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(ABSTRACT) 

The k—epsilon turbulence model yields inconsistent and diffusive results for swirling 

and recirculating flows, which are characteristic of combustor geometries. Y. S. 

Chen and S. W. Kim propose a modification to the k-epsilon turbulence model which 

has shown improved predictions for several complex flows. This study evaluates 

the application of the Chen modification of the k—epsilon turbulence model to 

combustor geometries by applying the modification to two burner test cases which 

contain the elemental flow characteristics of an industrial gas turbine combustor. 

The modification is implemented into a commercial computational fluid dynamics 

(CFD) code. The results show an improved prediction of the location, shape and 

size of the primary centerline recirculation zone for both cases. The large swirl and 

axial velocity gradients, which are diffused by the standard k—epsilon model, are 

preserved by the Chen model. The overprediction of turbulent eddy viscosity in 

regions of high shear, which is characteristic of k-epsilon, is controlled by the Chen 

modification. In industrial combustor design, the prediction of the location, size and 

shape of primary flow features is of paramount importance. The Chen modification 

can, therefore, be considered a successful improvement to the k—-epsilon model and 

can be considered applicable to combustor geometries.
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1.0 Introduction 

Computational fluid dynamics is a field that has made extraordinary progress 

in the past twenty years. Today, automotive and aerospace companies are using 

computational analyses to decrease the number of iterations in the design process 

[1,2]. CFD is a particularly attractive design tool to the gas turbine industry. 

Designing the combustor for a gas turbine requires expensive testing and many 

iterations. Previously, the combustion engineer has relied primarily on experience, 

test results and crude analyses based on empirical formulations to make final 

design decisions [3]. CFD has the potential to explain the physics of flow 

phenomena occurring in a combustor can, where experimental data are often not 

available. It is possible to acquire limited data in the combustor, but the process 

is cumbersome, expensive [4] and the results are non—comprehensive [5]. 

Numerical analysis can, thus, be used to reduce the number of iterations by 

providing insight on the changes that a design parameter or geometrical feature will 

have on the characteristics of the flow in the combustor. 

The four things that are of primary importance in designing a gas turbine 

combustor are emissions, cooling, flame stabilization and dynamics. Dynamics are 

vibrations of the combustor can that occur because ofthe large pressure oscillations 

that result from the combustion process. This acoustics problem has been the 
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subject of many investigations, but still little is known about how to control it. 

Emissions are under strict regulation by federal and local government agencies, 

thereby forcing companies to design low emissions combustors. NOx, CO, and 

unburned hydrocarbon levels, which are under the most strict regulations, are 

dependent on the temperature and equivalence ratio at which the fuel-air mixture 

burns. Local equivalence ratio, a measure of fuel to air in the mixture, is highly 

dependent on turbulent motion in the flow. Cooling and flame stabilization, which 

both can be accomplished by a number of different methods, are also turbulent 

processes. This thesis has not attempted to address computational kinetics, but 

rather it focuses on the problem of accurately predicting turbulent flow structures 

in complex industrial geometries. This task can not be accomplished without the 

aid of numerical analysis, and is of significant importance to the combustion 

engineer. 

Flame stabilization is a basic requirement of all gas turbine combustors [3]. 

For a flame to be stabilized, the fuel—air mixture entering the combustor must be 

supplied with a portion of the hot products of combustion which contain necessary 

catalysts for the reaction to occur [3]. This can be accomplished by inducing 

recirculation. A recirculation zone is characterized by a negative velocity in the 

streamwise, or axial, direction. One method by which this flow feature can develop 

is by introducing an axial flow to a large expansion, such as a backward facing step. 

The large adverse pressure gradient encountered will result in a flow reversal, or 

recirculation. Another method of inducing recirculation, popular in the gas turbine 

industry, is to introduce swirl to the flow. Axisymmetric swirlis defined as a tangential 

velocity component imposed on an axial flow. A swirling flow, when allowed to 

expand in the radial direction, will form a low pressure zone in the core region near 
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the flow's symmetry axis. The result is a flow reversal about the centerline. This 

phenomena is known as vortex breakdown and the resulting flow reversal is often 

described as a centerline recirculation [7]. Both methods of inducing recirculation 

are employed by the gas turbine industry. Thus, the study of recirculating and 

swirling flow, both complex turbulent flows, is important in this investigation. 

The accuracy of a turbulent flow calculation is primarily dependent on the 

method of modeling turbulence. Presently, the most widely used turbulence model 

in commercial CFD codes is k-epsilon [8]. The k-—epsilon model gives 

comprehensive results that are consistent with the experimental data for most 

turbulent flows. It is also computationally less time and memory intensive than 

Reynold’s stress formulations and direct numerical simulations (DNS) which claim 

to be more accurate for most cases. Time and memory are factors which are limited 

by a company’s design deadlines and computer resources. K-—epsilon is, thus, 

implemented in many of the commercial CFD codes available today because it 

provides a combination of timely and comprehensive results for a broad range of 

complex turbulent flows. Although widely used, the k—-epsilon turbulence model 

tends to underpredict large gradients in swirling and recirculating flows which are 

characteristic in a combustor. Many modifications have been made to the model 

to attempt to eliminate this problem. However, the applications of these 

improvements are limited to the narrow range of flow types for which they were 

developed [9]. Geometries that are dominant in engineering industries involve a 

multitude of flow types, making these modifications inapplicable. 

Y. S. Chen and S. W. Kim present a modification to the k-epsilon turbulence 

model which is not flow specific and can be applied to a broad range of flow 

configurations [10]. Unlike previous modifications, the model is simple and takes a 
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more general approach to ascertaining a remedy to the problems associated with 

k-epsilon. Chen and Kim (referred to from hereon as just Chen) applied their 

modification to a number of complex flow types. Chen’s model has demonstrated 

improved results for round and plane co—flowing jets, submerged jets, backward 

facing step flow and a swirling flow case. In particular, the predictions of the 

backward facing step and swirling flow cases Chen has chosen demonstrated a 

significant improvement from the standard k—epsilon model. 

Flow in an industrial combustor is a combination of swirling, recirculating and 

turning flows. The recirculating flow which Chen had evaluated was formed when 

a two—dimensional axial flow encountered a backward facing step [10]. This 

application showed great improvement from the results obtained with the standard 

k—epsilon model. As previously discussed, swirl is often also used in combustors 

to create recirculation. Chen had applied his modification to a swirling flow which 

resulted in the development of a centerline recirculation [10]. The inlet boundary 

condition, however, had been applied within the recirculation zone. Therefore, 

Chen merely evaluated the ability of his modification to maintain a recirculation 

which had already been specified. This evaluation, is thus, an inadequate measure 

of the modification’s ability to predict the development of a recirculation zone 

induced by swirl. Chen, also, had not tested his modification on a flow where the 

effects of curvature greatly influence the flow characteristics. Preliminary work for 

this thesis, discussed further in Appendix A, has determined that in these cases the 

Chen modification does not result in improved predictions. The application of the 

Chen modification to combustor geometries, however, can not be discounted. The 

flow patterns characteristic of an industrial combustor are much more complex than 

the classic physics cases tested by Chen and previously tested as preliminary work 
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for this thesis. The application of the Chen modification to gas turbine combustors, 

therefore, can not be evaluated based on these results. 

The purpose of this study is to evaluate the application of the Chen 

modification of the k-—epsilon turbulence model to combustor geometries by 

applying the modification to two quarled burner test cases which contain the 

elemental flow characteristics of an industrial combustor. Unlike Chen’s analysis 

of a_ swirling flow, the quarled burner cases, whose geometries and flow 

characteristics are depicted in Figures 1 and 2, include a ramp, which turns the flow 

before it reaches the expansion. Because the flow is entering the expansion at an 

angle, recirculation will not occur as a function of the geometry, but of the swirl, 

making the quarled burner cases a much better evaluation of the Chen 

modification’s ability to improve calculations for swirling and separating flows. This 

analysis also includes computation of the region before the expansion, whereas 

Chen begins computation within the recirculation zone. The flow in the region 

approaching the expansion is highly anisotropic, a characteristic which k—epsilon 

is unable to model. Also, in a practical industrial application the lack of availability 

of adequate test data makes it impossible to provide an inlet boundary condition in 

the recirculation zone where flame is stabilized. |The modeling of this region, 

therefore, is important to determine the Chen modifications ability to give 

reasonable predictions of the basic flow characteristics in an anisotropic flow. This 

analysis involves no reaction, as it is the ability of the Chen modification to improve 

turbulent flowfield predictions that is being evaluated. The flow can be considered 

axisymmetric and incompressible. The quarled burner cases, overall, allow a 

thorough investigation of the Chen modification’s applicability to analysis of 

industrial gas turbine combustor flows. 
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The modification has been implemented into STAR—CD, a commercial CFD 

code. Adiscussion of STAR-CD’s capabilities and discretization methods is located 

in Appendix B. The details on the implementation of the Chen modification into 

STAR-CD and the use of the code with the Chen model can be found in Appendix 

C. The modification to the code was verified using a case similar to the one that 

Chen has shown to yield improved results. The case chosen is Vogel and Eaton's 

two dimensional rectangular backward facing step [12]. The details of the 

verification are discussed in Appendix D. 

This thesis begins with a discussion of the deficiencies of the k—epsilon 

model. Previous improvements made to k-epsilon and their deficiencies are 

discussed. Also included in the background is an introduction to the Chen 

modification followed by a discussion of its advantages over the previously 

proposed improvements to the k—-epsilon model. In addition, results from the 

evaluation of the quarled burner test cases with STAR-CD’s standard k—epsilon 

model are presented. The application of the Chen modification and why it should 

improve predictions for these cases is then discussed. A brief introduction to 

turbulence modeling follows. The k—epsilon model is presented, precluding the 

introduction of the Chen modification. A description of the quarled burner test cases 

is included next. This chapter contains a detailed description of the geometry, the 

flow characteristics and experimental test locations of both burner cases. Also 

included is a description of the mesh, boundary conditions and discretization 

methods used for each case. Finally, the results of the computations performed with 

the Chen modification implemented in STAR-CD are presented, followed by a 

discussion of the predictions. Conclusions and recommendations complete the 

thesis. 
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2.0 Background 

The standard k—epsilon model, while giving comprehensive and consistent 

predictions for most turbulent flows, produces highly diffusive results for certain 

classes of complex flows. By highly diffusive results, it is meant that the k-epsilon 

turbulence model tends to underpredict gradients in regions of high shear. Thus, 

the purpose of this chapter is to discuss the deficiencies of the k-epsilon model, 

introduce Chen’s modification to k-epsilon and discuss why an improvement in the 

prediction of the flow characteristics of the quarled burner test cases should be 

expected with it’s application. Since the k-epsilon model is commonly employed, 

this chapter assumes some familiarity with it. A further description of the k-epsilon 

turbulence model can be found in chapter 3.1. 

As related to the current investigation, k-epsilon tends to underpredict the 

length of the recirculation zone behind a rectangular backward facing step and 

overpredict the decay of tangential momentum in a swirling flow. The diffusive 

characteristic of the k-epsilon model is most often attributed to the turbulent 

dissipation equation, which is highly empirical in nature. For this reason, most 

improvements have been achieved by altering the equation for epsilon. 

A popular method of improving predictions in swirling flow and streamline 

curvature cases is the use of the Richardson correlation. Boysan and the team of 
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Launder, Pridden and Sharma propose models that add a source term to the 

dissipation equation [13]. The coefficient of this additional source term is based on 

the Richardson number and attempts to sensitize the dissipation to the effects of 

swirl and curvature. Both modifications require that an arbitrary limit be set on the 

magnitude of the Richardson number when it is negative to assure that an 

excessively large curvature correction will not cause a negative dissipation sink. 

Another fault of this type of modification is that the added coefficient is not optimized 

for general swirling flows and, therefore, is highly case specific. In an attempt to 

create a general modification to the k-epsilon model for turning flows, Pourahmadi 

and Humphrey modify C, to account for the effects of streamline curvature [14]. 

Their model experiences some success in predicting the coefficient of friction on the 

concave and convex surfaces of a curved duct, but makes only a slightimprovement 

over the Richardson correlations in the prediction of velocity. Hanjalic and Launder 

attempt to improve predictions in flows with high adverse pressure gradients [15]. 

To do this, they choose to retain the irrotational contribution to production which 

is ordinarily neglected in the closure of the dissipation equation. Results obtained 

with this modification are improved for decelerated flows. However, to model the 

irrotational term, further empiricism is required which, as in the case of the four 

modifications discussed previously, limits the scope of application to the flows for 

which the coefficients were determined. 

Chen approaches the modification of the k-epsilon turbulence model from 

a more general viewpoint. The diffusive nature of k-epsilon, as discussed before, 

is assumed to be a result of the highly empirical turbulent dissipation equation. In 

areas of high shear, the model predicts that the rate of production of turbulent kinetic 

energy increases much more quickly than the rate of turbulent dissipation. This 

does not accurately represent the reaction of the turbulence parameters to shear 
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flow and, hence, turbulent viscosity is overpredicted. Chen adds a second time 

scale, which is a function of production, to the dissipation equation to allow the 

model to respond to mean strain more effectively. The addition of the second time 

scale results in an extra source term and accompanying coefficient. The model 

constants were determined using experimental data of homogeneous turbulence 

decay with or without mean strain imposed, a near wall boundary conditions 

analysis and numerical optimization [10]. Thus, the empiricism does not limit the 

model to a specific case. Chen tested his modification on a wide variety of flow types 

to assess its generality. The model demonstrated improved results for round and 

plane co—flowing jets, submerged jets, backward facing step flow and confined 

swirling flow. Because of its applicability to a broad base of flow types and its 

success in improving results for these test cases, the Chen modification is attractive 

as a possibility for improved numerical predictions of more complex flow geometries 

such as combustor flows. 

