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Abstract

This dissertation demonstrates the existence of a pair of algebraic and geometric
structures on triangles of groups and on quadrilaterals of groups. These structures
are an automatic and biautomatic structure. In addition, this paper also discusses
the growth function for the quadrilaterals.

We show that these groups have these desired structures and discuss what they
are. We also give an extraordinary example of a pair of quadrilaterals of groups that

are defined nearly identically but do not behave alike.
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Chapter 1

Introduction

The goal of this thesis is to investigate certain structures on complexes of groups.
In particular, we will look at automatic structures and growth functions for quadri-
laterals of finite groups and for triangles of finite groups. We will address these
questions through geometric group theory.

The history of geometric group theory goes back, at least, to the early 1900’s
with the work of Max Dehn. In the early 1980’s people like William Thurston, Jim
Cannon, and Mikhail Gromov took it in a couple of new directions. One direction
gave rise to automatic groups (Cannon and Thurston), and the other gave rise
to negatively curved groups (Gromov). This thesis gets most of its concepts and
style from Thurston and Cannon (who together came up with automatic groups),
but the subtext frequently reflects the ideas of Gromov. Other ideas in this thesis
(particularly growth functions) are older.

The growth function of a finitely generated group G goes back to Milnor and

Bourbaki. The growth sequence is defined as

an = {g € G| |g| = n}



where |g| is the word length of g in G associated to its presentation. The growth

function is then defined to be

f(2) =) anz™
n=0

However, Milnor and Bourbaki were more interested in the asymptotic growth rate
of {a,} than in the analytic function f(z). In the early 80’s, Cannon [3] addressed
f(2) more directly. He showed the growth function for cocompact hyperbolic groups
is rational, no matter the choice of finite generators. Also Cannon developed some
of the methods used in this thesis for calculating the growth function (in particular,
the use of a transition matrix). This paper was also one of the pieces that led to
the formulation of the idea of automatic groups. In 1978, Cannon and Thurston (at
the International Congress of Mathematicians in Helsinki) discussed growth func-
tions for hyperbolic groups, and made the conjecture that they were rational. In
[3], Cannon continued these studies (using his idea of “cone types”) and developed
a relationship between hyperbolic phenomena and recursive processes. From here,
Thurston introduced the notion of finite state automata, and Epstein, Holt, Patter-
son, and Marden completed the work. They came up with the final idea of automatic
groups [5].

For the purposes of this thesis, there is one other notion that must be mentioned.
This is the idea of an angle of a group. Gersten and Stallings in [8] introduced this
idea (which we will define later) and we use it here extensively. All of these ideas
lead us to be able to address questions that have been difficult to address in the
past.

The methods of geometric group theory have been particularly successful in

dealing with negatively curved groups. They have had much less success with non-



positively curved groups. This thesis, as well as [6], deals with negatively curved
groups and non-positively curved groups alike. The results of both of these papers
show that for these groups we can use the same techniques on both negatively
curved and non-positively curved groups to get desirable results. It is no coincidence,
however, that the complexity of several of the arguments is increased when we take
into account the possibility that the groups may not be negatively curved.

The automatic and biautomatic structures we develop in this thesis solve two of
the major problems of geometric group theory for both of these types of groups. The
automatic structure, it is easily shown, solves the word problem. This problem asks
if G is a group with a given presentation < S : R > and w is a word in S representing
an element of G, then is it possible to find a (finite) algorithm to decide whether
w represents the identity of G or not? This problem dates back to Dehn and has
an interesting history. This problem is sometimes undecidable. But all automatic
groups have a decidable word problem. The biautomatic structure solves a similar
problem, known as the conjugacy problem. This question is similarly defined: if w,
and w, are words representing elements of a group G with the same conditions as
above, then is there a (finite) algorithm to decide whether the two group elements
are conjugate? This problem is similarly troublesome, yet a biautomic structure
allows one to easily find such an algorithm.

To define an automatic group, we first need the definition of a Finite State Au-
tomata (FSA). A FSA is essentially a simple machine which is capable of producing
a certain type of language, a regular language. This type of language is one that
can be generated by a simple set of rules from predicate calculus. We now give the

formal definition.

Definition 1.1 (Finite State Automaton) A finite state automaton over A is a



quintuple W=(S,A,u,Y,s0), where S is a finite set, called the state set, A is a finite
set, called the alphabet, y: S X A — S is a function, called the transition function,
Y is a (possibly empty) subset of S called the subset of accept states, and so € S is

called the start state.

In our work, A will be the generators of a group G, and we imagine u(s,a) as
arrows from one state of S to another state. Frequently, the arrow itself will represent
an element of A and the states will represent simple finite complexes (which are in
some way representations of subgroups of GG). We decide if an arrow takes us from
one state to another by looking at an action of the group. This action will be defined
on the complexes that the states represent. We calculate the new complex we get
after acting on the original complex of the initial state by the generator the arrow
represents. There will be some state of our FSA that represents this new complex
as well. Then the arrow will go from the first state to the second. The set Y should
be imagined as the set of all words of G (as interpreted from the arrows) that we
want (what we “want” will be clear later). Finally, the significance of this is that
since the machine is finite, the geometric actions can be described in finite way. This
makes calculations relatively simple (and highly computable).

We also define the language L(W) for W a FSA over A. It is the set of all words
in A (as interpreted by the arrows) whose final state is an accept state. Now, we
turn to the definition of an automatic group. We quote from [5].

Definition 1.2 (Automatic Group) Let G be a group. An automatic structure
on G consists of a set A of semigroup generators of G, a FSA W over A, and FSA
M, over (A, A), forx € AlU{e} (where € is the empty word), satisfying the following

conditions:
1. The map w: L(W) — G is surjective.

4



2. For z € AU{e}, we have (w1, w2) € L(M,) if and only if 7(wiz) = w(w;) (as

elements of G) and both wy and wy are elements of L(W).

We call W the word acceptor. An automatic group is one that admits an automatic

structure.

Intuitively, we imagine an automatic structure on a group G as being a language,
which is easily calculated, for which we have at least one representative of every
element of the group. Furthermore, we insist that the words of the language are
“close by” in the Cayley graph of the group if they represent the same element of
the group. More precisely, if we have two paths (which represent elements of G),
starting from the initial point of the Cayley graph, and ending within distance one
from each other which are both words in our language, then we insist that they stay
within a bounded distance for the entire length of the paths. This may not be too

clear from the definition, but it should be clear once we state the following theorem.

Theorem 1.3 Let G be a group and let A be a finite set of semigroup generators
for G. Let W be a FSA over A and suppose that m : L(W) — G is surjective. Then
A and W are part of an automatic structure on G if and only i’f there is a number k
with the property that whenever two strings w, and wy are accepted by W are such
that 7(wyz) = m(w2) for some z € A, the corresponding paths of wy and w, are less

than k apart in the Cayley graph of G.

The set of paths in the Cayley graph of G generated by L(W) will be called a
combing if they satisfy this theorem. So, to prove we have an automatic structure
all we have to do is find a language that can be produced by a FSA and which, as

paths, is a combing.



Finally, we introduce the last structure we are interested in. The notion of
bicombing and biautomatic come from Gersten and Short [7]. They have both a
similar definition and a similar theorem to that of combing lines and automatic
groups that we actually use in this thesis. The definition simply says that if G has
an automatic structure (A, L(W)), then it is biautomatic if (A, L(W)™') is also an
automatic structure for G, where L(W)~! is the set of formal inverses of L(W'). The

theorem we use follows:

Theorem 1.4 Let G be a group and let A be a finite set of generators closed under
inversion. Let L(W) be a regular language over A that maps onto G via w. Then
L is biautomatic if and only if, for each w € L(W) and each pair of generators
z,y € A, the uniform distance between the path rwy and the path corresponding to

any element of L(W) representing m(zwy) is bounded by a fized constant k > 1.

Again, if such a set of paths exists, we call it a bicombing of G. How is this
different from an automatic structure? The difference lies in the two generators
z,y. One, as before, insists that the two paths end up within one of each other, but
the other generator allows the two paths to start from different points of the Cayley
graph (which are distance one away).

In fact, in our work, we build (or in the case of triangles, have already built for
us) a complex that the group G acts on. From this action, the dual complex of
our complex is the Cayley graph of the group. We will not actually mention the
Cayley graph in the body of the thesis, for we will do all our calculations in these
complexes.

