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Beam propagation in focusing media with random-axis 
misalignments: Second- and higher-order momentsa

) 

\oannis M. Besieris 
Virginia Polytechnic Institute and State University. Blacksburg. Virginia 24061 
(Received 16 January 1978) 

A novel statistical technique which allows the asymptotic evaluation of second· and higher-order averaged 
observables related to the stochastic complex parabolic equation is applied to the problem of beam 
propagation in a focusing medium characterized by random-axis misalignments. Analytical and numerical 
results concerning on- and ofT-axis statistics (e.g .• the variance of intensity fluctuations. modal power 
transfer, the probability distribution density of the log-irradiance, etc.) are presented. and comparisons 
are made with previously reported findings. 

1. INTRODUCTION 

In the quasioptical regime, the propagation of beamed 
signals along the z direction in focusing media with 
random-axis misalignments is described exceedingly 
well by the stochastic complex parabolic equation1

,2 

i G 1 Ii GZ <J!(x, z;O') = - 2k2 'Y';<J!(x, z;O') 

+V(x,z;a)<J!(x,z;a), z >0, 

V(x, z;a) =~,f[x - a6H(z;a) J2, X E R2, 

<J!(x,O;a) = <J!o(x). 

(1.1 a) 

(l.lb) 

(1.1 c) 

Here, k is a reference wavenumber, f[ is a spatial fre­
quency (units: radians/meter), and a is a fixed vector 
quantity, The potential field given in (l.lb) corresponds 
to a parabolically focusing medium whose equilibrium 
axis is perturbed via the zero-mean, z-dependent, real 
random function 6H(z;a). The latter, as well as the 
slowly varying, complex, random, amplitude function 
<J!(x, z;a), depends on a parameter a E A, (A, F, p) being 
an underlying probability measure space. 

It is our goal in this exposition to examine the bound­
ary-value problem (1.1) in an unbounded (with respect 
to x) domain. It should be pointed out, however, that 
this idealized problem provides a good approximation to 
the forward propagation of low-order modes in a fiber 
lightguide having a parabolically graded refraction index, 
with random-axis misalignment of microbending. 3,4 It 
can also give some insight into the problem of forward 
propagation of low-order acoustic modes near an ideal­
ized, randomly perturbed, underwater sound channel 
axis, provided that transverse (with respect to z) satis­
tical fluctuations due to internal waves can be ignored. 

There exist physical situations which require that 
the initial condition (1. 1c) be random (e. g., aberra­
tions in a lens through which a laser beam passes before 
it enters into the random medium). However, a general­
ization of the discussion in this paper to account for such 
an initially partially coherent bpam presents no funda­
mental difficulties. It is, also, relatively straightfor-

a)Research supported in part by the Office of Naval Research 
under contract No. N00014-76-C-0056. 

ward to account for random deformations along the 
channel axis of the more general form 6H(z;a), where 
6H(z;'Y) is a zero-mean, vector-valued, real random 
function. 

The problem (1.1) has already been investigated by 
Besieris et al. 5 from the point of view of a quantum 
mechanical harmonic oscillator whose equilibrium posi­
tion is randomly perturbed. 6 This was done using a 
kinetic approach at the level of second-order satistical 
moments. Marcuse (cf. Ref. 3) has also studied an 
initial-boundary-value problem closely resembling (1.1). 
His problem (related to fiber-optical propagation) is 
more realistic than (1.1). As a result, his approach 
(a modal analysis) is more difficult to justify with esti­
mates of accuracy. The only carefully derived results to 
date dealing with higher-order statistics of the problem 
(1.1) are those reported by McLaughlin. 7 Using the dif­
fusion approximation (cf. Refs. 8-10), he has studied 
the average intensity and the intensity fluctuations on 
the beam axis, as well as the decay of mean power from 
the fundamental mode of the unperturbed focusing medi­
um, and mean power transitions to higher modes. 

It is our intent to study (1.1) by means of a new satis­
tical technique which allows the asymptotic evaluation 
of second- and higher-order statistical observables 
without having to derive first equations for second- or 
higher-order coherence functions. It will be shown that 
in the special case where 6H(z;a) in (1.1) is a wide­
sense stationary, 6-correlated, Gaussian random pro­
cess, a certain class of even moments of the wavefunc­
tion if; (x ,z;a) can be computed exactly. More importantly, 
it will be shown that these quantities can be computed 
asymptotically (e.g., in the long-range regime), even 
under realistic assumptions about the satistical fluctua­
tions of the medium. Our main findings will be compared 
to those of previous workers, especially McLaughlin's 
(cf. Ref. 7). We shall obtain, in addition, several new 
results, such as off-axis statistics, the variance con­
nected with beam wandering, the probability distribution 
density function of the log irradiance, etc. 

The structure of the paper can be outlined as follows: 
A basic conservation law pertaining to the stochastic 
parabolic equation (1.1) is developed in Sec. 2. A funda­
mental ansatz on which the proposed technique is based 
is then introduced in Sec. 3 for the general case of two-
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dimensional beam propagation in a parabolically focus­
ing medium with random-axis misalignments. The one­
dimensional version of this problem is discussed in 
Sec. 4. Finally, following an analysis of the basic satis­
tical problem (cL Sec. 5), several new results linked to 
second- and higher-order observables are computed in 
Secs. 6 and 7. 

2. BASIC CONSERVATION LAW 

Corresponding to the stochastic parabolic equation 
(1. 1), let 

(2.1) 

and 

j (x, z;O') = ;l? (4(x, z;O')V' x11* (x, z;~) - J*(X,z;a)V' xd'(x, z;a)1 

(2.2) 

denote the intel1sity (or irradiance) and intensity flux 
densities, respectively. By vidue of the self-adjoint­
ness of the operator - (1/21<2)V'; + (1 i2l,.!; 2[X - aI5H(z;IY»)2 
in (1.1), we have the following conservation law: 

a 
;-i(x,z;O')+V'x'j(x,z;(]I)=O ,,(]IE:r" 
C'Z 

(2.3) 

As a consequence, the total intensity l(z;a), defined by 

1(z'a) = r dx i(x Z'(y) 
, 'R2 '" 

is conserved for every realization a E: A, viz., 

or 

d 
- l(z;O') = 0, 
dz 

(2.4) 

(2.5) 

l(z;a)=I(O;a-)= r 2dxJ,*(x,0;1l')iJ;(x,0;(]I). (2.6) 
'R 

In the sequel, we shall assume that I(O;u) is normalized 
to unity for every realization Ct EA. 

We define, next, a vector s(x,z;a) by the relationship 

s(x,z;Ct)=i(x,z;O')z+j(x,z;Ct), zO'z/lzl. (2,7) 

The conservation law (2.3) can be rewritten in terms of 
s(x,z;Ct) as follows: 

(2.8) 

From physical considerations, s(x,z;a) may be inter­
preted as a power fluX density. On the strength of the 
divergence theorem, one has the identity 

IIIV'os(x,Z;IY)dV=Is Is(x,z;O')'ndA=O, (2.9) 
v c 

where V is the volume bounded by a regular closed sur­
face Sc and Ti is a unit outwardly directed normal vector. 
From a more practical point of view, the power inter­
cepted by a detector (indicated by an open So) can be 
written as follows: 

IsJ s(x,z;cr)o TidA. (2.10) 

3. THE FUNDAMENTAL ANSATZ 

In the stochastic parabolic equation (1.1) we make a 
change of the transverse (with respect to z) spatial vari­
able corresponding to a "moving" coordinate system, 

2534 J, Math. Phys .• Vol. 19, No. 12, December 1978 

y(Z;O') =X -u(z;cr), (3.1) 

and represent the wavefunction ijJ(x, z;a) in the form 

<p(x, z;cr) = </l[y(z;O'), z 1 exp{ik[u(z;cr)' y(Z;O') + y(z;<'1)~, 
(3.2) 

where u(z;~) and Y(z;cr) are as yet unspecified random 
functions. The dot over u(z;cr) in (3.2) designates a 
derivative with respect to z. To avoid unnecessary com­
plexity in notation, we shall not write the arguments of 
y, u, and y out explicitly, unless there is ambiguity. 