Calculations using the standard k-epsilon model of turbulence exhibit poor 

correlation to the experimental results of the two quarled burner cases. Details on 

the experiment and computational model can be found in chapter 4. Case 1 

illustrates recirculation induced by swirling flow, whereas Case 2 also illustrates a 

secondary recirculation behind a stepped expansion. In both cases the flow is 

turned through a ramp or quarl which results in some expansion before the flow 

reaches the step. Figures 3 and 4 show comparisons of numerical and 

experimental results for the swirl and axial velocities of Case 1, respectively. The 

computational swirl and axial velocity are underpredicted at the outer radius and 

overpredicted in the intermediate region. This behavior clearly demonstrates the 

inability of the standard k—epsilon model to predict the large swirl and axial velocity 

gradients seen in this flow. Because swirl momentum is diffused over the entire 
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radius, the jet moving along the outer edge of the quarl is less concentrated. This 

stream of flow begins to diffuse in the quarl which results in a lower maximum 

velocity entering the expansion. As Figure 5 illustrates, the center of recirculation 

is subsequently predicted to be closer to the axis of symmetry and further upstream 

than the experimental results dictate. Axial and swirl velocity profiles of both 

experimental and computational results for Case 2 are illustrated in Figures 6 and 

7, respectively. Because there exists a recirculation behind the step, the peak in 

axial and swirl velocities is not seen at the outer radius, as in Case 1, but at 

mid—radius. Again, itis apparent that the k-epsilon model does not predict the large 

swirl velocity gradients in the flow and distributes the swirl momentum along the 

radial direction. Because the maximum velocity of the fluid moving over the 

centerline recirculation zone is underpredicted, the secondary recirculation zone 

behind the step is able to push out further into the expansion. The loss of the 

maximum velocity ofthis stream of flow also results in the displacement of the center 

of recirculation towards the axis of symmetry and further upstream. Figure 8 

illustrates the failure of standard k—epsilon to reasonably model the characteristics 

of this geometry. Both Cases 1 and 2 demonstrate the diffusive nature of the 

standard k—epsilon model of turbulence. This quality greatly effects the consistency 

of predictions for complex flows and limits the use of the k—-epsilon model to flows 

with no strong secondary flow patterns. 

The Chen modification of the k-epsilon turbulence model has been shown 

to improve predictions for several configurations involving complex flow patterns. 

The success of this model is attributed to the addition of a second time scale to the 

dissipation equation. This extra term, put simply, lets the growth of turbulent 

dissipation catch up to the growth of kinetic energy. Standard k—-epsilon tends to 

be especially diffusive in areas of high shear where the ratio of turbulent kinetic 

Background 14
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�e�n�e�r�g�y� �t�o� �t�u�r�b�u�l�e�n�t� �d�i�s�s�i�p�a�t�i�o�n� �i�s� �o�v�e�r�p�r�e�d�i�c�t�e�d�.� �T�h�i�s� �p�a�t�t�e�r�n�,� �s�u�b�s�e�q�u�e�n�t�l�y�,� �r�e�s�u�l�t�s� 

�i�n� �t�h�e� �o�v�e�r�p�r�e�d�i�c�t�i�o�n� �o�f� �t�u�r�b�u�l�e�n�t� �v�i�s�c�o�s�i�t�y� �i�n� �t�h�i�s� �r�e�g�i�o�n�.� �T�h�e� �m�o�m�e�n�t�u�m� �o�f� �t�h�e� �f�l�o�w� 

�p�a�s�s�i�n�g� �o�v�e�r� �t�h�e� �r�e�c�i�r�c�u�l�a�t�i�o�n� �z�o�n�e� �i�s�,� �t�h�u�s�,� �d�i�f�f�u�s�e�d� �m�o�r�e� �q�u�i�c�k�l�y�.� �T�h�i�s� �s�l�o�w�s� �d�o�w�n� 

�t�h�e� �s�t�r�e�a�m� �w�h�i�c�h� �a�l�l�o�w�s� �i�t� �t�o� �b�e� �t�u�r�n�e�d� �m�o�r�e� �q�u�i�c�k�l�y� �t�o�w�a�r�d�s� �t�h�e� �t�h�e� �l�o�w� �p�r�e�s�s�u�r�e� 

�r�e�g�i�o�n� �a�t� �t�h�e� �c�e�n�t�e�r� �o�f� �r�e�c�i�r�c�u�l�a�t�i�o�n�.� �C�h�e�n ��s� �m�o�d�i�f�i�c�a�t�i�o�n� �w�i�l�l� �t�e�n�d� �t�o� �d�e�c�r�e�a�s�e� �t�h�e� 

�r�a�t�i�o� �b�e�t�w�e�e�n� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �a�n�d� �d�i�s�s�i�p�a�t�i�o�n� �i�n� �r�e�g�i�o�n�s� �o�f� �h�i�g�h� �s�h�e�a�r� 

�w�h�i�c�h�,� �i�n� �t�u�r�n�,� �w�i�l�l� �d�e�c�r�e�a�s�e� �t�h�e� �t�u�r�b�u�l�e�n�t� �v�i�s�c�o�s�i�t�y�.� �T�h�i�s� �e�f�f�e�c�t� �w�i�l�l� �c�o�n�c�e�n�t�r�a�t�e� �t�h�e� 

�m�o�m�e�n�t�u�m� �o�f�t�h�e� �c�o�r�e� �f�l�o�w� �a�n�d� �a�l�l�o�w� �t�h�e� �c�e�n�t�e�r� �o�f� �r�e�c�i�r�c�u�l�a�t�i�o�n� �t�o� �b�e� �p�u�s�h�e�d� �f�u�r�t�h�e�r� 

�d�o�w�n�s�t�r�e�a�m� �a�n�d� �t�o�w�a�r�d�s� �t�h�e� �o�u�t�e�r� �r�a�d�i�u�s�.� �C�o�m�p�a�r�i�n�g� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� 

�s�t�r�e�a�m�l�i�n�e� �p�l�o�t�s� �o�f� �c�a�s�e�s� �1� �a�n�d� �2� �t�o� �t�h�e�i�r� �r�e�s�p�e�c�t�i�v�e� �e�x�p�e�r�i�m�e�n�t�a�l� �s�t�r�e�a�m�l�i�n�e� �p�l�o�t�s�,� 

�i�t� �i�s� �c�l�e�a�r� �t�h�a�t� �i�f� �t�h�e� �C�h�e�n� �m�o�d�i�f�i�c�a�t�i�o�n� �e�f�f�e�c�t�s� �t�h�e� �f�l�o�w� �a�s� �e�x�p�e�c�t�e�d� �p�r�e�d�i�c�t�i�o�n�s� �w�o�u�l�d� 

�b�e� �g�r�e�a�t�l�y� �i�m�p�r�o�v�e�d�.� 

�T�h�e� �s�t�a�n�d�a�r�d� �k ��e�p�s�i�l�o�n� �m�o�d�e�l�,� �w�h�i�l�e� �t�h�e� �m�o�s�t� �w�i�d�e�l�y� �u�s�e�d� �t�u�r�b�u�l�e�n�c�e� �m�o�d�e�l� 

�i�n� �c�o�m�m�e�r�c�i�a�l� �C�F�D� �c�o�d�e�s�,� �i�s� �u�n�a�b�l�e� �t�o� �p�r�o�d�u�c�e� �c�o�n�s�i�s�t�e�n�t� �r�e�s�u�l�t�s� �f�o�r� �c�o�m�p�l�e�x� �f�l�o�w� 

�g�e�o�m�e�t�r�i�e�s�.� �M�a�n�y� �a�t�t�e�m�p�t�s� �h�a�v�e� �b�e�e�n� �m�a�d�e� �t�o� �m�o�d�i�f�y� �t�h�e� �m�o�d�e�l� �t�o� �c�o�m�p�e�n�s�a�t�e� 

�f�o�r� �i�s� �o�v�e�r�l�y� �d�i�f�f�u�s�i�v�e� �c�h�a�r�a�c�t�e�r�.� �M�o�s�t� �m�o�d�i�f�i�c�a�t�i�o�n�s� �h�a�v�e� �p�r�o�v�e�n� �t�o� �b�e� �e�i�t�h�e�r� �o�n�l�y� 

�p�a�r�t�i�a�l�l�y� �s�u�c�c�e�s�s�f�u�l� �o�r� �u�s�e�f�u�l� �f�o�r� �o�n�l�y� �t�h�e� �c�a�s�e�s� �f�o�r� �w�h�i�c�h� �t�h�e�y� �w�e�r�e� �d�e�s�i�g�n�e�d�.� �I�n� 

�i�n�d�u�s�t�r�y�,� �a� �c�a�s�e� �s�p�e�c�i�f�i�c� �m�o�d�e�l� �i�s� �o�f� �l�i�t�t�l�e� �u�s�e�,� �a�s� �a�n�a�l�y�s�i�s� �i�s� �n�o�t� �u�s�u�a�l�l�y� �p�e�r�f�o�r�m�e�d� 

�o�n� �a� �s�i�m�p�l�e� �g�e�o�m�e�t�r�y� �w�i�t�h� �o�n�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� �f�l�o�w� �t�y�p�e�.� �T�h�e� �g�e�n�e�r�a�l� �n�a�t�u�r�e� �o�f� 

�C�h�e�n ��s� �m�o�d�i�f�i�c�a�t�i�o�n� �a�l�o�n�g� �w�i�t�h� �i�t�s� �p�r�o�v�e�n� �s�u�c�c�e�s�s� �i�n� �i�m�p�r�o�v�i�n�g� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �c�a�s�e�s� 

�w�h�e�r�e� �k ��e�p�s�i�l�o�n� �w�o�u�l�d� �g�i�v�e� �i�n�c�o�n�s�i�s�t�e�n�t� �r�e�s�u�l�t�s�,� �p�r�e�s�e�n�t�s� �t�h�i�s� �m�o�d�e�l� �a�s� �a� �c�a�n�d�i�d�a�t�e� 

�f�o�r� �u�s�e� �w�i�t�h� �m�o�r�e� �c�o�m�p�l�e�x� �f�l�o�w� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �T�h�i�s� �s�t�u�d�y� �c�o�n�c�e�n�t�r�a�t�e�s� �o�n� �t�h�e� 

�a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �C�h�e�n� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �k�-�e�p�s�i�l�o�n� �t�u�r�b�u�l�e�n�c�e� �m�o�d�e�l� �t�o� �c�o�m�b�u�s�t�o�r� 

�g�e�o�m�e�t�r�i�e�s�.� 

�B�a�c�k�g�r�o�u�n�d� �1�9



�3�.�0� �T�u�r�b�u�l�e�n�c�e� �M�o�d�e�l�i�n�g� 

�T�h�i�s� �i�n�v�e�s�t�i�g�a�t�i�o�n� �d�e�a�l�s� �w�i�t�h� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �a� �m�o�d�i�f�i�c�a�t�i�o�n� �o�f� �t�h�e� �k ��-�e�p�s�i�l�o�n� 

�m�o�d�e�l� �o�f� �t�u�r�b�u�l�e�n�c�e� �t�o� �a� �p�a�r�t�i�c�u�l�a�r� �g�e�o�m�e�t�r�y�.� �T�h�i�s� �c�h�a�p�t�e�r� �d�i�s�c�u�s�s�e�s� �t�h�e� �v�a�r�i�o�u�s� 

�m�e�t�h�o�d�s� �b�y� �w�h�i�c�h� �t�u�r�b�u�l�e�n�c�e� �i�s� �m�o�d�e�l�e�d� �a�n�d� �w�h�y� �k ��e�p�s�i�l�o�n� �i�s� �t�h�e� �m�o�d�e�l� �c�h�o�s�e�n� 

�f�o�r� �t�h�i�s� �i�n�v�e�s�t�i�g�a�t�i�o�n�.� �T�h�e� �k�-�e�p�s�i�l�o�n� �m�o�d�e�l� �i�s� �d�e�r�i�v�e�d�,� �f�o�l�l�o�w�e�d� �b�y� �t�h�e� �p�r�e�s�e�n�t�a�t�i�o�n� 

�o�f� �t�h�e� �C�h�e�n� �m�o�d�i�f�i�c�a�t�i�o�n� �t�o� �k�-�e�p�s�i�l�o�n�.� 

�T�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� �g�o�v�e�r�n� �b�o�t�h� �l�a�m�i�n�a�r� �a�n�d� �t�u�r�b�u�l�e�n�t� �f�l�o�w�s�.� �I�n� 

�o�r�d�e�r� �t�o� �f�u�l�l�y� �r�e�s�o�l�v�e� �t�h�e� �t�u�r�b�u�l�e�n�t� �s�t�r�u�c�t�u�r�e�s� �o�f� �t�h�e� �f�l�o�w� �f�r�o�m� �t�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� 

�e�q�u�a�t�i�o�n�s�,� �t�h�e� �g�r�i�d� �s�p�a�c�i�n�g� �w�o�u�l�d� �h�a�v�e� �t�o� �b�e� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �s�m�a�l�l�e�s�t� �t�u�r�b�u�l�e�n�t� 

�e�d�d�i�e�s� �w�h�i�c�h� �a�r�e� �o�n� �t�h�e� �o�r�d�e�r� �o�f� �o�n�e� �m�i� �l�l�i�m�e�t�e�r�.� �B�e�c�a�u�s�e� �t�h�e� �n�u�m�b�e�r� �o�f� �g�r�i�d� �p�o�i�n�t�s� 

�r�e�q�u�i�r�e�d� �i�s� �s�o� �g�r�e�a�t�,� �t�h�i�s� �m�e�t�h�o�d�,� �k�n�o�w�n� �a�s� �D�i�r�e�c�t� �N�u�m�e�r�i�c�a�l� �S�i�m�u�l�a�t�i�o�n� �(�D�N�S�)�,� �i�s� 

�c�u�r�r�e�n�t�l�y� �l�i�m�i�t�e�d� �t�o� �s�i�m�p�l�e� �g�e�o�m�e�t�r�i�e�s� �a�n�d� �r�e�s�u�l�t�s� �i�n� �a� �c�o�m�p�u�t�a�t�i�o�n� �t�h�a�t� �i�s� �e�x�t�r�e�m�e�l�y� 

�t�i�m�e� �a�n�d� �m�e�m�o�r�y� �i�n�t�e�n�s�i�v�e�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n�,� �t�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� �a�r�e� �t�i�m�e� 

�a�v�e�r�a�g�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �t�u�r�b�u�l�e�n�t� �s�t�r�e�s�s�e�s� �w�h�i�c�h� �c�a�n� �t�h�e�n� �b�e� �e�i�t�h�e�r� �m�o�d�e�l�e�d� �o�r� 

�p�r�e�d�i�c�t�e�d� �f�r�o�m� �m�e�a�n� �f�l�o�w� �q�u�a�n�t�i�t�i�e�s�.� 

�T�o� �d�e�r�i�v�e� �t�h�e� �t�i�m�e�-�a�v�e�r�a�g�e�d� �f�o�r�m� �o�f� �t�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s�,� �i�t� �i�s� �f�i�r�s�t� 

�n�e�c�e�s�s�a�r�y� �t�o� �b�r�e�a�k� �t�h�e� �v�e�c�t�o�r� �a�n�d� �s�c�a�l�a�r� �c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �e�q�u�a�t�i�o�n�s� �u�p� �i�n�t�o� �m�e�a�n� 

�T�u�r�b�u�l�e�n�c�e� �M�o�d�e�l�i�n�g� �2�0



�a�n�d� �f�l�u�c�t�u�a�t�i�n�g� �c�o�m�p�o�n�e�n�t�s�.� �F�o�r� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�l�o�w�,� �t�h�e� �v�e�l�o�c�i�t�y� �a�n�d� �p�r�e�s�s�u�r�e� �a�r�e� 

