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Abstract

This thesis describes a simple efficient and robust numerical
technique for solving two-dimensional incompressible laminar steady
flows at moderate-to-high Reynolds numbers. The method uses an
incremental multigrid method and an extrapolation procedure based on
minimum residual concepts to accelerate the convergence rate of a robust
block-line-Gauss-Seidel solver for the vorticity-stream function
equations. Results are presented for the driven cavity flow problem
using uniform and nonuniform grids and for the flow past a backward

facing step in a channel.
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Stream Function
. n+1 n
Delta Formulation A( ) = () - ()
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Solution Vector = (w, V)

Residual Vector = (R(w), R(w))T

Collection operator from h grid to H grid
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K, K, K, Parameters for extrapolation based on minimum residual

Re
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I. INTRODUCTION

This thesis is concerned with the simulation of 2-D (two-
dimensional) incompressible steady laminar separated flows at moderate-
to-high Reynolds numbers (Re), using a simple efficient and robust
numerical technique. Among the many numerical methods developed for the
incompressible Navier-Stokes equations, those recently employed to solve
computationally difficult problems, i.e., high Re steady separated
flows, are very complex and sophisticated. For example: (i) Ghia et al.
[1] use the already cumbersome coupled strongly-implicit procedure (SIP)
inside the very involved full-approximation storage (FAS) multigrid
algorithm of Brandt [2]; (ii) Schreiber and Keller [3] use a direct
biharmonic solver embedded in a Newton iteration process. Furthermore,
in both techniques the solution at a léwer value of Re has to be
effectively used to generate the solution at a higher value of Re.
Therefore, it appears worthwhile to provide one more method which is
very simple, but still as powerful and efficient as the best techniques

available to date.

The vorticity-stream function formulation of the incompressible
Navier-Stokes equations has been chosen as a test case for the proposed
methodology as it provides a simpler formulation than either primitive
variables or hybrid schemes. The vorticity-stream function formulation

requires the solution of 2x2 block systems rather than the u4x4 block



system that primitive variables would require. A review of some of the
important advances in incompressible laminar vorticity-stream function

formulation Navier-Stokes solution procedures follows.

Rubin [4] gives an overview of different formulations of the
incompressible Navier-Stokes equations and the reader is referred to his
paper for a discussion of formulations other than vorticity-stream
function such as primitive variables or hybrid schemes. He makes some
observations of past experience with the vorticity-stream function and
they are summarized here: (i) first-order upwinding converges rapidly to
incorrect solutions due to numerical viscosity; (ii) coupling the
vorticity and stream function equations provides faster convergence than
any uncoupled method; (iii) combining a coupled algorithm with a
multigrid scheme can significantly reduce computational time at the cost
of increased storage. Various methods which have led to these

observations are detailed below.

Rubin and Khosla [5] extended the strongly implicit procedure (SIP)
of Stone [6] to solve a set of two coupled equations. They noted that
the usual manner of solving the vorticity-stream function formulation of
the Navier-Stokes equations, i.e. in an uncoupled manner by marching the
vorticity transport equation in time and then solving the Poisson
equation for the stream function (e.g. see Burrgraff [7] or Roache [8]),
is very restrictive and time consuming as a nearly converged Poisson

solution is required and a strict limit on time step exists even for



implicit time stepping. The SIP is a quasi-LU decomposition of the
matrix formed from the spatial discretization and allows a complete
coupling of the equations including boundary conditions. An important
limitation of SIP is the large amount of storage required for the matrix

inversion.

Rubin and Khosla used an upwind differencing scheme with correction
for the advection term. The convective terms are split into an implicit
upwind term and an explicit second-order correction term, which recovers
a second order spatial accuracy at convergence to steady-state. This
differencing is termed K-R differencing [9]. The boundary conditions
are handled in an analogous manner. Second order accurate boundary
conditions for the vorticity-stream function require the use of the
boundary grid point and two grid points inside of the boundary. The SIP
procedure only allows the implicit use of one grid point inside of the
boundary and the boundary grid point, hence their method implements’the
boundary condition as a first order implicit scheme with a second-order
explicit corrector to regain second-order accuracy in the converged
steady-state solution. They applied this method to the driven cavity

and to several other problems and achieved good results.