Our next step is to substitute (3.2) into (1.1) and 
carry out the indicated operations. This procedure leads 
to the following expression: 

i~ 12122 
k ~z </l =- 2l?2 V'y</l + 2j; Y ¢ 

+ (ii + ,£fu - g 2a oH) • y</l (3.3) 

+ (~- ~it2 + ~!fu2 _ tru' a oH + ~j;2 a2oH2)</l. 

We require that the terms within the parentheses on the 
right-hand side of (3.3) vanish. This condition gives 
rise to the following relationships: 

(3.4) 

(ii) ii(z;cr) + j; 2u(z;0') =j;2a6H(z;0'), (3.5) 

(iii) Y (z;cr) = ~li2 - ~j;2U2 + g2U' al5H - '2!fa20H2. (3.6) 

It is seen that within the framework of this formulation, 
the new wavefunction </l(y, z) satisfies the parabolic 
equation characterizing the unperturbed focusing medi­
um. It should be noted, however, that </l is a random 
function by virtue of its implicit dependence on u(z;O'), 
viz., </l=</l[x-u(z;O'),z], which, in turn, satisfies the 
Langevin-type equation (3.5). 

To proceed with our analysis, we shall need apprQ­
priate initial conditions for u and U. Toward this enJ, 
we set z = 0 on both sides of (3.2): 

"lo(X) = <b(x-uo,O)exp{il?[liu' (x-uo)+YoJ}, (3.7) 

where uo' ilo, and Yo are respectively the values of u(z;O'), 
u(z;a), and )'(z;O') at z = O. From (3.6), one has 

,(z;cr) = rz d!;(~112 - ~g2u2 + )i2 U 0 aoH - iKa26SZ) + c, (3.8) 
o 

where c is a constant of integration. Choosing the initial 
conditions U o = Uo = 0, it follows, then, from (3.7) and 
(3.8) that 

<Po (x) = CPo (x) exp (il? c) , (3.9) 

where </lo(x) = </l(x, 0). The phase term exp(i"k) plays an 
unimportant role in the evaluation of a large class of 
"even" moments of the wavefunction ~; it will, there­
fore, be omitted by taking c = O. We have, then, finally, 

(3.10) 

Thus, given the initial value I/!o(x) for the stochastic 
parabolic equation (1.1), the correct initial condition 
for the "deterministic" parabolic equation (3.4) is 

Our procedure in the sequel can be outlined as 

loannis M. Besieris 2534 
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follows: The parabolic equation (3.4) for the unperturbed 
medium, with the boundary condition (3.10, will be 
solved first for the wavebnction r/>. The latter is a 
functional of the random function ll(Z ;a) via the relation­
ship r/> = r/>(x - u (z;1)I ), z J. This solution for r/> will, be 
used in the expression (3.2) for the original wavefunc­
tion </lex, z;O'). This wavefunction is, in turn, a functional 
of u(z;a), u(z;tr), and oH(z;o:) because of its dependence 
on r/> and the presence of the exponential factor in (3.2). 
Our ultimate goal will be to obtain statistical moments 
of the random wavefield </l(x,z;a) which are linked with 
physical observables. 

Before we proceed any further, we wish to point out 
that the statistical technique outlined in this section has 
been motivated by the work of Papanicolaou et al. 11 

and McLaughlin (cf. Ref. 7). Using "key representa­
tions" which are similar to- but distinct from- our 
basic ansatz (3.2), they have studied the propagation of 
a Gaussian beam in a randomly perturbed strongly 
focusing medium, and have derived detailed information, 
especially in connection with beam-axis statistics, 
which would have been difficult to obtain by other meth­
ods. In the special case of a deterministic perturbation, 
viz., I5H(z;O') - OH(z), our "key representation" (3.2) is 
an extension of a well-known method in quantum mechan­
ics. Ter Haar, 12 for example, has used it to determine 
the motion of an one-dimensional harmonic oscillator 
under the action of an externally applied force. Along 
the same vein, Svin'inl3 has recently applied this tech­
nique to the study of the Brownian motion of an one-di­
mensional, damped, quantum mechanical harmonic 
oscillator in an external field. Conceptually, we feel 
that our technique is also close to recently formulated 
methods based on the operator Langevin equation (cf. 
Ref. 14; see, also, remarks in Ref. 13) and Feynman 
path integration (cf. Refs. 15,16). This is an important 
conj ecture which we hope to substantiate in the future .. 

4. SPECIALIZATION TO THE ONE-DIMENSIONAL 
CASE 

To avoid unnecessary complexity which may obscure 
our main contributions, we shall limit our subsequent 
work to the one-dimensional version of the stochastic 
parabolic equation (1.1), viz., 

i 0 1 02 

Ii oz </l(x,z ;a) = --W ax2 </l(x, Z;tl') 

+tff(x-aI5H(z;cdF</l(x,z;a), z>O, 

</l(x,O;G)=</lo(x)' 

(4.1a) 

(4.1b) 

Corresponding to (3.0, (3.2), (3.4)- (3.6), (3.8), and 
(3.11), we have, then, the relations 

y =X -u(z;a), (4.2) 

</l(x, z;a) = r/>(Y (z;G), z )exp{ik(u(z;a)y (z;a) + y(z;a)]}, 
(4.3) 

i 0 (y) 1 a
2 

(y ) 1..2 2 (y ) ( 4) liozr/> ,z =-2k2ayZr/> ,z +25yr/> ,z, z>O, 4. a 

r/>(Y,O) = r/>o(Y) = </lo(y) , 

u(z;a) + !lu(z;a) = ffal5H(z ;a), z > 0, 

2535 J. Math. Phys., Vol. 19. No. 12. December 1978 

(4.4b) 

(4.5a) 

ll(O;a) =u(o;o') =0, (4.5b) 

z 

y(z;a) = J d?:(tu2 - tffu2 + !lual5H - tffa2I5~). (4.6) 
a 

Consider, next, the parabolic equation (4.4) for the un­
perturbed medium. This problem is isomorphic to the 
Schrodinger equation for an one-dimensional quantum 
mechanical harmonic oscillator whose solution is well 
known.17 Let G(y,y',z) be the Green's function associ­
ated with (4.4). In this case, it is given explicitly as 
follows: 

G(y ,y' ,z) = {gk/2rri singz)I/2 

Xexp( - (gk/2i singz)(y2 cosgz - 2yy' + y'2cosgZ»). (4.7) 

This expression provides a link between the wavefunc­
tion r/>(y,z),z >0, and the boundary condition r/>o(y): 

r/>(Y,z) = I dy' G(y,y' ,z)r/>o(Y'). (4.8) 

In order to evaluate the wavefunction r/>(Y, z) explicitly, 
we shall have to decide on a specific boundary condition 
I[!o(x) and, hence, r/>o(y). For simplicity, let us choose 
the fundamental mode corresponding to the parabolic 
equation for the background focusing medium, viz., 

(4.9) 

This initial configuration is normalized to unity [cf. Eq. 
(2.6»). In light of the identity r/>o(y)=¢o(Y), expressions 
(4.7)- (4.9) lead to the wavefunction 

r/>(y, z) = {gk/rr)I/4 exp[ - (l/2)gky2)exp[ - tigz). (4.10) 

This, of course, is the "ground state" wavefunction 
("stationary state") of the parabolic equation (4.4). 

