observability Lyapunov equation of Y = W , the system (4.16) associated
with the spectral factor W , and QY = Q−

W is the observability Gramian of Y =W , i.e.,

Y =
(
A,BY ,CY ,DY

)
=
(
A,BW ,CW ,

(
DDT

)1/2 )
=W .

We are now at a point where we can apply the GenQuadBT framework of Section 4.2 to
X = Glo and Y =W with P X = P and QY = Q−

W . The relevant Gramians are decomposed
into the quadrature-based factors ŘX and ĽY defined according to (4.7) and (4.8) with
BX = B and CY = CW in (4.16). From this particular choice of Gramians, we derive
explicit expressions for the transfer functions Gσ,A, GB, and GC (4.10a)–(4.10c) for the
setting of data-driven BST.

Theorem 4.5 (Balanced stochastic truncation from data). Let Q−
W ∈ ℝn×n be the stabi-

lizing solution to (4.19) and P ∈ ℝn×n be the reachability Gramian of G that solves (2.43).
Then, for BST the transfer functions Gσ,A, GB, and GC defined as in (4.10a)–(4.10c) of
Theorem 4.1 are given by

GC(s) = Glo,∞(s), and (4.20)

Gσ,A(s) = GB(s) =
((

W (−s)T
)−1

Glo,∞(s)
)−

, (4.21)

where Glo,∞ is the strictly proper part of the transfer function of the linear system Glo
in (2.30), and W is the transfer function of W in (4.16). ⋄

Proof of Theorem 4.5. In the setting of BST, it holds that BX = B. Thus, by definition of
GC in (4.10c),

GC(s) = C(sIn −A)−1BX = C(sIn −A)−1B = Glo,∞(s),

proving (4.20). To prove (4.21), first observe that

Gσ,A(s) = GB(s) = CW(sIn −A)−1B,

because CY = CW in (4.16). Thus, (4.21) amounts to proving

CW(sIn −A)−1B =
((

W (−s)T
)−1

Glo,∞(s)
)−

.

Because D is nonsingular, the inverse system corresponding to
(
W (−s)T

)−1
is well de-

fined by Proposition 2.25. Using the given state-space realizations of Glo in (2.25) and W
in (4.16), we calculate a realization of the cascaded system having the transfer function(
W (−s)T

)−1
Glo,∞(s) using Proposition 2.23:

−AT +CT
WD−1BT

W CT
WD−1C 0n×m

0n×n A B

D−1BT
W D−1C 0m×m

 . (4.22)
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The ARE in (4.17) can be rearranged into the form(
−AT +CT

WD−1BT
W
) (
−Q−

W
)
+AQ−

W +CT
WD−1C = 0n×n.

Using this reformulation, it becomes clear that the state-space transformation

T =

[
In −Q−

W
0n×n In

]
∈ ℝ2n×2n

decouples the cascaded system realization (4.22), i.e., the transformed realization satisfies
−AT +CT

WD−1BT
W 0n×n Q−

WB

0n×n A B

D−1BT
W CW 0m×m

 . (4.23)

Note that −AT + CT
WD−1BT

W is purely anti-stable while A is purely stable. Because(
W (−s)T

)−1
Glo,∞(s) is the transfer function of (4.23), it can be decomposed into its stable

and anti-stable parts(
W (−s)T

)−1
Glo,∞(s) =

((
W (−s)T

)−1
Glo,∞(s)

)+
+
((

W (−s)T
)−1

Glo,∞(s)
)−

=
((

W (−s)T
)−1

Glo,∞(s)
)+

+CW(sIn −A)−1B︸ ︷︷ ︸
=Gσ,A(s)=GB(s)

.

Thus, both Gσ,A(s) and GB(s) are equivalent to
((

W (−s)T
)−1

Glo,∞(s)
)−

, as claimed

in (4.21).

In aggregate, Theorems 4.1 and 4.5 provide the theoretical foundation for a data-driven
formulation of BST. We refer to this as quadrature-based BST (QuadBST); Algorithm 4.2.2
yields QuadBST when the transfer functions GC and Gσ,A, GB to be sampled are taken to
be (4.20) and (4.21) in Theorem 4.5. We emphasize that these results form the theoretical
formulation for QuadBST; it is not clear how to measure, e.g., the spectral factor W , from
actual samples of Glo. One could accomplish this by using a realization (A,B,C,D) of
a system (2.25) to compute Q−

W from (4.17), form W in (4.16), and then directly evaluate
W (s) at points s ∈ ℂ using the computed realization. This, however, is an intrusive process
as it requires a realization of the linear system being approximated. This will be the case
for the data-driven formulations of PRBT and BRBT that we present next, as well.

4.3.2 Data-driven positive-real balanced truncation

Intrusive positive-real balanced truncation.

A closely-related technique to BST is that of positive-real balanced truncation (PRBT) or
passivity-preserving balanced truncation, also introduced in [61] and studied further in [170].
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As its name suggests, PRBT is used for the approximation of positive-real or passive systems.
We say a system is passive if it has the property that the energy produced by the system
can never exceed the energy supplied to it. Mathematically, this property is expressed via
the dissipation inequality∫ t

0

ylo(τ)u(τ)dτ ≥ 0 for all t > 0 and u ∈ Lm
2 (ℝ≥0) .

Passive systems are ubiquitous in applications of physics and engineering; electrical circuits
are one such example. Passive systems can always be expressed as port-Hamiltonian sys-
tems [141, 216], and vice versa. A system being passive is equivalent to its transfer function
being positive real ; see, e.g. [4, Theorem 5.30].

Definition 4.6 (Positive-real systems [4, Ch. 5]). We say the asymptotically stable linear
system Glo in (2.25) is positive real if it is square (m = p) and its transfer function Glo

in (2.30) satisfies

Φ(s)
def
= Glo(s) +Glo(−s)T ⪰ 0, for all s ∈ ı̇ıℝ. (4.24)

We say Glo is strictly positive real if the inequality in (4.24) is strict. ⋄

The function Φ : ℂ → ℂm×m is called the Popov function. Because asymptotic stability is
a prerequisite for positive realness in Definition 4.6, we henceforth assume that any positive
real system is also asymptotically stable. Although in general, we mention that the notion
of positive-realness can be defined for systems with poles on the imaginary axis, as well.
Henceforth, we take the term positive real to mean strictly positive real in the sense of
Definition 4.6.

Suppose that Φ(0) = D + DT ≻ 0. By [245, Corollary 13.27], an asymptotically stable,
minimal, and square system (2.25) is (strictly) positive real if and only if there exists a
stabilizing solution Q−

M ∈ ℝn×n to the positive-real algebraic Riccati equation (PR-ARE):

ATQM +QMA+
(
C −BTQM

)T (
D +DT

)−1 (
C −BTQM

)
= 0n×n. (4.25)

It follows directly from (4.24) that if a system is positive real, then so too is its dual (2.36).
The dual statement of [245, Corollary 13.27] says that the system (2.25) is positive real if
and only if there exists a stabilizing solution P−

N ∈ ℝn×n to the dual PR-ARE

APN + PNAT +
(
B − PNCT

) (
D +DT

)−1 (
B − PNCT

)T
= 0n×n. (4.26)

By [245, Corollary 13.27], both P−
N and Q−

M are unique and SPD. In PRBT, P−
N and Q−

M
are balanced and take the place of P and Qlo, respectively.

Definition 4.7 (Positive-real balanced realization). We say that a state-space realization of
a minimal, positive-real system Glo in (2.25) is a positive-real balanced realization if

P−
N = Q−

M = Σprbt = diag
(
π1Im1 , π2Im2 , . . . , πqImq

)
, (4.27)

where 1 ≥ π1 > π2 > · · · > πq > 0 and their multiplicities satisfy m1 + · · · +mq = n. The
values πi are called the positive-real singular values of Glo. ⋄
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Theorem 4.8 (Positive-real balanced truncation [61], [96, Theorem 5]). Consider an asymp-
totically stable, minimal, positive-real linear system Glo in (2.25) having the positive-real
balanced realization

Aprbt =

[
A11 A12

A21 A22

]
, Bprbt =

[
B1

B2

]
, and Cprbt =

[
C1 C2

]
according to Definition 4.7. The matrices are partitioned with respect to P−

N = Q−
M =

Σprbt = diag
(
Σprbt

1 ,Σprbt
2

)
, where

Σprbt
1 = diag (π1Im1 , . . . , πkImk

) and Σprbt
2 = diag

(
πk+1Imk+1

, . . . , πqImq

)
for r = m1 + · · · + mk and 1 ≤ k < q. Then, the order-r reduced model G̃ lo,prbt =
(A11,B1,C1,D) obtained via positive-real balanced truncation and having the transfer func-

tion G̃lo,prbt is balanced in the sense of (4.27), asymptotically stable, minimal, and positive

real. Moreover, G̃ lo,prbt satisfies the multiplicative-type error bound

∥
(
DT +Glo

)−1 −
(
DT + G̃lo,prbt

)−1∥Hm×m∞ ≤ 2∥D +DT∥22
q∑

i=k+1

πi. (4.28)

⋄

To summarize, PRBT preserves positive-realness in addition to asymptotic stability [61, 105].
The multiplicative-type error bound was not derived until much later in [96].

Quadrature-based positive-real balanced truncation.

The PR-AREs in (4.25) and (4.26) are closely related to a spectral factorization of the Popov
function appearing in (4.24). Consider an asymptotically stable, minimal system Glo in (2.25)
with D +DT ≻ 0. By [245, Corollary 13.27], Glo is strictly positive real if and only if there
exists a minimum-phase right spectral factor M : ℂ→ ℂm×m of the Popov function, i.e.,

Φ(s) = Glo(s) +Glo(−s)T = M (−s)TM (s), s ∈ ℂ.

The spectral factor M is the transfer function of a minimal and asymptotically stable linear
systemM, defined by the realization

M =
(
A,B,CM,

(
D +DT

)1/2 )
for CM

def
=
(
D +DT

)−1/2 (
C −BTQ−

M
)
, (4.29)

where Q−
M ∈ ℝn×n is the unique minimal solution to (4.25). Explicitly, M is written as

M (s) =
(
D +DT

)−1/2 (
C −BTQ−

M
)
(sIn −A)−1B +

(
D +DT

)1/2
.
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Applying [245, Corollary 13.27] to the dual of Glo provides the existence of a minimum-phase
left spectral factor N : ℂ→ ℂm×m of the Popov function, i.e.,

Φ(s) = Glo(s) +Glo(−s)T = N (s)N (−s)T, s ∈ ℂ.

Moreover, N is the transfer function of a minimal and asymptotically stable system

N =
(
A,BN ,C,

(
D +DT

)1/2 )
for BN

def
=
(
B − P−

NCT
) (

D +DT
)−1/2

, (4.30)

where P−
N ∈ ℝn×n is the unique minimal solution to (4.26). Explicitly, N is given by

N (s) = C(sIn −A)−1
(
B − P−

NCT
) (

D +DT
)−1/2

+
(
D +DT

)1/2
.

At this point, we are prepared to show how PRBT fits under the GenQuadBT framework of
Section 4.2. Fixing Q−

M and P−
N in the right-hand sides of (4.25) and (4.26) yields a pair of

ALEs:

ATQM +QMA+
(
C −BTQ−

M
)T (

D +DT
)−1 (

C −BTQ−
M
)︸ ︷︷ ︸

= CT
MCM

= 0n×n,

=⇒ ATQM +QMA+CT
MCM = 0n×n, (4.31)

APN + PNAT +
(
B − PNCT

) (
D +DT

)−1 (
B − PNCT

)T︸ ︷︷ ︸
= BNBT

N

= 0n×n,

=⇒ APN + PNAT +BNBT
N = 0n×n. (4.32)

Because the stabilizing solution to (4.25) is unique, (4.31) is uniquely solved by QM = Q−
M.

Moreover, it is clear from the definition of CM in (4.29) that (4.31) is the observability
Lyapunov equation of Y =M in (4.29), and so QY = Q−

M is the observability Gramian of
Y =M. In other words, Y =M in this instance with

Y =
(
A,BY ,CY ,DY

)
=
(
A,B,CM,

(
D +DT

)1/2 )
=M.

Likewise, (4.32) is uniquely solved by PN = P−
N . It follows from the definition of BN

in (4.30) that (4.32) is the reachability Lyapunov equation of X = N in (4.30), and so
P X = P−

N is the reachability Gramian of X = N , i.e.,

X =
(
A,BX ,CX ,DX

)
=
(
A,BN ,C,

(
D +DT

)1/2 )
= N .

The relevant Gramians P−
N and Q−

M can thereby be decomposed into the quadrature-based
factors (4.7) and (4.8) with BX = BN in (4.30) and CY = CM in (4.29). Applying
Theorem 4.1 in this setting allows to interpret Gσ,A, GB and GC in (4.10a)–(4.10c) in
terms of the spectral factors M and N .
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Theorem 4.9 (Positive-real balanced truncation from data). Let Q−
M ∈ ℝn×n and P−

N ∈
ℝn×n be the stabilizing solutions to (4.25) and (4.26). Then, for PRBT the transfer functions
Gσ,A(s), GB(s), and GC(s) defined as in (4.10a)–(4.10c) of Theorem 4.1 are given by

Gσ,A(s) =
((

M(−s)T
)−1

N∞(s)
)−

, (4.33)

GB(s) = M∞(s), and GC(s) = N∞(s), (4.34)

where M and N are the spectral factors associated with the linear systems M and N
defined in (4.29) and (4.30). ⋄

Proof of Theorem 4.9. In this case, BX = BN , and CY = CM as in (4.30) and (4.29).
So, (4.10b) and (4.10c) are given by

GB(s) = CM(sIn −A)−1B = M∞(s),

GC(s) = C(sIn −A)−1BN = N∞(s),

thus proving (4.34). The claim in (4.33) follows identically from the argument of Theorem 4.5
by replacing W (s) with M (s) and Glo,∞(s) with N∞(s).

As was the case with BST, Theorems 4.1 and 4.9 provide the ingredients for a data-driven
implementation of PRBT, that we call quadrature-based PRBT (QuadPRBT). In this case,
the requisite data are given by the spectral factors M and N of the Popov function. Algo-
rithm 4.2.2 yields QuadPRBT when the transfer functions Gσ,A and GB, GC to be sampled
are replaced with those in (4.33) and (4.34).

4.3.3 Data-driven bounded-real balanced truncation

Intrusive bounded-real balanced truncation.

An important class of systems is those having transfer functions that are bounded along the
imaginary axis. We call these systems bounded real; they are used in parameterizing all
stabilizing controllers of a system such that the closed-loop system satisfies a particular H∞
constraint [85].

Definition 4.10 (Bounded-real systems [4, Ch. 5]). We say the asymptotically stable linear
system Glo in (2.25) is bounded real if its transfer function Glo in (2.30) satisfies

γ2Im +Glo(−s)TGlo(s) ⪰ 0, s ∈ ı̇ıℝ, (4.35)

where γ
def
= ∥Glo∥H∞ . We say Glo is strictly bounded real if the inequality in (4.35) is strict. ⋄
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Henceforth, since we only deal with strictly bounded-real systems, we take systems to be
bounded-real in the strict sense. Since it is always possible to normalize Glo such that
∥Glo∥H∞ ≤ 1, we take γ = 1 without loss of generality.

DefineRJ
def
= Im−DTD ∈ ℝm×m, and supposeRJ ≻ 0. By the Bounded Real Lemma [245,

Corollary 13.24], an asymptotically stable and minimal system (2.25) is (strictly) bounded
real if and only if there exists a stabilizing solution Q−

J ∈ ℝn×n to the bounded-real algebraic
Riccati equation (BR-ARE)

ATQJ +QJA+CTC +
(
BTQJ +DTC

)T
R−1

J
(
BTQJ +DTC

)
= 0n×n. (4.36)

Define RK
def
= Ip −DDT ∈ ℝp×p, and suppose RK ≻ 0. Applying the dual result to [245,

Corollary 13.24] implies that a system is bounded-real if and only if there exists a stabilizing
solution P−

K ∈ ℝn×n to the dual BR-ARE, i.e.

APK + PKA
T +BBT +

(
PKC

T +BDT
)
R−1

K
(
PKC

T +BDT
)T

= 0n×n. (4.37)

By [245, Corollary 13.24], both P−
K and Q−

J are unique and SPD. In BRBT, the stabi-
lizing solutions P−

K and Q−
J to the BR-AREs take the place of the usual reachability and

observability Gramians.

Definition 4.11 (Bounded-real balanced realization). We say that a state-space realization
of a minimal, bounded-real system Glo in (2.25) is a bounded-real balanced realization if

P−
K = Q−

J = Σbrbt = diag
(
ξ1Im1 , ξ2Im2 , . . . , ξqImq

)
, (4.38)

where 1 ≥ ξ1 > ξ2 > · · · > ξq > 0 and their multiplicities satisfy m1 + · · · +mq = n. The
values ξi are called the bounded-real singular values of Glo. ⋄

Theorem 4.12 (Bounded-real balanced truncation [159]). Consider an asymptotically sta-
ble, minimal, bounded-real linear system Glo in (2.25) having the bounded-real balanced
realization

Abrbt =

[
A11 A12

A21 A22

]
, Bbrbt =

[
B1

B2

]
, and Cbrbt =

[
C1 C2

]
according to Definition 4.11. The matrices are partitioned with respect to P−

K = Q−
J =

Σbrbt = diag
(
Σbrbt

1 ,Σbrbt
2

)
, where

Σbrbt
1 = diag (ξ1Im1 , . . . , ξkImk

) and Σbrbt
2 = diag

(
ξk+1Imk+1

, . . . , ξqImq

)
for r = m1 + · · · + mk and 1 ≤ k < q. Then, the order-r reduced model G̃ lo,brbt =
(A11,B1,C1,D) obtained via bounded-real balanced truncation and having the transfer

function G̃lo,brbt is balanced in the sense of (4.38), asymptotically stable, minimal, and
bounded real. Moreover, suppose that K(s) and J(s) are left and right spectral factors
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of Ip −Glo(s)Glo(−s)T and Im −Glo(−s)TGlo(s), and let K̃(s) and J̃(s) be the analogous

spectral factors for the reduced G̃ lo,brbt. Then, G̃ lo,brbt satisfies the error bound

max

{∥∥∥∥∥
[
Glo − G̃lo,brbt

K − K̃

]∥∥∥∥∥
H∞

,

∥∥∥∥∥
[
Glo − G̃lo,brbt

J − J̃

]∥∥∥∥∥
H∞

}
≤ 2

q∑
i=k+1

ξi. (4.39)

⋄

Thus, BRBT preserves asymptotic stability and the bounded-real property. Moreover, if the
singular values ξi are small, then the reduced-order transfer function and spectral factors
are guaranteed to be close to their full-order counterparts in the H∞ sense.

Quadrature-based bounded-real balanced truncation.

We have already mentioned the relevant spectral factorizations in Theorem 4.12, but we in-
troduce them formally here. Consider an asymptotically stable, minimal system Glo in (2.25)
and assume that RJ = Im −DTD ≻ 0. By [245, Corollary 13.21] there exists a minimum-
phase right spectral factor J : ℂ→ ℂm×m of Im −Glo(−s)TGlo(s), i.e.,

J(−s)TJ(s) = Im −Glo(−s)TGlo(s), s ∈ ℂ.

The spectral factor J is the transfer function for a minimal and asymptotically stable linear
system J , defined by the realization

J =
(
A,B,CJ ,R

1/2
J
)

for CJ
def
= R

−1/2
J

(
BTQ−

J +DTC
)
, (4.40)

whereQ−
J ∈ ℝn×n is the unique minimal solution to (4.36). Likewise, ifRK = Ip−DDT ≻ 0,

by the dual result [245, Corollary 13.27] there exists a minimum-phase left spectral factor
K : ℂ→ ℂm×m of Ip −Glo(s)Glo(−s)T, i.e.,

Ip −Glo(s)Glo(−s)T = K(s)K(−s)T, s ∈ ℂ,

where K is the transfer function for a minimal and asymptotically stable system K:

K =
(
A,BK,C,R

1/2
K
)

for BK
def
=
(
P−

KC
T +BDT

)
R

−1/2
K , (4.41)

and P−
K ∈ ℝn×n is the unique minimal solution to (4.37). Using these factors, we interpret

the dual BR-AREs as the reachability and observability Lyapunov equations of some linear
systems. To this end, we introduce the notation

B̂K
def
=
[
B BK

]
∈ ℝn×2m, R̂K

def
=
[
D R

1/2
K

]
∈ ℝp×2m,

ĈJ
def
=

[
C
CJ

]
∈ ℝ2p×n, R̂J

def
=

[
D

R
1/2
J

]
∈ ℝ2p×m.

(4.42)
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Then, fixing Q−
J and P−

K in the right-hand sides of (4.36) and (4.37), we see that

ATQJ +QJA+CTC +
(
BTQJ +DTC

)T
R−1

J
(
BTQJ +DTC

)︸ ︷︷ ︸
= ĈT

J ĈJ

= 0n×n

=⇒ ATQJ +QJA+ ĈT
J ĈJ = 0n×n, (4.43)

APK + PKA
T +BBT +

(
PKC

T +BDT
)
R−1

K
(
PKC

T +BDT
)T︸ ︷︷ ︸

= B̂KB̂
T
K

= 0n×n

=⇒ APK + PKA
T + B̂KB̂

T
K = 0n×n. (4.44)

Because the stabilizing solution to (4.36) is unique, (4.43) is uniquely solved by QJ = Q−
J .

Thus, (4.43) is the observability Lyapunov equation of the linear system Y = Ĵ defined as

Y =
(
A,BY ,CY ,DY

)
=
(
A,B, ĈJ , R̂J

)
= Ĵ , (4.45)

where Q−
J is the observability Gramian of Y = Ĵ . By the definition of the matrices in (4.42),

the transfer function Ĵ : ℂ→ ℂ2p×m of the system Ĵ is given by

Ĵ(s) = ĈJ (sIn −A)−1B + R̂J =

[
Glo(s)
J(s)

]
, s ∈ ℂ,

where J(s) is the right spectral factor of Im −Glo(−s)TGlo(s) defined by (4.40). Likewise,
the stabilizing solution to (4.37) is unique, and so (4.44) is uniquely solved by PK = P−

K.

Thus, (4.44) is the reachability Lyapunov equation of the linear system X = K̂ defined as

X =
(
A,BX ,CX ,DX

)
=
(
A, B̂K,C, R̂K

)
= K̂, (4.46)

where P−
K is the reachability Gramian of X = K̂. By (4.42), the transfer function K̂ : ℂ→

ℂp×2m of the system K̂ is given by

K̂(s) = C(sIn −A)−1B̂K + R̂K =
[
Glo(s) K(s)

]
, s ∈ ℂ,

where K(s) is the left spectral factor of Ip − Glo(s)Glo(−s)T defined by (4.40). Thus,
QY = Q−

J and P X = P−
K can be decomposed into quadrature-based factors (4.7) and (4.8)

with BX = B̂K and CY = ĈJ . Applying Theorem 4.1 in this setting allows us to interpret

Gσ,A, GB and GC in (4.10a)–(4.10c) in terms of Ĵ and K̂.

Theorem 4.13 (Bounded-real balanced truncation from data.). Let Q−
J ∈ ℝn×n and P−

K ∈
ℝn×n be the minimal solutions to (4.36) and (4.37). Then, for BRBT the transfer functions
Gσ,A(s), GB(s), and GC(s) defined in (4.10a)–(4.10c) of Theorem 4.1 are given by:

Gσ,A(s) =

([
Ip 0p×m

Glo,∞(−s)T J∞(−s)T
]−1 [

Glo,∞(s) K∞(s)
−DTGlo,∞(s) −DTK∞(s)

])−

, (4.47)

GB(s) = Ĵ∞(s), and GC(s) = K̂∞(s), (4.48)
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where J , Ĵ andK, K̂ are the transfer functions of the linear systems defined in (4.40), (4.45),
(4.41), and (4.46). ⋄

Proof of Theorem 4.13. In this setting, we have BX = B̂K and CY = ĈJ defined in (4.42).
So, from the definition of GB and GC in (4.10b) and (4.10c), it follows immediately that

GB(s) = ĈJ (sIn −A)−1B = Ĵ∞(s),

GC(s) = C(sIn −A)−1B̂K = K̂∞(s),

proving (4.48). For the cascaded system in (4.47), we introduce the notation

Z(s) =

[
Ip 0p×m

Glo,∞(−s)T J∞(−s)T
]−1 [

Glo,∞(s) K∞(s)
−DTGlo,∞(s) −DTK∞(s)

]
.

Thus, Z : ℂ→ ℂ2p×2m is the transfer function of some linear system Z. Thus, to prove (4.47)
it suffices to show that

Z(s)− = ĈJ (sIn −A)−1B̂K.

To this end, we introduce the matrices:

B̂
def
=
[
0n×p B

]
∈ ℝn×(p+m), Ĉ

def
=

[
C

−DTC

]
∈ ℝ(p+m)×n,

R̂
def
=

[
Ip 0p×m

0m×p R
1/2
J

]
∈ ℝ(p+m)×(p+m).

One can verify that the linear systems corresponding to the transfer functions[
Ip 0p×m

Glo,∞(−s)T J∞(−s)T
]−1

and

[
Glo,∞(s) K∞(s)

−DTGlo,∞(s) −DTK∞(s)

]
have realizations given by(

−AT + ĈT
J R̂

−1B̂T,−ĈT
JR

−1, R̂−1B̂T, R̂−1) and (A, B̂K, Ĉ,0p+m),

respectively. Then, the realization of the cascaded system Z can be computed according to
Proposition 2.23 to be

Z =


−AT + ĈT

J R̂
−1B̂T ĈT

J R̂
−1Ĉ 0n×(p+m)

0n A B̂K

R̂−1BT R̂−1Ĉ 0p+m

 . (4.49)

By manipulating the ARE (4.36) into the form

(−AT + ĈT
J R̂

−1B̂T)(−Q−
J ) +AQ−

J + ĈT
J R̂

−1Ĉ = 0n×n,
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it becomes clear that the state-space transformation defined as

T =

[
In −Q−

J
0n In

]
∈ ℝ2n×2n

decouples the cascaded system in (4.49). In other words, the transformed state space real-
ization of Z is given by

Z =


−AT + ĈT

J R̂
−1B̂T 0n Q−

J B̂K

0n A B̂K

R̂−1BT ĈJ 0p+m

 .

Evidently, the stable part of Z has the transfer function Z(s)− = ĈJ (sIn −A)−1B̂K, thus
proving previous claim.

Theorems 4.1 and 4.13 provide the foundation for a data-driven implementation of BRBT,
which we call quadrature-based BRBT (QuadBRBT). Algorithm 4.2.2 yields QuadBRBT when
the transfer functions Gσ,A and GB, GC to be sampled are replaced with those in (4.47)
and (4.48).

4.3.4 Common setup for numerical experiments

Before presenting the numerical results for this section, we discuss here common aspects
of the setup and environment for the numerical experiments performed in the subsequent
Section 4.3.5, as well as the later Sections 4.4.3, and 4.5.4.

In each section, we use an exponential trapezoidal quadrature rule [211] to implicitly approxi-
mate the relevant Gramians. For simplicity, we use an even and equal number N = J = K of
left and right quadrature nodes interweaved along the imaginary axis so that the imaginary
parts of the nodes satisfy

ϑ1 < ζ1 < ϑ2 < ζ2 < · · · < ϑN < ζN (4.50)

and that these points are closed under complex conjugation

{−ı̇ıϑi}Ni=1 = {ı̇ıϑi}Ni=1 and {−ı̇ıζj}Nj=1 = {ı̇ıζj}Nj=1. (4.51)

For each example, the quadrature rules will be applied in chosen intervals along the imaginary
axis [ı̇ıωmin, ı̇ıωmax], for real-valued 0 < ωmin < ωmax. The points will be linearly spaced or
logarithmically spaced in the interval [ı̇ıωmin, ı̇ıωmax]; we make the choice clear whenever it
arises.
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Table 4.1: Relative Frobenius errors (4.53) in the first 20 (stochastic (4.18), positive-
real (4.27), or bounded-real (4.38)) singular values of the RLC circuit benchmark. The
smallest error for each set of quadrature-based reduced models is highlighted in boldface.

N = 50 N = 100 N = 200

∥Σbst − Σ̌bst∥F/∥Σbst∥F 3.3872e-2 2.3464e-2 2.6343e-2
∥Σprbt − Σ̌prbt∥F/∥Σprbt∥F 3.3603e-2 1.6474e-2 1.8390e-2
∥Σbrbt − Σ̌brbt∥F/∥Σbrbt∥F 5.0034e-1 4.6219e-1 4.5352e-1

Each of the data-based methods used in this chapter requires evaluating some sort of transfer
function to obtain the relevant data. The data used to generate these data-driven BT-ROMs
are all computed synthetically. That is, an explicit computational model such as (2.25)
or (4.72) is used to evaluate the relevant transfer function data. For benchmarking, we
compare each of the data-driven BT-ROMs to their intrusive counterparts. These intrusive
benchmarks are computed using the MATLAB toolbox MORLAB [36].

4.3.5 Numerical results

In this section, we provide a numerical proof of concept for the data-driven reduced models
computed by QuadBST, QuadPRBT, and QuadBRBT. We assume the common setup for
numerical experiments outlined in Section 4.3.4. The data-driven approaches are compared
to their intrusive counterparts BST, PRBT, and BRBT. We test the methods on a single-
input, single-output RLC circuit model of order n = 400 taken from [96] with the choice of
physical parameters R = C = L = 0.1 and R = 1. We use the circuit model because it
is asymptotically stable, passive, square, and contains a nonsingular feedthrough term by
construction. Moreover, we normalize the model so that it is bounded real (4.35). Thus, all
of the BT-variants discussed in this section can be reasonably applied to this benchmark.

We compute the spectral factor data used to construct the quadrature-based reduced models
intrusively by directly constructing a state-space realization of each of the spectral factors,
and then evaluating its transfer function at the required points. The built-in MATLAB
routine ‘icare’ is used to compute the stabilizing solution of the associated AREs. In some
practical scenarios, solely evaluations of Glo are available. A similar approach as in [29]
can then be used: first, construct a reduced-order surrogate using these data via QuadBT,
and then use this surrogate to obtain numerical evaluations of the spectral factors required
for QuadBST, QuadPRBT, and QuadBRBT. However, at this point one could just as well
compute a reduced model intrusively using BST, PRBT, or BRBT from the data-driven
intermediate.
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(a) Absolute H∞ errors (4.52) for the order r = 1, 2, . . . , 20 BST and QuadBST reduced models.
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(b) True stochastic singular values (4.18) compared against the approximate ones.

BST QuadBST (N = 50) QuadBST (N = 100) QuadBST (N = 200)

Figure 4.1: Results for the quadrature-based and intrusive BST reduced models of the RLC
circuit benchmark.

For comparing the computed reduced models, we use the absolute H∞ error:

abserrH∞
def
= ∥Glo − G̃ lo∥H∞ , (4.52)

which is computed using the ‘norm’ command in MATLAB’s Control Systems Toolbox. The
algorithm used to compute the H∞ norm is from [48]. For each type of balancing, we also
compute the error in the true (stochastic (4.18), positive-real (4.27), or bounded-real (4.38))
singular values σ

(
LT

YRX
)
against the data-based singular values σ (𝔼) via the relative error

in the Frobenius norm:

relerrF
def
=
∥Σ− Σ̌∥F
∥Σ∥F

. (4.53)

For each of QuadBST, QuadPRBT, and QuadBST, reduced models of orders r = 1, . . . , 20
are computed according to Algorithm 4.2.2 using the appropriate data sampled along N =
50, 100, 200 points. The left and right points are constructed by choosing N logarithmically
spaced points from ı̇ı10−1 to ı̇ı104, interweaving these points according to (4.50), and then
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(a) Absolute H∞ errors (4.52) for the order r = 1, 2, . . . , 20 PRBT and QuadPRBT reduced models.
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(b) True positive-real singular values (4.27) compared against the approximate ones.

PRBT QuadPRBT (N = 50) QuadPRBT (N = 100) QuadPRBT (N = 200)

Figure 4.2: Results for the quadrature-based and intrusive PRBT reduced models of the RLC
circuit benchmark.

closing the two sets of points under conjugation according to (4.51). We also compute
(intrusive) order r = 1, . . . , 30 reduced models using MORLAB’s implementation of BST,
PRBT, and BRBT for benchmarking.

The results are recorded in Figures 4.1, 4.2, and 4.3. For each of the intrusive and quadrature-
based BST, PRBT, and BRBT reduced models, the top plots contain the absolute H∞ errors,
whereas the bottom plots contain the (relevant) singular values Σ of the matrix LT

YRX
plotted against the singular values Σ̌ of the data-based 𝔼. The relative errors in the singular
values (4.53) are reported in Table 4.1. As each figure illustrates, the quadrature-based
reduced models produce nearly the same H∞ error as the intrusive reduced models for all
orders of reduction, and the relevant singular values in each instance are very close to the
true singular values. From N = 50 to N = 100 and N = 200, the approximation quality
in the H∞ error of the quadrature-based reduced models increases. The only exceptions are
the order r = 13 QuadBRBT reduced models, which exhibit a marginally higher absolute
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(a) Absolute H∞ errors (4.52) for the order r = 1, 2, . . . , 20 BRBT and QuadBRBT reduced models.
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(b) True bounded-real singular values (4.38) compared against the approximate ones.

BRBT QuadBRBT (N = 50) QuadBRBT (N = 100) QuadBRBT (N = 200)

Figure 4.3: Results for the quadrature-based and intrusive BRBT reduced models of the RLC
circuit benchmark.

H∞ error for N = 100 and N = 200. From N = 100 to N = 200, the H∞ errors and the
error in the Hankel singular values do not follow a specific trend. Surprisingly, the errors in
Table 4.1 show that the errors in the stochastic and bounded-real singular get slightly larger
from N = 100 to N = 200. This might suggest that the choice of quadrature nodes is not
optimal.

We emphasize that these numerical results are intended to be a proof of concept. They are
included to illustrate that, if one had the requisite data prescribed by Theorems 4.5, 4.9,
and 4.13, then the data-driven reduced models computed by QuadBST, QuadPRBT, and
QuadBRBT perform very closely to their intrusive counterparts.
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4.4 Frequency-weighted balanced truncation

Each of the previously discussed variants of balanced truncation aims to reproduce a sys-
tem (2.25) or its transfer function (2.30), over the entire frequency range; that is, by weigh-
ing all frequencies equally. In numerous applications, however, one would like to weigh
certain frequencies more than others. This motivates frequency-weighted model reduction:
Given a linear system Glo as in (2.25) having the transfer function Glo, an input weight
Gi : ℂ → ℂm×mi , and an output weight Go : ℂ → ℂpo×p, the problem is to compute a
reduced-order system G̃ lo so that the frequency-weighted error is small, i.e.:

Find G̃lo so that
∥∥∥Go

(
Glo − G̃lo

)
Gi

∥∥∥
Hpo×mi∞

is small for given Go and Gi. (4.54)

For this section, Gi and Go will be order-ni and order-no rational transfer functions of
some underlying linear systems Gi and Go formulated according to (2.25). Several attempts
have been made at the frequency-weighted problem (4.54); see [69, 116, 128, 221, 244].
Enns [69] was the first to consider the frequency-weighted problem in the context of balanced
realizations using input and output weights. The goal of this section is to derive a data-
driven formulation of the frequency-weighted balanced truncation (FWBT) of Enns [69], and
extend the quadrature-based framework of [89] to this setting. Instead of doing so with the
generalized framework of Section 4.2, we address the frequency-weighted problem (4.54) in
a vacuum. Although it is possible to derive a data-driven formulation of FWBT using the
generalized approach, it turns out to be more natural to do so directly from the problem
formulation given in (4.54). In addition to the general framework of Enns [69], we will also
discuss the self-weighted variation of Zhou [244] as a special case. It needs to be mentioned
that usually, the weights Gi and Go are not provided; rather, the user is interested in the
reduced model performance over a known frequency band Ω = [ω1, ω2]. The frequency-
limited method by Gawronski and Juang [84] aims to address this problem, although we do
not consider their approach here. There are instances in which the weights in (4.54) are
known; e.g., in controller reduction or in the self-weighted case considered in [244], where
Gi = Im and Go = G−1

lo . In this case, the frequency-weighted problem (4.54) becomes a
relative error problem.

4.4.1 Intrusive frequency-weighted balanced truncation

The general formulation of Enns.

Consider an asymptotically stable and minimal linear system Glo as in (2.25), and a pair of
minimal linear systems Gi and Go defined by the realizations

Gi = (Ai,Bi,C i,Di) and Go = (Ao,Bo,Co,Do) , (4.55)

where Ai ∈ ℝni×ni , Bi ∈ ℝni×mi , C i ∈ ℝm×ni . Di ∈ ℝm×mi , and Ao ∈ ℝno×no , Bo ∈ ℝno×p,
Co ∈ ℝpo×ni , Do ∈ ℝpo×p for ni,mi, pi, no,mo, po ∈ ℤ>0. In order to guarantee the frequency
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error in (4.54) is finite—barring a possibly unstable reduced model—we assume that Gi and
Go are asymptotically stable. The systems (4.55) respectively model the input weight and
output weight

Gi(s) = C i(sIni
−Ai)

−1Bi +Di and Go(s) = Co(sIno −Ao)
−1Bo +Do. (4.56)

The relevant Gramians in FWBT can be straightforwardly derived from the behavior of the
input-to-output response of (2.25) under the weights (4.56). Recall the integral formulations
of the reachability Gramian (2.41) and observability Gramian (2.42). Consider the input-
to-state and state-to-output behavior of the weighted transfer function GoGloGi: An input
U(s) applied to the weighted system first goes through the input weight Gi, leading to a
weighted input which is then fed to Glo. Alternatively, we can view Glo as acting on inputs
of the form Gi(s)U(s), leading to the weighted input-to-state map (sIn − A)−1BGi(s).
Replacing the usual state-to-input map in the integral formulation (2.41) of the reachability
Gramian P ∈ ℝn×n with this weighted map leads to the weighted reachability Gramian

P i =
1

2π

∫ ∞

−∞
(ı̇ıωIn −A)−1BGi(ı̇ıω)

(
(ı̇ıωIn −A)−1BGi(ı̇ıω)

)H
dω. (4.57)

Consider the state-to-output map of the weighted transfer function: The state of the system
passes through the output weight Go, leading to a weighted output. This leads to a weighted
state-to-output map Go(s)C(sIn−A)−1. Replacing the usual state-to-output map in (2.42)
with this weighted map leads to the weighted observability Gramian

Qo =
1

2π

∫ ∞

−∞

(
Go(ı̇ıω)C (ı̇ıωE −A)−1)HGo(ı̇ıω)C (ı̇ıωE −A)−1 dω. (4.58)

The weighted Gramians P i ∈ ℝn×n and Qo ∈ ℝn×n can also be obtained from solutions to
ALEs as follows. Using Proposition 2.23, we compute realizations of the cascaded systems
GloGi and GoGlo with the transfer functions GloGi and GoGlo:

GloGi =
(
Âi, B̂i, Ĉ i, D̂i

)
=

([
A BC i

0ni×n Ai

]
,

[
BDi

Bi

]
,
[
C DC i

]
,DDi

)
, (4.59)

GoGlo =
(
Âo, B̂o, Ĉo, D̂o

)
=

([
A 0n×no

BoC Ao

]
,

[
B

BoD

]
,
[
DoC Co

]
,DoD

)
. (4.60)

Assuming no pole-zero cancellation in the transfer functions GloGi and GoGlo, the realiza-
tions in (4.59) and (4.60) are minimal. Moreover, the cascaded systems are asymptotically

stable, and so the reachability Gramian P̂ i ∈ ℝn×n of (4.59) and the observability Gramian

Q̂o ∈ ℝn×n of (4.60) uniquely satisfy the Lyapunov equations

ÂiP̂ i + P̂ iÂ
T
i + B̂iB̂

T
i = 0n×n and ÂT

o Q̂o + Q̂oÂo + ĈT
o Ĉo = 0n×n. (4.61)

It can be shown [4, Proposition 7.19] that the (1, 1)-blocks of P̂ i and Q̂o of dimension
n × n are the weighted Gramians P i and Qo in (4.57) and (4.58). Thus, under the given
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assumptions, the weighted Gramians P i and Qo are SPD, and uniquely determined by the
ALEs (4.61).

In FWBT, the weighted Gramians (4.57) and (4.58) are balanced, in place of the usual
reachability and observability Gramians.

Definition 4.14 (Frequency-weighted balanced realization [69]). We say that a state-space
realization of the minimal system Glo in (2.25) is a frequency-weighted balanced realization if

P i = Qo = Σfwbt = diag
(
σ̂1Im1 , σ̂2Im2 , . . . , σ̂qImq

)
, (4.62)

where σ̂1 > σ̂2 > · · · > σ̂q > 0 and their multiplicities satisfy m1 + · · ·+mq = n. The values
σ̂i are called the frequency-weighted singular values, and are dependent upon Glo, Gi, and Go.

⋄
Theorem 4.15 (Frequency-weighted balanced truncation [69, 116]). Consider an asymp-
totically stable, minimal, linear system Glo in (2.25) having the frequency-weighted balanced
realization

Afwbt =

[
A11 A12

A21 A22

]
, Bfwbt =

[
B1

B2

]
, and C fwbt =

[
C1 C2

]
according to Definition 4.14. The matrices are partitioned with respect to P i = Qo =
Σfwbt = diag

(
Σfwbt

1 ,Σfwbt
2

)
, where

Σfwbt
1 = diag (σ̂1Im1 , . . . , σ̂kImk

) and Σfwbt
2 = diag

(
σ̂k+1Imk+1

, . . . , σ̂qImq

)
for r = m1 + · · · + mk and 1 ≤ k < q. Then, the order-r reduced model G̃ lo,fwbt =
(A11,B1,C1,D) obtained via frequency-weighted balanced truncation is balanced in the

sense of (4.62). If either Gi = Imi
or Go = Ipo , then G̃ lo,fwbt is asymptotically stable, and

the frequency-weighted error bound holds:∥∥∥Go (Glo − G̃ lo,fwbt)Gi∥∥∥
H∞
≤ 2

q∑
i=k+1

(
σ̂2
i + (αi + βi)σ̂

3/2
i + αiβiσ̂i

)1/2
, (4.63)

where αi and βi are the H∞ norms of some transfer functions that depend upon the weights
Gi and Go, as well as the transfer functions of the reduced-order models obtained by FWBT
of order j = 1, . . . , k. ⋄

The original formulation of Theorem 4.15 and the stability result are due to Enns [69],
while the error bound is due to Kim et al. [116]. To guarantee asymptotic stability in the
reduced model for the case of two-sided weighting, the method by Lin and Chiu [128] instead

balances the Schur complements of the Gramians P̂ i and Q̂o that satisfy (4.61). A similarly
complicated error bound to (4.63) holds in this case, as well. A simpler error bound is
provided by the variation of [221]. We do not consider either of the approaches in [128, 221]
further. In a practical implementation, FWBT according to Theorem 4.15 is achieved using
a square-root implementation such as Algorithm 4.2.1, where RX = Ri and LY = Lo are
Cholesky factors of P i and Qo.
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The self-weighted approach of Zhou.

A special case of the frequency-weighted balancing of Enns is the self-weighted method of
Zhou [244]. Suppose the linear system Glo in (2.25) has a nonsingular feedthrough term
D so that its inverse system is well defined according to Proposition 2.25. If (2.25) is
additionally assumed to be minimum phase, i.e., the zeros of its transfer function lie in ℂ<0,
then G−1

lo computed according to (2.35) will be asymptotically stable, as well. Under these
assumptions, and when the input- and output-weights are taken to be

Gi(s) = Im and Go(s) = Glo(s)
−1,

the frequency-weighted balancing described by Theorem 4.15 becomes a relative error method,
i.e., it attempts to minimize the relative H∞ approximation error ∥G−1

lo (Glo − G̃lo)∥Hp×m
∞

.
In this special case, the weighted reachability Gramian (4.57) is simply the usual reacha-
bility Gramian P i = P in (2.41), and the weighted observability Gramian Qo is defined
as in (4.58) with Go = G−1

lo . Alternatively, Qo can be computed as the solution to the
observability Lyapunov equation of the inverse system (2.35):(

A−BD−1C
)T

Qo +Qo

(
A−BD−1C

)
+
(
D−1C

)T (
D−1C

)
= 0n×n. (4.64)

See [244, Lemma 2] for details. In the self-weighted approach, P is balanced with Qo that
solves (4.64) to yield a frequency-weighted balanced realization according to Definition 4.14.
The reduced model obtained by truncating this balanced realization has the following prop-
erties.

Theorem 4.16 (Self-weighted balanced truncation [244]). Consider an asymptotically sta-

ble, minimal, square, and minimum-phase linear system Glo in (2.25). Suppose that G̃ lo,fwbt
is obtained via Zhou’s self-weighted balanced truncation according to Theorem 4.15 with
Gi = Im and Go = G−1

lo . Then, G̃ lo,fwbt is balanced in the sense of (4.62), asymptotically
stable, and satisfies the relative error bounds∥∥∥G−1

lo

(
Glo − G̃ lo,fwbt

)∥∥∥
H∞
≤

q∏
i=k+1

(
1 + 2 σ̂i

√
1 + σ̂2

i + 2 σ̂2
i

)
− 1,

∥∥∥G̃−1
lo

(
Glo − G̃ lo,fwbt

)∥∥∥
H∞
≤

q∏
i=k+1

(
1 + 2 σ̂i

√
1 + σ̂2

i + 2 σ̂2
i

)
− 1.

(4.65)

⋄

4.4.2 Quadrature-based frequency-weighted balanced truncation

Following the ideas of Sections 4.2 and 4.3, we derive here a quadrature-based/data-driven
formulation of the frequency-weighted balanced truncation [69, 244] just introduced. As
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our starting point, we use the readily available integral formulations for the to-be-balanced
weighted Gramians P i ∈ ℝn×n in (4.57) and Qo ∈ ℝn×n in (4.58). Let Gi and Go be the
input- and output-weights defined in (4.56). Consider a numerical quadrature rule defined
by the nodes ı̇ıζ1, . . . , ı̇ıζJ ∈ ı̇ıℝ and weights ϱ21, . . . , ϱ

2
J ∈ ℝ. Applying this rule to P i in (4.57)

reveals the approximate factorization

P i ≈
J∑

j=1

ϱ2j (ı̇ıζjIn −A)−1BGi(ı̇ıζj)
(
(ı̇ıζjIn −A)−1BGi(ı̇ıζj)

)H
= ŘiŘ

H
i ,

where Ři ∈ ℂn×miJ is defined as

Ři
def
=
[
ϱ1 (ı̇ıζ1In −A)−1BGi(ı̇ıζ1) · · · ϱJ (ı̇ıζJIn −A)−1BGi(ı̇ıζJ)

]
. (4.66)

We assume that the factor 1/2π is included in each of the quadrature weights. Likewise,
applying a numerical quadrature rule defined by the nodes ı̇ıϑ1, . . . , ı̇ıϑK ∈ ı̇ıℝ and weights
φ2
1, . . . , φ

2
K ∈ ℝ to Qo in (4.58) produces the approximate factorization

Qo ≈
K∑
k=1

φ2
k

(
Go(ı̇ıϑk)C (ı̇ıϑkIn −A)−1)HGo(ı̇ıϑk)C (ı̇ıϑkIn −A)−1 = ĽoĽ

H
o ,

where Ľo ∈ ℂn×poK is defined according to

ĽH
o

def
=

 φ1Go(ı̇ıϑ1)C (ı̇ıϑ1In −A)−1

...

φKGo(ı̇ıϑK)C (ı̇ıϑKIn −A)−1

 . (4.67)

An exact (intrusive) implementation of the FWBT described by Theorem 4.15 can be achieved
using Algorithm 4.2.1, where the factors RX = Ri and LY = Lo are the Cholesky factors
of P i = RiR

T
i and Qo = LoL

T
o . As in Section 4.2, we arrive at a quadrature-based imple-

mentation by replacing the exact factors Ri and Lo with Ři and Ľo in (4.66) and (4.67).
The resulting (approximate) reduced model is thereby determined by the quadrature-based
approximations to (4.4):

ĽH
o Ři, ĽH

oAŘi, ĽH
oB, and CŘi. (4.68)

As with (4.9) in Theorem 4.1, the approximations in (4.68) are computable directly from
data. In contrast to before, these data are evaluations of the linear model transfer function
Glo, and the frequency weights Gi and Go.

Theorem 4.17 (Frequency-weighted balanced truncation from data). Let the quadrature-
based square root factors Ři ∈ ℂn×miJ and Ľo ∈ ℂn×poK be defined according to (4.66)
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and (4.67). Then, for FWBT the data-matrices defined in (4.11) for RX = Ři and LY = Ľo

are given by

𝔼k,j = −φkϱj
Go(ı̇ıϑk)Glo,∞(ı̇ıϑk)Gi(ı̇ıζj)−Go(ı̇ıϑk)Glo,∞(ı̇ıζj)Gi(ı̇ıζj)

ı̇ıϑk − ı̇ıζj
, (4.69a)

𝔸k,j = −φkϱj
ı̇ıϑkGo(ı̇ıϑk)Glo,∞(ı̇ıϑk)Gi(ı̇ıζj)− ı̇ıζjGo(ı̇ıϑk)Glo,∞(ı̇ıζj)Gi(ı̇ıζj)

ı̇ıϑk − ı̇ıζj
, (4.69b)

𝔹k, : = φkGo(ı̇ıϑk)Glo,∞(ı̇ıϑk) and ℂ :, j = ϱjGlo,∞(ı̇ıζj)Gi(ı̇ıζj), (4.69c)

for all j = 1, . . . , J and k = 1, . . . K. ⋄

Proof of Theorem 4.17. The argument uses the same technology as the proof of Theorem 4.1.
In fact, the result follows directly by running through the arguments used to prove Theo-
rem 4.1 with RX = Ři and LY = Ľo. For illustrative purposes, we still prove (4.69a) directly
here. Using RX = Ři and LY = Ľo in (4.66) and (4.67) in the definition of 𝔼 in (4.11), the
first resolvent identity (2.16) gives

𝔼k,j = IT
k,py𝔼Ij,mx = IT

k,pyĽ
H
o ŘiIj,mx

= φkϱjGo(ı̇ıϑk)C(ı̇ıϑkIn −A)−1(ı̇ıζjIn −A)−1BGi(ı̇ıζj)

= φkϱjGo(ı̇ıϑk)C

(
(ı̇ıζjIn −A)−1 − (ı̇ıϑkIn −A)−1

ı̇ıϑk − ı̇ıζj

)
BGi(ı̇ıζj)

= −φkϱj
Go(ı̇ıϑk)Glo,∞(ı̇ıϑk)Gi(ı̇ıζj)−Go(ı̇ıϑk)Glo,∞(ı̇ıζj)Gi(ı̇ıζj)

ı̇ıϑk − ı̇ıζj
,

thus proving (4.69a). The other claims for (4.69b) and (4.69c) follow nearly identically.

