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A novel statistical technique which allows the asymptotic evaluation of second- and higher-order averaged
observables related to the stochastic complex parabolic equation is applied to the problem of beam
propagation in a focusing medium characterized by random-axis misalignments. Analytical and numerical
results concerning on- and off-axis statistics (e.g., the variance of intensity fluctuations, modal power
transfer, the probability distribution density of the log-irradiance, etc.) are presented, and comparisons

are made with previously reported findings.

1. INTRODUCTION

In the quasioptical regime, the propagation of beamed
signals along the z direction in focusing media with
random-axis misalignments is described exceedingly
well by the stochastic complex parabolic equation!'?

% aa—zw(x, z;00) = —zl?viw(x,z;a)
+Vix,z;0)x,z;0), z>0, (1.1a)
Vx,z;0) =5 [x —abH(z;a) [, x< R?, (1.1b)
dix,050) = x). (1.1c)

Here, k is a reference wavenumber, g is a spatial fre-
quency (units: radians/meter), and a is a fixed vector
quantity. The potential field given in (1.1b) corresponds
to a parabolically focusing medium whose equilibrium
axis is perturbed via the zero-mean, z-dependent, real
random function 6H(z;®). The latter, as well as the
slowly varying, complex, random, amplitude function
¥(x,z;0), depends on a parameter a € A, (4, F, P) being
an underlying probability measure space.

It is our goal in this exposition to examine the bound-
ary-value problem (1.1) in an unbounded (with respect
to x) domain. It should be pointed out, however, that
this idealized problem provides a good approximation to
the forward propagation of low-order modes in a fiber
lightguide having a parabolically graded refraction index,
with random-axis misalignment of microbending.3:* It
can also give some insight into the problem of forward
propagation of low-order acoustic modes near an ideal-
ized, randomly perturbed, underwater sound channel
axis, provided that transverse (with respect to z) satis-
tical fluctuations due to internal waves can be ignored.

There exist physical situations which require that
the initial condition (1. 1c) be random (e.g., aberra-
tions in a lens through which a laser beam passes before
it enters into the random medium). However, a general-
ization of the discussion in this paper to account for such
an initially partially coherent beam presents no funda-
mental difficulties. It is, also, relatively straightfor-
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ward to account for random deformations along the
channel axis of the more general form §H(z;a), where
6H(z;v) is a zero-mean, vector-valued, real random
function.

The problem (1.1) has already been investigated by
Besieris ef al.® from the point of view of a quantum
mechanical harmonic oscillator whose equilibrium posi-
tion is randomly perturbed.® This was done using a
kinetic approach at the level of second-order satistical
moments. Marcuse (cf. Ref. 3) has also studied an
initial-boundary-value problem closely resembling (1.1).
His problem (related to fiber-optical propagation) is
more realistic than (1.1). As a result, his approach
(a modal analysis) is more difficult to justify with esti-
mates of accuracy. The only carefully derived results to
date dealing with higher-order statistics of the problem
(1.1) are those reported by McLaughlin,” Using the dif-
fusion approximation (cf. Refs. 8—10), he has studied
the average intensity and the intensity fluctuations on
the beam axis, as well as the decay of mean power from
the fundamental mode of the unperturbed focusing medi-
um, and mean power transitions to higher modes.

It is our intent to study (1.1) by means of a new satis-
tical technique which allows the asymptotic evaluation
of second- and higher-order statistical observables
without having to derive first equations for second- or
higher-order coherence functions. It will be shown that
in the special case where 6H(z;a) in (1.1) is a wide-
sense stationary, §-correlated, Gaussian random pro-
cess, a certain class of even moments of the wavefunc-
tion ¢(x,z;a) can be computed exactly. More importantly,
it will be shown that these quantities can be computed
asymptotically (e.g., in the long-range regime), even
under realistic assumptions about the satistical fluctua-
tions of the medium. Our main findings will be compared
to those of previous workers, especially McLaughlin’s
(cf. Ref. 7). We shall obtain, in addition, several new
results, such as off-axis statistics, the variance con-
nected with beam wandering, the probability distribution
density function of the log irradiance, etc.

The structure of the paper can be outlined as follows:
A basic conservation law pertaining to the stochastic
parabolic equation (1.1) is developed in Sec. 2. A funda-
mental ansatz on which the proposed technique is based
is then introduced in Sec. 3 for the general case of two-
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dimensional beam propagation in a parabolically focus-
ing medium with random-axis misalignments. The one-
dimensional version of this problem is discussed in

Sec. 4. Finally, following an analysis of the basic satis-
tical problem (cf. Sec. 5), several new results linked to
second- and higher-order observables are computed in
Secs. 6 and 7.

2. BASIC CONSERVATION LAW

Corresponding to the stochastic parabolic equation
(1.1), let

i(x,z;0) =% (x,2;0)0(x, z;a) @.1)

and

P&, 2;0)V, % (%, z50) — % (x,2;0)V 0 (x, z;0)]

2.2)

denote the infensily (or irradiance) and inlensity flux
densities, respectively. By virtue of the self-adjoint-
ness of the operator — (1/2k*)v2+(1,2)g?[x — adH(z;0) ]?
n (1.1), we have the following conservation law:

. oy b
](X,Z,O’)—zk[

J .,
—ilx,z;0) +V,

» jX,z;0) =0 Was A,

2.3)

As a consequence, the total intensity I(z;a), defined by

Iz;e) = [ axilx,z;a), 2.4)
Je
is conserved for every realization o € A, viz.,
Ziizl(z;a)::o, (2.5)
or
I(z;cz):I(O;oz):‘];ezdxw*(x,O;ry)gb(x,o;oz). (2.6)

In the sequel, we shall assume that {0;a) is normalized
to unity for every realization ¢ € A.

We define, next, a vector s(x,z;a) by the relationship
2.7

The conservation law (2.3) can be rewritten in terms of
s(x,z;u) as follows:

s(x,z;0)=ilx,z;0)2 +j(x, z;0), z=z/|2].

2.8)

From physical considerations, s{x,z;®) may be inter-
preted as a power flux density. On the strength of the
divergence theorem, one has the identity

ves(x,z;e)=0, v=v, +(3/92)z.

ff‘fVCs(x,z;rv)dV:‘fs [s(x,z;0)7dA =0, 2.9)

c
where V is the volume bounded by a regular closed sur-
face S, and N is a unit outwardly directed normal vector.
From a more practical point of view, the power inter-
cepted by a detector (indicated by an open S;) can be
written as follows:

fs, ) 8, 250) > A, (2.10)

3. THE FUNDAMENTAL ANSATZ

In the stochastic parabolic equation (1.1) we make a
change of the transverse (with respect to z) spatial vari-
able corresponding to a “moving” coordinate system,
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ylg;0) =x —-ulz;a), (3.1)

and represent the wavefunction ¥(x,z;a) in the form

yz]explik[u(z;o) y(z;0) + v(z;0) ]},
(3.2)

where u(z;a) and v(z;a) are as yet unspecified random
functions. The dot over u{z;a) in (3.2) designates a
derivative with respect to z. To avoid unnecessary com-
plexity in notation, we shall not write the arguments of
y,u, and ¥ out explicitly, unless there is ambiguity.

