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Bottomonium Spectroscopy at Belle:

Studies of Radiative and Hadronic Transitions

Zachary Shaun Stottler

(ABSTRACT)

The large constituent quark mass of bottomonium, the bottom quark/anti-quark bound
state (bb), affords a rich spectroscopy in which the non-perturbative regime of Quantum
Chromodynamics may be theoretically described and experimentally investigated. The ra-
dial excitations of bottomonium—with radial quantum number N, one unit of total angular
momentum (J = 1), and orbital angular momentum L = 0, labeled (nS)-—are copiously

produced in electron—positron (e*e ) collisions.

The Belle Collaboration is a high energy particle physics experiment located at the KEKB
B-Factory e"e collider, based at KEK in Tsukuba, Japan. Belle has accumulated a large
dataset near the (4S) and (3S) resonances, collectively containing more than 28 million

(3S) and 556 million (4S). Some of these decay to other bb states—with one unit of
orbital angular momentum and total angular momentum J = 0;1; 2, labeled p3(nP)—via
the emission of a photon, with subsequent transition to the (1S) with the emission of one

or more gluons, which hadronize to form an ! meson.

This dissertation presents an analysis of the hadronic transitions p3(nP) ¥ 1 (1S), where
(1S) ¥ “** with “ =e; , at Belle. The transitions of the n = 2 triplet states provide a
unique laboratory in which to study non-relativistic quantum chromodynamics (NRQCD), as

the kinematic threshold for production of an ¥ and (1S) lies between the J =0and J =1



states of the p3(2P) triplet. The results presented herein constitute the first confirmation
measurement of the I transitions of the ,3(2P) states since their discovery in 2004, with
evidence—in excess of three standard deviations—for the sub-threshold transition of the
J = 0 state. The branching fraction B ,c(2P) ¥ 1 (1S) is found to be as large as the
corresponding rate for the J = 2 transition. The ratio of the J = 2 to J = 1 transitions
is also measured and compared with the expectation from NRQCD, which we compute,
revealing a 3:3 tension between theory and experiment. This work is leveraged to perform
a search for radiative transitions of the (4S) to the ,3(2P) and ,3(3P) states, which are
reconstructed in an inclusive 1 (1S) final state. With no significant signals seen, limits are

set on the corresponding branching fractions.



Bottomonium Spectroscopy at Belle:

Studies of Radiative and Hadronic Transitions

Zachary Shaun Stottler

(GENERAL AUDIENCE ABSTRACT)

Atoms, the stuff of everyday matter, consist of a number of electrons bound to a com-
pact nucleus. This nucleus, in turn, contains one or more protons and neutrons, which are
themselves made up of constituent particles called quarks that interact with one another by
exchanging particles called gluons. Although great strides were made during the last cen-
tury to further our understanding of the fundamental structure of matter, a comprehensive

description of nuclear structure, at the quark level, eludes us.

What we do know is that the force responsible for binding the large number of positively
charged protons within the narrowly confined nucleus of, say, a gold atom is incredibly
strong—in reality, more than 137 times as strong as the electromagnetic (EM) interaction,
which is responsible for binding electrons around the nucleus in atoms. Unlike the EM
force, which has one charge that can be either positive or negative, the strong interaction
has three. Moreover, the interaction-mediating gluons themselves carry these charges. This
leads to a manifestly more complicated phenomenon whose mathematical descriptions are

computationally intractable.

To study the strong interaction, we seek out the simplest of strongly bound states—called
the meson—which consist of a quark and its anti-particle counterpart. The meson made up

of a bottom quark/anti-quark pair (bb), called bottomonium, provides an ideal laboratory



for our investigations. In bottomonium, the quarks are very heavy (about 4.5 times the
mass of a proton) and move relatively slowly compared to the quarks within a proton. This
allows for some simplifications in the mathematical description of the bottomonium system,

making it possible to compute predictions that can be tested in the lab.

In this low energy regime, the strong interaction gives rise to a family of excited bottomonium
states that have a structure similar to the excited states of an atom. Just as scientists learned
about the EM interaction by studying the decays of excited atomic states, so too do we study
the strong force by measuring the decays of bottomonium states. We call this study heavy
quarkonium spectroscopy. When excited bb states transition to lower-energy states, they
may emit photons (as excited atoms do) or gluons. These emitted gluons, in turn, produce
other particles. Measurements of the decay rates of bottomonium states may be predicted
from the mathematical description of the strong interaction, providing direct experimental

tests of the theoretical models.