Applying Theorem 4.17 for the special case of Gi = Im and Go = G−1
lo results in a

quadrature-based formulation of Zhou’s self-weighted approach [244].

Corollary 4.18 (Self-weighted balanced truncation from data). Let the quadrature-based
square root factors Ři ∈ ℂn×miJ and Ľo ∈ ℂn×poK be defined according to (4.66) and (4.67)
for the choice of frequency weights Gi = Im and Go = G−1

lo . Then, the data-matrices defined
in (4.11) for RX = Ři and LY = Ľo. are given by

𝔼k,j = −φkϱj
Glo(ı̇ıϑk)

−1Glo,∞(ı̇ıϑk)−Glo(ı̇ıϑk)
−1Glo,∞(ı̇ıζj)

ı̇ıϑk − ı̇ıζj
, (4.70a)

𝔸k,j = −φkϱj
ı̇ıϑkGlo(ı̇ıϑk)

−1Glo,∞(ı̇ıϑk)− ı̇ıζjGlo(ı̇ıϑk)
−1Glo,∞(ı̇ıζj)

ı̇ıϑk − ı̇ıζj
, (4.70b)

𝔹k, : = φkGlo(ı̇ıϑk)
−1Glo,∞(ı̇ıϑk) and ℂ :, j = ϱjGlo,∞(ı̇ıζj), (4.70c)

for all j = 1, . . . , J and k = 1, . . . K. ⋄
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(a) Transfer function magnitudes and relative er-
rors for r = 10.
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(b) Transfer function magnitudes and relative er-
rors for r = 20.
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Figure 4.4: Frequency response results for order r = 10 and r = 20 reduced-order models of
the RLC circuit benchmark.

4.4.3 Numerical results

Here, we investigate QuadFWBT on a simple test problem. Specifically, we compare our
quadrature-based implementation of Zhou’s self-weighted approach against an intrusive im-
plementation. We choose to test this specific case of our method because, as already dis-
cussed, the input and output weight functions (4.56) are usually unknown outside of special
instances. The common setup for numerical experiments outlined in Section 4.3.4 is as-
sumed. We again use the RLC circuit model described in Section 4.3.5 as a test model, but
with order n = 1000 and the physical parameters R = 0.1, C = L = 0.001. The RLC circuit
model has a nonsingular D term, so that the inverse transfer function G−1

lo is well defined.

For the model reduction of the RLC circuit model, we compute reduced models of order
r = 10 and r = 20 intrusively using BT and FWBT with self-weighting, and non-intrusively
using QuadFWBT according to Corollary 4.18 for N = 50, 100, and 200 quadrature nodes.
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Table 4.2: RelativeH∞ errors according to (4.71) for the BT and frequency-weighted reduced-
order models of the RLC circuit benchmark for r = 10 and 20. The smallest error for each
order is highlighted in boldface.

r = 10 r = 20

FWBT 1.3903e-5 2.3830e-12
BT 2.3535e-5 4.1638e-12
QuadFWBT (N = 50) 9.7923e-5 2.9343e-10
QuadFWBT (N = 100) 1.7401e-5 3.6533e-12
QuadFWBT (N = 200) 1.9475e-5 4.2062e-11

As before, the nodes are taken to be N/2 logarithmically spaced points from ı̇ı10−1 to ı̇ı104,
which are then closed under complex conjugation. The left and right points are interwoven
according to the setup described in Section 4.3.4. We include BT in the results to com-
pare the behavior of the reduced models computed using a frequency-weighted approach
against one computed using an absolute error approach. Because MORLAB does not have
an implementation of frequency-limited BT with weights, we have implemented the method
ourselves.

For the presentation of the results, we plot the magnitude of the full- and reduced-order
model transfer functions, as well as the pointwise relative error

relerr(ı̇ıωk)
def
=
∣∣∣Glo(ı̇ıωk)

−1
(
Glo(ı̇ıωk)− G̃lo(ı̇ıωk)

)∣∣∣ ,
for ωk ∈ Ω

def
= [10−1, 104] are k = 1, 2, . . . , 750 logarithmically spaced points. The absolute

error is used because the RLC circuit is a single-input, single-output system. We also score
the reduced models using an approximation to the relative H∞ error

relerrH∞
def
= max

ωk∈Ω

∣∣∣Glo(ı̇ıωk)
−1
(
Glo(ı̇ıωk)− G̃lo(ı̇ıωk)

)∣∣∣ , (4.71)

where Ω is defined as above.

The performance of the order r = 10 and r = 20 reduced models is recorded in Figure 4.4.
Both sets of reduced models produce high-fidelity approximations that are very close to the
full-order frequency response. The quadrature-based reduced models more closely mimic the
behavior of the intrusive (relative error) FWBT reduced models than the (absolute error) BT
reduced models, particularly as the number of quadrature nodes N increases. The relative
H∞ errors are recorded in Table 4.2; the BT reduced models provide the lowest error in
this metric, but all the other computed reduced models perform very closely. As was the
case in Section 4.3.5, the relative H∞ errors due to the QuadFWBT reduced models increase
from N = 100 to N = 200. In contrast to the methods tested in Section 4.3.5, the data
required for (self-weighted) FWBT can be obtained non-intrusively. Indeed, so long as one
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can evaluate the underlying transfer function Glo, then the transfer function of the inverse
system G−1

lo can also be inferred from it.

4.5 Data-driven balancing for second-order systems

The mathematical modeling of, e.g., mechanical or electrical structures [226, Ch. 1], typically
results in linear dynamical systems described by second-order differential equations of the
form

Gso :
{
M sop̈(t) +Dsoṗ(t) +Ksop(t) = Buuso(t),

yso(t) = Cpp(t) +Cvṗ(t),
(4.72)

where M so,Dso,Kso ∈ ℝnso×nso describe the differential equations, Bu ∈ ℝnso×m describes
the input term, and Cp,Cv ∈ ℝp×nso are the position- and velocity-output terms, respec-
tively. The three matrices M so,Dso,Kso are typically referred to as mass, damping, and
stiffness terms. Overall, the resulting differential equations model the behavior of the sys-
tem over time, where the external inputs uso : ℝ≥0 → ℝm influence the internal states
p : ℝ≥0 → ℝnso and the quantities of interest yso : ℝ≥0 → ℝp are observed as outputs. The
matrices M so,Dso,Kso,Bu,Cp, and Cv form a state-space realization of (4.72), and we use
the shorthand

Gso = (M so,Dso,Kso,Bu,Cp,Cv)

when referring to a second-order system with the given realization (4.72). Throughout
this section, we assume the mass M so to be nonsingular, that the initial conditions satisfy
ṗ(0) = p(0) = 0n, and the dynamics of (4.72) to be asymptotically stable; see Definition 4.20.
The input-to-output mapping of (4.72) is equivalently described in the frequency domain via
the corresponding 2nso-degree rational transfer function

Gso(s) = (sCv +Cp)
(
s2M so + sDso +Kso

)−1
Bu, s ∈ ℂ. (4.73)

One can derive (4.73) by applying the Laplace transform to (4.72) and solving for the input-
to-output relationship. Systems with an internal structure of the form (4.72) arise in a
variety of applications, ranging from the vibrational analysis of mechanical and acoustical
structures [9, 226, 241] to the modeling of electro mechanical [40, 42] and particle systems.

In this section, we consider the problem of identifying structured representations of second-
order system dynamics (4.72) directly from input-output data. In other words, our goal is
to learn a reduced-order model of the form

G̃so :
{
M̃ so

¨̃p(t) + D̃so
˙̃p(t) + K̃sop̃(t) = B̃uu(t),

ỹso(t) = C̃pp̃(t) + C̃v
˙̃p(t),

(4.74)

from, e.g., evaluations of the transfer function (4.73), where M̃ so, D̃so, K̃so ∈ ℝrso×rso , B̃u ∈
ℝrso×m, C̃p, C̃v ∈ ℝp×rso , p̃ : ℝ≥0 → ℝrso , and ỹ : ℝ≥0 → ℝp for 1 ≤ rso < nso. The transfer
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function H̃ : ℂ → ℂp×m of the learned model (4.74) has the same structure as (4.72) and
should fit the given data in an appropriate measure, e.g., as an interpolant or in a least-
squares sense. One can always rewrite the second-order system (4.72) as an equivalent
n = 2nso-dimensional first-order system (2.25). This is accomplished by introducing the first-

order state vector x : ℝ≥0 → ℝ2nso defined by xT def
=
[
pT ṗT

]
, and re-organizing the second-

order dynamics in (4.72) accordingly. The resulting n = 2nso-dimensional system (2.25), in
the so-called first-order companion form, is defined by the realization parameters:

E =

[
Inso 0nso×nso

0nso×nso M so

]
, A =

[
0nso×nso Inso

−Kso −Dso

]
, C =

[
Cp Cv

]
, B =

[
0nso×m

Bu

]
.

(4.75)
The input-to-output behavior of the nso-dimension second-order system (4.72) and the 2nso-
dimensional first-order system described by (4.75) are identical. Therefore, it is in princi-
ple always possible to apply any data-driven technique for the reduced-order modeling of
(generic) first-order systems (2.25), e.g., those highlighted in Section 4.1.1, to realize a first-
order model of the underlying dynamics in (4.72). However, it is usually desirable to compute
reduced-order surrogates that preserve the underlying second-order structure. While it is al-
ways possible to lift a second-order system to the first-order companion form, the converse is
not true; see [143, Section III]. Moreover, twice the number of degrees of freedom is required
to realize a first-order system that matches the behavior of the underlying second-order
dynamics. Because of these facts, structured surrogates typically produce more accurate
approximations compared to unstructured ones having the same number of internal degrees
of freedom. Structured surrogates can also be plugged directly into available computational
tools, e.g., solvers or optimizers, developed for structured models, and the system quantities
in (4.74) derived from the modeling procedure may provide valuable physical insight into
the underlying problem. We refer the reader to [196, 226] for a comparison among methods
for structured and non-structured surrogate modeling in the setting of (4.72).

In recent years, a variety of methods developed for the intrusive and non-intrusive (data-
driven) reduced modeling of generic first-order linear systems of the form (2.55) have been
extended to the setting of (4.72). In the intrusive realm, notable examples include those
based on generalizations of classical balanced truncation model reduction [36, 51, 143, 181]
and transfer function interpolation or moment matching [11, 12, 20, 22, 234]. Balancing-
based methods are particularly desirable because of their interpretation as truncating states
associated with small reachability and observability energies. Moreover, for second-order
dynamics, the free-velocity balanced truncation of [143] and position-velocity balanced trun-
cation [181] preserve asymptotic stability for symmetric second-order systems. For the data-
driven reduced modeling of systems (4.72), extensions of the interpolatory Loewner frame-
work [139, 172], rational vector-fitting [65, 100, 227], operator inference [167, 179, 202], and
methods based on barycentric rational forms [90] have been developed.

Continuing with the central focus of this chapter, we develop here an extension of the QuadBT
framework of [89] for the structured surrogate modeling of second-order systems (4.72). In
its original formulation, QuadBT is only applicable to first-order dynamical systems (2.25),
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and so a tailored extension suitable for second-order dynamics is needed. Specifically, our
method is a data-driven reformulation of the position-velocity balanced truncation (sopvBT)
for second-order systems (4.72) proposed by Reis and Stykel [181]. In Theorem 4.24, we show
how to derive the deterministic quantities in sopvBT from frequency-response data; namely,
evaluations of the transfer function (4.73) and its position- and velocity-output subsystems.
The proposed method is applicable to any system that satisfies a generalized proportional
damping hypothesis. The resulting data-based reduced models are nearly indistinguishable
from those computed intrusively by sopvBT, as illustrated by the numerical experiments in
Section 4.5.4.

4.5.1 Second-order linear systems theory

In this section, we introduce the general damping model that we consider, as well as review
the essential systems theory details of balanced truncation model reduction for second-order
systems.

Generalized proportional damping model.

While mass and stiffness in (4.72) are typically given as constant matrices, e.g., those re-
sulting from the discretization of a PDE, the modeling of damping, i.e., the dissipation and
conservation of energy in the system, can be significantly more complex. Moreover, mathe-
matical models of certain problems, such as those in vibro-acoustics that involve structural
dynamics, acoustic wave propagation, and frequency-dependent material properties, only ex-
ist in the frequency (Laplace) domain, and are described by systems of frequency-dependent
algebraic equations

Gfso :
{(

s2M so + sDso(s) +Kso

)
P (s) = BuU(s),

Y so(s) = CpP (s) +CvP (s),
(4.76)

where P : ℂ → ℂnso , U : ℂ → ℂm, and Y : ℂ → ℂp are the Laplace transformations of the
state, input, and output vectors from (4.72), and the internal damping Dso : ℂ→ ℂnso×nso is
frequency-dependent. See, for example [9, Section 2], [163] for a more detailed discussion of
the different types of internal damping that appear in the modeling of second-order dynamical
systems. We note that in the case where Dso is constant, the time- and frequency-domain
systems Gso in (4.72) and Gfso in (4.76) are in fact equivalent formulations of the same system
under the Laplace transformation. In this work, we allow the damping term to be frequency-
dependent and consider a generalized form of the proportional damping model:

Dso(s) = f(s)M so + g(s)Kso. (4.77)

That is, we require Dso to be a linear combination of the mass and stiffness matrices,
where the weights f : ℂ→ ℂ and g : ℂ→ ℂ are scalar complex-valued frequency-dependent
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functions. This framework covers, in particular, two classical damping models as described
in the following.

1. Rayleigh damping, also known as proportional damping, is given via the constant
linear combination of mass and stiffness matrices

Dso(s) = αM so + βKso. (4.78)

This is covered in the proposed damping model (4.77) by setting f(s) = α ≥ 0 and
g(s) = β ≥ 0, with α, β ∈ ℝ. The parameters α and β allow for choosing the frequency
range in which the structure is damped, as well as the intensity of the damping.

2. Structural damping, also known as hysteretic damping, describes a constant damp-
ing effect over the full frequency range via

Dso(s) = ı̇ı
η

s
Kso, (4.79)

where η ∈ ℂ is a (material-dependent) structural loss factor. In the generalized damp-
ing model (4.77), this is given by f(s) = 0 and g(s) = ı̇ıη

s
.

Second-order systems.

Here, we review the necessary facts and definitions for second-order systems.

Definition 4.19 (Symmetric second-order systems [181, Section 3.1]). We call the realization
of the system symmetric if it satisfies

M so = MT
so, Dso = DT

so, Kso = KT
so, Bu = CT

p , and Cv = 0p×nso . (4.80)

⋄

Definition 4.20 (Asymptotic stability of a second-order system [181, Section 2]). The sys-
tem Gso in (4.72) is said to be asymptotically stable if all of the eigenvalues of the matrix
pencil s2M so + sDso +Kso, i.e., all values s ∈ ℂ for which det (s2M so + sDso +Kso) = 0
have negative real parts. The eigenvalues of s2M so + sDso +Kso are called the poles of the
system (4.72). ⋄

In many applications, such as the case of mechanical systems, the mass, damping, and stiff-
ness matrices M so, Dso, and Kso are further symmetric positive-definite. If a system (4.72)
is symmetric with positive-definite mass, damping, and stiffness matrices, then it is auto-
matically asymptotically stable.
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Definition 4.21 (Reachability and observability of a second-order system [181, Section 2]).
We say the system Gso in (4.72) is reachable if rank

[
s2M so + sDso +Kso, Bu

]
= nso for all

s ∈ ℂ. We say the system Gso is observable if rank
[
s2MT

so + sDT
so +KT

so, sCT
v +CT

p

]
= nso

for all s ∈ ℂ. The realization (4.72) of the system Gso is minimal if it is both reachable and
observable. ⋄

It can be shown that the second-order system (4.72) is reachable and observable if and
only if the equivalent first-order system (2.25) defined by (4.75) is reachable and observable
according to Definitions 2.27 and 2.30.

Just like the linear case (2.25), for any pair of invertible matrices T ,S ∈ ℝnso×nso , if we define
a new state q : ℝ≥0 → ℝnso via the coordinate transformation q(t) = T−1p(t) for all time
t ≥ 0, then the resulting system

G̃so :
{
SM soT q̈(t) + SDsoT q̇(t) + SKsoTq(t) = SBuu(t),

yso(t) = CpTq(t) +CvT q̇(t)
(4.81)

is equivalent to Gso in (4.72) in the sense that the input-to-output mappings are the same.
With regard to the intrusive construction of second-order surrogate models (4.74), as with the
first-order case, we consider reduced models computed by projection. In fact, this projection
will underpin the data-driven method that we derive in this section. Given a pair of model
reduction bases V ,W ∈ ℝnso×rso , the reduced-order model (4.74) constructed via projection
is given by

M̃ so = W TM soV , D̃so = W TDsoV , K̃so = W TKsoV , B̃u = W TBu,

C̃p = CpV , C̃v = CvV .
(4.82)

This projection can be derived just as the linear case was in Section 2.4.

4.5.2 Second-order balanced truncation

There have been multiple attempts to generalize the ideas of classical balanced truncation
to second-order dynamical systems [51, 143, 181, 226]. The unifying feature of the proposed
methods is the reformulation of the second-order system in (4.72) as the equivalent order-2nso

first-order linear system (2.25) given by (4.75). Suppose that the second-order system (4.72)
is asymptotically stable and minimal according to Definitions 4.20 and 4.21. Then, the
equivalent system defined by (4.75) will be asymptotically stable and minimal as well, so the
first-order Gramians (2.39) and (2.40) are well defined. Let the first-order system Gramians
be partitioned according to the block structure in the first-order companion form (4.75) as

P =

[
P p P 12

P T
12 P v

]
, EHQloE =

[
Qp Q12M so

MH
soQ

H
12 MH

soQvM so

]
. (4.83)
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The submatrices P p,Qp ∈ ℂn×n are called the position-reachability and -observability Grami-

ans, while P v, M
H
soQvM so ∈ ℂn×n are defined as the velocity-reachability and -observability

Gramians ; these names are due to the Gramians’ correspondence with the position p and
velocity ṗ states of the underlying second-order dynamics (4.72). Because P and Qlo are
symmetric positive semi-definite, so too are their diagonal submatrices. The Gramians P p

and MH
soQvM so can alternatively be formulated as contour integrals in terms of the input-

to-state and state-to-output mappings of the system (4.72) when Cv = 0p×nso :

P p =
1

2π

∫ ∞

−∞

(
−ω2M so + ı̇ıωDso +Kso

)−1
BuB

H
u

(
−ω2M so + ı̇ıωDso +Kso

)−H
dω,

(4.84)

Qv =
1

2π

∫ ∞

−∞

(
−ω2M so + ı̇ıωDso +Kso

)−H
CH

pCp

(
−ω2M so + ı̇ıωDso +Kso

)−1
dω,

(4.85)

see, e.g. [175, Prop. 2.1], [45, Section 4.4]. The proposed balanced truncation methods
in [143, 181] rely on balancing selected combinations of the second-order reachability and
observability Gramians in (4.83), and subsequently truncating. This can be achieved simul-
taneously by using an appropriate generalization of the square-root algorithm for first-order
BT [124, 209]. In particular, the so-called free-velocity balanced truncation of Meyer and
Srinivasan [143] and position-velocity balanced truncation of Reis and Stykel [181] correspond
to the simultaneous diagonalization of P p, Qp, and P p, M

H
soQvM so, respectively. We also

mention the work [51], which can be viewed as a projection technique for the first-order
system described by (4.75) combined with a recovery of the second-order structure. For a
more detailed overview of balanced truncation model reduction for second-order systems, we
refer the reader to [226, Section 3.4.3], [36, 196].

The primary consideration of this work is the position-velocity balanced truncation for
second-order systems (sopvBT) from [181]. The main steps of the method are summarized
in Algorithm 4.5.1. If the system (4.72) being approximated is symmetric according to Defi-
nition 4.19 with positive-definite mass, damping, and stiffness matrices, asymptotic stability
is preserved by sopvBT [181, Corollary 3.2]. In fact, P p = Qv in the symmetric case [181,
Theorem 3.1]. Note also that Algorithm 4.5.1 can still be applied if either the position- or
velocity-output terms in (4.72) are zero.

Remark 4.22. In the more complex case of frequency-dependent damping such as (4.76),
one can still formulate structured Gramians via the integral representations in (4.84) and
(4.85) by replacing the constant Dso with Dso(s). Then, if the integrals converge, the
structured Gramians are approximated by numerical quadrature rules, and Algorithm 4.5.1
can be applied. See, for instance, the work on structure-preserving model reduction of
integral-differential equations [45] for further discussion. ⋄
Remark 4.23. The reason only sopvBT is considered here is due to the integral represen-
tations of the second-order system Gramians. Those in (4.84) and (4.85) are “natural” in a
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Algorithm 4.5.1: Second-order position-velocity balanced truncation (sopvBT) [181].

Input: Second-order system (4.72) Gso = (M so,Dso,Kso,Bu,Cp,Cv), order rso
(1 ≤ rso < nso).

Output: G̃so =
(
M̃ so, D̃so, K̃so, B̃u, C̃p, C̃v

)
—state-space matrices of (4.74)

1 Compute Cholesky factorizations P = RRH and Qlo = LloL
H
lo using the first-order

companion form (4.75), where the factors are partitioned as

R =

[
Rp

⋆

]
and Llo =

[
⋆
Lv

]
for Rp,Lv ∈ ℂnso×nso .

2 Compute the singular value decomposition:

LH
v M soRp =

[
U 1 U 2

] [Σ1

Σ2

] [
Y H

1

Y H
2

]
,

for Σ1 ∈ ℝrso×rso , Σ2 ∈ ℝ(nso−rso)×(nso−rso) diagonal, and U 1,U 2,Y 1,Y 2 partitioned
conformally.

3 Compute the reduced-order model (4.74) by projecting the full-order system matrices:

M̃ so = W HM soV = Irso ,

D̃so = W HDsoV = Σ1
−1/2UH

1

(
LH

v DsoRp

)
Y 1Σ1

−1/2,

K̃so = W HKsoV = Σ1
−1/2UH

1

(
LH

v KsoRp

)
Y 1Σ1

−1/2,

B̃u = W HBu = Σ1
−1/2UH

1

(
LH

v Bu

)
,

C̃p = CpV = (CpRp)V 1Σ1
−1/2,

C̃v = CvV = (CvRp)V 1Σ1
−1/2.

sense, given that they are defined in terms of the input-to-state and state-to-output maps of
the system (4.72). These representations facilitate a data-driven reformulation of the method
expressed in terms of transfer function data (4.73). Even though one can also write down
integral formulations of P v and Qp, the structure of these integrals is not as amenable to
the tools used in Section 4.5.3 to derive a data-based formulation of sopvBT. In particular,
it is not clear what the resulting “data” correspond to. ⋄
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4.5.3 Quadrature-based position-velocity balanced truncation

Algorithm 4.5.1 is intrusive, in the sense that it requires an explicit state-space model of
the second-order system (4.72) in order to compute the Cholesky factors Rp ∈ ℂnso×nso ,
Lv ∈ ℂnso×nso , and a reduced-order system (4.74) by projection (4.82). Here, we present a
data-driven reformulation of sopvBT in Algorithm 4.5.1. Our only assumption is that we are
able to sample the full-order transfer function (4.73) at a prescribed range of frequencies along
the imaginary axis, as well as the coefficient functions in (4.77), which we assume are known
a priori based on empirical evidence. The resulting method, which we call quadrature-based
sopvBT (soQuadpvBT), is a generalization of the QuadBT framework for first-order systems
from [89]. This allows for the computation of (approximate) sopvBT-based second-order
surrogate models (4.74) directly from state-invariant frequency-response data.

Deterministic quantities from data.

We begin with the following observation: The matrices U 1, Y 1, and Σ1 are derived from the
truncated singular value decomposition of LH

v MRp. Under the assumption that Dso(s) =
f(s)M so + g(s)Kso, it follows that the balanced truncation reduced-order model produced
by Algorithm 4.5.1 is fully specified by the five quantities

LH
v M soRp, LH

v KsoRp, LH
v Bu, CpRp and CvRp. (4.86)

Note that this is highly similar to the first-order setting of Sections 4.2–4.4. This observation,
along with the integral formulations of the position-reachability and velocity-observability
Gramians P p ∈ ℝnso×nso , MT

soQvM so ∈ ℝnso×nso in (4.84) and (4.85), suggests a natural
extension of QuadBT for the second-order system (4.72). Specifically, we will use implicit
numerical quadrature rules to derive low-rank approximations to the exact factors Rp and
Lv, and ultimately show how to realize the quadrature-based approximations to the intrusive
quantities in (4.86) from transfer function data.

Recall the integral representations of the Gramians (4.84) and (4.85), but with the frequency-
dependent Dso(s) in place of Dso. For compactness of the presentation, we denote the
second-order matrix pencil by φ : ℂ→ ℂnso×nso , i.e.,

φ(s)
def
=
(
s2M so + sDso(s) +Kso

)
, s ∈ ℂ.

Consider a numerical quadrature rule defined by the nodes ı̇ıζ1, . . . , ı̇ıζJ ∈ ı̇ıℝ and weights
ϱ21, . . . , ϱ

2
J ∈ ℝ. Applying this quadrature rule to P p in (4.84) reveals the approximate

factorization

P p ≈
J∑

j=1

ϱ2jφ(ı̇ıζj)
−1Bu

(
φ(ı̇ıζj)

−1Bu

)H
= ŘpŘ

H
p ,

where Řp ∈ ℂnso×mJ is defined as

Řp
def
=
[
ϱ1φ(ı̇ıζ1)

−1Bu ϱ2φ(ı̇ıζ2)
−1Bu · · · ϱJφ(ı̇ıζJ)

−1Bu

]
. (4.87)
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A similar factorization can be derived readily fromQv in (4.85). However, this representation
of the Gramian assumes that Cv = 0p×nso . To incorporate velocity outputs into quadrature-
based factors, we derive an alternative expression for the integrand in (4.85). Because Qv is
derived from the (2, 2)-block of EHQloE in (4.83), it holds that

Qv = JT

(
1

2π

∫ ∞

−∞

(
C (ı̇ıωE −A(ı̇ıω))−1)H C (ı̇ıωE −A(ı̇ıω))−1 dω

)
J ,

where JT def
=
[
0nso×nso Inso

]
∈ ℝnso×2nso . The ω-dependence in A stems from the underlying

frequency-dependent damping that appears in (4.75). Using the formula for the inverse of a
block 2× 2 matrix [38, Sec. 2.17], as long as ω ̸= 0 we have

C(ı̇ıωE −A)−1J =
[
Cp Cv

] [ı̇ıωInso −Inso

Kso ı̇ıωM so +Dso(ı̇ıω)

]−1 [
0nso×nso

Inso

]
=
[
Cp Cv

] [ ⋆ (−ω2M so + ı̇ıωDso(ı̇ıω) +Kso)
−1

⋆ ı̇ıω(−ω2M so + ı̇ıωDso(ı̇ıω) +Kso)
−1

] [
0nso×nso

Inso

]
= (Cp + ı̇ıωCv) (−ω2M so + ı̇ıωDso(ı̇ıω) +Kso)

−1

= (Cp + ı̇ıωCv)φ(ı̇ıω)
−1.

And so, the (2, 2)-block of
(
C (ı̇ıωE −A(ı̇ıω))−1)HC (ı̇ıωE −A(ı̇ıω))−1 can be written as(

(Cp + ı̇ıωCv)φ(ı̇ıω)
−1
)H

(Cp + ı̇ıωCv)φ(ı̇ıω)
−1, (4.88)

for all ω ̸= 0. This allows us to incorporate velocity outputs into a quadrature-based fac-
torization of Qv, so long as the corresponding quadrature nodes are all nonzero. With this
representation (4.88) in hand, applying a numerical quadrature rule defined by the nodes
ı̇ıϑ1, . . . , ı̇ıϑK ∈ ı̇ıℝ\{0} and weights φ2

1, . . . , φ
2
K ∈ ℝ toQv with the integrand (4.88) produces

the approximate factorization

Qv ≈
K∑
k=1

φ2
k

(
(Cp + ı̇ıϑkCv)φ(ı̇ıϑk)

−1
)H

(Cp + ı̇ıϑkCv)φ(ı̇ıϑk)
−1 = ĽvĽ

H
v ,

where Ľv ∈ ℂnso×pK is defined according to

ĽH
v

def
=


φ1 (Cp + ı̇ıϑ1Cv)φ(ı̇ıϑ1)

−1

φ2 (Cp + ı̇ıϑ2Cv)φ(ı̇ıϑ2)
−1

...

φK (Cp + ı̇ıϑKCv)φ(ı̇ıϑK)
−1

 . (4.89)

We note that, in the case of Cv = 0p×nso , the quadrature-based factor (4.89) returns precisely
what we would get by applying the same numerical quadrature rule toQv as defined in (4.85),
and factoring.
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Replacing the exact Cholesky factors Rp and Lv from Algorithm 4.5.1 with the quadrature-
based approximations (4.87) and (4.89) in forming the matrices (4.86) already yields a low-
rank implementation of sopvBT. As we show next, the significant result of this low-rank
formulation is that the quadrature-based approximations to the deterministic quantities
in (4.86) can be computed non-intrusively from transfer function evaluations, as well as the
weights f(s) and g(s) in (4.77). Before stating the result, we introduce the transfer functions
Gp : ℂ→ ℂp×m and Gv : ℂ→ ℂp×m defined as

Gp(s)
def
= Cpφ(s)

−1Bu and Gv(s) = sCvφ(s)
−1Bu. (4.90)

Note that these are each the transfer function of a second-order system (4.72) with purely
position and velocity outputs, respectively. In the general case, we have that Gso(s) =
Gp(s) + sGv(s).

Theorem 4.24 (Position-velocity balanced truncation from data). Define the functions
d : ℂ→ ℂ, n : ℂ→ ℂ, and h : ℂ→ ℂ by

d(s)
def
= 1 + sg(s), n(s)

def
= s2 + sf(s), h(s)

def
=

n(s)

d(s)
, (4.91)

where f(s) and g(s) are from (4.77). Suppose the left and right quadrature nodes ı̇ıζ1, . . . , ı̇ıζJ
and ı̇ıϑ1, . . . , ı̇ıϑK in (4.87) and (4.89) are such that

ϑk, ζj ̸= 0, h(ı̇ıϑk) ̸= h(ı̇ıζj), and d(ı̇ıϑk), d(ı̇ıζj) ̸= 0,

for all j = 1, . . . , J and k = 1, . . . , K. Let the quadrature-based factors Řp and Ľv be given
as in (4.87) and (4.89). Define the matrices

𝕄 def
= ĽH

v M soŘp ∈ ℂpK×mJ , 𝕂 def
= ĽH

v KsoŘp ∈ ℂpK×mJ , 𝔹u
def
= ĽH

v Bu ∈ ℂpK×m,

ℂp
def
= CpŘp ∈ ℂp×mJ , ℂv

def
= CvŘp ∈ ℂp×mJ .

(4.92)
Then, for all 1 ≤ k ≤ K and 1 ≤ j ≤ J , the matrices in (4.92) are given by

𝕄k,j = −φkϱj
d(ı̇ıζj)

−1Gso(ı̇ıϑk)− d(ı̇ıϑk)
−1 (Gp(ı̇ıζj) + (ϑk/ζj)Gv(ı̇ıζj))

h(ı̇ıϑk)− h(ı̇ıζj)
, (4.93a)

𝕂k,j = −φkϱj
h(ı̇ıϑk)d(ı̇ıζj)

−1Gso(ı̇ıϑk)− h(ı̇ıζj)d(ı̇ıϑk)
−1 (Gp(ı̇ıζj) + (ϑk/ζj)Gv(ı̇ıζj))

h(ı̇ıϑk)− h(ı̇ıζj)
,

(4.93b)

(𝔹u)k, : = φkGso(ı̇ıϑk), (ℂp) :, j = ϱjGp(ı̇ıζj), and (ℂv) :, j =
ϱj
ı̇ıζj

Gv(ı̇ıζj), (4.93c)

where Gp and Gv are defined as in (4.90). ⋄
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Proof of Theorem 4.24. The formulae for 𝔹u, ℂp and ℂv in (4.93c) are a direct consequence
of their construction in (4.92) and the definitions of the quadrature-based factors Řp and
Ľv. Observe that

(𝔹u)k, : = IT
k,p𝔹u = IT

k,pĽ
H
v Bu = φk (Cp + ı̇ıϑkCv)φ(ı̇ıϑk)

−1Bu = φkGso(ı̇ıϑk),

where Ik,p is defined according to (4.13). Similarly:

(ℂp) :, j = CpŘpIj,m = ϱjCpφ(ı̇ıζj)
−1Bu = ϱjGp(ı̇ıζj),

(ℂv) :, j = CvŘpIj,m = ϱjCvφ(ı̇ıζj)
−1Bu =

ϱj
ı̇ıζj

Gv(ı̇ıζj).

For (4.93a) and (4.93b), first note that so long as d(s) ̸= 0

φ(s)−1 =
(
s2M so + sDso(s) +Kso

)−1

=
((
s2 + sf(s)

)
M so + (1 + sg(s))Kso

)−1
(by (4.77))

=
1

1 + sg(s)

(
s2 + sf(s)

1 + sg(s)
M so +Kso

)−1

=
1

d(s)
(h(s)M so +Kso)

−1 =
1

d(s)
ϕ (h(s))−1 ,

where ϕ(s)
def
= (sM so +Kso). To show (4.93a) and (4.93b), we use the resolvent identities

in Lemma 2.7. Under the hypothesis that h(ı̇ıϑk) ̸= h(ı̇ıζj) for all k and j, applying the first
resolvent identity in (2.16), we have that

𝕄k,j = IT
k,p

(
ĽH

v M soŘp

)
Ij,m = φkϱj (Cp + ı̇ıϑkCv)φ(ı̇ıϑk)

−1M soφ(ı̇ıζj)
−1Bu

= φkϱj (Cp + ı̇ıϑkCv)
ϕ (h(ı̇ıϑk))M soϕ (h(ı̇ıζj))

d(ı̇ıϑk)d(ı̇ıζj)
Bu

= −φkϱj
(Cp + ı̇ıϑkCv)ϕ(h(ı̇ıϑk))Bu − (Cp + ı̇ıϑkCv)ϕ(h(ı̇ıζj))Bu

d(ı̇ıϑk)d(ı̇ıζj) (h(ı̇ıϑk)− h(ı̇ıζj))

= −φkϱj
d(ı̇ıζj)

−1Gso(ı̇ıϑk)− d(ı̇ıϑk)
−1 (Gp(ı̇ıζj) + (ϑk/ζj)Gv(ı̇ıζj))

h(ı̇ıϑk)− h(ı̇ıζj)
,

where the last line follows from the relationship φ(s)−1 = d(s)−1ϕ (h(s))−1, and the defini-
tions Gp and Gv in (4.90). Likewise, applying the second resolvent identity in (2.17), we
have that

𝕂k,j = IT
k,p

(
ĽH

v KsoŘp

)
Ij,m = φkϱj (Cp + ı̇ıϑkCv)φ(ı̇ıϑk)

−1Ksoφ(ı̇ıζj)
−1Bu

= φkϱj (Cp + ı̇ıϑkCv)
ϕ (h(ı̇ıϑk))M soϕ (h(ı̇ıζj))

d(ı̇ıϑk)d(ı̇ıζj)
Bu

= −φkϱj
h(ı̇ıϑk) (Cp + ı̇ıϑkCv)ϕ(h(ı̇ıϑk))Bu − h(ı̇ıζj) (Cp + ı̇ıϑkCv)ϕ(h(ı̇ıζj))Bu

d(ı̇ıϑk)d(ı̇ıζj) (h(ı̇ıϑk)− h(ı̇ıζj))

= −φkϱj
h(ı̇ıϑk)d(ı̇ıζj)

−1Gso(ı̇ıϑk)− h(ı̇ıζj)d(ı̇ıϑk)
−1 (Gp(ı̇ıζj) + (ϑk/ζj)Gv(ı̇ıζj))

h(ı̇ıϑk)− h(ı̇ıζj)
,
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thus proving (4.93b).

In the formulae (4.93a) and (4.93b), the quantity Gp(ı̇ıζj) + (ϑk/ζj)Gv(ı̇ıζj) that appears
looks contrived at first glance. However, this is an artifact of Theorem 4.24 being stated
as generally as possible to include position and velocity outputs; both are not necessarily
required. In any realistic application, it is usually the case that either Cp or Cv is identically
zero. So, this quantity will resolve to either

Gp(ı̇ıζj) + (ϑk/ζj)Gv(ı̇ıζj) = Gp(ı̇ıζj) = Gso(ı̇ıζj) if Cv = 0p×nso ,

which is the second-order transfer function (4.73), or, a re-scaling of the second-order transfer
function:

Gp(ı̇ıζj) + (ϑk/ζj)Gv(ı̇ıζj) = (ϑk/ζj)Gv(ı̇ıζj) = (ϑk/ζj)Gso(ı̇ıζj) if Cp = 0p×nso .

Replacing the intrusive quantities (4.86) in Algorithm 4.5.1 with the data-based approxima-
tions (4.92) results in a data-driven reformulation of sopvBT, that we call quadrature-based
sopvBT (soQuadpvBT) and present it in Algorithm 4.5.2. Outside of empirical knowledge
used to design the damping coefficient functions f(s) and g(s), the method is entirely non-
intrusive. As in [89], the quadrature-based approximations to the Gramians are never formed;
they are only invoked implicitly to derive the data-based approximations (4.92). While Al-
gorithm 4.5.2 is formulated generally to include position and velocity outputs, as is the
case with Theorem 4.24, both are not necessarily required; depending on the application of
interest, at minimum one of these is required.

4.5.4 Numerical results

We assume the common setup for numerical experiments outlined in Section 4.3.4. For
the approximation of the benchmark problems presented in this section, we compare three
different approaches against the proposed soQuadpvBT introduced in Section 4.5.3.

soLoewner is the Loewner identification framework for second-order Rayleigh-damped sys-
tems from [172].

QuadBT is the data-driven Lyapunov BT for first-order systems discussed in Sections 4.2
and 4.3 from [89], which fits a first-order reduced model from transfer function data.

sopvBT is the intrusive position-velocity BT for second-order systems from [181] and dis-
cussed in Section 4.5.2.

The intrusive sopvBT is included as a point of comparison for the non-intrusive, data-driven
approaches. QuadBT constructs a first-order linear approximation of the form (2.25), and
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Algorithm 4.5.2: Quadrature-based sopvBT (soQuadpvBT).

Input: Mappings Gp or Gv, f and g in (4.77), left, right quadrature nodes and weights
{ı̇ıϑk, φk}Kk=1, {ı̇ıζj, ϱj}Jj=1, and order rso (1 ≤ rso < nso).

Output: G̃so =
(
M̃ so, D̃so, K̃so, B̃u, C̃p, C̃v

)
—state-space matrices of (4.74)

1 Evaluate the mappings to obtain the data {Gp(ı̇ıζj),Gv(ı̇ıζj), f(ı̇ıζj), g(ı̇ıζj)}Jj=1,
{Gp(ı̇ıϑk),Gv(ı̇ıϑk), f(ı̇ıϑk), g(ı̇ıϑk)}Kk=1, and construct the data matrices in (4.92)
according to Theorem 4.24.

2 Compute the singular value decomposition:

𝕄 =
[
Ǔ 1 Ǔ 2

] [Σ̌1

Σ̌2

] [
Y̌ H

1

Y̌ H
2

]
,

for Σ̌1 ∈ ℝrso×rso , Σ̌2 ∈ ℝ(pK−rso)×(mJ−rso) diagonal, and Ǔ 1, Ǔ 2, Y̌ 1, Y̌ 2 partitioned
conformally.

3 Compute the data-driven reduced-order model (4.74) according to:

M̃ so = Irso ,

K̃so = Σ1
−1/2UH

1 (𝕂)Y 1Σ1
−1/2,

D̃so(s) = f(s)Irso + g(s)K̃so

B̃u = Σ1
−1/2UH

1 (𝔹u) ,

C̃p = (ℂp)V 1Σ1
−1/2,

C̃v = (ℂv)V 1Σ1
−1/2.

is included to compare data-driven approaches that respect the underlying second-order
structure against those that do not. The intrusive comparison sopvBT is implemented using
the software package MORLAB version 6.0 [37].

For the presentation of the numerical results, we use the following error measures. To
visibly compare different approximations, we plot the magnitude of the second-order transfer
function (4.72) at discrete points. We also use the pointwise relative approximation errors
of the transfer functions as

relerr(ı̇ıωk) =
∥Gso(ı̇ıωk)− G̃so(ı̇ıωk)∥2

∥Gso(ı̇ıωk)∥2
, (4.94)

for frequencies ωk ∈ Ω in plots alongside the magnitude of the transfer functions, where Ω
is a collection of discrete points in an interval [ωmin, ωmax] ⊂ ℝ≥0. The specific choice of Ω
varies from example to example. Additionally, we score the performance of the proposed
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Figure 4.5: Visual representation of the butterfly gyroscope [40, 158].

methods using the maximum values of the relative pointwise errors

relerrH∞ =
maxωk∈Ω ∥Gso(ı̇ıωk)− G̃so(ı̇ıωk)∥2

maxωk∈Ω ∥Gso(ı̇ıωk)∥2
(4.95)

to compare the worst-case performance of the computed reduced models over the frequency
range Ω. The metric (4.95) serves to approximate the relative H∞ error. To compare
the average performance of the computed reduced models over the frequency range Ω, we
compute a discrete approximation to the relative H2 error as

relerrH2 =

∑
ωk∈Ω ∥Gso(ı̇ıωk)− G̃so(ı̇ıωk)∥F∑

ωk∈Ω ∥Gso(ı̇ıωk)∥F
. (4.96)

4.5.5 Butterfly gyroscope

As a first example, we consider the butterfly gyroscope benchmark taken from the Oberwol-
fach Benchmark Collection [40, 158]. This benchmark problem models a vibrating mechanical
gyroscope, used for navigational purposes. The model itself is a second-order system (4.72)
with nso = 17 361 states, m = 1 input, and p = 12 outputs. The outputs model the displace-
ment of the four electrodes in the x-, y-, and z-directions. The mass and stiffness matrices
are symmetric and Cv = 0p×nso . The internal damping is described by Rayleigh damping
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Figure 4.6: Frequency response results for reduced-order models of the butterfly gyroscope
benchmark for order r = 10.

Table 4.3: RelativeH∞ errors (4.95) andH2 errors (4.96) for the order r = 10 reduced models
of the butterfly gyroscope benchmark. The smallest error is highlighted in boldface.

soQuadpvBT soLoewner QuadBT sopvBT

relerrH∞ 4.5805e-4 4.6865e-4 1.0993e-2 4.6028e-4
relerrH2 1.1148e-3 6.6473e-4 4.9337e-2 1.1259e-3

with f(s) = 0 and g(s) = 10−6 according to (4.77). The interesting response behavior oc-
curs in the high frequencies; figure 4.5 shows the basic setup of the system. We study this
benchmark to illustrate how our method applies to a system with Rayleigh damping (4.78).

We compute reduced models of order r = 10 using soQuadpvBT, soLoewner, QuadBT and
sopvBT. For the data-based approaches, we use N = 200 quadrature nodes each for the left
and right points; these N/2 logarithmically spaced points are selected in the interval ı̇ıΩ =
[ı̇ı104, ı̇ı106] and closed under conjugation. In Figure 4.6 we plot the frequency-response of
the full- and reduced-order transfer functions, as well as their pointwise-relative errors (4.94)
in the frequency range ı̇ıΩ. We observe that each of the structure-preserving approaches
(soQuadpvBT, soLoewner, and sopvBT) provide satisfactory approximations and are able
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Table 4.4: Relative H∞ errors (4.95) and H2 errors (4.96) for the order r = 50 reduced
models of the plate with TVAs. The smallest error is highlighted in boldface.

soQuadpvBT soLoewner QuadBT

relerrH∞ 6.4783e-8 6.5539e-8 1.6984e-7
relerrH2 6.5947e-2 8.1058e-2 2.5217e-1

to capture the response peaks. By comparison, QuadBT performs roughly two orders of
magnitude worse throughout the entire frequency range, and misses the response peak about
105. Moreover, the non-intrusive soQuadpvBT very accurately mimics the behavior of the
intrusive sopvBT. This finding is supported by Table 4.3, which reports the relative error
measures (4.95) and (4.96). The relatively worse performance of QuadBT has more to do with
the BT than the quadrature approximations. Applying intrusive (first-order) BT according
to Algorithm 2.4.3 produces results that are nearly identical to those of QuadBT shown here.
The reason is that a first-order approximation of dimension r = 10 cannot keep up with a
structured second-order approximation of the same dimension.

4.5.6 Plate with tuned vibration absorbers

Next, we consider the model of the vibrational response of a strutted plate from [9, Sec. 4.2].
A slightly different version of the plate model is considered in Section 5.2.1 of this dis-
sertation; a visual schematic of the plate is depicted therein in Figure 5.1a. We refer to
Section 5.2.1 for the associated physical and material parameters of the plate being mod-
eled. The model is a second-order system (4.72) with nso = 209 100 states, m = 1 input,
and p = 1 output. For this example, Cv = 0p×nso and Cp = 1

nso
1nso , where 1nso ∈ ℝnso is

the vector of all ones. The damping is assumed to be hysteretic (structural damping) with
g(s) = (ı̇ıη)/s for η = .001. The tuned vibration absorbers (TVAs) connected to the plate are
used to reduce the vibrational response in the frequency region about 48Hz. These TVAs
are modeled as discrete mass-spring-damper systems; matrices for the computational model
itself are available at [8].

We compute reduced models of order r = 50 using soQuadpvBT, soLoewner, and QuadBT. For
this example, sopvBT is not implemented due to the lack of available matrix equation solvers
for complex-valued coefficient matrices. For computing the data-driven reduced models,
N = 250 quadrature nodes are used; these are chosen to be N/2 linearly spaced points in
the frequency range of Ω = [1, 250]Hz closed under complex conjugation. The frequency
response of the full and reduced-order transfer functions, as well as their pointwise relative
errors (4.94), are plotted in Figure 4.7. All three approaches (soQuadpvBT, soLoewner, and
QuadBT) provide satisfactory approximations. Table 4.4 illustrates that soQuadpvBT slightly
outperforms soLoewner, and both are marginally better than QuadBT. Visually, we observe
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Figure 4.7: Frequency response results for reduced-order models of the plate with TVAs for
order r = 50.

that QuadBT produces a slightly larger pointwise relative error over the whole frequency
range, fails to capture the peaks of the full-order response near 180Hz, and struggles to
capture the dip around 100Hz.

4.5.7 Mass-spring-damper network with velocity outputs

As a final example, we consider the example of a mass-spring damper (MSD) chain from [212,
Example 2]. Specifically, the example is a damped linear vibration system consisting of
three rows of d masses all connected to the right-hand side of a mass m0. The masses in
the individual rows are connected by d springs, and the mass m0 is connected to the fixed
left-hand side of the base. The system order is nso = 3d+1. We impose Rayleigh damping on
the system for the parameters f(s) = g(s) = .002, the input Bu = 1nso ∈ ℝnso is the vector
of all ones, Cp = 0p×nso , and Cv = 1nso ∈ ℝnso is the vector of all ones. We include this
example to illustrate how our method performs when velocity outputs are incorporated. One
reason that the mass-spring-damper network with velocity outputs is interesting is because
the second-order dynamics can be rewritten as an equivalent first-order port-Hamiltonian
system in this case; see [98, Sec. 6.11].
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Figure 4.8: Frequency response results for reduced-order models of the coupled mass-spring-
damper network with velocity outputs for order r = 10.

Table 4.5: Relative H∞ errors (4.95) and H2 errors (4.96) for the order r = 10 reduced
models of the MSD chain. The smallest error is highlighted in boldface.

soQuadpvBT soLoewner QuadBT sopvBT

relerrH∞ 4.5897e-3 1.4044e-2 1.4096e-2 4.5771e-3
relerrH2 2.8771e-3 5.1830e-3 1.1213e-2 2.7849e-3

We compute reduced models of order r = 10 using soQuadpvBT, soLoewner, QuadBT, and
sopvBT. For computing the data-driven reduced models, N = 200 quadrature nodes are
used; these are chosen to be N/2 linearly spaced points in the frequency range of ı̇ıΩ =
[ı̇ı10−3, ı̇ı101] closed under complex conjugation. The frequency response of the full and
reduced-order transfer functions, as well as their pointwise relative errors (4.94), are plotted
in Figure 4.8. As was the case for the previous two benchmarks, we again observe that the
structure-preserving approaches outperform QuadBT overall. This is particularly evident at
the lower frequencies; all four methods exhibit very similar behavior from ı̇ı10e0 onward.
The relative error measures are reported in Table 4.5; sopvBT performs the best overall,
although soQuadpvBT performs very similarly.
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4.6 Conclusions

In this chapter, several new methods for the data-driven balancing of linear dynamical sys-
tems of the form (2.25) and (4.72) are presented. These results lay the theoretical foun-
dation for data-driven implementations of numerous BT variants, and effectively generalize
the quadrature-based balancing framework of [89] to other kinds of BT-MOR tailored for
various internal structures. In the setting of linear first-order systems (2.25), four differ-
ent variants were considered. For the cases of BST, PRBT, and BRBT, it is shown that
evaluating certain spectral factors associated with the underlying full-order model transfer
function is required to do these kinds of BT from data. In the case of FWBT with weights,
a data-driven formulation requires sampling the underlying full-order model transfer func-
tion, as well as the input and output frequency weights that dictate the frequency band of
interest. The proposed quadrature-based/data-driven methods are applied to an RLC circuit
model in order to validate the data-driven BT-ROMs. In each case, it was observed that
the data-based reduced models perform very similarly to their intrusive counterparts. In
the setting of linear second-order systems (4.72), a data-driven reformulation of sopvBT is
developed. The resulting method (soQuadpvBT) is applicable to any second-order system
that exhibits generalized proportional damping (4.77), and can incorporate both position
and velocity outputs. The proposed approach is tested against several benchmark examples
for second-order systems. In each case, it is observed that the structured surrogate models,
computed intrusively or non-intrusively, outperform non-structure-preserving approaches.



