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1L1.Introduction 

For the past 40 years, the primary materials 

utilized for multilayer ceramic capacitors have been 

modified BaTiO3 and various other titanates. Such 

materials generally require high firing temperatures 

(>1300°C), making it necessary to use expensive internal 

electrode metals such as Pd. The upper limit of the 

dielectric constant for modified BaTi03 is about 4000, 

which determines the size of capacitors. Thus there is a 

high demand for a material which has a higher dielectric 

constant and is amenable to sintering at lower 

temperatures. 

Lead complex oxides Pb(B,,B9)03, which show 

perovskite structure, are of considerable interest 

because of its high dielectric constant, broad maxima, 

and relatively low firing temperature. However such 

materials are difficult to fabricate reproducibly without 

the appearance of pyrochlore phases whose absence are 

detrimental to the dielectric properties. 

Lead ferroniobate Pb(Feg 5Nb9_5)03 (PFN) is one of 

such lead perovskite oxides. The Curie temperature of 

PFN is 114°C and it has a high dielectric constant around 

114°C. On the other hand, Pb (Feo 5Tag 5) 03 (PFT) has 

Curie point at -40°C. It is known that Curie temperature 

of the solid solution of PFN and PFT changes almost 

linearly with composition [1]. Thus the system PFN-PFT 

(Pb(Feg 5Nbp_5)03- Pb(Feg_ 5ND9 5) 03) is a potential 

candidate for a ceramic capacitor owing to the Curie 

temperature of these oxides, and to their high dielectric 

constants of 20,000 and 9000, respectively. An



investigation of this system has shown the existance of a 

solid solution with dielectric constants ranging from 

6000 to 12,000. However sintering such a composition is 

difficult because of the refractory character of PFT. 

Pure PFN was synthesized by C.Chiu and S.S.Lopatin 

et al. using a molten salt method. [2,3] Molten salt 

synthesis is one of the simplest techniques to prepare 

pure stoichiometric ceramic powders of multicomponent 

ceramic oxides. In this method, a molten salt is used 

as a medium of reaction of the starting oxides. Since 

the diffusivities of oxides in the molten salt are much 

higher than those in the solid-state, significantly lower 

powder formation temperatures and times are needed for 

the molten salt method. 

The objective of this project is to synthesize PFN- 

PFT solid solutions using a molten salt method, and to 

obtain a foundamental knowledge about the relation among 

process parameters, the structure and the properties.



2.Literature Review 

2.1 Molten Salt Synthesis 

In the solid-state synthesis, the reaction is 

generally controlled by the solid-state diffusion across 

the inter-particle contacts. Since the diffusion takes 

long time to be completed, it is very difficult to obtain 

a completely homogeneous product in this process. In 

practice, the product from the first solid-state reaction 

is milled, and reacted again at high temperatures. This 

process may be repeated several times to attain 

homogenity but it raises the milling cost and may cause 

contamination due to the wear of the milling media. 

On the other hand, the molten salt method can avoid 

these problems. The mobility of oxides in molten salts 

is much higher than those in the solid-state. Thus 

reactions can be completed much faster in the molten salt 

method. 

The requirements of the molten salt solvent are that 

it not enter into any undesirable side reactions with 

either the reactants or the products, and that the salt 

Should possess sufficient aqueous solubility so that it 

can be removed by simple washing. One solvent system. 

which has been found to satisfy all these requirements is 

NaC1-KCl. This system has a eutectic at 50 mol% KCl 

(m.p. 931K) which dectates the minimum reaction 

temperature. 

Reaction in the molten salt consists of two 

processes: complex oxide formation and particle growth.



The control of the nucleation rate is rather difficult 

because complex oxide particles are formed in the 

presence of solid reactant particles and the product 

usually nucleates on the reactant particles. On the 

other hand, growth rate can be controlled by sellecting 

preparation conditions, such as salt species, heating 

temperature and duration. Preparations of powders which 

have definite morphology have been reported[4,5,6]. 

The difficulty in synthesizing perovskite oxides is 

in avoiding the formation of pyrochlore phase. In the 

formation of PFN, the reaction takes two stages; 

3PbO+2Nb505 —*>Pb3Nb 40) 3 (rapid) 

Pb3Nb504 3t2Fe503+SPbO—> 8Pb (Feo . 5Nbo . 5) 03 (slow) 

Rasing reaction temperature and adding excess PbO can 

displace the equilibrium toward the perovskite phase and 

avoid formation of Pb3Nb,0,3 (P3N4) [1,2]. 

2.2 The Structure and the Properties of PFN and PFT 

The investigation of phase transitions of PFN and 

PFT is still in progress. At room temperature, the 

crystal system of PFN is rhombohedral which is very close 

to cubic. A phase transition from rhombohedral 

(ferroelectric) to cubic (paraelectric) takes place in 

the range from 96°C to 120°C. PFT shows a first order 

phase transition from rhombohedral to monoclinic at - 

68°C, and a second order transition from monoclinic to 

cubic at -25°C.[7] The lattice constants at room 

temperature are



PFN 4.013 A [8] 

PFT 4.011 A [9] 

Both materials are antiferromagnetic at low 

temperature, but there is a considerable discrepancy 

among reported Neel temperatures. The Neel temperature 

of PFN is in the range from -264°C to -118°C. That of 

PFT is reported to be -130°C. [7] 

B-site cations (Fe,Nb and Fe,Ta) are completely 

disordered in both compounds. There are two reasons for 

this disorder. Firstly the difference of the charges of 

B-site ions, Fe(+3) and Nb,Ta(+5), is not so large. If 

there is a larger difference of the valence between B- 

Site cations, it results in a very srong tendency to 

order through electrostatic forces. Secondly the size of 

B-site ions are very close. If there is a large size 

aQifference in the B-site cations, materials are driven 

strongly towards ordering by electric forces. The ionic 

radii of these ions given by Ahrens [9] are 

Fe 0.628 A 

Nb O.69 A 

Ta 0.68 A 

The stability of perovskite is estimated by two 

factors: tolerance factor and electronegativity 

difference between cations and oxygen. The tolerance 

factor is defined by 

t=(ratro) /V2 (rptro) 

t should be from 0.88 to 1.09 for a stable perovskite



structure. Ionic radii of lead and oxygen are 

Pb 1.20 A [9] 

0 1.40 A [10] 

Using these figures, the calculated tolerance factors of 

PFN and PFT are 0.89 and 0.90, respectively. The 

electronegativities of each ions given by Pauling[10] are 

shown in Table 1. The electronegativity difference is 

expressed in the following equation: 

(Xpx_otXp_o) /2 

where Xa_9 is the electronegativity difference between 

the A site cation and oxygen, and Xp-o is that between 

the B site cations and oxygen. Since the ionic bonding 

gives more stable perovskite structure, the higher value 

of electronegativity difference is preferred. The 

calculated electronegativity difference of PFN and PFT 

are 1.75 and 2.0, respectively. From these factors, the 

Stability of PFN and PFT are almost same. 