Ghia, Ghia and Shin [1] have extended the coupled strongly implicit
procedure (CSIP) as described above with a multigrid method. The
multigrid method that they implemented was the full approximation

storage full multigrid (FAS-FMG) procedure of Brandt [2, 10] and Brandt



and Dinar [11]. The accomodative version of the FAS-FMG procedure was
implemented such that a multigrid cycle is injected into the iterative
solution (smoother in Brandt's terminology) whenever the convergence
rate is not satisfactory. The concept behind a multigrid strategy is
that any given mesh can only quickly annihilate those frequencies of
errors which can be described on that grid. Thus, a fine mesh should
only be used to annihalate small wavelength high frequency error
components and that a coarser grid should be used to annihilate longer
wavelength lower frequency errors. This is accomplished by caclulating
a coarse grid correction to the fine grid results when the fine grid has
annihalated the high frequency errors. This correction is interpolated
back to the fine grid in such a manner as to minimize any high frequency
errors that are introduced in the switching between grids. If the
coarse grid does not converge satisfactorily, another multigrid cycle is

injected switching to yet a coarser grid.

The collection (restriction) and interpolation (prolongation)
operators used are the nine-point operators that will be used in this
study and defined elsewhere in this paper. On the converged coarse
grid, a cubic interpolation was used as suggested by Brandt [10] and
Brandt and Dinar [11]. The FMG cycle begins by calculating a converged
solution on the coarse grid and interpolating this to the next finer
grid. This grid is then converged, injecting multigrid cycles where
necessary, and then interpolated to the next finer grid until a

converged solution is obtained on the desired finest grid. Ghia, Ghia



and Shin have reported that this process works well on the driven cavity
problem as long as the coarse grid is not too coarse which may not not

follow the physics and lead to an erroneous solution.

The use of the multigrid procedure further increases the memory
requirements of the CSIP-MG method. The multigrid process leads to a
much improved convergence rate especially as the grid is refined. The
results were only for a driven cavity using a uniform mesh. Results
were presented for grids as fine as 257 x 257 for Re up to 10,000 with a

relatively small computation time.

Napolitano and Walters [12] have developed a line Gauss-Seidel
(LGS) method for both the incompressible and compressible Navier-Stokes
equations. The governing equations are discretized in time using a
backward Euler time step and are linearized using the delta (A)
formulation of [13]. The resulting set of equations can then use a
different spatial discretization for the left hand side (LHS) implicit
operator and the right hand side (RHS) residual. The LHS is discretized
using first-order accurate upwind differencing for the first derivative
terms and second-order accurate central differences elsewhere. This
leads to a large sparse system which is solved approximatley at each
time step by a line Gauss-Seidel sweep which requires only the solution
of a block 2x2 tridiagonal system. The RHS is discretized using second
order accurate central differences such that second-order spatial

accuracy is recovered in the converged stead-state solution. The upwind



differences add an artificial viscosity term which vanishes in the
steady-state and provides a diagonally dominant system to invert. This

method requires minimal storage for the inversion routine.

For the driven cavity, Napolitano used alternating sweep directions
of left-to-right followed by top-to-bottom for improved convergence.
Napolitano [14] also applied this method to the cubic channel flow
studied by several authors using Navier-Stokes and boundary layer
equations [15 - 17] and achieved good accuracy and fair convergence,
much better convergence than he reports for an alternating direction

implicit (ADI) method [18].

Napolitano reports that the convergence of this method deteriorates
as the mesh is refined. He developed an "incremental" multigrid scheme
to address this issue [19]. He uses the LGS method as a smoother and a
"eyeling" multigrid strategy. Jameson [20] has shown the effectiveness
of a cycling multigrid strategy as applied to the Euler equations. The
strategy is to do a fixed number of iterations using the smoother on a
grid and then to switch to the next coarser grid and repeat the process.
Both the method of Jameson and Napolitano use one sweep of the smoother
before switching to the next grid. Brandt [2] states that the advantage
of the cycling versus accomodative procedure is in the saving of work in
computing the switching criteria, replacing it instead with a fixed

cycle. Napolitano has achieved encouraging results using this



incremental multigrid approach for the driven cavity problem. He

presents results for the Re = 1000 case using a uniform grid.

Hafez and Cheng [21] have developed an extrapolation technique for
iterative solvers based on the power method. The basic idea is to
extrapolate two iterates of the solution to an improved guess of the
solution. They applied this method to a line SOR scheme for transonic
flow using transonic small disturbance theory. They achieved good

results for this problem with the extrapolation technique.

More recently, Hafez et al. [22] have extended the extrapolation
based on the power method to more parameters and introduced an
extrapolation based on minimum residual techniques. These have been
investigated on the multigrid Euler code of Jameson [20]. Both of these

extrapolation techniques have been shown to improve convergence.

The work presented here is based on recent work by Napolitano [19],
Napolitano and Walters [12] and Hafez et al. [22]. The vorticity-stream
function formulation of the Navier-Stokes equations is chosen-in two
dimensions as a test for the proposed numerical method. While this may
seem to be a very restrictive choice as the vorticity-stream function
formulation does not easily extend to three dimensions, the basic
solution method of the incremental multigrid scheme has been used by

Napolitano for a model Laplace equation, vorticity-stream function



Navier-Stokes, and lambda formulation Euler equations. The line Gauss-
Seidel solver has been applied to second-order upwinding for flux split
compressible Euler and Navier-Stokes equations by several authors [23 -
251]. The extrapolation technique of Hafez has been applied to
compressible Euler equations [22] and also to the transonic small
disturbance equations [21]. Therefore, it is believed that the method

applied here is easily and efficiently applied to other problems.