This dissertation presents a study of the decays of several bottomonium states, which are
produced at the Belle experiment at the KEKB electron—positron collider. The decay rates,
called the branching fractions, of these transitions are measured and used to test the predic-
tion from theory, which we calculate. This work is leveraged to search for several previously

unobserved decays, which are expected to be exceptionally rare.
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kXN *QKT "BbQM Q7 ao. M/ ao.k BKT +i T K272 22HQ@ImiBQM
#2H2//°?2Q- UH2TiB:®N b 7mM+iBQM Q7 K QMXKERAL MimK X

kXRy aB/2 pB2r UH27iV M/ 2M/ pB2r U B;?iV + Qbb b2kyBQM H b

KXRR ."B7i +2HH UH27iV M/ b2+iQ U B;?iVIBX2XxQAW/BRX iBQN

ttB



KXRk b+ ii2° dHG #v7/T iB+H2 bT2+B2b K2 bm 2/ BM +QHHBDbB(
T 2b2Mi2/ b 7TmM+iBQMXQX KQKXMInNKKX X X X X XkX X X X X

KXRj b+?2K iB+ Q7 i?2 *XKOXmHZXbX X X X X X X X XkKf X X X X
KXR9 Db+?2K iB+ Q7 DbBM;HR XPEXQX/KHH2X X X X X Xk& X X X X

kXR8 *QKT 'BbQM Q7 i?2 "2+QMbi"m+i2/ K bb Q7 T “iB+H2b BM /
J* bBKmMH iBQM UV2HHQ® XBXiR X KVX X X X X X X X9X X X X

kXRe a+?2K iB+ Q7 i?72 2H2+i QK XMRIiR+X+XHX M K2X2XXK8 X X X X

kXRd 177B+B2M+v UH27iV M/ TR@Mb7 FRINMiABIOB: Q¥ IQAF KQ@
K2MimK X X X X X X X X X X X X X X X X X X X X XX X X X .

kXR3 .B@T?QiQM BMp "B Mi K blb /BWiHRZMMBRMW @ ?2iV
+ M/B/ i2b 2+QMbi m+i2/rBi? T?2QiQM 2M2 :B2b 2t+22/BM; jy
IT*GX X X X X X XXX XXXXXXXXXXXXXXX XX X

kKXRN Pp2 pB2r M/ + Qbb b2+iBXQM F7X 22 ¥ QXHXMQB/X K3X X X X
kKXKy Db+?2K iB+ Q7 i?22 &K X2HEXIX X X X X X X X X XM X X X
kXkR h?2 S*bmT2 H v2  +QM7B;:m  iBQM BM i?2 "EGJjYH27iV N

kXkk h?2 KQK2MimK /2T2M/2M+2 Q7 i?2 KmQM /2i2+iBQM 277B+E
7 F2 i2U BX2AVE X X X X XXX XXXXXXXXXRXX X X

kXkj 7HQr/B ;" KQ7i?2BM7Q K iBQM T bb2/iQ MX:¥& BM i?2 C

kXk9 > /"QMB+ T Q/m+iBQM + Qbb te2e-iBQMHB b B QNX2 ML v Q 7

iXR AHHMDbIGBIBOQMQ7(LS) /2+ v +?2 MM2HX X X X X X XK X X X
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jXk .Bbi'B#miBQMb Q7 i?2 /B@TBQM BMp "B Mi K bb UH27iV M/
QM@ 2b@VB)M+i2 U/ i TQBMibV M/ b+ H2/ UkJV J* Ugéim2 ?Bbi
iXj h?2 +QbBM2 /Bbi'B#miBQM Q7 i?2i? 22 /IBK2AMBHBQM H /B@T|
BM Q77@ 2bX UbQHB/ pBQH2i(3?8)bi@; UKV TMY BIWM I/ X
jiX9 :2M2° H7Q K Q7 i?2 .Qm#H2@aB/2/ *XvKi Y X MHX/ BeX X#X iB
X8 6Bi iQW2/Bbi' B#miBGSMI Q7 (1S) bB;:M H 2p8Wib BM
J*T Q/m+2/BM i? 23308y @I@BX27iV{4QS) W@QTbX2Mi2 V- QM@
“2b( S) UiQT "B:?2iV- +QMi'QH U#QiiQK H27iV- M/ +QK#BM?2/
i D2IEXX X X X X X X X X X X X X X X X X X X X &K X X X