�b�r�o�k�e�n� �d�o�w�n� �a�s� �f�o�l�l�o�w�s�:� 

�u�;� �=� �T�+� �u�;�'� �(�3� �-� �1�)� 

�p�=�P�p�t�p�'� �G�B�  �� �2�)� 

�w�h�e�r�e�,� �%� �a�n�d� �P�a�r�e� �t�i�m�e� �a�v�e�r�a�g�e�d� �q�u�a�n�t�i�t�i�e�s� �d�e�f�i�n�e�d� �a�s�:� 

�T� 

�T�a�4�[� �A�c�i�e� �y�a�r� �3�-�3�)� 
�0� 

�F�o�r� �t�h�e� �a�v�e�r�a�g�e� �v�a�l�u�e� �t�o� �b�e� �i�n�d�e�p�e�n�d�e�n�t� �o�f� �t�h�e� �i�n�t�e�g�r�a�t�e�d� �t�i�m�e� �s�t�e�p�,� �T� �m�u�s�t� �b�e� 

�c�h�o�s�e�n� �t�o� �b�e� �l�a�r�g�e�r� �t�h�a�n� �t�h�e� �s�c�a�l�e� �o�f� �f�l�u�c�t�u�a�t�i�o�n�s� �[�1�6�]�.� �T�h�e� �a�b�o�v�e� �e�x�p�r�e�s�s�i�o�n�s� �c�a�n� 

�t�h�e�n� �b�e� �s�u�b�s�t�i�t�u�t�e�d� �i�n�t�o� �t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �m�a�s�s� �(�B ��1�)�,� �a�n�d� �o�f� 

�m�o�m�e�n�t�u�m� �(�B ��2�)�.� �T�h�e� �r�e�s�u�l�t� �i�s� �t�h�e� �i�n�c�o�m�p�r�e�s�s�i�b�l�e� �f�o�r�m� �o�f� �t�h�e� �t�i�m�e� �a�v�e�r�a�g�e�d� 

�N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s�.� 

�C�o�n�s�e�r�v�a�t�i�o�n� �o�f� �M�a�s�s�:� 

�(�9�7�)� �=� �0� �(�3� �-� �4�)� 

�C�o�n�s�e�r�v�a�t�i�o�n� �o�f� �M�o�m�e�n�t�u�m�:� 

�1�a� �a�  �� �o�f�  �� �2�2� �4� �3�]� �(�8�%� �4� �8�4�)� �3�a� �_� 
�F�e�a�r� �(�0�m�)� �+� �a�x�,� �O�F� �W�i�;� �)�  �� �o�f�;� �O�X�;� �+� �O�X�;� �(�3� �+� �=�)� �o�u� �j�u� �|� �(�3� �5�)� 

�T�h�e� �R�e�y�n�o�l�d�s� �a�v�e�r�a�g�e�d� �m�o�m�e�n�t�u�m� �e�q�u�a�t�i�o�n� �c�a�n� �b�e�,� �f�o�r� �t�h�e� �m�o�s�t� �p�a�r�t�,� �s�o�l�v�e�d� �f�o�r� 

�t�h�e� �m�e�a�n� �v�e�l�o�c�i�t�y� �a�n�d� �p�r�e�s�s�u�r�e�.� �T�h�e� �e�q�u�a�t�i�o�n� �i�s� �c�o�m�p�l�i�c�a�t�e�d� �b�y� �t�h�e� �l�a�s�t� �t�e�r�m� �o�n� 

�t�h�e� �r�i�g�h�t� �h�a�n�d� �s�i�d�e� �@�4�.�4�;�,� �d�e�f�i�n�e�d� �a�s� �t�h�e� �R�e�y�n�o�l�d�s� �t�u�r�b�u�l�e�n�t� �s�t�r�e�s�s�e�s�.� �T�h�i�s� �n�e�w�t�e�r�m� 

�i�n�t�r�o�d�u�c�e�s� �n�i�n�e� �v�a�r�i�a�b�l�e�s�,� �g�r�e�a�t�l�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �d�i�f�f�i�c�u�l�t�y� �o�f� �s�o�l�v�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n�.� 

�T�u�r�b�u�l�e�n�c�e� �m�o�d�e�l�i�n�g� �i�s� �a�n� �a�t�t�e�m�p�t� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �t�h�i�s� �t�e�r�m�.� �T�h�e�r�e� 

�a�r�e� �t�w�o� �m�e�t�h�o�d�s� �o�f� �m�o�d�e�l�i�n�g� �t�h�e� �R�e�y�n�o�l�d�s� �s�t�r�e�s�s�e�s�,� �e�d�d�y� �v�i�s�c�o�s�i�t�y� �a�n�d� �n�o�n ��e�d�d�y� 

�v�i�s�c�o�s�i�t�y� �m�o�d�e�l�s�.� 
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�3�.�0�.�1� �E�d�d�y� �V�i�s�c�o�s�i�t�y� �M�o�d�e�l�s� 

�T�h�e� �e�d�d�y� �v�i�s�c�o�s�i�t�y� �m�e�t�h�o�d� �t�r�e�a�t�s� �t�h�e� �t�u�r�b�u�l�e�n�t� �s�t�r�e�s�s� �t�e�r�m� �a�s� �a� �g�r�a�d�i�e�n�t� 

�d�i�f�f�u�s�i�o�n� �a�n�a�l�o�g�o�u�s� �t�o� �t�h�e� �m�o�l�e�c�u�l�a�r� �d�i�f�f�u�s�i�o�n� �s�t�r�e�s�s� �t�e�r�m�.� �T�h�i�s� �a�s�s�u�m�p�t�i�o�n� �k�n�o�w�n� 

�a�s� �t�h�e� �B�o�u�s�s�i�n�e�s�q� �a�p�p�r�o�x�i�m�a�t�i�o�n�,� �i�s� �t�h�a�t� �t�u�r�b�u�l�e�n�c�e�,� �l�i�k�e� �m�o�l�e�c�u�l�a�r� �d�i�f�f�u�s�i�o�n�,� �a�c�t�s� 

�t�o� �i�n�c�r�e�a�s�e� �d�i�f�f�u�s�i�o�n�.� �T�u�r�b�u�l�e�n�c�e� �i�n�t�r�o�d�u�c�e�s� �d�i�f�f�u�s�i�o�n� �i�n� �t�h�e� �f�l�o�w� �o�n� �a� �l�a�r�g�e� �s�c�a�l�e� 

�b�y� �t�h�e� �m�o�v�e�m�e�n�t� �o�f� �t�u�r�b�u�l�e�n�t� �e�d�d�i�e�s�,� �w�h�e�r�e�a�s� �l�a�m�i�n�a�r� �d�i�f�f�u�s�i�o�n� �o�c�c�u�r�s� �o�n� �t�h�e� 

�m�o�l�e�c�u�l�a�r� �l�e�v�e�l�.� �T�h�e� �B�o�u�s�s�i�n�e�s�q� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�s� �a�s� �f�o�l�l�o�w�s� �[�1�7�]�:� 

�a�u�;� �|� �9�H�;� 
�=� �e�w� �=� �a�,� �(�H�+� �F�E�)�  �� �o�f�t� �5�,� �3�  �� �6�)� 

�w�h�e�r�e�,� �p�i�s� �t�h�e� �t�u�r�b�u�l�e�n�t� �o�r� �e�d�d�y� �v�i�s�c�o�s�i�t�y� �a�n�d� �k� �i�s� �t�h�e� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �w�h�i�c�h� 

�i�s� �d�e�f�i�n�e�d� �a�s�:� 

�(�u�,�'�?� �+� �u�y ��?� �+� �u�y ��)� �(�3�  �� �7�)� �r�a
� 

�i�l�l� 
�t
�r

�l
� 

�T�h�e� �t�e�r�m� �c�o�n�t�a�i�n�i�n�g� �k� �i�n� �e�q�u�a�t�i�o�n� �(�3 ��6�)� �i�s� �a�b�s�o�r�b�e�d� �i�n� �t�h�e� �p�r�e�s�s�u�r�e� �a�n�d� �c�a�n� �b�e� 

�e�l�i�m�i�n�a�t�e�d�.� �T�h�u�s�,� �t�h�e� �t�u�r�b�u�l�e�n�t� �s�t�r�e�s�s� �t�e�r�m� �r�e�d�u�c�e�s� �t�o�:� 

� � �a�u�;� �|� �o�O�;�  �� �g�u�;� �u�y� �=� �B�M�,� �(�#� �+� �=�)� �(�3� �-� �8�)� 
�T�h�e� �p�r�o�b�l�e�m� �o�f� �m�o�d�e�l�i�n�g� �t�h�e� �t�u�r�b�u�l�e�n�t� �s�t�r�e�s�s� �t�e�r�m� �i�s� �n�o�w� �r�e�d�u�c�e�d� �t�o� �t�h�e� �e�v�a�l�u�a�t�i�o�n� 

�o�f� �t�h�e� �t�u�r�b�u�l�e�n�t� �e�d�d�y� �v�i�s�c�o�s�i�t�y�.� �T�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �m�e�t�h�o�d�s� �t�o� �a�c�c�o�m�p�l�i�s�h� �t�h�i�s� �t�a�s�k�.� 

�Z�e�r�o� �e�q�u�a�t�i�o�n� �o�r� �a�l�g�e�b�r�a�i�c� �m�o�d�e�l�s� �a�r�e� �m�e�t�h�o�d�s� �b�y� �w�h�i�c�h� �e�d�d�y� �v�i�s�c�o�s�i�t�y� �i�s� 

�d�e�t�e�r�m�i�n�e�d� �b�y� �e�i�t�h�e�r� �s�e�t�t�i�n�g� �u�y�,� �e�q�u�a�l� �t�o� �a� �c�o�n�s�t�a�n�t� �o�r� �b�y� �c�a�l�c�u�l�a�t�i�n�g� �p�y�;� �u�s�i�n�g� �a�n� 

�e�m�p�i�r�i�c�a�l�l�y� �b�a�s�e�d� �a�l�g�e�b�r�a�i�c� �e�q�u�a�t�i�o�n�.� �T�h�e�s�e� �r�e�l�a�t�i�o�n�s� �a�r�e� �g�e�n�e�r�a�l�l�y� �f�u�n�c�t�i�o�n�s� �o�f� 

�l�o�c�a�l� �f�l�o�w� �p�a�r�a�m�e�t�e�r�s� �a�n�d� �r�e�s�u�l�t� �i�n� �p�r�e�d�i�c�t�i�o�n�s� �t�h�a�t� �a�r�e� �g�o�o�d� �f�o�r� �t�h�e� �g�e�o�m�e�t�r�y� �t�h�a�t� 

�t�h�e�y� �w�e�r�e� �m�o�d�e�l�e�d�.� �T�h�e�s�e� �m�o�d�e�l�s�,� �h�o�w�e�v�e�r�,� �g�i�v�e� �i�n�c�o�n�s�i�s�t�e�n�t� �r�e�s�u�l�t�s� �w�h�e�n� 

�a�p�p�l�i�e�d� �t�o� �g�e�o�m�e�t�r�i�e�s� �t�h�a�t� �v�a�r�y� �f�r�o�m� �t�h�e� �f�l�o�w� �c�o�n�f�i�g�u�r�a�t�i�o�n�s� �t�h�a�t� �t�h�e� �e�m�p�i�r�i�c�a�l� 

�c�o�n�s�t�a�n�t�s� �w�e�r�e� �t�u�n�e�d� �t�o�.� 
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�O�n�e� �e�q�u�a�t�i�o�n� �m�o�d�e�l�s� �a�r�e� �d�e�s�i�g�n�e�d� �t�o� �i�m�p�r�o�v�e� �t�h�e� �g�e�n�e�r�a�l�i�t�y� �o�f� �t�h�e� 

�t�u�r�b�u�l�e�n�c�e� �m�o�d�e�l� �b�y� �a�l�l�o�w�i�n�g� �t�h�e� �e�d�d�y� �v�i�s�c�o�s�i�t�y� �t�o� �b�e� �a� �f�u�n�c�t�i�o�n� �n�o�t� �o�n�l�y� �o�f� �l�o�c�a�l� �f�l�o�w� 

�p�a�r�a�m�e�t�e�r�s�,� �b�u�t� �a�l�s�o� �o�f� �f�l�o�w� �u�p�s�t�r�e�a�m�.� �T�h�i�s� �i�s� �d�o�n�e� �b�y� �s�o�l�v�i�n�g� �f�o�r� �t�h�e� �t�u�r�b�u�l�e�n�t� 

�v�e�l�o�c�i�t�y� �s�c�a�l�e�,� �u�s�u�a�l�l�y� �c�h�o�s�e�n� �a�s� �k�!�/�?�.� �T�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �(�k�)� �c�a�n� �b�e� 

�d�e�t�e�r�m�i�n�e�d� �b�y� �s�o�l�v�i�n�g� �t�h�e� �e�q�u�a�t�i�o�n� �g�o�v�e�r�n�i�n�g� �t�h�i�s� �q�u�a�n�t�i�t�y�.� �T�h�e� �d�i�s�a�d�v�a�n�t�a�g�e� �t�o� 

�t�h�i�s� �m�e�t�h�o�d� �i�s� �t�h�a�t� �t�h�e�r�e� �i�s� �s�t�i�l�l� �a� �n�e�e�d� �t�o� �p�r�e�s�c�r�i�b�e� �t�h�e� �l�e�n�g�t�h� �s�c�a�l�e�,� �t�h�u�s� �i�n�t�r�o�d�u�c�i�n�g� 

�e�m�p�i�r�i�c�i�s�m�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �l�e�s�s� �l�i�m�i�t�e�d� �t�h�a�n� �t�h�e� �z�e�r�o� �e�q�u�a�t�i�o�n� �m�o�d�e�l�s�,� �h�o�w�e�v�e�r�,� 

�i�t�s� �g�e�n�e�r�a�l�i�t�y� �i�s� �l�i�m�i�t�e�d� �b�y� �t�h�e� �t�y�p�e�s� �o�f� �f�l�o�w� �f�o�r� �w�h�i�c�h� �t�h�e� �t�u�r�b�u�l�e�n�t� �l�e�n�g�t�h� �s�c�a�l�e� �i�s� 

�d�e�t�e�r�m�i�n�e�d�.� 

�B�o�t�h� �t�h�e� �t�u�r�b�u�l�e�n�t� �v�e�l�o�c�i�t�y� �a�n�d� �l�e�n�g�t�h� �s�c�a�l�e�s� �a�r�e� �s�o�l�v�e�d� �f�o�r� �i�n� �t�w�o� �e�q�u�a�t�i�o�n� 