I, z;0) = oly(z;a)

Our next step is to substitute (3.2) into {1.1) and
carry out the indicated operations. This procedure leads
to the following expression:

7 1
;3;(?5— V0 gy
+ (U + g% - g2 dH) yo

+(F-302 +3g%u% —~ g2u aSH + 392 a6 H?) ¢ .

(3.3)

We require that the terms within the parentheses on the
right-hand side of (3.3) vanish. This condition gives
rise to the following relationships:

@ 1

1) 5, 00,2 =5 V300,2) + 320, 2),  (:4)
(ii) ulz;00) + g%ulz;0) = g %a0H(z;0), (3.5)
({ii) ¥ (z;0) =242 - 1g%% + g% abH — 352°0H?, (3.6)

It is seen that within the framework of this formulation,
the new wavefunction ¢(y,z) satisfies the parabolic
equation characterizing the unperturbed focusing medi-
um, It should be noted, however, that ¢ is a random
function by virtue of its implicit dependence on u(z;a),

z., ¢ =o¢[x—ulz;a),z], which, in turn, satisfies the
Langevin-type equation (3.5).

To proceed with our analysis, we shall need appro-
priate initial conditions for u and . Toward this end,
we set z =0 on both sides of (3.2):

exp{ik[i, s x~ug) +y, 1}, 3.7

where u,, ,, and %, are respectively the values of u(z;a),
d(z;e), and v(z;¢) at z=0. From (3.6), one has

1% H?) + ¢,

1) = o(x - u,,0)

y(zia) = [ AL - 55%3 + g%u- abH — (3.8)

where ¢ is a constant of integration. Choosing the initial
conditions u,=u,=0, it follows, then, from (3.7) and
(3.8) that

(%) = oy (x) exp(ikc),

where ¢,(x) = &(x,0). The phase term exp{i~k) plays an
unimportant role in the evaluation of a large class of
“even” moments of the wavefunction ¥; it will, there-
fore, be omitted by taking ¢=0. We have, then, finally,

Do(x) = ¢, (x). (3.10)

Thus, given the initial value wo(x) for the stochastic
parabolic equation {1.1), the correct initial condition
for the “deterministic” parabolic equation (3.4) is

$(y,0)= oo (y) = (y). (3.11)

Our procedure in the sequel can be outlined as

3.9)
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follows: The parabolic equation (3.4) for the unperturbed
medium, with the boundary condition (3.11), will be
solved first for the wavefunction ¢. The latter is a
functional of the random function u(z;a) via the relation-
ship ¢ = ¢[x —u(z;x),z]. This solution for ¢ will, be
used in the expression (3.2) for the original wavefunc~
tion ¥(x,z;e). This wavefunction is, in turn, a functional
of u(z;a),u(z;a), and 6H(z;e) because of its dependence
on ¢ and the presence of the exponential factor in (3.2).
Our ultimate goal will be to obtain statistical moments
of the random wavefield (x,z;@) which are linked with
physical observables.

Before we proceed any further, we wish to point out
that the statistical technique outlined in this section has
been motivated by the work of Papanicolaou et al. 1
and McLaughlin (cf. Ref. 7). Using “key representa-
tions” which are similar to— but distinct from— our
basic ansatz (3.2), they have studied the propagation of
a Gaussian beam in a randomly perturbed strongly
focusing medium, and have derived detailed information,
especially in connection with beam-~axis statistics,
which would have been difficult to obtain by other meth-
ods. In the special case of a deterministic perturbation,
viz., 6H(z;o)—~ 6H(z), our “key representation” (3.2) is
an extension of a well-known method in quantum mechan-
ics. Ter Haar,!? for example, has used it to determine
the motion of an one-dimensional harmonic oscillator
under the action of an externally applied force. Along
the same vein, Svin’in'® has recently applied this tech-
nique to the study of the Brownian motion of an one-di-
mensional, damped, quantum mechanical harmonie
oscillator in an external field. Conceptually, we feel
that our technique is also close to recently formulated
methods based on the operator Langevin equation (cf.
Ref. 14; see, also, remarks in Ref. 13) and Feynman
path integration (cf. Refs. 15,16). This is an important
conjecture which we hope to substantiate in the future.

4. SPECIALIZATION TO THE ONE—DIMENSIONAL
CASE

To avoid unnecessary complexity which may obscure
our main contributions, we shall limit our subsequent
work to the one-dimensional version of the stochastic
parabolic equation (1.1), viz.,

; 2
;lgaz—l/)(x,z;a) =—%eraa?¢’(x,z;a)
(4.1a)
+38%[x — abH(z;0) P, 2;0), z>0,

Plx, 050) = Py (x). (4.1b)

Corresponding to (3.1),(3.2),(3.4)— (3.6), (3.8), and
(3.11), we have, then, the relations

y=x-u(z;a), (4.2)
zj)(x,z;oz):¢>[y(z;a),z]exp{ik[ﬁ(z;a)y(z;a)+y(z;01)(‘]1}, )
.3

i 9 1 22
F 32 0050 = =5 5300,2) + 15700, 2), 20, (4.40)
(@, 0) = do(y) =9, (), (4.4b)
ulz;a) + gulz;a) = fadH(z;a), 2z >0, (4.5a)
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u(0;a) =5(0;e) =0, (4.5b)

Yz30) = [AL@i2 - Lgu? + gPuabH — L OH). 4.6)

Consider, next, the parabolic equation (4.4) for the un-
perturbed medium. This problem is isomorphic to the
Schr'(')dinger equation for an one-dimensional quantum
mechanical harmonic oscillator whose solution is well
known.? Let G(y,v’,z) be the Green’s function associ-
ated with (4.4). In this case, it is given explicitly as
follows:

Gly,y',z)=(gk/2ni singz)'/?
x exp[~ (gk/ 2i singz)(y® cosgz — 2yy’ +y'cosgz)]. (4.7)

This expression provides a link between the wavefunc-
tion ¢(y,z),2>0, and the boundary condition ¢,(y):

0(,2)= [ Ay’ Gly,y’,2)byy").

In order to evaluate the wavefunction ¢(y,z) explicitly,
we shall have to decide on a specific boundary condition
¥o(x) and, hence, ¢,(y). For simplicity, let us choose
the fundamental mode corresponding to the parabolic
equation for the background focusing medium, viz.,

by (x) = (gk/n)/ 4 exp[— (1/2)gkx?]. 4.9)

This initial configuration is normalized to unity [cf. Eq.
(2.6)]. In light of the identity ¢,(y)=4,(y), expressions
(4.7)— (4.9) lead to the wavefunction

oy, 2) = (gh/m1/ *exp[- (1/2)gky?lexp[- Yigz]. 4.10)

This, of course, is the “ground state” wavefunction
(“stationary state”) of the parabolic equation (4.4).

