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NON-LINEAR FINITE ELEMENT METHOD SIMULATION AND
MODELING OF THE COLD AND HOT ROLLING PROCESSES

Alejandro Rivera

Abstract
A nonlinear finite element model of the hot and cold rolling processes has been
developed for flat rolling stock with rectangular cross section. This model can be used
to analyze the flat rolling of cold and hot steel rectangular strips under a series of
different parameters, providing the rolling designer with a tool that he can use to
understand the behavior of the steel as it flows through the different passes.

The models developed, take into account all of the non-linearities present in the rolling
problem: material, geometric, boundary, and heat transfer. A coupled thermal-mechanical
analysis approach is used to account for the coupling between the mechanical and
thermal phenomena resulting from the pressure-dependent thermal contact resistance
between the steel slab and the steel rolls.

The model predicts the equivalent stress, equivalent plastic strain, maximum strain rate,
equivalent total strain, slab temperature increase, increase in roll temperature, strip length
increase, slab thickness % reduction (draft), and strip’s velocity increase, for both the
cold and hot rolling processes. The FE model results are an improvement over the results
obtained through the classical theory of rolling. The model also demonstrates the role
that contact, plastic heat generation and friction generated heat plays in the rolling
process.

The analysis performed shows that the steel in cold rolling can be accurately modeled
using the elastic-plastic (solid Prandtl-Reuss) formulation, with a von Mises yield
surface, the Praguer kinematic hardening rule, and the Ramberg-Osgood hardening
material model. The FE models also demonstrate that the steel in hot rolling can be
modeled using the rigid-viscoplastic (flow Levy-Mises) formulation, with a von Mises
yield surface, and Shida’s material model for high temperature steel where the flow stress
is a function of the strain, strain rate, and the temperature.

Other important contributions of this work are the demonstration that in cold rolling,
plane sections do not remain plane as the classic theory of rolling assumes. As a
consequence, the actual displacements, velocity, and stress distributions in the workpiece
are compared to and shown to be an improvement over the distributions derived from the
classical theory. Finally, the stress distribution in the rolls during the cold rolling process
is found, and shown to be analogous to the stress distribution of the Hertz contact
problem.

Keywords: Hot Rolling, Cold Rolling, Coupled Thermal-Mechanical, Non-Linear Finite
Element Method, Plasticity, Rigid-Viscoplastic, Elastic-Plastic
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1.1 Basic Definition and History of Rolling

According to Wagoner & Chenot, “the rolling process can be defined as a continuous
process of plastic deformation for long parts of constant cross section, in which a
reduction of the cross sectional area is achieved by compression between two rotating
rolls (or more)” [71]. In cold rolling the material is deformed at room temperature (but it
can be slightly higher with heat dissipation due to plastic work) and in hot rolling the
temperature is high (more than half of the absolute melting temperature).

Another important distinction is made according to geometric considerations. Flat
rolling is performed with cylinders: this is also the case for sheet rolling or strip rolling
(in which the thickness is very small, of the order of millimeters or less), or slab rolling
(in which the slab thickness is of the order of 0.1 m) and any intermediate situation.
Shape rolling allows the production of more complex workpieces by using appropriate
roll geometries: the cross section of the part can be a round, an oval, various beams, a
rail, and so on. Figure 1.1 represents the general principle for flat rolling and two
examples of geometries in a vertical cross section by a plane parallel to the rolling
direction.

Figure 1.1: Flat rolling: (a) general, (b) cross section for slab rolling, (c) cross section for
sheet rolling [71] © Cambridge University Press

For hot or cold rolling of any geometry, the desired reduction of cross-sectional area is
too large to be feasible in one pass. The final deformation is progressively applied by
using several stands so that several pairs of cylinders successively deform the same part
as shown in Figure 1.2. There are thus interacting forces between two successive stands,
which induce tension (in plane loads) either in the direction of rolling or in the opposite
direction. In Figure 1.2, the smaller rolls are in contact with the sheet and produce
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successive reductions of thickness. The small diameters limit the width of the deforming
region and thus the roll-separating force. The larger diameter rolls are designed to
prevent excessive bending of the work roll [71].

Figure 1.2: Schematic of a five-stand rolling mill [71] © Cambridge University Press

Traditionally, the initial material form for rolling is an ingot. Figure 1.3 gives a summary
of the main rolling processes.

Figure 1.3: Schematic of various flat-and-shape rolling processes [41] © American Iron
& Steel Institute (AISI)
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A schematic illustration of the flat rolling process is shown in Figure 1.4. A strip
thickness ho enters the roll gap and is reduced to hf by a pair of rotating rolls, each roll
being powered through its own shaft by electric motors. The surface speed of the roll is
Vr. The velocity of the strip increases from its initial value Vo as it moves through the roll
gap, just as fluid flows faster as it moves through a converging channel. The velocity of
the strip is highest at the exit of the roll gap and is denoted as Vf.

Figure 1.4: (a) Schematic Illustration of the flat-rolling process, (b) Friction forces acting
on strip surfaces, (c) Roll force F and torque acting on the rolls [41] © Adisson-Wesley /

Pearson Education

Since the surface speed of the roll is constant, there is relative sliding between the roll
and the strip along the arc of contact in the roll gap, L. At one point along the contact
length, the velocity of the strip is the same as that of the roll. This is called the neutral, or
no slip, point. To the left of this point, the roll moves faster than the strip, and to the right
of this point, the strip moves faster than the roll. Hence, the frictional forces, which
oppose motion, act on the strip as shown in Figure 1.4b [41].

It has long been thought that rolling, which accounts for about 90% of all metals
produced by metalworking processes, was first developed in the late 1500’s. However, it
was none other than the great Leonardo da Vinci, who, in the section of his notebooks
dedicated to the study of mechanisms and machines, first described an exact and fully
functional design of a rolling mill dedicated to the flat rolling process (Figure 1.5).