iXe 6BiiQ bB/2# M/b /27BM23 BMURRTOHR@ i \2 4499) 7\@ QZTb X
+2Mi2 V- QM WIOX "B:?2iV- +QMi"QH U#QiiQK H27iV- M/ +QK;
QK "B:?2iV/iXdXibBXX X X X X X X X X XX X X X X B3X X X X

jXd 6Bib iQM?2/Bbi'B#miBQM BMSQWI@ T2HX7iV- (@37 @ 2bX
UiQT +2Mi2 VEGM@ @B XB:?2iV- +QMi"QH U#QiiQK H27iV- M/ +
U#QIiiQK "B;2iV /X M2XbX X X X X X X X X X X X X Xe¥X X X X 3

jX3 6BiQ7i?2/B@TBQM 2+QBHK bbi'mi?@i ;;2/bB;M HUH27i\
2p2Mib "2+QMbi ma A KMXIXXX X X X X X X X X X & X X X .

iXN 6BiiQQ77@ 2bQM M+2 UH27iV M/ K@b$)2/ QXK@X 26OM M+2 |
iXRy 6Bi iQ i?2/B@TBQM "2+QBH K bb /B@BISB#miBOM DM QM @ " 2|

jXRR J2 bm 2K2Mib Q73i8)]2 + RB#H2+iBQeM! (3S) BM
2 +2 2tT2 BK2Mi H mBI N7 QM@X2DX X X X X X X Xd¥ X X X

jXRk pBbm HBx iBQM Q7 i?2 bvKK2i'B+ +Q "2H iBQM K i'Bt 7 Q¥
bim/v 7Q  i?22 +QK#BMRX/ X BK2K X X X X X X X X X XjX X X X
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jXRj .Bbi'B#miBQM Q7 i?2bB;M HVB2H/ Q#i BM2B®)QK ky-yyy 7B
UiQT H27iV- (@37 @IQBX2Mi2 V-(QN @iQFX B;?iV- +QMi QH
U#QIiiQK H27iV- M/ +QK#BM2/ U#QiiQK +2Mi2 V / i b2i rBi? K¢
p B2/ ++Q /BM;:iQi?2 :HQ# H +@pX B M2 K KBIX 0 X X X X

jXR9 .Bbi'B#miBQM Q7 277B+B2M+v@+Q "2+i2/ bB;M H VvB2H/ Q#
"2b(8 S) UIQT H27iVA(I)Y7@ QT X2Mi2 VESM@ @b XB; ?iV -
+QMi"QH U#QiiQK H27iV- M/ +QK#BM2/ U#QiiQK +2Mi2 V / i t
FBM/Qr M/ # +F; QmM/ K2XT2ZXX X X X X X X X X X X& X X X

JXR8 GBM2 "Bivi2bi "2bmHib T 2b2Mi2/ #vX/ X IX2X M /X BEXHXbX i2

9XR AHHmMbIiy@BQAM @7S) i° MbBiBQMb Q7 BMi2 2bX BAM@BRBbD +? Ti
9Xk amKK v Q7 *G1P K2 bm,@2M2Mi(@B)XX X X X X X X3® X X X

9Xj *QKT 'BbQM Q7 i?2/Bbi'B#miBQMb Q7 BMp "EKM@K bb Q7 i?:
bQM BM i miq200K) 2 XX X X X X X X X X X X X X X %B& X X X

9X9 h?2 +? "K@MBMKQ:; Q7 bm#@ii? RbBOEPMX X X X3%¥ X X
9X8 .B ;" KQZHEP2/2+ v +2 BMXX X X X X X X X X X X34 X X X X

9Xe PTiBKBx iBQM Q7 i?2 6QJ-b22 1[m iBQM 9XR-1iQ /2i2 " KBM:
PP BM bB;M HKIXXX X X X X X X X X X X X X X X X KyX X X X

9Xd h?P2+ M/B/ i2 KmHIiBT,{B}Biv@M) bB;M H J* Bb b?QrM BM
i?72 H27i T M2Hc MQi2 i?2 HQ; b+ H2X h?2 "B:?2i T M2H BHHmMDbI|
O #2pbi+ M/B/ i2 b2H2+iBQM QM i?2 +QK#BM iQ BX% MRF;" QmM