We introduce, next, (4.10) into our fundamental rela­
tion (4.3)' 

I[! (x ,z ;a) = (gk/rr )1/ 4exp[ - tgky2)exp[ - tigz ]exp[ik(uy + y»). 
(4.11) 

This constitutes a solution to the original stochastic 
complex parabolic equation (4. 1) for every realization 
0' EO A. In general, the computation of the ensemble 
average of an arbitrary functional of zjJ(x, z;O') requires 
the joint probability density function of the random 
functions u(z;O'), u(z;a), and y(z;a). The latter can be 
found from the analysis of the following set of coupled 
first-order, nonlinear, stochastic, ordinary differential 
equations: 

u(z;O')=v(z;O'), 

v(z;O') + ffu(z;O') = ffaI5H(z;()I), z > 0, 

u(O;()I)=v(O;G)=O, 

l' (z ;a) = tv2 (z;()I) - tffu2 (z;()I) + !lau(z;()I )I5H(z;()I) 

-tffa262H(z;()I), z>O, 

y(O;ry) =0. 

(4. 12a) 

(4.12b) 

(4.12c) 

(4.13a) 

(4.13b) 

It is important, however, to note that expressions of the 
form {</l* (xl' Z;()I )</l* (x2' z ;()I ) ••• </l* (xm' Z;()I (1/J (x; ,z;O') 
xI[! (x~,z;",) .. 'l[!(x~,z;()I)}, linked to a large class of im­
portant averaged phYSical observables (cf. Sec. 6 et 
seq.), are functionals only of u(z;o:) and u(z;o:). Since 
the latter are governed solely by the LangeVin-type, 
linear, stochastic, ordinary differential equation (4.5) 

loannis M. Besieris 2535 
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[cf., also, Eq. (4.12)], our task of computing a large 
number of physically important moments of the wave­
function ljJ(x, z;a) can be accomplished provided the joint 
probability density function of the random functions 
u(z;a) and ti(z;a) is available. This problem is consider­
ed in detail in the next .section. 

5. ANALYSIS OF THE BASIC STATISTICAL 
PROBLEM 

The second-order, Langevin-type, stochastic ordin­
ary differential equation (4.5) may be recast into the 
form 

d 
dz dz;o.) + ffu(z;o.) = g2aoH(z;IY), 

d 
-d u(z;a)=v(z;a), z 

u(O;a) == 1'(0;0') = O. 

(5.1a) 

(5.1b) 

(5.1c) 

This problem is closely related to the Brownian mo­
tion of a randomly forced, classical, harmonic oscil­
lator. 

The "fine-grained" density, or classical "phase­
space" distribution function, associated with (5.1) is 
introduced next as follows: 

fe(u, 1', Z;O!) = O[U - U(Z;O! )]O[v - v(z;a)], 

fc(u, 1',0;CX) = 0(11)0(1'). 

(5.2a) 

(5.2b) 

It obeys the continuity, or Liouville equation, which 
reads 18 

a 
:;- fc(U' 1',z;a) = Lfc(u, v, z;a); 
"z 

(5.3a) 

a 
Lfe(u, (I, Z;0') = - v::,- fc(u, 11,z;a) + 8fc(u , v, z;a); (5. 3b) 

uU 

8fc(u, 1', Z ;al= r g2u f -ffaoH(z ;0.) ~J fc(u, 1',Z ;a). 
L v a1' (5.3c) 

We shall embark next on a statistical analysis of (5.3). 
Using only the first-order smoothing approximation 
(cf. Refs. 19,20; see, also, Refs. 21 and 5), we ob­
tain the following kinetic equation for the ensemble 
average of the density function: 

(a: +Va~t -lfUaav)E{fc(U,V,z;O!)} 

=g4a2~[J' d1TW (singS ~ +cos !:~) av 0 K au gal' 

x E {fe (ucosKS - ~ vSinK!:, vcosK~ 
+ f{U- sin,;;!:, z - 1:;0 ) 1]. (S.4) 

In deriving this expression it has been assumed that 
oH(z;Q) is a zero-mean, wide-sense stationary random 
process, with correlation function r W == E{ oH(z;0') 
oH(z - 1:;u)}. The kinetic equation (5.4) is uniformly 
valid in range. The right-hand side of (5.4) contains 
generalized operators (nonlocal, with space "memory") 
in phase space. 

For a random process oH(z ;(1) which is o-correlated 
in range, viz., r(1:) =so(1:), where S is a constant, the 
integration over 1: in (5.4) can be carried out explicitly. 

2536 J. Math. Phys., Vol. 19, No. 12, December 1978 

The resulting transport equation is 

- +v- - ..2u - E{j (u v Z'(~)} (a a a) 
az au 5 av c'" 

a2 

= D av2 EUe (u, v, a;OI)}, (5.5) 

where D=g4ifS. If, in addition to the above assump­
tions, oH(z;a) is a Gaussian random process, (5.S) is 
the exact statistical equation for E{f(u, v, z ,(t )}. This 
can be established by means of the Donsker-Furutsu­
Novikov functional formalism. 22-24 In the long-range 
Markovian approximation (cf. Ref. 25; see, also, 
Refs. 21b and 5), (S.4) reduces to the simpler trans­
port equation 

(5.6) 
a2 a2 

=D1 -a 2 E{Je(U,V,Z;0I)}+D2 -a a EUc(U,I',Z;O')}. 
v u v 

The diffusion coefficients are given by the expressions 

Dl = g4a2 r ~ dt rU;) cosK!;;, (S. 7a) 
. 0 

(S.7b) 

The quantity E{fc(u,v,z;O')} is nonnegative; as such, 
provided that it is normalized to unity, it can be con­
sidered as the joint probability distribution density of 
u and v. A requirement of our statistical formulation 
(cf. Sec. 4) is that E{jc (u, v, Z;OI)} be known explicitly. 
In general, no exact solution seems to be possible for 
the kinetic equation (5.4) [augmented by the boundary 
condition E{je(u, 1',0;0')} = 0(u)6(v)]; this, however, is 
not the case for the F'okker-Planck equations (5.5) 
and (5. 6), as it will be shown below. 

The Fokker-Planck equation (5.5) has been studied 
extensively (cf., e.g., Refs. 26 and 27). Its exact 
solution is a two-dimensional Gaussian distribution in 
u and v. 

Let 

b = E{ [w(z ;a) - E{w(z;OI)}] [w(z ;0) - E{w{z ;a)} F1 
(S.8) 

be the autocovariance matrix of the two-dimensional 
vector process W(Z;OI)=[U(Z;OI), v{z;a.)J. It is given 
explicitly as follows: 

"B={a~J}' i,j= 1, 2, 

~l =D[(z/ff) - (1/2,f)sin2Kz], 

a~2 =a~1 = (D/~)sin2gz, 

a~2 = D[z + (1/2g)sin2gz]. 