As reported by Cianchi, “Leonardo da Vinci describes in his notebooks that these two
machines were intended for producing sheets of tin by making the metal pass between the
principal rollers” [16]. In the sketch on the top there is however, an important addition:
two smaller rollers, which keep up the pressure on the principal ones so that the sheet
produced is homogeneously smooth. This method is still employed today as seen in
Figure 1.2.
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Figure 1.5: Leonardo’s Rolling Mill Designs [62] © Marcel Dekker / Taylor & Francis
Group
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In the 1500’s and 1600’s very primitive mills were used to roll sheets of gold, silver, tin,
and even for making coins. The use of rolls in an iron works was a German development
of the 16th century. Belgium and England both started to use rolls about the same time,
and so these three countries are considered as the birthplace of rolling.
By 1682 Great Britain had become the leading nation in the rolling industry and the first
records of hot rolling appear, with large rolling mills for the hot rolling of ferrous
materials near Newcastle, England. From that point and during the early part of the
eighteenth century, rolling mills expanded to the continent.

Figure 1.6: John Hanbury’s Mill for rolling iron sheets for the manufacture of tinplate.
Source: Cold Rolling of Steel [62] © Marcel Dekker / Taylor & Francis Group

During the early part of the 18th century, Christopher Polhem from Sweden, designed the
first mill with 4 rolls, with the backup rolls driven, in a very similar manner to how the
modern Lauth mill works. In 1728 a patent for a mill to roll hammered bars was issued
to John Payne in England.

Figure 1.7: Rolls designed by John Payne in 1728 to produce round bars [62]
© Marcel Dekker / Taylor & Francis Group
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Also, in 1766, another Englishman, John Purnell received a patent for grooved rolls with
coupling boxes and nut pinions for turning the rolls in unison.

Figure 1.8: English patent issued to John Purnell in 1766 for grooved mills driven in
unison by coupling boxes and pinions [62] © Marcel Dekker / Taylor & Francis Group

It is in this same period, that the general appearance of these hot mills began to change to
the modern form. For example, the cast housing and the single screw on each side of the
mill became a standard, as we can see in a design by William Playfield in 1782.

Figure 1.9: English patent specifications filed by W. Playfield in 1783 [62]
© Marcel Dekker / Taylor & Francis Group
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Roberts describes how “the eighteenth century also saw the advent of the tandem mill in
which the metal is rolled in successive stands. Richard Ford patented the first true
tandem mill of which there is record in England in 1766, for the hot rolling of wire rods.
A later patent issued in 1798, refers to a tandem mill for the rolling of hot plates and
sheets and in the same year, John Hazeldine added mechanical guides to a rod mill” [62].

In the beginning of the 19th century, the industrial revolution in England was gathering
momentum, creating an unprecedented demand for iron and steel. Accordingly, rolling
mill developments were numerous and important. John Bikenshaw started the first rail
rolling mill in 1820 producing wrought iron rails in lengths of 15 to 18 feet. In 1831 the
first T rail was rolled in England and the first I beams were rolled by Zores in Paris in
1849 [62].

Three high mills were also introduced about the middle of the century. A British patent
for such a mill, designed for rolling heavy sections, was granted in 1853 to R. Roden. In
this mill, the middle roll was driven and fixed in the housing while the upper and lower
rolls were adjustable in position. On the same mill, a steam-operated lifting table raised
and lowered the material to be rolled.

Figure 1.10: Typical sheet mills of the 1860’s [62]

© Marcel Dekker / Taylor & Francis Group

In mid century, the first reversing plate mill was put into operation at the Parkgate Works
in England, and in 1854 it was used to roll the plates for the “Great Eastern” steamship.
In 1848, R.M. Daelen of Lendersdorf, Germany, who also built the first mill of this type
about seven years later, invented the universal mill. The first mill constructed on the
continuous principle of rolling iron or steel was patented to Charles White of Wales [62].
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Roberts also writes: “a British patent issued in 1862 to J.T. Newton of Wales, described a
predecessor to the modern cluster mill, in as much as it used small work rolls backed up
by others of large diameter. The work rolls were driven but the pressure was applied by
the large backup rolls, a principle utilized in both the hot and cold mills of today” [62].
The four-high mill with its rolls in the same vertical plane was introduced in 1872 by
Bleckley of England; Tandem rolling of hot steel took an upsurge around 1890, and in
1892, a semi-continuous hot strip mill, with a mechanically geared two-high tandem
finishing train, was built at Bohemia. As reported by Roberts, “the first record of tandem
cold rolling of steel strip goes back to about 1904, when the West Leechburg Steel
Company installed and operated a 2-high 4-stand tandem mill, each stand being driven by
a separate, adjustable speed dc motor. Reel tandem mill operation, with tension between
stands, and a tension reel was developed around 1915, on mills in Pittsburgh,
Pennsylvania” [62].

Figure 1.11: 48-inch, high-speed, five-stand tandem cold-reduction mill [62]
© Marcel Dekker / Taylor & Francis Group

Figure 1.11 shows an example of five stand tandem mills, which came into use in the
1930’s for the production of tin plate. Six stand mills were introduced in the 1960’s with
still more installed horsepower and slightly larger work rolls. In the 1970’s and 1980’s
new and larger fully continuous mills were put into operation.
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Figure 1.13: Rough pass in a hot rolling mill © INDUSLA S.A.

Finally, in the late 80’s and in the beginning of the 1990’s , the rolling industry began to
take advantage of the development of the CNC & CAD/CAM technology, particularly
applied to the design and manufacture of rolls for hot-rolled steel special section profiles
(Figure 1.14).