{4.8)

We introduce, next, (4.10) into our fundamental rela-
tion (4.3):

Vv, z;0) = (gk/T)* ‘exp[ - 3gky? lexp[~ $igz lexp[ik iy + 7)].
(4.11)

This constitutes a solution to the original stochastic
complex parabolic equation (4.1) for every realization
a c A. In general, the computation of the ensemble
average of an arbitrary functional of y(x,z;a) requires
the joint probability density function of the random
functions u{z;a),dlz;a), and ¥(z;a). The latter can be
found from the analysis of the following set of coupled
first-order, nonlinear, stochastic, ordinary differential
equations:

ule;a) =vlz;a), (4.12a)
(z;0) + gulz;e) = g2abH(z;0), 2>0, (4.12b)
u(0;a) =2(0;0) =0, (4.12¢)
V(z;0) =30%(z;0) = 3822 (2;0) + Paulz;a)5H (z;0)
-38d*6°H(z;0), 2>0, (4.132)
¥(052) =0. (4.13b)

It is important, however, to note that expressions of the
form {y* (x,, 2;0 9% (x,, 250) * + = 9* (x, , 230 (D (x], 2;00)

Xy (xz,2;%)** *d(x],z;a)}, linked to a large class of im-
portant averaged physical observables (cf. Sec. 6 et
seq.), are functionals only of u(z;&) and #(z;e). Since
the latter are governed solely by the Langevin-type,
linear, stochastic, ordinary differential equation (4.5)
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[ef., also, Eq. (4.12)], our task of computing a large
number of physically important moments of the wave-
function ¥(x, z;&) can be accomplished provided the joint
probability density function of the random functions
u(z;@) and u(z;@) is available, This problem is consider-
ed in detail in the next section.

5. ANALYSIS OF THE BASIC STATISTICAL
PROBLEM

The second-order, Langevin-type, stochastic ordin-~
ary differential equation (4.5) may be recast into the
form

The resulting transport equation is

(5 03 - g ) ELA 0,230

2
—D%E{fc(u,v,a;a)}, (5.5)
where D =g*¢?S. If, in addition to the above assump-
tions, 6H(z;a) is a Gaussian random process, (5.5) is
the exact statistical equation for E{f(u,v,z,a)}. This
can be established by means of the Donsker—Furutsu—
Novikov functional formalism.??-24 In the long-range
Markovian approximation (cf. Ref. 25; see, also,

d%‘ly(z;a) + gulz;a) = g2adH(zv), (5.1a) Refs. 21b and 5), (5.4) reduces to the simpler trans-
port equation
d
—ulzyo)=vlza), 5.1b
dz ( ( ) (£—+vi—gzu—a—>E{f(u,v,z;a)}
z u ov ¢ 6.6
u(030) = ¢(050) = (5.10) -6)

This problem is closely related to the Brownian mo-
tion of a randomly forced, classical, harmonic oscil-
lator.

The “fine-grained” density, or classical “phase-
space” distribution function, associated with (5.1) is
introduced next as follows:

Flu,v,z50) = 8lu~ ulz;0)]6[v — v(z;a)],
fl,v,050) =8()d(v).

It obeys the continuity, or Liouville equation, which
reads’®

(5.2a)
(5.2b)

folu,v,z;0)=Lf (u, v, 2;0); (5.3a)

KA
82

Lfc(u,v,z;a‘):—ra—?;fc(u,v,z;a) +6f (u,v,2;0);(5.3b)

0f (u, v, z;0) = [gzzl——~g2a61-1(z a) a]f(u v,2;0).
(5.3¢)

We shall embark next on a statistical analysis of (5.3).
Using only the first-order smoothing approximation
(cf. Refs. 19,20; see, also, Refs. 21 and 5), we ob-
tain the following kinetic equation for the ensemble
average of the density function:

(5@2— Bu gzu——) E{f . (u,v,z50)}

=g ~[fo der(2) (S“‘gé ai

+ cosg§—>
1 .

X Eq f.\ucosgl —=vsingl, vcosgr
g (5.4)

+ gusing{,z — g;a) ]

In deriving this expression it has been assumed that
8H(z;0) is a zero-mean, wide-sense stationary random
process, with correlation function I'(¢) = E{6H(z;a)
8H(z — ;¢ )}. The kinetic equation (5.4) is uniformly
valid in range. The right-hand side of (5.4) contains
generalized operators {nonlocal, with space “memory”)
in phase space.

For a random process 0H(z;a) which is 5-correlated
in range, viz., I'({)=56(¢), where S is a constant, the
integration over ¢ in (5.4) can be carried out explicitly.

2536 J. Math. Phys., Vol. 19, No. 12, December 1978

E{f w,v,z;0)} +D E{f,(u,v,z;0)}.

162 268

The diffusion coefficients are given by the expressions

D, =g [ : dtT(¢) cosgt, (5.7a)

D,=g [ "d{T(¢)singt. (5.Tb)

The quantity E{fc(u,v,z;a )} is nonnegative; as such,
provided that it is normalized to unity, it can be con-
sidered as the joint probability distribution density of
u and v. A requirement of our statistical formulation
(cf. Sec. 4) is that E{f.(u, v,z;a)} be known explicitly.
In general, no exact solution seems to be possible for
the kinetic equation (5.4) [augmented by the boundary
condition E{f,(u,v,0;0)} = 6(u)6(v)]; this, however, is
not the case for the Fokker—Planck equations (5.5)
and (5.6), as it will be shown below.

The Fokker—Planck equation {5.5) has been studied
extensively (cf., e.g., Refs. 26 and 27). Its exact
solution is a two-dimensional Gaussian distribution in
uand p.