In general, our attack will be thus. We inductively build a complex that the

group G acts on, and then we study the complex. We build a language that has



only one representative for each element of G and so that any subset of an accepted
path (in the Cayley graph) is again an element of our language (this is called a prefiz
closed language). These two properties are not necessary, but in showing that the
paths are actually combings or bicombings, they simplify matters greatly. We will
not need to worry whether the paths (when we check if they get far away from each
other, as we shorten them in the Cayley graph) are in our language, and we will
not mention this further. Once we show that the paths are bounded by a universal
bound k, all that will remain for us is to show that the language can be generated
by a FSA. (In fact, in the case of triangles [6] has already shown this and more. All
we do here is show that the language defined there is a bicombing.)

Finally, the growth function (given our automatic language) will also be tackled
with the complex we will build. By then, the complex will be sufficiently well
understood so that the calculation of the growth function will be quick and easy.

We start with quadrilaterals of finite groups, because we have both more to do
for them and less to do to them. This is because most of the structures we are
discussing have already been shown to exist for triangles, but the triangles case is

much more difficult than the quadrilaterals case.



Chapter 2

Quadrilaterals of Finite Groups

This chapter will deal with quadrilaterals of finite groups. After [6], we will investi-
gate an automatic structure, a biautomatic structure, and the growth function for
the amalgam group. A few assumptions will have to be made, though. In particu-
lar, we assume that we have trivial face group, non-trivial edge groups, and that no
vertex group has angle greater than _72r_ Given these assumptions, we can prove the
main theorems.

Section 1 is just a few quick, necessary definitions.

In Section 2, we do the dirty work. To study the amalgam group, we use the
geometry that is inherent in it. To this end, we build a complex which the amalgam
group acts on and discover what we can from this complex. In fact, there already
exists such a complex, called the amalgam complex. Unfortunately, though it is
defined easily, its construction does not easily yield the necessary structures which
we need to discover an automatic structure. With this in mind, we build a complex
of our own, by induction, which the amalgam group acts on, and which is built so
that we have control over the combinatorics of the boundaries. At the end of the
section, we show that our complex is isomorphic (as a complex) to the amalgam

complex. Therefore, we can use our complex to study the amalgam group.



Section 3 deals with the automatic and biautomatic structures. We find that the
language we define is prefix closed, unique, and each member is a geodesic in the
word norm. That is, we have a weakly-geodesic biautomatic structure. To prove our
language is automatic and biautomatic, we show that the k-fellow traveler property
holds for the combing lines. Then we give a full description of how to find the word
acceptor automaton for the language. From [5] then, the proof is finished.

Section 4 grapples with the growth function. Following a method of Cannon’s
[3], we build a recurrence matrix for the “types” of vertices of the group, and this,
together with a matrix for the initial types and a way of counting quadrilaterals
given a type, gives the growth sequence. Calculating the growth function from
these is simple. We note that the growth function turns out to be dependent solely
on the order of the vertex groups and the edge groups, and not on the choice of edge
injections.

In Section 5, we look at a pair of examples of particular interest. Both groups
have the same vertex and edge groups, and the same edge injections, save one. As
noted above, then, the growth function for both groups is the same. But one of the
groups 1s negatively curved while the other is not. This follows from a theorem of
Bridson [1].

The structure of this paper, and the work therein, is modeled after the work in
[6], but in fact, it is much easier. The structure of the complex that we build turns
out to be much “nicer” than the one for triangles of groups. We consider this a

good thing.



2.1 Preliminary Definitions

Suppose we have a quadrilateral of finite groups: that is suppose we have four
finite groups, called vertex groups, four other finite groups, called edge groups, and

injections between them as in Figure 2.1.

Figure 2.1: A quadrilateral of groups

We denote the injection from, for example, K into A by W 4 and we write K 4 for
Uk a(K). We also assume that K, L, M, and N are not trivial. The amalgam group
G is the group with generators all the elements of the vertex groups, and relators all
the relations of the vertex groups with, in addition, a few other relations coming from
the injections. These are of the form Wk 4(k) = ¥k g(k) for every k € K. There
are analogous relators for the edge groups L, M, and N. The amalgam complex X
is a complex, with vertices the cosets of Ag (where Ag is interpreted as the image
of Ain G), Bg, Cg, and Dg in G. The edges are similarly made from the edge
groups, e.g. Kg. Incidence is defined in the natural way, and there is a face for each
element of G. There is a canonical action of G on X by left multiplication.

This is the complex we wish to understand, but instead of dealing with it directly,

10



we give a few definitions that will be used to build a “better” complex. First, we

define a labeled complex.

Definition 2.1 A labeled complex is a complez X together with a label function
I : {vertices of X}| J{edges of X} — {A,B,C,D,K,L,M,N}

such that the boundary of every closed cell is labeled as in Figure 2.2.

A K B
N L
D M C

Figure 2.2: A labeled complex

We use the following convention when drawing figures: Vertices with label A are
drawn as disks, vertices with label B are drawn as annuli, vertices with label D are
drawn as circles, and vertices with label C are drawn as ovals. If a vertex appears
as a point, the label is unknown, and most likely immaterial. In the complex we
will define, all the cells will be constructed with labels like these.

Next, suppose E is an edge group. Then we have

Definition 2.2 (The Model Star of an Edge) st(F) is a labeled 2-complex
which s the union of its closed 2-cells, with a label-preserving E-action, defined

as follows: there is an edge s(E) that is fized pointwise by E with {(s(E)) = E;

11



there is a 1-1 equivariant correspondence, g « s(g), between the elements of E and

the cells of st(E); and s(E) C s(g) for every g € E.
And similarly, we have the definition for vertex groups.

Definition 2.3 (The Model Star of a Vertex Group) If V is a vertez group
with associated edge groups E and F, then st(V') is a labeled 2-complex which is the
union of its closed 2-cells, with a label-preserving V-action, defined as follows: there
is a vertez s(V') that is fized by V with I(s(V)) = V; for each coset gEv,gFv,g €V,
there is an edge s(gEv ), s(gFy) that contains s(V') with l(s(¢Ev)) = E,l(s(¢Fv)) =
F, and this gives a bijection between these cosets and the edges containing s(V); there
is a 1-1 equivariant correspondence, g « s(g), between the elements of V and the
2-cells of st(V); and for every g € V, s(g) contains s(¢Ev) and s(gFyv). We denote
the link of s(V') in st(V) by In(V).

Suppose V is a vertex group with an associated edge group E. Then there is a

label-preserving embedding
Yev :st(E) — st(V)

with Ygv(s(F)) = s(Ev) and vgv(s(g)) = s(VEgv(g)) for each g € E.
Now, we recall a definition of Gersten and Stallings [8] that will give us the

conditions we need on our amalgam groups to get the structures we are after.

Definition 2.4 (The angle between a pair of subgroups) Let V be a group,
and let E and F be subgroups of V. Define st(V; E,F) and In(V; E, F) as above.
The angle between E and F is 0 if In(V; E, F) is a forest and is % if the shortest
length of a circuit in In(V; E, F) is 4n. We denote the angle between E and F by

O(V,E,F) or just (V) if E and F are obvious (which will usually be the case).

12



These definitions are the major ones, but there are a few others that should be

mentioned. Suppose X is a complex. If o is a cell of X, then the star of o is
star(o) = star(o,X) = {7 : 7 is a face of a 2-cell containing o}
and the link of o is
link(o) = link(o,X) = {7 : 7 is an element of star(c) and 7 N o = ¢}.
If S is a subcomplex of X, then the stellar neighborhood of S is
nbhd(S) = nbhd(S,X) = {7 : 7 is a face of a 2-cell that contains a vertex of S}.

By construction, star(c), link(c), and nbhd(S) are subcomplexes of X.

2.2 Building the Complex

We will construct a labeled complex inductively. We will build it level by level,
such that X(0) (the first level) is a quadrilateral as in Figure 2.2, and for each
nonnegative integer n, X(n + 1) = nbhd(X(n),X(n + 1)) and there is a strong
deformation retraction of X(n + 1) to X(n). If o is a face of X(n) we will denote
star(o, X(n)) by star(o,n) and likewise for the link. For n > 0, we will denote
by 0X(n) the subcomplex of X(n) of 2-cells that are disjoint from X(n — 1). The
interior of X (n)is X(n)\0X(n). Given a vertex v in X(n) we will say that its angle

is 8(1(v)) and will call it a §(I(v)) vertex.

13



2.2.1 The Axioms

We build the complex by induction on n. We suppose the following inductive hy-

potheses hold for X (n).

D1)

D2)

D3)

D4)

D5)

D6)

D7)

D8)

X(n) is a labeled 2-complex. If n > 0, then X(n — 1) C X(n) and X(n) =
nbhd(X(n — 1), X(n)).