Chapter 5

System-theoretic concepts for linear
systems with quadratic outputs

5.1 Introduction

In this chapter, we turn our attention to a class of weakly nonlinear dynamical systems;
those that are linear in the state equation and contain quadratic terms in the output equa-
tion. Dynamical systems with quadratic-output functions appear naturally in applications
whenever one is interested in observing or simulating response quantities computed as the
product of time- or frequency-components of the state. Relevant examples of quadratic out-
puts include the root mean squared displacement of the states [9, 188, 214], quadratic cost
functions in design optimization problems [209, 241, 242]—e.g., in the optimal placement of
tuned mass dampers used to minimize vibrations—and quantities pertaining to power or en-
ergy [109, 177]. Several selected examples of these quadratic-output systems from practical
applications are presented in Section 5.2 to motivate our study. In state space, linear dy-
namical systems with quadratic-output functions, or so-called linear quadratic-output (LQO)
systems, are formulated as

Glqo :


Eẋ(t) = Ax(t) +Bu(t), x(0) = 0n,

y(t) = Cx(t)︸ ︷︷ ︸
def
=ylo(t)

+M (x(t)⊗ x(t))︸ ︷︷ ︸
def
=yqo(t)

, (5.1)

where E,A ∈ ℝn×n and B ∈ ℝn×m describe the evolution of the internal states x : ℝ≥0 →
ℝn under the influence of external control variables u : ℝ≥0 → ℝn and the outputs y : ℝ≥0 →
ℝn are modeled by the matrices C ∈ ℝp×n and M ∈ ℝp×n2

. As already discussed for
models of linear time-invariant systems in Section 2.4, in most practical applications the
state dimension n of (5.1) is prohibitively large so that repeated evaluations of the full-order
model are computationally infeasible, and system approximation is necessary. Systems of
the form (5.1) have received increased attention in the model reduction literature in the
past decade. Our interest in the approximation of linear quadratic-output systems stems
largely from the applications highlighted at the onset of this section, although these systems
also hold our interest from a theoretical point of view. Because the nonlinearity in (5.1) is
restricted to the output equation, the system’s input-to-state map is still fully linear; the

113
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systems in (5.1) are thus attractive to study as a weakly nonlinear extension of classical
linear-output systems (2.25).

In principle, one can emulate each of the quadratic outputs in (5.1) using an equivalent
multiple linear-output system such as (2.25) under some mild assumptions. For instance, in
the case of a single quadratic output, one can write y(t) = M (x(t)⊗ x(t)) = x(t)TM 1x(t)
where M = vec (M 1) and M 1 ∈ ℝn×n. If M 1 admits a square-root factorization M 1 =
ZTZ for Z ∈ ℝk×n, k ≤ n, then the single quadratic output can be recovered from a linear-
output system (2.25) with same dynamics as (5.1) and the output equation ylo(t) = Zx(t).
Specifically, y is given by the 2-norm of ylo:

y(t) = ∥ylo(t)∥22 = (Zx(t))T (Zx(t)) = x(t)TM 1x(t).

Classical model-order reduction approaches for systems of the form (5.1) reduce the model
order by first computing such a linearization, and subsequently applying one of the many
well-established techniques from linear model reduction; see, e.g. [9, 214, 215]. However,
this linearization often results in an intermediate model (2.25) with a very large number
of outputs p ∼ n, and traditional linear system approximation techniques tend to require
more computational effort and produce lower-quality surrogates in this regime; see [7, 9]. In
Section 5.2, we provide an example of a finite-element model from vibro-acoustics where the
quadratic output is the root mean squared error of the spatial modes in the z-axis; emulating
this quadratic output using an equivalent linear-output system (2.25) requires p = 27 298
individual linear outputs.

Instead, we are interested here in the computation of structured surrogate models that:

(i) Preserve the quadratic nonlinearity in the output equation (5.1), and;

(ii) utilize the quadratic state-to-output map of (5.1) as is—that is, without any interme-
diate lifting or linearization— to determine suitable approximation subspaces for order
reduction.

More precisely, given a linear quadratic-output system as in (5.1), our goal is the construction
of another comparatively lower-order, linear quadratic-output system of the form

G̃ lqo :


Ẽ ˙̃x(t) = Ãx̃(t) + B̃u(t), x̃(0) = 0r,

ỹ(t) = C̃x̃(t)︸ ︷︷ ︸
def
= ỹlo(t)

+M̃ (x̃(t)⊗ x̃(t))︸ ︷︷ ︸
def
= ỹqo(t)

, (5.2)

where Ẽ, Ã ∈ ℝr×r, B̃ ∈ ℝr×m, C̃ ∈ ℝp×r and M̃ ∈ ℝp×r2 for r ≪ n. As with the
generic linear model reduction problem, to be an effective surrogate, the reduced model (5.2)
should accurately reproduce the input-to-output response of the original system (5.1) for all
admissible inputs. Several successful attempts have already been made in this realm; for
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example, there are generalizations of balanced truncation model reduction [16, 28, 176, 177,
178, 205, 214], methods based on the rational interpolation of the linear- and quadratic-
output subsystem transfer functions of (5.1) or matching moments [49, 62, 87, 188, 215], and
an extension of the popular adaptive Antoulas-Anderson algorithm [153] for the construction
of surrogate models (5.2) from frequency-response data [88]. Two of the above works deserve
special mention: Benner et al. [28] introduce a novel algebraic Gramian and linear quadratic-
output system H2 norm based on the Volterra kernels of (5.1), and a related balanced
truncation algorithm. Diaz et al. [62] introduce an overarching framework for tangential
interpolation of dynamical systems with up to quadratic-bilinear dynamics and quadratic-
bilinear outputs; this general model class includes (5.1) as a special case.

5.1.1 Chapter contents

The purpose of this chapter is to motivate and set up the generic model reduction problem
for linear quadratic-output systems (5.1), as well as lay the theoretical groundwork for the
results in Chapter 6 that consider the optimal-H2 approximation of (5.1). In Section 5.2, we
present three examples of linear dynamical systems with quadratic-output functions from ap-
plications to motivate our study. Section 5.3 revises the system-theoretic concepts for linear
quadratic-output systems that are required for the forthcoming results here and in Chap-
ter 6. In Section 5.4 we derive new expressions for computing the linear quadratic-output
system H2 norm and inner product. The first pair of formulae that we derive is expressed in
terms of solutions to generalized Sylvester equations, while the second is expressed in terms
of the poles and residues of the linear- and quadratic-output subsystem transfer functions
of (5.1); see Theorems 5.10 and 5.11, respectively. Significantly, these will enable us to re-
alize more computationally tractable parameterizations of the H2 model error that we will
use as footholds to derive first-order optimality conditions for the best H2 approximation of
linear quadratic-output systems in Chapter 6.

Portions of this introduction, as well as the contents of Sections 5.2—5.4 are available in the
preprints [186, 188]. Theorem 6.9 is from a work in preparation [185].

5.2 Motivating examples

In this section, three examples of linear dynamical systems with quadratic output functions
are presented to motivate our study and to illustrate the necessity for specially tailored
surrogate models for such systems.
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(b) The root mean squared displacement of
the plate with TVAs from 0 to 250 Hz.

Figure 5.1: Plate equipped with TVAs from [9].

5.2.1 Vibration of a plate with tuned vibration absorbers

In the study of structural dynamics and vibro-acoustic systems, one is often interested in
measuring the average spatial deformation or vibrational response of a given surface or
structure in response to external excitations [9, 215, 241, 242]. These vibrational analyses
are usually accomplished by frequency response analysis of a finite-element model using
numerical simulations. For accurate predictions, high-order models (many elements) are
required, and evaluating a single frequency sweep is excessively costly. As a specific example
of these systems, we consider the vibrational response of a simply strutted plate with tuned
vibration absorbers (TVAs) from [9]. A slightly different version of this model was also
considered in Section 4.5.4. The plate has the dimensions 0.8 × 0.8m with a thickness of
1mm; it consists of aluminum, with the material parameters E = 69GPa (Young’s Modulus),
ρ = 2650 khm−3 (density) and ν = 0.22 (shear modulus). The damping is assumed to be
proportional (Rayleigh) damping (4.78) with the scaling parameters α = 0.01 and β =
1 · 10−4. The system matrices are real-valued and symmetric. The TVAs connected to
the plate are used to reduce the vibrational response in the frequency region about 48Hz,
and are modeled as discrete mass-spring-damper systems. The discretized plate model is
given in linear second-order form (4.72) with nso = 201 900 spatial modes. In this section,
we consider its (equivalent) first-order formulation (4.75) with n = 2nso = 403 800 states.
Acoustical engineers are especially interested in the root mean squared displacement of the
plate points in the z-direction in response to point load excitation; see Figure 5.1a for a visual
sketch. This response quantity for the full-order model is evaluated over the frequency range
from 0 to 250Hz and plotted in Figure 5.1b. Explicitly, the root mean squared displacement
of the state (in frequency coordinates) is written down in general form as

yrms(s)
def
=

√√√√ n∑
k=1

|mk|2|Xk(s)− x̌k|2, (5.3)
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where Xk(s) is the k-th component of the state vector X in (2.29), x̌ ∈ ℝn is a point of
reference, and mk ∈ ℝ are weights. In its general formulation, (5.3) can be simulated via
the transfer functions of an LQO system (5.1), i.e.,

y(s) = yrms(s)
2 = M (X(s)⊗X(−s))− 2x̌TM 1X(s) + x̌TM 1x̌

= M
(
(sE −A)−1B ⊗ (−sE −A)−1B

)
+C(sE −A)−1B + x̌TM 1x̌

for C = −2x̌TM 1 and M = vec (M 1) with M 1
def
= diag (|m1|2, . . . , |mn|2) ∈ ℝn×n.

See (5.12) in Section 5.3.2 for the formulation of the transfer functions. One may also
take the reference state x̌ to be zero without loss of generality by replacement of x with
x− x̌; in this case, (5.3) is purely quadratic with no linear component.

Model-order reduction is used to reduce the order of the plate model and thereby facilitate
fast evaluation of the root mean squared displacement (5.3). In [9], the root mean squared
displacement of the plate components is emulated using a p × n linear-output matrix to
recover the displacement of the relevant spatial coordinates and then compute (5.3); this
approach results in a linear-output system with p = 27 278 linear outputs. Instead, we
choose to model the root mean squared displacement (5.3) of the plate model directly as
a single quadratic-output function, and develop surrogate models of the form (5.2). We
investigate this example further using numerical experiments in Section 6.6.

5.2.2 The Hamiltonian energy functional

One important class of systems in the modeling community is that of port-Hamiltonian sys-
tems [141, 216]. In state-space, we say a linear time-invariant system has a port-Hamiltonian
(pH) realization if it can be written in the form

ẋ(t) = (J −R)Qx(t) +Bu(t),

ylo(t) = BTQx(t),
(5.4)

where B ∈ ℝn×m, J ,R,Q ∈ ℝn×n with J = −JT, R, Q symmetric positive semi-definite.
We mention that (5.4) is one very specific formulation of a pH system, and more complicated
forms exist; see [141]. The energy functional

H : ℝn → ℝ where H (x(t))
def
= x(t)TQx(t) (5.5)

is called the Hamiltonian of the system (5.4). The Hamiltonian represents the total energy
stored in the system at time t ≥ 0, and obeys the energy-balanced equation

H(x(t2)) ≤ H(x(t1)) +
∫ t2

t1

u(t)Tylo(t) dt

for all t1 ≤ t2 and solution trajectories x that satisfy (5.4) with the input-output pair
u, ylo. By design, port-Hamiltonian systems are stable and passive, and any stable and
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passive linear time-invariant system admits a pH representation (5.4); see [109, Sec. 2.2] for
a constructive illustration of this equivalence. In the context of the MOR of pH systems,
not only is preserving the traditional input-to-output map of interest, but also preserving
the Hamiltonian (5.5). It is proposed in [109] that the Hamiltonian be included in (5.1) as
an additional quadratic output; this yields a linear quadratic-output system (5.1) with the
particular choice of output matrices

C =

[
BTQ

01×n

]
and M =

[
0m×n2

vec (Q)T

]
so that y(t) =

[
BTQx(t)

x(t)TQx(t)

]
.

We refer to [109] for further details.

Other examples of energy-based quantities of interest appear in constrained optimization
problems where the objective function is quadratic, e.g., the square of the 2-norm of the
output y in damping optimization; we refer to the examples in [241, Sec. 2] for further
details.

5.2.3 1D advection-diffusion equation with a quadratic cost

As a final example, we consider the 1D advection-diffusion equation with a quadratic cost
function that has been used as a benchmark [62, 186]. This example illustrates how an LQO
system (5.1) can arise from the discretization of a PDE. The governing equations for this
PDE are

∂

∂t
v(t, x)− α

∂2

∂x2
v(t, x) + β

∂

∂x
v(t, x) = 0,

v(t, 0) = u0(t), α
∂

∂x
v(t, 1) = u1(t), v(0, x) = 0,

(5.6)

for x ∈ (0, 1) and t ∈ (0, T ) and inputs u0, u1 ∈ L2(0, T ); the diffusion and advection
coefficients are α > 0 and β ≥ 0, respectively. The output that we consider is

C(x, t) =
1

2

∫ 1

0

|v(t, x)− 1|2 dx. (5.7)

Such an observable may arise from, e.g., the objective cost function in an optimal control
problem. Discretizing the equations in (5.6) using n + 1 equidistant spatial points yields
an order-n state-space model of the form (5.1) with m = 2 inputs and p = 1 output. Let
x(t) ∈ ℝn denote the spatial discretization of v(t, x), h = 1/n, and 1s ∈ ℝs the vector
consisting of all ones. Then, the discretization provides an approximation to the quadratic
cost function C(x, t) in (5.7):

C(x, t) ≈ h

2
∥x(t)− 1∥22 = −h1T

nx(t) +
h

2
vec (In)

T (x(t)⊗ x(t)) +
h

2
∥1n∥22 = y(t) +

h

2
∥1n∥22.
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To fit (5.1), we take C = −h1T
n ∈ ℝ1×n and M = h

2
vec (In)

T ∈ ℝ1×n2
, where In is the

n×n identity matrix. The approximation to the cost at time t ≥ 0 is recovered from a single
output y(t) in (5.1) via h

2
∥x(t)− 1n∥22 = y(t) + h

2
∥1n∥22. We consider this specific benchmark

in the numerical results that are presented in Section 6.6.

5.3 System-theoretic concepts

Before presenting the major theoretical results of this chapter, we revisit the relevant system-
theoretic concepts for LQO systems (5.1). Many of these build directly from those presented
for linear-output systems (2.25) in Section 2.3. We also review selected existing MOR algo-
rithms for systems of the form (5.1).

5.3.1 Basic concepts and definitions

As already highlighted, the nonlinearity in (5.1) is restricted to the output equations; the
input-to-state map of (5.1) is identical to that of a classical linear-output system (2.25)
having the same E,A and B matrices. Thus, much of the previous discussion for linear-
time invariant systems presented in Section 2.3 passes directly to this setting. Specifically:

• The order n of the system in (5.1) is the number of differential equations in (5.1)
(Definition 2.20).

• The system in (5.1) is asymptotically stable if all the eigenvalues of the matrix pencil
sE −A have negative real part (Definition 2.21).

• The system (5.1) is reachable if for any state x̌ ∈ ℝn there exists a finite time tf > 0
and finite-energy input u such that the corresponding trajectory x(t) that solves the
dynamics in (5.1) satisfies x(0) = 0n and x(tf ) = x̌ (Definition 2.27).

Remark 5.1 (Quadratic-output terms in (5.1)). Using (2.7), one can arrive at an alternative
expression for the quadratic terms yqo of the system outputs y in (5.1), namely

yqo(t) = M (x(t)⊗ x(t)) =


x(t)TM 1x(t)

x(t)TM 2 x(t)
...

x(t)TM px(t)

 where M
def
=


vec (M 1)

T

vec (M 2)
T

...

vec (M p)
T

 . (5.8)

The matrix M k ∈ ℝn×n encodes the quadratic term of the k-th output. We will switch
between these two (equivalent) formulations of yqo as needed for ease of exposition and
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theoretical development. In the representation (5.8), one can always replace M k by its
symmetric part by noting that

x(t)TM kx(t) =
1

2
x(t)T

(
M k +MT

k

)
x(t)

since x(t)TM kx(t) is a scalar quantity and M k is real valued. Thus, we henceforth assume
that each M k is symmetric without loss of generality. This will allow us to derive useful
symmetry properties of the system transfer functions of (5.1) later on. ⋄

5.3.2 Subsystem Volterra kernels and transfer functions

Multiple classes of weakly nonlinear dynamical systems can be understood via infinite series
of Volterra kernels ; see [194] for details. Because the nonlinearity in (5.1) is restricted to
the output equation, only two kernels are required to fully describe the system’s input-to-
output mapping [28]. The solution x(t) to (5.1) at time t ≥ 0 is precisely that in (2.26) of
the linear time-invariant system (2.25). Substituting x into the equation for y reveals the
input-to-output relationship

y(t) =

∫ t

0

glo(τ)u(t− τ) dτ︸ ︷︷ ︸
=ylo(t)

+

∫ t

0

∫ t

0

gqo(τ1, τ2) (u(t− τ1)⊗ u(t− τ2)) dτ1dτ2︸ ︷︷ ︸
=yqo(t)

(5.9)

for any time t ≥ 0. The univariate and multivariate Volterra kernels glo : ℝ≥0 → ℝp×m and
gqo : ℝ≥0 ×ℝ≥0 → ℝp×m2

that appear in (5.9) are defined as

glo(t)
def
= CeE

−1AtE−1B, (5.10a)

and gqo(t1, t2)
def
= M

(
eE

−1At1E−1B ⊗ eE
−1At2E−1B

)
. (5.10b)

For asymptotically stable systems (5.1), the Volterra kernels in (5.10) belong to the appro-
priate L2 spaces introduced in Section 2.2.3, i.e.,

glo ∈ Lp×m
2 (ℝ≥0) and gqo ∈ Lp×m2

2 (ℝ≥0 ×ℝ≥0) .

Remark 5.2 (Linear- and quadratic-output subsystems of (5.1)). The Volterra kernels
in (5.10) provide a useful perspective on the system in (5.1); namely, the full LQO sys-
tem (5.1) is comprised of two coupled subsystems. The first is a purely linear -output system
having the same form as (2.25):

Glo :

Eẋ(t) = Ax(t) +Bu(t), x(0) = 0n,

ylo(t) = Cx(t),
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that we denote by Glo. The (completely linear) input-to-output map of the subsystem Glo is
specified by the convolution of the first (univariate) Volterra kernel with the input u in the
expansion (5.9). The second is the purely quadratic-output system defined as

Gqo :

Eẋ(t) = Ax(t) +Bu(t), x(0) = 0n,

yqo(t) = M (x(t)⊗ x(t)) ,
(5.11)

that we denote by Gqo. The (completely quadratic) input-to-output map of the subsystem
Gqo is specified by the convolution of the second (multivariate) Volterra kernel with u ⊗ u
in the expansion (5.9). If M = 0p×n2 , the output y = ylo in (5.9) is purely linear and (5.1)
is described entirely by its first linear-output subsystem Glo (which is just a classical linear
time-invariant system (2.25)). If C = 0p×n, the output y = yqo in (5.9) is purely quadratic
and (5.1) is described entirely by its second quadratic-output subsystem in (5.11). This
perspective of (5.1) marries well with the concept of coupled subsystem expansions for other
classes of nonlinear systems; e.g., bilinear or quadratic-bilinear systems; see [194] for further
details. The primary difference here is that Glqo is fully specified by two subsystems as
opposed to infinitely many. This subsystem perspective of (5.1) will also be useful for
drawing comparisons with the analogous results and ideas from linear model reduction that
were reviewed in Section 2.4, because LTI systems (2.25) can be viewed as a special case of
LQO systems (5.1) with M equal to zero. ⋄

In the linear setting of (2.25), we used the univariate Laplace transformation to derive a
frequency-domain representation of the system (2.25). We will employ the same strategy
here using the multivariate Laplace transform in Definition 2.18. By applying the univariate
Laplace transform to glo in (5.10a) and the bivariate Laplace transform to gqo in (5.10b), we
obtain a frequency-domain representation of (5.1) in the form of two complex-matrix-valued
functions Glo : ℂ→ ℂp×m and Gqo : ℂ× ℂ→ ℂp×m2

defined as

Glo(s)
def
= C(sE −A)−1B, (5.12a)

and Gqo(s1, s2)
def
= M

(
(s1E −A)−1B ⊗ (s2E −A)−1B

)
. (5.12b)

See also [62, Section 3.1], [88, Lemma 2.1], [87]. Recalling Remark 5.2, Glo is the trans-
fer function of the linear-output subsystem Glo of the LQO system Glqo defined according
to (2.25), whereas Gqo is the transfer function of the quadratic-output subsystem Gqo of Glqo
in (5.11). Note that Gqo is a multivariate rational function of two complex variables s1 and
s2, and its poles are precisely the eigenvalues of sE − A. Thus, for asymptotically stable
systems (5.1), the transfer functions belong to the appropriate Hardy spaces

Glo ∈ Hp×m
2 (ℂ>0) and Gqo ∈ Hp×m2

2 (ℂ>0 × ℂ>0)

introduced in Section 2.2.3. Notationally, we take Glo(s) or Gqo(s) to mean that conjugation
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is only applied to the matrices in the transfer function, and not the argument, i.e.,

Glo(s) = C (sE −A)−1B,

Glo(s) = C
(
−sE −A

)−1
B,

Gqo(s1, s2) = M
(
(s1E −A)−1B ⊗ (s2E −A)−1B

)
,

Gqo(s1, s2) = M
((

s1E −A
)−1

B ⊗
(
s2E −A

)−1
B
)
.

(5.13)

For real-valued systems (5.1), we have that Glo(ı̇ıω) = Glo(−ı̇ıω) = C
(
−ı̇ıωE −A

)−1
B =

Glo(−ı̇ıω), and Gqo(ı̇ıω1, ı̇ıω2) = Gqo(−ı̇ıω1,−ı̇ıω2) = Gqo(−ı̇ıω1,−ı̇ıω2) for ω, ω1, ω2 ∈ ℝ.
As a direct consequence of the symmetry underlying M that we described in Remark 5.1 and
properties of the Kronecker product presented in Propositions 2.5 and 2.6, the quadratic-
output transfer function Gqo in (5.12b) exhibits some useful symmetries. Specifically, Gqo

and its first partial derivatives are symmetric with respect to the interchange of the arguments
s1, s2 and matrix-vector products. These symmetry conditions will be used to simplify the
interpolation-based optimality conditions that we derive in Chapter 6. For the subsequent
lemma, we introduce the notation

∂

∂s1
Gqo(s, z) =

∂

∂s1
Gqo(s1, s2)|(s1,s2)=(s,z) and

∂

∂s2
Gqo(s, z) =

∂

∂s2
Gqo(s1, s2)|(s1,s2)=(s,z).

Lemma 5.3 (Symmetry properties of Gqo). Let Gqo : ℂ × ℂ → ℂp×m2
be the quadratic-

output transfer function of the system (5.1) as defined in (5.12b). Then for any U ∈ ℂm×ℓ

and v ∈ ℂm:

Gqo(s, z) (U ⊗ v) = Gqo(z, s) (v ⊗U) , (5.14)

∂

∂s1
Gqo(s, z) (U ⊗ v) =

∂

∂s2
Gqo(z, s) (v ⊗U ) . (5.15)

⋄

Proof of Lemma 5.3. We first prove a more general identity that involves only the quadratic-
output matrix M . For any X ∈ ℂn×n and z ∈ ℂℓ, we have, by (2.14), that

M (X ⊗ z) = MKnn (z ⊗X) =


vec (M 1)

TKnn

vec (M 2)
TKnn

...

vec (M p)
TKnn

 (z ⊗X) =


vec (M 1)

T

vec (M 2)
T

...

vec (M p)
T

 (z ⊗X),

where Knn is the perfect-shuffle matrix defined in (2.11), and the last equality follows
from (2.15) along with the previous assumption that M k = MT

k for all k. In aggregate, this
yields

M (X ⊗ z) = M (z ⊗X) . (5.16)
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Then, by (5.16) and the mixed product property (2.9), we have for any U ∈ ℂm×ℓ and
v ∈ ℂm that

Gqo(s, z) (U ⊗ v) = M
(
(sE −A)−1B ⊗ (zE −A)−1B

)
(U ⊗ v)

= M
(
(sE −A)−1BU ⊗ (zE −A)−1Bv

)
= M

(
(zE −A)−1Bv ⊗ (sE −A)−1BU

)
= M

(
(zE −A)−1B ⊗ (sE −A)−1B

)
(v ⊗U) = Gqo(z, s) (v ⊗U) ,

proving (5.14). The second identity (5.15) follows similarly: we have

∂

∂s1
Gqo(s, z) (U ⊗ v) = M

(
−(sE −A)−1E(sE −A)−1B ⊗ (zE −A)−1B

)
(U ⊗ v)

= M
(
−(sE −A)−1E(sE −A)−1BU ⊗ (zE −A)−1Bv

)
= M

(
(zE −A)−1B ⊗−(sE −A)−1E(sE −A)−1B

)
(v ⊗U)

=
∂

∂s2
Gqo(z, s) (v ⊗U) ,

proving (5.15).

We observe that in the single-input, single-output setting, Lemma 5.3 implies that the scalar-
valued Gqo is symmetric with respect to the interchange of its arguments, i.e., if m = p = 1:

Gqo(s, z) = Gqo(z, s) for all s, z ∈ ℂ.

5.3.3 Gramians and the observability energy functional

Here, we introduce the notion of observability and the algebraic system Gramians of an LQO
system (5.1) following the discussion in [16, 28]. As already pointed out in Section 5.3.1, the
concept of reachability from linear systems theory is inherited by linear quadratic-output
systems since the state-to-input map of (5.1) is wholly linear. Thus, the infinite reachability
Gramian of a linear quadratic-output system (5.1) is precisely the same as that of the linear
system defined in (2.40). In the interest of self-containment, we recall that the infinite-time
reachability Gramian is the SPSD matrix P ∈ ℝn×n defined as

P =

∫ ∞

0

eE
−1AτE−1B

(
eE

−1AτE−1B
)T

dτ.

The reachability energy ℓr(x̌) defined according to (2.70) of a state x̌ ∈ ℝn is thus also
unchanged. Moreover, recall from Section 2.3 that if the triple (E,A,B) in (5.1) is con-
trollable, then P in (2.39) is in fact SPD, and uniquely satisfies the generalized Lyapunov
equation in (2.43), i.e.,

APET +EPAT +BBT = 0n×n.
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By contrast, observability is dependent on the state-to-output map of a system and is thus
different for systems such as (5.1) compared to our discussion in Section 2.3. We recall
that the energy associated with observing the state of a generic nonlinear system under zero
external forcing with the initial condition x̌ ∈ ℝn over an infinite time horizon is given by

ℓo (x̌) =
1

2

∫ ∞

0

∥y(τ)∥22 dτ, x(0) = x̌, u(t) = 0m, (5.17)

see [198, Definition 3.1], [199]. The notion of observability for generic nonlinear systems
is more nuanced than the linear case; we refer the reader to [154, Ch. 3.2] for a detailed
treatment. Fortunately, for the setting of linear quadratic-output systems (5.1), the usual
notion will suffice. A state x̌ ∈ ℝn×n is unobservable if ℓo is zero, and the linear quadratic-
output system (5.1) is completely observable if the set of unobservable states consists of
only the zero vector. For a review of reachability and observability energy functionals in
the context of nonlinear balancing, see [198, 199]. For linear systems, the reachability and
observability energy functionals (2.70) are quadratic polynomials of the state vector x; this
is not the case for generic nonlinear systems (though, these energy functionals can still be
analytically characterized in special cases). In the recent work [16], Balicki and Gugercin
write down the observability energy functionals of linear dynamical systems with polynomial
output functions [16, Theorem 1]. Obviously, the LQO systems (5.1) are a special instance
of this. Since balancing-based methods are not the primary focus of this chapter, we refer
the reader to [16] for further discussion.

Alternative (albeit, partial) characterizations of the observability subspace and energy of the
system (5.1) were developed in [28]. Therein, the authors derive an algebraic Gramian, the
so-called quadratic-output (QO) observability Gramian, that aims to generalize the classical
observability Gramian ETQloE ∈ ℝn×n of the linear system (2.25), as defined in (2.44). The
QO observability Gramian is defined as follows: Consider the LQO system Glqo in (5.1) and
recall the infinite-time observability Gramian ETQloE ∈ ℝn×n of its linear-output subsys-
tem (2.25) introduced in Definition 2.34 and defined according to (2.40):

Qlo =

∫ ∞

0

E−TeA
TE−TτCT

(
E−TeA

TE−TτCT
)T

dτ.

Recall further that Qlo is the unique SPSD solution to the generalized Lyapunov equa-
tion (2.44), i.e.,

ATQloE +ETQloA+CTC = 0n×n.

Define also for each k = 1, 2, . . . , p the intermediate matrices Qqo,k ∈ ℝn×n by

Qqo,k
def
=

∫ ∞

0

∫ ∞

0

E−TeA
TE−Tτ1M ke

E−1Aτ2E−1B
(
E−TeA

TE−Tτ1M ke
E−1Aτ2E−1B

)T
dτ1dτ2.

(5.18)
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Then, the QO observability Gramian of Glqo in (5.1) is the matrix ETQlqoE ∈ ℝn×n defined
via

Qlqo
def
= Qlo +Qqo and Qqo

def
=

p∑
k=1

Qqo,k ∈ ℝn×n. (5.19)

For an asymptotically stable system (5.1), the matrix Qlqo ∈ ℝn×n exists, is SPSD, and
uniquely satisfies a type of generalized Lyapunov equation.

Proposition 5.4 (Generalized Lyapunov equation for Qlqo [28, 176]). Consider an asymp-
totically stable linear quadratic-output system Glqo as in (5.1), and let P ∈ ℝn×n and
Qlqo ∈ ℝn×n be the reachability and quadratic-output observability Gramians of Glqo defined
according to (2.39) and (5.19). Then, ETQlqoE is SPSD, and Qlqo is the unique solution of
the generalized Lyapunov equation

ATQqoE +ETQqoA+CTC +

p∑
k=1

M kPM k = 0n×n. (5.20)

⋄

This result was proven rigorously in [28, Lemma 2.1] for the case of (5.1) with E = In and
a single quadratic output, i.e., p = 1 with C = 0p×n, whereas [176, Theorem 3.3] proves this
for a general (possibly singular) E. Here, we provide a simplified proof for the special case
of nonsingular E.

Proof of Proposition 5.4. The fact that ETQlqoE is SPSD follows from the definition of
its constituent parts in (2.40) and (5.18). Recall first that Qlo ∈ ℝn×n in (2.40) is the
unique SPSD solution of the generalized Lyapunov equation (2.44). For each k = 1, . . . , p,
Qqo,k ∈ ℝn×n in (5.18) can be rewritten as

Qqo,k =

∫ ∞

0

E−TeA
TE−TτM kPM ke

E−1AτE−1dτ. (5.21)

We claim then that Qqo,k solves the generalized Lyapunov equation

ATQqo,kE +ETQqo,kA+M kPM k = 0n×n. (5.22)

This can be deduced as follows:

ATQqo,kE +ETQqo,kA =

∫ ∞

0

(
ATE−TeA

TE−TτM kPM ke
E−1Aτ

+ eA
TE−TτM kPM ke

E−1AτE−1A
)
dτ

=

∫ ∞

0

d

dτ

(
eA

TE−TτM kPM ke
E−1Aτ

)
dτ

= lim
t→∞

(
eA

TE−TtM kPM ke
E−1At

) ∣∣∣∣t=τ

t=0

= −M kPM k.
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Moreover, the solution Qqo,k to (5.22) is unique by [4, Corollary 6.3] and the asymptotic
stability assumption. Summing up the equations (2.44) and (5.22) over all k results in (5.20).
Obviously, Qlqo = Qlo +Qqo as defined in (5.19) is a solution to (5.20) by this logic. By the
asymptotic stability of (5.1), it follows that any solution to (5.20) is unique [4, Corollary 6.3],
and so Qlqo uniquely solves (5.20) as claimed.

For the ultimate goal of model reduction, the Gramian ETQlqoE is informative about the
observability subspace and energies of an LQO system (5.1) in the following sense.

Proposition 5.5 (Observability of a system (5.1) according to (5.19) [28]). Consider an
LQO system Glqo as in (5.1). Let P ∈ ℝn×n and Qlqo ∈ ℝn×n be the reachability and QO ob-
servability Gramians of Glqo defined according to (2.39) and (5.19), and suppose additionally
that P ≻ 0. For u = 0m and all states x̌ ∈ ℝn×n

ℓo (x̌) ≤ x̌TETQlqoEx̌
(
1 + x̌P−1x̌

)
= ℓ̃o (x̌) x̌ (1 + ℓr (x̌)) , (5.23)

where ℓr and ℓo are the reachability and observability energy functionals defined according

to (2.70) and (5.17), and ℓ̃o : ℝn → ℝ is defined by ℓ̃o (x̌)
def
= x̌TETQlqoEx̌. ⋄

5.3.4 Generic model reduction of linear quadratic-output systems

We now consider specific details regarding the construction of LQO reduced models (5.2). As
in the setting of Section 2.4, we consider reduced models determined by Petrov-Galerkin pro-
jection. The fundamental idea is the same; we choose left and right approximation subspaces
Range (W ) and Range (V ) spanned by the model reduction bases stored in the columns of
W ,V ∈ ℝn×r, so that x ≈ V x̃, and the Petrov-Galerkin orthogonality condition (2.57) is
satisfied. The only deviation from the linear setting is how the approximation affects the
output equation:

y(t) = Cx(t) +M (x(t)⊗ x(t)) ≈ CV x̃(t) +M (V ⊗ V ) (x̃(t)⊗ x̃(t)) .

The reduced-order model (5.2) by projection is thereby given as

Ẽ = W TEV , Ã = W TAV , B̃ = W TB, C̃ = CV , and M̃ = M (V ⊗ V ) . (5.24)

Remark 5.6. Storing V ⊗V can be infeasible for large n. Thus, in any practical implemen-
tation, it is usually preferred to compute M̃ by first unpacking its alternative representation
in (5.8), and then projecting the individual quadratic-output matrices. The projection is
then specified by

M̃ k = V TM kV , k = 1, . . . , p. (5.25)

Henceforth, when computing M̃ = M (V ⊗ V ) by projection we assume that it is done
according to (5.25). ⋄
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Algorithm 5.3.1: Linear quadratic-output Balanced Truncation (LQO-BT) [28].

Input: E,A,B,C,M from (5.1), order 1 ≤ r < n.

Output: Ẽ, Ã, B̃, C̃,M̃—state-space matrices of (5.2).

1 Compute Cholesky factors R ∈ ℝn×n and Llqo ∈ ℝn×n of P ∈ ℝn×n in (2.39) and
Qlqo ∈ ℝn×n in (5.19) from the generalized Lyapunov equations (2.43) and (5.20).

2 Compute the singular value decomposition of LT
lqoER partitioned according to

LT
lqoER = UΣY T =

[
U 1 U 2

] [Σ1

Σ2

] [
Y T

1

Y T
2

]

for Σ1 ∈ ℝr×r, U 1,Y 1 ∈ ℝn×r and Σ2 ∈ ℝ(n−r)×(n−r), U 2,Y 2 ∈ ℝn×(n−r).
3 Compute the model reduction basis matrices W ,V ∈ ℝn×r as

W = LlqoY 1Σ
−1/2
1 , V = RU 1Σ

−1/2
1 .

4 Compute the reduced model G̃ lqo by projection (5.24) using W and V .

As we recall from Section 2.4, two well-established classes of methods for system-theoretic
model reduction are those based on the balancing of energy functionals and truncation of
states, and the rational interpolation of system transfer functions. For LQO systems (5.1), we
review the generalization of balanced truncation called linear quadratic-output BT (LQO-BT)
from [28], and the tangential interpolation framework of [62]. We review these specifically
because the results presented later in this chapter build upon the work of [28, 62]; we also
use these as benchmark methods for the algorithms we propose in Chapter 6.

Linear quadratic-output balanced truncation.

A comprehensive theory for the balancing of nonlinear dynamical systems was developed
in [198, 199]. While theoretically sound, computing the required reachability and observabil-
ity energy functionals for generic nonlinear systems is a challenging task. Recent progress
has been made in this realm; specifically, [16] proposes a computationally scalable imple-
mentation for the nonlinear balancing of linear systems with polynomial output functions.
We refer to [16] and more generally [120] for further details.

A different attempt to generalize the classical BT of [151, 152] to systems of the form (5.1),
called LQO-BT, was made in [28]. The fundamental idea is exactly that of the Lyapunov
BT approach discussed in Section 2.4.3, with the QO observability Gramian ETQlqoE de-

fined in (5.19) playing the role of the classical infinite observability Gramian ETQloE in
Algorithm 2.4.3. An implementation of LQO-BT is presented in Algorithm 5.3.1. Under



128
Chapter 5. System-theoretic concepts for linear systems with quadratic

outputs

the hood, Algorithm 5.3.1 is balancing the quadratic cost functionals ℓr(x̌) = x̌TP−1x̌

and ℓ̃o(x̌) = x̌TETQlqoEx̌; the states corresponding to the smallest singular values of

LT
lqoER ∈ ℝn×n, which are precisely those states x̌ that are difficult to control (observe)

according to ℓr(x̌) (ℓ̃o(x̌)), are thereby truncated. Note that the singular values of LT
lqoER

in Algorithm 5.3.1 take the place of the usual Hankel singular values in Algorithm 2.4.3.
This replacement of ETQloE with E transQlqoE is justified by Proposition 5.5; the states x̌

that produce small energies ℓ̃o(x̌) will necessarily produce small ℓo(x̌), where ℓo is the true
nonlinear observability energy functional defined in (5.17).

Algorithm 5.3.1 preserves the asymptotic stability of the original system (see [28, Theo-
rem 3.1]) although the resulting reduced model is not necessarily guaranteed to be mini-
mal [28, Remark 3.2] or balanced [28, Remark 2.4], as is the case of linear BT. Several
extensions of this work have also been proposed, for instance, to systems of differential alge-
braic equations (DAEs) [176]. As with Algorithm 2.4.3, the dominant cost of Algorithm 5.3.1
is in solving the large-scale generalized Lyapunov equations (2.43) and (5.20) for the factors
R and Llqo. Fortunately, there exist efficient numerical algorithms for computing (inexact)
low-rank Cholesky factors; we refer to [34, 121, 203] for details.

Rational interpolation of Glo and Gqo.

The tangential interpolation theory for the model reduction of linear systems (2.25) reviewed
in Section 2.4.1 can be generalized to nonlinear systems with the concept of subsystem inter-
polation. As the name suggests, this amounts to the rational interpolation of the subsystem
transfer functions Glo and Gqo in the direction of specified tangent vectors. Diaz et al. [62]
introduce an overarching framework for the subsystem interpolation of dynamical systems
with up to quadratic-bilinear dynamics and quadratic-bilinear outputs; this general model
class includes (5.1) as a special case [62, Corollary 1]. We focus on this idea here; other simi-
lar approaches for the interpolatory model reduction of linear quadratic-output systems (5.1)
have been proposed in [49, 62, 87, 188, 215].

Formally, the Lagrange version of the tangential interpolation problem from [62] can be
stated as follows: Given a collection of complex shifts σ1, . . . , σ2k ∈ ℂ in conjunction with
left and right tangential direction vectors ℓ1, . . . , ℓ2k ∈ ℂp and r1, . . . , r2k ∈ ℂm, construct
G̃ lqo in (5.2) by an appropriate choice of W and V so that the transfer functions G̃lo and
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G̃qo of G̃ lqo satisfy the tangential interpolation conditions

Glo(σj)rj = G̃lo(σj)rj,

Glo(σ2j)rj = G̃lo(σ2j)rj,

ℓTj Glo(σ2j) = ℓTj G̃lo(σ2j),

Gqo(σj, σj) (rj ⊗ rj) = G̃qo(σ2j, σ2j) (r2j ⊗ r2j) ,

Gqo(σ2j, σ2j) (r2j ⊗ r2j) = G̃qo(σ2j, σ2j) (r2j ⊗ r2j) ,

and ℓTj Gqo(σj, σj) (Im ⊗ rj) = ℓTj G̃qo(σj, σj) (Im ⊗ rj) ,

(5.26)

for all j = 1, . . . , k. For completeness, we restate the result of [62, Corollary 1] here.

Theorem 5.7 (Lagrange interpolation of systems (5.1) [62]). Suppose that Glqo is an LQO

system as in (5.1), and that G̃ lqo is a reduced model as in (5.2) constructed by projection
with V and W . Consider the interpolation points σ1, . . . , σ2k ∈ ℂ such that σiE −A and
σiẼ − Ã are nonsingular for all i = 1, . . . , 2k, and the left and right tangential direction
vectors ℓ1, . . . , ℓ2k ∈ ℂp and r1, . . . , r2k ∈ ℂm. Let K : ℂ → ℂn×n be the matrix resolvent
K(s) = sE −A. Suppose for r = 2k that V ,W ∈ ℂn×r have full rank and satisfy

span
[
K(σj)

−1Brj, K(σ2j)
−1Brj

]
⊂ Range (V ) ,

and span
[(
ℓTj CK(σj)

−1
)T

,
(
ℓTj M

(
K(σj)

−1B ⊗K(σj)
−1Brj

))T] ⊂ Range (W ) .
(5.27)

Then, G̃ lqo will satisfy the tangential interpolation conditions in (5.26) for all j = 1, . . . , k. ⋄

While Theorem 5.7 shows how to construct tangential interpolants of the form (5.2), there are
still many open questions with regard to interpolatory model reduction of LQO systems. For
instance, Theorem 5.7 does not consider any higher-order (Hermite) interpolation conditions;
moreover, the placement of interpolation points, selection of tangent directions, and type of
interpolation one should enforce (e.g., Lagrange or Hermite conditions) to guarantee quality
surrogates is unknown for systems of the form (5.1). It is important to recall that, in the
linear setting, H2-optimal reduced models are necessarily bi-tangential Hermite interpolants
of the full-order system, and the optimal interpolation points are the mirror images of the
reduced model poles; see Theorem 2.45. Similar results hold for other classes of weakly
nonlinear systems; e.g., in the H2 model reduction of bilinear dynamical systems, optimal
approximants satisfy so-called multipoint rational interpolation conditions that respect the
underlying Volterra series representation of the full-order model [24, 77, 78], not subsystem
interpolation conditions like those in Theorem 5.7. This is also true for quadratic-bilinear
systems; see [50]. It is thus natural to question whether there exist connections between
H2-optimality and transfer function interpolation for systems of the form (5.1). As one of
the major theoretical contributions of this dissertation, we investigate and establish this
connection in Chapter 6.
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5.4 Two computationally tractable expressions for the

system H2 norm and inner product

In order to assess the performance quality of a surrogate model (5.2), we require an appro-
priate measure for quantifying the approximation error induced by replacing the full-order
system (5.1) with the lower-order surrogate (5.2). Here, we use the H2 norm of an LQO
system; this can be formulated in the time domain (that is, in terms of the Volterra ker-
nels in (5.10)) or in the frequency domain (in terms of the transfer functions in (5.12)). In
either case, the H2 measure is derived from an underlying Hilbert space structure that we
will leverage to derive optimality conditions later on. At the end of this section, we present
two new formulas for computing the system H2 norm and inner product for systems of the
form (5.1). We begin with the time-domain characterization.

Definition 5.8 (Time-domain formulation of the H2 system norm [186, Definition 2.1], [28,

Definition 3.1]). Suppose that Glqo and G̃ lqo are asymptotically stable LQO systems as in (5.1)
and (5.2) with the Volterra kernels glo, gqo and g̃lo, g̃qo defined according to (5.10). The H2

inner product of Glqo and G̃ lqo is defined as〈
Glqo, G̃ lqo

〉
H2

def
=

∫ ∞

0

tr
(
glo (τ) g̃lo (τ)

T
)
dτ

+

∫ ∞

0

∫ ∞

0

tr
(
gqo (τ1, τ2) g̃qo (τ1, τ2)

T
)
dτ1 dτ2.

(5.28)

Likewise, the H2 norm of Glqo is defined as

∥Glqo∥H2

def
=

(∫ ∞

0

∥glo(τ)∥2F dτ +

∫ ∞

0

∫ ∞

0

∥gqo(τ1, τ2)∥2F dτ1 dτ2
)1

2

. (5.29)

⋄

Next, we present the frequency-domain formulation.

Definition 5.9 (Frequency-domain formulation of the H2 system norm [87]). Suppose that

Glqo and G̃ lqo are asymptotically stable LQO systems as in (5.1) and (5.2) with the transfer

functions Glo, Gqo and G̃lo, G̃qo defined according to (5.12). The H2 inner product of Glqo
and G̃ lqo is defined as〈
Glqo, G̃ lqo

〉
H2

def
=

1

2π

∫ ∞

−∞
tr
(
Glo (−ı̇ıω) G̃lo (ı̇ıω)

T
)
dω

+
1

(2π)2

∫ ∞

−∞

∫ ∞

−∞
tr
(
Gqo (−ı̇ıω1,−ı̇ıω2) G̃qo (ı̇ıω1, ı̇ıω2)

T
)
dω1 dω2.

(5.30)
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Likewise, the H2 norm of Glqo is defined as

∥Glqo∥H2

def
=

(
1

2π

∫ ∞

−∞
∥Glo(ı̇ıω)∥2F dω +

1

(2π)2

∫ ∞

−∞

∫ ∞

−∞
∥Gqo(ı̇ıω1, ı̇ıω2)∥2F dω1 dω2

)1
2

. (5.31)

⋄

Although the dynamics of the systems in (5.1) and (5.2) as written are real-valued, Defi-
nition 5.9 is valid for systems with complex-valued dynamics as well. Moreover, the inner
product (5.30) is real-valued for real-valued dynamical systems.

It is a direct consequence of Plancherel’s relation in one- and two-variables [43] that Def-
initions 5.8 and 5.9 are in fact equivalent, thereby justifying our abuse of notation. The
time-domain characterization in Definition 5.8 is derived from the underlying L2 Hilbert
space structure of the Volterra kernels (5.10); the frequency-domain characterization is de-
rived from the underlying H2 Hardy space structure of the transfer functions (5.12). Indeed,
the inner products (and thus the induced norms) in each of (5.28) and (5.30) are respec-
tively the sums of the relevant L2 andH2 inner products of the full-order kernels and transfer
functions with the reduced-order ones.

Next, we derive a pair of expressions for the system H2 norm and inner product that are
more computationally tractable compared to those in Definitions 5.8 and 5.9. Each of these
generalize the analogous expressions for calculating the H2 norm and inner product for linear
dynamical systems from Theorems 2.41 and 2.42.

5.4.1 Sylvester-equation based formulation

First, we show that the system H2 norm and inner product can be computed in terms
of the Gramians P ,ETQlqoE ∈ ℝn×n and solutions to generalized Sylvester equations.
This was proved in [28, Proposition 3.3] for the special case of C = 0p×n and E = In.
A similar formula was derived independently for systems of DAEs with quadratic-output
functions [176]. The stated version of Theorem 5.10 was presented in the author’s previous
work [186], but for E = In. Here, we prove the formulae for arbitrary nonsingular E.

Theorem 5.10 (H2 norm and inner product via generalized Sylvester equations [176,

Lemma 5.2], [186, Theorem 2.1]). Suppose that Glqo and G̃ lqo are asymptotically stable LQO
systems as in (5.1) and (5.2). Let X ∈ ℝn×r and Z lqo ∈ ℝn×r be solutions of the generalized
Sylvester equations

AXẼT +EXÃT +BB̃T = 0n×r, (5.32)

and ATZ lqoẼ +ETZ lqoÃ−
p∑

k=1

M kXM̃ k −CTC̃ = 0n×r. (5.33)
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Then, X and Z lqo are unique, and the H2 inner product of Glqo and G̃ lqo is given by〈
Glqo, G̃ lqo

〉
H2

= − tr
(
BTZ lqoB̃

)
(5.34)

= tr
(
CXC̃T

)
+

p∑
k=1

tr
(
XTM kXM̃ k

)
. (5.35)

If Glqo = G̃ lqo, then X = P ∈ ℝn×n and Z lqo = −Qlqo ∈ ℝn×n according to (2.39) and (5.19);
thus, the H2 norm of Glqo is given by

∥Glqo∥2H2
= tr

(
BTQloB

)
+ tr

(
BTQqoB

)
= tr

(
BTQlqoB

)
(5.36)

= tr
(
CPCT

)
+

p∑
k=1

tr (PM kPM k) . (5.37)

⋄

Proof of Theorem 5.10. Throughout, let glo, gqo and g̃lo, g̃qo denote the Volterra kernels of

Glqo and G̃ lqo defined according to (5.10). Consider the solutionsZ lo ∈ ℝn×r andZqo,k ∈ ℝn×r

to the generalized Sylvester equations

ATZ loẼ +ETZ loÃ−CTC̃ = 0n×r, (5.38)

ATZqo,kẼ +ETZqo,kÃ−M kXM̃ k = 0n×r. (5.39)

These solutions exist and are unique due to the spectra of E−1A and −Ẽ−1Ã being disjoint
by the asymptotic stability assumption; the solutions X ∈ ℝn×r and Z lqo ∈ ℝn×r to (5.32)
and (5.33) are in fact unique by the same logic. Thus, we can write down the solutions
to (5.32), (5.38) and (5.39) analytically as

X =

∫ ∞

0

eE
−1AτE−1B

(
eẼ

−1ÃτẼ−1B̃
)T

dτ,

Z lo = −
∫ ∞

0

E−TeA
TE−TτCT

(
Ẽ−TeÃ

TẼ−TτC̃T
)T

dτ

and Zqo,k = −
∫ ∞

0

E−TeE
−TATτM kX

(
Ẽ−TeẼ

−TÃTτM̃ k

)T
dτ.