Figure 1.14: CNC manufactured rolls © INDUSLA S.A.
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1.2 The Finite Element Method (FEM), Virtual
Manufacturing, and its potential impact in the hot
rolling industry

The major development in the metalforming industry in the end of the 20th and the
beginning of the 21st centuries has been the application of Finite Element Method (FEM)
to the solution of complicated non-linear metal deformation processes.
The Finite Element Method is a numerical analysis procedure used to obtain approximate
solutions to boundary value problems, which are found in every field of engineering.
Most problems encountered in everyday practical applications do not have closed-form
solution. The problems with closed form solutions that can be found in any textbook on
strength of materials, fluid dynamics, and other fields of mechanics, correspond to
usually rather basic models of reality, where a lot of simplifying assumptions have been
made in order to be able to solve the governing differential equations and their associated
initial and boundary conditions, that are generated when formulating the initial boundary
value problem. It is then from this inability to solve many complex structural mechanics,
heat transfer analysis, and fluid mechanics problems, that the Finite Element Method
became an indispensable tool in the field of engineering mechanics [14, 64].

The FEM was initially applied to the structural analysis area and its associated theory of
elasticity. As the structural applications of FEM were refined, the FEM expanded to the
thermal & fluids areas. During the 1970s and early 1980s many papers applied the finite
element method to the Navier-Stokes equations for fluids, and to the solution of the heat
diffusion equation. Once these areas had been developed, researchers began to focus
their attention into more complicated problems in continuum mechanics such as those
that can be found in materials that do not meet the definition of elastic solid or Newtonian
fluid, i.e. viscous (non-Newtonian) fluids and plastic/viscoplastic materials, whose
behavior is described by the theories of plasticity, and viscoplasticity, which are used to
explain the permanent deformations that occur in the metal forming processes [14,35].
These developments together with the advances in computer technology of the 1990’s,
when the speed of computers increased at almost the same rate as their price was
decreasing, allowed the application of the Finite Element Method to non-linear problems,
such as those found in metal deformation, and led to the appearance of a new field,
known as virtual manufacturing.

Virtual manufacturing uses a computer to simulate the processes involved in the
fabrication of a product. One approach to virtual manufacturing utilizes nonlinear finite
element technologies to provide detailed analysis information about a product, which is
then used for optimization of key factors affecting its profitability, such as
manufacturability, final shape, residual stress, product durability and life-cycle
estimations, etc. Simulation technology can also directly affect profitability by reducing
the cost of production, material usage, and warranty liabilities [54].

This new field saw immediate application in the metal forming industry that realized the
potential of the Finite Element Method and virtual manufacturing as a tool to optimize
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their product and manufacturing process. On top of the advantages already mentioned,
virtual manufacturing applied to the rolling industry also reduces the cost of tooling,
eliminates the need for multiple physical prototypes, and reduces material waste. This
increases the chances of getting it right the first time, thus providing the rolling
manufacturers with the confidence of knowing that they can deliver quality products to
the market on time and within budget. Small improvements in manufacturing have
dramatic and profound effects in terms of cost and quality.

Nonlinear finite element analysis in particular, facilitates the simulation of metal forming
processes in a more realistic manner than ever before, especially in the hot rolling
industry where only a few people have a clear understanding of the behavior of steel at
high temperatures, and where most companies need to use a trial and error approach
before they obtain the desired results.
To summarize the potential benefits to the hot rolling industry:

a) Fewer trials in the design of the rolls => more time can be spent on
engineering, and design,

b) Less material waste,
c) Reduced cost of tooling,
d) Confidence in the manufacturing process,
e) Improved quality,
f) Reduced time to market,
g) Lower overall manufacturing cost;

It is for the above reasons that an improvement in the rolling manufacturing process, no
matter how small, can have great economic and financial implications for a company and
thus the great relevance of the topic subject of this thesis.

1.3 Objectives and Scope of this work

The goal of this work is to develop a fully nonlinear finite element analysis model that
can be used as a tool in order to analyze the rolling of cold and hot steel strips under a
series of different parameters and scenarios. The purpose is to provide the roll designer
with a tool that he can use in order to understand the behavior of the steel as it flows
through the different kinds of passes in the rolls. Currently, this is a very difficult
industry problem that requires skilled engineers with many years of experience. In
today’s practice, the correct roll design is achieved through a trial and error approach that
results in very high costs and expenses to the rolling company. Many of the mechanisms
that govern the hot rolling process are still not fully understood, and there exists a need to
provide engineers with comprehensive tools that allow them to design the rolls right the
first time, thus reducing the number of trials in the design of the rolls, the amount of
material waste, the cost of tooling, and therefore increasing the time that roll designers
can spend on engineering as well as the confidence in the manufacturing process and the
quality of the final product. All of the above also lead to a reduced time to market, and a
lower overall manufacturing cost. The main problem that is found in the industry is
regarding the design of rolls for roll pass design of non-symmetric structural shapes.
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This problem is of enormous difficulty due to the fact that it is yet not understood how
the material at 1,200 ºC behaves when there is no symmetry with respect to the neutral
axis of rolling. For flat products, both rolls are perfectly cylindrical, and the workpiece
goes right through the middle of the roll gap. However, for structural shapes of complex
geometry, the top roll is different from the bottom roll, and the roll designer must
estimate based on his judgment and experience how much each roll will work the slab,
ensuring that the amount of deformation fills the roll gap completely yet trying to
minimize the number of passes that are needed in order to achieve the final desired cross
section. The main problem seems to be that currently there is no material model that
accurately predicts the behavior of the steel at high temperatures. Also, certain
mechanisms like friction in the roll gap, and the modeling of the contact problem are not
fully understood. The heat generation due to friction and work of plastic deformation are
also areas of current research. The ultimate goal is to be able to model the roll passes
using non linear FEM in order to allow the roll designer to do virtual tests on the
computer, that will always be a lot cheaper than having to manufacture the rolls, to then
test them, which requires a lot of tooling, labor, and associated costs. To get to this point
however, we must make sure we have a great handle of the problem of which we know
the solution of, which is the flat rolling problem, which is the simplest one, and has been
extensively researched with many formulae available for the main parameters of it.
Therefore, in this first phase, the basic principles of hot and cold rolling of flat products
will be studied and modeled using non-linear FEM. Flat products are a good starting
point since they all have a simple rectangular geometry, and there is symmetry with
respect to the neutral plane of the section, which facilitates the analysis. This work will
look at the cold and hot rolling problem from the following aspects: materials science,
mathematical models of rolling, theory of plasticity, machine and mechanical design
aspects, heat transfer issues, etc, then focusing on the Finite Element Analysis issues
concerning this problem, such as coupled thermo-mechanical analysis, thermo-
mechanical finite element modeling, and all the non-linear aspects of the rolling problem.