Let
- E{w(z;a)}]™}
(5.8)

=E{[w(z;a) - E{w(z;0)}] [wiz;e

be the autocovariance matrix of the two-dimensional
vector process w(z;o) =[u(z;a), v(z;a)]. It is given
explicitly as follows:

T={o}}, i,j=1,2, (5.92)

=D[(z/g%) - (1/2¢%)sin2gz], (5.9b)
0}, =03, = (D/&)sin’gz, (5.9c¢)
0%, =Dz + (1/2g)sin2gz]. (5.94d)

In deriving (5.9), use has been made of the fact that
E{u} = E{v} =0, and hence, E{w}=0. Accounting for
this property, the general form of the desired normal
distribution density function is
E{f,(w,z;0)}=F(w,z)=(27)(dets)/? exp(- 3wz 'w),
(5.10)

where $-! is the inverse of the covariance matrix.
More explicitly,
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F(w,z)=(27)(detz)1/2
1 1
X exp [— Tel (022 + 03,07 — 20f2u11)] , (6.11)

where the o}, 7,j=1,2, are the entries of the covari-

ance matrix [ef. Egs. (5.9b)—(5.9d)] and
dety, = (D?/g%)22 — (D?/g*)sin?gz. (5.12)

Finally, the “marginal” distribution density functions
of the random functions u(z;a) and v(z;a) can be readily
found from (5.10):

Flu,z) :_/:, dvF(v,v,2)=(2n)*/ %07}

11 2)
11 5.13
Xexp( 2551 ( )
F(z;,z):fi duF(u, v, z) = (27)/ %03}
11 2>
= =y 5.14
><exp< 25" (5.14)

The more complicated Fokker—Planck equation (5.86)
based on the long-range Markovian approximation is

a variant of Kramers’ equation (cf. Ref. 28). As such,
it can be integrated by the method of characteristics.
Its solution constitutes a two-dimensional normal dis-
tribution of the form (5.11), with covariance matrix

n={o%}, i,j=1,2, (5.15a)
0% =(D,/g*)sin*gz + D [(2/g%) - (1/2g%sin2gz],
(5.15b)
0%, =03 = (D,/2¢)sin2gz + (D,/g?)sin’gz, (5.15¢)
0, =D [z +(1/2g)sin2gz | - D,sin’gz . (5.15d)

Several general results presented in the following
two sections hold for both Fokker—Planck equations
(5.5) and (5.6). This is due to the fact that the solu-
tions to these equations, i.e., the respective joint
probability distribution density functions, have the
same functional form [cf. Eq. (5.11)]. For the sake
of simplicity, however, many specific analytic and
numerical results are based on the assumption that
6H(z:a) is a wide-sense stationary, &-correlated
random process.

6. SECOND-ORDER OBSERVABLES

A. Basic second-order moments

We set as our first task the computation of the mean
intensity E{i(x,z;0)}, where i(x,z;a) = 1*(x, 2;0)¥(x, z;a)
is the irradiance function [cf. Eq. (2.1)]. Toward this
end, we note from (4.11) that

ilx,z;00) = (gk/ )/ exp{~ ghlx — ulz;0)]%. (6.1)

Since the last quantity is a functional only of u(z;0),
Eli(x, z;0)} = [ dui(v,1)F(u,2), (6.2)

where F(u,z) is the marginal probability density func-
tion given in (5.13). The integration in (6.2) can be
performed easily, yielding

E{i(x, z:0)} = m/2[gh/(1 + 2gk0? )]/ ®

x exp{-[gk/ (1 + 2gko? )13} (6.3)
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On the beam axis (i.e., x=0), (6.3) specializes to
E{i(0, z:0 )y = /% gh /(1 + 2gka ) [/2. (6.4)

Since 0%,(z) >0, ¥z >0 [cf. (5.9b)], it is seen that the
on-axis mean intensity decreases monotonically as a
function of the range z. This is due to the transfer of
mean power from the fundamental mode to higher
modes, a subject that will be considered in detail later
on,

The mean centroid of the beam, defined by

Xte)= [ axvB{ilx, 2300}, (6.5)

is zero for all z since the integrand is an odd function
of x.

A measure of the spreading of the bean can be found
by using the definition

éoi(z) :]:: dx[x = X&) Elily, z:0)}. (6.6)
It turns out that
02(z) = (1 +2gk0?,)/ gk. (6.7)

Introducing (6.7) into (6.3), the mean intensity can
be written more succinctly as follows:

Eli(x, z;0 )} = [m02(2) /2 exp[- x?/02(2)]. (6.8)
Comparing (6.8) with the initial intensity, viz.,
i(x,0;0) = (gk/ 7)'/ 2 exp(— gkx?), (6.9)

it is seen that the mean intensity remains Gaussian for
z>0. Since d'o(x) is taken to be the fundamental mode

of the unperturbed problem, i(v,z)= (gk,/ 7)'/? exp(— gkx?)
in the absence of random perturbations. In this case,
the original beam would not spread at all. In the pre-
sence of random fluctuations, however, the variance

of the transverse coordinate x changes from (gk)* to
the quantity o2(z) given in (6.7).

If the expression for ¢2, given in (5.9b) is substituted
in (6.7), one has

02(z) = [1 +2gkL{z/g* —sin2gz,/28°) )/ gk. (6.10)
In terms of the dimensionless quantities
{=gz, c=kD/&. (6.11)

Eq. (6.10) can be brought into a form convenient for
numerical investigation. Specifically,

o2(&ie)gk =1+ (22 - sin2¢). (6.12)

A plot of this expression sus ¢, with ¢ (a dimen-
sionless measure of the strength of the fluctuations)
as a parameter, is shown in Fig. 1. The monotonic
increase of the beam spreading is clearly evident.

The intensity flux density defined in (2.2) can be
written more compactly as

g, z0) =Re[~ i/ k)e* (x,2;0) @/ 0x)¢(x, z;0)] - (6.13)

Using (4.11) and performing the operations indicated
in (6.13), we obtain

Jlx,z0) = (gk/ 11 20(2;0) exp{— gklx — u(z;0) ]}, (6.14)

a functional of both u{z;a) and v{z;a). The mean inien-
sity flux density is, therefore, given by
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FIG. 1. Variance of transverse beam displacements. (a)
¢=0,05; (b) c=0.1.

E{j(x, z;a)}b= f:; du‘[”: dvilx,u, v)F(u,v,2),

where F(u,v,z) is the joint probability density function
in (5.11). In this case, the integration in (6.15) can be
performed without difficulty. The final result is

E{j(x,z;0)t =21 /202, [gk/ (1 + 2gko? ) 3/2
xexp{-[gk/(1 +2gko?)]x?}.

As a consequence of the conservation law (2.3) which
holds for every realization a = A, one has by inspection
the relation

{6.15)

(6.16)

O e . 0 R

= E{f(,\,z,a)}»+axE{](x,z,oz)}._O. (6.17)
The latter means that the total mean intensity is
conserved, i.e.,

d%[.[’“ dx Eli(x,z;0)}]=0. (6.18)

The conservation law (6.17) can be found by taking the
ensemble average of the one-dimensional version of
(2.7). Alternatively, it can be obtained by combining
our results for E{i(x,z;0)} and E{ j(x, z;e)} given in
(6.3) and (6.186), respectively.

Having established both E{i(x, z;0)} and E{ j(x, z;0)},
we are in a position to compute one more observable:
the mean power flux density [cf. Eq. (2.7)]. Specifically

E{s(x,z;0)} = E{i(x, z;0 }2 + E{ j(x, z;0 }%. (6.19)

On the basis of a statement made earlier (cf. Sec. 2),
the quantity

fs f E{s(x,z;0)} - fidA

can be interpreted as the fofal mean power intercepted
by a detector characterized by the open surface S,.