�m�o�d�e�l�s�.� �T�h�e� �m�o�s�t� �p�o�p�u�l�a�r� �o�f� �t�h�i�s� �t�y�p�e� �o�f� �m�e�t�h�o�d� �i�s� �t�h�e� �k�-�e�p�s�i�l�o�n� �m�o�d�e�l� �w�h�i�c�h� �g�i�v�e�s� 

�g�o�o�d� �p�r�e�d�i�c�t�i�o�n�s� �f�o�r� �a� �v�a�r�i�e�t�y� �o�f� �f�l�o�w� �c�o�n�f�i�g�u�r�a�t�i�o�n�s�.� �H�o�w�e�v�e�r�,� �a�s�s�u�m�p�t�i�o�n�s� �m�a�d�e� 

�a�n�d� �e�m�p�i�r�i�c�i�s�m� �r�e�q�u�i�r�e�d� �f�o�r� �t�h�e� �c�l�o�s�u�r�e� �o�f� �t�h�e� �e�p�s�i�l�o�n� �e�q�u�a�t�i�o�n� �l�i�m�i�t�s� �t�h�e� �m�o�d�e�l�'�s� 

�g�e�n�e�r�a�l�i�t�y�.� �T�h�e� �k ��e�p�s�i�l�o�n� �m�o�d�e�l� �w�i�l�l� �b�e� �d�i�s�c�u�s�s�e�d� �i�n� �m�o�r�e� �d�e�t�a�i�l� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�s�e�c�t�i�o�n�s�.� 

�3�.�0�.�2� �N�o�n�-�e�d�d�y� �V�i�s�c�o�s�i�t�y� �M�o�d�e�l�s� 

�N�o�n ��e�d�d�y� �v�i�s�c�o�s�i�t�y� �m�o�d�e�l�s� �d�o� �n�o�t� �u�t�i�l�i�z�e� �t�h�e� �B�o�u�s�i�n�e�s�q� �a�p�p�r�o�x�i�m�a�t�i�o�n� �i�n� 

�m�o�d�e�l�i�n�g� �t�h�e� �t�u�r�b�u�l�e�n�t� �s�t�r�e�s�s�e�s�,� �r�a�t�h�e�r�,� �t�h�e�y� �a�t�t�e�m�p�t� �t�o� �e�i�t�h�e�r� �s�o�l�v�e� �f�o�r� �t�h�e� 

�c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �t�u�r�b�u�l�e�n�t� �s�t�r�e�s�s� �t�e�n�s�o�r� �o�r� �s�o�l�v�e� �t�h�e� �N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� 

�d�i�r�e�c�t�l�y�.� 

�R�e�y�n�o�l�d�s� �s�t�r�e�s�s� �m�o�d�e�l�s� �s�o�l�v�e� �t�h�e� �R�e�y�n�o�l�d�s� �s�t�r�e�s�s� �e�q�u�a�t�i�o�n�s� �f�o�r� �t�h�e� 

�c�o�m�p�o�n�e�n�t�s� �o�f� �t�h�e� �t�u�r�b�u�l�e�n�t� �s�t�r�e�s�s� �t�e�n�s�o�r� �a�n�d� �t�h�e� �t�u�r�b�u�l�e�n�t� �d�i�f�f�u�s�i�o�n� �f�l�u�x�e�s�.� �T�h�i�s� 

�m�o�d�e�l�,� �u�n�l�i�k�e� �t�h�e� �e�d�d�y� �v�i�s�c�o�s�i�t�y� �m�o�d�e�l�s�,� �a�c�c�o�u�n�t� �f�o�r� �t�h�e� �n�o�n�-�i�s�o�t�r�o�p�i�c� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �d�o�m�i�n�a�n�t� �i�n� �s�o�m�e� �t�y�p�e�s� �o�f� �f�l�o�w�.� �T�h�e� �d�i�s�a�d�v�a�n�t�a�g�e� �t�o� �t�h�i�s� �m�e�t�h�o�d� 

�T�u�r�b�u�l�e�n�c�e� �M�o�d�e�l�i�n�g� �2�3



�i�s� �t�h�a�t� �t�h�e� �a�d�d�i�t�i�o�n�a�l� �c�o�m�p�u�t�a�t�i�o�n�s� �a�n�d� �m�e�m�o�r�y� �a�l�l�o�c�a�t�i�o�n�s� �r�e�q�u�i�r�e�d� �g�r�e�a�t�l�y� 

�i�n�c�r�e�a�s�e�s� �t�h�e� �c�a�l�c�u�l�a�t�i�o�n� �t�i�m�e�.� 

�A�l�g�e�b�r�a�i�c� �s�t�r�e�s�s� �m�o�d�e�l�s� �r�e�d�u�c�e� �t�h�e� �p�a�r�t�i�a�l� �d�i�f�f�e�r�e�n�t�i�a�l� �e�q�u�a�t�i�o�n�s� �o�f� �t�h�e� 

�R�e�y�n�o�l�d ��s� �s�t�r�e�s�s� �m�o�d�e�l� �t�o� �a� �s�e�t� �o�f� �a�l�g�e�b�r�a�i�c� �r�e�l�a�t�i�o�n�s�.� �I�n� �p�r�a�c�t�i�c�e�,� �a�l�g�e�b�r�a�i�c� �s�t�r�e�s�s� 

�m�o�d�e�l�s� �a�r�e� �c�o�u�p�l�e�d� �w�i�t�h� �t�h�e� �k�-�e�p�s�i�l�o�n� �e�q�u�a�t�i�o�n�s� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e�s�e� �s�t�r�e�s�s�e�s�.� �T�h�e� 

�c�o�n�s�i�s�t�e�n�c�y� �o�f� �a�l�g�e�b�r�a�i�c� �s�t�r�e�s�s� �m�o�d�e�l�s� �i�s� �i�n�c�r�e�a�s�e�d� �o�v�e�r� �t�h�e� �k�-�e�p�s�i�l�o�n� �m�o�d�e�l�.� 

�L�a�r�g�e� �e�d�d�y� �s�i�m�u�l�a�t�i�o�n� �m�o�d�e�l�s� �s�o�l�v�e� �t�h�e� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �t�i�m�e� �d�e�p�e�n�d�e�n�t� 

�N�a�v�i�e�r�-�S�t�o�k�e�s� �e�q�u�a�t�i�o�n�s� �t�o� �r�e�s�o�l�v�e� �t�h�e� �l�a�r�g�e� �e�d�d�y� �s�t�r�u�c�t�u�r�e� �o�f� �t�h�e� �f�l�o�w�.� �E�d�d�i�e�s� �a�r�e� 

�r�e�s�o�l�v�e�d� �d�i�r�e�c�t�l�y� �d�o�w�n� �t�o� �t�h�e� �s�i�z�e� �o�f� �t�h�e� �g�r�i�d�.� �S�m�a�l�l�e�r� �e�d�d�i�e�s� �a�r�e� �m�o�d�e�l�e�d� �u�s�i�n�g� �t�h�e� 

�e�d�d�y� �v�i�s�c�o�s�i�t�y� �a�p�p�r�o�a�c�h� �a�n�d� �s�m�a�l�l� �s�c�a�l�e� �t�u�r�b�u�l�e�n�c�e� �i�s� �a�v�e�r�a�g�e�d� �o�u�t� �w�i�t�h� �s�p�a�t�i�a�l� 

�f�i�l�t�e�r�e�d� �a�v�e�r�a�g�i�n�g�.� �T�h�i�s� �m�e�t�h�o�d� �i�s� �e�x�t�r�e�m�e�l�y� �t�i�m�e� �a�n�d� �m�e�m�o�r�y� �i�n�t�e�n�s�i�v�e� �a�n�d�,� �t�h�u�s�,� 

�i�s� �n�o�t� �u�s�e�f�u�l� �f�o�r� �i�n�d�u�s�t�r�i�a�l� �a�p�p�l�i�c�a�t�i�o�n�s�.� 

�3�.�1� �T�h�e� �k�-�e�p�s�i�l�o�n� �T�u�r�b�u�l�e�n�c�e� �M�o�d�e�l� 

�T�h�i�s� �i�n�v�e�s�t�i�g�a�t�i�o�n� �d�e�a�l�s� �w�i�t�h� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �a�n� �i�m�p�r�o�v�e�m�e�n�t� �t�o� �t�h�e� 

�k�-�e�p�s�i�l�o�n� �m�o�d�e�l� �t�o� �a� �p�a�r�t�i�c�u�l�a�r� �g�e�o�m�e�t�r�y�.� �I�t� �i�s�,� �t�h�e�r�e�f�o�r�e�,� �n�e�c�e�s�s�a�r�y� �t�o� �e�x�p�l�a�i�n� 

�k ��e�p�s�i�l�o�n� �i�n� �m�o�r�e� �d�e�t�a�i�l� �t�h�a�n� �w�h�a�t� �w�a�s� �p�r�o�v�i�d�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n� �o�n� �e�d�d�y� 

�v�i�s�c�o�s�i�t�y� �m�o�d�e�l�s�.� �I�n� �t�h�i�s� �m�o�d�e�l�,� �t�h�e� �t�u�r�b�u�l�e�n�t� �l�e�n�g�t�h� �a�n�d� �v�e�l�o�c�i�t�y� �s�c�a�l�e�s� �a�r�e� 

�d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �t�h�e� �t�u�r�b�u�l�e�n�t� �q�u�a�n�t�i�t�i�e�s� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �a�n�d� �d�i�s�s�i�p�a�t�i�o�n�.� �B�y� 

�d�i�m�e�n�s�i�o�n�a�l� �a�n�a�l�y�s�i�s�,� �t�h�e� �e�d�d�y� �v�i�s�c�o�s�i�t�y� �c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �a�s� �[�1�7�]�:� 

 ��=�x�o�V�,�L� �(�3� �- �� �9�)� 

�w�h�e�r�e�,� �«�i�s� �a�p�r�o�p�o�r�t�i�o�n�a�l�i�t�y� �c�o�n�s�t�a�n�t�,� �0� �i�s� �t�h�e� �d�e�n�s�i�t�y�,� �V�;�i�s� �t�h�e� �t�u�r�b�u�l�e�n�t� �v�e�l�o�c�i�t�y� 

�s�c�a�l�e�,� �a�n�d� �L� �i�s� �t�h�e� �t�u�r�b�u�l�e�n�t� �l�e�n�g�t�h� �s�c�a�l�e� �[�1�7�]�.� �I�n� �t�h�e� �k�-�e�p�s�i�l�o�n� �m�o�d�e�l�,� �t�h�e� �t�u�r�b�u�l�e�n�t� 

�v�e�l�o�c�i�t�y� �s�c�a�l�e� �i�s� �c�h�o�s�e�n� �t�o� �b�e� �k�'�/�2�,� �a�n�d� �t�h�e� �t�u�r�b�u�l�e�n�t� �l�e�n�g�t�h� �s�c�a�l�e� �i�s� �c�h�o�s�e�n� �t�o� �b�e� 

�T�u�r�b�u�l�e�n�c�e� �M�o�d�e�l�i�n�g� �2�4



�k�*�/�2�/�e�,� �T�h�e� �p�r�o�p�o�r�t�i�o�n�a�l�i�t�y� �c�o�n�s�t�a�n�t� �i�s� �e�m�p�i�r�i�c�a�l�l�y� �d�e�t�e�r�m�i�n�e�d� �a�n�d� �i�s� �r�e�p�r�e�s�e�n�t�e�d� �a�s� 

�C�y�.� �T�u�r�b�u�l�e�n�t� �v�i�s�c�o�s�i�t�y� �c�a�n�,� �t�h�e�r�e�f�o�r�e�,� �b�e� �m�o�d�e�l�e�d� �a�s� �f�o�l�l�o�w�s�:� 

�a�,� �=� �o�C�,� �(�3� �-� �8�)� 

�T�h�e� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y�,� �k�,� �a�n�d� �d�i�s�s�i�p�a�t�i�o�n�,�  ¬�,� �c�a�n� �b�e� �f�o�u�n�d� �f�r�o�m� �t�h�e� 

�t�u�r�b�u�l�e�n�t� �t�r�a�n�s�p�o�r�t� �e�q�u�a�t�i�o�n�s�.� �T�h�e� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n� �c�a�n� �b�e� �w�r�i�t�t�e�n� 

�a�s� �[�1�8�]�:� 

�a�k�,� �7� �o�k� �_� �O�f�,� �a�k�)� �a�o� �9�H� �_� �u�u�"�,� �|� �p�a�w�;� �_� �a�a� �[�o�P� �_� 
�a�t� �+� �M�a�y�,� �=� �(�v�3�)� �W�i�l�e� �3�x�.�  �� �O�e� �a�n� �+� �O� �a�n� �a�x� �(�h�e�t� �o�o� �|� �B�-� �9�%� 

�1� �2� �3� �4� �5� �6� 

�#�1� �R�a�t�e� �o�f� �c�h�a�n�g�e� �o�f� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� 

�#�2�  ��V�i�s�c�o�u�s �� �d�i�f�f�u�s�i�o�n� 

�#�3� �R�a�t�e� �o�f� �p�r�o�d�u�c�t�i�o�n� �o�f� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �b�y� �i�n�t�e�r�a�c�t�i�o�n� �w�i�t�h� �m�e�a�n� �s�t�r�a�i�n� �r�a�t�e� 

�#�4� �D�i�s�s�i�p�a�t�i�o�n� �(�v�i�s�c�o�u�s� �d�e�s�t�r�u�c�t�i�o�n�)� �o�f� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� 

�#�5� �P�r�e�s�s�u�r�e� �s�t�r�a�i�n� 

�#�6�  ��T�u�r�b�u�l�e�n�t �� �d�i�f�f�u�s�i�o�n� �a�n�d� �"�p�r�e�s�s�u�r�e �� �d�i�f�f�u�s�i�o�n� �o�f� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� 

�,� �a� �G�u�i� �=� �9� �T�h�e� �p�r�e�s�s�u�r�e� �s�t�r�a�i�n� �t�e�r�m� �c�a�n� �b�e� �e�l�i�m�i�n�a�t�e�d� �b�e�c�a�u�s�e� �9�;� �f�r�o�m� �t�h�e� �t�i�m�e� 

�d�e�p�e�n�d�e�n�t� �f�o�r�m� �o�f� �t�h�e� �c�o�n�t�i�n�u�i�t�y� �e�q�u�a�t�i�o�n�.� �T�h�e� �e�x�a�c�t� �f�o�r�m� �o�f� �t�h�e� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� 

�e�n�e�r�g�y� �e�q�u�a�t�i�o�n� �i�s� �s�i�m�p�l�i�f�i�e�d� �t�o� �i�t�s� �f�i�n�a�l� �m�o�d�e�l�i�n�g� �f�o�r�m� �b�y� �t�h�e� �f�o�l�l�o�w�i�n�g� �a�s�s�u�m�p�t�i�o�n�s�:� 

