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Numerical Simulations of Viscoelastic Flows Using the
Discontinuous Galerkin Method

John Taylor Burleson

(ABSTRACT)

In this work, we develop a method for solving viscoelastic fluid flows using the Navier-Stokes

equations coupled with the Oldroyd-B model. We solve the Navier-Stokes equations in skew-

symmetric form using the mixed finite element method, and we solve the Oldroyd-B model

using the discontinuous Galerkin method. The Crank-Nicolson scheme is used for the tem-

poral discretization of the Navier-Stokes equations in order to achieve a second-order accu-

racy in time, while the optimal third-order total-variation diminishing Runge-Kutta scheme

is used for the temporal discretization of the Oldroyd-B equation. The overall accuracy in

time is therefore limited to second-order due to the Crank-Nicolson scheme; however, a third-

order Runge-Kutta scheme is implemented for greater stability over lower order Runge-Kutta

schemes. We test our numerical method using the 2D plane Poiseuille benchmark problem

and the 2D cavity flow benchmark problem and compare results generated with those found

in literature while discussing the influence of mesh refinement on suppressing oscillations in

the polymer stress.



Numerical Simulations of Viscoelastic Flows Using the
Discontinuous Galerkin Method

John Taylor Burleson

(GENERAL AUDIENCE ABSTRACT)

Viscoelastic fluids are a type of non-Newtonian fluid of great importance to the study of

fluid flows. Such fluids exhibit both viscous and elastic behaviors. We develop a numerical

method to solve the partial differential equations governing viscoelastic fluid flows using

various finite element methods. Our method is then validated using previous numerical

results in literature.
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Chapter 1

Introduction

Fluid modeling is a field both incredibly broad and important. A considerable number of

materials in industrial operations are processed in liquid form. Additionally, fluid modeling

is incredibly complex, often requiring specialized models with little theoretical grounding,

which makes the continuing study of fluid flows of great importance, and there are many

open problems in the field. Not only are fluids comprised of a single molecule type studied,

but suspensions of many particle types are of interest.

1.1 Non-Newtonian Fluids

Non-Newtonian fluids are a class of fluids where the relationship between stress and defor-

mation rate is nonlinear.

In contrast, Newtonian fluids, also known as simple fluids, are fluids that respond linearly

to shear stress forces [26]. Examples of Newtonian fluids are water, air, and alcohol.

Examples of Non-Newtonian fluids are pseudoplastics, dilatants, Bingham plastics, Bingham

pseudoplastics, viscoplastics, and viscoelastics. Pseudoplastics exhibit a behavior where a

larger shear rate will not necessarily induce a larger shear stress, which is exemplified by

latex paint. As the application of latex paint creates a larger shear rate, the shear stress

does not increase, allowing for easy application. In other words, small increases in shear

1



2 Chapter 1. Introduction

stress yield large increases in shear rate, which translates to flow. Dilatants differ from

pseudoplastics in that the relationship between shear rate and shear stress is reversed. Large

increases in shear stress will induce only small increases in shear rate, which can be seen in

mixtures of water and corn starch. Bingham plastics and pseudoplastics are quite different

from the others in that a yield stress is required in order for flow to even occur. An everyday

example of a Bingham plastic is toothpaste. Toothpaste will not naturally flow out of the

tube without a force being applied first.

1.2 Viscoelastic Fluids

Viscoelastic fluids are non-Newtonian fluids that exhibit both elastic and viscous responses,

where the elasticity can come from the polymers suspended in the fluid or the polymer

molecules in a polymer melt. Viscoelastic fluids are of special interest in the manufacturing

of materials, as polymer solvent solutions are commonplace. There are many different models

governing the viscoelasticity behavior of these fluids including the Maxwell model and the

Oldroyd-B model, the latter being an extension of the former with an additional viscous

solvent.

There are many interesting phenomena observed in viscoelastic fluids such as the Weis-

senberg effect [6], the Uebler effect [21], the Barus effect [20], and the Kaye effect [18]. The

Weissenberg effect, also known as rod-climbing, is an effect detailed in [6] where a cylindrical

rod spun in a pool of viscoelastic fluid causes that fluid to climb up the rod. This is due to

the normal stress induced by shearing of the fluid. The normal stress wrapping around the

rod, also known as the hoop stress, squeezes the fluid to move upward along the rod.

Models for viscoelastic fluids invariably involve models for the polymer stress, a tensor

that arises from the action of polymer molecules to maintain a state of highest-entropy i.e.



1.3. Weissenberg Number Problem 3

lowest energy [26]. Different models have different approaches to describing the behavior

of these polymeric molecules. An early model for polymer stress was the Oldroyd-B model,

proposed by Oldroyd in 1950 [22]. This model assumes that the polymer behavior can be

modeled by beads connected by elastic springs. This model has an unphysical singularity

in steady extensional flow wherein the spring may get infinitely stretched, which has led to

the development of the finitely extensible nonlinear elastic (FENE) model [26]. However, it

is often the case that this singularity remains integrable, so a steady state solution can be

found, which is illustrated by the flow through cross-slot geometry done in [25].