For each edge e C X(n), there is a label-preserving embedding ¢.,

star(e,n) — st(l(e)).

For each edge e C X(n) with n > 0 and e X(n — 1) # ¢, @, 1s an isomor-

phism and if e C X(n — 1), then ¢ n|star(e,n—1) = Pen—1-
If e is an edge in 0X(n), then star(e,n) is a face and ¢, ,(star(e,n)) = s(1).

For each vertex v € X(n), there is a label-preserving embedding ¢, :

star(v,n) — st(l(v)).

If n > 0 and v is a vertex in X(n — 1), ¢,, is an isomorphism and

@u,n'star(u,n—l) = Pun-1-

If e is an edge in X (n) with vertex v, then there is an element ¢g € {(v) with

go d’l(e),l(‘u) O Yen = @v,nlstar(e,n)-

If n > 0 and v is a vertex in 0X (n), then ¢, »(star(v,n)) is one of the following:

1. equal to s(1). That is, it is a unique face. We call this type of star a

corner star and we call v a corner star vertez.
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2. nbhd(pyn(w)) for some vertex w in link(v,n). We call w the central
vertez of star(v,n). Let e be the edge joining w and v in X (n). We call

e the central edge of star(v,n) and we call v an edge star vertez.

The purpose of these axioms is to insure that the “attachings” of the model
stars of vertices and edges to the boundary of the complex X (n) behave the way we
desire. The embeddings give a way of describing the part of the model star that is
already in X(n) and axioms 3 and 6 insure that the “attachings” agree with what
is already there. Axiom 7’s purpose is to insure that the “attachings” of the model
stars of edges and of vertices agree. Axiom 8 gives the combinatorial description of
the complex that we need for the desired structures.

We define X(0) to be the complex of faces of a labeled quadrilateral as in Fig-
ure 2.2. For each e C X(0), we define ¢.o : X(0) — st({(e)) to be the label-
preserving embedding with ¢.o(X(0)) = s(1) and for each vertex v € X(0), we
define ¢, : X(0) — st(I(v)) be the label-preserving embedding with ¢, = s(1).
(Since the embeddings are label-preserving they are unique). The axioms are triv-
ially satisfied for X (0). So let n be a nonnegative integer and suppose X (n) has been
constructed and satisfies D1)-D8). We will construct a labeled 2-complex X (n + 1)

that satisfies D1)-D8).

2.2.2 The Equivalence Relation

We accomplish the “attachings” mentioned above using an equivalence relation.
First let £ be the set of edges in .X(n) and let V be the set of vertices in 0X(n).
For each e € & (respectively v € V), let str(e) (respectively str(v)) be a copy
of st(l(e)) (respectively st(I(v))) and let ¢, : str(e) — st(I(e)) (respectively e, :

str(v) — st(I(v))) be the label-preserving isomorphism induced by the identity.
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Now let
Y(n+1)=X(n)|JU{str(e) : e € E)HJ(U{str(v) : v € V})

and let X(n+1) =Y (n+ 1)/ ~, where ~ is the equivalence relation generated by

the following:

1. Suppose given v € V. We identify star(v,n) with a subcomplex of str(v). Let
¥, : star(v,n) — str(v) be defined by ¥, = ;! 0 ¢, ». Then z ~ ,(z) for

every z € star(v,n).

2. Suppose given an edge e € £ which contains a vertex v. We identify str(e)
with a subcomplex of str(v). For this we use D7), which gives us a g € I(v)
with g 0 Yie)i(v) © Pesn = Punlstar(en) We define 9., : str(e) — str(v) by

Yew = 15" 0 gPi(e) 1(v) © Ze- Then & ~ 1 () for every z € str(e).

The first attaches a copy of st(l(v)) to X(n) for each v in V and the second

identifies the shared faces of two different model stars.

2.2.3 Showing D1)-D8) Hold for X(n + 1)

Before we prove any of the axioms, we start with a few lemmas which capture the

simple structure of this complex we have built.

Lemma 2.5 Supposev € 0X(n). Then str(v) is embedded in X(n+1). Also X(n)
is embedded in X(n +1).

Proof: To show this we must investigate how the equivalence relation can relate to

points that seem far away in X (n). So we assume we have the following situation.

1. e,€2,...,em € £ and z; € str(e;) fore=1,...,m.
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2. e,Ne;py=v; €Vforl <i<m.

3. x; ~ z,41 by applying 2 of the equivalence relation to (e;,v;) and then to
(€it1, i)

4. vi# vigp for 1 <z <m —1.

5. The image of z; in X is not in int(X(n)).

What we wish to see is that m can’t be too big. Then, we will be assured that
the identifications don’t match up points that are “far” apart, and the embeddings
will follow from local arguments.

Let 7; be a face in str(e;) such that z; € 7;. This face is unique unless z; €
221 (st(l(e;))) in which case we choose 7; = 171(st(1)). Let & be the vertex in 9X(n+
1) that is contained in all the 7;’s. This vertex exists since all the z,’s are equivalent
and we are dealing with complexes and simplicial maps. Essentially, this means we
never have to worry about identifications that are not of vertices. Now we choose
v; so that v; and & are not adjacent in X(n + 1) (in other words, find an opposite
vertex) and suppose that 1,,(v;) # e, (z;). If either of these assumptions can not
be realized, then m = 2 and we have what we want. (To see that the former implies
m = 2, suppose that Z is adjacent to v; for all 1 <z < m — 1. Then, if m > 2 we
have three vertices that are adjacent, and this is impossible, for all our faces have
four vertices.)

Now, let us look at e; and e;41. The images of 7; and 7,4, intersect in both v; and
&, which by assumption are distinct and nonadjacent. This means that in str(v;)
the images of 7; and 7;,; must intersect in at least two distinct vertices which are
not adjacent. But str(v;) is a complex, so this means that the images of 7; and ;4

must be the same. This can’t be, for the inductive hypothesis D8) holds for X(n).
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We would have a circuit with length at most six in st({(v;)), and this would require
0(1(vi)) > -72"- We conclude, then, that m = 2.

Now, we can finish the proof. Because we have found that points can only
be identified by a pair of adjacent edges and the vertex they intersect in (that is,
m = 2), if we have two points z,y € X(n) or two points z,y € str(v) for some
v € V that are identified in X(n + 1), then the identification must occur within
St(I(v)). Since both v, and ., are embeddings, we are finished. Both X(n) and
str(v) embed in X(n+ 1) for alln and forallve V. m

Corollary 2.6 Suppose o and 7 are faces in X(n+1) with non-empty intersection,
where at least one of the faces is not in X(n). Then there exists v € 0X(n) such

thatveonNT.

Now we have all the information needed, and we can prove that the axioms hold
for our complex.

Note that Corollary 2.6 has proved D8).

Proof of D1):

We need to show that X(n+ 1) is a labeled 2-complex. (All the other attributes
are true by construction and the above lemma.) Since the equivalence relation
respects the labeling, we need only show it is a 2-complex. To do this we need to

prove three things:

1. If e is an edge in Y (n + 1) with vertices v; and v,, then v; is not equivalent to

V2.

2. If e and ¢’ are edges in Y (n + 1), with vertices vy, v, and v}, v} respectively

and vy ~ vy and vy ~ v}, then e ~ €.
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3. If o and T are faces with vertices vy, vy, v3, v4, and v}, v}, v5, v} respectively,

and vy ~ v}, v ~ vh,v3 ~ v}, and vy ~ v}, then o ~ 7.

The first of these is easy, since the labels of v; and v, are different, and the
equivalence relation respects the labeling. So suppose we have the situation of the
second.

First, suppose that one of the vertices (wlog, we choose vy ~ v7) isin X(n). Ifit
is in the interior of X (n), the result follows from Lemma 2.6. How? We will use this
argument several times in the next few paragraphs, so we try to be as long-winded
as possible here, so we can skip it later. There are images of e and ¢’ in X(n + 1).
We want to see what they can be. We notate the image of any face (in the classical
sense of the word) o as 6. Now, we know that v; ~ v}, so this means that v; = v} of
course. But this point is also equivalent to two points in X (n), namely the vertices
in the interior of X(n) that correspond to v; and v]. If two points in X(n) became
identified in X (n + 1), we know that they must have been the same point to start
with by Lemma 2.6. The same argument applies to the image of vy, which may not
be in the interior of X(n) but is certainly in X(n). That is, the second vertex of
the image of e and of ¢’ must also be the same in X(n). Now, there is only one edge
between these two vertices (v; and v, when thought of in X(n)), and this must be
é and ¢'. That is e and ¢’ are equivalent to the same edge, and then the transitivity
of the equivalence relation finishes the argument.

