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CHAPTER I

INTRODUCTION

1.1 Goal of This Thesis

The goal of this thesis is to investigate the feasibility of
using a bivarate Chebyshev polynomial to approximate solutions to
the two~dimensional neutron diffusion equation. This is the first
application of Chebyshev polynomials to obtain approximate sclutions
to the neutron diffusion equations by direct expansion of neutron
fluxes in Chebyshev polynomials. They are used because of their
simple form, economy of expansion, ease of manipulation, and earlier
successful experience in the approximation of functions. Recently
they have been used successfully in the solution of heat transfer
problems.1

A fission reactor problem can be represented'mathematically as
an elliptic boundary wvalue problem. The diffusion equations are
v - Dip(};)%ip@) - a

o, (r) + Sip<£) =0 fori=1, ..., n, where

ip —

n is equal to the number of neutron groups used to span the energy

ipr

range from 0 t6 10 Mev. The boundary cbnditions are ¢ip(§) = 0 for
all i, where b describes the surface of the reactor. Appendix I has
a listing of the definitions of symbols and their subscripts.  Of
course, the neutron flux and current are continuous and finite within
the reactor.

Finite difference methods have been used in the solution of these

boundary value problems with success.2 However, for two and three



dimensional problems, computer time can become very large for the
small mesh lengths usually required to obtain a reasonably accurate
approximation to the solution of the continuous boundary value problem.
Although finite difference methods are used in detailed design of
reactor cores, they generally prove to be too expensive to use in
conceptual design, where'many parameters are varied to explore new
concepts. Thus, the objective of this work is to develop a method

which can be used for conceptual design of reactor cores.

1.2 Some Properties of Chebyshev Polynomials

Chebyshev polynomials were formulated in 1859 by the Russian
mathematician; P. Chebyshev (1821—1894).3 The Chebyshev polynomials
are simply related to- the trigonometric functions by the formula,

Tn(x) = cos(nB), x=cos®. andn=20,1, 2, ...

The recurrence relation for Chebyshev polynomials is

x) = 2

Tn+2 x) - Tn(x), -1 <x< 1.

XTn+l

The first few polynomizals are:

TO(X) =15
T, (x) = x;
T, (x) = 2x2 - 1.
2 h
They are orthogonal with respect to the weight function over
. /1-%2
the interval -1 to 1 and are normalized as follows:
1 T (x)T (x)dx 0 m # 03
m n
= il m=n = 03
1 - x2 - T/2 m=mn# 0.

-1



Mason used Chebyshev polynomials in a generalized "selected
points" method of Lanczos' to solve the eigenvalue problem for a
vibrating L-shaped membrane.A For this problem the work involved in
computation was much the same as for finite difference methods of
solving the problem. However, the method is easy to apply and eigen-
functions are obtained in a convenient form. The polynomials produced
by this method are found to be partial sums of a double Chebyshev
expansion.

In another application, Dew and Scraton (1973) used Chebyshev

5 This work

series to solve the heat equation in‘two—space variables.
served as the basis for a more general paper by the same authors
(1975) using Chebyshev polynomials for the numerical solutipn of
parabolic partial differential equations in two- and three-space
Variables.6 They showed that approximate solutions to problems with
more than one space variable can only be pbtained in the form of
Chebyshev polynomials by assuming separation of variables. The latter
work of Dew and Scraton presents a more efficient algorithm which

results in large savings in computer time compared to their 1973

method.



CHAPTER II

PROBLEM FORMULATION

2.1 Introduction

The first sections of this chapter present the algebraic aspects
of the formulation of the two-group, two-dimensional (x,¥) neutron
diffusion boundary value problem in bivariate Chebyshev polynomials.
The boundary conditions are then derived for an illustrative region
of the test problem. Finally, a numerical method for solving the
system of equations is presented, including a flow chart for the

algorithm.

2.2 Two—=Group Neutron Diffusion Problem

In two dimensions, the two-group neutron diffusion equations
having constant coefficients within each physical region of the

reactor, denoted by p, are:

Fast Group; (2.1)
[D, V4 - o, ] C, .. T.. (x,7) = : Ch_ .. T.. (%,¥),
1p lpr 3§20 k=0 1pik ik A 420 k=0 2pikTik
"Thermal" Group; (2.2)
o 1 1y
[D, V5 - 0© ] z Chy . T, (x,¥) = 0. Cy .. T.. (x,v),
2p 2pr 320 k=0 2pikik 1lps §=0 k=0 Ipjk~jk



=

o~

wheré ' ¢, (x,y) = Z

C. /T (x,¥).
ip 3§20 k=0 ipikTjk

The reactor is assumed to bé uniform within each region in the z
direction. The model assumes that all fissions occur in the "thermal'
group and all fission neutrons are produced as fast neutrons. The
following boundary conditions are uséd: a) continuity of neutron
fluxes and currents; b) neutron fluxes vanish at the extrapolated
boundary of the reactor; and c¢) finite fluxes throughout the
reactor.

Figure 2.1 shows the X,y problem geometry used in this feasibil-
ity study. Within each of the regions the material properties are
assumed to be comstant. An expansion is made in a finite Chebyshev
polynomial series for the fast and thermal fluxes and sources in each
region. Figure 2f2 shows the coordinate system within each region.
Obviously, the coordinate system in each region of the reactor must
be transformed into the range of the Chebyshev polynomials (-1 to 1).

For M = 2 in equations 2.1 and 2.2, which is the maximum number

of terms used in this study,

t3p ) = Cip0%00 * CiprTor * CipaToz * Cip3Tio * CipsTi1

+ (2.3)

~
Cip5T12 T CipeToo T Cip7Ta1 * CipsTaz

ip0 = Cip00® Cip1 = Cipo1’ Cip2 = Cipo2’ Cip3 F Cipio’

where: C

Cipa = Cip113 Cips = Cip123 Cips = Cip2o’ Cip7 * Cipan’

i

CiP8 Cip22; and Tjk = Tjk(x,y).



G, d)f y
REGION 2 REGION 3
(o,c)
REGION 1 REGION 4
(0,0) T X
{(a,0) (b,0)

Figure 2.1 Reactor Geometry



(0,1)

(-1,0) (0,0 | 1,0

(Oa"l)

Figure 2.2 Coordinate System for One
Region.



" The meutron sources are:

Y2p

for the fast group, and

Glps¢lp (XsY)

for the therﬁal group. A set of algebraic equations in the expansion
coefficients, Cipjk’ can be obtained by taking the inner product of
Tm’n(x,y) and equations 2.1 and 2.2, The Laplacian operator is
obtained from the material in Appendix II. This yields a set of
eighteen algebraic equations for each region. The following nine

equations are obtained from the fast group equation 2.1, where

v
£y = '%P""zpf:

- Dlp(clp2 + Clpé) + CrlprClp() = prZPO;

T Dlpclp7 * 0156811 = F5C02p10

- Dlpclp8 + Ulprclp2 = prsz;

- DlPClP5 + Glprclp3 - prZPS;

91prCips = FC0p4)

Ulprclp5 - prZfS;

" D15Cp8 T T1prCipe T Fplaped

91prC1p7 = Fplop7

OlprclpS = fpC2p8'



Similarly, nine equations are obtained from the thermal group equation

2.2:
- = C H
‘D2p(c2p2 * C2p6) *+ O2prC2pO 91pr-1p0’
- DzﬁC2P7 + chrC2pl = Glprclpl;
= DopCaops T 955:Cop2 T T1peCip2’
- DZPCZP5 + CfZprCZPB = Glprclp3;
o] C = 6 C H
2pr “2p4 lpr lpsd
g C =g, C H
2pr 2p5 ipr 1p5
- D2pc2p8 + 62prC2p6 - Olprclp6;
c2pr02p7 = Olprclp7;

9202 2p8 = “1prC1ps”

Therefore, 18 equations with 18 unknowns are used to represent the

fast and thermal fluxes for each region of the reactor.

2.3 Evaluation of Boundary Conditions

Region 2 is selected to illustrate all types of boundary condi-
tions encountered in the reactor. The three types of boundary
conditions as shown in Figure 2.1 are: A) plane of symmetry—~from"
point (o,c) to (o,d); B) exterior surface-—from point (o,d) to (a,d);
and C) interior surface--from points (o,c) to (a,c) and (a,c) to (a,d).

Since all functions will be evaluated at *l, the values of the

first three Chebyshev polynomials are (see reference 7):

T (1) =1 and T (-1) = (-1D" for =n=0,1, 2.
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First, comnsider the boundary (o,c) to (o,d) at which the normal

component of the current is zero. Using the material from Appendix

ITI, the derivative of the flux evaluated at x = -1 is:
sx - To()[C5p3 ~ 4C; 6]

* T OIIC 54 = 4C457]

+ Tz(y)[Ci25 - 4Ci28] =0 (2.4)

Again, the inner product of Tm(y) and equation 2.4 yield the following

set of three equations:

Cigg = #Ci9g = 05
Cipq = 4Ci97 = 05
Cig5 = 4Ci9g = 0-

Thus, a plane of symmetry for a region requires three equations for
each group.
Next, consider ;he boundary (o,d) to (a,d) at Which ¢i2(x,l) = 0.
Then,
932G 1) = TG (€0 + Cyap F iyl
* T 0003 + Cipy ¥ Cyps)

+ TZ(X)[C126 + C (2.5)

127 T Ciog!
Again, the inner product of Tm(x) and equation 2.5 yields the follow-

ing three equations:

120 T €401 * G490 =
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C + C

123 T Ci24 T Cy95 = 05

i25

c + C + C, = 0.

126 i27 i28
Thus, .three equations for each group are needed to describe an exterior
surface at which the flux is zero.