(6.20)

We shall undertake next the computation of the
spatial mutual coherence function E{y*(x,,z;a)
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$lx,,2;a)}. We form first the quantity y*(x,,z;a)
#lx,,2z;a) using the expression for P(x,z;a) in (4.11):

P* (xy, 250 00(x,, 250 ) = (gk/m)'/ 2 exp(— 3gk{[x, — ulz;0) P

+{x, —ulz;0)P}) xexp[— i kvlz;0) (v, - x,)]

=mx,, x,,ulz;a), viz;e)]. (6.21)
Its ensemble average is given by
E{y*(xy, 2;0)9(x,, 2;0)}
(6.22)

:.fm duf_i dvm{x,,x,,u,0)Fu,v,2).

The integration can be performed exactly, yielding
the following expression for the spatial mutual co-
herence function:

E{*(x,, z;0)0(x,, z;0)}
=2 gl/(1 + 2gka})) |/ ® expl - sgk (x5 + x})]
x exp{3[(gko,, )2/ (1 + 2gko?)](x, + x,)%}
X exp[— 3202, /02, ) (1 + 2gk0%,)" (x, — x,)?]
x exp[— 3k%(detz /02)) (x, — x,)?]

X exp[— ikgkoZ (1 +2gko?, ) (x2 ~ x3)].

(6.23)

In the special case that x, and x; coalesce, i.e.,

xy =%y =x, the spatial mutual coherence must coincide
with the mean intensity found earlier [cf. Eq. (6.3)].
A simple calculation shows that this is, indeed, the
case.

B. Modal power transfer

The unperturbed [6H(z;a)— 0] parabolic equation (4.1)
is characterized by a set of modes k,(x), p=0,1,2, - -,
satisfying the eigenvalue problem

1 &

— 52 22 ¥ + 28k, () = B,y (). (6.24)
It is well known (cf. e.g., Ref. 29) that
E,=glp+3)/k (6.25)

and
hy () = 2702 (p1)74 /2 (gl /) * exp(~ 2gha®)H [ (gh)*/ 2x].
(6.26)
Here, H,(f) denotes the pth Hermite polynomial, viz.,
H,(£) = (- 1) exp(£?)(d*/de?) exp(~ £°). (6.27)

The eigenfunctions given in (6.26) are orthonormal,
i.e.,

[ dx iy (D (x) =6, (6.28)

The boundary condition ¢,(x) specified in (4.9) is the
fundamental mode %,(x). This follows easily from (6.26).

We shall determine next the portion of the beam which
remains in the fundamental mode. The complex ampli-
tude of the fundamental mode is defined by

qo(z;a)zfmdx dle, 2530 )y (x) . (6.29)
The quantity of interest is the ensemble average of the
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FIG. 2. Decay of mean power in the fundamental mode.
(a) ¢=0.1; (b) ¢c=0,05,

absolute square of g,(z;a), viz.,

Q2(z) = E{ | q5(2;0) | 3. (6.30)
We note, first, that
|go(z;0) | % = exp (- sgku®)expl — 3 (k/g)0?]. (6.31)

Integrating this quantity over « and », with the joint
probability density F(u,v,z) as a weight, we find

Q2(2) =[1 + gko?, + (k/g)(02, + gkdetz ) ]*. (6.32)

In the absence of random fluctuations, ¢, —0, 02,0,
and detT — 0; hence, @2(z) ~ 1, ¥V z. In other words, the
power remains entirely in the fundamental mode. On the
other hand, the general expression (6.32) shows how
power (in a mean sense) leaks out of the excited funda-~-
mental mode into higher modes.

Using the expressions for ofl, 0Z,, and dets [cf. Egs.
(5.9b), (5.9d), and (5.12), respectively] into (6. 32),
Q2(z) can be written as

QL;e)=[1+2ct+ (2 -sin?) ! (6.33)

in terms of the dimensionless quantities ¢ and ¢ [cf. Eq.
(6.11)]. A plot of Q2(&;c) versus ¢, with ¢ as a param-
eter, is shown in Fig. 2.

Analogously to (6.30), we define the expected modal
power transfered from the fundamental mode at z =0 to
the pth mode at distance z as follows:

Q2(z) = E{| q,(z;0) |7, (6.34)

where q’(z;Ot) is the pth-order complex amplitude func-
tion, viz.,

a,(z30) = [“dx plx, z;0)h, (x).

-c0

(6.35)
The square modulus |g,(z;a)|? required in (6.34) is
found to be
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lq,(z;0)1%=2"2(p1 ) [(k/gh® + gk

x exp|— 3 (k/g)v?lexp(~ sgku?). (6.36)
Finally,
Qa(z) =2 (p! yigrkP 2n)ridets )t/ 2(n/ ) ¥ (a/a' )/ ?

p s

xZ,‘o Ei;(i)g'%(zs)! (b’ /ays[11(2s = 2D1 ]

X (a/4b20[2(p - 1) - 1]11 /(2 ", (6.37a)
where

a=3[(k/g) + (6},/dets)], (6.37b)

a =%gk + (gho,, P + (k0,,)? + gkPdetT |(gko?, + K detT)-
(6.37¢)

b =%(0%,/detz). (6.37d)

Particular values of modal power transfer functions
can be obtained from the general expression (6.37) by
restricting the values of the index p. Setting p=0, for
example, specializes (6.37) to the quantity Q2(z) found
earlier. For p=1, on the other hand, one has

Q2(2) = 3[grd? + (k/g)02, + 2k°detT ]
x[1 + gko?, + (k/g) (0%, + gk detZ)]"3/2,

(6.38)

a relationship exhibiting how mean power is transfered
from the fundamental mode to the first one. Since, 0%,
0Z,, and detT become zero at the boundary z =0, it
follows that Q2(0})=0. This, of course, is expected since
at z =0 all the mean power is stored in the fundamental
mode.

In the special case that 6H(z;&) is 6-correlated, @*(z)
can be written in the dimensionless form

Q(g;0) =[ct+ (L% - sin?O[1 + 2¢8 + A(L - sin?r)[¥/2,
(6.39)

A plot of Q%(¢;c) versus ¢ for two values of the param-
eter ¢ is shown in Fig. 3. The average power contained
in the first mode rises from zero to a maximum, and,
then, decays monotonically to zero as {—~ . It is, also,
seen that the position of the maximum, as well as the
rate of decay, depends on the strength of the random
fluctuations.

Qualitatively, one would expect the same general be-
havior for the average modal power transfer from the
fundamental mode of z =0 to the pth mode at distance z.
The rate of transfer, however, would depend on the
order of the mode.

