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Overcoming Computational Complexity Barriers for Optimal Trans-

port in Discrete and Semi-Discrete Settings

Pouyan Shirzadian

(ABSTRACT)

Given two probability distributions x and v, Optimal Transport (OT) measures the minimum
effort required to transport mass between p and v. OT provides a meaningful distance
between distributions and acts as a dissimilarity measure between them. Due to its useful

statistical properties, OT cost has been used in numerous machine-learning applications.

More formally, given a d-dimensional continuous (resp. discrete) probability distribution pu
defined over a support A C R? and a discrete distribution v defined over a support B C R,
the semi-discrete (resp. discrete) optimal transport problem asks for computing a minimum-
cost plan to transport mass between p and v. In the special case of the discrete OT problem,
where 1 and v are defined on sets A and B of n points each, and any point in AU B is
given 1/n mass, the problem is equivalent to the minimum-cost bipartite matching problem.
In this thesis, we study the semi-discrete OT and the minimum-cost bipartite matching

problems.

The sensitivity of OT to noise has motivated the study of robust variants. Two such for-
mulations are: (i) the a-optimal partial transport, which is the minimum cost required to
transport a mass of «, and (ii) the A-robust optimal transport, which regularizes the OT

problem using the total variation (TV) distance.

For a continuous distribution ;o defined over a bounded support A C R? and a discrete

distribution v with a support B C R? of n points, suppose Cpax denotes the diameter of



the supports of ;1 and v and assume we have access to an oracle that outputs the mass of u

inside a constant-complexity region in O(1) time. In this thesis, given a parameter ¢ > 0,

we present the following results for the semi-discrete OT problem between p and v:

(i)

(iii)

Additive approximation for semi-discrete OT: We present an e-additive approximation

algorithm for the semi-discrete OT problem that runs in n®

) log % time. Our
algorithm works for several ground distances, including the £,-norm and the squared-

Euclidean distance.

Combinatorial algorithm for semi-discrete OT: We propose a combinatorial framework
for the semi-discrete OT, which can be viewed as an extension of the combinatorial
framework for the discrete OT but requires several new ideas. We present a new
algorithm that for 2-dimensional settings, computes an e-additive approximate semi-

discrete transport plan in O(n*log 1) time.

Combinatorial algorithm for semi-discrete robust OT: We provide a novel characteri-
zation of the optimal solutions to the semi-discrete robust OT problem and show that
they can be represented as a restricted Voronoi diagram. We also present an algo-
rithm that computes an e-additive approximate solution in O(n?logn log %) time in 2

dimensions and n°@ log(1/¢) time in d dimensions.

Furthermore, for point sets A and B of size n, let A be the spread, i.e., the ratio of the

distance of the farthest to the closest pair of points in A U B. Furthermore, let ®(n) be

the query/update time of a d-dimensional dynamic weighted bichromatic closest pair data

structure. For point sets in d dimensions, in this thesis, we present the following result for

the bipartite matching problem:

(iv)

Robust algorithm for stochastic Euclidean matching: We present a new algorithm to



compute a minimum-cost bipartite matching under Euclidean distances between A and
B with a worst-case execution time of O(n?®(n)log A). However, when A and B are
drawn independently and identically from a fixed distribution that is not known to the

algorithm, the execution time of our algorithm is, in expectation, O(n? 2¢®(n)log A).

For any given metric space, obtaining an optimal solution to the offline version of the classical
k-server problem reduces to solving a minimum-cost partial bipartite matching between two

point sets A and B within that metric space. Our final result in this thesis is the following:

(v) Efficient exact offline algorithm for k-server: We present an O(n%ﬁ@(n) log A) time
algorithm for solving the instances of minimum-cost partial bipartite matching defined

by the offline version of the k-server problem.
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Pouyan Shirzadian

(GENERAL AUDIENCE ABSTRACT)

Every day, we encounter matching problems, such as assigning taxis to passengers or pairing
deliveries with addresses. Similar challenges arise in computer science, particularly in fields
like machine learning and generative modeling, where we often need to compare sets of data.
For example, to evaluate the quality of images produced by a model, we compare them to real-
world images. A mathematical tool called Optimal Transport (OT) helps solve such problems
by finding the most efficient way to move “mass” from one group (called a distribution) to
another. OT has become a popular method in machine learning, computer vision, and

statistics because it offers a meaningful way to compare complex data distributions.

In the first part of this thesis, we focus on the semi-discrete OT problem, where one dis-
tribution is continuous (i.e., a smooth map of mass or values over a region) and the other
consists of a finite set of points. We develop new algorithms that make these computations

faster and more accurate.

Unfortunately, real-world data is often noisy, which can make OT results less reliable. To
address this, researchers have introduced robust variants of OT that allow for transporting
only a portion of the mass to tolerate small errors in the data. In this thesis, we provide new
characterizations of the solutions to these robust OT problems and design efficient algorithms

that remain accurate even when the input data is imperfect.



In the second part of the thesis, we study a special case of OT known as bipartite matching,
a classic computer science problem where the goal is to pair points from two sets at minimum
cost. We develop a new algorithm that performs particularly well when the input datasets

are similar, an advantage in many practical settings.

Finally, we apply our matching techniques to the well-known k-server problem, which models
how systems with limited resources can respond efficiently to a stream of requests. Our
algorithm is efficient and outperforms existing methods when the number of servers is not

too small.

In summary, this thesis introduces new methods to solve optimal transport and matching
problems. These advances have practical implications for data science, logistics, and foun-

dational areas of computer science.
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Chapter 1

Introduction

Optimal Transport (OT), which is also referred to by the p-Wasserstein distance, is a fun-
damental mathematical concept for comparing probability distributions by quantifying the
most efficient way to transform one distribution into another. The problem was originally
formulated in the 18th century by Monge [116] and further developed by Kantorovich [89]
and Rachev [130]. Put simply, for distributions x and v in a metric space equipped with a
distance function c(-, ), OT measures the minimum cost required to move probability mass
from one distribution to the other, where the cost of transporting a mass of 5 between point
uw and point v is fc(u,v). For any parameter p > 1, the p-Wasserstein problem aims to
minimize the OT cost under distances c(-, ). This deceptively simple problem has evolved
into a rich field of study that connects analysis, geometry, probability, and computer science.
At its core, OT captures the geometry of the space in which the distributions lie, offering a

structured and interpretable means of measuring dissimilarity.

In mathematics, OT has played a central role in areas such as partial differential equations,
where it provides variational formulations for nonlinear diffusion processes [18, 64, 74, 86,
142]. Other applications include goodness-of-fit tests [28, 83] and geometric optics [113,
156]. In recent years, the rise of data-driven applications has led to a renewed interest
in OT, particularly in machine learning [36, 43, 63, 88, 106, 122, 155], computer vision
applications [23, 82, 143], generative modeling [17, 19, 40, 57, 78, 141], computer graphics [53,

73, 126], and parameter estimation [27, 105]. Traditional distance metrics such as Euclidean
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or KL divergence often fall short when the support of the distributions differs or when one
seeks to incorporate geometric structure in the comparison. The optimal transport cost,
on the other hand, takes into account the actual locations and displacements of probability
mass, enabling more meaningful comparisons in tasks like clustering [62, 161], barycenter

computation [10, 44, 51, 154], and domain adaptation [46, 47, 48, 94, 159, 160].

One important setting where the OT problem has been explored and used is the semi-
discrete optimal transport, where one distribution is continuous and the other is discrete.
This arises naturally in applications such as image processing [72, 73, 85, 100], variational
inference [16], and blue noise generation [53, 126], where a continuous distribution (e.g., a

probability density) must be mapped to a discrete set of targets.

In many practical scenarios, the distributions of interest are either unknown (such as the
underlying distribution of real-world observations) or are stored and presented by models
(such as neural networks) that only allow us to sample from the distribution. In such
cases, to compute the OT cost, one can draw n samples from each distribution and create
empirical distributions where each sample is given a mass of 1/n. The OT problem between
these empirical distributions is equivalent to computing a minimum-cost bipartite matching
between the samples, which finds a one-to-one correspondence between the samples (i.e., a
matching) that minimizes the total distance of the matched pairs. As n — oo, the empirical
OT cost converges to the true OT cost between them [12, 56, 60, 150] with several results
showing sharp upper and lower bounds on the empirical p-Wasserstein distances [35, 59, 67,
148, 157]. See also [124] for a survey on such results. Due to these properties, the empirical
Wasserstein distance has found applications in training generative adversarial networks [21,
34, 81, 105], image retrieval [129, 139], graph predictions [94, 109], and two-sample tests [54,
55, 79, 87, 137].

While classical optimal transport assumes that all mass must be transported between the
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two distributions, this assumption can be overly rigid in the presence of noise and outliers.
Partial optimal transport relaxes this requirement by allowing only a portion of the total
mass to be matched, effectively ignoring a fraction of the data that may be corrupted or
uninformative [37]. This formulation enhances the robustness of transport-based methods,
particularly in real-world settings where distributions are often noisy or contaminated [119].
Partial transport has been applied to various machine learning tasks [41, 99, 120] and has also

been used as a basis for designing more robust metrics for comparing distributions [117, 135].

Despite its conceptual appeal, computing the optimal transport costs remains computa-
tionally expensive. This challenge has motivated a wave of algorithmic research focused
on improving scalability while preserving theoretical guarantees. In this thesis, we explore
the semi-discrete optimal transport problem as well as the minimum-cost bipartite match-
ing problem (i.e., empirical optimal transport problem) and design efficient algorithms for

computing them in complete and partial settings.

1.1 Problem Definition

For points in the d-dimensional space, let ¢ : R? x R? — Rs( denote the ground distance
function, i.e., for any pair of points a,b € R, we refer to the distance between a and b
by c¢(a,b). For two distributions p and v with support sets A and B in R?, we refer to the
diameter of the space (i.e., the maximum pairwise distance between all pairs of points in
AUB) by Cpax. In geometric settings, given integers p,q > 1, the ground distance is defined
as the (2 norm, where the 7 norm of two points a = (a1, ay, ..., aq) and b = (b1, by, ..., ba),

denoted by |a — b[|Z, is

d a/p
la —bll3 = <Z|az- —bi!”) : (1.1)

i=1
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In this thesis, all the proposed algorithms solve the OT problem in geometric settings.

Semi-discrete OT. Let pu be a continuous probability distribution (a density function)
defined on a bounded set A C R? and v be a discrete distribution defined on a set B
of n points in R% A semi-discrete transport plan 7 between i and v is a distribution
7: A X B — R>q where for each point a € A, Y, 5 7(a,b) < pu(a) and for each point b € B,
Jy7(a,b)da < v(b), ie., the first and second marginals of 7 are dominated by p and v,

respectively. The cost of 7 under the ground distances c(-, -) is defined as

w(T) = Z/Ac(a,b)T(a,b) da.

beB

Define the mass of 7, denoted by M(7), as the amount of mass transported by the transport

plan 7, i.e.,

M(1) = Z/AT((I, b) da.

beB

A transport plan 7 is complete if 7 transports all mass of u to v, ie., if M(7) = 1. Any
complete transport plan 7 with a minimum cost among all complete transport plans between
v and v is called an optimal transport plan, or simply an OT plan. In the semi-discrete OT

problem, the goal is to find an optimal transport plan between p and v.

For any value a € [0,1), an «a-partial transport plan is a transport plan 7 that trans-
ports o mass, i.e., M(7) = a. In the semi-discrete a-optimal partial transport (or simply
semi-discrete a-OPT) problem, the goal is to find a minimum-cost a-partial transport plan

between p and v. We refer to any minimum cost a-partial transport plan as an a-OPT plan.

Another variant of the OT problem, called the A\-robust OT (or A\-ROT) problem, introduces
a regularization via total variation distance. Given a parameter A > 0, § units of mass can

either be transported from a € A to b € B incurring a cost of dc(a,b) or be burnt incurring



1.1. PRoBLEM DEFINITION 5

a cost of Ad [117]. The A-ROT is the minimum cost under this burn-or-transport trade-off.

More precisely, we define the \-robust cost of a transport plan 7, denoted by wi°T(7), as

wiOT (1) := w(r) + M1 — M(71)).

We refer to a minimum-cost transport plan under the A-robust costs as a A-ROT plan.

For any parameter € > 0, a complete transport plan 7 between p and v is called e-close
if the cost of 7 is at most € more than the cost of the optimal transport plan 7% i.e.,
w(r) <w(r*) +e. For any § > 1, the transport plan 7 is S-approzimate if w(r) < fw(T*).
We extend these definitions to the OPT problem and for any o € [0,1], we refer to any
a-partial transport plan 7 as e-close if its cost is within an € additive error from the cost of
an a-optimal partial transport plan, and refer to 7 as S-approximate if its cost is at most 3

times the cost of an a-optimal partial transport plan.

Discrete OT. When the distribution p is also a discrete distribution defined on a discrete
support A C RY, the problem is called discrete optimal transport (discrete OT). A discrete
transport plan 7 is a function 7: A x B — Rx( such that forall a € A, Y, 7(a,b) < p(a)

and for allb e B, Y, 7(a,b) < v(b). We define the cost of 7 as

w(r)= Y cla,b)r(a,b). (1.2)

(a,b)eAXB

The transport plan 7 is complete if 7 transports all of the mass of the distributions, i.e.,
M(7) =1, where M(7) = >_, ycaxp T(a,b) is the total mass transported by the transport
plan 7. The discrete OT problem asks for a minimum-cost complete transport plan between

pand v.
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s s
S S

N — N - . :

/ 7 .
(a) (b)

Figure 1.1: (a) A minimum-cost perfect matching between points A (red points) and points
B (blue points), and (b) a minimum-cost 9-matching between A and B.

Bipartite Matching. The special case of the discrete OT problem, where the support
size of the two distributions are equal, i.e., |A| = |B| = n, and each point in AU B is
given a mass of 1/n, the problem reduces to computing a minimum-cost perfect bipartite
matching from the point set B to A, which is described next. A bipartite matching is a
subset M of disjoint edges between A and B. A perfect matching is a matching M of size
|M| = n, i.e., M is perfect if each point in AU B is incident on exactly one matching edge
in M (Figure 1.1(a)). Furthermore, for any value ¢ < n, a matching M of size ¢ is called a
t-matching (Figure 1.1(b)). The cost of M, denoted by w(M), is simply the sum of the costs

of all edges in the matching; more formally,

w(M) = Y c(a,b). (1.3)

(a,b)eM
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1.2 Background

1.2.1 Semi-discrete Optimal Transport Problem

For a weighted point set P C R?% with weights ¥ : P — R and a distance function
c:R? x P — Ry, the (additively) weighted distance from a point p € P to any point x € R?

is defined as

¢y(z,p) = c(z, p) — y(p)- (1.4)

For any point # € R? the weighted nearest neighbor of x in P is the point p € P with
the minimum weighted distance to x. For any point p € P, the Voronoi cell of p, denoted
by Vor,(p), is the locus of points in R? with p as their weighted nearest neighbor; more

precisely,

Vor,(p) := {z € R | ¢,(z,p) < ¢y(x,p'),Vp' € P}, (1.5)

The Voronoi diagram VD, (P) is the decomposition of R? induced by Voronoi cells [66]. See
Figure 1.2(a).

The problem of computing semi-discrete OT between p and v reduces to the problem of
finding a set of weights y : B — R so that, for any point b € B, the amount of continuous
mass inside the Voronoi cell of b is equal to v(b), i.e., u(Vory(b)) = v(b). In this case, an
optimal transport plan transports the mass of p in Vor,(b) to b; see [22]. One can thus
define an optimal semi-discrete transport plan by describing the weights of points in B. For
instance, in Figure 1.2(b), the probability mass of the continuous distribution p is shown
by the gray shades, and the discrete mass at the points of B is visualized by the blue
discs centered at each point. In this case, an OT plan is computed by an optimal weight
assignment to the points of B such that for each point b € B, the Voronoi cell of b contains

continuous mass equal to v(b). A well-known algorithm for the semi-discrete OT problem is
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(b)

Figure 1.2: (a) The Voronoi cell of a point b (the green shaded region) and the Voronoi
diagram of a weight point set (black lines), and (b) a semi-discrete OT plan characterized by
the Voronoi diagram corresponding to an optimal weight assignment to points in B, where
the discrete mass at each point is visualized by the radius of the blue disc centered at the
point and the continuous mass is visualized by the gray shades.

the algorithm by Oliker and Prussner [121], which we summarize next.

Oliker-Prussner’s Algorithm

The algorithm by Oliker and Prussner [121] starts with a set of weights y(-) for the set B
and iteratively updates the weights until the corresponding Voronoi diagram satisfies the

following property:

o For each point b € B, the difference in the mass of y inside the Voronoi cell of b and
v(b) is at most e, for some tolerance parameter £ > 0, i.e., for each point b € B,

|[u(Vor, (b)) — v(b)| <e.

The weight initialization and update process is as follows. Initially, pick a point by € B and

assign a large weight y(by) <= Chax to by and assign a zero weight y(b) < 0 to all other
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points b € B, b # by. This choice of initial weights ensures that the Voronoi cell of by initially
consumes all the continuous mass. At each iteration, if there exists a point b € B with
p(Vory (b)) < v(b) — £, then the algorithm increases the weight of b by the smallest amount

that makes the mass of u inside the new Voronoi cell of b to be at least v/(b).

Note that for all points b € B,b # by, the amount of continuous mass inside Vor,(b) is
at most v(b), and by is the only point that the continuous mass inside its Voronoi cell is
more than its discrete mass. Therefore, if there are no points b € B with pu(Vor,(b)) <
v(b) — £ (which means that the algorithm has terminated), then for the point by, we have
pu(Vory(by)) < v(by) + ¢, as desired. Merigot and Thibert [111] showed that this algorithm
terminates after Cn?/e iterations, for some constant C' > 0, where each iteration requires
the computation of a weighted Voronoi diagram as well as the computation of the minimum
increase in the weight of a point that equalizes its discrete mass and the continuous mass

inside its Voronoi cell.

Optimal Partial Transport Problem

Although the a-OPT problem has not been extensively studied in the semi-discrete setting,
a recent work by Lévy [102] investigates a variant of the semi-discrete optimal transport
problem where the total continuous mass in the distribution p exceeds the total discrete
mass in the distribution v. They show that the optimal transport plan for this unbalanced

OT problem can be characterized using a set of restricted Voronoi cells.

For a set of weights y(-) for B, the restricted Voronoi cell of each point b € B, denoted by
ResVor,(b), is defined as the intersection of the Voronoi cell Vor,(b) and a disc of radius

y(b) centered at b; more precisely,

ResVor, (b) := {a € Vor,(b) | c(a,b) < y(b)}. (1.6)
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Figure 1.3: The restricted Voronoi cells (gray shaded areas) of a set of points B with weights

y(-)

See Figure 1.3. Under the assumption that the total mass of v is less than that of u, Lévy
[102] showed that the optimal transport plan is determined by a set of weights y(-) such
that the continuous mass within the restricted Voronoi cell of each b € B is equal to its
discrete mass, i.e., u(ResVor, (b)) = v(b). Once such weights are computed, the OT plan
transports the mass associated with each point b € B to the continuous mass within its

restricted Voronoi cell.

1.2.2 Geometric Bipartite Matching Problem

Let G be a complete bipartite graph over point sets A and B. A matching M is a subset of
disjoint edges of G. Any edge (a,b) € M is called a matching edge and any edge (a,b) that
is not a matching edge is called a non-matching edge. The size of a matching is the number
of edges it contains. For any matching M, any point u € AU B is free if no matching edges
are incident on u. Let AY and B¥ be the subset of free vertices in A and B, respectively;

we drop the superscript M when the matching is clear from the context.
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For any matching M between A and B, an alternating path is a simple path whose edges
alternate between matching and non-matching edges. Any alternating path whose endpoints
are free is called an augmenting path. For any augmenting path P, we augment M along
P by setting M « M & P, i.e., each matching (resp. non-matching) edge of P will be a
non-matching (resp. matching) edge after augmentation. Note that augmenting a matching
along an augmenting path increases the number of matching edges by one. The net-cost

¢(P) of an augmenting path P is defined as

$(P):= Y cla,b)— D c(ab). (1.7)

(a,b)e P\M (a,b)ePNM

In words, for any augmenting path P, the net-cost of P measures the increase in the matching
cost when we augment M along P. The well-known Hungarian algorithm [97] computes a
minimum-cost perfect matching as follows: Initialize an empty matching M < (). Iteratively,
compute an augmenting path P with the minimum net-cost and augment the matching
M along P. It is shown that after n iterations (resulting in a matching of size n), the
matching M is a minimum-cost perfect matching. To assist in computing the minimum
net-cost augmenting paths, the Hungarian algorithm uses a primal-dual framework, which

is described next.

Primal-Dual Framework

The geometric bipartite matching problem admits a simple integer program (IP) formulation
that assigns a value m(a, b) € {0, 1} to each pair of points (a,b) € A x B, indicating whether
(a,b) is a matching edge (m(a,b) = 1) or a non-matching edge (m(a,b) = 0), and aims to

minimize the matching cost. More formally, the IP formulation for the geometric bipartite
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matching problem is as follows:

min Z m(a,b)c(a,b)

m

(a,b)eAxB

s.t. Z m(a,b') =1, Va € A, (1.8)
VeB
> m(a,b)=1, Vb€ B, (1.9)
a’€A

m(a,b) € {0,1}, V(a,b) € A x B.

In this IP formulation, Equations (1.8) and (1.9) ensure that exactly one matching edge (i.e.,
one edge (a,b) with m(a,b) = 1) is incident on any point @ € A and b € B, respectively. The
dual of this primal IP formulation aims to find a dual weight y(u) for each point u € AU B

with the goal to maximize the objective function as described below:

max » y(b) = > _y(a)

beB acA

s.t. y(b) —y(a) < c(a,b), V(a,b) € A x B, (1.10)

y(u) >0, Yu e AU B.

From the complementary slackness property of primal-dual formulations, for any matching
edge (a,b) (i.e., any edge (a,b) such that the optimal solution to the primal formulation as-
signs m(a,b) = 1), we expect to have an equality in Equation (1.10), i.e., y(b) — y(a) = c(a, b).

We formalize this argument next.
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Dual feasibility. Suppose M is a t-matching between A and B, and let y(-) denote a set
of weights for AU B. The pair M, y(-) is feasible if:

y(b) — y(a) < c(a,b) V(a,b) € A x B, (1.11)

y(b) — y(a) = c(a,b) V(a,b) € M. (1.12)

These are the classical feasibility conditions for the bipartite matching problem. Kuhn [97]
showed that for any perfect matching M and dual weights y(-) for A U B where M, y()
is feasible, the matching M is a minimum-cost perfect matching. For completeness, we

formalize this in the following lemma and provide its proof in the appendix.

Lemma 1.1. Suppose M is a perfect matching and y(-) is a set of dual weights for AU B

where M, y(-) is feasible. Then, M is a minimum-cost perfect matching.

Building on the concepts of the complementary slackness property of primal-dual approaches,
we next define a slack for any edge (a,b) € A x B. For any feasible matching M, y(-), define
the slack s(a,b) of (a,b) as

s(a,b) :=c(a,b) — y(b) + y(a). (1.13)

The slack values measure how far the feasibility constraint (Equation (1.11)) is from becom-
ing an equality. Note that from Equation (1.11), all slack values are non-negative, and from
Equation (1.12), for any matching edge (a,b) € M, s(a,b) = 0.

Lemma 1.2. For any feasible matching M,y(-) and any augmenting path P between a free

point a € A and a free point b € B, ¢(P) = y(b) — y(a) + 3_ o y)ep s(a' V).

For a feasible matching M, y(-), any edge (a,b) with a zero slack is called admissible. We

extend the definition of admissibility to augmenting paths and refer to any augmenting path
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P where all edges of P are admissible by an admissible path. Augmenting M along an

admissible augmenting path P does not violate the feasibility conditions.

Hungarian Algorithm

The Hungarian algorithm is a primal-dual combinatorial algorithm that computes a minimum-
cost perfect matching as follows. The algorithm starts with an empty matching M and
initializes all dual weights y(v) <— 0 for all v € AU B. It performs a sequence of Hungarian
search procedures (described below), each of which updates the dual weights, computes an
admissible augmenting path, and augments the matching while maintaining the dual fea-
sibility conditions. Fach Hungarian search increases the size of M by 1, and after n such

steps, we obtain a minimum-cost perfect matching.

During the execution of the Hungarian algorithm, in addition to the feasibility condi-

tions (1.11) and (1.12), the algorithm also ensures that the following condition holds.

(H) For any free point b € B, y(b) = maxycp y(b') and for any free point a € Ap, y(a) = 0.

Assuming that the set of dual weights y(-) and the matching M satisfy condition (H), from
Lemma 1.2, any minimum net-cost augmenting path would also be a minimum slack path.
This is because all free points of A have a zero dual weight and all free points of B have equal

dual weights. Based on this observation, we next describe the Hungarian search procedure.

Hungarian search procedure. The Hungarian search procedure receives, as input, a
feasible matching M and y(-) satisfying condition (H). It first updates the dual weights
while maintaining the feasibility conditions and condition (H). The dual updates guarantee

that there exist admissible augmenting paths with respect to the updated dual weights. The
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procedure then computes an admissible augmenting path P and augments the matching

along the path P. The procedure finally returns the updated matching and dual weights.

To compute admissible augmenting paths, the procedure constructs a residual graph G. The
vertex set of the residual graph consists of a source vertex s in addition to the points in
AU B. For any matching edge (a,b) € M, there is a directed edge from a to b with s(a,b)
as its weight, and for any non-matching edge (a,b) ¢ M, there is a directed edge from b to a
with s(a,b) as its weight in G. Finally, there is an edge from s to all free points b € B with
a zero weight. The construction of the residual graph ensures that any directed path P in G

is an alternating path and its cost is the sum of the slacks of the edges along the path.

The Hungarian search procedure computes the shortest path distance from s to all points
in AU B in the residual graph. For any v € AU B, let P, denote the shortest path from s
to v, and let k, be the total weight of P,. Define a* := argmingec4, K, as the free point of
A with the minimum distance from the source, and let k* := k,«. For any point v € AU B,
if k, < K*, set y(v) < y(v) — kK, + k*. Let P be the path obtained by removing s from P,-.

Augment M along P. This completes the description of the Hungarian search procedure.

Note that all steps in the Hungarian search except computing the shortest path distances
take O(n) time. Suppose we have access to a Dynamic Weighted Bichromatic Closest Pair
Data Structure (DWBCP-DS) that stores two sets of points A and B with a weight ypep(v)
assigned to each point v € AUB and supports (i) inserting and removing points, (ii) updating
weights, and (iii) returning the weighted bichromatic closest pair defined as

(a,b) := arg alergl}br/leBc(a, b) — Ybep(b) + Ybep(a).

Vaidya [152] showed that using a DWBCP-DS with a query/update time of ®(n), one can

efficiently implement the shortest path computation of the Hungarian search procedure in
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O(n®(n)) time. We describe this efficient implementation next.

Efficient Dijkstra’s shortest path algorithm. Recollect that Dijkstra’s algorithm incre-
mentally builds a shortest path tree rooted at the source s. Let U C B be the points already
added to the shortest path tree, and let V' C A be those not yet added. Additionally, for
each point u € AU B, let k, denote the estimated distance of u from the source and let
Ybep(u) denote an adjusted weight for u that is used as the weight of v in the DWBCP-DS.
Initially, U = Bp and V = A. For each b € U, set k, = 0 and ypep(b) = y(b) — Kp, and
for each a € V, set k, = 0 and ypp(a) = y(a). Build a DWBCP-DS on (U, V) using these
weights. In each iteration of the algorithm, query the data structure to find the weighted
bichromatic closest pair (a,b). This is equivalent to
(a,b) = arg alell‘}ibllleU{c(a’, V') = Ybep(V') + Yoep(a’) } = arg a’eHX},il;leU{ﬁb/ +s(a’, V) }.

Thus, the edge (b, a) that the standard Dijkstra’s shortest path algorithm would add next to
the shortest path tree would be exactly the bichromatic closest pair between U and V' and
can be found in ®(n) time. Once the pair (a, b) is selected, the algorithm will remove a from
V', add it to the shortest path tree, and set r, = Ky, + s(a,b). If a is free, we have found an

augmenting path. Otherwise, let & be the vertex matched with a in M. Set xky = Kk, and

Ybep(0') = y(V') — ki, and add b’ to U.

Each iteration of this implementation of Dijkstra’s algorithm deletes one vertex from V' and
adds at most one vertex to U. Hence, the algorithm terminates with an augmenting path in

at most n iterations, leading to an O(n®(n)) overall running time.
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1.3 Related Work

Semi-discrete OT. Given the inherent complexities of computing the exact semi-discrete
OT between distributions, researchers have focused on developing approximation algorithms
for this problem, and there has been significant work on designing approximation algorithms
for computing an e-close semi-discrete OT plan. For low-dimensional settings, there are
algorithms to compute an e-close semi-discrete transport plan using numerical solvers [22, 25,
38, 53, 92, 93, 103, 121], entropic regularization [15, 26, 77|, and multiscale approaches [100,
110]. The execution time of all these algorithms is exponential in both d and log1/e. The
previous best-known algorithm for computing an e-close semi-discrete OT is presented in
the work by Kitagawa [92], which has an execution time Ciyayn®@ /e, where Ciay is the
diameter of the space. However, the convergence of the majority of these algorithms relies
on the smoothness of the continuous distribution g (i.e., the amount of continuous mass
inside any small region is bounded). For instance, under this smoothness assumption, a
notable numerical algorithm by Oliker and Prussner [121] executes poly(n,1/¢) iterations,
where each iteration computes the mass of the continuous distribution inside the Voronoi

O(d) time. Their algorithm slows down when s is non-smooth and does not

cells, which takes n
even converge when p is a discrete distribution. Furthermore, these methods approximate
the transport cost, but the transport plan that they compute may not be an approximation

of the optimal weighted Voronoi diagram.

Another approach for solving the semi-discrete OT problem involves drawing samples from
the continuous distribution and transforming the semi-discrete OT problem into a discrete
one; however, due to sampling errors, this approach provides an additive approximation.
Other researchers presented additive approximation algorithms that apply the averaged
stochastic gradient descent framework to the discrete instance obtained by drawing sam-

ples from the continuous distribution [77, 100]. Their method achieves a convergence rate
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of O(1/v'k), where k is the number of iterations. A notable contribution by Van Kreveld,
Staals, Vaxman, and Vermeulen [153] offers a (1 + €)-approximation algorithm for semi-
discrete OT in cases where the continuous distribution is a uniform distribution across a
collection of simple geometric objects (such as segments). This approach also involves sam-
pling points from the continuous distribution and executing a (1 + ¢)-approximation discrete

~O@poly log(n). More re-

OT algorithm. The runtime for this method is approximately n2e
cently, Agarwal, Raghvendra, Shirzadian, and Yao [9] presented a near-linear time algorithm
for computing a (1 + ¢)-approximate semi-discrete OT plan using the multiplicative weights

update method.

Chapel, Alaya, and Gasso [37] were the first to show that the a-OPT can be used to identify
and remove outliers, especially when the proportion of outliers is known in advance. See also
[33, 65, 119] for results on the structure and properties of optimal partial transport. Although
the a-OPT distance is not a metric, Raghvendra, Shirzadian, and Zhang [135] introduced an
a-OPT based metric, called the RPW distance, that enjoys improved statistical robustness

compared to the p-Wasserstein distance.

Mukherjee, Guha, Solomon, Sun, and Yurochkin [117] introduced the \-ROT (originally re-
ferred to as ROBOT distance) in the discrete settings. Additionally, Ma, Liu, La Vecchia,
and Lerasle [107] established mathematical properties of A-ROT distance as well as designed
algorithms for it. More recently, Lévy [102] characterized the optimal solutions to an unbal-
anced version of the semi-discrete optimal transport problem, where the total mass of the

continuous distribution is greater than the total discrete mass.

Discrete OT and bipartite matching. The discrete OT problem under any metric can
be modeled and solved as an uncapacitated minimum-cost flow problem [123, 144]. Extensive

research has focused on developing near-linear time algorithms that compute a (1 + ¢)-
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approximation for the optimal transport problem [23, 68, 69, 91, 147]; the running times of all
these algorithms are exponentially dependent on the dimension, which makes them less usable
for the high-dimensional instances that arise in machine learning applications. Due to the
lack of fast (relative) approximation algorithms in high dimensions, researchers have designed

algorithms with additive guarantees on approximation [7, 13, 14, 29, 50, 61, 80, 98, 127].

For a graph with n nodes and m edges, the classical Hungarian algorithm finds a minimum-
cost t-matching for all values of ¢, where 0 < ¢ < n [97, 125]. The total execution time of the
Hungarian algorithm is O(nm + n?logn), or O(n?) when m = ©(n?). Despite substantial
efforts, this remains the most efficient algorithm for the problem. Notable exceptions include
specialized cases, such as graphs with small vertex separators [104] or integer edge weights [39,
70, 71]. However, the execution time of these algorithms has a dependence on log Cyax,

making them weakly polynomial.

In geometric settings, Vaidya [152] showed that using a DWBCP-DS with a query/update
time of ®(n), one can improve the running time of each iteration of the Hungarian algorithm
to O(n®(n)). Thus, the minimum-cost ¢-matching can be computed in O(n2®(n)) time,
which is sub-cubic in n provided ®(n) is sub-linear. For instance, for the ¢; norm and d di-
mensions, ®(n) = O(log? n) [152] and for the £, norm and 2 dimensions, ®(n) = log?™® n [90].

In these cases, the Hungarian algorithm can be implemented in near-quadratic time.

Designing algorithms that compute a minimum-cost matching using sub-quadratic DWBCP-
DS queries remains a central open problem in computational geometry. There are two
notable exceptions. First, for points with integer coordinates and the ¢; and /., norms,
Sharathkumar and Agarwal [146] adapted a cost-scaling algorithm [70] and presented an
algorithm that executes in O(n®2®(n)) time. Second, Sharathkumar [145] extended this
result to 2-dimensional point sets with integer coordinates and the ¢y costs and presented

a O(n*?log A) time exact algorithm for the bipartite matching problem under Euclidean
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distances. Their result, however, relies on planarity as well as the edge costs being the square

root of integers and does not extend to d-dimensional points with real-valued coordinates.

We also highlight the substantial body of work on designing near-linear time randomized
approximation algorithms for optimal transport and bipartite matching problems [1, 20,
23, 69, 91, 133, 146, 147, 162]. The running time of these algorithms is n(s~*logn)?@.
Agarwal, Chang, Raghvendra, and Xiao [5] presented an n(s~'logn)°@-time determinis-
tic algorithm for computing a (1 + €)-approximate bipartite matching in R? and Agarwal,
Raghvendra, Shirzadian, and Sowle [6] presented a randomized (1 + €)-approximation algo-
rithm for bipartite matching with run time nlog* n(e~'loglogn)°@. Additionally, Fox and
Lu [68] proposed a deterministic algorithm for (1 + ¢)-approximate OT with run time of

O(ne=2) log® nloglogn).

1.4 Algorithmic Challenges of Optimal Transport

The computational cost of solving OT problems can pose challenges, particularly when deal-
ing with continuous distributions. In this section, we delve into the algorithmic difficulties

that researchers encounter when computing OT costs.

1.4.1 Semi-Discrete Optimal Transport

For any £ > 0, numerous iterative methods have been proposed to compute an e-close
semi-discrete OT plan, where the running times of all such algorithms have a polynomial
dependence on 1/e; furthermore, these algorithms only approximate the cost and do not
necessarily provide any guarantees for the optimal transport plan or the optimal mapping

of the discrete mass to the continuous mass.
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Merigot and Thibert [111] showed that the algorithm by Oliker and Prussner [121] converges
in O(n3/¢e) iterations and conjectured that one might be able to reduce the dependence
of the running time of the algorithm on & from (1/£)?™® to log®W ="' using a bit-scaling

framework [111, Remark 24]. The following problem formalizes this conjecture.

Problem 1.3. Given a continuous distribution p defined over a bounded set A C R?, a
discrete distribution v defined over a support B C R? of n points, and a parameter € > 0, is
there an algorithm for computing an e-close semi-discrete transport plan between p and v

in poly(n®, log %) time under any /¢, norm?

Roughly speaking, computing a highly accurate semi-discrete OT plan requires approxi-
mating the weighted Voronoi diagram accurately, which has a complexity of n®@ for d-
dimensional spaces. Additionally, all existing algorithms, including the ones that rely on
first and second order numerical solvers, require the computation of the mass of the con-
tinuous distribution inside a polytope in d-dimensional space. Therefore, all such methods,

including an algorithm for Problem 1.3 are impractical in high dimensions.

On the other hand, the computation of the semi-discrete OT in low-dimensional settings
has been used in numerous machine learning methods, such as blue noise generation [53],
shape reconstruction [52, 112], and caustic design [114, 143], where, in these applications,
models are trained on lower-dimensional spaces such as two-dimensional images. Therefore,
an interesting problem would be the development of a fast and implementable e-close semi-

discrete OT algorithm designed for two-dimensional distributions.

Problem 1.4. Given a continuous distribution g defined over a bounded set A C R? in
2 dimensions, a discrete distribution v defined over a support B C R? of n points, and a

parameter € > 0, is there an algorithm for computing an e-close semi-discrete transport plan

Cmax
3

between p and v in O(n?log ) time under any ¢, norm?
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The next challenge is in characterizing the optimal solutions to the partial and robust variants
of the OT problem in the semi-discrete settings and extending the existing frameworks and
algorithms for computing complete transport plans in semi-discrete settings to these variants.
Previously, Lévy [102] explored an unbalanced version of the semi-discrete optimal transport
problem, where the discrete distribution contains more mass than the continuous mass, and
the goal is to transport all the discrete mass from the points of B to the continuous mass in A
and characterized the optimal solution with a set of restricted Voronoi cells. An important
open question is to extend this characterization to the robust optimal transport problem
and extend our algorithmic framework for the semi-discrete (complete) OT problem to the

semi-discrete robust optimal transport problem.

Problem 1.5. Given a continuous distribution p defined over a bounded set A C R?, a
discrete distribution v defined over a support B C R? of n points, and parameters \ €
[0, Chax] and & > 0, is there an algorithm for computing an e-close semi-discrete A-robust

optimal transport plan between p and v in O(n4 log %) time under any ¢, norm?

1.4.2 Euclidean Bipartite Matching

The best known algorithm for computing an exact minimum-cost bipartite matching in
geometric settings is the Hungarian algorithm and its fast implementations, which run in
O(n*®(n)) time; recall that ®(n) is the query/update time of a DWBCP-DS. The only known
improvement is the algorithm by Sharathkumar [145], which, for planar points with integer
coordinates bounded by I', computes the exact 1-Wasserstein distance in 0(n3/ 2logT) time.
The design of a faster algorithm to compute the pth power Euclidean bipartite matching for

d-dimensional point sets remains a major open problem.

Many machine learning applications, such as those in detecting distributional shifts [128] and
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benchmarking algorithms [31], compute the empirical p-Wasserstein distance between two
distributions to identify whether the two distributions are the same or not. In such cases,
it is important to have a fast algorithm for computing the exact minimum-cost bipartite
matching, even if the algorithm runs fast only when the input points are i.i.d samples from

the same distribution.

Problem 1.6. Given two sets of i.i.d samples A, B C R from the same distribution y, each
of size n, and any p € [1,00), is there an algorithm that computes the pth power Euclidean
bipartite matching between A and B in a time that is sub-quadratic in n, assuming that the

algorithm does not know the distribution u?

In addition to the perfect matching problem, computing (partial) t-matchings efficiently for
any value of ¢ is an important problem. Recall that for a graph with n vertices and m
edges, the Hungarian algorithm computes minimum-cost t-matchings for all 1 < ¢t < n in
O(t(m + nlogn)) time. Therefore, for dense graphs (i.e., m = ©(n?)) and larger values
of t (i.e., t = ©(n)), the Hungarian algorithm computes a t-matching in O(n?) time. In
geometric settings, using a DWBCP-DS with a query/update time of ®(n), one can efficiently
implement the Hungarian algorithm in O(n?®(n)) time. Although improving the running
time of the Hungarian algorithm for general dense bipartite graphs appears elusive, there may
be instances where structural properties of the graph allow for computing a minimum-cost

t-matching using a sub-quadratic number of queries to a DWBCP-DS.

Recently, Sowle [151] showed that the offline version of the well-known k-server problem re-
duces to computing a minimum-cost perfect bipartite matching on a graph. In this problem,
given the initial locations of k servers and a sequence of n requests arriving one at a time,
the goal is to assign servers to requests in arrival order while minimizing the total travel cost.
This reduction can be naturally extended to settings where the initial server locations are

not explicitly specified. We next briefly introduce this variant, referred to as the k-sequence
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Figure 1.4: The graph G, constructed for o = (ry,7q,...,rs). The vertex set A (red disks)
and B (blue squares) represent the exit and entry gates of each request, and the purple dashed
lines show an (n — 2)-partial matching on G, representing a 2-partitioning (r1, 79,74, 75) and
(r3, 7).

partitioning problem, which omits the assumption of known initial positions.

k-Sequence Partitioning Problem. Consider a sequence of requests ¢ = (r1,...,7,) in
a metric space equipped with the cost function c(-,-). The cost of a single server servicing
the requests in ¢ is the sum of the distances between every consecutive pair of points in the
sequence, i.e., w(s) = Z:r:ll c(r;,riv1). Given a sequence o = (ry,...r,) of n requests and
an integer 1 < k < n, the k-sequence partitioning problem (or simply the k-SP problem)
requires partitioning the requests in ¢ into k subsequences ¢y, ...,s; so that Zle w(s;) is

minimized. The optimal solution for the k-sequence partitioning problem is the cheapest

way for k servers to service all of the requests in o.

Given an input sequence o of requests to the k-SP problem, we construct a bipartite graph
G, with a vertex set AU B and a set of edges as follows. Vertex Set: For each request r;, we
create a vertex b; (resp. a;) in B (resp. A) and designate it as the entry (resp. exit) gate for
request r;. Edge Set: The exit gate a; of request r; is connected to the entry gate b; of every
subsequent request r; with j > ¢ with an edge. The cost of this edge is c¢(a;, b;) = || — 7|,
It is easy to see that a minimum-cost (n — k)-matching M in G, can be used to find an

optimal solution to the k-SP problem. See Figure 1.4.

Problem 1.7. Given a sequence of n requests ¢ in two dimensions, an integer 0 < k < n,
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and any p € [1,00), is there an algorithm with a sub-quadratic running time that computes

an optimal solution to the k-SP problem?

In this thesis, we present algorithms for Problems 1.3—-1.7.



Chapter 2

Our Results

In this section, we summarize our results and provide a high-level overview of our techniques.

2.1 Semi-Discrete Optimal Transport Problem

2.1.1 A Highly-Accurate Algorithm for the Semi-Discrete OT Prob-

lem

The first result of this thesis is a cost-scaling algorithm that computes an e-close transport
plan for a semi-discrete OT instance in QnO@ log(Cpay/c) time, assuming that we have
access to an ORACLE that, given a constant complexity region ¢, returns pu(p) in Q time;
in computational geometry, a constant complexity region refers to a geometric region whose
boundary can be described using a constant number of simple components, regardless of the

size of the overall input. This result is published as part of our work in [9].

Theorem 2.1. Let ;1 be a continuous distribution defined on a bounded set A C R? for some
fized d > 1, v a discrete distribution with a support B C R? of size n, and € > 0 a parameter.
Suppose there exists an ORACLE that, given a constant complezity region p, returns p(p) in
Q time. Then, an e-close transport plan can be computed in QnO@ log(%) time, where

Chax 18 the diameter of AU B.

26
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To the best of our knowledge, our algorithm is the first one to compute an e-close transport
plan in time that is polynomial in both n and log(¢~!). Earlier algorithms had an =%
factor in the run time. Our result answers Problem 1.3 in the affirmative. Our algorithm
not only computes an e-close transport plan, it also finds the optimal dual weights within
an additive error of ¢, i.e., it computes optimal dual weights up to O(loge™") bits of accu-
racy. Our algorithm works for several important distances, including the ¢,-norm and the
squared Euclidean distance. The previous best-known algorithm by Kitagawa [92] for the

D) ax/e; furthermore, their algorithm only ap-

semi-discrete OT has an execution time n
proximates the cost and does not necessarily provide any guarantees for the transport plan

or the dual weights of B.

For each scale , our algorithm starts with a set of dual weights assigned to B and constructs
an instance of discrete OT by using the arrangement of 4n+1 shifts of the Voronoi cell of each
point in B. This discrete instance, which is of size n®@ | is then solved using a primal-dual
solver. The optimal dual weights for this discrete instance are then used to refine the dual
weights of B. These refined dual weights act as the starting dual weights for the next scale
§/2. Starting with § = Ciax, our algorithm executes O(log(Chay/€)) scales and stops when
0 < e . In order to show that the semi-discrete transport plan computed in scale ¢ is d-close,
we introduce a set of exponentially many relaxed feasibility constraints and show that any
transport plan that satisfies these is a d-close transport plan. We then show that, in scale
0, the semi-discrete OT plan along with the dual weights computed by our polynomial time

algorithm satisfy all of these exponentially many constraints and, therefore, is d-close.
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2.1.2 A Combinatorial Algorithm for the Semi-Discrete OT Prob-

lem

In our second result, which is presented in [8], we extend the combinatorial primal-dual
framework of discrete OT to the continuous space and present an algorithm to find the

desired semi-discrete transport plan in O(n*lognlog time in the worst case, assuming

Cmax
)
we have access to an oracle that computes the continuous mass inside a constant complexity

region in constant time.

Theorem 2.2. Let y be a continuous probability distribution defined on a bounded set
A C R?, v a discrete probability distribution with a support B C R? of size n, and ¢ > 0
a parameter. Suppose there exists an ORACLE that, given a triangle o, returns the mass
of u inside ¢ in Q time. Then, an e-close OT plan between p and v can be computed in

O(n*(Q + nlogn) log Smax) time, where Crax is the diameter of AU B.

Similar to the algorithm from Theorem 2.1, this algorithm is also based on a cost-scaling

Cm ax
3

approach and executes O(log ) scales. However, the algorithm within each scale is dif-
ferent. In more detail, in each scale, our algorithm maintains a (partial) transport plan,
iteratively computes a set of augmenting paths, and augments the transport plan along such
paths until all of the mass is transported. To efficiently find augmenting paths, we define a
residual graph of size O(n?) in the continuous space. Algorithms for discrete OT maintain
dual weights for all points in A U B. Unlike in the discrete setting where the vertex set is
fixed, the vertex set of our residual graph includes “continuous regions”, which evolve over
time, and the vertex set of the residual graph changes. Therefore, we are able to maintain
weights only for points in B and not for the regions in A. Our primal-dual framework (es-

pecially the definition of admissibility in Section 4.1), as well as our algorithm (in particular

Sections 4.2.1 and 4.2.3) contain a number of novel ideas, carefully designed to address vari-
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ous challenges that arise due to the dynamically changing continuous regions of the residual
graph. Like all existing algorithms, our algorithm also requires access to an oracle that, given
a query triangle, returns the mass of p inside the triangle. We note that Dijkstra’s shortest
path algorithm has been extended to continuous space [115], but we are not aware of any

previous work that extends a combinatorial discrete OT framework to continuous space.

Our algorithm extends to any p > 1 and any dimension d > 2 in a straightforward way. For
d > 2, the algorithm in Theorem 2.2 has an execution time of O(n®™(Q + nlogn)log “mes).
Note that the runtime of the algorithm by Oliker and Prussner [121] has a factor 1/e while
ours has only log1/e. Unlike their algorithm, ours does not make any assumptions on the
smoothness of p. Furthermore, similar to our algorithm for Theorem 2.1, our transport plan

approximates an optimal weighted Voronoi diagram within a small additive factor.

2.1.3 A Efficient Algorithm for the Semi-Discrete Robust Optimal

Transport Problem

In our third result, we investigate the semi-discrete A-ROT problem. We first show that
the optimal solution for the semi-discrete A-ROT problem can be described using restricted
Voronoi cells. Recall that the ResVor,(b) of each point b € B with respect to weights y(-) is
defined as the intersection of the Voronoi cell of b with a ball centered at b of radius y(b). We
show that in the optimal solution to the semi-discrete A-ROT problem, all weights y(b) are
bounded by A, and either (i) the mass of b in v equals the continuous mass inside ResVor, (b),
or (ii) the mass at b is larger and y(b) = A. We also provide a similar characterization for
the semi-discrete a-OPT problem. To our knowledge, this is the first result to give such a
characterization of partial or robust OT in the semi-discrete settings. This result has been

submitted for publication [11].
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We also extend our combinatorial algorithm from Theorem 2.2 to the A-ROT problem

and design a cost-scaling algorithm that computes an e-close A-robust transport plan in

n*(logn)(log(mex)) time, assuming we have access to an oracle that computes the continu-

ous mass inside a constant complexity region in constant time.