(5.9a) 

(S.9b) 

(S.9cl 

\5.9d) 

In deriving (5.9), use has been made of the fact that 
E{u}=E{v}=O, and hence, E{w}=O. Accounting for 
this property, the general form of the desired normal 
distribution density function is 

E{fc (w, Z;OI)} '" F(w, z) = (27T)-I(detb )-1 / 2 exp(- tWTb-1W), 

(5.10) 

where b- 1 is the inverse of the covariance matrix. 
More explicitly, 
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F(w , z) = (27T )-1 (detL; )-1/2 

X exp [- ~ de~:G (a~2u2 + a~, t1- - 2a~2UV)] , (5.11) 

where the aL, i,j = 1,2, are the entries of the covari­
ance matrix [cf. Eqs. (5. 9b)- (5. 9d)] and 

(5.12) 

Finally, the "marginal" distribution density functions 
of the random functions u(z;O') and v(z;O') can be readily 
found from (5.10): 

F(u,z) = too dvF(l', 1i, z) = (21T)-1/2ai~ 

xexp (-~ a~,112), (5.13) 

F(v, z) = j: duF(u, 1', Z) = (21T)-1/2a;~ 

Xexp (-~ at 1,2). (5.14) 

The more complicated Fokker-Planck equation (5.6) 
based on the long-range Markovian approximation is 
a variant of Kramers' equation (ef. Ref. 28). As such, 
it can be integrated by the method of characteristics. 
Its solution constitutes a two-dimensional normal dis­
tribution of the form (5.11), with covariance matrix 

L;={aL}, i,j=1,2, (5.15a) 

ai, = (D2/ !f)sin2gz + D , [ (z/~) - (l/2g3)sin2gz], 

(5.15b) 

ai2 =a~, = (D2/2g)sin2gz + (DJ~)sin2gz, 

a~2 =D, [z + (1/2g)sin2gz ) - D 2sin2gz. 

(5.15c) 

(5.15d) 

Several general results presented in the following 
two sections hold for both Fokker-Planck equations 
(5.5) and (5.6). This is due to the fact that the solu­
tions to these equations, i. e., the respective joint 
probability distribution density functions, have the 
same functional form [cf. Eq. (5.11)J. For the sake 
of simplicity, however, many specific analytic and 
numerical results are based on the assumption that 
oH(z;(JI) is a wide-sense stationary, 0 -correlated 
random process. 

6. SECOND-ORDER OBSERVABLES 

A. Basic second-order moments 

We set as our first task the computation of the mean 
intensity E{i(x,z;(JI)}, where i(x,z;O') = J'*(x,z;u)ifi(x,z;O') 
is the irradiance function [ef. Eq. (2.1) J. Toward this 
end, we note from (4.11) that 

i(x, z;O') = (gk/7T)1/2 exp{ - gk[x - u(z;O' »)2). (6.1) 

Since the last quantity is a functional only of u(z;O'), 

E{i(x, Z;(JI)} = r: du i(x, lI)F(u, z), (6.2) 

where F(u,z) is the marginal probability density func­
tion given in (5.13). The integration in (6.2) can be 
performed easily, yielding 

E{i{x, z;O')} = 711/ 2[gk/(1 + 2gkaf,) )1/2 

X exp{ -[gk!(1 + 2gkaL»x2}. 
(6.3) 
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On the beam axis (i. e., x = 0), (6.3) specializes to 

E{i(O, z;O')} = 7T- 1/ 2[gk/(1 + 2gka ~J ]'/2. (6.4) 

Since ai,(z»O, "z>O [ef. (5.9b)], it is seen that the 
on-axis mean intensity decreases monotonically as a 
function of the range z. This is due to the transfer of 
mean power from the fundamental mode to higher 
modes, a subject that will be considered in detail later 
on. 

The mean cen froid of the beam, defined by 

X(z) =C dx xE{i(x,z;O')}, (6.5) 

is zero for all Z since the integrand is an odd function 
of x. 

A measure of the spreading of thc bC(f>11 can be found 
by using the definition 

ta;(z)=C dx[x- X(z»)2 E{i(x,z;O')}. (6.6) 

It turns out that 

a;(z) = (1 + 2gkaf,)/gk. (6.7) 

Introducing (6.7) into (6.3), the mean intensity can 
be written more succinctly as follows: 

E{i(x, z;O')} = [7Ta~(z) ]-1/2 exp[ - x 2 /a;(z) J. (6.8) 

Comparing (6.8) with the initial intensity, viz., 

i(x, 0;0') = (f[k/7T)1/2 exp(- gkX2) , (6. g) 

it is seen that the mean intensity remains Gaussian for 
z > O. Since ~'o(x) is taken to be the fundamental mode 
of the unperturbed problem, i(x, z) = (f[k/ 7T )1/2 exp(- gkX2) 
in the absence of random perturbations. In this case, 
the original beam would not spread at all. In the pre­
sence of random fluctuations, however, the variance 
of the transverse coordinate x changes from (f[k)-' to 
the quantity a~(z) given in (6.7). 

If the express ion for a~, given in (5. 9b) is substituted 
in (6.7), one has 

~(z) = [1 + 2gk])(z/.~ - sin2gz/2g.'l)]/gk. (6.10) 

In terms of the dimensionless quantities 

I:=gz, c=kD/.~. (6.11) 

Eq. (6.10) can be brought into a form convenient for 
numerical investigation. Specifically, 

a;(C;c)gk = 1 + r(2!; - sin2!;). (6.12) 

A plot of this expression' sus?;, with c (a dimen­
sionless measure of the strength of the fluctuations) 
as a parameter, is shown in Fig. 1. The monotonic 
increase of the beam spreading is clearly evident. 

The intensity flux density defined in (2.2) can be 
writtpn more compactly as 

]~x,z;a)=Re[-(i/k)~*(x,z;(lI)(il/Ox)~'(x,z;O')J. (6.13) 

Using (4.11) and performing the operations indicated 
in (6.13), we obtain 

j(x, z;O') = (gk/ 7T )1/20(Z;0') exp{ - gk[x -1I(z;0' )]2}, (6.14) 

a functional of both u(z;a) and 17(Z;O'). The mean inten­
sity flux density is, therefore, given by 
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FIG. 1. Variance of transverse beam displacements. (a) 
c=O.05; (b) c=O.l. 

E{j(x,z;O')}=:: r du r dvj(x,u,v)F(u,v,z), 
• '=00' .. 00 

(6.15) 

where F(u, v, z) is the j oint probability density function 
in (5.11). In this case, the integration in (6.15) can be 
performed without difficulty. The final result is 

E{j(x,z;O')} == 27T- l
/
2ai2[gk/(1 + 2gkai)P/2 

xexp{- [gk/(1 + 2gkai,)]x2}. 
(6.16) 

As a consequence of the conservation law (2,3) which 
holds for every realization 0< E A, one has by inspection 
the relation 

-!- E{i(x, z;o)} + -aD E{j(x, z;o)} == O. 
uZ X . 

The latter means that the total mean intensity is 
conserved, i. e. , 

d
d [ r dx E{i(x, z;O')} J = O. 
Z .00 

(6.17) 

(6.18) 

The conservation law (6.17) can be found by taking the 
ensemble average of the one-dimensional version of 
(2.7). Alternatively, it can be obtained by combining 
our results for E{i(x,z;a)} and E{j(x,z;o)} given in 
(6.3) and (6.16), respectively. 