Now, suppose that v = v; ~ v; € 0X(n). Then, we look at str(v). There
exists edges that e and e’ are equivalent to in str(v), so the results follows from the
embedding of str(v) in X(n + 1) with an argument analogous to the one above for

X(n).
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Finally, we suppose that the images of e and €' are in dX(n + 1). Let v and
v’ be vertices in 0X(n) so that e € str(v) and e’ € str(v’). (Actually, one of the
edges may be an element of str(ey) for some edge e, in X (n) instead of an element
of str(v), but in this case we choose a vertex of eg and identify the edge with its
image in str(v).)

If v = v the embedding of str(v) proves that the edges must be identified as
above, so suppose not. If v and v’ are adjacent, then the identification is a simple
identification made by the chain v, e;, v’ where e, is the edge between v and v’. In
this case, since v; ~ v] and v, ~ v}, e ~ ¢’ because for the vertices to be identified,
we must be identifying the image of a single face of str(e;) with a face in str(v) and
a face in str(v’), and this identification insists that e and €’ be identified. Now, we
also need to see what happens if we have a chain of edges and vertices v, e, vo, €2, v’
so that we get the equivalence v; ~ v] and another that leads to the equivalence
vy ~ vy. We know that these chain can only have length two by Lemma 2.5, and
this implies that {(v1) = [(v2) since the middle vertices of each of the chains must
have the same label. But e is supposed to be an edge between v; and v,. So, this
can not happen. We have shown that v = v’ and 2. follows.

To prove 3., we simply note that one of the vertices of o and ¢’ is necessarily in
X(n) and, by the above argument, they must both be the same vertex. Then, the
results follows from Lemma 2.5.

Proof of part of D2) and D3)

Suppose e is an edge in X(n+1). We want to define ¢, ;. If eis in X(n), then
we want it to agree with ¢, .. If e is in the interior of X (n), we let pe 41 = pen. Ife
isin X (n), then D4) gives that star(e,n) is a single face and ¢, ,(star(e,n)) = s(1).

So we define (. 41 by the attaching. That is @ent1lstar(en) = @Pen, and any other
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face of star(e,n+ 1) comes from a face of str(e), so we identify those. This finishes
D2) and D3) for e C X(n). We need D4) and D5) to finish the arguments.

Proof of D6) and part of D5)

Suppose v is a vertex in X(n + 1). We want to define ¢, ,4+1. As above, we do
this for v € X(n). If v € X(n — 1), then we define ¢, 11 = @yn. If v € 0X(n),
then as above, we define ¢, .41 by the attaching, i.e. we know where the star(v,n)
goes by the inductive hypothesis, so we map the others by the attaching relations.

Proof of D4)

Suppose e C 0X(n + 1) and that star(e,n + 1) is not a single face. Then there
are at least two faces and Corollary 2.6 says that they must share a vertex v in
X (n). But we know D1) holds, so the two faces must be the same.

Proof of D2) and D3)

All we have left is the case where e C X (n+1)\int(X(n)). If e C 0X(n) then we
have already defined ¢, 41 above, so suppose this is not the case. If eN X (n) # ¢,
then let v be the intersection. We define @, 41 in terms of ¢, ,. Note that since
str(v) is embedded in X(n + 1), star(e,n + 1) is isomorphic to str(e). Now given
@un(star(v,n)), we can label all of the faces of star(v,n +1) by the action. We put
a well-ordering on all the elements of {(v), which we use frequently and therefore
make independent of e, and choose the minimal element of star(e,n + 1). This
element is mapped to s(1) and the others follow from the action.

Now, suppose e C dX(n + 1). Then by construction, star(e,n + 1) is a single
face. We simply map this to s(1) and we have proved all of D2) and D3).

Proof of D5)

The only case left is if v € 0X(n +1). Here, there are two cases. If v is a corner

type, then star(v,n + 1) is a single face and we map this to s(1). If, however, v
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is an edge star vertex, we define ¢, ,4; in terms of the central edge of v. So for
this purpose call that edge e. This is the case we dealt with above, so we have a
definition for ¢, ,41. But star(v,n + 1) = star(e,n + 1) by D8), so we just define
©Yynt1 tO agree with @ n41. This finishes D5).

The proof of D7) is simply by definition of all the mappings. So all of the axioms

hold, and we have our complex.

2.2.4 The Isomorphism to the Amalgam Complex

First, we need to see that there exists a strong deformation retraction of X to a
point. To do this, we proceed by showing that there exists a strong deformation
retraction of X(n + 1) to X(n).

Suppose we have a face 7 of X(n + 1) \ ent(X(n)). Then, there are exactly two
edges of 7 that have a vertex in dX(n + 1) and a vertex in X (n). We use a strong
deformation retraction of the face onto these two edges if 7 is a corner face, and we
use a strong deformation retraction of the face onto these two edges and the edge
which lies in 0X (n) if it is not a corner face. D4) guarantees that this is well-defined.

This leaves us with X(n) and edges sticking out at some of the vertices. We
simply retract these edges down to X (n). This completes the retraction, and we are
finished with this argument.

Now, we prove that X is isomorphic to the amalgam complex. We will proceed
by defining a function that is a bijection between the faces of X and the faces of
the amalgam complex. First, we define a function ® from the free product F of
A, B,C, and D to the set of faces in X. Suppose ¢ € F' and g = ¢,9393..-.gx Where
gi and g;41 come from distinct vertex groups (this does not rule out any elements of

F, but it insists on a particular form for them) for z = 1,...,k — 1. Then, we form
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the following chain of faces in X. We start at X(0), and then we look at the vertex
of X(0) that has the label of the group that contains g;. This allows us to define a
face 71 = ¢;.X(0) (this is actually an abuse of our language, for we really mean the
image of X(0) in the star of the vertex with the label of the group that contains ¢y,
but hopefully this is clear). Then, once we have 7; defined, we define 7,47 = g;417;
with the multiplication taking place in the vertex group that contains g;;; (which
can be easily found by reading the label). We define ®(g) = 7.

This is a map from F onto X. What we would like is a map from G, the amalgam
group to X. So, we simply mod out by N, the kernel of the canonical homomorphism
from F' to G. We need to see that we still have a well-defined map. So, suppose
that hy ~ hy under N. That is, g = hih;! € N. If we can show that ®&(g) = X(0),

then we have that h; and h; map to the same face, and ® is well-defined.

-1

Then g = II%,w;r;w;?, where the r; are the basic relations given by the
vertex groups or the edge identifications, and the w; are elements of F. If
®(w;r;w;") = X(0) for all 7, then the same is true for g. Moreover, if ®(r;) = X(0),
then ®(w;r;w;!) = X(0) by definition of ®. Now, we have a simple question. Is
®(r;) = X(0) for any relator r; of G? Certainly. This holds for any of the relators
of the vertex groups since in the definition of ® we would follow around a chain of
7;’s which never left the single vertex whose label contains r;, and the equivariance
of the action on st(I(v)) guarantees that this would have to lead to X (0). The same
is true for a relator which is an edge identification. So, ® is well-defined.

Finally, we need to see that ® is injective. Suppose, hy,hy; € G and ®(hy) =
®(hy). Let h} and R be lifts of Ay and hy, respectively, in F. Then ®(h\h, ') =
X (0). Hence, to show that ® is injective, all we need to show is that if ®(g) = X(0),

then ¢ € N (this would show that h; ~ hy under N).
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For this purpose, let ®(g) = X(0). Then, in the definition of ®, we have a chain
of faces X(0),71,..., 7k, X(0) such that each face intersects the previous one in a
vertex. In fact, we know that successive vertices of this kind can be chosen to not
have the same label since ¢ = ¢, ... gr was made so that successive elements came
from different vertex groups. This allows us to define a closed loop, «, starting and
ending at a vertex of X(0). Since X has a trivial fundamental group, this path must
be null-homotopic.

We would like to have a triangulation of « and its interior. What we have right
now is a set of quadrilaterals, rather than triangles, but this is easily fixed. For every
face, choose a pair of opposite vertices. Then draw an edge between them. Now, we
have a triangulation of the region. Then there exists a triangulation D; of a 2-disk in
R? and a simplicial map f : D; — 22, X(n) such that « is gotten by restricting
f to 0D, oriented in the clockwise direction and starting at an appropriate base
point. If 3 is a circuit in the 1-skeleton of D, denote by Rg the closed subset of D;
bounded by £.