Theorem 2.3. Let i be a continuous distribution with bounded support A C R?, v be a
discrete distribution with support of n points B C R, and o > 0 be a parameter. Suppose
there exists an ORACLE that returns the mass of u inside a constant complexity region in Q
time. Then, there is an algorithm that computes an e-close A\-robust optimal transport plan
in O(n3(Q + nlogn)log(<zex)) time, where Ciax is the diameter of AU B.

Extending cost-scaling approaches to solve optimal partial transport is challenging, even in
the fully discrete case [138], and these challenges only increase in the semi-discrete setting.

We detail this challenge as well as our approach for resolving them in Section 5.3.

Our cost-scaling algorithm for Theorem 2.3 maintains an approximate restricted Voronoi
diagram, which is successively refined at each scale. The algorithm maintains the invariants
that the untransported mass of the continuous distribution lies outside the approximate
Voronoi cells. Ensuring this invariant as we move from one scale to the next is challenging
and requires new ideas. Our algorithm runs in log(Ch.x/€) scales and computes a solution

to the A-ROT problem with log(1/¢) bits of precision.

2.1.4 Our Framework

Consider a set of weights y(-) for the points in B. Recall that the weighted distance between
each point b € B and any point x € R? is defined as c,(z,b) = c(x,b) — y(b), and the Voronoi
cell of each point b € B is defined as Vor,(b) := {z € R? | ¢,(z,b) < ¢c,(z,V),VV € B}.
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d-expanded Voronoi cell. Consider a weight function y(-) for the points in B. For any

point b € B and a parameter § > 0, consider the following weight function y{.

y (V) = (2.1)

The §-expanded Voronoi cell of b, denoted by Vori(b), is simply the Voronoi cell of b in the
weighted Voronoi diagram VD s (B) of the point set B with weights 39(-). When the weights
y(-) are clear from the context, we denote the J-expanded Voronoi cell of b by Vorg. See

Figure 2.1(a).

d-feasibility. Any (possibly partial) transport plan 7 between p and v along with a set of
weights y() for B is d-feasible if

(F1) for any pair (a,b) € A x B with 7(a,b) > 0, the point a lies inside the J-expanded

Voronoi cell Vors.

For any point a € A, we say that a point b € B is a weighted nearest neighbor (WNN) of
a if ¢,(a,b) < cy(a,t’) for any point &' € B; furthermore, b is called a d-weighted nearest
neighbors (6-WNN) of a if ¢,(a,b) < c,(a,b’) + 0 for any point ¥’ € B. Using this definition,
we can restate the definition of d-feasibility as follows: a transport plan 7,y(+) is d-feasible
if, for any point a € A, all points b € B that transport a positive mass to a are d-weighted

nearest neighbors of a.

For any d-feasible transport plan 7,y(-), if 7 is a complete transport plan between p and
v, then 7,9y(+) is called a 0-optimal transport plan. Recall that any optimal transport plan
transports the mass at b to its weighted Voronoi cell. In a d-optimal transport plan, however,

the mass of each point b € B is transported inside a d-expansion of the Voronoi cell of b,
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Figure 2.1: (a) The §-expanded Voronoi cell of a point b (the green shaded region), and (b)
The é-expanded Voronoi cell of all points.

creating “soft” boundaries for the Voronoi cells. See Figure 2.1(b). This introduces an

additive increase of at most ¢ in the cost of the transport plan.

Lemma 2.4. Any é-optimal transport plan 7,y(-) between pu and v is §-close.

Proof. Define the weighted cost of a transport plan 7" as

wy (') = Z/Acy(a, b)7'(a,b) da.

beB

For any complete transport plan 7/,

wy(r') =) /A cy(a,b)7'(a,b) da =) /A (ca,b) = y(b))7'(a,b) da = w(z') =Y y(b)w(b).

beB beB beB
(2.2)

For any point a € A, let b, denote the weighted nearest neighbor of a in the set B, i.e.,
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by 1= argminyep ¢, (a,b). By property (F1) in the definition of i-feasibility,

wy (1) = Z/Acy(a,b)T(a,b) da < Z/A (cy(a,by) + 6)7(a,b) da

beB beB
=> / cy(a,by)7(a,b) da + 6. (2.3)
beB /A

Let 7* denote an optimal transport plan between p and v. Then,

wy(r7) = /A cy(a,b)7*(a,b)da > /A cy(a,b,)7*(a, b) da; (2.4)

beB beB

here, the second inequality holds since for each point a € A, b, is the weighted nearest of
a and cy(a,b) > cy(a,b,) for any point b € B. Combining Equations (2.3) and (2.4) and

plugging 7 and 7* in Equation (2.2),

w(r) = wy(r) + ) y(b)r(b) < {Z/Acy(a, ba)7(a,b) da + 5} + > y(b)w(b)

beB beB

Therefore, w(7) < w(7*) + 6, and 7 is d-close. O

From Lemma 2.4, to compute an e-close transport plan, it suffices to compute a J-feasible
transport plan 7, y(+) for some parameter 6 < e. Our scaling algorithms for the semi-discrete
OT problem maintain a parameter § > 0 initialized to 6 = C\,,x and run in iterations, where
in each iteration, they compute a d-feasible transport plan using the weights computed in
the previous iteration and update § as § <— §/2. Our algorithms terminate when the error

of the computed transport plan reaches below € and return the computed transport plan.

For the A-robust optimal transport problem, we use a similar framework, where we define

d-expansions of the restricted Voronoi cells and refer to a transport plan 7, y(-) as d-feasible
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if 7 transports the mass of each point b € B to its §-expanded restricted Voronoi cell.

2.2 Euclidean Bipartite Matching Problem

2.2.1 A Sub-Quadratic Algorithm for the Stochastic Bipartite Match-

ing Problem

Our next result is an algorithm for the minimum-cost perfect bipartite matching problem,
which is published in [75]. For a point set X, the spread of X, denoted by A, is the ratio of

the largest to the smallest positive pairwise distances of the points in X.

Theorem 2.5. Suppose U is a set of 2n points inside the unit d-dimensional hypercube, for
any constant d > 2, and A C U is a subset chosen uniformly at random from all subsets of
sizen. Let B=U\ A. Then, for any parameters ¢ > 1, a minimum-cost perfect matching
between A and B under Euclidean distances can be computed in O(n* 2a®(n)log A) expected

time; here, ®(n) is the query/update time of a DWBCP-DS and A is the spread of U.

In the general setting, for any two sets A and B each consisting of n points inside a d-
dimensional unit hypercube, our algorithm computes a minimum-cost perfect matching un-
der any ¢4 norm in O(n?®(n)log A) time, which matches the running time of the classical
Hungarian algorithm up to poly{logn,log A} factors. Our algorithm, however, runs more
efficiently when the input points A and B are random subsets of a larger point set U. This
includes the case where both A and B consist of n i.i.d samples from a distribution p, which

we refer to by stochastic point sets.

To the best of our knowledge, this is the first sub-quadratic weakly polynomial exact algo-

rithm for computing the pth power Euclidean bipartite matching for 2-dimensional stochastic
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point sets. Furthermore, for many distributions, such as the uniform distribution on the unit
square, one can show that, with high probability, the spread of the point set is bounded by a
polynomial in n. For all such distributions, we achieve a strongly polynomial sub-quadratic

exact algorithm.

Our algorithm uses a hierarchical partitioning tree, whose nodes (referred to as cells) are
axis-parallel rectangles with an aspect ratio of at most 3. Each cell is divided into two smaller
rectangles, forming its children. At any point during its execution, our algorithm maintains
a set of cells C that partition the input points. We refer to this set of cells as current
cells. Our algorithm computes a minimum-cost “extended” matching, where the points of
B are allowed to also match to the boundaries of these cells. To compute a minimum-cost
extended matching, our algorithm repeatedly identifies a minimum net-cost augmenting path
and augments the matching along this path. Once a minimum-cost extended matching is
computed, the algorithm removes a pair of sibling rectangles from the set of current cells and
instead makes their parent cell current. By doing so, the common boundary between the
siblings is erased, creating additional free points, which are then matched again by finding
the minimum net-cost extended augmenting paths. When all the boundaries are erased, the

algorithm terminates with the desired minimum-cost perfect matching.

The construction of our hierarchical partitioning ensures that there are only a few points
close to the boundaries of the cells; furthermore, using the assumption that the point sets
A and B are randomly selected from a set U of 2n points, we show that there exists a
partial matching with a low cost and a high cardinality inside each cell of the hierarchical
partitioning. Combining these two observations, we are able to prove a sub-linear bound on
the expected number of points that are matched to the boundaries in the extended matchings,

leading to a sub-quadratic overall running time.
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2.2.2 A Geometric Partial Matching Based Sub-Quadratic Algo-

rithm for the £-SP Problem

Our final result, presented in [136], is an algorithm that solves the bipartite matching in-
stances generated by the k-SP problem using sub-quadratic queries to a DWBCP-DS. To
do so, we design an algorithm for computing minimum-cost ¢-matchings, for any parame-
ter t € [1,n], extending our approach from Section 2.2.1 to computing partial matchings.
Although the running time of our algorithm for general instances of the Euclidean partial
matching problem might be quadratic, we use the structure of the instances generated by
the k-SP problem to show that the running time of our algorithm for computing a minimum-
cost (n — k)-matching is O(n'¥®(n)logA) in 2 dimensions. The following theorem states

our result more formally.

Theorem 2.6. Given any sequence o of n requests in d dimensions, for d > 2, with a
spread of A, and a value 1 < k < n, there exists a deterministic algorithm that computes

the optimal solution for the instance of k-SP problem under the FEuclidean distances in

O(nQ_#Hq)(n) log A) time.

An optimal solution to the k-SP problem can be computed in O(nk®(n)) time by non-
trivially adapting the Hungarian algorithm to find a minimum-cost (n — k)-matching in G,.
However, it is worth noting that this algorithm still makes quadratic queries to the DWBCP-
DS when k = ©O(n). The main contribution of this paper is the design of a novel algorithm
that, for any k, computes the optimal solution to the k-SP problem while making only a

sub-quadratic number of queries to a DWBCP-DS.

There are three major hurdles in proving the efficiency of our algorithm. The first challenge
is in finding a minimum net-cost augmenting path, which typically requires a search on

the entire graph. However, for extended matchings, we show that the minimum net-cost
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Figure 2.2: (a) A sub-problem of the £-SP problem, where the optimal solution has a high
cost, and (b) there exists a low-cost high-cardinality matching inside the sub-problems.

Ig

augmenting path is fully contained inside one of the current cells. This significantly improves
efficiency, as the search can be limited to individual current cells, and the overall minimum
can then be determined by selecting the path with the smallest net-cost among all current
cells. The second challenge is in bounding the time to merge two cells. The k-SP instance
may have current cells with ©(n) points, where the optimal solution matched each point
of B to a point of A that is very far (see Figure 2.2 (a)). Despite this, we show that any
minimum-cost extended matching has only O(n%®) points that are matched to their common
boundary, helping us in bounding the time required to merge cells. To establish this, we
critically use the fact that every sub-problem has a hidden low-cost high-cardinality matching

M (with only sub-linearly many free points, see Figure 2.2 (b)).

The final challenge in the analysis is the following. The k free points associated with the
extended (n — k)-matching M maintained by our algorithm may differ from the k free points
in the minimum-cost (n — k) matching M*. For instance, a point b € B may be free in
M* but matched to the boundary in M, thereby leaving some other point ' unmatched.
Our algorithm corrects them via alternating and augmenting paths, each of which can take

©(n) time to find. Since there can be k such corrections, a naive analysis leads to an upper
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bound of O(nk). Interestingly, by exploiting geometry, we show that the number of such
corrections inside any current cell cannot exceed O(n°®). Using this observation, we show

that our algorithm runs in O(n'3®(n)log A) time.

2.2.3 Our Framework

Recall that the Hungarian algorithm maintains a matching M and a set of non-negative dual

weights y(-) for AU B. The matching M, y(-) is feasible if,

In the Euclidean setting, for any point v € AU B, we view the dual weight y(v) as the radius
of a disc centered at v. We refer to these discs as the dual discs. For any edge (a,b), if the
dual disc of a is in the interior of the dual disc of b (Figure 2.3(a)), then y(b) —y(a) > c(a,b),
making the dual assignment infeasible. Therefore, for any feasible dual weight assignment,
the dual disc of a cannot completely lie inside the dual disc of b. The condition (2.6)
corresponds to Figure 2.3(b) where the boundary of the disc of a touches the boundary of

the disc of b from inside. Figure 2.3(c) is an example of an edge that only satisfies (2.5).

In order to speed up the Hungarian algorithm, we localize the search for augmenting paths,
and instead of visiting the entire point set to find a minimum net-cost augmenting path, we
restrict the search to points inside a small region, leading to more efficient search procedures.
More precisely, we construct a hierarchical partitioning, where each cell of this hierarchical
partitioning is an axis-parallel rectangle and is divided into two children by a vertical or a

horizontal line.
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(b)

Figure 2.3: (a) An infeasible edge, (b) a feasible matching edge satisfying constraint (2.6),
(c) a feasible non-matching edge satisfying constraint (2.5).

Consider a naive implementation of the Hungarian algorithm using hierarchical partitioning.
For any rectangle [J in the partition, we recursively compute feasible (maximum-cardinality)
matchings within each of its two child cells. We then attempt to combine these matchings
at the parent cell and continue the algorithm by finding augmenting paths from unmatched
points inside the parent cell. This approach, however, does not guarantee that the matchings
in the children can be feasibly combined. Specifically, two points a € A and b € B located in
different children [J, and Oy, respectively, may violate the feasibility condition (2.6). More
precisely, the optimal solution in [J, might assign a large dual weight to b, such that when [,
and [, are merged and their shared boundary is removed, the dual disc of b fully contains
that of a, resulting in an infeasibility (see Figure 2.4(a)). Resolving such violations while
merging two child cells can be time-consuming, often requiring a reduction in dual weights,

thereby undoing part of the progress made.

We resolve this challenge by allowing the points of B to match to the boundaries of the cells.
In this way, the dual discs of all points of B inside a cell [, are bounded by the boundaries
of [y, and no point b € [J, can have a large dual disc that might violate the feasibility

conditions when [J, is being merged with a sibling cell (0, (see Figure 2.4(b)).
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Figure 2.4: (a) Computing feasible matchings independently inside the children of a cell,
which will violate the feasibility conditions when the two matchings are combined at the
parent (the pair as and b; violate the feasibility conditions), and (b) computing restricted
feasible matchings inside the children, which restricts the dual discs of the points by the
boundaries of the cells and results in a feasible matching when combined at the parent.
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A Highly-Accurate Algorithm for the

Semi-Discrete OT Problem

Given a continuous distribution j over a bounded set A C R?, a discrete distribution v over
a set B C R? of n points, and a parameter € > 0, we present a cost-scaling algorithm for
computing an e-close transport plan between p and r. Assuming the existence of an oracle
that computes the continuous mass inside a constant complexity region (e.g., a triangle) in
constant time, our algorithm runs in n°@ log % time, proving Theorem 2.1. For simplicity
in presentation, we present our results for the squared Euclidean distances (i.e., 2 norm).
Our algorithm, as well as its analysis, extends to any £ norm in a straightforward way. We

present the details of our algorithm in Section 3.1 and analyze its efficiency and correctness

in Section 3.2.

3.1 The Scaling Framework

In our algorithm, we use a black-box primal-dual discrete OT solver PD-OT(x/, ') that,

given two discrete distributions i/ and v/ with supports A’ and B’, returns a transport plan

41
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o from p' to v/ and dual weights y(-) for A’ U B’ such that for any pair (a,b) € A’ x B,

y(b) - y(a) < C(CL, b)? (31)

y(b) —y(a) = c(a,b), o(a,b) > 0. (3.2)

We note that conditions (3.1) and (3.2) are analogous to the feasibility conditions (1.11)
and (1.12) that are defined for bipartite matchings, and standard primal-dual methods con-
struct a transport plan while maintaining such constraints. For concreteness, we use Orlin’s

algorithm [123] that runs in O(|A’ U B'|?) time.

The algorithm works in O(log(=2x)) rounds, where Cynay is the diameter of AU B. In each
round, we have a parameter ¢ > 0 that we refer to as the current scale, and we also maintain
a weight y(b) for every point b € B. Initially, set § = Cyax and y(b) = 0 for all b € B.

Execute the following steps s = [log,(“m=x)] times’.

(i) Construct a discrete OT instance: Using the current values of dual weights of B, as
described below, construct a discrete distribution fis with a support set As, where

|As| = n°@ and define a (discrete) distance function cs : As x B — {0,...,4n + 1}.

(ii) Solve OT instance: Compute an optimal transport plan between discrete distributions
fis and v using the procedure PD-OT(fi5,v). Let o5 be the coupling and § : B — R be

the dual weights returned by the procedure.
(i) Update dual weights: y(b) < y(b) + 0y(b) for each point b € B.

(iv) Update scale: 6 < §/2.

!Computing an e-close transport plan requires O(log(Ciax/c)) iterations. When the goal, on the other
hand, is to obtain accurate dual weights up to O(loge™!) bits, we need to execute our algorithm for
O(log(nChmax/€)) iterations. See Section 3.3.
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Our algorithm terminates when § < e. We now describe the details of step (i) of our
algorithm, which is the only non-trivial step. Let y(-) be the dual weights of B at the start

of scale 9.

Constructing a discrete OT instance. For each point b € B, define
YV, = {Vor? | i € [1,4n + 1]}

as the set of all (i0)-expanded Voronoi cells of b for all values i € [1,4n + 1]. Define
V = Uyep Vo (See Figure 3.1(a)). Let A(V) be the arrangement of V, which is the decom-
position of R? into (connected) regions induced by V; each region of A(V) is the maximum
connected region lying in the intersection of a subset of cells V' C V and outside all other

cells V\ 'V [2, 3].

For each region ¢ in A(V), we choose a representative point r, arbitrarily and set its mass to
fis(ry) = p(p), where for any region p in R?, u(p) = fp p(a) da is the mass of p inside p; here
we assume the mass to be 0 outside the support A of p. Define a set As= {r, | p € A(V) as
the set of all representative points of all regions in A(V). The distribution /s is a discrete
distribution defined over As. Next, define a (discrete) distance cs(r, b) between any point

b € B and a point r € A; as

0, if r e Vorg,

cs(r,b) = {4, if 7 € Vorl ™2\ Vor?| i e [1,4n),

dn+1,  ifr¢ Vorl™?
\

For instance, in Figure 3.1(b), a region ¢ € A(V) (highlighted in gray) with a representative

point 7 € Ay is shown, where cg(b,7) = 0 since r € Vorl, cs(r,b') = 1 since r € Vor’ \ Vord,,
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Figure 3.1: (a) The expanded Voronoi cells V* of three points b,V',b" € B for i € [1,4],
and (b) a region ¢ € A(V) (highlighted in gray) with a representative point r € A, where
cs(b,r) = 0, cs(r,b') = 1, and c45(r,b") = 2. The ground distance c(-,-) in this figure is
squared Euclidean.

and c;(r,b") = 2 since r € Vorj \ VorZ). This completes the construction of As, fis, and cs.

Note that the partitioning Xjs is defined by the arrangement of O(n?) Voronoi cells, each
defined by O(n) algebraic surfaces of constant degree. Since the combinatorial complexity of
the arrangement of N algebraic surfaces of constant degree is O(N?) [30, 45], we conclude
that the total number of regions in the set Xy, and consequently the number of points in
the set Ag, is bounded by n®@. Furthermore, each representative point can be described as
a solution to a system of constant-degree inequalities, and the set As can be constructed in

nO@ time [24].

Computing a semi-discrete transport plan. At the end of any scale §, we compute
a 0-close transport plan 75 from the discrete transport plan os as follows: For any edge
(ry,b) € As x B, we arbitrarily transport o5(r,, b) mass from the points inside the region

@ to the point b. A simple construction of such transport plan is to set, for any region ¢,
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any point a € ¢, and any point b € B, 15(a,b) = p?é?i)%(rwb)' Our algorithm will only

compute the transport plan at the end of the last scale, i.e., § < e.

3.2 Analysis

3.2.1 Efficiency Analysis

Our algorithm runs O(log(“22x)) scales, where in each scale, it computes an arrangement of
the space in n°? time, computes the amount of mass in each region of this arrangement
and constructs a discrete OT instance in Qn°@ time, and solves the discrete OT instance
using a polynomial-time primal-dual OT solver. Since the size of the discrete OT instance is
n?@ solving it also takes n°@ time, resulting in a total execution time of Qn°@ log(%)

for our algorithm.

3.2.2 Correctness Analysis

In this section, we show that our algorithm correctly computes an e-close semi-discrete
transport plan between p and v. In our analysis, we show that at any scale d, the transport
plan 7 along with dual weights y(-) maintained by our algorithm is d-feasible (defined in
Section 2.1.4). To do so, we first describe a fine decomposition of the support A into small

regions and describe a dual view of the d-feasibility conditions.

In the discrete setting, cost scaling algorithms obtain an e-close transport plan that satis-
fies (1.12) and an additive ¢ relaxation of (1.11). For our proof, we extend these relaxed
feasibility conditions to a semi-discrete setting and show that the transport plan computed

by our algorithm for a scale § satisfies these conditions. We use the relaxed feasibility con-
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ditions to show that our transport plan is d-close. Thus, our algorithm returns an e-close

transport plan from p to v at the end of the last scale (§ < ¢).

Fine decomposition of A. For each scale §, we define a decomposition of A into fine
regions X5 as follows. For any pair of points b; and by with weights w; and ws, define the
weighted bisector of by and by, denoted by 7y, w2(b1, b2), as the locus of points with the same

weighted distance to by and b, i.e.,

Twy s (D1, 02) = {x € R¢ | c(x,b1) — wy = c(x,by) — ws}.

Note that the Voronoi cell of any point b € B is formed by a subset of its weighted bi-
sectors with all other points ' € B. See Figure 3.2(a). For any pair of distinct points
(b1,by) € B X B, by # bs, let T's(by,by) denote the set of all weighted bisectors of b; and by
when the weight of by is 0 and the weight of b; is a non-negative integer multiple of § that

is at most C\hax. More precisely, define

Ls(b1,b2) :={mwo(b1,b2) | w € §Z>0, w < Chyax }-

For instance, in Figure 3.2(b), the blue lines show the weighted bisectors in ['s(b, b;), the red
lines show the weighted bisectors in I's(b, bs), the green lines show the weighted bisectors in
[s5(b, b3), the purple lines show the weighted bisectors in I's(b, b4), and the orange lines show

the weighted bisectors in I's(b, bs).

Define the decomposition X5 of the support A of p as the arrangement of all weighted
bisectors in I's(by, be) for all pairs (by,bs) € B X B, by # by over the support A. For each
region o € Xy, let r, denote an arbitrary representative point inside o. The following lemma

provides important properties of the decomposition Xj.
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Figure 3.2: (a) The Voronoi cell of b € B is formed by a subset of the weighted bisectors
between b and all other points &’ € B, and (b) the solid lines show the weighted bisectors in
I's(b,b;) for all i € [1,5]. The ground distance in this figure is squared Euclidean.
Lemma 3.1. The decomposition Xs satisfies the following conditions: Suppose w(-) is a set

of weights assigning a non-negative integer multiple of § to each point b € B. For any region

Q€X5;

(P1) Any two points x and y in o have the same weighted nearest neighbor in B with respect

to w(-), and

(P2) For any point x inside o, any d-weighted nearest neighbor of the representative point

r, with respect to w(-) is also a §-weighted nearest neighbor of x.

Proof. Proof of (P1). Suppose the WNN of x with respect to w(-) is a point b, € B, i.e., for
any other point b € B, the point x has a lower weighted distance to b, than &'. To prove
property (P1), we show that the point y also has a lower weighted distance to b, than ¢’ and

conclude that b, is also a WNN for .

o Ifw(by) —w(b) > Chax, then any point in the support A would have a lower weighted
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distance to b, than 0/, and hence, ¢, (y, b,) < cu(y,b).

o Otherwise, w(b,) —w(b') < Chpax. In this case, we have |w(b,) —w(d')| < Chax, because
if w(b') —w(by) > Ciax, the point z would have had a lower weighted distance to b’
than b,. Since ¢, (z,b,) < c,(z, V'), the point z lies on the side of the weighted bisector
Ww(bm),w(b/)<bx, b') of b, and ' that corresponds to b,. Since Xjs is an arrangement of a
set of weighted bisectors including s, )we) (b, b') (since |w(by) —w(b')| < Crax is an
integer multiple of ¢), the weighted bisector of b, and &’ cannot cross the region p, and
all points in p has to lie in one side of 7, )w@)(bz, 0'). Therefore, the point y also lies

in the side of Ty(,),w(w)(bz, b") corresponding to b, and ¢, (y, by) < cu(y, V).

Proof of (P2). For a region o € X}, suppose a point b € B is a -WNN of the representative

point r, i.e., for any point b’ € B,

Cw(Tp, ) — 8 < (1, V). (3.3)

Define the weights w () as a set of weights that assigns w (b) = w(b)+6 and w(b') = w(V)

to each point ' # b in B. For any point b’ # b in B, by Equation (3.3),

Cu, (T, b) = ¢(r,b) — w4 (D) = c(14,b) —w(b) —§ = cy(ry,b) — 0

< ey (1, 0') = cy, (15, 0). (3.4)

In other words, b is a WNN for the point 7, with respect to weights w,. Since all weights
in w, () are non-negative integer multiples of d, by condition (P1), b is also a WNN for any

point x € o with respect to the weights w, (). Therefore, for any point &' # b in B,

Cw(2,0) — 0 = c(x,b) —w(b) — 0 = ¢y, (x,0) < cu, (2,b) = cy(z, V),
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i.e., the point b is also a -WNN for z. 0
Dual view of J-feasibility. For any point b € B, let y(b) be the dual weight of b main-
tained by our algorithm, where y(b) is a non-negative integer multiple of . For each region

o € X5, we derive a weight ys(r,) for its representative point as follows. Let b, € B be the

weighted nearest neighbor of r, with respect to weights y(-). We set the dual weight of r, as

Ys(1o) < y(by) — c(ry,by) — 0. (3.5)

Consider a transport plan 7 between p and v along with dual weights y(-) for B such that,

for each point b € B and each region o € X,

y(b) — ys(r,)

y(b) —ys(r,) > c(ry,b) if 7(p,b) > 0. (3.7)

IN

c(ry,b) + 6, (3.6)

Note that conditions (3.6) and (3.7) are § additive relaxations of conditions (3.1) and (3.2).
Recall that we defined a transport plan 7,y(-) as d-feasible if for any pair of points (a,b) €
A x B with 7(a,b) > 0, the point b is a -WNN of a (see Section 2.1.4). The following lemma
shows that any transport plan 7,y(-) satisfying conditions (3.6) and (3.7) is a J-feasible

transport plan.

Lemma 3.2. Suppose 7 is a transport plan and y(-) denotes a set of dual weights for B.
Let ys(+) denote the weights derived by Equation (3.5), and suppose the transport plan and

weights satisfy conditions (3.6) and (3.7). Then, T,y(-) is d-feasible.

Proof. Consider any pair (a,b) € A x B with 7(a,b) > 0. Let ¢ denote the region in Xj
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containing the point a. From conditions (3.6) and (3.7),

Cy(re, 0) < —ys(ry) < cy(ry,b,) + 9.

In other words, for any region ¢ € Xy, any point b € B that transports a positive mass to o
would be a 0-WNN of r,. Consequently, from Lemma 3.1 (P2), the point b is also a 6-WNN
for all points inside p, including the point a. Therefore, for any pair (a,b) € A x B with
7(a,b) > 0, the point b is a -WNN of a, and 7,y(-) is d-feasible. O

Combining Lemmas 2.4 and 3.2, any transport plan 7, y(+) satisfying conditions (3.6) and (3.7)

would be a d-close transport plan between p and v.

Let y(-) denote the set of dual weights maintained by our algorithm at the beginning of scale
. For any point b € B and any region ¢ € Xy, we define a d-adjusted slack on condition (3.6)

for the pair (p,b), denoted by s;5(p,b), as

56(@7 b) — \‘C(Tw b) +9 _6y<b) + y5(TQ>J 5.

0-feasibility of the computed transport plan. Next, we show that for each scale 9, the
semi-discrete transport plan 75 and dual weights (y +07)(+) for the points in B computed by
our algorithm at the end of the scale is a d-feasible transport plan. We begin by relating the
decomposition X5 to the partitioning A(}) that is constructed in step (i) of our algorithm.

We also relate the distance cs(-, <) computed by our algorithm to the slacks s;(-,-).

In any scale 9, since the dual weight of each point is an integer multiple of 9, for each point
b € B and each i € [1,4n + 1], all boundaries of the (id)-expansion Vori are either parts
of the weighted bisectors that are used in the construction of the fine decomposition Xj or

are completely outside of the support A of u. Hence, by the construction of Xy, each region
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0 € X5 completely lies inside some region ¢ € A(V), i.e., each region in 4()) consists of a

collection of regions in Xj.
In the next lemma, we establish a connection between the slacks and the distances c;(-, ).
Lemma 3.3. For any region ¢ € A(V), any region o € X5 inside v, and any point b € B, if

cs5(r4,0) < 4n, then ss5(0,b) = c5(ry, b)6. Furthermore, if cs5(ry,b) = 4n + 1, then ss(o0,b) >

(4n +1)4.

Proof. For any region p € Xj, suppose b, € B denotes the WNN of r, with respect to y(-).

For any point b € B, rewrite the slack ss(p, b) as follows.

ss(ob) = | bl +0 = y(b) + ys(n)J 5

)
C(Tga b) + 46 —y(b) + (y(bg) - C<T97 b@) - 5)J s
)

_ _Cy(rga b) — cy(74, by)
5 J J. (3.8)

For each point b € B, let Vor, = Vor,(b) denote the Voronoi cell of b in VD,(B). Recall
that for any ¢ € [1,4n + 1], Vori‘s denotes the d-expanded Voronoi cell of b. Consider any
pair (p,b) € X5 x B, and suppose r, lies inside Vor} for some i € [1,4n+1]. Let yi(-) denote
a set of dual weights for B that assigns yi(b) = y(b) +id to b and y;(0') = y(V') to each point
b' # b in B. Since r, lies inside Voré‘;, then b is the WNN of r, with respect to yi(), i.e.,

Cyi (19, 0) < cyi(ry, V') for each point b # b € B. Therefore,

¢y(rg,0) = c(rg, b) = y(b) = c(r,, b) — (yy(b) — i0) = cy; (g, b) +1id

< ¢y (19, b,) +10 = cy(1rg, by) + 40

Plugging into Equation (3.8), ss(o,b) = {MMJ d < 16 for any region ¢ € Xjs inside
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Vorz‘s. Furthermore, for any region o € X5 outside of Vori‘s, the WNN of o with respect to

yi(+) remains b, and ¢yi (1, 0) > cyi(ry, b,). Therefore,
cy(re, b) = Cys (rg,b) + i > Cyi (ro, bp) + 16 = cy(rg, by) + 0.

Plugging into Equation (3.8), ss(0,b) = {MJ d > 10 for any region g € X outside

Vori. Thus, for any point b € B, any region ¢ € A(V), and any o € Xj inside ¢,

— if 7, lies inside Vor{, then s5(0,b) = 0. In this case, r, also lies inside Vorj and

C5<T‘P7 b) = 07

— if r, lies inside Vorl(fﬂ)d \ Vor?® for some i € [1,4n + 1], then s5(p,b) = id. In this case,

r, also lies in V0r£i+1)5 \ Vor{ and cs(r,,b) = 4, and

— if r, lies outside Vor§)4n+1)5, then ss(0,b) > (4n + 1)d. In this case, r, also lies outside

of Vorl™ ™ and cs(r,, b) = 4n + 1.
This completes the proof of this lemma. O

The following lemma, whose proof is provided in Appendix A.1, is helpful in proving Lemma 3.5.

Lemma 3.4. Let 195, y(:) be any 20-feasible transport plan between p and v, where the dual
weights of points in B are integer multiples of 26. Then, for any region o € X5 and any

point b € B, if T95(0,b) > 0, then ss(o,b) < 46.

Recall that As denotes the set of representative points of the regions in A(V) and fis is the
discrete distribution over As computed by our algorithm at step (i). We next show that any
optimal transport plan o* between fis and v under the distance function cs(-,-) does not

transport mass on edges (r,,b) € As x B with cost cs(r,,b) > 4n.
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Lemma 3.5. For any scale §, let o* be any optimal transport plan between fis and v. For any

point b € B and any region ¢ € A(V), if o* transports mass from r,, to b, then cs(r,,b) < 4n.

Proof. Let mo5,y(+) be the 20-feasible transport plan computed by our algorithm at scale
26. Let 095 denote a transformation of 795 into a discrete transport plan between fis and v
by simply setting, for each region ¢ € A(V), 095(ry,,b) := T25(, b). Let o* be any optimal
transport plan between fi5; and v, where the cost of each edge (7, b) is set to cs(ry,, b). Define
a directed graph G5 on the vertex set As U B as follows. For any pair (r,b) € As; x B, if
o*(r,b) > 09s(r,b), then we add an edge, called a forward edge, directed from r to b with a
capacity o*(r,b) — o95(r, b); otherwise, if o*(r,b) < 09s(r,b), then we add an edge, called a
backward edge, directed from b to r with a capacity oq5(r,b) — 0*(r,b). This completes the
construction of Gs. Note that, since both transport plans ¢* and 095 are complete transport
plans, any edge in G5 would be contained in a simple directed cycle (see Lemma A.3 in the

appendix for a proof).

For the sake of contradiction, suppose there is a pair (r*,0*) € As x B with cg(r*,b*) > 4n
such that o*(r*,0*) > 0. From Lemma 3.4, o95(r*,b*) = 0 and the edge (r*,b*) is a forward
edge; hence, (r*,b*) is contained in a simple directed cycle C' = (by,r1,. .., bk, 7k, b1 = b1)
in Gs. Note that by the construction of Gs, the edges of C' alternate between forward and

backward edges. Define the cost of the cycle C' as

k k

O(C) =Y cs(ribisa) = ) cslrs, bi);

i=1 i=1

i.e., the cost of C' is simply the total cost of its forward edges minus the total cost of its

* is an optimal transport plan between fi; and v, any directed

backward edges. Since o
cycle C' on Gs has a non-positive cost (otherwise, by canceling the cycle, one can obtain a

transport plan with a cost lower than w(c*), which is a contradiction with the assumption
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that o* is an optimal transport plan). Since C' is a simple cycle, the length of C' is at most
2n. Furthermore, from Lemma 3.4, any backward edge has a distance at most 4, i.e., for
each i € [1, k|, cs5(r;, b;) < 4. Finally, by construction, all edges have a non-negative distance.

Therefore,

k k

k
¢(C) = ZC(S(ri?biJrl) - ZCzS(Tiabi) 2 CJ(T*ab*) - 24 2 CJ(T*vb*) —4dn > 0’
i=1 =1

i=1

which is a contradiction of the fact that all simple cycles have a non-positive cost. Hence,

o* cannot transport mass on edges (*,b*) with distance cs(r*, b*) > 4n. O

Let o5,3(:) be the optimal transport plan between jis and v computed at step (ii) of our
algorithm, and recall that 75 is the transport plan between p and v computed at the end of

scale 0. In the following lemma, we show that 75, (y + 69)(-) is a d-feasible transport plan.

Lemma 3.6. For each scale §, let (y + dy)(-) denote the set of dual weights for points in B
computed at step (iii) of our algorithm. Then, the transport plan 75, (y+09)(+) is a §-feasible

transport plan.

Proof. Let ys(-) denote the set of dual weights derived for the representative points of regions
in X5 using Equation (3.5) at the beginning of scale . Consider a set of dual weights
ys(+) for X5 that assigns, for each region p € Xjs inside a region ¢ € A(V), a dual weight
ys5(ro) := ys(ro) +09(r,). In what follows, we show that the transport plan 75 along with dual
weights (y + 09)(+) for B and yj(-) for X satisfy conditions (3.6) and (3.7). In Lemma A.1
in the appendix, we show that by reassigning the dual weights of the representative points
of regions in Xj as in Equation (3.5), the conditions (3.6) and (3.7) remain satisfied; hence,

we conclude that 7, (y + 69)(-) is d-feasible, as claimed.

For any region ¢ € A(V), any region ¢ € X5 inside o, and any point b € B,
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o by Lemma 3.3, c5(ry, b)d < s5(p,b). Combining with feasibility condition (3.1),

(y +69)(b) — y5(ro) = (y(b) + 03(D)) — (ys(re) + 03(ry))
= (y(b) — us(r,)) +0(9(b) — 4(ry))
< (y(b) = ys(ry)) + cs(ry, b)o
< (y(b) — ys(re)) + s5(0,b)
< (y(0) = ys(re)) + (c(re, 0) +6 = y(b) + ys(re))

= C(rm b) + 57

leading to condition (3.6).

o if 75(0,b) > 0, then s transports mass from r, to b, i.e., o5(ry, b) > 0. In this case, by
Lemma 3.5, ¢s(r,,b) < 4n and by Lemma 3.3, ss(0,b) = cs(ry,b)d. Combining with

feasibility condition (3.2),

(y +09)(b) — ys(ro) = (y(b) + 64(b)) — (ys(r,) + 64(ry))
= (y(b) = ys(re)) + 0(9(b) — 4i(ry))
= (y(b) — ys(r,)) + cs(ry, )8
= (y(b) = ys(ro)) + ss(0, b)
> (y(b) — ws(ro)) + (c(rg, b) — y(b) + ys(ry))

= C(wa)a

leading to condition (3.7).

Recall that, from Lemma 3.2, any transport plan that satisfies conditions (3.6) and (3.7) is

d-feasible; hence, 75, (y + d9)(+) is a d-feasible transport plan, as desired. ]
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From Lemma 3.6, the transport plan 74, (y + 67)(-) maintained by our algorithm after step
(iii) is 0-feasible, and from Lemma 2.4, 75 is a d-close transport plan. Therefore, when § < ¢,
the computed transport plan is an e-close transport plan. This concludes our correctness

analysis.

3.3 Computing Optimal Dual Weights

In this section, we show that in addition to computing an e-close transport cost in the semi-
discrete setting, our algorithm can also compute the set of dual weights for the points in B
accurately, up to O(loge™!) bits. To obtain such an accurate set of dual weights, we execute
our algorithm for O(log(nCiax/€)) iterations so that the final value of § when the algorithm
terminates is at most €/5n. In the following, we show that the dual weight computed for

each point in B at the last scale is e-close to the optimal dual weight value.

Note that any edge in the graph constructed in step (i) of our algorithm has a cost at most
4n+ 1. Consequently, in step (ii), the largest dual weight returned by the primal-dual solver
is at most 4n + 12 and in step (iii), the dual weight of any point b € B changes by at most
(4n+1)4d. Since the dual weight of b becomes the optimal dual weight in the limit, to bound
the difference between the current dual weight and the optimal dual weight, it suffices if we
bound the total change in the dual weights for all scales after scale § < ¢/5n. The difference

between the optimal dual weight and the current dual weight is at most
(4n+1)> 6/2 = (4n+1)5 < (4n + 1)(/5n) < e.
i=1

Therefore, after O(log(nCuax/€)) iterations of the algorithm, the difference in the optimal

2 Any set of dual weights returned by the algorithm can be translated by a fixed value so that the smallest
dual weight becomes 0. Assuming this, it is easy to see that the largest dual weight is 4n + 1.
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dual weight y(b) and the current dual weight of b is at most «.
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Chapter 4

A Combinatorial Algorithm for the

Semi-Discrete OT Problem

In this chapter, we extend the combinatorial framework used by discrete OT algorithms to
the semi-discrete settings and use this framework to design an efficient scaling algorithm
for computing an e-close semi-discrete OT algorithm. Our algorithm as well as its analysis
extends to any ¢! norm and any dimension d in a straightforward way. To better convey
the main ideas, we describe our algorithm for the 2-dimensional setting where the ground

distance is the squared Euclidean distance.

4.1 Combinatorial Framework

Let ¢ be a continuous probability distribution defined over a compact support A C R? and
v be a discrete distribution with a support set B of n points in R Let y(-) denote a set of
weights for the points in B. Recall that for any parameter o > 0, the d-expanded Voronoi
cell of any point b € B with weights y(-), denoted by Vorg, is defined as the Voronoi cell of

b with respect to a weight function yg defined as follows:

(V) = (4.1)
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See Figure 4.1(a). Additionally, recall that any (possibly partial) transport plan 7 along
with weights y(-) for B is d-feasible if

(F1) for any pair (a,b) € A x B with 7(a,b) > 0, the point a lies inside the J-expanded

Voronoi cell Vorg.

Finally, recall that any d-feasible transport plan 7, y(-) is called a d-optimal transport plan if
T is a complete transport plan between p and v. As shown in Lemma 2.4, for any d-optimal

transport plan 7,y(+), the transport plan 7 is d-close.

Given a 20-feasible transport plan 7,%(+), in the following, we define a residual graph and
an augmenting path. We also introduce the process of augmenting 7 along an augmenting

path, which allows us to increase the mass transported by 7.

Residual graph. Given a 2§-feasible (possibly partial) transport plan 7, y(-), we construct
a residual graph Gs by first partitioning the support A of u into regions to form the vertex

set of Gs :== G(7,y,6) and then defining a set of directed edges.

Partitioning of A. For each point b € B, consider the Voronoi cell of b and its - and
20-expansions Vor) and Vory’. Let X; denote the arrangement of these 3n cells across
all n points of B. See Figure 4.1(b). For each region ¢ in this arrangement, pick an
arbitrary representative point r, inside ¢ and assign it a mass of fi5(r,) = u(yp), where
wip) = fw p(a) da denotes the mass of u inside . Let As denote the set of representative

points of all regions in X5. Note that jis is a distribution over As.

The following observation is straightforward from the construction of the partitioning Xj.

Proposition 4.1. For any region ¢ € X5 and any point b € B, the region o either completely

lies inside Vorg‘S or it is completely outside Vorgé.
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(b)

Figure 4.1: (a) The d-expanded Voronoi cell Vor) of b (green shaded area), and (b) the
partitioning Xjs.

Vertexr set. The vertex set of Gs is the point set As U B along with a source vertex s and
a sink vertex t. We refer to any point b € B whose mass is not fully transported by 7 as
a free point and define its excess, denoted by ex(b), as the amount of mass of b that is not

transported by 7, i.e.,

ex(b) = v(b) — /EA 7(a,b) da.

Similarly, any point r, € A is free if 7 does not fully transport the mass into the region ¢,

and its excess is defined as ex(r,) = fis(1y) — > _pep T(@, V).

Edge set. For each pair (r,,b) € As x B, if 7(p,b) > 0, we add a backward edge directed
from r, to b in the residual graph. Furthermore, if r, € Vory® and 7(¢, b) < min{u(p), v(b)},
we add a forward edge directed from b to r, in G5. Additionally, we add a forward edge from
the source s to every free point b € B and a backward edge directed from every free vertex

r, to t. This completes the description of the residual graph.

Lemma 4.2. For any 6 > 0 and a 2d-feasible transport plan 7,y(-), the residual graph Gs
has O(n?) nodes and O(n?) edges.
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Figure 4.2: The green region shows the mass of y that is transported to b, the red points
show the representative points of regions, and the purple segments show the compressed
transport plan 7.

The proof of this lemma is provided in Appendix A.2.1. While describing our algorithm, it is
useful to have the definition of weighted distance for all the backward edges, including those
incident on ¢. Therefore, we extend the definition of weighted distance to any edge (7,,t) as
follows. Let b, denote the weighted nearest neighbor of r, in B, i.e., b, := minyep ¢, (ry,, b).

Define ¢, (ry,t) := cy(ry, by) + 0.

Compressing a semi-discrete transport plan. Given a semi-discrete transport plan 7
between p and v, we construct a discrete transport plan 7 between jis and v as follows. For
each pair (r,,0) € A5 x B, let 7(r,,b) :== 7(p,b), i.e., we assign the entire mass transported
from b to ¢ to the pair (r,,b). See Figure 4.2. We refer to the transport plan 7 as the

compressed transport plan.

Lemma 4.3. For any 20-feasible semi-discrete transport plan ,y(-) between p and v, the

compressed transport plan T between fi5 and v along with weights y(-) is also 20-feasible.
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Proof. Consider any point b € B and any region ¢ € X5 such that 7(¢,b) > 0, i.e., in the
compressed graph, 7(r,,b) > 0. To prove this lemma, we show that r, € Vorz‘s. Since
T(p,b) > 0, there exists a point a € ¢ such that 7(a,b) > 0, and by the J-feasibility of
7,y(+), we have a € Vorg‘;. Therefore, using Proposition 4.1, the region ¢ has to completely

lie inside Vor%‘;, and the representative point r,, which is a point inside ¢, also lies inside

Vor?. Hence, 7,y(-) is 20-feasible. O

Conversely, consider a transport plan 7,y(-) between fis and v. One can compute a semi-
discrete transport plan 7 between p and v that, for any pair (r,,b) € A; x B, arbitrarily

transports a mass of 7(ry,,b) from b to ¢.

Lemma 4.4. Any 2§-feasible (discrete) transport plan 7,y(-) between fis and v can be con-

verted into a 20-feasible semi-discrete transport plan T between p and v.

Proof. Consider any transport plan 7 over A x B such that for any point b € B and any
region ¢ € Xj, 7 transports a mass of 7(r,,b) from b to the continuous mass of y inside the

7(rp,b

region ¢. One such construction is to assign 7(a,b) = u((p)),u(a) for each point a € ¢. We

next show that the transport plan 7 is 20-feasible.

Consider any point b € B and any point a € A such that 7(a,b) > 0. We prove this
lemma by showing that a € Vor?. Suppose ¢ € Xj is the region containing the point a.
Since 7(a,b) > 0, we should have 7(r,,b) > 0, and by the d-feasibility of 7,y(-), we have

Ty € Vorg‘s. By Proposition 4.1, the whole region ¢ lies inside Vor§5 and therefore, the point

a also lies inside Vor?. Hence, 7, y(-) is 20-feasible. O

We say that any compressed transport plan 7 is a forest if the edges transporting a positive

mass in 7 do not create an undirected cycle.

Augmentation. Given the residual graph Gs for a 26-feasible transport plan 7,y(:), an
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alternating path (resp. alternating cycle) is a directed path (resp. directed cycle) in Gs.
Notice that for any directed path (resp. cycle) on the residual graph, the edges alternate
between forward and backward edges. An augmenting path P = (s,by,71,..., Tk, t = bpy1)
is a directed path from the source vertex s to the sink vertex ¢ in the residual graph. By
construction, the vertex b; and the vertex r;, are free vertices in the residual graph. One
can augment 7 along P as follows. Define the bottleneck capacity of the augmenting path P,
denoted by be(P), as

be(P) := min{ex(by), ex(rg), min 7(r;,bii1)}-

i€[l,k—1]

To augment 7 along P, set 7(r;, b;) < 7(r;,b;) + be(P) for each forward edge (b;,r;) € P and

7(ri, biv1) < 7(ri, biz1) — be(P) for each backward edge (r;,b;41) € P.

Lemma 4.5. Suppose 7,y(-) is a 2-feasible transport plan and P denotes an augmenting

path in the residual graph. Then, after augmenting 7 along P,

(i) the transport plan T remains a valid transport plan and 7,y(-) remains 2d-feasible, and

(ii) either a backward edge gets removed from the transport plan or a free point becomes

fully transported.

Proof. Let P = (s,by,r1,...,bk, 1%, t) denote an augmenting path in the residual graph. In
the augmentation process, for any i € {1,...,k—1}, we decrease 7(r;, b;11) by bc(P), where
by definition, be(P) < 7(r;, biy1); hence, 7 (74, bi1) > 0 after augmentation. Furthermore, for
any forward edge (b;,7;), ¢ € {1,...,k}, we increase 7(r;,b;) by be(P), and 7(r;, b;) remains

non-negative.

For any i € {2,...,k}, we increase 7(b;, ;) and decrease 7(r;_1, b;) by bc(P); hence, the total

amount of mass transported from b; remains unchanged. Similarly, for each ¢ € {1,...,k —
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1}, we increase 7(b;,r;) and decrease 7(r;,b;11) by bc(P) and the total amount of mass
transported into r; remains unchanged. For the endpoint by (resp. ), on the other hand,
we only increase the amount of mass transported from by (resp. into r;) by be(P), where
by definition, be(P) < ex(by) (resp. bc(P) < ex(ry)). Therefore, the total mass transport
from by (resp. into ry) after augmentation is at most v(b) (resp. p,, ), and 7 remains a valid

transport plan.

When augmenting 7 along P, we increase the amount of mass transported on forward edges
(bi,r;) for each i € [1,k] and decrease the amount of mass transported on the backward
edges (r;,b;11) for each i € [1,k — 1]. Therefore, any pair (r,b) that transports mass after
augmentation but was not transporting mass before augmentation has to be a forward edge
of P. Since we only add forward edges from a point b to the subset of As that lies inside
Vor?, the edge (r, b) satisfies the 20-feasibility condition (F1), and 7, y(-) remains 25-feasible

after augmentation, proving property (i).