Other models include the Giesekus model [14] and the Phan-Thien-Tanner models [29] for

viscoelastic fluids. The Giesekus model introduces a nonlinear quadratic polymer stress term,

while the Phan-Thien-Tanner model introduces either a linear or an exponential relaxation

function.

1.3 Weissenberg Number Problem

The Weissenberg number is a dimensionless quantity determined by Wi = λγ̇ where λ is the

relaxation time and γ̇ is the strain rate [5]. Thus the Weissenberg number can be viewed as

the ratio of the relaxation time to the flow time. In steady simple shear flow, the Weissenberg

number also represents the ratio of elastic to viscous stress, where the dominant elastic stress

difference is characterized by the first normal stress difference τxx − τyy and viscous stress is

characterized by shear stress τxy [24]. The Maxwell model then yields τxx− τyy = 2ληγ̇2 and

τxy = ηγ̇, where η is the polymer viscosity. Thus

Wi = λγ̇ =
1

2

τxx − τyy
τxy

(1.1)
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The Weissenberg number is of interest for solving fluid flow problems using the Oldroyd-B

model given that numerical methods generally fail for Wi = O(1) [9]. This failure arises

in any method that uses polynomial basis functions to interpolate polymer stress, given the

exponential growth of the stress [12].

In order to resolve this exponential nature of stress, two basic solutions arise: use exponential

basis functions for interpolation or take a matrix logarithm of stress. The issue with these

solutions would be the necessity that stress be strictly positive, which is not always the case.

Instead, the conformation tensor, which is symmetric positive-definite, is used. Since the

conformation tensor is SPD, the matrix-logarithm is well defined. Thus, the exponential

growth of the stress can be transformed into linear growth, making it ideal for interpolation

using polynomial functions. To do that, the constitutive equations must be written in terms

of the conformation tensor.

This is done using the relation between the dimensionless polymer stress and conformation

tensor as given below:

τ =
g(σ)

Wi
(σ − I), (1.2)

where g(σ) is a scalar-valued function of the conformation tensor σ.

Taking the Oldroyd-B model as an example, we then have

∂σ

∂t
+ (u ·∇)σ − σ · ∇u− (∇u)T · σ =

1

Wi
(σ − I) (1.3)

From [11], we get that ∇u can be locally decomposed into
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∇u = Ω+B +Nσ−1 (1.4)

where Ω and N are anti-symmetric i.e. pure rotations, and B is symmetric, traceless, and

commutes with σ.

Letting Ψ = log(σ) it can be shown that Ψ satisfies the following equation [11]:

∂Ψ

∂t
+ (u · ∇)Ψ− (ΩΨ+ΨΩ)− 2B =

1

Wi
e−Ψ(eΨ − I) (1.5)

Solving (1.3) numerically will allow for solutions for higher Weissenberg numbers. However,

this does not allow for problems with arbitrary Weissenberg numbers to become solvable.

As observed in [17], for the flow past a cylinder problem, solutions to the Oldroyd-B model,

while stable for high Weissenberg numbers, are inaccurate for Weissenberg numbers of order

1 even with the use of the log-conformation tensor. This is due to a fundamental nature of

the Oldroyd-B model which allows unlimited growth of polymer stress.

1.4 Numerical Methods for Viscoelastic Fluids

There have been several methods presented for solving viscoelastic fluids. Of note, the

Oldroyd-B model is convection dominated: there is no diffusion term to balance u · ∇τp,

the convection term. This means that the unmodified Galerkin method for solving partial

differential equations will not work since the problem becomes highly hyperbolic. Methods

such as streamline-upwind Petrov Galerkin (SUPG) and discontinuous Galerkin have been
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implemented by various authors to introduce upwinding to the finite element methods. With

the SUPG method, a stabilization term is added to the test function in the direction of the

streamline.

Another popular method for handling the hyperbolic term present in viscoelastic models is

the discontinuous Galerkin (DG) method wherein the elements used are discontinuous with

an applied flux as a correction to retain continuous approximate solutions. This method has

several advantages, which have led to its rise in popularity. The convergence order scales

with the order of basis polynomials[19]. Another major advantage of using DG is that due to

the nature of each element being solved individually, the computation of solutions is highly

parallelizable, therefore multithreading can be used to aid in greatly reducing computation

times.

However, it is not clear which method is superior to the other, and it can be problem

dependent. To compare SUPG and DG, the work of [31] found that in the benchmark

problem for axisymmetric steady flows of the modified Chilcott and Rallison fluid through a

contraction, the DG method outperformed the SUPG method with more accurate solutions

and higher limit for Weissenberg number, and that DG generally outperforms SUPG in cases

with singular stress in the computational domain, which given the nature of the Oldroyd-B

model is common. In some other problems, SUPG seems to be preferred. For example, for

the stability analysis of the planar Couette flow of the upper-convected Maxwell fluid, DG

runs into an unphysical instability while SUPG remains stable [3].