C. Degree of coherence

Given the random wavefunction ¥(x,z;a), the degree
of coherence, D(z), is defined as follows:

D2(2) = [y [, | E{y* (xy, 23000 (x,, 2500} | 2. (6.40)

It can be calculated by using the expression for the spa-
tial mutual coherence [cf. Eq. (6.23}]. The final result

1S
D*(z) =(1 + 2gko?, + 2(k/g) (02, + 2gkdet)1/2,  (6.41)

For a random process 6H(z;o) which is d-correlated,
(6.41) assumes the following dimensionless form:
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D*(Le) =1 +4cr +4c2(r2 — sin®e) /2., (6.42)

The latter is shown graphically in Fig. 4.

The degree of coherence is a measure of the irrevers-
ible loss of coherence due to the presence of random
fluctuations in the medium. At z=0, D(z) =1, i.e., the
heam is coherent. As the range z is increased, there is
a loss of coherence, i.e., D(z) <1, and finally,
D(z)~0as z— =, i.e., the beam is rendered complete-
ly incoherent.

In the absence of random fluctuations in the medium,
D*z) and, hence, D(z) would be conserved, i.e.,
D(z)=D(0)=1, V z. If the beam were partially coherent
at z =0 due, for example, to aberrations in a focusing
optical system, then D(0)<1. In this case, D(z) < D(0),
¥ z =0, the equality holding for a nonrandom medium.

The degree of coherence defined in (6.40) is by no
means the only quantity exhibiting the irreversibility due
to the random fluctuations in the medium. Another quan-
tity which describes this irreversible loss of coherence
(or information) is the H-function used in statistical
mechanics. * This function is intimately related to the
thermodynamic (or information-theoretic) concept of
entropy. To construct an appropriate definition for the
H-function, we shall require a few preliminary results.

A two (transverse)-point field density function is in-
troduced first as follows in terms of the wavefunction
dlx, z;00):

plxg,xy, z30) = * (v, 250 )y, z;500) (6.43)

The “phase-space” analog of the density function is
provided by the Wigner distribution density function
which is defined as follows®:

flx,6,z;0) :—%f dy eik6yplx + 3y, x — 5y, z;a). (6.44)

This quantity is real, but not necessarily positive every-
where. It can be shown {(cf. Appendix A of Ref. 5; also,
Ref. 32), in generatl, that | f(x, 8,z;a)| < (2/7) for any
realization & = A. Provided that f(x, 6,z;¢) is normal~
ized to unity, this means that the Wigner distribution
density function is different from zero in a region of
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which the volume in phase space is at least equal to
{r/k). Hence, flx, 6,2z;0) can never be sharply localized
in z and ¢, This situation is reminiscent of the quantum
mechanical uncertainty principle. It is also analogous
to the ambiguity arising in Fourier optics, 3’3 and the
radar ambiguity discussed originally by Woodward. %

The mean Wigner distribution density function can be
determined by ensemble-averaging both sides of (6.44):

E{f(x, 9,z;oz)}:£ T dy e E{p(x +3y,x -2y, z;a)}. (6.45)
27, Y

The quantity E{p(x + %v, ¥ ~ kv, z;a)} in the integrand is
simply the spatial mutual coherence function [cf. Eq.
(6.23)] expressed in terms of “center of mass” and dif-
ference coordinates. Taking this into consideration, we
find that

E{f(x,8,z;)}
=(k/m[1 +2gk0%, +2(k/ )0k, + 2gkdets) ["1/2
X exp|— (k/g)(1 + 2gkar))[1 +2gko?, +2(k/g)
X (02, + 2gkdetZ)] !
X [6—2gko? (1 + 2gk0? ) x Plexp]{ - [gh/(1 + 2gko? ) [x7}.

The H-function is defined next in terms of the mean
Wigner distribution density function as follows:

H(z):.]ﬁmdxfwdffE{f'(x, 6,z;0) n E{f"(x, 6,z;a)}.  (6.47)

(6.486)

Here, f'(x,0,z;a)=f(x, ¥,z;0)/k. It has already been
pointed out that the Wigner distribution density function
(and, hence, its ensemble average), although real, may
not necessarily be positive everywhere. Consequently,
the definition of the H-function in (6.47) cannot possibly
be valid in general, by virtue of the logarithmic term
which is not defined for negative values of E{f(x, 8,z;a)},
[It is this specific difficulty which is surmounted by the

DZ(Q;C)

FIG. 4. Variation of the square of the degree of coherence.
(a) ¢=0.1; (b) ¢=0.05.
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FIG. 5, Axial variation of the H~function. (a) ¢=0.1;
(b) ¢=0. 05.

definition of the degree of coherence given in (6, 40)].
However, for the particular problem under considera-
tion here, f(x, 6,z;a) (and, hence, its ensemble average)
is nonnegative. This can be easily seen by inspecting the
explicit solution for E{f(x, 6,2;a)} given in (6.46). We
are, therefore, fully justified in using the definition
(6.47). Carrying out the operations indicated on the
right-hand side of (6.47) results in the following expres-
sion for the H-function:

H(z)=In[D?(z)/7]-1.

Interestingly, it is a functional of the square of the de-
gree of coherence determined earlier [cf. Eq. (6.41)].

(6.48)

An important property characterizing H(z) is sub-
sumed in the H-theorem, viz.,

(d/dz)H(z) <0, (6.49)

which is widely used in statistical mechanics (see, e.g.,
Ref. 30). The validity of this theorem follows readily
from the result (6.48) for H(z), in conjunction with the
expression for the degree of coherence, D{z), given in
(6.41) and the specific forms of 62,,0%,, and det> de-
rived in Sec. 5.

The entropy, S(z), is defined as the negative H-func-
tion. Corresponding to the H-theorem (6.49), we have,
then,

(d/dz)S(2) > 0. (6.50)

This relation is a manifestation of the second law of
thermodynamics, and states that the total entropy of the
system (resp. beam) cannot decrease.

The H-function in (6.48) can be written in terms of the
dimensionless quantities ¢ and ¢ as follows:

H(g;0) =In{n[1 + 4ct +4c%(L% - sin?g) /3 - 1. (6.51)

The latter is depicted in Fig. 5. The non-increasing
property of the H-function incorporated into the H-theo-
rem is clearly evident in this plot.

D. Effective coherence distance
We shall close this section by defining and computing
a characteristic scale called the effective coherence
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distance. [In the case of a two~dimensional problem
(circular beam), this characteristic scale is referred
to as the “effective coherence radius” of the beam (cf.
Ref. 36)]. This quantity is intimately related to the
angular width of the beam.

Let us begin by integrating E{d*(x + 3y, z;a )} (x - 3y,
z;a )} over x. The result is

y(y,z)szde{zl)*(x+§y,z;a)zl)(x-§y,z;d)}

=exp{-3[3g% + k%03, 1y%. (6.52)

The effective coherence distance, y,, is defined as that
value of y at which ¥(y,z) has become e times smaller
than ¥(0,z), viz.,

y,,2)=e1y(0,2). (6.53)
It is clear from (6.52) that v(z,z)=1. Hence,
Y,,2)=et. (6.54)

The desired quantity y, can be easily determined by
taking the natural logarithm of (6.54):

v,(2) =[2-1(2" gk + K202,) -/ 2, (6.55)

The corresponding dimensionless quantity ye(g;c) is
plotted in Fig. 6 for two values of the parameter c¢. It
has the value of unity at the initial boundary, and de-
creases monotonically to zero as ¢— «.

