A STUDY OF CONTROL SYSTEM RADII FOR APPROXIMATIONS

OF INFINITE DIMENSIONAL SYSTEMS
by
Kimberly L. Oates

Thesis submitted to the Faculty of the
Virginia Polytechnic Institute and State University

in partial fulfillment of the requirements for the degree of
MASTER OF SCIENCE
in
Mathematics

APPROVED:

0L b R

John A. Burns, Chairman

gi%/«cz// To X Aol

Eugene M. Ch Terry L. Herdman

August, 1991

Blacksburg, Virginia



VSN
0204
3

&F
o G



A STUDY OF CONTROL SYSTEM RADII FOR APPROXIMATIONS
OF INFINITE DIMENSIONAL SYSTEMS
by
Kimberly L. Oates

Committee Chairman: John A. Burns

Mathematics
(Abstract)

In this paper we investigate several aspects of computing control system radii
for finite element approximations of control systems governed by partial differential
equations. Finite element approximations of the heat equation (parabolic), the wave
equation (hyperbolic) and the equations of thermoelasticity (mixed) are used as test
cases. Balanced realizations, reduced order models and other transformed models are

also studied.
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Chapter I. Introduction

1.1. Introduction.

The development of numerical methods for control of systemns governed by par-
tial differential equations often involves a two stage approximation. The first stage
typically makes use of finite element, finite difference or Galerkin schemes to pro-
duce a finite dimensional, also termed lumped parameter, model to be used as a
“design model”. Once this finite dimensional “approximating” control system is con-
structed, numerical or linear algebra algorithms are used to solve the corresponding
finite dimensional control problem. This approach to control design for infinite di-
mensional systems can work well (see [5,7,11,18,19,24,25]) or not at all, depending on
the particular approximation scheme used to construct the lumped model [6]. Also,
the numerical conditioning of the finite dimensional control problem will depend on
the choice of the approximation scheme as well as the type of control problem to be
solved, e.g. LQR optimal control, H*-control, pole placement, etc..

In recent years, it has been noted that control system radii often provide a measure
of the conditioning of specific control problems (see [1,10,12,13,23]). Consequently,
it 1s interesting to investigate these radii for those special finite dimensional systems
that result from Galerkin type approximations of partial differential equations. In this
paper, we investigate numerically and theoretically a number of problems involving
control system radii for Galerkin approximations of three infinite dimensional control
systems. The main goals of the numerical experiments are to provide insight into
the usefulness of system radii and to investigate some open problems concerning the
computation of these radii.

In this chapter, we present a standard example, the heat equation, to illustrate
the basic approach that ultimately produces finite dimensional approximate models
used in the control design. Two methods, finite elements and finite differences, are
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used to construct finite dimensional lumped models. This process is described in
detail for the heat equation. References are provided for the problems described by

the wave equation and the equations of thermoelasticity.

Example 1.1.1. Consider the system governed by the heat equation

24(t,2) = 3o3y(t,2) + e)uld), (1.1.1)

0 <z <1,t>0, with Dirichlet boundary conditions
y(t,0) =y(t,1) =0 (1.1.2)

and initial condition

y(0,z) = T(z). (1.1.3)

Here we assume b(-) and T'(-) are given and belong to L,(0,1). The linear quadratic
regulator (LQR) problem is to find a control u.(:) € L2(0,+00) to minimize the cost

function
J(u()) = %/Ow{/o ly(t, 2)2dz + Rlu(t)]?}dt, (1.1.4)

where R > 0 is a constant. Observe that

T) = 3 [ Al(e I, + Rluto) e (1.15)

is a quadratic functional of y(t,-) and u(-).

It is useful to formulate the control problem (1.1.1)-(1.1.4) as an infinite dimen-
sional control problem. This framework provides the basis for computational and
theoretical results. We shall formulate (1.1.1)—(1.1.3) as a distributed parameter sys-
tem in the Hilbert space Z = L(0,1).

Let A denote the operator defined on Z by D(A) = H?(0,1) N H(0,1) and for
¢ € D(A)

62



3
The operator A generates a Co-semigroup S(¢) on Z. An explicit representation of

S(t) can be found by separation of variables (see [27]). In particular,

[SOTON(=) = D e T(), x())ex(2), (1.1.6)

k=1

where Ay = k272, pi(z) = V/2sin(krz) and (-,-) denotes the standard inner product
on Ly(0,1).
Define the input operator B : R! — Ly(0,1) by

[Bu](z) = b(z)u (1.1.7)

and note that B is a continuous linear operator. It can be shown [9,10,15] that
the heat equation (1.1.1)—(1.1.3) is equivalent to the infinite dimensional system in
Z = Lo(0,1) governed by

z(t) = Az(t) + Bu(t) (1.1.8)

with initial data

2(0) = T(-) € Ly(0,1). (1.1.9)

If one defines the “output operator” C : Z — Z by Cz = z, i.e. the identity

operator, then the output to (1.1.8)—(1.1.9) is given by
y(t) = Cz(1) (1.1.10)
and the cost functional (1.1.5) can be written as
I = 5 [0 + (Ru(e) () e (1111)

or, equivalently, as

Ju() =3 / " {(Qa(8),2(t)) + (Ru(t), u(t) at, (1.1.12)
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where Q@ = C*C. Unless otherwise stated, we shall assume that @ = C*C and C is a
bounded linear operator. In the numerical experiments it is, as for the heat equation
here, always the case that @ =C = 1.

It is important to note that A is self-adjoint and dissipative, i.e.

(Az,2) <0 (1.1.13)

for all z € D(A). Many finite element and finite difference schemes will produce
approximations Ay of A that will also be self-adjoint and dissipative. This feature

can be exploited when one computes certain system radii.

1.2. Finite Dimensional Approximation.

The infinite dimensional control problem (1.1.8)-(1.1.12) can be approximated by
a finite dimensional control problem if one can construct appropriate approximations
of the operators A, B,C and Q. Finite element and finite difference schemes produce
such finite dimensional approximations that satisfy various convergence properties.
Although we shall not address these theoretical issues, it is important to note that
care must be taken to insure that a particular scheme has the proper convergence
properties. The interested reader is referred to [6,17,18,19] and the references therein
for a discussion of this issue. All of the schemes used in this paper have been analyzed
and applied to the LQR problems considered below.

For this paper, it suffices to assume that approximating operators An,By,Cn
and Qn, for N =1,2,..., have been constructed. The distributed parameter control

system, denoted by X,

™.

(t)
y(t) = Cz(t) (1.2.2)

Az(t) + Bu(?), 2(0) = zo (1.2.1)



with cost functional

It =5 [ H(@e(t), =(0) + (Ru(t), ule)as (123)

is then approximated by the lumped parameter “design model”

2N(t) = An2N(t) + Byu(t), 2N0) = 2 (1.2.4)
y" (1) = Cn2™(t) (1.2.5)
with cost functional
1 e N N
In(u) = [TH@nN(0), M)+ (Rut), wo)}et. (126)

Fundamental questions regarding the convergence of control laws computed using
the design model to the optimal control laws for the infinite dimensional system X
have been the subject of several papers (see [6,7,17,18,19]). We shall concentrate on
the control system properties of the design model. There are numerous ways of ap-
proximating infinite dimensional systems. These methods include modal expansions,
finite differences and finite elements. In many cases these methods lead to system
matrices with a very special structure. For example, the matrices produced may be
symmetric, banded, block tridiagonal, etc.. It is possible to use the structure of these
matrices in the design and analysis of the control problem. Since there are many
ways of approximating an infinite dimensional system, it is important to identify
those methods that are robust. For example, if the infinite dimensional system ¥ is
controllable, then the approximating system should also be controllable. Likewise, if
¥ is stabilizable, then (1.2.4) should be stabilizable. The important system properties
should be preserved under the approximations (see [8,9,10,11]).