2.3 Relaxor Ferroelectrics 

Relaxor ferroelectrics are characterized by a 

diffuse and dispersive phase transition. The permittivity 

(e’) and tan 6 (€”/e’) vs. temperature shows a diffuse 

phase transition over a so-called Curie range. fThere is 

a Curie maximum temperature, which is frequency dependent 

over a wide frequency range, and increases in temperature 

with increasing frequency. Also, the maximum in the 

permitivity (€’) does not correspond with the maximum in



Table 1 Electronegqativity 

E] Kivi 

Pb 1.8 

Fe 1.8 

Nb 1.6 

Ta 1.5 

© 3,5 
 



the dielectric loss (tan 85). A model of relaxor 

ferroelectrics was given by Somolenski[11], which notes 

that ferroelectric relaxors have common characteristics 

where two or more cations occupy equivalent 

crystallographic sites. It is the distribution of these 

cations which gives rise to chemical microregions with 

various compositions and in turn differing Curie 

temperatures. The summed distribution of chemical 

microregion gives the broad phase transitions. 

Thus the impurities, vacancies or composition 

fluctuations have to be frozen in fixed positions in the 

lattice for the broad phase transition. If the 

randomness is homogeneous, a sharp transition can occur 

even in systems with frozen impurities. For this reason, 

most of the diffuse phase transitions studied in oxide 

ferroelectrics have occured at low temperatures (<400°C) 

where the disorder is likely to be frozen. One should 

not expect to find diffuse phase transitions at high 

temperatures where the defects are more mobile in the 

lattice. Indeed, the sharp transitions are observed in 

LiNbO3 and LiTaO3 despite fairly large deviation from 

stoichiometry. 

Lead perovskite oxides were classified by 

C.A.Randall and A.S.Bhalla based on B cation order using 

TEM. [12] In their study, there is a strong relation 

between the nanoscale or short coherent long-range B-site 

order and relaxtor ferroelectric behavior. PFT and PFN, 

which do not have any long range order of B site ions, 

are classified as normal ferroelectric based on its X- 

ray, optical, and D.T.A. study[13], even though these



compounds have a broad ferroelectric transition. 

The microvolume region which has a definite Curie 

temperature is called a Kanzig region. A statistical 

treatment was developed by Rolov to describe this 

phenomena[i4]. Assume that Po(t,8) is the spontaneous 

polarization at the temperature t of the region of the 

crystal where the local Curie temperature lies in the 

range dQ. Then the square of the total spontaneous 

polarization is given by 

Po (t) = {reve 2 (t,0)d0 (1) Oo 0 ’ 

where F(@) is the probability density. In a solid 

solution of AB'O3z and AB"0O3, the probability P(m) of 

observing m ions of B' in the Kanzig region of n B-site 

ions is given by 

P(m)=(n!/m! (n-m) !)p™(1-p) (2) 

where p is the macroscopic concentration of B'. This 

distribution can be replaced by Gaussian distribution: 

P (x) =[2mp (1-p)n]~1/%exp[-nx?/2p(1-p)] (3) 

where x=m/n-p gives the amount by which the microscopic 

concentration differs from the macrocsopic concentration. 

For small values of x, the change in Curie temperature is 

linearly dependent on the composition change; 

x=g (Tc-@) (4)



The spontaneous polarization and the dielectric constant 

are given by (See Appendix B) ; 

Ps?=(c/2d) (-1-(1+4bd (T-Tp) /c2) 172) (T<Te¢) (11) 

Ps*=0 (T>Tc) 

e~1=(c%/d) (1+ (1-4bd (T-T9) /c#) 1/2) -4b (T-Tp) 

(T<Tc) (12) 

e-l=b(T-To) (T>Tc) 

where 

Tg=Te-3c*/ (16bd) (13) 

Substituting these formulas into Eq.(1) gives the total 

value of each quantities. 

On the other hand, it is known that the dielectric 

constant of relaxors obeys the law 1/€ =A+B (T-T,) ¢ rather 

than Curie-Weiss law 1/€ =C(T-Tc). This temperature 

dependence was explained by V.V.Kirillov and V.A.Isupov 

based on the Gaussian distribution Eq.(5).[15] According 

to them, the dielectric constant are given by 

1/ (€-E oo) =1/E gt (T-Ty) */ (2€,,07) (14) 

Assuming € >> €,,, one can get 

o%=(T-Tc) */2€,[ (1/€) -(1/Eq) |] (15) 

10



Therefore the distribution F(q) is given by 

F (0) =[220¢]~1/2exp [- (Tc-0) 2/2067) (5) 

where O is given by 

6“=p (1-p) /ng (6) 

Assume that the free energy of ferroelectrics is given 

by the following phenomenological expression: 

G=(a/2)D*+(c/4)D4+(a/6) D® (7) 

where D is electric displacement. The phenomenological 

theory assumes the parameter a depends on temperature in 

the linear fashion; 

a=b (T-Tc) (8) 

When the phase transition is 2nd order, c is positive. 

The spontaneous polarization and dielectric constant are 

given by (See Appendix B) ; 

Po“=b(T-T) /c (T<T,) (9) 

Po“=0 (T>T,) 

e-t=2b(T,-T) (T<T.) (10) 

€~t=p (T-T,) (T>T,) 

When the phase transition is first order, c is negative. 

11



3. Experimental Procedure 

3.1 Powder synthesis by the molten salt method 

Ceramic powders which have different compositions of 

PFN-PFT were prepared using a molten salt method. The 

procedure was as follows; 

(1) Appropriate amounts of source chemicals were 

mixed and ground with acetone using a mortar and a pestle 

for about an hour to obtain uniform mixtures. Used 

chemicals are: 

PbO (yellow powder) J.T.Baker Chemical Co. 

Fe903 Aldrich Chem. Co. 

Nb905 Johnson Matthey Inc. 

Ta 05 Aldrich Chem. Co. 

KCl Fisher Scientific 

NaCl Johnson Matthey Inc. 

The amount of PbO was 10% more than stoichiometric 

value. Flux/oxide ratio is 1/1. NaCl/KCl=1/1. 

(2) The mixture was dried at 120°C for two hours to 

remove acetone. 

(3) Fired in a covered alumina crucible in a box 

furnace at 800°C and 900°C for 1 hour. 

(4) Washed in hot water to remove the chrolide. 

(5) The excess PbO was removed by treating the 

powders with boiling acetic acid solution (5wt%) for 20 

minutes. 

(6) Dried at 150°C for 2 hours. 

Synthesized powders were characterized by X-ray 

diffraction and SEM.



3.2 Sintering 

Synthesized powders were mixed with 3 wt% of 

methocel (binder) and 0.25 wt% of Li»CO3z and pressed into 

pellets. It was reported that addition of LijCO3 is 

effective for sintering this solid solution system. [1,2] 

The reason is that the oxygen vacancy created by Lit ions 

3+ increases the oxygen diffusion which substitute for Fe 

rate and enhances the grain growth. After burnig out the 

binder at 300°C for 2 hours, each pellet was sinterd at 

either 1050°C or 1100°C for 4 hours in the box furnace. 

The sinterd pellets were analized by X-ray diffraction. 

The fractured surfaces of pellets were observed using 

SEM. 