To prove (ii), note that if a backward edge (r,b) € P determines the bottleneck capacity of
the augmenting path P, then 7(r,b) = 0 after augmentation and the backward edge (r,b)
is removed from the residual graph. Otherwise, if the endpoint b; (resp. 7;) determines the
bottleneck capacity of P, then the mass transport from b; (resp. into ry) will be increased
by ex(by) (resp. ex(ry)), and the mass of b; (resp. 7) would be fully transported after

augmentation. O

Consider the following straightforward way to augment a semi-discrete transport plan. Given
a 20-feasible semi-discrete transport plan 7, y(-), we can compute an augmenting path P in
the residual graph and augment the compressed transport plan 7 along P. From Lemmas 4.3
and 4.5, 7 remains 20-feasible and from Lemma 4.4, the updated 2d-feasible transport plan

7 can be converted to a 2d-feasible semi-discrete transport plan as desired. To obtain a com-
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Figure 4.3: (a) Three admissible triples (by,71,b2), (b1, 72,b2), and (by,rs, by), where solid
(resp. dashed) lines show backward (resp. forward) edges, and (b) an admissible augmenting
path.

plete transport plan, one can iteratively apply this procedure until there are no augmenting
paths in the residual graph; however, this may result in an unbounded number of iterations.
To obtain an efficient algorithm, we iteratively compute a set of special augmenting paths
called the “admissible” augmenting paths and augment the transport plan along these paths.

By doing so, we can reduce the number of iterations to O(n).

Admissibility. Suppose 7,y(-) is a 2d-feasible transport plan between p and v. For any
pair of points by, by € B and any region ¢ € Xjs such that 7(r,, by) > 0, the triple (b1, 7y, b2)
is admissible if ¢, (ry,b1) < cy(ry,b2)'. See Figure 4.3(a). Note that an admissible triple
(b1, 7y, by) forms by a forward edge followed by a backward edge in the residual graph sat-
isfying cy(ry,, b1) < cy(ry,bs). Intuitively, for any admissible triple (by,7,,b2), the mass of p
inside 7, is transported from by but by is closer to 7, than by (with respect to the weighted

distances).

We extend the definition of admissibility to augmenting paths and alternating cycles as

'Discrete OT algorithms use the weights assigned to A U B to define admissible edges. Since A5 evolves
during the execution of our algorithm, we cannot maintain weights for them, forcing us to define admissibility
on a sequence of two consecutive edges (b1,7,) and (7,,bs) rather than a definition per edge.
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follows. Any augmenting path (resp. alternating cycle) P = (by,71,bo, ... T, bpr1) is ad-
missible if all triples (b;, 7, bi41), © € [1, k], are admissible. For instance, in Figure 4.3(b),
the point by transports mass to r; while b; is its weighted nearest neighbor. By augmenting
along this admissible path, we increase 7(r1,b;) and reduce 7(rq,bs), thereby transporting

more mass to r, from its weighted nearest neighbor.

4.2 Algorithm

This section presents our cost-scaling algorithm, which uses the combinatorial framework
from Section 4.1 to compute an e-close semi-discrete OT plan. Classical discrete OT algo-
rithms assign weights to points in AU B and use them to identify a large set of augmenting
paths. Their efficiency critically relies on the acyclicity of the “search” graph. In contrast,
during the execution of our algorithm, a change in the weights of B creates a new weighted
Voronoi diagram, which in turn changes As, the discrete representation of A, and thus the
vertex set of the residual graph. Since As; may change significantly in each iteration during
the execution of our algorithm, we cannot maintain weights for them. This creates signifi-
cant challenges as the algorithm searches for augmenting paths (see Section 4.2.1 for details).
Furthermore, the updated residual graph may have cycles. We introduce additional steps in

our algorithm to eliminate these cycles (see Section 4.2.3 for details).

Overview

The algorithm runs for O(log %) scales, where C\,., is the diameter of A U B. In each

scale 0, our algorithm maintains a transport plan 75 and a weight y(b) for every point b € B.

Initially, set § = C2 . and define y(b) = 0 for all b € B. In each scale §, execute the following

max

steps.
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1. Initialization: Set 75 to be an empty transport plan. Compute the residual graph G;

and the compressed transport plan 75 with respect to 75, y(+).
2. Iterations: While 75 is not a complete transport plan:

(i) Compute a set of admissible augmenting paths in the residual graph Gs and
augment 75 along these paths using the SEARCHANDAUGMENT procedure described
in Section 4.2.1. At the end of this step, there are no admissible augmenting paths

in the residual graph.

(ii) Increase by d the weights of all points of B that are reachable from the source
by admissible paths and recompute the set As, the residual graph Gs, and the
compressed transport plan 75 using the INCREASEWEIGHTS procedure described in

Section 4.2.2.

(iii) Update the compressed transport plan 75 and the residual graph using the Acy-
cLIFY procedure described in Section 4.2.3, so that the transport plan 7; is a forest

and the residual graph does not have any admissible cycles.

3. Scale Update: Set § < §/2.

After the execution of a scale § < £/2, our algorithm terminates by returning a complete

semi-discrete transport plan 75 obtained from the compressed complete transport plan 7.

Invariants. As shown in Section 4.3 below, our algorithm iteratively updates the weights

y(-) and the transport plan 75 while maintaining the following invariants:

(I1) The transport plan 75, y(-) is 2d-feasible, and

(I2) At the start of each iteration, the transport plan 75 is a forest and there are no admis-

sible cycles in the residual graphs.
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Remark. Our algorithm in Chapter 3 creates a discrete instance in each scale of the
algorithm by computing the arrangement of the 6-, 26-, ..., and (4n + 1)d-expanded Voronoi
cells of each point b € B. Instead of using such a fine partition to create a discrete instance
with O(n®) edges, we work directly with the continuous space, maintain a much smaller
residual graph with O(n?) edges, and use our semi-discrete combinatorial framework to find

a transport plan.

4.2.1 SearRcHANDAUGMENT Procedure

The SEARCHANDAUGMENT procedure executes a partial DFS-style search to identify a set
of admissible augmenting paths and augments the transport plan along these paths. The
SEARCHANDAUGMENT procedure is similar in style to the blocking flow procedure in Dinic’s
max-flow algorithm [58] or the partial-DFS procedure in Gabow-Tarjan’s algorithm [70],
both of which rely on the property that there are no admissible cycles in the residual graph.
Unlike these algorithms, in our case, if we augment along an arbitrary admissible augmenting

path, we may create an admissible cycle. See Figure 4.4.

We overcome this challenge by carefully calibrating the search algorithm in two ways. First,
we begin our search from the free regions instead of the free points of B. Thus, we reverse
the direction of all the edges of the residual graph and begin our search from the sink t.
Second, we explore all forward edges incident on a region in the increasing order of their
weighted distance. This order of processing edges ensures that no admissible cycles are
created and that there are no more admissible augmenting paths in the residual graph after

the SEARCHANDAUGMENT procedure terminates. We provide the details below.

Let 55 be the graph formed by reversing the direction of all the edges of Gs. We conduct

our search starting from the sink ¢ in the graph 55. Initially, mark all points of B and



4.2. ALGORITHM 69

Figure 4.4: (a) An arbitrary admissible augmenting path (s, by, r,,, bs) (blue path), and (b)
an admissible cycle (b1, 7y,, b3, 7y, ba, Ty, ) (red cycle) formed after augmentation.

all backward edges as unvisited, define U := B as the set of unvisited points of B, and
@ = (t = bo) as the search path that the procedure grows. Execute the following steps until

the search path ) becomes empty.

1. If Q = <t = bo,Tl,bl, -y Ty, bz> for some 1 > 0,
(a) If thereis an edge from b; to s in a; (i.e., b; is a free point), then P = (s,b;, 14, ...,71,1t)
is an augmenting path in Gs. Augment 75 along P and set Q) = (t = by).
(b) Assume there is not edge from b; to s. If there is an unvisited edge (b;,r) in Gs,

add r as r;y1 to (). Otherwise, mark b; as visited and remove b; from U and Q.

2. If Q= (t =0bo,7r1,b1,...,b;,7i41) for some i > 0, let b := argminy ey ¢, (ri41,0) denote
the unvisited point with the minimum weighted distance to r; 1. To perform this step
efficiently, in the construction of the residual graph, for each r € As, we store the list

of all neighbors of r sorted in increasing order of their weighted distance.
(a) If (b,7i41,b;) is admissible, i.e., ¢,(7541,0) < ¢y(7i41,b;), then add b as b1 to Q.

(b) Otherwise, remove 7,41 from () and mark the edge (b;,7;41) as visited.

The algorithm terminates when the search path ) becomes empty, i.e., the procedure marked

t as visited and removed it from (). The following lemma shows the properties of the
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SEARCHANDAUGMENT procedure.

Lemma 4.6. Suppose invariants (11) and (12) hold at the start of the SEARCHANDAUGMENT

procedure. Then, after the execution of the SEARCHANDAUGMENT procedure,

(S1) the transport plan 7s,y(-) remains 29-feasible,

(S2) any point b € B (resp. backward edge (r,b)) marked as wvisited will not form an

admissible augmenting path during the execution of the procedure, and

(S3) there are no admissible cycles in the residual graph.

4.2.2 INCREASEWEIGHTS Procedure

After the execution of the SEARCHANDAUGMENT procedure, there are no admissible augment-
ing paths remaining in the residual graph, i.e., there are no admissible paths from the source
vertex s to the sink vertex ¢t. The INCREASEWEIGHTS procedure increases the weights of the
subset of points in B that are reachable from s by admissible paths to expand their Voronoi
cells and to create new admissible triples in the residual graph. For instance, in Figure 4.5(a),
the path from s to ¢ is not admissible (the triple (be,r2,b3) is not admissible, as by has a
lower weighted distance to 7o than by). As shown in Figure 4.5(b), the INCREASEWEIGHTS
procedure then increases the weight of the points b; and by (which are reachable from s),
leading to the formation of an admissible augmenting path (note that upon updating the
weights, the regions corresponding to r; and 7o have slightly changed). The details of the

INcREASEWEIGHTS procedure are described below.

For each point r € As, let N(r) € B denote the set of points b € B with 75(r,b) > 0,
sorted in decreasing order of their weighted distance to r, i.e., N(r) = {b1,...,b;} where

cy(r,b1) > cy(r,by) > ...cy(r,by). Mark all points b € B and all forward edges (b,r) as
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Figure 4.5: (a) After the execution of the SEARCHANDAUGMENT procedure, there are no
admissible augmenting paths in Gs, and (b) by increasing the weights of the points that are
reachable from s by augmenting paths (points b; and b)), new admissible triples are created
(e.g. (bg,T2,b3)), which might lead to the formation of admissible augmenting paths.

unvisited and set £ = (0, let U = B denote the set of unvisited points of B, and define
@ := (s) as the search path that the algorithm grows. Execute the following steps until @

becomes empty.
1. If @ = (s), then if there exists an unvisited point b € U such that (s,b) € Gs, then add
b to @ as b;. Otherwise, remove s from Q.
2. If Q= (s,by,r1,...,b;) for some i > 1,
(a) If there exists an unvisited forward edge (b;,r) in Gs, add r to @ as r;,1.

(b) Otherwise, mark b; as visited, remove b; from U and ), and add b; to K.

3. If Q= (s,b1,71,...,b;,7;) for some ¢ > 1, let b := arg miny cyrn) ¢y(7i,0') denote the
unvisited point of b with the minimum weighted distance to r among all points of B

that transport mass to r.
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(a) If (b;,7;,b) is admissible, i.e., c,(r;,b) > c,(r;, b;), then add b as b1 to Q.

(b) Otherwise, remove r; from @ and mark (b;, ;) as visited.

After the DFS procedure terminates, for each point b € K, set y(b) < y(b) + . This
completes the description of the DFS step. We next describe how to recompute the residual

graph and the compressed transport plan with respect to the updated weights.

Let y(-) (resp. ¥/(-)) denote the weights of the points in B after (resp. before) the weight
updates, let X5 (resp. &) denote the partitioning of the set A with respect to weights y(-)
(resp. ¥/(+)), and let As (resp. Aj) denote the set of representative points of the regions in
X5 (resp. Xj). See Figures 4.6(a) and (b). Furthermore, let 75 denote the transport plan
maintained by the algorithm for partitioning Xj. To compute the new transport plan 75 for
the point set As, the INCREASEWEIGHTS procedure first computes the arrangement ) of all 3n
cells used to construct X with all 3n cells used to construct Xy, i.e., V' is the arrangement
of Voronoi cell, -expanded Voronoi cell, and 20-expanded Voronoi cell of each point b € B
both before and after weight updates. See Figure 4.6(c). For each region ¢ € Xj U Aj, let
C(p) C Y denote the set of regions of ) that lie inside . For each region ¢ € ), pick an
arbitrary representative point r, inside p. We denote the set of all representative points of

the regions in ) by Y.

The INCREASEWEIGHTS procedure first converts 75 to a transport plan 7 over the finer set
Y x B by simply splitting each region ¢ in X} (and its mass transportation) to fine regions
of YV inside ¢’. The procedure then uses 7 to construct a transport plan 75 over As x B by
merging the regions of ) (and their mass transportation) to regions of Xs. The details are

provided next.

For each point b € B, each region ¢’ € &j with 75(r,,b) > 0, and each o' € C(¢'), set

7(d,b) = /‘: ((g,)) 75(ryr,b). This completes the description of the split step and the construction
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P
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Figure 4.6: (a) The partitioning X before updating weights, (b) the partitioning Xs after
updating the weights of the points of B that are reachable from s by admissible paths (the
blue cross points), and (c¢) the combined partitioning ).

of 7. Next, the procedure constructs 75 by setting, for each point b € B and each region

0 € Xy, T5(rp, b) := dec(@) 7(0,b). The transport plan 75 is defined over As x B.

Finally, for each region ¢ € Xj, our algorithm stores a list A/(r,,) of all points b € B with r, €
Vory’, sorted in increasing order of their weights distance to 7, i.e., N'(r,) = (b1, ..., bg),
ry € Vory.d for each i € [1,k], and c,(ry, b)) < ¢y(ry,b;) for each 1 < i < j < k. This

completes the description of the INCREASEWEIGHTS procedure.

Lemma 4.7. Suppose invariant (11) holds at the start of the INCREASEWEIGHTS procedure.

Then, during the execution of the INCREASEWEIGHTS procedure,

(W1) the transport plan 75,y(-) remain 25-feasible,

(W2) the weight of each free point b € B increases by 0, and

(W3) the weight of each point b € B with free regions inside V) remains unchanged.
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Figure 4.7: An example of a cycle in a transport plan that is created while increasing
weights: (a) a transport plan that is a forest, (b) the new Voronoi diagram and partitioning
(red dashed lines) after increasing the weight of by, by, and b3, and (c) a cycle formed in the
new residual graph.

4.2.3 AcycLiry Procedure

The change in the weights of B in the INCREASEWEIGHTS procedure requires us to recompute
the residual graph and the compressed transport plan. This recomputation may potentially
create a cycle in the transport plan or an admissible cycle in Gs. See Figures 4.7 and 4.8
for examples of a cycle in the transport and an admissible cycle formed after the execution
of the INCREASEWEIGHTS procedure. The AcycLiFy procedure eliminates such cycles and
ensures that the invariant (I2) holds at the start of the next iteration. Converting the
transport plan into a forest is critical for the efficiency of the SEARCHANDAUGMENT procedure,
while eliminating admissible cycles is essential for the correctness of the SEARCHANDAUGMENT

procedure.

The procedure executes the following steps. First, use the dynamic tree structure by Sleator
and Tarjan [149] to make the transport plan 75 a forest. Then, execute a partial DF'S search
from each unvisited point b € B similar to the one described in the SEARCHANDAUGMENT

procedure to detect admissible cycles. Upon finding an admissible cycle, cancel the cycle
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Figure 4.8: An example of the formation of admissible cycles due to updating the weights
and the residual graph: (a) a transport plan with no admissible cycles in the corresponding
residual graph, (b) the new Voronoi diagram and partitioning (red lines) after increasing
the weights of b3 and by, and (c) an admissible cycle (by,ry, by, 79, b3, r3) formed in the new
residual graph.

right away, remove the vertices of the cycle from the search path, and continue the search.
When all vertices are visited, no admissible cycles are remaining in the residual graph. Since
canceling admissible cycles could have introduced new cycles in the transport plan, repeat
the first step to update 75 and make it a forest. Note that our procedure acyclifies the
transport plan (to make it a forest) twice, in steps (1) and (3). Making the transport plan
a forest in the first step is essential for the efficiency of the second step, and making it a
forest in the third step is essential for invariant (I2), as canceling admissible cycles might

introduce cycles in the transport plan.

Acyclifying the Transport Plan

Similar to the Acyclify procedure introduced in [146, Section 3.3], we use a dynamic tree
structure to make 75 a forest as follows. Let & = (e, ea,...,¢e,) denote the set of all edges
e = (r,b) € As x B with 75(r,b) > 0. For any k < u, let & := (ej,es,...,ex). Define

Fy := 0 as an empty forest and 7{(r,b) = 0 for all pairs (r,b) € As x B. Starting from
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k =1, for any k < u, the algorithm computes a forest F} and a transport plan 7, defined
over Fj, using Fj,_; and 7;_, as follows. If adding the edge ej to Fj,_; does not create a cycle,
then the algorithm simply sets Fy < Fy_1 U {ex}, Ti(ex) < Ts(ex) and 7,(e) < 7/_4(e) for
all edges e € Fj_;. Otherwise, adding e to Fj_; results in the creation of an even-length
cycle C. Let ¢ denote the minimum capacity of the edges in C, and let e* denote the edge
with the minimum capacity. Consider an ordering of the edges of the cycle C that starts
with e*, ie, C = (e* = e},¢€),...,¢,;). The algorithm increases (resp. reduces) the mass
transported along the edge €}, (resp. e, ;) by ¢ for each i € [1,j]. Finally, the algorithm
sets Fj < Fj_1 U{ex} \ {e*}. This completes the description of step 1. Using the dynamic
tree structure by Sleator and Tarjan [149], each operation takes O(logn) amortized time,

and since |£] = O(n?), this process takes a total of O(n?logn) time.

Acyclifying the Admissible Triples

To remove all admissible cycles from the residual graph, we use a partial DFS similar to
the one described in the SEARCHANDAUGMENT procedure. Let 55 be the graph formed by
reversing the direction of all the edges of Gs. The procedure first marks all points of B and
all backward edges as unvisited and defines U := B as the set of unvisited points. While
there exists an unvisited point b € B, the procedure initializes a partial DFS by setting

@ = (b = b;) and searches as follows until () becomes empty.

1. If @ = (by,71,...,b;) for some i > 1,

(a) If there are no unvisited backward edges (b;,r) in Gs, then mark b; as visited and

remove b; from () and U.

(b) Otherwise, there exists an unvisited backward edge (b;,7,). Add r, to Q as ri;;.

2. If Q = (by,71,...,b;,1;) for some i > 1, let b := argminy ey ¢, (r;,0’) be the unvisited
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point with the minimum weighted distance to ;.

(a) If (b,r;,b;) is admissible, i.e., ¢, (r;,b) < ¢, (s, b;),

— Ifbalready exists in the path @ as b;, then C' = (b, r;,...,b;, 75, bix1 = b= bj)
is an admissible cycle. Cancel the cycle C' (as described below) and set

Q = <b1,7“1,...,bj>.

— Otherwise, add b as b; 41 to Q.

(b) Otherwise, remove 7; from ) and mark the backward edge (r;, b;) as visited.

Given an admissible cycle C' = (b;,rj, ..., b;,r;,biy1 = bj), the procedure cancels the cycle as
follows. Let bc(C') := minge[j 4 75(r¢, b) denote the bottleneck capacity of the cycle C'. For
any forward edge (by41,7) (resp. backward edge (ry,b;)) in C, set T5(ry, byy1) < To(re, bps1) +
be(C) (resp. 75(re, by) <= T5(re, b)) — be(C)). In this way, at least one of the backward edges

of the cycle C' is removed from the residual graph, and the cycle has vanished.

Lemma 4.8. Suppose invariant (11) holds at the start of the AcycLiry procedure. Then,

during the execution of the AcycLIFY procedure,

(A1) the transport plan 75,y(-) remains 26-feasible, and

(A2) the transport plan Ts is a forest and there are no admissible cycles in the residual graph.

This completes the description of our algorithm.

4.3 Analysis

In this section, we first prove the correctness of our algorithm and then analyze its runtime.
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4.3.1 Correctness Analysis

For any scale 4, the initial transport plan 75 is empty. Therefore, 75 along with the weights
y(+) is 20-feasible. By properties (S1), (W1), and (A1), the transport plan 75, y(-) remains 26-
feasible in each iteration of our algorithm, and therefore, invariant (I1) holds. The invariant

(I2) is a direct consequence of property (A2) in Lemma 4.8.

From Invariant (I1), in each scale §, our algorithm maintains a 20-feasible transport plan
7s,y(+) during its execution. The while loop in Step 2 breaks when 75 is a complete transport
plan. Therefore, 75 along with weights y(+) is 20-optimal. From Lemma 4.4, one can convert
75 into a 20-optimal semi-discrete transport plan 75. Given that our algorithm terminates
when § < /2, from Lemma 2.4, the transport plan returned by our algorithm is e-close, as

desired.

4.3.2 Efficiency Analysis

Cmax
3

Next, we show that the running time of our algorithm is O(n?(Q+nlogn)log ), proving
Theorem 2.2. Recall that in 2 dimensions, as shown in Lemma 4.2, the residual graph has
O(n?) vertices and O(n?) edges. For d-dimensional distributions, we show in Lemma A.4
in the appendix that in d dimensions, the residual graph has O(n?) vertices and O(n™!)

edges. Using these bounds, we analyze the running time of each of our three procedures in

the following.

Efficiency of the SEARCHANDAUGMENT Procedure

The SEARCHANDAUGMENT procedure runs a partial DF'S on the residual graph to find a set of

admissible augmenting paths. The partial DFS procedure, upon backtracking from a point
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b € B (resp. r € As), marks the point b (resp. the backward edge (b',7) used to reach r) as
visited and does not add it to the search path again in the same execution. Upon finding
an augmenting path P, the procedure augments the transport plan along P in O(|P|) time.
Let {Py,..., Py} denote the set of all augmenting paths found by the SEARCHANDAUGMENT
procedure. In 2 dimensions (resp. d dimensions), since the residual graph has O(n?) edges

41 edges), the running time of the procedure would be O(n3 + Zle |Pi|) (resp.

(resp. O(n
O(n®1 + 3% |P])). Combining with Lemma 4.9 below, each execution of the SEARCHAN-

DAUGMENT procedure takes O(n?) time in 2 dimensions and O(n?™!) time in d dimensions.

Lemma 4.9. The total length of augmenting paths computed during the execution of the

SEARCHANDAUGMENT procedure is O(n3) in 2 dimensions and O(n?*Y) in d dimensions.

Proof Sketch. Recall that the bottleneck capacity of an augmenting path is determined as
the minimum of the excess of the two free endpoints of the path and the amount of mass
transported along the backward edges of the path. Therefore, augmenting the transport
plan along an augmenting path either removes a backward edge from the residual graph
or results in a transport plan that fully transports the mass of a point that was free prior
to augmentation. To prove this lemma, we use property (I12) to argue that there are at
most O(n?) backward edges in the residual graph and O(n?) free points to show that the
number of augmenting paths is at most O(n?) in each execution of the SEARCHANDAUGMENT
procedure. Since each augmenting path has a length of at most 2n, the total length of
all augmenting paths found in each execution of the SEARCHANDAUGMENT procedure would
be O(n?). For d-dimensional distributions, we follow the same argument to show that the
SEARCHANDAUGMENT procedure finds O(n?) augmenting paths, where each one has a length

of at most 2n. See Appendix A.2.3 for details. [
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Efficiency of the INcREASEWEIGHTS Procedure

The IncrReasEWEIGHTS procedure runs a DFS that visits each edge of the residual graph at
most once and has a total running time of O(n?) (resp. O(n¢*1)) in 2 dimensions (resp. d
dimensions). Furthermore, in the arrangement used to construct partitioning ), each point
b € B has at most 6 Voronoi cells (three cells that are used in the construction of X5 and
three that are used in the construction of Xy). Similar to our proof for the size of the graph,
one can show that the total number of vertices in the arrangement used to construct )
is O(n?) (resp. O(n4)), and the number of regions in ) is at most O(n?) (resp. O(n?)).
The construction of the transport plan 7, therefore, can be done in O(n*(Q + n)) (resp.

O(n(Q +n))) time since

(1) the mass of all regions in Y can be determined in O(n?Q) (resp. O(n?Q)) time. To
do so, we partition the regions in ) into constant complexity regions (e.g., triangles),
which will still be an arrangement with O(n?) (resp. O(n?)) vertices and O(n?) (resp.
O(n%)) regions, and use the ORACLE to compute the amount of continuous mass inside

each region, and

(2) the mass transported on each pair (9,b) € Y x B can be determined in O(1) time.

Converting 7 to 75, as is done in the merge step, also takes O(n?) (resp. O(n?*1)) time,

since the total complexity of 7 is O(n?) (resp. O(n¢*1)). Finally, storing a sorted list

1) logn) time in total.

of neighbors for each region r € As takes O(n’logn) (resp. O(n
Hence, the execution of the INCREASEWEIGHTs procedure takes O(n?(Q + nlogn)) (resp.

O(n%(Q +nlogn))) time.
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Efficiency of the AcycLiry Procedure

The first step of this procedure uses a dynamic tree structure to acyclify the transport plan
75. Using the dynamic tree structure by Sleator and Tarjan [149], since the total number of

edges of the graph is O(n?) in 2 dimensions (resp. O(n*?)

in d dimensions), the running time
of this step would be O(n3logn) (resp. O(n®*!logn)). In the second step, the procedure
runs a partial DFS procedure on the residual graph and cancels the admissible cycles. The
partial DFS procedure, upon backtracking from a point b € B (resp. r € As), marks the
point b (resp. the backward edge (0, r) used to reach r) as visited and does not add it again
to the search path in the same execution. Furthermore, upon finding an admissible cycle
C, it cancels the cycle in O(|C|) time. Let {C1,...,Cy} denote the set of all cycles found
in the execution of the AcycLiFy procedure. Given that the size of the residual graph is
at most O(n?®) (resp. O(n%t1)), the second step of the AcycLiFy procedure takes a total of

O 4+ 3 [ |Cy]) (resp. O(nt! + 3% |C4])) time. The following lemma bounds the total

length of all cycles found by the AcycLiry procedure.

Lemma 4.10. The total length of admissible cycles computed during the execution of the
second step of the AcycLiFy procedure is O(n3) in 2 dimensions and O(n?tl) time in d

dimensions.

The proof of Lemma 4.10 is similar to that of Lemma 4.9 and is included in Appendix A.2.3.
Using Lemma 4.10, the total execution time of the AcycLiFy procedure is O(n?) in 2 dimen-

sions and O(n®*!) in d dimensions.

Combining the running times of all three procedures, each iteration of step 2 of our algorithm
takes O(n?(Q +nlogn)) time. In the following lemma, we show that in each scale, the total

number of iterations of step 2 is at most O(n).

Lemma 4.11. For each scale 8, the second step of our algorithm runs O(n) iterations.
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Proof Sketch. Let Ta5,y96(+) denote the 40-feasible semi-discrete transport plan computed
by our algorithm for scale 2§, and let 75, ys(-) denote a partial semi-discrete transport plan
maintained during the execution of step 2 of our algorithm. Let X5 (resp. Xj) denote the
partitioning of the set A with respect to weights yos(+) (resp. ys(+)). Let ) be the arrangement
of all 3n cells used to construct Xps with all 3n cells used to construct Xs. Let 75 (resp. 75)
denote the compressed transport plan for o5 (resp. 75) using the partitioning ). It is well-
known that one can transform 75 to 755 by augmenting 75 along a set of augmenting paths
P on Y x B and rearrange the transported mass along a set of cycles C on Y x B. Consider
an augmenting path P = (ry,by,...,rg, bg) in P. Since P is a simple path, it contains each
point of B at most once and therefore, it has a length at most 2n — 1. Additionally, for all
i € [1, k], Tos(rs,b;) > 0 and for each i € [2,k|, 75(r;, b;—1) > 0. For each edge (r;,b;), since
Tas(7,bi) > 0, by 4d-feasibility of 75, y25(+) (condition (F1)), the point b; is a 46-weighted
nearest neighbor of r; with respect to weights yos(+). Similarly, for each edge (b;_1,r;), since
75(ri,bi—1) > 0, by 20-feasibility of 75, ys(-) (condition (F1)), the point b;_; is a 26-weighted
nearest neighbor of r; with respect to weights y;(+). Since the length of P is at most 2n — 1
and the weight of b; does not change (by property (W3) in Lemma 4.8), we show that for
the free point by in P, ys(bx) — yos(br) < 6nd. Our algorithm increases the weight of by by §
in each iteration (property (W2) in Lemma 4.8), and therefore after 6n iterations, the point
br cannot be free, i.e., after O(n) iterations, all points of B are fully transported in 75. We

provide the full proof in Section A.2.3. [

Using Lemma 4.11, the total time spent in step 2 in each scale of our algorithm is O(n3(Q +
nlogn)). Since there are O(log max) scales, the overall runtime is O(n?(Q+nlogn)log “max),

thereby proving Theorem 2.2.
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4.4 Applications to the Discrete OT Problem

In this section, we extend our combinatorial semi-discrete OT algorithm to the discrete OT
problem and design a data structure that preprocesses and stores a large discrete distribution
1 and efficiently computes an e-close OT plan between i and any query distribution v in
sub-linear time relative to the support size of p. More precisely, given a discrete distribution
p with a (possibly large) support A of N points in R?, we design a data structure that, given
a query discrete distribution v with a support B of k points, computes an e-close transport
plan between g and v in O(k*(vV/N + klogk)log Cmax) time. Additionally, we show that if
the support points have bounded integer coordinates and the masses are rational numbers,

our data structure can efficiently compute an exact discrete OT plan.

At a high level, our data structure interprets the large discrete distribution p as a continuous
distribution and uses a simplex range-searching data structure as an oracle to compute the
mass of p inside a query triangle. In this way, for any query distribution v, one can execute
the steps of our combinatorial semi-discrete algorithm to compute an e-close transport plan
between i and v. More formally, our data structure preprocesses the distribution p into
a simplex range-searching data structure RS-DS, which takes O(N) space, can be built
in O(NlogN) time, and returns the mass of x inside a query triangle in Q = O(v/N)
time [158]. Given a query discrete distribution v, one can use our algorithm from Section 4.2

in conjunction with the RS-DS to compute an e-close transport plan between p and v in

O(k*(vV'N + klogk)log C’;a") time leading to the following theorem.

Theorem 4.12. Let p1 be a discrete probability distribution with a support A C RY of size
N. The distribution p can be preprocessed, in O(Nlog N) time, into an O(N) size data
structure so that for a discrete probability distribution v with a support B C R of size k, and

a parameter e > 0, an e-close OT plan between p and v under the squared Fuclidean distances
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can be computed in O™ (N1 + klog k) log Suax) time, where Cnax is the diameter of

AUB.

Consider the special case where the points in AU B have positive integer coordinates bounded
by A, the mass of p (resp. v) on each point a € A (resp. b € B) is a rational number of the

form 7 (resp. %) for positive integers T and x, (resp. z3), and p is an even number. In this

case, the p-Wasserstein cost of any transport plan between p and v is an integer multiple of
%, and therefore, any %—CIOSG transport plan between p and v would have a minimum cost.

Thus, one can compute an exact discrete OT plan between p and v by setting € = % in our

data structure, which would have a query time of O(k*(v/N + klogk)log(AT)), leading to

the following corollary.

Corollary 4.13. When the points in the supports of the distributions p and v have integer

coordinates bounded by A and the mass on each point is a rational number of form %, our

data structure computes, for any even number p, an optimal solution for the p- Wasserstein

problem between p and v in O(k*(vV'N + klogk)log(\T)) time.



Chapter 5

An Efficient Algorithm for the Robust

Semi-Discrete OT Problem

In this chapter, we introduce a characterization for the A\-robust optimal transport problems
in the semi-discrete settings. We then use this characterization and design a combinatorial

algorithm for computing an e-close semi-discrete A-robust optimal transport plan.

5.1 Characterizing Robust Semi-Discrete Optimal Trans-

port

In this section, we provide a characterization of partial and robust semi-discrete OT using

weighted Voronoi diagrams. We begin by giving a formal definition of the variants of OT.

Partial and Robust OT. Suppose i is a continuous probability distribution defined over
bounded support A C R? and v is a discrete distribution with support set B of n points
in R?. Recall that for a parameter o € [0, 1], a transport plan 7 is a-partial if 7 transports «
mass, i.e., M(7) = «, and 7 is an a-OPT plan if it has a minimum cost among all a-partial
transport plans. Furthermore, recall that for a parameter A > 0, the A-robust cost of a

transport plan 7 is defined as wi°T(7) := w(7) + (1 — M(7))), and a A-ROT plan is defined

85
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Figure 5.1: (a) Voronoi cells, and (b) restricted Voronoi cells

as a transport plan 7 with the minimum A-robust cost. Next, we restate the definitions of

restricted Voronoi cells.

Suppose y(-) denotes a set of non-negative weights for the points in B. Recall that c,(a,b) :=
c(a,b) —y(b) denotes the weighted distance between a and b and Vor,(b) denotes the Voronoi
cell of b with weights y(-). See Figure 5.1(a). It is well known that for any set of weights y(-)
for B such that p(Vor,(b)) = v(b) for all points b € B, the transport plan that transports
the mass of each point b € B to the mass of y inside Vor,(b) is an optimal transport plan.
Furthermore, using the LP formulation of semi-discrete OT and the strong LP duality, one

can prove the existence of such weights; see [22, 49, 76].

For any point b € B, recall that the restricted Voronoi cell of b captures the points of the

Voronoi cell of b that are within a distance of y(b) from b, i.e.,

ResVor, (b) := {a € Vor,(b) | c(a,b) <y(b)}.

See Figure 5.1(b). We refer to the restricted Voronoi cell of any point b € B as balanced (resp.
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surplus, deficit) if p(ResVor, (b)) = v(b) (resp. p(ResVor, (b)) < v(b), p(ResVor, (b)) > v(b)).

Valid weights, cover, and cap. A weight function y : B — R is called valid if for all
points b € B, the restricted Voronoi cell of b is either balanced or surplus and the points with
a surplus cell have the maximum weight, i.e., for all points b € B with surplus restricted
Voronoi cell, y(b) = maxycpy(b'). For a valid weight function y, we define the transport plan
induced by y, denoted by 7, : A x B — R, as the one that for each point b € B, transports
the mass of b to the continuous mass of 4 inside the restricted Voronoi cell ResVor,(b). Since
each point b € B has a surplus or balanced restricted Voronoi cell, there is enough mass at
b to transport to ResVor,(b). We define the cover of y(-), denoted by Cover(y), to be the

total amount of continuous mass inside the restricted Voronoi cells of all points in B, i.e.,

Cover(y) := Z,u(ResVory(b)).

beB
Additionally, define the cap of a weight function y(-), denoted by Cap(y), to be the maximum
weight assigned by y(+) to the points in B, i.e.,
Cap(y) := maxy(b).

Characterization of robust OT. Next, we characterize a A-robust optimal transport

plan using a set of valid weights with a cap of A.

Lemma 5.1 (A\-ROT Characterization). Let u be a continuous distribution over compact
support A C R?, v be a discrete distribution over a set B in n points in R?, and A\ > 0 be
a parameter. There exists a valid weight function y : B — Rs with Cap(y) = A\ such that
the transport plan induced by y(-) is a A\-robust optimal transport plan. Furthermore, this

property holds for any valid weight function y with Cap(y) = A.
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Proof. The primal linear optimization problem for A-robust optimal transport is as follows.

mTinZ/AT(a,b)C(a,b) da + X (1 - Z/AT(a, b) da)

beB beB
s.t. / 7(a,b)da < v(b) Vbe B, (5.1)
A
Zr(a, b) < p(a) Va € A, (5.2)
beB
T 2>0.

The corresponding dual linear optimization problem is

max = 3= o)~ [ vlaula)da

beB

st. —¢(b) —(a) <cla,b) — A VYae Abe B, (5.3)

¢,¢ > 0.

Define y(b) := A — ¢(b). Then, since A is a given parameter and the total mass at the points

of B is 1, the dual problem can be rewritten as

max S u0)(b) [ wlahn(da— )

beB

s.t. y(b) —Y(a) <c(a,b) VYae Abe B, (5.4)
y(b) <\, Vbe B, (5.5)
P > 0.

First, note that by strong duality of primal-dual linear programs, the optimal choice of dual
variables y(-) exists. Furthermore, by the complementary slackness property, for any pair

(a,b) € A x B with 7(a,b) > 0, the corresponding dual constraint (5.3) has to be tight and
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y(b) — ¢ (a) = c(a,b). Since ¥(a) > 0, we have

y(8) — cla,b) = ¥(a) > 0.

Therefore, the point a does not lie outside of ResVor,(b). Furthermore, for any point a €
A whose mass is not fully transported by 7, we have ), pp(a,b) < p(a) and from the
complementary slackness property, its dual variable is zero, i.e., ¥(a) = 0. However, using

constraint (5.4), for any point b € B,

y(b) —c(a,b) < p(a) =0,

and the point a does not lie inside the restricted Voronoi cell of b. Consequently, all points
a € A whose mass is not fully transported by 7 have a zero dual weight and lie outside of all
restricted Voronoi cells, while the points a € A whose mass is transported by some points

b € B lie on the boundary or inside the restricted Voronoi cell of b.

Hence, for any optimal solution y(-),%(:) to the dual formulation of our linear program,
the corresponding optimal solution 7 to the primal linear program is a transport plan that
transports the mass of each point b € B to the continuous mass inside its restricted Voronoi

cell, i.e., 7 is a transport plan induced by the weights y(-).

For any point b € B whose mass is not fully transported (i.e., [, 7(a,b)da < v(b)), the
constraint (5.1) is not tight. Consequently, from the complementary slackness property,
the corresponding dual variable has to be zero (i.e., ¢(b) = 0) and y(b) = A — ¢(b) = A.
Since A > maxyep y(b') (from constraint (5.5)), we conclude that for any free point b € B
(i.e., the points b € B with a surplus restricted Voronoi cell), y(b) = maxycpy(b') and

Cap(y) := maxpep y(b) = A.
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Note that if the mass of all points in B is fully transported (i.e., [, 7(a,b)da = v(b) for all
b € B), then we can simply shift the dual weights to obtain a set of weights with a cap of A.
To do s0, let Ymax := maxpep y(b) and define the new dual weights ¢'(0) := y(b) + (A — Ymax)
for each point b € B and ¢/(a) := 1(a) + (A — Ymax) for each a € A. It follows that ¢/, 7" are
feasible and the dual objective value remains the same, since both y and v are probability
distributions and have an equal amount of mass. Furthermore, Cap(y’) := maxyep 3/ (b) = A,

as desired.

We finally show that for any valid weight function y(-) for B where Cap(y) = A and all free
points b € B have a maximum weight y(b) = A, the transport plan 7 induced by y(-) would

be a A-robust optimal transport plan. Define a weight function 1) : A — R that assigns
w(a’) = maX{()? r(?aBX y(b> - C((I, b)}
S

to each point a € A. Let a = Cover(y). Additionally, define v}(b) := — [, 7(a,b)da and
pi(a) = pla) = 3 ep7(a,b) as the free mass of b and a with respect to transport plan 7,

respectively. Using the assumption that 7 is induced by y, we can rewrite the robust cost of

=Z/<y<b>—w< Dr(a.b)da-+ (1 o)

beB
= o)~ [ vla)dute Z v+ | ) dij(@) + A1)

(5.6)

Since all free points b € B have a weight y(b) = A and that the total amount of mass that
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is not transported by 7 is (1 — «), we have Zber y(b)v}(b) = A(1,). Furthermore, since all
points a € A whose mass is not fully transported by 7 are outside the restricted Voronoi

cells of the points in B, ¢(a) = 0 and fA a) du}(a) = 0. Plugging into Equation (5.6),

wioT(r) =Y ")) — [ ¢(a)du(a) = > yd)jb) + | Y@ dupa) +A(1~a)

A beBy

= 0(0) — [ $l@)dula) = A1 =) +0+ A1 =)

=3 o)~ [ v(a)dula)

beB

Let 7" denote any optimal A-robust optimal transport plan between p and v. Define

a* = M(7*). Then, by the definition of dual weights for points in A,

wiOT (7 Z/ (a,0) 7*(a,b) da + X (1 — M(1%))
> Z/ 7*(a,b) da+ A1 — a°)
=3yl / vl@)du(a) = 30 yOF )+ | () dn (@) + 21— o)

beBy

(5.7)

Note that ¥(a) > 0 for any point a € A and y(b) < A for any point b € B. Plugging into

Equation (5.7),

CHOEDY 0= [ wladnta) = 3w ¢ /w(a)du}*(a)JrA(l—a*)
D3 )~ [ vl dua) = A1 - @)+ A1 - o)

=Y yb)wib) - / (a) du(a)
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Combining the two bounds,

wfTr) = S pb) [ wla)duta) <},

bEB

Since 7* is a A-robust OT plan, we conclude that 7 is also a A-robust OT plan. [

5.2 Our Combinatorial Framework

We begin by introducing the notion of a d-restricted-feasible transport plan. Given a weight
function y(-) on points of B and a parameter 6 > 0, the d-ezpanded restricted Voronoi cell

of b, denoted by ResVorg(b) is defined as
ResVor)(b) := {a € A | c(a,b) < y(b) + 6 and c,(a,b) < ¢,(a,V') + 6,V € B}.

See Figure 5.2(a). The d-expanded restricted Voronoi cell of b can be seen as the intersection

of the d-expanded Voronoi cell of b with a ball of radius y(b) 4+ & centered at b.

Analogous to the d-feasibility defined in previous chapters, we next define J-restricted-feasible

transport plans. Any transport plan 7 along with weights y(-) is d-restricted-feasible if,

(F2) for any pair (a,b) € A x B with 7(a,b) > 0, the point a lies inside the 2§-expanded

restricted Voronoi cell Res\/orff(b),

See Figure 5.2(b). We refer to any point b € B (resp. a € A) as surplus (resp. deficit) if
Jy7(a,b)da < v(b) (resp. >, 5 7(a,b) < p(a)) and as balanced if [, 7(a,b) da = v(b) (resp.
2pen T(a,0) = p(a)).

Given a weight function y(-) for the points in B, we derive a weight y(a) for each point
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Figure 5.2: (a) The é-expanded restricted Voronoi cell of Res\/org(b), and (b) in a 6-
restricted-feasible transport plan, the point b € B can transport mass to its 2d-expanded
restricted Voronoi cell.

a € A, referred to by the derived weight of a, as

y(a) := max{0, rileaBX{y(b) —c(a,b)}}. (5.8)

Note that any O-restricted-feasible transport plan transports the mass of each point b € B
to regions inside its restricted Voronoi cell. From Lemma 5.1, a A-robust optimal transport
plan is a O-restricted-feasible transport plan where (i) Cap(y) = A, (ii) all surplus points
b € B have y(b) = A, and (iii) all deficit points a € A have g(a) = 0. The following lemma
shows that any d-restricted-feasible transport plan with similar conditions on surplus and

deficit points is a 2d-close A-robust transport plan.

Lemma 5.2. For any parameter § > 0, suppose T,y(-) denotes a d-restricted-feasible trans-

port plan, and let \ := Cap(y). Suppose

(F'3) for every deficit point a € A, y(a) =0, and
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(F4) for all surplus points b € B, y(b) = \.

Then T is a 20-close A-robust transport plan.

Proof. For any point a € A, suppose b, € B denotes the weighted nearest neighbor of a
with respect to weights y(-), i.e., b, := arg minyep c,(a, b). For any transport plan 7/, let u™
(resp. v7') denote the sub-measure of y (resp. v) that is transported by 7/, i.e., the part of

the mass of p (resp. v) that is transported by 7. Let

Wy == and 1/]7, =v -
denote the sub-measures of ;1 and v that are not transported by 7/, i.e., u}/ and I/JI/ are the
untransported part of the mass of © and v, respectively. We can rewrite the A-robust cost

of the transport plan 7 as

wiOT (1) = w(r) + M1 — M(1)) = Z /A c(a,b)7(a,b) da+ A1 — M(T1))

beB

-y /A (c(a, b) — y(b) + 5(a))r(a, b) da + A1 — M(r))

beB

+3 v ®) = [ sla(a)de (5.9)

beB A

Note that from property (F4), any point b € B with v}(b) > 0 (i.e., any surplus point b € B)

has a weight y(b) = \; therefore,

Yy (0) =Y yO)w(b) =Y ybwid) = ybwd) = A1 -M(r).  (5.10)

beB beB beB beB

Similarly, from property (F'3), any point a € A with y/7(a) > 0 (i.e., any deficit point a € A)
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has a zero weight. Hence,

[t @da = [ taterda = [ ganita)da= [ gt da (5.11)

Finally, due to the d-restricted-feasibility of 7,y(-), the point a lies inside the 2d-expanded
restricted Voronoi cell of b, and therefore, by increasing the weights of b by 24, the point b
becomes the WNN of a and also contains a in its dual disc, i.e., g(a) < (y(b) + 26) — c(a,b).

By rearranging this inequality,
c(a,b) —y(b) + y(a) < 20. (5.12)
Plugging Equations (5.10), (5.11), and (5.12) into Equation (5.9),

wOT(r) = 3 / (cy(a ) + 5(@))r(a, b) da + 3 y(b) (b) - / ga)yr(a) da+ M1 — M(r)

beB beB

ZZ/A(Cy(a?b)er(a))T(a,b) da+ y(b)w(b) —/Ay(a)u(a) da

<y /A 267(a,b)da+ 3 y(b)u(b) — /A 7(a)u(a) da
<2+ 3 u0t) ~ [ spta)da (513

where the last inequality holds since 7 transports at most 1 unit of mass, i.e., M(7) < 1.
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Next, let 7* denote any A-robust OT plan. We can rewrite the A\-robust cost of 7* as

wOT(7%) = w(r*) + M1 - M Z/ (a,b)7*(a,b) da + A(1 — M(77))

beB

= /A(C(a, b) — y(b) + 5(a)) 7 (a,b) da + A(1 — M(r))

beB

=3y ) - [ sl @) da (5.14)

beB

Since A = Cap(y),

D Ty (b)) = yw(b) =Y yb)i (b) =Y yb)r(b) — A1 - M(r)).  (5.15)

beB beB beB beB

Similarly, since all weights g(-) are positive,

[t @da= [ aa)da~ [ stayi @da< [ gantade. (510

Finally, by the definition of the derived weights, for any pair of points (a,b) € A X B,

c(a,b) —y(b) + g(a) > 0. (5.17)

Plugging Equations (5.15), (5.16), and (5.17) into Equation (5.14),

ROT Z/ Cy a, b +y ) *(a,b)da+)\(1—M(T*))

Sy (b) - / g™ (a) da

beB

> [ (elat) + gy a ) dat S uow) - [ stainta) o

beB beB

> S y(bw(b) - / (@) () da, (5.18)

beB
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Combining Equations (5.13) and (5.18),

wfT(r) £ 26+ Y y0w(t) [ Hahn(da < wlT() + 25

and 7 is a 20-close A-ROT plan. ]

Challenges in extending cost-scaling technique. FExtending our combinatorial cost-
scaling algorithm from Chapter 4 to the robust optimal transport problem creates new
challenges. Unlike in the standard setting, our algorithm computes a d-restricted-feasible
transport plan that may leave some mass untransported. We must, therefore, cap the weights
assigned to each point b € B by A (Lemma 5.2 condition (F4)) and restrict the weights g(a)
of all deficit regions in A to 0 (Lemma 5.2 condition (F3)). A naive implementation of the
scaling paradigm risks generating deficit regions within the restricted Voronoi cells — deficit
points of A with positive weights — violating Lemma 5.2. For example, in Figure 5.3, the
algorithm creates a deficit region (green region) inside the restricted Voronoi cells, illustrat-
ing such a violation. To resolve this, we introduce “consolidating paths”, which carefully
restructure the transport plan to relocate deficit regions from inside the restricted Voronoi

cells to its exterior (Figure 5.3(b)).

Each scale of our algorithm consists of two steps. Step 1 updates the weights and the
transport plan along a set of consolidating paths to restore condition (F3). Step 2 of our
algorithm maintains J-restricted-feasibility and condition (F3) as invariants, and carefully
raises the weight of the surplus points to A, enforcing condition (F4). From Lemma 5.2, the

resulting transport plan is 20-close.