For the heat equation, it is known that certain finite element and finite difference

schemes preserve controllability, observability, stabilizability and detectability of the



6

infinite dimensional system [9,10]. We now present a detailed description of these two
schemes. The basic approach extends to the other systems discussed in Chapter III.

Let N > 1 and divide the interval [0,1] into N + 1 subintervals [z;, z;4+1], where
z; = yyp for i =0,1,...,N + 1. We shall construct approximations Ay,Bn,Cy
and Qn for the operators A, B,C and Q of the infinite dimensional control system
(1.2.4)-(1.2.6). Recall that A denotes the operator defined on L,(0,1) by D(A) =
H?(0,1) N H}(0,1) and for ¢ € D(A)

62
A(P = '6?(,0

First we describe the finite difference method. Using forward differences we ap-

proximate ¢'(z;) by ¢'(z;) = Mﬂ):%(ﬁ)l where h =

i +1 Thus, the second deriva-

tive is approximated by the formula

() & P = 2"0}? )+ ¢(zi1) (1.2.7)

In order to construct approximations of the operators of the infinite dimensional sys-
tem, we define subspaces of Z = L,(0,1) that are spaces of piecewise linear splines.
Let hN(z) denote the “hat” function which is piecewise linear, continuous on [0, 1]
and satisfies h;(z;) = é;;, where §;; = 1 if 1 = j and §;; = 0 otherwise. The N + 2 di-
mensional subspace ZV of Z is spanned by {AY (-), AY(-),...,AN(*), RN,1(-)} and the
N dimensional space ZY = span {AN(-),hY(-),...,AN(-)} is a subspace of H}(0,1).
One way to think of the finite difference scheme is to view elements ¢(-) € H}(0,1)

as being approximated by »¥(-) € ZY using interpolation, i.e.,

o(z) = N (z) = 299 )hY (z (1.2.8)

The central difference formula (1.2.7) applied to (1.2.8) becomes

o"(z) ~ [ABHN( Z [p(zi41) — 299( i) +o(zi-1)] Y (z). (1.2.9)
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The finite dimensional approximation A% of the infinite dimensional operator A has

the matrix representation AY on Z}' given by

=2 1 0 0 0 0]
1 -2 1 0 0 0
o2 0 -~ 0

AR = 0 0 1 —2 1 0 (1.2.10)
: : : .. 1
0o 0 0 -+ .- 1 =2

Likewise, if T'(-) and b(-) belong to H'(0,1), we construct BY and T by
BY = col(b(zy), b(z3),- .., b(zN)) (1.2.11)
and
TY = col(T(z,), T(z3),...,T(zn)). (1.2.12)

If 2V (t) denotes the vector

zN(t) = col(y(t, z1),y(t, z2),- .., y(t,zN)), (1.2.13)

then the infinite dimensional system ¥ is “approximated” by the N-dimensional sys-

tem X§,

N(t) = ARV () + BRu(t),  2Y(0) =TV, (1.2.14)

yM(t) = In2" (1) (1.2.15)

where Iy is the N x N identity matrix. The cost functional Jn(-) is determined by
setting Q% = Iy. The problem governed by (1.2.14)-(1.2.15) is determined by the
system matrices A, B, CX and the weighting matrix Q¥. We shall abuse notation
and use

T = (A4,B,0) (1.2.16)

and

8 = (AR, BR,CE) (1.2.17)
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to represent (1.1.8)-(1.1.10) and (1.2.14)-(1.2.15), respectively. The initial data is
not represented in (1.2.16)—(1.2.17). The main emphasis of this paper is concerned
with control system properties that are independent of initial data and hence the
information provided by (1.2.16)-(1.2.17) is usually sufficient for the issues considered
here.

The finite difference model £ does not always make sense if b(-) or T(-) does not
belong to Hj(0,1). The finite element scheme is more general. In particular, the basic
idea is to approximate functions ¢(-) € Hj(0,1) by its “least squares projection” onto
Z{¥. This leads to a Galerkin or finite element method.

Since y(t,-) belongs to H3(0,1), we assume an approximation of the form

N
y(t,2) =y (t,2) = 3 N (A (a) (12.18)

i=1
and note that y™(¢,0) = y™V(¢,1) = 0. It is not possible to directly substitute y™ (¢, z)
into the heat equation since h¥(z) does not have a second derivative. Therefore, one
replaces the heat equation by its weak form (see [10,30]) and approximates this form
of the heat equation. Basically, the idea is to multiply both sides of the heat equation
by a “test function”, ¥(-) belonging to H}(0,1), and integrate by parts to produce
the variational form of (1.1.1)-(1.1.3).

Multiplying (1.1.1) by ¥(z) and integrating over [0, 1] yields

/01 %y(t,x)%b(x)d:c = /01 gs;y(t,x);b(z)dx + [/01 b(z)zp(m)dx] u(t). (1.2.19)

If one integrates by parts the first term on the right hand side of (1.2.19), it follows

that

/01 %y(t,z)l/)(x) dr = — /01 %y(t,ﬂ%ﬂﬂ dz + [/01 b(z)y(z) d:r:} u(t) (1.2.20)

must hold for all ¥(-) € H}(0,1). Thus, if y(¢,z) satisfies the heat equation (1.1.1)-
(1.1.3), then (1.2.20) holds for all 4(-) € H}(0,1). Moreover, the Fundamental Lemma
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of the Calculus of Variations [16] implies that if (1.2.20) holds for all ¥(-) € H}(0,1),
then y(¢,z) must be a solution of (1.1.1)-(1.1.3).
Since y™(t,z) belongs to H}(0,1), it can be substituted into (1.2.20) replacing

y(t,z). Moreover, hY(-) belongs to H}(0,1) so (1.2.20) can be approximated by

'o N N ! a N d N
Syt oY (s =~ | =oyV(t,2) b (2)da
° ° (1.2.21)
+ [/ b(z)h?’(z)d:z::l u(t)
0
for each 7 = 1,2,..., N. However, since
N
y(te) =32 (Y (2)
=1
it follows that (1.2.21) is equivalent to
= N LN RN - N Yd oy doy
PIEAC [/0 RY (2)h) () da:] == () UO h (@) =hY (2) da
t=1 1=1 (1.2.22)

1
+ [ / b(z)hY (:z:)dx] u(t)
0
for  =1,2,...,N. Equation (1.2.22) represents N equations in N “variables” that

has the form

zg(t) z{;(t)
%Mﬁ ""“(t) = —KE zQ:(t) + GRu(t) (1.2.23)
2N (t) 2y (1)

where the mass matrix, M }5; stiffness matrix, K£, and input matrix, GE, are given

by
ME = [/01 hﬁ"(z)hf’(z)dzr, (1.2.24)
KE = [/01 %hfv(x);ith’(z)dz}T , (1.2.25)

and

GE = [ /0 1 b(z)hY (x)dx]T, (1.2.26)
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respectively.

After computing the integrals, it follows that

~ -

4 10 0 O 0
1 41 0 O 0
] 014 1 O 0
ME —_ 0 01 4 1 0 1.2.27
NTeN+1) | o o - Ak ( )
: : 1
[0 0 0 1 4]
[ 2 -1 0 0 0 0]
-1 2 -1 0 0 0
0 -1 2 -1 0 e 0
KE=(w+p| 0 0 -1 2 -1 0 (1.2.28)
: -1
. 0 0 o0 -1 2
and N
() W)
GE = (5C), - (0| (1.2.29)
(6(-), AR ()
Consequently, the finite dimensional model becomes (see [10] for details)
ME:N(t) = —=KE2N(t) + GEu(t), 2N (0) = 2, (1.2.30)
where 25 = col((T(-), kY (-)), {T(-), k3 (), {T(-), hF (). Let
A% = —[ME]T'KE, (1.2.31)
BE = [ME)™'GE, (1.2.32)
CE=ME (1.2.33)
and £F denote the following “finite element model”
V() = ARV () + BEu(t), 2N0) = 2y (1.2.34)

y™ (t) = CRz" (). (1.2.35)
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The mass matrix, ME, approximates the identity operator, thus Q¥ = CEZ = ME is
the appropriate weight in Jy(+).