1.5 Numerical Methods for Navier-Stokes Flow

Numerical solutions to the Navier-Stokes equations are of great interest given the famously

unsolved nature of the equations in general. Two main methods for obtaining numerical
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solutions to the incompressible Navier-Stokes equations are the projection and mixed finite

element methods.

The first major hurdle in solving the Navier-Stokes equations numerically using finite element

methods is the Ladyzhenskaya‐Babuška‐Brezzi (LBB) condition [7], which necessitates that

the polynomial degree of interpolating functions for velocity and pressure be different, often

done by choosing polynomial spaces Pn and Pn−1 for velocity and pressure respectively. The

LBB condition arises from the necessity of unique solutions to saddle point problems that

generate from solving the momentum equation using finite element methods as is introduced

in section 2.5. An alternative method is the so-called projection method [16], which effectively

splits the Navier-Stokes equations into two separate steps: first solving for velocity and then

solving for pressure. In each step, once velocity is known, the Navier-Stokes equations

become the weak form of the Poisson equation for pressure [16]. This effectively sidesteps

the need for the LBB condition, i.e. the order of the shape functions for velocity and pressure

can be equivalent, which leads to much easier implementation [13]. But it comes with some

downsides: the method introduces an artificial Neumann boundary condition not satisfied

by the exact solution for pressure [16]. Besides, the projection method does not work for the

Stokes equations, a special case of the NS equations with zero inertia.

Coupled with viscoelastic stresses, the Navier-Stokes equations often require additional tech-

niques beyond those listed above. With the addition of elastic stresses due to polymer

molecules, traditional methods of solving the Navier-Stokes equations may become unsta-

ble. This can occur if the solvent viscosity is too small, leading to the development of the

elastic–viscous-split-stress (EVSS) family of methods [3].



Chapter 2

Mathematical Formulation

2.1 Governing Equations

This work aims to model viscoelastic fluids using the Oldroyd-B model coupled with the

Navier-Stokes equations for incompressible fluids. Assuming isothermal fluid flow, we have

ρ(ut + (u · ∇u)) = −∇P +∇ · (τs + τp), (2.1)

∇ · u = 0, (2.2)

λ
∇
τp + τp = ηp(∇u+∇uT ). (2.3)

Here ρ is the fluid density, ηp is the polymer viscosity, λ is the relaxation time, u is the fluid

velocity, and P is the pressure.

Further, τs represents the solvent stress, which is given by τs = ηs(∇u + ∇uT ) with ηs

being the solvent viscosity, and τp is the polymer stress. The ∇
τp term represents the upper-

convected time derivative, given by

∇
τp =

∂τp
∂t

+ (u ·∇)τp − τp · ∇u− (∇u)T · τp

8
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2.2 Solving Navier-Stokes Equations

We solve the Navier-Stokes equations decoupled from the Oldroyd-B equation, and pair the

solutions at each time step in a manner which will be outlined in Section 2.5.

As outlined in [30], the weak form of the Navier-Stokes equations paired with the incom-

pressibility condition (2.1)-(2.2) can be found by first applying the Galerkin method and

multiplying by test functions, which we will call û and P̂ , for velocity and pressure respec-

tively.

(
ρ

(
∂u

∂t
+ u · ∇u

)
, û

)
Ω

=

(
n · (−pI + τ ), û

)
∂Ω

−
(
− pI + τ ,∇û

)
Ω

, (2.4)

−
(
∇ · u, P̂

)
Ω

= 0, (2.5)

where τ = τs + τp is the total stress, (· , · )Ω is the inner product on the space L2 with

computational domain Ω and (· , · )∂Ω is the L2 inner product on the boundary domain ∂Ω.

We will use the skew-symmetric form of the convection term

u · ∇u =
1

2
u · ∇u+

1

2
∇ · (uu), (2.6)

which holds since
1

2
∇ · (uu) = 1

2
u · ∇u+

1

2
(∇ · u)u (2.7)

and ∇ · u = 0. We then make the following approximation:
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u · ∇u ≈ ū · ∇u =
1

2
ū · ∇u+

1

2
ū · ∇u+

1

2
(∇ · ū)u

= ū · ∇u+
1

2
(∇ · ū)u (2.8)

where ū is an extrapolated approximation of velocity. Normally, the divergence term would

disappear due to the incompressibility condition, but since ū is only an approximation of

u, ∇ · ū 6= 0 unless ū = u exactly. Thus, we have u · ∇u ≈ ū · ∇u + 1
2
(∇ · ū)u as our

skew-symmetric convection term. This skew-symmetric form is known to conserve energy

at the discrete level for flows with constant density. Meanwhile, it has the benefit of being

linear in u since ū will be known at every time step.