Finally, consider the interior boundary (a,c) to (a,d). Since it
is an interior boundary, both continuity of £lux and the normal

component of current must be satisfied. Continuity of flux gives:
¢i2(le) = ¢i3(‘l,y)- (2-6)
Equation 2.6 evaluated at the appropriate points is:

To(y>[ci20 -+ Ci23 + Ci26] + Tl(y)[CiZl + Ci24 + 0127]
* T {Cipp + Cips * Cipgl = To(D[Ci30 = Ci33 + Cy36]

T Ty (00C 57 = Cygq + Cyg7] + Ty [Cyq5 = Cig5 + Cyqg]. (2.7

The inner product of Tm(y) with equation 2.7 yields the following

three equations:

Cioo T €123 ¥ Ci26 ~ Cigp ¥ Cia3 = Cyz6 = 05
Cio1 * Ciza ¥ Cip7 =~ Ci31 ¥ Cyzs ~ Cy37 = O3
Cipp ¥ Cyg5 ¥ Ciog = Cy39 + Cy35 = €438 = O-

To satisfy continuity across the boundary (a,c) to (a,d) requires:

DiZ X i3 9%
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Using the material in Appendix Ii, Equation 2.8 is:
DyolTg([Cyp3 + 4C 961 + Ty (1) [C 5, + 4C557]
T Ty [C g5 + 4C1pg]8 = Dyg (Tg(1)1C; 33 = 4G4 56!
+ Tl(y)[c134 - 4c137] + "L"z(y){ci35 - 4c138]}. (2.9)

The inner product of Tm(y) with equation 2.9 yields the following

three equations:

D;5(Ci9q + 4C 06 = Dy3(Cigq = 4C;54) = 05
Di9(Cipq * 4Cip7) = Dy5(Ciq, = 4C457) = 05
Di9(Cip5 * 4C;08) = Dy3(Ciqq = 4Ciqg) = 0.

Thus, for each interior surface six equations are required for each

group to satisfy the two boundary conditioms.

2.4 A Numerical Method of Solutiomn

Froﬁ sections 2.3 and 2.4, the number of unknowns and equations
required to completely specify the four region-two group neutron
diffusion problem shown in Figure 2.1 can be deterﬁined. The number
of equations for each energy group are:

Number of Equations

1) Inner product of Tj with the diffusion

k
equation within each region:
(9 equations) (4 regioms) = 36

2) Planes of symmetry:

(0o,0) to (o,c); (o,c) to (o,d);
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(0,0) to (a,o0); and (a,o) to (b,0).

(3 equations) (4 planes) = 12
3) Exterior surface:

(0,d) to (a,d); (é,d) to (b,d);

(b,d) to (b,c); and (b,c)‘tq (o,b).

(3 equations) (4 surfaces) = 12
4) Interior surface:

(a,0) to (a,c); (o,c) to (a,c);

(a,c) to (a,d); and (a,c) to (a,b).

(6 equations) (& surfaces) = 24

The total number of equations for ome group is: 84.
Since each flux in each region has nine unknown expansion coefficients,
the total number of independent variables is 36. Therefore, the

system for two energy groups has 168 equations with 72 unknowns.
Appendix III gives a complete listing of theée equations.

Two possible approaches to solving this overdetermined system of
élgebraic equations are; a) to form and solve the normal equations, and
b) to use an orthogonalization method. Generally, the normal equa-
tions have a very ill-conditioned matrix. To avoid this problem, an
orthogonalization method is used here.

Algorithms which avoid forming the normal equations are based on
the decomposition of the rectangular coefficient matrix into the
produét of a matrix Q with orthogonal columns and an upper-triangular
matrix R. In practice, the Q matrix need be computed only once at the

start of the problem. The solution to the system of equations can be
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obtained by interation . in which only the R matrix is recalculated at
each iteration.

The-probiems are solved using a power iteration method. An
initial source distribution for the fast group equations is assumed
for the reactqr. These equations are then solved by a Gram—-Schmidt
method9 tovgive the zeroth iterate for the fast flux. The thermal
group source is then calculated from the fast flux and the zeroth
iterate of the thermal flux is obtained in a similiar manner. Next,
the fast group source is recalculated and the first iterate of the
fast flux is obtained. The iterative cycle is then repeated. For
each iteration, the eigenvalue is calculated. The successive eigen-—
value; do converge for the cases studied and the calculation 1is
stopped when |x(k)' - x(k;l)l <5 x 10™%. The Chebyshev Diffusion
Program code, called CDP, is written in IBMlO Fortran IV. A flow

chart of CDP is given in Figure 2.3. The computer code is written

using double precision arithmetic to reduce round-off error.
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START

'

READ IN PROBLEM INFORMATION

'

CALCULATE Q MATRIX FOR EACH GROUP

Y

MAKE INITIAL FAST GROUP SOURCE GUESS

!

CALCULATE FAST FLUX B

+

CALCULATE THERMAL GROUP SOURCE

'

CALCULATE THERMAL FLUX

+

CALCULATE EIGENVALUE

Y

Ay kD) <5 x 107" | Trug, Tetop

%False

CALCULATE FAST GROUP SOURCE

Figure 2.3 TFlow Chart of CDP



CHAPTER III

RESULTS AND CONCLUSIONS

3.1 DNumerical Results and Conclusions

The CDP method developed herein is tested by comparing eigen-
values and flux distributions of the CDP approximation to those
obtained using a well known finite difference code, PDQ—7,ll for two
different problems. The mesh spacing for the PDQ-7 "solﬁtions“ is
1 cm, which is somewhat less than the smallest mean free path. Thus,
the PDQ-7 solutions with point by point flux convergence give the
"best" answers that can be obtained with a first order finite differ-
ence method, which will therefore be used as a standard of comparison.
The first problem is a water-reflected rectangular core. The second
problem is an actual problem solved by a utility for on-line fuel
management in a Pressurized Water Reactor.l2 To remove any computer

induced bias from the results, all problems are executed on an IBM

370/158 series computer.

Problem I is a water-reflected core which presents a rather
severe test of the CDP method because of the large thermal flux
peaking at the water-core interface. The geometry shown in Figure 2.1
represents one4quartér section of the reactor in which region 1
reéresents the core and regioms 2, 3, and 4 represent a water reflec-
tor. The core is a 40 x 40 cm square surrounded by a 20 cm reflector.

The material properties are given in Table 3.1.

16



17

TABLE 3.1

MATERTAL PROPERTIES FOR PROBLEM I

REFLECTOR REGIONS (p = 2, 3, 4)

FAST (i=1) THERMAL (i=2)
g (cm'l) © 0.101 0.020
ipr * *
-1
o, (em 7) 0.100 0.000
ips
D. (cm) 1.200 0.150
ip
CORE REGION (p = 1)
FAST (i=1) THERMAL (i=2)
o,  (em ) 0.0623 0.020
ipr
0. (em D) 0.0600 0.000
ips
D.  (cm) 1.5000 0.400
ip .
o. . (co by 0.0000 0.218
ipf
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Problem II represents a Pressurized Water Reactor at the time of
a refueling. Four categories of fuel assemblies can be identified,
each of which have different material properties. They are arranged
in a checkerboard pattern in the interior of the core as shown in
Figure 3.1. Higher enrichment fuel is placed at the exterior of the
core. The material properties are given in Tables 3.2 and 3.3.

Table 3.4 summarizes the computer time requirements and eigen-
values found for both problems. Graphs 3.1 to 3.6 show the flux
distributions along the X axis at ¥ = 0, 10, and 20 cm for Problem I.
The fast flux is normalized to unity at (0,0). Both PDQ-7 and CDP
give about the same distribution for the fast flux. The eigenvalues
calculated by both methods agree very well, being identical to one
part in 4806. Except for a small region near the core-reflector
interface, the thermal neutron fluxes within the core differ by less
than about 4%. The maximum difference in the core thermal fluxes
occurs at the core-reflector interface, and is about 20%. Within the
reflector, the difference in thermal fluxes becomes quite large. The
goal of significantly reducing the computer time required is met for
Problem I (0.45 sec for CDP vs 32.6 sec for PDQ-7). It is important
to note, however, that the time required to obtain the "standard"
solution for comparison, using PDQ-~7 is larger thgn would be needed
for a large mesh spacing. Thué, the savings in computer time required
to achieve a solution using a PDQ-7 type code giving results compar-
able to those obtained with the CDP code cannot be inferred directly
from these results. In any event, note that the CDP method is indeed

economical in both preparation of input data and computer time.
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CcM
48
44 ) Region 2 ‘ Region 3 .
40 _ 28 29
36 ‘
8 15 - ;,27
32 | '
7 14 20 24
28
6 13 14 23 26
24
2045 | 12 18 22 25 26
16 -
4 11 17 21 22 23 24
12 ' Region 4
3 10 16 17 18 19 20
8
442 9 19 11 12 13 14 15
0o_11 2 3 A 5 6 7 8 '
i ] | i o1 i I i
0 4 8 12 16 20 28 32 36 40 44 48 CM
Region 1 24

Figure 3.1 PWR Core Layout for Problem II

The number in each region are the composition number for Tables
3.2 and 3.3.
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TABLE 3.2

FAST GROUP CONSTANTS FOR PROBLEM II

COMPOSITION D oo o

NUMBER 1p “lpa lpr
1 1.412 .00883 .0195
2 1.420 .00966 .0180
3 1.412 .00883 .0195
4 1.420 .00966 .0180
5 1.412 .00883 .0195
6 1.420 .00966 .0180
7 1.412 .00883 .0195
8 1.431 .00962 .0188
9 1.412 .00883 .0195
10 1.420 .00966 .0180
11 1.412 .00883 .0195
12 1.420 .00966 .0180
13 1.412 .00883 .0195
14 1.431 .00997 L0177
15 1.431 .00962 .0188
16 1.412 .00883 .0195
17 1.420 .00966 .0180
18 1.412 .00883 .0195
19 1.420 .00966 .0180
20 1.431 .00962 .0188
21 1.412 .00883 .0195
22 1.420 .00966 .0100
23 1.431 .00997 L0177
24 1.431 .00962 .0188
25 1.412 . .00883 .0195
26 1.431 .00962 .0188
27 1.084 .00335 L0117
28 1.446 .00121 .0339
29 0.001 10.0 0.1
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TABLE 3.3