Furthermore, in this thesis I will try to demonstrate that:
a) the steel in cold rolling can be accurately modeled using the elastic-plastic

material model,
b) the steel in hot rolling (at temperatures between 800 and 1200 C) can be modeled

using the rigid-plastic material model with the flow stress as a function of the
strain, strain rate, and the temperature,

c) in cold rolling, plane sections do not remain plane (as the classic theory assumes
in the derivations of formulas for stress) and due to this, all the empirical formulas
used in the classical theory of rolling can only be used as an estimate,

d) the degree of deformation, stresses and strains, strain rates, as well as other
parameters of interest, on the workpiece and in the rolls can be predicted,

e) the heat transfer from the workpiece to the rolls, as well as the plastic heat
generation, and the friction heat can be accurately modeled,

f) the stresses developed in the rolls are very similar to the stresses developed in the
Hertzian contact problem,
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g) the complicated and not well understood friction process between the roll and the
workpiece can be accounted for in the FE models,

h) the Finite Element Method can be used to predict material flow.

This thesis will also examine:

a) The mechanism of bite in rolling,
b) the main heat transfer aspects present in the rolling problem,
c) the non-linear finite element approach to solving the problem,
d) the main issues from the theory of plasticity point of view, analyzing and finding

the adequate yield surface and work hardening rule for both the cold and hot
rolling problem, as well as studying the main constitutive equations that have
been proposed for low carbon steel at low and high temperatures, and selecting
the appropriate ones for the FEM models used in this thesis.

In order to examine the above, the following non-linear FEM models will be developed:

a) 2-D plane strain model for flat cold rolling,
b) 2-D plane strain model for flat hot rolling,

The models will be validated using a stepping-stone approach by which simplified
versions of the problem will be first analyzed to demonstrate the results obtained. New
parameters and physical phenomena will be progressively added to the initial basic
models. In each case the updated models will be analyzed and verified until arriving at
the full model of flat rolling for both hot and cold rolling. The validation of the models
uses classical stress analysis techniques and methodology, or proofs in the existing
literature via the classical theory of rolling or published data and/or photos of actual
rolling tests.

In summary, for this project, the author proposes a computational method that can
enhance analytical modeling of the flat cold and hot rolling processes by consideration of
all the physical phenomena mentioned above. These models will allow us to fully
understand all the issues involved with non linear FEM modeling applied to flat rolling,
namely, the modeling of the material, the types of plastic models used, hardening rules,
yield surfaces, the types of FEM elements needed to model the problem in 2-D plane
strain case, the setup of the contact parameters within the software in order to achieve
convergence (the contact problem is extremely complicated), etc. If we are successful, we
will then be in a good situation to try to move into the more complicated problem of
shape rolling, which is the one that the industry is really interested in.
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1.4 Organization of Thesis

This thesis is divided into three parts. The first part deals with the Mathematical aspects
of the rolling problem as well as the plasticity concepts needed to develop the models. In
this section, the equations of equilibrium roll-work piece are developed, the governing
equations for both the mechanical and thermal problems are shown, together with their
appropriate boundary conditions. At this point it is shown that mathematically, the
rolling problem consists of a pair of very large and complicated Initial Boundary Value
Problems, one mechanical, and one thermal. These two IBVPs need to be solved
simultaneously due to the strong coupling between the thermal and the mechanical parts
of the problem, thus the designation of coupled thermal-mechanical problem.

Once the engineering mechanics of the rolling problem have been explained, the second
part of this thesis will explain how the mathematics, physics and mechanics of the
problem are implemented into the finite element method. The Rigid-Plastic Flow, the
Elastic-Plastic Flow finite element methods and the Rigid-Viscoplastic material models
will then be analyzed in detail. Finally, the different types of non-linearities present in
the rolling problem, material, geometric, boundary, and heat transfer, are explained.

The third part of the thesis deals with the creation of the different FEM models that are
needed in order to meet the goals of this thesis. This section is further subdivided into
two sets, one for the 2-D plane strain cold rolling models and the other for the 2-D plane
strain hot rolling cases. All of the features of the models, i.e., initial conditions, boundary
conditions, contact problems, material properties, etc are addressed. Also, results are
presented showing the answers and conclusions to which we arrived after studying the
solutions provided by the FE models. One by one, the different models will be used to
demonstrate the goals listed in this Chapter in Section 1.2.

The fourth and final section deals with the discussion of the results obtained from the FE
models, and conclusions obtained from this study, as well as the discussion of the future
work that needs to be accomplished in order to advance in the research of this
challenging and at the same time fascinating problem.

The following flow chart is meant to be a basic “roadmap” for this thesis
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Chapter 2
Mathematical Models
and Mechanics Aspects
of the Rolling Problem



18

2.1 Introduction

Mathematical models of the flat rolling process are numerous. In each, the equations of
motion, thermal balance, material properties and roll deformation are used to calculate
the stress, strain, strain rate, velocity and temperature fields, the roll pressure distribution,
roll separating forces and roll torques [56,49].
The accuracy of these models depends on the quality of the assumptions made. In the
conventional models, most researchers assume the existence of homogeneous
compression of the strip, considered to be made of an isotropic and homogeneous
material that is incompressible in the plastic state. Further, plane strain conditions are
assumed to exist and either a constant friction factor or Coulomb friction conditions
apply at the roll-strip interface. Assumptions and simplifications vary broadly when
finite element methods are employed. The same applies to the material models the main
models used being the elastic plastic and rigid plastic ones [56].