Applying the following temporal discretization, we seek solutions un+1 ∈ H1(Ω)2 and P n+1/2 ∈

L2(Ω) satisfying

(
ρ

(
un+1/2 − un

∆t
+ ūn+1/2 · ∇un+1/2 +

1

2
(∇ · ūn+1/2)un+1/2

)
, û

)
Ω

=

(
pn+1/2I − 2ηsD(un+1/2)− τ n+1/2

p ,∇û

)
Ω

, (2.9)

−
(
∇ · un+1, P̂

)
Ω
= 0. (2.10)

for all admissible test functions û, P̂ . Here, ∆t = tn+1 − tn is the variable time step,

un+1/2 = (un+1 + un)/2 is a second-order approximation of u at the half-time level tn+1/2,

ūn+1/2 = (3un−un−1)/2 is an extrapolated approximation at the half-time level, and D(u) =

1
2

(
∇u+ (∇u)T

)
is the strain rate tensor.
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2.3 Solving Oldroyd-B Using DG

The Oldroyd-B model (2.11), being convection-dominated, requires some modification in

order to apply the finite element method. Assuming Ω ⊂ R2 is a bounded region with

Lipschitz continuous boundary Γ, the weak formulation is derived as follows. The Oldroyd-

B equation can be written as

λ

(
∂τp
∂t

+ u · ∇τp

)
− τp · ∇u− (∇u)T · τp + τp = ηpD. (2.11)

We then take (2.11) and take the double-contraction between it and a test tensor τ̂ and then

integrate over each individual cell Ωe in order to satisfy the weak problem locally.

Note that the convection term u · ∇τp must be handled with upwinding. We handle this

term by recognizing that

∫
Ωe

(
u · ∇τp

)
: τ̂dΩ =

∫
Ωe

∇ ·
(
uτp

)
: τ̂dΩ (2.12)

due to the divergence free velocity field. By applying integration by parts and the divergence

theorem, we get

∫
Ωe

∇ ·
(
u∇τp

)
: τ̂dΩ =

∫
∂Ωe

(n · u)(τp : τ̂ ))ds−
∫
Ωe

uτp ..
.
∇τ̂dΩ. (2.13)

The (n · u)τp term is then approximated using numerical flux. Performing integration by

parts again on the last term of (2.13), we get
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∫
Ωe

(
u · ∇τp

)
: τ̂dΩ =

∫
∂Ωe

[(n · u)τp]∗ : τ̂ds−
∫
Ωe

[(n · u)τp]− : τ̂Ω +

∫
Ωe

∇ · (uτp) : τ̂dΩ

(2.14)

The weak form is thus given by

(
λ

∇
τp + τp − 2ηpD, τ̂

)
Ωe

+
(
[(n · u)τp]∗ − [(n · u)τp]−, τ̂

)
∂Ωe

= 0 (2.15)

The building block of our time discretization is the Euler’s method, where we seek a solution

τ n+1
p ∈ H1(Ω)1 satisfying

(
λ

(
τ n+1
p − τ n

p

∆t
+ (un · ∇τ n

p )− τ n
p · ∇un − (∇un)T · τ n

p

)
+ τ n

p − 2ηpD
n, τ̂

)
Ωe

+

(
[(n · un)τ n

p ]
∗ − [(n · un)τ n

p ]
−, τ̂

)
∂Ωe

= 0. (2.16)

There are several options for numerical flux. Two commonly used choices for flux are the

Roe flux and the Lax-Friedrichs flux. Both fluxes use information from neighboring cells as

shown in figure 2.1.

Figure 2.1: Target cell and neighboring cell
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Roe flux is given by

[(n · u)τp]∗ =


(n · u)τ−

p n · u ≥ 0

(n · u)τ+
p otherwise

(2.17)

which must be calculated on every quadrature point on the cell boundary. Roe flux is prone

to oscillations in the solution when normal velocity is close to zero and switches signs due to

numerical errors. This downside poses enough of a problem for us to favor the Lax-Friedrichs

flux instead.

The Lax-Friedrichs flux is given by

[(n · u)τp]∗ = (n · u)
τ+
p + τ−

p

2
− α

2
(τ+

p − τ−
p ) (2.18)

where α = max |n ·u| is the maximum normal velocity calculated over each quadrature point

on the relevant cell edge and is the penalty term associated with the Lax-Friedrichs flux. If

the cell edge is on a boundary with no inflow or outflow, then the numerical flux is set to zero.

If the cell edge is on a boundary that does have inflow or outflow, we simply use the Roe flux.

That is, the numerical flux is determined by the prescribed boundary condition on the inflow

boundary and by the target cell on the outflow boundary. The global Lax-Friedrichs flux,

where α is evaluated throughout the whole domain, yields a monotone scheme, which is very

stable and converges to the physical entropy solution [8], but this global Lax-Friedrichs flux

may cause too much dissipation to the solution. Therefore we chose the local Lax-Friedrichs

where α is evaluated over the relevant edge. In order to get a convergence order higher than

1 in time, Runge-Kutta methods are required [8], which we will outline our use of in Section

2.4.
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2.4 Runge-Kutta DG

As mentioned in the previous section, use of the DG requires a Runge-Kutta method in

order to obtain convergence order higher than 1 in time [8]. Runge-Kutta methods describe

a general class of iterative methods including both implicit and explicit schemes used in

approximating time-derivatives.

The time-stepping in our work is handled by using a third-order total variation diminishing

Runge-Kutta scheme described in [15], which is essentially a weighted average of multiple

forward-Euler steps.