- THERMAL GROUP CONSTANTS FOR PROBLEM II

COMPOSITION D 5
NUMBER 2p 2pa 2pr 2pf
1 0.4317 0.0615 0 0.0755
2 0.4538 0.0806 0.0976
3 0.4317 0.0615 0.0755
4 0.4538 0.0806 0.0976
5 0.4317 0.0615 0.0755
6 0.4538 0.0806 0.0976
7 0.4317 0.0615 0.0755
8 0.4485 0.0775 0.1118
9 0.4317 0.0615 0.0755
10 0.4538 0.0806 0.0976
11 " 0.4317 0.0615 0.0755
12 0.4538 0.0806 0.0976
13 0.4317 0.0615 0.0755
14 0.4608 0.0870 0.1123
15 0.4485 0.0775 0.1118
16 0.4317 0.0615 0.0755
17 0.4538 0.0806 0.0976
18 0.4317 0.0615 0.0755
19 0.4538 0.0806 0.0976
20 0.4485 0.0775 0.1118
21 0.4317 0.0615 0.0755
22 0.4538 0.0806 0.0976
23 0.4608 0.0870 0.1123
24 0.4485 0.0775 0.1118
25 0.4317 0.0615 0.0755
26 0.4485 0.0775 0.1118
27 0.3332 0.1174 0
28 0.2904 0.04858 0
29 0.001 10.0 0 0
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TABLE 3.4

RESULTS OF TEST PROBLEMS

PDQ-7 .CDP
Execution Problem I 32.6 0.45
Time
(Sec) Problem II 101 0.69
Problem I 0.48634 0.48628
Eigenvalue
Problem 1I 1.00644 1.00597
Problem I: Water Reflected Core
Problem II: Fuel Management. Problem
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In Problem II, note that only four very large regions are used in
the CDP method for the entire reactor. This is much larger than a
typical fiﬁite difference mesh which might be used for such a problem.
This large region size might seem inappropriate. However, Chebyshev
polynomials are very efficient for the approximate representation of
well-behaved functions. In this particular case, the reactor is
partitioned into four large regions, within each of which the proper—
ties vary markedly from fuel assembly to fuel assembly. This parti-

tioning into large regions gives a rather severe test of the use of a

minimal matrix size for the CDP method. Within each of these large
regions, the average material properties are used in the calculation.
Thé flux distributions for both methods at Y = 0, 12, and 24 cm
for the fast and thermal groups are shown in graphs 3.7 to 3.12 with
the fast fluxes for both solutions normalized to ¢$(0,0) = 1. Both

methods give nearly the same fast flux distributions. The PDQ-7

results, however,'show the variation in thermal flux due to the dif-
ferent enrichments of the individual fuel assemblies. The CDP results,
on'fhe other hand, yield the correct average flux distribution to
within 2% within the core, except near the core boundary, and the
eigenvalue to within one part in 2141. The very large (0.69 sec vs.
101 sec) savings imn computér time should make this method very useful
for on~line fuel management, fuel cycle survey work, or conceptual
design calculations.

The small matrices make implementation very easy because the fast

computer core memory required is only 100K bytes. The PDQ-7 program
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contains about 20,000 statements, which requires a large amount of
disk space for storage. Also, the man-hours needed to prepare the
input data for PDQ-7 are high because of the need to specify the
material for each mesh pcint. In contrast, the input of the CDP
program is relatively simple because only a few regibns need to be
specified.

These two diverse examples indicate the power of using Chebyshev
polynomial expansions over large regions for the solution of elliptic

boundary value problems. The time required for solution of a two

group-two dimensional problem is about 0.01 n3 sec, where n is the
number of regions in the problem. Thus, more regions of smaller size
to obtain greater detail in flux calculations can be used in practical
applications. For example, a six-region problem would require about 2
seconds. The key to the small computer time required is, of course,
the very small matrices required for adequate representation of a
reactor core.

The feasibility of using Chebyshev polynomial expansions for two-
dimensional multi-group diffusion calcﬁlations is demonstrated for
these two diverse problems. Tﬁis method compared with PDQ~7 gives
not only very accurate eigenvalues, but also reasonably accurate flux
distributions within fuel regions. The first result is not surprising,
since eigenvalues are .relatively easy to calculate to good accuracy by
a variety of methods, especially those using a variational principle.
On the other hand, it is much more difficult to calculate the spatial
distribution of fluxes with approximate methods using very little

computer time.
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3.2 Recommendations

The results obtained in this dissertation lead to several promis-
ing areas for further investigation. Because of the very fast solu-
tion time, this method might be very useful in the solution of three
dimensional neutron diffusioq problems. Also, since the algorithm
used in these calculations may not necessaryily be optimal for all
applications of interest, other algorithms can be developed. In
particular, a bivariate Chebysheﬁ polynomial surface fitting procedure
can be used to fit typical flux distributions for specific applica-
tions. This would show which terms of an expansion are the largest
for the specific application and the algorithm could be modified to
reduce the computer time required. Aﬁ analysis of the error in the
magnitude of the flux distribution in the neighborhood of singular
points, such as point (a,c) shown in Figure 2,1, might also lead to

algorithms giving better accuracy for this method.
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APPENDIX I

GLOSSARY OF SYMBOLS

Dip -~ diffusion coefficient for group i in region p(cm).

¢ip(x,y) -- neutron flux for group i in region p at the point x,y

(n/cm2 - sec).

Gipr —— macroscopic removal cross section for group i in region p
(cm—l).
B oy
g, = g, + g. + D. B
1pr ips ipa ' Tip°z

R PN | e T e A S

Bz2 = (W/H)2 where H is the extropolated height of the reactor.

ins —— macroscopic scattering cross sectioﬁ out of group i in region
pem™ D).
Uipa ~— macroscopic absorption cross secﬁion for group i in region
plem D).
Gipfr_— macroscopic fission cross section for group i in region p
(cm_l).
vip —— average number of neutrons produced per fission for group i
in region p.
A_l = Keff —— multiplication factor for the reactor.
Sip(x,y) -- the neutron source density for group i in region p at the
_ point X,Y(n/cm3 - sec).
i —- group number.
1 = fast group.
2 = thermal group.
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P —— region number.
Y2p

fp =

P ) Gpr'

Tjk(x,y) = Tj(x)Tk(y)-

C, ., =
ipik (¢ip’Tjk> where,

1 T, (X,Y)Tkég(x,y)dxdy

n  (%,7)1
Gty s | [ 2
-1

-1 Y, 2 V2

1-x 1~y
='n'2 1=J=k=2=03
2 .
= 17 /4 i=%4# 0;
i =9 # 0
2 . .
=71"/2 ji=2%0; j=12=0;
or
i=k=0; i=k#0;

0 for all other values of i, j, k, %.
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APPENDIX IT
DEVELOPMENT OF TABLES FOR THE FIRST AND SECOND DERIVATIVES
OF CHEBYSHEV POLYNOMIALS OF THE FIRST KIND

When solving differential equations by expansion in orthogonal
Chebyshev polynomials, it is necessary to take derivatives of the
expansion. While the derivatives can be taken with the aid of some
simple relations, it is a repetitive énd time-consuming operation.
A brief description of the process and tabulated results for the
first and second derivatives of polynomials of the first kind are
given here.

The Chebyshev polynomials of the first kind Tn(x) are defined as
Tn(x) = cos(n cos—lx) -1 x 1 andm=20,1, 2 ...

with the following recurrence relation:

T () = 2XTn+l(X) - Tn(x)

and orthogonality relatiom:

1 T (&®)T (x)dx 0 m # n,

m n
J . = T m=n=o,
-1 /1-x2 /2 m=mn# 0.

Chebyshev polynomials of the second kind, Un(x) are defined as

sin[(n+l)cos-lz]

V1-2z2

U (z) =

with the following recurrence and orthogonality relations:
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Un+2(z) = 2z Un+l(zj - Un(?)

1 ' 0 m#Fn
J U (2)Uu (z)/EL—z2 dz = 7 m=n-=20
-1 &= /2 m=a1n#0

From these definitions and recurrence relations, one can develop the

‘explicit expressions for the Tn(x) and Un(x) polynomials.

- Z 9l
TO(X) =1, Tz(x) = 2x"-1,
Tl(x) =x, .T3(x) = 4x3—3x;
and )
- - 2_
Uo(x) =15 q;ax) 4f2}l,
U (=) = 2x, Uy(x) = 8% -4x .

One can also develop some other necessary relationships:

nit

e (O = Z&]n(")’ (4-1)

Un+l(x) = XUn(X) + Tn+l(x), (A=2) +
- 4

XUn+l(X) = Un%(f)/é Tn+2 (x). (A-3)

Note that TP'(X) can be simply expanded in terms of Un(x). This
leads to a mixed set of polynomials in solving differential equations.
One can develop a more complicated relation that expresses Tn'(x) in

terms of the same set of polynomials from equations A-1, A-2, and A-3:
it

Tas1 (=) =,\}’?Un,(x)
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Un+l(X) = XUn(X) + Tn+l(x), From A-2

XUn+l<X) = Un(X) + Tn+2(x), From Af3'

Un+2(x) = Un(x)»+ 2Tn+2(x).

The above recursion relations give the following:

Unkx) 2{Tn(x) + Tn_z(x) + ... F Tl(X)]’ n odd,

Un(x) Z[Tn(x) + Tn_z(x) + ... + Tz(x)] + Uo(x), n even.

The first and second derivatives of the Chebyshev polynomials are
presented in Table A-1l. The numbers in this Table are the coeffi-

cients of the polynomials given in the top row.