A general mathematical model of the flat rolling process should include [56]:
a) Equations of motion of the deformed metal,
b) Heat balance of the roll/strip system,
c) Equations of equilibrium of the work roll,
d) Description of the frictional forces between the work roll and the metal,
e) Description of the material properties.

As the strip enters the roll gap it is first deformed elastically. It speeds up; the relative
velocity between the roll and the strip is such that friction draws the metal in. The
criterion of plastic flow governs the manner in which the transformation from elastic to
plastic happens in what is known as the elastic-plastic interface. The strip proceeds
through the roll gap and more plastic flow occurs until finally at the exit roll pressure is
removed. The strip is unloaded and it returns, through an elastic state to the original, load
free condition. It is observed that during rolling, the relative velocities of the roll and the
strip change and as the strip is accelerating forward it reaches the roll surface velocity at
the no-slip or neutral point. From then on, as further compression occurs, the strip speeds
up and the direction of friction changes in such a way that it now retards motion. Exit
velocity of the strip is often larger than that of the roll and the difference between the two
velocities is determined by the forward slip [56,49].
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Figure 2.1: Schematic Diagram of the Flat Rolling Process [56] © Springer-Verlag

Thermal events occurring during the strip’s passage through the roll gap are also of
importance. In fact, it is the thermal events that contribute most to the metallurgical
developments of the final structure of the rolled material. Surface conditions, roll wear
and thus roll life are also affected by thermal conditions. Heat is generated because of
the work done on the strip, increasing its temperature. Interfacial friction forces also
cause the temperature to rise. Contact with the cold and often water-cooled rolls also
causes heat losses. Metallurgical transformations also contribute to temperature changes.
A complete mathematical model should account for both thermal and mechanical events,
which occur in the deformation zone during the rolling process [56,49].

Several assumptions regarding material behavior must be made. The material is usually
assumed to be, and to remain, isotropic and homogeneous; it is considered to be elastic-
plastic even though as gross plastic straining takes place, elastic deformations may be
quite small in comparison to plastic strains. During forming the volume of the plastic
region is taken to remain constant, and finally, a plane state of strain is assumed to exit
[56,49].

In this chapter we will study the governing equations and boundary conditions for the
mechanical problem portion of the rolling problem. Then, we will study the heat transfer
and thermal balance problem looking at the five sources of heat transfer as well as the
heat transfer boundary conditions involved in both the cold and hot rolling problems.

Finally, we will take a look at the main classical mathematical rolling model, developed
by von Karman. We will study the mathematical aspects of the complicated contact
problem, paying attention to both the rigid-deformable, and the deformable-deformable
cases. The friction problem and its influence in the rolling problem will then be
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of heat losses include air cooling of the free surfaces and heat transfer to the cooler roll.
In modeling, the axis of symmetry and the exit plane from the control volume are treated
as insulated surfaces. Finally, constant temperature is prescribed along the vertical plane
at the entry to the control volume. The temperature across the contact surface is allowed
to be discontinuous, to account for the discontinuity created by the relative velocity
between the two surfaces, and also that caused by the resistance to heat transfer across an
interface. This latter effect can be specified as a function of the normal stress between
the two surfaces in contact or by means of a constant heat transfer coefficient. Finally,
interfacial frictional forces at the roll-strip interface and the shape of that interface need
to be accounted for as well [49].

Figure 2.3: Schematic of the thermal events and boundary conditions in the roll gap [56]
© Springer-Verlag

Lastly we have the initial boundary conditions, which in our case is given by the
prescribed initial temperatures on the boundaries of the roll gap, and which are given by
Equation 2.9 for time t = 0.

2.4.2 Heat Transfer from Mechanical Sources: Friction & Plastic
Deformation

During the rolling process, the temperature rise due to mechanical work is very
significant, especially in cold rolling. This temperature rise is due to two factors:

a) friction derived mechanical work dissipated to the interface between the material
being rolled and the work roll
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c) Initial Temperature of workpiece

This Thermal Initial Boundary Value Problem (T-IBVP) constitutes the second of the
overall problem in rolling. As we will see later, the mechanical and thermal parts of this
problem are coupled. In order to handle a coupled thermo-mechanical deformation
problem, it is necessary to solve simultaneously the mechanical material-flow problem
(mechanical portion) for a given temperature distribution and the heat transfer equations
(thermal portion).

There are two primary causes of coupling:
a) the body undergoes large deformations such that there is a change in the

boundary conditions associated with the heat transfer problem;
b) deformation converts mechanical work into heat through an irreversible process,

which is large relative to other heat sources.

Therefore, the overall solution of our rolling problem lies in the simultaneous solution of
both the mechanical and the thermal initial boundary value problems. This is one of the
reasons that makes this such a complicated, challenging, and at the same time fascinating
problem.
In the next section of this chapter we will take a look at the main classical mathematical
solution of the flat rolling problem, developed by one of the main plasticians of the 20th

century, vonKarman. We will also take a look at the mathematical aspects of two of the
critical problems that make rolling a highly non-linear problem: the contact and the
friction problems. Finally, we will take a look at the material models used for this thesis
for both the cold and hot rolling cases.

2.6 Classic Mathematical Solution Model of Flat Rolling

The derivation of this solution can be found in any textbook on classic rolling theory such
as [32,33,34,49,56,62,63]. The one presented in this section is Ginzburg’s [32]. Figure
2.5 illustrates the stresses acting upon a differential elemental vertical section of the flat
workpiece between the rolls. To analyze the plastic deformation of the workpiece an
infinitesimal element in the workpiece of thickness dx has been selected, and all normal
and friction forces acting on the element have been identified. Then the appropriate
differential equation can be derived from which a solution is obtained by integration of
the equation using appropriate boundary conditions.
In this analysis the following assumptions are made [32,33,34]

a) The direction of the applied load and planes perpendicular to this direction define
principal directions,

b) The principal stresses do not vary on these planes,
c) The frictional forces do not produce the internal distortion of the metal and do not

change the orientation of the principal directions,
d) Plane vertical sections remain plane and therefore, the deformation is

homogeneous in regard to determination of induced strain,
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e) Elastic deformation of the workpiece is negligible in comparison with the plastic
deformation,

f) There is no elastic deformation of the tool in the contact zone,
g) The compressive strength is constant throughout the contact length,
h) The workpiece does not spread laterally as we assume a state of plane strain,
i) There is no roll flattening in the arc of contact,
j) The peripheral velocity of the rolls is constant,
k) Material does not undergo work-hardening during its passage between the rolls,
l) The compression rate from point along the arc of contact does not have any effect

on the magnitude of the compression strength.
m) The vertical component of the friction force is negligible