In order to implement a third-order total variation diminishing Runge-Kutta scheme, first

define the forward Euler discretization of (2.16) as

τ n+1
p − τ n

p

∆t
= L(τ n

p ,u
n). (2.19)

Then, we perform the following computations to obtain τ n+1
p :

τ (1)
p = τ n

p +∆tL(τ n
p ,u

n)

τ (2)
p =

3

4
τ n
p +

1

4
τ (1)
p +

1

4
∆tL(τ (1)

p ,un)

τ n+1
p =

1

3
τ n
p +

2

3
τ (2)
p +

2

3
∆tL(τ (2)

p ,un). (2.20)

The work of Gottlieb and Shu [15] showed that (2.20) is the optimal third-order total vari-

ation diminishing scheme. Since this third order Runge-Kutta method is only implemented

for the polymer stress solutions and the scheme for the Navier-Stokes equations is 2nd order

accurate in time, the overall scheme is limited to 2nd order accuracy in time. It should then
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be noted that we choose 3rd order Runge-Kutta method because of its better stability than

lower-order Runge-Kutta methods.

The benefit to writing the scheme in the form used in (2.20) is that the three Runge-Kutta

stages can be completed using a single for-loop and only needs one additional vector to store

the intermediate solutions from different Runge-Kutta stages.

2.5 Numerical Discretization and Time-Stepping

We aim to solve (2.9-2.10), decoupled at each step from (2.15) using the mixed finite element

method. Equation (2.15) is solved separately using the discontinuous Galerkin method. The

code is developed solved using the deal.II library [1, 4].

The system described by (2.9-2.10) is solved using mixed finite element method, and the

resulting linear system is the saddle point problem:

A BT

B 0


U
P

 =

F
0

 (2.21)

where U, P are the solution vectors for un+1 and P n+1/2, respectively, A is an asymmetric

block matrix that arises from (2.9), and B is the block matrix that arises from (2.10). The

linear system (2.21) is then solved using the direct sparse linear solver UMFPACK [10], since

the number of degrees of freedom is small enough in 2D.

Since we can compute the solution to equation (2.15) on each cell individually, this problem

is highly parallelizable. The resulting systems are then small enough that we can compute

the solutions on each cell directly using the deal.II function for matrix inverses [4], which is

done in parallel. The local solutions are then mapped to the global solution. However, in
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our current method, most of the computational cost is spent on solving the Navier-Stokes

equations. This computational cost can be reduced, but in this work, we focus on making

the solver for the Oldroyd-B model efficient.

The procedure for time stepping is described as follows:

(i) Set up the initial mesh.

(ii) Set up the initial data for τ 0
p and u0.

(iii) For each time step n ≥ 0, choose a suitable ∆t and perform the following steps until

the stopping stopping criterion is met.

(a) Use un and τ n
p to compute τ n+1

p using the TVD-RK method.

(b) Use un and τ n+1
p to compute un+1 and P n+1/2.

Since we aim to show steady state solutions, we loop through many time steps until the

solution no longer varies in time.



Chapter 3

Plane Poiseuille Flow

3.1 Introduction

An important benchmark for testing the validity of viscoelastic fluid flow-solvers is the plane

Poiseuille flow problem. Plane Poiseuille flow arises when a fluid is flowing through a channel

of uniform width driven by a pressure with constant gradient and no-slip conditions on the

channel boundary. Due to plane Poiseuille flow having a closed-form, steady state solution,

numerical tests can be directly compared with the exact solution to verify accuracy and

confirm mesh convergence.

Figure 3.1: Diagram of plane Poiseuille flow

17



18 Chapter 3. Plane Poiseuille Flow

3.2 Initial Conditions and Boundary Conditions

The assumptions for the plane Poiseuille flow is that the fluid is flowing in an infinitely long

channel with a total width of h. As such, the fluid is assumed to be in a steady state so
∂u
∂t

= 0. Further, it is assumed that v = 0 since the flow will only occur in the x direction.

Thus, by the incompressibility condition ∇ · u = 0, we have

∂u

∂x
+

∂v

∂y
= 0,

∂u

∂x
= 0.

This is enough to reduce the complexity of the Navier-Stokes equations considerably, such

that the solution is readily found.

From the polymer stress in steady shear flow (3.5-3.7), and further considering ∂τp,xx
∂x

= 0

in the fully developed Poiseuille flow, we can see that only the τp,xy component affects flow.

Thus the behavior of the Oldroyd-B fluid in the Poiseuille flow is identical to that of a

Newtonian fluid with viscosity η = ηs + ηp.