Having established both E{i(x,z;O')} and E{j(x,z;o)}, 
we are in a position to compute one more observable: 
the mean power flux density [cf. Eq. (2.7)]. Specifically 

E{s(x, z;o)} = E{i(x, z;o )}z + E{j(x, Z;O' )}x. (6.19) 

On the basis of a statement made earlier (cf. Sec. 2), 
the quantity 

J I E{s(x,z;a)}' ndA (6.20) 
So 

can be interpreted as the total mean power intercepted 
by a detector characterized by the open surface So. 

We shall undertake next the computation of the 
spatial mutual coherence junction E{~'* (x2 , Z;O') 
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ljJ(xpz;ol}}. We form first the quantity 1jJ*(x2 ,z;0) 
ljJ(xl'z;O') using the expression for ljJ(x,z;o) in (4.11): 

1jJ* (x2, Z;£1 )1jJ(x
" 

Z;£1 ) == (gk/ 7T)' / 2 exp(- ~gk{[X2 - u(z;o ) 12 

+ [x, - u(z;o )]2}) X exp[ - i kv(z ;0')(x2 - x)] 

= m [x2, x" u(z;O'), v(z;o)]. 

Its ensemble average is given by 

E{ 1j!*(x2, z;o )1jJ(x" z;o)} 

(6.21) 

(6.22) 

The integration can be performed exactly, yielding 
the following expression for the spatial mutual co­
herence function: 

E{ 1j!*(x2, z;O' )1jJ(x" z;o)} 

= 1I'/2[gk/(1 + 2gka~,)]'/2 exp[ - ~gk(x~ + ~)] 

x exp{M (gkau )2 /(1 + 2gkaiJ ](x2 + X,)2} 

x exp[ - ~k2(a12/ai,)(1 + 2gkai,)-' (x2 - x,)21 

x exp[ - ~k2(detZ;/ai,)(x2 - X,)2] 

x exp[ - ikgka~l (1 + 2gkail)-' (x~ - xi) J. 
In the special case that x2 and x, coalesce, i. e. , 

(6.23) 

X2 =xl =x, the spatial mutual coherence must coincide 
with the mean intensity found earlier [cf. Eq. (6.3)]. 
A simple calculation shows that this is, indeed, the 
case. 

B. Modal power transfer 

The unperturbed [6H(z;0) - 0] parabolic equation (4.1) 
is characterized by a set of modes hp(x), p=0,1,2,"', 
satisfying the eigenvalue problem 

-2~2 d~2 hp(x)+~Kx2hp(x)=Ephp(x). (6.24) 

It is well known (cf. e.g., Ref. 29) that 

Ep =g(p + ~)/k (6.25) 

and 

hp (x) == 2-P / 2 (p! )-l / 2 (gk/ 7T)' / 4 exp( - ~gkx2)Hp[ (gk)' / 2X]. 

(6.26) 

Here, Hp (~) denotes the pth Hermite polynomial, viz., 

(6.27) 

The eigenfunctions given in (6.26) are orthonormal, 
i. e. , 

(6.28) 

The boundary condition Ij!o(x) specified in (4.9) is the 
fundamental mode ho(x). This follows easily from (6.26). 

We shall determine next the portion of the beam which 
remains in the fundamental mode. The complex ampli­
tude of the fundamental mode is defined by 

qo(z;o)=rdxlj!(x,z;a)ho(x). (6.29) 

The quantity of interest is the ensemble average of the 
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FIG. 2. Decay of mean power in the fundamental mode. 
(a) c=O.l; (h) c=O.05. 

absolute square of qo (z;Q), viz., 

Qg(z) = E{ 1 qo(z;O') I~. 

We note, first, that 

1 qo(Z;O') 12 = exp(- tgku2)exp[ - t(kl g)v2]. 

(6.30) 

(6.31) 

Integrating this quantity over u and v, with the joint 
probability density F(u,v,z) as a weight, we find 

(6.32) 

In the absence of random fluctuations, a~1 - 0, a~2 - 0, 
and det~ - 0; hence, Qg(z) - 1, V z. In other words, the 
power remains entirely in the fundamental mode. On the 
other hand, the general expression (6.32) shows how 
power (in a mean sense) leaks out of the excited funda­
mental mode into higher modes. 

Using the expressions for a~1' a~2' and det~ [cf. Eqs. 
(5.9b), (5.9d), and (5.12), respectively] into (6.32), 
Qg(z) can be written as 

Q~(1,";c) = [1 + 2c1," + C2(1,"2 - sin2!:)]-1 (6.33) 

in terms of the dimensionless quantities 1," and c [cf. Eq. 
(6.11)]. A plot of Q~(1,";c) versus 1,", with c as a param­
eter, is shown in Fig. 2. 

Analogously to (6.30), we define the expected modal 
power transfered from the fundamental mode at z = 0 to 
the pth mode at distance z as follows: 

(6.34) 

where qp(z;O') is the pth-order complex amplitude func­
tion, viz., 

qp (z;O') = r dx?jJ(x, z;O' )h/x). (6.35) 
-~ 

The square modulus Iqp(z;0')1 2 required in (6.34) is 
found to be 
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I qp(z;0')1 2=2-P(p! )-1[(klg)v2 + gku2]P 

X exp[ - Hkl g)v2]exp(- tgku2). (6.36) 

Finally, 

Q~(z) = 2-P(P! )-1 (gk )P(27T )-1 (det~ )-1/2(7T I a)1/2(7T I a' )1/2 

P S (P) 
x~oB s g"2.!(2s)!(b'la)2·[z!(2s-2l)1]-1 

X (aI4b'2)/[2(P -l) -I]!! 1(2a')p-/, (6.37a) 

where 

a=H(klg) + (a~jdet~)], (6.37b) 

d =Hgk + (gka
ll

)2 + (ka22 )2 + gk3det~](gka~1 +k2det~)-1 
(6.37c) 

b'=Ha~2/det~). (6.37d) 

Particular values of modal power transfer functions 
can be obtained from the general expression (6.37) by 
restricting the values of the index p. Setting p = 0, for 
example, specializes (6.37) to the quantity Qg(z) found 
earlier. For p = 1, on the other hand, one has 

Q~ (z) = Hgka~1 + (kl g)a~2 + 2k2det~] (6.38) 
X [1 + gka~1 + (kl g) (a~2 + gk det~) ]-3/2, 

a relationship exhibiting how mean power is transfered 
from the fundamental mode to the first one. Since, a~1' 
a~2' and det~ become zero at the boundary z = 0, it 
follows that Q~(O) = O. This, of course, is expected since 
at z = 0 all the mean power is stored in the fundamental 
mode. 

In the special case that oH(z;O') is o-correlated, Q~(z) 
can be written in the dimensionless form 

Q~(1,";c) = [c1," + C2(1,"2 - sin21,")][1 + 2c1," + C2(1,"2 - sin21,")]-3/2. 
(6.39) 

A plot of Q~(1,";c) versus 1," for two values of the param­
eter c is shown in Fig. 3. The average power contained 
in the first mode rises from zero to a maximum, and, 
then, decays monotonically to zero as 1," - 00. It is, also, 
seen that the position of the maximum, as well as the 
rate of decay, depends on the strength of the random 
fluctuations. 