�¢� �I�s�o�t�r�o�p�i�c� �t�u�r�b�u�l�e�n�c�e� �(�v�a�l�i�d� �a�t� �h�i�g�h� �R�e�y�n�o�l�d�s� �n�u�m�b�e�r�s�)� 

�o�g� �_� �O�u �� �O�u ��;� �_� 
 ¬� �(�d�i�s�s�i�p�a�t�i�o�n�)� �=� �v� �a�x�,� �O�X�,� �G�3� �-� �1�0�)� 

�e� �A�p�p�l�y� �t�h�e� �e�d�d�y� �v�i�s�c�o�s�i�t�y� �c�o�n�c�e�p�t� �t�o� �t�e�r�m� �#�3�:� 

�~� �r�a�y� �=� �H�i� �(�O�H� �4� �O�e� �_� �w�a�,� �=� �B�e� �+� �B�e�)� �3� �-� �1�1�)� 
� � 
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�e� �T�h�e� �T�u�r�b�u�l�e�n�t �� �d�i�f�f�u�s�i�o�n� �t�e�r�m� �c�a�n� �b�e� �s�i�m�p�l�i�f�i�e�d� �b�y� �t�h�e� �u�s�e� 

�o�f� �t�h�e� �e�d�d�y� �d�i�f�f�u�s�i�v�i�t�y� �c�o�n�c�e�p�t� �a�n�d� �t�h�e� �a�d�d�i�t�i�o�n� �o�f� �t�h�e� 

�t�u�r�b�u�l�e�n�t� �P�r�a�n�d�t�l� �n�u�m�b�e�r�,� �o�x�.� 

�a�7� �_� �H�k� 
 �� �k�e� �=� �o�O� �a�x�,� �(�3�  �� �1�2�)� 

�T�h�e� �f�i�n�a�l� �f�o�r�m� �o�f� �t�h�e� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n� �t�h�a�t� �w�i�l�l� �b�e� �m�o�d�e�l�e�d� �i�s� �a�s� 

�f�o�l�l�o�w�s�:� 

�o�k� �,� �~� �0�k� �_� �_�d�-� �¥�\� �O�K� �_� �_� �a�f� �+� �h�y� �a�x�,� �Z�|�(�»� �+� �5�)� �3�k� �+� �(�P�r�  ��  ¬�)� �(�3�  �� �1�3�)� 

�(�i� �8� �w�h�e�r�e�,� �P�r� �(�p�r�o�d�u�c�t�i�o�n�)� �=�  ��\�@�%� �9�x�;� �/�\� �o�x�,� �(�3� �-� �1�4�)� �2� 

�a�n�d�y�;� �(� �t�u�r�b�u�l�e�n�t� �k�i�n�e�m�a�t�i�c� �v�i�s�c�o�s�i�t�y�)�  �� �,�/� �0� 

�T�h�e� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �e�q�u�a�t�i�o�n� �i�s� �s�o�l�v�e�d� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �t�u�r�b�u�l�e�n�t� 

�d�i�s�s�i�p�a�t�i�o�n� �e�q�u�a�t�i�o�n�.� �T�h�e� �m�o�d�e�l�e�d� �e�q�u�a�t�i�o�n� �f�o�r� �e�p�s�i�l�o�n� �i�s� �g�i�v�e�n� �a�s�:� 

�9�6� �4� �7� �O�E� �_� �O�o� �Y�r�)� �O�E� �E�p�-�c�&� �-� �o�t� �a�g�e� �Z�|� �(�v� �+� �%�)� �3�)� �+� �¢�,� �£� �P�r�-� �C�1�6� �(�3�  �� �1�5�)� 

�1� �2� �3� 

�#�1� �R�a�t�e� �o�f� �c�h�a�n�g�e� �o�f� �t�u�r�b�u�l�e�n�t� �d�i�s�s�i�p�a�t�i�o�n� 

�#�2� �D�i�f�f�u�s�i�o�n� �o�f� �t�h�e� �t�u�r�b�u�l�e�n�t� �d�i�s�s�i�p�a�t�i�o�n� 

�#�3� �S�o�u�r�c�e�s� �o�f� �d�i�s�s�i�p�a�t�i�o�n� 

�T�h�e� �m�o�d�e�l� �c�o�n�t�a�i�n�s� �f�i�v�e� �e�m�p�i�r�i�c�a�l� �c�o�e�f�f�i�c�i�e�n�t�s�,� �f�o�r� �w�h�i�c�h� �a� �r�e�a�s�o�n�a�b�l�e� �r�a�n�g�e� �o�f� 

�v�a�l�u�e�s� �a�r�e� �d�e�t�e�r�m�i�n�e�d� �b�y� �a�n�a�l�y�s�i�s� �o�f� �s�i�m�p�l�e� �t�u�r�b�u�l�e�n�t� �f�l�o�w�s�.� �N�u�m�e�r�i�c�a�l� �o�p�t�i�m�i�z�a�t�i�o�n� 

�i�s� �t�h�e�n� �e�m�p�l�o�y�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �b�e�s�t� �s�e�t� �o�f� �m�o�d�e�l� �c�o�e�f�f�i�c�i�e�n�t�s�.� �F�r�o�m� �d�e�c�a�y� �o�f� �g�r�i�d� 

�t�u�r�b�u�l�e�n�c�e�,� �C�o� �i�s� �d�e�t�e�r�m�i�n�e�d� �t�o� �b�e� �1�.�8�0� �[�1�8�]�.� �F�r�o�m� �n�e�a�r� �w�a�l�l� �t�u�r�b�u�l�e�n�c�e� 

�c�o�n�s�i�d�e�r�a�t�i�o�n�s�:� 
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�C�c�,�=�c�,�- ��&� �3�  �� �1�6�)� �a�.� �[�C� 

�I�n� �l�o�c�a�l� �e�q�u�i�l�i�b�r�i�u�m� �n�e�a�r� �w�a�l�l� �t�u�r�b�u�l�e�n�c�e�,� �p�r�o�d�u�c�t�i�o�n� �e�q�u�a�l�s� �d�i�s�s�i�p�a�t�i�o�n�.� �F�r�o�m� �t�h�i�s� 

� � 

�C�,�,� �c�a�n� �b�e� �a�p�p�r�o�x�i�m�a�t�e�d� �t�o� �b�e� �0�.�0�9� �[�1�8�]�.� �I�n� �o�r�d�e�r� �t�o� �p�r�e�v�e�n�t� �t�h�e� �e�d�d�y� �v�i�s�c�o�s�i�t�y� �f�r�o�m� 

�b�e�c�o�m�i�n�g� �u�n�b�o�u�n�d�e�d�,� �t�h�e� �r�a�t�e� �a�t� �w�h�i�c�h� �d�i�s�s�i�p�a�t�i�o�n� �a�p�p�r�o�a�c�h�e�s� �z�e�r�o� �m�u�s�t� �b�e� 

�s�l�o�w�e�r� �t�h�a�n� �t�h�e� �r�a�t�e� �a�t� �w�h�i�c�h� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �a�p�p�r�o�a�c�h�e�s� �z�e�r�o�.� �T�h�i�s� 

�r�e�q�u�i�r�e�s� �t�h�a�t� �t�h�e� �d�i�s�s�i�p�a�t�i�o�n� �o�f� �e�p�s�i�l�o�n� �b�e� �l�e�s�s� �t�h�a�n� �t�h�e� �d�i�s�s�i�p�a�t�i�o�n� �o�f� �k�.� �T�o� �a�s�s�u�r�e� 

�t�h�i�s�,� �o�,� �m�u�s�t� �a�l�w�a�y�s� �b�e� �l�e�s�s� �t�h�a�n� �o�r� �e�q�u�a�l� �t�o� �o�,�.� �A�f�t�e�r� �c�o�m�p�u�t�e�r� �o�p�t�i�m�i�z�a�t�i�o�n�,� �t�h�e� 

�r�e�c�o�m�m�e�n�d�e�d� �s�e�t� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s� �b�e�c�o�m�e�s� �[�1�9�]�:� 

�C�y�=�0�.�0�9� �C�y�=�1�.�4�4� �C�o�=�1�.�9�2� �q�K�=�l�0� �o�,� �=�1�3� 

�T�h�e� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �a�n�d� �d�i�s�s�i�p�a�t�i�o�n� �a�r�e� �s�o�l�v�e�d� �f�o�r� �f�r�o�m� �t�h�e�i�r� 

�r�e�s�p�e�c�t�i�v�e� �e�q�u�a�t�i�o�n�s� �a�n�d� �a�p�p�l�i�e�d� �t�o� �t�h�e� �B�o�u�s�s�i�n�e�s�q� �a�p�p�r�o�x�i�m�a�t�i�o�n� �t�o� �e�v�a�l�u�a�t�e� 

�t�u�r�b�u�l�e�n�t� �v�i�s�c�o�s�i�t�y�.� �T�h�e� �a�d�d�i�t�i�o�n� �o�f� �t�h�e� �e�d�d�y� �v�i�s�c�o�s�i�t�y� �t�o� �t�h�e� �m�o�l�e�c�u�l�a�r� �v�i�s�c�o�s�i�t�y� 

�c�r�e�a�t�e�s� �a� �g�r�e�a�t�e�r� �d�i�s�s�i�p�a�t�i�v�e� �e�f�f�e�c�t� �i�n� �a�n� �a�t�t�e�m�p�t� �t�o� �s�i�m�u�l�a�t�e� �t�u�r�b�u�l�e�n�t� �m�i�x�i�n�g�.� 

�H�o�w�e�v�e�r�,� �i�n� �a�r�e�a�s� �o�f� �h�i�g�h� �s�h�e�a�r�,� �t�h�e� �r�a�t�e� �o�f� �p�r�o�d�u�c�t�i�o�n� �o�f� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� 

�i�s� �m�u�c�h� �f�a�s�t�e�r� �t�h�a�n� �t�h�a�t� �o�f� �d�i�s�s�i�p�a�t�i�o�n�.� �T�h�i�s� �c�a�u�s�e�s� �t�h�e� �t�u�r�b�u�l�e�n�t� �v�i�s�c�o�s�i�t�y� �t�o� �b�e� 

�o�v�e�r�p�r�e�d�i�c�t�e�d� �i�n� �t�h�e�s�e� �r�e�g�i�o�n�s�.� �T�h�e� �d�i�s�s�i�p�a�t�i�v�e� �n�a�t�u�r�e� �o�f� �t�h�e� �k�-�e�p�s�i�l�o�n� �m�o�d�e�l� 

�r�e�s�u�l�t�s� �i�n� �i�n�c�o�n�s�i�s�t�e�n�t� �p�r�e�d�i�c�t�i�o�n�s�,� �e�s�p�e�c�i�a�l�l�y� �i�n� �s�w�i�r�l�i�n�g� �a�n�d� �r�e�c�i�r�c�u�l�a�t�i�n�g� �f�l�o�w�s� 

�w�h�e�r�e� �c�o�n�s�e�r�v�a�t�i�o�n� �o�f� �t�h�e� �m�o�m�e�n�t�u�m� �o�f� �t�h�e� �p�r�i�m�a�r�y� �s�t�r�e�a�m� �o�f� �f�l�o�w� �i�s� �i�m�p�o�r�t�a�n�t�.� 

�B�e�c�a�u�s�e� �o�f� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �i�s�o�t�r�o�p�i�c� �f�l�o�w� �i�n� �t�h�e� �c�l�o�s�u�r�e� �o�f� �t�h�e� �t�u�r�b�u�l�e�n�t� �t�r�a�n�s�p�o�r�t� 

�e�q�u�a�t�i�o�n�s�,� �t�h�e� �m�o�d�e�l� �a�l�s�o� �f�a�i�l�s� �t�o� �g�i�v�e� �a�c�c�u�r�a�t�e� �p�r�e�d�i�c�t�i�o�n�s� �f�o�r� �f�l�o�w�s� �t�h�a�t� �a�r�e� �h�i�g�h�l�y� 

�a�n�i�s�o�t�r�o�p�i�c�.� �T�h�e� �k ��e�p�s�i�l�o�n� �m�o�d�e�l� �p�r�o�v�e�s� �t�o� �g�i�v�e� �q�u�a�l�i�t�a�t�i�v�e� �r�e�s�u�l�t�s� �f�o�r� �m�a�n�y� �f�l�o�w�s�,� 

�h�o�w�e�v�e�r�,� �i�t� �s�u�f�f�e�r�s� �f�r�o�m� �a� �f�e�w� �d�e�f�i�c�i�e�n�c�i�e�s� �w�h�i�c�h� �r�e�n�d�e�r� �i�t� �i�n�a�p�p�l�i�c�a�b�l�e� �t�o� �m�o�r�e� 

�c�o�m�p�l�e�x� �f�l�o�w�s�.� 
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�3�.�2� �T�h�e� �C�h�e�n� �M�o�d�i�f�i�c�a�t�i�o�n� �t�o� �t�h�e� �k�-�e�p�s�i�l�o�n� 
�T�u�r�b�u�l�e�n�c�e� �M�o�d�e�l� 

�T�h�e� �m�o�d�i�f�i�c�a�t�i�o�n� �m�a�d�e� �b�y� �C�h�e�n� �t�o� �t�h�e� �k ��e�p�s�i�l�o�n� �t�u�r�b�u�l�e�n�c�e� �m�o�d�e�l� �w�a�s� 

�m�o�t�i�v�a�t�e�d� �b�y� �t�h�e� �l�a�c�k� �o�f� �s�u�c�c�e�s�s� �o�f� �p�r�e�v�i�o�u�s� �m�o�d�i�f�i�c�a�t�i�o�n�s�.� �A�s� �w�a�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� 

�C�h�a�p�t�e�r� �2�,� �m�a�n�y� �a�t�t�e�m�p�t�s� �w�e�r�e� �m�a�d�e� �t�o� �r�e�m�e�d�y� �t�h�e� �d�i�s�s�i�p�a�t�i�v�e� �n�a�t�u�r�e� �o�f� �t�h�e� �m�o�d�e�l�.� 

�T�h�e� �a�p�p�r�o�a�c�h�e�s�,� �h�o�w�e�v�e�r�,� �w�e�r�e� �t�o� �d�e�a�l� �w�i�t�h� �t�h�e� �m�o�d�e�l�'�s� �d�e�f�i�c�i�e�n�c�i�e�s� �i�n� �p�r�e�d�i�c�t�i�n�g� 

�t�h�e� �f�e�a�t�u�r�e�s� �o�f� �a� �p�a�r�t�i�c�u�l�a�r� �t�y�p�e� �o�f� �f�l�o�w�.� �|�T�h�e� �m�o�d�i�f�i�c�a�t�i�o�n�s� �o�f�t�e�n� �v�i�o�l�a�t�e� 