45

TABLE A-1
FIRST AND SECOND DERIVATIVES FOR CHEBYSHEV POLYNOMTAILS
T4 T3 TZ Tl TO

1

T 10 10 5
T

T, 8 8
1

T, 6 3
1

T, 4
1

T, 1
1t

T 80 120
11

T, 48 32
"

T, 2,
11

T, 4
11"

T, 0
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APPENDIX III

COEFFICIENT MATRIX FOR EACH GROUP OF EIGHTY FOUR EQUATIONS

The elements in the block matrices shown on pages 47 and 48, are
presented on pages 49-57. The blocks having all elements equal to

zero are indicated by - .



47

COEFFICIENT MATRIX

(Rows 1-54)

10

18

19

27

28

36

10

18

19

27

28

36

37

42

43

48

49

54




COEFFICIENT MATRIX

48

(Rows 55-84)

10

13

19

27

28

36

55

60

61

66

67

72

73

78

79

84
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i,l,r

i,l,r

-4D; 4 -4D;

—4Dil

i,1,r ~4D;1
i,1l,r
i,l,xr
i,1l,r
Oi,l,r _4Dil

i,l,r

i l.r

Region A

10 11

12 13 14 15 16 17 18

10

11

12

13

14

15

16

17

18

i,2,r

i,2,r

i2 i2
-4D; 9

-4D,

i,2,r i2

. -4D,
01929r i2

i,2,r

i.2.r

Region B
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15 20 21

22 23 24 25

26 27

19

20

21

22

23

24

25

26

27

i,3,r -4D

i,3,r

i,3,r

i3

-4D; 5

i,3,r
i,3,r
i,3,r

i,3,r

-4D; 5

-4D

Region C

28 29 30

31 32 33 34

35 36

28

29

30

31

32

33

34

35

36

i4,r -4D; 4,

i,4,r

i,4,r

-4,

-4n,

i,4,r

ib. 1

Region D
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’3 4 5 6 7 8 9
37 -4
38 1 -4
39 1 -4
40 1 -4
41 1 -4
42 1 -4

Region E

3 4 5 6 7 8 9
43 1
44 1 1 1
45 1 1 1
46 1 1
47 1 1
48 1 1 1

Region F
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10 11

13 14

15

16

17

18

43

44

45

46

47

48

Region G

28 29

30

31 32

33

34

35

36

43

44

45

46

47

48

Region H
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1 2 3 4 5 8
49 Ds1 4Dy
50 D;q
51 Dil
52 Diq
53 Diq 4D, 4
54
Region I

28 29 30 31 32 35
49 |
50
51
52 “Dig
53 -D; 4, 4%4
54

Region J




18

55

56

57

58

59

60

Region K

18

61

61

62

63

64

65

4D,

Region L
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19 20 21 22 23 24 25 26 27
61 -1 1 -1
62 -1 1 -1
63 -1 1 -1
64 -D, 4 4D, 4
65 -Dj 4 4Dy 4
656 -Dj 4 4D

Region M

19 20 21 22 23 24 25 26 27
67 1 1 1
68 1 1 1
69 1 1 1
70 1 1 1
71 1 1 1
72 1 1 1

Region N
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21 22 23

19 20 24 25 26 27
73 -1 1 -1
74 -1 1 -1
75 -1 1 1
76 -D., 4D,
77 D3 4Dy,
’8 -D; 5 4D;5

Region P

28 »29 30 31 32 33 34 35 36
73 1 1 1
74 1 1 1
75 1 1 1
76 D 4 4D, ,
77 Dy an; ,
78 Dy, 4D, |

Region Q
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28 29 " 30 - 31 32 33 34 35 36
79 1 1 1
80 1 1 1
81 1 1 1
82 1 -4
83 1 -4
84 1 -4
Region R
The letter O is not used for a region to avoid confusion. All blank

elements are zero.
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APPENDIX IV

GROUPING FOR REDUCED SYSTEM MATRIX

There is another plane of symmetry in each problem along the
line x = y. Therefore, the Cipjk in Regions 2 and 4 are identical.

Also, within Regiomns 1 and 3, C,

lpjij(X)Tk(y) =C .Tk(X)Tj(Y) for

ipkj
each group. Thus, the algebraic problem is reduced to a system of
45 equations in 21 unknowns.

The elements in. the block matrices for the reduced system of

equations shown on page 59 are presented on pages 60-63.
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COEFFICIENT MATRIX FOR REDUCED SYSTEM

1 11 12 21
1
A C
23
24
B D
45




60

11

10

11

12

13

14

15

16

17

18

19

20

21

22

1 -4

All Blank Terms Are Zexro
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11

24
25
26
27
28
29
30
31
32
33
34
35
36
37

38

39|

40
41
42
43

| 44

451

Di1  4Dyq
Dj1 4Dy

Di1 4D4q

-Dip 4D5,

2

i2

All Blank Terms Are Zero
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12 13- 14 15 16 17

18

19

20

10

11

12

13

14

15

16

17

18

19

20

21

22

23

-4D
i2

-4D,
i2

-4D
12

=4D; 5
i,2,r
i,2,r i2
i,2,x¢
i,2,r
i,3,r

i,3,r

-8D

i3

i,3,r

i,3,r

'4D13

i,3,r

i 3,r

All Blank Terms Are -Zero
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12

15 16 17 18 19

25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41

.42
43
44

45

4D,
i

i2

4D’

i2

-D, D
i3 4 i3
i3

4%2

All Blank Terms Are Zero
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APPENDIX V

INPUT DATA FOR PROGRAM
Card 1 Format (20A4)
Title Card

Card 2 Format (F10.3)
Length of side of 1 region in cm

Cards 3-10 = Format (4 F10.3, 214)

Gipr Total Removal Cross Section cm

Dip Diffusion Coefficient cm

o, Fission Cross Section cm-l
ipf

o, Scattering Cross Section cm—l
ips

i Group Number

P Region Number

Cards 3-10 must be present and may be in any order.
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APPENDIX VI

COMPUTER PROGRAM SOURCE LISTING

A"
|§%
132
¥4
8¢
I rd
9¢é
Y4
¥
£l

ANV O~ O QN
e R e e B B I B B o VY A VI o X

NN Oe0 O
-t

I L ILC A LI LI LI AL CLCLC LI I LI LS

NOISNVdX3 NI SWdal 40 # = dN

100°0=32d

INTYANIOII NI JONVHI JOVIN2IYId NAWIXVH  30d

QDDmQJ<zxmth
dnioys 1sSvd 1
¥IFWNAN dNODYO FHL OI

0¢=w1

SNOTLIVHILT 40 HIGHNAN NOWIXYW IHL W1

91 dNOY9 ¥0d4 dI NOISIY NI A*X INIOd LV XNTd IHL  (ASX‘9T'¥I)IHd

¢ dN0Y¥Y9 ¥YO0d4 NTOS LISvd ONV IN3SIdd 3HE ¥Od4 YOLI3IA 3JOVYDLS JH3

T dNO¥9 dod4

NTOS 1SVd GNV IN3S3dd 3IHL Y04 ¥OIJ3IA IOVHOLIS THI

NOIS3d V Y3IA0 X014 IHL SILVYSILANT LvHL NOILINNI ¥ ST N3CI3

(12*212H3

(%1091

Dabh by iy

‘{12 2) TH3

+{g)%xECECEE T -V H=(D2 0 'VINIOII

/HEZET/091 VIVA

/°Tx%/A3413 VIV

/*0x%8/2H3*1HI Vvivd

(2113 *(ZIA3 *(T12)X NOISN3IKIQ
(OT'G*24CHIHd /29207187 NOWWOD
(#42¥SSH(H*2)4S /720787 NOWWOD
(6% %21S /EX307189/7 NOWWOD
(12%2)SY /72X20714/7 NOWWOD
(22'syt2rv \ﬂxwuum\ NOWHOD

QL

LLLVLY LW

DL OOV LY

(W}



66

9
€9
9
19
09
66
1$47
LG
96
GG
¥q
€S
26
16
0%
6Y
g
1%
Gy
Cy
a4
18
2y
1%
oY
3
8¢t
le
9¢
Ge
HE
€e

g dd g dgd Il I I L (g T DT LTI

SNOILNGTIYWLSTIO XNT4 ¥OJ INIdd JdINS = O
SNOTLINSIYLISIA XN1d 3IHL 304 9VI4 INTAd V mmnW“w
BNW=(ST*N)SY
LNW=(%T*N)ISY
9NW=(ET*N)SY
SNW=(ZT*N}SHY
YAW=(TT*N)SY
ENW=(OT*NISY
ZNH=(6*'N}SY
INH=(8*N)SY
ONW={L*NISY
91T dNOY9 Y04 WY3IL XN HL © (rf91)sy

0=d1
d3INNCD NOTLIVYILT  dI

¥ dN0Y9 Y04 WydL IJYN0S HL £ = (NS

SNMONMNA 40 # = ON

[

LOWWOLLELLLLLLYLLLLWLLOLOLLL

(S5 1R & I3 [Nk S NS



67

36
496
%6
€6
26
16
06
68
88
L8
98
8
78
£8
‘8
18
08
61
8l
LL
FL
72
Yl
el
cl
1L
oL
69
89
L9
99
G9

< I I gV Il dd g g LI I L L LT

Z2*%'1=91 2 0d
(T4T)SY=3AVS
(02491 ILTUM

NOIHI NOILVIVRYON J39N0S

€ 0L 09 ("T°L7°(T*TIS ONV T 019 (T°T1S) 41
£ 01 09 (1T°171°4d1) dI
IV (61°9) ILINM
XTULVW Vv SdN0¥9 HLIDE dN 13S 0L LINT 711vD
LINT TWVD