3.3 Measurement of dielectric properties 

Both sides of the sintered pellets were polished and 

coated with thin gold film (Thickness =1000A) by 

sputtering (Edwards Sputter Coater 5150B). Silver epoxy 

(Epoxy Technology Inc. Epo-Tek P-10) was used on the gold 

layer to connect cupper wire electrodes and cured at 

150°C for one hour. Dielectric constant and loss tangent 

under weak ac fields were measured at frequencies of 

1,100,100, and 1000 kHz using a Hewlett Packard 4192ALF 

impedance analizer with a furnace (Thernodyne type 1300) 

and a temperature controller (Omega CN900). The samples 

were first heated above Curie range and both quantities 

13



were measured during cooling down. 

DC conductivity was measured at room temperature 

uSing a HP4140B. Applied voltage was changed from 0 to 

100V. 

14



4.Results and Discussion 

4.1 Characterization of powders 

4.1.1 X-ray diffraction 

Synthesis conditions and chemical compositions of 

powders and the phases of powders determined by X-ray 

diffraction are shown in Table 2. X-ray diffraction 

patterns of PFT synthesized at 800°C and 900°C are 

attached in Appendix A. At reaction temperature 800°C, 

the samples which had more Ta consisted of several 

phases. The amount of the second phase decreased as the 

concentration of Nb increased. Although the tolerance 

factor and the electronegativity difference of PFN and 

PFT are almost same, this result indicates that PFT is 

more difficult to form than PFN. 

The main component of the second phase was Pb3Ta 90g. 

Thus the formation reactions of PFT is considered as 

follows; 

3PbO+Tag05 >Pb3Ta70g 

Pb3Tan0gtPbOt+Fe703 > PhyTanFen01 9 

In the synthesis of PFN, the second phase was 

Pb3Nb,013.-[2] But no peak of Pb3Ta40,3 was observed in 

this study. 

Lattice constants of each compositions were 

calculated assuming all the crystal systems are cubic. 

The results are shown in Table 2. The lattice constant



Table,.2 Synthesized powders 

reaction Lattice Particle 

No. ¢ La (cy) c - (A) size (um) 

  

PFN 850 (2h) P 4.007 

O.8PFN+0.2PFT 800 P 4.003 1.0 

O.6PFN+0.4PFT 800 P 3.997 

4A OQ.4PFN+0.6PFT 800 P 0.5 

4B 0Q.4PFN+O.6PFT 900 P 4.003 

5A 0.2PFN+0.8PFT 800 P+P3T2 

5B O.2PFN+0.8PFT 900 P 4.000 

6A PET 800 P+P3T2+others 

6B PFT 900 P 3.997 

P;Perovskite P3T2;Pb3Taz0g 

*Sample 1 was synthesized by Mr.Chiu. 

16



increased slightly from PFT to PFN. This result agrees 

with the reported lattice constants (PFN: 4.013A, 

PFT:4.011A) of each crystals. 

No superlattice peaks were observed for the studied 

solid solutions. B-site cations seem to be completely 

disordered. 

4.1.2 SEM 

Scanning electron micrographs (SEM) of synthesized 

powders (Sample 2,4,6A, and 6B) are shown in Fig.1. The 

average particle size is shown in Table 2. The particle 

Size distribution was very large for all the powders. As 

Nb content increased in the composition, the average 

particle size increased. It is reasonable because 

formation rate of PFN is faster than that of PFT. In 

sample 6A (PEW synthesized at 800°C), there were two 

kinds of particles: small particles and large flat 

plates. It is likely that the small particles are 

perovskite and large flat plates are the second phase, 

but it was not confirmed. 

4.2 Characterization of sintered pellets 

4.2.1 X-ray diffraction 

Phases of sintered pellets determined by X-ray 

diffraction are shown in Table 3. X-ray diffraction 

patterns of PFT are attached in Appendix A. Samples 

5A(0.8PFT +0.2PFN) and 6A(PFT), which hac! second phases 

as powders, converted to pure perovskite after sintering. 

17



On the other hand, samples synthesized at 900°C 

decomposed into perovskite and P3T2 especially at higher 

Sintering temperature. A severe contrast can be seen in 

the sample 6B(PFT); one sintered at 1050°C consists of 

pure perovskite, however the other sintered at 1100°C is 

P3T2. This result. implies that PFT is rather unstable 

compared to PFN. The cause of this decomposition is 

probably the evaporation of lead during sintering. 

4.2.2 SEM 

SEMs of fractured surfaces of sintered pellets 

(Sample 2,4,6A, and 6B) are shown in Fig.2-5. The 

average particle sizes are shown in Table 4. Comparing 

the samples synthesized at 800°C (Samples 2,4, and 6), we 

could observe that the grain size increased as the ratio 

of Nb increased. The grain size increased as the 

particle size increased. The grain size also increased 

with the sintering temperature. In these samples, there 

are clusters of small grains distributed among larger 

grains. In other words, the grain size distribution is 

not uni-modal, but bi-modal. 

The behavior of the samples synthesized at 900°C 

(Sample 6B) is quite different from those synthesized at 

800°C. The grain sizes are much larger, and the 

Sintering is much more advanced especially at 1100°C. 

The decomposition into P3T2 also occured between the 

sample sintered at 1050°C and the sample sintered at 

1100°C. This result indicates that the mobility of ions 

are much higher in these samples. This high mobility 

18
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�I�n� �t�h�i�s� �r�e�s�u�l�t�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�e�r�e� 

�o�b�s�e�r�v�e�d�;� 

�(�1�)� �D�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �w�a�s� �h�i�g�h�e�r� �a�t� �l�o�w� �f�r�e�q�u�e�n�c�y� 

�e�s�p�e�c�i�a�l�l�y� �i�n� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e�.� �I�t� �w�a�s� �a�l�w�a�y�s� 

�a�c�c�o�m�p�a�n�i�e�d� �b�y� �h�i�g�h� �t�a�n�g�e�n�t� �l�o�s�s�.� 

�(�2�)� �G�e�n�e�r�a�l�l�y�,� �s�a�m�p�l�e�s� �s�i�n�t�e�r�e�d� �a�t� �1�0�5�0�°�C� �h�a�d� �l�o�w�e�r� 

�F�r�e�q�u�e�n�c�y� �d�e�p�e�n�d�e�n�c�e� �t�h�a�n� �t�h�o�s�e� �s�i�n�t�e�r�e�d� �a�t� �1�1�0�0�°�C�.� 

�(�3�)� �T�h�e�r�e� �w�a�s� �n�o� �p�e�a�k� �o�r� �l�a�r�g�e� �c�h�a�n�g�e� �o�f� �t�a�n�g�e�n�t� 

�l�o�s�s� �a�r�o�u�n�d� �t�h�e� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e�.� 

�(�4�)� �T�h�e� �m�a�x�i�m�u�m� �p�o�i�n�t� �o�f� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �d�i�d� �n�o�t� 

�d�e�p�e�n�d� �o�n� �f�r�e�q�u�e�n�c�y�.� 

�A�s� �m�e�n�t�i�o�n�e�d� �i�n� �2�.�2�,� �t�h�e� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e� 

�t�y�p�i�c�a�l� �r�e�l�a�x�o�r� �d�e�p�e�n�d�s� �o�n� �f�r�e�q�u�e�n�c�y� �a�n�d� �t�h�e� �t�a�n�g�e�n�t� �l�o�s�s� 
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�h�a�s� �m�a�x�i�m�u�m� �a�t� �t�h�e� �d�i�f�f�e�r�e�n�t� �t�e�m�p�e�r�a�t�u�r�e� �f�r�o�m� �t�h�e� �C�u�r�i�e� 