�r�e�q�u�i�r�e�m�e�n�t�s� �i�m�p�o�s�e�d� �o�n� �t�h�e� �d�e�t�e�r�m�i�n�a�t�i�o�n� �o�f� �t�h�e� �c�o�e�f�f�i�c�i�e�n�t�s�,� �a�n�d�,� �i�n� �m�o�s�t� �c�a�s�e�s�,� 

�f�a�i�l� �t�o� �m�a�k�e� �a� �s�i�g�n�i�f�i�c�a�n�t� �i�m�p�r�o�v�e�m�e�n�t� �i�n� �p�r�e�d�i�c�t�i�o�n�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e�s�e� 

�m�o�d�i�f�i�c�a�t�i�o�n�s� �l�a�c�k� �g�e�n�e�r�a�l�i�t�y� �a�n�d� �a�r�e� �i�n�a�p�p�l�i�c�a�b�l�e� �t�o� �f�l�o�w�s� �d�i�f�f�e�r�i�n�g� �f�r�o�m� �t�h�a�t� �f�o�r� 

�w�h�i�c�h� �t�h�e�y� �w�e�r�e� �m�o�d�e�l�e�d�.� �F�o�r� �t�h�i�s� �r�e�a�s�o�n�,� �C�h�e�n� �a�t�t�a�c�k�s� �t�h�e� �m�o�s�t� �f�u�n�d�a�m�e�n�t�a�l� 

�p�r�o�b�l�e�m� �o�f� �t�h�e� �k ��-�e�p�s�i�l�o�n� �t�u�r�b�u�l�e�n�c�e� �m�o�d�e�l�,� �t�h�e� �o�v�e�r�p�r�e�d�i�c�t�i�o�n� �o�f� �e�d�d�y� �v�i�s�c�o�s�i�t�y� �i�n� 

�a�r�e�a�s� �o�f� �h�i�g�h� �m�e�a�n� �s�t�r�a�i�n�.� 

�T�o� �c�o�r�r�e�c�t� �t�h�i�s� �p�r�o�b�l�e�m�,� �C�h�e�n� �p�r�o�p�o�s�e�s� �a�n� �a�d�d�i�t�i�o�n�a�l� �s�o�u�r�c�e� �t�e�r�m� �b�e� �a�d�d�e�d� 

�t�o� �t�h�e� �d�i�s�s�i�p�a�t�i�o�n� �e�q�u�a�t�i�o�n� �[�1�0�]� 

�a�e�,� �7� �v�e� �_� �a�l�l�,� �4�%�)� �a�]� �o�o� �p�e�_� �t�t�s� �o� �P�P� �7� �a� �+� �7�,�2�8� �2� �|�(�»� �+�3�)� �2�|� �c ��P�r�é�-� �c�'�,�&� �+� �c ��,�P�E� �(�3� �-� �1�7�)� 

�T�h�e� �l�a�s�t� �t�e�r�m� �o�n� �t�h�e� �r�i�g�h�t� �s�i�d�e� �o�f� �t�h�e� �e�q�u�a�t�i�o�n� �i�s� �t�h�e� �p�r�o�p�o�s�e�d� �m�o�d�i�f�i�c�a�t�i�o�n�.� �T�h�e� �t�e�r�m� 

�a�d�d�s� �a� �s�e�c�o�n�d� �t�i�m�e� �s�c�a�l�e� �w�h�i�c�h� �a�l�l�o�w�s� �t�h�e� �t�r�a�n�s�f�e�r� �o�f� �e�n�e�r�g�y� �b�e�t�w�e�e�n� �t�h�e� �t�w�o� 

�t�r�a�n�s�p�o�r�t� �e�q�u�a�t�i�o�n�s� �t�o� �r�e�a�c�t� �m�o�r�e� �e�f�f�i�c�i�e�n�t�l�y� �t�o� �m�e�a�n� �s�t�r�a�i�n�.� �T�h�i�s� �t�i�m�e� �s�c�a�l�e� �w�i�l�l� �a�l�l�o�w� 

�t�h�e� �r�a�t�e�s� �o�f� �p�r�o�d�u�c�t�i�o�n� �o�f� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �a�n�d� �d�i�s�s�i�p�a�t�i�o�n� �t�o� �c�o�n�v�e�r�g�e�.� �T�h�e� 

�r�e�s�u�l�t� �i�s� �a� �d�e�c�r�e�a�s�e� �o�f� �e�d�d�y� �v�i�s�c�o�s�i�t�y� �w�h�e�r�e� �t�h�e� �v�e�l�o�c�i�t�y� �g�r�a�d�i�e�n�t�s� �a�r�e� �h�i�g�h� �a�n�d� �a�n� 

�i�n�c�r�e�a�s�e� �i�n� �p�;� �w�h�e�r�e� �t�h�e�y� �a�r�e� �l�o�w�.� 

�T�h�e� �m�o�d�e�l� �c�o�n�s�t�a�n�t�s� �C�;�,� �C�o�,� �a�n�d� �C�s�,� �a�s� �w�e�l�l� �a�s� �t�h�e� �t�u�r�b�u�l�e�n�t� �P�r�a�n�d�t�l� 

�n�u�m�b�e�r�s� �a�r�e� �r�e�d�e�t�e�r�m�i�n�e�d� �u�s�i�n�g� �t�h�e� �o�r�i�g�i�n�a�l� �s�t�i�p�u�l�a�t�i�o�n�s� �i�m�p�o�s�e�d� �o�n� �t�h�e� 
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�c�o�e�f�f�i�c�i�e�n�t�s� �o�f� �t�h�e� �s�t�a�n�d�a�r�d� �m�o�d�e�l�,� �a�s� �d�i�s�c�u�s�s�e�d� �i�n� �t�h�e� �p�r�e�v�i�o�u�s� �s�e�c�t�i�o�n�.� �T�h�e� 

�c�o�e�f�f�i�c�i�e�n�t�s� �w�e�r�e� �t�h�e�n� �n�u�m�e�r�i�c�a�l�l�y� �o�p�t�i�m�i�z�e�d� �r�e�s�u�l�t�i�n�g� �i�n� �t�h�e� �f�i�n�a�l� �m�o�d�e�l� �v�a�l�u�e�s�:� 

�O�.�=�0�.�7�5� �o�f�,� �=�1�.�1�5� �C�y�=�1�.�1�5� �C ��2�=�1�.�9� �C ��3�=�0�.�2�5� 

�O�b�s�e�r�v�i�n�g� �t�h�i�s� �f�i�n�a�l� �s�e�t� �o�f� �c�o�e�f�f�i�c�i�e�n�t�s�,� �i�t� �i�s� �n�o�t�i�c�e�d� �t�h�a�t� �i�n� �e�q�u�i�l�i�b�r�i�u�m� �f�l�o�w�,� �w�h�e�r�e� 

�p�r�o�d�u�c�t�i�o�n� �e�q�u�a�l�s� �d�i�s�s�i�p�a�t�i�o�n�,� �d�i�s�s�i�p�a�t�i�o�n� �c�a�n� �b�e� �s�u�b�s�t�i�t�u�t�e�d� �f�o�r� �p�r�o�d�u�c�t�i�o�n� �i�n� �t�h�e� 

�t�h�i�r�d� �t�e�r�m�.� �T�h�e� �r�e�s�u�l�t� �i�s� �a� �s�o�u�r�c�e� �t�e�r�m� �i�d�e�n�t�i�c�a�l� �t�o� �t�h�e� �f�i�r�s�t� �s�o�u�r�c�e� �t�e�r�m�,� �P�r�e�/�k�.� �T�h�e� 

�f�i�r�s�t� �a�n�d� �t�h�i�r�d� �c�o�e�f�f�i�c�i�e�n�t�s�,� �C ��;� �a�n�d� �C ��3�,� �r�e�s�p�e�c�t�i�v�e�l�y�,� �c�a�n� �c�o�m�b�i�n�e� �w�i�t�h� �t�h�e� �r�e�s�u�l�t�i�n�g� 

�c�o�e�f�f�i�c�i�e�n�t� �b�e�i�n�g� �e�q�u�a�l� �t�o� �C�;� �o�f� �t�h�e� �o�r�i�g�i�n�a�l� �k�-�e�p�s�i�l�o�n� �e�q�u�a�t�i�o�n�.� �S�o�,� �i�n� �e�q�u�i�l�i�b�r�i�u�m� 

�f�l�o�w�s�,� �t�h�e� �C�h�e�n� �m�o�d�e�l� �r�e�d�u�c�e�s� �t�o� �t�h�e� �o�r�i�g�i�n�a�l� �k�-�e�p�s�i�l�o�n� �m�o�d�e�l�.� �I�n� �a�r�e�a�s� �o�f� �h�i�g�h� 

�s�h�e�a�r�,� �h�o�w�e�v�e�r�,� �p�r�o�d�u�c�t�i�o�n� �w�i�l�l� �n�o�t� �e�q�u�a�l� �d�i�s�s�i�p�a�t�i�o�n� �a�n�d� �t�h�e� �f�i�r�s�t� �a�n�d� �t�h�i�r�d� �t�e�r�m�s� �w�i�l�l� 

�n�o�t� �b�e� �i�d�e�n�t�i�c�a�l� �i�n� �f�o�r�m�.� �R�a�t�h�e�r�,� �i�n� �a�r�e�a�s� �o�f� �h�i�g�h� �p�r�o�d�u�c�t�i�o�n�,� �o�r� �s�h�e�a�r�,� �t�h�e� �t�h�i�r�d� �t�e�r�m� 

�w�i�l�l� �c�o�n�t�r�i�b�u�t�e� �t�o� �t�h�e� �p�r�o�d�u�c�t�i�o�n� �o�f� �d�i�s�s�i�p�a�t�i�o�n� �m�o�r�e� �t�h�a�n� �t�h�e� �s�o�l�i�t�a�r�y� �t�e�r�m� �w�o�u�l�d� 

�h�a�v�e�.� 

�T�o� �a�s�s�e�s�s� �t�h�e� �p�e�r�f�o�r�m�a�n�c�e� �o�f� �t�h�i�s� �i�m�p�r�o�v�e�m�e�n�t�,� �C�h�e�n� �a�p�p�l�i�e�d� �h�i�s� 

�m�o�d�i�f�i�c�a�t�i�o�n� �t�o� �a� �v�a�r�i�e�t�y� �o�f� �f�l�o�w�s�.� �T�h�e� �c�a�s�e�s� �e�v�a�l�u�a�t�e�d� �w�e�r�e�:� �f�u�l�l�y� �d�e�v�e�l�o�p�e�d� 

�t�u�r�b�u�l�e�n�t� �c�h�a�n�n�e�l� �a�n�d� �p�i�p�e� �f�l�o�w�s�,� �c�o ��f�l�o�w�i�n�g� �p�l�a�n�e� �a�n�d� �r�o�u�n�d� �j�e�t�s�,� �a� �f�l�a�t� �p�l�a�t�e� 

�t�u�r�b�u�l�e�n�t� �b�o�u�n�d�a�r�y� �l�a�y�e�r� �f�l�o�w�,� �f�l�o�w� �o�v�e�r� �a� �b�a�c�k�w�a�r�d� �f�a�c�i�n�g� �s�t�e�p�,� �a�n�d� �s�w�i�r�l�i�n�g� �f�l�o�w�.� 

�T�h�e� �m�o�d�i�f�i�c�a�t�i�o�n� �s�h�o�w�e�d� �i�m�p�r�o�v�e�d� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�e� �d�e�c�a�y� �o�f� �c�e�n�t�e�r�l�i�n�e� �v�e�l�o�c�i�t�y� 

�a�n�d� �j�e�t� �h�a�l�f� �w�i�d�t�h� �f�o�r� �b�o�t�h� �c�o ��f�l�o�w�i�n�g� �j�e�t� �c�a�s�e�s� �a�n�d� �a� �r�e�d�u�c�t�i�o�n� �o�f� �t�h�e� �e�r�r�o�r� �i�n� 

�p�r�e�d�i�c�t�i�n�g� �t�h�e� �r�e�a�t�t�a�c�h�m�e�n�t� �l�e�n�g�t�h� �f�r�o�m� �2�8�%� �t�o� �2�.�8�%� �f�o�r� �t�h�e� �r�e�c�t�a�n�g�u�l�a�r� �b�a�c�k�w�a�r�d� 

�f�a�c�i�n�g� �s�t�e�p� �c�a�s�e�.� �N�u�m�e�r�i�c�a�l� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�e� �a�x�i�a�l� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �c�o ��a�x�i�a�l� �f�l�o�w�i�n�g� 

�j�e�t� �c�a�s�e� �s�h�o�w� �s�i�g�n�i�f�i�c�a�n�t� �i�m�p�r�o�v�e�m�e�n�t� �o�v�e�r� �t�h�e� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �t�h�e� �s�t�a�n�d�a�r�d� 

�k ��e�p�s�i�l�o�n� �m�o�d�e�l�,� �i�l�l�u�s�t�r�a�t�i�n�g� �t�h�e� �a�b�i�l�i�t�y� �o�f� �t�h�e� �C�h�e�n� �m�o�d�i�f�i�c�a�t�i�o�n� �t�o� �c�o�n�s�e�r�v�e� �s�w�i�r�l�.� 

�T�h�e� �i�m�p�r�o�v�e�d� �m�o�d�e�l� �p�r�e�d�i�c�t�s� �t�h�e� �m�e�a�n� �v�e�l�o�c�i�t�y� �o�f� �t�h�e� �f�l�a�t� �p�l�a�t�e� �f�l�o�w� �t�e�s�t� �c�a�s�e� �w�e�l�l�,� 

�y�e�t� �u�n�d�e�r�p�r�e�d�i�c�t�s� �t�h�e� �t�u�r�b�u�l�e�n�t� �k�i�n�e�t�i�c� �e�n�e�r�g�y� �a�n�d� �s�h�e�a�r�i�n�g� �s�t�r�e�s�s� �n�e�a�r� �t�h�e� �w�a�l�l�.� �F�o�r� 
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�t�h�e� �c�h�a�n�n�e�l� �a�n�d� �p�i�p�e� �f�l�o�w�s�,� �n�o� �d�i�f�f�e�r�e�n�c�e� �a�t� �a�l�l� �w�a�s� �s�e�e�n�.� �T�h�e�s�e� �l�a�s�t� �f�o�u�r� �c�a�s�e�s� 

�p�e�r�h�a�p�s� �i�n�d�i�c�a�t�e� �t�h�e� �i�n�a�b�i�l�i�t�y� �o�f� �t�h�e� �w�a�l�l� �f�u�n�c�t�i�o�n� �t�o� �c�o�r�r�e�c�t�l�y� �a�c�c�o�u�n�t� �f�o�r� �w�a�l�l� �e�f�f�e�c�t�s�,� 