Before we can continue, we need to get rid of degenerate edges of D,. For this,
we choose a degenerate edge, e. This edge can not be in the boundary, so we form
the set of all circuits that consist of an edge from a vertex vs ¢ e to a vertex of e, e,
and an edge from the other vertex of e to vs. We call the outermost two (there are
precisely two since the edge is not in the boundary) §; and ;. We foliate Rjs, \ v,
by arcs such that e is one of the arcs and every other arc joins a point in one edge
of 6; \ e to the point on the other edge of §; \ e that has the same image under f.
Then, we collapse é; and é; by identifying these arcs to a point. This makes the
degenerate edge a point, and guarantees that any triangles that contain this edge

are shrunk down to, at least, an edge. If we do this for all edges of D;, then we
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have no degenerate edges. Call this new complex D;, and observe that it is a set
of triangles and edges, for which the map f induces a map f; which has the same
properties on D, as f did on Dj.

Now, for each edge in the boundary of Ds, we attach the face 7; (from the
definition of ®(g)). We also wish to remove our added edges. That is, if the image
of an edge under f; is one of the edges between opposite vertices in X, we remove
it. Now, for each face in the complex we get, we find the barycenter, and we make
a graph. We will have an edge between two barycenters if either they are the
barycenters of 7; and 7,41 or if their fa.ces share an edge. We will label these edges
by the element of F' that takes the image of one face to the other under the action
on X.

Finally, we have the graph we want. Notice that the boundary of this graph,
when read as a single word, is an element of g N. What we would like is to look at the
components of R? minus this graph. The unbounded component has the boundary
of the graph as its boundary, and as we said this can be interpreted as an element
of gN. At the same time, any of the bounded components can be interpreted (in
the same way) as an element of N (each one has an image in X that is a cycle
around a single vertex). So, in X, the original word g, can be seen to be made up
of conjugates of relators, so it itself must be an element of N. This proves that & is
injective.

Once we have this bijection between the faces of X and the elements of G, it is
easy to match up the labels of the faces of X with the cosets of Ag, Bg, Cq, and

D¢ correctly and make an isomorphism between X and the amalgam complex.
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2.3 The Automatic and Biautomatic Structures

In this section, we define a language £ and show that it is a part of a biautomatic
structure for a quadrilateral of finite groups with no vertex angle greater than _72r_

(and with trivial face group and non-trivial edge groups).

2.3.1 Preliminary Definitions

If V is a vertex group and FE,F are the corresponding edge groups, let S =
VUey(E)YUVEy(F) and let H be the subgroup of V generated by S. An element g
of V has length k, denoted |g| = k, if ¢ € H and |g|s = k. Two elements g,h € V
are at distance k, denoted d(g,h) = k,if g™'h € H and |g”*h| = k. If g~'h is not in
H, then d(g, h) = co. This makes d a metric on V. We also write d(s(g),s(h)) =k
and say that s(g) and s(h) are at distance k, getting a metric on the set of faces in
st(V). We say that the faces o and 7 are adjacent if d(o,7) = 1. We likewise have
an edge path metric on the set of vertices in In(V) and a notion of adjacency of
vertices in In(V). These metrics will all be denoted by d. Just as the metric on V
induces a metric on the set of faces in st(V'), the ordering of V induces an ordering
of the faces in st(V). A sequence of faces in st(V) is in a circuit of length k if the
intersections of these faces with In(V') gives an edge path in a circuit of length k in
In(V).

Let v be a vertex in X(n) for some n € M. Then as above we have metrics
d,n» and d, .41 on the faces in star(v,n) and star(v,n + 1), leading to star(v,n)-
distances between faces in star(v,n) and star(v,n + 1)-distances between faces in
star(v,n + 1). We also have analogous edge path metrics d,, and d,n+1 on the
vertices in link(v,n) and link(v,n+1). The circuit notion also lifts to star(v,n+1)

as does the ordering of the faces in st(V). We call the ordering of the faces in
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star(v,n + 1) the v—ordering of these faces.

2.3.2 Definition of L

Let ¥ be the alphabet (AUBUCUDUKUJLUMUN)\{1}, where if E is an edge
group associated with vertex groups U and V, then for each g € E, g is identified
with ¥pv(g) and ¥gy(g). Let £ be the language over L defined recursively as
follows. The nullstring is i\n L. Each element of ¥ is in L.

Now suppose w € £ and |w| = n. Let @ denote the image of w in GG, and let og
represent X (0). Using the action of G on the complex then, we let o = woy.

We knéw that o N BX(n) is .either one edge or two. In either case, suppose v is
a vertex in this intersection. Let g € I(v). We want to know if wg € £. It will be if

and only if given 7, a face in star(v,n), the following holds:
1. d(o,wgoo) < d(7,wgoy),

2. if equality holds in 1., o is less than 7 in the v—ordering of the faces in
star(v,n + 1).
2.3.3 That the Combing Lines Satisfy the k—fellow Trav-
eler Property

This proof is short and sweet. Since we will prove the bicombing lines also satisfy
the k—fellow traveler property, there is no real need to show this. But the proof is
quick and enlightening (the geometric structure of the language is shown to be very
nice), so we will share it.

Suppose given a face o C X whose interior is in X(n + 1) \ int(X(n)) for some
ne€N. fwe L, |@g =n, 0N o, contains a vertex v, g € I(v), wg € L and

wgoe = o, then we say that o combs back to wog and that it combs through v (which
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. . . v
we Wl“ sometimes write as 7 —o.

Lemma 2.7 Supposc o is a face in X(n + 1)\ int(X(n)) such that v € 0 NIX(n)

. and v is a vertex. Then o combs through v.

Proof:

If o intersects dX(n) in more than just v, it must intersect X (n) in an edge.
In this case, o is distance one from a face in star(v,n) and, therefore, ¢ combs to
this face and through v. If o only intersects in v, then it must comb back to a face
in star(v,n) for all other simplices are infinitely distant {from o by the definition of
the metric. So, o must comb through v. =

This result, though clear, is central to all of the combing arguments to follow.
It also fails for a certain case of the triangles, and leads to complications there.

Now we deal with the actual combing lines. FFor what {ollows, we assume that o
and 7 are adjacent faces in X. What we would like to do is prove that they comb
back to adjacent laces.

To this aim, we prove the following Lemma:

Lemma 2.8 The combing lines of L have the k—fellow traveler property.
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Figure 2.3: Aﬁ example of Case 1

Case 1 0,7 € X(n+ 1) \ int(X(n)). See Figure 2.3. Since the faces are adjacent,
they must intersect in a vertex. And by Lemma 2.6 then, they must intersect
in dX(n). But then, Lemma 2.7 says they both comb through this vertex,

and therefore, they comb back to adjacent faces.

N

Figure 2.4: An example of Case 2

Case 2 0 € X(n+ 1)\ mnt(X(n)), 7 € X(n). In this case, we find the two faces in

different levels of the complex. See Figure 2.4. We note that if v is the vertex
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they intersect at, o must comb through v, and now we have that o(n) and 7

are in the configuration of Case 1.

This doesn’t finish off the argument entirely. Though we see both cases have
their faces combing back to other adjacent faces and therefore we seem to have a
bound of 1, Case 2 has a little more to it than that. In fact, the bound is 2 here,
because after one application of Case 2, the two combing lines are one step out of
synch in terms of the word length. That is, though we are looking at o(n), we are
still looking at 7. But the definition of the k—fellow traveler property insists that we
look at o(n) and 7(n) together, i.e. we want to know ds(o(n),7(n)). This is where
the bound of 2 comes in. (As a matter of fact, it’s not hard to see that they are still
bounded by 1, but we are trying to imitate the harder bicombing line argument,
where the bound does get larger, where the same logic insists that the number is no
bigger than 4.)

Note that since Case 1 only leads to Case 1, and Case 2 always leads to Case 1,
we have no need to fear an infinite loop of cases. This proves that the combing lines

have the k—fellow traveler property. W

2.3.4 That the Bicombing Lines satisfy the k—fellow Trav-
eler Property

The proof follows along the same line as the combing lines proof, but naturally it
is more difficult. In addition to the above line of reasoning, we need to gain some
understanding of what multiplication on the right can do to the combing lines, for
this is the geometric interpretation of the bicombing lines. We multiply our original
quadrilateral, og, on the right, taking it to an adjacent face in X, which we call 7,

and then we look at the same combing lines emanating out of 75. Our goal is to
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show that the combing lines emanating from both faces stay within a bound.