�t�e�m�p�e�r�a�t�u�r�e�.� �H�o�w�e�v�e�r� �t�h�e�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�e�r�e� �n�o�t� 

�o�b�s�e�r�v�e�d� �i�n� �t�h�e� �P�F�N�-�P�F�T� �s�y�s�t�e�m�,� �e�v�e�n� �t�h�o�u�g�h� �t�h�e� �P�F�N�-�P�F�T� 

�s�y�s�t�e�m� �s�h�o�w�e�d� �a� �b�r�o�a�d� �d�i�e�l�e�c�t�r�i�c� �p�h�a�s�e� �t�r�a�n�s�i�t�i�o�n�.� 

�H�i�g�h� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �a�n�d� �t�a�n�g�e�n�t� �l�o�s�s� �i�n� �l�o�w� 

�f�r�e�q�u�e�n�c�y� �r�a�n�g�e� �c�a�n� �b�e� �e�x�p�l�a�i�n�e�d� �b�y� �i�o�n� �m�i�g�r�a�t�i�o�n�.� �A�t� 

�l�o�w� �f�r�e�q�u�e�n�c�y�,� �i�o�n�s� �c�a�n� �j�u�m�p� �f�r�o�m� �p�l�a�c�e� �t�o� �p�l�a�c�e�.� �I�t� 

�c�a�u�s�e�s� �a�d�d�i�t�i�o�n�a�l� �p�o�l�a�r�i�z�a�t�i�o�n�,� �a�n�d� �i�t�s� �r�e�l�a�x�a�t�i�o�n� 

�i�n�c�r�e�a�s�e�s� �t�a�n�g�e�n�t� �l�o�s�s�.� �T�h�e� �d�i�f�f�e�r�e�n�c�e� �b�e�t�w�e�e�n� �t�h�e� 

�s�a�m�p�l�e�s� �a�t� �1�0�5�0�°�C� �a�n�d� �1�1�0�0�°�C� �c�o�m�e�s� �f�r�o�m� �t�h�e� �d�i�f�f�e�r�e�n�t� 

�m�i�c�r�o�~�s�t�r�u�c�t�u�r�e�s� �o�f� �e�a�c�h� �s�a�m�p�l�e�s�.� 

�4�.�3�.�2� �D�C� �c�o�n�d�u�c�t�i�v�i�t�y� 

�D�C� �c�o�n�d�u�c�t�i�v�i�t�y� �a�t� �v�a�r�i�o�u�s� �e�l�e�c�t�r�i�c� �f�i�e�l�d�s� �i�s� �s�h�o�w�n� 

�i�n� �F�i�g�.�1�8�-�1�9�.� �A�m�o�n�g� �s�a�m�p�l�e�s� �s�y�n�t�h�e�s�i�z�e�d� �a�t� �8�0�0�°�C�,� �t�h�o�s�e� 

�S�i�n�t�e�r�e�d� �a�t� �1�0�5�0�°�C� �h�a�v�e� �a� �t�e�n�d�e�n�c�y� �t�h�a�t� �p�u�r�e� �P�F�N� �o�r� �P�F�T� 

�h�a�s� �l�o�w�e�r� �c�o�n�d�u�c�t�i�v�i�t�y� �t�h�a�n� �s�o�l�i�d� �s�o�l�u�t�i�o�n� �b�u�t� �t�h�o�s�e� 

�s�i�n�t�e�r�e�d� �a�t� �1�1�0�0�°�C� �d�o� �n�o�t� �h�a�v�e� �s�u�c�h� �a� �t�e�n�d�e�n�c�y�.� 

�N�o� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�a�n�g�e�n�t� �l�o�s�s� �a�n�d� �D�C� �c�o�n�d�u�c�t�i�v�i�t�y� 

�w�a�s� �o�b�s�e�r�v�e�d�.� 

�4�.�3�.�3� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �c�o�m�p�o�s�i�t�i�o�n�a�l� �f�l�u�c�t�u�a�t�i�o�n� 

�T�o� �c�a�l�c�u�l�a�t�e� �c�o�m�p�o�s�i�t�i�o�n�a�l� �f�l�u�c�t�u�a�t�i�o�n�,� �w�e� �n�e�e�d� �t�o� 

�e�s�t�i�m�a�t�e� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e�s� �o�f� �e�a�c�h� �s�a�m�p�l�e�s�.� �I�t� �w�a�s� 

�a�s�s�u�m�e�d� �t�h�a�t� �p�u�r�e� �P�F�T� �h�a�s� �a� �C�u�r�i�e� �p�o�i�n�t� �a�t� �-�4�0�°�C� �a�s� 

�R�e�f�(�{�1�]�.� �U�s�i�n�g� �t�h�i�s� �p�o�i�n�t� �a�n�d� �m�e�a�s�u�r�e�d� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e�s� 

�2�1



�o�f� �s�a�m�p�l�e� �1� �a�n�d� �2�,� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e�s� �o�f� �o�t�h�e�r� 

�c�o�m�p�o�s�i�t�i�o�n�s� �w�e�r�e� �e�s�t�i�m�a�t�e�d� �a�s� �i�n� �F�i�g�.�2�0�.� �T�h�e�r�e� �w�a�s� �a� 

�S�l�i�g�h�t� �d�i�f�f�e�r�e�n�c�e� �o�f� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e� �d�u�e� �t�o� �t�h�e� 

�S�i�n�t�e�r�i�n�g� �t�e�m�p�e�r�a�t�u�r�e�.� �O�b�t�a�i�n�e�d� �v�a�l�u�e�s� �o�f� �C�u�r�i�e� 

�t�e�m�p�e�r�a�u�r�e� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �5�.� 

�U�s�i�n�g� �t�h�o�s�e� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e�s�,� �1�/ ¬� �v�s�.� �(�T�-�T�c�)� �%� �w�a�s� 

�p�l�o�t�t�e�d� �i�n� �F�i�g�.�2�1�.� �D�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t�s� �a�t� �1�M�H�z� �w�e�r�e� 

�u�s�e�d� �f�o�r� �t�h�i�s� �p�l�o�t�t�i�n�g� �b�e�c�a�u�s�e� �t�h�e�r�e� �i�s� �l�e�s�s� �e�f�f�e�c�t� �o�f� 

�s�p�a�c�e� �c�h�a�r�g�e� �i�n� �t�h�i�s� �f�r�e�q�u�e�n�c�y� �r�a�n�g�e�.� �V�e�r�y� �g�o�o�d� �l�i�n�e�a�r� 

�r�e�l�a�t�i�o�n� �c�a�n� �b�e� �s�e�e�n� �i�n� �s�a�m�p�l�e� �1� �(�P�F�N�)� �a�n�d� 

�2�(�0�.�8�P�F�N�+�0�.�2�P�F�T�)�.� �B�u�t� �i�n� �t�h�e� �o�t�h�e�r� �s�a�m�p�l�e�s�,� �t�h�e� �r�e�l�a�t�i�o�n� 