Although both £f and ¥ are often used as (open-loop) approximations of I,
care should be exercised when using =& or ££ in control design (see [7,10]). Questions
concerning open-loop convergence, convergence of control laws, preservation of system
properties, etc., are all important and have been discussed in the literature cited

above. We turn now to the central issue of this paper: the analysis of the systems,

IN.



Chapter II. Control System Radii

2.1. Control System Concepts.
In this section we let ¥, = (A, B,C) denote the linear time invariant finite di-

mensional system
() z(t) = Az(t) + Bu(t) (2.1.1)
" y(t) = Cz(t) (2.1.2)

of dimension n. In particular, A is an n X n real matrix and B and C are n X m and
[ X n real matrices, respectively. Here z(t) denotes the state vector, y(t) is the output
and u(t) is the input or control.

Given initial data zo in IR™ and a control u(t) and L4(0,¢;), the solution to (2.1.1)

with z(0) = z, is given by the variation of parameter formula

t
z(t) = etz +/ eA(t=9) By(s)ds (2.1.3)
0

At At

where e“* is the matrix exponential of A. In particular, e?* is the Cj-semigroup
generated by A (see [27]).
We say that (2.1.1) can be steered from zg to z; if there is a ; > 0 and a control
u(-) in Ly(0,¢,) such that z(0) = z¢ and z(¢;) = z, where z(t) is defined by (2.1.3).
We shall need the following basic definitions of controllability, observability, stabi-
lizability and detectability. Although these definitions are not presented in the most
general form, they are sufficient for the linear time invariant system considered here.
Definition 2.1.1. The system X, is controllable if given z¢,z, € IR*, ¢t; > 0, there
is a control u(-) € Ly(0,t,) such that u(-) steers z(¢) from z, to z; at time ¢;.
Definition 2.1.2. The linear system ¥, is observable if u(t) = 0 and y(¢) = 0 for
0<t<t implies that zo = 0.
Definition 2.1.3. The linear system X, is exponentially stabilizable if there is a

m X n matrix K and positive numbers M and «a such that if u(t) is defined by

u(t) = —Kz(t), (2.1.4)
12
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then the closed loop system

z.(t) = [A — BK]z(t) (2.1.5)
has solutions z.(t) satisfying

lz()] < Me™||z.(0)]| (2.1.6)

for all t > 0.
Definition 2.1.4. The linear system X, is detectable if there exists a n X k¥ matrix

F and positive numbers N and é such that if z.(¢) satisfies
z.(t) = (AT = CTFT)z () (2.1.7)

then

lze(t)ll < Ne~*||z(0)]| (2.1.8)

for all t > 0.
Although there are several equivalent notions of matrix norms, we shall always
use the spectral norm.
Definition 2.1.5. Let M be a p x ¢ complex matrix. The spectral norm of M is
defined by
M|l = sup [[Mz|s, (2.1.9)

ll=|l>=1

where ||z||; denotes the standard Euclidean norm on @7 and €?. Note that €” consists
of all p-tuples where each p-tuple is a complex number.
The following theorems provide the basic link between the system properties and

the system matrices. Proofs of these results may be found in [20,29].

Theorem 2.1.1. The linear system L, is controllable if and only if the controllability
matrix

CM = [B,AB, A®B, ... A" 'B] (2.1.10)
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has rank n.

Theorem 2.1.2. The linear system ¥, is observable if and only if the observability

matrix
C
CA
OM = | CA* | = [CT, ATCT,(A)TCT,. .. (A HTCoT|T (2.1.11)
C A
has rank n.

The following theorem may be found in [2]. We give the proof here because it

provides some insight into the theorems on controllability radii that follow.

Theorem 2.1.3. Let
H(A\) =[M - A, B]. (2.1.12)

The linear system X, is controllable if and only if rank H(X) = n for all A € C.

Proof: First assume that X, is controllable, then by Theorem 2.2.1
rank(B,AB,A’B,...,A"'B] = n. If v"'B = 0 for some v* # 0, then
v*[AB, A®B,..., A" 'B] # 0. Therefore, there is a p such that 1 < p < n -1
and v*APB # 0. Thus, one of the vectors A*v, (4*)%v,...,(A")* v is not orthog-
onal to the column space spanned by B. Suppose v is an eigenvector of A*. Then
(A — A*)v = 0. Therefore A\v = A*v and so B*Av = B*A*v. However, recall that
v*B = 0 and thus B*Av = 0. Consequently, B*A*v = 0 or v*"AB = 0 which requires
all vectors A*v, (A*)%v,...,(A")" v to be orthogonal to the column space spanned
by B. Therefore v must not be an eigenvector of A*. Thus, (Al — A*)v # 0 for all A,
so v*(Al — A) # 0 for all A, and hence rank H(\) = rank[Al — A, B] = n.
Conversely, if rank H()\) = n, then we first show that A* has no nontrivial
eigenvector orthogonal to the column space of B. The proof of the converse will

follow from this fact. Hence we assume A* has a nontrivial invariant subspace, S,
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orthogonal to the column space of B. We will show that there is an eigenvector of
A" which is in S. Let v be a nonzero vector in S. Thus v, A*v,...,(A*)" v are
orthogonal to the column space of B. If m denotes the smallest integer kksuch that
v, A*v,...,(A*)*v are linearly dependent, then there exits ao, ay, ..., a, Z lai| # 0
and agv + a1 A*v+ -+ a,(A*)™v = 0. Let g be a root of ag +ayz+--- -{j::zom =0so
that ag + a1 +---+ pu™ = 0. Let by, by,...,bn—1 be such that

bm—l = -1
bz = —am_1 + F’bm—l

bm-—3 = —am-2 + ,me—2

bp = —ay + pb,.
Then puby = —pay — pa; — -+ — u™ = ag and it follows that
ag = pbg
ay = puby —bo
az = pby — by

Am—-1 = l‘bm—l — bm_2.

Therefore, ubov + (uby — bg)A®v + -+« + (b1 — bn_2)(A*)™ v — b1 (A*)™ v =0
and hence (uI — A*)(bov + b A"v+ - -+ by_1(A*)™"1v) = 0. Consequently, a nonzero
eigenvector of A is orthogonal to the column space of B. However, we know A* has
no eigenvector orthogonal to the column space of B. So, by contradiction, A* has no
nontrivial invariant subspace orthogonal to the column space of B.

Now suppose v*B = 0 for some v # 0. Then either v or A*v or ... or (4*)"v

is not orthogonal to the column space of B. Suppose (A*)¥v is not orthogonal to
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the column space of B, then [(A*)*v]*B # 0. Therefore, v*A*B # 0 and hence
v*[B,AB,..., A" 1B] # 0. Therefore, it follows that rank H()\) = rank[B, AB, ..., A" 1] =
n and this completes the proof of the theorem.
If K(A) denotes the matrix
K()\) = [AI - AT, CT), (2.1.13)
then Theorem (2.1.2) yields the following result.

Theorem 2.1.4. The linear system I, is observable if and only if rank K(A) =n
for all A € C.

The above proof may be modified to yield the following results.

Theorem 2.1.5. The linear system L,, is stabilizable if and only if rank H(A\) = n
for all A € € with Re()) > 0.

Theorem 2.1.6. The linear system %, is detectable if and only if rank K(\) = n
for all A € €@ with Re(A) > 0.