9X3 .Bbi'B#miBQM Q7 i?2;(2Py ®MXh WH2ZIW Kb U B;?iV BM
1?7850 b KTH2 Q7 bB;M K X*X X X X X X X X X X X XMKkX X X X
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9XN .B ;" KQ7 '2bQM Mi /B@TBQMhi iM8X&MbXKQMN] X X X

9XRYy AM+HMbBp2ZHS) T Q/m@2) UH27iV4 B)! * (29)
U B:?2iV 2p2Mib +QMi B#mi2 #X+R; XQM M/ X pPCMiKXX XN& X X X

9XRR .Bbi'B#MiBQ® @B:M HU b+2M/BM: #Hm2 ? b?2/ ?BbiQ;: > K\
M Mi/B@TB @M, QmNMN5Dh )BM bBKmH iBQM 7Q" i?2 +QMi"QH / i b
UH27iV M/ i2 2409 @7 DX U B RiXXX X X X X X X X XN®& X X X

9XRK :"B/ QTiBKBxX iBQM "2bmbbi #6: iQ& MXpQ@MQMIM i?22 +QMi Ql
UH27iV M/ @MAI2bXTHXbX X X X X X X X X X X XN8 X X X X

9XRj .Bbi'B#miBRQE@PRUH2FiV+2Mi2 Mt SMU B;?iV K bb BM e
bi'2 Kb Q7 Q77B+B H m/b M/ +% XKXQX7BHBXHX K X MeX X X X

9XR9 .Bbi' B#miBgM)QUH22iV+2Mi2 Vi SMU B:?iV K bb BM e
bi*2 Kb Q7 Q77B+B Hm/b M/ +? 'K Q77B+B H J* PBIiRdQMiBM1

9XRS8 .Bbi'BAMiBDMMAY 7Q  i'mi? i ;;2/ 2K bBM H R

9XRe 6Bib iQ iW2QTVMMU#QiiQKV /Bbi'B#miBQM Q7 i'mi? i :;2/b
2P2MMOX X X X X X X X X X X X X X X X X X X X XR¥& X X X

9XRd 6Bib iQ i?2 /Bbi B#miBQM Q7 MM +BHDMW/ NI BM?bVB M
50 JFX X X X XX XXX XXX XX XXX XXX X XRYex X X X

9XR3 6BIibUH27iW, NU/'B;?iV /Bbi BEmIBQNVI b BIND BMi XVXRX e

9XRN aBKmHi M2Qmb 7Bi iQ iM2 UBHDi 7 BW mLB G M? QU7 QY 7?2
K bb bB/2# M/b BM i?2 +QK&BXI X/ X iXbXiX X X X X RydX X X >

9Xky 6Bib iMi%B/2# M/b UHR7bB/RI# M/b U B;?iVBMi?2 +QK#BM
' THh2IX X X X X X X X X X X X X X X XXX X X X Ry8 X X X
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9XkR h®2 T°QD2+iBQM Q7 iP2 TBi1Q0QKTQM2Mi @ #v @ +RORYT QM2 M|
9Xkk MWP2T QD2+iBQM Q& i22-TBi?G QKTQM2Mi@#v@+ B®RRQM2M]
9Xkj h?2 /Bbi B¥miBiDM BM i72 +QK#BM2/X/ X BK2KXX X XRRKX X X
9Xk9 h?2 /Bbi BMmMpBEWM BW i?2 +QK#BM2/X/ X B2XK X X RRX X X

9Xk8 6Bi iQMi?PH27iW, MV B;?iV /Bbi B#mi{EPQOMH 7IQS)
+ M/B/ i2b "2+QMbi"m+i2/ BM i?2X% GK¥EBMR /X XK BRMRRXKX X X X

9Xke aBKmHi M2QmpZPBiK7Rb bZI2HBiiBM;b BM i?2 + QKHKBRIQ/ / i b2
9Xkd amKK v Q7" " M@B7RBHI7XX X X X X X X X XRRK X X X

9Xk3 WR2T ' QD2+iBQM Q7 i?2 bBKmHi M2Qmb 7Bi iQ i?2 +QK#BM?2
+HMbBpP2 (R;BRQMB;?HB; 22XX X X X X X X X X X RR3X X X X

9XkN 6Bib i i?Bbi B#miBQMKBMbIiBB/2# M/ Q7 i?2 +QKREM?2/ / i b

9Xjy 6BiiQM?2Bbi'B#miBQM BM i?2 +QK#BM2// i bRi 7Q  i?2 BM/:
UH27iRg M/ B:2iV "2;BOMDXBX X X X X X X X X X X KkX X X X