7. HIGHER-ORDER MOMENTS

A. Fourth-order moments

We consider first the correlation of the field intensity
at two tranverse points, viz., Efi(x, z;0)ilx,, z;0)}.
Using the expression found earlier for i(x,z;a) [cf. Eq.
(6.1)], we have

-

4
B
n
v‘!
>

.

o2} ~

0 ! | { ! L

FIG. 6. Effective coherence distance of the beam (a) ¢=0.1;
(b) ¢=0. 05,
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iley, 230)ilxy, 250) = (gk/T)exp{ - gklx, —ulz;0) %}
X exp{— gklx, - u(z;0)F},

from which, upon averaging over the probability density
function F(x,v,z), we obtain

Eli(x,,z;0)i(x,, z;0)} = (gk/m(1 +4gko? )2/ ?
x exp|— gk[(1 +2gko?))/(1 + 4gko?,)|(x2 + x2)}
x exp{40? [(gk)?/(1 + 4gko?,)]x, %}

As an illustration of a physical situation which re-
quires the special fourth-order moment given in (7,2},
consider the problem of “beam wandering.” Associated
with the stochastic parabolic equation (4.1), we define
the “centroid” of the beam by

(7.1)

(7.2)

x(z;0) = [Tdxxilx,z;0), YacA, (7.3)

{As explained earlier, we assume that the total intensi-
ty is normalized to unity for each realization ¢ c A.) The
mean centroid, X(z), of the beam has already been de-
fined [cf. Eq. (6.5)] and found to be equal to zero. It is
interesting, however, to consider also the variance of
the random function x(z;a), viz.,

var{x(z;o)} = E{[x(z;0) - X(2) %}
= ["dx, [7dx, xpx, E{i(xy,2;0)ix,, 200}, (7.4)

Introducing (7.2) into the last equation and carrying out
the integration we find

var{x(z;a)} =02, (7.5)

an expression which vanishes at 2 =0 and becomes un-
bounded as z— =, This hehavior is a manifestation of
the instability of the beam due to the presence of ran-
dom-axis misalignments.

Setting x, =x, =x, (7.2) reduces to the intensity aufo-
covrelation function

B #x, 2500} = (gh/7) (1 + 4o, )2
x exp{~ 2[gk/ (1 +4gko?)]x}.

(7.6)
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This result can be used in conjunction with the expres-
sion for the mean intensity [cf. Eq. (6.3)] in order to
compute the variance (or fluctuation) of the intensity:

E{[i{x, z;a) — E{ilx,z;0 %} = v,(x, 2)
= (gk/m) ((1 +4gko?,)"1/2 exp{ - 2[gk/(1 + 4gko?,)]x?%}
— (1 +2gko? )t exp{ - 2[gk/(1 +2gk0?,)]¥%} ). r. 1)

Figure 7 shows the behavior of the on-axis fluctuations
of intensity v,(0, £;¢) for two values of the parameter c.
As expected from physical considerations, 1,(0,¢,¢)
vanishes at the plane of the source ((=0). It is also
seen, however, that v,(0, ¢, c) decays monototically

to zero as {— », after it rises to a maximum at an
intermediate range. On- and off-axis intensity fluctua-
tions are shown graphically in Fig. 8. Here, v,({;c;d)
is plotted versus ¢ for one value of - and five values

of the new dimensionless parameter d=(gk)!/?x. In
general, one might expect that for fixed values of the
range ¢ and the strength of the random fluctuations
(incorporated into the parameter c), v,(¢;c;d) would
decrease monotonically as d was increased. This is
definitely not the case, as it is clearly shown in Fig. 8.
Specifically, for £=10 and ¢=0.1, v,(Z;c;d) increases
for values of d up to about 0.75, and decreases for
higher values of this parameter. A plausible explana-
tion of this “anomalous” behavior could be the “elastic”
influence of the background deterministic focusing
medium,

B. Higher-order moments

Statistical moments beyond the fourth order level can
be calculated without too much difficulty. For example,

Efin(x,z;0 ) = (gh/7)" 2(1 + 2ngko?, )y 1/?

X exp{-nlgk/(1+ 2ngko?)|x%, (7.8)

where n is a positive integer. Furthermore,

Elin(x,, z;0)i(x, , 2;0)} = (gh/m)"(1 + 4ngho? )t/ ?
xexp{~ngk[(1 + 2ngko)/(1 +dngko? )2+ 2) (1.9)

x exp{40? [(ngh)?/ (1 + dngka?)]x, x,}.

ol4

ol2

olo

008

006

I/Z(C;C;d)

004

002

FIG. 8. Variance of on-and off-axis intensity fluctuations.
(a) d=2.25; (b) d=2; (c) d=0 (on-axis); (d) d=0.5; (e) d=0.75.
All curves are computed for ¢=0. L.
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Finally, analogously to (7.7), we find that
E{lin(x, z;0) = E{i*(x, 2;0 )} I} = v, (%, 2)
= (gk/7)"[(1 + 4ngho?, )™/ ? exp{ - 2n[ghk/(1 + 4ngho?, )x?%}
— (1 + 2ngko?, )" exp{ - 2u[gk/ (1 + 2ngko?)]x%}]. (7.10)

C. Probability density function of the log irradiance
The probability density function p{i) of the intensity

(or irradiance) i =¢*? can be expressed in terms of the
moments E{i*(x, z;a)} as follows:

p(z’)z(2ni)'1f':m'edvi‘"‘l(x,z;a)E{i"(x,z;a)}, (7.11)

=i{®ag
where € is an infinitesimal positive number., The con-
ditions for the applicability of (7.11), viz., that
E{#*(x,z;0)} < exp(vE,), v~», E, being a real constant,
and E{i?(x, z;a)} be analytic on the right half-plane of v
[satisfied by our expression given in (7.8)], are fully
discussed in Refs. 37 and 38.