*Z=(ST*1)SY

*Z=(L*1)sy

. *Z=(1*1)5Y

NOI93Y HIV3 NI Wu3lL 1S¥1d ¥04 2 0L SS3N9 IVILINID 13S
0=5LdI

1Z=NN

NOI Lvd3 LT HIOV3I ¥O0d4 INIYd JdINS
NOTIVY3LI HOVI SINIIII443003 INTYd

1
0
0=d91
SIN3IJI44300 3IHL Y04 9VII ININd V ST d91

i

T dNOY¥9 W04 SNOILNTOS EN3S3dd ONV LSVd 3JHL GT0H OF ¥OL33A  1H3

Z dNOY9 d0d SNOTLINTOS INJIS3Idd ANV LSvVd 3HLI OT0H Of d0133A  ZH3

B 0=00V
€*0=00V
d0LDV3 NOTLV¥3ITIIIY IHL ST IOV

SNOILNTIYLISIA XNT1d INTHd = 1

OO LW (S

QLW



68

821
LZ1
3¢t
s¢1
¥e1
el1l
éct
1¢1
(XA
611
811
LT11
311
STl
%11
£11
AN}
T11
011
601
801
101
901
50T
%01
e0l
201
101
oo1
66

86

L6

I gIICICqI I AL AL AL LI AL I I

((9*2Z)SY(E*2)ISH (T*2)ISYINIOIIx(T*Z)dS=93

(2)Y1d OLNT TIVH9YIINT X014 010 IHL IAOW
(1)13=(2)13

NOILJ3S IANTVANICIS

X074 17vY (0719°941) 41

ONTINGD

(EJD9T*9T14(129T=T*(T%9T1)SU) (BT*9) JL1IuM
(Z1IOT*OT (ST L=T*(1%91)S¥) (62°9) 31IuM
(T129T1°914(91=T4(1*91}1SY) (BT*9) ILIYUM

. (#2'9) 31I1YM

2'1=91 % 0d

S 0L 09 (0°19°d91) 41

dl (€2*9) J1TdM

1+dI=d1

{d1*2) WVH TvD
XNT4 OML dNOY9Q ¥03 3IAT0S

37¥N0S OML dNOY9 J1vadn
Z2dN 1VI

(d1*T) WVYH TVD
XN7T3 INDG 4ND¥9 ¥0d JAT0S

39¥N0S 3ND dNOYY J1vadn
(A93) Tdn 11VD

‘ (T)IAI=A93
IAYS/(F¥91)1SH=(r*91)SY
12*1=r z 00

(5]

(SRR &

O L <

N ™M



69

091

661
861
161
961
qal
#s61
sl
st
Tst
061
6%1
8yl
1Y%l
941
a4l
Y41
€vl
2H1
%1
0%1
6el
8el
Lel
9¢el
5el
el
€el
el
1el
0el
621

LI I L LT LT L T L L LTI

(C*TISY=(r*211H3
NI NOILNTOS MaN 3IHL 3AOW

(rtZI1ZH3=(r*1)2ZH3
(r*2)TH3I=(r*1ITH3
T AJvd NOTINTOS Q70 JHL FADW

12¢1=r L 00
NOT123S NOILVY3 1330V

6 01 09 (334°371°(3d)S4IV]} 41

INTVANTIOII JO IINIOWIANOD ¥MO4 1S3L
01T OL 09 (WIT19°dI) d1

(TYATE(ZIAT (LZ*9) J1THM

Jd (92¢9) 3JLIYM

SNOTLEVYILT & TIINN JONIFOYIANOD ¥O4 1S3IL JHE IS
3 0L 09 (Z2°11°d1) d1

ANTIVANASTII JHL NI 3JINVHI JHL JEVINIIVD
(ZIAF/UZIAT-(TIAT) %"001=Dd

JATVANIOTII MaN JIHL JLVINIIVI
(21137611 13=(T1)A3

(Z2)A3 OLNI dNIVYANIOIZ 0710 3HL JAOK
(T)A3=(2)A3
93=(11113

TYUIYIAINT XNT4 MIN JHL J1IVINITIVD

Q20

(S (N @ Q (SRS D LWL VO W

S5



70

261
161
o061

681

881
L8T1
981
68T
%81
€81
281
181
081
6LT
gLl
LIl
QLT
SlLT
VA
€l
Lt
L1
oLl
691
8§91
191
991
G971
%91
€91
91
191

I I LI L LT T I AT T L LT LTt L

€41=1 21 00
INNTINAD

XNT4 NIW ONT4
(W P*ST4T) TH=Nd (Nd"FT (W*P491*T)THd) dI
S*T=3 11 0a
G¢1=r 11 00
€1=1 11 00

*0=Nd
Z¢1=91 €1 0a
XN14 1Ivo

(12'9) 31T4M

X014 1ndino

JANTANOD

(82¢9) J1TuYM

T 01 09

NOT123S NOTLVY3IT3IIV ON3

INNTINDD

SNOT INTOS 2 LSVd IHL WOYd NOTLNTIOS M3IN JHL 3LVTIOTVI
((r*TICH3I—(M*Z)2HI )xDOVHIC ' 2) ZHI=(r*2) SY
((PETYTHI—(C ZITHIIFDDIVHEC 2 ) THI=(r*T)SY

12¢1=r 8 0C

SNOTLIVYILT ¢ TILNN J1Vd37333v LON 0d
1 0L 09 (1°371°d11 J1I

(rtZ)SyY=(r*ziIcH3

QOO0

Lo oW



71

Yec

“edle

2éé
1e¢c
0c¢
61¢
81¢
L1
91
q1¢
H1¢
e1e
1e
112
012
60¢
80¢
L0Z
302
q0¢
%02
€02
20¢e
102
o0
661
861
L6l
961
561
Y6l
£61

L I AL I LR AL I T AL T TS T LT LT

(G*0T4*ST 3MIVANIIOII IFHLE NI 3I9NVHI % FHIHEE® HT) LYWHO4
(G°0TJG*XO0T*S°0T46*% HI) LvWuod

{/*NOI934H91

EXHEANTYIHG ¢ XG94 804 HOLIIA NOILINTAS JHL S1 SIHL HEL'/* HT)Y 1VWiod
COT F etttk # NOTLIVYILT oeessckkss HBZEXO0Z4//7% HT) LyWuOd
(CI5dNOUYIHG*XESE HT) L1VYWYId

(/7//7NOTLINGIYASIAO XNT4 TYNISHEZ XY/ /7% HT) L1vWyOd

(G3ZI1TYWUON JIIYNOSHLIT* HT) LYWY04d

(G°0Td4%= DIVHG* HI) LvWyod

{(OT12*X0E*%"0149% HT) LVYWYO4

d01$
(0€49) JL1TuM

(ST=T*CTNFOT4Z)THA I (GHT=T4 (¥4 T QT4 T)IHd) ($2¢9) ILTUM
r-9=y

G*1=r 91 00

| (0€49) 31TdM

(S T=TE O THOTE N IHA I (G4 T=T4 (N4 T*9142)THd) (52*9) ILTUM
r-9=>

S¢1=r §1 00

9T (22%9) IL1yM

2¢1=91 L1 0Q

*0=(¥*G* 914 €} Ind

"0=(G*N*9T*€) IHd

“0=(G*N*9142) IHd

G41=) %1 00

Z*1=91 %1 00

INNTINDD

Nd—(Xé P 0T ¢ T)THA=(¥*r 491 ¢ 1) THd

G41=Y 21 00

S¢T=r 2T 0Q

9¢
sZ

He

£
22
12
0¢
61
81

L1
91

Sl

y1

£l
21



72

Ex4
G
%
1A
Ze
1c
0¢c
61
81
L1
31

sl

71
1 §

i 0N
Ll

~ NN N0~ OO
=t

anN3

. NYNL3Y
(EPIXISHEWIAR(G)SUF(LORIAISH(ITIX IS Ix{TISUHIINIAISH(CIX(G) SY+(WT
AR IX () SY+CC(PIXISHOIWIAISTR(EISHH(EMIX+ (WIA I (Z)ISH+(T1)SU=40Yd

G 0%(£)SY=(€}SY
G*0%(2)SN=(Z)SH

GZ0%(T1)SY=(T)SY

(X)ZL S3ILYNIVAI LVHL NOTLINNS INIWILVIS ¥V SI NS
“T-NxN%*Z=(N]$

I1T ONV T SNOI93dW ¥0d4 035N

X={X)11L
I=(X)01L

TiVHL J10N

A YOS IVIWONAIOd JHL SI (AJH ONV N 33¥930 40 IWIWONATOL AIHS
~A83HD FHL ST (X)L JYIHM (AIHXIL(IIV 40 6*1=1 KWNS=(A*X)IHd WYOd
JHL 404 (W)A GNV (F)X INIOd 1v X074 3HL SIAVNIVAT NOILINNS STHL

JO°T4Ggotget=ptZ—fgrbpm—tgr_tge—te1—-/A VIVQ

A /TGt 0t ¢ T~/X V1IVQ

(91S¥ *(0T)A *(S)X NOISN3WIQ

(SY*WEr) ¥Qdd NOT IINNS

aNd

( HI* HT) LvWH0d

: , (0TIZ*%"0T46% HT) LVWYOA

(e x22xIINTSUIANOD INTVANITOT T sokdkkedexHZY ¢ HT ) LYWYOd

(9°014°ST 3N
IVANIQTII M3IN JHL HeZ‘/*9°012*SVYM INTVANI3OII 019 IHIHZZ® HT) LvWYOod

(025
6¢
B

Le



73

r42

- NN O~ O

LLULLLYLLLLLLLLLWLLLLLLRLLLLLLL WWO LV LW

404 3AT0S 0L dNO¥9 3aHL S103713S 91

| (N*OT 10

(N)A

(W)d

(T+N*WSI)YV

(T+N*N*91) ¥

XTYLYW INIIDIJ4300 O3LNIWONY  (T+N*W) NOISN3IWIQ V

SNOISNIKICQ

GOHLIW LOTIWHIS-WVAHO QIIJITOW A9 SNOTIVNDI W HIIM SNMONMNN N 40
g4 = XV
SNOI LVNO3 40 W3 LSAS O3INIWY3ILIAYIAD IHL SIATOS INILNOYENS STHL

/000°0%%C6/Y V1ivd

/0/d91 V1vYQ

(S%*21S /730797 NOWWOD

(12%2)SY /2X%2074/ NOWWDD

. (22ts%“21y /THI0189/ NOWWOD

(TZ42)8Na *(12)1a *{sv )8 *(2Z*12%21Y NOISN3WIQ
: NACALONNEWNO Y 8xTVIY
(dI*91) WYH INTLNOYLNS

CRLLULLLLVLULLLLLOLOOVL QUL LY



74

%9
£
29
19
09
656
86
LG
96
3]
%S
£s
s
18
06
6y
8%
LYy
Yy
Q%
A
e
%y
1%
0%
6t
8t
le
9¢
Qt
e
183

CLRLULRLULLLLWLOLLLLLLRLULODLLLOLLLOLLLWOLLO

I

NOTIVYILT (SdId4d JHL

000°0=rNY .