The basic method of Napolitano has been used only for uniform grids
and will be extended here for nonuniform grids by implementing an
appropriate weighting of the collection and interpolation functions
based on the physical grid [26]. Improvements to convergence for the
nonuniform grid similar to those achieved on the uniform grids will be
shown. The method will be applied to higher Re driven cavity flows and
to the backward facing step as calculated by Armaly et al. [27] and Kim
and Moin [28]. All of these cases will be investigated using the
residual extrapolation technique also and results will be presented
showing from modest to sizeable increases in the convergence with the

extrapolation.

Chapter II gives the governing equations for both uniform and
nonuniform coordinates for the vorticity-stream function Navier-Stokes
equations. Chapter III then details the numerical solution procedure
with section 3.1 giving the discretization, section 3.2 the incremental

multigrid scheme and section 3.3 the details of the one-parameter and



two-parameter residual extrapolation. Boundary conditions and their
implementation are discussed in section 3.4. Chapter IV gives a
discussion of results as applied to the driven cavity in uniform and
nonuniform coordinates and to the backward facing step flow. Chapter V

presents a summary of the method.



II. GOVERNING EQUATIONS

2.1 CARTESIAN COORDINATES

For a two-dimensional flow, the vorticity may be written in
Cartesian coordinates as w = V x q = 3v/3x - 3u/3y where q is the
velocity vector and u and v are the x and y components of velocity
respectively. The stream function in two-dimensional flow is defined as
u = 3y/3y and Vv = -3y/3x, where the velocities have been
nondimensionalized by a characteristic velocity, Uw, and the lengths by
a characteristic length, L. With these variables (w, ¥), the Navier-

Stokes equations in two dimensions may be written as:

(2.1) w, * wy w, - wx w, - (w, _ + wyy) / Re = 0

where the subscripts denote partial derivatives, t is time, x and y are

the Cartesian coordinates and Re is the Reynolds number.

10
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2.2 GENERALIZED CURVILINEAR COORDINATES

Transforming to a general curvilinear coordinate system

£ = g(x,y)
n = n(x,y)

equations 2.1 and 2.2 may be written as:

(2f3) wt + ( wn mg - wE mn )/ J -
( awEg - Zngn + Ywnn + own + ng) / Re = 0

(2.4) w + ( awgg - stgn + Ywnn + own + ng) =0

J, a, B, Y, 0, T are the Jacobian and scale factors of the

The scale factors are defined for a general stretching

transformation.
as:
a= (3 % g )°
g g
1 1
B = - ( - + - )
XeXn Yeln



(2.5)

Gil—

<=
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III. NUMERICAL METHOD

3.1 DISCRETIZATION

Equations 2.1 and 2.2 are discretized in time using an implicit
backwards Euler time stepping and are linearized using the delta

approach neglecting terms of order A%?. The resulting equations may be

written
n n n n
(3.1) Aw/At + [ wy bu, + Awy - v Au)y -y Ay ]
- [ wax + Awyy ]/ Re
n n n n
= -0 ( wy w )x - b w )y ] + [ W * Wy ]/ Re
= R(mn)
n n n
(3.2) Aw + [ Ay ¥ Awyy] = -w - [ Yoy * wyy ]
= RO

13
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Similarly, for a curvilinear coordinate system, the governing
equations (Eqs. 2.3 and 2.4) are also discretized in time using a first-
order accurate backwards Euler time stepping and are linearized using

the delta approach neglecting terms of order A2 resulting in

(3.3)  Aw/at + [ w2 Bug * wg sy, - wg b = wp o, 1/ -
[ a Buge * Y dw o+ 0 Bu * T Awg 1/ Re
= DGy wdg = (dgwdy 173+
[ a wgg -28 wgn + Y w:n + g w2 + 1 wg ] / Re

= R(u™

(3.4) Aw + [ a Ay

£E + Y Awnn + 0 Awn + 1 Awg ]

=W -[ay? -28 wgn £y "

n n
+ 0 + 1 ]
nn Yn v

=  RG™M.

In equations 3.1 and 3.2 (3.3 and 3.4), (", wn) are the known

solutions at time (iteration) level t" and (Aw, AY) are the unknowns to
be computed. Notice that the conservation form of the advection terms
has been used on the RHS residual equations [12]. The mixed derivative

( )En has been evaluated explicitly at the known time level and hence
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does not appear in delta form. For an orthogonal grid as will be
employed for the driven cavity, B = 0, so that the explicit evaluation

of the mixed term does not enter.