Decomposition of A. Given a d-restricted-feasible transport plan 7,y(-), let X5 denote

all regions in the arrangement of the restricted Voronoi cell ResVor,(b) and the 6- and 26-
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Figure 5.3: (a) In scale 26, the point b transports mass to a region ¢ inside its 40-expanded
restricted Voronoi cell, and (b) in scale d, the ¢ becomes a deficit region with a positive
derived weight. A consolidating path (rg, by, 71, b, 72) can be used to bring this deficit to the
exterior of the restricted Voronoi cells.

expanded restricted Voronoi cells ResVorg(b) and ResVorz‘s(b) for all points b € B. See
Figure 5.4. For each region ¢ € Aj, pick an arbitrary representative point r, inside ¢ and
assign it a mass of fi(r,) = u(p) = f@ p(a) da. Let As denote the set of representative points
of all regions in Xj. In this case, /i is a (discrete) distribution over As. We refer to any point
r, € As as a deficit point if the corresponding region ¢ € Xj is deficit with respect to 7.

The point r,, is violating if it is deficit and g(r,) > 0.

In our algorithm, we store and represent a J-restricted-feasible semi-discrete transport plan
7,y(+) using a (discrete) transport plan 7 over A; x B, where for any point b € B and any
region ¢ € Xj, we set 7(r,,b) := 7(p,b). Note that any J-restricted-feasible transport plan
7,y(+) over As X B can be converted back to a J-restricted-feasible semi-discrete transport
plan 7 that arbitrarily transports a mass of 7(r,, b) from b to ¢ for any pair (¢,b) € X5 x B.

We refer to 7 as an implicit representation of 7.

The following lemma shows that for any J-restricted-feasible transport plan 7, y(-), one can

interchangeably use the implicit representation 7 without violating the d-restricted-feasibility
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Figure 5.4: The decomposition Xj.
conditions.

Lemma 5.3. For any 0-restricted-feasible semi-discrete transport plan 7,y(-) between p and
v, the implicit representation 7,y(-) is also d-restricted-feasible. Similarly, for any set of
weights y(-), any d-restricted-feasible transport plan T between i and v can be converted into

a d-restricted-feasible semi-discrete transport plan 7,y(-) between p and v.

Proof. For each region ¢ € Aj, the representative point 7, is inside . Furthermore, since
Res\/ori‘s(b) is included in the set of cells used in the construction of Xy, the region ¢ is either
completely inside ResVoria(b) or is completely outside of it. Hence, due to the d-restricted-
feasibility of 7,y(+), for any pair (a,b) € A x B such that 7(a,b) > 0 (since a € ResVorZé(b)),
the region ¢ € X containing a also completely lies inside Res\/orz‘s(b) and r, € ResVorzé(b).
Consequently, for any pair (r,b) € As x B with 7(r,b) > 0, the point r lies inside the

24-expanded restricted Voronoi cell of b, and 7, y(-) is d-restricted-feasible.

Next, suppose 7 is a d-restricted-feasible transport plan between [ and v, i.e., for any pair
(r,b) € As x B, if 7(r,b) > 0, then r € Res\/orz‘s(b). As discussed above, for any region

pe X ifr, € Res\/ori‘s(b), then ¢ would be completely inside ResVorz‘s(b). Hence, if we
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define a transport plan 7 that transports, for each pair (p,b) € X5 x B, a total of 7(r,,b)
mass from the point b to the region ¢ (i.e., 7(¢,b) = 7(r,, b)), then for any pair (a,b) € Ax B

with 7(a,b) > 0, then a € Res\/orz‘s(b), and 7,y() is d-restricted-feasible. O

Residual Graph. Given a d-restricted-feasible transport plan 7,y(-), define a residual
graph Gs over the point set As U B, where for each pair (r,,b) € As x B, we add a forward
edge directed from b to 7, if 7, € ResVorf/‘s(b). Additionally, if 7(p,b) > 0, we add a
backward edge directed from r, to b. For any triple (by,r,,bs) formed by a forward edge

followed by a backward edge, the triple (by, 7, b2) is admissible if ¢, (ry, b1) < ¢, (ry, ba).

The following lemma, whose proof is provided in Appendix A.3, bounds the size of the

residual graph.

Lemma 5.4. For d-dimensional distributions, for any d > 2, the residual graph has O(n?)

d+1)

nodes and O(n edges.

Any directed path P in the residual graph is an alternating path. An alternating path P is
admissible if all triples (b;, 75, b;41) € P are admissible. For any point v € A; U B, define the
residual capacity of v, denoted by rc(v), as the amount of mass of v that is not transported
by 7. For any alternating path P that starts at a point s € A; U B and ends at a point
t € As U B, the bottleneck capacity of P, denoted by be(P), is defined as

be(P) = min{rc(s),rc(t), min %(ri,biﬂ)}.

1€[1,k—1]

We update 7 along P by increasing (resp. decreasing) the mass transported along each

forward (resp. backward) edge of P by the bottleneck capacity be(P).

When P is a path from a surplus point b € B to a deficit point 7, € As, we refer to P as an

augmenting path and to updating the transport plan 7 along P as the augment process. Note
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that augmenting a transport plan 7 along an augmenting path P either removes a backward

edge from the residual graph or makes one of the endpoints of P balanced.

Consolidating paths. Any alternating path P = (rg,by,7r1,...,bk, ) in the residual
graph is called a consolidating path if r¢ is a point with §(rg) = 0 and ry is a deficit point
with g(rg) > 0, i.e., P is a path from a point outside of all 26-expanded cells to a violating
deficit point. The consolidating path P is admissible if all triples (b;,7;,b;401) € P are
admissible. Note that updating 7 along P increases the total mass transported to the
violating deficit point rj by be(P) (potentially making it balanced) and decreases the amount
of mass transported to the zero-weight point ry by be(P). Furthermore, updating a transport
plan 7 along a consolidating path P either removes a backward edge from the residual graph

or makes the deficit endpoints of P balanced.

5.3 QOur Scaling Algorithm

For parameters A, > 0, in this section, we present an algorithm that computes an e-close

A-robust transport plan between a continuous distribution p and a discrete distribution v in

Cm
3

O(n4 log %) time in 2 dimensions and in n°@ log =22 time in d dimensions, where C) .y

is the diameter of AU B.

Our algorithm works in O(log(“=2x)) scales, where Ciyax is the diameter of AU B. Each scale
is associated with a parameter § > 0 and computes a d-restricted-feasible A-robust transport
plan. Our algorithm maintains a set of weights y(-) for B. At the beginning of the first

scale, set § = Chax and y(b) = 0 for all b € B. Execute the following steps while § > ¢/2.

1. Removing violating deficit points: For any point b € B, set 75(a,b) := mos(a, b) for each

point a € ResVorzé(b) and 75(a,b) = 0 for any point a ¢ ResVorZ‘s(b). Compute Gs
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and 75 with respect to 75, y(-). While there exists a violating deficit point r € As:

(i)

(iii)

Execute the SEARCHANDCONSOLIDATE procedure, which computes a set of admis-
sible augmenting and consolidating paths in G5 and updates 75 along these paths.
At the end of this step, there are no admissible augmenting and consolidating

paths to the violating deficit points in the residual graph.

Execute the REDUCEWEIGHTS procedure, which reduces by o the weights of all
points of B that have admissible paths to the violating deficit points in As and

recomputes Gs and 7.

Execute the AcycLiry procedure, which updates 75 and Gs so that the transport

plan 75 is a forest and the residual graph does not have any admissible cycles.

2. Raising surplus weights to \: Set all points b € B with y(b) < A as active. While there

are active surplus points in B:

(i)

(i)

(iii)

Execute the SEARCHANDAUGMENT procedure, which computes a set of admissible
augmenting paths and admissible alternating paths from surplus active points to
inactive points in Gs and updates 75 along these paths. At the end of this step,

there are no admissible augmenting paths in the residual graph.

Execute the INcREASEWEIGHTS procedure, which increases the weights of all active
points of B which have admissible paths from the active surplus points by , marks

any point b € B with y(b) = X as inactive, and recomputes G5 and 5.

Execute the AcycLiry procedure, which updates 75 and Gs so that the transport

plan 75 is a forest and the residual graph does not have any admissible cycles.

3. Scale Update: Set 0 < §/2.

Next, we describe the details of the procedures.
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5.3.1 SEARCHANDCONSOLIDATE Procedure

The SEARCHANDCONSOLIDATE procedure executes a DFS-style search to find admissible aug-
menting and consolidating paths in the residual graph and updates the transport plan along
those paths. Define V as the set of all violating deficit points of As. Mark all points of B and
all backward edges as unvisited. Let U := B denote the set of unvisited points, and at any
point during the execution of the algorithm, let ) denote the search path. The SEARCHAND-
CoNsOLIDATE procedure initiates a partial DFS from each point in V in the graph 55 to find
admissible consolidating and augmenting paths. For any point r € V, set Q) = (r = ;) and

execute the following steps until () becomes empty.

1. IfQ: <T:T1ab17"‘7Ti7bi>7

(a) If b; is a surplus point, then the reverse path P = (b;,r;,b;_1,...,71) is an ad-
missible augmenting path in Gs. Augment 75 along P. If r remains a (violating)
deficit point, then set @ = (r = r;) and continue. Otherwise, stop the search

from r.

(b) If b; is not a surplus point, for any unvisited backward edge (b;, ') in a;, add 7’
as ;11 to Q. If there are no unvisited backward edges from b; in 55, then mark
b; as visited and remove b; from U and Q). If () becomes empty, stop the search

from b.

2. Q = (r =1r1,by,...,b;,mi41), let b* := argmingey dy(riy1, ') denote the unvisited

point with the minimum weighted distance to ;1.

(a) If g(riy1) = 0, then the reverse path P = (ri11,b;,74,...,7r1) is an admissible
consolidating path in Gs. Update 75 along P. If r remains a (violating) deficit

point, set Q = (r = 1) and continue. Otherwise, stop the search from b.
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(b) Otherwise, if (b*,7;41,0b;) is admissible, i.e., ¢, (7541, 0%) < ¢y (rit1, b;), then add b*

as b1 to Q.

(¢) Otherwise, remove ;41 from @ and mark the backward edge (b;,7;41) as visited.

The procedure terminates when all partial search procedures from all points in V' are termi-

nated.

Lemma 5.5. Given a §-restricted-feasible transport plan 75,y(), after the execution of the

SEARCHANDCONSOLIDATE procedure,

(SC1) the transport plan remains d-restricted-feasible,
(SC2) each balanced point b € B remains balanced,

(SC83) there are no admissible consolidating paths and no admissible augmenting paths to

violating deficit regions in the residual graph, and

(SC4) there are no admissible cycles in the residual graph.

Proof. Suppose 75 (resp. 75) denotes the transport plan maintained by the algorithm after

(resp. before) the execution of the SEARCHANDCONSOLIDATE procedure.

For any edge (r,b) € As x B with 75(r,b) > 0, if 7§(r,b) > 0, then by the d-restricted-
feasibility of 75, y(-), the point r lies inside ReSVorz‘;(b). Otherwise, the edge (r,b) was a
forward edge on an augmenting or consolidating path P so that after updating the transport
plan along P, it has become a backward edge. In this case, there is a forward edge from b

to r in the residual graph, which means that r € ReSVorz‘;(b) and (SC1) holds.

Next, note that any augmenting path P is from a surplus point b € B to a point r, € A;.

Furthermore, any consolidating path P is from a zero-weight point ' € A to a violating
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deficit point r, € A;. For any point b € B other than the two endpoints of a path P, the
amount of mass transported from b remains unchanged after updating the transport plan
along P. Therefore, updating a transport plan along any augmenting or consolidating path

does not change the amount of mass transported from any balanced point, leading to (SC2).

Next, we prove (SC4) and then, use property (SC4) to prove (SC3). Suppose P!,..., P*
denotes the sequence of augmenting and consolidating paths computed by the SEARCHAND-
ConsoLIDATE procedure, and for any i € [0, k], let 7{ and G} denote the transport plan and
residual graph maintained after updating the transport plan along P?, respectively. Define

V' (resp. U') to be the set of visited (resp. unvisited) points of B with respect to 7¢.

We prove (SC4) using an induction on i. Since 7§ is obtained from the transport plan
computed by the AcycLiFy procedure, there are no cycles of admissible triples in the residual
graph, and (SC4) holds for G9. For any i € [1,k], assuming (SC4) on GY,...,G:!, we show
that (SC4) also holds for G. For any admissible triple (b,7,b') in G' formed after updating

7i71 along P?, we show below that the triple (b,r,b') does not form admissible cycles and

conclude (SC4) on Gi.

For any visited point b € V=1 \ V72 the search from b did not lead to the computation
of an augmenting or consolidating path; therefore, any point & that is reachable from b by
an admissible path in the reverse of residual graph % (and therefore, is reachable by our
partial DF'S procedure from b) would have also been marked as visited. In other words, any
point b € B that has an admissible path to the visited point b in the residual graph G'~! is
also visited. By this observation, there are no admissible paths from any unvisited point in

U1 to any visited point in V1,

Below, we show that for any newly formed admissible triple (b,r,b'), b € V=t and O/ € UL

Assuming this, there are no admissible triples from any visited point to any unvisited point
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(in the reversed residual graph), and therefore, the newly formed admissible triples (which
are from an unvisited point to a visited point in the reversed residual graph) do not form
any admissible cycles and (SC4) holds for Gi as well. Consider any triple (b,7,0') that is
admissible in gg but not in gg—l. Recall that the SEARCHANDCONSOLIDATE procedure does
not change the weights of points, and therefore, since (b,r,b’) is not admissible in ngl,
(r,) is not a backward edge in G ', i.e., (r,b/) € P* as a forward edge. From step 2(b)
of the SEARCHANDCONSOLIDATE procedure, b’ is the weighted nearest unvisited neighbor of
r; therefore, since c¢,(r,b) > c,(r,b") (from the admissibility of (b,r,b")) and the procedure
added b’ to the search path (instead of b), the point b was marked as visited by the procedure.

Therefore, for any newly formed admissible triple (b,r,b'), b € Vi=! and 0/ € U™,

Finally, to prove property (SC3), we begin by showing the following property:

(SC5) any point b € B and any backward edge that are marked as visited does not form
any admissible augmenting paths to violating deficit points or consolidating paths in

the same execution of the SEARCHANDCONSOLIDATE procedure.

For any visited point b € V?, as discussed above, all vertices that are reachable from b
by an admissible path in the reversed residual graph are also visited. Since all surplus
points by € B (resp. points b, € B transporting mass to a zero-weight point r € Ay)
are unvisited, by (resp. b,) is not reachable from any visited point b € B by our search
algorithm and therefore, the visited points do not participate in an admissible augmenting
or consolidating path. Furthermore, the procedure marks a backward edge (r,b) as visited
if, for each admissible triple (b,7,b), the point b’ is visited. Since the point &' cannot be
included in an admissible augmenting path to a violating deficit point or a consolidating
path, the visited backward edge (r,b) also does not form an admissible augmenting path to

a violating deficit point or a consolidating path.
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For any violating deficit point r, € As with respect to 75,y(-), the search from r, has
been terminated since () was empty; hence, all forward edges incident on r, are to visited
points of B, which from (SC5) do not form admissible augmenting/consolidating paths;
therefore, r, will not form any admissible augmenting paths to violating deficit points or

consolidating paths during the same execution of the SEARCHANDCONSOLIDATE procedure,

leading to (SC3). O

5.3.2 RepuceWEeiGHTs Procedure

The REDUCEWEIGHTS procedure reduces the weights of all points in B that have admissible
alternating paths to some deficit points r € A with g(r) > 0, leading to the formation of new
admissible augmenting and consolidating paths to the violating free points in the residual
graph. The procedure performs partial DFS from all violating deficit points in the reverse
of the residual graph to compute a set K of all points of B that have admissible alternating
paths to the violating deficit points. The procedure then decreases the weights of all points
in IC by ¢ and shrinks their restricted Voronoi cells. It finally recomputes As, Gs, and 75.

We describe the steps of the DFS below.

Define V C As as the set of violating deficit points. Given the reversed residual graph 55,
mark all points b € B and all backward edges (b,7) as unvisited and set = ) and let
U = B denote the set of unvisited points of B. For any point r € V, start a partial DFS in
the reverse residual graph 55 by setting @) := (r = ry) as the search path that the algorithm

grows. Execute the following steps.

LIEQ=(r=ry,... b)),

(a) If there exists an unvisited backward edge (b;,7*) in Gy, add r* to @ as ri1.



108 CHAPTER 5. AN EFFICIENT ALGORITHM FOR THE ROBUST SEMI-Di1SCRETE OT PROBLEM

(b) Otherwise, mark b; as visited and remove b; from U and Q. Add b; to K.
2. Q= (r=ry,...,b;,1r), let b* := argming ey ¢, (r;, ).

(a) If cy(r;, 0*) < cy(ri, by), ie., (0%, 7, b;) is admissible, add b* as b4 to Q.

(b) Otherwise, remove 7; from @ and mark (b;, ;) as visited.

After all DF'S procedures from all points in V terminate, for each point b € K, set y(b) < y(b) — .

Lemma 5.6. Given a §-restricted-feasible transport plan 7s,y(-) such that there are no
admissible consolidating paths and no admissible augmenting path to a violating deficit region,

after the execution of the REDUCEWEIGHTS procedure,

(RW1) the transport plan remains §-restricted-feasible,

(RW2) the weight of each point b € B containing violating deficit regions inside ResVor,(b)

decreases by 0, and

(RW3) the weight of each surplus point b € B remains unchanged.

Proof. Let y(-), X5, As (resp. y/(+), A3, Af) denote the set of weights of B, decomposition of A,
and the set of representative points before (resp. after) the execution of the REDUCEWEIGHTS

procedure.

To prove property (RW1), first note that for each point b € K, there are no zero-weight
points r € Res\/ori‘S such that 75(r,b) > 0, since otherwise, there would have been an
admissible consolidating path in the residual graph, which is in contrast with Lemma 5.5
(SC3). Below, we show that for any pair of points (a,b) € A x B such that 75(a,b) > 0, we
have a € ResVorff(b), and hence (RW1) holds. Let b, (resp. b)) denote the weighted nearest

neighbor of a with respect to weights y(-) (resp. ¥/(:)). From the d-restricted-feasibility of
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75,Y(+), ¢y(a,b) < cy(a,b,) +26. Let r, (resp. 7)) denote the representative point of the
region containing a. As discussed above, g(r,) > 0 and r, lies inside the restricted Voronoi

cell of b,.

o Ifbe Kk,

— if b}, € K, then
cy(a,b) = cy(a,b) +6 < cy(a,b,) + 30 = cy(a, b,) + 20.

— Otherwise, the triple (b, 74,b) would not be admissible (since otherwise b/, € ),

and ¢, (74,b) < ¢y(rq,b,). Hence, ¢,(a,b) < cy(a,b),) + 0 and

a

¢y (a,b) = ¢y (a,b) + 0 < cy(a,b,) + 26 = ¢y (a, b)) + 20.

o Otherwise, b ¢ K. In this case,

ey (a,b) = cy(a,b) < cy(a, b)) + 20 < cy(a,b)) + 20.

Therefore, for any pair (a,b) with 75(a,b) > 0, we have a € Res\/orz‘;(b), and 75,y'(+) would

be d-restricted-feasible, i.e., (RW1) holds.

Since the REDUCEWEIGHTS procedure initiates a partial DF'S from each violating deficit point
r € V, all points of B with violating deficit regions in their restricted Voronoi cell will
be added to the search path and to the set K in step 1(b) of the procedure; hence, their
weights will be reduced by § (leading to (RW2)). Furthermore, for any surplus point b € B,
since there are no admissible augmenting paths from the violating deficit regions (from

Lemma 5.5), the surplus point b will not be added to the search path and hence, cannot be
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added to the set I, leading to (RW3). O

5.3.3 AcycLiry Procedure

The changes in the weights of B in the REDUCEWEIGHTS and INCREASEWEIGHTS procedures
require us to recompute the residual graph and the compressed transport plan. This recom-
putation may potentially create a cycle in the transport plan or an admissible cycle in Gs.
The AcycLiry procedure eliminates such cycles, ensuring the correctness and efficiency of
our algorithm. Converting the transport plan into a forest is critical for the efficiency of the
SEARCHANDCONSOLIDATE and SEARCHANDAUGMENT procedures while eliminating admissible
cycles is essential for the correctness of those procedures. The procedure executes the fol-
lowing steps. First, use the dynamic tree structure by Sleator and Tarjan [149] to make the
transport plan 75 a forest. Then, execute a partial DFS search from each unvisited point
b € B to detect admissible cycles. Upon finding an admissible cycle, cancel the cycle right
away, remove the vertices of the cycle from the search path, and continue the search. When
all vertices are visited, no admissible cycles are remaining in the residual graph. Since can-
celing admissible cycles could have introduced new cycles in the transport plan, repeat the
first step to update 75 and make it a forest. See Appendix A.3.2 for details. The following

lemma shows the properties of the AcycLiFy procedure.

Lemma 5.7. Given a §-restricted-feasible transport plan 75,y(+), after the execution of the

AcYCLIFY procedure,

(AC1) the transport plan 7s,y(-) remains 0-restricted-feasible,

(AC2) the transport plan 75 is a forest and there are no admissible cycles in the residual

graph, and
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(AC3) if 15,y(+) satisfy condition (F3) in Lemma 5.2, then condition (F3) remains satisfies.

5.3.4 SeEARCHANDAUGMENT Procedure

In the second step of our algorithm, the transport plan 75, y(-) maintained by our algorithm is
d-restricted-feasible and satisfies (F1), i.e., all deficit points of As have a zero derived weight.
To retrieve property (F2) (that is all surplus points in B have a weight of ), the SEARCHAN-
DAUGMENT procedure uses a DFS-style search procedure to identify admissible augmenting
paths and admissible alternating paths from surplus active points to inactive points of B in
the residual graph and updates the transport plan along those paths. More precisely, the
SEARCHANDAUGMENT starts a partial DFS procedure from each deficit points of As in the
reverse of the residual graph, similar to the one described for the SEARCHANDCONSOLIDATE
procedure. As soon as the search path reaches a surplus or an inactive point b € B (i.e.,
the procedure have found an admissible augmenting path or an alternating path from an
inactive point to a deficit point), the procedure updates the transport plan along the search
path and continues the search. The details of the procedure are described in details in Ap-
pendix A.3.3. The following lemma states the useful properties of the SEARCHANDAUGMENT

procedure.

Lemma 5.8. Given a §-restricted-feasible transport plan 75,y(-) satisfying condition (F3) in

Lemma 5.2, after the execution of the SEARCHANDAUGMENT procedure,

(SA1) the transport plan 75,y(-) remains d-restricted-feasible and (F3) remains satisfies, and

(SA2) there are no admissible cycles, admissible augmenting paths, and admissible alternat-

ing paths from inactive points to deficit regions in the residual graph.
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5.3.5 INcrReaseWEIGHTS Procedure

The INcREASEWEIGHTS procedure adjusts the weights of B leading to the formation of admis-
sible augmenting paths and also deactivate the points of B whose dual weights have reached
A. The INcrReasEWEIGHTs procedure performs a DFS on the residual graph G5 to compute
a set IC of all active vertices of B that are reachable from the source vertex s by admissible
paths. It increases the weights of all points in K by § (expand their restricted Voronoi cells)
and for the points b € B whose dual weight have reached A, the INCREASEWEIGHTS procedure
marks b as inactive. Recall that the set As, and thus G5 as well as the compressed transport
plan 75 depend on the weights of B. The procedure then recomputes As, Gs, and 75 from 75.
See Appendix A.3.4 for complete details of the INcREASEWEIGHTS procedure. The following

lemma states the properties of the INCREASEWEIGHTS procedure.

Lemma 5.9. Given a §-restricted-feasible transport plan 75,y(-) satisfying condition (F3) in

Lemma 5.2, after the execution of the INCREASEWEIGHTS procedure,

(IW1) the transport plan Ts,y(-) remain 0-restricted-feasible and condition (F3) remains

satisfies,

(IW?2) the weight of each active surplus point b € B increases by §, and

(IW8) the weights of all points b € B with deficit regions inside ResVorz‘s(b) and all inactive

points remain unchanged.
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5.4 Analysis

5.4.1 Correctness Analysis

In each scale §, our algorithm begins with a d-restricted-feasible transport plan that might not
satisfy properties (F3) and (F4) in Lemma 5.2. In the first step, our algorithm iteratively
runs the SEARCHANDCONSOLIDATE, REDUCEWEIGHTS, and AcycLIFY procedures until there
are no violating points in As remaining. Using Lemma 5.5 (SC1), Lemma 5.6 (RW1), and
Lemma 5.7 (AC1), the transport plan 75, y(-) remains J-restricted-feasible. The first step
of our algorithm terminates since, from Lemma 5.6 (RW2), the weight of each point b € B
containing violating deficit regions inside their restricted Voronoi cells will be reduced in
each iteration by ¢ and the restricted Voronoi cell of any point with a zero weight is empty.
Therefore, the first step terminates with no violating points remaining in Ag, i.e., the first
step of our algorithm restores the condition (F3) in Lemma 5.2 while maintaining the 4-

restricted-feasibility conditions.

In step 2, our algorithm iteratively executes the SEARCHANDAUGMENT, INCREASEWEIGHTS,
and AcycLiry procedures. Using Lemma 5.8 (SA1l), Lemma 5.9 (IW1), and Lemma 5.7
(AC1) and (AC3), the transport plan 75, y(-) maintained by our algorithm during the second
step remains J-restricted-feasible satisfying condition (F3). Furthermore, from Lemma 5.9
(IW2), the weight of each active surplus point increases by ¢ in each iteration of the second
step, and each point will be marked as inactive when its dual weight reaches \; hence, the
second step of our algorithm terminates with a transport plan 75, y(-) that does not have any
active surplus points. Therefore, after the second step terminates, 75, %(+) is a d-restricted-
feasible satisfying conditions (F3) and (F4) and from Lemma 5.2, the computed transport

plan at the end of each scale ¢ is a 2d-close A-ROT plan.
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5.4.2 Efficiency Analysis

From Lemma 5.4, in 2 dimensions, the residual graph contains O(n?) nodes and O(n?)
edges. Using this, we show in Appendix A.3 that each execution of the SEARCHANDCON-
SOLIDATE, ACYCLIFY, and SEARCHANDAUGMENT , procedures takes O(n3logn) time and each
execution of the REDUCEWEIGHTSs and INCREASEWEIGHTs procedures takes O(n?(Q + nlogn))
time, where Q denotes the query time of an oracle that computes the continuous mass of
inside a query triangle. Consequently, each iteration of steps 1 and 2 of our algorithm takes
O(n?(Q +nlogn)) time. In the following, we show that both steps of our algorithm run

O(n) iterations and therefore, have a total execution time of O(n*(Q + nlogn)). Summing

Cmax
3

Cmax
3

over all O(log ) scales, we get a total running time of O(n*(Q + nlogn)log ) for our

algorithm, as claimed.

Number of iterations of step 1. We begin by showing that the number of iterations of
step 1 of our algorithm is O(n). Suppose ya5(-) denotes the set of weights of B maintained
by our algorithm at the end of scale 20. For any iteration i of step 1, let 7%, 3,1 (-) denote

the d-feasible transport plan maintained by our algorithm after the ith iteration and define

Vetept (0) 7= 25(b) = Ylyepr (b)-

Lemma 5.10. For any subset S C B, suppose in an iteration i of step 1 of our algorithm,
the reduction in the weight of any point in S is more than 66 greater than the reduction in
the weight of any point in B\ S, i.e., minyeg Vi, (D) > maxyep\s Viyep (0') +60. Then, there

are no deficit regions inside the restricted Voronoi cells of the points in S.

Proof. Let Tos,y25(+) denote the 20-restricted-feasible transport plan computed by our algo-
rithm at the end of scale 2. Recall that 7°, 3., () denotes the d-restricted-feasible transport

plan maintained after iteration i of the initialization step and 7% .,1(b) = %25(b) — Yep1 (b)
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for each point b € B. Define RS := Uses Res\/orzi-s (b) as the union of all 2§-expanded

ctepl
restricted Voronoi cells of the points in S.

To prove this lemma, we use the gap of 60 in the reduction in the weights of the points in S
and the points in B\ S to show that all the continuous mass inside R is transported to the
points in S in 755. Assuming this, the total continuous mass inside RS would be no more than
the discrete mass at the points in S. Furthermore, by the d-restricted-feasibility conditions,
7! transports the mass of the points in S only to the regions in R%. Since the REDUCEWEIGHTS
procedure does not reduce the weight of any surplus points, no points in S can be surplus;
therefore, since no points in S can be deficit, all points in S are balanced and their mass is
fully transported to the regions inside R, i.e., there are no violating free regions inside the
20-expanded Voronoi cells of S and the procedure terminates. Consequently, to complete
the proof, we show in the following that all the continuous mass inside RY is transported to

the points in S in Ty;.

Consider any point a € RS, and let b, € B be any 4d-weighted nearest neighbor of a with
respect to weights yos(+). Below, we show that b, € S. For the sake of contradiction, suppose

b, ¢ S, and let ' € S denote any point in the set S. Since b, is a 40-WNN of a,
Cyos (@, b)) < ¢yps(a, ) + 46, (5.19)
Furthermore, by the assumption of the lemma, since ¥’ € S and b, ¢ S

P)/;tepl (b/) < ﬁy;tepl (ba) + 65 (520)
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Therefore,

Cyipoy (0 0) = €y (0, 6) +25(6) = Yayepa (V)

> <Cy2(S (a,by) — 45) + Viepr () (from Equation (5.19))

i
ystepl

= (Cyitepl (a7 ba) + y;tepl (ba) - y25(ba) - 45) + ’yétepl(b/)

= Cyi (CL, ba) - fysitepl (ba> + Vétepl (b/) — 40

ystepl

> ¢, (a,b,) + 20. (from Equation (5.20))

ystepl

In words, since the decrease in the weights of the points in .S is more than 60 greater than
the decrease in the weights of the points in B\ S, the increase in the weighted distance
of any point ¥’ € S to a would be more than 66 greater than the increase in the weighted
distance of b, to a. Hence, the weighted distance of any point ¥’ € B\ S to a would be more
than 20 greater than the weighted distance of a to b,; consequently, the point a cannot lie
inside the union of the 2§ expanded restricted Voronoi cells of S (i.e., a ¢ R%), which is a
contradiction. Hence, any point b, € B that transports mass to a in s (i.e., any 46-WNN

of a with respect to weights y25(-)) has to be in the set S.

Next, note that any point a € RY lies inside the 25-expanded Voronoi cell of at least one
point in S with respect to weights ygtepl(-) and therefore has a positive derived weight, i.e.,
ygt;pl(a) > (. Since no points in B have their weights increased, gas(a) > ygt;pl(a) and the
derived weight yas(a) with respect to weights yos(-) would also be positive. Consequently,
from the 2§-restricted-feasibility of Tos, y25(+), the point a is not a deficit point in 755, and all

continuous mass inside R is transported to the points in S in 7o5, as claimed. [

For any iteration i of step 1, let A% C A; (resp. By C B) denote the subset of violating

deficit points (resp. surplus points) with respect to 7. Note that step 1 terminates as soon
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as A% becomes empty. Since the total amount of continuous mass transported by 7¢ is no
more than the total discrete mass at the points in B, if A% # (), then there exists at least
one surplus point b, € By. Since step 1 does not create new surplus points (from Lemma 5.5
(SC2), balanced points remain balanced), the point by was surplus in all previous iterations
as well, and 7}, (bs) = 0. Furthermore, from Lemma 5.6 (RW2), the weight of the point
b, € B containing any deficit point r € A% reduces by § in each iteration of step 1, and
therefore, 7% (br) = di. Consequently, if i > 6n, then 7%, 1 (br) = Viep1 (bs) > 6120, and there
will be a subset S C B such that b, € S for all points b, € B containing a violating deficit
point r € A%, by ¢ S for all surplus points b, € Bj, and that S satisfies the conditions of
Lemma 5.10. In this case, from Lemma 5.10, there are no deficit regions inside the restricted
Voronoi cells of the points in S, which is a contradiction. Hence, there will be no violating
deficit points in As after 6n iterations of step 1, i.e., step 1 will terminate after at most 6n

iterations.

Number of iterations of step 2. Next, using a similar approach as our analysis for the
number of iterations of step 1, we show that, in each scale §, the second step of our algorithm
executes O(n) iterations. For any iteration 7, let 74, Yepa(+) denote the d-restricted-feasible

transport plan maintained after iteration i of step 2. Define 1Z,5(0) 1= Ylipa(b) — y26(D).

Lemma 5.11. For any subset S C B, suppose in an iteration i > 12n of step 2, the increase
in the weight of any point b € S is more than 66 greater than the increase in the weight of
any point b’ € B\ S, i.e., minyeg Yiy0p0(b) > Maxyep\s Veepa(V') + 60. Then, all points in S

i
are balanced in Ty,,o.

Proof. First, recall that step 2 terminates when there are no active surplus points. Hence,
we assume that there exists an active surplus point b, € B in iteration 7. Since in each

iteration, the weight of b, increases by 9, 'ygtepg(bs) = i0. Also, b, has the highest increase
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in weight and therefore, b, € S. Note that any point b € B that is surplus with respect to

the transport plan 7’

tep2 Was also a surplus point in all previous iterations of steps 1 and 2.

Hence, the weight of b has not been reduced in step 1. Recall that if b was a surplus point in
Tos, then b has been deactivated by our algorithm, which means y5(b) = A. However, step 1
has not reduced the weight of b, and therefore, the point b would have been deactivated in
step 2. As a result, since b, is an active surplus point in iteration ¢ > 12n, the surplus point

bs cannot be a surplus point in 755 and therefore, is a balanced point in 7o5.

Second, note that any surplus point b € B with respect to Tas, y25(+) has a weight ya5(b) = A,
and since the number of iterations of step 1 is at most 6n (in which the weight of b, might
have decreased by at most 6nd while the weight of b has remained unchanged) and step 2
has executed i > 12n iterations (in which the weight of b, have increased by 12nd while
the weight of b has remained unchanged), 7Z.p2(Ds) > Viepa(b) + 6126, and b cannot be in S.

Therefore, all points b € S are balanced in 7.

Define ResVor;;fjpz(b) as the 2d-shrunken restricted Voronoi cells of any point b € B, i.e.,
the restricted Voronoi cell of b with respect to a weight function ygtep2/(~) that assigns
Vs (1) = Urapa() — 26 and gy’ (V) = ypo(t) to any point ¥ # b in B. Define
RY = Upes Res\/ory’éi‘jp2 (b) as the union of all 2§-shrunken restricted Voronoi cells of the
points in S. From the d-restricted-feasibility of 74, 0, Yiepo(-), the continuous mass inside
RY is transported only to the point in S. To prove this lemma, we show that the amount
of continuous mass inside the set RY is no less than the discrete mass at the points in S.

Assuming this, no points in S can be surplus, and all points in S are balanced. In the

following, we show that the total continuous mass inside R is equal to v(S).

Consider any point b € S and any point a € A such that 795(a,b) > 0. Below, we show that

a € RY. Let b ¢ S be any other point. Since ms(a,b) > 0, then b is a 4d-weighted nearest



5.4. ANALYSIS 119

neighbor of a with weights y95(-) and therefore,
Cyps (@, D) < €y (a, 1) + 40. (5.21)
Furthermore, since b € S and b ¢ S,

’ystepQ(b) > fystepQ(b/) + 69. (522)

Therefore,

Cysi,mpg (a’ b) = Cyas (a’ b) + y25(b) - yétepQ(b)
< Cyys (@, 1) + 46 — Vi (D) (from Equation (5.21))

= Cy:tepz (&7 b/) + ygtepQ(b/) - yQé(b/) + 40 — ’ysitepQ(b)

= Cyi (CL, b/) + fysitepQ(b/) + 45 - ’}/sitepQ(b>

ystep2

< Cyis (a,b") — 20. (from Equation (5.22))

In words, with respect to weights ygtem('), the weighted distance of b to a would be more

than 20 less than the weighted distance of a to any point &' ¢ S, i.e., a € RY.

Consequently, all continuous mass inside RS is transported to the points in S in 7o, as
claimed. Since all points in .S are balanced in 755, the total discrete mass at the points of S
is no more than the continuous mass inside R%, and since there are no deficit points in B,

there are also no surplus points in S and all points in S are balanced. [

From Lemma 5.9, the weight of each active surplus point b € B increases by ¢ in each
iteration of step 2. Furthermore, for any point b € B that had a weight of A in the previous

scale, the weight of b has been reduced in step 1 by at most 6nd, and in step 2, it can increase
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by at most 6nd before being marked as inactive. Assume, for the sake of contradiction, that
the number of iterations of step 2 has exceeded 12n, and consider any iteration ¢ > 12n. In
this case, for any surplus point by € B, since b, was a surplus point in all previous iterations,

including the iterations of step 1, we have

/ygtep2(b5) = y;tepQ(bS)_les(bS) = (y;tep2(b5)_yétep1(b8))_(y25(b8)_yétep1 (b8>) = 12n6—0 = 12nd.

Furthermore, for any inactive point ¥ € B with respect to 7as, y2s(+), after increasing the
weight of b’ by at most 6nd, it becomes inactive; hence, the difference in the increases in
the weights of b, and b’ is more than 6nd, and there exists a subset S of B where all active
surplus points are in S, all inactive points are in B\ S, and that S satisfies the condition
of Lemma 5.11. However, from Lemma 5.11, all points in S have to be balanced, which is a

contradiction. Therefore, the step 2 of our algorithm terminates in at most 12n iterations.



Chapter 6

A Sub-Quadratic Algorithm for

Stochastic Euclidean Matching

Given two sets A and B of n points inside the unit square, in this chapter, we present an
algorithm for computing a minimum-cost perfect matching between A and B. Our algorithm
as well as its analysis extends to any dimension d > 2; however, to simplify the presentation,
we present and analyze our algorithm for two dimensions and provide its analysis for d-

dimensional settings in Appendix B.1.

6.1 Geometric Primal-Dual Framework

6.1.1 Hierarchical Partitioning

Using A := 9n~"/%, we construct a hierarchical partitioning H recursively. Each node of H
is an axis-parallel rectangle, referred to as a cell. The root node of H, denoted by [1*, is the
square [J* := [—3, 3]? containing all points in AU B. For each node [J, let Ag and B be
the points of A and B inside O and define n:= |An U B| as the number of points of AU B
that lie inside 0. If ng < 1, i.e., [J contains at most 1 point of AU B, then [ is marked as
a leaf node. Otherwise, we partition [J into two smaller rectangles as follows. Let /5 be the

larger of the length and width of rectangle (1. Without loss of generality, assume that /g

121
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Figure 6.1: Partitioning a rectangle into two children (the purple dashed vertical line is the

divider).

is the width of [J and let z,;, be the x-coordinate of the bottom-left corner of [J. For any

value & € [Tyin + %E‘, Tomin + 2‘%], define
A((f:) = {U € AD U BD : ‘UI — .@‘ S gm)\},

here, u, denotes the x coordinate of the point u. Let

x* = arg min |A(Z)].

. J4 2¢,
1’6[$min+TD7xmin+TD]

We partition [J into two smaller rectangles by using a vertical line defined by » = z* and
add them as the children of [ to H. We refer to the segment partitioning [J into its two
children as its divider and denote it by I'n. See Figure 6.1. For any cell [, the four sides of
its rectangle are defined by the dividers of its ancestor or the boundaries of the root square.

This completes the construction of . Note that the height of the tree is O(lognA).

A simple sweep-line algorithm can compute x* in O(nglogng) time. At a high level, the

sweep-line algorithm moves a vertical sweep line from left to right, maintaining the number
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of points that are at a distance at most /oA from the sweep line. Using this procedure,
we construct H in O(nlog(nA)) time. We describe the sweep-line algorithm in detail in

Appendix B.1.1.

Lemma 6.1. For each cell U of H, the ratio of the largest to the smallest side of L1 is at
most 3. Furthermore, the number of points of An U Bn with a distance smaller than (o) to

the divider I'n is O(ng).

Proof. We use an inductive proof to show that the aspect ratio of all cells of H is at most
3. Note that the root cell [J* is square and has a unit aspect ratio. For any non-root cell
O € H, let [0’ denote the parent of [J in H. By the inductive hypothesis, the aspect ratio
of 0" is at most 3. Let ¢, (resp. £,) denote the width (resp. length) of [J. Similarly, let ¢,
(resp. £;,) denote the width (resp. length) of ['. Without loss of generality, assume £, > 7.
In this case, we split [ into two rectangles using a vertical line in the middle third part of
the x side of [, i.e.,

, oo
gy = gy and gx S |:§, ?:| .

In this case, if £, > ¢, then

/
Lot
b, — 0,
Otherwise, ¢, < ¢, and
b _ 4
LA <3
b, — 0 /3~

Next, we show that the number of points of Ag U By at a distance at most /gA from I'p is

O(npA). Consider the set

s . . 1
= ; — 0< e < |— .
¢ ={Zmm + 3 + 3N 0<i< Lg)\J}

Recall that for any value 2’ € [z + %D, Tmin + 2‘%], A(2") denotes the set of all points of
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€|:| 2€D
Lmin =+ 3 Lmin + 3

—

oA

Figure 6.2: The solid vertical line shows the set (.

Ap U Bp that are at a distance at most /g from the vertical line x = 2’. Note that for any

pair of distinct values 1,22 € ¢, A(z1) N A(z2) = (). See Figure 6.2. Furthermore,

S IA@)] < no.

z'eC

Define z* := argming, e [A(2")]. In this case, the size of A(z*) is no more than the average

size of the A(z’) for the values 2’ € (; more precisely,

2wec A

[A(2")] < "

S 9)\77@

In words, the number of points of AU B that are close to the divider I'y is O(ngA) [
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Figure 6.3: (a) a C-extended 17-matching with 8 matched points (blue discs), 9 boundary-
matched points (blue circles), and 4 free points (blue crosses). The matching cost is the
total length of the solid and dashed lines. The boundary-matched point b is matched to the
divider I', and (b) a perfect C-extended matching, where all points of B are either matched
to a point in A or to the boundaries of the cells in C.

6.1.2 Extended Bipartite Matching

we(MC) = > cla,b)+ > c(b,C). (6.1)

(a,b)EM beBC

We refer to all points of B as boundary-matched. All points of B that are neither matched
in M nor boundary-matched are considered free. All points of A that are not matched in
M are also considered free. The size of M® is equal to |[M| + |B¢|. When C is clear from
the context, we refer to M¢ as an extended matching. An extended matching M€ is called
minimum-cost C-extended t-matching if it has a size t and has a minimum cost, and is called
minimum-cost perfect C-extended matching if it has a size n and has a minimum cost. In
a minimum-cost perfect extended matching, all points of B are either matched to another

point in A or to the boundaries of the cells in C.

Consider the partitioning C* = {{J*}, where [J* is the root cell of H. Using the fact that
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the input points are far from the boundaries of [J*, we show in Lemma 6.2 below that any
minimum-cost C*-perfect extended matching M€ is also a minimum-cost perfect matching

between A and 4B, i.e., no points in B are boundary-matched in M.

Lemma 6.2. Suppose C* = {{0*}, where O* is the root cell of H. Let M¢" = (M, B°") be a
minimum-cost perfect extended matching. Then, the matching M is a minimum-cost perfect

matching between A and B.

Proof. Intuitively, our construction guarantees that for any point b € B, the distance of b
to the boundaries of [1* is more than the distance of b to any point a € A. In this case,
any boundary-matched point b € BC" will contribute a high cost of c(b,C*) to we-MC
and therefore, matching b to any free point of A will reduce the cost of M€, which is a
contradiction to the assumption that M¢" is a minimum-cost C*-perfect extended matching.

We give the details below.

For the sake of contradiction, suppose the matching M is not a perfect matching, and
there exists a boundary-matched point b € B¢". By construction, the distance of b to the
boundary of [J* is at least 2, i.e., ¢(b,C*) > 2. Therefore, the contribution of b to we-(M®")
is ¢(b,C*) > 2. Since |A| = | B|, there exists at least one free point in A. For any free point
a € A, since both a and b are inside the unit square, ||a — b|| < v/2 < 2; therefore, by
adding the edge (a,b) to the matching M of M¢", the change in the cost of M would be
c(a,b) — c(b,C*) < 0, i.e., matching the points b to the free point a results in an extended
matching with a lower cost, which is a contradiction. Therefore, the matching M€ cannot

have any free points, and the matching M of MC is a perfect matching.

Finally, note that since the matching M of M€ is a perfect matching and there are no
boundary-matched points in B, the cost of M¢ and M are the same. Since M¢ is a

minimum-cost perfect extended matching, the matching M is also a minimum-cost perfect
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by
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Figure 6.4: (a) The subset of a C-feasible extended matching MC¢ that lies inside a cell
O € C, where by is a free point and by is a boundary-matched point, (b) an admissible
extended augmenting path P (dashed line) from b; to a point b3 whose vertex slack is zero,
and (c) the C-feasible extended matching obtained from augmenting M¢ along P.

e

N
/

matching. [

Let M¢ = (M, B®) denote a C-extended matching. Any path P whose edges alternate
between matching and non-matching edges in M is called an alternating path. An alternating
path P is called an extended augmenting path if P starts from a free point b € B and ends
with either (i) a free point a € A, or (ii) a matched or boundary-matched point ' € B. We
augment the extended matching M¢ along an extended augmenting path P by updating its
matching M < M @ P, and for case (ii), we match ¥ to the boundary and update BC to

include b'. See Figure 6.4.

From Lemma 6.2, one can compute a minimum-cost perfect matching between A and B by
computing a minimum-cost C*-perfect extended matching between A and B. In the next
section, we present a primal-dual framework that our algorithm uses to efficiently compute

minimum-cost extended matchings.
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6.1.3 A Constrained Dual Formulation for Extended Matchings

Suppose C is a set of cells of ‘H partitioning the root cell [J*. Consider a C-extended matching
M€ = (M, B°) between A and B along with a set of non-negative dual weights y : AU B —
R>o. Let Ap be the set of free points of A with respect to M¢. We say that M€, y(-)

is C-feasible if,

y(b) — y(a) < c(a,b), V(a,b) € A x B, (6.2)
y(b) — y(a) = c(a,b), V(a,b) € M, (6.3)
y(b) < c(b,0), Vb e B, (6.4)
y(b) = ¢(b,C), Vb € B°, (6.5)
y(a) =0, Va € Ap. (6.6)

The following lemma shows that any C-feasible perfect extended matching has a minimum

cost.

Lemma 6.3. Suppose MC = (M, B®),y(-) is a C-feasible perfect extended matching. Then,

MFC€ is a minimum-cost perfect C-extended matching.

Proof. Using the C-feasibility of the extended matching M€, y(-), we rewrite the cost of M¢
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as follows:

we(M€) = Y c(a,b)+ > c(b,C)

(a,b)eM be BC
= > y®) -yl |+ >y From (6.3) and (6.5)
(a,b)EM be B¢

| X v -v@ ]+ Sy - Y u@)  From (66)

(a,b)eM be B¢ a€AR
= Z y(b) — Z y(a) Since M€ is perfect. (6.7)
beB acA

Let M€ = (M, B°) denote any minimum-cost perfect C-extended matching. We rewrite the

cost of M€ as follows:

we(MC) = Y~ cla,b)+ > c(b,C)

(a,b)eM beBC

> Z y(b) —y(a) | + Z y(b) From (6.2) and (6.4)

(a7b)€M bEBC
> Y v —y@) |+ D yb) =) yla) Since y(a) > 0Va € A
(a,b)eM beBC acAp
= Zy(b) - Zy(a) Since MC is perfect. (6.8)
beB acA

Combining Equations (6.7) and (6.8),

M) = "y(b) =) yla) < we(MC).

beB acA

Since M€ is a minimum-cost perfect extended matching, we conclude that M€ is also a

minimum-cost perfect extended matching. [
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For any pair (a,b) € A x B, we define the slack of (a,b) as s(a,b) := c(a,b) — y(b) + y(a).
The edge (a,b) is admissible if s(a,b) = 0. We extend the definition of slacks to the points

of B and define the slack of any point b € B as

s(b) :=¢(b,C) — y(b).

For any C-feasible extended matching M€, y(-), the slack of every edge as well as every point
b € B is non-negative. Recall that an extended augmenting path P is a path from a free
point b € B to either (i) a free point a € A or (ii) a point ' € B. The path P is admissible if
all of its edges are admissible, and in case (ii), the slack of the end-point ¥’ is s(b’) = 0. The
following properties of C-feasible extended matchings are critical in the design of an efficient

and correct algorithm.

Lemma 6.4. For any C-feasible extended matching M¢ = (M, B€), y(-),

(a) no matching edges in M cross the boundaries of the cells in C,
(b) all points in P lie in the same cell of C, and

(c) the matching obtained after augmenting MC along P remains C-feasible.

Proof. Assume, for contradiction, that there exists a matching edge (a,b) € M such that a

and b lie inside different cells [J, and [J, of C. In this case, from condition (6.3),

c(a,b) = y(b) — y(a) < y(b).

On the other hand, if a lies outside of [,, then

c(b,C) = c¢(b,dy) < c(a,b).
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This, however, violates condition (6.4), since

y(b) = c(a,b) > ¢(b,C),

which is a contradiction. Hence, no matching edges cross the boundaries of the cells in C.