Qualitatively, one would expect the same general be­
havior for the average modal power transfer from the 
fundamental mode of z = 0 to the pth mode at distance z. 
The rate of transfer, however, would depend on the 
order of the mode. 

C. Degree of coherence 

Given the random wavefunction <Ji(x, z;O'), the degree 
of coherence, D(z), is defined as follows: 

(6.40) 

It can be calculated by using the expression for the spa­
tial mutual coherence [cf. Eq. (6.23)]. The final result 
is 

D2(z) = [1 + 2gka~1 + 2 (kl g)(a~2 + 2gkdet~ )]-1/2. (6.41) 

For a random process oH(z;lY) which is o-correlated, 
(6.41) assumes the following dimensionless form: 
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FIG. :l. Mean power transfer to the first mode. (a) c = 0.1; (b) 
c= 0.05. 

(6.42) 

The latter is shown graphically in Fig. 4. 

The degree of coherence is a measure of the irrevers­
ible loss of coherence due to the presence of random 
fluctuations in the medium. At z = 0, D(z) = 1, i. e., the 
beam is coherent. As the range z is increased, there is 
a loss of coherence, i. e., D(z) < 1, and finally, 
D(z) - 0 as z - 00, i. e., the beam is rendered complete­
ly incoherent. 

In the absence of random fluctuations in the medium, 
D 2 (z) and, hence, D(z) would be conserved, i. e. , 
D(z)=D(O)=l, 'fIz. If the beam were partially coherent 
at z =0 due, for example, to aberrations in a focusing 
optical system, then D(O) < 1. In this case, D(z) ~ D(O), 

'1;/ z ~ 0, the equality holding for a nonrandom medium. 

The degree of coherence defined in (6.40) is by no 
means the only quantity exhibiting the irreversibility due 
to the random fluctuations in the medium. Another quan­
tity which describes this irreversible loss of coherence 
(or information) is the H -function used in statistical 
mechanics. 30 This function is intimately related to the 
thermodynamic (or information-theoretic) concept of 
entropy. To construct an appropriate definition for the 
H -function, we shall require a few preliminary results. 

which the volume in phase space is at least equal to 
(7T/k). Hence, j(x, 8,z;0') can never be sharply localized 
in z and e. This situation is reminiscent of the quantum 
mechanical uncertainty principle. It is also analogous 
to the ambiguity arising in Fourier optics, 33,34 and the 
radar ambiguity discussed originally by Woodward. 35 

The mean Wigner distribution density function can be 
determined by ensemble-averaging both sides of (6.44): 

E{j(x, e,z;O!)} = 2~ L dy eik8Y E{p(x + b, x - ty, z;u)}. (6.45) 

The quantity E{p(x + h, x - }y, 2;0!)} in the integrand is 
simply the spatial mutual coherence function [cf. Eq. 
(6.23) 1 expressed in terms of "center of mass" and dif­
ference coordinates. Taking this into consideration, we 
find that 

E{j(x, 8,2 ;f)ll} 

= (k/1r )[1 + 2gka~1 + 2 (k/g)(a~2 + 2gkdetL;) )-1 / 2 

x exp{ - (k/ g)(l + 2gka~1)[1 + 2gkai1 + 2(k/ g) 

X (O~2 + 2gkdetL;) 1-1 

(6.46) 

x [e - 2gkoi1 (1 + 2g!?ai1)-1x J~exp{ - L~'k/(l + 2g!?oi1) )x~. 

The H-function is defined next in terms of the mean 
Wigner distribution density function as follows; 

H(z)= (dxrdlfE{j'(x, e,z;CI)}lnE{j'(x, e,z;Q')}. (6.47) 

Here, f'(x, e,2;0')=/(x, lJ,z;a)/k. It has already been 
pointed out that the Wigner distribution density function 
(and, hence, its ensemble average), although real, may 
not necessarily be positive everywhere. Consequently, 
the definition of the H -function in (6.47) cannot possibly 
be valid in general, by virtue of the logarithmic term 
which is not defined for negative values of E{t(x, e, Z;CI)}. 
[It is this specific difficulty which is surmounted by the 

A two (transverse)-point field density function is in- J.....f\ 

troduced first as follows in terms of the wavefunction NO 

J(x,z;a). 

(6.43) 

The "phase-space" analog of the density function is 
provided by the Wigner distribution density function 
which is defined as follows 31

• 

At:, 8, Z ;0) = ~?7T.r dy ei k8yp(x + b, x - ty, z;O'). (6.44) 
_00 

This quantity is real, but not necessarily positive every­
where. It can be shown (cf. Appendix A of Ref. 5; also, 
Ref. 32), in general, that I/(x, 8,z;0')1 ~ (l?/7T) for any 
realization CI c: A. Provided that /(x, e, z;cr) is normal­
ized to unity, this means that the Wigner distribution 
density function is different from zero in a region of 
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FIG. 5. Axial variation of the H-function. (a) c = 0.1; 
(b) c= O. 05. 

1000 

definition of the degree of coherence given in (6.40)]. 
However, for the particular problem under considera­
tion here, f(x, e,z;a) (and, hence, its ensemble average) 
is nonnegative. This can be easily seen by inspecting the 
explicit solution for E{f(x, e,z;a)} given in (6.46). We 
are, therefore, fully justified in uSing the definition 
(6.47). Carrying out the operations indicated on the 
right-hand side of (6.47) results in the following expres­
sion for the H-function: 

H(z) = In(LJ2(z )!IT] -1. (6.48) 

Interestingly, it is a functional of the square of the de­
gree of coherence determined earlier (cf. Eq. (6.41)]. 

An important property characterizing H(z) is sub­
sumed in the H-theorem, viz., 

(d! dz)H(z) ~ 0, (6.49) 

which is widely used in statistical mechanics (see, e.g., 
Ref. 30). The validity of this theorem follows readily 
forom the result (6.48) for H(z), in conj unction with the 
expression for the degree of coherence, D(z), given in 
(6.41) and the specific forms of O'~l' 0':2' and den; de­
rived in Sec. 5. 

The entropy, S(z), is defined as the negative H-func­
tion. Corresponding to the H-theorem (6.49), we have, 
then, 

(d! dz )S (z) "" O. (6.50) 

This relation is a manifestation of the second law of 
thermodynamics, and states that the total entropy of the 
system (resp. beam) cannot decrease. 

The H-function in (6.48) can be written in terms of the 
dimens ionless quantities t and c as follows: 

(6.51) 

The latter is depicted in Fig. 5. The non- increasing 
property of the H-function incorporated into the H-theo­
rem is clearly evident in this plot. 

D. Effective coherence distance 

We shall close this section by defining and computing 
a characteristic scale called the effective coherence 

2541 J. Math. Phys., Vol. 19, No. 12, December 1978 

distance. (In the case of a two-dimensional problem 
(circular beam), this characteristic scale is referred 
to as the "effective coherence radius" of the beam (cf. 
Ref. 36)]. This quantity is intimately related to the 
angular width of the beam. 

Let us begin by integrating E{ dJ* (x + b ,z ;0' )}1/J (x - b, 
z;a)} over x. The result is 

y(y,z) '" f'dx E{1/J*(x + b,z;a )1/J(x - b,z;O')} 

(6.52) 

The effective coherence distance, Ye , is defined as that 
value of Y at which Y(y,z) has become e times smaller 
than y(O,z), viz., 

Y(Ye ' z) = e~ly(O,z). 