(5.40)

Summing up equations (5.38) with (5.39) over all k produces the equation in (5.33). Thus,
Z lo +

∑p
k=1Zqo,k is a solution to (5.33), and by uniqueness it holds that

Z lqo = Z lo +

p∑
k=1

Zqo,k = −
∫ ∞

0

E−TeA
TE−TτCT

(
Ẽ−TeÃ

TẼ−TτC̃T
)T

dτ

−
p∑

k=1

∫ ∞

0

∫ ∞

0

E−TeA
TE−Tτ1M ke

E−1Aτ2E−1B
(
Ẽ−TeÃ

TẼ−Tτ1M̃ ke
Ẽ−1Ãτ2Ẽ−1B̃

)T
dτ1 dτ2.
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Note that we have substituted into each Zqo,k the analytic expression of X in (5.40). Left

and right multiplication of Z lqo with BT and B̃, respectively, as well as subsequently taking
the trace of both sides, reveal

− tr
(
BTZ lqoB̃

)
=

∫ ∞

0

tr

(
CeE

−1AτE−1B
(
C̃eẼ

−1ÃτẼ−1B̃
)T)

dτ

+

p∑
k=1

∫ ∞

0

∫ ∞

0

tr

(
BTE−TeA

TE−Tτ1M ke
E−1Aτ2E−1B

×
(
B̃TẼ−TeÃ

TẼ−Tτ1M̃ ke
Ẽ−1Ãτ2Ẽ−1B̃

)T)
dτ1 dτ2,

where we have used the fact that the trace is invariant under cyclic permutation and transpo-
sition of matrices to simplify the expression. By definition of the kernels glo and g̃lo in (5.10),

it follows already that first term in the above expression for − tr
(
BTZ lqoB̃

)
is precisely

the first term in the time-domain expression of the H2 inner product (5.28). For the second
term, using (2.7) we are able to express the kernel gqo in (5.10b) as

gqo(t1, t2) =


vec
(
BTE−TeA

TE−Tt1M 1e
E−1At2E−1B

)T
...

vec
(
BTE−TeA

TE−Tt1M pe
E−1At2E−1B

)T
 ,

and likewise for g̃qo. Then, by (2.8) in Proposition 2.5 we have, for all t1, t2 ≥ 0, that

tr
(
gqo (t1, t2) g̃qo (t1, t2)

T
)
=

p∑
k=1

vec
(
BTE−TeA

TE−Tt1M ke
E−1At2E−1B

)T
× vec

(
B̃TẼ−TeÃ

TẼ−Tt1M̃ ke
Ẽ−1Ãt2Ẽ−1B̃

)
=

p∑
k=1

tr

(
BTE−TeA

TE−Tt1M ke
E−1At2E−1B

×
(
B̃TẼ−TeÃ

TẼ−Tt1M̃ ke
Ẽ−1Ãt2Ẽ−1B̃

)T)
.

Integrating both sides over t1 and t2 from zero to ∞ yields∫ ∞

0

∫ ∞

0

tr
(
gqo (τ1, τ2) g̃qo (τ1, τ2)

T
)
dτ1 dτ2 =

p∑
k=1

∫ ∞

0

∫ ∞

0

tr
((

BTE−TeA
TE−Tτ1M ke

E−1Aτ2E−1B
)

×
(
B̃TẼ−TeÃ

TẼ−Tτ1M̃ ke
Ẽ−1Ãτ2Ẽ−1B̃

)T)
dτ1 dτ2.
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Hence, the second term in the previously derived expression for − tr
(
BTZ lqoB̃

)
is precisely

the second term in the time-domain expression of the H2 inner product (5.28), and so〈
Glqo, G̃ lqo

〉
H2

= − tr
(
BTZ lqoB̃

)
as claimed in (5.34). Applying this result for Glqo = G̃ lqo

yields the formula for the H2 norm in (5.36).

The expression in (5.35) now follows straightforwardly from (5.34). Begin by vectorizing the
generalized Sylvester equations in (5.32) and (5.33) to yield the equivalent linear systems of
equations (

Ẽ ⊗A+ Ã⊗E
)
vec (X) = − vec

(
BB̃T

)
,(

ẼT ⊗AT + ÃT ⊗ET
)
vec (Z lqo) = vec

(
CTC̃

)
+

p∑
k=1

(
M ⊗ M̃

)
vec (X) .

Using the just-proven expression for the H2 inner product in (5.34), it follows that〈
Glqo, G̃ lqo

〉
H2

= − tr
(
BTZ lqoB̃

)
= − vec

(
BB̃T

)T
vec (Z lqo) by (2.8)

= vec (X)T
(
ẼT ⊗AT + ÃT ⊗ET

)
vec (Z lqo)

= vec (X)T
(
vec
(
CTC̃

)
+

p∑
k=1

(
M ⊗ M̃

)
vec (X)

)

= tr
(
CXC̃T

)
+

p∑
k=1

tr
(
XTM kXM̃ k

)
by (2.8) and (2.7).

This proves (5.35); as before, the claim in (5.37) follows from (5.35) for G̃ lqo = Glqo.

Note that Theorem 5.10 makes it obvious that the H2 inner product of two real-valued
systems Glqo and G̃ lqo—that is, systems Glqo and G̃ lqo for which the state-space matrices
in (5.1) and (5.2) are all real valued—is real valued as well.

5.4.2 Pole residue-based formulation

Next, we show that the system H2 norm and inner product can be computed in terms of the
poles and residues of the subsystem transfer functions Glo and Gqo in (5.12). To this end, we
first derive pole residue formulations of Glo and Gqo when the underlying system has simple

poles: Consider an LQO system G̃ lqo as in (5.2), suppose that G̃ lqo is asymptotically stable

with simple poles λ1, . . . , λr. Let G̃lo and G̃qo be the linear- and quadratic-output transfer

functions of G̃ lqo defined according to (5.12). Because the poles of G̃ lqo are simple, the pair

Ã, Ẽ is diagonalizable and can be written as

ÃS = ẼSΛ and T TÃ = ΛT TẼ,
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or equivalently
T TÃS = Λ and T TẼS = Ir, (5.41)

where S,T ∈ ℂr×r contain the right and left generalized eigenvectors of Ẽ and Ã, respec-
tively, and Λ = diag (λ1, . . . , λr) carries the generalized eigenvalues. Thus, under the equiv-

alence transformation with z = Sx and T T, G̃lo and G̃qo can be expanded into pole-residue
form as

G̃lo(s) =
r∑

i=1

cib
T
i

s− λi

and G̃qo(s1, s2) =
r∑

j=1

r∑
k=1

mj,k (bj ⊗ bk)
T

(s1 − λj)(s2 − λk)
, (5.42)

where

bTi
def
= tTi B̃ ∈ ℂ1×m, ci

def
= C̃si ∈ ℂp, and mj,k

def
= M̃ (sj ⊗ sk) ∈ ℂp, (5.43)

for all i, j, k = 1, . . . , r and the vectors si, ti ∈ ℂr denote the i-th columns of S and T . To
derive this expansion for G̃qo, observe:

G̃qo(s1, s2) = M̃ (S ⊗ S)
((

s1T
TẼS − T TÃS

)−1
T TB ⊗

(
s2T

TẼS − T TÃS
)−1

T TB
)

= M̃
(
S (s1Ir −Λ)−1 T TB ⊗ S (s2Ir −Λ)−1 T TB

)
= M̃

(
r∑

j=1

sjt
T
j B̃

s1 − λj

⊗
r∑

k=1

skt
T
k B̃

s2 − λk

)
=

r∑
j=1

r∑
k=1

M̃ (sj ⊗ sk) t
T
j B̃

(s1 − λj) (s2 − λk)

=
r∑

j=1

r∑
k=1

mj,k (bj ⊗ bk)
T

(s1 − λj)(s2 − λk)
,

by (2.9). The expression for G̃lo in (5.42) can be derived using similar manipulations. The
rank-1 matrices cib

T
i ∈ ℂp×m and mj,k(bi ⊗ bi)

T ∈ ℂp×m2
are defined as the residues of

G̃lo and G̃qo corresponding to the poles s = λi and (s1, s2) = (λj, λk). We call the vectors
bi ∈ ℂm, ci ∈ ℂp, and mj,k ∈ ℂp in (5.43) the residue directions. Under the assumption
that M i = MT

i for all i, the left residue directions mj,k obey the symmetry condition

mj,k = M̃ (sj ⊗ sk) =

s
T
kM 1sj

...

sTkM psj

 =

s
T
j M 1sk

...

sTj M psk

 = M̃ (sk ⊗ sj) = mk,j, (5.44)

for each j, k = 1, . . . , r, Similar pole-residue expansions to (5.42) can be derived in the case
of multiple and higher-order poles; see [218] for the linear case. The pole-residue expansions
in (5.42) enable us to derive the computational formula from Definition 5.9.

Theorem 5.11 (H2 norm and inner product via transfer function poles and residues).

Suppose that Glqo and G̃ lqo are asymptotically stable LQO systems as in (5.1) and (5.2)

with the transfer functions Glo, Gqo and G̃lo, G̃qo defined according to (5.12). Suppose
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additionally that G̃ lqo has simple poles λ1, . . . , λr. Then, the H2 inner product (5.30) of Glqo
and G̃ lqo is given by〈

Glqo, G̃ lqo
〉
H2

=
r∑

i=1

cTi Glo(−λi)bi︸ ︷︷ ︸
=⟨Glo,G̃lo⟩Hp×m

2

+
r∑

j=1

r∑
k=1

mT
j,kGqo(−λj,−λk) (bj ⊗ bk)︸ ︷︷ ︸
=⟨Gqo,G̃qo⟩

Hp×m2

2

, (5.45)

where Glo(s) = C
(
sE−A

)−1
B and Gqo(s1, s2) = M

((
s1E −A

)−1
B ⊗

(
s2E −A

)−1
B
)
.

The H2 norm (5.31) of G̃ lqo is given by

∥G̃ lqo∥2H2
=

r∑
i=1

cTi G̃lo(−λi)bi︸ ︷︷ ︸
=∥G̃lo∥2

Hp×m
2

+
r∑

j=1

r∑
k=1

mT
j,kG̃qo(−λj,−λk) (bj ⊗ bk)︸ ︷︷ ︸

=∥G̃qo∥2
Hp×m2

2

. (5.46)

⋄

Proof of Theorem 5.11. First note that the first terms in (5.30) and (5.45) are equal:∫ ∞

−∞
tr
(
G̃lo(−ı̇ıω)G̃lo(ı̇ıω)

T
)
dω =

r∑
i=1

cTi G̃lo(−λi)bi.

This follows from classical results for calculating the Hardy H2 inner product of two lin-
ear time-invariant systems (2.25) via their transfer functions; see, e.g. [97, Lemma 3.5], [5,
Lemma 2.1.4]. Then, to prove (5.45) it suffices to prove the remaining equality

1

(2π)2

∫ ∞

−∞

∫ ∞

−∞
tr
(
Gqo(−ı̇ıω1,−ı̇ıω2)G̃qo(ı̇ıω1, ı̇ıω2)

T
)
dω1dω2

=
r∑

j=1

r∑
k=1

mT
j,kGqo(−λj,−λk) (bj ⊗ bk) .

(5.47)

For fixed but arbitrary constants R1, R2 > 0, define the contours ΓRi
⊂ ℂ as

ΓRi

def
= [−ı̇ıRi, ı̇ıRi] ∪ {z = Rie

ı̇ıθ | π/2 ≤ θ ≤ 3π/2}, i = 1, 2.

Choose R1, R2 > 0 to be sufficiently large such that each contour ΓR1 and ΓR2 encircles the
poles of the reduced model. In other words, λj ∈ int (ΓR1) , int (ΓR2) for each j = 1, . . . , r
where int(·) denotes the set of interior points. Let z ∈ ı̇ıℝ be arbitrarily fixed, and consider:∫

ΓR1

tr
(
Gqo(−ζ1,−z)G̃qo(ζ1, z)

T
)
dζ1 =

∫ R1

−R1

tr
(
Gqo(−ı̇ıω1,−z)G̃qo(ı̇ıω1, z)

T
)
dω1

+

∫ 3π/2

π/2

tr
(
Gqo(−R1e

ı̇ıθ,−z)G̃qo(R1e
ı̇ıθ, z)T

)
R1e

ı̇ıθdθ.
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Because Gqo(−s1,−z) and G̃qo(s1, z)
T are strictly proper rational functions and R1 > 0

is arbitrarily specified, for any ε > 0, we may choose R1 to be large enough so that
∥Gqo(−R1e

ı̇ıθ,−z)∥F and ∥G̃qo(R1e
ı̇ıθ, z)T∥F are smaller than or equal to ε. In turn, this

implies∣∣∣tr(Gqo(−R1e
ı̇ıθ,−z)G̃qo(R1e

ı̇ıθ, z)T
)∣∣∣ ≤ ∥Gqo(−R1e

ı̇ıθ,−z)∥F ∥G̃qo(R1e
ı̇ıθ, z)T∥F ≤ ε2.

Note that this choice of R1 still guarantees that ΓR1 encircles the poles of the reduced model.
Using standard ML-estimates from Theorem 2.15, we obtain∣∣∣∣∣

∫ 3π/2

π/2

tr
(
Gqo(−R1e

ı̇ıθ,−z)G̃qo(R1e
ı̇ıθ, z)T

)
R1e

ı̇ıθdθ

∣∣∣∣∣ ≤ π

2
ε2R1 −→ 0 as R1 →∞.

Thus, taking the limit as R1 →∞ yields

lim
R1→∞

∫
ΓR1

tr
(
Gqo(−ζ1,−z)G̃qo(ζ1, z)

T
)
dζ1 = lim

R1→∞

∫ R1

−R1

tr
(
Gqo(−ı̇ıω1,−z)G̃qo(ı̇ıω1, z)

T
)
dω1

=

∫ ∞

−∞
tr
(
Gqo(−ı̇ıω1,−z)G̃qo(ı̇ıω1, z)

T
)
dω1.

(5.48)

Next, note that tr
(
Gqo(−s1,−z)G̃qo(s1, z)

T
)
is a complex-valued scalar function of the

variable s1 with poles at −µ1,−µ2, . . . ,−µn ∈ ℂ>0 and simple poles λ1, λ2, . . . , λr ∈ ℂ<0,
where µi denotes the i-th eigenvalue of E−1A. By Theorem 2.14 (the Residue Theorem)
and (5.48), we have that

1

2π

∫ ∞

−∞
tr
(
Gqo(−ı̇ıω1,−z)G̃qo(ı̇ıω1, z)

T
)
dω1

= lim
R1→∞

1

2πı̇ı

∫
ΓR1

tr
(
Gqo(−ζ1,−z)G̃qo(ζ1, z)

T
)
dζ1

=
r∑

j=1

Res
[
tr
(
Gqo(−s1,−z)G̃qo(s1, z)

T
)
, s1 = λj

]
.

Under the assumption that the poles λj are simple, for any fixed z ∈ ı̇ıℝ we can compute

the residue of tr
(
Gqo(−s1,−z)G̃qo(s1, z)

T
)
at λj as

Res
[
tr
(
Gqo(−s1,−z)G̃qo(s1, z)

T
)
, s1 = λj

]
= lim

s1→λj

(s1 − λj) tr
(
Gqo(−s1,−z)G̃qo(s1, z)

T
)

= tr

(
Gqo(−λj,−z) lim

s1→λj

(s1 − λj)G̃qo(s1, z)
T

)
.
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Because the poles of G̃ lqo are assumed simple, G̃qo permits the pole-residue expansion
in (5.42). Substituting in directly for (5.42) yields

lim
s1→λj

(s1 − λj)G̃qo(s1, z)
T = lim

s1→λj

(s1 − λj)
r∑

i=1

r∑
k=1

(bi ⊗ bk)m
T
i,k

(s1 − λi)(z − λk)
=

r∑
k=1

(bj ⊗ bk)m
T
j,k

z − λk

,

and so

Res
[
tr
(
Gqo(−s1,−z)G̃qo(s1, z)

T
)
, s1 = λj

]
= tr

(
Gqo(−λj,−z)

r∑
k=1

(bj ⊗ bk)m
T
j,k

z − λk

)

for each j = 1, . . . , r. Substituting this into the previously computed contour integral, at
last we have that

1

2π

∫ ∞

−∞
tr
(
Gqo(−ı̇ıω1,−z)G̃qo(ı̇ıω1, z)

T
)
dω1 =

r∑
j=1

tr

(
Gqo(−λj,−z)

r∑
k=1

(bj ⊗ bk)m
T
j,k

z − λk

)

=
r∑

j=1

r∑
k=1

mT
j,kGqo(−λj,−z) (bj ⊗ bk)

1

z − λk

,

where the ultimate equality follows from the fact that the trace operator tr (·) is invariant
under cyclic permutations, and that the trace of a scalar is just said scalar. Returning to
the desired equality in (5.47) our calculations up to this point yield

1

(2π)2

∫ ∞

−∞

∫ ∞

−∞
tr
(
Gqo(−ı̇ıω1,−ı̇ıω2)G̃qo(ı̇ıω1, ı̇ıω2)

T
)
dω1dω2

=
r∑

j=1

r∑
k=1

1

2π

∫ ∞

−∞
mT

j,kGqo(−λj,−ı̇ıω2) (bj ⊗ bk)
1

ı̇ıω2 − λk

dω2.

What remains is to evaluate the integral in the expression above. Recalling the definition of
ΓR2 , consider the contour integral∫
ΓR2

mT
j,kGqo(−λj,−ζ2) (bj ⊗ bk)

1

ζ2 − λk

dζ2 =

∫ R2

−R2

mT
j,kGqo(−λj,−ı̇ıω2) (bj ⊗ bk)

1

ı̇ıω2 − λk

dω2

+

∫ 3π/2

π/2

mT
j,kGqo(−λj,−R2e

ı̇ıθ) (bj ⊗ bk)
1

R2eı̇ıθ − λk

R2e
ı̇ıθdθ.

Because the constant R2 > 0 is arbitrarily specified, we may take it to be large enough such
that

∣∣mT
j,kGqo(−λj,−R2e

ı̇ıθ) (bj ⊗ bk) /(R2e
ı̇ıθ − λk)

∣∣ ≤ ε2 for all π/2 ≤ θ ≤ 3π/2 and any
desired ε > 0. Thus∣∣∣∣∣

∫ 3π/2

π/2

mT
j,kGqo(−λj,−R2e

ı̇ıθ) (bj ⊗ bk)
1

R2eı̇ıθ − λk

R2e
ı̇ıθdθ

∣∣∣∣∣ ≤ π

2
ε2R2 −→ 0
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as R2 →∞. In the limit as R2 →∞, we see that

lim
R2→∞

∫
ΓR2

mT
j,kGqo(−λj,−ζ2) (bj ⊗ bk)

1

ζ2 − λk

dζ2

=

∫ ∞

−∞
mT

j,kGqo(−λj,−z) (bj ⊗ bk)
1

ı̇ıω2 − λk

dω2.

(5.49)

At this point, each integral appearing within the nested sum in the simplified expression
for (5.47) can be evaluated by a straightforward application of Theorem 2.14. For each
j, k = 1, . . . , r, the integrand mT

j,kGqo(−λj,−z) (bj ⊗ bk) /(z−λk) is a complex-valued scalar

function with poles at −µ1, . . . ,−µn ∈ ℂ>0, i.e., the eigenvalues of −E−1A, and λk ∈ ℂ<0.
Thus, for each j, k we have

1

2π

∫ ∞

−∞
mT

j,kGqo(−λj,−ı̇ıω2) (bj ⊗ bk)
1

ı̇ıω2 − λk

dω2

= lim
R2→∞

1

2πı̇ı

∫
ΓR2

mT
j,kGqo(−λj,−ζ2) (bj ⊗ bk)

1

ζ2 − λk

dζ2 (by (5.49))

= Res

[
mT

j,kGqo(−λj,−s2) (bj ⊗ bk)
1

s2 − λk

, s2 = λk

]
= lim

s2→λk

(s2 − λk)m
T
j,kGqo(−λj,−s2) (bj ⊗ bk)

1

s2 − λk

= mT
j,kGqo(−λj,−λk) (bj ⊗ bk) .

Finally, substituting this into the two-dimensional integral (5.47) yields

1

(2π)2

∫ ∞

−∞

∫ ∞

−∞
tr
(
Gqo(−ı̇ıω1,−ı̇ıω2)G̃qo(ı̇ıω1, ı̇ıω2)

T
)
dω1dω2

=
r∑

j=1

r∑
k=1

1

2π

∫ ∞

−∞
mT

j,kGqo(−λj,−z) (bj ⊗ bk)
1

ı̇ıω2 − λk

dω2

=
r∑

j=1

r∑
k=1

mT
j,kGqo(−λj,−λk) (bj ⊗ bk) ,

which proves the formula (5.47), and thus the inner product formula (5.45). The formula for

the H2 norm in (5.46) then follows directly by applying (5.45) for Glqo = G̃ lqo.

To summarize, we have presented two new computational formulations of the system H2

norm and inner product (Definitions 5.8 and 5.9) in Theorems 5.10 and 5.11. The pole- and
residue-based norm formula (5.46) of Theorem 5.11 is more limited insofar as it only applies
to systems with simple poles. The formulae in Theorem 5.11 may also involve complex
arithmetic, whereas those in Theorem 5.10 can be implemented using only real arithmetic.
When applied to systems (5.1) and (5.2) with the particular choice M = 0p×n2 and M̃ =
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0p×r2 , both Theorems 5.10 and 5.11 return the usual Sylvester-equation and pole-residue
based expressions of the H2 norm and inner product for linear time-invariant systems; see
Theorems 2.41 and (2.42) as well as the original references [5, Lemma 2.1.4] [97, Lemma 2.3,
Lemma 3.5], [4, Ch. 5.5]. We mention that similar expressions exist for the H2 norm of other
nonlinear systems, e.g., a bilinear or a quadratic-bilinear system; see [77, Theorem 2.2], [24,
Proposition 3.3] and [50, Theorem 2], respectively.



Chapter 6

Optimal-H2 approximation of linear
systems with quadratic outputs

6.1 Introduction

In this section, we formally consider the H2-optimal model reduction problem for the linear
quadratic-output (LQO) systems introduced in Chapter 5. Our interest in this best approxi-
mation problem is principally motivated by an upper bound on the L∞ output error in terms
of the H2 system error; see Theorem 6.1 in Section 6.2. This motivates minimizing the H2

system error induced by (5.2) to achieve a uniformly small output error. Given an order-
n asymptotically stable LQO system as in (5.1), we seek an asymptotically stable reduced

model G̃ lqo as in (5.2) of a fixed approximation order 1 ≤ r < n such that the H2 error in

approximating (5.1) is minimized, i.e., G̃ lqo solves

∥Glqo − G̃ lqo∥2H2
= min

dim(Ǧlqo)=r
∥Glqo − Ǧlqo∥2H2

subj. to Ǧlqo is asymptotically stable. (6.1)

The squared H2 error is only used for the ease of deriving first-order optimality conditions
later on. As was the case for the H2-optimal model reduction of linear systems described
in Section 2.4.2, the H2-minimization problem (6.1) is in general nonconvex, and global
minimizers are hard to characterize. Thus, we adopt the more modest goal of identifying
reduced-order models (5.2) that satisfy some first-order necessary conditions for local op-
timality, and subsequently develop iterative algorithms for constructing approximants that
satisfy these optimality conditions.

6.1.1 Chapter contents

In this chapter, we present a pair of solutions to (6.1) in the form of two independent H2-
optimality frameworks. The first is based on the solutions to generalized Sylvester equations
and the LQO system Gramians (2.39) and (5.19); the second is based on the tangential (ra-
tional) interpolation of the linear- and quadratic-output subsystem transfer functions (5.12).
These are presented in Sections 6.3 and 6.4, respectively. In either case, the blueprint we
follow to develop the aforementioned optimality frameworks is the same.

141
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1. We use Theorems 5.10 and 5.11 to derive more computationally amenable parameter-
izations of the H2 model error in (6.1). For the Sylvester equation-based framework,

this is done explicitly in terms of the reduced model matrices Ẽ, Ã, B̃, C̃ and M̃ us-
ing Theorem 5.10; for the interpolatory framework, Theorem 5.11 is used implicitly
to recast (6.1) as a multivariate rational approximation problem, where the degrees
of freedom are the poles and residue directions λi, bi, ci,mj,k of the reduced model
transfer functions.

2. We then derive first-order optimality conditions with respect to these two parameteri-
zations. For the Sylvester- or Gramian-based conditions, this is accomplished by taking
gradients of the squared H2 error with respect to the reduced model matrices; for the
interpolatory conditions, these are derived by choosing particular ε-perturbations of the
reduced model transfer functions, and taking limits. The Sylvester- and interpolation-
based optimality conditions are presented in Theorems 6.5 and 6.9, respectively.

3. We prove how to enforce each set of optimality conditions in a Petrov-Galerkin pro-
jection framework with appropriately chosen V and W .

4. Based on the theoretical Sylvester- and interpolation-based optimality frameworks, we
propose a pair of numerically efficient algorithms for H2-optimal model reduction of
LQO systems. Each algorithm performs iteratively-corrected projection to construct a
reduced model (5.2) that satisfies the relevant set of necessaryH2-optimality conditions
and locally minimizes the H2 error. These generalize the two-sided iteration algorithm
(TSIA) from [237] and the iterative rational Krylov algorithm (IRKA) from [97], and
are presented at the end of Sections 6.3 and 6.4.

In effect, these results establish the Sylvester equation-based (or Wilson) [217, 233] and
the interpolation-based (or Meier-Luenberger) [97, 142] optimality frameworks discussed in
Section 2.4.2 for the best-H2 approximation of LQO systems (5.1). In Section 6.5, we show
that the Sylvester-based conditions imply the interpolatory conditions when the optimal
reduced model has simple poles, thereby justifying the use of either computational algorithm.
Section 6.6 contains numerical results and closes our discussion.

Portions of this introduction, as well as the contents of Sections 6.2–6.6 are available in the
preprints [185, 186] and the published work [188].

[185] Reiter, S., Gosea, I. V., Pontes Duff, I., and Gugercin, S. (2025). H2-optimal model
reduction of linear quadratic-output systems by multivariate rational interpolation.
arXiv, 2505.03057.

[186] Reiter, S., Pontes Duff, I., Gosea, I. V., and Gugercin, S. (2024a). H2-optimal model
reduction of linear systems with multiple quadratic outputs. arXiv, 2405.05951. (Un-
der review.)
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[188] Reiter, S. and Werner, S. W. R. (2025b). Interpolatory model reduction of dynamical
systems with root mean squared error. IFAC-PapersOnLine, 59(1):385–390.

6.2 Motivating the optimal-H2 approximation problem

Our principal rationale for using the H2 model error as a minimization objective in com-
puting (5.2) is based on an error bound from [28]. Put succinctly, the H2 error induced

by replacing Glqo in (5.1) with G̃ lqo in (5.2) controls the associated L∞ output error y − ỹ.
Thus, a small H2 approximation in turn ensures a uniformly good approximation in the
output. We prove this bound for the general case of nonsingular E and mixed linear- and
quadratic-output terms.

Theorem 6.1 (H2 upper bound on the L∞ output error [28, Theorem 3.4]). Suppose that

Glqo and G̃ lqo are asymptotically stable LQO systems in (5.1) and (5.2), and let u be such
that u ∈ Lm

2 and u⊗ u ∈ Lm2

2 . Then, the output error y − ỹ satisfies

∥y − ỹ∥2Lp
∞
≤ ∥Glqo − G̃ lqo∥2H2

(
∥u∥2Lm

2
+ ∥u⊗ u∥2Lm2

2

)
, (6.2)

where the signal norms are defined according to Definition 2.17. ⋄

Proof of Theorem 6.1. Following (5.9), the output error y(t) − ỹ(t) at any time t ≥ 0 can
be expressed as

y(t)− ỹ(t) =

∫ t

0

(glo(τ)− g̃lo(τ))u(t− τ)dτ

+

∫ t

0

∫ t

0

(
gqo(τ1, τ2)− g̃qo(τ1, τ2)

)
(u(t− τ1)⊗ u(t− τ2)) dτ1 dτ2,

where glo, gqo and g̃lo, g̃qo are the Volterra kernels of Glqo and G̃ lqo defined according to (5.10).
Applying the vector ∞-norm to the output error, we obtain

∥y(t)− ỹ(t)∥∞ ≤
∫ t

0

∥ (glo(τ)− g̃lo(τ))u(t− τ)∥∞ dτ

+

∫ t

0

∫ t

0

∥gqo(τ1, τ2)− g̃qo(τ1, τ2) (u(t− τ1)⊗ u(t− τ2)) ∥∞ dτ1 dτ2

≤
∫ t

0

∥glo(τ)− g̃lo(τ)∥F∥u(t− τ)∥2 dτ

+

∫ t

0

∫ t

0

∥gqo(τ1, τ2)− g̃qo(τ1, τ2)∥F∥u(t− τ1)⊗ u(t− τ2)∥2 dτ1 dτ2,

where the first inequality follows from the integral triangle inequality, and the second follows
from the fact that ∥v∥∞ ≤ ∥v∥2 and ∥Hv∥2 ≤ ∥H∥2∥v∥2 ≤ ∥H∥F∥v∥2 for any H ∈ ℂn1×n2
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and v ∈ ℂn2 . Because each integrand above is strictly nonnegative, we may take the upper
integral limits t → ∞. Under the assumption that Glqo and G̃ lqo are asymptotically stable,

their linear- and quadratic-output Volterra kernels belong to Lp×m
2 and Lp×m2

2 , respectively,
so that ∥glo − g̃lo∥Lp×m

2
and ∥gqo − g̃qo∥Lp×m2

2

≤ ∞. By assumption, u ∈ Lm
2 and u ⊗ u ∈

Lm2

2 so that ∥u∥Lm
2

and ∥u ⊗ u∥Lm2
2
≤ ∞. Under these assumptions, we may apply the

Cauchy-Schwarz inequality for scalar-valued square integrable functions, i.e., L2(0, t) and
L2(0, t)× (0, t), to simplify the bound further:

∥y(t)− ỹ(t)∥∞ ≤
(∫ t

0

∥glo(τ)− g̃lo(τ)∥Fdτ
)1

2
(∫ t

0

∥u(t− τ)∥22dτ
)1

2

+

(∫ t

0

∫ t

0

∥gqo(τ1, τ2)− g̃qo(τ1, τ2)∥F dτ1 dτ2
)1

2
(∫ ∞

0

∫ ∞

0

∥u(t− τ1)⊗ u(t− τ2)∥22 dτ1 dτ2
)1

2

.

= ∥glo − g̃lo∥Lp×m
2
∥u∥Lm

2
+ ∥gqo − g̃qo∥Lp×m2

2

∥u⊗ u∥Lm2
2
.

Applying the Cauchy-Schwarz inequality again, this time to the 2-vectors containing the
individual kernel errors, and squaring both sides, we retrieve a bound involving the H2

system error:

∥y(t)− ỹ(t)∥2∞ ≤
(
∥glo − g̃lo∥2Lp×m

2
+ ∥gqo − g̃qo∥2Lp×m2

2

)
︸ ︷︷ ︸

=∥Glqo−G̃ lqo∥2H2

(
∥u∥2Lm

2
+ ∥u⊗ u∥2Lm2

2

)
.

Because t is arbitrarily specified, we may take the supremum over t > 0 on both sides to
yield the desired result in (6.2).

We emphasize that the upper bound holds uniformly in time, meaning that a small H2 error
guarantees that the output error will be controlled at any time t ≥ 0. While the result of
Theorem 6.1 is used as a motivator for the H2-optimal model reduction problem in (6.1),

the bound is valid for any asymptotically stable reduced model. Thus, as long as G̃ lqo is
asymptotically stable, one can use the H2 error to determine whether the corresponding
output error will be small, regardless of the strategy or algorithm used to determine the
reduced model.

6.3 Sylvester equation-based H2 optimality framework

6.3.1 The theoretical optimality framework

In this section, we establish the Sylvester equation-based (Wilson) optimality framework for
the H2 model reduction of LQO systems (5.1). As our starting point, we apply the result
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of Theorem 5.10 to derive an expression for the H2 model reduction error. To this end, we
introduce the error system Glqo − G̃ lqo; this is most easily represented using the alternative
expression for the quadratic outputs described in Remark 5.1 and written in (5.8). Given

Glqo and G̃ lqo, the error system Glqo − G̃ lqo is a (n + r)-dimensional system of the form (5.1)
having the realization

Ee =

[
E

Ẽ

]
, Ae =

[
A

Ã

]
, Be =

[
B

B̃

]
, Ce =

[
C −C̃

]
,

and M k,e =

[
M k

−M̃ k

]
, for all k = 1, 2, . . . , p.

(6.3)

Note that the realization (6.3) makes it rather obvious that Glqo − G̃ lqo is asymptotically

stable whenever Glqo and G̃ lqo are. The Gramians of the error system, which we denote
by P e,E

T
e Qlqo,eEe ∈ ℝ(n+r)×(n+r), uniquely solve the corresponding generalized Lyapunov

equations (2.43) and (5.20) for the realization in (6.3), i.e.,

AeP eE
T
e +EeP eA

T
e +BeB

T
e = 0(n+r)×(n+r),

AT
e Qlqo,eEe +ET

e Qlqo,eAe +CT
e Ce +

p∑
k=1

M k,eP eM k,e = 0(n+r)×(n+r).
(6.4)

Unpacking the matrix equations in (6.4) using the 2×2 block structure of the realization (6.3)
reveals that the so-called error Gramians P e and ET

e Qlqo,eEe can be written as

P e =

[
P X

XT P̃

]
and ET

e Qlqo,eEe =

[
ET

e QlqoEe ET
e Z lqo

ZT
lqoEe ET

e Q̃lqoEe

]
, (6.5)

where P ,ETQlqoE ∈ ℝn×n and P̃ , ẼTQ̃lqoẼ ∈ ℝr×r are the full- and reduced-order sys-
tem Gramians defined according to (2.39) and (5.19), while the off-diagonal submatrices

X,Z lqo ∈ ℝn×r are those appearing in Theorem 5.10. The matrices P̃ , ẼTQ̃lqoẼ ∈ ℝr×r

and X,Z lqo ∈ ℝn×r satisfy the matrix equations

ÃP̃ ẼT + ẼP̃ ÃT + B̃B̃T = 0r×r, (6.6a)

ÃTQ̃lqoẼ + ẼTQ̃lqoÃ+

p∑
k=1

M̃ kP̃ M̃ k + C̃TC̃ = 0r×r, (6.6b)

AXẼT +EXÃT +BB̃T = 0n×r, (6.6c)

ATZ lqoẼ +ETZ lqoÃ−
p∑

k=1

M kXM̃ k −CTC̃ = 0n×r. (6.6d)

Recall that the matrices P̃ and Q̃lqo are SPSD since they are the Gramians of the reduced

model G̃ lqo. At this point, applying Theorem 5.10 to the error system yields the following
corollary.
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Corollary 6.2 (Sylvester equation-based H2 model reduction error [186]). Suppose that Glqo
and G̃ lqo are asymptotically stable LQO systems as in (5.1) and (5.2). Then, the squared H2

model reduction error ∥Glqo − G̃ lqo∥2H2
is given by

∥Glqo − G̃ lqo∥2H2
= tr

(
BTQlqoB + 2BTZ lqoB̃ + B̃TQ̃lqoB̃

)
(6.7)

= tr
(
CPC̃T − 2CXC̃T + C̃P̃ C̃T

)
+

p∑
k=1

tr (PM kPM k)− 2 tr
(
XTM kP̃ M̃ k + P̃ M̃ kP̃ M̃ k

) (6.8)

where P̃ , Q̃lqo ∈ ℝr×r and X,Z lqo ∈ ℝn×r satisfy the generalized matrix equations in (6.6).
⋄

Proof of Corollary 6.2. This follows directly by applying the Gramian-based expressions for
the system H2 norm in (5.37) and (5.36) to the error system in (6.3), and resolving the
block-matrix multiplication.

We now return our attention to the H2-minimization problem (6.1): Consider the objective
cost function J : ℝr×r ×ℝr×r ×ℝr×m ×ℝp×r ×ℝr×r × · · · ×ℝr×r → ℝ defined as

J
(
Ẽ, Ã, B̃, C̃,M̃ 1, . . . ,M̃ p

)
def
= ∥Glqo − G̃ lqo∥2H2

= tr
(
BTQlqoB + 2BTZ lqoB̃ + B̃TQ̃lqoB̃

)
= tr

(
CPC̃T − 2CXC̃T + C̃P̃ C̃T

)
+

p∑
k=1

tr (PM kPM k)

− 2 tr
(
XTM kP̃ M̃ k + P̃ M̃ kP̃ M̃ k

)
(6.9)

subject to the constraints that P̃ , Q̃lqo ∈ ℝr×r and X,Z lqo ∈ ℝn×r satisfy (6.6). In other
words, we treat the squared H2 model reduction error J in (6.9) as taking the reduced-

order matrices that determine G̃ lqo as arguments; J is thus a multivariate function defined
over real-valued Hilbert spaces of matrices in each variable. Per Proposition 2.11, if an
approximation G̃ lqo to Glqo minimizes theH2 model reduction error, then the partial gradients

of J with respect to the reduced model matrices Ẽ, Ã, B̃, C̃ and M̃ k for each k = 1, . . . , p
are necessarily zero. This paves the way for us to derive first-order Sylvester equation-based
necessary conditions for H2 optimality. In addition to the constraints in (6.6), we recall from

Section 2.4.2 the matrices Z lo ∈ ℝn×r and Q̃lo ∈ ℝr×r, which satisfy

ÃTQloẼ + ẼTQloÃ+ C̃TC̃ = 0r×r, (6.10a)

ATZ loẼ +ETZ loÃ−CTC̃ = 0n×r. (6.10b)
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We emphasize however that the matrix equations in (6.6b) and (6.6d) are distinct from (6.10a)

and (6.10b) when M k ̸= 0n×n, i.e., the solutions are such that Q̃lqo ̸= Q̃lo and Z lqo ̸= Z lo.

We are now prepared to state and prove the first major theoretical result of this section,
establishing the gradients of the squared H2 system error with respect to matrices in (5.2).
This was presented in the author’s previous work [186] for the special case of E = In;
as with the earlier results in this section, we derive gradients of the squared H2 error for
arbitrary nonsingular E. When it helps simplify notation, we drop the dependence of J on
the reduced model G̃ lqo in the proof of the subsequent result.

Theorem 6.3 (Gradients of the squared H2 system error [186, Theorem 3.1]). Suppose that

Glqo and G̃ lqo are asymptotically stable LQO systems as in (5.1) and (5.2). The gradients of
the squared H2 error in (6.1) with respect to the reduced-order matrices in (5.2) are given
as

∇ẼJ
(
G̃ lqo

)
= 2

((
2Q̃lqo − Q̃lo

)
ÃP̃ +

(
2ZT

lqo −ZT
lo

)
AX

)
, (6.11a)

∇ÃJ
(
G̃ lqo

)
= 2

((
2Q̃lqo − Q̃lo

)
ẼP̃ +

(
2ZT

lqo −ZT
lo

)
EX

)
, (6.11b)

∇B̃J
(
G̃ lqo

)
= 2

((
2Q̃lqo − Q̃lo

)
B̃ +

(
2ZT

lqo −ZT
lo

)
B
)
, (6.11c)

∇C̃J
(
G̃ lqo

)
= 2

(
C̃P̃ −CX

)
, (6.11d)

∇M̃J
(
G̃ lqo

)
= 2

(
M̃
(
P̃ ⊗ P̃

)
−M (X ⊗X)

)
, (6.11e)

where P̃ , Q̃lqo ∈ ℝr×r, X,Z lqo ∈ ℝn×r satisfy the generalized matrix equations (6.6), and

Q̃lo ∈ ℝr×r and Z lo ∈ ℝn×r satisfy (6.10). ⋄

Before proving Theorem 6.3, we prove a lemma that we will invoke repeatedly to simplify
the subsequent arguments.

Lemma 6.4 ([238, Lemma A.1]). Suppose that E,A ∈ ℝn×n, Ẽ, Ã ∈ ℝr×r and D,F ∈
ℝn×r. If Y ,W ∈ ℝn×r solve the generalized Sylvester equations

AY ẼT +EY ÃT +D = 0n×r and ATWẼ +ETWÃ+ F = 0n×r,

then tr
(
DTW

)
= tr

(
F TY

)
. ⋄

Proof of Lemma 6.4. Observe, by invariance of the trace under cyclic permutations and ma-
trix transposition

tr
(
DTW

)
= tr

(
−
(
AY ẼT +EY ÃT

)T
W

)
= tr

(
−
(
ẼY TATW + ÃY TETW

))
= tr

(
−Y T

(
ATWẼ +ETWÃ

))
= tr

(
F TY

)
.
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From Lemma 6.4, we also have tr
(
W TD

)
= tr

(
Y TF

)
by properties of the trace. In the

subsequent result, we take for granted any such identities that arise from cyclic permutations
or transposes applied to the result of Lemma 6.4.

Proof of Theorem 6.3. Throughout, Glqo is arbitrarily specified but fixed. We begin by cal-

culating the gradient with respect to M̃ . We prove this by taking gradients with respect to
each M̃ k individually, and then casting these in the form of (6.11e). We claim

∇M̃k
J = 2

(
P̃ M̃ kP̃ −XTMX

)
for each k = 1, . . . , p. (6.12)

Choose any k = 1, . . . , p and consider an arbitrary infinitesimal perturbation ∆Mk
∈ ℝr×r.

We wish to show that ∇M̃k
J in (6.12) satisfies

J
(
G̃ lqo +∆G

)
= J

(
G̃ lqo

)
+
〈
∇M̃k

J ,∆Mk

〉
F
+O

(
∥∆Mk

∥2F
)
,

where ∆G denotes the perturbation in the reduced model G̃ lqo due to ∆Mk
. The first-order

perturbation in M̃ k induces additional perturbations ∆Z ∈ ℝn×r and ∆Q ∈ ℝr×r in the
solutions to the matrix equations (6.6d) and (6.6b). Taking the resulting expansions of the
perturbed matrix equations (6.6d) and (6.6b) reveals that the perturbations ∆Z and ∆Q

themselves satisfy

AT∆ZẼ +ET∆ZÃ−M kX∆T
Mk

= 0n×r (6.13a)

and ÃT∆QẼ +ET∆QÃ+ M̃ kP̃∆T
Mk

+∆Mk
P̃ M̃ k +∆Mk

P̃∆T
Mk

= 0n×r. (6.13b)

Note that the term ∆Mk
P̃∆T

Mk
is O (∥∆Mk

∥2F) in the sense of Section 2.2. Using the form of

the objective function in (6.7), the first-order expansion of the error J
(
G̃ lqo +∆G

)
is given

as

J
(
G̃ lqo +∆G

)
= J

(
G̃ lqo

)
+ 2 tr

(
BT∆ZB̃

)
+ tr

(
B̃T∆QB̃

)
. (6.14)

By applying Lemma 6.4 to the Sylvester equations (6.6c) and (6.13a) and using the invari-
ance of the trace under permutation and matrix transposition, the terms in the first-order
expansion (6.14) can be rewritten as

2 tr
(
BT∆ZB̃

)
= 2 tr

(
B̃BT∆Z

)
= 2 tr

(
−M kX∆T

Mk
XT
)

= 2 tr
(
−XTM kX∆Mk

)
.

Lemma 6.4 can similarly be applied to equations (6.6a) and (6.13b) to show

tr
(
B̃T∆QB̃

)
= tr

(
B̃B̃T∆Q

)
= 2 tr

(
P̃ M̃ kP̃∆Mk

)
+O

(
∥∆Mk

∥2F
)
.
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Substituting these expressions for tr
(
BT∆ZB̃

)
and tr

(
B̃T∆QB̃

)
into the expansion (6.14),

we get

J
(
G̃ lqo +∆G

)
= J

(
G̃ lqo

)
+ 2 tr

(
−XTM kX∆Mk

)
+ 2 tr

(
P̃ M̃ kP̃∆Mk

)
+O

(
∥∆Mk

∥2F
)

= J
(
G̃ lqo

)
+
〈
2
(
P̃ M̃ kP̃ −XTM kX

)
,∆Mk

〉
F
+O

(
∥∆Mk

∥2F
)
.

So, the gradients with respect to M̃ k satisfy ∇M̃k
J = 2

(
P̃ M̃ kP̃ −XTM kX

)
for each k

as claimed in (6.11e). Vectorizing these for each k and concatenating them vertically gives

the gradient with respect to M̃ , which is

∇M̃J =


vec
(
∇M̃1

J
)T

...

vec
(
∇M̃p

J
)T
 = 2


vec
(
P̃ M̃ 1P̃ −XTM 1X

)
...

vec
(
P̃ M̃ pP̃ −XTM pX

)


= 2
(
M̃
(
P̃ ⊗ P̃

)
−M (X ⊗X)

)
by (2.7). This proves (6.11e),

We next compute ∇C̃J . Consider an infinitesimal arbitrary perturbation ∆C ∈ ℝp×r to C̃

and let ∆G be the perturbation to G̃ lqo corresponding to ∆C . Note that, in contrast to the

previous argument, this perturbation in C̃ does not induce any further perturbations in P̃

and X. From (6.8), the first-order expansion of J
(
G̃ lqo +∆G

)
is

J
(
G̃ lqo +∆G

)
= J

(
G̃ lqo

)
− 2 tr

(
CX∆T

C

)
+ 2 tr

(
C̃P̃∆T

C

)
+O

(
∥∆C∥2F

)
= J

(
G̃ lqo

)
+
〈
2
(
C̃P̃ −CX

)
,∆C

〉
F
+O

(
∥∆C∥2F

)
.

So ∇C̃J = 2
(
C̃P̃ −CX

)
as claimed in (6.11d).

We next compute the gradient ∇B̃J in (6.11c). Consider an arbitrary infinitesimal pertur-

bation ∆B ∈ ℝr×m to B̃. This induces perturbations ∆X ∈ ℝn×r and ∆P ∈ ℝn×r in the
solutions of (6.6c) and (6.6a). The resulting perturbations satisfy

A∆XẼT +E∆XÃT +B∆T
B = 0n×r, (6.15a)

and Ã∆P Ẽ
T + Ẽ∆P Ã

T +∆BB̃
T + B̃∆T

B +O
(
∥∆B∥2F

)
= 0r×r. (6.15b)

The solutions Z lqo and Q̃lqo to (6.6b) and (6.6d) depend linearly upon X and P̃ , so ∆X

and ∆P induce further perturbations ∆Z ∈ ℝn×r and ∆Q ∈ ℝn×r in the solutions to (6.6d)
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and (6.6b). These perturbations satisfy

AT∆ZẼ +E∆ZÃ−
p∑

k=1

M k∆XM̃ k = 0, (6.16a)

and ÃT∆QẼ + ẼT∆QÃ+

p∑
k=1

M̃ k∆PM̃ k = 0. (6.16b)

From (6.7) we may expand J
(
G̃ lqo +∆G

)
as

J
(
G̃ lqo +∆G

)
= J

(
G̃ lqo

)
+ 2 tr

(
BTZ lqo∆B + B̃BT∆Z

)
+ tr

(
2B̃TQ̃lqo∆B + B̃B̃T∆Q

)
+O

(
∥∆B∥2F

)
.

(6.17)

We handle the terms in (6.17) individually. First, tr
(
BTZ lqo∆B + B̃BT∆Z

)
splits into

the individual terms tr
(
BTZ lqo∆B

)
and tr

(
B̃BT∆Z

)
. Using properties of the trace and

applying Lemma 6.4 to equations (6.6c) and (6.16a), we see that tr
(
B̃BT∆Z

)
can be written

as

tr
(
B̃BT∆Z

)
= tr

(
−
(

p∑
k=1

M̃ k∆
T
XM k

)
X

)

= tr

(
−∆X

p∑
k=1

M̃ kX
TM k

)
= tr

(
−
(
ẼTZT

lqoA+ ÃTZT
lqoE

)
∆X

)
+ tr

(
∆XC̃TC

)
= tr

(
−ZT

lqo

(
A∆XẼT +E∆XÃT

))
+ tr

(
∆XC̃TC

)
= tr

(
ZT

lqoB∆T
B

)
+ tr

(
∆XC̃TC

)
by (6.15a)

= tr
(
BTZ lqo∆B

)
+ tr

(
∆XC̃TC

)
.

Applying Lemma 6.4 to equations (6.10b) and (6.15a), it follows that

tr
(
∆XC̃CT

)
= tr

(
C̃CT∆X

)
= tr

(
−∆BB

TZ lo

)
= tr

(
−BTZ lo∆B

)
.

So the term 2 tr
(
BTZ lqo∆B + B̃BT∆Z

)
in (6.17) becomes

2 tr
(
BTZ lqo∆B + B̃BT∆Z

)
= 4 tr

(
BTZ lqo∆B

)
− 2 tr

(
BTZ lo∆B

)
.
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The term tr
(
2B̃TQ̃lqo∆B + B̃B̃T∆Q

)
in (6.17) can be dealt with following similar calcula-

tions to show that

tr
(
2B̃TQ̃lqo∆B + B̃B̃T∆Q

)
= 4 tr

(
B̃TQ̃lqo∆B

)
− 2 tr

(
B̃TQ̃lo∆B

)
+O

(
∥∆B∥2F

)
.

The expansion in (6.17) thus becomes

J
(
G̃ lqo +∆G

)
= J

(
G̃ lqo

)
+ 4 tr

(
BTZ lqo∆B

)
− 2 tr

(
BTZ lo∆B

)
+ 4 tr

(
B̃TQ̃lqo∆B

)
− 2 tr

(
B̃TQ̃lo∆B

)
+O

(
∥∆B∥2F

)
= J

(
G̃ lqo

)
+
〈
2
((

2Q̃lqo − Q̃lo

)
B̃ +

(
2ZT

lqo −ZT
lo

)
B
)
,∆B

〉
F

+O
(
∥∆B∥2F

)
.

Therefore ∇B̃J = 2
((

2Q̃lqo − Q̃lo

)
B̃ +

(
2ZT

lqo −ZT
lo

)
B
)
as claimed.

We next compute ∇ÃJ . Consider an arbitrary infinitesimal perturbation ∆A ∈ ℝr×r about

zero to Ã. As was the case for the gradient with respect to B̃, this first-order perturbation
induces perturbations ∆X , ∆Z ∈ ℝn×r, and ∆P , ∆Q ∈ ℝr×r in the solutions to (6.6). These
satisfy

A∆XẼT +E∆XÃT +EX∆T
A +O

(
∥∆A∥2F

)
= 0n×r, (6.18a)

Ã∆P Ẽ
T + Ẽ∆P Ã

T +∆AP̃ ẼT + ẼP̃∆T
A +O

(
∥∆A∥2F

)
= 0r×r, (6.18b)

AT∆ZẼ +ET∆ZÃ+ETZ lqo∆A −
p∑

k=1

M k∆XM̃ k +O
(
∥∆A∥2F

)
= 0n×r, (6.18c)

ÃT∆QẼ + ẼT∆QÃ+∆T
AQ̃lqoẼ + ẼTQ̃lqo∆A +

p∑
k=1

M̃ k∆PM̃ k +O
(
∥∆A∥2F

)
= 0r×r.