Equations 3.1 and 3.2 (3.3 and 3.4) are discretized in space using
a two-point first-order accurate upwind formula for the first
derivatives of incremental variables in the vorticity equation ( Amg’
Awn, Awn, AwE ) and second-order accurate central differences for all of
the other spatial operators. The upwind terms provide a diagonally
dominant system to be inverted and also generates an artificial

viscosity term to stabilize the transient calculations. The artificial

viscosity goes to zero as the steady state is reached.

3.2 INCREMENTAL MULTIGRID SCHEME

The upwinding provides a diagonally dominant, large 2x2 block-
pentadiagonal system to be inverted at each iteration. This linear

system is rewritten here in compact form as:

(3.5) L aAf = R (f)

where L is a large 2x2 block-pentadiagonal matrix, Af is the sought

solution vector
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T
(3.6) Af = [ Awy, O,y * * * By, B¥y ]

and R (f) is the known residual vector, (R(mn), R(wn))T, whose elements
are the right hand sides of Egqs. (3.1 - 3.2) or Egs. (3.3 - 3.4)
evaluated at every grid point. In all of the methods provided in [12,
14, 18], L is replaced by either the product of two block-tridiagonal
matrices [18] or by a matrix L, obtained from L by simply dropping its
uppermost diagonal [14], which amounts to solving equation (3.5)
approximately by a single block-LGS iteration. If an alternating
direction LGS method is employed [12], at two successive time levels the
ordering used to obtain L is changed so that L, neglects the
contribution of the "east" and "south" grid points in the computational
stencil, respectively. In all cases, after obtaining Af, the solution

is updated as

(3.7) £ « £ + Af
L, and R (f) are recomputed using the updated f values and the process
is repeated until convergence, i.e., when some norm of Af or of R (f) is

sufficiently small. The incremental multigrid method of [19] is

described here for completeness and proceeds as follows:

(3.8) LPae® = R ()P
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la ]
1
]
+
>4
o]

(3‘9)

.0) Lt ae! = () = ()

(3.11) ae® = 1% ar

4
o ]
+
[><
la ]

(3.12) rh

In Eqs. (3.8 - 3.12) the superscript h refers to the finest grid,
whereas H refers to any of the coarser meshes and can thus be equal to
2h, 4h and 8h in the present study where at most four grid levels are
used. Furthermore, L? is the matrix obtained by simple injection from
. h H h .
the matrix L,, R (f) is obtained from R (f) by applying the standard
9-point collection operator (Cg) as many times as necessary to go from
h

the finest mesh h to the current mesh H, and IH is the standard bilinear
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interpolation operator from the mesh H to the mesh h. Egs. 3.10 - 3.12

are solved for each of the grid levels being used; 2h, 4h, 8h and 16h.

Notice that in the present multigrid method only the finest grid

solution is computed and needs to be stored. Also, the incremental

solution at any grid level, AfH is immediately used to obtain Afh (by
standard bilinear interpolation) and to update the finest grid solution

fh, so that a single array is used for all of the AfH. Therefore,

although this method increases the work of the collection and
interpolation, it requires no additional storage for f or Af than that

required by the basic smoother.

In the present study, two modifications to the basic approach
described above have been introduced in order to employ nonuniform
grids: (i) the 9-point collection operator for the residual has been
modified so as to use weighted areas in physical space; (ii) the
bilinear interpolation operator has been modified so as to use distances

among gridpoints in physical space, see e.g., [26].

The boundary conditions for the vorticity stream function
formulation is in terms of a Neumann condition for y. This would
require a complicated interpolation procedure if the true boundary
conditions were implemented at every grid level. Since the multilevel
scheme is written in terms of deltas of the variables, homogeneous

boundary conditions are used at all coarse grid levels and the true
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boundary conditions are included implicitly at only the finest grid.
Any anticipated loss of convergence may be partially offset by including
the true boundary conditions as an explicit postprocessor after each

sweep on the coarse grid levels.

3.3 RESIDUAL EXTRAPOLATION

In 6rder to further enhance the convergence rate of the method, the
extrapolation technique based on minimum residual concepts proposed by
Hafez et al. [22], can be used after every k iterations to obtain a new
initial condition for the finest mesh solution. Such a technique is
extremely simple to code, uses a negligible amount of CPU time and will
be shown to provide a significant improvement in the efficiency of the

calculations.

Following Hafez et al. [22], the extrapolation based on the minimum

residual technique may be summarized below. Define an updated guess of

the solution vector fn as:

(3.13) £ =™ a e (M-
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* *
Calculate k such that R(f ) « R(f ) is minimized. If a linear system is

*
assumed, R(f ) may be written as:

1

(3.14) R(£) = RV n-1

+K(Rn-R )

The inner product becomes

n-1

(3.15) [R(£)1 2 =[R™ + ¢ ( R® - R" "))

and

R« (R -R

(3.16) ¢« =

n n—1)

(R - R - R

An update to the solution vector is then made according to Eq. 3.13.