�i�s� �u�n�c�e�r�t�a�i�n� �b�e�c�a�u�s�e� �w�e� �d�o� �n�o�t� �h�a�v�e� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� 

�a�r�o�u�n�d� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �t�h�e�s�e� �s�a�m�p�l�e�s�.� �U�s�i�n�g� 

�E�q�.�(�1�5�)�,� �©� �w�a�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e�s�e� �f�i�g�u�r�e�s�.� �T�h�e� �o�b�t�a�i�n�e�d� 

�v�a�l�u�e� �o�f� �o�O� �f�o�r� �e�a�c�h� �s�a�m�p�l�e�s� �a�r�e� �s�h�o�w�n� �i�n� �T�a�b�l�e� �6�.� 

�I�f� �w�e� �c�o�n�s�i�d�e�r� �c�o�m�p�o�s�i�t�i�o�n�a�l� �f�l�u�c�t�u�a�t�i�o�n� �o�f� �o�n�l�y� �N�b� 

�a�n�d� �T�a�,� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �c�o�m�p�o�s�i�t�i�o�n� �i�s� �d�e�s�c�r�i�b�e�d� �b�y� 

�p�r�o�b�a�b�i�l�i�t�y� �E�q�.� �(�2�)�.� �T�h�e� �s�t�a�n�d�a�r�d� �d�i�v�i�a�t�i�o�n� �o�f� �s�u�c�h� �a� 

�d�i�s�t�r�i�b�u�t�i�o�n� �i�s� �g�i�v�e�n� �b�y� 

�5� �=�(�n�p�(�1�-�p�)�)�1�/�2� �(�1�6�)� 

�T�h�u�s� �i�f� �N�b� �a�n�d� �T�a� �a�r�e� �d�i�s�t�r�i�b�u�t�e�d� �r�a�n�d�o�m�l�y�,� �G�O� �i�s� �m�a�x�i�m�u�m� 

�a�t� �t�h�e� �c�o�m�p�o�s�i�t�i�o�n� �0�.�5�P�F�N�+�0�.�5�P�F�T�.� �I�n� �s�a�m�p�l�e� �1�,�2�,� �a�n�d� �3�,� 

�w�h�e�r�e� �w�e� �c�o�u�l�d� �g�e�t� �m�o�r�e� �r�e�l�i�a�b�l�e� �d�a�t�a�,� �o�O� �i�s� �c�h�a�n�g�i�n�g� �i�n� 

�t�h�i�s� �m�a�n�n�e�r�.� 

�A�s�s�u�m�i�n�g� �t�h�a�t� �e�a�c�h� �K�a�n�z�i�g� �r�e�g�i�o�n� �u�n�d�e�r�g�o�e�s� �a� �f�i�r�s�t�-� 

�2�2



�T�a�b�l�e� �5� �C�u�r�i�e� �T�e�m�p�e�r�a�t�u�r�e� 

� � 

�S�a�m�p�l�e� �C�u�r�i�e� �T�e�m�p�.� �(�°�C�)� 

�N�o�.� �1�0�5�0�°�C� �1�1�0�0�°�*�¢� 

�P�F�N� �9�2� �8�8� 

�Q�0�.�8�P�F�N�+�0�.�2�P�F�T� �5�5� �4�5� 

�Q�O�.�6�P�F�N�+�0�.�4�P�F�T� �2�6� �1�7� 

�4�A� �0�.�4�P�F�N�+�0�.�6�P�F�T� �0� �-�5� 

�5�A� �0�.�2�P�F�N�+�0�.�8�P�F�T� �-�2�0� �-�2�3� 

�6�A� �P�F�T� �-�4�0� �-�4�0� 
� � 
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�o�r�d�e�r� �f�e�r�r�o�e�l�e�c�t�r�i�c� �p�h�a�s�e� �t�r�a�n�s�i�t�i�o�n�,� �t�e�m�p�e�r�a�t�u�r�e� 

�d�e�p�e�n�d�e�n�c�e� �o�f� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t�s� �w�e�r�e� �c�a�l�c�u�l�a�t�e�d� �f�o�r� 

�s�a�m�p�l�e� �1�,�2� �a�n�d� �3�.� �T�h�e� �d�e�t�a�i�l� �o�f� �t�h�i�s� �c�a�l�c�u�l�a�t�i�o�n� �i�s� �i�n� 

�A�p�p�e�n�d�i�x� �C�.� �T�h�e� �r�e�s�u�l�t�s� �a�r�e� �s�h�o�w�n� �i�n� �F�i�g�.�2�2�.� �S�o�l�i�d� 

�l�i�n�e�s� �a�r�e� �c�a�l�c�u�l�a�t�e�d� �r�e�s�u�l�t�s� �f�o�r� �e�a�c�h� �s�a�m�p�l�e�s�.� �T�a�b�l�e� �6� 

�S�h�o�w�s� �t�h�e� �u�s�e�d� �v�a�l�u�e� �f�o�r� �e�a�c�h� �p�a�r�a�m�e�t�e�r�.� �T�h�e� �v�a�l�u�e� �o�f� 

�C�u�r�i�e� �c�o�n�s�t�a�n�t� �b� �i�s� �r�e�a�s�o�n�a�b�l�e� �c�o�m�p�a�r�e�d� �t�o� �t�h�o�s�e� �o�f� �o�t�h�e�r� 

�p�e�r�o�v�s�k�i�t�e� �o�x�i�d�e�s�.� �[�1�6�]� �T�h�e� �v�a�l�u�e� �o�f� �O� �i�n� �t�h�i�s� 

�c�a�l�c�u�l�a�t�i�o�n� �i�s� �s�m�a�l�l�e�r� �t�h�a�n� �t�h�a�t� �f�r�o�m� �E�q�.�(�1�5�)�.� �T�h�e� 

�r�e�a�s�o�n� �f�o�r� �t�h�i�s� �d�i�s�c�r�e�p�a�n�c�y� �i�s� �t�h�a�t� �o�n�l�y� �t�h�e� �K�a�n�z�i�g� 

�r�e�g�i�o�n� �w�h�i�c�h� �h�a�s� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e� �c�l�o�s�e� �t�o� �t�h�e� �m�e�a�s�u�r�e�d� 

�t�e�m�p�e�r�a�t�u�r�e� �i�s� �c�o�n�s�i�d�e�r�e�d� �a�n�d� �t�e�m�p�e�r�a�t�u�r�e� �d�e�p�e�n�d�e�n�c�e� �o�f�  ¬� 

�m� �t�S� �n�e�g�l�e�c�t�e�d� �t�o� �d�e�r�i�v�e� �E�q�.�(�1�5�)�.� �T�h�e� �c�a�l�c�u�l�a�t�e�d� �r�e�s�u�l�t�s� 

�g�a�v�e� �h�i�g�h�e�r� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �i�n� �h�i�g�h� �t�e�m�p�e�r�a�t�u�r�e� 

�r�e�g�i�o�n�.� �I�t� �m�i�g�h�t� �b�e� �b�e�c�a�u�s�e� �E�q�.�(�1�2�)� �o�v�e�r�e�s�t�i�m�a�t�e�s� �t�h�e� 

�d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �o�f� �p�a�r�a�e�l�e�c�t�r�i�c� �r�e�g�i�o�n� �c�o�m�p�a�r�e�d� �t�o� 