It should be noted that controllability is a generic property. In particular, if the
system L, is controllable, then £, remains controllable under sufficiently small per-
turbations of A and B. It is important to know the size of the smallest perturbations
that change the controllability of a system. As noted in [1,12,14,21,22,23] this can be
useful in the numerical analysis of algorithms for control design. If the distance be-
tween a controllable system and an uncontrollable system is large then “small” errors
in data defining the system, matrices A, B and C, will not destroy controllability.
Numerical algorithms which assume a specific system property such as controllability
or stabilizability can be expected to be numerically ill-conditioned if the system is
nearly uncontrollable (or nearly unstabilizable). The basic idea is discussed in the
papers by Laub [21,23] and Demmel [12,13]. We turn now to the precise definitions

of system radii.
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2.2. System Radii.

As noted previously, if the distance between a controllable (observable, stabiliz-
able, detectable) system and an uncontrollable (unobservable, unstabilizable, unde-
tectable) system is small, then the control problem may be numerically impossible
to solve. System radii may provide some measure of ill-conditioning. As noted by
Laub [21,23] and Demmel [12,13] the “condition number of the control problem” is
often inversely proportional to the distance from that problem to the nearest ill-posed
problem. Therefore, if the distance from the control problem to the nearest ill-posed
problem is small then one would expect the condition number to be large, hence
ill-conditioned.

Let ' be the set of all complex “systems” of dimension (n,m,k). Thus, £ =
(A,B,C) € Tif A, Band C are n xn, nxm and [ xn complex matrices, respectively.

In particular,
I'={Z=(A4,B,C)Ae ™, BeQ™™, CeC*}. (2.2.1)
Let © C T denote the subset of real systems,
Q={Z=(4,B,C)eT|Ae R™", Be R™™, C € R™*"}. (2.2.2)

Let ! = (A, B;,C1) and £2? = (Ag, B;,C;) belong to I'. We define the distance

between X! and £? by
§(ZY, 2% = ||(A1 — Az, By — By, Cy1 — Cy)|a (2.2.3)
If £ €T and S is a subset of T', then the distance between ¥ and S is defined by
d(Z,S) = inf{§(Z,X7) | &7 € S}. (2.2.4)

Let N. C T be the set of all complex systems that are not controllable, N, C T

be the set of all complex systems that are not observable, N, C I' be the set of
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all complex systems that are not stabilizable and Ny C T’ be the set of all complex

systems that are not detectable, or equivalently,

N, = {Z € T|(A, B) is not controllable}, (2.2.5)

N, = {£ € T'|(A,C) is not observable}, (2.2.6)

N, = {Z € T'|(A, B) is not stabilizable} (2.2.7)
and

Ny = {Z €T|(A,C) is not detectable}. (2.2.8)

Given ¥ € I, we define the (complex) controllability radii, 4.; observability radii,

v.; stabilizability radii, «,, and detectability radii, «4 by

Te = 71.(E) = d(E, Ne), (2.2.9)

Yo = Y(L) = d(E, N,), (2.2.10)

Y = 1(E) =d(E, N,), (2.2.11)
and

va = 74(Z) = d(Z, Ny). (2.2.12)

These radii provide numerical bounds on the errors that can be tolerated in the data
defining the system matrices A, B and C and still guarantee the respective system
property. Also, these radii provide some measure of the numerical ill-conditioning of
the various control design algorithms used to solve the control problems defined by
Y =(4,B,0).

We note that system radii are useful only if they can be computed. One of the
main goals of this paper is to investigate this issue for systems that result from finite
dimensional approximations of infinite dimensional systems. Let omin(M) denote the

minimum singular value of the matrix M. The following theorems may be found in

[14].
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Theorem 2.2.1. If ¥ is controllable, then

Ye =7(E) = rjleig{amin[H(’\)]}- (2.2.13)
Alternatively,
2 _ .
7(Z) = min [§(z,y)]
where

8(z,y) = {|ATz|* + [|ATy|)* + | B =|* + | BT y||}
—{[z7 Az +yT Ay)® + [zT(AT - A"} (2:2.14)

and

U ={(z,y) € R* x R* | ]| + lyl| = 1}. (2.2.15)
Theorem 2.2.2. If ¥ is stabilizable, then

1= 0(E) = min {omalHO)]. (2216)

Even with the above theorem, 4. and v, may be difficult to compute, especially
for large systems. Note that the measures, 5. and +,, allow for complex perturbations
of A, B and C because H(\) must have maximal rank for all complex A. Therefore, it
may happen that the minimum-norm rank reducing perturbation (6(A), é(B),(C))
is complex. Thus, one must include complex matrices in I'. Sometimes it is desirable

to allow only real perturbations. Therefore, we define the (real) radii by

we =w(X) =d(E,N.NQ), (2.2.17)

w, = we(E) =d(Z, N, N N), (2.2.18)

ws = we(X) =d(Z,N,NQ), (2.2.19)
and

weg = we(X) =d(E,Na N Q). (2.2.20)

The following result may be found in [20].
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Theorem 2.2.3. If ¥ is controllable, then ¥ is stabilizable.

Theorem 2.2.3 implies that the distance from a system £ to an uncontrollable sys-
tem is always less than or equal to the distance from the system ¥ to an unstabilizable
system. In other words,

Ye < Vs (2221)

and

we < w,. (2.2.22)

Note also that restricting the system to be real and allowing only real perturbations
yields
Ye < we (2223)

and

¥s < w;. (2.2.24)

There may be a significant difference between the various measures.
Much work has been done on the problem of expressing these measures by com-
putable representations. Some of the attempts to find representations for w, and w,

have produced erroneous results. Boley and Lu [4] gave the following characterization
e = min{mal HOV)).

The following is a counterexample and may be found in [10].

Example 2.2.1. Let 0 < € < 1 and define

A:[[l) “é] and B=[5].

Note that w, = ¢ < % since
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and a system is controllable when rank[B, AB] = n. Note that in general for an
arbitrary A, w. < e.
Observe that

2 2
HOHO = | X Fate A,

Therefore we can see that the minimum singular value of H()), which is the min-
imum of the positive square roots of the eigenvalues of the matrix H(M\)[H(M)]T, is
VA2 + 1. So 0min[H(A)] = VAT +1 and g'éig{am[H(x\)]} =1 Thusw. <} <1=
q'éz'lrzz{a'uﬁn[H(/\)]}. In other words, for this example we have w, < g’éz'frlz{anﬁn[H()\)]}.

The following results may be found in the papers by Burns and Peichl [2,10].

Theorem 2.2.4. Assume that £ = (A, B,C) € T is controllable.
(i) If A= A*, then

Yo = &Iéiél{anﬁn[H(A)]}. (2.2.25)
(i) If A= —A~, then
Ye = {\Téilr%{amin[H(iA)]}. (2.2.26)

(iii) X = (A,B,C) € Q and A = A7, then

Ve = We = I,\xgg{a“"“[H(A)]} (2227)

Theorem 2.2.5. Assume that £ = (A, B,C) €T is stabilizable and let Rt = {) €

R|A > 0}.
(i) If A= A*, then

Vs = Arélli{r;{amsn[l’:f(A)]}. (2.2.28)
(i) If A= — A", then

Yo = min{omin[H (iA)]}- (2.2.29)

(iii) f L = (A,B,C) €  and A= AT, then

Vs = Wy = Aréllizri{d“““[H(/\)]}' (2.2.30)
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Corollary 2.2.1. If £ = (A, B,C) €  is stabilizable, A = AT and zTAz < 0 for
all z € IR™, then
Ws = Ys = Urmn[H(O)] = amin[A, B] (2231)

Corollary 2.2.1 has applications to a wide variety of models that result from finite
element and finite difference approximations of the heat equation. Many finite element
and finite difference approximations of the heat equation produce real, symmetric A
matrices that satisfy z7 Az < 0. It is important to note that none of the system radii
are invariant under general similarity transformations. In particular, let T € IR**"

be nonsingular. If A = T~'AT, B = T-'B and C = CT, then it may happen that

7e(A, B) # 1.(4, B),

(A, B) # 1:(A, B),

¥o(A, C) # 7o(A, C)
and

7d(Aa C) # 7d(;1’ é)

If T is unitary, then all of the measures are preserved under transformations.