In vector form, we have that (2.1) becomes

ρ

∂u
∂t

∂v
∂t

+ ρ

∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y


u

v

 = −

∂P
∂x

∂P
∂y

+ η

∂2u
∂x2 +

∂2u
∂y2

∂2v
∂x2 +

∂2v
∂y2

 . (3.1)

Solving for the first component of system (3.1) will yield

ρ

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
= −∂P

∂x
+ η

(
∂2u

∂x2
+

∂2u

∂y2

)
(3.2)

Canceling terms using the problem assumptions, (3.2) becomes −∂P
∂x

+ η ∂2u
∂y2

= 0.
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Imparting the assumption that the gradient of pressure is constant, we let −∂P
∂x

= 2C for

some constant C. Then, we have the solution

u =
C

η
y(h− y); v = 0. (3.3)

Now that we have the velocity initial condition solved for, we can solve for the polymer

stress. Similar to the velocity profile, the polymer stress is in a steady state. Therefore
∂τp
∂t

= 0. Also, note that

∇u =

∂u
∂x

∂v
∂x

∂u
∂y

∂v
∂y

 =

 0 0

∂u
∂y

0

 ,

and τp is a function of y only so ∂τp
∂x

= 0.

Taking (2.11) and plugging in the velocity found above, we get

−

τp,xx τp,xy

τp,xy τp,yy


 0 0

∂u
∂y

0

−

0 ∂u
∂y

0 0


τp,xx τp,xy

τp,xy τp,yy


+
1

λ

τp,xx τp,xy

τp,xy τp,yy

 = ηp

 0 ∂u
∂y

∂u
∂y

0

 . (3.4)

Focusing on the bottom-right component, we immediately get that τp,yy = 0. Then focusing

on the bottom-left, we get τp,xy = ηp
∂u
∂y

. Lastly, the first component will yield τp,xx =

2ληp

(
∂u
∂y

)2

.

Therefore, the components of the polymer stress are
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τp,xx = 2ληp

(
∂u

∂y

)2

(3.5)

τp,xy = ηp
∂u

∂y
(3.6)

τp,yy = 0. (3.7)

The characteristic length of this problem corresponds to the height between the two plates,

and the characteristic flow rate is the average value of the inflow velocity. Therefore, in order

to get Wi = λ, we assume h = 1, so u = C
ηp
y(1− y). We then require

∫ 1

0

u(y)dy = 1,

and we get

u = 6y(1− y). (3.8)

Thus ∂P
∂x

= −12
η

, P = −12
η
x+D for some integration constant D. Plugging the velocity profile

into (3.5-3.7), we get the boundary condition for polymer stress at the inflow boundary:

τp,xx = 36λη (1− 2y)2 (3.9)

τp,xy = 6η (1− 2y) (3.10)

τp,yy = 0. (3.11)

For incompressible fluid flows, pressure interacts with the flow field by its gradient. There-
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fore, without extra conditions placed on pressure, the solution is not unique or unique only

up to an additive constant. Often assigning a value for pressure at a single point in the

computational domain is enough, but to further add stability to the code, the mean value

constraint for pressure was implemented on the inflow boundary:

∫
{(x,y):x=0,0≤y≤1}

Pds = 0.

The second component of (3.1) yields ∂P
∂y

= 0. Thus the exact solution of pressure is P =

−12
η
x.

Besides the inflow boundary, we assume that velocity and polymer stress is initially zero

everywhere in the computational domain. Lastly, we impose the no-slip conditions on the

upper and lower walls, and impose the known solutions as conditions for polymer stress and

velocity on the inflow and outflow boundaries.

3.3 Results

The results in this section display that the numerical solutions were accurate to the exact

solutions for polymer stress and velocity. We found that the solution became unstable around

Wi ≈ 2.0 due to initial transient, so only results below that value are shown. All results

in this section are steady state, which was determined to be when the numerical solution

did not change from time-step to time-step. Additionally, we set ηs = ηp = 0.5, ρ = 0,

and we used biquadratic Lagrange polynomials for the basis functions for velocity, bilinear

Lagrange polynomials for pressure, and bilinear Lagrange polynomials for polymer stress.

These polynomial basis functions are tensor product polynomials of the specified degree with

Gauss-Lobatto node points in each coordinate direction. Although pressure and polymer
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h u error u order P error P order τp error τp order
1/4 4.57e-4 — 6.56e-01 — 1.26e0 —
1/8 2.92e-06 7.29 4.65e-02 3.82 2.02e-1 2.64
1/16 3.86e-08 6.24 4.90e-03 3.24 4.59e-2 2.14
1/32 3.90e-11 9.95 3.07e-05 7.32 3.19e-3 3.85
1/64 1.02e-11 1.93 5.99e-07 5.68 1.03e-3 1.63

Table 3.1: L2 Errors between numerical solution and exact solution for u, P , and τp at
various mesh sizes and the corresponding convergence orders. We use the Frobeinius norm
for the pointwise error of the polymer stress.

stress have the same polynomial degree, the former is in a continuous finite-element space

while the latter is discontinuous. The mesh used was a uniform mesh with computation

domain [0, 2]× [0, 1].

First, we show that the polymer stress and velocity profiles match the exact solutions. We

let h = 1/32 and compute the solutions for Wi = λ = 0.25, 0.5, 1.0, and 1.5, which can be

seen in Figures 3.2, 3.3, and 3.4. These results show a nice match between the computed

and exact solutions.

Additionally, we tested the mesh convergence of our code by fixing Wi = 1 and varying

the mesh size. Then, we calculated the L2 errors between the calculated solutions and the

exact solutions for the u-component of velocity and the pressure. For the polymer stress,

we calculated the Frobenius norm between the calculated solutions and the exact solutions.