9XjR .Bbi'B#miBQM Q7 i?2 i20i=b0 iBH2B&EQ +2®@i2 V- M/
J=2 U 'B:?iV bB;M HVB2H/b "2bmHiBM; 7°QK BM/2T2M/2Mi iQ\
+QMbBbiBM; Q7 Ry-yyy Th2Xn M XtX2XBX XMXbX X X RRK X X X )

9Xjk .Bbi'B#miBQMb Q7 i?2 i2bi bi iBbIB=0 WH2HMEiBQM Q7 i?2
U+2Mi2 ¥ =2MU B:?iV bB:M H VB2H/X h?2 bi iBbiB+ H QMHV + |
#HmM2 M/ i?2 +QK#BM2/ bi iBbiB+ H M/ bvbi2K iBRH®kh2 Bb b?

9Xjj .Bbi'B#miBQM Q7 i?2 bB;M H vB2H/b Q#i BM2/ 7°QK ky-yyy i
KQ/2H T > K2i2'b "2 p "B2/ ++Q /BM;iQ i?2 ;HR& KRk®p B M

ttpB



9Xj9 .Bbi'B#mMiBQMb Q7 277B+B2M+v +Q " 2+i2/ bB:M H vB2H/b- |
rBi? p B2/ 7Bi rBM/Qrb M/ # +FX EmMX B X X X Rke X X X .

9Xj8 GBM2 “Bivi2bi 202RPMIib QI79)?22BiiX X X X X X X XRKdX X X X

9Xje aBKmHi M2QnhbUHB2 7iQM, MU B;?2iV 7Q" i%2, BBIQIE2
+QKH#BM2/ / X BOKMKX X X X X X X X X X X X X X X Rpe X X X X

8XR .B : KAGY'  (2P)! ! (1S)+ b+ /2 MbBIBQKIX RjX X
8Xk aB;M HHBM2b? T2 b@nI)BR2HXBMXQX @ R XK X X X XROKK X X X
8Xj aB:M HHBM2b? T2 bim/B2b BM+HQMiXQX X iXbXiX*KM X X X |

8X9 6BibiQ i?2 /Bbi'B#mMiBQM Q7 #W+FRJHRMIWI, MI2BLiDi B M
BMiZ02 b KTH2 Q7 VSR JIZ2EX X X X X X X X X X X RHKIX X X >

8X8 6BibiQ i?2 /Bbi'B#mMiBQM Q7 #M+FJHRMiWI, My2BLiDi B M
BM i®02 b KTH2 Q7 +QMi"QH /Xi %20 X*X X X X X X XROX X X X

8Xe aBKmHi M2QmIM7BIHDT7i™2 MJ B:?iV /Bbi B#miBQMb BM i?2
K bb bB/2# M/b Q@A M@ PHATV M/ i?2 +QMi QH / i @8 U#QiiQ

8Xd 6Bib iQMi?BB/2# M/b UHR7iWB/M# M/b U B:?iV BM i?2 QM@ *:
(4S) UIQTV M/ +QMi ' QH U#QiXQK\WK/X K2XbX X X X R X X X

8X3 h? +QKTQM2Mi Q7 bBKmHW MBRIQm B KBi®RiZd KTH?2
Q7 QM@ QbIX rBi? +QKTQM2Mi@#v@ + QK RQMZ M K iR Bl bXX X

8XN HP2+QKTQM2Mi Q7 bBKmHWM MMM bBMiGDb KTH?2
Q7 QM@ Dbl rBi? +QKTQM2Mi@#v@ + QK XQM X MK K iR M bXX X

8XRy h®2 +QKTQM2Mi Q7 bBKmHW MRIQm B MBi®iZd KTH?2
Q7 +QMi"QH /i b2i J* rBi? +QKTQM2Mi @ X@% & KT QRN M i XT m H
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8XRR MP2QKTQM2Mi Q7 bBKmHW MMMy bBMBiEIDb KTH?2
Q7 +QMi"QH / i b2i J* rBi? +QKTQM2Mi @ X@% & KT RMKRNM i XT m H