Figure 2.5: Schematic Representation of the deformation zone in flat rolling [32]
© Marcel Dekker / Taylor & Francis Group

The nomenclature that will be used throughout the rest of this thesis for the flat rolling
problem parameters is the following:

h1=Strip/workpiece entry thickness (m)
h2 =Strip/workpiece exit thickness (m)
ha=Average workpiece thickness (m)
w = angular velocity of the rolls (rpm or rad/s)
L=Roll gap/contact arc length (m)
Vr=Roll surface velocity (m/s)
Vo=Workpiece initial speed (m/s)
Vf=Workpiece exit speed (m/s)
Vx=Velocity of the metal being rolled at section dx (m/s)
F=Roll force (N)
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another, there is a discontinuity in the normal, which leads to potential numerical
difficulties. When higher-order elements are used, a normal is created based upon the
true quadratic surface.
Discrete deformable contact is based on a piecewise linear geometry description of either
2-node edges in 2 dimensions or 4-node faces in 3 dimensions on the outer surface of all
contacting meshes.

Figure 2.13: Deformable contact; Piecewise Linear Geometry Description [53]
© MSC Software Corporation

The constant constraint defines the tying relation for the displacement of the contacting
node in local y direction, and also, applies a correction on the position in the local y
direction.
Potential errors due to piecewise linear descriptions of geometry include:

a) the tying relation may not be completely correct due to the assumption that the
normal direction is constant for a complete segment,
b) if contacting node slides from one segment to another, a discontinuity in the
normal direction may occur,
c) the correction on the position of the contacting node may not be completely
correct.

Figure 2.14:Contact constraint requirements [53] © MSC Software Corporation
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The following plots show the Shida flow stress surfaces for strain rates of 1, 5 and 10 s-1

For each strain rate we obtain a different Shida flow stress surface, and within that
particular surface, for every value of strain and temperature we obtain a value of flow
stress. Therefore, within the ranges for each of the three independent variables, each set
of three values uniquely determines a value of the flow stress. This model is particularly
convenient for the hot rolling process where as the workpiece deforms, the strain, strain
rate, and temperature all change simultaneously.
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Figure 2.20: Shida Flow Stress Surfaces

2.10 Summary and Concluding Remarks
In this chapter we looked at the mathematical models and mechanical aspects of the
rolling problem. Mathematical models of the flat rolling process are numerous. In each,
the equations of motion, thermal balance, material properties and roll deformation are
used to calculate the stress, strain, strain rate, velocity and temperature fields, the roll
pressure distribution, roll separating forces and roll torques. As we saw, our
mathematical model described the equations of motion of the deformed metal, the
equilibrium equations of the work roll, the heat balance of the roll/strip system, the
description of the frictional forces between the work roll and the metal, and the
description of the material properties used to model the workpiece.

In this chapter we also took a look at the main classical mathematical rolling model,
developed by von Karman. We studied the mathematical aspects of the complicated
contact problem, paying attention to both the rigid-deformable, and the deformable-
deformable cases and its interaction with the challenging friction that has such great
influence in the rolling problem. Later in the chapter, we studied the main theory of
plasticity issues, as well as the material models used in this thesis for both the cold
(Ramberg-Osgood) and hot rolling (Shida) problems. Finally we studied the heat transfer
and thermal balance problem looking at the five sources of heat transfer.

This chapter set up the theoretical mathematical and engineering mechanics foundations
upon which we can build our FEM model on. By having a great understanding of the
physics of the problem we can then model these physics into our finite element model.
After all, the results the model will produce are only as good as the mechanics of the
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model created. The mathematical physics of this problem lead to a second order
homogeneous partial differential equation (PDE), for the thermal portion of the problem,
that together with the boundary and initial conditions constitutes a thermal Initial
Boundary Value Problem (T-IBVP) which we will solve using a variational approach that
will be implemented into the finite element formulation. The mechanical portion of the
problem leads to another set of PDEs given by the equilibrium conditions, the
compatibility conditions, the constitutive equations, and the yield criterion, which
together with the boundary conditions leads to another Initial Boundary Value Problem
(M-IBVP) whose solution is obtained through a variational approach that requires that
among the admissible velocities vi that satisfy the conditions of compatibility and
incompressibility, as well as the velocity and traction boundary conditions, the actual
solution gives the mechanical functional a stationary value.

In summary, the Initial Boundary Value Problem (IBVP) we are dealing with from the
thermal point of view is determined by a Partial Differential Equation (PDE) given by he
heat Equation (2.8), the boundary conditions given by Equations (2.9) through (2.13).
The Mechanical IBVP is determined by Equations (2.1), (2.2), (2.3), and (2.4). The
overall solution of the problem is obtained by the simultaneous solution of these two
IBVPs due to the strong coupling between the mechanical and the thermal problems.
There are two primary causes of coupling. First, coupling occurs when deformations
result in a change in the associated heat transfer problem. Such a change can be due to
either large deformation or contact. The second cause of coupling is heat generated due
to inelastic deformation. The irreversibility of plastic flow causes an increase in the
amount of entropy in the body, which in turns results in changes to the associated
mechanical problem.