Next, consider an admissible extended augmenting path P. Assume, for contradiction, that
there is an edge (a,b) € P such that a and b lie inside different cells [J, and [0, of C. In this

case, from the admissibility of P, the edge (a,b) is admissible, and therefore,

c(a,b) = y(b) — y(a) < y(b).

Since a lies outside of [,

c(b,C) = c(b,0,) < c(a,b).

Hence, the C-feasibility on the point b is violated since

y(b) = c(a,b) > c(b,C),

which is a contradiction.

Finally, we show that augmenting an extended matching along an admissible extended aug-
menting path does not violate the C-feasibility conditions. For any edge (a,b) € P, due to
the admissibility of the edge, y(b) — y(a) = c(a,b). If (a,b) ¢ M prior to augmentation, it
is a matching edge after the augmentation and condition (6.3) holds for (a,b). Otherwise,
(a,b) € M prior to augmentation, it is a non-matching edge after the augmentation, and
condition (6.2) holds for (a,b). Furthermore, if P is an extended augmenting path that
ends at a point ¥ € B, then b’ has a zero slack, i.e., y(b') = ¢(¥/,C), and matching ¥’ to

the boundaries does not violate condition (6.5). For all other conditions, note that all dual
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weights remain unchanged and consequently, conditions (6.4)—(6.6) remain satisfied. O

The properties described in Lemma 6.4 are important for the design of an efficient algorithm.
Unlike the Hungarian algorithm, which searches the entire graph for admissible augmenting
path, our algorithm can find an admissible extended augmenting path by conducting the
search inside a cell J € C and augmenting the matching along the computed path. Thus,

we can replace a global search with a search inside each cell of C.

The next lemma provides critical properties that allow for correctly and efficiently merging

cells in C.

Lemma 6.5. For a cell O of H, suppose ' and 0" denote its two children, and let C
denote a partitioning containing O and O". Let C' = CU{O} \ {0, 0"}. Given a C-feasible
extended matching (M, B€),y(-), let BS C BC denote the subset of boundary-matched points
that are matched to the divider T'n of 0. Then, the C'-extended matching (M, B¢\ BS),y()

is also C'-feasible.

Proof. To prove this lemma, we show that the matching M€ = (M, B¢\ BS) along with
the dual weights y(-) satisfy the extended feasibility conditions (6.2)—(6.6). First, note that
for any edge (a,b) € A x B (resp. matching edge (a,b) € M), the dual weights of a and b,
as well as their distance, is unchanged; hence, Condition (6.2) (resp. (6.3)) holds trivially.
Similarly, for any free point a € Ap, the dual weight of a remains zero, and for any point
b € B\ Bp outside of [J, the dual weight of b, as well as its distance to the boundaries of the
partitioning, remains unchanged; therefore, Conditions (6.4)—(6.6) hold for all free points of
A and all points of B that reside outside of [J. Next, we show that Conditions (6.4) and (6.5)

are also true for the points of Bp.

For any point b € Bn, let 0, € {0/, 0"} be the child of O containing b. From the C-feasibility
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of M€, y(-),
y(b) < c(b,C) = c(b,Tp) < c(b,0) =c(b,C"),

and Condition (6.4) holds. For any boundary-matched point b € Bo N (B¢ \ BS), since b is
matched to the boundaries of [J, that are different from the divider I'g, then ¢(b,C) = ¢(b,C’)
and therefore, Condition (6.5) holds for all boundary-matched points of M€ inside O as

well. ]

From Lemma 6.5, erasing a divider does not cause the extended feasibility conditions to be
violated. Despite preserving the extended feasibility conditions, erasing the boundary may
result in the formation of free points in B, i.e., the points that were matched to the divider of
the cell will now be free. In our algorithm in Section 6.2, we describe a process to adjust the

matching M¢ and dual weights y(-) and obtain a minimum-cost perfect extended matching.

Residual Graph. Similar to the Hungarian algorithm, we define a residual graph that
assists in finding admissible extended augmenting paths. Consider a C-feasible extended
matching M¢ = (M, B¢) and a set of dual weights y(-) for AU B. For each cell O € C,
we define a residual graph Gp. The vertex set of G is a source vertex s and the points in
Ap U Bg. For any edge (a,b) € Ag x Bp inside O, if (a,b) € M (resp. (a,b) ¢ M), there is
an edge with a weight s(a,b) from a to b (resp. from b to a) in Gn. Additionally, there is an

edge directed from s to all free points b € B with a weight y(b).

6.2 Algorithm

Initialize C to the leaf cells of H. Let M¢ = (M, B®) be the extended matching maintained

by the algorithm and initialized to M = @ and B¢ = B, i.e., initially, we match all points
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of B to the boundaries of the cells in C. For each point v € AU B, let y(v) denote its dual
weight. We initialize the dual weight of each point b € B to y(b) = ¢(b,C) and each point

a € Atoy(a) =0. Execute the following steps until C contains only the root cell OJ*:

e Pick a cell 0 € C with the smallest perimeter and let [J and [0” be the parent and
sibling of [0’ in H, respectively. Erase the divider of [J, i.e., set C = C\ {0, 0"} u{}
and add all points b € B that were matched to the divider I'g to the free points. While
there exists a free point b € Bp, execute the EXTENDEDHUNGARIANSEARCH procedure,
which updates the dual weights, computes an admissible extended augmenting path
inside [J, and augments the extended matching M¢ along the computed path. After

this step, the extended matching M¢ is perfect and M€, y(-) is C-feasible.

When C = {0}, return the matching M of the extended matching M® maintained by our

algorithm as a minimum-cost perfect matching between A and B.

6.2.1 EXTENDEDHUNGARIANSEARCH Procedure

Given a C-feasible matching M€, y(-) and a cell O € C such that Bo contains free points
with respect to M€, the EXTENDEDHUNGARIANSEARCH procedure computes an admissible
extended augmenting path P and augments M€ along P5. This procedure is similar to the
classical Hungarian search procedure executed on G and is mildly modified to include the

augmenting paths that end at the boundary of [J. Details of the procedure are as follows.

1. Update duals: With s as the source vertex, execute Dijkstra’s shortest path algorithm
on Gn. Let P, be the shortest path from s to each v € Ag U B and let k, be its cost.
Define

K= mm{brggé Ky + s(b), ;2;1% Ka - (6.9)



6.2. ALGORITHM 135

For any v € AU Bp, if k, < K, set y(v) <= y(v) + Kk — Ky.

2. Augment: Let v € AL U Bg be the point realizing the minimum distance in Equa-
tion (6.9). Define P as the augmenting path obtained by removing s from P,. Augment
M¢€ along P.

Lemma 6.6 establishes the properties of the EXTENDEDHUNGARIANSEARCH procedure.

Lemma 6.6. After the execution of the EXTENDEDHUNGARIANSEARCH procedure for a cell [,
the extended matching M€, y(-) remains C-feasible. Furthermore, the number of free points

of B is reduced by one.

Proof. In our proof, we first show that after the update duals step, the matching M¢ along
with dual weights y(-) remain C-feasible and the path P is an admissible extended augmenting

path.

Feasibility of points. For any point b € B, if b € B\ Bg is outside of [J, then y(b) = y/(b);
therefore, conditions (6.4) and (6.5) remain satisfied. Otherwise, b € By and x < kj + s(b).

Therefore, condition (6.4) holds for b since

y(B) = ¥/ (b) + 5 — iy < /() + s(b) = (b, D). (6.10)

Similarly, for any free point a € Ap, if a € A\ Ap is a free point outside of OJ, then
y(a) = y'(a) = 0 and condition (6.6) remains true. Otherwise, a € Ap is a free point
inside [J. In this case, k, > k and the procedure does not update the dual weight of a, i.e.,

y(a) = y'(a) = 0, satisfying condition (6.6).

Feasibility of edges. For any edge (a,b) € A x B, let s(a,b) denote the slack of (a,b)

before updating the dual weights. For any edge (a,b) € A x B:
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ifa € A\ Ag and b € B\ Bp, then y(a) = y/(a) and y(b) = ¥/(b); furthermore, the
ExTENDEDHUNGARIANSEARCH procedure does not add (resp. remove) the edge (a,b)
to (resp. from) the matching and therefore, the feasibility conditions (6.2) and (6.3)

remains satisfied for (a, b).

if a € Ay and b € B\ Bp, then y(b) = ¢/(b) and y(a) > y'(a), since the EXTENDED-
HuNGARIANSEARCH procedure does not decrease the dual weight of any point inside [J;

hence,

y(b) —y(a) <y'(b) —y'(a) < c(a,b)

and conditions (6.2) is satisfied. (Note that by Lemma 6.4(a), the edge (a,b) cannot

be a matching edge).

ifae A\ Ag and b € Bn, then y(b) < ¢(b,C’) < c(a, b); hence,

y(0) — y(a) < y(b) < c(a,b)

and conditions (6.2) is satisfied. (Note that by Lemma 6.4(a), the edge (a,b) cannot

be a matching edge).
ifaGAD andbEBD:

o If (a,b) € M is a matching edge, then x;, = £, since the only edge directed to b in
the residual graph is the zero-slack edge (a,b). Thus, the feasibility condition (6.3)

holds since

o Otherwise, for any non-matching edge (a,b), k, < K + (b, a), and the feasibility
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condition (6.2) holds since

y(b) —y(a) = (¥'(0) + K — k) — (¥ (a) + £ — ko) <Y (b) — ¥ (a) + 5(b,a) = c(a, b).
(6.11)

Finally, note that each execution of the EXTENDEDHUNGARIANSEARCH procedure augments
the matching along an admissible extended augmenting path from a free point in Bg to
either a free point in Ag or a matched point in Bn. Since all points of B along the path will
be matched or boundary-matched after augmenting the extended matching, the number of

free points in By would be reduced by one.

In the next section, we provide the correctness and efficiency analysis of our algorithm.

6.3 Analysis

6.3.1 Correctness Analysis

Recollect that for a partitioning C = {{J*} consisting only of the root square [0* of H, from
Lemma 6.2, a minimum-cost perfect C-extended matching M€ = (M, B®) does not match any
point of B to the boundaries of [J* (i.e., B¢ is empty) and therefore, the matching M of M€ is
a minimum-cost perfect matching between A and B. Furthermore, from Lemma 6.3, for any
C-feasible perfect extended matching M€, y(-), the extended matching M€ is a minimum-
cost perfect extended matching. Hence, it remains to show that at each step, the extended

matching M€, y(-) maintained by our algorithm is a C-feasible perfect extended matching.

Initially, our algorithm starts with a partitioning C consisting of all leaf cells of H. It matches
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all points of B to the boundaries of the leaf cells containing them by setting M = () and
B¢ = B, and assigning a dual weight y(b) = c(b,C) for all points b € B and y(a) = 0 for
all points a € A. Since each leaf cell contains only one point of A U B, this initial extended
matching does not violate condition (6.2), and since the matching M is empty, it does not
violate condition (6.3). Furthermore, the initial dual weight assignment to the points of A
and B trivially satisfies the C-feasibility conditions (6.4)—(6.6), and since all points of B
are boundary-matched, the initial extended matching M¢, y(-) is C-feasible perfect extended

matching.

Our algorithm then iteratively erases the divider of the cells in C and uses the ExTENDEDHUN-
GARIANSEARCH procedure to match the newly formed free points of B (the points that were
matched to the erased boundary) until all dividers are erased and the partitioning contains
only the root cell. From Lemma 6.5, the matching obtained after erasing the divider of a
cell does not violate the C-feasibility conditions, and from Lemma 6.6, the extended match-
ing maintained by the algorithm after executing the ExTENDEDHUNGARIANSEARCH procedure
remains C-feasible. Also, from Lemma 6.6, the number of free points of B reduces by one
after each execution of the EXTENDEDHUNGARIANSEARCH procedure; hence, at the end of each

step, our algorithms computes a C-feasible perfect extended matching, as desired.

6.3.2 Efficiency Analysis

The ExTENDEDHUNGARIANSEARCH procedure requires an execution of Dijkstra’s shortest path
algorithm on Gp. Using a DWBCP-DS structure with a query/update time of ®(n), for any
cell OJ of H, each execution of the ExTENDEDHUNGARIANSEARCH procedure inside [J can be
done in O(np®(np)) time. In general settings, for any point sets A and B, when erasing the

divider of any cell 00, we might introduce O(n) free points, requiring O(n) executions of the
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ExTENDEDHUNGARIANSEARCH procedure. Hence, our algorithm processes any cell [ of H in
O(non®(n)) time, and an overall execution time of O(n®(n) Y ;.4 no). Since each point
participates in at most O(log A) cells in H (one cell per level), the total size of all cells of the
hierarchical partitioning H is ) .4, no = O(nlogA). Consequently, our algorithm would
run in O(n?®(n)log A) time for any point sets A and B. In the following, assuming that the
ground distance is the squared Euclidean distances, we show that for any set of 2n points U,
a random subset A of n points of U, and the set B = U \ A, the efficiency of our algorithm
improves to O(n™/4®(n)logA). Our analysis easily extends to the pth power Euclidean

distances. We present our analysis for any constant dimension d > 2 in Appendix B.1.2.

Recall that our algorithm maintains a perfect extended matching after each step. As a result,
for any cell [J of H, once the divider I'g of [J is removed, the only free points in the extended
matching are those that were matched to the divider I'g. In the remainder of this section,
we show that the number of points that are matched to the divider of [ is O(n3/ 1); assuming
this, the time to merge the children of [ by erasing its divider and recomputing a C-feasible

perfect extended matching would be O(ngn®4®(n)), leading to an overall running time of

O <n3/4<I>(n) > ) =0 <n7/4<I>(n) log A) .

OeH

Constructing a Partial Matching. In this part, we construct a matching M’ of AnU Bn
that, in expectation, has a cost O(fgnal/ 4) and matches all except O(n%/ 4) points of Bp.
We begin by introducing a set of notations. Let [ be any cell of H, and let G be a grid
dividing [J into smaller squares. For any square £ € G, let AE (resp. BE) denote the subset
of points of A (resp. Bp) that lie inside €. Let the excess of € be exc(€) := |BY| — |AY).
Define exc(G) := deg exc(&) as the excess of G. We next show an important property of

randomly colored point sets, which is critical in constructing the matching.



140 CHAPTER 6. A SUB-QUADRATIC ALGORITHM FOR STOCHASTIC EUCLIDEAN MATCHING

Lemma 6.7. For any square O of H and a grid G inside O with cell side length O({ong®),

1

Elexc(G)] = O(nd2).

1
Proof. If a > %, the lemma statement holds trivially since nCDHQ > ng. Therefore, we assume

o < 1. Using the Hoeffding’s inequality [84], for any hypercube £ of G,

Pr||B| — |AS| > clx/nglogn} <n @

for some constants ¢y, ¢y > 1. Since exc(€) < np,

Elexc(§)] = O(+/nologn).

Summing over all squares of G,

Elexc(G)] = ZE[eXC(f)] =0 (Z Vo logn> =0 <\/nlogn X |G|> = O(n“+%).

e eqd

We next use Lemma 6.7 to show that there exists a low-cost high-cardinality matching inside

each sub-problem.

Lemma 6.8. For any cell O of H, there exists a matching M’ that, in expectation, has a

cost O(fénlmM) and matches all except O(néM) points of Bn.

Proof. Let (G, ...,G;) denote a sequence of grids, where t = [loglogn| and each grid G;

has a side-length O(¢ong™) for

1 2! 1 1
== ———\(1—=].
2 2t+2_3 2Z
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Using these grids, we construct a matching M’ as follows. Let AY := Ag and BY := Bn.
Starting from i = 1, we compute a matching M; from B5 ' to A5 that for each square
of G; matches as many points as possible inside the square. Define A4 (resp. BY) as the
set of free points of AiD_1 (resp. Bé_l) and process the next grid G;.;. We continue this
procedure until the last grid G; is processed. Define M’ := Zﬁzl M;. In the following, we
show that the total number of free points with respect to M’ is O <né/ 4); we then show that

w(M') =0 (E%nlm/ 4) and conclude the lemma statement.

The matching M matches as many points as possible inside each square of the grid G;.
Therefore, the total number of unmatched points is equal to the excess of Gy, which by

Lemma 6.7 is

Elexc(G,)] = O (néﬁ%) =0 <né+4<2t+12_3)) =0 <né+161°g1"_12> =0 <n%> : (6.12)

We next analyze the expected cost of M’'. By the linearity of expectation,
t
Efw(M")] =) E[w(M,)]. (6.13)
i=1

For i = 1, since all matching edges in M; have a squared Euclidean cost at most O((¢gn5*)?),

the cost of M; would be

ot

w(My) = O (ng x (long™)?) = O <€én§+23> =0 (6257%) : (6.14)

Finally, for each 1 < ¢ < ¢, the matching M; consists of matching edges with squared

Euclidean costs of at most O((¢ong®)?). By Lemma 6.7, the number of matching edges in
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4l
M; is O(n%’flﬂ) in expectation; therefore,

Ejw(M;)] = O (ﬁg**é X (fgnaaif) =0 (Eénét+2_3) -0 (egné) . (6.15)

Next, for any cell U of H, using Lemma 6.8, we show that the number of executions of the

ExXTENDEDHUNGARIANSEARCH procedure on [ is O(n3/4).

Number of Iterations. Let BS denote the set of all boundary-matched points of By that
are matched to the divider I'g in the extended matching maintained by our algorithm before
erasing the divider of [J. When erasing the divider of 0J, our algorithm creates |BS| free
points. Each iteration of the EXTENDEDHUNGARIANSEARCH procedure finds an extended aug-
menting path, which reduces the number of free points by one (see Lemma 6.6). Therefore,
after erasing the divider of [, the number of free points remaining inside O is |Bpl|, and
our algorithm executes one EXTENDEDHUNGARIANSEARCH procedure for each remaining free

point. To complete the proof, we next show that |BS| = O(n%4).

Lemma 6.9. For any cell O of H, |BS| = O(n?/4).

Proof. Let M’ denote the matching constructed in Lemma 6.8, and let M denote the match-
ing of the extended matching M€ maintained by our algorithm. Let Mg denote the subset
of the matching edges of M that lie inside [J. Note that by lemma 6.4, no matching edges
can cross the boundaries of the cells in C. Let P,y (resp. Pay) denote the set of augmenting
paths (resp. alternating paths) with an endpoint in BS in the symmetric difference My @ M.
Clearly, |BE| = |Pait| + [Paug|- For the alternating paths, |Pay| = O(n**) since each alter-

nating path has one free endpoint in M’ and the number of free points with respect to M’
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is O(n**). Next, we show that |P,.e| = O(n*/*).

Using the definition of the net-cost of an augmenting path,

Z o(P) = Z Z c(a,b) — Z c(a,b)

PePaug PEPaug \ (a,b)ePNM’ (a,b)e PNMp

< Y > cla,b) | <w(M). (6.16)
PEPaug (a,b)GPﬁM’
For each path P € Py, let bp € By and ap € An denote the two end-points of P. Define

Baug = {bp : P € Paug}. Recall that in Lemma 1.2, we showed that

o(P) = y(bp) — y(ap) + Z s(a,b).

(a,b)eP
Since the endpoint ap is a free point with respect to the matching M of the extended

matching M¢ maintained by our algorithm, from the C-feasibility condition (6.6), y(ap) = 0.

Using Equation (6.16) and the fact that the slacks are non-negative,

Yooyl = > ylbe) < Y d(P) <w(M). (6.17)

bEBaug PEPaug PePaug

/4

Define o := {on~ Each free point b € B,y is called a close (resp. far) point if the

Euclidean distance of b to the divider of [ is at most (resp. more than) a. Define Bg?l%

resp. BC%¢) as the set of all far (resp. close) points of Bay,. By Lemma 6.1,
g

aug

’Bclose| _ O(ngn_1/4) — O(n3/4) (618)

aug

For each far point b € BE,, y(b) = c(b,I'g) > o since b is matched to the divider I'y (note
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that the distance function c(-,-) is the squared Euclidean distance). Therefore,

Yoy = Y yb) =a® x Bl (6.19)

beBaug bEBfar

aug

Combining Equations (6.17) and (6.19),

|Bfar | <

augl —

= O(n®*). (6.20)

ZbeBaug y(b) < w(M')
a?

a2

Combining with Equation (6.18),

| BE| < | Buvg| + | Ban| < Bzl + Byl + [ Bax| = O(n®"").

aug aug
[

Each iteration of the merge step and each execution of the search procedure takes O(ng®(n))
time and therefore, the total execution time of our algorithm on [ would be O(n**nn®(n)).
Since each point participates in O(log A) cells in H, the total execution time of our algorithm
across all cells would be O(n”/*®(n)log A), proving Theorem 2.5 for 2-dimensional point sets.

We prove Theorem 2.5 for any dimension d > 2 in Appendix B.1.2.



Chapter 7

A Partial-Matching-Based Exact

Algorithm for the Server Problems

In this chapter, we extend our algorithm from Chapter 6 to compute a minimum-cost t¢-
matching, for any ¢ € [1,n], between two point sets A and B, each of size n. We show that
for the instances of the bipartite matching generated by the k-sequence partitioning problem,
our algorithm computes a minimum-cost (n — k)-matching (and consequently, the optimal
solution to the k-SP problem) in O(n'*®(n)log A) time, where A is the spread of the points
and ®(n) is the query/update time of a DWBCP-DSBefore describing our framework and
algorithm, we provide an overview of our algorithm from Chapter 6 (from now on referred
to by the GRS algorithm) and describe the challenges in extending the GRS algorithm to

computing partial matchings.

Overview of the GRS algorithm. The GRS algorithm constructs a deterministic hier-
archical partitioning H of the space, where each cell of H containing more than one point of
AUB is divided into two child cells using a vertical or a horizontal line, called the divider I'm.
The GRS algorithm uses this hierarchical partitioning to localize the search for augmenting
paths. It maintains a subset of cells C C H that partitions the root cell of H (and conse-
quently, partitions the points in AU B). Recall that an extended matching M€ = (M, B)

consists of a matching M in addition to a set of boundary-matched points B¢, which are

145
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a subset of points of B that are matched to the boundaries of the cells in C. The algo-
rithm starts with a partitioning C consisting of all leaf cells of H and initializes an extended
matching that matches all points of B to the boundaries of the cells in C. At each step, the
algorithm merges two sibling cells in C by erasing their shared boundary and then iteratively
computes admissible extended augmenting paths and augments the extended matching along
such paths until all newly formed free points are matched or boundary-matched. Recall that
an extended augmenting path is an alternating path from a free point b € B to either (i) a
free point a € A, or (ii) a point ' € B. The GRS algorithm follows the steps mentioned
above until all of the dividers of the cells are erased, and the partitioning C consists solely
of the root cell of H. We showed that, since the boundaries of the root cell are far from
the points in A U B, no points of B will be matched to the boundaries of the root cell in
any minimum-cost extended matching, and therefore, the matching maintained by the GRS

algorithm when C contains only the root cell is a minimum-cost perfect matching.

Extension to partial matchings. Recall that the Hungarian algorithm computes a
minimum-cost t-matching, for some parameter t € [1,n], by iteratively computing a mini-
mum net-cost augmenting path and augmenting a matching along such a path until the size
of the matching reaches t. The search for minimum net-cost augmenting paths requires a
global search across all points, which takes O(n®(n)) time, leading to an overall running

time of O(nt®(n)) time, or O(n?*®(n)) when t = O(n).

In this chapter, we aim to extend our framework from Chapter 6 to computing minimum-cost
t-matchings, where we localize the search for augmenting paths using the cells of the hierar-
chical partitioning . Similar to the GRS algorithm, we design a primal-dual framework to
ensure the optimality of the middle-step solutions maintained by our algorithm. Unlike in

perfect matchings, where the GRS algorithm matches all points of B inside the cells of the
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partitioning C, for computing minimum-cost t-matchings, the algorithm needs to leave (n—t)
points unmatched. To coordinate the placement of these (n —t) unmatched points across all
cells of C, our algorithm maintains, for each cell [J of C, the net-cost of the minimum net-cost
extended augmenting path on the points inside [J and uses these stored values to find the
next minimum net-cost extended augmenting path. In this way, our algorithm localizes the
search for augmenting paths inside the cells of the partitioning C while ensuring the global

optimality of the extended ¢-matching.

k-Sequence Partitioning Problem. Given a sequence o = (rq,...7,) of n requests
and an integer 1 < k < n, the k-SP problem asks for partitioning the requests in o into
k subsequences ¢i,...,¢ such that the total cost of servicing each subsequence using a

single server is minimized; more precisely, for each subsequence ¢; = (r,..., 7! ), the cost of

r'm

servicing ¢; by a single server is w(s;) = 3277 " ¢(r}, 7}, ), and the cost of partitioning requests

in o into k subsequences ¢, ..., is Zle w(s;). The problem asks for a partitioning that

minimizes this cost.

Given an input sequence o of requests to the k-SP problem, recall that we construct a
bipartite graph G, with a vertex set AU B and a set of edges as follows. Vertex Set: For
each request r;, we create a vertex b; (resp. a;) in B (resp. A) and designate it as the entry
(resp. exit) gate for request r;. Edge Set: The exit gate a; of request r; is connected to the
entry gate b; of every subsequent request r; with j > 7 with an edge. The cost of this edge
is c(a;, b;) = ||ri — 74|l Any minimum-cost (n — k)-matching M in G, can be used to find

an optimal solution to the k-SP problem. See Figure 7.1.

In the remainder of this chapter, we explain our algorithm and its analysis for the bipartite
matching instances generated by the k-SP problem. Our algorithm, however, easily extends

to computing a minimum-cost t-matching in the geometric settings.
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Figure 7.1: The graph G, constructed for o = (ry,rq,...,rs). The vertex set A (red disks)
and B (blue squares) represent the exit and entry gates of each request, and the purple dashed
lines show an (n — 2)-partial matching on G, representing a 2-partitioning (r1, 79,74, 75) and
(r3, 7).

7.1 Geometric Primal-Dual Framework

Given a sequence of requests o = (ry,ry,...,r,) inside the unit square and a parameter
k € [1,n], in this section, we extend our primal-dual framework from Chapter 6 to compute
a minimum-cost (n — k)-matching on the graph representation G, for the k-SP problem on

the requests 0. We begin by describing the hierarchical partitioning scheme.

7.1.1 Hierarchical Partitioning

Our hierarchical partitioning in this section is similar to the one constructed in Section 7.1.1
with slight modifications. For completeness, we describe the construction next. Set A\ :=
9n~1/5 and construct a hierarchical partitioning # recursively, where each node of H is
an axis-parallel rectangle called a cell. The root node of H is a cell [J* defined as [J* :=
[—3n,3n]?, containing all points in AU B. For each node [, let Ag and B be the points of
A and B inside OJ and let np = |Aq U Bp|. If ng < 2 (i.e., O is empty or contains the entry
and exit gates of a single request), then [ is marked as a leaf node. Otherwise, we partition
[ into two smaller rectangles as follows. Let /5 be the larger of the length and width of

rectangle (1. Assume, without loss of generality, that /5 is the width of (. Let z,;, be the
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Figure 7.2: Partitioning a rectangle into two children using a sweep-line algorithm.

x-coordinate of the bottom-left corner of 0. For any value & € [z, + %D, Trnin + 2‘%], define
A((lA?) = {U < AD U BD . ‘UI — .@‘ S gm)\},

here, u, denotes the x coordinate of the point u. Let

x* = arg min |A(Z)].

N Y4 24,
we[xmin“l‘TDﬂ:min"F?D]

We partition [J into two smaller rectangles by using a vertical line defined by » = z* and
add them as the children of [ to H. We refer to the segment partitioning [J into its two
children as its divider and denote it by I'y. This completes the construction of . Note
that the height of the tree is O(log(nA)). A simple sweep-line algorithm, similar to the one
described in Appendix B.1.1, can compute z* in O(nglogng) time. See Figure 7.2. Using

this procedure, we construct H in O(nlog(nA)) time.

We restate the important properties of the hierarchical partitioning that help analyze the
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efficiency of our algorithm.

Lemma 6.1. For each cell U of H, the ratio of the largest to the smallest side of L1 is at
most 3. Furthermore, the number of points of An U Bn with a distance smaller than (o) to

the divider I'n is O(ngA).

The following structural property of the £-SP problem will be critical in bounding the effi-

ciency of our algorithm.

Lemma 7.1. For any cell O of H, there exists a matching M’ between Ag U Bg that has a

cost O(fgné/5) and matches all except O(né/“r’) points of Bn.

Proof. We place a grid G of side-length égnaz/ ® inside 0. The cells of G partition the

requests of o into O(n!") sub-sequences. For each cell ¢ of G, define oc = (ry,...,7,) as

the sub-sequence of o inside £, and let A¢ (resp. Be) denote the entry and exit gates of o.
Let G¢ be the graph representation of the requests in o,. The graph G¢ is a sub-graph of G,
induced by A¢ U Be. Define a matching M, corresponding to the 1-partitioning of o¢; more
precisely, Mg == {(a,, br;+1)}z‘e[1,m_1]. Since each edge of M, has a cost of at most ﬁgn52/5,

we have w(M) = O(€D|B§]n52/5).

Define M" := [J;cg Me. Since the total number of cells in the grid G is O(né/B) and each
matching M, matches all except one point of B, the matching M’ leaves O(né/ 5) points of

Br unmatched. Furthermore,

w(M') = w(Me) =0 (éun;“ > ngw) = O(tanff?).

£eG £cG

This concludes the proof of the lemma. [
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Figure 7.3: A C-extended 20-matching with 9 matched points (blue discs), 11 boundary-
matched points (blue circles), and 8 free points (blue crosses). The matching cost is the
total length of the solid and dashed lines. The boundary-matched point b is matched to the
divider T'.

7.1.2 A Primal-Dual Framework for Partial Extended Matchings

Suppose C is a subset of cells of H that partitions [1*. Recall that an extended matching
MC¢ = (M, B°) consists of a matching M between A and B and a subset B¢ of the unmatched
points of B with respect to M that are matched to the boundaries of cells in C. See Figure 7.3.
For any point b € B, recall that c¢(b,C) denotes the shortest distance from b to the boundaries

of the cells in C. The cost of a C-extended matching M€ is

we(M°) == > c(a,b)+ > c(b,C). (7.1)

(a,b)eM beBC

For each point b € B that is not matched in M, we refer to b as boundary-matched and free
otherwise. All points of A that are not matched in M are also considered free. The size of
MC¢ is defined as | M|+ |B€|. See Figure 7.3. We refer to any extended matching of size ¢ by

C-extended t-matching.
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Consider the partitioning C* = {{J*}, where [J* is the root cell of H. Using the construction
of H, we show in Lemma 7.2 below that any minimum-cost C*-extended matching M€ of

size t is also a minimum-cost t-matching, i.e., no point of B is boundary-matched in M¢".

Lemma 7.2. Suppose C* = {{J*}, where [J* is the root cell of H. Let M® = (M,B¢")
be a minimum-cost extended t-matching on G4, for t € [1,n]. Then, the matching M is a

minimum-cost t-matching between A and B.

Proof. Assume, for contradiction, that the matching M is not a t-matching, and there exist
boundary-matched points in B¢". To prove this lemma, we show that there exists an extended
t-matching M€ = (M, B") such that [ M| > |M| and we-(MC") < we-(MC"), contradicting

the assumption that M¢" is a min-cost extended ¢-matching.

Consider any augmenting path P with respect to the matching M, and let b € B denote the
unmatched endpoint of P. Since the path P has a length of at most 2n — 1, the net-cost of
Pis

(P)= > clab)— > clab)< D clab) <2

(a,b)e PA\M (a,b)e PNM (a,b)ePA\M

here, the last inequality is resulted since all points are in the unit square and the ¢, distance
of each pair is at most 2. By augmenting the matching M along the path P, we get a
matching M with a cost w(M) = w(M) + ¢(P) < w(M) + 2n. Also note that by the
construction of (0%, for any point &' € B, ¢(V/,0") > 3n —1 > 2n. Let b € BC denote
an arbitrary boundary-matched point of M€ . Consider any augmenting path P starting

from b with respect to the matching M, and suppose M denotes the matching obtained by
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augmenting M along P. Then, for the extended matching M€ = (M, B¢\ {b}),

wee (M) =w(M)+ Y c/,C)<wM)+2n+ > ., C)
b'eBC*\{b} b eBC*\{b}

<w(M)+cb,C)+ Y et),C*) = we- (M),
b'eBC*\{b}
Note that MC" is also of size t, which is a contradiction to the assumption that M¢ is a

minimum-cost extended ¢-matching. [

Let M€ = (M, B®) denote a C-extended matching. Any path P on the graph G, whose edges
alternate between matching and non-matching edges in M is called an alternating path. An
alternating path P is called an augmenting path if P starts from a free point b € B and ends
with either (i) a free point a € A, or (ii) a point ' € B. We augment the extended matching
MC€ along an augmenting path P by adding (resp. removing) any non-matching edge (resp.
matching edge) of that path P to the matching M, and for case (ii), we match ' to the

boundary and update B¢ to include . The net-cost of P in case (i) is

o(P) = Z c(a,b) — Z c(a,b),

(a,b)e P\M (a,b)ePNM

and in case (ii) is

H(P) :=c(V,C) + Z c(a,b) — Z c(a,b).

(a,b)e P\M (a,b)e PNM

Next, we present a dual formulation for computing minimum-cost extended t-matchings.
The formulation is almost identical to the one presented in Section 6.1.3, with an additional

condition that is required to guarantee the optimality of partial extended matchings.
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For a partitioning C of the root cell (0* and a C-extended t-matching M€ = (M, B®) on G,,
let Ap denote the free points of A with respect to M¢. The extended matching M€ and a

set of non-negative dual weights y(-) for AU B is C-feasible if,

y(b) — y(a) < c(a,b), Y(a,b) € E, (7.2)
y(b) — y(a) = c(a,b), Y(a,b) € M, (7.3)
y(b) < c(b,0), Vb € B, (7.4)
y(b) = c(b,C), Vb € BC, (7.5)
y(a) =0, Ya € Ap. (7.6)

For any edge (a,b) € E, the slack of (a,b) is defined as s(a,b) := c(a,b) — y(b) + y(a). The
edge (a,b) is admissible if s(a,b) = 0. We extend the definition of slacks to the points in B
and define, for any point b € B, a slack s(b) := c(b,C) —y(b) for b. For any feasible extended

matching M€, y(-), the slack of every edge as well as every point b € B is non-negative.

The following lemma shows that no edges of a C-feasible extended matching crosses the

boundaries of cell in C.

Lemma 7.3. For any C-feasible extended matching M€ = (M, B°),y(-), no edges of the

matching M cross the boundaries of the cells in C.

Proof. For the sake of contradiction, suppose there is an edge (a,b) € M, where a and b lie

inside a cell O, and O, of C and O, # [OJ,. By the C-feasibility condition (7.3),

c(a,b) = y(b) —y(a) < y(b).
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Since a is outside of Oy, then c(b,0;) < c¢(a,b). Therefore,
y(b) > c(a,b) > c¢(b,0y) = c(b,C),

which is a contradiction to the assumption that M€, y(-) is feasible (condition (7.4) is vio-

lated). O

The following lemma is useful in proving important properties of extended matchings.

Lemma 7.4. Given a feasible C-extended matching M€ = (M, B¢),y(-) on G,, let P be any
augmenting path from a free point b € B with respect to MC. If P ends with a free point of
A, then ¢(P) = y(b) + Z(au,bn)ep s(a”,b"). If P ends with a matched point ' € B, then

S(P) =yb) +s®)+ > s(a”V").

(" p")EP

Proof. Note that for any non-matching edge (a,b) € P, c(a,b) = s(a,b) + y(b) — y(a).
Furthermore, since the slacks of the matching edges are 0, for each matching edge (a,b) € M,
—c(a,b) = s(a,b) — y(b) + y(a). If P is an augmenting path from b to a free point a € A

(case (i)), then

¢(P) _ Z c(a", b//) . Z C(a”, b//)

(a” b")eP\M (a” by ePNM
= Z ( (@ b)) +y®) —yl@)+ Y (s(a”,0") —y(b") + y(d"))
( " b// (a//7b//)erM
Z s(a” 0") +y(b) —yla) =y(b) > s(d", 1),
) (a"b")eP

where the last inequality holds since y(a) = 0 by Condition (7.6). Otherwise, P is an
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alternating path from b to a matched point ¥/ € B (case (ii)), and

G(P)=c®,O)+ > e V)= > ca" V)

(a”b")eP\M (a”b")ePNM

=V, D)+ D, (s(a" V) +y(b") —y(a") + (s(a”,0") = y(b") +y(da"))
(a”b")EP\M (a” b")ePNM

=W\ D)+ D, s(@"b)+yb) —y) =y®) +s() + D, s(a" 1),
(a”b")eP (a” b")EP

where the last inequality holds since s(b') = ¢(b/,0) — y(b’) by the definition of the slack of

a point. O

The following is a straightforward corollary from Lemma 7.4 and the definition of admissible

augmenting paths.

Corollary 7.5. Given a feasible C-extended matching M€ = (M, B®),y(-) on G,, let P be an

admissible augmenting path from a free point b € B with respect to MC. Then, ¢(P) = y(b).

Recall that an extended augmenting path P starts at a free point b € B and ends at (i)
a free point @ € A or (ii) a point & € B. The path P is admissible if all edges of P are
admissible and in case (ii), the slack of the end-point ¢’ is s(b') = 0. The following properties

of extended feasible matchings are critical in the design of an efficient and correct algorithm.

Lemma 7.6. Given a feasible C-extended t-matching M¢ = (M, B¢) and a set of non-
negative dual weights y(-) on AU B, let P be a minimum net-cost extended augmenting path

with respect to MC. Let, for any O € C, yo = maxyep, y(b'). Then,

(a) all points of P lie inside a single cell of C, and

(b) if, for every cell 0 € C, yo < ¢(P) and for all free points b € Bn, y(b) = yo, then M€

is a minimum-cost extended t-matching.
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Proof. Proof of (a). For the sake of contradiction, suppose P = (by,a,bs, ..., by, an) be a
minimum net-cost extended augmenting path that does not lie inside a single cell of C. Let [J
denote the cell of C containing by, and let (b;, a;) be the first edge that goes outside of [J, i.e.,
all vertices {by,as,...,b;} reside inside OJ. For the alternating path P = (a;,bi11,...,am),

the net-cost of P’ is

¢(P') = Z c(az, bj) — ‘_‘ c(az, bj+1)
= > (saj,b;) +y(b;) — y(ay)) + 2(3(% bjv1) — y(bjr1) + y(ay))
j—it1 =i
= 3 o) + s byer) +y(an) — ylan) 20,

where the last inequality holds since all edges have non-negative slack, all points have non-
negative dual weights, and a,, is an unmatched point and by condition (7.6), has a zero dual

weight.

In addition, the cost of matching b; to the boundaries of [ is less than the cost of matching

it to a point a; outside of OJ, i.e., ¢(b;,C) < c(a;, b;). Define P” = (by,ay,...,b;). Then,

¢(P) = ¢(P") + c(a;, b;) + ¢(P") > ¢(P") + c(ai, b;) > ¢(P”) + ¢(b;,C).

Therefore, the extended augmenting path P”, which is a path from the free point b; to the
matched point b; (case (ii)) has a lower net-cost than P, contradicting the assumption that

P is a minimum net-cost extended augmenting path.

Proof of (b). We use Lemma 7.8 below to compute dual weights /(-) such that M¢, y/(-) is
feasible, y'(b) = ¢(P) for all free points b € B, and y/(b) < ¢(P) for all points b € B. Let

Ap (vesp. Bp) denote the free points of A (resp. B) in the extended matching M¢. Let
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Ymax := Maxpep ¥’ (b). In this case, we have

Z y/(b) = |BF| * Ymax- (77)

beBp

Using the C-feasibility conditions, we rewrite the cost of M¢ as

we(ME) = Y cla,b)+ > c(b,C)

(a,b)eM be B¢
= ) YO -y@+ > ) from (7.3) and (7.5)
(a,b)eM beBC
= (Z y'(b) — Z;/@)) — |Br| - Yumax. from (7.6) and (7.7) (7.8)
beB a€A

Let M€ = (M, B®) denote any minimum-cost extended t-matching on G,. Let Ay (resp.
Br) denote the free points of A (resp. B) in M. Note that both M€ and M€ are t-matchings
and have the same number of free points, i.c., |Bp| = |Bp|. From the C-feasibility conditions,

we rewrite the cost of MC as

we(M€) = > cla,b)+ Y c(b,C)

(a,b)eM beBC
> Y YO —ya)+ D ) from (7.2) and (7.4)
(a,b)eM beBC
= (Zy’(b) - Z@/(@) - Y O+ D> y(a)
beB acA beBp a€Ap
> (Zy’(b) - Zy’(a)) — | Brl  Ymax, (7.9)
beB a€A

where the last inequality holds since all points have non-negative weights bounded by yax.
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Combining Equations (7.8) and (7.9),

we(MC) = y'(0) =) y/'(a) = |Bp| - Ymax < we(MC).

beB acA
Since MC is of minimum-cost, we(MC) = we(MC), and we conclude that the extended
matching M¢ is also a minimum-cost extended t-matching. [

The property described in Lemma 7.6(a) is important for the design of an efficient algorithm.
Unlike the Hungarian algorithm, which searches the entire graph for the minimum net-cost
augmenting path, our algorithm can find the minimum net-cost extended augmenting path
by searching for the cheapest extended augmenting path inside each cell [J € C and then
taking the smallest among them. Thus, we can replace a global search with a search inside
each cell of C. The property in Lemma 7.6(b) is important for the design of a correct
algorithm since it provides conditions under which an extended matching is a minimum-cost
extended matching. Our algorithm is designed to maintain these conditions as invariants

during its execution.

Residual Graph. Similar to the Hungarian algorithm, we define a residual graph that
assists in finding the minimum net-cost extended augmenting path. Consider a feasible C-
extended matching M€ = (M, B¢) along with a set of dual weights y(-) on points of AU B.
For each cell J € C, we define a residual graph Gn. The vertex set of G is a source
vertex s and the points in Ag U Bg. For any edge (a,b) € E inside OJ, if (a,b) € M (resp.
(a,b) ¢ M), there is an edge directed from a to b (resp. from b to a) with a weight s(a, b) in

Gp. Furthermore, there is an edge directed from s to every free point b € B with a weight
y(b).

Lemma 7.7 provides a method to update the dual weights, which is essential during the
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process of merging cells.

Lemma 7.7. Suppose M€, y(-) is a feasible C-extended matching and P is a minimum net-
cost extended augmenting path. For any cell O € C, define yn = maxyep, y(b'), and suppose
yo < @(P) and y(by) = yo for all free points by € Br. Then, one can update the dual weights
in O(no®(np)) time such that MC,y(-) remains feasible, y(b) < ¢(P) for all b € Bn, and
y(by) = @(P) for all free points by € Bp.

Proof. Recall that G denotes the residual graph of GG, inside [J. Define &, as the shortest
path distance of each point v € Ag U By from the source vertex s. Define k = ¢(P). For

any vertex v € Aq U Bp with k, < Kk, set

Y (v) < yv) = ko + 5

otherwise, set y'(v) < y(v). As discussed in Section 7.4, the shortest path distances x, can
be computed in O(ng®(ng)) time. Given the distances from the source, computing the set
y'(+) of dual weights from y(-) takes O(np) time, and therefore, the total construction takes

O(np®(ng)) time.

We next show that M€ y/(-) is feasible, y/(b) < @(P) for all points b € Ag U Bg, and
y'(by) = ¢(P) for all free points by € Bp. Note that by Lemma 7.3, since the extended
matching M€, y(-) is feasible, then no matching edges of M¢ cross the boundaries of the cells
in C.

Feasibility of edges. For any edge (a,b) € E, let s(a,b) denote the slack of (a,b) with respect

to y(+). For any edge (a,b) € E:

1. ifa€ A\ Ag and b € B\ Bn, then ¢/(a) = y(a) and y'(b) = y(b); therefore, condi-

tions (7.2) and (7.3) remains satisfied for (a,b).
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2. if a € Ag and b € B\ Bp, then the edge (a,b) is a non-matching edge, v/(b) = y(b),
and y'(a) > y(a), since we do not decrease the dual weight of any point; hence,

y'(b) — y'(a) < y(b) —y(a) < c(a,b) and condition (7.2) is satisfied.

3. ifa € A\ Ag and b € Bg, then (a,b) is a non-matching edge and y'(b) < ¢(b,C") <

c(a, b); hence, y'(b) — y'(a) < y'(b) < c¢(a,b) and condition (7.2) is satisfied.
4. if a € Agand b € Br:

o If (a,b) € M is a matching edge, then x;, = £, since the only edge directed to b in

the residual graph is the zero-slack edge (a,b). Thus, condition (7.3) holds since

o Otherwise, for any non-matching edge (a,b), k, < K + (b, a), and the feasibility

condition (7.2) holds since

y'(b) =y (a) = (y(b) + k — k) — (y(a) + & — ka) < y(b) —y(a) + s(b, a) = c(a, b).
Note that if (a,b) is a non-matching edge on the shortest path tree, then k, =
Ky + $(b,a) and y'(b) — v/ (a) = c(a,b), i.e., (a,b) is admissible.

Feasibility of points.

1. For any point b € B\ Bg, y'(b) = y(b) and conditions (7.4) and (7.5) holds. Similarly,

for any free point a € A\ An, ¥'(a) = y(a) = 0 and condition (7.6) holds.
2. For any point b € Bq:

o if bis a free point, then k, = y(b), since the only path from s to b is an edge from

s to b with a weight y(b). In this case, y'(b) = y(b) — kp + kK = k.
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o if b is a boundary-matched point, then there are no edges coming into b and
therefore, y'(b) = y(b) = ¢(b,C) and condition (7.5) holds.

o Otherwise, b is a matched point. In this case, we show that k < k;, + s(b): Let
P, denote the shortest path from s to b, and let P’ denote the path obtained by
removing s from P,, which has a free endpoint ¥ € Bn. If k > K, + s(b), then

net-cost of the extended augmenting path P’ is, by Lemma 7.4,

S(P)=y)+sb)+ D s(a" V) =ry+s(b) <k =¢(P),
(a”,b”)GP
which contradicts the assumption that P is a minimum net-cost extended aug-

menting path. Therefore, k < Ky, + s(b) and condition (7.4) holds for b since
y'(b) = y(b) + & — ry < y(b) + sa(b) = c(b,0). (7.10)

3. For any free point a € AL, k, > K, since otherwise, if k, < k, then the path from the
source to a defines an extended augmenting path whose net-cost is K, < kK = ¢(P),
which contradicts the assumption that P is a minimum net-cost extended augmenting
path. Thus, k, > k and the procedure does not update the dual weight of a, i.e.,

y'(a) = 0 satisfying condition (7.6).

Finally, we show that the dual weight of each point v € Ag U Bg is at most ¢(P). For each
point b € Bp such that y'(b) > y(b), we have k;, < k. Suppose P, denotes the shortest path
from the source s to b, and let P’ be the path obtained by removing s from P,. Let b’ denote
the free endpoint of P’. By the assumption of the lemma, y(b’) > y(b), and since all slacks

are non-negative, ky < ky; therefore,

y'(b) =y(b) — kp+ Kk < y(b') — ky + Kk = k.
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The following lemma is resulted from applying Lemma 7.7 on all cells [ € C.

Lemma 7.8. Given a partitioning C and a feasible extended matching M€, y(-), let P denote
a minimum net-cost extended augmenting path. Suppose y(b) < ¢(P) for all points b € B
and y(b) = maxyep, y(b') for all cells O € C and all free points b € Br. Then, there exists
a set of dual weights y'(-) such that MC y'(-) is feasible, y'(b) < ¢(P) for all b € B, and
y'(b) = ¢(P) for all free points b € B.

We also recall an important property of extended matchings, which is discussed and shown

in Chapter 6.

Lemma 6.5. For a cell O of H, suppose ' and " denote its two children, and let C
denote a partitioning containing ' and O". Let C' = CU{O}\{¥',0"}. Given a C-feasible
extended matching (M, B€),y(-), let BS C BC denote the subset of boundary-matched points
that are matched to the divider T'g of 0. Then, the C'-extended matching (M, B¢\ BE),y(-)

is also C'-feasible.

Based on the property of extended matchings in Lemma 6.5, our algorithm iteratively com-
putes a minimum-cost C-extended (n — k)-matching, erases a divider to merge two sibling
cells, and iteratively computes minimum net-cost extended augmenting paths to retrieve a

minimum-cost extended (n — k)-matching. We describe the details in the next section.

7.2 Algorithm

In this section, we describe an algorithm that, given a sequence o of n requests in 2-

dimensions, computes the optimal solution to the k-SP problem in O(n'#®(n)log(nA))
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time.