8XRk 6BIM2/UH27i\W, MJ B;?iV /IBbi B#miBQMW4BSY W?2QTMW @ 2b X
M/ +QMi QH U#QIiiQXW/X K2XbX X X X X X X X X XRBjX X X X

8XRj h?2 /Bbi'B#miBQRy @#i?BM2iBRIRQK ky-yyy 7BibiQ /i r?BH2
KQ/2H T * K2i2'b "2 p B2/ ++Q /BM;iQi?2 ;HRO# HK8®p ‘B M

8XR9 .Bbi'B#miBQMb Q7 277BRB-2QM vEEMAY 7 2Q K27 B ilBIi@b/ i rBi?
p B2/ 7Bi rBM/Qrb M/ # +F: QK M/ P XTRHKXX X X XR8K X X X

8XR8 GBM2 "Bivi2bi 2bmRjpXHKQAX KA v X BY X X X X R&Xy X X X >

8XRe .Bbi'B#miBQM Q7 i?2 T'Q7BHZ2RHBR2HE 2Q ® /X A RE ¥ X" XBQ

eXR .B ;  KG®V' 5(3P)! ! (1S)+ b+ /2i MbBIBQXIX Red X

eXk .Bbi'B#miBQEBMNF iB2Mi K bh;@BRM 17223 S) bB:M H 2;:BQM
2TQ 2/ #V XAXX X X X X X X X X X X X X X X X R&3IX X X X

eXj *QKT 'BbQM Q7 i?2*J KQK2MimK /Bbi'B#miBQMb 7Q" +? *;2/
i HTBQMb U+2Mi2 V- M/ +? “;2/ H2(Ri®) Mk D\H 2 ZK\XBMW QM @ ° 2

eX9 .Bbi'B#mMBQWQQDB;M H U b+2M/BM; ? b?2/ #Hm2 ?BbiQ;" K
QM BAi# +F; QmM/b BMX ™ X X X X X X X X X X X XR¥R X X X

eX8 h?M UH2MiVU+2Mi2 W MIB;?iV /Bbi B#miBQMb BM e bi 2 K
Q77B+B Hm/b M/ 2 XKXJXXX X X X X X X X X X X Rdk X X X .

eXe h?M UH2MiVJ+2Mi2 W- NMI/B;?iV /Bbi BMmbBQ2MbM/b
/27BM2/ BM #HBM4ZB) QM EBX2¥XX X X X X X X X X XRAX X X X
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eXd h?d@d UH27iW,MU+2Mi2 W~ MJ B;?iV /IBbi B#miBQMb BM Q77
4S) /T XX X XXX XXXXXXXXXXXXXXXRd8 X XX

eX3 h»®21 bB;M HHBM2b? T2 2ti° +i2/ 7°QK 7Bi iQ imi? i ;;2/
UKYyYyFV XX X X X X X X X X X X X X X X X X X X Kdd X X X

eXN 6BiiQVi?2Bbi ' B#miBQMKBMb DH27 K/ bb U+2Mi2'V- M/
K bb U B;?iV bBX2% KI/HX X X X X X X X X X X X XRAX X X X

eXRy h?2 /Bbi BWmpBMMBM7i?2 Q NU@S) 2ZbiXb2 XK X X X X R&KNX X
eXRR h?2 /Bbi BMnpilBXYM BM i?2 QNAGS) 2biXxb2iX X X X XRAM X

eXRk h?2 H27i T M2H T°2b2Mib +QKT ‘BbQM Q7 i?2 +? “:2/ TBQM
M H M/+QMi QH +? M SHb*BEM QM ®@:2bX M2H T 2b2Mib 7BiicC
i?72M  /Bbi'B#miB@EM BM (1 S)]* ]2p2Mib "2+QMbi m+i2/
BM QM@ SIBX XX X X X X X X X X X X X X X X X XREK X X X

eXRj 6Bi iQMi?2Bbi B#miBQM3BMbIB2M H "2:BQM (@ B)QJM @R 2k X

eXR9 .Bbi'B#miBRRKZMMK- K2 bm 2/ BMi?2H #7 K2-BMi mi?
bB:M H2pRMIiBXX X X X X X X X X X X X X X X X XRX8X X X X

eXR8 h?2 /Bbi'B#miBQM Q7 i?2bB;M HVB2H/ Q#i BM2/ 7 QK Ky-y\
p HM2b Q7 7Bt2/ KQ/2H T ~ K2i2'b "2 p "B2/ ++Q /BM;iQi?2 ;|
KiBEXX X X X X X X X X X X X X X X X X X X X XR8K X X X

eXRe .Bbi'B#miBQM Q7 i?2 277B+B2M+v +Q " 2+i2/ bB:M H vB2H/
rBi? p B2/ 7Bi rBM/Qr M/ # +F; QM M/ B XTRIXXX X R3B X X X .