�t�h�a�t� �o�f� �f�e�r�r�o�e�l�e�c�t�r�i�c� �r�e�g�i�o�n�.� �S�i�m�i�l�a�r� �c�a�l�c�u�l�a�t�i�o�n� �w�a�s� 

�p�e�r�f�o�r�m�e�d� �b�y� �J�.�K�u�w�a�t�a� �e�t� �a�l� �f�o�r� �P�Z�N�.� �[�1�7�]� 

�E�v�e�n� �t�h�o�u�g�h� �t�h�e�r�e� �w�a�s� �s�o�m�e� �d�e�s�c�r�e�p�a�n�c�y� �b�e�t�w�e�e�n� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �a�n�d� �t�h�e� �c�a�l�c�u�l�a�t�e�d� �r�e�s�u�l�t�,� �t�h�e� 

�f�e�r�r�o�e�l�e�c�t�r�i�c� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �P�F�N�-�P�F�T� �w�a�s� �w�e�l�l� �d�e�s�c�r�i�b�e�d� 

�b�y� �t�h�e� �c�o�m�p�o�s�i�t�i�o�n�a�l� �f�l�u�c�t�u�a�t�i�o�n� �m�o�d�e�l�.� 
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�T�a�b�l�e� �6� �O�b�t�a�i�n�e�d� �P�a�r�a�m�e�t�e�r�s� 

� � 

�S�i�n�t�e�r�i�n�g� 

�N�o�.� �T�e�m�p�.� �(�°�C�)� �o� �1�)� �(�K�y�)� �o� �2�)� �(�K�)� �p�(�1�0�7�®�x�7� �1�)� �T�o�-�T�)� 
�1� �1�0�5�0� �2�9� �2�5� �2�.�2� �6� 

�1�1�0�0� �3�0� �2�5� �2�.�6� �6� 
�2� �1�0�5�0� �4�0� �3�0� �3�.�4� �6� 

�1�1�0�0� �3�7� �3�2� �2�.�8� �6� 
�3� �1�0�5�0� �5�4� �4�0� �2�.�5� �6� 

�1�1�0�0� �5�9� �3�3� �2�.�2� �6� 
�4�A� �1�0�5�0� �6�5� 

�1�1�0�0� �5�2� 
�5�A� �1�0�5�0� �5�4� 

�1�1�0�0� �7�3� 
�6�A� �1�0�5�0� �8�3� 

�1�1�0�0� �8�1� 
� � 

�1�)� �O�b�t�a�i�n�e�d� �f�r�o�m� �E�q�.� �(�1�5�)�.� 

�2�)� �O�b�t�a�i�n�e�d� �t�o� �f�i�t� �c�a�l�c�u�l�a�t�e�d� �c�u�r�v�e�s�.� 
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�5�.�S�u�m�m�a�r�y� 

�V�a�r�i�o�u�s� �c�o�m�p�o�s�i�t�i�o�n�s� �o�f� �P�F�N�-�P�F�T� �s�o�l�i�d� �s�o�l�u�t�i�o�n� �w�e�r�e� 

�s�y�n�t�h�e�s�i�z�e�d� �b�y� �t�h�e� �m�o�l�t�e�n� �s�a�l�t� �m�e�t�h�o�d� �a�t� �8�0�0�°�C� �a�n�d� �9�0�0�°�C�.� 

�H�i�g�h�e�r� �t�e�m�p�e�r�a�t�u�r�e� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �f�o�r�m� �p�u�r�e� �p�e�r�o�v�s�k�i�t�e� 

�o�f� �P�F�T� �t�h�a�n� �P�F�N�.� �H�o�w�e�v�e�r� �t�h�o�s�e� �s�i�n�t�h�e�s�i�z�e�d� �a�t� �h�i�g�h�e�r� 

�t�e�m�p�e�r�a�t�u�r�e� �t�e�n�d�e�d� �t�o� �d�e�c�o�m�p�o�s�e� �d�u�r�i�n�g� �s�i�n�t�e�r�i�n�g�.� �T�h�e� 

�p�a�r�t�i�c�l�e� �s�i�z�e� �w�a�s� �n�o�t� �u�n�i�f�o�r�m� �a�n�d� �i�n�c�r�e�a�s�e�d� �f�r�o�m� �P�F�T� �t�o� 

�P�E�N�.� 

�T�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �g�r�a�i�n� �s�i�z�e� �i�n� �t�h�e� �s�i�n�t�e�r�e�d� 

�p�e�l�l�e�t�s� �w�a�s� �b�i�-�m�o�d�a�l�.� �T�h�e� �g�r�a�i�n� �s�i�z�e� �i�n�c�r�e�a�s�e�d� �a�s� �t�h�e� 

�p�a�r�t�i�c�l�e� �s�i�z�e� �i�n�c�r�e�a�s�e�d�.� �T�h�o�s�e� �s�y�n�t�h�e�s�i�z�e�d� �a�t� �9�0�0�°�C� �h�a�d� 

�q�u�i�t�e� �a� �d�i�f�f�e�r�e�n�t� �b�e�h�a�v�i�o�r� �f�r�o�m� �t�h�o�s�e� �s�y�n�t�h�e�s�i�z�e�d� �a�t� 

�8�0�0�°�C� �d�u�r�i�n�g� �s�i�n�t�e�r�i�n�g�.� 

�E�a�c�h� �c�o�m�p�o�s�i�t�i�o�n� �o�f� �P�F�N�-�P�F�T� �s�y�s�t�e�m� �s�h�o�w�e�d� �a� �b�r�o�a�d� 

�d�i�e�l�e�c�t�r�i�c� �p�h�a�s�e� �t�r�a�n�s�i�t�i�o�n� �i�n� �t�h�e� �d�i�f�f�e�r�e�n�t� �t�e�m�p�e�r�a�t�u�r�e� 

�r�a�n�g�e�.� �T�h�i�s� �b�e�h�a�v�i�o�r� �w�a�s� �w�e�l�l� �d�e�s�c�r�i�b�e�d� �b�y� �t�h�e� 

�s�t�a�t�i�s�t�i�c�a�l� �m�o�d�e�l� �o�f� �c�o�m�p�o�s�i�t�i�o�n�a�l� �f�l�u�c�t�u�a�t�i�o�n�.� 
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�A�p�p�e�n�d�i�x� �B� �T�h�e� �p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �t�h�e�o�r�y� �o�f� 

�f�e�r�r�o�e�l�e�c�t�r�i�c� �p�h�a�s�e� �t�r�a�n�s�i�t�i�o�n� 

�I�n� �t�h�e� �p�h�e�n�o�m�e�n�o�l�o�g�i�c�a�l� �t�h�e�o�r�y�,� �t�h�e� �f�r�e�e� �e�n�e�r�g�y� �o�f� 

�t�h�e� �f�e�r�r�o�e�l�e�c�t�r�i�c� �i�s� �e�x�p�r�e�s�s�e�d� �i�n� �t�h�e� �s�i�m�p�l�e� �p�o�l�y�n�o�m�i�n�a�l� 