T+TWr=r
INI=TWT 9 00

NWNT0D 40 SIYVNOS JHL 40 WNS JHE KWY0d
HA=(AH*OT N0

(AT 0T IV (N T *OT BV +UA=MC

. W¢I=1 % 0d

000" 0=Ma

N¢T=% 9 0Q

000" T=(A*%*21)Y

N*T=X € 04

XILVW Vv (Q3INIWINY JHL WdOd
(I1g=(T+N*T*91)V
W¢1=I 2 0Q

Y314V XIdivH ¥ 40 NOTILWWYOd4 3IHL JINS
T+d9T=d91
8 01 09 (2°39°4d91}) dI

dNOd9 ¥VHL 404 32dn0S FIHL HLIIM 9 av01
(A*9T1S=(N19
WeT=X 1 0a

T+N=¢N
T-N=TN
Sh=H
1Z=N

L@ NO QO M & Lo

L NS RS



75

96
S6
Y6
£6
Zh
16
06
68
88
L8
qg
48
Y8
€8
é8
18
08
6L
gl
L
9
sl
vl
el
Zl
1L

69
89
L9
99
$9

LOLLLLLLLLLULLNWLLOLLLLOLLLLLWRYLQOLLLEW

N¢T=X €1 0OQ

(A YA (N T 491 )U=(TYA=(T}A

NYTIdI=M Z1 D4

1+1=1d1

T+91-N=1

N¢Z=9F 21 0da

(THNeT 89T )d=(T)A

N¢T=I 11 0Q

INIOd SIHL 1V A Y404 SNOIIVNDI J0 WILSAS HVINONVIYL 3IHL FAT0S

(NI T UNA/ MU= (ZN*M*91 )Y
(D8O TAOT Y +HENY=C Y

v W¢T=1 6 DO

000 0=rid

N¢1=Y 01 0Q

ANNTINGD
NOTAVY3ILT 1S¥Id4 3HL ¥314v INIOd AMING 3IHL ST SIHL

(N T=C2(re0I 1Y) (£T1°9) 3L1T4M
N¢T=M L 04

(GT%9) JLTdM

U TV NA—~(PE T 9T IV=(T¢ 19TV
Wé¢1=1 9 0@

rRg=(r¢%¢91)yd

MO/ PMY=THY

NWNTIO3 HL M ONY HL ¢ 3HL WOYd4 SWY3L IHL 40 WNS JHL WY0d
(PETOTIV(NT4IT Jv4riY=roy
We¢T=1 & 0C

MO

0N QO



76

N G DS~ O,

SRR o
o C
r—t i

201
101
001
66

86
L6

LVOULULLLUNOOMNAOANNONOCONONOQALO e O

I NOI93Y d¥04 XNT4 FHL JLVINITWI
amh N THaud=(R*r*ao141)IHd
AN*T=% 2 00

XN¢T=F"2 00

(rfo11Sd=(rnit

9¢T=r 1 0Q

CSNOT93Y 40 HIgWNAN FHL ST 1
2¢1=91 L 00Q

OT=AN
G=XN
1v a321vnavAz ST NOILONNG JHL SINIOd 40 HIBWAN IHL ST XN

TIT ¥0 T SNOI93Y HO4 SIN3IIII44307 JHL IYOLS 0L MOLIIA MHOM AL
I'T NOT93Y Y304 SINIFIOI34300 th FYOLS OL ¥0OLI23IA WOM SL
HSIW JHL W04 NOI93W HOVI NI XN14 JHL SILYNTIVAZ INTLINOYENS SIHL

(9141 “(6)S1L NOISNIWIQ

(12%21SY /220787 NOWWND
(OT*G*2Z4E)TIHd /LIA20T79/ NOWWOD
XNT4 ANT LNA0Y¥InNS

: and
(XTHLVW ¥ HOT*XOT*//% HYT) LYWy
(STIT41T*% HT) LVWYOJ

NYN13A

21 dNOY9 d04 SY JINI xu«m wxm;ozq JHL 3A0W
(A} A=(N*91)1SH

NS

)

WL LWLV LY

51
%1



77

g¢
GG
%G
£q
[4
16
0g
6%
8%
LYy
9y
a%
by
ch
Y
1%
0%
6¢
ge
lLe
€
5
e
€e
e
1¢
0og
6¢
8c
L2
9
qZ

ooocCcocoooooaoanocoaoac Lo ccocoan

N3

( HT* HT) LvWd0d
(€°0T464X0T4€°0T45" HT) LVWYOAS
(GI1XNTI dYWHB® HT) LVWUDJ

NynNnL3y

(€1'9) JLTYM

(GET=T8(M*T*QT*TIIHA) (2Z2T149) TLIYM
AN!T=C 6 0O

F—T+AN=M

{ET*9) I1TYM

(GSET=TE U T OTEITHAI S LG T=T (M 149142 IIHd) (2T49) ILIYM
C—T+AN=)

AN®T=r @ 00

9T (T149) JLIHM

Z2¢1T=91 0T 04

AONTINGOD

11 NOI93Y HOd4 X074 FHL 31vINDIVI
_mb.z ﬂucmasnx.ﬁ.ou Z1THd

AN*TI=M 9 00

XN*T=F 9 D4

(F4N*9TISH=(NISL

6'1=N g 00

I1T NOI93Y dMOd4 XN7Td JHL FLEVINDTIVI
(HLEHECT UG =M *910€) THd

ANST=Y 4 00

XNT=F % 00

(ST+0*aT)SY=(r)YL

9*1=r ¢ 00

DQQOM~

LS



2¢
1€
135
62
8¢
LZ
92
¢
%2
£
Ze

NP~ o
pord el ol et d et el el g O

NN NOMN OO
—t

(LU e NN R SRR R TR RS VR R E P N S S S SN RN R R ER I SRR T Gy U R U S U S U R TR R LS RIS VR TS )

934 NI 91

93¥ NI 41
NOI93Y NI

NOTS3Y NI

NEGI®ISSEIIS*IOTIYS (€1%8) Qv

N NOT93Y ANV 91 dNOd9

404 INITIT44302 NOISNI4IA ONV O SNOTLI3S SSOD th NI Ovdy
941=r 1 0d

H (0T'8) Gv3Id

(Z2149) 3I1IYM

N NOTIO23¥ NI 91 dNDY9 HO0F LNIIDIJ4300 NOISN4410 (N*91)Q
dNO¥9 Y04 NOILI3S SSOH3 NOILdY0Say I1d0ISOdIVW (N4OI)VS
ddy¥9 ¥0d4 NOTILI3S SSOY¥T INI¥3ILLVYIS DI400SOUIVW  (N9IDSS
91 dNOYS ¥O4 NOTLD3IS SSO¥D NOISSTH I1dIISOAUIVE (N*9I14S
91 dNOY9 ¥O4 NOTLI3S SSOYD TYAVWIY IId0ISOYIVH  (N4ST)uS

W3 NI NDI93Y 40 HI9N37T H

INOAYT NOTO3Y ONV W3ILSAS JLVNIQ4E00D 3HL INO S3LT¥YM ¥30VvaH
430V3IH 719D

I+ 01 1- 01 WO WOdd GIZITVWUON 3dV SNOTSNIWIG 3IHL N3IHL
NI QVv3d 3¥v SNOTLIVIIJID3IdS ¥0LIV3IY OGNV TVIXILYW FHL LISYId

¢ OGNV T dN0Y9 ¥03 XTYlvW Vv JHL dN S13S INILNOYINS SIHL

(€42)SS *(et2IvS ‘(€210 NOISNIWICO
(%423US*(H42)3S /799207187 NOWWOD
(22fG%*2 )V /HI0T9/ NOWWOD

: LINT 3NT1LNOYENS

QLLUOLUWLLOLLWLLLLOWO et 2

DO WAW



79

59

€9
29
19
09
65
89
LS
94
56
8]
€q
2s
16
0¢g
6%
BY
LYy
9%
oY
VA
€Y
Y
1Yy
oY
6¢
8¢t
Le
9¢

Ye
123

[FEIEENEA R RIS IR A TR EN R SRR TN N gy SL PR AN OERS G T AT IR I U SR NN PN F R TR FR S S FE R NE S R U BN CE Uy SN A

ITI NOT99Y ¥0d4 SNOT L3S SSOUD TVAOKWIY LINdNI

(1) ds=(rertnv
I NOT93d ¥0d4 SNOILD3S SSOU) TVAOWIY 1NdNI

o.Hnﬂ¢ao
N.aummcc
(N DTISS—-(N*OTIYS=(N*D1)VS
Hx(N¢9T )SS=(N DT1)SS
Ha(N*OI)4S=(N*9T11}dS
Hx(N*9T1YS=(N* 9T 1YS
H/Z(N'ST1a=(N*91)0
€t1=N € 0a