eXRd GBM2 "Biv i2bi n23PnHI @7S)?2Bii2XXX X X X X X XRENX X X X

eXR3 .Bbi' B#miBQM Q7 i?2 T Q7BH2 HBFREKBR QXQX TQXRINRXo B ; M

ttBt



dXR T?QiQi F2M rBi? K Mv /2 > 7°B2M/b M/ +QHH2 :m2b BM i?:
i?2 "2HH2 AA /2i2+iQ - i EL1E- 7TQHHQrBdle i?DABBKBYIM+iBQ
Q7 i?2 amT2 EL1E" XQHMBY2XXX X X X X X X X X X RNe X X X .

"XR .Bbi'B#mMMNBQEBM2 bi M/ /b KTH2XQS) QM & XbX KyX

"Xk M Qp2'H v(DB)iR2bbM ) BM QM@ 8pbXi M/ bi +F2/
# +F;QmM/ bBKmH iBQMb BM i?2XbB NK; BX2XT B QM Xo XK KNX X X X

"Xj 7BiiQ2?d KTH2 Q7 @QZ3)@ 2hX X X X X X X X X XkRyX X X X
*XR J2 bm 2/ #B b BM i?2 M2mi° H TBQM (3+®MBmMM+iBQM 277B-
Q7”7 KQK2MimK X X X X X X X X X X X X X X X X XKRX X X X

*Xk *QbBM2 /Bbi'B#miBQM Q7 i?2(T?Qp0ON KT R KMiNM;K MCH 2
i"mi? i :;2/ TB@MB)!IBM (1 S) UKJV JHXX X X X X X XKR8X X X X

*Xj .Bbi'B#miBOMKQRK2MIMK UiQT H27iV M/ +QbBM2 Q7 i?2 T?QiC
M;H2 U#QIiiQK H27iV BNRiSMi? 9 °(2R) UkJV J*X h?2
i° MbHmM+2Mi #Hm2 U 2/V ?BbiQ;" K b?Qrbi?2 +Q "2bTQM/BM;
bQ7i U?°NV /B ;> KQ7i?2bB;M H +? MM2H Bb b?®KREBM i?22 |

*X9 M Qp2'HvVvQRGM@ 2MX i?2 bi +F2/ +QMi " B#miBQMb Q7 Ub+
2 J*BMi?2bi M/ "/ bOXEXHRX X X X X X X X X X X RKkR X X X

*X8 M Qp2'H Vv QROM®@ 2MXi?2 bi +F2/ +QMi ' B#miBQMb Q7 i?2 #
- QmM/ bBKmH iBQM BM i?2 bRB N BK2XT B QM X KHR XKkX X X X

*Xe GBM2b? T2 bim/B2b BM i?2 bi MX X K KTX 2XQZ X*XKK9IX X X X

*Xd GBM2b? T2 bim2BRIKBEMIARQR7 XY *X X X X X X X X X Kk8 X X X

ttt



*X3 6BilRi®! (1S) 2p2Mib BM i?2 bBM;H2 TBQX ¥ K kX &X7 J*X

*XN 6BibiQi?2BbQH i2/ T2 FBM2®)+F:* QM) 2p@Kiib BM
i72 bBM:H2 TBQRI bJIKTHXQZ X X X X X X X X X X XkkKeX X X X

*XRy h?2 H271i T M2H b?Qrb 7BiiQ i?2 bBM;XZ)TBQX b KTH2 Q7
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kXk Aa_T'Q/m+iBQM +' Qbb b2+iBQMb M/ TQT@H)iBQM T QD2-

KX ]

kX9
kX8
kXe
k X d
kX3

KXN
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I Th2X X X X X X X X X X X X X X X X X X X X X X jp X X X X

Aa_ T Q/m+iBQM + Qbb b2+iBQMb M/ TQTnBHSIBQM T QD2+
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i X k