�f�o�r�m� 

�G�=�(�a�/�2�)�D�2�+�(�c�/�4�)� �D�4�+� �(�a�/�6�)� �D�S� �(�B�-�1�)� 

�w�h�e�r�e� �e�n�e�r�g�y� �i�s� �m�e�a�s�u�r�e�d� �f�r�o�m� �t�h�e� �n�o�n�-�p�o�l�a�r� �p�h�a�s�e� �a�n�d� �D� 

�i�s� �e�l�e�c�t�r�i�c� �d�i�s�p�l�a�c�e�m�e�n�t�.� �F�i�r�s�t�-� �a�n�d� �s�e�c�o�n�d�-�o�r�d�e�r� �p�h�a�s�e� 

�t�r�a�n�s�i�t�i�o�n�s� �c�a�n� �b�e� �d�i�s�c�r�i�b�e�d� �a�s�s�u�m�i�n�g� �c� �a�n�d� �d�a� �a�r�e� 

�i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�e�m�p�e�r�a�t�u�r�e�.� �W�i�t�h� �t�h�i�s� �a�s�s�u�m�p�t�i�o�n�,� �t�h�e� 

�o�r�d�e�r� �o�f� �t�r�a�n�s�i�t�i�o�n� �d�e�p�e�n�d�s� �o�n� �t�h�e� �s�i�g�n� �o�f� �c�.� �(�d� �m�u�s�t� �b�e� 

�p�o�s�i�t�i�v�e� �s�o� �t�h�a�t� �t�h�e� �s�y�s�t�e�m� �i�s� �s�t�a�b�l�e� �w�h�e�n� �D�~�o�,�)� 

�B�-�1�.� �S�e�c�o�n�d�-�o�r�d�e�r� �f�e�r�r�o�e�l�e�c�t�r�i�c� �p�h�a�s�e� �t�r�a�n�s�i�t�i�o�n�s� 

�W�h�e�n� �c� �i�s� �p�o�s�i�t�i�v�e�,� �E�q�.�(�B�-�1�)� �c�a�n� �d�e�s�c�r�i�b�e� �s�e�c�o�n�d�-� 

�o�r�d�e�r� �p�h�a�s�e� �t�r�a�n�s�i�t�i�o�n�s�.� �I�n� �t�h�i�s� �c�a�s�e�,� �t�h�e� �t�e�r�m� �p� �6� �c�a�n� 

�b�e� �n�e�g�l�e�c�t�e�d� �b�e�c�a�u�s�e� �i�t� �d�o�e�s� �n�o�t� �g�i�v�e� �a�n�y� �a�d�d�i�t�i�o�n�a�l� 

�i�n�f�o�r�m�a�t�i�o�n�.� �W�h�e�n� �p�a�r�a�m�e�t�e�r� �a� �i�s� �p�o�s�i�t�i�v�e�,� �t�h�e� �f�r�e�e� 
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�n�e�g�a�t�i�v�e�,� �t�h�e� �c�u�r�v�e� �a�c�q�u�i�r�e�s� �a� �d�o�u�b�l�e�-�m�i�n�i�m�u�m� �f�o�r�m� �w�i�t�h� 

�m�i�n�i�m�u�m� �a�t� �n�o�n�-�z�e�r�o� �v�a�l�u�e�s� �o�f� �d�i�s�p�l�a�c�e�m�e�n�t�.� �S�i�n�c�e� 

�E�=�(�0�G�/�0�D�)� �7�p�,� �t�h�e� �m�i�n�i�m�a� �d�e�s�c�r�i�b�e�s� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� �v�a�l�u�e� �o�f� 

�z�e�r�o�-�f�i�e�l�d� �d�i�s�p�l�a�c�e�m�e�n�t� �(�i�.�e�.� �s�p�o�n�t�a�n�e�o�u�s� �p�o�l�a�r�i�z�a�t�i�o�n� 

�P�s�)� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�e�m�p�e�r�a�t�u�r�e�.� �I�t� �i�s� �c�l�e�a�r� �t�h�a�t� �P�s� 

�u�n�d�e�r�g�o�e�s� �a� �c�o�n�t�i�n�u�o�u�s� �(�s�e�c�o�n�d�-�o�r�d�e�r�)� �p�h�a�s�e� �t�r�a�n�s�i�t�i�o�n� �a�s� 

�a� �p�a�s�s�e�s� �t�h�r�o�u�g�h� �z�e�r�o�.� �T�h�u�s� �i�t� �i�s� �a�s�s�s�u�m�e�d� �t�h�a�t� �n�e�a�r� �t�h�e� 

�C�u�r�i�e� �p�o�i�n�t� �T�c�,� �t�h�e� �p�a�r�a�m�e�t�e�r� �a� �d�e�p�e�n�d�s� �o�n� �t�e�m�p�e�r�a�t�u�r�e� �i�n� 

�t�h�e� �l�i�n�e�a�r� �f�a�s�h�i�o�n�;� 

�a�=�b� �(�T�-�T�c�)� �(�B�-�2�)� 
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�O�n� �t�h�e� �o�t�h�e�r� �h�a�n�d�,� �d�e�f�f�e�r�e�n�t�i�a�t�i�n�g� �t�h�e� �f�r�e�e� �e�n�e�r�g�y� 

�r�e�s�p�e�c�t� �t�o� �D� �g�i�v�e�s� 

�E�=�a�D�+�c�D�>�+�d�D�°� �(�B�-�3�)� 

�a�n�d� �t�h�e� �i�n�v�e�r�s�e� �i�s�o�t�h�e�r�m�a�l� �p�e�r�m�i�t�i�v�i�t�y� �i�s� �g�i�v�e�n� �b�y� 

�K�=�d�E�/�d�D� �(�B�-�4�)� 

�T�h�e�r�e�f�o�r�e� �a� �i�s� �i�n� �f�a�c�t� �t�h�e� �r�e�c�i�p�r�o�c�a�l� �p�e�r�m�i�t�i�v�i�t�y� �a�t� �z�e�r�o� 

�f�i�e�l�d� �i�n� �n�o�n�-�p�o�l�a�r� �p�h�a�s�e�;� 

�K�=�a�=�b� �(�T�-�T�c�)� �(�T�>�T�c�)� �(�B�-�5�)� 

�F�o�l�l�o�w�i�n�g� �E�q�.� �(�B�-�3�)�,� �t�h�e� �s�p�o�n�t�a�n�e�o�u�s� �p�o�l�a�r�i�z�a�t�i�o�n� �b�e�l�o�w� �T�c� 

�i�s� �g�i�v�e�n� �b�y� 

�P�s�*�=�b�(�T�-�T�c�)� �/�c� �(�B�-�6�)� 

�F�r�o�m� �E�q�.� �(�B�-�3�)� �a�n�d� �E�q�.� �(�B�-�4�)�,� 

�K�=�b� �(�T�-�T�c�)� �+�3�c�P�s�@� �(�B�-�7�)� 

�S�u�b�s�t�i�t�u�t�i�n�g� �E�q�.� �(�B�-�6�)� �i�n�t�o� �E�q�.� �(�B�-�7�)� �g�i�v�e�s� 

�K�=�2�b� �(�T�c�-�T�)� �(�T�<�T�c�)� �(�B�-�8�)� 

�B�-�2�.� �F�i�r�s�t�-�o�r�d�e�r� �f�e�r�r�o�e�l�e�c�t�r�i�c� �p�h�a�s�e� �t�r�a�n�s�i�t�i�o�n�s� 