�r�a�t�h�e�r� �t�h�a�n� �t�h�e� �C�h�e�n� �m�o�d�i�f�i�c�a�t�i�o�n�s� �f�a�i�l�u�r�e� �t�o� �r�e�m�e�d�y� �t�h�e� �d�i�s�s�i�p�a�t�i�v�e� �n�a�t�u�r�e� �o�f� �t�h�e� 

�k�-�e�p�s�i�l�o�n� �m�o�d�e�l�.� 

�I�n� �c�a�s�e�s� �w�h�e�r�e� �w�a�l�l� �e�f�f�e�c�t�s� �h�a�v�e� �a� �m�u�c�h� �l�a�r�g�e�r� �i�n�f�l�u�e�n�c�e� �o�n� �t�h�e� �f�l�o�w� �t�h�a�n� 

�d�i�f�f�u�s�i�o�n�,� �s�u�c�h� �a�s� �t�h�e� �f�o�u�r� �c�a�s�e�s� �m�e�n�t�i�o�n�e�d� �a�b�o�v�e�,� �t�h�e� �C�h�e�n� �m�o�d�i�f�i�c�a�t�i�o�n� �f�a�i�l�s� �t�o� 

�m�a�k�e� �a�n� �i�m�p�r�o�v�e�m�e�n�t�.� �T�h�i�s� �p�o�i�n�t� �i�s� �f�o�r�t�i�f�i�e�d� �b�y� �t�h�e� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �f�l�o�w� �t�h�r�o�u�g�h� �a� 

�r�e�c�t�a�n�g�u�l�a�r� �d�u�c�t� �w�i�t�h� �9�0�°� �b�e�n�d�,� �a� �t�e�s�t� �c�a�s�e� �m�o�d�e�l�e�d� �b�y� �t�h�e� �a�u�t�h�o�r� �a�n�d� �d�i�s�c�u�s�s�e�d� 

�i�n� �a�p�p�e�n�d�i�x� �A�.� �T�h�e� �r�e�s�u�l�t�s� �c�l�e�a�r�l�y� �i�l�l�u�s�t�r�a�t�e� �t�h�a�t� �t�u�r�b�u�l�e�n�t� �v�i�s�c�o�s�i�t�y� �i�s� �d�e�c�r�e�a�s�e�d� �i�n� 

�a�r�e�a�s� �o�f� �h�i�g�h� �s�h�e�a�r� �a�n�d� �i�n�c�r�e�a�s�e�d� �i�n� �r�e�g�i�o�n�s� �o�f� �l�o�w� �s�h�e�a�r�.� �T�h�i�s� �s�h�o�u�l�d� �h�a�v�e� �r�e�s�u�l�t�e�d� 

�i�n� �t�h�e� �i�m�p�r�o�v�e�m�e�n�t�s� �o�f� �v�e�l�o�c�i�t�y� �p�r�e�d�i�c�t�i�o�n�s�,� �y�e�t� �f�a�i�l�e�d� �t�o� �d�o� �s�o�.� �T�h�e� �p�r�o�b�l�e�m�,� �a�s� 

�s�p�e�c�u�l�a�t�e�d�,� �i�s� �t�h�e� �i�n�a�b�i�l�i�t�y� �o�f� �t�h�e� �w�a�l�l� �f�u�n�c�t�i�o�n� �t�o� �m�o�d�e�l� �t�h�e� �e�f�f�e�c�t�s� �o�f� �c�u�r�v�a�t�u�r�e� �o�n� 

�t�h�e� �f�l�o�w�.� �T�h�e� �C�h�e�n� �m�o�d�i�f�i�c�a�t�i�o�n� �i�s� �i�n�t�e�n�d�e�d� �t�o� �e�l�i�m�i�n�a�t�e� �t�h�e� �d�i�f�f�u�s�i�v�e� �n�a�t�u�r�e� �o�f� �t�h�e� 

�k ��e�p�s�i�l�o�n� �t�u�r�b�u�l�e�n�c�e� �m�o�d�e�l�.� �I�t� �i�s� �n�o�t� �i�n�t�e�n�d�e�d� �t�o� �a�t�t�a�c�k� �t�h�e� �p�r�o�b�l�e�m�s� �a�s�s�o�c�i�a�t�e�d� 

�w�i�t�h� �k�-�e�p�s�i�l�o�n ��s� �a�s�s�u�m�p�t�i�o�n� �o�f� �i�s�o�t�r�o�p�y� �a�n�d� �u�s�e� �o�f� �a� �l�o�g ��l�a�w� �o�f� �t�h�e� �w�a�l�l� �t�o� �m�o�d�e�l� 

�n�e�a�r� �w�a�l�l� �f�l�o�w�s�.� �F�o�r� �c�a�s�e�s� �w�h�e�r�e� �w�a�l�l� �e�f�f�e�c�t�s� �d�o�m�i�n�a�t�e� �t�h�e� �f�l�o�w�,� �s�u�c�h� �a�s� �t�h�e� 

�r�e�c�t�a�n�g�u�l�a�r� �e�l�b�o�w� �w�i�t�h� �9�0�°� �b�e�n�d�,� �C�h�e�n ��s� �m�o�d�e�l� �i�s� �u�n�a�b�l�e� �t�o� �o�v�e�r�c�o�m�e� �t�h�e�s�e� �f�o�r�c�e�s� 

�t�o� �c�h�a�n�g�e� �f�l�o�w� �p�r�e�d�i�c�t�i�o�n�s�.� �T�h�e� �C�h�e�n� �m�o�d�i�f�i�c�a�t�i�o�n� �h�a�s� �b�e�e�n� �s�h�o�w�n� �t�o� �i�m�p�r�o�v�e� 

�r�e�s�u�l�t�s� �f�o�r� �s�w�i�r�l�i�n�g� �a�n�d� �r�e�c�i�r�c�u�l�a�t�i�n�g� �f�l�o�w�s� �a�n�d� �i�s� �u�n�a�b�l�e� �t�o� �i�m�p�r�o�v�e� �n�e�a�r� �w�a�l�l� 

�p�r�e�d�i�c�t�i�o�n�s� �a�n�d� �t�u�r�n�i�n�g� �f�l�o�w�s�.� �T�h�e� �q�u�e�s�t�i�o�n� �p�r�o�p�o�s�e�d� �i�n� �t�h�i�s� �s�t�u�d�y� �i�s� �h�o�w� �t�h�e� �C�h�e�n� 

�m�o�d�i�f�i�c�a�t�i�o�n� �w�i�l�l� �e�f�f�e�c�t� �p�r�e�d�i�c�t�i�o�n�s� �o�f� �f�l�o�w�i�n� �i�n�d�u�s�t�r�i�a�l� �c�o�m�b�u�s�t�o�r� �g�e�o�m�e�t�r�i�e�s�,� �w�h�i�c�h� 

�c�o�n�t�a�i�n� �c�o�m�b�i�n�a�t�i�o�n�s� �o�f� �s�w�i�r�l�i�n�g�,� �r�e�c�i�r�c�u�l�a�t�i�n�g� �a�n�d� �t�u�r�n�i�n�g� �f�l�o�w�s�.� 

�T�u�r�b�u�l�e�n�c�e� �M�o�d�e�l�i�n�g� �3�0



�4�.�0� �T�h�e� �Q�u�a�r�l�e�d� �B�u�r�n�e�r� �T�e�s�t� �C�a�s�e�s� 

�T�h�e� �t�w�o� �t�e�s�t� �c�a�s�e�s� �e�v�a�l�u�a�t�e�d� �i�n� �t�h�i�s� �s�t�u�d�y� �r�e�p�r�e�s�e�n�t� �t�h�e� �b�a�s�i�c� �f�l�o�w� �p�h�y�s�i�c�s� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �c�o�m�b�u�s�t�o�r� �g�e�o�m�e�t�r�i�e�s�.� �I�n� �t�h�i�s� �c�h�a�p�t�e�r� �t�h�e�s�e� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �w�i�l�l� 

�b�e� �i�d�e�n�t�i�f�i�e�d� �a�n�d� �r�e�l�a�t�e�d� �t�o� �t�h�e� �f�l�o�w� �f�e�a�t�u�r�e�s� �s�e�e�n� �i�n� �t�h�e� �q�u�a�r�l�e�d� �b�u�r�n�e�r� �c�a�s�e�s�.� 

�I�n�c�l�u�d�e�d� �i�n� �t�h�i�s� �s�e�c�t�i�o�n� �i�s� �a� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�.� �T�h�e� �f�l�o�w� �c�o�n�d�i�t�i�o�n�s� 

�a�n�d� �l�o�c�a�t�i�o�n�s� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �t�e�s�t� �s�t�a�t�i�o�n�s� �a�r�e� �p�r�o�v�i�d�e�d� �a�l�o�n�g� �w�i�t�h� �t�h�e� 

�b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n�s� �u�s�e�d� �f�o�r� �c�o�m�p�u�t�a�t�i�o�n�.� �D�e�t�a�i�l�s� �o�f� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �a�n�a�l�y�s�i�s� 

�a�r�e� �p�r�e�s�e�n�t�e�d�.� �I�n�c�l�u�d�e�d� �i�s� �a� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �g�r�i�d� �a�n�d� �d�i�s�c�r�e�t�i�z�a�t�i�o�n� �m�e�t�h�o�d� 

�u�s�e�d� �f�o�r� �t�h�e� �f�i�n�a�l� �c�o�m�p�u�t�a�t�i�o�n�.� 

�I�n� �a� �c�o�m�b�u�s�t�o�r�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �s�t�a�b�i�l�i�z�e� �t�h�e� �f�l�a�m�e�.� �F�o�r� �a� �f�l�a�m�e� �t�o� �b�e� 

�s�t�a�b�i�l�i�z�e�d�,� �a� �c�o�n�s�t�a�n�t� �s�u�p�p�l�y� �o�f� �h�e�a�t� �a�n�d� �r�a�d�i�c�a�l�s� �m�u�s�t� �b�e� �i�n�t�r�o�d�u�c�e�d� �t�o� �t�h�e� 

�i�n�c�o�m�i�n�g� �f�u�e�l ��a�i�r� �m�i�x�t�u�r�e� �f�o�r� �c�o�m�b�u�s�t�i�o�n� �t�o� �o�c�c�u�r� �[�3�]�.� �I�n�t�r�o�d�u�c�i�n�g� �s�w�i�r�l� �i�n�t�o� �t�h�e� 

�f�l�o�w� �i�s� �o�n�e� �o�f� �t�h�e� �m�o�s�t� �e�f�f�i�c�i�e�n�t� �w�a�y�s� �o�f� �a�c�c�o�m�p�l�i�s�h�i�n�g� �t�h�i�s�.� �A� �f�l�o�w� �w�i�t�h� �s�u�f�f�i�c�i�e�n�t� 

�s�w�i�r�l� �s�t�r�e�n�g�t�h� �w�i�l�l� �p�r�o�d�u�c�e� �a� �l�a�r�g�e� �a�d�v�e�r�s�e� �p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t� �i�n� �t�h�e� �d�i�r�e�c�t�i�o�n� �o�f� 

�f�l�o�w� �a�n�d� �c�a�u�s�e� �a� �l�a�r�g�e� �c�e�n�t�e�r�l�i�n�e� �r�e�c�i�r�c�u�l�a�t�i�o�n�.� �T�h�i�s� �p�h�e�n�o�m�e�n�a�,� �k�n�o�w�n� �a�s� 

�v�o�r�t�e�x� �b�r�e�a�k�d�o�w�n�,� �s�t�a�b�i�l�i�z�e�s� �t�h�e� �f�l�a�m�e� �b�y� �i�n�c�r�e�a�s�i�n�g� �t�h�e� �r�e�s�i�d�e�n�c�e� �t�i�m�e� �o�f� �t�h�e� 

�f�l�u�i�d� �w�h�i�c�h� �a�l�l�o�w�s� �a�m�p�l�e� �t�i�m�e� �f�o�r� �d�i�s�s�i�p�a�t�i�o�n� �a�n�d� �m�i�x�i�n�g� �[�7�]�.� �F�l�o�w� �e�n�c�o�u�n�t�e�r�i�n�g� 

�a� �s�t�e�p� �w�i�l�l� �e�x�p�e�r�i�e�n�c�e� �a� �h�i�g�h� �a�d�v�e�r�s�e� �p�r�e�s�s�u�r�e� �g�r�a�d�i�e�n�t� �w�h�i�c�h� �r�e�s�u�l�t�s� �i�n� �a� 

�T�h�e� �Q�u�a�r�l�e�d� �B�u�r�n�e�r� �T�e�s�t� �C�a�s�e�s� �3�1



�s�e�c�o�n�d�a�r�y� �r�e�c�i�r�c�u�l�a�t�i�o�n�.� �O�f�t�e�n� �a� �c�o�m�b�u�s�t�o�r� �w�i�l�l� �i�n�c�o�r�p�o�r�a�t�e� �a� �s�t�e�p ��l�i�k�e� �g�e�o�m�e�t�r�y� 

�w�i�t�h� �s�w�i�r�l� �t�o� �e�n�s�u�r�e� �r�e�c�i�r�c�u�l�a�t�i�o�n� �a�n�d� �f�l�a�m�e� �s�t�a�b�i�l�i�z�a�t�i�o�n�.� �T�h�e� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� 

�q�u�a�r�l�,� �t�h�e� �r�a�m�p�e�d� �s�e�c�t�i�o�n� �p�r�i�o�r� �t�o� �t�h�e� �e�x�p�a�n�s�i�o�n�,� �i�s� �t�o� �p�r�o�d�u�c�e� �a� �s�h�o�r�t�e�r�,� �b�u�t� �w�i�d�e�r� 

�r�e�c�i�r�c�u�l�a�t�i�o�n� �z�o�n�e� �[�2�0�]�.� �F�l�o�w� �i�n� �t�h�e�s�e� �g�e�o�m�e�t�r�i�e�s� �i�s� �a�x�i�s�y�m�m�e�t�r�i�c� �w�h�e�n� �t�h�e� 

�a�m�o�u�n�t� �o�f� �r�o�t�a�t�i�o�n� �i�m�p�a�r�t�e�d� �o�n� �t�h�e�s�e� �f�l�o�w�s� �i�s� �h�i�g�h�e�r� �t�h�a�n� �t�h�a�t� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� 

�o�n�s�e�t� �o�f� �v�o�r�t�e�x� �b�r�e�a�k�d�o�w�n� �[�2�1�]�.� �T�h�e� �b�a�s�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a� �c�o�m�b�u�s�t�o�r�,� �s�w�i�r�l�,� 