The two parameter residual extrapolation technique is an extension

*
of this idea, where f may now be written as:

n-1 n-2

* n
(3017) f' = f + Ky (f

S v, (VT - 272,

The residual equation now becomes
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1

(3.18) R(£) = B" + «, (R" - R"! n=1 _ g2,

-R )+K2(R.~R
and, therefore

(3.19) [REeD] 2 =[B! v, B" - R vk, BT - RO 2

Minimizing Eq. 3.19 results in the following 2x2 matrix to solve

for the extrapolation parameters x, and k,:

(Y]
o
A
-
1
Q

(3.20) =

o
Q
A
(N
—
o

where
n n-1 n n-1
a = (R -R ) - (R -R )
b = (R -R"2 ) . (R" -
c = Rn—1 _ Rn-2 ) . ( Rn-1 _ Rn-2)
g = BV . (RP -
e = #r1.( §r1_RmQ)

The algorithm for implementing the residual extrapolation may be

summarized as follows:
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i) perform 1 iterations of the multigrid scheme

ii) calculate « (or x, and k,) from Eq. 3.16 (Eq. 3.20)

*
iii) evaluate £ from Eq. 3.13 (Eq. 3.17)
iv) repeat steps i - iii with 1 replaced by k.

In this algorithm, 1 and k are two free parameters that may be
chosen based on numerical experiment. It will be shown that the
convergence of the solution is not overly sensitive to the choice of 1

or K.

3.4 BOUNDARY CONDITIONS

3.4.1 DRIVEN CAVITY

The driven cavity problem has been used by many authors as a test
problem for evaluating numerical techniques and is used here as a first
test of the current method on both a stretched and unstretched grid.
Figure 1 shows the driven cavity and the appropriate boundary

conditions. The top wall of the cavity moves at uniform velocity along
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its own axis and all other walls are at rest. The boundary conditions
are no flow through the walls and zero tangential velocity relative to

the wall.

The no-slip boundary condition provides that y and wn (where wn is
the normal derivative of ¢ at the wall) vanish at all non-porous walls.
These boundary conditions provide no direct boundary condition for the

vorticity. A boundary condition for w is derived from the physical

boundary conditions from the definition of w as w = - V2y following Ghia

et al. [1].

3.4.1.1 CARTESIAN COORDINATES

At the top, moving wall, of the driven cavity, y =1 and j = N, the

boundary condition may be written as:

(3.22) wy == (v +v,) == v

as wxx = 0 along the top.
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Using a central difference approximation for wyy and introducing an
image point one grid point outside of the computational domain, the

vorticity on the top may be written as:

(3.23) wy == C¥yy =29+ ¥y ) 7 ay?

wN+1 is evaluated using a third-order accurate finite difference form of
the normal derivative of y which is known at all boundaries from the no-

slip condition

(3f24) wyN = (29 * 34y - 6 Yy * Vyp )/ 6Ay
but wy =y = U°° along the top. Therefore, the two boundary conditions
to be implemented are:

(3.25) wy = - (3U 8y - 34 *+4u = 3y o) /Ay

N

(3.26) by = 0

These must be written in delta form to be implemented in the numerical
procedure. This may be done by writing each equation at time n and time

n+1 and subtracting to give:

(3.27)  Bwy = = (4 Ay, - % My o ) / Ay?

N
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and

(3.28) Ay = 0

Care must be exercised when implementing boundary conditions in delta

form such that wy and Y, at the first step is correct, i.e. set m;nltlal
=-3 U,AY and w;nitial = 0. The same procedure is followed for the

boundary conditions on the other walls.

3.4.1.2 GENERALIZED CURVILINEAR COORDINATES

A similar procedure is followed for the case of nonuniform grids
with only minor changes due to the stretching. The vorticity on the

top, Wy s is now written as:

(3.29) w -28 wgn trYy ot wn tT ¢g )

N e b n

The stretching to be used is orthogonal such that B is identically zero.

On the top, v = 0 = -wx = —wg Ex' Therefore y_ = 0 = constant and wgg =

g
0. Eq. 3.29 becomes

(3.30) w =-(Ywnn+0tbn)

N

A second-order accurate central difference is used for wnn and a third-

order accurate finite-difference representation is used for wn to solve
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for the image pointf At the top, u = wy = wn ”y = UQ. Therefore, wn =

yn Um. Eq. 3.30 may finally be written as:

7 1

(3.31) wy == (= Yy v WYy = 5Yy )/ An?