�W�h�e�n� �c� �i�s� �n�e�g�a�t�i�v�e�,� �t�h�e� �t�e�r�m� �p�®� �c�a�n�n�o�t� �b�e� �n�e�g�l�e�c�t�e�d�.� 

�A�g�a�i�n� �a� �i�s� �a�s�s�u�m�e�d� �t�o� �h�a�v�e� �a� �f�o�r�m� 
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�a�=�b� �(�T�-�T�o�)� �(�B�-�9�)� 

�b�u�t� �w�h�e�r�e� �T�o� �i�s� �c�a�l�l�e�d� �t�h�e� �p�a�r�a�e�l�e�c�t�r�i�c� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e� 

�a�n�d� �i�s� �n�o�t� �e�q�u�a�l� �t�o� �t�h�e� �t�r�a�n�s�i�t�i�o�n� �t�e�m�p�e�r�a�t�u�r�e� �T�c�.� 

�C�o�n�d�i�t�i�o�n�s� �f�o�r� �a� �z�e�r�o�-�f�i�e�l�d� �f�i�r�s�t�-�o�r�d�e�r� �t�r�a�n�s�i�t�i�o�n� �i�s� 

�t�h�a�t� �b�o�t�h� �G� �a�n�d� �i�t�s� �f�i�r�s�t� �d�e�r�i�v�a�t�i�v�e� �r�e�s�p�e�c�t� �t�o� �D� �a�r�e� 

�z�e�r�o�;� �t�h�a�t� �i�s� �w�h�e�n� 

�(�b�/�2�)� �(�T�-�T�o�)� �+�(�c�/�4�)� �P�s�2�+� �(�d�/�6�)� �P�s� �4�=�0� �(�B�-�1�0�)� 

�b� �(�T�-�T�o�)� �t�c�P�s�*�+�d�P�s�4�=�0� �(�B�-�1�1�)� 

�a�r�e� �s�i�m�u�l�t�a�n�e�o�u�s�l�y� �s�a�t�i�s�f�i�e�d�.� �T�h�e� �s�o�l�u�t�i�o�n� �i�s� 

�T�=�T�c�=�T�o�t� �(�3�/�1�6�)� �c�*�/� �(�b�d�)� �(�B�-�1�2�)� 

�Z�e�r�o�-�f�i�e�l�d� �p�e�r�m�i�t�i�v�i�t�y� �c�a�n� �b�e� �d�e�d�u�c�e�d� �f�r�o�m� �E�q�.� �(�B�-�3�)� �a�s� 

�=�b� �(�T�-�T�o�)� �+�3�c�P�s�*�+�5�d�a�P�s�4� �(�B�-�1�3�)� 

�W�h�e�n� �T�<�T�c�,� �s�o�l�v�i�n�g� �E�q�.� �(�B�-�1�1�)� �a�n�d� �E�q�.� �(�B�-�1�3�)� �g�i�v�e�s� 

�K�=�(�c�2�/�d�)� �(�1�+� �(�1�-�4�b�d�)� �(�T�-�T�o�)� �/�c�2�)� �1�/�2�)� �-�a�p�(�T�-�T�o�)� �(�B�-�1�4�)� 
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�A�p�p�e�n�d�i�x� �C� �C�a�l�c�u�l�a�t�i�o�n� �o�f� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� 

�W�h�e�n� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e� �o�f� �e�a�c�h� 

�K�a�n�z�i�g� �r�e�g�i�o�n� �i�s� �g�i�v�e�n� �b�y� �G�a�u�s�s�i�a�n� �f�u�n�c�t�i�o�n�,� �t�h�e� �t�o�t�a�l� 

�d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �a�t� �t�e�m�p�e�r�a�t�u�r�e� �T� �i�s� �g�i�v�e�n� �b�y� 

�O�o� 

�K�(�T�)� �=�(�2�n�0�2�)� �7�1�7�2� �«� �(�T�,�@�)� �e�x�p� �[�-� �(�T�c�-�0�)� �2�/�2�6�2�]�d�@� �(�C�-�1�)� 
�0� 

�w�h�e�r�e� �«�(�T�,�@�)� �i�s� �r�e�c�o�p�r�o�c�a�l� �d�i�e�l�e�c�t�r�i�c� �c�o�n�s�t�a�n�t� �o�f� �K�a�n�z�i�g� 

�r�e�g�i�o�n� �w�h�i�c�h� �h�a�s� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e� �a�t� �9�0�.� �S�u�b�s�t�i�t�u�t�i�n�g� 

�E�q�.�(�1�2�)� �i�n�t�o� �E�q�.�(�C�-�1�)� �g�i�v�e�s� 

� � � � � 

� � � � 

�b� �T� 
�K�(�T�)�=� �S�|� �|� �o�t�e�-�a�v�e�r�o�t�-�(�0�-�1�0�7�/�2�0�°�1�4�8� 

�4� �o�n�o�?� �0� 

�[�o�e� �@�)� 

�1�6�A� �3� �(�8�-�T�c�-�A�)� �(�0�-�T�c�)� �2� 

�+� �(�1�+�_�/�1�-� �)� �e�x�p� �|�|� �d�0� 
�2� �7� �3� �4�A� �2�0� 

�(�C�-�2�)� 

�w�h�e�r�e� 

�A�=�T�c�-�T�o�=� �(�3�/�1�6�)� �c ��/� �(�b�d�)� �(�C�-�3�)� 

�W�e� �u�s�e�d� �"�m�a�t�e�m�a�t�i�c�a �� �t�o� �c�a�l�c�u�l�a�t�e� �t�h�i�s� �i�n�t�e�g�r�a�t�i�o�n�.� 

�T�h�e� �i�n�t�e�g�r�a�t�i�o�n� �r�a�n�g�e� �w�a�s� �O�K� �t�o� �1�0�0�0�K�.� �I�f� �u�n�n�e�c�e�s�s�a�r�y� 

�l�a�r�g�e� �r�a�n�g�e� �w�e�r�e� �u�s�e�d�,� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �w�o�u�l�d� �g�i�v�e� �a� �w�r�o�n�g� 

�r�e�s�u�l�t�.� 

�T�h�e� �p�a�r�a�m�e�t�e�r�s� �w�h�i�c�h� �h�a�v�e� �t�o� �b�e� �d�e�t�e�r�m�i�n�e�d� �a�r�e� �a�s� 

�f�o�l�l�o�w�s�;� 

�T�c�:� �A�v�e�r�a�g�e� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e� 
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�p�a�r�a�e�l�e�c�t�r�i�c� �C�u�r�i�e� �t�e�m�p�e�r�a�t�u�r�e� 

�A� �w�a�s� �f�i�x�e�d� �a�s� �6� �f�o�r� �a�l�l� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n�.� �A�l�l� �t�h�e� 

�o�t�h�e�r� �p�a�r�a�m�e�t�e�r�s� �-�w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �t�o� �f�i�t� �t�h�e� �c�a�l�c�u�l�a�t�e�d� 

�c�u�r�v�e� �t�o� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �b�y� �t�r�y� �a�n�d� �e�r�r�o�r�.� 
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