As it will be shown in chapter 3, the solution of these two IBVP will be done using
numerical & variational methods. As explained by Farlow, S.J., “a partial differential
equation can be changed to a system of algebraic equations by replacing the partial
derivatives in the differential equation with their finite-difference approximations. The
system of algebraic equations can then be solved numerically by an iterative process in
order to obtain an approximate solution to the PDEs”[28]. In our case, the solution to this
IBVP is found using the finite element method. Consequently, in the next chapter we
will take a look at how all of this is implemented into the Finite Element Model by
interpreting our PDE as the Euler-Lagrange equation of some functional, and then finding
the minimizing function of the functional. The minimizing function will then be the
solution of the PDE.
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Chapter 3
Non-Linear Thermal
Mechanical Finite
Element Modeling in
Rolling
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3.1 Introduction
The use of the Finite Element Method (FEM) in the simulation of metal forming
processes originated in the late 1960’s. Fast development of finite-element simulations
of metal forming processes has been observed since then. This development has been
parallel to the development of supercomputers. With today’s supercomputers, the
application of the FEM to the simulation of manufacturing processes is becoming more
and more popular. Finite element analyses of non-linear problems such as those found in
metal deformation are common nowadays. The Finite Element Method allows the
solution of complex Initial Boundary Value Problems (IBVPs) by combining the best of
numerical methods and super computing, which allows the fast solution of the millions of
equations that are generated by a finite element model.

As explained by Kobayashi, Oh, & Altan, the basic concept of the finite element method
is one of discretization. The finite element model is constructed in the following manner.
A number of finite points are identified in the domain of the function, and the values of
the function and its derivatives, when appropriate, are specified at these points. The
points are called nodal points. The domain of the function is represented approximately
by a finite collection of subdomains called finite elements. The domain is then an
assemblage of elements connected together appropriately on their boundaries. The
function is approximated locally within each element by continuous functions that are
uniquely described in terms of the nodal-point values associated with the particular
element[44].
The path to the solution of a finite element problem consists of five specific steps:

a) identification of the problem,
b) definition of the element,
c) establishment of the element equation,
d) assemblage of the element equations,
e) numerical solution of the global equations.

The formation of element equations is accomplished by one of four approaches:
a) direct approach
b) variational methods
c) method of weighted residuals
d) energy balance approach

The basis of finite element metal flow modeling, for example, using the variational
approach, is to formulate proper functionals, depending upon specific constitutive
equations. The solution of the initial boundary value problem (IBVP) is obtained by the
solution of the dual variational problem in which the first order variation of the functional
vanishes. Choosing an approximate interpolation function (or shape function) for the
field variable in the elements, the functional is expressed locally within each element in
terms of the nodal-point values. The local equations are then assembled into the overall
problem. Thus, the functional is approximated by a function of global nodal-point
values. The condition for this function to be stationary results in the stiffness equations.
These stiffness equations are then solved under appropriate boundary conditions. The
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The nodal displacements are the basic unknowns, which are related to the strains by the
standard kinematic expressions or strain-displacement relationships [73]. The
constitutive model used relates the stresses and the strains through stress-strain or
constitutive relationships expressed in incremental form. The equilibrium equations can
be written either as differential equations, to be satisfied in the volume and on the
boundary of the body, or in a variational form as done by the principle of virtual work.

The second approach, the flow formulation (based on infinitesimal deformation theory),
uses the rigid-plastic or rigid-viscoplastic material models [44]. Since in metal forming
operations, the non-linear plastic strains are much larger than the elastic strains, these last
ones are usually neglected allowing the use of a simpler rigid-plastic model in the
analysis. The resulting constitutive equations in this approach are identical to those of a
non-Newtonian fluid. The constitutive equations now relate the stresses and the strain
rates. Various constitutive models are used in the flow formulation. These include the
Levy-Mises model used in rigid-plastic solutions, as well as visco-plastic models such as
the Norton-Hoff law or the Sellars-Tegart law [49,56].
The main advantage of the flow formulation (rigid-plastic method) is that the power of
deformation is calculated as a product of the invariants of the stress tensor and the strain
rate tensor, making the solution insensitive to rotations. Also, the resistance of the
material to deformation can be introduced as a function of the strain rate, strain and
temperature, and essentially any type of approximating function can be used. The rigid-
plastic method is more suitable for the large, non-linear plastic deformations found in the
hot rolling process [49].

As explained in Chapter 2, the original problem associated with the deformation process,
of materials, is a boundary value problem. For the deformation process of rigid-
viscoplastic materials, flow formulation, the boundary-value problem is stated as follows:
at a certain stage in the process of quasistatic distortion, the shape of the body, the
internal distribution of temperature, and the current values of material parameters are
supposed to be given or to have been determined already. The velocity vector iv is

prescribed on a part of the surface vS together with traction iF on the remainder of the

surface, FS . Solutions to this problem are the stress and velocity distributions that satisfy
the governing equations and the boundary conditions.

In the solid formulation approach, the boundary value problem is stated such that, in
addition to the current states of the body, the internal distribution of the stress also is
supposed to be known and the boundary conditions are prescribed in terms of velocity
and traction-rate. Distributions of velocity and stress-rate (or displacement and stress-
increment) are the solutions to this problem. The solid formulations of the finite element
method for metal forming problems have been based on the use of the Prandtl-Reuss
equations for elastic-plastic materials. The formulation is given in the rate form and
assumes the infinitesimal theory of deformation. In analyzing metal-forming processes,
however, the elastic-plastic finite element method with infinitesimal formulation has
severe drawbacks. The large amount of rotation involved in metal forming rules out
infinitesimal analysis. Furthermore, the nature of elastic-plastic constitutive equations
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Boundary Non Linearities

There are three types of problems associated with nonlinear boundary conditions: contact,
non-linear support, and nonlinear loading. In the rolling problem, contact plays a major
role as it creates one of the most severe nonlinearities in mechanics. It is therefore very
important to have a good understanding of its underlying principles.

Contact by nature, is a nonlinear boundary value problem. During contact, mechanical
loads and sometimes heat are transmitted across the area of contact. If friction is present,
shear forces are also transmitted. Contact problems are commonly encountered in
physical and manufacturing systems. In the rolling problem the contact problem occurs
at the interface between the metal workpiece and the rolls [6,19].