N
Y
(34 *9)vy U,

in delta form

(3.32) Awy, = - ( 4 Bby_y = % Y &by s ) / An?

N
(3.33) 4y, =0

where the initial conditions are

Y
(3.3%) wy=- (3= +0)y U,

N
and
(3.35) vy = 0.

The boundary conditions for the other walls may be derived similarly.

This formulation has been shown to be second-order accurate (see
Ghia et al. [1]). The boundary conditions add an extra term to the
tridiagonal system to be inverted at the top and bottom of the matrix.
This is simple to include in the tridiagonal solver and adds no more

complexity to the inversion routine.
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The stretching used for this case transforms a nonuniform grid in
physical space to a uniform grid in computational space. It is the same

stretching as used in [12].

2g-1

X
(3.36) (y) = 0.5 + 0.5 tanh [ A, _,

)] / tanh A,.

As the parameter A, is increased, more grid points are clustered near

the walls and, as A, + 0, a uniform grid is reclaimed.
Since the stretching is of the form

£ = £(x)
(3.37)

n = n(y),

a great simplification in the scale factors is realized. All scale

factors are calculated analytically as:

w e

'} |}

o tad
m1~

<
']
]
.:s»l--



y
g = - —D.D Y
yn
X
T = - ;55 a
£
J = xE yn
where
xE = A, sech2 [ A,
XEE= - 4 A, tanh [
(3.39)

yn = A, sech2 [ A,

= =~ 4 A  tanh
Yo o [

28

(26 - 1) ] / tanh A,

Ao (26 - 1) ] Xg

(2n - 1) ] 7 tanh A,

A, (2n - 1) ] Yo

BACKWARD FACING STEP

3.4.2

The backward facing

numerically by Armaly et al.

step flow, studied experimentally and

[27] and numerically by Kim and Moin [28]
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has also been studied as a test problem for the present methodology.
Figure 2 shows a schematic of the flow field. The Reynolds number for

this flow is defined in [27] as:

(3.40) Re = L2
. AY]

where V is two-thirds of the maximum inlet velocity and D is the
hydraulic diameter of the inlet (small) channel and is equal to twice

its height, D = 2h.

The boundary conditions for the top and the bottom walls are no-
slip conditions and are of the same form as for the uniform driven
cavity, as no stretching is used for this case, where wN is constant but

non-zero. The bottom half of the left boundary is also a no-slip wall.

The top half of the left boundary is specified as a parabolic

inflow velocity profile given as:

(3.41)

where y, is a new variable defined for convenience with its origin at
centerline of the channel. Integrating the velocity distribution with

respect to y,, y may be written for the inflow plane as:
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(3.42) y= -8 y13 + 6 y,2 + C

To evaluate the constant of integration, the stream function is matched
at y, = O with the value of the stream function on the bottom half of
the wall, i.e., y = 0. The constant of integration becomes zero and the
stream function on the top of the computational space (y, = 0.5) is seen

to be y = 0.5. The vorticity is evaluated at the inflow as:

1
- 5TV

(3.43) w = - Ay? wyy AxZ Yxx

where wyy is evaluated analytically from Eq. 3.42 and wxx is evaluated

with a second-order accurate one-sided finite difference to yield:

4 - S -1
(3.44) w = 557(12 48 1) Ayz( 2V, " 4 V2,5 T 2 lp3:J)'.

The outflow boundary condition is a fully developed flow and may be

written as a Neumann condition in primitive variables as:

du/dx = 0
(3.45)

ov/3x = 0.

The corresponding boundary conditions for the vorticity-stream function

formulation are:
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dw/9x =0
(3.46)

9y/3x = 0.

These derivatives are evaluated using second-order accurate one-sided

finite-difference formulas to give the boundary condition as:

4
(3.47) Gy, T 3 OM-1,5 T 3 Ym-2.j
(3.48)

y 1
Y,3 T 3 VM-1,5 T 3 YM-2.;

and in delta form these may be written as:

1
Buyoy,5 T 3 8eyop g

wi &

(3.49) Awy j=

—

n
(3.50) vy 5 = 3 80y_q,5 " 3 ;-



IV. RESULTS/DISCUSSION

4.1 Driven Cavity - Uniform Grid

The classical driven cavity flow at Re = 1000 was considered at
first, using a 97 x 97 uniform grid, in order to assess the influence of
the extrapolation technique based on minimum residual concepts of [22]
on the basic multigrid method of [19]. Convergence histories are
provided in figures 3, 4 and 5 using up to four grid levels. The (L,
norm of the) vorticity residual is plotted versus the work units, one
work unit being the CPU time required to complete a global iteration on
the finest grid. Figure 3 refers to the basic scheme of [19] whereas
figures 4 and 5 refer to the same scheme supplemented by one-parameter
and two-parameter extrapolation performed every ten iterations. It
clearly appears that the basic multigrid method provides a significant
efficiency gain over the basic smoother (as already seen in [19]) and
the extrapolation technique of [22] is very beneficial especially when
using three and four grid levels. In order to study the influence of
the interval of application of the extrapdlation, k, calculations were
also performed using four grid levels and the two-parameter
extrapolation every 5, 15 and 20 iterations. The results, summarized in

Table 1 as the work units necessary for the vorticity residual to reach

32
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10-1,2, show that the convergence rate is rather insensitive to the value

of k.