(6.18d)

By (6.7), the error J
(
G̃ lqo +∆G

)
may be expanded as

J
(
G̃ lqo +∆G

)
= J

(
G̃ lqo

)
+ 2 tr

(
B̃BT∆Z

)
+ tr

(
B̃B̃T∆Q

)
. (6.19)

We deal with the terms in (6.19) individually as follows. Applying Lemma 6.4 to equa-

tions (6.6c) and (6.18c), tr
(
B̃BT∆Z

)
can be re-written as

tr
(
B̃BT∆Z

)
= tr

(
−
(

p∑
k=1

M̃ k∆
T
XM k −∆T

AZ
T
lqoE

)
X

)
+O

(
∥∆A∥2F

)
= tr

(
XTETZ lqo∆A

)
− tr

(
p∑

k=1

M̃ kX
TM k∆X

)
+O

(
∥∆A∥2F

)
, (6.20a)
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where we have used the fact that M k and M̃ k are symmetric. From (6.6d) and (6.18a),
observe that

tr

(
p∑

k=1

M̃ kX
TM k∆X

)
= tr

((
ẼTZT

lqoA+ ÃTZT
lqoE

)
∆X

)
− tr

(
C̃TC∆X

)
= tr

(
ZT

lqo

(
A∆XẼT +E∆XÃT

))
− tr

(
C̃TC∆X

)
= − tr

(
ZT

lqoEX∆T
A

)
− tr

(
C̃TC∆X

)
+O

(
∥∆A∥2F

)
. (6.20b)

Applying Lemma 6.4 to (6.10b) and (6.18a) allows us to simplify the tr
(
C̃TC∆X

)
term

further as

− tr
(
C̃TC∆X

)
= tr

(
∆AX

TEZ lo

)
+O

(
∥∆A∥2F

)
.

So, the term (6.20b) appearing in (6.20a) ultimately becomes

− tr

(
p∑

k=1

M̃ kX
TM k∆X

)
= tr

(
XTEZ lqo∆A

)
− tr

(
XTEZ lo∆A

)
+O

(
∥∆A∥2F

)
and (6.20a) in (6.19) is given by

tr
(
B̃BT∆Z

)
= 2 tr

(
XTEZ lqo∆A

)
− tr

(
XTEZ lo∆A

)
+O

(
∥∆A∥2F

)
.

Following similar calculations involving (6.18b) and (6.18d), the term tr
(
B̃B̃T∆Q

)
in (6.19)

can be expressed as

tr
(
B̃B̃T∆Q

)
= 4 tr

(
P̃ ẼQ̃lqo∆A

)
− 2 tr

(
P̃ ẼQ̃lo∆A

)
+O

(
∥∆A∥2F

)
.

So, the expansion (6.19) simplifies to

J
(
G̃ lqo +∆G

)
= J

(
G̃ lqo

)
+ 4 tr

(
XTEZ lqo∆A

)
− 2 tr

(
XTEZ lo∆A

)
+ 4 tr

(
P̃ ẼQ̃lqo∆A

)
− 2 tr

(
P̃ ẼQ̃lo∆A

)
+O

(
∥∆A∥2F

)
= J

(
G̃ lqo

)
+
〈
2
((

2ZT
lqo −ZT

lo

)
EX +

(
2Q̃lqo − Q̃lo

)
ẼP̃

)
,∆A

〉
F

+O
(
∥∆A∥2F

)
.

Thus ∇ÃJ = 2
((

2ZT
lqo −ZT

lo

)
EX +

(
2Q̃lqo − Q̃lo

)
ẼP̃

)
holds as claimed.

Finally, we compute the gradient ∇ẼJ . This calculation is nearly identical to the previous
one for ∇ÃJ , but we include it here for completeness. Consider an arbitrary infinitesimal
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perturbation ∆E ∈ ℝr×r to Ẽ. This first-order perturbation induces perturbations ∆X ,
∆Z ∈ ℝn×r, and ∆P , ∆Q ∈ ℝr×r in the solutions to (6.6). These satisfy

AX∆T
E +A∆XẼT +E∆XÃT +O

(
∥∆E∥2F

)
= 0n×r, (6.21a)

ÃP̃∆T
E +∆EP̃ ÃT + Ã∆P Ẽ

T + Ẽ∆P Ã
T +O

(
∥∆E∥2F

)
= 0r×r, (6.21b)

ATZ lqo∆E +AT∆ZẼ +ET∆ZÃ
T −

p∑
k=1

M k∆XM̃ k +O
(
∥∆E∥2F

)
= 0n×r, (6.21c)

ÃT∆QẼ + ẼT∆QÃ+ ÃTQlqo∆E +∆T
EQlqoÃ+

p∑
k=1

M̃ k∆PM̃ k +O
(
∥∆E∥2F

)
= 0r×r.

(6.21d)

The expansion of the error J
(
G̃ lqo +∆G

)
due to ∆E is the same as (6.19); here, we again

deal with the terms individually. Applying Lemma 6.4 to equations (6.6c) and (6.21c),

tr
(
B̃BT∆Z

)
becomes

tr
(
B̃BT∆Z

)
= tr

(
−
(

p∑
k=1

M̃ k∆XM k −∆T
EZ

T
lqoA

)
X

)
+O

(
∥∆E∥2F

)
= tr

(
XTAZ lqo∆E

)
− tr

(
p∑

k=1

M̃ kX
TM k∆X

)
+O

(
∥∆E∥2F

)
. (6.22a)

From (6.6d) and (6.21a), observe that

tr

(
p∑

k=1

M̃ kX
TM k∆X

)
= tr

((
ẼTZT

lqoA+ ÃTZT
lqoE

)
∆X

)
− tr

(
C̃TC∆X

)
= tr

(
ZT

lqo

(
A∆XẼT +E∆XÃT

))
− tr

(
C̃TC∆X

)
= − tr

(
ZT

lqoAX∆T
E

)
− tr

(
C̃TC∆X

)
+O

(
∥∆E∥2F

)
. (6.22b)

Applying Lemma 6.4 to (6.10b) and (6.21a) allows us to simplify the tr
(
C̃TC∆X

)
term

further as
− tr

(
C̃TC∆X

)
= tr

(
∆EX

TAZ lo

)
+O

(
∥∆E∥2F

)
.

So, the term (6.22b) in (6.22a) ultimately becomes

− tr

(
p∑

k=1

M̃ kX
TM k∆X

)
= tr

(
XTAZ lqo∆E

)
− tr

(
XTAZ lo∆E

)
+O

(
∥∆E∥2F

)
.

Thus, (6.22a) in (6.19) is given by

tr
(
B̃BT∆Z

)
= 2 tr

(
XTAZ lqo∆E

)
− tr

(
XTZ loA∆E

)
+O

(
∥∆E∥2F

)
.
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Following similar calculations involving (6.21b) and (6.21d), the term tr
(
B̃B̃T∆Q

)
in (6.19)

can be expressed as

tr
(
B̃B̃T∆Q

)
= tr

(
4P̃ ÃQ̃lqo∆E

)
− tr

(
2P̃ ÃQ̃lo∆E

)
+O

(
∥∆E∥2F

)
.

So, the expansion (6.19) simplifies to

J
(
G̃ lqo +∆G

)
= J

(
G̃ lqo

)
+ 4 tr

(
XTAZ lqo∆E

)
− 2 tr

(
XTAZ lo∆E

)
+ 4 tr

(
P̃ ÃQ̃lqo∆E

)
− 2 tr

(
P̃ ÃQ̃lo∆E

)
+O

(
∥∆E∥2F

)
= J

(
G̃ lqo

)
+
〈
2
((

2ZT
lqo −ZT

lo

)
AX +

(
2Q̃lqo − Q̃lo

)
ÃP̃

)
,∆E

〉
F

+O
(
∥∆E∥2F

)
.

Thus∇ẼJ = 2
((

2ZT
lqo −ZT

lo

)
AX +

(
2Q̃lqo − Q̃lo

)
ÃP̃

)
holds as claimed. This completes

the proof.

The stationary points of the gradients in (6.11) lead directly to first-order necessary condi-
tions for H2 optimality, which is our second major theoretical contribution of this section.
In contrast to that of the author’s previous work [186, Theorem 3.2], Theorem 6.5 is stated
for generic nonsingular E.

Theorem 6.5 (Sylvester equation-based H2-optimality condition [186, Theorem 3.2]). Sup-

pose that Glqo and G̃ lqo are asymptotically stable LQO systems as in (5.1) and (5.2), and

suppose additionally that G̃ lqo minimizes the squared H2 error in (6.1). Then

0 =
(
2Q̃lqo − Q̃lo

)
ÃP̃ +

(
2ZT

lqo −ZT
lo

)
AX, (6.23a)

0 =
(
2Q̃lqo − Q̃lo

)
ẼP̃ +

(
2ZT

lqo −ZT
lo

)
EX, (6.23b)

0 =
(
2Q̃lqo − Q̃lo

)
B̃ +

(
2ZT

lqo −ZT
lo

)
B, (6.23c)

0 = C̃P̃ −CX, (6.23d)

0 = M̃
(
P̃ ⊗ P̃

)
−M (X ⊗X) , (6.23e)

where P̃ , Q̃lqo ∈ ℝr×r, X,Z lqo ∈ ℝn×r satisfy the generalized matrix equations (6.6), and

Q̃lo ∈ ℝr×r and Z lo ∈ ℝn×r satisfy (6.10). Moreover, if P̃ and 2Q̃lqo − Q̃lo are non-

singular, then the locally H2-optimal reduced model G̃ lqo is defined by a Petrov-Galerkin
projection (5.24) where the model reduction bases W ,V ∈ ℝn×r are given by

V = XP̃−1 and W = − (2Z lqo −Z lo)
(
2Q̃lqo − Q̃lo

)
. (6.24)

⋄
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Proof of Theorem 6.5. Under the assumption that G̃ lqo minimizes the squared H2 error, the
gradients in (6.11) are necessarily stationary. The optimality conditions (6.23) follow directly
from this. Then it remains to show that the reduced model is defined by Petrov-Galerkin
projection using the matrices in (6.24). This follows directly from the choice of W and V
along with the conditions in (6.23). The conditions corresponding to ∇ẼJ and ∇ÃJ show

∇ẼJ = 0 =
(
2Q̃lqo − Q̃lo

)
ÃP̃ +

(
2ZT

lqo −ZT
lo

)
AX

=⇒ Ã = −
(
2Q̃lqo − Q̃lo

)−1 (
2ZT

lqo −ZT
lo

)
AXP̃−1 = W TAV

∇ÃJ = 0 =
(
2Q̃lqo − Q̃lo

)
ẼP̃ +

(
2ZT

lqo −ZT
lo

)
EX

=⇒ Ẽ = −
(
2Q̃lqo − Q̃lo

)−1 (
2ZT

lqo −ZT
lo

)
EXP̃−1 = W TEV .

Similarly, the conditions corresponding to ∇B̃J , ∇C̃J , and ∇M̃J show

∇B̃J = 0 =
(
2Q̃lqo − Q̃lo

)
B̃ +

(
2ZT

lqo −ZT
lo

)
B

=⇒ B̃ = −
(
2Q̃lqo − Q̃lo

)−1 (
2ZT

lqo −ZT
lo

)
B = W TB

∇C̃J = 0 = C̃P̃ −CX

=⇒ C̃ = CXP̃−1 = CV

∇M̃J = 0 = M̃
(
P̃ ⊗ P̃

)
−M (X ⊗X)

=⇒ M̃ = M
(
XP̃−1 ⊗XP̃−1

)
= M (V ⊗ V ) by (2.9)

thus completing the proof.

The gradients of J
(
G̃ lqo

)
in Theorem 6.3 and the Sylvester equation-based H2 optimal-

ity conditions in Theorem 6.5 generalize the analogous results in the LTI setting to that
of (5.1), i.e., they establish the Wilson framework for the optimal-H2 approximation of linear
quadratic-output systems. Indeed, in the particular instance where M k = 0n×n for each
output k and Glqo = Glo is a linear system as in (2.25), the reduced-order quadratic-output

observability Gramian Q̃lqo ∈ ℝr×r and solution Z lqo ∈ ℝn×r to (6.6d) reduce to Q̃lqo = Q̃lo

solving (2.40) and Z lqo = Z lo ∈ ℝn×r solving (6.10b), respectively. Applying the result of

Theorem 6.3 in this case, the gradients with respect to Ẽ, Ã and B̃ then resolve to

∇ẼJ = 2
(
Q̃loÃP̃ +ZT

loAX
)
,

∇ÃJ = 2
(
Q̃loẼP̃ +ZT

loEX
)
,

∇B̃J = 2
(
Q̃loB̃ +ZT

loB
)
,
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which are precisely those in (2.65); the gradient with respect to C̃ is unchanged. The
Sylvester equation-based optimality conditions in Theorem 6.5 reduce in an obviously similar
way. Thus, we conclude that Theorems 6.3 and 6.5 contain Theorem 2.44 as a special case.

The Wilson optimality framework prescribed by Theorem 6.5 also bears a resemblance to
analogous Sylvester-based optimality conditions that appear in the optimal-H2 approxima-
tion of other classes of weakly nonlinear dynamical systems; cf., [24, 44, 243] and [26, 91]
for the settings of bilinear and quadratic-bilinear systems. These model classes are sig-
nificant because a gamut of nonlinearities can be recast as bilinear or quadratic-bilinear
systems (either approximately or exactly) using Carleman bilinearization or McCormick re-
laxation [140, 179, 194]. To the author’s knowledge, the results of this section are the first
to establish any sort of H2-optimal approximation framework for systems with nonlinearities
in the output equation, thus distinguishing this dissertation from the work of [24, 44, 243]
and [26, 91].

Remark 6.6 (Conditions for the quadratic-output subsystem). As already discussed in
Section 5.2, in some applications, the outputs are purely quadratic. Then C = 0p×n, and so
Glqo reduces to the quadratic-output subsystem Gqo in (5.11). In these instances, Qlo ∈ ℝn×n,

Q̃lo ∈ ℝr×r and Z lo ∈ ℝr×r are all zero. The gradients of J in Theorem 6.3 thus become

∇ẼJ = 4
(
Q̃lqoÃP̃ +ZT

lqoAX
)
,

∇ÃJ = 4
(
Q̃lqoẼP̃ +ZT

lqoEX
)
,

∇B̃J = 4
(
Q̃lqoB̃ +ZTB

)
,

∇M̃J = 2
(
M̃
(
P̃ ⊗ P̃

)
−M (X ⊗X)

)
.

where Q̃lqo ∈ ℝr×r, Z lqo ∈ ℝn×r solve (6.6b) and (6.6d) with C and C̃ equal to zero. ⋄

Theorem 6.5 states that any local minimizer of theH2 error G̃ lqo in (6.1) is necessarily defined

by a Petrov-Galerkin projection where the optimal matrices are given by V = XP̃−1 ∈ ℝn×r

and W = (2Z lqo −Z lo)
(
2Q̃lqo − Q̃lo

)−1

∈ ℝn×r. Under the equivalence transformation

T = P̃ and S = −
(
2Q̃lqo − Q̃lo

)
, we see the H2-optimal reduced model has an equivalent

realization given by

Ẽ = (2Z lqo −Z lo)
TEX, Ã = (2Z lqo −Z lo)

T AX, B̃ = (2Z lqo −Z lo)
TB,

C̃ = CX, M̃ = M (X ⊗X) .
(6.25)

The right optimal projection matrix V = X satisfies the generalized Sylvester equation
in (6.6c); because Z lqo and Z lo satisfy (6.6d) and (6.10b), the left optimal projection matrix
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W = Z2lqo−qo
def
= 2Z lqo −Z lo satisfies a linear combination of these equations, namely

ATZ2lqo−qoẼ +ETZ2lqo−qoÃ− 2

p∑
k=1

M kV M̃ k −CTC̃ = 0

where V = X ∈ ℝn×r satisfies AXẼT +EXÃT +BB̃T = 0.

(6.26)

Note that the generalized Sylvester equations in (6.26) depend explicitly upon theH2-optimal
reduced model via its realization in (6.25). In other words, if we wanted to obtain a reduced
model that satisfies the first-order optimality conditions of Theorem 6.5 by projecting the
full-order matrix operators in (5.1) using V = X and W = Z2lqo−qo, this would require a
priori knowledge of a locallyH2-optimal reduced model in order to solve the matrix equations
in (6.26), which is of course unavailable. This discussion highlights the major challenge faced
by practitioners in (any area of) H2-optimal model reduction; one needs to develop iterative
algorithms for computing reduced models that satisfy first-order necessary conditions for
optimality. In the next section, we propose the first of two such algorithms for the optimal
H2-approximation of the systems in (5.1) that generalizes the core ideas of [30, 237] to the
problem (6.1). The theoretical and computational backbone of the iteration is based on the
optimality conditions in (6.23) and the pair of generalized Sylvester equations in (6.26).

6.3.2 A two-sided iterative algorithm for optimal-H2 approxima-
tion of linear quadratic-output systems

Recall the pair of generalized Sylvester equations from (6.26) that determines the optimal

projection matrices V = X and W = Z2lqo−qo
def
= 2Z lqo − Z lo. These matrix equations

motivate an iterative procedure where, given a reduced model G̃(i)lqo at step i, the equations

in (6.26) are solved for V = X(i) and W = Z
(i)
2lqo−qo using the i-th model iterate; the

subsequent model iterate G̃(i+1)
lqo is then computed by projection:

Ẽ(i+1) =
(
Z

(i)
2lqo−qo

)T
EX(i), Ã(i+1) =

(
Z

(i)
2lqo−qo

)T
AX(i), B̃(i+1) =

(
Z

(i)
2lqo−qo

)T
B,

C̃(i+1) = CX(i), M̃ (i+1) = M
(
X(i) ⊗X(i)

)
.

In practice, X(k) and Z
(k)
2lqo−qo are first orthonormalized, since this does not change the

resulting system. The corresponding iteration is presented in Algorithm 6.3.1. If theH2 error
between consecutive model iterates is stationary, then the first-order optimality conditions
of Theorem 6.5 will be satisfied since the gradients in (6.11) are necessarily zero at this
point. This is the fundamental idea behind the so-called two-sided iterative algorithm (TSIA)
proposed by Xu and Zeng [237] for linear H2-optimal model reduction; in the iteration
described above, Z2lqo−qo takes the place of Z lo that solves (2.40). Based on this connection,



158
Chapter 6. Optimal-H2 approximation of linear systems with quadratic

outputs

Algorithm 6.3.1: Linear quadratic-output two-sided iterative algorithm (LQO-TSIA).

Input: E,A,B,C,M from (5.1), order 1 ≤ r < n, tolerance τ > 0, maximum number
of iteration steps M ≥ 1, initial reduced model (5.2) given by

Ẽ(0), Ã(0), B̃(0), C̃(0),M̃ (0).

Output: Ẽ, Ã, B̃, C̃,M̃—state-space matrices of the converged model (5.2).

1 Iteration count i = 0 and change in error E (0) = J
(
G̃(0)lqo

)
.

2 while E (i) > τ and i ≤M do

3 Solve generalized Sylvester equations (6.26) for X(i),Z
(i)
2lqo−qo ∈ ℝn×r:

ATZ
(i)
2lqo−qoẼ

(i) +ETZ
(i)
2lqo−qoÃ

(i) − 2

p∑
k=1

M kX
(i)M̃

(i)
k −CTC̃(i) = 0

AX(i)Ẽ(i)T +EX(i)Ã(i)T +BB̃(i)T = 0.

4 Orthonormalize X(i) and Z
(i)
2lqo−qo to obtain V and W .

V ← orth(X(i)), W ← orth(Z
(i)
2lqo−qo).

5 Compute reduced-order matrices by Petrov-Galerkin projection using V and W

Ẽ(i+1) = W TEV , Ã(i+1) = W TAV , B̃(i+1) = W TB,

C̃(i+1) = CV , M̃ (i+1) = M (V ⊗ V ) .

6 Compute the normalized H2 distance between model iterates:

E (i+1) =

∣∣∣Jrel

(
G̃(i)lqo

)
− Jrel

(
G̃(i+1)
lqo

)∣∣∣
Jrel

(
G̃(0)lqo

) .

7 Set i← i+ 1.

8 end

we refer to the proposed computational procedure in Algorithm 6.3.1 as the linear quadratic-
output two-sided iterative algorithm (LQO-TSIA).

We now discuss some implementation details specific to Algorithm 6.3.1. General comments
that compare and contrast Algorithm 6.3.1 and Algorithm 6.4.1, which is presented next
in Section 6.4.2, are provided in Section 6.5. We mention that, as an alternative to Algo-
rithm 6.3.1, one could use the gradients of Theorem 6.3 in any off-the-shelf optimization
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method to solve (6.1). We will not consider such an approach in this dissertation.

Solving the sparse-dense Sylvester equations.

The dominant computational cost at each iteration is the solution of the two generalized
Sylvester equations in Step 2 of Algorithm 6.3.1. These are often called sparse-dense
Sylvester equations because, in most applications, the large n × n matrices that appear
in (6.26) have some inherent sparsity, while the small r × r matrices are dense, as an arti-
fact of the Petrov-Galerkin projection. Because the solution matrices X,Z2lqo−qo ∈ ℝn×r

in (6.26) are tall and skinny, they can be obtained efficiently and directly by computing a

Schur decomposition of the reduced matrix Ã, and subsequently solving for their columns
via shifted linear systems. Direct (exact) methods for solving this type of Sylvester equation
are provided in [30]. For completeness, we briefly describe how these methods can be applied

to the equation for Z2lqo−qo in (6.26) when E = In and Ẽ = Ir. The generalized case is
treated in [30, Sec. 3.2].

Let ÃT = ŨHT̃ Ũ be the Schur form of ÃT so that Ũ ∈ ℂr×r is unitary, and T̃ ∈ ℂr×r is
an upper triangular matrix. Replacing ÃT with its Schur form in the equation for Z2lqo−qo

in (6.26) and multiplying on the right by UH yields a similar Sylvester equation

AT
(
Z2lqo−qoŨ

H
)
+
(
Z2lqo−qoŨ

H
)
T̃ T − 2

p∑
k=1

M kXM̃ kŨ
H −CTC̃ŨH = 0.

The columns of Z2lqo−qoŨ
H are computed by backward substitution; the matrix X can be

obtained by a nearly identical procedure. Because Ã is a small r× r matrix, its Schur form
is computable in O (r3) operations, where r ≪ n. Thus, the dominant cost in obtaining
X and Z2lqo−qo lies in the 2r shifted linear system solves employed in solving the Sylvester
equations. Usually, the large-scale coefficient matrix A has some inherent sparsity that one
can exploit. So, the complexity of the algorithm is roughly 2r times the complexity of the
solver used. In the worst case, where A is dense, the complexity of the solver is bounded
above by O (n3). However, modern solvers are typically much more efficient, and so the
complexity of solving (6.26) will likely be more favorable than O (n3); we refer the reader
to [30, Sec. 3] and the references therein. Lastly, while the described procedure involves

complex arithmetic, this can be avoided by using the real-valued block Schur form of Ã
instead.

This discussion describes how the Sylvester equations in (6.26) can be solved directly using
only sparse calculations involving the full-order coefficient matrix A. As a point of com-
parison, the LQO-BT presented in Algorithm 5.3.1 requires the one-time solution of the two
large-scale Lyapunov equations (2.43) and (5.20) to obtain the system Gramians. Solving
these via direct methods, such as the Bartels-Stewart algorithm, requires the Schur decom-
position of the large-scale A matrix and has a complexity of O (n3).
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Convergence monitoring and initialization strategies.

With regard to the convergence of Algorithm 6.3.1, the iteration repeats until either some
preset number of steps M is reached, or the algorithm converges within the tolerance τ > 0
based on some pre-determined stopping criterion. As is the case with any optimization
problem, there exists a variety of possible choices for measuring convergence. Because we
are seeking to minimize the squared H2 error J in (6.1), for simplicity, we use the (relative)
change in the relative squared H2 error between consecutive iterates to monitor convergence.
From (6.7), the square of the relative error due to G̃(i)lqo at step i of the iteration is given by

Jrel

(
G̃(i)lqo

)
=
∥Glqo − G̃(i)lqo∥2H2

∥Glqo∥2H2

=
∥Glqo∥2H2

+ ∥G̃(i)lqo∥2H2
+ 2 tr

(
BZ

(i)
lqoB̃

(i)
T
)

∥Glqo∥2H2

,

where Z
(i)
lqo ∈ ℝn×r satisfies (6.6d) for the current model iterate G̃(i)lqo. Then Algorithm 6.3.1

is deemed to have converged at step i if

E (i) =

∣∣∣Jrel

(
G̃(i)lqo

)
− Jrel

(
G̃(i−1)
lqo

)∣∣∣
Jrel

(
G̃(0)lqo

) ≤ τ for τ ≥ 0. (6.27)

The H2 norm of the full-order model in (6.27) can be pre-computed at the start of the
iteration. Another natural option is to monitor changes in the gradients ∇ÃJ , ∇B̃J , ∇C̃J ,
and ∇M̃k

J of the error function J , and terminate when they are sufficiently small. The
information required to compute these quantities is readily available from the iteration itself.
However, a relative metric that uses scaled gradients (as is usually done in practice) would
require computing the Hessian of J , which is not directly available from already computed
quantities. So, we do not consider this criterion further.

Remark 6.7. Computing theH2 norm of the full-order model using, e.g., the Gramian-based
formulae in (5.37) and (5.36), requires the solution of a large-scale Lyapunov equation, which,
as already discussed, may be infeasible for problems with truly large state-space dimension n.
Thus, monitoring the convergence with (6.27) may not always be feasible. As an alternative,
note that in the error formula (6.27), the only part that varies in each iteration is the “tail”
of the error, i.e.,

η(i)
def
= ∥G̃(i)lqo∥2H2

+ 2 tr
(
BZ

(i)
lqoB̃

(i)T
)
. (6.28)

Therefore, if computing the true (or an approximate) H2 norm of the full-order model is not
feasible, one may monitor the relative change in the tails (6.28) and terminate the algorithm
when this quantity falls below the specified convergence tolerance, i.e.

|η(i) − η(i−1)|/|η(1)| ≤ τ for τ > 0. (6.29)

We refer to [186, Section IV] for a comparison of these two convergence strategies. ⋄
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As is the case for the linear TSIA [237], convergence of Algorithm 6.3.1 is not guaranteed in
general since it is a fixed-point iteration. The algorithm is also not guaranteed to produce
an asymptotically stable reduced model. However, similar to TSIA and IRKA, in practice
the algorithm performs well; in practice, we have never observed LQO-TSIA converge to
an unstable reduced model given a stable initialization. We include a numerical study of
the convergence of Algorithm 6.3.1 in Section 6.6. For guaranteed convergence, one may
consider developing a descent-based algorithm based on the explicit gradient formulae (6.11)
we derived, although we will not pursue this further.

As with any minimization problem, the initialization of Algorithm 6.3.1 will affect the qual-
ity of the final result. We leave these considerations to the discussion in Section 6.4.1,
since the same comments regarding the initialization problem also apply to the general H2

minimization problem, and thus apply here.

6.4 Interpolation-based H2 optimality framework

The Wilson conditions of Theorem 6.5 provide a set of first-order necessary conditions that
the Gramians and matrices of a reduced-order model (5.2) must satisfy to be H2-optimal. In
some sense, these conditions provide a natural characterization of all optimal approximants
since they are derived from gradients of the H2 system error. We have already mentioned
in the previous section that the Wilson framework, which originated in the context of linear
system approximation [97, 111, 217, 233], has been generalized to other classes of weakly
nonlinear dynamical systems in the last two decades; cf., [24, 44, 243] and [26, 91] for the
case of bilinear and quadratic-bilinear systems.

Simultaneously, in each of the aforementioned settings, the Wilson framework has an al-
ternative interpretation in terms of rational function interpolation. Indeed, for linear time-
invariant [97, 142, 217, 218] as well as bilinear [77, 78] and quadratic-bilinear [50] dynamical
systems, it has been shown that if the Wilson optimality conditions are satisfied, then the
corresponding reduced model (or more specifically, its subsystem transfer functions) will be
a rational interpolant of the full-order system in some sense. In the linear time-invariant
setting of (2.25), we have already highlighted in Section 2.4.2 that optimal approximants are
bi-tangential Hermite interpolants of the original system. For bilinear and quadratic-bilinear
systems, it has been shown in [77, 78] and [50] that H2-optimal reduced models satisfy so-
called multipoint Volterra series interpolation conditions that, as the name suggests, respect
the underlying Volterra series expansion of the original system. In all of these cases, the op-
timal interpolation points are the mirror images of the reduced model poles. These rich and
ubiquitous connections between optimal-H2 approximations and rational function interpo-
lation raise the question: Does there exist a similar characterization of H2-optimal reduced
models of the form (5.2) based on rational interpolation of Glo and Gqo? In this section,
we provide an affirmative answer to this question, and develop an interpolatory framework
for the best H2-approximation of LQO systems (5.1). The results of this section are derived



162
Chapter 6. Optimal-H2 approximation of linear systems with quadratic

outputs

independently from those of Section 6.3.

6.4.1 Theoretical optimality framework

Consider a pair of LQO systems Glqo and G̃ lqo as in (5.1) and (5.2) with the transfer functions

Glo, Gqo and G̃lo, G̃qo defined according to (5.12). Recall from (5.42) that, Glqo and G̃ lqo have
simple poles µ1, . . . , µn and λ1, . . . , λr, their transfer functions admit pole-residue expansions

G̃lo(s) =
r∑

i=1

cib
T
i

s− λi

, G̃qo(s1, s2) =
r∑

j=1

r∑
k=1

mj,k (bj ⊗ bk)
T

(s1 − λj)(s2 − λk)

Glo(s) =
n∑

i=1

δiβ
T
i

s− µi

, Gqo(s1, s2) =
n∑

j=1

n∑
k=1

πj,k

(
βj ⊗ βk

)T
(s1 − µj)(s2 − µk)

,

(6.30)

where bi ∈ ℂm, ci ∈ ℂp, mj,k ∈ ℂp are the residue directions of G̃lo, G̃qo corresponding to
the poles λi, (λj, λk), and βi ∈ ℂm, δi ∈ ℂp, πj,k ∈ ℂp are the residue directions of Glo, Gqo

corresponding to the poles µi, (µj, µk). Before formally presenting our interpolation-based
optimality framework, we exploit Theorem 5.11 and the pole-residue expansions (6.30) to
make an observation regarding the H2 model reduction error in terms of the mismatch of
the corresponding transfer functions.

Corollary 6.8 (Pole-residue based H2 model reduction error). Suppose that Glqo and G̃ lqo
are asymptotically stable LQO systems as in (5.1) and (5.2) with the transfer functions Glo,

Gqo and G̃lo, G̃qo defined according to (5.12), and that both Glqo and G̃ lqo have simple poles

µ1, . . . , µn and λ1, . . . , λr. Then the squared H2 model reduction error ∥Glqo − G̃ lqo∥2H2
is

given by

∥Glqo − G̃ lqo∥2H2
=

n∑
i=1

δT
i

(
Glo(−µi)− G̃lo(−µi)

)
βi −

r∑
i=1

cTi

(
Glo(−λi)− G̃lo(−λi)

)
bi

+
n∑

j=1

n∑
k=1

πT
j,k

(
Gqo(−µj,−µk)− G̃qo(−µj,−µk)

) (
βj ⊗ βk

)
+

r∑
j=1

r∑
k=1

mT
j,k

(
Gqo(−λj,−λk)− G̃qo(−λj,−λk)

)
(bj ⊗ bk) ,

(6.31)

where bi ∈ ℂm, ci ∈ ℂp, mj,k ∈ ℂp, and βi ∈ ℂm, δi ∈ ℂp, πj,k ∈ ℂp are defined as in (6.30).
⋄

Proof of Corollary 6.8. The results follow from expanding the H2 error as an inner product:

∥Glqo − G̃ lqo∥2H2
=
〈
Glqo − G̃ lqo,Glqo

〉
H2

−
〈
Glqo − G̃ lqo, G̃ lqo

〉
H2
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and applying Theorem 5.11 to
〈
Glqo − G̃ lqo,Glqo

〉
H2

and
〈
Glqo − G̃ lqo, G̃ lqo

〉
H2

.

Corollary 6.8 suggests the following: One can make the H2 model error small by eliminating
the mismatch between a bi-tangential sum of the full- and reduced-order transfer functions
evaluated at all combinations of −λi and −µi, the reduced- and full-order model poles. As it
turns out, this sort of interpolation of the sum of Glo and Gqo is in fact a necessary condition
for H2 optimality, and interpolation at the reduced model poles is more important.

This brings us to the first major theoretical contribution of this section in Theorem 6.9,
which derives first-order optimality conditions framed in terms of the rational interpolation
of the linear- and quadratic-output transfer functions. As suggested by Corollary 6.8, a
subset of the optimality conditions require interpolating a linear combination of the action
of Glo and Gqo evaluated at all possible combinations of the optimal interpolation points;
the weights in the combination are tangential interpolation directions.

Theorem 6.9 (Interpolation-based H2-optimality conditions). Suppose that Glqo and G̃ lqo
are asymptotically stable LQO systems as in (5.1) and (5.2) with the transfer functions Glo,

Gqo and G̃lo, G̃qo defined according to (5.12), and that G̃ lqo has simple poles λ1, . . . , λr.
Let bi ∈ ℂm, ci ∈ ℂp,mj,k ∈ ℂp be the corresponding residue directions defined in (5.43).

If G̃ lqo minimizes the squared H2 error in (6.1), then G̃ lqo satisfies the following tangential
interpolation conditions:

0p =
(
Glo(−λi)− G̃lo(−λi)

)
bi, (6.32a)

0p =
(
Gqo(−λi,−λj)− G̃qo(−λi,−λj)

)
(bi ⊗ bj) , (6.32b)

0m = cTk

(
Glo(−λk)− G̃lo(−λk)

)
+

r∑
ℓ=1

mT
k,ℓ

(
Gqo(−λk,−λℓ)− G̃qo(−λk,−λℓ)

)
(Im ⊗ bℓ)

+
r∑

ℓ=1

mT
ℓ,k

(
Gqo(−λℓ,−λk)− G̃qo(−λℓ,−λk)

)
(bℓ ⊗ Im) ,

(6.32c)

0 = cTk

(
d

ds
Glo(−λk)−

d

ds
G̃lo(−λk)

)
bk

+
r∑

ℓ=1

mT
k,ℓ

(
∂

∂s1
Gqo(−λk,−λℓ)−

∂

∂s1
G̃qo(−λk,−λℓ)

)
(bk ⊗ bℓ)

+
r∑

ℓ=1

mT
ℓ,k

(
∂

∂s2
Gqo(−λℓ,−λk)−

∂

∂s2
G̃qo(−λℓ,−λk)

)
(bℓ ⊗ bk)

(6.32d)

for all i, j, k = 1, . . . , r. ⋄
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Proof of Theorem 6.9. Take Ǧlqo to be any order-r, asymptotically stable LQO system defined

according to (5.2) that exists in a local neighborhood about G̃ lqo such that Ǧlqo is not a locally
optimalH2 approximation of Glqo. Let Ǧlo and Ǧqo be the transfer functions of Ǧlqo according
to (5.12). Then, by assumption, direct manipulations of the transfer function norms and
inner products yield the inequality

∥Glqo − G̃ lqo∥2H2
≤ ∥Glqo − Ǧlqo∥2H2

= ∥Glo − Ǧlo∥2Hp×m
2

+ ∥Gqo − Ǧqo∥2Hp×m2

2

⇒ 0 ≤ 2Re
〈
Glo − G̃lo, G̃lo − Ǧlo

〉
Hp×m

2

+ ∥G̃lo − Ǧlo∥2Hp×m
2

+ 2Re
〈
Gqo − G̃qo, G̃qo − Ǧqo

〉
Hp×m2

2

+ ∥G̃qo − Ǧqo∥2Hp×m2

2

.
(6.33)

Henceforth, we drop the matrix dimensions when invoking the Hardy space norms and inner
products of the transfer functions (5.12) since they will be clear from context. Take ε > 0
to be arbitrarily specified, and ξ to be an arbitrary unit vector in ℂp or ℂm, which we will
specify depending on the context. We will prove each set of interpolation conditions in (6.32)

by choosing Ǧlo and Ǧqo to differ from the H2-optimal transfer functions G̃lo and G̃qo by
carefully selected ε-perturbations of the optimal reduced model poles and residue directions.
Because the state-space matrices in (5.1) and (5.2) are assumed real, we take for granted
that Glo(s) = Glo(s) and Gqo(s1, s2) = Gqo(s1, s2) for any s, s1, s2 ∈ ℂ (and likewise for the
transfer functions of (5.2)) when invoking Theorem 5.11, where Glo(s) and Gqo(s1, s2) are
defined according to (5.13).

We first deal with the right-tangential interpolation conditions in (6.32a) and (6.32b). Since
the conditions in (6.32a) relate to the purely linear output, their derivation follows similarly
to that of [5, Thm. 5.1.1] for deriving the linear H2-optimality conditions. For the sake
of contradiction, assume that the (i, j)-th interpolation condition in (6.32b) does not hold,
and take ξ ∈ ℂp. Define Ǧlqo to be the system obtained by perturbing the (i, j)-th residue

direction mi,j of G̃qo by −εeı̇ıθξ for θ ∈ ℂ that is to be defined. In other words, Ǧqo is
defined as

Ǧqo(s1, s2) = G̃qo(s1, s2)− εeı̇ıθ
ξ (bi ⊗ bj)

T

(s1 − λi)(s2 − λj)
,

Thus, the transfer functions of Ǧlqo satisfy

Ǧlo(s) = G̃lo(s) and G̃qo(s1, s2)− Ǧqo(s1, s2) = εeı̇ıθ
ξ (bi ⊗ bj)

T

(s1 − λi)(s2 − λj)
,

where we define θ ∈ ℂ as

θ
def
= π − arg

(
ξT
(
Gqo(−λi,−λj)− G̃qo(−λi,−λj)

)
(bi ⊗ bj)

)
︸ ︷︷ ︸

def
= z

= π − arg(z).

Note that θ is well defined under the assumption that the (i, j)-th condition (6.32b) is nonzero
and ξ ∈ ℂp is nontrivial. Applying (5.45) and (5.46) to the quantities in (6.33) for Ǧlqo as
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just defined as well as using the identity z = |z|eı̇ı arg(z) yields〈
Gqo − G̃qo , G̃qo − Ǧqo

〉
H2

= εeı̇ıπe−ı̇ı arg(z)ξT
(
Gqo(−λi,−λj)− G̃qo(−λi,−λj)

)
(bi ⊗ bj)

= −ε
∣∣∣ξT (Gqo(−λi,−λj)− G̃qo(−λi,−λj)

)
(bi ⊗ bj)

∣∣∣ ̸= 0,

and ∥G̃qo − Ǧqo∥2H2
= ε2|eı̇ıθ|2ξT

(
G̃qo(−λi,−λj)− Ǧqo(−λi,−λj)

)
(bi ⊗ bj)

= ε2
ξTξ (bi ⊗ bj)

T
(bi ⊗ bj)(

λi − λi

) (
λj − λj

)
= ε2

∥ (bi ⊗ bj) ∥22
4Re(λi) Re(λj)

= O(ε2).

Moreover, ∥G̃qo − Ǧqo∥2H2
≥ 0 since this holds for any norm. Because Ǧlo = G̃lo, the inner

products and norms involving the linear-output transfer functions in (6.33) are zero. Thus,
substituting the above calculations into (6.33), we obtain

0 ≤ −ε
∣∣∣ξT (Gqo(−λi,−λj)− G̃qo(−λi,−λj)

)
(bi ⊗ bj)

∣∣∣+O
(
ε2
)
.

Since ε > 0 is arbitrarily specified, we may take it to be sufficiently small such that the
negative O (ε) term above is greater in magnitude than the positive O (ε2) term, yielding
a contradiction. However, we assumed initially that the (i, j)-th interpolation condition
in (6.32b) does not hold. Therefore, we must conclude by contradiction that it does. Re-
peating this argument for all i, j pairs yields(

Gqo(−λi,−λj)− G̃qo(−λi,−λj)
)
(bi ⊗ bj) = 0p for each i, j = 1, . . . , r,

which are precisely the right tangential conditions in (6.32b).

Next, assume that the k-th interpolation condition in (6.32c) does not hold. We obtain Ǧlqo
by applying the perturbation −εeı̇ıθξ to the k-th residue direction bk in (5.42), where θ is to
be re-defined (but using the same notation as before). Specifically, Ǧlqo’s transfer functions
in this instance satisfy

G̃lo(s)− Ǧlo(s) = εeı̇ıθ
ckξ

T

s− λk

and

G̃qo(s1, s2)− Ǧqo(s1, s2) = εeı̇ıθ

(
r∑

ℓ=1

mℓ,k (bi ⊗ ξ)T

(s1 − λℓ)(s2 − λk)
+

r∑
ℓ=1

mk,ℓ (ξ ⊗ bℓ)
T

(s1 − λk)(s2 − λℓ)

)

− ε2e2ı̇ıθ
mk,k (ξ ⊗ ξ)T

(s1 − λk)(s2 − λk)
.
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Implicitly, we have used the fact that the Kronecker product is bilinear [47] in simplifying

the expression for G̃qo − Ǧqo. We redefine θ ∈ ℂ as

θ
def
= π − arg

[
cTk

(
Glo(−λk)− G̃lo(−λk)

)
ξ

+
r∑

ℓ=1

mT
k,ℓ

(
Gqo(−λk,−λℓ)− G̃qo(−λk,−λℓ)

)
(Im ⊗ bℓ) ξ (6.34a)

+
r∑

ℓ=1

mT
ℓ,k

(
Gqo(−λℓ,−λk)− G̃qo(−λℓ,−λk)

)
(bℓ ⊗ Im) ξ

]
,

which is well-defined, since the quantity in the argument is nonzero. As before, we apply
the formulae in Theorem 5.11 to compute the relevant terms in (6.33). First, by (5.45) the
inner products are〈

Glo − G̃lo , G̃lo − Ǧlo

〉
H2

= εeı̇ıθcTk

(
Glo(−λk)− G̃lo(−λk)

)
ξ,〈

Gqo − G̃qo, G̃qo − Ǧqo

〉
H2

=

εeı̇ıθ
[ r∑

ℓ=1

mT
ℓ,k

(
Gqo(−λℓ,−λk)− G̃qo(−λℓ,−λk)

)
(bℓ ⊗ Im) ξ

+
r∑

ℓ=1

mT
k,ℓ

(
Gqo(−λk,−λℓ)− G̃qo(−λk,−λℓ)

)
(Im ⊗ bℓ) ξ

]
−ε2e2ı̇ıθmT

k,k

(
Gqo(−λk,−λk)− G̃qo(−λk,−λk)

)
(ξ ⊗ ξ).

(6.34b)

In the latter, we have used the fact that (bi ⊗ ξ) = (bi ⊗ Im) ξ and (ξ ⊗ bj) = (Im ⊗ bj) ξ;
this follows straightforwardly from the definition of the Kronecker product. By (5.46), the

norm of G̃lo − Ǧlo is

∥G̃lo − Ǧlo∥2H2
= ε2

∥ck∥22
−2Re(λk)

= O
(
ε2
)
. (6.34c)

At first pass, the norm of G̃qo − Ǧqo is

∥G̃qo − Ǧqo∥2H2
= ε|eı̇ıθ|

[ r∑
i=1

mT
i,k

(
G̃qo(−λi,−λk)− Ǧqo(−λi,−λk)

)
(bi ⊗ Im) ξ

+
r∑

j=1

mT
k,j

(
G̃qo(−λk,−λj)− Ǧqo(−λk,−λj)

)
(Im ⊗ bj) ξ

]
−ε2|e2ı̇ıθ|mT

k,k

(
G̃qo(−λk,−λk)− Ǧqo(−λk,−λk)

)
(ξ ⊗ ξ).

Substituting directly for the pole residue form of the error function G̃qo − Ǧqo allows us to
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realize its norm as an O (ε2) term, i.e.,

∥G̃qo − Ǧqo∥2H2
= ε2

r∑
i=1

mT
i,k

[ r∑
ℓ=1

mℓ,k

(
bℓ ⊗ ξ

)T
(−λi − λℓ)(−2Re(λk))

+
r∑

ℓ=1

mk,ℓ

(
ξ ⊗ bℓ

)T
(−λi − λk)(−λk − λℓ)

] (
bi ⊗ Im

)
ξ + ε2

r∑
j=1

mT
k,j

[ r∑
ℓ=1

mℓ,k

(
bℓ ⊗ ξ

)T
(−λk − λℓ)(−λj − λk)

+
r∑

ℓ=1

mk,ℓ

(
ξ ⊗ bℓ

)T
(−2Re(λk))(−λk − λℓ)

]
(Im ⊗ bj) ξ +O

(
ε4
)
= O

(
ε2
)
.

(6.34d)

Then, by the definition of θ in (6.34a), substituting the calculations (6.34b), (6.34c), and (6.34d)
into (6.33) yields

0 ≤ −ε
∣∣∣∣∣cTk (Glo(−λk)− G̃lo(−λk)

)
ξ

+
r∑

ℓ=1

mT
k,ℓ

(
Gqo(−λk,−λℓ)− G̃qo(−λk,−λℓ)

)
(Im ⊗ bℓ) ξ

+
r∑

ℓ=1

mT
ℓ,k

(
Gqo(−λℓ,−λk)− G̃qo(−λℓ,−λk)

)
(bℓ ⊗ Im) ξ

∣∣∣∣∣+O(ε2).

For sufficiently small ε ≥ 0, this yields a contradiction. Because ξ is nontrivial, we must
conclude

cTk

(
Glo(−λk)− G̃lo(−λk)

)
+

r∑
ℓ=1

mT
k,ℓ

(
Gqo(−λk,−λℓ)− G̃qo(−λk,−λℓ)

)
(Im ⊗ bℓ)

+
r∑

ℓ=1

mT
ℓ,k

(
Gqo(−λℓ,−λk)− G̃qo(−λℓ,−λk)

)
(bℓ ⊗ Im) = 0m for k = 1, . . . , r,

by repeating this argument for all k, thereby proving (6.32c).

Finally, we prove the bi-tangential Hermite condition in (6.32d). As before, we assume that
the k-th condition in (6.32d) does not hold. Re-define θ ∈ ℂ as

θ
def
= − arg

[
cTk

(
d

ds
Glo(−λk)−

d

ds
G̃lo(−λk)

)
bk

+
r∑

ℓ=1

mT
k,ℓ

(
∂

∂s1
Gqo(−λk,−λℓ)−

∂

∂s1
G̃qo(−λk,−λℓ)

)
(bk ⊗ bℓ) (6.35a)

+
r∑

ℓ=1

mT
ℓ,k

(
∂

∂s2
Gqo(−λℓ,−λk)−

∂

∂s2
G̃qo(−λℓ,−λk)

)
(bℓ ⊗ bk)

]
.
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Take ε > 0 to be small enough so that ηk
def
= λk + εeı̇ıθ does not coincide with any of the

remaining poles of G̃ lqo and Re (ηk) < 0. We obtain Ǧlqo by replacing the k-th pole λk of G̃ lqo
with ηk defined above. Then, the transfer functions of Ǧlqo are such that

G̃lo(s)− Ǧlo(s) = ckb
T
k

(
1

s− λk

− 1

s− ηk

)
and G̃qo(s1, s2)− Ǧqo(s1, s2) =

r∑
ℓ̸=k

mℓ,k (bℓ ⊗ bk)
T

s1 − λℓ

(
1

s2 − λk

− 1

s2 − ηk

)

+
r∑

ℓ̸=k

(
1

s1 − λk

− 1

s1 − ηk

)
mk,ℓ (bk ⊗ bℓ)

T

s2 − λℓ

+ mk,k (bk ⊗ bk)
T

(
1

(s1 − λk)(s2 − λk)
− 1

(s1 − ηk)(s2 − ηk)

)
.

(6.35b)

From its pole-residue form, we observe that the difference function G̃lo − Ǧlo has two poles
λk and ηk corresponding to the residues ckb

T
k and −ckbTk . Thus, applying (5.45) yields

〈
Glo − G̃lo, G̃lo − Ǧlo

〉
H2

= cTk

(
Glo(−λk)− G̃lo(−λk)

)
bk︸ ︷︷ ︸

=0p by (6.32a)

−cTk
(
Glo(−ηk)− G̃lo(−ηk)

)
bk.

To resolve this further, we recognize that Glo(s) and G̃lo(s) are both analytic at s = −λk,
and thus admit power series representations about this point. Expanding both Glo(s) and

G̃lo(s) about −λk, and evaluating at s = −ηk gives

〈
Glo − G̃lo, G̃lo − Ǧlo

〉
H2

= −cTk
(
Glo(−ηk)− G̃lo(−ηk)

)
bk

= −cTk
[(

Glo(−λk) + (−ηk − λk︸ ︷︷ ︸
=−εeı̇ıθ

)
d

ds
Glo(−λk) +O

(
ε2
))

−
(
G̃lo(−λk) + (−ηk − λk︸ ︷︷ ︸

=−εeı̇ıθ

)
d

ds
G̃lo(−λk) +O

(
ε2
))]

bk

= −εeı̇ıθcTk
(

d

ds
G̃lo(−λk)−

d

ds
Glo(−λk)

)
bk +O

(
ε2
)
, (6.35c)

since
(
Glo(−λk)− G̃lo(−λk)

)
bk = 0 by (6.32a). Accounting for all the pole-residue pairs
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of G̃qo − Ǧqo, applying (5.45) yields

〈
Gqo − G̃qo, G̃qo − Ǧqo

〉
H2

=
r∑

i ̸=k

mT
i,k

(
Gqo(−λi,−λk)− G̃qo(−λi,−λk)

)
(bi ⊗ bk)︸ ︷︷ ︸

=0 by (6.32b)

−
r∑

i ̸=k

mT
i,k

(
Gqo(−λi,−ηk)− G̃qo(−λi,−ηk)

)
(bi ⊗ bk)

+
r∑

j ̸=k

mT
k,j

(
Gqo(−λk,−λj)− G̃qo(−λk,−λj)

)
(bk ⊗ bj)︸ ︷︷ ︸

=0 by (6.32b)

−
r∑

j ̸=k

mT
k,j

(
Gqo(−ηk,−λj)− G̃qo(−ηk,−λj)

)
(bk ⊗ bj)

+mT
k,k

(
Gqo(−λk,−λk)− G̃qo(−λk,−λk)

)
(bk ⊗ bk)︸ ︷︷ ︸

=0 by (6.32b)

−mT
k,k

(
Gqo(−ηk,−ηk)− G̃qo(−ηk,−ηk)

)
(bk ⊗ bk) .