The calculated errors are shown in Table 3.1. Our results show that the mesh convergence

order for polymer stress is approximately 2.65 and the mesh convergence order for velocity

is approximately 6.7. The large convergence order for velocity is likely due to the fact that

we used degree 2 polynomials for our velocity solution space, and the exact solution for u is

a degree 2 polynomial. The exact solution for the pressure is P = −12x since η = 1.0 for

these results, and the convergence order for pressure was determined to be approximately

5.1.
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(a) Wi = 0.25 (b) Wi = 0.5

(c) Wi = 1.0 (d) Wi = 1.5

Figure 3.2: Comparisons between exact and numerical solutions for τp,xx at x = 1 and
various Wi
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Figure 3.3: Comparison between exact and numerical solutions for τp,xy with Wi =
0.25, 0.5, 1.0, 1.5 at x = 1 compiled onto a single graph
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Figure 3.4: Comparison between exact and numerical solutions for u(y) with Wi =
0.25, 0.5, 1.0, 1.5 at x = 1 compiled onto a single graph
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(a) τp,xx contour (b) τp,xy

(c) u contour (d) P contour

Figure 3.5: Contours of various solution for Wi = 1.0



Chapter 4

Lid-driven Cavity Flow Problem

4.1 Introduction

Despite not having immediate application, the cavity flow problem is an important bench-

mark for flow-solvers trying to solve problems involving viscous incompressible fluid flows.

A particular feature that arises in this flow problem is the large vortex that quickly develops

near the center of the computational domain. The location of the center of this vortex is of

particular interest in benchmarking the numerical solutions. In this chapter, we introduce

initial and boundary conditions as well as discuss results in detail, including modifications

made to the code to aid in solutions to this particular problem.

4.2 Initial Conditions and Boundary Conditions

In this problem, the characteristic strain rate is γ̇ = 1. This is a result of the characteristic

length of the square cavity being 1, with the characteristic flow velocity having a magnitude of

1. Therefore, the Weissenberg number for this problem is given by Wi = λ. The conventional

setup for the upper boundary for the cavity flow problem is to have the horizontal component

of velocity be 1 on the upper boundary with the other components set to 0. This is to mimic

a flow across the entrance to the channel causing vortices to develop. However, the standard

boundary condition causes a discontinuity on the boundary, which poses numerical issues at

27
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the two upper corners, especially when viscoelasticity is considered. Thus, in our work, the

upper boundary set to the time-dependent function

u(x, t) = 8
(
1 + tanh(4t− 8)

)
x2(1− x)2 (4.1)

to aid in stabilizing the solution as was applied in [13]. The new time-dependent boundary

condition creates a smooth transition from the zero boundary condition on the left and right

boundaries to the upper boundary. As time increases, (4.1) approaches the steady state of

x2(1− x)2.

The velocity boundary conditions are shown in Figure 4.1.

Figure 4.1: The computational domain of the cavity flow problem with boundary conditions
for velocity

To impose a condition on pressure, we applied the mean value constraint for pressure on the
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upper boundary: ∫
{(x,y):y=1,0≤x≤1}

Pds = 0.

The initial condition for polymer stress was zero everywhere. Since there is no flow across

the boundaries, we only need to impose zero flux in DG and no other boundary conditions

are required for the polymer stress.

The mesh used was the 2D Cartesian mesh with no localized mesh refinement.

4.3 DEVSS-Type Stabilization

For the case where Wi = 0, we found that there was an instability in the code since the

polymer stress is zero everywhere at t = 0 but reaches a finite value at t > 0. This sharp

increase in polymer stress causes numerical oscillations due to the explicit treatment of

polymer stress in the momentum equation.

We thus implemented a DEVSS-type of stabilization by modifying the right-hand side of

(2.9) in the following way:

ρ

(
un+1/2 − un

∆t
+ ūn+1/2 · ∇un+1/2 +

1

2
(∇ · ūn+1/2)un+1/2

)
= ∇ ·

[
2(ηs + δ)D(un+1/2)− 2δD(ūn+1/2) + τ n+1/2

p

]
(4.2)

where δ is a stabilization parameter. A positive δ adds more ellipticity to the momentum

equation, which is similar to the DEVSS method [2]. Note that this equation reduces to the

standard weak formulation if un+1/2 = ūn+1/2. We choose δ = ηp. In the case where Wi = 0,
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τ
n+1/2
p ≈ 2δD(ūn+1/2) and (4.2) reduces to the momentum equation for a Newtonian fluid

with viscosity ηs + ηp.