Z'1=91 € 00

1+ 0L 1- 0L W) WOY4 3IZITVWYHON
H (IT°C) JLIYM

SdNOY9 CONV SNOI93Y¥ 3HL ¥0d4 SNOILD3S SSO¥D 3IHL INO JL1TYM
NEOTHIN*OIIVSAIN OT)ISSH(N OIS (N*OIIQ N DI IYS (HT49) TLIYM
€d1=N 2 0d

Z'1=91 Z 0d

I1SS-1YS=(N*9T)VS
NOTILI23S SSOYD NOILGYOSHY 3HL JLVINITVYD

ISS=(N*91)SS
I4S=(N*9T14S

Ig={(N*9110
THS=(N*OT S

w2 @

NOW

(SRS NS



80

96
46
76
14&
26
16
06
68
88
Ly
58
59
»8
8
28
18
08
6L
8L
L
9.
Sl
7L
el
el
1L
oL
59
89
L9
99
59

[P S S NN IS TR S KN TR S R IS TN AR N R A TR R TN RV E R U S A U E R IR NI B E R L R N U A S

*h-=(gt2Z' 1)V
"1=(2'22'1)v
& — 22 SANIT INdNY

10=(12*31*1)v
T0=102*L1*T)V
10%°2=(81'91* 1NV
(e*1)ax*%-=10

8T — 91T S3ANIT LNdNIT

Ta={GT1*C1*T)V
10=(2T*0T* 1)V
10=(51641)V
10=(%1*8*T)V
10=(E€T*L*T)V
10=(64241)V
(Z*1)0%"%~-=10

€1 — L S3INTT LNINI
10=(9°€ 1)V
10=(5*2* )Y
T0%°2=(€4T1*1)Y

€ — 1 SANIT INdNT
(14110%*%-=10

(21 XUS=(9+T*9+T*T)V

IT NOI93Y d0d4 SNOTIL33S SSOYD TWAOWIY LNdNI

641=r S 00

(€41 )AS=(GgT1+r!'GT+r* )Y

QO

(SRS IR O

+ 0



81

821
Let
921
At
721
XA
2t
121
021
611
811
L1T
911
G1t
711
elt
211
1Tt
011
601
801
L01
901
G01
701
€01
20t
101
001
66

g6

L6

gy=(cT+r*LE* TV
Le 3ANTT LNdNI

*T=(2T1+M*2€4 1Y
“I=(6+rtcet1)v
T=(9+4rt4cf)Y

S€ - %€ SIANIT LINdJNI

av=(ZT1+r*L2'1)v
Av=(6+*92*¢1)V
gy=(9+rfs2'1)v
12 - 62 SIANIT LINdNI

Fax(T—)=Qv
€¢T=r 9 00

*1=(9%12*'1}V
*T=(s*l12'1)V
*T=(g*L2*1)V
“1=(g‘92‘1)V
“I=(%492°1)V
“1=(Z2%9¢*1)Vv
*T=(g's2¢1)v
"I=(Z*'gq2'11V
*T=(T1¢G2'I)V
L2 — GZ S3ANIT LNdNI

“H-=(3'%Z' 1)V
“1=(S*%2* 1)V
"H—=(G*EZ¢ 1)V
"T=(vET 1Y

[N ) W

(SRS}



82

091
6551

Ls1
291
661
vAx!
€6l
2al
161
091
6%1
841
IAAN
941
G4
Y51
€l
Y
%1
0%l
6el
gel
Led
9¢c 1
sel
el
£el
el
Tel
oel
621

W

[NUIRR R FINE NN R R U R RN RN VU RS UN GRS PRNE SN TN cE X RSN E XU G T F U NN T RIS R A5 VAR e Y]

T0%"%=(940€* 1)V
10=(5*0€%1)V

TOx*H=(G*62¢T)V
1a=(¥*62'1)YV
62 ANIT LNENI

Tax*Hy=(g*82* v
1a=(2*82*'1)v
(T*1)0=10

*T=(6+r'9¢c+r*1) Vv
*T=(21+0*9cHr*1)v
*T=(9+0*9c+r v
6¢ 1t SANIT INdNI

(241)Y0x"y=(2T+Lt06E+M TV
(2'1)a=(6+1*6E4C "1 )Y
cH — 0% SIANIT INNI

H-=(Z2T1+0¢0C+M*1)YVY
*T1=(64+1*0E+r*1 )V
€€ — 1€ SANIT INdNI

(2'11a%Y=(ex(1-T}+6*4L2+M* 1)V
(2*1)10-=(Ex(T1-T)+8% L2+ T )Y
0t —-8Z2 S3INIT LndNI

¢f1=r L 0a
cT=(ST4rtER Y
€% ANIT LNdNI

P~

(SRS



83

61
161
061
681
881
181
781
G881
%81
€81
281
181
081
6L1
8.1
L1
9Ll
qlLl
YLl
€L 1
Ly
1.1
OLI
691
891
L91
991t
g91
%91
€91
291
191

*1=(02'qH*1V

“T=(81*'6%*1)1Y¥
G% INIT LNdNI

"1=(02'*%%*'1)V
*I=(6T¢y%41}Y
I=(LT*y%*1)V
4% ANIT 1ndN1

Tax"%=(12%2%*1)V
10-=(02*2Z%* 1)V
Z% INIT LINdNT

T0%*H=(02*1%* 1)V
1d-=(61*1%*1)V

1Qx°H=(BT1*0%*1)V
10-=(LT'0%*1)V
O% INIT LndN1I

(€t110=1a

“T-=(12'6e* 1)V
"1=(0Z'6E°1)V
“T-=(8T'6E* 1)V
6€ 3INIT LINdNI

*T-=(02'8¢c*1}V
*T=te1taetI)Vv
*IT-={lT'8E'I)V
8t INIT INdNI

(S RN}



84

2e2
12¢
0d2
61¢
812
L1¢
217
a1e
512
c1e
1e
112
ote
60¢
80¢
Loe
20¢
50¢
%02
£0¢
202
102
002
661
861
161
961
a61
L6l
g6l

(ISR e VR R VA W R R WS Y R A AR R TR Uy IS U NN S SRR N A S D SU RIS A S UV N R U SRV S VR R St U I F

(2Ztgyt21Y /TII09/ NOWWDD

CViva AM207d

N3

(OTIZ2%G 0146 HI) LVWYHOd

($1246°014%) LVyWYO4d

: (NOT93I¥HY * 1

XSHdNOYIHG X6 VSHZ ' X8 SSHZ X8 JSHZ*X8*UHT* X 64 US HL® HT) LVWHOA
(WD HE®Z"94*ST 371S NOI93Y 3IHL HET4///* HT)Y LVWBOA

(€°0T4) Lywyod

NdNL3Y

1d 17vD

INNTINDD
Ax{BTC*1IV=(BT*P*I)Y
Ax(LTSP IIV=(LT P )Y
XA(GTC*IIV=(9T4r ¢TIV
AX(ET L IIV=(ET M T)Y
A{OT*PeTIV=(0OT*r* I}V
A6 T )Y=(64T T )Y
Ax(BEPtI)IV=(84PtTIY
Xx(LiC T IV=(LoiT )Y
AxfElreIIvV=(Esr‘nv
AxlZ'PeTYVY=(2'P* Y)Y
X2(T4P*TIV=(T0P* Y
SH41=r 6 N0Q

G*0=A

G2°0=X

*1=A

*1=X

INNTANGD

TI=(12'GH%*1)Y

at
1

c1
11

01
J

6



85

~ NPT OS DO O NN D~
el ot e e et e e =l N OO NN NN

METO O SNMFOO MNOT O
—

LWHLig il D00 Q00 00 Q0000 LROO0O0OLLHLOOI

ZdN INTLIA0YPENS

UN3

. (%14 2°9412% HT) LVWYOd
~mhzmuu_mmm0u,Imﬁ.oH\QDOzon.IﬂvhdZ¢Ow

N3NniL3y
INNTINDD
INNTLINDD

WE(TZHT=NE ORIV (H49) JLTUM
SHYtI=W 1 00

91 (€'9) JLIYM

Z21=91 1 90

Z 0 09 (1°39°d1) 4dI

i}

XI¥LVW ¥ LNdINO 10N 00 1

XIdIvW v 1NdLIN3 0
1Ndin0 SIDTHIVW V HIOE ¥0d4 9Y1d INI¥d Vv SI dI
T=d1
O0=dl

SNOT93Y TV

Y04 dN0Y9 HIVI YOJ XIYdIvW INGINI 3IHL 1IN0 SINTYd INILINOYUENS STHL

(22tsyte)v /130767 NOWHWOD
1d JNTLNOYYNS

GN3

/1x0%* 1% /Sd VIva
/°0x0L02/S*V V1va

(GH%¢21S /7eM3079/7 NOWWOD
(12'2)SY /23337187 NOWWOD

WM

o ON

O Qs

(S R R



86

129
49
e
0t
62
X4
Lz
9
¥4
X4

44
12
0¢
61
81
L1
91
Sl
¥1
el
|
11
01

N TN~ Ce

I rrx I I IrITI I I IrXrIIrTIXIIIIIXTrIITITZTXIXTTrITIT

(2

. an3
($°2T46° HI) LVWYD4

dNOY¥9 ¥04 IDYNOSHBT ¢ H1)Y LVWYOI

NYNL3Y

ANNTINOD

{(1249T=r*(rQ*21SY (G*'9) ILIYM
(ST L=r*(r*zysy (G*9) 3ILTdM
(G6T=C4(r*2)S) (S*9) 3FLIYM