Initialize C to the leaf cells of H. Let M€ = (M, B®) be the extended matching maintained
by the algorithm and initialized to M = () and B¢ = (). For each point v € AU B, let y(v)
denote its dual weight initialized to y(v) = 0. Let Bp, initialized to B, be the free points
of B with respect to M€. For each cell O that contains at least one free point b € By, let
P denote the minimum net-cost augmenting path inside [. Initially, since [ is a leaf of
‘H, it contains only one point b € Bp, and therefore, P is this point with a net-cost equal
to ¢(b,C). Our algorithm maintains a priority queue PrRIORITYQUEUE storing every leaf cell
O € C with at least one free vertex with a key of ¢(FPg). At any time during the execution
of our algorithm, let [,,;, be the cell with the smallest key in PrioriTYQUEUE and let A\ be

the key of ;. Execute the following steps until PrRiorRITYQUEUE becomes empty:

« While |Bp| > k,

— Search step: Execute the EXTENDEDHUNGARIANSEARCH procedure, which extracts
the cell OJ with the minimum key of A from PriorITYQUEUE, augments the match-
ing M¢ along Pr, and updates the key of [J in PRiorRITYQUEUE (See Section 7.2.1

for details).

o Merge step: If C = {0}, remove [0* from PriorirYQUEUE and return the matching
M of MC€. Otherwise, pick a cell ' € C with the smallest perimeter and let [J and
0" be the parent and sibling of (I’ in H, respectively. Erase the divider of [J, i.e., set
C=C\{T,0"}u{0O}. We execute a MErGE procedure that updates the matching
MC€ inside the cell O so that ¢(Pn) is at least A (See Section 7.2.2 for details). At this
point, the size of the updated extended matching M may not be (n — k), i.e., there

may be more than k free points.
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Invariants. For each cell O € C, let yo = maxpep, y(b). During the execution of our

algorithm,

(I1) the extended matching M€, y(-) is feasible,
» 90 > i 9 = ) )
(I2) For each cell O € C, yo < A and for all free point b € Bn, y(b) = yo, and

(I3) The A-value is non-decreasing. Furthermore, after each step of the algorithm, A denotes

the smallest net-cost of all augmenting paths with respect to M¢.

7.2.1 ExTENDEDHUNGARIANSEARCH Procedure

Given a feasible extended matching M€, y(-) and a cell € C, the extended Hungarian search
procedure computes the minimum net-cost augmenting path P+ and augments M¢ along P.
It then computes the new minimum net-cost augmenting path and updates the key of [ in
Pr1orITYQUEUE to be its net-cost. This procedure is similar to the classical Hungarian search
procedure executed on G and is mildly modified to include the augmenting paths that end

at the boundary of [J. Details of the procedure are as follows.

1. Update duals: With s as the source vertex, use Dijkstra’s algorithm on G to compute

the shortest path P, from s to each v € Ag U B, and let k, be the cost of P,. Let

_ min{ min x,, mi DV 7.11
K mm{;g‘%/i lglgéﬁb-i-S( )} ( )

For any v € AU By, if k, < K, set y(v) <= y(v) + Kk — Ky.

2. Augment: Let u € AL U Bn be the point realizing the minimum distance in Equa-
tion (7.11). Let P be the augmenting path obtained by removing s. Augment M¢

along P.
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3. Update key: If Bo has no free points, then remove [ from PriorITYQUEUE. Otherwise,

(a) Recompute the residual graph Gn with respect to the updated matching,

(b) With s as the source, execute Dijkstra’s shortest path algorithm on Gn. For each

v € Ag U Bp, let k, be the distance from s to v.

(c¢) Update the key of O in PrRIORITYQUEUE to

Ko = mln{;glré Fia DU K + s(b)}.

Lemma 7.9 establishes the properties of the extended Hungarian search procedure.

Lemma 7.9. After the execution of the extended Hungarian search procedure for a cell OJ,
the extended matching M€, y(-) remains feasible, y(v) < \ for all points v € Ag U B, and
y(bs) = A for all free points by € By. Furthermore, the path P computed by the procedure is
a minimum net-cost augmenting path inside (). After augmenting along P, the updated key

for O is the smallest net-cost of all augmenting paths inside OJ and is at least \.

7.2.2 MEeRGE Procedure

Given a feasible extended matching M¢ = (M, B®),y(-), any cell O of H where both of its
children [0’ and 0" are in C, and a value A, the MERGE procedure uses the algorithm in
Lemma 7.7 to update the dual weights y(-) inside (' (resp. [0”) so that M€, y(-) remains
feasible, the dual weights of all points in I’ (resp. [0”) are at most A, and the dual weight
of all free points b, € By (resp. b} € Bor) is y(b}) = A (vesp. y(b7) = A). The procedure
then updates C < CU{} \ {',0"} and makes the points matched to the divider I'y free.

While there exists a free point b € Bn with y(b) < A,

1. With s as the source vertex, use Dijkstra’s algorithm on G to compute the shortest
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path P, from s to each v € An U Bp, and let k, be the cost of P,. Let

K= min{;gix% Ka, brélgé Ky + s(b), brggé Ko+ A —y(b)}. (7.12)

2. Let u € AL U B be the point realizing the minimum value in Equation (7.12). Let P

be the path obtained by removing s from the path P,.

(a) If u € Bg and k = K, + A — y(u) (i.e., k is determined by the third element in
the RHS of Equation (7.12)), then P is a path from a free point b € By to the
matched point u. For each v € An U Bp, if k, < k, update its dual weight to
y(v) < y(v) + Kk — Ky, which makes P admissible. Set M <« M @ P. Note that u

is now a free point with y(u) = .

(b) Otherwise, P is an augmenting path. For each v € AU Bp, if k, < k, update
its dual weight to y(v) < y(v) + Kk — Ky, which makes P admissible. Augment M

along P.

At the end of this execution, all free points of B in [J have a dual weight of A. Finally, we

update the key for [J by executing steps 3(a)—(c) from the extended Hungarian search step.

Lemma 7.10. After the execution of the MERGE procedure on a cell (1, the updated extended
matching M€, y(-) is feasible, the dual weights y(v) for every v € AgU Bg is at most \, and
y(by) = A for all free points by € Bry. Furthermore, the updated key for O is the smallest

net-cost of all augmenting paths within O and is at least X.
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7.3 Analysis

We begin by showing in Section 7.3.1 that the three invariants (I1)—(I3) hold during the
execution of our algorithm and use them to show the correctness of our algorithm. We then

show in Section 7.3.2 that the running time of our algorithm is O(n%5®(n)lognA).

7.3.1 Correctness Analysis

Our algorithm initializes M¢ with a feasible C-extended matching and sets all dual weights
and A to 0. Therefore, (I1) and (I2) hold at the start of the algorithm. The EXTENDED-
HuNGARIANSEARCH procedure (Lemma 7.9) as well as the MERGE procedure (Lemma 7.10)
do not violate the feasibility of the extended matching and therefore (I1) holds during the
execution of the algorithm. The ExTENDEDHUNGARIANSEARCH (Lemma 7.9) and the MERGE
(Lemma 7.10) procedures keep the dual weight of every point inside O at or below A, while
ensuring that the dual weight of free points inside [J is A; hence, (I2) holds. Finally, both the
ExTENDEDHUNGARIANSEARCH (Lemma 7.9) and the MErGE (Lemma 7.10) procedures update
the key of [ to the smallest net-cost of all augmenting paths inside [J and do not decrease

the key of any cell. From this observation, (I3) follows in a straightforward way.

From (I1) and (I2), our algorithm maintains a feasible C-extended matching where, for each
cell O € C, yo < A. From (I3), A is equal to the minimum net-cost of all augmenting
paths with respect to MC; combining this with Lemma 7.6(b), we conclude that M€ is a
minimum-cost C-extended matching. Upon termination, the algorithm returns a minimum-
cost C*-extended (n — k)-matching for C* = {{0*}, which from Lemma 7.2 has no boundary-
matched points. Therefore, this matching is also a minimum-cost (n — k)-matching, as

desired.
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7.3.2 Efficiency Analysis

Both the merge step and the extended Hungarian search step require an execution of Dijk-
stra’s shortest path algorithm on Gg. In the full version of our paper, we show that this

execution takes O(no®(ng)) time. Using this, we analyze the execution time.

We begin by establishing a bound on the execution time of the merge step, which combines
[0 and 0" into a single cell (1. At the start of this step, the dual weight of all free points
in 0 and 00" are raised to A (from Lemma 7.7). As a result, once the divider is removed,
the only free points with dual weights below A are those that are matched to the divider I'm.

The following lemma bounds the number of points matched to I'y by O(n*/?).

Lemma 7.11. For a cell O of H, suppose I and 0" denote its two children, and let C
denote a partitioning containing O’ and O". Let C' = CU{O}\{,0"}. Given a feasible C-
extended matching (M, B€),y(-), let BS C BC denote the subset of boundary-matched points

that are matched to the divider I'g of O. Then, |BS| = O(n*/%).

Proof. Let M denote the matching of the extended matching M¢, and let M’ denote the
matching constructed in Lemma 7.1 inside [J. By Lemma 7.3, any point b € By that is
matched in M is matched to a point a € Ap inside 1. Let Mp denote the subset of the
matching edges of M that lie inside (J. Define F'(Mp) (resp. F(M')) as the set of unmatched
points of Bp in the matching Mg (resp. M’). Note that BS C F(M). Any simple path
P in the symmetric difference My @& M’ from a free point b € BE is called a (standard)
alternating path if P ends at a point b € F(M’) and a (standard) augmenting path if it
ends at an unmatched point a € An with respect to Mp. Let Payg (resp. Pay) denote the
set of augmenting paths (resp. alternating paths) with an endpoint in BS in the symmetric
difference Mo @® M’. Note that |BE| = |Paug| + |Pait|. For Py, since each alternating path in

the symmetric difference has one free endpoint in B and the other free endpoint in F(M’),



170 CHAPTER 7. A PARTIAL-MATCHING-BASED EXACT ALGORITHM FOR THE SERVER PROBLEMS

1P| < |F(M')| = O(n*/®). Next, we show that |Pay.| = O(n*/®). Using the definition of

net-cost of an augmenting path,

Z o(P) = Z Z c(a,b) — Z c(a,b)

Pepaug PG’Paug (a,b)GPﬂM, (a,b)GPﬂMD

< Z Z c(a,b) | <w(M). (7.13)

PEPaug (a,b)GPﬁM’

For each path P € Py, let bp € By and ap € A denote the two end-points of P. Define

Baug = {bp : P € Payg}. Using Corollary 7.5 and Equation (7.13),

dSylb)y= > ylbr) < > $(P) < w(M)). (7.14)

b€ Baug PEPaug PEPaug
Define o := ¢on~Y®. Each free point b € Bayg is called a far (resp. close) point if the
distance of b to the divider of O is more than (resp. at most) . Let B2y, (resp. BHoe)
denote the set of all far (resp. close) points of B,y By Lemma 6.1,
|Bgfgse = O(ngn_1/5) = O(n4/5). (7.15)

For each far point b € B®  since b is mapped to the divider T'g, y(b) = c(b,I'n) > «;

aug’
therefore,

> y)= > yb) > ax B (7.16)

beBaug berar

aug

Combining Equations (7.14) and (7.16),

w(M')

(0%

b
’Bfar < ZbeBaug y(b)
«

aug

< = O(n*®). (7.17)
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Combining with Equation (7.15),

| BE| < |Baugl + [Ba| < |Bo®| + | Bang| + [Ba| = O(n*?).

aug aug
O]

Therefore, the while-loop in the MERGE procedure executes only O(n*/®) times. Since each
iteration takes O(ng®(ng)) time, the total execution time of a single execution of the MERGE
procedure is O(n*ng®(np)). Given that each point is in only O(lognA) many cells of 4,

the total time taken by the merge step across all cells of H is O(n?/5®(n)lognA).

Similarly, if the execution time for the ExXTENDEDHUNGARIANSEARCH procedure within a single
cell O is bounded by O(n*®ng®(ng)), then the cumulative execution time of the ExTEND-
EDHUNGARIANSEARCH procedure across all cells — and consequently, the total runtime of
the entire algorithm — can be bounded by O(n*°®(n)lognA). In the remainder of our
analysis, we establish a bound of O(n*/°ng®(ng)) for the time taken by the ExtENpEDHUN-
GARIANSEARCH procedure within a single cell [J. Recall that the algorithm selects a cell [
containing the minimum net-cost augmenting path from the priority queue PRIORITYQUEUE
and executes the EXTENDEDHUNGARIANSEARCH procedure on [, requiring O(ng®(ng)) time.
To analyze the total execution time of the procedure, we show that any cell [J can be selected
by the algorithm at most O(n4/ ®) times. In particular, we categorize the selection of [J as a
low-net-cost case if A < ¢on~5 and a high-net-cost case otherwise. First, we show that in
the high-net-cost case (A > ¢gn~'/%), the number of free points remaining in O is O(n*/?),

and as a result, the total number of high-net-cost selections of (1 is O(n*/?).

Lemma 7.12. Given a feasible extended matching M€, y(-) and any cell O € C, if the net-
cost of the minimum net-cost augmenting path inside O is greater than {on~'/5, then the

number of free points of MC is O(n*/?).
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(a) (b)

Figure 7.4: (a) The set C (the cells shaded in orange with dashed lines as their divider) for
a cell OJ (shaded in blue), and (b) any boundary-matched point in the gray area might cause
a low-net-cost execution of the EXTENDEDHUNGARIANSEARCH procedure on [.

Proof. Let M be the matching corresponding to the extended matching M€ and let M’ be
the matching defined in Lemma 7.1. Every free point of M¢ participates in an augmenting
or an alternating path in M @& M’. The number of alternating paths in the symmetric
difference cannot exceed the number of free points of M’, which is O(n*®). Furthermore,
the combined net-cost of these augmenting paths is at most w(A’) = O(¢gn3/®), and each one
has a net-cost at least /on~'/°. Thus, there are O(n*/®) augmenting paths in the symmetric

difference. n

Next, we bound the number of low-net-cost selections of [1. Define Cy as the set of all
cells [ € H that are processed by the MErGE procedure while 0 € C and A < {on~'/°
(Figure 7.4). Our algorithm always picks the smallest perimeter cells to merge, and as a

result, we obtain the following lemma.

Lemma 7.13. For any non-leaf cell O in H and any cell O € Cq, %fgz </h< %ED/.

For any cell 0’ € Cq, the merge step erases the divider I'ny and makes the points that are
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matched to 'y free. Each of these new free points might cause [ to be selected by the
algorithm. Therefore, to bound the number of low-net-cost selections of [J, we show that
the total number of points that are matched to the dividers of the cells in Cy is at most
O(n*/?). For any cell [0V € Cq, let By denote the set of points of B that are matched to
the divider I'y when our algorithm starts the merge step on [I'. Thus, we have to bound
> veey |Bor| by O(n*®). By invariant (I2), for each point b € By, y(b) < A < fan~1/°.
Furthermore, by Condition (7.5), y(b) = c¢(b,[0') = ¢(b,'zv). Therefore, the point b is within
a distance ¢on~® from the divider I'ry. From Lemma 7.13, for each cell ' € Cr and each
point b € By, the point b is within a distance {on~/® < ¢y X from the divider I'y, and from
the construction of H (Lemma 6.1), |Bo/| = O(ngm~'/%). Furthermore, from Lemma 7.13
and the construction of H, each point b € B can lie inside a constant number of cells in
Co; hence, Y ree, 1Bl = O(X e, non™ /%) = O(n*/?). Therefore, the total number of

low-net-cost selections of [J by the extended Hungarian search procedure is O(n*/?).

7.4 Fast Search Procedures for the Geometric £-SP

Problem

Given an instance of the geometric k-SP, in this section, we show that the search for the
minimum net-cost extended augmenting path using a Hungarian search style procedure (as
in the MerGE and EXTENDEDHUNGARIANSEARCH procedures of our algorithm) can be done in

O(n®(n)) time, where ®(n) is the query/update time of an existing DWBCP-DS.

Given a feasible matching M, y(-), the Hungarian search (which executes a Dijkstra’s shortest
path procedure) can be efficiently implemented on a complete bipartite graph using only O(n)

queries to a DWBCP-DS. This search procedure grows a tree 7 by finding the cheapest cut
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Figure 7.5: The balanced binary search tree 7" used in the construction of our DWBCP-DS.
The purple (resp. orange) edges in the graph are stored at the purple (resp. orange) node
of T.

edge under a weighted distance. See [4, 146, 152], where the Hungarian search procedure

that uses O(n) queries to a DWBCP-DShas been described.

In our case, the graph G, is not a complete graph. However, we can easily decompose the
graph into a set of O(n) complete bipartite graphs as follows. Build a balanced binary search
tree 7" where the indices of requests {1,...,n} form the leaves. Let, for any node v, L(v)
denote the indices at the leaves of the left subtree of v and R(v) denote the indices at the
leaves of the right subtree of v. We partition the edges as follows: At each node v in T, we
store all edges that go from the exit gates of requests with indices in L(v) to the entry gates
of the requests with indices in R(V'). See Figure 7.5 for an example. Thus, at each node,
we simply store the complete bipartite graph between points in L(v) and R(v). It is easy to

see that any request r; participates in O(logn) cliques.

While executing a Hungarian Search, we simply build a DWBCP-DSat each node v of this

tree. This data structure stores nodes of L(v) that are currently in 7 and nodes of R(v)
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that are not currently in 7. The weighted bichromatic closest pair for each of these cliques
is stored in the global priority queue. The query to this data structure will simply return
the pair at the top of this priority queue. Insertion (resp. deletion) of a vertex v will trigger
insertion (resp. deletion) in the O(logn) cliques that v participates in. For each of these
cliques, we update their representative pair in the global priority queue. Thus, all insertions,
deletions, and queries can be done in O(®(n)) time. We obtain a fast Hungarian search by

using this data structure in place of the standard DWBCP-DSas used in [146].



Chapter 8

Conclusions

This thesis presented new algorithmic advances in optimal transport (OT), with a focus on
the semi-discrete setting and bipartite matchings. Our goal has been to design efficient,
scalable, and theoretically grounded methods for computing OT distances and transport

plans in geometric settings.

In Chapter 3, we developed an efficient cost-scaling algorithm for computing an e-close semi-
discrete transport plan. The running time of our algorithm has a dependence of log(1/¢) on
the error parameter €. In Chapter 4, we designed a novel combinatorial framework for the
semi-discrete optimal transport problem and introduced the concepts of augmenting paths
and residual graphs to continuous spaces. We used this framework to develop an efficient
algorithm to compute an e-close semi-discrete OT. Both our algorithms have logarithmic
dependence on 1/¢ and an exponential dependence on the dimension d. Designing a combi-

natorial algorithm with a running time of poly(n,d, 1/¢) is an important open question.

In Chapter 5, we characterized the optimal and additive approximate solutions to the robust
OT problem in the semi-discrete setting. We extended our combinatorial framework and
designed an efficient e-close semi-discrete A-robust OT problem. Our algorithm can shed
light on designing algorithms for different robust variants of OT, such as a-optimal partial

transport [37] and the robust partial p-Wasserstein distance [135].

In Chapter 6, we proposed a novel algorithm for computing an exact bipartite matching

176



177

problem between two point sets. Our algorithm achieves speedups by localizing the search
for augmenting paths inside the cells of a partitioning of the space. We showed that, when
the input points A and B are random subsets of a larger point set U, our algorithm com-
putes a minimum-cost bipartite matching using sub-quadratic queries to a dynamic weighted
bichromatic closest pair data structure. Notably, our algorithm is a weakly polynomial al-
gorithm as its running time is dependent on the spread of the point set. Presenting a simple
algorithm whose running time has no dependence on the spread would be an interesting

future direction.

Finally, in Chapter 7, we extended our techniques to the partial matching problem and
showed its application to the k-SP problem. We developed an efficient algorithm that com-
putes a minimum-cost partial matching and showed that for the bipartite matching instances
that are generated by the £-SP problem, the optimal solution can be computed by our al-
gorithm using a sub-quadratic number of queries to a dynamic weighted bichromatic closest

pair data structure.

The k-SP problem is a variant of the offline version of the well-known k-server problem
where the initial locations of the servers are not determined. The reduction of the k-SP
problem to the bipartite matching problem, therefore, proposes the k-server problem (online
version) as a mild variant of the online metric matching problem. There has been extensive
work on designing algorithms for the online k-server problem [32, 42, 95, 96, 101, 108, 134,
140]. By leveraging this reduction, the implementation of the work function algorithm, such
as the scalable approach by Raghvendra and Sowle [134] can be simplified and improved.
Furthermore, the best-known algorithm for online metric matching, the RM algorithm [118,
131, 132], can be adapted to solve the online k-server problem. Can we derive better upper
bounds for the competitive ratio of the RM algorithm when applied to the k-server problem?

Such results would mark progress toward proving the deterministic k-server conjecture.
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a-OPT plan: Given two distributions p and v, an a-OPT plan is an a-partial transport

plan with a minimum cost. 4
a-partial transport plan: A transport plan 7 that transports « mass, i.e., M(7) = «a. 4

[f-approximate transport plan: Any transport plan 7 between p and v whose cost is at

most [ times the optimal transport cost. 5

d-adjusted slack: The slackness defined on condition (3.6), rounded to an integer multiple

of 0; more precisely, ss(0,b) := {C(Tg’b)Jré_g(bHy‘s(”’)J 5. 50

d-expanded Voronoi cell: For a point set B, a set of weights y(-) for B, and any point
b € B, define the weight function y) for B that assigns y{(b) = y(b) + & to b and
Y2 (V') = y(b') for each point V' € B, # b. The d-expanded Voronoi cell of b, denoted

by Vori(b), is the Voronoi cell b with respect to weights y9(+). 31

J-expanded restricted Voronoi cell: For a point set B, a set of weights y(-) for B, and
any point b € B, the d-expanded restricted Voronoi cell of b, denoted by ResVorg(b),
is the intersection of the d-expanded Voronoi cell of b with a ball of radius y(b) + ¢

centered at b. 92

d-feasible: Any (possibly partial) transport plan 7 between p and v along with a weight
function y(-) for the points in B is d-feasible if for any pair (a,b) € A x B with

7(a,b) > 0, the point a lies inside the d-expanded Voronoi cell Vori(b). 31

d-optimal transport plan: Any d-feasible transport plan 7,¢(-) between p and v where 7

is a complete transport plan. 31

178
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)-restricted-feasible: Any (possibly partial) transport plan 7 between p and v along with
a weight function y(-) for the points in B is -restricted-feasible if for any pair (a,b) €
A x B with 7(a,b) > 0, the point a lies inside the d-expanded restricted Voronoi cell
ResVori(b). 92

d-weighted nearest neighbor: Given a point set P along with a set of weights w(-) for
P, for any point a € R? a §-weighted nearest neighbor of a in P is any point p € P

such that c(a,p) — w(p) < minyep(c(a,p’) —w(p')) +6. 31

A-ROT plan: Given two distributions p and v, a A-ROT plan is a transport plan with a

minimum A-robust cost. 5
A-ROT problem: Abbreviation of A-robust OT problem. 4

A-robust OT problem: Given two distributions p and v, the A-robust OT problem aims
to find a transport plan 7 that minimizes the objective function w(7) + A(1 — M(7)).
4

A-robust cost of a transport plan: the A-robust cost of a transport plan 7 is its cost in

addition to the cost of burning the untransported mass, i.e., w(7) + A(1 — M(7)). 5
C-extended t-matching: An extended matching M of size t. 151

C-feasible extended matching: A C-extended matching M€ = (M, B®) and a set of non-

negative weights y(-) for AU B is C-feasible if Equations (6.2)—(6.6) are satisfied. 128

g-close transport plan: Any transport plan 7 between p and v whose cost is within an ¢

additive error from the optimal transport cost. 5

t-matching: For point sets A and B of size n and a parameter t < n, a t-matching is a

matching of A and B of size t. 6
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Admissible edge: An edge (a,b) with a zero slack, i.e., s(a,b) = 0. 13, 100

Admissible extended augmenting path: For a C-feasible extended matching M€, y(-),
an extended augmenting path P is admissible if all edges of P are admissible, and if

P ends at a point ' € B, the slack of the end-point ' is s(b') = 0. 130

Admissible path/cycle: An alternating path/cycle or an augmenting path is admissible

if all edges along the path are admissible. 14, 66, 100

Admissible triple: For a 2j-feasible transport plan 7,y(-), a triple (b1, r, bs) is admissible
if 7(r,b2) > 0 and ¢, (r,b1) < ¢, (r, b2). 65

Algebraic surface of constant degree: An algebraic surface of constant degree refers to
a surface in R? that is defined as the zero set of a polynomial equation whose degree

is fixed. 44

Alternating cycle: An alternating cycle is a simple cycle whose edges alternate between
those that transport mass (backward edges) and those that still can transport more

mass (forward edges). 63

Alternating path: In the context of matchings, an alternating path with respect to a
matching M is a simple path whose edges alternate between matching and non-
matching edges. In the more general case of discrete OT problem, an alternating
path is a simple path whose edges alternate between those that transport mass (back-
ward edges) and those that still can transport more mass (forward edges). 11, 63,

100

Arrangement: Given a set of cells V, the arrangement A(V) of V is a decomposition of
the space R? induced by V, where each region ¢ € A(V) is the maximum region in the

intersection of a subset of cells V' C V and outside all other cells V\ V. 43
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Augment process: In the context of matching, augmenting a matching M along an aug-
menting path is done by simply setting M < M @ P. In the more general case of the
discrete OT problem, if be(P) denotes the bottleneck capacity of P, then the augment
process increases (resp. decreases) the amount of mass transported along the forward

(resp. backward) edges by be(P). 11, 63, 100

Augment process (in extended matchings): For a C-extended matching M¢ = (M, B°)
and an extended augmenting path P, we augment the extended matching M¢ along
P by updating its matching M < M & P, and if P ends at a point & € B, we match

V' to the boundary and update B¢ to include ¥'. 127

Augmenting path: An augmenting path with respect to a transport plan or a matching

is an alternating path whose endpoints are free. 11, 63, 100

Balanced point: For any transport plan 7, any point b € B is balanced if f 1 7(a,b)da =

v(b) and any point a € A is balanced if ), 7(a,b) = p(a). 92

Balanced restricted Voronoi cell: Given a set of weights y(-) for B, the restricted Voronoi
cell ResVor,(b) of a point b € B is balanced if the amount of continuous mass inside

it is equal to the discrete mass at b, i.e., u(ResVor, (b)) = v(b). 86

Bipartite matching: For two point sets A and B, a bipartite matching M is a set of

vertex-disjoin edges between A and B. 6

Bottleneck capacity of an augmenting path: The maximum amount of mass that can
be pushed through an augmenting path or a consolidating path, which is computed
as the minimum of the excess of the two free endpoints of P and the amount of mass

transported along its backward edges. 63, 100
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Boundary-matched points: In a C-extended matching, the points of B that are matched

to the boundaries of C is called boundary-matched. 125

Cap of a weight function: For a valid weight function y(-) for B, the cap of y(-) is the

maximum weight in y(+), i.e., Cap(y) := maxpep y(b). 87
Cell: Any axis-parallel rectangle in the hierarchical partitioning of space. 121

Complementary slackness property: In a primal-dual linear/integer program, the com-
plementary slackness property states that for any condition in the primal formulation
and its corresponding dual variable in the dual formulation, in the optimal solutions,
either the condition in the primal formulation is tight or the dual variable is zero. 12,

88

Complete transport plan: A transport plan 7 between two probability distributions that

transports all the mass of the distributions, i.e., M(7) =1. 4

Consolidating path: For a semi-discrete transport plan 7 and the partitioning X5 based on
the expansions of the restricted Voronoi cells, any alternating path P = (rg, by, 71, ..., b, %)
in the residual graph is called a consolidating path if rq is a point with g(rq) = 0 and
is a deficit point with g(ry) > 0, i.e., P is a path from a point outside of all 2d-expanded

cells to a violating deficit point. 101

Constant complexity region: In computational geometry, a constant complexity region
refers to a geometric region whose boundary can be described using a constant number

of simple components, regardless of the size of the overall input. 26

Cover of a weight function: For a valid weight function y(-) for B, the cover of y(-) is
the total amount of continuous mass inside the restricted Voronoi cells of the points

in B, i.e., Cover(y) := >, 5 i(ResVor,(b)). 87
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Deficit point: For any transport plan 7, any point a € A is deficit if ), 7(a,b) < p(a).
92

Deficit restricted Voronoi cell: Given a set of weights y(-) for B, the restricted Voronoi
cell ResVor,(b) of a point b € B is deficit if the amount of continuous mass inside it is

greater than the discrete mass at b, i.e., u(ResVor, (b)) > v(b). 87

Derived weight: Given a weight function y(-) for B, the derived weight of any point a € A

is y(a) := max{0, maxpe g{y(b) — c(a,b)}}. 93

Divider of a cell: For any cell [J of the hierarchical partitioning H, the divider I'y of [J is

the vertical or a horizontal line used to divide [ into its two children. 122

Dual disc: For point sets A and B with non-negative dual weights y(-), the dual disc of

each point v € AU B is a disc of radius y(v) centered at v. 38

Dual weight: The weight assigned to a point in the dual formulation of the linear/integer

program of the optimal transport/matching problem. 12

Excess mass of a point: For any transport plan 7 and any point v € AU B, the excess of

v is the amount of mass at v that is not transported by 7. 60

Extended augmenting path: For a C-extended matching M¢ = (M, B€), an extended
augmenting path is an alternating path (with respect to the matching M) that starts
at a free point b € B and ends at a either (i) a free point a € A, or (ii) a matched or

boundary-matched point ' € B. 127

Feasible matching: A matching M and a set of non-negative weights y(-) for AU B is

feasible if Equations (1.11) and (1.12) are satisfied. 13
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Forest transport plan: A discrete transport plan 7 such that the edges transporting a

positive mass in 7 do not create an undirected cycle. 62

Free point: For any transport plan 7, any point v € AU B whose mass is not completely
transported by 7 is called a free point. In the context of matching, a free point is

simply a point that not adjacent to any matching edges. 10, 60

i.i.d samples: i.i.d stands for independent and identically distributed, meaning that each
sample does not inflence the selection of the other samples and all samples are drawn

from the same distribution. 23

Implicit representation of a transport plan: For a semi-discrete transport plan 7 be-
tween p and v, a partitioning Xy of the support A of u, and the set of representative
points As of the regions in Xy, the implicit representation of 7 is a transport plan 7

over As x B that assigns, for each pair (¢,b) € X5 x B, 7(r,,b) = 7(p,b). 98

Mass of a transport plan 7: The amount of mass transported by 7. 4

Matching: A matching between two point sets A and B is a subset of vertex-disjoint edges

of A and B. 10

Matching edge: For a matching M between A and B, any edge (a,b) € Ax B is a matching
edge if (a,b) € M. 10

Minimum-cost C-extended t-matching: An extended matching MC¢ of size ¢t with the

minimum cost. 125

Minimum-cost perfect C-extended matching: An extended matching M€ of size n with

the minimum cost. 125
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Net-cost (in extended matchings): For a C-extended matching M¢ = (M, B¢) and an
extended augmenting path P, the net-cost of P is the change in the cost of the extended
matching M€ when M¢ is augmented along P. More precisely, if P ends at a free point
a € A, then its net-cost is ¢(P) := 3, pep\ar €(a:0) — D, peprns €@, b), and if P
ends at a point V' € B, then the net-cost of P is ¢(P) 1= c(V/,C) + 3=, yyepar ¢(a; b) —

Z(a,b)erMC(aa b) . 153

Net-cost of an augmenting path: For any matching M and any augmenting path P, the
net-cost of P is the increase in the cost of the matching when we augment M along P.

11

Non-matching edge: For a matching M between A and B, any edge (a,b) € A X B is a

non-matching edge if (a,b) € M. 10

Optimal transport plan: Any complete transport plan between two distributions with a

minimum cost among all complete transport plans between those distributions. 4

OT plan: An optimal transport plan. 4

Perfect matching: A perfect matching is a bipartite matching between point sets A and

B that matches all points of A and B. 6

Representative point: An arbitrary point designated to represent the mass inside a region.

43

Residual capacity of a point: The amount of mass of the point that is not transported

by the transport plan. 100

Residual graph: For a feasible matching M, y(-) between A and B, the residual graph G is

a directed bipartite graph defined over the point set AUB in addition to a source vertex
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s. For any pair of points (a,b) € A x B, if (a,b) is a matching (resp. non-matching)
edge in M, we add a directed edge from a to b (resp. b to a) with a weight s(a,b) to
the residual graph G. Furthermore, we add a zero-weight edge from the source vertex

s to all free points b € Bp. 15

Restricted Voronoi cell: Given a point set P with weights y(-), the restricted Voronoi
cell of each point p € P is the intersection of its Voronoi cell with a disc of radius y(p)

centered at p. 9

Semi-discrete a-OPT problem: Abbreviation of semi-discrete a-optimal partial trans-

port problem. 4

Semi-discrete a-optimal partial transport problem: Given a continuous distribution
i and a discrete distribution v, the semi-discrete a-optimal partial transport problem

aims to find an a-partial transport plan with a minimum cost. 4

Semi-discrete OT problem: Given a continuous distribution ¢ and a discrete distribution
v, the semi-discrete OT problem aims to find an optimal transport plan between u

and v. 4

Semi-discrete transport plan: For a continuous distribution p defined over a bounded
support A and a discrete distribution v defined over point set B, a semi-discrete
transport plan 7 is a distribution 7: A x B — R, whose first and second marginals

are dominated by p and v. 4

Sequence partitioning problem: For a sequence of requests o = (ry,...,7,), the k-
sequence partitioning problem aims to partition the requests in ¢ into k& subsequences
such that the total distance between each consecutive pair of points in these subse-

quences is minimized. 24



GLOSSARY 187

Size of a matching: The number of matching edges in a matching. 10

Slack of a point: For an extended feasible matching M¢ = (M, B€), y(-), the slack of any
point b € B is defined as s(b) := ¢(b,C) — y(b): How far the feasibility constraint on

the point b is from becoming an equality. 130

Slack of an edge: s(a,b) :=c(a,b) —y(b) + y(a): How far the feasibility constraint on the

edge (a,b) is from becoming an equality. 13

Spread: Given a set of points X, the spread of X is the ratio of the largest to smallest
positive pairwise distances between the points in X, i.e., if C\,., denotes the maximum
pairwise distance of points in X and C,;, denotes the smallest distance between all

pairs of points that are not co-located, then the spread of X is A := gﬁ 34

min

Strong duality property: In the primal-dual linear programming formulation, the strong
duality property states that the optimal solutions to the primal and dual formulations

exists and the optimal values of their objective functions are equal to each other. 88

Surplus point: For any transport plan 7, any point b € B is surplus if fA 7(a,b)da < v(b).
92

Surplus restricted Voronoi cell: Given a set of weights y(-) for B, the restricted Voronoi
cell ResVor,(b) of a point b € B is surplus if the amount of continuous mass inside it

is less than the discrete mass at b, i.e., p(ResVor, (b)) < v(b). 87

Update process: For a transport plan 7 and an alternating path P, we update 7 along P
by a mass of § by increasing (resp. decreasing) the amount of mass transported along

the forward (resp. backward) edges by 5. 100
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Valid weight function: A weight function y : B — R is called valid if all points b € B
are either balanced or surplus and the surplus points have the maximum weight, i.e.,

for all surplus points b € B, y(b) = maxycpy(b).. 87

Violating point: Given a transport plan 7 and weights y(-), any representative point r,, in
the set of representative points As is violating if 7 does not transport all the mass of
¢ and 7, has a positive derived weights, i.e., §(r,) > 0. In other words, r, lies inside

the restricted Voronoi cell of a point b € B but its mass is not fully transported. 98

Weighted bisector: For two points b; and b, with weights w; and ws, the weighted bisector
of by and by is the locus of points with the same weighted distance to b; and b, i.e.,

{zx € R?| c(x,by) — wy = c(x,by) — wo}. 46

Weighted nearest neighbor: Given a point set P along with a set of weights w(-) for P,
for any point a € R?, the weighted nearest neighbor of a in P is the point p € P with

the smallest weighted distance to a, i.e., p := argming,epc(a,p’) — w(p'). 31
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AM: The free points of A with respect to a matching M. 10
Ap: The subset of points of A that lie inside (. 121

As: The set of representative points of all regions in the arrangement. 43, 59, 98
BM: The free points of B with respect to a matching M. 10
Br: The subset of points of B that lie inside [J. 121

M: A matching. 10

A: The spread of point set. 34

y(a): The derived weight of a. 92

Cap(y): The cap of the weight function y(-). 87

[J: Any cell of the hierarchical partitioning. 121

[J*: The root cell of the hierarchical partitioning. 121
Cover(y): The cover of the valid weight function y(-). 87

Cmax: The diameter of the space, i.e., the maximum pairwise distance between all points of

Aand B. 3
Xs: A decomposition of the support A of the continuous distribution p. 46, 59, 97
c(a,b): The ground distance between a and b. 3

I'n: The divider of the cell [J. 122
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¢m: The larger of the length of width of the rectangle [1. 121

i15: The discrete distribution over the set of representative points As. 43, 59
M(7): The mass of 7. 4

be(P): The bottleneck capacity of an augmenting path P. 63, 100

ex(b): The excess of the point b. 60

rc(v): The residual capacity of a point v. 100

A(V): The arrangement of a set of cells V. 43

‘H: The hierarchical partitioning. 121

Q: The query time of an OrRAcLE that returns the amount of mass of a continuous distribution

1 inside a constant complexity region. 26
¢(P): The net-cost of P. 11
Twy w2(b1,b2): The weighted bisector of by and by with weights w; and ws. 46
r,: The representative point of a region . 43, 98
G: The residual graph. 15
ResVor, (b): The restricted Voronoi cell of b with weights y(-) for B. 9
ResVorg(b): The J-expanded restricted Voronoi cell of b with respect to weights y(-). 92
wBOT(7): The A\-robust cost of 7. 5

Vor): The d-expanded Voronoi cell of b with respect a set of weights y(-) that is clear from

the context. 31
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Vorg(b): The §-expanded Voronoi cell of b with respect to weights y(-). 31
la — b[|#: The £2 norm of the points a and b. 3

np: The number of points of A U B that lie inside [J. 121

s(a,b): The slack of (a,b): s(a,b) :=c(a,b) — y(b) +y(a). 13

ss(0,b): The d-adjusted slack of the pair (o,b). 50

DWBCP-DS: A dynamic weighted bichromatic closest pair data structure. 15
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Appendix A

Semi-Discrete OT

A.1 Missing Details and Proofs of Chapter 3

In this section, we present the missing details and the proofs of the claims made in Section 3.

Next, we show that if there exists a transport plan 7 from p to v, a set of dual weights y(-)
for points in B, and a set of dual weights y/(-) for representative points of the regions in
X that satisfy J-feasibility conditions (3.6) and (3.7) (in which ys(+) is replaced with ¥/(+)),
then reassigning the dual weights based on Equation (3.5) does not violate conditions (3.6)

and (3.7), i.e., the transport plan 7 and dual weights y(-) for points in B are d-feasible.

Lemma A.1. For any scale §, if there exists a transport plan T from u to v, a set of dual
weights y(-) for points in B, and a set of dual weights y'(-) for representative points of regions

in Xs satisfying d-feasibility conditions (3.6) and (3.7), then T,y(-) are d-feasible.

Proof. To prove this lemma, we show that conditions (3.6) and (3.7) hold when plugging dual
weights y(-) for points in B and dual weights ys(-) derived by Equation (3.5) for representative
points of Xs. For any region o € Xj, let b, denote the weighted nearest neighbor of r, in B

with respect to weights y(-). For any pair (g,b) € X5 X B,

Ys(ro) = y(bo) — (ry,09) — 0 > y(b) — c(ry, b) — 0

214
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therefore, the feasibility condition (3.6) holds for (¢,b). Next, we show that the feasibil-
ity condition (3.7) also holds for all pairs (g,b) with 7(0,b) > 0. By condition (3.6) on
7,y(-),y'(+), for any point &/ € B, y/(r,) > y(b') — c(r,,b') — 0. Therefore,

y(r,) = max(y(b') — c(r,, ') — 8§) = y(b,) — c(ry,b,) — & = ys(r,).

b'eB

As a result, for the point b € B with 7(p,b) > 0, by condition (3.7) on 7,y(-),y'(-), we have

y(b) —ys(ry) = y(b) —y'(r5) > c(r,,b),

and the J-feasibility condition (3.7) holds after replacing 3/(-) with ys(-). O

Lemma 3.4. Let 195, y(-) be any 20-feasible transport plan between p and v, where the dual
weights of points in B are integer multiples of 26. Then, for any region o € X5 and any

point b € B, if T95(0,b) > 0, then ss(o,b) < 46.

Proof. Let p* denote the region in Xy containing o (by construction, it can be easily con-
firmed that the set of valid weight vectors Wys is a subset of Wy and hence, each re-
gion in X5 completely lies inside a region in AXhs). Define b, to be the weighted nearest
neighbor of r, (and consequently r,) with respect to weights y(-). By Equation (3.5),

y25(rg*) = y(bg) - C(Tg*a bg) — 20 and yé(rg) = y(bg) - C(Tga b,) — 0. Hence,

silg.) = | Lt OV |
— C(Tm b) +4— y(b) + (y(bg) — C(Tga bg) — 5)J 5
L 4]
_ cy(rg, ) _(Scy(rgabg)J §< {Cy(rg*:b) _(Scy(rg*7bg)J 5 + 26, (A.1)

where the last inequality is resulted from Lemma A.2 below. Finally, from the 26-feasibility



216 ApPPENDIX A. SEMI-DiscreTE OT

condition (3.7) on 7o, y(+),

C(Tg*ab) <y(b) — 926(7"@*) =y(b) — (y(bg) - C(Tg*’ b@) —20).

Hence,

Cy(Tor,b) — cy(14+,b,) < 20. (A.2)

Plugging Equations (A.2) into Equation (A.1),

ss(0,b) < ry(rg*ab) _(Scy(Tg*abg)J 5+ 25 < 46,

as claimed. 0

Lemma A.2. For any region o* € Xas, any pair of points a1, as € 0%, and any pair of points

by.by € B, ij 5 < LMMJ”%'

Proof. To prove this lemma, we first construct a valid weight vector w € Wys such that
in the Voronoi diagram VD, (B), the region ¢* lies inside the Voronoi cell of by, which
gives us ¢y (ay,b1) < cy(ay,bs). Then, we increase the weight of by in w by 2§ and obtain
another valid weight vector w, € Wss such that ¢* now lies inside the Voronoi cell of by and
conclude ¢,,(az, by) < ¢y (ag, by)+26. Combining the two bounds, we get c(ay, by)—c(ay, by) <

c(ag, by) — c(ag, by) + 26, leading to the lemma statement. We describe the details below.

Consider a valid weight vector w € Wy that assigns w(b;) = {C(ng*(;bl)—‘ 26, w(bg) = [WW 20,

and w(b’) = 0 for each O/ # by,by in B. Without loss of generality, assume ¢, (7, b1) <
Cw(rp+, ba)*t. By construction,

—20 < Cw(T’Q*, bl) < Cw(rg*v bQ) <0< b/eBr,Il}/iilbhbg Cw(rg*v b)'

Mf ¢y (rge, b1) > (7o, b2), one can simply decrease w(bs) by 28 and follow a similar argument.
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Hence, the point 7, and consequently the region p* lie inside the Voronoi cell of b; in

VD, (B). Therefore,

c(ay,br) —w(by) = cwlar, by) < cyl(ag, be) = clag, by) — w(by).

c(ar,by) —c(ag, be) < w(by) —w(bs). (A.3)

Next, consider the weight vector w, € Wy, that assigns wy (b)) = w(by) + 26 and w4 (V') =
w(l') for all points O’ # by in B. In this case,

Cuy (Tor, D2) < =20 < Co, (Tpe, b1) = Co(Tp,01) <0< bIEBrE/inl’b2 Co (7%, D).

Therefore, the point r,- and consequently the region p* lie inside the Voronoi cell of by in

VD, (B). Therefore,

w

c(ag, by) — (w(bs) + 20) = cy, (a2, b2) < ¢y, (az,b1) = c(ag, by) —w(by),

w(bi) — w(bs) < clag, br) — claz, ba) + 26. (A.4)
Combining Equations (A.3) and (A.4),

C(&l,bl) — C(Gl,bg) S U)(bl) — w(bg) S C(ag,bl) — C(ag,bQ) + 2(5,

r(ahbl) gc(al,bQ)J 5 < Lc(ag, b1) ; c(ag, by)

| a2

Given two transport plans o7 and o9 from jis to v, we define a directed graph G(oy, 09) on the
vertex set As U B as follows. For any pair (r,b) € As x B, if o1(r,b) > o9(r,b), then we add

a forward edge from 7 to b with a capacity o1(r, b) — o9(r, b); otherwise, if o1(r,b) < o2(r,b),
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then we add a backward edge from b to r with a capacity oo(r,b) — oq(r, b).

Lemma A.3. Given any two transport plans oy and oo from [is to v, for any edge (r,b) €

As X B in G(01,09), there exists a directed cycle C' in G(o1,03) that contains the edge (r,b).

Proof. To prove this lemma, we conduct a DFS-style search from the point b in G(o1,09)
to compute a directed path P from b to r. This proves the lemma since concatenating the
edge (r,b) to P results in a directed cycle on G(0y, 02) containing (r,b). Our proof relies on
the following observation: Since both ¢y and o9 are transport plans from fis to v, by the
construction of G(o1,09), for any point u € As U B, the total capacity of incoming edges to

u is equal to the total capacity of outgoing edges from wu.

We conduct a DFS-style procedure that grows a path P = (r = po,b = p1,p2,...,pk) as
follows. Initially, we set P = (r = po,b = p1). At each step, for the last point py of the path
P, let N(py) denote the set of all outgoing edges from p;. Note that since there exists an
incoming edge (px_1,px) in G0y, 02), by the observation stated above, N(py) is not empty.

Consider any point p € N (pg).

o If p=r, then Po (pg, ) is a cycle containing (r,b), as desired.

o Otherwise, if p already exists in the path P as p; for some ¢ > 1, then we have found a
cycle C' = (pi, Pit1,-- -, Pk Pi)- We “cancel” this cycle as follows. Define the capacity
of the cycle ¢(C') as the minimum capacity of all edges on C. We then decrease the
capacity of all edges on C' by ¢(C') and for those that now have a zero capacity, we
simply remove them from G(oy,09). We set P = (pg = r,p1 = b,...,p;) and continue

our search.

o Otherwise, we add p as py11 to the path P and continue the search.
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Note that since all edges in G(o1, 02) have a positive finite capacity at all times, each time we
cancel a cycle reduces the total capacity of the edges of G(o1, 03). Furthermore, the length of
the path P will never be more than 2n, as there are only n points in the set B and G(o71, 09)
is a bipartite graph. Hence, our DFS-style procedure will terminate by returning a cycle

containing (r,b). O

A.2 Missing Details and Proofs of Chapter 4

A.2.1 Missing Proofs of Section 4.1

In this section, we present the missing proofs and details of our combinatorial framework

described in Section 4.1.

Residual graph. Below, we show that for any 6 > 0 and any J-feasible transport plan
7,y(+), the residual graph Gs has O(n?) vertices and O(n?) edges, leading to Lemma 4.2. To
do so, we show below that the partitioning X5 consists of O(n?) regions. We then conclude
that the number of vertices of G5 is O(n?). Furthermore, since the residual graph is a bipartite
graph between set B of size n and set As of size O(n?), the number of edges of G5 would be

at most O(n?).

Recall that the partitioning Xj is constructed as the arrangement of all Voronoi cells, ¢-
expansions, and 2d-expansions of the Voronoi cells of all points in B. Let ) denote the set of
vertices of this arrangement. Since the arrangement is a planar graph, the number of faces
(i.e., regions) in X5 is O(|V|). Therefore, to show that X5 has O(n?) regions, we show that

the number of vertices of this arrangement is O(n?).

For each point b € B, let Vor) (resp. Vorl, Vor?’) denote the Voronoi cell (resp. d-expanded
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Voronoi cell, 2d-expanded Voronoi cell) of b, and let 3 (resp. g, 42°) denote the weights of B
used to compute the cell. Note that each Voronoi cell Vor}, for each b € B and i € {0, 9, 26}
has at most n vertices. Hence, the total number of Voronoi vertices in the arrangement Xjs
is O(n?). Next, we count the number of intersection points of these Voronoi cells. For each
pair of points by, by € B, consider the pair of cells Voré1 and Vori2, for some 7,5 € {0,6,20}.

We show that Vorj and Vori2 intersect each other in at most two points.