(6.35d)

Both Gqo(s1, s2) and G̃qo(s1, s2) are analytic at s = −λk in each separate argument, and
thus admit power series expansions about this point in each separate argument. Expanding,
e.g., Gqo(−λi, s2) − G̃qo(−λi, s2) in s2 about −λk and evaluating at s2 = ηk for each i ̸= k
gives

mT
i,k

(
Gqo(−λi,−ηk)− G̃qo(−λi,−ηk)

)
(bi ⊗ bk)

= mT
i,k

Gqo(−λi,−λk) + (−ηk − λk︸ ︷︷ ︸
=−εeı̇ıθ

)
∂

∂s2
Gqo(−λi,−λk) +O

(
ε2
) (bi ⊗ bk)

− mT
i,k

G̃qo(−λi,−λk) + (−ηk − λk︸ ︷︷ ︸
=−εeı̇ıθ

)
∂

∂s2
G̃qo(−λi,−λk) +O

(
ε2
) (bi ⊗ bk)

= εeı̇ıθmT
i,k

(
∂

∂s2
G̃qo(−λi,−λk)−

∂

∂s2
Gqo(−λi,−λk)

)
(bi ⊗ bk) +O

(
ε2
)
,

since
(
Gqo(−λi,−λk)− G̃qo(−λi,−λk)

)
(bi ⊗ bk) = 0 by (6.32b). Similarly, expanding

Gqo(s1,−λj) − G̃qo(s1,−λj) in s1 about −λk and evaluating at s1 = ηk for each j ̸= k
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gives

mT
k,j

(
Gqo(−ηk,−λj)− G̃qo(−ηk,−λj)

)
(bk ⊗ bj)

= εeı̇ıθmT
k,j

(
∂

∂s1
G̃qo(−λk,−λj)−

∂

∂s1
Gqo(−λk,−λj)

)
(bk ⊗ bj) +O

(
ε2
)
.

To finish simplifying the inner product (6.35d), in the (k, k)-th term, expand Gqo(s1,−ηk)
in s1 about −λk and evaluate at s1 = −ηk to obtain

Gqo(−ηk,−ηk) = Gqo(−λk,−ηk)− εeı̇ıθ
∂

∂s1
Gqo(−λk,−ηk) +O

(
ε2
)
.

Then expressGqo(−λk,−ηk) as a series expansion ofGqo(−λk, s2) in s2 about −λk, evaluated
at s2 = −ηk:

Gqo(−λk,−ηk) = Gqo(−λk,−λk)− εeı̇ıθ
∂

∂s2
Gqo(−λk,−λk) +O

(
ε2
)
.

Because Gqo(s1, s2) is analytic in each argument, it is in fact infinitely differentiable. So,
its partial derivative ∂

∂s1
Gqo(−λk, s2) is analytic in s2 and may also be expressed as a power

series about −λk. Expand about this point and evaluate at s2 = −ηk:
∂

∂s1
Gqo(−λk,−ηk) =

∂

∂s1
Gqo(−λk,−λk)− εeı̇ıθ

∂

∂s2

∂

∂s1
Gqo(−λk,−λk) +O

(
ε2
)
.

Putting this all together, we have

Gqo(−ηk,−ηk) = Gqo(−λk,−λk)− εeı̇ıθ
(

∂

∂s1
Gqo(−λk,−λk) +

∂

∂s2
Gqo(−λk,−λk)

)
+O

(
ε2
)
.

Applying the exact same logic to the G̃qo(−ηk,−ηk) term, we have

G̃qo(−ηk,−ηk) = G̃qo(−λk,−λk)− εeı̇ıθ
(

∂

∂s1
G̃qo(−λk,−λk) +

∂

∂s2
G̃qo(−λk,−λk)

)
+O

(
ε2
)
.

Putting all of these calculations together, the (k, k)-th term in (6.35d) simplifies to

mT
k,k

(
Gqo(−ηk,−ηk)− G̃qo(−ηk,−ηk)

)
(bk ⊗ bk)

= εeı̇ıθmT
k,k

(
∂

∂s1
G̃qo(−λk,−λk)−

∂

∂s1
Gqo(−λk,−λk)

)
(bk ⊗ bk)

+ εeı̇ıθmT
k,k

(
∂

∂s2
G̃qo(−λk,−λk)−

∂

∂s2
Gqo(−λk,−λk)

)
(bk ⊗ bk) +O

(
ε2
)
,
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and so the expression for the inner product (6.35d) ultimately simplifies to〈
Gqo − G̃qo, G̃qo − Ǧqo

〉
H2

=−
r∑

i ̸=k

mT
i,k

(
Gqo(−λi,−ηk)− G̃qo(−λi,−ηk)

)
(bi ⊗ bk)

−
r∑

j ̸=k

mT
k,j

(
Gqo(−ηk,−λj)− G̃qo(−ηk,−λj)

)
(bk ⊗ bj)

−mT
k,k

(
Gqo(−ηk,−ηk)− G̃qo(−ηk,−ηk)

)
(bk ⊗ bk)

= εeı̇ıθ
[ r∑

ℓ=1

mT
k,ℓ

(
∂

∂s1
Gqo(−λk,−λℓ)−

∂

∂s1
G̃qo(−λk,−λℓ)

)
(bk ⊗ bℓ)

+
r∑

ℓ=k

mT
ℓ,k

(
∂

∂s2
Gqo(−λℓ,−λk)−

∂

∂s2
G̃qo(−λℓ,−λk)

)
(bℓ ⊗ bk)

]
+O

(
ε2
)
.

(6.35e)

Note that in passing from the first to the second equality, we have relabeled the sums over
i and j to run over ℓ to agree with the claim (6.32d), and grouped the (k, k)-th terms into
each of these sums. What remains is to deal with the norms in (6.33) for this case. Similar

to the previous arguments, we show that ∥G̃lo − Ǧlo∥2H2
and ∥G̃qo − Ǧqo∥2H2

are O (ε2) by
direct calculation. The calculations required to do so are straightforward, but technically
involved, and so we present them in Appendix A.

Using the fact that ∥G̃lo − Ǧlo∥2H2
, ∥G̃qo − Ǧqo∥2H2

are O (ε2), we substitute the computed
inner products (6.35c) and (6.35e) into (6.33). Then, using z = eı̇ıθ|z| with the definition of
θ in (6.35a), we observe

0 ≤ −ε
∣∣∣∣cTk ( d

ds
Glo(−λk)−

d

ds
G̃lo(−λk)

)
bk

+
r∑

ℓ=1

mT
k,ℓ

(
∂

∂s1
Gqo(−λk,−λℓ)−

∂

∂s1
G̃qo(−λk,−λℓ)

)
(bk ⊗ bℓ)

+
r∑

ℓ=1

mT
ℓ,k

(
∂

∂s2
Gqo(−λℓ,−λk)−

∂

∂s2
G̃qo(−λj,−λk)

)
(bℓ ⊗ bk)

∣∣∣∣∣+O
(
ε2
)
.

By the same logic used to prove (6.32c), this inequality yields a contradiction for small values
of ε > 0, and thus the interpolation conditions in (6.32d) must hold.

Theorem 6.9 explicitly ties the optimal-H2 approximation of LQO systems (5.1) with mul-
tivariate rational interpolation. More precisely, Theorem 6.9 states that any H2-optimal
reduced model is necessarily a tangential interpolant of the original system in the sense
of (6.32). The interpolatory optimality conditions amount to:
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(i) The right-tangential Lagrange interpolation of the linear- and quadratic-output transfer
functions Glo and Gqo, individually;

(ii) The left-tangential Lagrange interpolation of a sum of Glo and Gqo evaluated at all
possible combinations of the optimal interpolation points;

(iii) The bi-tangential Hermite interpolation of a sum of Glo and Gqo evaluated at all
possible combinations of the optimal interpolation points.

Henceforth, we refer to the latter type of tangential interpolation conditions appearing
in (6.32c) and (6.32d) as mixed-multipoint tangential interpolation conditions, since they
correspond to interpolating a linear combination (or mix) of Glo and Gqo at multiple (and
in fact, all possible) combinations of the optimal interpolation points.

How does the H2-optimality framework prescribed by Theorem 6.9 compare with other
interpolation-based optimality frameworks? As is the case with the H2-optimal model re-
duction of linear [97, 217], bilinear [77, 78], and quadratic-bilinear [50] systems, the optimal
interpolation points in Theorem 6.9 are the mirror images of the reduced model poles reflected
across the imaginary axis ; the optimal tangential directions are the residue directions (5.43)
associated with these poles. Moreover, the conditions in (6.32) provide a satisfying general-
ization of the interpolatory H2-optimality conditions for the approximation of linear systems
written in Theorem 2.44. Indeed, if M = 0p×n2 and M̃ = 0p×r2 in (5.1) and (5.2), then the

quadratic-output transfer functions Gqo and G̃qo vanish, and the conditions in (6.32) reduce
to the familiar interpolation-based first-order optimality conditions (2.69) from linear model
reduction. In other words: Theorem 6.9 establishes the Meier-Luenberger framework for the
optimal-H2 approximation of linear quadratic-output systems, and includes Theorem 2.45 as
a special case.

From a different point of view, the mixed-multipoint conditions in (6.32c) and (6.32d) can be
interpreted as multipoint Volterra series interpolation conditions, since each of the transfer
functionsGlo andGqo correspond to a kernel in the (finite) Volterra series expansion of (5.1);
recall Remark 5.2. As already highlighted, multipoint Volterra series interpolation is a
necessary condition for the optimal-H2 approximation of bilinear [77, 78] and quadratic-
bilinear [50] systems.

Remark 6.10 (H2-optimal approximation of structured systems). While the hypotheses of
Theorem 6.9 are stated to accommodate the approximation of LQO systems with first-order
time derivatives as in (5.1), the proof of Theorem 6.9 that we provide does not make any
explicit reference to this first-order requirement. Indeed, the proof only assumes:

1. The transfer functions of theH2-optimal reduced model permit pole-residue expansions
as in (5.42).

2. The full-order functions Glo and Gqo are members of the relevant Hardy spaces.
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This observation allows for the application of Theorem 6.9 to other classes of LQO sys-
tems with various internal structures. For instance, the state dynamics may have second-
order differential [9, 226] or delay [173] structure. In any case, the output equation is still
y(t) = Cx(t) +M (x(t)⊗ x(t)) . Then, Theorem 6.9 states that H2-optimal approximants
of the form (5.2) (those described by rational transfer functions with simple poles) satisfy
the interpolation conditions in (6.32), the internal structure of the full-order model notwith-
standing. Nonetheless, it is not clear how to construct linear, first-order quadratic-output
approximations (5.2) to structured systems, and we leave this question to future work.

⋄

Suppose that the optimal interpolation data (that is, the poles λi and residue directions
bi, ci,mj,k of an optimal-H2 approximation (5.2)) are given. Can the interpolation-based
optimality conditions of Theorem 6.9 be enforced by Petrov-Galerkin projection? From
Theorem 6.5, it follows that any optimal-H2 approximation of the form (5.2) is necessarily
obtained via Petrov-Galerkin projection. As an immediate consequence, the interpolatory
H2-optimal reduced models characterized by Theorem 6.9 are necessarily projection-based, as
well. However, it is not a priori clear how to enforce all of the 3r+r2 interpolation conditions
in (6.32) simultaneously by an appropriate choice of model reduction bases V and W . This
is in contrast to the Sylvester equation-based optimality framework of Theorem 6.5, which
reveals the associated V and W rather plainly. Theorem 5.7 shows how to enforce the
right-tangential Lagrange conditions (6.32a) and (6.32b), but not the newly derived mixed-
multipoint conditions (6.32c) and (6.32d) that are necessary for optimality. In the subsequent
result, we prove how to enforce all of the necessary interpolation conditions simultaneously
by explicit construction of V and W in (5.24). Given V ,W ∈ ℂn×r, we recall that a
LQO-ROM computed via Petrov-Galerkin projection is given as

Ẽ = W TEV , Ã = W TAV , B̃ = W TB, C̃ = CV , and M̃ = M (V ⊗ V ) .

Theorem 6.11. Suppose that Glqo and G̃ lqo are asymptotically stable LQO systems as in (5.1)

and (5.2) with the transfer functions Glo, Gqo and G̃lo, G̃qo defined according to (5.12),

where G̃ lqo is computed by projection using V ,W ∈ ℂn×r. Consider interpolation points

σ1, . . . , σr ∈ ℂ such that σiE − A and σiẼ − Ã are invertible for all i = 1, . . . , r, right-
tangential directions r1, . . . , rr ∈ ℂm, and left-tangential directions ℓ1, . . . , ℓr ∈ ℂp and
q1,1, . . . , qr,r ∈ ℂp such that qj,k = qk,j for all j, k = 1, . . . , r. Suppose that V and W have
full rank and satisfy

vk
def
= (σkE −A)−1Brk ∈ Range (V ) , (6.36)

wk
def
=
(
σkE

T −AT
)−1

(
2

r∑
ℓ=1

[
M 1vℓ · · · M pvℓ

]
qk,ℓ +CTℓk

)
∈ Range(W ), (6.37)
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for all k = 1, . . . , r. Then, G̃ lqo satisfies the 3r + r2 tangential interpolation conditions:

0p =
(
Glo(σi)− G̃lo(σi)

)
ri, (6.38a)

0p =
(
Gqo(σi, σj)− G̃qo(σi, σj)

)
(ri ⊗ rj) , (6.38b)

0m = ℓTk

(
Glo(σk)− G̃lo(σk)

)
+

r∑
ℓ=1

qT
k,ℓ

(
Gqo(σk, σℓ)− G̃qo(σk, σℓ)

)
(Im ⊗ rℓ)

+
r∑

ℓ=1

qT
ℓ,k

(
Gqo(σℓ, σk)− G̃qo(σℓ, σk)

)
(rℓ ⊗ Im) ,

(6.38c)

0 = ℓTk

(
d

ds
Glo(σk)−

d

ds
G̃lo(σk)

)
rk

+
r∑

ℓ=1

qT
k,ℓ

(
∂

∂s1
Gqo(σk, σℓ)−

∂

∂s1
G̃qo(σk, σℓ)

)
(rk ⊗ rℓ)

+
r∑

ℓ=1

qT
ℓ,k

(
∂

∂s2
Gqo(σℓ, σk)−

∂

∂s2
G̃qo(σℓ, σk)

)
(rℓ ⊗ rk) ,

(6.38d)

for all i, j, k = 1, . . . , r. ⋄

Proof of Theorem 6.11. First, we derive two identities that are invoked repeatedly through-

out the proof. Define K(s) def
= sE − A and K̃(s) def

= sẼ − Ã. By the construction of
V ∈ ℂn×r in (6.36) and the assumption that V is full rank, there exists v̌k ∈ ℂr so that
V v̌k = vk = K(σk)

−1Brk and

K̃(σk)v̌k =
(
σkW

TEV −W TAV
)
v̌k = W T (σkE −A)V v̌k

= W TK(σk)K(σk)
−1Brk by design of v̌k,

which implies v̌k = K̃(σk)
−1B̃rk. (6.39)

Equation (6.39) is the first of the aforementioned identities. To prove the second, first note
that by construction of V and (6.39), we have for each i = 1, . . . , r and j = 1, . . . , r

rT
i B

TK(σi)
−TM jV = v̌T

i V
TM jV = v̌T

i M̃ j = rT
i B̃

TK̃(σi)
−TM̃ j. (6.40)

By the construction of W ∈ ℂn×r in (6.37) and the assumption that W is full rank, there
exists w̌k ∈ ℂr so that

w̌T
kW

T = ℓTkCK(σk)
−1 + 2

r∑
ℓ=1

qT
k,ℓ


rT
ℓ B

TK(σℓ)
−TM 1K(σk)

−1

...

rT
ℓ B

TK(σℓ)
−TM pK(σk)

−1

 .
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By the above equality as well as (6.39), we have that, for each k = 1, . . . , r,

w̌T
k K̃(σk) = w̌T

kW
TK(σk)V = ℓTk CV︸︷︷︸

=C̃

+ 2
r∑

ℓ=1

qT
k,ℓ


rT
ℓ B

TK(σℓ)
−TM 1V

...

rT
ℓ B

TK(σℓ)
−TM pV

 ,

which implies w̌T
k = ℓTk C̃K̃(σk)

−1 + 2
r∑

ℓ=1

qT
k,ℓ


rT
ℓ B̃

TK̃(σℓ)
−TM̃ 1K̃(σk)

−1

...

rT
ℓ B̃

TK̃(σℓ)
−TM̃ pK̃(σk)

−1

 ,

where the second line follows from right-inversion of K̃(σk) and (6.40). Then, by apply-
ing (2.7) to the above, we arrive at our second useful identity:

w̌T
k = ℓTk C̃K̃(σk)

−1 + 2
r∑

ℓ=1

qT
k,ℓ M̃

(
K̃(σk)

−1 ⊗ K̃(σℓ)
−1B̃rℓ

)
. (6.41)

We are now prepared to prove that the Petrov-Galerkin reduced model G̃ lqo constructed using
V and W in (6.36) and (6.37) satisfies the tangential interpolation conditions in (6.38). The
construction of V gives the conditions (6.38a) and (6.38b); observe that

G̃lo(σi)ri = C̃K̃(σi)
−1B̃ri = C̃K̃(σi)

−1K̃(σi)
−1v̌i by (6.39)

= CV v̌i

= CK(σi)
−1Bri = Glo(σi)ri.

The last line follows from the previous choice of v̌k and by the construction of V in (6.36).
This proves (6.38a) for all i = 1, . . . , r. Similarly, we have that

G̃qo(σi, σj) (ri ⊗ rj) = M̃
(
K̃(σi)

−1B̃ri ⊗ K̃(σj)
−1B̃ri

)
= M (V ⊗ V ) (v̌i ⊗ v̌j) by (6.39)

= M (V v̌i ⊗ V v̌j) by (2.9)

= M
(
K(σi)

−1Bri ⊗K(σj)
−1Brj

)
= Gqo(σi, σj) (ri ⊗ rj) .

This proves (6.38b) for all i, j = 1, . . . , r. For the left-tangential Lagrange conditions (6.38c),
we observe that the reduced-order portion of the interpolation conditions is written as

ℓTk G̃lo(σk) +
r∑

ℓ=1

(
qT
k,ℓG̃qo(σk, σℓ) (Im ⊗ rℓ) + qT

ℓ,kG̃qo(σℓ, σk) (rℓ ⊗ Im)
)
.
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It follows directly from Lemma 5.3 and the assumption that qℓ,k = qk,ℓ for all ℓ, k = 1, . . . , r

that qT
k,ℓG̃qo(σk, σℓ) (Im ⊗ rℓ) = qT

ℓ,kG̃qo(σℓ, σk) (rℓ ⊗ Im) ; a similar equality holds for Gqo.
Thus, to prove (6.38b) it instead suffices to show that

0m = ℓTk

(
Glo(σk)− G̃lo(σk)

)
+ 2

r∑
ℓ=1

qT
k,ℓ

(
Gqo(σk, σℓ)− G̃qo(σk, σℓ)

)
(Im ⊗ rℓ) . (6.42)

Noting that (Im ⊗ rℓ)B̃ = (Im ⊗ rℓ)(B̃ ⊗ 1) = (B̃ ⊗ rℓ) for all ℓ = 1, . . . , r, it follows that

ℓTk G̃lo(σk) + 2
r∑

ℓ=1

qT
k,ℓ G̃qo(σk, σℓ) (Im ⊗ rℓ)

= ℓTk C̃K̃(σk)
−1B̃ + 2

r∑
ℓ=1

qT
k,ℓ M̃

(
K̃(σk)

−1B̃ ⊗ K̃(σi)
−1B̃

)
(Im ⊗ rℓ)

= ℓTk C̃K̃(σk)
−1B̃ + 2

r∑
ℓ=1

qT
k,ℓ M̃

(
K̃(σk)

−1 ⊗ K̃(σi)
−1B̃

)(
B̃ ⊗ rℓ

)
(by (2.9))

=

(
ℓTk C̃K̃(σk)

−1 + 2
r∑

ℓ=1

qT
k,ℓ M̃

(
K̃(σk)

−1 ⊗ K̃(σℓ)
−1B̃

)
(Im ⊗ rℓ)

)
B̃

= w̌T
k B̃ (by (6.41)).

Finally, our initial choice of w̌k yields

w̌T
k B̃ = w̌T

kW
TB = ℓTkCK(σk)

−1B + 2
r∑

ℓ=1

qT
k,ℓM

(
K(σk)

−1B ⊗K(σℓ)
−1B

)
(Im ⊗ rℓ)

= ℓTkGlo(σk) + 2
r∑

ℓ=1

qT
k,ℓGqo(σk, σℓ) (Im ⊗ rℓ) .

Chaining these equalities together proves the simplified claim in (6.42).

As with the zeroth-order conditions, the symmetry relation from Lemma 5.3 implies that
qT
k,ℓ

∂
∂s1

G̃qo(σk, σℓ)(rk,⊗rℓ) = qT
ℓ,k

∂
∂s2

G̃qo(σℓ, σk)(rℓ,⊗rk), and likewise forGqo. So, it suffices
to prove

0 = ℓTk

(
d

ds
Glo(σk)−

d

ds
G̃lo(σk)

)
rk

+ 2
r∑

ℓ=1

qT
k,ℓ

(
∂

∂s1
Gqo(σk, σℓ)−

∂

∂s1
G̃qo(σk, σℓ)

)
(rk ⊗ rℓ) .

(6.43)
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Observe that

ℓTk
d

ds
G̃lo(σk)rk + 2

r∑
ℓ=1

qT
k,ℓ

∂

∂s1
G̃qo(σk, σℓ) (rk ⊗ rℓ)

= −ℓTk C̃K̃(σk)
−1ẼK̃(σk)

−1B̃rk

− 2
r∑

ℓ=1

qT
k,ℓ M̃

(
K̃(σk)

−1ẼK̃(σk)
−1B̃ ⊗ K̃(σℓ)

−1B̃
)
(rk ⊗ rℓ)

= −
(
ℓTk C̃K̃(σk)

−1 + 2
r∑

ℓ=1

qT
k,ℓ M̃

(
K̃(σk)

−1 ⊗ K̃(σℓ)
−1B̃

)
(Im ⊗ rℓ)

)
ẼK̃(σk)

−1B̃rk

= −w̌T
k ẼK̃(σk)

−1B̃rk (by (6.41)).

And so

−w̌T
k ẼK̃(σk)

−1B̃rk = −w̌T
k Ẽv̌k = −w̌T

kW
TEV v̌k (by (6.39)).

By definition of w̌k and v̌k and the mixed-product property (2.9), at last we have that

−w̌T
kW

TEV v̌k

= −
(
ℓTkCK(σk)

−1 + 2
r∑

ℓ=1

qT
k,ℓM

(
K(σk)

−1 ⊗K(σℓ)
−1B

)
(Im ⊗ rℓ)

)
K(σk)

−1Brk

= ℓTk
d

ds
Glo(σk)rk + 2

r∑
ℓ=1

qT
k,ℓ

∂

∂s1
Gqo(σk, σℓ) (rk ⊗ rℓ) .

Chaining all these equalities together proves (6.43), and thus the claim (6.38d).

In a vacuum, Theorem 6.11 offers a new strategy for the interpolatory model reduction of
LQO systems by imposing the mixed-multipoint tangential interpolation conditions in (6.38c)
and (6.38d). With regard to H2-optimal model reduction, if we choose the interpolation data
in Theorem 6.11 to be σi = −λi, ri = bi, ℓi = ci, and qj,k = mj,k, the poles and residue
directions of a system that minimizes theH2 model error, the first-order optimality conditions
from Theorem 6.9 will be satisfied by the reduced model. Note that (5.44) implies that the
symmetry hypothesis imposed upon the left-tangential directions qj,k is trivially satisfied for
this choice.

This discussion reveals the same chicken-egg problem that we encountered in Section 6.3 with
the Wilson framework; the optimal selection of interpolation points and tangent directions
requires a priori knowledge of an H2-optimal reduced model. Next, we introduce a second
fixed-point algorithm that generalizes the iterative rational Krylov algorithm (IRKA) [97] for
automatically determining the optimal interpolation data and enforcing the corresponding
H2-optimality conditions (6.32) in an iterative fashion.
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6.4.2 An iterative rational Krylov algorithm for optimal-H2 ap-
proximation of linear quadratic-output systems

The interpolation-based optimality conditions of Theorem 6.9 along with the interpolatory
projections offered by Theorem 6.11 suggest a fixed point procedure based on iteratively
corrected interpolation that we present in Algorithm 6.4.1; this is precisely the idea of IRKA.
At each step of Algorithm 6.4.1, the interpolation points and tangential directions are taken
from the poles and residue directions of the previous reduced model iterate; the 3r + r2

tangential interpolation conditions in (6.38) are then enforced by Petrov-Galerkin projection
using these data. The iteration repeats until the largest magnitude change in the reduced
model poles between consecutive iterates falls below a user-specified tolerance. Thus, the
interpolation-based H2-optimality conditions in (6.32) will be satisfied up to this tolerance
if Algorithm 6.4.1 converges. Because the construction of V and W in (6.36) and (6.37)
requires only the solution of shifted linear systems and sparse matrix calculations involving
the full-order matrix operators, the proposed method is suitable for large-scale problems.

We discuss here some implementation details specific to Algorithm 6.4.1.

Keeping it real.

A natural construction of the interpolatory model reduction bases V and W given by The-
orem 6.11 involves first computing the requisite shifted linear system solves, populating the
columns of V and W with the n-vectors in (6.36) and (6.37), and orthonormalizing. How-
ever, one will almost surely obtain complex-valued reduced models as an artifact of this
primitive construction when complex-valued interpolation data is used, as is the case in Al-
gorithm 6.4.1. This is significant because the optimality conditions derived in Theorem 6.9
assume that the approximating system (5.2) is real valued, and so it is imperative that
Algorithm 6.4.1 produces real-valued approximations. Fortunately, one can guarantee the
computation of real-valued intermediate models throughout the iteration of Algorithm 6.4.1
via the following alternative blueprint.

Lemma 6.12 (Real-valued reduced models from complex-valued interpolation data). As-
sume that we have the following interpolation data: distinct interpolation points σ1, . . . , σr ∈
ℂ, right-tangential directions r1, . . . , rr ∈ ℂm, and left-tangential directions ℓ1, . . . , ℓr ∈ ℂp

and q1,1, . . . , qr,r ∈ ℂp that satisfy the hypotheses of Theorem 6.11. Suppose that the in-
terpolation points are arranged into complex conjugate pairs so that σi = σi+1 or σi is
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Algorithm 6.4.1: Linear quadratic-output iterative rational Krylov algorithm (LQO-
IRKA).

Input: E,A,B,C,M from (5.1), order 1 ≤ r < n, tolerance ϵ > 0, maximum number

of iteration steps M ≥ 1, initial interpolation points λ
(0)
1 , . . . , λ

(0)
r ∈ ℂ, and

directions b
(0)
1 , . . . , b(0)r ∈ ℂm, c

(0)
1 , . . . , c

(0)
r ∈ ℂp, m

(0)
1,1, . . . ,m

(0)
r,r ∈ ℂp closed

under complex conjugation such that λ
(0)
k E −A is invertible and m

(0)
j,k = m

(0)
k,j

for all j, k = 1, . . . , r.

Output: Ẽ, Ã, B̃, C̃,M̃—state-space matrices of the converged model (5.2).

1 Iteration count i = 0.

2 while maxj |λ(i+1)
j − λ

(i)
j | > ϵ and i ≤M do

3 Compute interpolatory model reduction bases V ,W ∈ ℝn×r according to
Lemma 6.12 such that

vk =
(
λ
(i)
k E −A

)−1

Bb
(i)
k ∈ Range (V ) ,(

λ
(i)
k ET −AT

)−1
(
2

r∑
ℓ=1

[
M 1vℓ · · · M pvℓ

]
m

(i)
k,ℓ +CTc

(i)
k

)
∈ Range(W ).

4 Orthonormalize bases V and W

V ← orth(V ), W ← orth(W ).

5 Compute reduced-order matrices by Petrov-Galerkin projection:

Ẽ(i+1) = W TEV , Ã(i+1) = W TAV , B̃(i+1) = W TB,

C̃(i+1) = CV , M̃ (i+1) = M (V ⊗ V ) .

6 Compute λ
(i+1)
k ∈ ℂ and b

(i+1)
k ∈ ℂm, c

(i+1)
k ∈ ℂp, m

(i+1)
i,j ∈ ℂp according to (5.43)

from the eigendecomposition of sẼ − Ã and set i← i+ 1.
7 end

real-valued, and the corresponding tangential directions are arranged as follows:

rk =

{
rk+1 if σk = σk+1

rk else,
ℓk =

{
ℓk+1 if σk = σk+1

ℓk else,

qj,k =


qj+1,k+1 if σj = σj+1, σk = σk+1

qj+1,k if σj = σj+1, Im (σk) = 0

qj,k+1 if Im (σj) = 0, σk = σk+1

qj,k else,

(6.44)
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for every other j, k. Let vk ∈ ℂn and wk ∈ ℂn be defined as in (6.36) and (6.37). Suppose
that the matrices V ∈ ℂn×r and W ∈ ℂn×r are constructed as

V ( : , k) = vk, if Im (σk) = 0,

V ( : , k : k + 1) =
[
Re (vk) Im (vk)

]
else,

(6.45)

W ( : , k) = wk if Im (σk) = 0,

W ( : , k : k + 1) =
[
Re (wk) Im (wk)

]
else,

(6.46)

for every other k. Then, V and W are real valued, and it holds that

Range (V ) = Range (V p) and Range (W ) = Range (W p) ,

where V p =
[
v1 · · · vr

]
∈ ℂn×r and W p =

[
w1 · · · wr

]
∈ ℂn×r. ⋄

Proof of Lemma 6.12. Note that V and W are real-valued by construction. To prove that,
e.g., Range (W ) = Range (W p), it suffices to show that the columns of W p are closed under
complex conjugation. If this holds true, then by the construction of (6.46), W and W p are
related according to W = W pQ, where Q ∈ ℂr×r is the block-diagonal matrix with blocks

equal to 1√
2

[
1 1
ı̇ı −ı̇ı

]
if σk = σk+1 and 1 otherwise. Because Q is an orthogonal matrix, W

and W p have the same range; this same logic applies to V and V p. Consider a fixed k such
that Im (σk) = 0, and hence rk ∈ ℝm. Because E, A, and B appearing in vk in (6.36) are
real valued, obviously vk = vk in this case. Moreover, the subset of tangential directions
{qk,1, . . . , qk,r} is closed under conjugation for such k. For indices k such that Im (σk) ̸= 0
and so σk = σk+1, it holds that rk = rk+1, and so

vk = (σkE −A)−1Brk = (σk+1E −A)−1B rk+1 = vk+1.

Moreover, the organization scheme in (6.44) guarantees that the left tangential directions
satisfy {qk,1, . . . , qk,r} = {qk+1,1, . . . , qk+1,r} for such k. Then, it is a straightforward conse-
quence of these facts that the sum appearing in the construction of the columns of W (6.37)
satisfies

r∑
i=1

[
M 1vi · · · M pvi

]
qk,i =

r∑
i=1

[
M 1vi · · · M pvi

]
qk,i if Im (σk) = 0,

r∑
i=1

[
M 1vi · · · M pvi

]
qk,i =

r∑
i=1

[
M 1vi · · · M pvi

]
qk+1,i else.

Thus, for indices k such that Im (σk) = 0 it holds that

wk =
(
σkE

T −AT
)−1

(
2

r∑
i=1

[
M 1vi · · · M pvi

]
qk,i +CTℓk

)
= wk,
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since ℓk = ℓk in this case by (6.44). For indices k such that Im (σk) ̸= 0, it holds that

wk =
(
σkE

T −AT
)−1

(
2

r∑
i=1

[
M 1vi · · · M pvi

]
qk,i +CTℓk

)

=
(
σk+1E

T −AT
)−1

(
2

r∑
i=1

[
M 1vi · · · M pvi

]
qk+1,i +CTℓk+1

)
= wk+1.

We have shown that the columns of V p =
[
v1 · · · vr

]
andW p =

[
w1 · · · wr

]
are closed

under complex conjugation. This implies that Range (V ) = Range (V p) and Range (W ) =
Range (W p) under the construction (6.45) and (6.46), thus completing the proof.

Lemma 6.12 shows how to construct real-valued interpolatory model reduction bases that
satisfy the hypotheses of Theorem 6.11. This facilitates the computation of a real-valued
interpolatory reduced model from s real-valued full-order model (5.1) that satisfies the in-
terpolation conditions in (6.38).

The organizational structure imposed upon the interpolation data in Lemma 6.12 is meant
to mimic that of the interpolation data computed during Algorithm 6.4.1, as well as the
optimal data from Theorem 6.9. Consider a reduced model (5.2), the eigenvalues λk ∈ ℂ and
eigenvectors tk, sk ∈ ℂr for k = 1, . . . , r computed from the generalized eigendecomposition
of Ẽ and Ã are closed under complex conjugation since these matrices are real valued. Thus,
the eigenvalues and eigenvectors can be organized into conjugate eigenpairs according to
λk = λk+1, tk = tk+1, and sk = sk+1. One can verify directly that the residue directions (5.43)
used for the interpolatory projections throughout Algorithm 6.4.1 obey the organizational
scheme laid out in (6.44).

Convergence monitoring, unstable poles, and initialization strategies.

The iteration in Algorithm 6.4.1 repeats until either the iteration count exceeds a maximum
number of allowed steps M ≥ 1, or the largest magnitude change in the reduced model
poles between consecutive iterates falls below a user-specified tolerance ϵ > 0. As already
discussed for Algorithm 6.3.1, there exist many possibilities for monitoring convergence. We
choose to use the change in the poles because this guarantees that the first-order optimality
conditions in (6.32) will be satisfied if the iteration converges. In fact, this quantity is
typically used to monitor convergence in the traditional IRKA iteration [97]. One benefit of
Algorithm 6.4.1 compared to Algorithm 6.3.1 is that this criterion is numerically efficient,
since the poles and residues of the current model iterate are solved via an r × r generalized
eigenvalue problem. Moreover, these quantities need to be computed for the subsequent
iteration, anyway. Because LQO-IRKA aims to solve the H2 minimization problem (6.1), one
natural alternative is to monitor the system H2 error throughout the iteration as is done
for Algorithm 6.3.1. However, as discussed in Remark 6.7, this would require one to solve a
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large-scale Lyapunov equation on the way to computing the H2 error using the formulae in
Corollary 6.2. While the convergence of LQO-IRKA is not guaranteed, in practice, IRKA and
TSIA for linear problems consistently converge to local minima. We have observed the same
behavior for LQO-IRKA, as illustrated in Section 6.6.

As with the original IRKA iteration, asymptotic stability is not guaranteed by Algorithm 6.4.1
but is typically maintained in practice. If an unstable intermediate model does appear, one
can simply reflect the unstable pole across the imaginary axis to avoid interpolation at
this point, and ensure the interpolatory first-order necessary conditions are satisfied upon
convergence. In our experiments, we have never observed that LQO-IRKA converges to an
unstable reduced model given a stable initialization.

The initialization of Algorithm 6.4.1 corresponds to an appropriate selection of complex
interpolation points and tangential directions, and this selection will affect the quality of
the final reduced model. However, as we illustrate in Section 6.6, LQO-IRKA is robust
to different initialization strategies in practice. Because the optimal interpolation points
are the mirror images of the reduced model poles, and one would expect these to lie in the
numerical range of E−1A, choosing r interpolation points in this region is usually an effective
strategy. Alternatively, one could use a subset of the eigenvalues of the full-order system
since this will eliminate the transfer function mismatch at the full-order poles in the H2

error expression (6.31). The boundaries of the numerical range can be computed via, e.g.,
iterative methods such as the Arnoldi iteration, which aim to find the extremal eigenpairs
of a matrix. Other strategies for the initial IRKA iteration that transfer to our setting are
discussed in [97, Sec. 4.2].

6.5 Comparing the two optimality frameworks

We have developed two independent optimality frameworks and a pair of iterative methods
for the optimal-H2 approximation of LQO systems. The proofs of Theorems 6.5 and 6.9 are
independent of one another. Thus, it is natural to wonder whether there is some connection
between the Sylvester- and interpolation-based frameworks. Here, we show that the Wilson
conditions in (6.23) directly imply the interpolatory conditions in (6.32) when the optimal-
H2 approximation in question has simple poles. In other words: the Wilson conditions are
in fact interpolation conditions. To prove this result, we introduce the following lemma that
characterizes the interpolatory model reduction bases of Theorem 6.11 as solutions to a pair
of generalized Sylvester equations.

Lemma 6.13. Suppose that Glqo is an asymptotically stable LQO system as in (5.1). Con-
sider interpolation points σ1, . . . , σr ∈ ℂ such that σiE−A are invertible for all i = 1, . . . , r,
right-tangential directions r1, . . . , rr ∈ ℂm, and left-tangential directions ℓ1, . . . , ℓr ∈ ℂp and
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q1,1, . . . , qr,r ∈ ℂp. Define the matrices of interpolation data

𝕊 def
= diag (σ1, . . . , σr) ∈ ℂr×r,

ℝ def
=
[
r1 · · · rr

]
∈ ℂm×r

𝕃 def
=
[
ℓ1 · · · ℓr

]
∈ ℂp×r

ℚk
def
=
[
q1,k · · · qr,k

]
∈ ℂp×r, k = 1, . . . , r.

(6.47)

Then, the primitive interpolatory model reduction bases V p ∈ ℂn×r and W p ∈ ℂn×r defined
as

V p =
[
v1 · · · vr

]
and W p =

[
w1 · · · wr

]
, (6.48)

where vi,wi ∈ ℂn×r are defined according to (6.36) and (6.37), uniquely satisfy the general-
ized Sylvester equations

AV p −EV p𝕊+Bℝ = 0n×r (6.49)

and ATW p −ETW p𝕊− 2

p∑
k=1

[
M 1vk · · · M pvk

]
ℚk −CT𝕃 = 0n×r. (6.50)

⋄

Proof of Lemma 6.13. By the assumption that σiE −A is nonsingular for all i, the spectra
of the coefficient matrices in (6.49) and (6.50) are disjoint, and so the solutions to these
equations are unique. We solve explicitly for the columns of the solutions to (6.49) and (6.50),
and show that these are the columns of V p and W p, Observe that the i-th column of (6.49)
can be written explicitly as

0n = AV pei −EV p𝕊ei +Bℝei = Avi − σiEvi +Bri implies vi = (σiE −A)−1Bri,

which proves that V p as in (6.48) is the solution to (6.49). The i-th column of (6.50) can
be written explicitly as

0n×r = ATW pei −ETW p𝕊ei − 2

p∑
k=1

[
M 1vk · · · M pvk

]
ℚkei −CT𝕃ei

= ATwi −ETwiσi + 2

p∑
k=1

[
M 1vk · · · M pvk

]
qi,k +CTℓi,

implies wi =
(
σiE

T −AT
)−1

(
2

p∑
k=1

[
M 1vk · · · M pvk

]
qi,k +CTℓi

)
,

and so W p as in (6.48) is the solution to (6.50).
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Consider a system G̃ lqo with simple poles λ1, . . . , λr and the realization (5.2). Let S,T ∈ ℂr×r

contain the left and right generalized eigenvectors of Ẽ and Ã. If we consider the realization
of (5.2) in the bases of S and T , the state-space matrices are transformed such that

T TẼS = Ir, T TÃS = Λ, T TB̃ =


bT1
...

bTr

 , C̃S =
[
c1 · · · cr

]
,

M̃ (S ⊗ S) =
[
m1,1 · · · m1,r · · · mr,1 · · · mr,r

]
,

(6.51)

with Λ = diag (λ1, . . . , λr). Consider the equation for X in (6.26). For the realization
of (5.2) in the bases of S and T , this equation becomes

0 = AX
(
STẼTT

)
+EX

(
STÃTT

)
+B

(
B̃TT

)
= AX −EXΛ+B

(
B̃TT

)
,

which is just (6.49) for the interpolation data 𝕊 = −Λ and ℝ = T TB̃. Thus, X = V p in
these bases by uniqueness of the solution to the generalized Sylvester equation. Similarly,
some additional massaging of the equation for 2Z lqo−Z lo in (6.26) reveals that 2Z lqo−Z lo =
W p in an appropriate basis. To see this, observe for each i = 1, . . . , r that

p∑
k=1

[
M 1vk · · · M pvk

]
mi,k =

p∑
k=1

[
M 1vk · · · M pvk

] 
sTkM̃ 1si

...

sTkM̃ psi


=

r∑
k=1

(
p∑

ℓ=1

(
sTkM̃ ℓsi

)
M ℓvk

)
=

p∑
ℓ=1

M ℓ

r∑
k=1

(
sTkM̃ ℓsi

)
vk

by reordering terms in the double summation. For each ℓ = 1, . . . , p, we observe that

M ℓ

r∑
k=1

(
sTkM̃ ℓsi

)
vk = M ℓ

[
v1 · · · vr

] s
T
1

...

sTr

M̃ ℓsi = M ℓV
(
STM̃ ℓSei

)
.

In aggregate, this implies

p∑
k=1

[
M 1vk · · · M pvk

]
mi,k =

p∑
k=1

M kV p

(
STM̃ kSei

)
.

For the realization of (5.2) in the bases of S and T , recall that X = V p. Using this,
we observe that, in the bases of S and T , the i-th column in the equation for Z2lqo−qo =
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2Z lqo −Z lo in (6.26) becomes

0 = ATZ2lqo−qo

(
T TẼS

)
ei +ETZ2lqo−qo

(
T TÃS

)
ei

− 2

p∑
k=1

M kV p

(
STM̃ kS

)
ei −CT

(
C̃Sei

)
= ATZ2lqo−qoei +ETZ2lqo−qoλi − 2

p∑
k=1

[
M 1vk · · · M pvk

]
mi,k −CTci,

which is the i-th column of (6.50) for the interpolation data 𝕊 = −Λ, 𝕃 = C̃S, and

ℚk = M̃ (S ⊗ Sek). Thus, Z2lqo−qo = 2Z lqo−Z lo = W p in these bases. These observations
yield the following result.

Corollary 6.14. Suppose that Glqo and G̃ lqo are asymptotically stable LQO systems as

in (5.1) and (5.2), and that G̃ lqo has simple poles λ1, . . . , λr ∈ ℂ. If G̃ lqo is computed by

Petrov-Galerkin projection (5.24) using V = X and W = 2Z lqo − Z lo in (6.26), then G̃ lqo
satisfies the 3r + r2 interpolation conditions (6.32). ⋄

6.5.1 Comparing the two iterative algorithms

Corollary 6.14 yields further implications regarding LQO-TSIA (Algorithm 6.3.1) and LQO-
IRKA (Algorithm 6.4.1). First, Corollary 6.14 shows that LQO-TSIA performs interpolation
at every step (as long as the i-th reduced model iterate has simple poles). The interpo-
lation points and tangential directions are the (mirrored) poles and residue directions of
the previous model iterate. Moreover, if LQO-TSIA converges, the interpolation-based op-
timality conditions (6.32) will be satisfied. This implies that monitoring the change in the
reduced-order model’s poles can be used to monitor the convergence of LQO-TSIA, as well
as LQO-IRKA.

Still, Algorithms 6.3.1 and 6.4.1 differ in one important way: the diagonalizability assump-
tion. Theorem 6.9 is limited to H2-optimal approximants with simple poles, while Theo-
rem 6.5 does not have this limitation. In the linear H2-optimal model reduction problem,
it has been shown that the presence of higher-order poles can lead to numerical issues for
IRKA, but not for TSIA; see [218]. Because the set of matrices that are not diagonalizable
constitutes a set of measure zero, this problem is rarely encountered in practice. As we
illustrate in Section 6.6, both LQO-IRKA and LQO-TSIA perform quite similarly.

6.6 Numerical examples

We consider here the performance of the proposed LQO-TSIA and LQO-IRKA on two bench-
mark problems. For the first example, we apply both LQO-TSIA and LQO-IRKA. Based on
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Corollary 6.14, we expect these methods to produce nearly identical approximations. For
the second example, we only apply LQO-IRKA in light of Corollary 6.14.

6.6.1 1D advection-diffusion equation

The first benchmark we consider is the 1D advection-diffusion PDE discussed in Section 5.2.3.
Recall that governing equations for this PDE are

∂

∂t
v(t, x)− α

∂2

∂x2
v(t, x) + β

∂

∂x
v(t, x) = 0,

v(t, 0) = u0(t), α
∂

∂x
v(t, 1) = u1(t), v(0, x) = 0,

for x ∈ (0, 1) and t ∈ (0, T ) and inputs u0, u1 ∈ L2(0, T ); the diffusion and advection
coefficients are α > 0 and β ≥ 0, respectively. The output that we consider is

C(x, t) =
1

2

∫ 1

0

|v(t, x)− 1|2 dx.

Discretizing the equations in (5.6) using n + 1 equidistant spatial points yields an order-n
LQO system (5.1) with m = 2 inputs (u0 and u1) and p = 1 output. Let x(t) ∈ ℝn denote
the spatial discretization of v(t, x), h = 1/n, and 1s ∈ ℝs the vector consisting of all ones.
Then, the discretization provides an approximation to the quadratic cost function:

C(x, t) ≈ h

2
∥x(t)− 1∥22 = −h1T

nx(t) +
h

2
vec (In)

T (x(t)⊗ x(t)) +
h

2
∥1n∥22 = y(t) +

h

2
∥1n∥22.

Then, C = −h1T
n ∈ ℝ1×n and M = h

2
vec (In)

T ∈ ℝ1×n2
in (5.1). We study this example to

investigate how well LQO-TSIA and LQO-IRKA reduced models recover time-domain output
trajectories. Given the bound (6.2), we expect LQO-TSIA and LQO-IRKA to perform well
in this regard. To obtain an LQO system in state-space form (5.1) from (5.6), an upwind
finite-difference discretization of (5.6) is performed using n + 1 = 3 001 spatial grid points;
the diffusion and advection parameters are selected as α = 1 and β = 1, respectively. For
this example, E = In by construction.

Experimental setup.

For LQO-TSIA and LQO-TSIA, two different initialization strategies are tested to assess the
iterations’ robustness to different starting points. In the case of LQO-TSIA, the iteration is
initialized using a reduced model computed via the interpolatory strategies below, whereas
LQO-IRKA is initialized with the interpolation data itself.
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eigs uses the (mirrored) poles and residue directions of an initial reduced model computed
by Galerkin projection V = W , where V is the orthonormalized basis of the r-
dimensional invariant subspace of A corresponding to the eigenvalues with smallest
magnitude, which are obtained using MATLAB’s eigs command with a tolerance of
10−10 and the ‘smallestabs′ input option.

imag takes the initial interpolation points to be r points of the form σk = ı̇ızk, where zk
are r/2 logarithmically spaced points from 100 to 103; these points are closed under
complex conjugation. The tangential directions are chosen to be the leading canonical
basis vectors of dimension r.

We refer to the LQO-TSIA and LQO-IRKA iterations that use the initializations eigs and imag
by LQO-TSIAeigs, LQO-TSIAimag, and LQO-IRKAeigs, LQO-IRKAimag. For comparison, we use
two different benchmark approaches.

LQO-BT is the balanced truncation model reduction algorithm for LQO systems proposed
in [28] and reviewed in Section 5.3.4.

interponeStep computes a (one-step) interpolatory reduced model using V ∈ ℝn×r and W ∈
ℝn×r as in Lemma 6.12 with non-optimal interpolation data. Specifically, the data
are chosen according to eigs and imag. We refer to interponeStep with these selection
strategies as interponeStep,eigs and interponeStep,imag. In either case, interponeStep produces
a reduced model that satisfies all the interpolation conditions of Theorem 6.11.

We test the performance of the computed reduced-order models in recovering the full-order
(time-domain) output y for particular choices of inputs. Because the system is single-output,
we write y = y. The time-domain simulations are implemented usingMATLAB’s ode15i using
a fixed step size. To visibly compare the performance of the reduced models, we plot the
full- and reduced-order outputs, as well as their pointwise relative error given by

relerr(ti)
def
=
|y(ti)− ỹ(ti)|
|y(ti)|

, ti ∈ [tmin, tmax], (6.52)

where ti ∈ [tmin, tmax] are the N linearly equidistant time steps in the simulation. To assess
the worst-case performance of the reduced models over the simulation window, we use an
approximation of the relative L∞ error:

relerrL∞
def
= max

ti∈[tmin,tmax]

|y(ti)− ỹ(ti)|
|y(ti)|

. (6.53)

To assess the average performance of the reduced models over the simulation window, we
use an approximation of the relative L2 error:

relerrL2

def
=

(∑N
i=1 |y(ti)− ỹ(ti)|2∑N

i=1 |y(ti)|2

)1/2

, (6.54)
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Table 6.1: Relative errors (6.53)–(6.55) for the order r = 30 reduced models. The smallest
error for each metric is highlighted in boldface.

LQO-IRKAeigs LQO-IRKAimag LQO-TSIAeigs LQO-TSIAimag LQO-BT interponeStep,eigs interponeStep,imag

relerrL∞ (usinc) 6.4082e-5 6.4082e-5 6.4559e-5 5.9411e-4 2.4916e-4 5.5440e-2 2.5442e0
relerrL∞ (uexp) 5.8897e-6 5.8897e-6 4.6381e-6 8.7611e-6 1.7226e-4 1.6854e-2 1.8087e0
relerrL2 (usinc) 3.5553e-6 3.5553e-6 3.6045e-6 4.8389e-6 4.2695e-5 9.4232e-3 4.7825e-1
relerrL2 (uexp) 5.4745e-7 5.4745e-7 5.7794e-7 1.0624e-6 6.4736e-5 4.5368e-3 2.0120e-1
relerrH2 4.1927e-7 4.2585e-7 4.6977e-7 1.4430e-5 7.5169e-7 9.9902e-1 9.5336e-1

where N is the number of time steps in the simulation. We also score the reduced model
performance using the relative H2 system error:

relerrH2

def
=
∥Glqo − G̃ lqo∥H2

∥G∥H2

. (6.55)

Discussion of results.