4.4 Results

The results in this section display the difficulty in solving viscoelastic fluid flows. For one, the

problem exhibits the typical numerical instability present with large values of Weissenberg

number, as discussed in section 1.3. We found that the solution became unstable around

Wi ≈ 1.5, so only results below that value are shown. We run the simulations to ttotal ≈ 30,

which is sufficient for the solution to reach the steady state. All results in this section are

steady state. The mesh size used was 128 × 128. Additionally, we set ηs = ηp = 0.5, ρ = 0,

and similar to Chapter 3, we used biquadratic Lagrange polynomials of for the basis functions

for velocity, bilinear Lagrange polynomials for pressure, and bilinear Lagrange polynomials

for polymer stress. These polynomial basis functions are tensor product polynomials of the

specified degree with Gauss-Lobatto node points in each coordinate direction. Although

pressure and polymer stress have the same polynomial degree, the former is in a continuous

finite-element space while the latter is discontinuous.

The results found are consistent with those found in literature, as is evident in the locations

of vortex centers in Table 4.1. The expectation that the vortex center moves leftward as

Weissenberg number increases was observed. Further, the velocity profiles shown in Figure

4.3 are also consistent with those found in [13].

However, the polymer stress needed additional work to properly match the results found in

literature. Of note in Figure 4.4, the solutions for polymer stress on the upper boundary

exhibit oscillations. This is likely due to the sharp increase in polymer stress near the upper

boundary. The coarse mesh could not adequately resolve this sharp increase and thus leads
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(a) Wi = 0.0 (b) Wi = 0.5 (c) Wi = 1.0

Figure 4.2: Streamlines for various Weissenberg numbers

to oscillations.

When the mesh was refined to 512× 512, the oscillations greatly diminished, which can be

seen in the polymer stress profiles in Figure 4.5 and polymer stress contours in Figure 4.6.

It should be noted that for cavity flow, there is no consensus on the maximum polymer

stress on the upper boundary. For example, [23] had 5.4 × 103 for max τp,xx using the log-

conformation formulation, [27] had 1.4 × 103 also using the log-conformation formulation,

and [13] had around 900 using the regular formulation. Our results show a maximum of

about 600, which keep increasing with mesh refinement.



32 Chapter 4. Lid-driven Cavity Flow Problem

(a) u for Wi = 0.5 (b) v for Wi = 0.5

(c) u for Wi = 1.0 (d) v for Wi = 1.0

Figure 4.3: Left column: u-component velocity profile curves across x = 0.5. Right column:
v-component velocity profile across y = 0.5
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(a) τp,xx for Wi = 0.5 (b) τp,xx for Wi = 1.0

(c) τp,xy for Wi = 0.5 (d) τp,xy for Wi = 1.0

(e) τp,yy for Wi = 0.5 (f) τp,yy for Wi = 1.0

Figure 4.4: Contours of each component of polymer stress for Wi = 0.5 and Wi = 1.0
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(a) Oscillations present in τp,xx (b) Reduced oscillations in τp,xx using refined mesh

(c) Oscillations present in τp,xy (d) Reduced oscillations in τp,xy using refined mesh

(e) Oscillations present in τp,yy (f) Reduced oscillations in τp,yy using refined mesh

Figure 4.5: Oscillations present in τp profiles across x = 0.5 and with Wi = 1.0
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(a)τp,xx for h = 1/128 (b) τp,xx for h = 1/512

(c) τp,xy for h = 1/128 (d) τp,xy for h = 1/512

(e) τp,yy for h = 1/128 (f) τp,yy for h = 1/512

Figure 4.6: Influence of mesh refinement on polymer stress contours with Wi = 1.0
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Wi Reference x y
0.0 Su et al [28] 0.500245 0.763323

Zhou et al [32] 0.500003 0.781014
Gao et al [13] 0.5001 0.7765
Current result 0.499 0.773

0.5 Pan et al [23] 0.4692 0.7982
Sousa et al [27] 0.467 0.801
Gao et al [13] 0.4702 0.7957
Current result 0.467 0.799

1.0 Pan et al [23] 0.439 0.816
Sousa et al [27] 0.434 0.814
Gao et al [13] 0.4351 0.8132
Current result 0.438 0.816

Table 4.1: Coordinates of vortex centers at different Wi number
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Summary

The major contribution of this work is to develop a discontinuous Galerkin solver for Oldroyd-

B viscoelastic fluids and couple it with a mixed finite element solver for the Navier-Stokes

equations. We implemented a DEVSS-type stabilization to introduce more ellipticity to the

momentum equation. We validated our code against the analytic solution for the plane

Poiseuille problem and we show numerical results from the lid-driven cavity problem.

The major conclusions of this work are as follows.

(i) The discontinuous Galerkin method with the Lax-Friedrichs flux performs well for the

convection-dominated Oldroyd-B equation.

(ii) The DEVSS-type stabilization can effectively suppress numerical oscillations caused

by abrupt changes in polymer stress, which may occur upon startup of the cavity flow

as the Weissenberg number approaches zero.

(iii) Our numerical results on the plane Poiseuille problem match the analytic solution with

high order mesh convergence

(iv) Our numerical results on the lid-driven cavity problem are consistent with those in the

literature.

(v) With mesh refinement, our method can effectively capture the large polymer stress as

well as its sharp transition layer at the top wall of the cavity.

37
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Future plans for research is to involve the Cahn-Hilliard model in order to study interfacial

dynamics in viscoelastic fluids.
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