Define the weighted bisector of two points b and V' with respect to weights y(-) as the locus
of points that have the same weighted distance to b and ¥/, i.e., all points z € R? such that
cy(x,b) = ¢, (2, V). Note that under the squared Euclidean distances, the weighted bisector
of two points is a straight line. Let v denote an intersection point of Vorf,1 and VoriQ, and
suppose v lies on the segment of Voré1 corresponding to the weighted bisector of b; and a
point by € B (See Figure A.1). Note that if b3 = by, then Vorj and Vori2 share a segment

containing v, which means that
Cy(v? bl) —i= Cygl (U7 bl) = Cy,il (Uv bZ) = Cy(”? b2)a

and also

i (v,01) = cy(v, by).

be

cy(v,bg) —j = Cyi (v,by) =c

2

Therefore, in this case, 1 = j = 0, and the two endpoints of the shared segment is counted
toward the number of Voronoi vertices of the arrangement. Hence, we assume b3 # by. In

this case,

cyi (v,01) = ¢y (v,b3) = minc, (v,b). (A.5)

Yo beB “b1

By the construction of the weight function y; (-) in Equation (4.1), for any point b € B\
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{b1, 02}, yp, (b) = in(b) = y(b); thus, using Equation (A.5),

Cng (U’ b3) - Cyél (/07 b3) - bGBr{l{lbrll,bQ} Cyil (,U7 b) - beBr{}{lbIl{bQ} Cyg2 <U’ b) (A6)

Using Equation (A.6), the point v also lies in the segment of Vorg2 that corresponds to the
weighted bisector of by and b3 with respect to weights ng. Thus,

Cyil (U, bl) = Cyé‘l (U, bg) = Cy£2 (U, bg) = Cyg2 (U, bQ)

In other words, the point v satisfies

c(v,br) = (y(b1) +1i) = c(v,b2) — (y(ba) + j),

i.e., the point v lies on the weighted bisector of b; and by (the blue dashed line in Figure A.1).
Since the weighted bisector is a straight line, it intersects the convex polygon Vorf,1 in at
most 2 points; hence, the two Voronoi cells Voré1 and Vorg2 intersect each other in at most
2 points. Since there are O(n?) pairs of such Voronoi cells, each intersecting each other in

at most 2 points, the total number of intersection points is at most O(n?), as claimed.

Lemma 4.2. For any 0 > 0 and a 2§-feasible transport plan 7,y(-), the residual graph Gs
has O(n?) nodes and O(n®) edges.

Next, we extend our bounds for the number of vertices and edges of the residual graph in
Lemma 4.2 to any dimension d > 3 and show that for any pair of d-dimensional distributions
p and v and any d-feasible transport plan 7,y(-), the residual graph Gs has O(n?) vertices
and O(n?*1) edges. We prove our bounds by showing that the number of vertices of the
arrangement X; is O(n?). Using this bound, we get that the number of regions in the

arrangement is upper-bounded by O(n?); therefore, |As] = O(n?) and the residual graph has
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Figure A.1: For two cells Vor; (green cell) and Vori2 (orange cell), any intersection point v
lies on their weighted bisector.

O(n?) vertices. Furthermore, since Gs is a bipartite graph between set B with n points and

set As with O(n?) points, the number of edges would be bounded by O(n?!).

For each point b € B and each i € {0, 4,25}, the Voronoi cell Vorj has O(n/%?1) vertices; since
3n such cells are used in the construction of the arrangement, the total number of Voronoi
vertices in the arrangement is O(n/%21+1). Next, we bound the number of intersection points
of these Voronoi cells. For each d-tuple (Vorél1 , Vor?fz, ey Voré‘; ) of Voronoi cells, for d distinct
points by, ..., by and d values iy, ...,iq € {0,9,2d}, let v denote a point in the intersection
of these cells. Similar to our analysis for 2-dimensional distributions, we show that v lies on
the weighted bisector of by, ..., by, where the weight of each point b; is y(b;) + ;. Since this
weighted bisector is a straight line, and since a straight line intersects a convex polytope
in at most 2 points, each d-tuple of Voronoi cells intersect in at most 2 points, where the
number of such d-tuples are O(n?)%. Therefore, we conclude that the number of intersection

points is O(n?), as desired.

2Here, the constant is O(n?) hides a factor of 3.
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Let v be an intersection point of the d Voronoi cells Vorzll,VorZZQ, ..., and Vorzd. Suppose
d
v lies on the (d — 1)-dimensional hyperplane of Vorfj1 that is shared between b; and a point

bgr1 € B. In this case,

Cy (v,b1) =c¢

(v, b441) = rbréig ¢, (v, ). (A7)

i1
Yo, b1

We claim that for any k € {1,...,d}, yf,’; (bgs1) = y(bay1). Consider the following two cases:

o If byy1 = b; for some j € {2,...,d}, then

¢y(v,b1) = i1 = ¢y (0,61) = ¢ (v, b) = ¢ (v, by),

and also

Cy(”? b]') - ij =C i (Uabj) = C i (Uabl) = Cy(vvbl)'
ybj ybj

Therefore, i1 = i; = 0 and for any k € {1,...,d}, yzi(bdﬂ) = y(bay1)-
« Otherwise, bgy1 & {b1,...,bs} and by the construction of yé’;(), for any k € {1,...,d},

y;)z (bar1) = y(batr)-

Therefore, from Equation (A.7),

Cy(U7 bd-i—l) = Cylii (U7 bd-i—l) = Igélél Cyzi (U’ b) = Iblélél Cy(va b)) (AS)
and for any k € {1,...,d}, since v lies on a (d — 1)-dimensional hyperplane of Vori’; , it has

to lie on the hyperplane of Vori’; that is shared between by and by, 1; therefore, c(v, bgiq1) —

y(bd+1) = C(U, bk) — (y(bk) + Zk) Thus,

c(v,b1) — (y(b1) +41) = c(v,ba) — (y(ba) +i2) = ... = c(v,bg) — (y(ba) + iq)- (A.9)
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From Equation (A.9), the point v lies on the weighted bisector of by,..., by with weights
y(b1) +i1,...,y(bg) + 14, and the d-tuple (Vorill,VorZ, o ,Vorf;fl) intersect each other in at

most 2 points.

Lemma A.4. For any dimension d > 2, a parameter 6 > 0, and a d-feasible transport plan

7,y(), the residual graph Gs has O(n?) vertices and O(n?*!) edges.

A.2.2 Missing Details of Section 4.2

In this section, we provide the proofs of the properties of the three procedures.

Lemma 4.6. Suppose invariants (I1) and (I2) hold at the start of the SEARCHANDAUGMENT

procedure. Then, after the execution of the SEARCHANDAUGMENT procedure,

(S1) the transport plan 75,y(-) remains 26-feasible,

(S2) any point b € B (resp. backward edge (r,b)) marked as visited will not form an

admissible augmenting path during the execution of the procedure, and

(S3) there are no admissible cycles in the residual graph.

Proof. We prove the properties separately in the following.

Property (S1). By the construction of the search path, any augmenting path computed by
the SEARCHANDAUGMENT procedure is an admissible augmenting path. From Lemma 4.5,
augmenting 75 along an admissible augmenting path does not violate the d-feasibility condi-
tion; hence, the transport plan 75, y(-) is a d-feasible transport plan during the execution of

the SEARCHANDAUGMENT procedure and (S1) holds.

Next, we present an overview of a new property of the SEARCHANDAUGMENT procedure, which
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Figure A.2: (a) An augmenting path found by the SEARCHANDAUGMENT procedure (blue
path), and (b) two admissible triples (highlighted in pink) formed after augmentation.

we formally state and prove in Lemma A.5 below. Using that, we first prove (S3) and then

prove (S2).

In Figure A.2(a), suppose the blue edges show an admissible augmenting path found by
the SEARCHANDAUGMENT procedure, and suppose the green (resp. red) points show the
unvisited (resp. visited) points of B. For the region ¢, suppose (by, bs, ..., bs) denote the set
of neighbors of r, in Gs, sorted in increasing order of their weighted distance to r,. When
the partial DFS procedure processes r,, the two weighted nearest neighbors of ¢ (i.e., b
and by) are already marked as visited, leading the procedure to add bz to the search path.
After augmentation (Figure A.2(b)), for the newly created backward edge (r,, b3), the only
admissible triples containing (r,,b3) are (by,r,,b3) and (bg, 7y, bs) (the triples highlighted
in pink), where b is unvisited and both b; and by are visited. More formally, as shown
in Lemma A.5, for an augmenting path P found by the procedure, assuming that (S3)
holds before augmentation along P, for any newly created admissible triples (b, r,, ") after
augmenting the transport plan along P, the point b (resp. b') is marked as visited (resp.

unvisited).

Property (S3). We begin by presenting an overview of our proof. Consider any augmenting
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path P found by the SEARCHANDAUGMENT procedure. Assuming that (S3) holds before
augmentation along P, all vertices that are reachable from a visited point b by an admissible
path in the procedure are also visited, since those points were also added to the search path,
did not lead to an admissible augmenting path, marked as visited and removed from the
search path. Hence, all points having an admissible path to the visited points (i.e., all points
that are reachable from the visited points in our backward DFS) are also visited. Therefore,
there are no admissible paths from an unvisited point to a visited point in the residual graph.
After augmenting along P, by Lemma A.5, for any newly formed admissible triple (b, r,,b’),
the point b (resp. 0) is visited (resp. unvisited), and since there are no admissible paths
from any unvisited point to any visited point, the newly formed admissible triple (b,7,,V")
does not form a cycle of admissible triples. Hence, (S3) holds after augmentation as well.

We provide the details of the proof below.

Let P!, ..., P¥ denote the sequence of augmenting paths computed by the SEARCHANDAUG-
MENT procedure, and let 72,71, ..., 7F denote the sequence of transport plans computed by

the procedure, i.e., 7{ is the transport plan computed in the previous iteration, and for each
i € [1,k], 7% is obtained by augmenting 7i ' along P’. Let G’ denote the residual graph
corresponding to 7¢ for each i € [0,k]. Let V' (resp. U') denote the set of visited (resp.

unvisited) points in B when the procedure augments 7' along P'.

Initially, from invariant (I2), there are no cycles of admissible triples in the residual graph,
and (S3) holds for G°. For any i € [1, k], assuming G, ..., G"~! satisfies (S3), we show that
G' also satisfies (S3). Suppose (b, 7, ) is any admissible triple in G* formed after augmenting
7i71 along P, i.e., the triple (b,r,b') is admissible in G but not in G'~. We show that the
triple (b,r,b") does not participate in any admissible cycles; hence, using property (S3) on

G~1, there are no admissible cycles in G* and property (S3) holds for G* as well.

Since (S3) holds for G°, ..., G, for any visited point b € V™1 the point b has been added
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to the search path ) by the SEARCHANDAUGMENT procedure, did not lead to the computation
of an augmenting path, marked as visited and removed from the path. In this case, any point
b"” that is reachable from b by an admissible path in g__l (and therefore, is reachable by our
partial DFS procedure from b) would have also been added to the path, marked as visited
and removed from @, i.e., any point b” € B that has an admissible path to the visited point
b in the residual graph G'~! is also visited. By this observation, there are no admissible
paths from any unvisited point in B to any visited point in G*!. From Lemma A.5, for any
newly formed admissible triple (b, 7,b'), we have b € V=! and ¥’ € U*"!. Thus, all admissible
triples formed after augmenting 7:(;’—1 along P! are from a visited point to an unvisited point,
while there are no admissible paths from any unvisited point to any visited point; therefore,
the newly formed admissible triples do not form any admissible cycles and (S3) holds for G°

as well.

Property (S2). We use the property (S3) to show that (S2) holds. For any point b € B
that is marked as visited, as discussed above, if (S3) holds, all vertices that are reachable
from b by an admissible path in our backward DFS (i.e., all points having an admissible
path to b in the residual graph) are also visited. Since any free point by € B is unvisited,
by does not have an admissible path to any visited point b € B and therefore, the visited
points do not participate in an admissible augmenting path. Furthermore, the procedure
marks a backward edge (r,b) as visited if, for each admissible triple (¥, r,b), the point b’ is
visited. Since the point b’ cannot be included in an admissible augmenting path, the visited

backward edge (r,b) also does not form an admissible augmenting path.
O
Lemma A.5. During the execution of the SEARCHANDAUGMENT procedure, suppose P is

an admissible augmenting path found by the procedure, and let G (resp. G') denote the

residual graph before (resp. after) augmenting the transport plan along P. Let (b,r,b)
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denote an admissible triple in G’ that is not admissible in G. Assuming that (S3) holds prior

to augmentation along P, the point b is marked as visited, and b’ is marked as unvisited.

Proof. Consider any triple (b, r,b') that is admissible in G’ but not in G. Recall that by the
definition of the admissible triples, (r,b’) is a backward edge in G" and ¢, (r,b) > c,(r,b).
Since the SEARCHANDAUGMENT procedure does not change the weights y(-), the only case
where (b,7,0') is not admissible in G is when (r,b’) is not a backward edge in G, i.e., the
pair (b/,r) is in P as a forward edge, and augmenting 75 along P results in transporting
mass from b to r. On the other hand, by step 2(a) of the SEARCHANDAUGMENT procedure,
a forward edge (b',r) will be added to the search path only if b is the weighted nearest
unvisited neighbor of r; in other words, since c,(r,b) > c,(r,¥’) and the procedure added
b’ to the search path (instead of b), the point b was marked as visited by the procedure.
Therefore, for any newly formed admissible triple (b,r,b"), point b (resp. ') is marked as

visited (resp. unvisited). O
Lemma 4.7. Suppose invariant (I11) holds at the start of the INCREASEWEIGHTS procedure.
Then, during the execution of the INCREASEWEIGHTS procedure,

(W1) the transport plan 7s,y(-) remain 20-feasible,

(W2) the weight of each free point b € B increases by 6, and

(W3) the weight of each point b € B with free regions inside V) remains unchanged.

Proof. Let y(-) (resp. ¥/(+)) denote the weights of the points after (resp. before) the execution
of the INCREASEWEIGHTs procedure, and let X (resp. Xj) be the partitioning with respect to
weights y(-) (resp. ¥/(+)). For any point a € A, let ¢, (resp. ¢)) be the region in X (resp.
Aj) that contains a, and let b, (resp. b)) denote the weighted nearest neighbor of a in B with

respect to weights y(-) (resp. ¢/(+)). For any pair of points (a,b) € A x B with 75(a,b) > 0,
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by the d-feasibility of 75,%/'(-), we have ¢, (a,b) — 20 < ¢y (a,b,). To prove property (W1),

we show that ¢,(a,b) — 26 < ¢,(a,b,).

Recall that the INCREASEWEIGHTS procedure finds the subset K C B of points that have
admissible paths from the source vertex s of the residual graph and increases the weights of

all points in K by §. Consider the following cases:

o If b € K is among the points whose weights are increased by the procedure, then
cy(a,b) = cy(a,b) — 6 < cy(a, b)) +0 < cyla,by) + 0 < cyla,by) + 20,

where the second inequality holds from d-feasibility of 75, 4/(-), the third inequality
holds since b, is the weighted nearest neighbor of a with respect to y/(-), and the last

inequality holds since y(b,) < ¥'(b,) + 0. Consequently, ¢, (a,b) — 20 < ¢,(a, by).
o Otherwise, b ¢ KC and ¢, (a,b) = cy(a,b).

— If b, € K, then ¢y (ry,,b) < cy(ry,,bq) (since otherwise, the triple (bg,ry,,b)
would have been an admissible triple and b, € K would have resulted in b € K).

In this case, since the weighted nearest neighbor of a and r,, are the same,
Cy (Tpas Uy) < €y (rpes 0) < cyr(rg,,ba) < ey (g, by) +6,

where the last inequality holds since increasing the weight of &/, by § made it the
weighted nearest neighbor of a. Therefore, the region ¢, and consequently, the

point a lie inside Vor] and Voria. Thus,

cy(a,b) = cy(a,b) < cyla,by) + 9 = cyla,b,) + 26.
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— Otherwise, if b, is also not in I, then ¢, (a,b,) = ¢y (a, b,) and,

cy(a,b) — 26 = cy(a,b) — 26 < cy(a,b,) = cyla,by).

As a result, the transport plan 75 along with the updated weights y(-) is d-feasible and

property (W1) holds.

Note that each free point by € B has an edge from the source vertex s; therefore, by € K,
and the INCREASEWEIGHTS increases the weight of by by ¢, proving (W2). Furthermore, for
each point b € B with a free region ¢ € Vor), since we defined c,(r,,t) = minyep c,(ry, b'),
the triple (b, 7, t) is admissible. Therefore, the SEARCHANDAUGMENT procedure should have
added 7, and b to the search path, not found an admissible augmenting path, and marked
b (resp. (r,t)) as visited. Therefore, there are no admissible paths from the source to b, or

equivalently b ¢ K, and the weight of b remains unchanged, leading to (W3). N

Lemma 4.8. Suppose invariant (11) holds at the start of the AcycLiry procedure. Then,

during the execution of the AcYcLIFY procedure,

(A1) the transport plan 75,y(-) remains 26-feasible, and

(A2) the transport plan 75 is a forest and there are no admissible cycles in the residual graph.

Proof. In the first step of the AcycLiFy procedure, the algorithm makes the transportation
network acyclic. Note that the resulting transportation network is a subset of the trans-
portation network before the AcycLiry procedure, and therefore, for any transporting edge
(r,b) € As x B, the point b is a 26-weighted nearest neighbor of r, i.e., the transport plan

obtained after the first step of the AcycLiry procedure is d-feasible.

Next, we show property (A1) and (A2) for the second step of the procedure. By construction,

all triples on the search path maintained by the procedure are admissible, and therefore, any
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cycle computed by the second step of AcycLiry procedure is admissible. Since all forward
edges on the computed cycles are from points b € B to regions in Vorz‘s, canceling a cycle
C' does not violate the d-feasibility condition (F1); hence, the transport plan 75, y(-) is a
0-feasible transport plan during the execution of the second step of the AcycLiry procedure

and (A1) holds.

To prove property (A2), we show that

(A3) any point b € B (resp. backward edge (r,b)) marked as visited will not form an

admissible cycle during the execution of the procedure, and

(A4) during the execution of the second step of the AcycLiFy procedure, the subgraph of
the residual graph induced by visited vertices and their neighboring regions does not
have any cycles of admissible triples. Furthermore, there are no admissible paths from

an unvisited point to a visited point.

Assuming property (A3) holds, any point b € B that is marked as visited does not participate
in an admissible cycle. Since the AcycLiry procedure stops when all points in B are visited,
there are no admissible cycles in the residual graph. Furthermore, since the transport plan
is maintained by a dynamic tree structure the transport plan is a forest. Therefore, to prove

property (A2), we show that (A3) holds.

Furthermore, the property (A3) is a direct corollary of property (A4), as explained next: For
each visited point b € B, all points ¥ € B having admissible paths to b are also visited (note
that the AcycLiFy procedure searches on the residual graph in the reverse direction of the
edges), and if (A4) holds, there are no admissible cycles solely formed by visited vertices;
hence, b does not form admissible cycles. Furthermore, the procedure marks a backward
edge (r,b) as visited if, for each admissible triple (¥',7,b), the point & is visited. Since ' is

not a part of any admissible cycles (assuming (A4) holds), the triple (', 7,b) also cannot be
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a part of an admissible cycle. Therefore, to prove property (A3), we prove that (A4) holds

in the following.

We use an inductive argument to prove (A4). Let C*,...,C* denote the sequence of ad-
missible cycles found by the procedure, and let 72, ..., 7F denote the sequence of transport

plans, where 7 is the transport plan maintained by the algorithm at the beginning of the
second step of the procedure and 7} is obtained by canceling %g_l along C. The property
(A4) trivially holds at the beginning of the execution of the second step of the Acycriry

procedure.

Note that the AcycLiry procedure marks a point b € B as visited only if the search from
b did not lead to finding an admissible cycle, i.e., for all pairs (V',r) € B x As such that
(b, r,b) is admissible, the point ¢’ is marked as visited and the backward edge (7, b) is marked
as visited. Hence, all points having an admissible path to the visited points (i.e., all points
that are reachable from the visited points in our backward DFS) are also visited. Therefore,
Assuming that property (A4) holds before marking b as visited, property (A4) holds after

marking b as visited as well. Next, we show the same when we cancel a cycle C"*.

First, note that all points of B that are on the search path are unvisited. Therefore, for any
admissible cycle found by the procedure, the points of B on the cycle are unvisited. Using
an identical proof as in Lemma A.5, one can show that after canceling a cycle, for any newly
formed admissible triple (b, r, '), the point b is visited and the point ¥’ is unvisited. In other
words, canceling a cycle C? only creates additional admissible paths from visited points to
unvisited points. Assuming that (A4) holds before canceling C*, since no new admissible
triples are created from a visited point to another visited point, the subgraph induced by
visited points and their neighboring regions remain free of admissible cycles after canceling
C". Furthermore, since no new admissible triples are created from an unvisited point to a

visited point upon canceling C?, there will be no admissible paths from an unvisited point
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to a visited point after cancellation; hence, (A4) remains satisfied. O

A.2.3 Missing Details of Section 4.3

In this section, we analyze the efficiency of the three procedures SEARCHANDAUGMENT, IN-

CREASEWEIGHTS, and ACYCLIFY.

Lemma 4.9. The total length of augmenting paths computed during the execution of the

SEARCHANDAUGMENT procedure is O(n®) in 2 dimensions and O(n®™) in d dimensions.

Proof. Let 7§ denote the transport plan maintained by the algorithm at the beginning of
execution of the SEARCHANDAUGMENT procedure. To prove this lemma, we categorize the
augmenting paths found by the procedure based on the source of their bottleneck capacity,
namely (1) set P, consisting of augmenting paths whose bottleneck capacity is determined
based on the residual capacity of its endpoints, and (2) set P, consisting of augmenting paths
whose bottleneck capacity is determined based on mass transportation over its backward
edges. We first show that |P,| = O(n?) and then show the same bound for P,.. Since each
augmenting path has a length of at most 2n, we then conclude that the total length of all

augmenting paths is O(n?).

Let P be an augmenting path in P,. If the bottleneck capacity of P is determined by a free
point b € B (resp. free region r € Ay), then the mass of b (resp. r) will be fully transported
after augmentation; therefore, since |A; U B| = O(n?), we have |P,| = O(n?). Next, let P be
an augmenting path in P,; in this case, the backward edge (r,b) determining the bottleneck
capacity of P will be removed from the transport plan after augmentation. Note that by
Lemma A.5, for any newly formed admissible triples (', r, b), the point ¥’ is already marked as
visited. By property (S2) in Lemma 4.6, the point ¥’ cannot form an admissible augmenting

path during the same execution of the SEARCHANDAUGMENT procedure. Hence, the edge
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(r,b) determining the bottleneck capacity of P was a backward edge of the initial transport
plan 7Y and augmentation along each path P € P, removes one of the transporting edges
of the transport plan 7§. Using invariant (12), |P.| = O(n?), as claimed. Hence, the total
number of augmenting paths found by the procedure is O(n?), and since each augmenting

path has a length of at most 2n, their total length is O(n?).

Next, we extend our analysis to d dimensional space, for any d > 2. Note that in d di-
mensions, the residual graph has O(n?) vertices and O(n¢*1) edges. Hence, |P,| = O(n?).
Since the transport plan 79 is a forest over the point set As; U B, the total number of edges
transporting a positive mass in 7§ would be O(n?); since augmenting the transport plan
along each augmenting path in P, eliminates one of the edges transporting positive mass
in 70, |P.] = O(n?). Finally, since each augmenting path has a length of at most 2n, the

total length of all augmenting paths found by the SEARCHANDAUGMENT procedure would be

O(nd+1). 0

Lemma 4.10. The total length of admissible cycles computed during the execution of the
second step of the AcycLiFy procedure is O(n3) in 2 dimensions and O(n?tl) time in d

dimensions.

Proof. Let 7 denote the transport plan maintained by the algorithm after the execution of
the first step of the AcycLiry procedure. To prove this lemma, we show that the AcycLiFy
procedure finds O(n?) admissible cycles, where each cycle has a length of at most 2n; hence,

the total length of all cycles found by the procedure would be O(n?).

Let C' be an admissible cycle found by the procedure; in this case, the backward edge
determining the bottleneck capacity of C' will be removed from the transport plan after
cancellation. For any admissible triple (b, r,b") formed after canceling C', using an identical

argument as in Lemma A.5, one can show that the edge (r,b') is a backward edge that was
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on the cycle C' as a forward edge, and the point b is marked as visited; hence, by Lemma 4.8,
the point b does not form an admissible cycle in the same execution of the AcycLiry pro-
cedure and therefore, the newly formed backward edge (r,b') cannot be included in any
admissible cycles. Therefore, each cycle cancellation removes one of the backward edges
of 79, which is the transport plan obtained after the first step of the AcycLiry procedure,
i.e., the transportation network of 7§ is a forest and the number of its transporting edges
is O(n?). Therefore, the total number of cycles found by the AcycLiFy procedure is O(n?),

and their total length is O(n?), as claimed.

We next show that the total length of admissible cycles in d dimensions is O(n®™!) in d
dimensions, for any d > 2. Note that in d dimensions, the residual graph has O(n?*!)
edges. Since the transport plan 7§ is a forest over the point set As U B, the total number
of edges transporting a positive mass in 7§ would be O(n?); since canceling each admissible
cycle eliminates one of the edges transporting positive mass in 72, |C| = O(n?). Since each
admissible cycle has a length of at most 2n, the total length of all admissible cycles found

by the INCREASEWEIGHTs procedure would be O(nd*!). O

Number of Iterations

Lemma 4.11. For each scale §, the second step of our algorithm runs O(n) iterations.

Proof. Let Tos,y2s(+) denote the 20-feasible transport plan computed by our algorithm for
scale 29, and let 75, ys(-) denote a partial transport plan maintained during the execution of
step 2 of our algorithm. Let X5 (resp. Xj) denote the partitioning of the set A with respect
to weights yas(+) (resp. ys(-)). Let Y be the arrangement of all 3n cells used to construct Xas
with all 3n cells used to construct Xy, i.e., ) is the arrangement of Voronoi cell, j-expanded

Voronoi cell, and 2d-expanded Voronoi cell of each point b € B with respect to weights
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ys(+) along with the Voronoi cell, 2§-expanded Voronoi cell, and 46-expanded Voronoi cell of
each point b € B with respect to weights ys5(-). For each region ¢ € Y, pick an arbitrary
representative point r, inside p. We denote the set of all representative points of the regions
in ) by Y. Let 795 (resp. 7s) denote the compressed transport plan for 755 (resp. 75) using
the partitioning ). Note that the partitioning ) is a refinement of both partitionings Xs

and Xys5. Define 7 := 795 — 75.

We construct a bipartite graph G’ over Y x B, where for any pair (r,b) € Y x B, there exists
an edge directed from r to b if 7/(r,b) < 0 and directed from b to r if 7/(r,b) > 0. Consider
any directed path P = (ry, by, ..., 7y, bg) from a free region r € Y to a free point b € B (with
respect to 75). The path P is an augmenting path in the residual graph corresponding to

7A-§7y5(')'

Similar to the standard graph algorithms, we define the net-cost of the path P as ¢(P) :=
Zle d(ry, by) — Zf:_ll d(ry, bgy1). Let by := b, be the weighted nearest neighbor of r;. Then,

we can rewrite the net-cost of P as

B(P) = c(ry, bo) + Z [c(ri, b)) — c(rs,bi1)]
k
= ¢y (71, b0) + Z [Cys (73, 05) = cys (i, bim1)] + s (bi).-

Due to d-feasibility of the transport plan 75, ys(-), for all edges (r;,b;—1), i € [1, k], the point
b;_1 is a 20-weighted nearest neighbor of r;; hence, ¢y, (r;, b;) — ¢y, (13, b;i—1) > —20. Since the

length of P is at most 2n — 1,

A(P) = ¢y, (r1, bo)—l—z [Cys (75, b3) — s (73, bim1) ] +ys(br) = ¢y (71, b0) +ys(br) — 2nd. (A.10)

=1
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Similarly, we can rewrite the net-cost of P using weights 395 as follows.

k

P(P) = cyyy(r1, bo) + Z [Cyas (73, 05) = Cys (i, bim1) | + Y25 (bi).-

=1

According to the 2j-feasibility of 7a5,495(+), for all edges (r;,b;), i € [1,k], the point b; is
a 40-weighted nearest neighbor of r; (with respect to weights yos()); hence, c,,, (7, b;) —
Cyos (Tiy bim1) < 4. Since the length of P is at most 2n — 1,
k
G(P) = Cyuy (11,00) + D [Cyay (i, bi) = €y (1, bir)] + t26(Bi) < €y (71, bo) + s (bi) + 4nd.
- (A.11)
By property (W3) in Lemma 4.8, during the execution of step 2 of our algorithm, the weights
of the points in B with free regions in their d-expansion remain unchanged; therefore, since
by contains free regions inside its d-expanded Voronoi cell, ya5(by) = ys5(bo) and c,,, (11, by) =

Cys (71, bp). Combining with Equations (A.10) and (A.11),
Ys(br) — 2nd < @(P) — ¢y, (11,b0) = G(P) — Cypy (11, b0) < ya5(by) + 4nd.

Equivalently,

ys(br) — y25(br) < 6n0.

By property (W2) in Lemma 4.8, our algorithm increases the weight of the point b, by ¢ in
each iteration while its mass is not fully transported by 7s; therefore, the point by cannot
remain free after 6n iterations, i.e., after O(n) iterations, there cannot be any remaining free

points in B and the step 2 of our algorithm terminates after O(n) iterations. ]
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A.3 Missing Details and Proofs of Chapter 5

In this section, we present the missing details and proofs of the lemmas in Section 5.3. We
begin by presenting missing proofs of our combinatorial framework in Section A.3.1. We

then provide the details of the implementation of the procedures in Section A.3.2-A.3.4.

A.3.1 Missing proofs of the combinatorial framework

Size of residual graph. In this part, we show that the residual graph has O(n?) points and
O(n%*1) edges for d-dimensional distributions, which will be used in analyzing the running

time of different steps of our algorithm.

Fix any set of weights y(+) for B. For any point b € B, for simplicity in presentation, we omit
the weights y(-) from notation and let ResVor®(b) := ResVorg(b), ResVor'(b) := ReSVorz(b),
and ResVor?(b) := Res\/orz‘;(b) to denote the restricted Voronoi cell, -expanded, and 24-
expanded Voronoi cells of b, respectively. For any cell ResVor'(b) for b € B and i € {0, 1,2},
let ResVor},(b) (resp. ResVor’, (b)) denote the part of the boundary of ResVor’(b) that is
formed by the Voronoi cell V,?(b) (resp. disk with radius y(b)+id centered at b). We refer to

this subset of boundaries as Voronoi-based (resp. disk-based) boundaries. See Figure A.3(a).

The following lemma provides an important property of these boundaries, which helps us in

bounding the size of the residual graph.

Lemma A.6. Suppose R := |J,cz ResVor,(b) denotes the union (of the interior) of all
restricted Voronoi cells. For any point b € B and any i € {1,2}, all interior points of the
Voronoi-based boundaries ResVor,, (b) lies inside R and all interior points of the disk-based

boundaries ResVor' (b) lies outside R.

Proof. Consider any interior point p € ResVori,(b). Since this point is determined by the
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Figure A.3: (a) the Voronoi-based boundaries (blue solid lines) and disk-based boundaries
(red dashed lines), (b) the subset of boundaries of the expansions that lie inside the restricted
Voronoi cells, and (c) the subset of boundaries of the expansions that lies outside of all
restricted Voronoi cells.

id-expanded Voronoi cell of b, then c(p,b) < y(b) +id. Suppose p lies on a weighted bisector

between b and another point ¥’ € B. In this case,

c(p,b) — y(¥') = c(p, b) — (y(b) +id) > 0.

Since b’ is a weighted nearest neighbor of p and has a positive weighted distance to p, the

point p lies inside the restricted Voronoi cell of ¢'. See Figure A.3(middle).

Similarly, consider any interior point p € ResVor’,(b). By construction, c(p,b) = y(b) + id.
Consider a weight function yi(-) that assigns yi(b) := y(b) + 0 and yi (V') := y(b') for all
b' # b. By the definition of restricted Voronoi cells, the weighted nearest neighbor of p with
weights 4 (+) is b, and any other point &' € B would have a non-positive weighted distance to
p. Since the weighted distance of each point &' # b to p is the same with respect to y(-) and

yi(+), the point p lies outside of the restricted Voronoi cell of ¥'. See Figure A.3(right). [

From Lemma A.6, any intersection point in the arrangement is formed using either d Voronoi-
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based boundaries or d disk-based boundaries. As shown in Section 4.2.3, there are O(n?)
intersection points between the Voronoi-based boundaries. Furthermore, any subset of d
disks intersect in at most 2 points. Therefore, the total number of such intersection points is
O((3)) = O(n?). Hence, the number of intersection points, and consequently the number of
regions in the arrangement is O(n?). Since the residual graph is a bipartite graph between

set As (with size O(n?)) and set B (with size n), the number of its edges would be O(n*1),

leading to the following lemma.

Lemma 5.4. For d-dimensional distributions, for any d > 2, the residual graph has O(n?)

nodes and O(n?*1) edges.

A.3.2 AcycLiry Procedure

Given a d-restricted-feasible transport plan 75, y(-) obtained after the execution of Re-
DUCEWEIGHTS or INCREASEWEIGHTS procedure, the AcycLIFy procedure updates the transport
plan such that, for the implicit representation 75 of 75, the transport plan is a forest, i.e.,
the graph containing all edges (r,b) € As X B does not contain any edges. Furthermore, the
AcycLIFY procedure makes sure that there are no admissible alternating cycles in the residual
graph. This procedure is identical to the AcycLiry procedure presented in Section 4.2.3. The
procedure first uses a dynamic tree structure Sleator and Tarjan [149] to make the transport
plan a forest (using phase 1). The procedure then uses partial DFS to follow the admissible
triples and remove any admissible alternating cycles (using phase 2). The procedure finally
makes the transport plan a forest again (using phase 1). We summarize the two main phases

of the procedure next.

Phase 1: Acyclifying the Transport Plan. To make the transport plan a forest, the

procedure initializes an empty transport plan 7 and iteratively adds the edges transporting
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mass in 75 to 7. The procedure also maintains a dynamic tree data structure and for any
new edge, if the edge creates a cycle of transportation, the AcycLiFy procedure cancels
the cycle right away. More precisely, after adding an edge (ry,b;) to the transport plan,
if a cycle (by,71,ba, ..., by, rg) is formed such that 7(r;,b;) > 0 and 7(b;,r;—1) > 0 for all
i € [1,k] (assuming ro = ), then the procedure increases (resp. decreases) the amount of
mass transported on the even-indexed (resp. odd-indexed) edges of this cycle until at least
one of the odd-indexed edges gets removed from the transport plan. Using the dynamic tree
structure by Sleator and Tarjan [149], each of the above-mentioned operations takes O(logn)
amortized time; therefore, using Lemma 5.4, since the number of edges of the residual graph

is O(n®*1), this phase takes a total of O(n®!logn) time.

Phase 2: Acyclifying the Admissible Triples. This step uses a partial DF'S on the
reverse of the residual graph (fZ_(; to remove any admissible cycles from the residual graph. For
any admissible cycle C' = (by,71,...,b;, 7, biy1 = by) in 55, define the bottleneck capacity of C'
as minjep 4 7(rj, b;). The procedure cancels C' by increasing (resp. decreasing) the amount of
mass transported along the forward (resp. backward) edges of C' by the bottleneck capacity.
The update will remove at least one of the transporting edges, hence removing the admissible

cycle from the residual graph.

Mark all points of B and all backward edges as unvisited. Define U := B as the set of
unvisited points. For any unvisited point b € B, initiate a partial DFS in the reversed

residual graph g<_5 by setting @@ = (b = b;) and search as follows until () becomes empty.

L IEQ = (biyre,. ... by),

(a) If there exists an unvisited backward edge (b;,r,), add 7, as r;;q to Q.

(b) Otherwise, mark b; as visited and remove b; from @) and U.
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2. If Q = <b1,7“1, N >bi7ri>; let b:= argminb/GU Cy(TZ‘,b/).

(a) If ¢y(r;, b) < cy(rs, b;), ie., (b,7;,b;) is admissible, if b lies on the search path @ as
b;, then the cycle C = (bj,7;,...,b;,7i,biz1 = b = b;) is admissible. Cancel the

cycle C and set @Q = (b1, 71,...,b;). Otherwise, add b as b;1; to Q.

(b) Otherwise, (b,r;,b;) is not admissible. Remove r; from @ and mark the backward

edge (b;, ;) in 55 as visited.

Lemma 5.7. Given a §-restricted-feasible transport plan 75,y(+), after the execution of the

AcYCLIFY procedure,

(AC1) the transport plan 75,y(-) remains d-restricted-feasible,

(AC2) the transport plan s is a forest and there are no admissible cycles in the residual

graph, and

(AC3) if 15,y(+) satisfy condition (F3) in Lemma 5.2, then condition (F3) remains satisfies.

Proof. We begin by proving (AC1). The AcycrLiry procedure first makes the transportation
graph acyclic. Since the edges carrying mass in the new transport plan is a subset of the
original transportation network prior to applying AcycLiry , for each edge (r,b) € As x B
that transports mass in the new transport plan, r» € ResVori‘s(b), which implies that the
transport plan produced after this phase remains d-restricted-feasible. In the second phase
of the procedure, at any time, all triples in the search path are admissible. Thus, updating
the transport plan along any one of such cycles does not violate the d-restricted-feasibility

conditions.

Furthermore, since the amount of mass transported to each region remains the same at all

steps of the procedure, any point r € As that is a deficit in the new transport plan is also a
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deficit with respect to the transport plan prior to this phase of AcycLiry procedure. Since
the procedure does not change the weights of the points, if (F3) holds prior to the execution
of the AcycrLiry procedure, any deficit region would have a zero weight, and condition (F3)

continues to be true, i.e., (AC3) holds.

To argue that property (AC2) also holds, we aim to demonstrate:

(AC4) any point b € B (and any backward edge (r,b)) that is marked as visited does not
participate in any admissible cycle in the same execution of the AcycLiry procedure,

and

(AC5) the portion of the residual graph consisting of visited points and their adjacent regions
does not include any admissible cycles. Moreover, there are no admissible paths from

an unvisited point to any visited point.

Assuming (AC4) is true, we conclude that no visited point b € B becomes part of an
admissible cycle. Since the AcycLiry algorithm terminates only when all elements of B have
been marked as visited, this implies that no admissible cycles exist in the residual graph at
termination. Additionally, since the procedure runs phase 1 once more after the execution

of phase 2, the transportation network becomes acyclic, leading to (AC2).

Furthermore, as discussed next, property (AC4) naturally follows from (AC5): For any
visited point b € B, all points & € B from which there is an admissible path to b must also
have already been visited (since the algorithm performs the search in the reversed residual
graph). If (AC5) holds, then no admissible cycle can be formed solely from visited nodes.
Similarly, a backward edge (r,b) is marked as visited only if, for every admissible triple
(t/,r,b), the point ¢ has already been marked as visited. If &’ does not participate in any
admissible cycles, then neither can the triple (', 7,b). Accordingly, we prove (AC5) below,

which proves (AC4) and consequently, proves (AC2).
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We use induction to show that (AC5) holds throughout the second phase. Let C*,i € [1, k]
denote the sequence of admissible cycles computed by the procedure, and let 79, ..., 7F
denote the sequence of transport plans, where 7 is the transport plan maintained at the

beginning of phase 2, and 7} is derived by updating 7, ' along C®. Initially, at the start of

the second phase, property (AC5) clearly holds.

A point b € B is marked as visited when a search from b does not lead to the formation
of an admissible cycle. This means that for all admissible triples (¥, r,b), the point " and
backward edge (r,b) must already be marked as visited. Consequently, all points that can
reach b via an admissible path (all points that are reachable from b by our backward DFS)
are also visited, and b has no admissible paths to any visited points in the residual graph.
Therefore, if (AC5) holds prior to marking b as visited, it will remain valid afterward. We

next consider the case where a cycle C* is eliminated.

Any admissible cycle computed by the procedure is made up only of unvisited points of
B. After canceling such a cycle, any newly created admissible triple (b,r,b") will consist
of a visited point b and an unvisited point &’. This means that cycle cancellation can only
produce new admissible paths from visited to unvisited points. Provided that (AC5) is held
before canceling C*, canceling C* does not introduce any admissible cycles among visited
points. Additionally, since cancellation does not generate any admissible triples directed
from unvisited to visited points, there will be no admissible paths from any unvisited point

to any visited point. Therefore, property (AC5) is preserved after canceling any cycle C?. [

A.3.3 SeaArRCHANDAUGMENT Procedure

The SEARCHANDAUGMENT procedure initiates a partial DFS from deficit points of As in the

reverse of the residual graph to find admissible augmenting paths and admissible alternating
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paths to an inactive point. The procedure then updates the transport plan along those paths.
The SEARCHANDAUGMENT procedure in this paper is similar to the SEARCHANDAUGMENT
procedure introduced in Section 4.2.1, and the only difference is that when the search path
reaches an inactive point of B, i.e., a point b € B with y(b) = A, the procedure updates the

transport plan along the alternating path and restarts the search.

Let D C As denote the subset of deficit points of As with respect to 75. Mark all points of
B and all backward edges as unvisited. Define U := B as the set of unvisited points of B.
For any point r € D, initiate a partial DFS @ = (r = r1) in the reverse residual graph 55 as

the search path that the procedure grows. Execute the following steps.

L IEQ=(r=r1b,....1,b),

(a) If b; is surplus, then the reverse path P = (b;, 7, ...,r1) is an admissible augment-
ing path in Gs. Augment 75 along P. If r is still a deficit point, set Q = (r = ry).
Otherwise, stop the current search.

(b) Otherwise, if b; is an inactive point (i.e., y(b;) = A), then the reverse path P =

(bi,Ti,...,r1) is an admissible alternating path to an inactive point in Gs5. Update

75 along P. If r is still a deficit point, set @ = (r = r1). Otherwise, stop the

current search.

(¢) Otherwise, if there is an unvisited backward edge (b;, ') in Gs, then add r’ as r;1;

to (). Otherwise, mark b; as visited and remove b; from U and Q.
2. If Q = <7" =T, bl, AN 7bi,’ri+1>7 let b := argminb/EU dy(ri+1, bl>
(a) If dy(rit1,b) < dy(rig1,b:), ie., (b,7i41,b;) is admissible, add b as b, to Q.

(b) Otherwise, remove 7;41 from @ and mark the backward edge (b;,r;41) as visited.

The procedure terminates when all partial DFS executions from all points in D terminate.
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Lemma 5.8. Given a §-restricted-feasible transport plan s, y(-) satisfying condition (F3) in

Lemma 5.2, after the execution of the SEARCHANDAUGMENT procedure,

(SA1) the transport plan 75, y(-) remains d-restricted-feasible and (F'3) remains satisfies, and

(SA2) there are no admissible cycles, admissible augmenting paths, and admissible alternat-

ing paths from inactive points to deficit regions in the residual graph.

Proof. Suppose 75 (resp. 74) denotes the transport plan maintained by the algorithm after

(resp. before) the execution of the SEARCHANDAUGMENT procedure.

For any edge (r,b) € As x B with 75(r,b) > 0, if 75(r,b) > 0, then by the o-restricted-
feasibility of 73, y(-), the point r lies inside ResVorz‘;(b). Otherwise, the edge (r,b) was a
forward edge on an augmenting path P (resp. alternating path P’ from an inactive point) so
that after updating the transport plan along P (resp. P’), it has become a backward edge.
In this case, there is a forward edge from b to r in the residual graph, which means that
re Res\/orz‘s(b)7 i.e., 75,y(-) is also d-restricted-feasible. Furthermore, since the SEARCHAN-
DAUGMENT procedure does not change the weights, (F3) continues to be true, and (SA1)

holds.

Suppose P!, ..., P*¥ denotes the sequence of admissible augmenting paths and alternating
paths to inactive points computed by the SEARCHANDAUGMENT procedure, and for any i €
0, k], let 7{ and G} denote the transport plan and residual graph maintained after updating
the transport plan along P°, respectively. Define V* (resp. U*) to be the set of visited (resp.

unvisited) points of B with respect to 7.

We use an induction on ¢ to show that there are no admissible cycles in the residual graph.
Since 7§ is obtained from the transport plan computed by the AcycLiFy procedure, there

are no admissible cycles in the residual graph GY. For any i € [1, k], assuming there are no
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admissible cycles in gg, o ,Qg_l, we show that the same holds for G*. For any admissible
triple (b,7,0') in G' formed after updating 72571 along P’ we show below that the triple
(b,r,b") does not form admissible cycles and conclude that there are no admissible cycles in
G.

For any visited point b € V=1\ V=2 the search from b did not lead to the computation of an
augmenting path or an alternating path to an inactive point; therefore, any point o' that is
reachable from b by an admissible path in the reverse of residual graph % (and therefore,
is reachable by our partial DFS procedure from b) would have also been marked as visited.
In other words, any point ¥’ € B that has an admissible path to the visited point b in the

residual graph G~! is also visited. By this observation, there are no admissible paths from

any unvisited point in U*! to any visited point in Vi1,

Below, we show that for any newly formed admissible triple (b,r,b'), b € V=t and b/ € U1,
Assuming this, there are no admissible triples from any visited point to any unvisited point
(in the reversed residual graph), and therefore, the newly formed admissible triples (which
are from an unvisited point to a visited point in the reversed residual graph) do not form any
admissible cycles, as claimed. Consider any triple (b, 7,0') that is admissible in G¢ but not in
gg—l. Recall that the SEARCHANDAUGMENT procedure does not change the weights of points,
and therefore, since (b, 7, ') is not admissible in Gi ', (r,¥') is not a backward edge in G§ ',
i.e., (r,0/) € P'" as a forward edge. From step 2 of the SEARCHANDAUGMENT procedure,
is the weighted nearest unvisited neighbor of r; therefore, since c,(r,b) > c,(r, V') (from the
admissibility of (b,r,0)) and the procedure added b’ to the search path (instead of b), the
point b was marked as visited by the procedure. Therefore, for any newly formed admissible
triple (b,7,0'), b € V7! and &/ € U'"'. To summarize, any newly formed admissible triple
is from a visited point to an unvisited point (in the residual graph), while there are no

admissible triples from an unvisited point to a visited points; hence, the newly formed
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admissible triples do not form admissible cycles, and using the inductive hypothesis, the

residual graph remains free of any admissible cycles.

To prove property (SA3), we next next the following properties:

(SA4) any point b € B and any backward edge that is marked as visited does not form
any admissible augmenting paths or alternating paths to inactive points in the same

execution of the SEARCHANDAUGMENT procedure.

For any visited point b € V', as discussed above, all vertices that are reachable from b by
an admissible path in the reversed residual graph are also visited. Since all inactive points
bs € B (resp. points b, € B with zero-weight points r € As in ResVorz‘s(b)) are unvisited, by
(resp. b, ) is not reachable from any visited point b € B by our search algorithm and therefore,
the visited points do not participate in an admissible augmenting path or alternating path
to inactive points. Furthermore, the procedure marks a backward edge (r,b) as visited if, for
each admissible triple (¥, 7, b), the point b’ is visited. Since the point &’ cannot be included in
an admissible augmenting path or alternating path to inactive points, the visited backward
edge (r,b) also does not form an admissible augmenting path or alternating path to inactive

points.

For any deficit point r» € D with respect to 75, y(+), the search from r has been terminated
since () was empty (otherwise, r would have been balanced); hence, all forward edges incident
on r are to visited points of B, which from (SA4) do not form admissible augmenting
paths or alternating paths to inactive points; therefore, r will not form any admissible
augmenting paths or alternating paths to inactive points during the same execution of the

SEARCHANDCONSOLIDATE procedure, leading to (SA2). O
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A.3.4 INcreaseWEIGHTS Procedure

The INCREASEWEIGHTS procedure is also similar to the INCREASEWEIGHTS procedure intro-
duced in Section 4.2.2, with the slight difference that it inactivates the points whose weights
reach A after increasing their weights. In particular, the INCREASEWEIGHTS procedure com-
putes a set IC of points that are reachable from the surplus points by admissible alternating
paths and increases the weights of those points by 4. It then marks all points of B whose
weights have reached A\ as inactive and recomputes As, Gs, and 75. For completeness, we

include the description of the INCREASEWEIGHTS procedure below.

For each point 7 € As, let N'(r) C B denote the set of points b € B with 75(r,b) > 0. Let
S C B denote the set of active surplus points of B. Mark all points b € B and all forward
edges (b,r) in the residual graph as unvisited and set L = (). Let U = B denote the set of
unvisited points of B. Initiate a partial DFS from any point b € S in the residual graph Gs
by setting @ := (b = by) as the search path that the algorithm grows. Execute the following

steps.

LIEQ=(b=byr,...,b),

(a) If there exists an unvisited forward edge (b;, ) in Gs, add r to @ as ri1.

(b) Otherwise, mark b; as visited and remove b; from U and Q. Add b; to K.
2. If Q = <b = b(), T1,y... ,b,‘, T‘,‘>, let b* := argmaXy eynn(r;) Cy(”y b/)

(a) If ¢, (7, 0*) > cy(rs, b;), ie., (b;, r;, b*) is admissible, add b* as b;41 to Q.

(b) Otherwise, remove r; from @ and mark (b;,r;) as visited.