2.3. Balancing and Model Reduction.

In this section, we review the basic concepts of balancing and model reduction.
The reader is referred to the papers [22,26] for complete details.

Given a system £ = (A, B,C) and a nonsingular mapping T : R® — RR", the
transformation

w(t) = T 'z(t) (2.3.1)
produces a state space model of the form
w(t) = [T7'ATw(t) + [T~ Blu(t) (2.3.2)

y(t) = [CTw(t) (2.3.3)
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which has the same input—output relation as the system ¥ = (A, B,C). In particular

if
A =T AT, (2.3.4)
B=T"'B, (2.3.5)
and
C =CT, (2.3.6)

then ¥ = (A, B,C) and £ = (A, B, C) share the same system properties. For exam-
ple, T is controllable if and only if £ is controllable, etc..
Since we are interested in the LQR problem, we note that the transformation

(2.3.4)-(2.3.6) produces an equivalent LQR problem provided J is replaced by

1

Ju() = / " {(@ue),w(®) + (Ru(®),ut) } dt (2.3.7)

where

Q=T7QT. (2.3.8)

If one solves the LQR problem defined by (2.3.2)-(2.3.3) and (2.3.7)-(2.3.8) for the
optimal gain K, then the optimal gain K for the original LQR problem is given by

-~

K = KT (2.3.9)

Proofs of the above statements follow by direct substitution of w(t) = T~'z(t) into
the fundamental equations.

We shall be interested in several transformations. However, one transformation
often used in control system design is the balancing transformation. In order to define
this transformation, we first note that the system is required to be exponentially sta-

ble. If ¥ is exponentially stable, then the controllability and observability grammians



24

are given by

Wf:/ eAtBBT ATt dt (2.3.10)
0
and

W2 = / eATICTC et dt, (2.3.11)

o
0
respectively. It follows that W? and W? are the unique symmetric, positive definite

matrices which satisfy

AW? + W2AT = —-BBT (2.3.12)

and

ATW?2 + W?2A = -C7C, (2.3.13)

(see [26]). The following definition can be found in [26].
Definition 2.3.1. A system £ = (A, B,C) is said to be (internally) balanced if

there exist a diagonal matrix

A = diag {?,52,...,02 (2.3.14)

n

such that W2 = W2 = A,
If ¥ is controllable and observable, then there exists a nonsingular transformation
T, such that £ = (A, B,C) defined by A = T, 'AT,, B = T;'B and C = CT,

is balanced (see [26] for details) and A = W2 = W? = diag {0?,02,...,02} where

0?,02,...,0? are the Hankel singular values for X.

MATLAB was used for our numerical experiments. The file BALREAL.M, using
Laub’s algorithm, constructs the balanced system %= (A, B,C ) given the exponen-

tially stable system £ = (A, B,C). A vector is also produced containing the diagonal
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of A ordered such that 02 > 62 > --- > ¢2. The balancing matrix T} is also returned.
We note that in MATLAB 386, BALREAL.M returns the incorrect 7;. However,
it is rather simple to modify BALREAL.M so that the correct transformation T
is returned (remove the line t = ¢(z,2) and replace it with ¢ = ¢ * In(:,:) where
In = eye(n)). Note also that the correct transformation 7} is needed to construct Q
from Q and K from K.

After balancing the system X it is possible to apply a model reduction technique
to the balanced system . The basic idea is to eliminate those states corresponding
to the “smallest singular values ¢2.” If the last k singular values 03,07_,,...,0%_,,,
are “small” compared to ¢?,03,...,02_,, then the model reduction scheme proceeds

as follows. The system

w(t) = Aw(t) + Bu(t) (2.3.15)
y(t) = Cw(t) (2.3.16)
is partitioned into the system
)=zl [s] (B0 e
y(t) =& ] [;’;8] (2.3.18)

where w,(t) is a vector of dimension k corresponding to the “smallest” singular values.

Therefore,

11)1 (t) = Auwl(t) + Au'ﬂ)z(t) + BIU(t) (23.19)

and

wa(t) = Aqwy(t) + Apwa(t) + Byu(t). (2.3.20)
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The next step in model reduction is to set wy(t) = 0. Hence (2.3.20) becomes

wy(t) = — A} Aqywy(t) — Azl Byu(t) (2.3.21)
and by substitution
wy(t) = Agw;(t) + Bru(t) (2.3.22)
and
y(t) = Crw(t) + Dgu(t) (2.3.23)
where
Ap = An — AAz; A,
Br = By — Ay Az} B,
Cr=C1— C2A7} An
and

This process leads to the reduced order system £p = (AR, Br, Cr, Dgr). Observe that
we have an extra term, Dgu(t), in our reduced output equation.

Again, we are concerned with solving the LQR problem for the reduced order
model. In order to do so, the cost function J must be modified to account for the
term Dgu(t) in the output.

If (2.3.21) is substituted into the cost function J, then the integrand becomes

dw, w u,u) = (w; w Qll le] [wl] uT Ru
Qo)+ (Ru) = [ wn] [0 Q) [1n] 4 o7

T
= wlTQRwl + w; Npu + uf Rpu

= (Qrw1, w1) + (w1, Nru) + (Rpu,u).
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Consequently, the appropriate cost function for the reduced order LQR problem has

the form
Jr(u()) =
= 3.
% / {Qrwi(t), w1 (t)) + (w1 (t), Nru(t)) + (Rru(t), u(t))} dt (2:3.24)
where

Qr = Qu — QuAz An — AL (A7) Qn + AL (A7) Qe Az An,
Nr = AL(A3NT(Q%, + Q) A5 By — [Qu: + QL) A7 B,

and

Rr = BT (A7) Q2 A3 B2 + R.

If Kgr denotes the optimal gain matrix for the reduced order LQR problem, then
we construct a “suboptimal” gain for the full order balanced system by augmenting

Kpr with k£ zero columns, i.e.,

Kb-——[KR S0 Y0 ... 0]. (2.3.25)

In the next chapter, we present the results of several numerical experiments based
on using balancing and model reduction to compute optimal feedback laws. We note,
however, that the reduced order LQR problem has cross terms and that these terms
should be accounted for so that the reduced LQR problem provides an accurate

approximation to the full LQR problem.



Chapter III. Numerical Experiments

3.1. Introduction.

In this chapter we present the results of several numerical experiments for three
different control systems. The goal of this effort is to provide some insight into the
problem of computing system radii for finite element approximations of parabolic,
hyperbolic and hybrid systems. We restrict our attention to finite element approx-
imations and refer the reader to [9,10] where finite difference schemes are discussed
and compared with finite element models.

MATLAB was used to construct the basic finite element models. Various MAT-
LAB routines from the Control Toolbox were used for balancing, model reduction

and solving the LQR control problems.

3.2. The Heat Equation.
The problem we consider here is the control problem for the heat equation dis-

cussed in Chapter 1. In particular, we consider the problem

a ok

E (t, I) = ﬁy(tvx) + ‘ru(t)a (321)

0 <z <1,t>0, with Dirichlet boundary conditions
y(t,0) =y(¢,1) =0 (3.2.2)
and cost function

Ju) =5 [ s + R a (3.2

where R = 1.0 x 1078,
If one applies the finite element method to this system then the approximate
control problem is governed by the “raw finite element” model (1.2.34)-(1.2.35). In
28
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particular, if Ay = A%, By = BE and Cn = C§ = Qn are defined by (1.2.31)-

(1.2.33), then the finite element system (of dimension V) is given by
Zn = (AN, Bn.CnN). (3.2.4)
We shall also make use of the balanced realization of (3.2.4) which we denote by
Sn = (AN, Bn,Cn). (3.2.5)

If £ is an integer with 1 < k& < N, then the reduced order model obtained by

eliminating k states of the balanced system 3y is denoted by
Sk = (4k, BY, CX, D} (3:26)

Observe that }_:J)’i, has dimension N — k.