_I___.4L_ —

- B N S
I |
I |
| |

Figure 2.5: An example of a bicombing

As an example, see Figure 2.5. This is the case where all vertex groups are D,
and the edge groups are all Z;. X turns out to be the complex pictured. The thin
lines represent the combing lines of £ when og = X(0). The dashed lines are for the
analogous situation with 79. Each set of lines is drawn out to length three in their
respective views.

We suppose we have two adjacent faces in X and look at where they come from
in terms of the combing lines, i.e., which faces they comb back to; but now we must
deal with the possibility that the two combing lines come from two different original
faces (0o and 7p). We should take a minute to be very clear as to what we mean
by that. We suppose that we build the complex X inductively, starting with a face
X(0). Then we build the complex level by level. The regular language we have

defined is dependent on the combinatorial structure of the n-balls of X. But, as
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the group acts on X we really needn’t start our language with og. Any face will do
as a beginning—as the image of . What we do in this section is suppose that we
have two distinct sets of combing lines: one set that emanates from g, and another
set of combing lines that emanate from a different face, 79, which is adjacent to oo.
Actually, if they both come from the same face, of course, we have proved above that
they stay within distance 2 of each other, since this is exactly what our automatic
language guarantees. So, we are only interested in the case where the two combing
lines are combing from the two different views, which is the term we will use to
describe where the combing lines arise from. Either the oy view, where the combing
lines are drawn with oy as the image of ¢, or the 7o view, where the combing lines
are drawn with 75 as the image of e. Similarly, X,, and X, will describe the two
complexes as they are built with oo and 79 as X (0) respectively. And star,,(v,n),
star, (v,n), 0X,,,0X,, are defined analogously.

But before we can do this effectively, we need to get a handle on how the two
views can differ. That is, if v is a vertex in X, how does it appear combinatorially
from the viewpoint that X(0) is 09, and how does it appear in terms of X (0) being
707 For that is the effect of the o¢ view versus the 7o view. For instance, in X,, , v
may appear as an edge star vertex in 0.X,,(n), but v may appear as a corner type
vertex in 0X,(n —1).

A series of quick lemmas follow, all used to prove the last lemma which gives us
a powerful description of what possible differences there are in the two views. In
fact, there is almost no possibility for change, i.e., if v is a vertex in X then the
starq,(v,n) is either a superset or a subset of star, (v, m) except in one exceptional
case. (In this case, the two star’s are not subsets of each other, but their differences

are determined completely for our purposes. The case is so well-defined that we can
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just draw the necessary combing lines and observe.) Note that n is not necessarily
equal to m, and which way the containment goes is dependent on the relationship

of m and n.

Lemma 2.9 If o is a face and 0 € X,,(n), then 0 € X, (n 4+ 1). Moreover, if
o € Xy (n)\tnt(X,,(n—1)) then o € X, (m)\int(X,,(m—1)), wherem =n,n—1,

orn—+1.

Proof:

That ¢ € X,,(n) implies o = gop where |g| < n. Now let z be the generator of
G such that oo = x7 (note that there is such an z since op and 7o were chosen to
be adjacent). Then o = gz7o. Since |[gz| < n+ 1, 0 € X,;,(n + 1). The rest of the
lemma then follows simply by turning the letters around, i.e. swapping 75 and oy
in the first statement of the lemma. W

The simplicity of this lemma does not obviate its use. In fact, it is central to
many of the arguments, even beyond these following lemmas, which use it directly.

The first of these is almost identical, but is a little less obvious.

Lemma 2.10 If v is a vertez and v € 0X,,(n), then v € 0X, (m) where m =

n,n—1, orn+1.

Proof:

Since v € 0X,,(n), there exists a face 0 € X,,(n), such that v € o. From
Lemma 2.9 then, ¢ € X, (n + 1). This implies v € X,,(n + 1). But it doesn’t
show that v isn’t in 90X, (n — 2), for though we know ¢ is not in X, (n — 2), (by
Lemma 2.9) some of its vertices may well be. We would just like to see that none

of these vertices can possibly be v. To do this we assume the contrary.
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Suppose v € dX,,(n—2). Then there exists a face 7, such that 7 € X, (n—2) and
v € 7. Now, what happens to this face in X,,7 Well, v € 0X,,(n), so 7 € X4 (n).
But this cannot be by Lemma 2.9. So v behaves as we would like. H

Next, we use these two lemmas to get what we want about the differences in
the combinatorics of the two views. Namely, we pick a vertex and inspect what its
respective stars can possibly look like in X,, and in X, . Naturally, the cases vary
depending on whether the vertex appears in different levels in each view or not.
Surprisingly perhaps, if a vertex appears at a different level in each of the views, the
two stars of the vertex are easily shown to have the property we desire, namely that
one is the subset of the other. It is significantly more difficult if the vertex appears
at the same level in both views (and, in fact, this is where the exceptional case can
occur). So, we will prove it for the easy case.

But first, we make a note about the implications of the two above lemmas. If v
is a vertex in X and o is a face such that o € star,,(v,n), then the question arises
as to whether o is in star, (v, m) for some given m. (And even more if o is not in

star,,(v,n) can it be in star, (v,m)? But this is really the same question.)

Xrp(m +1)
v u g
Xo0(n)
Foa Xro(m)
v
Xop(n —1)
¢ Xp(m —1)

Figure 2.6: ¢ can’t move too much (notice that the two figures are not necessarily
at the same height)
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The point of the above lemmas is one doesn’t need to look very far. If o doesn’t
intersect star,,(v, m) other than in v, then it couldn’t have been in star,,(v,n). (See
Figure 2.6.) This is because there must be some vertex u € 0.X,,(n—1) such that u €
o, since 0 € X,,(n). Thus u € X,,(n). Now, there must be some face from which u
came. This face is in X, (n — 1)\ int(X,,(n —2)) and X, (m +2)\ int(X, (m+1))
(the latter because o only intersects 0X,,(m) in v). But we know from Lemma 2.9
that a face can not change levels by more than one from view to view. But this is
exactly what we have here. So, to discover what type of changes a star can have
from one view to the other, we need only look at faces which intersect the star.
No others may be added (and, of course, this also means that no face that is in a

particular star in a view can fail to intersect that analogous star in the other view).

Lemma 2.11 Suppose v is a vertez and v € 0X,,(n) and v € 0X, (n+1). (In this

case, we say the vertex “jumped up”.) Then star, (v,n) C star,(v,n+1).

Proof:

Let o be a face such that o € stary,(v,n). Then o € X,,(n). So o € X;,(n+1)
by Lemma 2.9. Therefore, o € star,,(v,n+1). N

Of course the proof is similar if the vertex “jumps down” where this means the
analogous thing. As promised, this case was simple. The next lemma is not so clear,
and in fact the proof is split up into cases. Before we move on, we should make a
note of what it takes for a face to be in star(v,n) for a vertex v € dX(n) (notice
the view we are talking about is irrelevant). For this to occur there must be another
vertex of the face which appears, combinatorially, in X(n — 1). Conversely, if a
face is not to be in the star of v, then none of its vertices can appear earlier than

v. This is a necessary and sufficient condition for a face to be in the star of v and
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will be used for all the following without further mention. Each case corresponds
to the possible combinatorial structure of star(v,n). There are four possibilities
depending on the combinatorics of the adjacent vertices: the corner type and three
edge star types (the adjacent vertices are both edge star vertices, or one is an edge
star vertex, while the other is a corner vertex, or both adjacent vertices are corner

vertices).

Lemma 2.12 Let v be a vertez such that v € 0X,,(n) and v € 90X, (n). Then
either star,,(v,n) C star,,(v,n) or star,(v,n) C star,,(v,n) unless two opposite

angles are &, in which case a “slide” is possible.
'2';

Proof:

Q
)

4

T A
\0/ u T v

u

Figure 2.7: How things could go wrong for Case 1-but they can’t

Case 1 v is a corner type vertex in the oy view
See Figure 2.7. The only way this could fail to fulfill the lemma is if the unique
face of star,,(v,n) were not in star,,(v,n). But this can’t occur. Let o be
this face and let u be the only vertex of o that is in 0X,,(n —1). Then, for
o to not be in star,(v,n), v must have “jumped up” and by Lemma 2.10 ,

u must be on the same level as v. But u and v are opposites, so since X is a
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complex, there must be a vertex that they are both adjacent to that is also in

0X,,(n). The fourth vertex of ¢ now violates D8).