�r�e�c�i�r�c�u�l�a�t�i�n�g� �f�l�o�w� �b�e�h�i�n�d� �a� �s�t�e�p ��l�i�k�e� �s�t�r�u�c�t�u�r�e�,� �a�n�d� �a� �s�l�i�g�h�t� �e�x�p�a�n�s�i�o�n� �o�r� �q�u�a�r�,� 

�a�r�e� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �t�h�e� �t�w�o� �b�u�r�n�e�r� �c�a�s�e�s� �e�v�a�l�u�a�t�e�d�.� 

�T�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �f�o�r� �t�h�e�s�e� �c�a�s�e�s� �i�s� �t�a�k�e�n� �f�r�o�m� �a� �r�e�p�o�r�t� �b�y� �H�a�r�w�e�l�l� 

�L�a�b�o�r�a�t�o�r�y� �[�1�1�]� �w�h�o� �o�b�t�a�i�n�e�d� �t�h�e� �d�a�t�a� �f�r�o�m� �e�x�p�e�r�i�m�e�n�t�s� �c�o�n�d�u�c�t�e�d� �b�y� �t�h�e� 

�I�n�t�e�r�n�a�t�i�o�n�a�l� �F�l�a�m�e� �R�e�s�e�a�r�c�h� �F�o�u�n�d�a�t�i�o�n� �(�I�F�R�F�)� �i�n� �I�U�m�u�i�d�e�n�,� �H�o�l�l�a�n�d�.� �B�o�t�h� 

�c�a�s�e�s� �a�r�e� �c�o�l�d� �f�l�o�w� �e�x�p�e�r�i�m�e�n�t�s�,� �t�h�a�t� �i�s�,� �t�h�e�y� �c�o�n�t�a�i�n� �n�o� �c�o�m�b�u�s�t�i�o�n�.� �I�n� �a�d�d�i�t�i�o�n�,� 

�t�h�e�y� �c�a�n� �b�e� �c�o�n�s�i�d�e�r�e�d� �a�x�i�s�y�m�m�e�t�r�i�c�.� �T�h�e� �f�i�r�s�t� �q�u�a�r�l�e�d� �b�u�r�n�e�r� �c�a�s�e� �c�o�n�s�i�s�t�s� �o�f� 

�s�w�i�r�l�i�n�g� �f�l�o�w� �w�h�i�c�h� �i�s� �e�x�p�a�n�d�e�d� �t�h�r�o�u�g�h� �a� �2�1�.�4�°� �r�a�m�p� �(�q�u�a�r�l�)� �t�o� �a�s�l�i�g�h�t� �s�t�e�p�.� �T�h�e� 

�l�e�n�g�t�h� �o�f� �t�h�e� �c�h�a�m�b�e�r� �i�s� �4� �m�e�t�e�r�s�.� �A� �d�i�a�g�r�a�m� �o�f� �t�h�e� �g�e�o�m�e�t�r�y� �i�s� �s�h�o�w�n� �i�n� �F�i�g�.� 

�9�a�.� �E�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �i�s� �a�v�a�i�l�a�b�l�e� �a�t� �f�i�v�e� �l�o�c�a�t�i�o�n�s�:� �0�.�1�7� �m�,� �0�.�2�5� �m�,� �0�.�3�4� �m�,� �0�.�4�5� 

�m�,� �a�n�d� �0�.�7�5� �m� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �i�n�l�e�t�.� �A�l�l� �b�u�t� �t�h�e� �l�a�s�t� �e�x�p�e�r�i�m�e�n�t�a�l� �s�t�a�t�i�o�n� �a�r�e� 

�l�o�c�a�t�e�d� �i�n� �t�h�e� �q�u�a�r�l�.� �B�o�t�h� �s�w�i�r�l� �a�n�d� �a�x�i�a�l� �v�e�l�o�c�i�t�y� �d�a�t�a� �a�r�e� �g�i�v�e�n� �a�t� �e�a�c�h� �o�f� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �l�o�c�a�t�i�o�n�s�.� �T�h�i�s� �c�a�s�e�,� �a�s� �s�e�e�n� �i�n� �F�i�g�.� �9�b�,� �c�h�a�r�a�c�t�e�r�i�z�e�s� 

�a�x�i�s�y�m�m�e�t�r�i�c� �s�w�i�r�l�i�n�g� �f�l�o�w� �w�i�t�h� �a� �p�r�i�m�a�r�y� �c�e�n�t�e�r�l�i�n�e� �r�e�c�i�r�c�u�l�a�t�i�o�n� �z�o�n�e� �w�h�i�c�h� �i�s� 

�c�a�u�s�e�d� �e�n�t�i�r�e�l�y� �b�y� �t�h�e� �t�a�n�g�e�n�t�i�a�l� �m�o�t�i�o�n� �o�f� �t�h�e� �f�l�o�w�.� �C�a�s�e� �1� �a�l�s�o� �i�n�c�l�u�d�e�s� �a� �s�m�a�l�l� 

�r�e�c�i�r�c�u�l�a�t�i�o�n� �b�e�h�i�n�d� �t�h�e� �e�x�p�a�n�s�i�o�n� �a�n�d� �a� �w�e�a�k� �s�e�c�o�n�d�a�r�y� �c�e�n�t�e�r�l�i�n�e� 

�r�e�c�i�r�c�u�l�a�t�i�o�n� �z�o�n�e�,� �w�h�i�c�h� �r�e�s�u�l�t�s� �i�n� �a� �s�t�a�g�n�a�t�i�o�n� �r�e�g�i�o�n� �n�e�a�r� �t�h�e� �c�e�n�t�e�r�l�i�n�e�.� 

�T�h�e� �f�l�o�w� �i�n� �t�h�e� �s�e�c�o�n�d� �c�a�s�e� �i�s� �t�u�r�n�e�d� �t�h�r�o�u�g�h� �a� �1�9�.�8�°� �q�u�a�r�l� �a�n�d� �t�h�e�n� 

�e�x�p�a�n�d�e�d� �b�y� �a� �l�a�r�g�e� �s�t�e�p�.� �T�h�e� �l�e�n�g�t�h� �o�f� �t�h�e� �c�h�a�m�b�e�r�,� �w�h�i�c�h� �h�a�s� �a�n� �e�n�d� 

�T�h�e� �Q�u�a�r�l�e�d� �B�u�r�n�e�r� �T�e�s�t� �C�a�s�e�s� �3�2
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�c�o�n�t�r�a�c�t�i�o�n�,� �i�s� �4� �m�e�t�e�r�s�.� �T�h�e� �g�e�o�m�e�t�r�y� �o�f� �C�a�s�e� �2� �i�s� �d�e�p�i�c�t�e�d� �i�n� �F�i�g�.� �1�0�a�.� 

�E�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �f�o�r� �t�h�i�s� �c�a�s�e� �i�s� �a�v�a�i�l�a�b�l�e� �a�t� �0�.�3�2� �m�,� �0�.�4�5� �m�,� �0�.�5�8� �m�,� �a�n�d� �0�.�9�5� 

�m� �d�o�w�n�s�t�r�e�a�m� �o�f� �t�h�e� �i�n�l�e�t�.� �N�o�n�e� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �l�o�c�a�t�i�o�n�s� �a�r�e� �l�o�c�a�t�e�d� �i�n� �t�h�e� 

�q�u�a�r�l�.� �S�w�i�r�l� �a�n�d� �a�x�i�a�l� �v�e�l�o�c�i�t�y� �m�e�a�s�u�r�e�m�e�n�t�s� �a�r�e� �a�v�a�i�l�a�b�l�e� �a�t� �e�a�c�h� �s�t�a�t�i�o�n�.� �T�h�i�s� 

�c�a�s�e� �d�e�m�o�n�s�t�r�a�t�e�s� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �e�f�f�e�c�t�s� �o�f� �s�w�i�r�l�i�n�g� �f�l�o�w�,� �f�l�o�w� �b�e�i�n�g� �t�u�r�n�e�d� 

�t�h�r�o�u�g�h� �t�h�e� �q�u�a�r�l�,� �a�n�d� �f�l�o�w� �e�n�c�o�u�n�t�e�r�i�n�g� �a� �l�a�r�g�e� �e�x�p�a�n�s�i�o�n�.� �C�a�s�e� �2� �i�s� 

�c�h�a�r�a�c�t�e�r�i�z�e�d� �b�y� �a� �p�r�i�m�a�r�y� �c�e�n�t�e�r�l�i�n�e� �r�e�c�i�r�c�u�l�a�t�i�o�n� �z�o�n�e�,� �s�i�m�i�l�a�r� �t�o� �c�a�s�e� �1�,� �a�n�d� 

�a�s�t�r�o�n�g� �s�e�c�o�n�d�a�r�y� �r�e�c�i�r�c�u�l�a�t�i�o�n� �b�e�h�i�n�d� �t�h�e� �e�x�p�a�n�s�i�o�n�.� �T�h�i�s� �c�a�s�e� �a�l�s�o� �c�o�n�t�a�i�n�s� 

�a� �s�e�c�o�n�d�a�r�y� �c�e�n�t�e�r�l�i�n�e� �r�e�c�i�r�c�u�l�a�t�i�o�n� �z�o�n�e�,� �w�h�i�c�h� �i�s� �l�a�r�g�e�r� �t�h�a�n� �t�h�a�t� �o�f� �c�a�s�e� �1� �a�n�d� 

�i�s� �r�e�s�p�o�n�s�i�b�l�e� �f�o�r� �t�h�e� �p�o�s�i�t�i�v�e� �a�x�i�a�l� �v�e�l�o�c�i�t�y� �a�t� �t�h�e� �c�e�n�t�e�r�l�i�n�e�.� �F�i�g�u�r�e� �1�0�b� �s�h�o�w�s� 

�e�x�p�e�r�i�m�e�n�t�a�l� �s�t�r�e�a�m�l�i�n�e�s� �w�h�i�c�h� �i�l�l�u�s�t�r�a�t�e� �t�h�e� �t�w�o� �z�o�n�e�s� �o�f� �r�e�c�i�r�c�u�l�a�t�i�o�n� �o�c�c�u�r�r�i�n�g� 

�i�n� �t�h�i�s� �g�e�o�m�e�t�r�y�.� �T�h�i�s� �c�a�s�e� �b�e�t�t�e�r� �r�e�p�r�e�s�e�n�t�s� �t�h�e� �g�e�o�m�e�t�r�y� �a�n�d� �f�l�o�w� 

�c�h�a�r�a�c�t�e�r�i�s�t�i�c�s� �o�f� �a�n� �i�n�d�u�s�t�r�i�a�l� �c�o�m�b�u�s�t�o�r�.� �I�t� �i�s� �t�h�i�s� �c�a�s�e� �t�h�a�t� �i�s� �o�f� �p�r�i�m�a�r�y� �i�n�t�e�r�e�s�t� 

�a�n�d� �w�i�l�l� �b�e�s�t� �d�e�t�e�r�m�i�n�e� �t�h�e� �a�p�p�l�i�c�a�b�i�l�i�t�y� �o�f� �t�h�e� �C�h�e�n� �m�o�d�i�f�i�c�a�t�i�o�n� �t�o� �c�o�m�b�u�s�t�o�r� 

�g�e�o�m�e�t�r�i�e�s�.� 

�T�h�e� �m�e�s�h�e�s� �f�o�r� �t�h�e� �q�u�a�r�l�e�d� �b�u�r�n�e�r� �t�e�s�t� �c�a�s�e�s� �w�e�r�e� �d�e�v�e�l�o�p�e�d� �u�s�i�n�g� 

�S�T�A�R�-�C�D�'�s� �p�r�e�-�p�r�o�c�e�s�s�o�r� �P�R�O�S�T�A�R�.� �T�h�e� �2 ��D� �a�x�i�s�y�m�m�e�t�r�i�c� �m�o�d�e�l�s� �u�s�e�d� �f�o�r� 

�t�h�e� �a�n�a�l�y�s�i�s� �o�f� �e�a�c�h� �c�a�s�e� �w�e�r�e� �d�e�t�e�r�m�i�n�e�d� �t�o� �b�e� �g�r�i�d� �i�n�d�e�p�e�n�d�e�n�t� �b�y� �v�a�r�y�i�n�g� �t�h�e� 

�m�e�s�h� �s�p�a�c�i�n�g�.� �T�h�e� �g�r�i�d� �f�o�r� �c�a�s�e� �1� �c�o�n�t�a�i�n�s� �2�8�7�,�4�0�0� �c�e�l�l�s� �a�l�l� �t�o�g�e�t�h�e�r�:� �3�5�0� �c�e�l�l�s� 

�i�n� �t�h�e� �i�n�l�e�t�,� �7�0�0� �c�e�l�l�s� �i�n� �t�h�e� �q�u�a�r�l� �a�n�d� �1�,�8�2�4� �c�e�l�l�s� �t�o� �t�h�e� �e�x�i�t�.� �F�i�g�u�r�e� �1�1� �d�o�e�s� �n�o�t� 

�d�e�p�i�c�t� �t�h�e� �g�r�i�d� �t�o� �t�h�e� �e�x�i�t� �s�o� �t�h�a�t� �t�h�e� �p�a�c�k�i�n�g� �s�t�r�u�c�t�u�r�e� �c�a�n� �b�e� �r�e�s�o�l�v�e�d�.� �T�h�e� �m�e�s�h� 

�i�s� �s�l�i�g�h�t�l�y� �p�a�c�k�e�d� �t�o�w�a�r�d�s� �t�h�e� �o�u�t�e�r� �r�a�d�i�u�s� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �i�n�l�e�t�,� �q�u�a�r�l� �a�n�d� �p�o�r�t�i�o�n� 

�o�f� �t�h�e� �e�x�p�a�n�s�i�o�n� �s�h�o�w�n�.� �T�h�i�s� �i�s� �d�o�n�e� �t�o� �b�e�t�t�e�r� �r�e�s�o�l�v�e� �t�h�e� �g�r�a�d�i�e�n�t�s�,� �w�h�i�c�h� �a�r�e� 

�l�a�r�g�e�s�t� �i�n� �t�h�i�s� �a�r�e�a� �o�f� �t�h�e� �f�l�o�w�.� �C�a�s�e� �2� �i�s� �m�o�d�e�l�e�d� �u�s�i�n�g� �a� �g�r�i�d� �c�o�n�t�a�i�n�i�n�g� �5�,�4�3�0� 

�c�e�l�l�s� �t�o�t�a�l� �(�F�i�g�.� �1�2�)�:� �3�5�0� �c�e�l�l�s� �i�n� �t�h�e� �i�n�l�e�t� �a�n�d� �q�u�a�r�l�,� �a�n�d� �4�7�3�0� �c�e�l�l�s� �i�n� �t�h�e� 
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