It is clear from (6.52) that y(z,z)=1. Hence, 

Y(Ye' z) = e~l . 

(6.53) 

(6.54) 

The desired quantity Ye can be easily determined by 
taking the natural logarithm of (6.54): 

(6.55) 

The corresponding dimensionless quantity ye (1;;c) is 
plotted in Fig. 6 for two values of the parameter C. It 
has the value of unity at the initial boundary, and de­
creases monotonically to zero as /;- 00. 

7. HIGHER-ORDER MOMENTS 

A. Fourth-order moments 

We consider first the correlation of the field intensity 
at two tranverse points, viz., E{i(x2, z;a)i(xt, z;a)}. 
Using the expression found earlier for i(x,z;O') [cf. Eq. 
(6.0], we have 
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02 

FIG. 6. Effective coherence distance of the beam (a) c = O. 1; 
(b) c= O. 05. 
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i(x2' z;O' }i(x1, z;O') = (gk/1T )exp{ - gk[x2 - u(z;O') ]2} 

xexp{-gk[x1-u(z;a)]2}, 
(7.1) 

from which, upon averaging over the probability density 
function F(u,v,z), we obtain 

E{i(x2, Z;O! )i(xl' z;O!)} = (gk/1I)(1 + 4gko~1)-I/ 2 

x exp{ - gk[ (1 + 2gko~y (1 + 4gko~l) ](x~ + x~)} (7.2) 

x exp{ 40U (gk)2 /(1 + 4gko~1) ]X1X2}. 

As an illustration of a physical situation which re­
quires the special fourth-order moment given in (7.2), 
consider the problem of ''beam wandering." Associated 
with the stochastic parabolic equation (4.1), we define 
the "centroid" of the beam by 

x(z;o:)=.!"'dxxi(x,Z;CI), VClEA. (7,3) 

(As explained earlier, we assume that the total intensi­
ty is normalized to unity for each realization O! E A. ) The 
mean centroid, X(z ), of the beam has already been de­
fined [cf, Eqo (605)] and found to be equal to zeroo It is 
interesting, however, to consider also the variance of 
the random function x(z;O!), viz 0 , 

var{x(z;O!)} = E{[x(z;CI) - X(z)]2} 

= r dx2I"' dX1 X2X1 E{i(x2,z;(Y )i(xpz ;cd}. (7.4) 

Introducing (7.2) into the last equation and carrying out 
the integration we find 

var{x(z ;Q!)} = a~l> (7.5) 

an expression which vanishes at z = 0 and becomes un­
bounded as z ~ 00. This behavior is a manifestation of 
the instability of the beam due to the presence of ran­
dom-axis misalignments. 

Setting x2 = Xl = x, (702) reduces to the intensity auto­
correlation junction 

E{ i 2 (x, z ;cd} = (gk/1T)(1 + 4gka;)-1 /2 (7.6) 

x exp{ - 2 [gk/ (1 + 4gkail) ]x2}. 
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This result can be used in conjunction with the expres­
sion for the mean intensity [cf. Eq. (6.3)] in order to 
compute the variance (or fluctuation) oj the intensity: 

E{ [i(x, Z;tl) - E{i(x, z ;tl)} ]2} = v2(x, z) 

= (P;k/1T) (1 + 4gkail)-1/2 exp{ - 2[gk/(1 + 4gkail)]x2} 

- (1 + 2gka~1)-1 exp{ - 2[gk/(1 + 2gkail)1x2}). (7.7) 

Figure 7 shows the behavior of the on-axis fluctuations 
of intensity v2 (0, ~;c) for two values of the parameter c. 
As expected from physical considerations, v2 (0, ~,c) 
vanishes at the plane of the source (~= 0). It is also 
seen, however, that IJ2 (0, ~,(") decays monototically 
to zero as ~ ~ 00, after it rises to a maximum at an 
intermediate range, On- and off-axis intensity fluctua­
tions are shown graphically in Fig. 8. Here, v2(~;c;d) 

is plotted versus ~ for one value of c and five values 
of the new dimensionless parameter d= (gk)1/2 X • In 
general, one might expect that for fixed values of the 
range ~ and the strength of the random fluctuations 
(incorporated into the parameter c), v2 (t;c;d) would 
decrease monotonically as d was increased, This is 
definitely not the case, as it is clearly shown in Fig. 8. 
Specifically, for t=10 and c=0.1, v2 (t;c;d) increases 
for values of d up to about 0.75, and decreases for 
higher values of this parameter. A plausible explana­
tion of this "anomalous" behavior could be the "elastic" 
influence of the background deterministic focusing 
medium. 

B. Higher-order moments 

Statistical moments beyond the fourth order level can 
be calculated without too much difficulty. For example, 

E{in(x, z;O!)} = (P;1d 1T )n/2(1 + 2ngk(]i)~lf2 

where n is a positive integer. Furthermore, 

E{in(x2, Z;CI )in (Xl' Z;CI)} = (l?"k/1I)n(1 + 4ngkaiJ-I / 2 

(7.8) 

xexp{ - IZ;;kl(1 + 2n;.;kait)/(1 + 4n;;ka~1)](X~ + xi>) (7.9) 

Xexp{4a~tf(n;;k)2/(1 + 4ngkail)]XIX2}. 
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FIG. 8. Variance of on-and off-axis intensity fluctuations. 
(a) d=2.25; (b) d=2; (c) d=O (on-axis); (d) d=0.5; (e) d=0.75. 

All curves are computed for c= 0.1. 
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Finally, analogously to (7.7), we find that 

E{[in(x, Z;QI) - E{ in (x , Z;lY)} ]2} = V2n (X, Z) 

= (!:"~/rr)n[(l + 4nR"kafJ-1/2 exp{ - 2n[gk/(1 + 4nR"kail)x2} 

- (1 + 2Jgka~1)-1 exp{ - 2n[R"k/(1 + 2nR"kail)]r} J. (7.10) 

C. Probability density function of the log irradiance 

The probability density function p(i) of the intensity 
(or irradiance) i = 1jJ*1jJ can be expressed in terms of the 
moments E{i"(x,z;a)} as follows: 

p(i) = (2rril- l f JOO_, dv i-vol (x, Z;O' )E{iv(x, z ;od}, (7.11) 
, .. po .. E 

where E is an infinitesimal positive number. The con­
ditions for the applicability of (7. 11), viz., that 
E{iv(x,z;cy)}~exp(llE), ll-oo, Ec being a real constant, 
and E{i"(x, z;O')} be analytic on the right half-plane of v 
[satisfied by our expression given in (7.8)], are fully 
discussed in Refs. 37 and 38. 

We introduce, next, the definitions E = In[i(x, z;a)/ io], 
io = (!:"k/ rr)1/2, Eo = gkx2, and a E = 2R"kafl' (We have kept 
here unaltered the notation introduced by Furutsu in 
Ref. 37.) We have, then, 

prE) = p(i)(d/ dE)i 

= (2rri)-1 t~-' dv (1 + vaE)-l/Z 
< -1"'0- E 

xexp{ - V[O + va E)-lEo - E~. (7.12) 

The contour integration can be carried out, with the 
result 

1

0' E>O, (7.13a) 

p(E)= 
(- rrEa E)-1 / 2 exp[ (E - Eo); aE ]cosh2[ (- EEo)1/2/a E], 

E<O, (7.13b) 

(7 .13a) being a direct consequence of the analyticity of 
the integrand in (7.12) on the right half-plane of 1!. 