We shall make use of the matrices

HN(/\) = [AI - AN$ BN]’ (32.7)

Kn(X) = M - A%, CF), (3.2.8)

Hy(\) = [M — An, By] (3.2.9)
and

Kn()) = [A - AL, CT). (3.2.10)

Moreover, the functions that compute the corresponding minimum singular values

are denoted by

FN(A) = omin[Hn(A)], (3.2.11)
GN(A) = Tmin[KN(N)], (3.2.12)
Frn(A) = Omin[Hn(N)] (3.2.13)

and
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Gn(N) = omin[KN(N)], (3.2.14)

respectively.

Observe that since Ay is symmetric, real and dissipative, Theorem 2.2.4, part
(iii) yields

1 = 7(En) = min Fy(A), (3.2.15)
and by duality,
7% = %(En) = minGn(}). (3.2.16)

We note that the balanced system matrix Ap is not symmetric and hence Theorem

2.2.4 cannot be applied to compute the radii

'3':1 = 7c(i:N)

and

AN = 4,(EnN).

All of the numerical results presented in this paper are based on an algorithm
for computing Fnx(A), Gn(A), Fn(A) and Gy () for A in a specified rectangle in the
complex plane. The particular code (CONT2.M) used in the calculations is a modified
version of a code first developed by Gunther Peichl. No attempt was made to use
optimization packages to compute the various radii. It will become clear from the plots
of the surfaces z = Fn(A), z = Gn(A), etc., that standard optimization algorithms
have trouble with problems of the type considered here. In particular, Fyx(A), Gn(A),
Fx()) and Gn()) can have multiple local minima and “corners”. Table 3.2.1 contains
values for v, vV, 4" and 4Y for increasing values of N. Observe that, as noted in [9],

N and v converge to 0 as N — co. Moreover, the same appears to be true for 4
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and 4. Balancing does improve v but greatly reduces 7. In particular, 4% is two
orders of magnitude smaller than vV, v or 4. Hence, £y is nearly unobservable.
Note that the MATLAB algorithm BALREAL.M in the Control Toolbox failed to
balance the raw finite element model £y for N > 16. This can be partially explained
by the fact that !¢ and 4! are “small” and hence ¥;s is near an uncontrollable
and unobservable system. Consequently, one would expect that balancing ¥6 is a
numerically ill-conditioned problem.

Figures 3.2.1, 3.2.4, 3.2.7 and 3.2.10 show that, as expected from Theorem 2.2.4,
the controllability and observability radii are given by (3.2.15) and (3.2.16), respec-
tively. The minimum always occurs on the (negative) real axis and is near an eigen-
value of An (see [2,10]). Figure 3.2.2 contains the plot of F4(A) for real A satisfying
240 < A £ 0. Figure 3.2.3 is a scaled version of 8.2.2. Similar plots for G4(A), Fs(A)
and Gg(A) are given in Figures 3.2.5, 8.2.6, 8.2.8, 8.2.9 and 3.2.11. The same series
of plots for the balanced case are presented in Figures 3.2.12-3.2.24.

It is interesting to note that although Theorem 2.2.4 can not be applied to the
balanced system Ly, the minima of Fyx()\) and Gn()) also occur on the (negative)
real axis. Observe that for the raw finite element model the minimum defining
and vV occurs near the eigenvalue of largest magnitude. However, this is not the case
for the balanced system Ly, where for N > 4, 4N is obtained near an eigenvalue of
smaller magnitude.

We ran several numerical experiments of this type with similar results. Based on
these numerical results we concluded that balancing the raw finite element model as
a first step to model reduction can be numerically ill-conditioned. Also, even though
Theorem 2.2.4 does not apply to the balanced system SN, we conjecture that the
minimum of Fx(A) and Gy () occurs on the real axis. We leave this as a conjecture

and note that a similar observation will be made for certain transformed finite element



models for the wave equation.

Table 3.2.1 — Controllability and Observability Radii
N oAl AN vy N
2 47131 .33469 .16667 .22899
4 25881 .22885 .07940 .06555
8 11759 15311 03927 .00663
10 .08838 .13509 .03153 .00196
12 .06942 12229 .02639 .00060
14 .05634 .11264 .02271 .00020
16 .04688 — .01994 —

We also computed stabilizability and detectability radii, v~ and v}, for increasing
values of N. Table 3.2.2 contains these radii for the raw finite element model and the
balanced model. Observe that 4¥ = 4¥ for all values of N. Moreover, it appears
that vV, 4%, 4N and 4}’ are converging to a value of approximately 10 which is close

to the magnitude of the eigenvalue with the smallest magnitude for all values of N.

Table 3.2.2 - Stabilizability and Detectability Radii

N oA oA Ta o

2 10.8333 10.6325 10.8036 10.6325
4 10.2512 9.9300 10.2001 9.9300
8 10.0631 9.6515 9.9708 9.6515
10 10.0499 9.6098 9.9373 9.6098
12 10.0509 9.5857 9.9180 9.5857
14 10.0590 9.5705 9.9060 9.5705
16 10.0711 — 9.8979 —

The optimal control that solves the LQR problem, (3.2.1)-(3.2.3), is given in
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feedback form
u*(t) = -/1 g(z)y(t,z)dz (3.2.17)

0
where the function g(-) belongs to L2(0,1). The optimal control u*(t) is completely
determined when the functional gain g(z) is known (see [7,19,24]). One approach
to computing g(z) is to replace the LQR problem by an approximate LQR problem
governed by one of the approximating systems Xy, $n or a reduced order model
based on the model reduction scheme outlined in Section 2.3.

Given that the appropriate assumptions are satisfied by the approximation scheme,
then it can be shown that this approach to estimating the functional gain g(z) con-
verges as N — oo (see [7,19,24]). Moreover, the finite element scheme satisfies the
conditions sufficient to imply convergence of this method. Convergence of these sub-
optimal functional gains has been well studied and we shall not address this issue.

We conducted a number of numerical experiments where various reduced order
models were used to compute approximate functional gains. Figure 3.2.25 illustrates
a typical result. The solid line is the approximate functional gain computed by using
the full (raw) finite element model with N = 24 elements. We note that this is a
“converged” solution in that g(z) computed by N = 32 and N = 64 elements are
identical to the N = 24 case. Hence, we have that the solid curve represents the true
optimal functional gain.

For comparison, the dotted line is the approximate functional gain computed using
the full (raw) finite element model of dimension 6. The other two approximations
were based on the reduction scheme given above. We constructed the N = 12 raw
finite element model, balanced this model and then eliminated 6 (i.e. kept 6) states
and 8 (i.e. kept 4) states to produce 6 and 4 dimensional design models, respectively.

Observe that the reduced order models of dimension 6 and 4 produced a better

estimate of g(z) than the full raw N = 6 finite element model. Thus, a model of
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dimension 4, obtained by the model reduction scheme, produced a better design than
the raw finite element model of dimension 6.

At first glance, this may seem like a much improved approach to computing func-
tional gains. However, note that the controllability and observability radii approach
zero as N — oo so that balancing becomes numerically ill-conditioned. As noted
above, BALREAL.M could not balance the N = 16 raw finite element model. On the
other hand, the stabilizability and detectability radii for these systems are bounded
away from zero. Hence, the LQR problem for the raw finite element model is numer-
ically well-conditioned.

Examples of this nature provide some insight into the trade offs between the
ability to solve “large” LQR problems based on “raw” finite element models and the

ability to balance and/or reduce these models.