Case 2 v is an edge star vertex
This case has various possibilities depending on the combinatorics of the ver-

tices adjacent to v in 0X,,(n).

u
. AN
o I Y (Y
T y

Figure 2.8: How things can go wrong for Case 2a-but they can’t

Case 2a The adjacent vertices are all edge star vertices
See Figure 2.8. Again, we wonder if there is a face o that is in stary, (v, n)
but not in star, (v,n). But since o has two vertices in 0X,,(n) both of
which are edge star vertices, then the other two vertices of o must be in
Xoo(n — 1) and therefore must be in X, (n). This leaves only one vertex
to be in 0X,,(n + 1), and again by D8) this can’t happen.
Note that this argument says that a face can not jump if it is not the

corner face of some vertex.

Case2b There is at least one adjacent corner type vertex
This case is more complex. In fact, we don’t get the desired result in

a very particular situation. What we show here is that the only way
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not to get containment one way or the other is if we get the picture
of Figure 2.10. (This picture could be a little more complex, with fins
poking out in all directions, depending on the orders of the edge groups,
but the fundamental structure is as shown.) What that means is that the

combing lines can be seen without worrying about the other possibilities.

Q
Q

Figure 2.9: How things can go wrong for 2b—leads to sliding

So suppose that containment is held neither way. That is there exists
a face o such that o € star,,(v,n), but is not in star,(v,n) and there
exists a face 7 € star,,(v,n) that is not in star,,(v,n). Then from the
above arguments, o must be the corner face of some vertex u in X,, and
7 must be the corner face of some vertex y in X, (see Figure 2.9). Let
z be the central vertex of v in X,,(n) and let a be the central vertex of
v in X,,(n). Since all the other vertices adjacent to v in X, are edge
star vertices, we know what the faces containing z and a look like. Since
o jumps in X, , z does too, so a and z are the opposite vertices of some
face (namely, the unique face that is in the star of v in both views), call
it . That « is unique is a direct consequence of D4). It is the other

vertex of « that is interesting. This vertex, w, doesn’t jump, but it’s star
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changes just like v’s.

y U
T J o 6
U Yy v
hdl el A
a | ¢/ & T a J¥)
z w
B N

Figure 2.10: The hard case, where faces slide

See Figure 2.10. That is there exists a face that is in star,,(w,n—1), but is
not in star,,(w,n—1) (B) and there exists a face that is in star, (w,n—1),
but is not in star,,(w,n — 1) (7). Now, this is exactly the situation we
began with in this case. So all that we could say for v and its respective
stars we can say for w. And then this leads to the vertex ¢, etc. This
is the exceptional case and we need some terms here to simplify future
arguments (rather than calling it the “exceptional case” repeatedly). We
say that the vertices v, w, and ¢ have faces (e.g., in v’s case o and 7) that
slide (and will frequently say that the vertices themselves slide). It is not
hard to see that for w to have faces that slide, the star(w,n) must be as
shown (in both views) in Figure 2.10. This guarantees that the face 8 has
two vertices in 0X,,(n — 1) and therefore, since it shares an edge with «,
0(l(w)) = er- (we have demonstrated a circuit of length 4 no matter what
other possible faces the figure is unable to show). The recursion of such

vertices leads to the conclusion that this must also hold for I(v). This is
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all we can say, but then again, this is all we need to say. W

This finishes the argument, but not in an entirely satisfactory way. What we
find is we get what we want about the stars of the vertices in the two different views
(that is that one is contained in the other) in all but one case. Still, this isn’t too
hard to deal with, as this case is quite specific and we can deal with it separately.
And that is what we will do.

The proof that the bicombing lines stay a bounded distance now follows. As
with the combing lines, we take it case by case with the possible configurations that
two faces at distance one from each other can have. We will save the special case
of Case 2b above for last, and essentially draw on the Figure 2.10. The rest of the
possibilities are fairly straightforward. In the following, we assume that ¢ and 7
are faces in X that are adjacent. It is our goal to show that the bicombing lines
have a bounded distance and we approach this problem as the lemmas above lead us
to. Namely, we analyze the combing lines from each of the faces. But note, that to
analyze the bicombing lines we need to look at the combing lines in the two different
views. So, not only is it necessary to describe the situation of the faces, but to say
which view the combing line of a face will be calculated in. To this end, we will say
o combs in 09 when we mean that the face o’s combing lines will be calculated in

the complex X, and likewise for X, .
Lemma 2.13 The bicombing lines of L have the k—fellow traveler property.

Proof:
We proceed inductively on n. For X,,(0), of course, the combing lines are
trivially bounded (also for X, (0) but it is sufficient to do the work in the gy view).

So, we suppose that we have the combing lines bounded for a pair of adjacent faces
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in X,,(n) and look at the case where at least one of the faces is in X,,(n +1). We
break up the proof into two cases depending on whether both faces are in X,,(n+1)

or if only one is.

o(n)

Figure 2.11: An example of Case 1

Case 1 0 and 7 are in X, (n + 1)\ int(X,,(n))
See Figure 2.11. Since the faces are adjacent, Lemma 2.6 says that there exists
a vertex v in 9X,,(n) such that v € ¢ N 7. Then, wlog, we can say o combs
in 0y, and by Lemma 2.7, o combs through v. But then, we already have that

o(n) and T are adjacent, so this case leads to Case 2.

Case 2 0 € X,,(n+ 1)\ int(X,,(n)) and 7 € X,,(n)
Now, if in X, we -have the situation of Case 1 (that is the faces are in the
same level of X, ) then we are done. Otherwise, look at the combing lines of
o. If o combs in gy, then following the same argument above, we find o(n)

and 7 are in the situation of Case 1 in X,,, so we are done.
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Figure 2.12: An example of Case 2 which leads to the sliding case

Finally, assume o combs in X,,. See Figure 2.12. Let v be a vertex in 0.X,,(n)
in the intersection of o and 7. If & combs through v, then again, we have Case
1 for o(n) and 7 in X,,. So this just leaves the case where o combs in 79 and
does not comb through v. For this to be though, ¢ € star,,(v,m). (In this
argument, like several others, if we do not know whether v has moved up, down,
or stayed at the same level, we will just say that it is X, (m) \ int(X,(m —1))
and make no assumptions about m other than those the various lemmas have
given us.) And since we have already taken care of the case where o and 7
are in star, (v, m) (that is the case where we have Case 1 in X,,), we assume
7 is not in star,(v,m). But that means star(v,m) has slid as in Case 2b
of Lemma 2.12 and that n = m. This is the one extraordinary case and the
picture must then be as in Figure 2.13. (Actually, to be precise, the edge
groups can be much larger, hence, the picture much more complex, but for the
combing lines, these are irrelevant for we know that these faces share an edge

with the respective stars of v, so the combing lines are simple to calculate.)
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Figure 2.13: Drawing the bicombing lines for this particular case

Here, we see the situation as described in this paragraph. ¢ and 7 must be
the faces as shown or they could not do the sliding that is necessary. Then, it
is easy to see that o combs to v (since 7 is a corner star face and is the only
one that could produce o) in X,, and 7 combs to 3 (for the same reason) in
X,,- Finally, we notice that 4 and f are now in the same configuration as ¢

and 7 and this case (the difficult one) is recursive.

As with the combing line argument, this is an unsatisfactory ending. We have
Case 1 leading to Case 2 which leads to Case 1, etc. This is very disturbing. In
particular, we have a fear that with each successive Case 1 configuration, it is possible
that we are comparing o(z) with 7(5) and there is no bound on the difference of ¢
and j. But in fact, this is not a worry. For suppose we have two faces that are
adjacent in a particular view (as they are in all of our cases). How far apart can
their word lengths be? That is if 0 = goo and 7 = h7g where |g| = ¢ and |k| = 7,
then how large can the difference of ¢ and 7 be? This is exactly what Lemma 2.9
addresses. Since o can only have word lengths between ¢ — 1 and 7 + 1 and similarly

for 7 and j, then we see that if | — j| > 2 then o and 7 can not be adjacent.
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So this last worry is not actually a worry, and the lemma is proved. M

2.3.5 The Word Acceptor Automaton

What we have proved above is not necessarily sufficient to give us an automatic or
a biautomatic structure (though, as of yet, no one has proved that it is not). In
this section, we show that our language is a regular language and thereby finish the
proof of the automatic and biautomatic structures. To show L is regular we only
need show that there is a finite state automaton which accepts it, and that is what

we do here.

Theorem 2.14 A quadrilateral of finite groups with trivial face group and non-
trivial edge groups, and with no individual angle more than g— is both automatic and

biautomatic.