€ OL 09 (0°19°dN) 4dI

T=dN

(ZETIUSH (I 4 TISH=(9+M*2)S

£ NOIOIY ¥4 JLVINITIVD

6¢T=F ¢ a0

(E'TIUASK(GTHM T ISU=(GT+L*2)S
¢ NOTI93Y 404 JLVINITIVY

(TETNYSH(r4T)ISU=(r*2)S
T NOI93d ¥O0d4 3LTINITVI
9‘1=r 1 Q0
(949) FL11dHM

T dN0U9 WOXS ¥ILIVIS

NMOQ OL 3Na ¢ 40049 NI 324N3S IHL STLVINITVI INTLOOYENS STHL

(G¥*2Z1S /4207197 NOWWOD
(42)uS % 4214S /9MD0718/ NOWWOD
(12%2)SY¥ /2ZX20719/ NOWWOID

W QY W0

32



87

~ON MWD O~ R

NOI93d HIVI Y04 WIALSAS JLVNIGYEOO0D ONV LNOAVT NOIO3W JHL
1 Y404 WvdOUOdd 3IHL dJO d0L1 3HL LY ¥3Aav3H 3JHL SILTYM INTLINGgdEnsS STHL

{021V NOISNaWIQ

430v3IH ANTLOOMENS

aN3

(»*2146*% HT) LYWYO4

(1T dNOY9 INOSHYT® HT) LVKYNd

NynL3Y

INNTINGD

(T2*9T1=r*(r*11S) (G¢9) J1IyM
(STEL=C4{r*T)S) (G%9) FLTYM
(9FT1=C*Ur*T)S) (SS9} TLTYM
T=dN

€ 0L 99 (0°19°dN) d1

(26213S% (94 “2)SH=(9+*T)S
6'1=r 2 0C

(T42)4Sx(r*2)sy=(r*1ys
(E4Z214Sx(GT4Mr*2)SU=(GT+M*T)S

9t1=r 1 00

(%49) JLIuM

(¥42)4S¢ (%421 4S /9MI079/ NOWWOD
(S%*21S /EXI0TE/ NOWWO)D
(12°2)SY /2120797 NOWWDD

{A93) Tdn 3INTLINOYENS

(SRR

QL LN

(2]

N O



88

LE
€
33
e
€€

1c
Ot
5¢
B¢
LZ
4
74
XA
134
éc
12
0¢
61
81
L1
91
St
1
el
cl
1t

Lo ;O
—

. INNTLINODD

(YT49) JLIUN

1= € 04

WENEMEN N (GT49) TLIYM
r-9=M%

Y8i=r % 00

{E1%9) JLTYM

{(6%9) J11YM

NOT123S JLYNICQY00D 40 1¥VILS
NGOTL33IS ENOAVT 40 QN3

(549) FLTYUM

(L*9) 31TyM

(1149) 3LT1¥M (9°D3*r}) 41
(8¢9) JILTHM (S°D3I°r) JI

T1¢1=r 2 00

(G49) J1TUM

(L%9) 31TYM

(01%9) 31TyM (9°D3°r) 41
(8%9) 3LTYM (9°DIA°r) 41

11'1=r 1 0C

(G*9) JLIYM

¥ (21'9) 31IdM

NOTLD3S INOAVT 30 [YvVLS

vV (9¢g) @v3d
adyd J7111 NI av3d

M T

O LWL

~

L LQ

oL



89

~ O O @

O
00

66
84
LS
94
s
76
£S
25q
16
04g
5%
8%
Ly
Y
9%
7y
1584
¢y
1 57
0%
6¢
ge

TEMOMTOTEYONMOTIOODOMNOTDNTDINOY XY XY ¥ XX

A 404 TVIWONATOE 3IHL ST (AYH OGNV N 334930 40 TVYIWONATOd AJHS
—AG3H) JHL SI (X)L 3¥3IHM (AMHIXILIIVY 39 64 1=T WNS=(A*X) IHd WO
JHL 404 (W)A @NV (0)X INIOd Lv X014 3HL SIIvNIvAd NOTAONNS SIHL

/0%1tGetgetspfgr—tgr-t)-tg -t =t *1~/A VLIVO

(6)SYd *(O0TIA *(9)X NOISNIWIQ

(SY*Wr) gy¥d NOILINNS

ON3

( HT* HI) 1VWYOd

(NOI93Y HOV3I d03 W3ILSAS JLVUNIQUOOOHEE X814 //% HT) LvWiOd

(GHZ ‘2T 4 YIHT

T4 = HE * T ¢ e =2 HE * T ————————+ TEYHZT*T1'X0T) L1VWMOD4
(THT*(X6*[HT)IY XHT) LyWYDd

( HT1*//7% H1) LVWYOA

(///7'%V02¢X0Z*THT) LVYWY0d

(ATHZ*X6TIHT *X225+HT) LVWYOd

(TITHE*XBT*TIHZ *X22*+HT) LVHYOI

(SNOI93Y ¥O0J LNDAVIHET XEZ'//* HI) LyWuUOd
(NOIDFUHI XH TENOIOTYHF F XOZ +HT ) LVvWYHOd

(THT*XO0Z* [HT*X0Z*IHT*X0T* HI) LVWYOd

(YvO0Z) LvWyod

(+HT (e m e —HTZ 12 4XOT Y HT ) LV WNHOA

NYfil3d
(L149) 3L114dM
N3T123S J1YNIA®O0D 49 ON3

: (91¢9) JLIYM
MEMENEMEN (GT49) FLIYM
=M

L1

St
Y1
£1
21
11

LB O~

L0



90

62
B
| X4
9¢

62

be
¢z
e

04
61
81
L1
91
a1
%1
el
1
11
o1

X MM MY Y XYY MY XY

aM3
NYNLIY
(e
JAISAH((PIXISE(OISHHIWI AT (P IXISH(BISEF((LIX)SH(LISUFIHIAISHIMIX (T
ISHHIWIAK(M )X X (GISYHIMIXE{H)ISUHIWIAISHIE)SUH(WIAX (I SHH(TISH=0Yd

(X121 SILYNTIVAT LYHL NOILONNd INIWILVIS V ST (MS
S 0x(L)Sd=(L)SH

S0xtH)SY=(H})SY

S0x(£)SU=(E)SY

G°0x{Z)Sd=(2)SH

GZT0x(T}SY=(1)5Y

*T-NxNx*Z=(N}S

/186G t*0tg—t-T~/X ViVQ

X=(X1T1
I=(X)0lL

tlvHL 3JION

ATNO II NOT93¥ ¥O0d4 g3sn SI SIHL

LLRLOUOLULOW



91

VITA

The author was born June 17, 1945, in Atlanta, Georga. He
grew up in Greenville, North Carolina where he finished his secondary
education. After having attended North Carolina State and East
Carolina Universities, he obtained his B.S. degree in Applied Physics
from East Carolina University. In June 1972, he enroiled in the
Nuclear Engineering Graduate Program at Virginia %olytechnic Institute
and State University to study for ﬁis fh.D. in Nuclear Engineering.
He received his M.S. in 1974. He is married to the former Rebecca

Ann Johnson, and they have no children.

Vet

EEY



AN APPLICATION OF CHEBYSHEV POLYNOMIALS TO THE SOLUTION
OF A TWO-DIMENSIONAL ELLIPTIC BOUNDARY-VALUE PROBLEM

by

Stephen V. Prewett
(ABSTRACT)

The goal of this dissertation is to investigate the feasibility
of using a bivariate Chebyshev: polynomial to approximate solutions to
the two-dimensional neutron diffusion equation.

The two—dimensional two-group neutron diffusion equations are
solved by expanding neutron fluxes in a finite series of Chebyshev
polynomials over large regions of a fission reactor. All the equa-.
tions for the expansion coefficients necessary to satisfy the appro-
priate boundary conditions for the flux and current for a typicai
region are developed. The resulting system of algebraic equations is
solved, using the power iteration method. Since the system of equa-
tions is overdetermined, the Gram—-Schmidt method of orthogonalization
is used. Calculations are done with the aid of a computer code, CDP,
developed as part of this dissertation.

Two different test problems are solved using a first order
finite difference computer code, PDQ-7 as a standard for comparison,
and CDP. The first problem is a water-reflected square core with
homogeneous material properties in each region. This problem is
selected to provide a rather severe test of the CDP method in the

calculation of large thermal neutron flux peaking at the core-



reflector interface. The second problem is an actual problem solved
by a utility for on-line-fuel management in a Pressurized Water
Reactor. The reactor core consists of four-different fuel assemblies
arranged in a checkerboard pattern in the interior of the core.

For the first problem, both PDQ-~7 and CDP give about the same
fast neutron flux distributions. The eigenvalues calculated by both
methods are identical to one part in 4800. Except for a small
region near the core-reflector interface, the thermal neutron fluxes
within the core differ by less than about 4%. At the core-reflector
interface; the difference in thermal fluxes is about 20%. A signifi-
cant reduction in computer time required for the solution is achieved
(0.45 sec for CDP vs 32.6 sec for PDQ-7). It is important to note,
however, that the time required to obtain the "standard" solution for
comparison, using PDQ-7 is larger than would be needed for a large
mesh spacing. Thus, the savings invcomputer time reqﬁired to achieve
a solution using a PDQ-7 type code giving results comparable to those
obtained with the CDP code cannot be inferred directly from these
resglts. In any event, note that the CDP method is indeed economical
in both preparation of input data and computer time.

In the second problem, four very large regions are used in the
CDP method for the entire reactor. These regions are much larger
than those used in a typical finite difference solution for the same
problem. Both methods give about the same fast neutron flux distri-
bution. The eigenvalues calculated by the two methods are identical

to one part in 2140. Although the CDP method does not show the



assembly-to—assembly variation in thermal neutron flux, it gives the
same average thermal neutron flux as calculated with PDQ-7 to within
2%, except near the core boundary. Again, a large reduction in
computer time is achieved (0.69 sec vs 101 sec).
The feasibility of using Chebyshev polynomial expansions for two-
dimensional multi—group diffusion calculations has been demonstrated
for these two problems. The method gives, not only verj accurate

eigenvalues, but also reasonably accurate neutron flux distributions

within the reactor core.