35

1'Z°S FUNOI

Q0N ;-
Y
|5

300N 34 MVY “¥=N
NOILVNO3 LV3IH FHL ¥0O4 JOV4INS ALITIGVTTI0d1INOD




36

0 G 0G-

¢S 46NN
SIXY |POY

| S S S A

T

T LA T

300N -

X WA HO-

[SS )

LA T T

A MY el
()& 40 1071d

Golb - 061 G 1L - 000

C

PG

0

Jl
T (@

T

T

T

e

Y




37

0

G-

06—

¢C e 4dNoid
SIXy |DBY
GL~—-

T T T T T T 1 T T

13d0NW 34 MV =N
X V3N ¥04 ()6 40 1071d

T

T

T

T

| . !

| W SO SR S L

A

e

00l— SCl— 0Sl-- G/ Ll— 00Z~ GZZ— OG-

00
S0
01
Gl




38

b2 e NN

130J0NW 34 MVY -¥=N

NOILVNO4 1v3H FH1L 404 JOV4NS ALIMNEVAYISEO

0T
N




39

o e e

5z

§°¢°¢ 3d4N9ol
SIXY [D9Y

0G-- G/— 00l— GZl— 0Gl— G/ l— 002~ GZZ— 0GZ-

1300 34 MV “b=N
Y V3 404 (V)& 40 LO1d

0
9




40

06—

9°C'¢ 44Noid
SIXYy DDy

G/~ 00Ll—-GZl— 0Gl— G/ 1l— Q0% G2

T

T T T ¥ T T T T T L T T T

1340 34 MV =N
Y IVAY 404 ()& 40 1C1d

0'S




41

CONTROLLABILITY SURFACE FOR THE HEAT EQUATION
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OBSERVABILITY SURFACE FOR THE HEAT EQUATION
N=8: RAW FE MODEL
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DEL

CONTROLLABILITY SURFACE FOR THE HEAT EQUATION
N=8: BALANCED FE MO

FIGURE 3.2.18
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3.3. The Wave Equation.
The problem we consider here is the control problem for the wave equation. In

particular, we consider the problem

7] 0?
-a?y(t,x) = ﬁy(t,x) + zu(t), (3.3.1)

0 <z <1,t>0, with Dirichlet boundary conditions
y(ts 0) = y(t7 1) =0 (3’32)
and cost function

sao) =3 [ {”gy(t, )

where R = 1.0 x 1076.

+ H%y(t,-) +R|u(t)|2} it (3.3.3)
L,

L2

If one applies the finite element method, as described in Section 1.2, then the

approximate control problem is governed by the “raw finite element model”

V() = [—[ME%‘IKE Ig’] M) + [[M,e]o-lc;f,] u(t) (3.3.4)
= AE2N(t) + BEu(t) (3.3.5)
WM (1) = [135 A‘{)g] () (3.3.6)
= CEZN(t) (3.3.7)

where the mass matrix, M£; the stiffness matrix, K%, and the input matrix, G%, are
given by (1.2.27)-(1.2.29) (see [3]).
In particular, if Ay = AK, By = B and Cx = CE = Qn, then the finite element

system of dimension 2N is given by

Y~ = (An, Bn,CnN) (3.3.8)
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We shall also make use of the transformed system

Sy = (An, By, Cy) (3.3.9)
defined in (2.3.4)-(2.3.6) where
El-3
T = [[K%] [Mg]_%] . (3.3.10)
N
Thus by (2.3.4)
Ay = 0 [KRIE (M) )

We will make use of the matrices

Hy()) = [M - An, By, (3.3.12)

Kn(\) = [M - A%, CT), (3.3.13)

Hn(X) = [M — Ay, By] (3.3.14)
and

Kn()\) = [\ — A%, CE). (3.3.15)

The functions that compute the corresponding minimum singular values are de-

noted by
fN(/\) = Umin[Hn(/\)]a (3316)
GN(A) = Tmin[Kn(N)], (3.3.17)
Fn(A) = omin[Hn ()] (3.3.18)
and

GN(A) = o KN (V)], (3.3.19)
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respectively.

Observe that since Ay = —[Ayn]T, Theorem 2.2.4, part (ii) yields

~N __ d _ . jod .

¥e =7(En) = min Fn(id) (3.3.20)
and by duality,

AN = 1,(En) = man Gn(iN). (3.3.21)

We note that Ay # —AX and hence Theorem 2.2.4 cannot be applied to compute

the radii

7Y = 7.(Zn)

and

7Y = 7.(En).

The same code (CONT2.M) mentioned in the last section was used for computing
Fn(A), Gn(A), Fn(X) and Gy(A) for A in a specified rectangle in the complex plane.
Table 3.3.1 contains values for vV, vV, ¥ and 7V for increasing values of N. Observe
that vV, 4% and 4V are converging to 0 as N — co. However, 7V does not appear to
be converging to 0 nearly as rapidly as vV, v~ and 4. In fact ¥V was only reduced
by approximately 7.0 x 107° from N = 4 to N = 16. The transformation improves
7Y and greatly improves .

Figures 3.3.6 and 3.3.8 show, as expected from Theorem 2.24, that the trans-
formed controllability and observability radii are given by (3.3.20) and (3.3.21), re-
spectively. The minimum always occurs on the imaginary axis and is near an eigen-
value of Ay. Figure 3.2.7 contains the plot of f'g(i/\) for real A satisfying 0 < A < 32.
A similar plot for Gg(iA) is given in Figure 3.2.9. The same series of plots for the

original finite element case are presented in Figures 3.3.1-3.3.5.
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It is interesting to note that although Theorem 2.2.4 cannot be applied to the
original finite element system ¥y, the minima of Fy()) and Gy () also occur on the
imaginary axis. Observe that for the raw finite element model the minimum defining
42 and 42 occur near the eigenvalue whose norm is of largest magnitude. However,
this is not the case for the transformed system £g where 42 is obtained near an
eigenvalue of smaller magnitude. It is also interesting to note that all of the local
minima for Gg()) are almost equal.

Based on our numerical results, even though Theorem 2.2.4 does not apply to
the raw finite element model, we conjecture that the minimum of Fyx(A) and Gn(A)

occur on the imaginary axis.

Table 3.3.1 — Controllability and Observability Radii

N " A " 3
4 .01702 05152 39567 1.00000
8 .00393 01647 27941 1.00000
16 .00081 .00472 .19943 1.00000




64

r— - T TR T s e *’"1‘
=
9
! — '
<C ;
)
C §
L i
= |
< i
= |
Ll |
T |
B i
o M
O = My
0o ;
O% % ;
| gm o
Ire TR
2 L
=
% |
O
@) |
0’ :
‘—- !
Z |
O
. O :
i X . . 0 ‘
v <o S0 <o O |
QOwe ]
' I
! !
L |
S |




65

¢'¢C 34Nl
SIXY \Coc_@oE_
0'ce BBc 9Ge v'dc m_, 09l 8¢

>§\ \/

1340V 34 MYy :8==N

Y IVAEY 504 (VD)6 40 L0

J i

i

b N R ¢

1

TS

i

00

o

¢0
¢0

L0
80
6°0
01



66

¢'¢¢ 44N9ld
sixy Aiouibow
0°¢c¢ 88¢ 9GZ ¥<¢¢ 7261 091 8ClL 96

T T T I ¥ T T T T T T T T T

|

| T30 34 My :8=N

w fﬁmmoiéﬁgoi
m

S W S . |

_

S S S N

L

00°0
10°0
200
€00
r0'0Q
SO0
L0°0
80°0
60°0
0L0




67

OBSERVABILITY SURFACE FOR THE WAVE EQUATION

RAW FE MODEL

N=8

O

FIGURE 3.3.4
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3.4. The Equations of Classical Thermoelasticity.
The problem we consider in this section is motivated by the paper [5,7,19,24,25].
The system consists of the basic equations of thermoelasticity with Kelvin-Voight

damping terms. For a rod of length 1, the system governed by the hybrid system

2 2

0 0 0 d
pﬁy(tﬁt) _51: (’\ - 2#)a_zy(t7x) - 5ata$y(t’$)

— a3\ + 2;1)%0(1&, z) + b(z)u(t) (3.4.1)
B oit.2) =i Zob(t,2) — 0,0(3) + 24) 2yt 2) (3.4.2)
pcat ,2?)— 9z2 ,.’E)'— o 2 &azy » T < T,

where for 0 < § < 400, the term ﬂE%;y(t,:c) provides Kelvin—Voight damping.
In the results presented below the numerical constants are chosen to be the same
as used in [19] for an aluminum rod of length 1. In particular, p = 9.82 x 1072,
A=206x10", u=111x10",a=129x10"3,c¢=5.40x 1071, K = 7.02 x 1077,
8, = 68, ¢ = 30 and B = 1.8 x 10™%. For these values, a(3) + 2u) = 1.085 x 1073
is the coupling parameter between (3.4.1) and (3.4.2) and represents the “amount of
coupling” between the “hyperbolic equation™, (3.4.1), and the “parabolic equation”,
(3.4.2).