Proof:

We build the automaton. Our ai)proach will be that for every face, o, we will
associate a type, t(0), and a state of the automaton, s(¢(c)). These types will
depend on the geometry of the face, and our goal will be to retain just enough
information “in” the state to decide what state a generator should lead to.

First, we define the type of the empty word to be t(eg). Now we define a type
for each face of X. Suppose o is a face of X(n) \ int(X(n — 1)). Then o either
intersects 0X(n) in one edge or in two. Suppose the intersection is in one edge.

Then let u and v be the vertices of the edge. We define

t(o) = {pun(star(v,n)), v, (), Pun(star(u, n)), un(0)}
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If o intersects in two edges then we have three vertices, u,v, and w. Suppose w

is the vertex that both edges share. Then define

t(0) = {punlstar(v,n)), 0u.n(0), un(star(u,n)), pun(a), (w)}.

This information is precisely the information needed to define where a state
should lead. To each type, we will associate a state of our automaton. It is easy to
see that for any given quadrilateral of groups the number of different possible types
as defined above is finite; so then is our automaton. It is interesting to note, though,
that the size of the automaton is dependent on the orders of the edge groups, so
there 1s no universal bound on the size of the automaton for all quadrilaterals of
groups. We need to see how this set of states can be made to produce our language
L. What remains is to define the transition function. This definition will reflect the
definition of £, not surprisingly.

Suppose s is a state of the automaton and ¢ € £ . To s is associated one of the
two above types or it is the start state. If it is the start state, then we define g to
lead to s(t(goo)). All of our states will be accept states (with the exception of the
single fail state that ¢ will lead to if it does not fulfill one of the conditions below),
so this reflects the fact that all the generators are in £. Now, suppose s is the first
of the above types. We wish to observe go. The action (and therefore the definition
of type of go) only makes sense if g € I(u) or g € I(v), which, again, agrees with
the definition of £ (where u and v are the two vertices described in the description
of this type of face). All other generators lead to the fail state. If g € I(u), then
we use the criteria of £. If o is the closest of any face to go in the star(u,n + 1)-
metric, then g takes s to an accept state or if o is equally close to go as some other

face, 7, in star(u,n), then we use the I(u)-ordering to decide whether s(¢(c)) leads
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to a fail state or to an accept state. That is, if ¢ < 7, g leads to an accept state,
otherwise g leads to the fail state. We do the same if g € {(v). If s is the second
of the above types, then we treat u and v just the same, but w is easier. Since this
vertex is a corner type vertex, o combs to all of the faces w produces (that is all
faces in str(w)) for it is the unique face of star(w,n) by D8). So each element of
[{(w) other than the identity leads from s to an accept state.

That this is a well-defined process will be clarified below. But it should be clear
that if this can be done, then this automaton will produce £ as this process is
identical to the process in the definition of £. So let us discuss how this can be
done, and more precisely, define where a generator takes s, i.e., what type s(t(go))
is associated with.

Suppose we have a state s(¢(c)). And also, let us assume that this type is the
first one described above. Let g € I(u). We look at ¢, ,.(star(u,n)) and ¢, (o).
This is some of the information that s(¢(c)) contains. We know that gy, (o) =
©Yunt1(go) by definition, so whatever happens in st(I(u)) is geometrically the same
as what happens in X. More precisely, if o is at a minimal distance from go in
star(u,n+ 1), than the respective thing is also true of ¢, (o) and ¢, .(go). So, the
above description of deciding when ¢ leads to an accept state is well-defined. But
more than that, we can now define the type of go. This face must intersect the set
H,, .(star(un)) = {9 : ¢ is a face of st(I(u)) that does not intersect ¢, ,(star(u,n))}
(which will become part of X (n + 1)) in one or two edges and we define its type
as we did above for these two possibilities. All we have to do is decide what the
maps look like for go. (Of course, it is sufficient to prove that one could decide
without actually finding the maps, but since the proof can actually be constructive,

we choose to do it that way.)
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Suppose (for simplicity) that gp, (o) intersects Hy, , (star(u,n)) iD OnE edge, and
call this edge’s vertices z and y. Then we have all the information we need to define
Yz nt1(star(z,n+1)) and likewise for y. To see this, we recall how ¢ 41 is defined.
First, we need to find the vertex in ¢, ,(star(u,n)) that shares an edge with z.
(That there is such a vertex is due to our assumption that gy, (o) intersects the
boundary in one edge, but if this were not the case the definition would be simple,
for a vertex for which there is no such vertex is a corner type vertex, and then all we
need to know is the vertex’s label to define the type.) It is how this vertex maps its
neighborhood that tells us how to calculate ¢, ,4+1. But what is this vertex? Either
it is u or it is v. Just the two vertices we know everything (in terms of maps) about.

See Figure 2.14.

z Y

9Pun(0)

Pun(v) | Pun(u)
‘Pu,n(a)

Figure 2.14: Calculating the map ¢z n41

Notice that in fact, we do not necessarily know what star(z,n + 1) looks like,
for some of the faces of this subcomplex may not even be in st(I{(u)) (or to be more
precise, star(z,n + 1) may include faces that are not the image of st({(u))). But
we don’t need to know what they are to know where they are mapped to, and the
one face we do need to know about for the type definitions, gy, (o), is in st(I(u)).

We figure out these things by using the injections we already know about. Notice
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that g € {(u) and g € {(v) (again this is by the assumption that g, (o) hits the
boundary in a single edge, but that is the only case that gives us this difficulty; for
all the others only ¢, , is needed to determine the maps for x and y). To be more
accurate, g € I(u) and the injection between /(u) and I(v) gives an element ¢’ of I(v)
that is identified with g. Thus, we look at ¢, ,(star(v,n)) (which again, is exactly
the information kept in the states), and using ¢’ (and being careful to make any
other necessary identification given by the injection), we do the same in st({(v)). In
this model star, we are now guaranteed to be able to treat x (again, this is not z
but the vertex identified with z as given by the maps) as we can any vertex that is
adjacent to the central vertex of the model star.

To find @y ny1(stary ,+1(y,n+1)), etc., we do similarly. For the second type, the
one with the corner type vertex, as we noted above, there is little new to do, for the
maps we need to understand are always defined easily, as there is only one face in
the star of such a vertex and that is mapped to s(1) in its model star.

This finishes the definition of the transition function and therefore completes the

proof. W

2.3.6 The Growth Function

In this section, we discuss the growth function of the amalgam group G of a quadri-
lateral of finite groups with trivial face group, and no particular angle more than 72T'
Let the orders of the groups A, B,C, D, K, L, M, N be denoted by a,b,¢c,d, k,l,m,n,
respectively.

The growth function of a group (G,X), where ¥ is a finite generating set for G, is
the analytic function TS_;:O a,z", where a,, is the number of elements of G with word

n=0

length n in the generating set X.
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Theorem 2.15 Let G be the amalgam group of a quadrilateral of finite groups with

The growth function f is the rational function f(z) =1+

the restrictions above.
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Proof:

The proof is fairly straight-forward. We define types for each vertex of the
amalgam complex X, and then use these types to count the faces. We find that
there are basically only two types, corresponding to edge star vertices and corner
vertices. The information we store in the types tells us what type each “produced”
vertex is. Then, all we need is a method for each of the vertex types to count the
number of faces in its neighborhood. That is what the above matrices give. V; is
the initial state of types, ) is the transition matrix, that is it tells us how to go

from one type of vertex to the next, and V; is the method of counting.

A/D Type 1 A Type 2
Figure 2.15: The types a vertex v can be

First, we need to define the types. Let v be a vertex in X. Then, we will define
the type of v by looking at the combinatorics of X. Suppose v € 0X(n + 1). Then
if v shares an edge with a vertex in X (n), then we say it is of type 1 (it corresponds
to an edge star vertex). If there is no such vertex (that is, v is a corner type vertex),
then we say it is of type 2. But this is not quite enough. We also need to know the
labels of both v and the vertex in X(n) that is adjacent to v, if there exists such a

vertex. We shall describe them as a B/A Type 1 vertez if [(v) = B and the label of
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the vertex adjacent to v is A, e.g. This gives rise to twelve different types of vertices

in X.

t; : B/A Type 1 vertex
ty: D/A Type 1 vertex
t3: A/B Type 1 vertex
ts: C/B Type 1 vertex
ts : A/D Type 1 vertex
te : C'/D Type 1 vertex
tz : B/C Type 1 vertex
tg : D/C Type 1 vertex
tg : A Type 2 vertex
t10 : B Type 2 vertex
t11 : C Type 2 vertex

t12