4.2 Driven Cavity - Nonuniform Grid

The same problem has been also used to assess the performance of
the present improved method for the case of a nonuniform grid. The
value A, = 1.4 is employed for the stretching given in Eq. 3.36, which
provides a considerable stretching near the walls, as seen in figure 6,

where the 65 x 65 mesh in physical space is depicted.

A time step of 0.2 was used for this case as the multigrid method
did not converge when using the unitary value used for all other
calculations. The present results are given in figures 7 and 8 where
the vorticity residual is plotted versus the work units for the case of
the improved method without or with the two-parameter extrapolation,

respectively.

The results are somewhat surprising insofar as the solution using
three grid levels is less efficient than that using two grid levels.
However, a significant improvement is obtained when using four grid
levels. Also, the efficiency of the calculations is overall markedly

lower than when using a uniform grid (see figures 3 and 5). This is
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obviously due to the use of a smaller value of the time step. These
results are rather unsatisfactory, insofar as it may appear that the
method is not very suitable to handle nonuniform grids. Theréfor‘e, the
more difficult Re = 3200 problem has also been considered in order to
verify the robustness of the present method. The results obtained
without and with the two-parameter extrapolation are given in figures 9
and 10 respectively. It appears that the convergence rate is much
slower than for the easier Re = 1000 flow case and that the improvements
achieved using the extrapolation technique are much less significant.
However, it must be pointed out that a similar reduction in efficiency
is obtained also for the case of the uniform 97 x 97 grid (the results
of which are omitted for brevity). Furthermore, the modified multigrid

approach is seen to be extremely effective insofar as a satisfactory

convergence level (residual = 10-3) is obtained in less than 800 work
units when using four grid levels, while more than 3000 work units are

needed by the single grid method.

As far as the accuracy of the present calculations is concerned,
the maximum values of the stream function (wM) and the vorticity at the
center of the moving plate (wc) are given in Table 2, where they are
compared with the very accurate results of Ghia et al. [1]. The
agreement is excellent and shows that for both the Re = 1000 and the Re
= 3200 flow-cases the present 65 x 65 nonuniform-grid solutions are more
accurate than those obtained using a 97 x 97 uniform mesh. Finally, it

has to be pointed out that the present approach appears to become less
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competitive as Re increases, insofar as the four-grids, Re = 3200 flow
case with acceleration require about ten CPU hours on a Perkin-Elmer

3230, using double-precision arithmetic, to drive the residual to 10-12.

However, one has to consider that all calculations have been started

from rest and no parameter has ever been optimized. Furthermore, a

single precision calculation which only drives the residual to 10-3, for

engineering accuracy, would require about 100 CPU minutes of the
aforementioned minicomputer, an effort which is of the same order as

that required by the much more sophisticated methods of [1] and [2].

4,3 Flow Past a Backward Facing Step

The flow past a backward facing step in a channel has been chosen
by the organizers of a GAMM workshop as the test case for comparing a
great number of codes for solving the incompressible Navier-Stokes
equations. From the book which provides all the results presented at
the workshop [29], it clearly appears that for Re = 500 or higher, most
methods face convergence difficulties and/or need some kind of upwinding
to handle the flow regions where convection dominates diffusion.
Physically, as clearly shown by the very careful experiments of Armaly
et al. [27], the structure of the flow becomes more and more complicated
as Re increases: the flow, which always separates over the step,

reattaches downstream at a distance which increases with Re, and, for
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sufficiently high values of Re, a secondary separation region develops
on the wall opposite to the step. For this problem, the basic
methodology of [19] has been employed using uniform meshes of 49 x 49,
65 x 49, 81 x 49, and 97 x 49 gridpoints for the cases Re = 200, 400,
600 and 800 respectively, the downstream boundary condition being set at
a distance from the step equal to 7.5, 10, 12.5 and 15 (the height of

the channel is equal to 1 and that of the step is equal to 0.5).