The input function d(z) is given by

1, 4<z<.435
b(z) = { 0 , elsewhere (3.4.3)

and is the same as used in [19]. The boundary conditions for (3.4.1)-(3.4.2) are
(Dirichlet)

y(t,0) = y(t, 1) = 6(t,0) = 6(t, 1) = 0 (3.4.4)
and the “output operator” is the identity (see [7,19] for details).

A finite element scheme (piecewise linear in y(¢,z) and 6(¢,z)) was used to con-

struct a finite dimensional model of (3.4.1)-(3.4.4). The finite element model has the
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form

#N(t) = Anz™(t) + Byu(t) (3.4.5)
y™(t) = Cn2N(t) (3.4.6)
where Ax is a 3(N — 1) x 3(N — 1) real matrix. The system matrix Ay is neither

symmetric nor skew symmetric. However, (Ayz, z) is always real and negative.

We denote the 3(N — 1) dimensional system by
En = (AN, Bn,CnN). (3.4.7)

We shall also make use of the balanced realization of (3.4.7) which we denote, as in

Section 3.2, by

E:N = (AN,BN,C'N). (348)

If k£ is an integer with 1 < k < N, then the reduced order obtained by eliminating k

states of the balanced system £y is denoted by
Sk = (Ak, By, Ck, DY) (3.4.9)

Observe that £X has dimension 3(N — 1) — k.

As in Section 3.2, we shall make use of the matrices

Hn(A) = [M — Ay, By, (3.4.10)
Kn()) = [A - A%, CE), (3.4.11)
Hyn(X) = [AI = A, By (3.4.12)
Kn(\) = M = AL, CT). (3.4.13)
H%()\) = [\ - A%, B (3.4.14)

and
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k(0 = I\ - [A5)7, [C517). (3.4.15)

Also, the functions that compute the corresponding minimum singular values are

denoted by
FN(A) = Tmin[Ha(A)], (3.4.16)
Gn(A) = Tmin[Kn(A)], (3.4.17)
FN(A) = Omin[Hn(N)] (3.4.18)
Gn(A) = omin[ KN (V)] (3.4.19)
FHA) = ominl HY (V)] (3.4.20)
and
GE(A) = omin K5 (V)] (3.4.21)
respectively.

The LQR problem for the model (3.4.1)-(3.4.4) was solved in [7,19] by using the
finite element scheme to produce (3.4.5)-(3.4.6). As noted in [7], convergence of the
approximating functional gains is highly dependent on the damping parameter 3. We
used the value, 8 = 1.8 x 10~*, that corresponds to “large damping”. Table 3.4.1
gives the various system radii for the raw finite element model and the value of A*

where the minimum of Fyx(}) (Gn(zl), Fn(}), etc.) occurs.
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Table 3.4.1 - Controllability and Observability Radii

N 1 A* 1o A"
4 4.1916e — 05 0 5.1945¢ — 04 0
8 3.3624¢ — 05 0 3.3915¢ — 04 0
10 3.2527e — 05 0 2.8696¢ — 04 0

Figure 3.4.1is a plot of the controllability surface Fx(A) = omin[Hn(A)] for N =8

and complex A in the region
{A=a+i8|-5<a<5, —60<p3<60}.

Observe that the minimum of F3(A) occurs at A* = 0. Figure 3.4.2 clearly shows that

Fs(A) is symmetric with respect to the real axis and hence since

78 = minFg(A) = min Fg(A),

ret Re()\)>0
8 — . /\
Vs Rgg;gofs( ),
and
7? = ]:(0)’

then 48 = 4% = F(0). In other words, v8 = 48 can be calculated by evaluating Fg(})
at A = 0. The observability surface in Figure 3.4.3 and the corresponding plot along
the imaginary axis, Figure 3.4.4, show similar features.

Since the approximating system is exponentially stable, we were able to apply the
balancing and model reduction algorithm described in Section 2.3. For N = 8§, the
raw finite element model has dimension 3(8 — 1) = 21. We eliminated k£ = 7 states

and produced a balanced model of dimension 14.
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Table 3.4.2 gives the various system radii for the balanced system before model

reduction was applied and the value of A\*.

Table 3.4.2 — Controllability and Observability Radii

N 5N x 5N x
4 1.2112¢ — 04 0 1.2123¢ — 04 0
8 1.2091e — 04 0 1.2108¢ — 04 0

10 _ — — _

Note that since the raw finite element system, ¥, was nearly uncontrollable and
unobservable for N = 10, we could not balance £,,.
Table 3.4.3 gives the various system radii for the reduced order models £3 and

Y7 and the values of A*.

Table 3.4.3 - Controllability and Observability Radii

N » 5 z”
4 .24293 —.02 £ 14.49% .24330 —.02 + 14.49:
8 .17000 —.13 £ 37.88: .17031 —.13 £ 37.88¢
10 — — — —

The minima defining 4~ and 4V for the reduced order models occur near an
eigenvalue. Figure 3.4.5 shows that the minimum of Fg(A) occurs on the imaginary
axis. However for that figure the step size along the real axis was 1. Thus when we

refined the grid along the real axis we found that the minimum of F{(\) occurred
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close to the imaginary axis. Figure 3.4.6 is a plot along the imaginary axis using the
data from Figure 3.4.5. Observe that FJ()) is symmetric. Similar plots are given for
observability in Figures 3.4.7 and 3.4.8.
After several numerical experiments of this type, we conjecture that the minimum
of Fn(A), Gn(A), Fa(A) and Gn(A) occur at the origin. We also concluded, as in the
heat equation, that balancing the raw finite element model as a first step to model

reduction can be numerically ill-conditioned.
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Chapter IV. Conclusions

In this paper we investigated the control system radii for finite dimensional sys-

tems that are produced by applying finite element schemes to partial differential

equations. We also applied balancing and other state transformations to three sys-

tems to see how the system radii behaved under such transformations. Reduced order

models were also considered. Three types of systems were studied: parabolic (heat

equation), hyperbolic (wave equation) and mixed (equations of thermoelasticity).

Several numerical experiments were conducted. However, we have presented only

those results that illustrate the following observations.

[1]

(2l
(3]

4]

[5]

It is sometimes possible to improve the control system radii by transforming the
system. This was the case for the wave equation considered in Section 3.3.

The balancing transformation does not always improve the system radii.
Balancing and model reduction applied to raw finite element models can be highly
ill-conditioned.

Certain realizations of the finite element models have symmetries that allow The-
orem 2.2.4 and Theorem 2.2.5 to be used to reduce the work needed to compute
the system radii. Moreover, certain transformations produce systems that share
this feature. For example, in the case of the heat equation, the balanced as well
as the raw finite element model both have the minimum of Fx(A) and Gn(A)
occuring on the negative real axis, even though the balanced system matrix Ay
is not symmetric. Similar observations were made for the finite element model of
the wave equation and the skew symmetric form of the transformed system.
The number of local minima of Fxn(A) (and Gy(A)) and the “roughness” of the
surface z = Fn(A) (and z = Gn(A)) may provide some indication why stan-
dard optimization algorithms have difficulty computing systim radii by using the

representation (2.2.13) (see [4,28,31]).
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