The probability density function pre) of the log irradi­
ance is nonnegative; furthermore, it satisfies the 
normalization property 

t dEp(E)=1. (7.14) 
_00 

On the beam axis (x = ° or, et/uivalently, 
(7.13) reduces to the simpler form 

)

0, E>O, 

p(E)= 
(- rrEa E)-liZ exp(E/a E)' E< 0. 

(7.15a) 

(7 15b) 

Having established an analytical expression for 
pre), various moments of the log irradiance can be 
found by direct integration. For example, 

f
'o 

M1='E{E}=. _oodEEp(E)=- (~aE+Eo) (7.16) 

and 

MZ =' E{ (E - E{E}F} 

= f_o"" dE (E - E{ E} )2p(E) = ~a~ + 2Eoa E (7.17) 

for the general case, i. e., r;< 0. Higher-order moments 
of the log irradiance can be computed in the same 
manner. 
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Furutsu and Furuhama (cf. Ref. 38) have suggested 
an alternative method for calculating log-irradiance 
moments. Their technique can be briefly outlined as 
follows. The nth moment of E is given by 

E{En} = t dE E"p(E) = - n/(2rri}-1 t'''-' dvv-n-lj(v), 
00 .. 1:>0_6 

(7.18) 

where 

(7.19) 

The last expression, however, is analytic for Re(v) >-E 
and tends to zero as I pi - 00. Therefore, the second 
integral on the right-hand side of (7.18) can be carried 
out by a clockwise contour integration around the pole 
v = O. Moreover, in the vicinity of this pole, 

(7,20) 

and the log-irradiance moments E{En}, 11=1,2, ... , 
can be obtained by matching (7.20) with the Taylor 
series expansion of j(ll) around 1! = 0, 

D. Saturation phenomena 

Consider the express ion 

a~n) = ( In(E{ i2n (x. ?;o: )}/ [E{ in (x, z;n)} ]2)]1/2. (7.21) 

where n is a positive integer. Using a result obtained 
earlier in this section [cf. Eq. (7.8)1, as well as the 
notation introduced in the previous subsection, we may 
write in the place of (7.21) 

ab') = [1n«1 + na E)(1 +2na E)-1/2 

x exp{[2n2 Eoa E/(1 + 2na E)(1 + ria E) l})Y 12. (7.22) 

For the special cases 11 = 1 and 11 = 2, we have, re­
spectively, 

ag) = (In{(1 +uE)(1 +2aE)~1/2 

(7.23) 

and 

ab2 ) = (In{{1 + 2u
E

)(1 + 4a
E

)-1/2 
(7.24) 

x exp[8Eoa E/ (1 + 4aE)(I + 2a E) ]})1/2. 

3.5 

3.0 
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til 
0; 
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FIG. 9. a2) as a function of aE , with Eo as a parameter. 
(a) Eo=O; (b) E o=2; (c) Eo=4; (d) Eo=6; (e) Eo=8; (f) Eo=10. 
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The quantity a~l) given in (7. 23)-the square of which 
would be the variance of the log irradiance provided 
that the probability density function p(E) were assumed 
to be log-normal-is plotted in Fig. 9 against a

E 
for 

various values of the dimensionless parameter Eo. 
It is clear from this graph that ag) saturates for values 
of aE close to 0.8. 

Saturation phenomena associated with the scintil­
lation of waves propagating in turbulent media have 
been known experimentally. Various theoretical pre­
dictions (based for the most part on numerical solu­
tions of the equation for the second moment of ir­
radiance) have, also, been made (cf., e. g., Refs. 
39 and 40). Theoretical results very similar to those 
reported in this paper have been published by Furutsu 
and Furuhama (cf. Ref. 38) for the special case of a 
beam propagating in a deterministically flat (homo­
geneous) medium, with additively superimposed ran­
dom fluctuations. The latter are characterized by a 
simplified (quadratic) Kolmogorov spectrum. 

In contradistinction to a~l), the variance of log ir­
radiance M2 [cf. Eq. (7017)1 does not exhibit any 
saturation. This quantity is shown graphically in Fig. 
10. An explanation for this behavior of M2 has been 
provided by Furutsu and Furuhama (cf. Ref. 38; also, 
remarks made in the previous paragraph). The variance 
of log irradiance M2 does not saturate since it con-
tains many higher-order moments of the irradiance 
E{i"(x,z;Q)}, and the higher the order v is, the earlier 
the saturation starts. This situation is partially de­
picted in Fig. 11, where ag) [cf. Eq. (7.24)] is plotted 
versus aE for various values of the parameter Eo' A 
direct comparison of this graph with the analogous one 
for a~ll (cf. Fig. 9) shows that the range of values of a E 

for which a~2) saturates is approximately centered 
a round 0.4, Qualitatively, one would expect that this 
"shifting to the left" of the values of a E at saturation 
would continue as the superscript index in ac assumes 
larger and la rger values, i. e. , ab3

), ah4
), etc. 

(f)---­

(e)-

(d) 

---"--- -------~ 
I 10 

FIG. 10. Variance of the log irradiance. (a) Eo~O; (b) Eo~2; 
(c) Eo~4; (d) Eo~6; (e) Eo~8; (f) Eo~10. 
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FIG. 11. a~2) as a function of (TE' with Eo as a parameter. 
(a) Eo~O; (b) Eo~2; (c) Eo~4; (d) Eo~6; (e) Eo~8; (f) Eo~10. 

8. CONCLUDING REMARKS 

The statistical technique expounded in this paper is 
based on the fundamental ansatz introduced in Sec. 3. 
This ansatz constitutes essentially an embedding pro­
cess: Through the transformations (301) and (3.2), 
the stochastic parabolic equation (1.1) is brought into 
an one-to-one correspondence with the parabolic equa­
tion (3.4) characterizing the unperturbed focusing 
medium. together with a set of stochastic nonlinear 
ordinary differential equations [cf. Eqs. (3.5) and 
(3.6) 1 which account for the statistical fluctuations in 
the medium. The basic statistical analysis of the ori­
ginal stochastic partial differential equation is thus 
simplified Significantly since it can now be performed 
at the level of a set of stochastic ordinary differential 
equations the mathematical theory of which is already 
highly developed (cf.. e. g., Refs. 8 - 10) . 

Conceptually, we feel that the proposed statistical 
technique, although distinct, is closely related to 
recently formulated methods based on functional path 
integration (cf. Refs. 14-16). Similarly to the func­
tional path integration methods, our technique has the 
distinct advantage that it works on a fiilobal rather than 
a loeallevel making, thus, easier the algorithmic 
derivation of asymptotic solutions to higher-order 
statistical moments. 

There seems to exist another important connection 
between our statistical approach and the path integral 
technique: The latter can be used to derive systemati­
cally !I11satzc (analogous to the one postulated in Sec. 3 
of the paper) which can account for more realistic 
randomly perturbed channels. We are presently in­
vestigating along these lines the problem of beam 
proDagation in a focusing medium whose unperturbed 
frequency is randomly modulated (cf., also, Ref. 11). 
Proceeding along the same vein, we also hope to 
make some progress with the more difficult problem 
of beam propagation in a medium whose parabolically 
graded deterministic profile is additively perturbed 
by x- and z -dependent random fluctuations. 
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