JX]

iX9

iX8

1ti-

_2+QMbi'm+iBQM 27ZRB+BERM #+BBbD i2ABM?22 +QKTQ®Bi2 / i b2

*Mi@7HQr i #H2 BHHmbi® iBM; i?2 BKT +i Q7 2 +? b2H2+iBQ
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9X9 +mi@7HQr i M2PH IBMIMbi m+iBQM 277B+BR28)+B2b BM Q7"
UKIVI*X X X X X X X X X XXX XXXXXXXXXRYYyX X X X
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8Xe h?2 bvbi2K iB+ mM+2'i BMiv +QMi B#miBQMb Q7 2 +? BMTI
mb2/ BM i?2 + HBH#H SBQMpQZP)) (KX X X X X X X X RKeX X X X
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i?72 7mM/ K2Mi HT "iB+H2b i? i +QmTH2 rBi? BiX
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RXk >2 pvZm FQMBmMK
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T'Qp2/ [MBi2 bm++2bb7mH BM T 2/B+iBbt; MABIQWbb2KWQU B Xi BX KQu/b |
rB/i?-T Q/m+iBQM M/ /2+ v 8)Qbb b2+iBQMbV (

AM i?2 MQM@ 2H iBpBbiB+ HBKBi Q7 Z*. UL_Z*.V-i?2 BMi2  +iBQM
i?2 K2+? MBbK Q7 bBM:;H2 :HMQM 2t+? M;2X h?Bb :Bp2b 'Bb2 iQ
TQi2MiB H,

4
V(r) = éTS; URXRV

r?72°2s Bb i?2 bi'QM; +QmTHBM; +QMbi MiX *QMb2[m2MiHv- i?Bb N
T'QT2'iv Q7 bvKTiQiB+ 7°22/QKX h?2 +QM7BM2K2Mi Q7 [m “Fb iC
T QpB/2/ #v HBM2 " i2°K BM i?2 TQi2MiB HX i H ;2 BMi2 @[m °
/QKBM i2bX h?2 "2bmHiBM; TQi2MiB H- + HIHRB P BHQMMBDHH TQi2Mj

V(r) = _TS+ r; URXkV

r?2 2Bb /2i2 ' KBM2/ 7 QK 2tT2 BK2MiX AM i?2 @2 pM[m "F 2;BQM-

1 :2d 7K!X THQi Q7 i?2 *Q"M2HH TQi2MiB RX&Ih D2 @ rVBB M 6@@n
+2/m 2- 7°QK i?Bb TQBMi- BMpQHp2b bQHpBM; i?2 a+? °/BM;2" 2[1
TmM+iBQM 7Q p BQmb #QiiQKQMBmMK bi i2b- M/ i?2M +QKTmiBM;
bTBM Q #Bi-i2MbQ" M/ bTBM bTBM BMi2' +iBQMb + M #2 BM+Q " T
im # iBQMbX h?2b2 "2 /Bb+mbb2XBPV A2Q BHhBM mM2MXmK +? " QKQ/vM
K MB72biHVKQ 2 +QKTHB+ i2/i? M2H2+i'Q/vM KB+bc bQ-i?Bb T?2



9 +NZy 1 SYT AaRT T

6B;m 2 RXk, G2 /BM; Q'/2° L_Z*. TQi2MiB H- +QHHQ[mB HHv FMQrN\
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bQHMIBQMb Q7 Z*. “2K BMb K i?2K iB+ HHv BMi> +i #H2c bQ- i?2

iQ T "iBiBQM bT +2@iBK2 BMiQ ;'B/- M/ i?2M TTHv +QKTmi iBQN\
+? QKQ/VM KB+b i2 +? TQBMi M/ Bib M2 “2bi M2B;?#Q b bi  i2;v

RXj h?2 "QiiQKQMBmK avbi2K

"QIiQKQNBNPKb ;"QmM/ bi i2K bbi? iBb TT QtBK i2HVi2MiBK2b i~
h?22 bT2+i'mK Q7 #QiiQKQMBmMK bi i2b BbXg MR bi2i/2BM 8B i 22H 2
rBi? bi M/ */ bT2+i Qb+ QifB'L;MQ@?2BABNW i?2 ° /B H[m Mim& MmK#2"
Bb i?2 iQi HbTLBBW iM/Q #Bi H M;mH S;P,Bi2MX W/ 60;1,2::-
"2bT2+iBp2HvX h?2 " /B HRtOBIMBOMb-2BIBii2M (bnB)2i i2bX

h?2 S@r p2 i'BTH2i bi i2b- "2bmHiBM; 7°QK bTBM Q #Bi +QmTHBM;
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iQi H M:mH > KQK2Mig(h) X i?P22 bTBM bBM;H2i=d i =Rli?" 2
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