In all cases, the solution was started from rest and convergence
was obtained without any difficulty using again At = 1 and any number of
grid levels up to and including four. Calculations were also performed
using the one- and two-parameter residual extrapolation of [22] every 10
iterations. The convergence histories corresponding to the Re = 200
flow-case are shown in figures 11, 12 and 13. It clearly appears that
the multigrid method of [19] works very nicely also for this problem and
that the extrapolation technique provides dramatic improvements in the
efficiency of the calculations, especially when using few grid levels.
This result is not surprising insofar as the convergence history of the
basic method is always very smooth (see figure 11), so that
extrapolation can indeed provide a good estimate for the sought

solution.

Similar results were obtained for Re = 400, 600 and 800. For the

last most difficult ¢ase, convergence to 10-12 required 1400 work units
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using four grid levels and the extrapolation, corresponding to a CPU

time of 280 minutes on the Perkin-Elmer 3230.

A grid refinement study was done, doubling the number of grid
points in both the x and y directions to evaluate the grid employed.
Figures 14 and 15 show the lower and upper walls vorticity distributions
obtained using 97 x 97, 131 x 97, 161 x 97 and 193 x 97 gridpoints for
the Re = 200, 400, 600 and 800 flow-cases respectively. On the same
figures, the results obtained using the coarser grids are also given as
symbols. It appears that for the Re = 200 and 400 flow-cases grid
convergence has been achieved, whereas for Re = 600 and Re = 800 further
mesh refinement is probably warranted. Table 3 gives the locations of
the reattachment point for the primary separation bubble (X1R) and of
the separation and reattachment of the secondary separation bubble (X2S,

X2R) for both grids.

The reattachment length of the main separation bubble (X1R -
calculated on the fine grid) is plotted versus Re in figure 16. The
present computations are compared to the experimental and computational
results of Armaly et al. [27] and to the numerical results of Kim and
Moin [28]. The numerical results of [27] were obtained using a first-
order upwind-difference scheme. The experimental data suffer from
three-dimensional effects at Re > 600 as reported in [27]. The present
results show good agreement to the calculations of [28] which were

obtained using a second-order-accurate fractional step method on the
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primitive variables and good agreement with experimental results where

three-dimensionality was not present.

It needs to be remarked that for all values of Re the far
downstream values of the vorticity on the lower and upper walls should
be 3 and -3 respectively. From the results of figures 14 and 15, one
may thus believe that the outflow boundary conditions have not been
imposed far enough downstream, especially for the higher values of Re.
Therefore, the coarser grid computations were repeated for the cases Re
= 200 and Re = 800, moving the outflow boundary condition location to X
= 15 and x = 25 respectively and obviously increasing the number of
longitudinal gridpoints to maintain the same value of Ax. The results
for the vorticity on the lower and upper walls are given in figures 17
and 18 for Re = 200 with the outflow condition at x = 7.5 and x = 15 and
for Re = 800 with the outflow condition at x = 15 and x = 25. The
vorticity is always seen to tend to its asymptotic value correctly and
the results obtained using different locations for the outflow boundary

conditions are in agreement.



V. CONCLUSIONS

A simple efficient and robust method has been developed for solving
2-D incompressible steady laminar separated flows. A block-LGS
iteration procedure is used as smoother within a very simple, though
effective, incremental multigrid algorithm, supplemented by an
extrapolation procedure based on minimum residual concepts. The basic
multigrid technique has been extended through the use of interpolations
and collections based on physical grid areas to treat nonuniform meshes.
The extrapolation based on minimum residual concepts has been shown to
give an increase in efficiency over the basic solver at a cost of
additional storage. The one-parameter extrapolation has shown to give
good results requiring less storage than the two-parameter
extrapolation. Further gains in efficiency have been shown by using the

two-parameter extrapolation.

The resulting technique has been tested versus the classical driven
cavity flow at Re = 1000 and Re = 3200 and the flow past a backward
facing step in a channel for Re = 200, 400, 600 and 800. The basic
methods involved in the solution procedure have been applied to other
problems such that it is believed that the method of solution would be

applicable to many other problems of interest.
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Table 1. Influence of k on the convergence rate.

k 5 10 15 20
One-Parameter 350.2 365.0 316.6 316.0

Two-Parameter 330.8 287.7 290.6 296.0
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Table 2. Numerical results for the driven cavity.

Yy C

97 x 97 uniform L1174 14.95

Re = 1000 65 x 65 nonuniform L1181 14,88
Reference 1 L1179 14,89

97 x 97 uniform .1166 26.98

Re = 3200 65 x 65 nonuniform .1193 25.96

Reference 1 .1204 25.39
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Table 3. Separation and reattachment lengths for
the backward facing step.

Re 200 400 600 800

coarse 5.3263 8.5766 10.5681 11.9343
X1R ]

fine 5.3357 8.6176 10.6810 12.1018

coarse T7.7423 8.5118 9.4072
X2S

fine 7.9024 8.6639 9.6059

coarse 10.5495 16.2225 20.8467
X2R

fine 10.4674 16.2311 20.9281
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