Seven reduced models of order r = 30 for the n = 3000 dimensional FOM are computed using
LQO-IRKA and LQO-TSIA (each with the two initialization strategies eigs and imag), and
LQO-BT, interponeStep,eigs, and interponeStep,imag. For the LQO-TSIA and LQO-IRKA iterations,
the convergence tolerance is set to ϵ = 10−10 and the maximum number of allowed iterations
is M = 200. The convergence tolerance is smaller in magnitude than one would typically use
in practice; we choose this to investigate the long term convergence behavior of the iteration.
Each iteration converged within the maximally allowed number of steps prescribed by M .
The change in the reduced model poles is used to monitor the convergence of LQO-IRKA,
while the change in the relative H2 errors (6.27) is used to monitor the convergence of LQO-
TSIA. Although for LQO-IRKA we still compute the relative H2 error (6.55) throughout to
investigate how (6.55) evolves throughout the iteration.

Time-domain simulations are performed using two different pairs of input signals; in either
case, we enforce the Dirichlet boundary condition of u0(t) = v(t, 0) = 0. The two different
input signals used for u1 are:

usinc(t) = 5
sin(πt)

πt
and uexp(t) = e−t/5 sin(4πt),

for t ∈ [0, 10]. Figure 6.1 plots the results of the LQO-IRKA reduced models against the bench-
mark approaches (LQO-BT and interponeStep) while Figure 6.2 plots results of the LQO-TSIA
reduced models against the benchmark approaches. We plot the results of the LQO-IRKA
and LQO-TSIA reduced models separately to avoid crowding the presentation, since these
methods perform very similarly. In each figure, we plot full- and reduced-order outputs
in response to usinc and uexp, along with the associated relative pointwise approximation
errors (6.52). The relative L∞, L2, and H2 errors according to (6.53), (6.54) and (6.55)
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(b) Output magnitudes and pointwise relative er-
rors (6.52) of the computed reduced-order mod-
els for input signals u0(t) = 0 and uexp(t) =
e−t/5 sin(4πt).

FOM LQO-IRKAeigs LQO-IRKAimag

LQO-BT interponeStep,eigs interponeStep,imag

Figure 6.1: Output magnitudes and pointwise relative errors (6.52) of the order r = 30
LQO-IRKA and benchmark reduced models in response to the input signals u0(t) = 0, and
usinc, uexp.

induced by the order r = 30 reduced models are reported in Table 6.1. We observe that
the LQO-IRKA, LQO-TSIA, and LQO-BT reduced models all produce very satisfactory recon-
structions of the full-order output. While interponeStep,eigs offers a reasonable approximation,
interponeStep,imag misses the output entirely. The H2-optimal methods produce approxima-
tions that are a few orders of magnitude better than the benchmark approaches; this is also
further supported by the relative output errors reported in Table 6.1. The reduced models
computed by LQO-IRKAeigs, LQO-IRKAimag, and LQO-TSIAeigs produce nearly indistinguish-
able approximations, while the LQO-TSIAimag reduced model performs marginally worse in
all metrics. This is likely due to the iteration converging prematurely for this initialization;
we discuss this convergence behavior next.

Figure 6.3 plots the change in the relative H2 errors throughout the LQO-IRKA and LQO-
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(b) Output magnitudes and pointwise relative er-
rors (6.52) of the computed reduced-order mod-
els for input signals u0(t) = 0 and u1(t) =
uexp(t) = e−t/5 sin(4πt).
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Figure 6.2: Output magnitudes and pointwise relative errors (6.52) of the order r = 30
LQO-TSIA and benchmark reduced models in response to the input signals u0(t) = 0, and
usinc, uexp.

TSIA iterations. Although we emphasize that for LQO-IRKA, the maximal change in the
reduced model poles is used to determine convergence. We observe that for both initial-
ization strategies, LQO-IRKA finds a local minimum after approximately 15 iterations. The
algorithm continues to iterate until the change in the poles of the reduced-order model it-
erates falls below the convergence tolerance ϵ = 10−10. On the other hand, LQO-TSIAeigs

converges to the same local minimum after 28 iterations, whereas LQO-TSIAimag converges
prematurely after 16 iterations, resulting in a reduced model with a largerH2 error. Based on
the relative H2 errors, we conclude that the LQO-IRKAeigs, LQO-IRKAimag, and LQO-TSIAeigs

iterations all converge to the same local minimum/reduced-order model. Following the trend
of convergence, we would expect LQO-TSIAimag to ultimately converge to this local minimum
as well if the iteration continued. These results suggest that monitoring convergence via the
poles is more reliable, but may lead to unnecessary iterations even after a minimizer of the
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Figure 6.3: Relative H2 errors of the intermediate reduced models produced during the first
50 iterations of LQO-IRKA and LQO-TSIA.

H2 error is found. Whereas monitoring convergence using (6.27) may not be as robust and
may cause the iteration to terminate early, it will not result in unnecessary computations.
Interestingly, both the LQO-IRKAeigs and LQO-IRKAimag iterations seem to converge (with
respect to (6.55)) in roughly half the number of steps compared to the LQO-TSIAeigs itera-
tion. In any case, LQO-IRKA and LQO-TSIA reduce the relative H2 model error by up to six
orders of magnitude from the initial reduced model.

As a final experiment, we compute hierarchies of reduced models for orders r = 2, 4, . . . , 30
using LQO-IRKA, LQO-TSIA, and LQO-BT. We compute the relative H2 errors due to these
approximations and plot them with respect to the increasing order r in Figure 6.4. The same
experiment was performed for interponeStep, and the computed reduced models all produced
large relative H2 errors. We do not report these results here. Outside of LQO-TSIAimag, for
each method, the H2 error steadily decreases as the approximation order increases. For each
order of reduction, the LQO-IRKA and LQO-TSIAeigs reduced models produce the smallest
errors, and are indistinguishable in the relative H2 error. The lines corresponding to these
methods in Figure 6.4 are directly on top of each other. The LQO-TSIAimag approach performs
worse for orders r = 16 and higher, although this is likely due to the premature convergence
observed in Figure 6.3. The LQO-BT reduced models also produce very small relative H2

errors, and are competitive with the H2-optimal methods.
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Figure 6.4: Relative H2 errors (6.55) due to the hierarchy of reduced models for orders
r = 2, 4, . . . , 30.

6.6.2 Vibration of a plate with tuned vibration absorbers

The second benchmark we consider is the plate with TVAs discussed in Section 5.2.1. The
dimension of this model in the first-order companion form (4.75) is n = 403, 800. The
quantity of interest is the root mean squared displacement (5.3) with the reference state set
to x̌ = 0n so that Glo = 0p×m. Thus, for s ∈ ı̇ıℝ the root mean squared displacement in the
frequency domain is specified by the system’s quadratic-output transfer function (5.12b) with
s1 = s and s2 = −s. For this example, only LQO-IRKA is applied. We study this example
to investigate how LQO-IRKA performs on a large-scale benchmark, as well as LQO-IRKA’s
performance in the frequency domain.

Experimental setup.

We assume a similar setup to Section 5.2.3. Due to the size of the benchmark, we only
consider LQO-IRKA using the imag initialization. For this setting, imag takes r points of the
form σk = ı̇ızk, where zk are r/2 linearly spaced points from 0 to 250Hz; these points are
closed under complex conjugation. The tangential directions are again chosen to be the lead-
ing canonical basis vectors of dimension r. For comparison, we only use the interponeStep,imag

method. The LQO-BT method is not feasible for this benchmark, given that it requires
solving two n-dimensional Lyapunov equations (2.43) and (5.20). Additional results compar-
ing LQO-IRKA to more sophisticated interpolatory model reduction strategies are published
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Table 6.2: Relative H∞ errors (6.57) and H2 errors (6.58) for the order r = 20 and r = 50
reduced models of the plate with TVAs. The smallest error is highlighted in boldface.

LQO-IRKAimag interponeStep,imag

relerrH∞ (r = 20) 2.9844e-1 3.4364e-1
relerrH2 (r = 20) 1.2194e-1 9.2182e-2
relerrH∞ (r = 50) 1.6725e-1 3.1707e-1
relerrH2 (r = 50) 3.5396e-2 7.8588e-2

in [188]. The LQO-IRKA reduced models presented therein were computed without using the
realification strategy of Lemma 6.12. Because of this, LQO-IRKA did not converge within
the prescribed number of iterations, resulting in lower-quality approximations.

We test the performance of the computed reduced-order models in recovering the quadratic-
output frequency response Gqo that models (5.3). To visibly compare the performance of
the reduced models, we plot the full- and reduced-order transfer function response, as well
as their pointwise relative error given by

relerr(ı̇ıωi)
def
=
|Gqo(ı̇ıωi,−ı̇ıωi)− G̃qo(ı̇ıωi,−ı̇ıωi)|

|Gqo(ı̇ıωi,−ı̇ıωi)|
, ωi ∈ Ω, (6.56)

where Ω is a collection of 500 equispaced points in the range of [1, 251]Hz. The complex
modulus is used because the system is single-input, single-output. To assess the worst-
case performance of the reduced models over the frequency range of interest, we use an
approximation of the relative H∞ error:

relerrH∞
def
=

maxωi∈Ω |Gqo(ı̇ıωi,−ı̇ıωi)− G̃qo(ı̇ıωi,−ı̇ıωi)|
maxωi∈Ω |Gqo(ı̇ıωi,−ı̇ıωi)|

. (6.57)

To assess the average performance of the reduced models over the frequency range of interest,
we use an approximation of the relative H2 error:

relerrH2

def
=

(∑N
i=1 |Gqo(ı̇ıωi,−ı̇ıωi)− G̃qo(ı̇ıωi,−ı̇ıωi)|2∑N

i=1 |Gqo(ı̇ıωi,−ı̇ıωi)|2

)1/2

. (6.58)

for ωi ∈ Ω as defined above.

Discussion of results.

Reduced-order models of orders r = 20 and r = 50 are computed using LQO-IRKAimag and
interponeStep,imag. For the LQO-IRKA iterations, we use the convergence parameters ϵ = 10−6

and M = 200. The iteration converged within the prescribed number of M steps for each
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Figure 6.5: Frequency response magnitude and pointwise relative errors (6.56) for the order
r = 20 reduced models of the plate with TVAs.

order r. The frequency response of the full- and reduced-order quadratic-output transfer
functions, as well as the pointwise relative errors (6.56) of the order r = 20 and r = 50
reduced models are plotted in Figures 6.5 and 6.6. The frequency response is evaluated by
taking the modulus of the full- and reduced-order quadratic-output transfer functions (5.12b)
evaluated at s1 = ı̇ıωi and s2 = −sı̇ıωi, for 500 equispaced points ı̇ıωi ∈ [1, 251]Hz. The
(approximate) relative H∞ and H2 errors (6.57) and (6.58) are reported in Table 6.2. Quan-
titatively, Table 6.2 suggests that both methods perform similarly. However, Figures 6.5
and 6.6 illustrate that the LQO-IRKAimag reduced models do a much better job of capturing
the interesting response behavior of the full-order transfer function in the low frequency
range. Both order r = 20 approximations computed by LQO-IRKAimag and interponeStep,imag

are insufficient to completely realize the response behavior of the full-order transfer function.
The LQO-IRKAimag reduced model captures more peaks in the low frequency range, whereas
the interponeStep,imag provides a better approximation at higher frequencies. The poor ap-
proximation of LQO-IRKAimag from 140Hz onward is what causes the lower relative H2 error
exhibited by interponeStep,imag for this order of reduction. For the order r = 50 approximations,
similar behavior is observed. In this case, the LQO-IRKAimag reduced model captures almost
all of the peaks of the full-order frequency response, except for the dip around 48Hz (which
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Figure 6.6: Frequency response magnitude and pointwise relative errors (6.56) for the order
r = 50 reduced models of the plate with TVAs.

is difficult to match due to the use of TVAs to damp this frequency). The interponeStep,imag

reduced model again matches the response behavior at high frequencies, but misses several
response peaks in the range of 20 to 60Hz.

6.7 Conclusions

In this chapter, the H2-optimal approximation problem (6.1) for linear quadratic-output
systems (5.1) is studied. Two novel H2-optimality frameworks based on distinct sets of
first-order necessary conditions for optimality were developed. The first is based on the
solutions to generalized Sylvester equations (6.26) and the linear quadratic-output system
Gramians, whereas the second is based on the multivariate rational interpolation of the
linear- and quadratic-output transfer functions (5.12). In each case, it is shown how to
enforce the necessary optimality conditions using a Petrov-Galerkin projection. It is also
proven that the Sylvester equation-based framework enforces the interpolatory optimality
conditions when the reduced model has simple poles. These results establish the Wilson and
Meier-Leunberger H2-optimality frameworks for the linear quadratic-output setting. Two
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iterative algorithms based on repeated projection are proposed for computing H2-optimal
reduced models. The effectiveness of the proposed methods was investigated using two
benchmark examples from the literature.



Chapter 7

Interpolatory Matrix Factorizations
for Phasor Measurement Unit Data

7.1 Introduction

This chapter considers a separate problem in the data-driven modeling of dynamical systems
and adopts a fresh set of notation. Unlike the content of Chapter 4, where the data are
transfer function evaluations of linear dynamical systems, the data we consider in this chapter
come from full or partial state observations. Specifically, we explore the use of low-rank
interpolatory matrix decompositions (IMDs) [63, 126, 138, 206] and variants of the discrete
empirical interpolation method (DEIM) [17, 52, 64, 165] for the sparse reconstruction of
high-dimensional data sets. Our application of interest is the use of these approximations
for reducing the scale of Phasor Measurement Unit (PMU) data used to monitor electrical
power networks, as well as detect and localize disturbances, e.g., power line trips or outages.

7.1.1 Background and motivation

Electrical power networks are physical infrastructure that are particularly susceptible to low-
probability, high-impact events [70]. Gone unchecked, local disturbances can cascade into
wide-area, regional outages. For instance, the 2003 Northeastern United States blackout
began as a series of local outages when high voltage power lines came into contact with over-
grown tree branches [155], and system operators were unable to initiate corrective measures
due to the lack of adequate notification systems. Simultaneously, the past two decades have
seen the widespread incorporation of PMUs into wide-area monitoring systems (WAMS).
PMUs are in situ sensor devices that provide global positioning system (GPS)-synchronized
phasor readings of grid quantities such as nodal voltages, nodal currents, line currents, and
their time derivatives, at a rate of 60–120 samples per second. These (streaming) real-time
measurements offer an accurate reflection of the network’s current operating condition, al-
though data accumulation presents a significant roadblock to real-time operational benefits.
As a simple example, a network consisting of 100 PMUs each with a sampling rate of 120 Hz
generates 200 gigabytes of data per day [79, 118]. Moreover, a significant amount of com-
munication bandwidth is required to transmit these data from local PMU substations to
regional control centers [57, 58, 59]. Thus, there is a need for the development of fast and
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reliable data-driven methods for wide-area monitoring, so that system operators can monitor
network performance, detect disturbances, and initiate corrective measures in real time.

This discussion motivates our investigation of two related research questions:

1. How can one effectively manage, analyze, and reduce the scale of large amounts of
high-dimensional, streaming PMU data?

2. Can this reduction be reliably implemented in real time to enable the development of
data-driven methods for wide-area monitoring, event detection, and localization?

It is well-documented in theory and industry practice that matrices of PMU data exhibit an
underlying (approximate) low-rank structure under normal operating conditions and even
when significant deviations from equilibrium occur; see, e.g., [56, 125, 222, 224, 235] and the
references therein. Data-driven methods exploiting such linear dependencies in PMU data
matrices have been successfully applied to a range of grid monitoring tasks, such as detection
and localization of disturbance events [39, 119, 125, 130, 132, 180, 190, 225, 235, 246], recovery
of missing and corrupted data [82, 102, 103, 104], and coherency identification [3, 129]. We
refer to Wang et al. [224] for a recent survey of low-rank methods in power systems analysis.

Low-rank representations of PMU data are typically computed using methods that decompose
the data into orthogonal components, e.g., the Singular Value Decomposition (SVD) [86,
Sect. 2.4] or the closely related Principal Component Analysis (PCA) [113]. These methods
provide optimal low-rank approximations to the full dataset by blending information from
all of its rows and columns. However, this requires the transmission of large amounts of
PMU data across communication networks before dimensionality reduction can be applied
at a central location (such as a regional control center). Thus, these methods are often ill-
suited for time-sensitive and bandwidth-limited applications. Moreover, certain applications
in WAM do not explicitly seek an optimal reconstruction of the data, but rather aim to reveal
a small subset of rows and columns that reveal the low-dimensional structure of a PMU data
matrix, and correspond to points of interest in the network’s operating history.

7.1.2 Chapter contents

As an alternative to PCA or the SVD, in this chapter we propose using the framework of
interpolatory matrix decompositions (IMDs) [63, 126, 138, 206] and the discrete empirical
interpolation method (DEIM) [17, 52, 64, 165] for the real-time dimensionality reduction
(compression) of PMU data to enable fast and reliable methods for wide-area monitoring. In
contrast to PCA or the SVD, IMDs reconstruct the entire matrix using only the information
contained in a few columns and rows; the remaining features are approximated as linear
combinations of the interpolative components. While necessarily suboptimal with respect
to approximation quality, the more flexible IMDs possess several useful qualities that are
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beneficial for the analysis of large PMU data matrices, and streaming data in general; see
our discussion in Section 7.2.2. Moreover, this dimensionality reduction is achievable in real
time. After reviewing the basics of IMDs in the context of PMU data reduction, in Section 7.2
we elaborate on an idea proposed by Xie et al. [235], and describe how these low-rank
factorizations can be used for the sparse reconstruction of streaming PMU data. Specifically,
we show how one can recover measurements by interacting only with a significantly reduced
number of pilot PMUs [235], or collecting fewer down-sampled time snapshots [130]. Drawing
upon the numerical linear algebra literature, framing these sparse reconstructions in the
mathematical framework of IMDs enables us to state a rigorous, computable error bound
on the interpolatory reconstruction error. This bound can be used to certify whether the
chosen pilots or time instances truly capture the low rank character of the data, and leveraged
towards various operational benefits that we describe in Sections 7.2.2 and 7.4. The success
of the interpolatory approximation hinges on selecting the correct few rows or columns to use
as the basis for the reconstruction, and there exists a variety of methods for this selection;
see, e.g., [63, 126, 138, 206]. In contrast to the PCA- or energy-based selection approaches
of [125, 225, 235], in Section 7.3 we propose using the discrete empirical interpolation method
(DEIM) [17, 52] and its Q-DEIM variant [64] for selecting the rows or columns of a PMU data
matrix, which form the basis of an interpolatory compression. These are greedy algorithms
designed to minimize the computable interpolatory error bound. Based on the interpolatory
approximations of Section 7.2 and the discrete empirical interpolation method of Section 7.3,
in Section 7.4 we describe a joint IMD-DEIM-based framework for the data-driven and real-
time monitoring of electrical power networks using a reduced number of pilot PMUs. The
proposed framework builds upon the work of Xie et al. [235]; the key differences are that using
the technology of IMDs provide us with an effective error estimator during online operations,
and the DEIM algorithm provides a robust, adaptive method for pilot PMU selection and
event localization. Numerical experiments are included throughout to validate the proposed
methods using synthetically generated PMU data.

7.2 Low-rank matrix factorizations of Phasor Measure-

ment Unit data

Briefly, we describe the problem setting and our assumptions on the collected data. We also
introduce the interpolatory matrix decompositions and associated theory that are the focus
of this chapter. Throughout, we use the following notation to index a matrix X ∈ ℝn1×n2 :
the (i, j)-th entry of X is denoted X i,j ∈ ℝ; the i-th row of X is denoted X i, : ∈ ℝ1×n2 ;
the j-th column of X is denoted X :, j ∈ ℝn1 and occasionally xj ∈ ℝn1 . For a collection of
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Figure 7.1: PMU data organized in an N × T matrix; each of the N rows corresponds to a
bus; each of the T columns is a snapshot of the system in time.

indices k = {k1, . . . , km}, we define the notation

X :,k
def
=
[
X :, k1 · · · X :, km

]
∈ ℝn1×m and Xk, :

def
=

Xk1 :
...

Xkm :

 ∈ ℝm×n2 ,

to refer to the columns and rows of X indexed by k, respectively.

7.2.1 Basic setup and the Singular Value Decomposition

Suppose that a system operator collects data from N ∈ ℤ>0 PMUs. To simplify the exposi-
tion, we assume that each measured bus in the network is instrumented with a single PMU,
and each PMU records a single grid quantity, such as a nodal voltage magnitude. Thus,
we henceforth use the terms PMU and bus interchangeably when referring to a location in
the network. The time-series data are collected into a (rectangular) matrix Y ∈ ℝN×T as
illustrated by Figure 7.1; each of the N rows contains a time series collected from a single
PMU datastream, while each of the T columns contains a single snapshot in time of mea-
surements collected from every PMU datastream. The assumption that Y is rectangular is
not necessary, but is used because typically T ≥ N for the problems we consider.

The underlying dimensionality of PMU data (and compression of that data) has been con-
sidered from a variety of perspectives; see, e.g. [56, 57, 58, 59, 83, 119, 222, 223, 224, 235]. It
has been well-documented in theory and industry practice that matrices of PMU data exhibit
an underlying low-rank structure; this phenomenon holds regardless of whether the data are
collected during ambient or irregular operating conditions. As an immediate consequence,
the dimension of Y can be reduced by retaining only its dominant components computed
via PCA [113] or the SVD [86, Sect. 2.4]. The fewer low-rank factors can be stored more effi-
ciently, and expedite any subsequent computations and analysis involving the reconstructed
data. Briefly, we recall how a matrix of PMU data can be approximated via its truncated
SVD according to Theorems 2.2 and 2.3.
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Consider a matrix Y ∈ ℝN×T with rank(Y ) = R ≤ min{N, T}. The SVD of Y has the
dyadic form

Y = UΣV T =
R∑

k=1

σkukv
T
k , (7.1)

where U ∈ ℝN×R and V ∈ ℝT×R have orthonormal columns, and Σ = diag (σ1, . . . , σR) ∈
ℝR×R carries the singular values σ1 ≥ σ2 ≥ · · · ≥ σR > 0 of Y . From Theorem 2.3, for any
1 ≤ K < R the best rank-K approximation to Y is given by

Y K
def
=

K∑
k=1

σkukv
T
k , (7.2)

which is obtained by truncating the trailing R − K components of the full SVD in (7.1).
Moreover, approximation error due to (7.2) is given by

σK+1 = ∥Y − Y K∥2 and
R∑

i=K+1

σ2
i = ∥Y − Y k∥2F.

Evidently, Y K approximates Y well if the R − K trailing singular values are sufficiently
small. In practice, the rank K is selected to deliver a relative approximation error below a
certain threshold 0 < α < 1; for example

∥Y K∥2F
∥Y ∥2F

=

∑K
k=1 σ

2
k∑R

k=1 σ
2
k

≥ α. (7.3)

This compression via the SVD is akin to keeping the K principal components of a matrix,
as practiced in [235].

Remark 7.1. Strictly speaking, the data would first be prepared for PCA by subtracting the
mean of each row from every entry in that row, replacing Y with Y − µ1T, where µ ∈ ℝN

has as its entries µj = (yj,1 + · · · + yj,T )/T , the mean of the j-th row of Y , and 1 ∈ ℝT is
the vector of all ones. As in [235], we do not do any such preprocessing of Y , and thus take
PCA to be synonymous with the SVD. ⋄

As we highlighted in the introduction, computing the SVD requires blending information
from all PMUs (buses) at all times, which carries with it a significant communication cost.
Thus, the SVD is not typically feasible for time-sensitive applications, and is better suited
for offline tasks, such as post-event analysis.

7.2.2 Interpolatory approximations of PMU data

As an alternative to PCA and the SVD, we propose the framework of interpolatory matrix
approximations (IMDs) [63, 138, 206, 207] for reducing the dimensionality of PMU data.
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These are low-rank factorizations expressed explicitly in terms of fewer actual rows and
columns of the original matrix.

Definition 7.2 (Interpolatory matrix decompositions). Consider a matrix Y ∈ ℝN×T . For
1 ≤ K < max{N, T}, an interpolatory matrix approximation is a low-rank factorization
Y t

s ∈ ℝN×T of the form

Y ≈ Y t
s

def
= CtXt

sRs, (7.4)

where Xt
s ∈ ℝK×K . The matrices Ct ∈ ℝN×K and Rs ∈ ℝK×T , defined by

Ct def
= Y :, t =

[
Y :, t1 Y :, t2 · · · Y :, tk

]
and Rs

def
= Y s, : =


Y s1, :

Y s2, :
...

Y sK , :

 , (7.5)

contain a subset of the columns and rows of Y indexed by t = {t1, t2, . . . , tK} ⊂ {1, 2, . . . , T}
and s = {s1, s2, . . . , sK} ⊂ {1, 2, . . . , N}. ⋄

In this setting where Y is a matrix of PMU data as in Figure 7.1, Ct contains a few select
snapshots of the network in time across every bus, whereas Rs contains datastreams from
a few select buses in the network at all sampled times. The interpolatory approximation
in (7.4) aims to use only the information contained in the select columns Ct and rows Rs

of Y to recover the full data; the small matrix Xt
s ∈ ℝK×K is chosen to ensure that (7.4)

produces a satisfactory reconstruction of Y . The success of the approximation thus hinges on
selecting the fewer rows and columns in Rs and Ct to use as the bases for the reconstruction.
There exist various strategies for column and row selection in the numerical linear algebra
literature; see, e.g., [63, 126, 138, 206]. In Section 7.3, we introduce a greedy selection
strategy from [17, 52, 206] for iteratively choosing the rows and columns used in (7.4).

One-sided interpolatory approximations.

The formulation in (7.4) is the most general; one may also consider interpolatory approxi-
mations that expose only the rows or columns of Y . Utilizing information contained only
in certain rows of Y amounts to using data (collected from K < N fewer PMUs or buses)
contained in Rs to approximate the data from all other PMUs. At the matrix level, this
amounts to finding a matrix Zs ∈ ℝN×K such that

Y ≈ Y s
def
= ZsRs ∈ ℝN×T . (7.6)

We refer to the buses (PMUs) indicated by s as pilot buses or pilot PMUs interchangeably,
adopting terminology from [235]. The i-th row of Zs contains the weights that specify how
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Y K

=

UK ΣK V T
K

Y s

=

Zs Rs

4
7
6

Y s approximates Y using
data from a few buses
at all times.

Y t

=

Ct W t

4 9 12

Y t approximates Y using
data from all buses
at a few times.

Y t
s

=

Ct Xt
s Rs

4 9 12

4
7
6

Y t
s approximates Y using data

from a few buses at all times,
and all buses at a few times.

Figure 7.2: Visual illustration of low-rank approximations Y K , Y s, Y
t, and Y t

s to the
PMU data matrix Y .

the data collected from the K pilots in Rs should be combined to approximately recover the
data Y i, : at the i-th non-pilot bus, i.e.,

Y i, : ≈ (ZsRs)i, : =
K∑
k=1

(Zs)i,k (Rs)k, : , i ̸∈ s. (7.7)

Using information contained only in certain columns of Y amounts to using the K ≤ T
time snapshots contained in Ct to recover the full time series. This corresponds to finding
a matrix W t ∈ ℝK×T such that

Y ≈ Y t def
= CtW t ∈ ℝN×T . (7.8)

As with the row-based approximations, the j-th column of W t contains the weights that
describe how the selected time snapshots in Ct should be combined to produce an approxi-
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Y s

=

Zs Rs

4
7
6

Y s approximates Y using
data from a few pilot buses
at all times.

Y 1, :

≈
(Zs)1, : Rs

4
7
6

Y 1, :

≈
recovered data (non-pilot)

(Zs)1,1 Y 4, :

pilot bus s1
4

+
(Zs)1,2 Y 7, :

pilot bus s2
7

(Zs)1,3 Y 6, :

pilot bus s3
6+

Figure 7.3: Visual illustration of the online pilot-based reconstruction of non-pilots described
in Algorithm 7.2.1.

mation of the data Y : ,j at time tj, i.e.,

Y :, j ≈
(
CtW t

)
:, j

=
K∑
k=1

(
W t

)
j,k

(
Ct
)
:, k

, j ̸∈ t. (7.9)

Figure 7.2 provides a schematic illustration of the different interpolatory matrix approxima-
tion regimes compared to the SVD. We also refer to the approximations in (7.6) and (7.8) as
sparse reconstructions of the data; this is because they use a “sparse” set ofK ≪ N (T ≪ N)
measurements collected from selected buses (at selected times) to recover measurements at all
other buses (times). While we consider both of the one-sided approximations (7.6) and (7.8),
we will focus primarily on (7.6) in the later sections.

While the decompositions thus far have been written in matrix format, it is straightforward
to see how the one-sided approximation in (7.6) can be adapted for a streaming setting
where one measurement becomes available at a time ti, i = 1, . . . T . Notationally, take
yk(ti) to be the measurement collected from bus k ∈ {1, . . . , N} at the i-th timestamp
ti ∈ {t1, . . . , tT} in a finite monitoring window. Algorithm 7.2.1 describes a pilot-based (or
row-based) reconstruction for recovering measurements at all locations in the network from a
pre-selected set of K < N pilot PMUs indexed by s, and pre-computed recovery weights Zs.
We emphasize that the dimensionality reduction of the underlying data is baked right into
Algorithm 7.2.1. Indeed, the (online) reconstruction at bus j ̸∈ s is computed without ever
interacting with that bus, or any other of the non-pilot PMUs. This is one of the virtues of
interpolatory approximations (7.6); once s andZs are computed, only theK rows inRs enter
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Algorithm 7.2.1: Row-based interpolatory reconstruction of streaming PMU data.

Input: Recovery weights Zs ∈ ℝN×K , pilot PMUs indexed by
s = {1, . . . , sK} ⊂ {1, . . . , N}, finite time-window t1, t2, . . . tT ∈ ℝ≥0.

Output: Pilot-based (interpolatory) reconstruction of ỹj(ti) the measurement at
non-pilot PMUs j ̸∈ s at discrete timestamps t1, t2, . . . tT .

1 for ti ∈ {t1, t2, . . . tT} do
2 Collect data ys1(ti), . . . , ysK (ti) from K pilot PMUs.
3 for Non-pilots j ̸∈ s do
4

ỹj(ti) ≈
K∑
k=1

(Zs)j,k y(ti)sk .

5 end

6 end

into the approximation. This is illustrated in Figure 7.3 for multiple time instances: The
data for the non-pilot bus 1 (first row of Y ) over a finite window t1, . . . , tT is approximated
as a linear combination of the data collected from three pilot buses (s1 = 4, s2 = 7, and
s3 = 6). This pilot bus data, i.e., the true rows of Y , are stored in Rs. The coefficients
in the first row of Zs provide the weights that reveal how much each pilot s1, s2, and s3
should contribute to the approximation. Lastly, we mention that the sparse approximations
of PMU data proposed in [130, 235] can be interpreted as the streaming-based interpolatory
approximations (7.6) and (7.8).

Comparisons with the Singular Value Decomposition for wide-area monitoring.

What are the benefits of using IMDs over the SVD for computing low-rank decompositions
of PMU data? While necessarily suboptimal with respect to the approximation error, the
error due to an IMD can still be analyzed in a rigorous way; see the forthcoming discussion in
Section 7.2.3. Once both decompositions (an IMD and the SVD) are computed, the storage
requirements for an IMD, i.e., the memory required to store Ct, Xt

s, and Rs, are similar
to that of the SVD. Moreover, like the optimal approximation Y K computed via the SVD,
the IMDs Y t

s, Y s, and Y t are rank K or less, since Rs ∈ ℝK×T and Ct ∈ ℝN×K . For the
particular application of wide-area monitoring, there are two areas where IMDs outshine the
SVD.

1. Structure preservation. As depicted in Figure 7.2, the orthonormal components
determined by PCA or the SVD are not obviously related to the original data, and lack
any physical interpretation with respect to grid quantities such as voltages. In the power
systems literature, low-rank matrix decompositions are often used for event monitoring [119,
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125, 130, 225, 235], and previous work has shown that the unique sparsity pattern of bus
voltages following a disturbance can be advantageous for detecting events [119]. On the other
hand, the low-rank factors in an interpolatory decomposition are drawn from true columns
and rows of the data matrix, i.e., they are actual PMU voltages. Because of this, IMDs
preserve important structural features of the data, such sparsity patterns characteristic of
PMUs voltages during system disturbances [119].

2. Economy. The optimal rank-K approximation (7.2) computed by the SVD is a blend
of all N ≫ K rows and T ≫ K columns of Y ; in other words, computing the SVD requires
information from all PMU time series simultaneously. Thus, to compute an optimal rank-K
decomposition via the SVD, large amounts of PMU data from local substations must be
transmitted using dedicated synchrophasor communication links to a central location, e.g., a
regional control center. This requires a significant amount of communication bandwidth; in
fact, the bandwidth requirement scales linearly with the numberN of installed PMUs, and the
sampling rates of PMUs are primarily limited by bandwidth constraints [57, 58, 59]. In other
words, dimensionality reduction via the SVD is ill-suited for time-sensitive and bandwidth-
limited applications, such as event monitoring and detection. By contrast, interpolatory
approximations Y s and Y t in (7.6) and (7.8) perform dimensionality reduction by blending
only K = |s| = |t| rows and columns of Y , i.e., information from K ≪ N PMU datastreams
and/or K ≪ T system snapshots. Thus, once the matrices Zs and W t containing the
recovery weights have been specified, a low-rank approximation to the full data Y can be
formulated in real time while only interacting with K ≤ N pilot buses or aggregating K ≤ T
time samples. As observed in, e.g., [57, 58, 59, 235], this lowers the bandwidth requirement
of synchrophasor communication networks significantly.

7.2.3 Analyzing the Interpolatory Approximation Error

Because Y K is the optimal rank-K approximation to Y , the interpolatory approximation
Y t

s cannot be any better:

σK+1 = ∥Y − Y K∥2 ≤ ∥Y − Y t
s∥2. (7.10)

The same holds for approximations Y s and Y t. How close is Y t
s to the best approximation

from PCA or the SVD? For the moment, we assume that the K row and column indices in
s and t are given. To get an upper bound on the error ∥Y −Y t

s∥2, we must address how to
compute the matrix Xt

s. One natural choice [138, 207] is

Xt
s =

(
Ct
)†
Y (Rs)

† ,

where M † denotes the Moore–Penrose pseudoinverse [86, Section 5.5.2] of a matrix M .
Assuming the rows of Rs and the columns of Ct are linearly independent, we have that

(Rs)
† = RT

s

(
RsR

T
s

)−1
and

(
Ct
)†

=
((

Ct
)T

Ct
)−1

CtT. (7.11)
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Then
Y t

s = CtXt
sRs =

(
Ct
(
Ct
)†)

Y
(
(Rs)

† Rs

)
,

is obtained by first projecting all the columns of Y onto the column space of Ct, and then

projecting the result onto the row space of Rs. Because Ct
(
Ct
)†

and (Rs)
† Rs are the

orthogonal projectors onto these subspaces, each step of this twofold projection is optimal
with respect to the spectral norm. This interpretation suggests why Y t

s can be an effective
way to compress the entire set of PMU data contained in Y . With regards to the one-sided
interpolatory approximations Y s and Y t, the same idea can be applied to obtain Zs and
W t. In other words, we choose

W t =
(
Ct
)†
Y and Zs = Y (Rs)

† .

In fact, this formulation shows that the i-th row (column) of Y s (Y t) is the least-squares
approximation to the i-th row (column) of Y from the span of the s rows (t columns) of Y .
Specifically, Zs and W t are the solution to:

Zs = argmin
Z∈ℝN×K

∥Y −ZRs∥F and W t = argmin
W∈ℝK×T

∥Y −CtW ∥F. (7.12)

Assuming the rows (columns) of Y are linearly independent, the solutions Zs (W t) are
unique. The pilot-based reconstruction proposed by Xie et al. [235] can be viewed as an
instance of the row-based interpolatory approximation (7.6) with this choice of Zs. This
is just one possibility for choosing Zs, W

t, and Xt
s; an alternative strategy that is sub-

optimal, but recovers the rows and columns specified by s and t of the matrix Y exactly, is
discussed in [206, Section 2].

The quality of this approximation can be assessed in a more quantitative way. In what

follows, define S
def
= I :, s ∈ ℝN×K and T

def
= I :, t ∈ ℝT×K to be the matrices containing the

K columns of the N ×N and T × T identity matrices indexed by s and t.

Theorem 7.3 (Interpolatory error bound [206, Theorem 4.1]). Consider a matrix Y ∈ ℝN×T

and 1 ≤ K < min{N, T}. Let Rs ∈ ℝK×T and Ct ∈ ℝN×K be given as in (7.5). Then, if
Xt

s = (Zs)
†A (Rs)

†, and STUK and T TV K are nonsingular, we have that

σK+1 ≤ ∥Y − Y t
s∥2 ≤ (ηs + ηt) σK+1, (7.13)

where Lebesgue constants ηs, ηt ≥ 1 are given by

ηs
def
= ∥

(
STUK

)−1 ∥2 and ηt
def
= ∥

(
T TV K

)−1 ∥2, (7.14)

and UK ∈ ℝN×K and V K ∈ ℝT×K are the leading K left and right singular vectors of Y . ⋄

The submatrices STUK and T TV K are guaranteed to be nonsingular for certain row and
column selection schemes; see [206, Lemma 3.2]. For the one-sided interpolatory approxima-
tions Y s and Y t, we have the simplified bounds:

σK+1 ≤ ∥Y − Y s∥2 ≤ ηs σK+1 and σK+1 ≤ ∥Y − Y t∥2 ≤ ηt σK+1; (7.15)
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see [206, Lemma 4.2] and the earlier equivalent formulation [110, Theorem 1.5]. Let us
unpack the constants ηs and ηt: The matrix STUK = (UK)s, : is a K×K submatrix of UK .
The columns of UK , which are the leading left singular vectors of Y , are orthonormal by
design; ηs measures how far from orthonormal the s rows of UK are. Thus, the Lebesgue
constant ηs will get smaller in magnitude as the rows of UK specified by s are “more linearly
independent”, i.e., as the submatrix (UK)s, : is better conditioned. Likewise, ηt measures
how far from orthonormal the t rows of V K are. Notice that the order in which the indices
are presented in s and t does not affect the values of ηs and ηt.

The interpolatory error bounds in (7.13) and (7.15) hold for any collection of indices s or t. In
an operational setting where PMU data are recovered using an interpolatory approximation,
one can leverage these bounds to realize real-time computational and theoretical benefits.
We describe these for the one-sided approximations (7.6) and (7.8), although the ideas apply
to the more general two-sided formulation (7.4) as well.

1. Fast error monitoring. Because STUK and T TV K are small K ×K matrices, the
error indicators ηs and ηt will be much quicker to compute than the full approximation
errors ∥Y − Y s∥ or ∥Y − Y t∥ when N and T are large. Indeed, one does not even
need to compute explicitly the low-rank approximations Y s or Y t in (7.6) and (7.8),
and hence Zs or W t, to evaluate ηs and ηt. This allows for fast a priori estimation of
the interpolatory approximation error, or enables the error constants to be monitored
during the process of selecting the pilot PMUs s or time snapshots t.

2. Pilot bus or time snapshot certification. In an (online) operational setting, one
can apply any desired strategy for selecting pilot PMUs or time snapshots used to
construct (7.6) and (7.8). Then, the error constants ηs or ηt can be (quickly) computed
to certify if the chosen indices capture the true rank-K nature of the PMU data matrix.
If the error factor is below some threshold, e.g., ηs, ηt ≤ 100, the selection s or t is
accepted; otherwise, either replace some indices, or increaseK and add some additional
ones.

One could use minimization of ηs and ηt as a design objective to guide the selection of pilot
PMUs s or snapshot indices t. However, explicit minimization of, e.g., ηs, over all possible
choices of K PMUs from the set of N possible PMUs is infeasible for practical problems, as
one would need to test N !/(K!(N − K)!) potential configurations. For example, choosing
K = 10 pilots from a pool of N = 50 PMUs would require testing over 10 billion pilot
bus configurations. This being unrealistic, in the next Section 7.3 we advocate for use of a
greedy algorithm that attempts to control the growth of the error constants ηs and ηt as each
new index is selected, one at a time. Henceforth, we refer to the problem of selecting the
indices s to use in a (row-based) interpolatory reconstruction of PMU data (7.6) as the pilot
bus selection problem. Likewise, we refer to the problem of selecting t as the time snapshot
selection problem.
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7.3 Strategies for the pilot bus and time snapshot se-

lection problems

For computing solutions to the pilot bus and time snapshot selection problems that give
favorable values of the error constant ηs and ηt in (7.13), we propose using the the discrete
empirical interpolation method (DEIM) index selection algorithm and its variants [17, 52, 64,
106, 206]. DEIM was originally developed for the model-order reduction of nonlinear dynam-
ical systems [52], and is a method for constructing interpolatory (or sparse) approximations
to vector-valued nonlinear functions. In [206], Sorensen and Embree propose a DEIM-based
algorithm for computing interpolatory matrix decompositions (7.4).

The DEIM procedure iteratively parses the leading left and right singular vectors UK and
V K of a matrix Y to (independently) select the row and column indices s and t. Under
the hood, DEIM attempts to minimize the growth of the error constants (7.14) as each new
index is added to s or t. In practice, DEIM typically selects indices that yield small Lebesgue
constants (7.14). For the numerical experiments in Section 7.3.3, we observe values for the
error constants (7.14) resulting from DEIM that are on the order of ηs, ηt ∼ O (101) or
less, whereas other, seemingly reliable, selection approaches produce Lebesgue constants on
the order of ηs, ηt ∼ O (104). Thus, in conjunction with the approximation error (7.13),
we expect DEIM to provide an effective strategy for determining pilot bus (time snapshot)
configurations to be used in real-time recovery of PMU data.

7.3.1 The discrete empirical interpolation method

We sketch here how DEIM operates on UK to select K ≤ N pilot PMUs s; applying the
same process to V K yields the time snapshots t. Before doing so, we introduce some matrix
machinery in the form of interpolatory projectors. These provide the computational backbone
of the DEIM index selection algorithm.

Definition 7.4 (Interpolatory projectors [206, Definition 3.1]). Given a full rank matrix
U ∈ ℝN×K , N > K, and set of distinct interpolation indices s = {s1, . . . , sK} ⊂ {1, . . . , N},
the interpolatory projector for s onto Range (U) is defined to be

P
def
= U

(
STU

)−1
ST ∈ ℝN×N , (7.16)

where S =
[
es1 · · · esK

]
∈ ℝN×k contains the K columns of the N × N identity matrix

indexed by s. ⋄

The invertibility of STU ∈ ℝK×K is guaranteed by the assumption that U is full rank [206,
Lemma 3.2]. In general, P in (7.16) is an oblique projector on Range (U), and so P 2 = P .
Significantly, the interpolatory projector (7.16) enjoys a very useful property involving the
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interpolation indices s. For any vector x ∈ ℝN , the following interpolation property holds:

(Px)s = STPx =
(
STU

) (
STU

)−1
STx = xs. (7.17)

In other words, the indices s of the projected Px match those of x.

Consider a matrix Y ∈ ℝN×T and its best rank-K approximation via the SVD (7.2). In
what follows, let Sk =

[
es1 · · · esk

]
∈ ℝN×k denote the k columns of the N ×N identity

corresponding to the indices in sk = {s1, . . . , sk}, and let U k = U :, 1:k =
[
u1 . . . uk

]
∈

ℝN×k denote the leading k columns of the matrix U ∈ ℝN×R of Y ’s left singular vectors.

DEIM operates on the K columns of UK one at a time, k = 1, 2, . . . , K, as follows. Start
with the selection of the first pilot, s1, corresponding to k = 1. In this simple case the error
constant ηs in (7.14) reduces to

ηs1 = ∥
(
ST

1U 1

)−1 ∥2 =
1

| (u1)k |
,

i.e., the magnitude of the reciprocal of the s1 entry of the leading singular vector u1. Thus,
to minimize ηs1 and make the reciprocal above as small as possible, choose the PMU s1 ∈
{1, . . . , N} to be the one corresponding to the largest magnitude entry of u1.

• Step 1. Choose s1 as the index of the largest magnitude entry of u1:

s1 = argmax
1≤i≤K

| (u1)i |, u1 =


×
×
×
×
×


← s1

i.e., | (u1)s1 | ≥ | (u1)i | for i = 1, . . . , N .

The choice of the second pilot PMU s2 is more subtle. Obviously, we do not want to acciden-
tally choose the same pilot PMU twice (s2 = s1) as this would result in an infinite Lebesgue

constant ηs = ∥
(
ST

2U 2

)−1 ∥2. Using the intuition that ηs = ∥
(
ST

kU k

)−1 ∥ is small if the
rows selected by Sk are quite distinct, we choose s2 so that the two rows (U 2)s2, : are as
independent as possible for s2 = {s1, s2}. To guarantee that we choose s2 such that s2 ̸= s1,
i.e., that we select a new PMU, we remove a multiple of u1 from u2, so as to zero out the s1
entry,

r2
def
= u2 −

(u2)s1
(u1)s1

u1,

giving (r2)s1 = 0 by construction. Then, we select s2 to be the index of the largest-magnitude
entry of r2. To assist the formulation of later steps, it is useful to formulate the residual r2
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in terms of an interpolatory projector (7.16). Specifically, define the interpolatory projec-
tor (7.16) for s1 = {s1} onto Range (u1) by:

P 1
def
= u1(S

T
1u1)

−1ST
1 . (7.18)

Note that r2 = u2 − P 1u2, and that (r2)s1 = 0 by the interpolation property (7.17).
Using (7.18), we summarize the next step of DEIM as follows.

• Step 2. Construct the interpolatory projector (7.18) for s1 onto the span of u1.
Compute the residual of the interpolatory projection of u2 onto Range (u1):

r2 = u2 − P 1u2.

Choose s2 as the largest-magnitude entry of r2:

s2 = argmax
1≤i≤N

| (r2)i |, r2 = u2 − P 1u2 =


⋆
0
⋆
⋆
⋆

← s2

(The ⋆ indicates a modified entry from the previous, k = 1, step.)

Subsequent steps, k = 3, . . . , K, follow this same template.

• Step k. Construct the interpolatory projector for buses s1, . . . , sk−1 onto the span of
u1, . . . ,uk−1 according to Definition 7.4:

P k−1 = U k−1(S
T
k−1U k−1)

−1ST
k−1.

Compute the residual

rk = uk − P k−1uk,

such that (rk)s1 = · · · = (rk)sk−1
= 0. Choose sk to be the index of the largest-

magnitude entry of rk:

sk = argmax
1≤i≤N

| (rk)i |.

At this last step, we are always assured that sk is a new bus that differs from s1, . . . , sk−1,
since (rk)s1 = · · · = (rk)sk−1

= 0 but rk ̸= 0. (Note that rk = 0 would imply that uk

is a linear combination of u1, . . . ,uk−1, which is impossible since the singular vectors are
orthogonal.)
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Algorithm 7.3.1: The discrete empirical interpolation method (DEIM) [17, 52].

Input: Matrix with orthonormal columns UK =
[
u1 · · · uK

]
∈ ℝN×K , 1 ≤ K < N .

Output: Indices s = {s1, s2, . . . , sK} ⊂ {1, 2, . . . , N}.
1 Choose the first index s1:

s1 = argmax
1≤i≤K

| (u1)i |.

2 Take s1 = {s1}.
3 for k = 2, . . . , K do
4 Compute the residual by solving a k-dimensional linear system:

rk = uk −U k−1

(
ST

k−1U k−1

)−1
ST

k−1uk.

5 Choose the next index sk:
sk = argmax

1≤i≤K
| (rk)i |.

6 Take sk = {sk−1, sk}.
7 end

We mention that, while this sketch and Algorithm 7.3.1 are formulated to select K indices,
over-sampling can be performed as well; see, e.g., [165, 228]. The previously outlined pro-
cedure is summarized in Algorithm 7.3.1. Note that, in an efficient implementation, the
interpolatory projectors P k are never explicitly constructed since they are large, dense ma-
trices. Instead, one computes the action of P k on the singular vectors uk in Algorithm 7.3.1
without constructing the projectors explicitly. At every iteration, the DEIM selection algo-
rithm is trying to minimize the incremental growth of the objective error constant ηs in the
bound (7.15); see [52, Lemma 3.2] for a proof. This explains why DEIM is an effective choice
for computing the index sets s and t, as illustrated in [206, Section 6].

Error bounds and the Q-DEIM variant

There is a worst-case error analysis for the Lebesgue constants produced by DEIM; see,
e.g., [52, Lemma 3.2] and [206, Lemma 4.4]. Although, as illustrated in Section 7.3.3 and [206,
Section 6], these bounds are highly pessimistic, and Lebesgue constants produced by DEIM
in practice are of a much smaller magnitude. Nonetheless, we state a version of this error
analysis in the interest of being complete.

Lemma 7.5 (Bounds on the Lebesgue constants (7.14) [206, Lemma 4.4]). For the DEIM
index selection procedure in Algorithm 7.3.1, the Lebesgue constants (7.14) satisfy:

ηs ≤
√

NK

3
2K and ηt ≤

√
TK

3
2K .
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⋄

The DEIM algorithm is directly linked to the selection strategy used in LU with partial pivot-
ing; see [206, Section 3]. One alternative to the traditional DEIM index selection algorithm is
its Q-DEIM variant [64]. Q-DEIM is closely a related variant of DEIM that identifies the pilots
s by applying a rank-revealing QR factorization to the rows of UK . The Q-DEIM approach
yields a lower theoretical error bound on ηs, and the ultimate set of pilots s is invariant
under permutations of the columns of UK . In practice, however, DEIM and Q-DEIM per-
form similarly. One drawback is that Q-DEIM is not iterative, and so the number of desired
indices must be specified in advance. Thus, DEIM is better suited for an adaptive selection
strategy that seeks to select s so that ηs ≤ τ , for some tolerance τ > 0.

Finally, we comment on the fact that both DEIM and Q-DEIM require access to UK , the
K leading left singular vectors of Y . Indeed, computing UK is the dominant cost of these
algorithms. The same quantity is required for other row selection strategies found in the
literature, such as the PCA-based pilot bus selection of [235], or the leverage score sampling
from [138]. If K is known in advance, one need not compute all the singular vectors; only
those associated with the dominant singular values are needed. Modern algorithms can com-
pute this SVD very quickly, especially when either the number of buses N , or time snapshots
T , is not extremely large. For truly large PMU data matrices, it may be advantageous to
estimate these singular vectors using randomized algorithms; see [63, 101] for details. Other
strategies exist for row and column selection that do not require access to UK or V K , for
instance, those based on row and column pivoted QR factorizations [53, 95, 207, 220].

7.3.2 Alternative strategies from the power systems literature

The DEIM is one possibility for the pilot PMU and time snapshot selection problems. The
error analysis and insights of Section 7.2.3 apply to any selection strategy. Here, we review
two other strategies for bus selection that appear in the power systems literature.