We introduce, next, the definitions E:In[i(x,z;a)/io],
io=(gk/m% E,=gkx®, and o, =2gko? . (We have kept
here unaltered the notation introduced by Furutsu in
Ref. 37.) We have, then,

P(E) = p(i)d/dE)i
=@rrt 17 @y (1 +voy)ire

Y gt

xexp{~v[(1 +vo ) E, - E]. (1.12)

The contour integration can be carried out, with the
result

0, E>0, (7.13a)

p(E)=
(~7mE0,)1/2exp|(E ~ E,)/ 0, Jcosh2[(= EE,)/ /0, ],
E <
0, (7.13b)
(7.13a) being a direct consequence of the analyticity of
the integrand in (7.12) on the right half-plane of v.
The probability density function p(E) of the log irradi-
ance is nonnegative; furthermore, it satisfies the
normalization property

4]
[ dEp(E)=1. (7.14)
On the beam axis (x=0 or, eyuivalently, E,=0),
(7.13) reduces to the simpler form
0, E>O0, (7.15a)
p(E)=
(~7Eog) /2 exp(E/o,), E<O. (7.15b)

Having established an analytical expression for
»(E), various moments of the log irradiance can be
found by direct integration. For example,

M,=E{E}= [ dEEp(E) =~ (2o, +E,) (7.16)
and
M, = E{(E - E{E} )%}

=/ a8 (E - B{E)*p(E) = 103 + 2E,0,, (7.17)

for the general case, i.e., x#0. Higher-order moments
of the log irradiance can be computed in the same
manner,
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Furutsu and Furuhama (cf. Ref. 38) have suggested
an alternative method for caleculating log-irradiance
moments. Their technique can be briefly outlined as
follows. The nth moment of E is given by

E{E7) = [° dE Erp(B) = - n/ @mi)* [ avrmif),
(7.18)
where
f)=(vo, + 1)/ 2 exp[- vE,/(vog +1)]. (7.19)

The last expression, however, is analytic for Re(v) > —¢

and tends to zero as | vl — <. Therefore, the second

integral on the right-hand side of (7.18) can be carried

out by a clockwise contour integration around the pole

v=0. Moreover, in the vicinity of this pole,
=1

f(v):1+2n—,E{E"}x/', (7.20)

n=1 N

and the log-irradiance moments E{E%, n=1,2,...,

can be obtained by matching (7.20) with the Taylor

series expansion of f(v) around y=0.

D. Saturation phenomena
Consider the expression
o =[In(E{i(x, z;0)}/ [E{in(x, z;0)} P)P/2.

where n is a positive integer. Using a result obtained
earlier in this section [ef. Eq. (7.8)], as well as the
notation introduced in the previous subsection, we may
write in the place of (7.21)

(7.21)

o = [In((1 +noZ)(1 +2n0,)71/2
xexp{[21Es05/ (1 + 2n0 ;) (1 + no ) |D/2. (7.22)

For the special cases n=1 and » =2, we have, re-
spectively,

o = ({1 +a )1 +20,)1/2

xexp(2E 0, /(1 +20,)(L+a,)[})t/? (7.23)

and
08 =(In{(1 +20,)(1 +40,)"/?

X exp[8E,0,/(1 +40,)(1 + 20,)]})1/2,

(7.24)

FIG. 9. ¢!’ as a function of gz, with E, as a parameter.
(a) Eq=0; (b) Eg=2; (c) Eg=4; (d) Ey=6; (e) Eg=8; (f) E,=10.
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The quantity ¢&? given in (7.23)—the square of which
would be the variance of the log irradiance provided
that the probability density function p(E) were assumed
to be log-normal—is plotted in Fig. 9 against o, for
various values of the dimensionless parameter E,.

It is clear from this graph that 0};” saturates for values
of o, close to 0.8,

Saturation phenomena associated with the scintil-
lation of waves propagating in turbulent media have
been known experimentally. Various theoretical pre-
dictions (based for the most part on numerical solu-
tions of the equation for the second moment of ir-
radiance) have, also, been made (cf., e.g., Refs.
39 and 40). Theoretical results very similar to those
reported in this paper have been published by Furutsu
and Furuhama (cf. Ref. 38) for the special case of a
beam propagating in a deterministically flat (homo-
geneous) medium, with additively superimposed ran-
dom fluctuations. The latter are characterized by a
simplified (quadratic) Kolmogorov spectrum.

In contradistinction to 6", the variance of log ir-
radiance M, [cf. Eq. (7.17)] does not exhibit any
saturation. This quantity is shown graphically in Fig.
10. An explanation for this behavior of M, has been
provided by Furutsu and Furuhama (cf. Ref. 38; also,

remarks made in the previous paragraph). The variance

of log irradiance M, does not saturate since it con-
tains many higher-order moments of the irradiance
E{#(x,z;0)}, and the higher the order v is, the earlier
the saturation starts. This situation is partially de-
picted in Fig. 11, where ¢ [cf. Eq. (7.24)] is plotted
versus 0z for various values of the parameter £,. A
direct comparison of this graph with the analogous one
for o$ (cf. Fig. 9) shows that the range of values of o,
for which v{?’ saturates is approximately centered
around 0.4, Qualitatively, one would expect that this
“shifting to the left” of the values of 0, at saturation
would continue as the superscript index in 0, assumes
larger and larger values, i.e., 0,05, etc.

FIG. 10. Variance of the log irradiance. (a) Eg=0; (b) E4=2;
(c) Ey=4; (d) Eo=6; (¢) Ey=8; () Ey=10.
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FIG. 11. o as a function of o, with F, as a parameter.
{a) Eg=0; (b) E;=2; (c) Eg=4; (d) Eg=6; (e) Ey=8; (f) E;=10.

8. CONCLUDING REMARKS

The statistical technique expounded in this paper is
based on the fundamental ansatz introduced in Sec. 3.
This ansatz constitutes essentially an embedding pro-
cess: Through the transformations (3.1) and (3.2),
the stochastic parabolic equation (1.1) is brought into
an one-to-one correspondence with the parabolic equa-
tion (3.4) characterizing the unperturbed focusing
medium, together with a set of stochastic nonlinear
ordinary differential equations [cf. Eqs. (3.5) and
(3.6)] which account for the statistical fluctuations in
the medium. The basic statistical analysis of the ori-
ginal stochastic partial differential equation is thus
simplified significantly since it can now be performed
at the level of a set of stochastic ordinary differential
equations the mathematical theory of which is already
highly developed (cf., e.g., Refs. 8—10).

Conceptually, we feel that the proposed statistical
technique, although distinct, is closely related to
recently formulated methods based on functional path
integration (cf. Refs. 14—16). Similarly to the func-
tional path integration methods, our technique has the
distinct advantage that it works on a global rather than
a local level making, thus, easier the algorithmic
derivation of asymptotic solutions to higher-order
statistical moments.

There seems to exist another important connection
between our statistical approach and the path integral
technique: The latter can be used to derive systemati-
cally ansatze (analogous to the one postulated in Sec. 3
of the paper) which can account for more realistic
randomly perturbed channels. We are presently in-
vestigating along these lines the problem of beam
provagation in a focusing medium whose unperturbed
frequency is randomly modulated (cf., also, Ref. 11).
Proceeding along the same vein, we also hope to
make some progress with the more difficult problem
of beam propagation in a medium whose parabolically
graded deterministic profile is additively perturbed
by x- and z-dependent random fluctuations.
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