After all DFS procedures from all points in S terminate, for each point b € K, set y(b) <

y(b)+3d. We next describe how to recompute the residual graph and the compressed transport
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plan with respect to the updated weights.

Lemma 5.9. Given a §-restricted-feasible transport plan 75,y(-) satisfying condition (F3) in

Lemma 5.2, after the execution of the INCREASEWEIGHTS procedure,

(IW1) the transport plan 7s,y(-) remain 0-restricted-feasible and condition (F3) remains

satisfies,
(IW?2) the weight of each active surplus point b € B increases by §, and

(IW3) the weights of all points b € B with deficit regions inside Res\/or;‘s(b) and all inactive

points remain unchanged.

Proof. Let y(-), X5, As (resp. y/(+), X, A) denote the set of weights of B, decomposition of A,
and the set of representative points before (resp. after) the execution of the INCREASEWEIGHTS

procedure.

To prove property (IW1), we show that for any pair of points (a,b) € A x B such that
75(a,b) > 0, we have a € ReSVorzé(b). Let b, (resp. b)) denote the weighted nearest
neighbor of a with respect to weights y(-) (resp. ¥'(:)). From the J-restricted-feasibility of
7s,y(+), we have c,(a,b) < c,(a, b)) +26. Let r, denote the representative point of the region

containing a.

o If b € K, then b, also is included in K, since either b = b, or the triple (b,, r4, b) would
be admissible. Hence, b, remains the weighted nearest neighbor of a with respect to

weights b/, and

cy(a,b) =cy(a,b) — 6 < cyla,b,) + 0 = cy(a,b,) + 20.

o Otherwise, b ¢ K. In this case,
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— if b}, ¢ IC, then

¢y (a,b) = cy(a,b) < c,(a, b)) + 20 = cy(a,b) + 20.

— otherwise, we would have c,(r,, b)) > ¢,(r,,b), since otherwise (b, r,,b) would
be admissible and since b), € K, then b € K as well. In this case, since b/, became
the weighted nearest neighbor of r,, we should have r, € ReSVorg(b;), and since
Cy(Tq, b)) > ¢y(74,b), we should also have that r, € ResVorg(b) and consequently

a€ ResVorg(b). Then,

¢y (a,b) = cy(a,b) <cfa, b,)+ 6= cy(a, b,) + 20.

Therefore, for any pair (a,b) with 75(a,b) > 0, we have a € ResVorf/‘s(b), and 75, y'(+) would

be J-restricted-feasible, i.e., (IW1) holds.

Note that the INCREASEWEIGHTS procedure initiates a partial DF'S from each active surplus
point, which terminates when the search path becomes empty; hence, each active surplus
point b € B will be added to the set K in step 1(a) of the procedure, and its weight will be

increased by d, proving (IW2).

Finally, note that from Lemma 5.9, there are no admissible augmenting paths or alternating
paths from active surplus points to inactive points in the residual graph. Hence, the partial
DFS procedure from the active surplus points cannot reach any inactive point or any point
b € B with deficit regions inside ResVorz‘s(b); therefore, all such points would not be in the

set K and their weights remain unchanged, leading to (IW3).
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A.3.5 Missing Proofs of Efficiency

In this section, we provide the efficiency analysis of each procedure used in our algorithm.
Our analysis is similar to the analysis presented in Section 6.3.2; however, for completeness,

we provide the analysis in detail for d-dimensional space.

Efficiency of the SEARCHANDCONSOLIDATE and SEARCHANDAUGMENT Procedures

Each execution of the SEARCHANDCONSOLIDATE (resp. SEARCHANDAUGMENT ) procedure runs
partial DFS procedures on the residual graph to find a set of admissible augmenting and
consolidating (resp. alternating and augmenting) paths. The partial DFS procedure, upon
backtracking from a point b € B (resp. r € As), marks the point b (resp. the backward
edge (b',r) used to reach r) as visited and does not add it to the search path again in the
same execution. Upon finding an admissible path P, the procedure updates the transport
plan along P in O(|P|) time. Let {P,..., P} denote the set of all paths found by the
SEARCHANDCONSOLIDATE (resp. SEARCHANDAUGMENT ) procedure. Since the residual graph
has O(n?*! edges (from Lemma 5.4), the running time of the procedure would be O(n?** +

Zle |P;|). Next, we bound the total length of all paths found by the procedures.

Lemma A.7. The total length of augmenting and consolidating paths computed during the

execution of the SEARCHANDCONSOLIDATE procedure is O(n®*) in d dimensions.

Proof. Let 70 denote the transport plan maintained by the algorithm at the beginning of
the execution of the SEARCHANDCONSOLIDATE procedure. To prove this lemma, we categorize
the augmenting and consolidating paths found by the procedure based on the source of their
bottleneck capacity, namely (1) set P, consisting of augmenting and consolidating paths
whose bottleneck capacity is determined based on the residual capacity of its endpoints,

and (2) set P, consisting of paths whose bottleneck capacity is determined based on mass
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transportation over its backward edges. We begin by showing that |P,| = O(n¢) and then
show |P,| = O(n?). Since each path has a length of at most 2n (since the number of points
in B is n), we then conclude that the total length of all paths computed by the procedure is
O(n?).

Let P be a consolidating path in P,. If the bottleneck capacity of P is determined by its free
endpoint r € A, then the mass of r will be fully transported after updating the transport
plan along P; similarly, for any augmenting path P € P,, if the bottleneck capacity of P is
determined by its free endpoint b € B (resp. r € As), then b (resp. r) will be balanced after
augmentation. Therefore, |P,| = O(n?) since |As U B| = O(n?). Next, let P be a path in
P.; in this case, the backward edge (r,b) determining the bottleneck capacity of P will be

removed from the transport plan after augmentation.

Consider any triple (b, r,b") that is admissible in G’ but not in G. Recall that by the definition
of the admissible triples, (r,0') is a backward edge in G" and c,(r,b) > ¢,(r,0'). Since the
SEARCHANDCONSOLIDATE procedure does not change the weights y(-), the only case where
(b,r,b') is not admissible in G is when (7, b’) is not a backward edge in G, i.e., the pair (V/,r)
is in P as a forward edge, and updating 75 along P results in transporting mass from b to 7.
On the other hand, by step 2(b) of the SEARCHANDCONSOLIDATE procedure, a forward edge
(0',r) will be added to the search path only if ¥’ is the weighted nearest unvisited neighbor
of r; in other words, since ¢, (r,b) > ¢,(r, V') and the procedure added ¥’ to the search path
(instead of b), the point b was marked as visited by the procedure. Therefore, for any newly

formed admissible triple (b,r,b"), point b (resp. ') is marked as visited (resp. unvisited).

By property (SC2) in Lemma 5.5, the point &’ cannot form an admissible augmenting path
during the same execution of the SEARCHANDCONSOLIDATE procedure. Hence, the edge (r,b)
determining the bottleneck capacity of P was a backward edge of the initial transport plan

7{ and updating the transport plan along each path P € P, removes one of the transporting
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edges of the transport plan 70. Since the transport 7§ is obtained from the AcycLiry proce-
dure, using property (AC2) in Lemma 5.7, the transport plan is a forest and the number of
backward edges is O(n?); hence, |P,| = O(n?), as claimed. The total number of augmenting
paths found by the procedure, therefore, is O(n?), and since each augmenting path has a

length of at most 2n, their total length is O(nd*?). O

Using an identical argument, one can show that the total length of all alternating and aug-

1), Therefore, each ex-

menting paths found by the SEARCHANDAUGMENT procedure is O(n
ecution of the SEARCHANDCONSOLIDATE and SEARCHANDAUGMENT procedures takes O(n™!)

time.

Efficiency of the REpucEWEIGHTS and INCREASEWEIGHTS Procedures

The ReEDUCEWEIGHTS and INCREASEWEIGHTS procedures run a DFS that visits each edge of

d+1) d dimensions.

the residual graph at most once and has a total running time of O(n
Furthermore, in the arrangement used to construct partitioning ), each point b € B has at
most 6 restricted Voronoi cells (three cells that are used in the construction of X5 and three
that are used in the construction of &7). Similar to our proof for the size of the graph, one
can show that the total number of vertices in the arrangement used to construct ) is O(n?),

and the number of regions in ) is at most O(n¢). The construction of the transport plan 7,

therefore, can be done in O(n(Q + n)) time since

(1) the mass of all regions in ) can be determined using the OracLE in O(n?Q) time, and

(2) the mass transported on each pair (9,b) € Y x B can be determined in O(1) time.

Converting 7 to 75, as is done in the merge step, also takes O(n®*!) time, since there are

O(n®*1) pairs of points in A; x B, and therefore, the total complexity of 7 is O(n*?1).
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Finally, storing a sorted list of neighbors for each region r € As takes O(n?*1)logn time in
total. Hence, the executions of the REDUCEWEIGHTs and INCREASEWEIGHTS procedures take

O(n4(Q + nlogn)) time.

Efficiency of the AcycLiry Procedure

In the first step, the AcycLiFy procedure uses a dynamic tree structure to remove all cycles
of transportation from the transport plan 75. Using the dynamic tree structure by Sleator
and Tarjan [149], since the total number of edges of the graph is O(n*!) in d dimensions,
the running time of this step would be O(n?*t1logn). In the second step, the procedure runs
a partial DF'S procedure on the residual graph and cancels the admissible cycles. The partial
DFS procedure, upon backtracking from a point b € B (resp. r € As), marks the point b
(resp. the backward edge (I',r) used to reach r) as visited and does not add it again to
the search path in the same execution. Furthermore, upon finding an admissible cycle C| it
cancels the cycle in O(|C|) time. Let {C4,...,Ck} denote the set of all cycles found in the
execution of the AcycLiry procedure. Given that the size of the residual graph is at most
O(n®1), the second step of the AcycLiry procedure takes a total of O(n® + 32 |Cy]) time.

The following lemma bounds the total length of all cycles found by the AcycrLiry procedure.

Lemma A.8. The total length of admissible cycles computed during the execution of the
second step of the AcycLiry procedure is O(n3) in 2 dimensions and O(n¢tt) time in d

dimensions.

Proof. Let 7 denote the transport plan maintained by the algorithm after the first step of
the AcycLiry procedure, i.e., 7§ is a forest. To prove this lemma, we show that the AcycLiry
procedure finds O(n¢) admissible cycles, where each cycle has a length of at most 2n; hence,

the total length of all cycles found by the procedure would be O(nt1).
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Let C' be an admissible cycle found by the procedure; in this case, the backward edge
determining the bottleneck capacity of C' will be removed from the transport plan after
cancellation. For any admissible triple (b, r, ') formed after canceling C, using an identical
argument as in Lemma A.7, one can show that the edge (r, V') is a backward edge that was on
the cycle C' as a forward edge, and the point b is marked as visited; hence, by Lemma 5.7, the
point b does not form an admissible cycle in the same execution of the AcycLiFy procedure
and therefore, the newly formed backward edge (r,b’) cannot be included in any admissible
cycles. Therefore, each cycle cancellation removes one of the backward edges of 7, where 7§
is a forest and the number of its transporting edges is O(n?). Therefore, the total number
of cycles found by the AcycLiry procedure is O(n?), and their total length is O(n®*!), as

claimed. o

From Lemma A.8, the total execution time of the AcycLiFy procedure is O(n®™!) in d di-

mensions.



Appendix B

Bipartite Matching

Lemma 1.1. Suppose M is a perfect matching and y(-) is a set of dual weights for AU B

where M, y(+) is feasible. Then, M is a minimum-cost perfect matching.

Proof. Using Equation (1.12), we rewrite the cost of the matching M as follows.
wM) = Y clab)= > yb)—ya)=> yb) = yla) (B.1)
(a,b)eM (a,b)eM beB acA

Suppose M* is any minimum-cost perfect matching between A and B. Using Equation (1.11),

we rewrite the cost of M* as follows.
wM) = Y e@ b)Yy —yla) =Y y) - Y yla). (B2
(a* b*)EM* (a* b*)EM* b*eB a*eA
Combining Equations (B.1) and (B.2), we have
w(M) = yb) =D yla) < w(M).
beB acA

Since M* is a minimum-cost perfect matching and M is some perfect matching between A
and B whose cost is no more than the cost of M™*, we conclude that M is also a minimum-cost

perfect matching between A and B, as claimed. O

Lemma 1.2. For any feasible matching M, y(-) and any augmenting path P between a free

257
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point a € A and a free point b € B, ¢(P) = y(b) — y(a) + 3y y)ep s(a', V).

Proof. Recall that the slack of any edge (a,b) is defined as s(a,b) = c(a,b) — y(b) + y(a),
and from Equations (1.12), the slack of any matching edge is zero. We rewrite the net-cost

of an augmenting path P from a free point b € B to a free point a € A as follows.

o(P) = Z c(d, V') + Z —c(d,b")

(a' b )eP\M (' p)ePAM
=y(b) —y(a) + (c(a’,b) = y(¥') +y(a)) + (—cd, ) +y¥) —y(d))
(a! W )eP\M (a/ ' )ePNM
(B.3)
—y(b)—y@+ Y s@¥)+ D 0
(a! W' )eP\M (a! ' )ePNM
—y(0) —yla)+ Y s(d, )+ s(a’,t)
(@’ W )EP\M (@’ ¥ )EPNM
=y(b) —y(a) + s(a’,b).
(a'V)eP

Equation (B.3) is resulted since the endpoints b € B and a € A of the augmenting path P
are incident on exactly one non-matching edge and all other points along the path P are
incident on exactly one matching edge and one non-matching edge (and hence, their dual

weight is added once and subtracted once in the summation). ]

B.1 Missing Details and Proofs of Chapter 6

B.1.1 Constructing the hierarchical partitioning

Recall that, as described in Section 6.1.1, our algorithm constructs a hierarchical partitioning

by recursively partitioning each non-leaf cell of H into two smaller cells as its children. We
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describe the partitioning procedure with respect to an arbitrary cell [J of H. Let ¢, and
¢, denote the width and length of O, and let @y, (resp. Zmax) denote the z coordinate of
the left (resp. right) side of (0. Without loss of generality, assume ¢, > ¢,. Recall that
A = 9n~'/5 Define a priority queue Q storing two events for each point u € An U Bp,
namely an entry event et at uy — oA and an exit event ezt at u, + {pgA; here, u, denotes the

x coordinate of point u. See the events b* and b' in Figure B.1.

Consider a vertical sweep line that moves from left to right, searching for a value z* in the

middle third of the x side of O minimizing |A(x*)|; recall that

Az):={u€ AnUBg : |uy — x| < oA}

Let 2’ denote the state of the sweep line. Intuitively, as the sweep-line moves from left to
right (i.e., ' increases), any point u € Ag U B enters the set A(2') at its entry event and
exists A(2) at its exit event. Thus, we can keep track of the number of points close to the
sweep line by incrementing (resp. decrementing) the count at each entry (resp. exit) event

and return the value x* realizing the minimum count during the sweep-line procedure.

More formally, we maintain a value 7 representing the number of points of A U By at
a distance at most g\ to the sweep line. We also store, for a set of O(ng) values 2" €
[%min, Tmax), & function 7 : [Tmin, Tmax] — Z>o representing |A(z”)|. Initially, for the minimum
event e in Q, set v <— 1 and n(e) < 7. Iteratively, our sweep-line algorithm extracts the
minimum event e from Q. If e is an entry event, set v <— v + 1, and otherwise, e is an exit
event and set v <— v — 1. Set n(e) < . After processing all events in Q, define the entry z’

of n(+) in the middle third of z side of 0 with the minimum value, i.e.,

*

x* = arg ,min n(z),
2
$E[$min+%yxmin+ 3D]ms(n)
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Figure B.1: The solid vertical line shows the line our sweep-line procedure maintains. The
two values b* and b' show the entry and exit events created for the blue point b.

where S(n) denotes the support of n. Partition [J using the vertical line x = z* into two

smaller cells [J; and [Jy, and add the non-empty ones as the children of [ to H.

B.1.2 Analysis for General d and q

For a point set U of 2n points in d dimensions and any ¢ > 1, let A denote a random subset
of n points of U and let B = U \ A. To compute a minimum-cost perfect matching between
A and B under ¢ distances, we construct our hierarchical partitioning H with a parameter
A = 9n @2 and execute our algorithm from Section 6.2. In the following, we extend our
analysis from Section 6.3.2 to any dimension d > 2 and any ¢ > 1 and show the following

result.

Lemma B.1. Suppose U is a set of 2n points inside the unit d-dimensional hypercube, d > 2,
and A is a subset chosen uniformly at random from all subsets of size n. Let B = U \ A.

Then, for any parameters q > 1, the expected running time of our algorithm for computing
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the minimum-cost matching on the complete bipartite graph on A and B under (3 costs is

O(n*” @M d(n) log A), g< g

O(nz_ﬁcb(n) log A), q>

N

We begin by showing that there exists a low-cost high-cardinality partial matching.

Lemma B.2. For any cell O of H, there exists a matching M’ that, in expectation, matches

1 o
all except O <n15 d“) points of B and has a cost O <(2€D)qnlm ‘”2>_

Proof. Define r := 22 > 1 and ¢ := [log, log,n]. Let 8 := q(d + 2)r* — d(q + 1). Define a

sequence of grids (Gy, ..., G;), where each grid G; has a side-length O ({gn~**) for

We construct a matching M as follows. Let AY := Ap and BY := Bp. Starting from
i = 1, let M; be a matching from B5 ' to A5 that matches as many points as possible
inside each hypercube of G;. Let A}, and BY denote the set of free points of A5 " and B4,
respectively. Set i <— ¢ + 1 and continue this procedure until the last grid G; is processed.
Define M := Zle M;. In the following, we show that the total number of free points with

. 1 g
respect to M is O (nlg d+2) and the cost of M is E[w(M)] = O ((%D)qnlD d+2).

The matching M matches as many points as possible inside each square of the grid G;.
Therefore, the total number of unmatched points is equal to the excess of Gy, which by

Lemma B.3 below is

Efexc(Gy)] = O (néat+%) —0 (n;‘ +) , (B.4)



262 APPENDIX B. BIPARTITE MATCHING

where the second equality holds since

d 1 d/1 rtHt 1 1 1 qrt —q 1
St =c (=1 -2) ) +2= (- +=
2 2 2\d 6] rt 2 2 q(d+2)rt—d(g+1) 2
1 q— 45 1 1

— <1- .
d+2+q(d—|—2)7’t—d(q+1)_ d+2+210gn

We next analyze the expected cost of M. For ¢« = 1, since all matching edges in M; has a

cost of at most O(({ong™)?), the cost of M; would be
a1
w(My) = O (ng x (long™)?) = O ((%D)qnlm ‘“2) , (B.5)

where the second equality holds since

— 1)t 2¢%—qd .t
| gay =14 9=y g a
d 64 d q(d+2)rt—d(g+1)
(29=d)(q+1)
o1 2q—d+ a2 < q+1 q

1-— .
AT dd+2) T qdrr—dig+D) = d+2  dlogn

Finally, for each 1 < i < t, the matching M; consists of matching edges with a cost of
O ((ﬁgniai)q). By Lemma B.3, the expected number of matching edges in M; is at most

d

- L1
@) (néa“ﬁ?); therefore,

E[w(M,)] = O (né‘“*% X (egngawq) -0 ((%D)qn;‘%) , (B.6)

where the second equality is resulted from as follows.

d +1 (1 qr'(1 — =) +1 q qt(1-%)
gl Ty TI% T 5 3 2 \d 3

. t
¢ ar—Drt g+l g
d o) d+2 dlogn
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Combining Equations (B.5) and (B.6), the expected cost of M is

ZE ((%D) - 35) .
O

Lemma B.3. For any random partitioning of a set U of 2n points inside the d-dimensional

unit hypercube into two sets A and B of n points each, a hypercube Ol of H, and a grid G
</ dgyl

inside O with cell side length O ({on5®), Elexc(G)] = O (né +2>.

+

[V

> ng. Therefore, we

d
Proof. For a > é the lemma statement holds trivially since né

assume o < é. Using the Hoeffding’s inequality [84], for any hypercube & of G,

r||BY| — |45 > clx/nglogn} <n

for some constants ¢, co > 1. Since exc(§) < np,

Elexc(¢)] = O(\/nnlogn).

Summing over all squares of G,

Efexc(G)] = 3 Efexc(®)] (ZW> 0 (Vnlogn x 161 = 0 (ni=+4).

£eG e

Recall that for any cell [J in H, the points of B that are matched to the divider of [J
when our algorithm erases 'y is denoted by BS, and that while erasing the divider I'g, we

showed that our algorithm executes the EXTENDEDHUNGARIANSEARCH procedure | BS| times.
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We use Lemma B.2 to show that the number of points in BS is O <n1_ﬁ). Let M’ denote
the matching constructed in Lemma B.2, and let M denote the matching of the extended
matching M€ maintained by our algorithm. Let Mg denote the matching edges of M that
lie inside 0. Let P,yg (resp. Pai) denote the set of augmenting paths (resp. alternating
paths) with an endpoint in |BS| in the symmetric difference My @ M’. As discussed above,
|Pa| < |F(M")| = O (nl_d%?). We partition the free endpoints of Pyyg into the set Bjo*
that are at a Euclidean distance closer than Ay = 2€Dn_ﬁ to the divider I'y of [0 and
the set Bgffg that are at a Euclidean distance further than A from I'y. From Lemma 6.1,

’Bclose‘ _ O(nl_f}&), Finally, by Equation (6.17),

aug

Yooy < Y yb) S w(M)).

be Bfar beBaug

aug

Since the dual weight of each free point in B, is at least ()7, we get a bound of O(nl_ﬁ)

on the number of such points.

Therefore, the total number of executions of the EXTENDEDHUNGARIANSEARCH procedure on
each cell O is O(nl_ﬁ). Each execution takes O(no®(n)) time; as a result, the total execu-
tion time of our algorithm on [J would be é(nl_ﬁngcb(n)). Since each point participates
in O(log A) cells in #H, the total execution time of our algorithm across all cells would be

O(ng_di}%?@(n) log A), proving Lemma B.1.

B.2 Missing Details and Proofs of Chapter 7

In this section, we provide the missing proofs of lemmas and claims made in Section 7.2.

Lemma B.4. For any partitioning C of the root square O° of H, any feasible extended

matching M€ = (M, B®),y(-) on G,, and any admissible alternating or augmenting path P,
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the matching obtained after updating M€ along P remains feasible.

Proof. For any edge (a,b) € P, due to the admissibility of the edge, y(b) — y(a) = c(a,b).
If (a,b) ¢ M prior to augmentation, it is a matching edge after the augmentation and
condition (7.3) holds for (a,b). Otherwise, (a,b) € M prior to augmentation, it is a non-
matching edge after the augmentation, and condition (7.2) holds for (a, ). Note that all dual

weights remain unchanged and consequently, conditions (7.4)—(7.6) remain satisfied. O

B.2.1 Missing Details and Proofs of the EXTENDEDHUNGARIANSEARCH

Procedure

Lemma 7.9. After the execution of the extended Hungarian search procedure for a cell [,
the extended matching M€, y(-) remains feasible, y(v) < \ for all points v € Ag U B, and
y(bs) = A for all free points by € By. Furthermore, the path P computed by the procedure is
a minimum net-cost augmenting path inside 0. After augmenting along P, the updated key

for O is the smallest net-cost of all augmenting paths inside OJ and is at least \.

Let y(-) (resp. ¥/(-)) denote the dual weights of the points after (resp. before) the update
duals step of the extended Hungarian search procedure. To prove this lemma, we first show
that after the update duals step, the extended matching M¢, y(-) is feasible, y(v) < X for all
v € AU Bp, and y(by) = A for all free points by € Bn. We then show that the augmenting
path P computed by the procedure is admissible to prove that P is a minimum net-cost
augmenting path inside [J. We then use Lemma B.4 to show that after augmentation, the
extended matching M€, y(-) remains feasible. Finally, we show that the updated key of (J is

the smallest net-cost of augmenting paths inside [ and is at least .

Feasibility of points.
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1. For any point b € B:

« if b € B\ Bp is outside of O, then y(b) = 3/(b); therefore, Conditions (7.4)

and (7.5) remains satisfied.

o Otherwise, b € Bp and k < kK + s(b). Therefore, Condition (7.4) holds for b since

y(B) = /() + 5 — Ky < 5/ (B) + 5(b) = (b, D). (B.7)

2. For any free point a € Ap:

o ifa € A\ Apis a free point outside of J, then y(a) = y'(a) = 0 and Condition (7.6)

remains true.

e if a € Anis a free point inside [, then k, > k and the procedure does not update

the dual weight of a, i.e., the dual weight of a remains 0, satisfying Condition (7.6).

Feasibility of edges. For any edge (a,b) € E, let s(a,b) denote the slack of (a,b) before

updating the dual weights. For any edge (a,b) € E:

l.ifa e A\ An and b € B\ Bp, then y(a) = ¢'(a) and y(b) = y/'(b); furthermore,
the extended Hungarian search procedure does not add (resp. remove) the edge (a,b)
to (resp. from) the matching and therefore, the feasibility conditions (7.2) and (7.3)

remains satisfied for (a, b).

2. if a € A and b € B\ Bn, then y(b) = ¢/(b) and y(a) > y/'(a), since the extended
Hungarian search procedure does not decrease the dual weight of any point inside [J;
hence, y(b) —y(a) < ¥/ (b) —y'(a) < c(a,b) and conditions (7.2) is satisfied. (Note that

by Lemma 7.3, the edge (a,b) cannot be a matching edge).
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3. ifa€ A\ Ag and b € Bp, then y(b) < ¢(b,C’) < c(a,b); hence, y(b) — y(a) < y(b) <
c¢(a,b) and conditions (7.2) is satisfied. (Note that by Lemma 7.3, the edge (a, b) cannot

be a matching edge).

4. ifa € A\ Ap and b € B\ Bn:

o If (a,b) € M is a matching edge, then k;, = £, since the only edge directed to b in
the residual graph is the zero-slack edge (a,b). Thus, the feasibility condition (7.3)

holds since

o Otherwise, for any non-matching edge (a,b), ko < Ky + (b, a), and the feasibility

condition (7.2) holds since

y(b) —y(a) = (¥ () + £ — k) = (' (@) + £ — Ka) <Y (b) =¥/ (a) + s(b, a) = c(a, b).
(B.8)

Maximum dual weight. Let ynax = maxpep, v'(b). By invariant (I2) prior to the ex-
tended Hungarian search procedure, for all free points b € Bn, ¥'(b) = Ymax- By the con-
struction of the residual graph, kK, = 3/(b) = Ymax for all free points b € B and Kp > Ymax

for all points b € Bn. Therefore, for any free point b € Bp,

y(b) =y (b) + kK — Ky =Kk = A,
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where the last equality holds since x is the net-cost of the minimum net-cost path inside [,

which is A\. Furthermore, for any point b’ € Bq,

y(b) =/ (b) + 5 — ki <Y (D) + K — Ymax < K= .

Note that for any free point a € An, y(a) = 0 and for any matched point a € Ap, if a is
matched to a point b € Bp, then by Condition (7.3), y(a) = y(b) —c(a,b) < y(b) < A. Hence,
we conclude y(v) < A for all points v € AU By and y(by) = A for all free points by € By

after the dual updates.

Net-cost of P. To prove that P is a minimum net-cost augmenting path, we show that
P is an admissible augmenting path. Consequently, if b € By is the free endpoint of P, by
Corollary 7.5, ¢(P) = y(b) = A. Note that for all other augmenting paths P’ from a free
point ' € B, from Lemmas 7.4, ¢(P’) > y(V') = A, and therefore, P would be a minimum

net-cost augmenting path inside [J.

For each edge (u,v) € P, Ky = ky + $(u,v), since (u,v) is an edge of the shortest path
tree of the residual graph. Plugging into Equation (B.8), for each non-matching edge (b, a),
y(b) — y(a) = c(a,b) and the edge (b,a) is admissible. Furthermore, if K = K}, + s(b) for a
point b € B, then by Equation (B.7), y(b) = c¢(b,0) and the point b would be a zero-slack
point. Therefore, the path P computed by the algorithm would be an admissible path from
a free point b € Bp to either a free point a € A or a zero-slack matched point ¥’ € Bq, i.e.,

P is an admissible augmenting path.

From Lemma B.4, the extended matching M¢, y(-) obtained after augmenting the matching

MF€ along P remains feasible.
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Updated key. Note that the extended matching M€, y(-) after the augmentation step is
feasible, y(v) < A for all vertices v € Ag U B, and y(by) = A for all free points by € Bp.
Let k,, for each v € Aq U Bp, denote the distances computed in the update key step of the
extended Hungarian search procedure. By Lemma 7.4, for any augmenting path P from a

free point b € B to a free point a € A, the net-cost of P is

S(P)=yb)+ > s(a"V") =k,

(a”,b”)GP

where the second equality holds by the construction of the residual graph. Similarly, for any
augmenting path P from a free point b € B to a matched point &’ € Bp, the net-cost of P
is

G(P) =y(b) + )+ > s(a"b") = ry +s(b).

(o b'")eP
Therefore, the updated key of O, i.e., kg = min{min, AE Ka, Mipe g Ky + S(b)} correctly
computes the net-cost of the minimum net-cost augmenting path inside [J. Finally, note
that for any augmenting path P from a free point b € By, by Lemma 7.4, ¢(P) > y(b) = A

and the key of [J would be at least \.

B.2.2 Missing Details and Proofs of the MerGe Procedure

Lemma 7.10. After the execution of the MERGE procedure on a cell [J, the updated extended
matching M€, y(-) is feasible, the dual weights y(v) for every v € AgU Bg is at most \, and
y(by) = X for all free points by € Bn. Furthermore, the updated key for O is the smallest

net-cost of all augmenting paths within 1) and is at least X.

Let M¢ = (M, B°),j(-) denote the feasible extended matching before the execution of the

merge procedure. Let BS denote the subset of points in B¢ that are matched to the divider
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I'o of O, and let M€ = (M, B¢ = B°\ BE) be the extended matching after adding the
boundary-matched points in BE to the free points. By Lemma 7.11, the matching M€, (-
is feasible. Next, we show that, given a feasible extended matching M€ y/(-), after one
iteration of the while-loop in the merge step, the matching remains feasible and the dual

weights of points in [J are at most .

Let y(-) (resp. ¥'(+)) denote the dual weights of the points after (resp. before) the execution of
one iteration of the merge step. We first show that M¢ y(-) is a feasible extended matching
where y(v) < A for all v € An U Bn. We then show that the path P is admissible and
use Lemma B.4 to show that after augmentation, the extended matching M€, y(-) remains

feasible.

Feasibility of points.

1. For any point b € B:

o if b € B\ Bp is outside of [, then y(b) = %/(b); therefore, Conditions (7.4)

and (7.5) remains satisfied.

o Otherwise, b € Bp and k < K+ s(b). Therefore, Condition (7.4) holds for b since

y(b) = ' (b) + k — Ky < Y'(b) + s(b) = c(b, ). (B.9)

2. For any free point a € Ap:
o ifa € A\ Apis a free point outside of J, then y(a) = y'(a) = 0 and Condition (7.6)
remains true.

e if a € Anis a free point inside [, then k, > k and the procedure does not update

the dual weight of a, i.e., the dual weight of a remains 0, satisfying Condition (7.6).
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Feasibility of edges. For any edge (a,b) € FE, let s(a,b) denote the slack of (a,b) with

respect to y/(+). For any edge (a,b) € E:

l.ifa € A\ Ag and b € B\ Bp, then y(a) = y'(a) and y(b) = ¥/(b); furthermore,
the merge procedure does not add (resp. remove) the edge (a,b) to (resp. from) the

matching and therefore, the feasibility conditions (7.2) and (7.3) remains satisfied for

(a,b).

2. if a € Ap and b € B\ Bp, then y(b) = v/'(b) and y(a) > ¥'(a), since the merge

procedure does not decrease the dual weight of any point inside [J; hence, y(b) —y(a) <

y'(b) — v/ (a) < c(a,b) and conditions (7.2) is satisfied. (Note that by Lemma 7.3, the

edge (a,b) cannot be a matching edge).

3. iffa€ A\ Ag and b € Bp, then y(b) < ¢(b,C’) < c(a,b); hence, y(b) — y(a) < y(b) <
c¢(a,b) and conditions (7.2) is satisfied. (Note that by Lemma 7.3, the edge (a, b) cannot

be a matching edge).
4. ifCLGA\AD and b € B\BDZ

o If (a,b) € M is a matching edge, then x;, = k, since the only edge directed to b in

the residual graph is the zero-slack edge (a,b). Thus, Condition (7.3) holds since

y(0) —yla) = (¥'(0) + 5 — k) = (¥ (@) + & — Ka) = y'(b) — y'(a) = c(a,b).

o Otherwise, for any non-matching edge (a,b), k, < kp+5(b, a), and Condition (7.2)

holds since

y(b) —y(a) = (¥'(0) + £ — k) — (¥ (@) + £ — Ka) < Y'(b) —y'(a) + 5(b, @) = c(a,b).
(B.10)
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Maximum dual weight. Next, we show that y(v) < A for all v € AgU Bp. Note that for
any point b € Bp, by the definition of x, we have k < k, + A — ¢/(b). Therefore, if k;, < &,
then y(b) = y'(b) — Ky + £ < A. Otherwise, k, > k and y(b) = y'(b) < A. Furthermore, for
all free points a € Ag, by Condition (7.6), y(a) = 0 and for all matched points a € Ap, if a

is matched to a point b € Bn, then y(a) = y(b) — c(a,b) < y(b) < A

Net-cost of P. Next, we show that the path P computed in an iteration of the merge
step is either (i) an admissible augmenting path, or (ii) an admissible alternating path from
a free point b € By to a matched point 0’ € Bn with y(b') = A\. Then, from Lemma B.4, the

extended matching obtained after updating M¢, y(-) along P is feasible.

For each non-matching edge (b, a) € P, since (b, a) is in the Dijkstra’s shortest path tree, k, =
Ky + $(b,a). Plugging into Equation (B.10), for each non-matching edge (b, a), y(b) —y(a) =
c(a,b) and the edge (b, a) is admissible (i.e., all edges of P are admissible). Furthermore, if P
is an augmenting path from a free point b € B to a matched point ¥’ € B, then k = ky +s(b').
Plugging into Equation (B.9), y(b') = v/(V/) + s(V') = ¢(¥/,C). Therefore, P is an admissible
alternating or augmenting path and the matching obtained by updating M€ along P remains

feasible (Lemma B.4).

Termination. Let P be a path from a free point b € By to a point u € AL U Bn.

o If u e AL, then P is an admissible augmenting path and P is in case (i).

o Otherwise, if u € By and k = K, + s(u), then P is an admissible augmenting path and

P is in case (ii).

o Otherwise, u € Bp and k = k, + A — y(u). In this case, P is an admissible alternating

path from b to a matched point ¥ € By with ¢/(0') = .
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In either case, the number of free points b € Bn with y(b) < A reduces by one, and the merge

step terminates.

Dual weight of free points. Note that the while-loop terminates when there are no free
points by € Bp with y(by) < A, whereas as discussed above, all points will have a dual
weight at most A, i.e., the dual weight of each free point by € By after the termination of

the while-loop is A.

Updated key. Finally, we show that the updated key of [] denotes the net-cost of the
minimum net-cost augmenting path inside [J. Note that the extended matching M¢, y(-)
after the termination of the while-loop is feasible, y(v) < X for all vertices v € An U Bp,
and y(by) = A for all free points by € Bn. Let k,, for each v € An U Bp, denote the
distances computed in the update key step of the extended Hungarian search procedure. By
Lemma 7.4, for any augmenting path P from a free point b € By to a free point a € Ap, the

net-cost of P is

S(P)y=yb)+ > s(a" V') =k,

(' WP
where the second equality holds by the construction of the residual graph. Similarly, for any
augmenting path P from a free point b € Bp to a matched point ¥’ € B, the net-cost of P
is

S(P) =yb) +sW)+ > s(a" V") = ry +s(t).

(a//’b//)ep
Therefore, the updated key of O, i.e., kg = min{min, AE Ka, Miye gy Ky + s(b)} correctly
computes the net-cost of the minimum net-cost augmenting path inside [J. Finally, note
that for any augmenting path P from a free point b € By, by Lemma 7.4, ¢(P) > y(b) = A

and the key of [J would be at least .



274 APPENDIX B. BIPARTITE MATCHING

B.2.3 Missing Proofs and Details of the Efficiency Analysis
Runtime Analysis of the MerGe Procedure

For any non-leaf cell 0 with [0’ and (0" as children, the merge step at [ first increases the
dual weights of the free points inside [ and (" in O(ng®(ng)) time (Lemma 7.7). For the
feasible extended matching M€ = (M, B),y(-) this initial step, let BS denote the subset of
the boundary-matched points in B¢ that are matched to I'g. As discussed in Section B.2.2,
each iteration of the while-loop in the merge step reduces the number of free points with a
dual weight less than A by one; therefore, the total number of executions of the while-loop

in the merge step is at most | BS|.

Lemma B.5. For any cell O, the number of iterations of the merge step on O is O(|BS|).

Each iteration requires the computation of the distance k, for each point v € Ag U Bp,
which takes O(n2) time. As shown in Section 7.4, the efficiency of this computation can be
improved to O(ngq)(n)) using a dynamic weighted nearest neighbor data structure with a
query/update time of ®(n). Furthermore, by Lemma 7.11, | BS| = O(n*/?). Computing the
updated key of [J also requires the computation of the distance of each point from the source
in the residual graph, which also takes O(no®(n)) time. Therefore, the total execution time

of the merge step would be O(n**ng®(n)).

Runtime Analysis of the ExteENDEDHUNGARIANSEARCH Procedure

Recall that the extended Hungarian search procedure iteratively picks the cell with the
minimum key from PrioriTYQUEUE to be processed. For each leaf cell L1 in H, since [J
contains the points corresponding to a single request and contains only one point of B, the

procedure picks [J at most once, at which it matches the point b € By to the boundaries of
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(1. Therefore, the total time of the extended Hungarian search procedure on all leaf cells of

H is O(n).

Next, we show that for any non-leaf cell (1 of H, our algorithm executes the search procedure
on [0 at most O(n*/%) times. Since each execution of the procedure takes O(no®(n)) time,

the total running time of the extended Hungarian search procedure on all cells of H would

be O(n*® 3" 5, no) = O(n??log(nA)), as claimed.

For any execution of the search procedure on [, since [ has the minimum key in PRIorRITYQUEUE,
the value A represents the net-cost of the minimum net-cost augmenting path inside [1. Re-
call that for any non-leaf cell [, we categorized the iterations of the search procedure on [ as

1

low-net-cost if the value of A in that iteration is at most {gn~'/° and high-net-cost otherwise.

To bound the high-net-cost executions, we show that as soon as the value \ exceeds fon~=1/5,
the number of free points inside (J cannot be more than O(n*/°), and therefore, the number

of high-net-cost executions of the extended Hungarian search procedure on O is O(n/®).

Lemma 7.12. Given a feasible extended matching M€, y(-) and any cell O € C, if the net-
cost of the minimum net-cost augmenting path inside O is greater than {on~°, then the

number of free points of M¢ is O(n*/?).

Proof. Let M’ be the matching inside [J as constructed in Lemma 7.1, and let M denote the
matching of the extended matching M€ = (M, B). Define BS as the set of free points of B
with respect to M€, y(-). Let Mg denote the subset of matching edges of M that lie inside [J,
and let Pyyg (resp. Payy) denote the set of (standard) augmenting (resp. alternating) paths
in the symmetric difference My @ M’ with one endpoint in the set BS. Note that each path
in P,y has one endpoint that is free in M’ and therefore, |P.y| < |F(M')| = O(n*/®); here,

F(M') denote the set of free points of M’. Next, we show that |P,u| = O(n*/).
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From the definition of the net-cost of an augmenting path,

Y oeP)= Y > oclab)— > clab)

PEPaug PEPaug \ (a,b)€PNM’ (a,b)e PNMp

< > > clab) | <w(M), (B.11)

PEPaug \ (a,b)EPNM
For each path P € Py, let bp € By and ap € An denote the two end-points of P. Define
Baug := {bp : P € Payg} as the set of free endpoints of the paths in Pyye. Using Lemma 7.4

and Equation (B.11),

dylb)y= > ylbr) < > $(P) < w(M)). (B.12)

beBaug Pepaug PEPaug

~1/5

From invariant (I12), the dual weight of all free points of Bn equals A > {nn~'/°. Therefore,

Do Baug y(b) w(M")
[Bag| = =52 < = = O "n'/?) = O(n*?).

Combining the two bounds, the total number of free points with respect to MC¢ y(-) is

| Patt] + |Paugl = O(n*?). O

Define Cy as the set of all cells of H, including [ itself, that are processed by the merge step
of our algorithm while 0 € C and A < {gn~/°. For any cell ' € Cn, let By denote the set
of points of B that are matched to the divider I'y at the beginning of the merge step at [
During the execution of our algorithm, before processing [’ by the merge step, there are k
free points across all cells is C. After combining the two children of [ (and removing the
divider of 0'), the number of free points across all cells in the partitioning is now increased
to k + |By|. Each iteration of the merge step either (i) finds an admissible augmenting

path, which reduces the number of free points by one, or (ii) finds an admissible alternating
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path to a matched point b € Br with y(b) = A\, which does not change the number of free
points. Therefore, after the merge step at [I', the number of free points across all cells in the
partitioning is at most k+|Bgy|. Our algorithm then iteratively executes the search procedure
to reduce the number of free points across all cells to k. Hence, for each cell 0’ € Cp, the
merge step at [’ might lead to the execution of a low-net-cost extended Hungarian search

procedure on J at most |Bry| times.

Lemma B.6. For any cell O, the number of low-net-cost executions of the extended Hun-

garian search procedure on U is at most 3 cq [Bry|.

Recall that in the low-net-cost executions of the search procedure on [, the value A <
(on~'/%. Using invariant (I2), the dual weight of all points of B are at most \, and therefore,
for any cell ' € Cq and each point b € By, y(b) < fon~'/°, ie., b is a boundary-matched
point that is matched to the divider I'yy and has a dual weight at most ¢on~°. Therefore,
c(b,Tey) = y(b) < £on~'/® and all points in By are at a distance at most /on~"/® from the
divider I'y. From Lemma 7.13, /o < 3. Therefore, using Lemma 6.1, the number of
points of By at a distance at most Mg > fon~/° to the divider 'y is O(ngm~/®); hence,

|BD/| = O(nmlnil/t’)).

Lemma 7.13. For any non-leaf cell O in H and any cell O € Cq, %KD/ </l5< %ED/.

Proof. To prove this lemma, we first provide two useful relations between the sum of side-
lengths py and the largest side-length (5 of any cell O of H. Let £, (resp. {,) denote the
width (resp. height) of [J. Since the aspect ratio of [J is at most 3, i.e., min{¢,,¢,} > %ED =
3 max{l,, 0y},

4

Furthermore, for the smaller child [J; of [J, if cell is divided on the z axis, then the width of
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(], is within %Em and %Eﬁ; therefore,

4
3Pa, SPo S 2,

For the cell O (resp. '), suppose Oy (resp. . ) denote the smaller child of O (resp.

min

/
min?

[). Since our algorithm picked [y, for being merged as the smallest cell before [

4 3
gfg S Po S 2poin S 2p[|£mn S §p|:|/ S 36[}/. (Bl?))

/
min

Similarly, since our algorithm picked [I . as the smallest cell to be processed rather than

OJ

Y

4
gfm/ S yynlj S 2p|];nin S QPD S 4&] (B14)
Combining Equations (B.13) and (B.14),

1 9
—ly < < —ly.
glo << o

We next show that Y .. no = O(n) and conclude that Yo [Bo| = O(n*/®), which

bounds the number of low-net-cost executions of the search procedure on 0 by O(n*/?), as

desired. By Lemma 7.13, for any cell OO’ € Cq, o € [%ED, %ED}. By the construction of H,

for any cell [0 and its grandparent [}, /o < %ZD;. Therefore, for ' € Cq, only the ancestor
27

of L up to 2log;,, 5 levels higher can also be in Cn; therefore, for any point u € AU B, the

point u lies inside at most O(1) cells of Cg, and 3 . noy = O(n), as claimed.

We conclude that the total number of executions of the extended Hungarian search for each

cell O of H is O(n*/5). The next lemma follows since each execution takes O(ng®(n)) time.
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Lemma B.7. For any cellJ of H, the total exzecution time of the extended Hungarian search

procedure on O takes O(n*®ng®(n)) time.

B.2.4 Extension to higher dimensions

Given a set of requests o in the d dimensions, for any d > 2, let G, on point sets A and
B denote the graph constructed for the k-SP problem on ¢ under any ¢, norm for some
p > 1. Let H4 denote the hierarchical partitioning constructed for the point set A U B with
a parameter A = 9n 771, The hierarchical partitioning has a height O(dlog(nA)). Using

Hg, we run our algorithm as described in Section 7.2.

We summarize the efficiency analysis of our algorithm for d-dimensional point sets next
and show that our algorithm runs in (N)(n%TlH(I)(n) log A) time. In particular, we show
that for any cell [, the number of iterations of the merge step on [ is O(nl_ﬁ), where
each iteration takes O(ng®(n)) time. We also show that our algorithm runs the extended
Hungarian search procedure O(nl_ﬁ) time on O, each in O(ng®(n)) time. Adding these
bounds for all cells of H4, the total running time of our algorithm is O(n2_ﬁ¢(n) log A).

We summarize the details below.

Given a feasible extended matching M€, y(-), for any cell O € C, let BS denote the set of
all points of B that are matched to the divider I'y in the matching before the execution
of the merge step at [J. By Lemma B.5, the number of iterations of the merge step on [
is O(|BS|). To bound the number of points in Bf, we first show that there exists a partial

matching M’ of a high cardinality and a low cost.

Lemma B.8. For any cell O of Hg, there exists a matching M' over G, inside O that

1— 1 1—_2
matches all except O(ng ***') points of Bn and has a cost O(lgng **).
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Proof Sketch. Similar to our construction for Lemma 7.1, to construct the matching M’
__2

for Lemma B.8, we place a grid of cell-side-length fon5**"" and compute the matching

corresponding to the 1-partitioning of the requests inside each cell of this grid. It is easy to

confirm that the matching M’ achieves the bounds claimed in Lemma B.8. O

For the feasible extended matching M¢ = (M, B€), y(-), let Mg denote the subset of matching
edges of M that lie inside OJ. Let P,ye (resp. Pai) denote the set of augmenting paths
(resp. alternating paths) with an endpoint in |BE]| in the symmetric difference Mn @& M'.
As discussed above, |Pa| < |[F(M')| = O(nlfﬁ), where F(M’) denotes the set of free

points of B with respect to M’. We partition the free endpoints of P,y into the set Belose

aug

far

ane) that are at a distance closer than (resp. further than) \g = {on~ 7 to the

(resp. B
divider 'y of 0. From Lemma 6.1, |BJ9*| = O(nl_ﬁrl). Finally, by Equation (7.14),

aug

> peprar Y(b) < w(M'). Since the dual weight of each free point in BEL is at least A\, we
aug

aug

get a bound of O(nlfﬁlﬂ) on the number of such points, and a total execution time of

O(nl_T{HnDCI)(n)) for the merge step on a cell O of H.

Next, we bound the number of executions of the extended Hungarian search procedure for
each cell (J. An execution of extended Hungarian search procedure on [J is low-net-cost if
A< Egn_TlJrl and high-net-cost otherwise. For the high-net-cost executions, one can use
the matching M’ from Lemma B.8 and a similar argument as in Lemma 7.12 to show that
when A\ > Egn_Tlﬂ, the total number of free points inside [J cannot exceed O(nl_ﬁ) and
conclude an upper-bound of O(nl_T{H) on the number of high-net-cost executions of the
extended Hungarian search procedure. To bound the number of low-net-cost executions of
the extended Hungarian search procedure on [J, define C as the set of all cells [0’ € H that
are processed by the merge step while [J is in C and A < KDTFTIH. For any cell 0 € Cp,
let By denote the set of boundary-matched points of By matched to the divider of [

before the execution of the merge step on [I'. By Lemma B.6, the number of low-net-cost
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executions of the extended Hungarian search procedure on [J is at most ) -, ech |Bry|. Since
A < &jfﬁrl, all points in B, for each cell 0 € Cn, are at a distance at most Kgnfﬁrl
to the divider of (I'. Therefore, from Lemma 6.1 and 7.13 and using an identical discussion
as above, > oo B = O(dnl’ﬁ). Therefore, the total execution time of the extended

Hungarian search step on any cell O of H is O(dnl_ﬁngé(n)).

Combining the total execution times of the merge step and the extended Hungarian search

step, the running time of our algorithm would be
O(> " dn'~ = ng®(n)) = O(dn* 77 d(n) log A),
OeH

leading to the following theorem.

Theorem B.9. Given any sequence o of n requests in d dimensions with a spread of A, and
a value 1 < k < n, there exists a deterministic algorithm that computes the optimal solution

for the instance of k-SP problem under the £, norm in O(min{nk, n? s log A}-®(n)) time.
p
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