The strategy of Xie et al. [235]

To our knowledge, Xie et al. [235] were the first to advocate for the use of pilot-based
monitoring and reconstructions. Indeed, their PCA-based approach for reducing the dimen-
sionality of PMU data and event monitoring in [235, Section 2] can be seen as a row-based
interpolatory matrix approximation (7.6). Although they do not use this language in the
original work, this enables us to analyze their pilot PMU selection strategy using the frame-
work of Section 7.2.2. Their objective was to minimize communication bandwidth during
real-time event monitoring. Because the work of this chapter builds heavily upon [235], their
pilot-selection strategy is a benchmark for the DEIM-based strategy that we propose, and so
we describe it here.
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Consider a matrix of PMU data Y ∈ ℝN×T organized as in Figure 7.1. Xie et al. [235]
performs a pre-processing step not included in our approach. This is accomplished by pro-
jecting Y onto its leading m ≤ max{N, T} principal components computed via PCA as

follows: Form the covariance matrix C ∈ ℝN×N defined as C
def
= Y Y T. By construction,

C is symmetric positive semi-definite. An eigendecomposition of C = XΛXT is computed,
and then the leadingm principal componentsX :, 1:m ∈ ℝN×m are chosen so that the variance
exceeds a specific tolerance τ > 0. Then Y is projected onto these leading components to
form Ỹ = X :, 1:mXT

:, 1:mY .

Then, among all possible (N−1)N/2 pairs of the rows of Ỹ , N rows of the projected matrix

Ỹ , K rows s = {s1, . . . , sK}, or pilot PMUs, are chosen so that they are as orthogonal as
possible, i.e.,

cos
(
θsi,j

)
=

Ỹ T
si, :

Ỹ sj , :∣∣∣Ỹ si, :

∣∣∣T ∣∣∣Ỹ sj , :

∣∣∣ ≈ 1, i, j = 1, . . . , K, (7.19)

where |X| takes the entrywise absolute values of a matrix. In other words, the pilot PMUs
s are chosen to be as orthogonal to each other as possible. In [235], it is not specified how to
actually solve the optimization problem described by (7.19). Here, we use a mixed-integer
linear program to solve (7.19).

The strategy of Li et al. [125]

Another strategy for pilot bus selection can be found in the work by Li et al. [125]. The
authors rank buses according to the normalized energies :

Ek def
= ∥Y k, : − µ11T∥22, (7.20)

where µ ∈ ℝN contains the means of the rows of Y and 1 ∈ ℝT is the vector of all ones.
This is closely related to the idea of leverage score sampling for row and column selection;
see [138]. We mention, however, the goal therein is to identify rows of a PMU matrix that
correspond to locations of a fault. Nonetheless, there is a common matrix approximation
problem at play: Identify a small subset of rows and columns that reveal the low-dimensional
structure of a PMU data matrix.

7.3.3 Numerical experiments

At this point, we test the ability of DEIM-based IMDs to reduce the dimensionality of matrices
of PMU data. Because actual PMU data are hard to obtain due to security concerns, we use
synthetically generated PMU data. We compute several row- and column-based interpolatory
approximations of the data according to (7.6) and (7.8) using different methods for selecting
s and t. Specifically, the following methods are considered.
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DEIM is the DEIM index selection procedure in Algorithm 7.3.1.

Q-DEIM is the Q-DEIM variant of DEIM from [64].

MILP is the strategy proposed by Xie et al. [235] that choose indices subject to (7.19). For
implementing the selection, we formulate it as a mixed integer linear program, and
pass it to MATLAB’s ‘intlinprog’ function.

Rand is a random selection of indices using MATLAB’s ’randi’ command.

Once the indices s and t are computed, the matrices Zs and W t are computed to be the
solutions of the least-squares problem in (7.12). For the presentation of the results, we
compute the relative error in the 2-norm, i.e.,

relerrs
def
=
∥Y − Y s∥2
∥Y ∥2

and relerrt
def
=
∥Y − Y s∥2
∥Y ∥2

. (7.21)

These relative errors are compared against the (relative) best possible rank-k approximation
error σk+1/σ1 from the SVD. We also compute the associated Lebesgue constants ηs and ηt
for each selection strategy.

68-bus 16-machine test system

The first set of synthetic data we consider are obtained from transient simulations performed
using MATLAB’s Power Systems Toolbox (PST) [54]. The data are generated from the
NETS-NYPS 68-bus 16-machine test system [162, Ch. 4]. Voltage magnitudes are collected
at every bus over a 100 s window at a sampling rate of 100 Hz; after 30 s, a three-phase line
fault is applied between buses 28 and 29 and cleared after 0.2 s. The system is driven by
Gaussian white noise to mimic real-world conditions. These data are placed in a 68× 6000
dimensional matrix Y . For the column-based approximations, we do not use MILP, due
to the fact that the matrices required for solving the program cannot fit in random access
memory.

Rank k = 1, 2, . . . , 20 row- and column-based interpolatory approximations to Y are com-
puted using the selection strategies outlined above. The approximation errors (7.21) and
Lebesgue constants (7.14) are plotted in Figure 7.4; specifically, Figures 7.4a and 7.4b con-
tain the results for the row- and column-based approximations. We observe that, for all the
selection strategies, the DEIM- and Q-DEIM-based approximations produce high-fidelity ap-
proximations. As the rank k increases, these IMDs are able to (for the most part) track with
the optimal reconstruction error σk+1. The row-based approximations by DEIM and Q-DEIM
are comparatively better than the column-based ones. This is likely due to the fact that
there are more indices to choose from (6000 vs. 68) for the column-based approximations.
For the row-based approximations, the MILP-based approximations perform poorly, even
worse than the Rand-based approximations for certain ranks k. These results suggest that,
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Figure 7.4: Relative errors (7.21) and associated Lebesgue constants for rank k = 2, 3 . . . , 20
interpolatory matrix approximations Y s and Y t of the data generated using the 68-bus 16-
machine NETS-NYPS test system.

when paired with a reliable index selection strategy, IMDs are an effective tool for reducing
the dimensionality of matrices of PMU data. Moreover, the DEIM-based approaches produce
very small Lebesgue constants, providing a theoretical guarantee on the reconstruction er-
ror. On the other hand, the Lebesgue constants corresponding to the MILP- and Rand-based
selections oscillated by orders of magnitude as the rank k grows, and are in general large in
magnitude.

274-bus far west region of synthetic Texas grid

The second set of synthetic data is taken from the ACTIVsg-2000 test case [41, 236]. This is
a 2000-bus test case built on the footprint of the Electric Reliability Council of Texas. The
data we use are taken from the 274-bus far-west region of the ACTIVsg-2000 grid. For the first
experiment, the data are bus voltage magnitudes and generator rotor angles collected over
500 s window at a sampling rate of 30Hz and placed into a matrix Y ∈ ℝ250×250. This is to
investigate how well IMDs can be used to reconstruct grid quantities other than voltages. We
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Figure 7.5: Relative errors (7.21) and associated Lebesgue constants for rank k = 1, 2, . . . , 20
interpolatory matrix approximations Y s and Y t of the data generated from the far-west
region of the ACTIVsg-2000 test case.

only compute row-based approximations (7.6) using the methods DEIM, Q-DEIM, and MILP.
Approximations using Rand were computed, but performed very poorly. The errors (7.21)
and Lebesgue constants (7.14) for the computed IMDs of rank k = 1, 2, . . . , 30 are recorded
in Figure 7.5. As the rank k of the approximation increases, the DEIM- and Q-DEIM-
based approximations perform almost a full order of magnitude better than the MILP-based
approximations. However, the magnitude of the Lebesgue constant ηs (7.14) is roughly 3
orders of magnitude smaller for the DEIM- and Q-DEIM-based approximations.

7.4 Data-driven monitoring with ID-DEIM

The interpolatory approximations of Section 7.2 and the discrete empirical interpolation
method of Section 7.3 suggest a joint IMD-DEIM-based framework for the data-driven and
real-time monitoring of electrical power networks using a reduced number of pilot PMUs.
This framework builds upon the method proposed by Xie et al. [235]; the key difference
is that the framework of IMDs and the bound in (7.15) provide us with an effective error
estimator during online operations, and the DEIM algorithm provides a robust, adaptive
method for pilot PMU selection and event localization. In this section, we elaborate on some
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of the ideas already touched on in Section 7.2.2, and describe how IMDs and DEIM can be
combined in an operational scenario to yield various theoretical and computational benefits.
Numerical experiments are interspersed throughout.

7.4.1 Adaptive DEIM-based training of pilot bus configurations

At this point, we differentiate between online data Y o ∈ ℝN×To and offline, or training
data Y t ∈ ℝN×Tt . The positive integers To, Tt dictate the size of the online monitoring
window and the training window. We can take To to be as big as we want; typically, Tt is
chosen to contain a ∼ 120 s worth of data collected during ambient operating conditions.
The online data Y o are recovered via a row-based interpolatory approximation (7.6); this
can be accomplished in a (matrix) batched format, or one sample at a time according to
Algorithm 7.2.1.

For an online pilot bus-based (interpolatory) reconstruction of the data in Y o, two things
need to be computed offline using Y t.

1. The pilot bus configuration s = {s1, s2, . . . , sK} underlying the approximation (7.6).

2. The matrix of weights Zs ∈ ℝN×K that specifies how the data from the pilot buses
should be combined to recover measurements at all non-pilot buses.

For choosing the pilots in s, we use the DEIM index selection algorithm applied to the leading
K left singular vectors of Y t. More specifically, given a user-specified tolerance τ > 0, DEIM
operates on the singular vectors of Y t until the interpolatory error bound in (7.15) at step
k falls below τ , i.e., ηsk σk+1 ≤ τ , where σk+1 is the (k + 1)-st singular value of Y t. As
discussed in Section 7.2.3, the error indicator ηsk can be evaluated very cheaply at every
step of the training procedure, given that it is computed from the 2-norm of a small k × k
matrix. In our experiments, this can be accomplished for very small values of k, e.g., k = 3
or less. For redundancy, one can set a minimum or maximum number of iterations for DEIM
to run. Other constraints could be incorporated into the DEIM-based training procedure;
e.g., geographic constraints. Once s is fixed, the computation of Zs proceeds according
to (7.12) applied to the training data Y t.

This adaptive strategy for pilot bus selection offers a few significant advantages. For starters,
so long as the online data spans the same low-dimensional subspace as the training data,
then the pilot configuration s is expected to provide a very satisfactory reconstruction during
online operations. This is jointly due to the interpolatory error bound (7.15) and the small
value of the Lebesgue constant ηs generated by DEIM. Violation of this bound can also be
informative; see the discussion in the subsequent Section 7.4.2.

Secondly, we comment on re-training: Instead of periodically re-training pilot bus configura-
tions, after a fixed amount of time, the leading singular vectors UK of the most recent batch
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Figure 7.6: Evolution of the Lebesgue constant ηsk and the interpolatory error bound (7.15)
throughout the adaptive training as more buses are added.

of online data are computed. Then, the Lebesgue constant ηs is re-evaluated for the current
set of pilots and these singular vectors. If ηs still lies below some acceptable threshold, then
the current configuration s of pilots is accepted and monitoring continues as normal. If not,
a new pilot bus configuration is adaptively selected by DEIM.

Numerical experiments

We illustrate the adaptive DEIM-based training procedure just described (and its effect on
the subsequent online reconstruction) using synthetically generated PMU data from the
NETS-NYPS 68-bus 16-machine test system used in Section 7.3. For comparison to the
DEIM-based approach, we also train the pilot bus configurations using the Q-DEIM, MILP,
and Rand selection strategies described in Section 7.3.3. To illustrate the proposed training
procedure and evolution of the Lebesgue constants, we fix each method to run for K = 10
steps. The iterative DEIM adds each new bus sequentially according to Algorithm 7.3.1.
Because Q-DEIM, MILP, and Rand are not iterative, they are each run K times to compute
different pilot bus configurations of size k = 1, . . . , K. The training data Y t are 120 s worth
of voltages collected during ambient operating conditions at a sampling rate of 100Hz. As
in Section 7.3.3, white Gaussian noise is added to mimic realistic conditions.

Figure 7.6 shows the evolution of the Lebesgue constant ηs in (7.14) and associated inter-
polatory error bound ηs σk+1 throughout the adaptive training procedure as more pilots are
selected. Had it not been forced to run for 10 iterations, the adaptive selection by DEIM
would have terminated after 3 iterations. Moreover, as more pilots are added, the Lebesgue
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constant ηs in (7.14) and associated interpolatory error bound ηs σk+1 continue to steadily
decrease. Surprisingly, again, the MILP-based pilot bus selection performs worse than a ran-
dom selection, from the perspective of this upper bound on the error. As more buses are
added, both the Lebesgue constant and thus the error bound tend to increase.

7.4.2 Event detection using the error bound (7.15)

Because the leading singular vectors of the online data Y o are different from those of Y t,
the error bound (7.15) is technically no longer valid. However, if we assume that the low-
dimensional subspace spanned by Y o is similar to that of Y t, then the bound (7.15) provides
an effective and reliable worst-case estimate of the online reconstruction error. This is
because the actual data are reflective of the data used to train the pilots in this case. What
happens if this error estimator ηs σk+1 is no longer accurate during real-time operations? In
other words, what if the actual reconstruction error satisfies

∥Y s − Y o∥2 > ηs σk+1, (7.22)

where Y s is the interpolatory reconstruction of the online data, and σk+1 is the (k+1)-st sin-
gular value of Y t? Necessarily, (7.22) would violate the assumption that the low-dimensional
subspace spanned by Y o is similar to that of Y t, and suggests that there has been a fun-
damental change in the network’s operating condition. Changes in the low-dimensional
subspace of PMU data have been used to detect, identify, and localize disturbances in [125].
Based on these observations, we propose that upper bound (7.15) can be used as an error
estimator during online operations, and deterioration of this estimate as in (7.22) can be
used as a simple mechanism for detecting changes to the network’s operating conditions.
Necessarily, this requires monitoring some non-pilot PMUs to evaluate the error and check
for the condition (7.22). To choose these, the DEIM-based training procedure can simply be
set to run for m more iterations, where m is the number of non-pilots to be monitored.

Numerical experiments

Here, we investigate the ability of the error bound-based estimator (7.22) to detect distur-
bance events. For the offline training, DEIM is applied adaptively to 120 s of ambient noisy
voltages collected during the start of a 500 s simulation window. Again, the simulated data
are generated using the NETS-NYPS 68-bus 16-machine test system. The training tolerance
is set to τ = 101; DEIM selects three pilots s1 = 48, s2 = 61, and s3 = 50 as the basis for the
online reconstruction until ηs σk+1. Based on this selection, the (non-adaptive) Q-DEIM and
MILP are run to identify three pilot buses each to use for reconstruction. These are recorded
in Table 7.1 along with the associated value of the error bound (7.15). After selection, the
pilots chosen by DEIM, Q-DEIM, and MILP are continuously monitored until the 450 s mark,
at which point a three-phase fault of the line between buses 28 and 29 is applied, and cleared
.02 s later.
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Table 7.1: Pilot buses as chosen by DEIM, Q-DEIM and MILP and corresponding error
bounds (7.15).

s1 s2 s3 ηs σ4

DEIM 48 61 50 8.8667e-2
Q-DEIM 61 50 59 4.4814e-2
MILP 5 8 38 3.4832e0

The pilot-based reconstructions using the configurations identified by DEIM, Q-DEIM, and
MILP at the non-pilot buses 28, 29, 26, and 47 are plotted in Figures 7.7, 7.8, and 7.9
respectively. Buses 28 and 29 are included because they are the source of the fault. We
monitor buses 26 and 47 because they are, respectively, geographically close to the faulted
line. In each case, the approximation quality of each pilot-based reconstruction is satisfactory
up until the occurrence of the fault. At this point, all three degrade in quality. This holds
for all four of the monitored buses. Although, in all three cases, the degradation in quality
is not as poor for bus 47. This phenomenon is likely due to bus 48 being geographically far
away from the fault. For the DEIM- and Q-DEIM-based reconstructions, at the time instance
immediately after the fault, the bound is violated (7.22) at all four buses. In fact, for the
Q-DEIM-based reconstruction, the error at bus 26 violates the error bound before the fault.
This could lead to a false warning or indicate the need for retraining. On the other hand, the
MILP-based reconstructions do not violate the corresponding error bound; the degradation in
the approximation quality is still within acceptable operating conditions according to ηs σ4.

7.4.3 Event localization using DEIM

Following a disturbance, it is imperative that its source—e.g., the buses adjacent to a faulted
line—be located quickly so system operators can take corrective action to prevent cascading
failures. A variety of works have tackled the event location problem specifically; see, e.g. [39,
125, 132, 225]. One common approach is to score the affected buses using some energy-based
criterion. For instance, Li et al. [125] andWang et al. [225] use the energy-based scoring (7.20)
discussed in Section 7.3. Following a disturbance, buses are ranked in descending order with
respect to the energies (7.20); those that produce the highest energies are considered to be
the most affected, and are used as a proxy for localizing the source of the disturbance.

In contrast to the energy-based approaches considered in the aforementioned works, we
propose using DEIM to localize the source of system disturbance events. Specifically, once
a disturbance event is detected using (7.22) or any other mechanism for detection, e.g.,
those in [125, 235], DEIM is applied to a few seconds of data collected directly after. (In
our experiments, as little as 1 s is needed to localize the source of the event.) These data
contain the transient system response due to the underlying disturbance. Because DEIM
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Figure 7.7: Interpolatory reconstructions of various (pilot and non-pilot) PMU datastreams
using pilots chosen by DEIM during a three-phase fault of the line between buses 28 and 29.

attempts to extract rows from the singular vectors UK that are as linearly independent as
possible, we expect DEIM to be able to identify rows (buses) that deviate significantly from
normal operating conditions, or unaffected parts of the network. These new DEIM-identified
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Figure 7.8: Interpolatory reconstructions of various (pilot and non-pilot) PMU datastreams
using pilots chosen by Q-DEIM during a three-phase fault of the line between buses 28 and
29.

locations show particular diagnostic power: we propose their use to localize the source of a
disturbance more robustly compared to other purely data-driven methods.
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Figure 7.9: Interpolatory reconstructions of various (pilot and non-pilot) PMU datastreams
using pilots chosen by MILP during a three-phase fault of the line between buses 28 and 29.

We test this hypothesis with a final experiment. For comparison, we use the energy-based
and data-driven event localization method from [125]. As discussed in Section 7.3, in [125],
buses are ranked according to (7.20) to localize the source of a disturbance. We call this
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Figure 7.10: Percentage of event simulations in which the indicated method correctly iden-
tified both buses associated with the faulted line in the first k indices for k = 2, . . . , 8.

approach LS, due to its similarity with leverage-score sampling [138]. Event simulation data
for 67 distinct scenarios are generated using the NETS-NYPS 68-bus 16-machine test system.
The sampling rate is 100Hz in all cases. For each scenario, data are generated for 5 s before,
during, and after a three-phase line fault at a particular location in the network. In each
case, the fault is cleared 0.2 s later. After each event, 0.5 s worth of data collected directly
before the event and 1 s worth of data collected directly after the event are placed into a
matrix Y ∈ ℝN×150. These data are then pre-processed by removing the mean of the pre-
event data as in (7.20). Then, for k = 2, 3, . . . , 8, DEIM, Q-DEIM, and LS are applied to the
leading k singular vectors U k of the pre-processed data to select k row indices. If both buses
connected to the faulted line are found within these k indices, we classify the method (DEIM,
Q-DEIM, or LS) as having localized the source of the event. This is repeated for each of the
67 distinct scenarios. The percentages of these event scenarios for which DEIM, Q-DEIM, or
LS correctly identified its source within k indices are plotted in Figure 7.10. For k ≥ 4, DEIM
and Q-DEIM are able to localize the source of the faulted line with greater than 90 percent
accuracy, and 100 percent accuracy for k ≥ 5. On the other hand, the prediction rate of LS
approaches 90 percent accuracy for k = 8. Thus, given the freedom to select enough indices,
our DEIM- and Q-DEIM-based localization strategies correctly identify both affiliate buses
in all of the tested scenarios, and perform better on average than the reference approach
in [125]. Very similar results are observed for other types of voltage disturbance events, e.g.,
line-to-line and line-to-ground faults.
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7.5 Conclusions

In this section, we have investigated the use of interpolatory matrix approximations the
the discrete empirical interpolation method for low-rank approximations of PMU data and
disturbance event monitoring. We illustrate through our discussion and numerical exper-
iments that IMDs are a very effective strategy for computing low-rank reconstructions of
PMU data, particularly during time-sensitive and bandwidth-limited applications such as
wide-area monitoring. Specifically, we illustrate how interpolatory approximations can be
computed in real-time while interacting only with K < N pilot buses. For identifying pilot
bus configurations to be used during online operations, we employed DEIM [17, 52, 206], a
greedy method designed to minimize the computable error bound. Finally, we proposed a
joint IMD-DEIM-based framework for event monitoring; this can be viewed as a generaliza-
tion of the method proposed in [235]. Like in [235], because monitoring is performed using
K < N pilot buses, communication bandwidth is minimized. Framing the reconstruction in
the mathematical framework of IMDs allows us to state a rigorous upper bound on the online
reconstruction error. DEIM is applied during an offline stage to adaptively select pilots until
the computable error bound (7.15) falls below a user-specified tolerance, thus providing a
rigorous estimate on the online reconstruction error. If this error estimate ever deteriorates,
there necessarily has been a significant change to the network’s operating condition compared
to training conditions, making the error estimator provided by (7.15) a suitable mechanism
for detecting disturbances. Finally, we illustrate that DEIM can be used to localize the source
of disturbance events more robustly compared to other purely data-driven approaches.



Chapter 8

Conclusions and outlook

8.1 Summary of contributions

This dissertation investigates various problems in the system-theoretic model-order reduc-
tion, data-driven reduced-order monitoring, and real-time monitoring of large-scale and
structured dynamical systems.

In Chapter 3, it is shown that the balanced truncation error bound (2.77) holds with equal-
ity for SISO systems satisfying a sign consistency (3.8) condition in the truncated part of
the model. This analysis generalizes an earlier result for state-space symmetric systems
from [131]. It is additionally shown that the sign parameters corresponding to a system’s
Hankel singular values can be determined by a generalized state-space symmetry property of
the system. This result is strengthened for a special class of arrowhead systems, illustrated
by a model of coherent generators in power systems dynamics that motivated our study.

In Chapter 4, data-driven formulations for various types of balanced truncation model re-
duction of linear first-order and second-order dynamical systems are developed. The results
of Chapter 4 generalize the QuadBT framework of [89] to other types of BT model reduction,
thus enabling the construction of various balancing-related reduced models directly from
input-output invariant transfer function data. Specifically, the considered variants are bal-
anced stochastic truncation [61, 92, 93], positive-real or passivity-preserving balanced trun-
cation [61], bounded-real balanced truncation [159], frequency-weighted balanced trunca-
tion [69, 116, 244], and position-velocity balanced truncation [181]. For the linear first-order
variants, it is shown that sampling certain spectral factors or frequency weights is required
to compute the (approximate) quadrature-based reduced models. For position-velocity BT,
it is shown that the data-based construction requires evaluations of the system’s position-
and velocity-output transfer functions. Numerical experiments are included to validate the
data-driven reduced models against their intrusive counterparts.

Chapters 5 and 6 study the H2-optimal approximation problem (6.1) for linear quadratic-
output systems (5.1). Two novel H2-optimality frameworks based on distinct sets of first-
order necessary conditions for optimality are presented. The first is based upon the solutions
to generalized Sylvester equations (6.23) and the linear quadratic-output system Gramians,
whereas the second is based on the multivariate rational interpolation of the system’s linear-
and quadratic-output transfer functions (6.32). In either case, it is shown how to enforce the
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established first-order optimality conditions using a Petrov-Galerkin projection. It is also
proven that the Sylvester equation-based framework enforces the interpolatory optimality
conditions when the reduced model has simple poles. These results establish the Wilson [217,
233] and Meier-Luenberger [97, 142] H2-optimality frameworks for the linear quadratic-
output setting. Based on the theoretical optimality frameworks, two iterative algorithms
based on repeated projection are proposed for computing H2-optimal reduced models. These
generalize the two-sided iterative algorithm [30, 217, 237] and the iterative rational Krylov
algorithm [97] from linear model-order reduction. The effectiveness of the proposed methods
was illustrated using two benchmark examples from the literature.

Chapter 7 considers the dimensionality reduction of streaming Phasor Measurement Unit
(PMU) data, collected from electrical power networks, using interpolatory matrix decompo-
sitions (IMDs) [138, 206] and the discrete empirical interpolation method (DEIM) [17, 52].
It is shown that IMDs are better suited for certain tasks in wide-area monitoring, and that
the joint IMD-DEIM framework is an effective strategy for pilot PMU selection and sparse
reconstruction [235]. Specifically, it is shown that IMDs constructed using DEIM are able
to produce approximations of synthetic PMU data on par with the SVD. We propose an
adaptive DEIM-based training procedure for identifying pilot buses to be monitored during
online operations. An error bound-based indicator is also proposed for detecting changes in
the network’s operating conditions; this is shown to be able to detect disturbances in real
time.

8.2 Opportunities for future research

There are several interesting opportunities for future work based on the results of this disser-
tation. In Chapter 3, the conditions proven in Theorem 3.4 for which the balanced truncation
H∞ error bound (2.77) holds with equality are sufficient. It would be interesting if one could
show that the class of systems satisfying the symmetry hypothesis (3.8) is the only class of
systems for which the bound (2.77) holds with equality, thus proving that (3.8) is a necessary
and sufficient condition.

In Chapter 4, the quadrature-based (data-driven) formulations of balanced stochastic trun-
cation, positive-real balanced truncation, and bounded-real balanced truncation require sam-
pling certain spectral factors associated with the transfer function of the underlying linear
system. In a practical or real-world setup, it is not clear how to compute these data without
an explicit computational model. A well-known iterative method for obtaining the mini-
mal solution of an algebraic Riccati equation is the Newton-Kleinman iteration [117]. This
solution procedure requires solving a Lyapunov equation at each iteration. This Lyapunov
equation can be viewed as corresponding to a closed-loop system, where the state-feedback
law is described by the previous solution iterate. Therefore, if it is possible to re-sample
the input-to-output transfer function of the (linear) closed-loop system, it might be possi-
ble to obtain samples of the spectral factors (which correspond to the converged stabilizing
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solution of the Riccati equations) by continuously re-sampling these closed-loop systems.
Clearly, this will require active resampling. This is not surprising since, unlike the Lyapunov
equations, the Riccati equations are nonlinear and need to be solved iteratively. Another
interesting question for future research is whether the quadrature-based balanced trunca-
tion of [89] can be generalized to other linear systems with various internal (differential)
structures. One possibility is the position-balancing for finite-delay systems from [112]. In
this setting, the Gramians are solutions to delay Lyapunov equations. The ingredients re-
quired for a quadrature-based framework are present. Namely, there are contour integral
formulations of the relevant Gramians in the frequency domain [171, Prop. 6.29], and one
can resolve Loewner-like matrices from the resulting quadrature-based factors of these inte-
grals [173, 201]. This does require a Rayleigh-like assumption on the delay matrices, e.g.,
A = αE + βAτ where Aτ models the delay term. There are also several open theoretical
questions in the area of data-driven balancing. For instance, an affirmative answer to the
following would be interesting: Is a data-driven BT reduced model computed by QuadBT
the exact BT reduced model of a nearby linear system?

In Chapters 5 and 6, the optimal-H2 approximation of linear quadratic-output systems (5.1)
is considered. With regard to the LQO-IRKA: It is known that the (linear) IRKA is a locally
convergent fixed-point iteration when the full-order model is state-space symmetric [76].
Systems with this structure provoke a similar convergence behavior for LQO-IRKA; it would
be interesting to investigate whether LQO-IRKA also has these nice convergence properties.
As noted in Remark 6.10, the proof of Theorem 6.9 does not rely on the full-order model being
linear time-invariant in the state equations. It should be possible to develop an extension
of the TF-IRKA method [23], which only uses transfer function evaluations, to the setting of
LQO systems. Moving away from optimality momentarily, the development of a structure-
preserving interpolation theory akin to [22] for the model reduction of quadratic-output
systems is another possible research problem. This is motivated by examples of quadratic-
output systems with internal structure, such as the plate with tuned vibration absorbers from
Section 5.2.1, that exhibit second-order mechanical structure. This should be possible given
similar results for the structure-preserving interpolation of bilinear and quadratic-bilinear
systems [226], which have even more complex transfer functions than the quadratic-output
case. Another natural extension of the work of Chapter 6 is the H2-optimal model reduction
of linear systems with polynomial output functions. This is motivated by the following
setting: Consider an output function of the form y = g (t,x(t),u(t)) for g : ℝ≥0 ×ℝn ×ℝm

that is infinitely differentiable. Then, one can expand g in a power series expansion, and
approximate g arbitrarily well with polynomial (output) terms. It may also be possible to
deal with such an analytic output function directly. Then, the input-to-output response of the
system will be described by infinitely many Volterra kernels in the time domain, and infinitely
many transfer functions in the frequency domain. As already discussed in Chapter 6, H2-
optimal reduction theory has already been developed for bilinear and quadratic-bilinear
systems [50, 77], which are described by infinitely many kernels. Finally, in Chapter 6 we
have implicitly assumed that direct methods are used to solve the linear systems required
to compute the interpolatory bases V and W in Theorem 6.11. For the linear case, Beattie
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et al. [21] investigated the impact of (inexact) iterative solves on the resulting interpolatory
reduced models. Specifically, [21] shows that employing a Petrov-Galerkin framework for the
inexact solves yields a rational interpolant of a nearby full-order system, thus establishing
a backward stability framework for interpolatory model reduction. It will be an interesting
research direction to establish whether such a backward error result holds for the bases in
Theorem 6.11 and the interpolatory model reduction of LQO systems.

Chapter 7 considers, in part, interpolatory matrix decompositions for reducing the dimen-
sionality of PMU data. One obvious next step is to test the proposed algorithms on real-world
PMU data collected from actual power networks, although such data are hard to obtain due
to security concerns. The examples considered in Chapter 7 are small in size. For larger-scale
networks, it would be interesting to investigate other, possibly randomized, algorithms for
computing interpolatory decompositions [63, 101]. Actual PMU data are noisy, and it has
been illustrated that the performance of DEIM degrades in the presence of noisy data [165]. It
could be interesting to investigate the oversampling strategy of [165] in a large-scale setting.
Lastly, the row- and column-based interpolatory approximations introduced in Chapter 7
correspond to sampling a reduced number of PMUs at all time, or sampling all PMUs at
fewer time samples. If one were to consider data collected from fewer PMUs and fewer time
samples, this would correspond to a matrix completion problem. Such a setting could be
of interest for truly large-scale networks, where bandwidth is so limited that pilot-based
reconstructions and down-sampling are required.
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[65] Z. Drmač, S. Gugercin, and C. Beattie, Quadrature-based vector fitting for
discretized H2 approximation, SIAM Journal on Scientific Computing, 37 (2015),
pp. A625–A652. 59, 95

[66] V. Druskin and V. Simoncini, Adaptive rational Krylov subspaces for large-scale
dynamical systems, Systems & Control Letters, 60 (2011), pp. 546–560. 29

[67] G. E. Dullerud and F. Paganini, A Course in Robust Control Theory: A Convex
Approach, Springer, New York, NY, 2000. 17, 19, 21, 22

[68] N. Dunford and J. T. Schwartz, Linear Operators, Part 1: General Theory,
vol. 10, John Wiley & Sons, Hoboken, NJ, 1988. 11

[69] D. F. Enns, Model reduction with balanced realizations: An error bound and a fre-
quency weighted generalization, in 23rd IEEE Conference on Decision and Control, Las
Vegas, NV, 1984, pp. 127–132. 4, 27, 34, 37, 41, 44, 58, 60, 86, 88, 89, 227

[70] U. Farooq and R. B. Bass, Frequency event detection and mitigation in power
systems: A systematic literature review, IEEE Access, 10 (2022), pp. 61494–61519.
197

[71] K. Fernando and H. Nicholson, Minimality of SISO linear systems, Proceedings
of the IEEE, 70 (1982), pp. 1241–1242. 23

[72] K. Fernando and H. Nicholson, Singular perturbational model reduction in the
frequency domain, IEEE Transactions on Automatic Control, 27 (1982), pp. 969–970.
38



BIBLIOGRAPHY 237

[73] K. Fernando and H. Nicholson, Singular perturbational model reduction of bal-
anced systems, IEEE Transactions on Automatic Control, 27 (1982), pp. 466–468. 38,
40

[74] K. Fernando and H. Nicholson, On a fundamental property of the cross-Gramian
matrix, IEEE Transactions on Circuits and Systems, 31 (1984), pp. 504–505. 23

[75] K. Fernando and H. Nicholson, On the cross-Gramian for symmetric MIMO
systems, IEEE Transactions on Circuits and Systems, 32 (1985), pp. 487–489. 24, 49

[76] G. Flagg, C. Beattie, and S. Gugercin, Convergence of the iterative rational
Krylov algorithm, Systems & Control Letters, 61 (2012), pp. 688–691. 229

[77] G. Flagg and S. Gugercin,Multipoint Volterra series interpolation and H2 optimal
model reduction of bilinear systems, SIAM Journal on Matrix Analysis and Applica-
tions, 36 (2015), pp. 549–579. 129, 140, 161, 172, 229

[78] G. M. Flagg, Interpolation Methods for the Model Reduction of Bilinear Systems,
Dissertation, Virginia Tech, 2012. 129, 161, 172

[79] P. H. Gadde, M. Biswal, S. Brahma, and H. Cao, Efficient compression of
PMU data in WAMS, IEEE Transactions on Smart Grid, 7 (2016), pp. 2406–2413. 6,
197

[80] K. Gallivan, A. Vandendorpe, and P. Van Dooren, Model reduction of MIMO
systems via tangential interpolation, SIAM Journal on Matrix Analysis and Applica-
tions, 26 (2004), pp. 328–349. 28

[81] T. Gamelin, Complex Analysis, Springer, New York, NY, 2003. 14, 15

[82] P. Gao, M. Wang, S. G. Ghiocel, J. H. Chow, B. Fardanesh, and G. Ste-
fopoulos, Missing data recovery by exploiting low-dimensionality in power sys-
tem synchrophasor measurements, IEEE Transactions on Power Systems, 31 (2015),
pp. 1006–1013. 198

[83] P. Gao, R. Wang, M. Wang, and J. H. Chow, Low-rank matrix recovery from
noisy, quantized, and erroneous measurements, IEEE Transactions on Signal Process-
ing, 66 (2018), pp. 2918–2932. 200

[84] W. Gawronski and J.-N. Juang, Model reduction in limited time and frequency
intervals, International Journal of Systems Science, 21 (1990), pp. 349–376. 86

[85] K. Glover and J. C. Doyle, State-space formulae for all stabilizing controllers
that satisfy an H∞-norm bound and relations to risk sensitivity, Systems & Control
Letters, 11 (1988), pp. 167–172. 76



238 BIBLIOGRAPHY

[86] G. H. Golub and C. F. Van Loan,Matrix Computations, Johns Hopkins University
Press, Baltimore, MD, fourth ed., 2013. 8, 9, 10, 11, 52, 198, 200, 206

[87] I. V. Gosea and A. C. Antoulas, A two-sided iterative framework for model
reduction of linear systems with quadratic output, in 2019 IEEE 58th Conference on
Decision and Control (CDC), 2019, pp. 7812–7817. 115, 121, 128, 130

[88] I. V. Gosea and S. Gugercin, Data-driven modeling of linear dynamical systems
with quadratic output in the AAA framework, Journal of Scientific Computing, 91
(2022), p. 16. 115, 121

[89] I. V. Gosea, S. Gugercin, and C. Beattie, Data-driven balancing of linear
dynamical systems, SIAM Journal on Scientific Computing, 44 (2022), pp. A554–A582.
4, 58, 59, 60, 61, 63, 65, 66, 67, 86, 95, 101, 105, 112, 227, 229

[90] I. V. Gosea, S. Gugercin, and S. W. Werner, Structured barycentric forms for
interpolation-based data-driven reduced modeling of second-order systems, Advances in
Computational Mathematics, 50 (2024), pp. 1–32. 59, 95

[91] P. K. Goyal, System-Theoretic Model Order Reduction for Bilinear and Quadratic-
Bilinear Control Systems, Dissertation, Otto-von-Guericke-Universität Magdeburg,
2018. 156, 161

[92] M. Green, Balanced stochastic realizations, Linear Algebra and its Applications, 98
(1988), pp. 211–247. 4, 27, 34, 58, 69, 70, 227

[93] M. Green, A relative error bound for balanced stochastic truncation, IEEE Transac-
tions on Automatic Control, 33 (1988), pp. 961–965. 4, 58, 69, 70, 227

[94] E. J. Grimme, Krylov Projection Methods for Model Reduction, Dissertation, Univer-
sity of Illinois, Urbana-Champaign, USA, 1997. 28

[95] M. Gu and S. C. Eisenstat, Efficient algorithms for computing a strong rank-
revealing QR factorization, SIAM Journal on Scientific Computing, 17 (1996), pp. 848–
869. 213

[96] S. Gugercin and A. C. Antoulas, A survey of model reduction by balanced trun-
cation and some new results, International Journal of Control, 77 (2004), pp. 748–766.
27, 34, 68, 74, 82

[97] S. Gugercin, A. C. Antoulas, and C. Beattie, H2 model reduction for large-
scale linear dynamical systems, SIAM Journal on Matrix Analysis and Applications,
30 (2008), pp. 609–638. 5, 25, 26, 28, 29, 30, 31, 32, 33, 34, 136, 140, 142, 161, 172,
177, 181, 182, 228



BIBLIOGRAPHY 239

[98] S. Gugercin, R. V. Polyuga, C. Beattie, and A. Van Der Schaft, Structure-
preserving tangential interpolation for model reduction of port-Hamiltonian systems,
Automatica, 48 (2012), pp. 1963–1974. 110

[99] R. C. Gunning and H. Rossi, Analytic Functions of Several Complex Variables,
American Mathematical Society, Providence, 2022. 15

[100] B. Gustavsen and A. Semlyen, Rational approximation of frequency domain re-
sponses by vector fitting, IEEE Transactions on Power Delivery, 14 (1999), pp. 1052–
1061. 59, 95

[101] N. Halko, P.-G. Martinsson, and J. A. Tropp, Finding structure with ran-
domness: Probabilistic algorithms for constructing approximate matrix decompositions,
SIAM Review, 53 (2011), pp. 217–288. 213, 230

[102] J. Hao, R. J. Piechocki, D. Kaleshi, W. H. Chin, and Z. Fan, Sparse malicious
false data injection attacks and defense mechanisms in smart grids, IEEE Transactions
on Industrial Informatics, 11 (2015), pp. 1–12. 198

[103] Y. Hao, M. Wang, and J. H. Chow, Modeless streaming synchrophasor data recov-
ery in nonlinear systems, IEEE Transactions on Power Systems, 35 (2019), pp. 1166–
1177. 198

[104] Y. Hao, M. Wang, J. H. Chow, E. Farantatos, and M. Patel, Modelless
data quality improvement of streaming synchrophasor measurements by exploiting the
low-rank Hankel structure, IEEE Transactions on Power Systems, 33 (2018), pp. 6966–
6977. 198

[105] P. Harshavardhana, E. A. Jonckheere, and L. M. Silverman, Stochastic
balancing and approximation-stability and minimality, in Mathematical Theory of Net-
works and Systems: Proceedings of the MTNS-83 International Symposium Be’er
Sheva, Israel, June 20–24, 1983, New York, NY, 1984, Springer, pp. 406–420. 69,
70, 74

[106] E. P. Hendryx Lyons, The discrete empirical interpolation method in class identifi-
cation and data summarization, WIREs Computational Statistics, 16 (2024), p. e1653
(18pp). 209

[107] C. Himpe, emgr—The Empirical Gramian Framework, Algorithms, 11 (2018), p. 91.
59

[108] C. Himpe, Comparing (empirical-Gramian-based) model order reduction algorithms, in
Model Reduction of Complex Dynamical Systems, Birkhäuser, Cham, 2021, pp. 141–
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Appendix A

Error calculations in the Proof of Theorem 6.9.

In this appendix, we seek to show that ∥G̃lo − Ǧlo∥2H2
= O (ε2) and ∥G̃qo − Ǧqo∥2H2

=
O (ε2) in the context of deriving the Hermite interpolation conditions (6.32d) in the proof of

Theorem 6.9. Apply (5.46) and substitute directly into G̃lo − Ǧlo in (6.35b) to get

∥G̃lo − Ǧlo∥2H2
= cTk

(
G̃lo(−λk)− Ǧlo(−λk)−

(
G̃lo(−ηk)− Ǧlo(−ηk)

))
bk

= ∥ck∥22∥bk∥22
(

1

−2Re(λk)
− 1

−λk − ηk
− 1

−λk − ηk
+

1

−2Re(ηk)

)
= ∥ck∥22∥bk∥22

(
Re(λk + ηk) (4Re(λk) Re(ηk)− |λk + ηk|2)

2Re(λk) Re(ηk)|λk + ηk|2
)

= −∥ck∥22∥bk∥22
(

Re(λk + ηk)|λk − ηk|2
2Re(λk) Re(ηk)|λk + ηk|2

)
= O

(
ε2
)
,

since |λk + ηk|2 − 4Re(λk) Re(ηk) = |λk − ηk|2 = ε2 by our choice of ηk. Note that this
term is in fact positive since Re(λk + ηk) < 0 by asymptotic stability. We next show that

∥G̃qo−Ǧqo∥2H2
= O (ε2). To make the calculations more compact, we introduce the notation

Hqo
def
= G̃qo − Ǧqo and bi,j

def
= (bi ⊗ bj) ∈ ℂ1×m2

. Observe that

∥G̃qo − Ǧqo∥2H2
=

r∑
i ̸=k

mT
i,k

(
Hqo(−λi,−λk)−Hqo(−λi,−ηk)

)
bi,k

+
r∑

j ̸=k

mT
j,k

(
Hqo(−λk,−λj)−Hqo(−λk,−ηj)

)
bk,j

+mT
k,k

(
Hqo(−λk,−λk)−Hqo(−ηk,−ηk)

)
bk,k

= 2
r∑

i ̸=k

mT
i,k

(
Hqo(−λi,−λk)−Hqo(−λi,−ηk)

)
bi,k

+mT
k,k

(
Hqo(−λk,−λk)−Hqo(−ηk,−ηk)

)
bk,k

(1)

by (5.44) and (5.14). The notation
∑r

i ̸=k means that the summation runs over all i =

1, . . . , k − 1, k + 1, . . . , r. Substituting directly into the expression for Hqo = G̃qo − Ǧqo
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in (6.35b), the first term in the expansion above becomes

γ⋆
def
= 2

r∑
i ̸=k

mT
i,k

(
Hqo(−λi,−λk)−Hqo(−λi,−ηk)

)
bi,k

= 2
r∑

i ̸=k

mT
i,k

[
γ1

r∑
i ̸=k

mT
i,k

r∑
ℓ ̸=k

mℓ,kb
T

ℓ,k

−λi − λℓ

+
r∑

ℓ̸=k

mk,ℓb
T
k,ℓγ

(i,ℓ)
2 + γ

(i)
3 mk,kb

T

k,k

]
bi,k,

(2a)

where the terms γ1, γ
(i,ℓ)
2 , and γ

(i)
3 are given by

γ1 =
1

−2Re(λk)
− 1

−λk − ηk
− 1

−λk − ηk
+

1

−2Re(ηk)
, (2b)

γ
(i,ℓ)
2 =

(
1

−λi − λk

− 1

−λi − ηk

)(
1

−λk − λℓ

− 1

−ηk − λℓ

)
, (2c)

γ
(i)
3 =

1

−λi − λk

(
1

−2Re(λk)
− 1

−λk − ηk

)
+

1

−λi − ηk

(
1

−2Re(ηk)
− 1

−λk − ηk

)
, (2d)

for all i ̸= k and ℓ ̸= k. Likewise, the second term in (1) can be expressed as

ξ⋆
def
= mT

k,k

(
Hqo(−λk,−λk)−Hqo(−ηk,−ηk)

)
bk,k

= mT
k,k

[ r∑
ℓ̸=k

(
mℓ,kb

T

ℓ,k +mk,ℓb
T

k,ℓ

)
ξ
(ℓ)
1 +mk,kb

T

k,kξ2

]
bk,k,

(2e)

where the terms ξ
(ℓ)
1 and ξ2 are given by

ξ
(ℓ)
1 =

(
1

−2Re(λk)
− 1

−λk − ηk

)
1

−λk − λℓ

+

(
1

−2Re(ηk)
− 1

−λk − ηk

)
1

−ηk − λℓ

, (2f)

ξ2 =
1

4Re(λk)2
− 1

(−λk − ηk)
2
− 1

(−ηk − λk)2
+

1

4Re(ηk)2
, (2g)

for ℓ ̸= k. The calculations required to resolve ∥G̃qo − Ǧqo∥2H2
as O (ε2) are direct but

tedious. We do so by proving that the factors γ1, γ
(i,ℓ)
2 , γ

(i)
3 , ξ

(i)
1 , ξ2 defined in (2b)–(2g) are all

O (ε2) for each i, ℓ ̸= k. Because every term in the expansion of the error ∥G̃qo − Ǧqo∥2H2
is

a multiple of one of these, it follows that the error is O (ε2). We begin by observing that γ1
in (2b) is precisely the term appearing in ∥G̃lo− Ǧlo∥2H2

, and so γ1 = O (ε2) by this previous

calculation. For γ
(i,ℓ)
2 in (2c), observe first that

1

−λi − λk

− 1

−λi − ηk
=

λk − ηk(
−λi − λk

)
(−λi − ηk)

and
1

−λk − λℓ

− 1

−ηk − λℓ

=
λk − ηk(

−λk − λℓ

) (
−ηk − λℓ

)
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for all i ̸= k and ℓ ̸= k. Thus,

γ
(i,ℓ)
2 =

(
1

−λi − λk

− 1

−λi − ηk

)(
1

−λk − λℓ

− 1

−ηk − λℓ

)
=

|λk − ηk|2
(−λi − λk)(−λi − ηk)(−λk − λℓ)(−ηk − λℓ)

= O
(
ε2
)
.

For γ
(i)
3 in (2d), first define

γ4
def
=

1

−2Re(λk)
− 1

−λk − ηk
=
|λk + ηk|2 − 2Re(λk) (λk + ηk)

2Re(λk)|λk + ηk|2

γ5
def
=

1

−2Re(ηk)
− 1

−ηk − λk

=
|λk + ηk|2 − 2Re(ηk)

(
λk + ηk

)
2Re(ηk)|λk + ηk|2

.

Now γ
(i)
3 can be written as

γ
(i)
3 =

γ4

−λi − λk

+
γ5

−λi − ηk
=

(
−λi (γ4 + γ5)−

(
ηkγ4 + λkγ5

))(
−λi − λk

)
(−λi − ηk)

.

Direct calculations reveal that

−λi (γ4 + γ5) =
λi Re(λk + ηk) (|λk + ηk|2 − 4Re(λk) Re(ηk))

2|λk + ηk|2Re(λk) Re(ηk)
=

λiRe (λk + ηk) |λk − ηk|2
2|λk + ηk|2Re(λk) Re(ηk)

= O
(
ε2
)
.

More involved, but very similar calculations using the fact that ηk = λk + εeı̇ıθ reveal that

ηkγ4 + λkγ5 =
λk Re(λk + ηk) (4Re(λk) Re(ηk)− |λk + ηk|2)

2|λk + ηk|2Re(λk) Re(ηk)

+ εe−ı̇ıθRe(ηk) (λk + ηk)
(
2Re(λk)−

(
λk + ηk

))
2|λk + ηk|2Re(λk) Re(ηk)

=
λk Re(λk + ηk)|λk − ηk|2
2|λk + ηk|2Re(λk) Re(ηk)

+ εe−ı̇ıθRe(ηk) (λk + ηk) (λk − ηk)

2|λk + ηk|2Re(λk) Re(ηk)
= O

(
ε2
)
,

because |λk − ηk|2 = ε2 and λk − ηk = εeı̇ıθ. This proves that γ
(i)
3 in (2d) O (ε2) and thus γ⋆

in (2a) is O (ε2). We observe that ξ
(ℓ)
1 in (2f) is the complex conjugate of γ

(i)
3 in (2d) with

λℓ taking the place of λi, and so ξ
(ℓ)
1 is O (ε2) for all ℓ ̸= k. This just leaves ξ2 in (2g). We
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start by combining the individual terms in (2g) over a single denominator

ξ2 =
1

4Re(λk)2
− 1

(−λk − ηk)
2
− 1

(−ηk − λk)2
+

1

4Re(ηk)2

=
|λk + ηk|4 (Re(λk)

2 +Re(ηk)
2)− 32Re(λk)

3Re(ηk)
3 − 8|ηk − λk|2Re(λk)

2Re(ηk)
2

4Re(λk)2Re(ηk)2|λk + ηk|4
.

One can expand |λk + ηk|4 = (4Re(λk) Re(ηk) + |ηk − λk|2)2, and so the numerator in the
above expression can be written as

|λk + ηk|4
(
Re(λk)

2 +Re(ηk)
2
)
− 32Re(λk)

3Re(ηk)
3 − 8|ηk − λk|2Re(λk)

2Re(ηk)
2

=
(
4Re(λk) Re(ηk) + |ηk − λk|2

)2 (
Re(λk)

2 +Re(ηk)
2
)

− 8
(
4Re(λk) Re(ηk) + |ηk − λk|2

) (
Re(λk)

2Re(ηk)
2
)

=
(
4Re(λk) Re(ηk) + |ηk − λk|2

) ((
4Re(λk) Re(ηk) + |ηk − λk|2

)
×
(
Re(λk)

2 +Re(ηk)
2
)
− 8Re(λk)

2Re(ηk)
2
)
.

Thus, the numerator in the expression for ξ2 becomes(
4Re(λk) Re(ηk) + |ηk − λk|2

) (
Re(λk)

2 +Re(ηk)
2
)
− 8Re(λk)

2Re(ηk)
2

= O
(
ε2
)
+ 4Re(λk) Re(ηk)

(
Re(λk)

2 +Re(ηk)
2 − 2Re(λk) Re(ηk)

)︸ ︷︷ ︸
=Re(λk−ηk)2=O(ε2)

.

The O (ε2) term comes from those multiplied by |ηk − λk|2. Thus, ξ2 in (2g) is O (ε2), and

we have that ∥G̃qo − Ǧqo∥2H2
= O (ε2) as claimed.
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