Contact problems are characterized by two important phenomena: gap opening/closing,
and friction. As shown in Figure 3.5, the gap describes the contact (gap closed) and
separation (gap open) conditions of two objects (structures). Friction influences the
interface relations of the objects after they are in contact. The gap condition is dependent
on the movement (displacement) of the objects, and friction is dependent on the contact
force as well as the coefficient of Coulomb friction at contact surfaces. The analysis
involving gap and friction must be carried out incrementally. Iterations can also be
required in each (load/time) increment to stabilize the gap-friction behavior.

Figure 3.6: Normal gap between potentially contacting bodies [54] © MSC Software
Corporation

There are two types of contact situations used in our study of the rolling problem:
a) deformable to rigid body contact
b) deformable to deformable Contact

The first one is used in the case where the workpiece is modeled as a deformable element
but the rolls are modeled as a rigid body. This method is computationally inexpensive
and it is the one used in most cases in this thesis.
The deformable-deformable case is used when both the rolls and the workpiece are
modeled as deformable elements. Since the rolls are rather large, this case generates a
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Figure 3.7: Non-linear conductivity in hot rolling

In Figure 3.7 it can be seen how the conductivity decreases as the temperature increases
for low carbon steel. This is an important fact especially for the hot rolling process. In
hot rolling the roll temperature increases rapidly, and that increase has a significant
influence on the heat transfer between the strip and the roll that decreases according to
the equation for the conduction coefficient. Thus the effect of the heat transfer
coefficient in hot rolling is of great importance.
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Likewise, the Thermal Initial Boundary Value Problem (T-IBVP) was solved using a
variational approach that led to the FE discretization Equation, (3.42), that was
implemented into the finite element formulation according to Equations (3.48) & (3.49).

We then took a look at the main formulations used in the application of FEM to metal
forming, namely, the flow formulation and the solid formulation. Flow formulation
assumes that the deforming material has negligible elastic response, while solid
formulation includes elasticity. The flow formulation uses the rigid-plastic or rigid-
viscoplastic material models. Since in metal forming operations, the non-linear plastic
strains are much larger than the elastic strains, these last ones are usually neglected
allowing the use of a simpler rigid-plastic model in the analysis. The resulting
constitutive equations in this approach are identical to those of a non-Newtonian fluid
Solid formulation, also known as solid-state incremental approach, employs elastic-
plastic or elastic-viscoplastic material models. This approach uses a Lagrangian
description of motion

We then developed the finite element equations for each of these two formulations, solid
and flow, starting from Equation (3.8), which as we have just seen is the basic equation
for finite element formulation.

A complete analysis of the rolling process also requires the simulation of heat transfer in
the roll gap, making it necessary to couple the solution for the flow formulation with the
thermal model. In order to handle a coupled thermo-viscoplastic deformation problem, it
is necessary to solve simultaneously the material-flow problem for a given temperature
distribution and the heat transfer equations. The finite element model for the heat
transfer and coupled thermal-mechanical problem was based on formulations developed
by Kobayashi & Zienkiewicz. These formulations can be used to calculate the
temperature distribution as well as the velocity, strain rate, strain and stress fields in the
deformation zone during hot and cold rolling.

Finally we took a look at the main sources of non-linearities present in the rolling
problems (material, geometric and boundary) and saw how the hot and cold rolling
problem we have to deal with these three sources of nonlinearities with permanent
deformations and gross changes in geometry that the workpiece acquires as it is rolled;
stress values which exceed the elastic limits of the materials, yielding, temperatures
above 30% of the melting temperature; contact between the roller and the strip involving
tremendous friction; stresses no longer proportional to the strains, and heat transfer non
linearities such as radiation from the workpiece, etc.

In the next chapter we will take a look at the 2-D plane-strain non-linear FEM models of
the hot and cold rolling processes, which were created in order to verify and demonstrate
the goals of this thesis. As we will see, the conditions of perfect symmetry that occur
only in the flat rolling process allows us to use the plane strain condition which “occurs
whenever the thickness becomes very large compared with its in-plane dimensions, so
that the strains in the out-of-plane direction can be ignored” [43]. This approach is very
efficient and computationally inexpensive, compared to the 3-D solid modeling approach.
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Chapter 4
Results for 2-D Plane
Strain Finite Element
Models for the Flat
Rolling Problem
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Figure 4.6: Strain hardening curves for steel according to Krupkowski: 1- 0.1% Carbon
steel; 2- 0.33% Carbon Steel; 3- 0.42% Carbon Steel; 4- N Steel 0.9%C; 5 – T55 Steel

0.55%C; 6 – 18-8 Steel [72] © Pergamon Press / Elsevier Science

For a uniaxial test, the true strain is equal to the equivalent strain because in a uniaxial
test, the other two strains are zero. The true strain rate is also equal to the equivalent
strain rate. In a uniaxial tensile test, the usual material data is given in the form of true
stress vs. true strain. However when we introduce this data in MARC, it has to be in the
form of true stress vs. true plastic strain, and the first point for the true stress must be the
yield stress.
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4.2.1 Deformable-Rigid with Heat Transfer Case

The first case analyzed corresponds to the cold rolling of a deformable workpiece with
the properties and the boundary conditions previously described. The rolls are rigid with
infinite stiffness but take into account the heat transfer by conduction from the workpiece
to the rolls. This heat transfer to the rolls however cannot be recovered.

Figure 4.7: Boundary Conditions on the deformable – rigid case

The workpiece is subject to a 20% reduction and the rolls are spinning with an angular
velocity of w =1.5 rad/s
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Figure 4.9: mesh detail and plane strain geometry

The simulation was run as a coupled thermo-mechanical transient dynamic problem. The
convergence testing was set to auto switch (uses both relative and residuals). The total
loadcase time was 3 seconds and the number of steps was 200. For the solution control,
the maximum number of recycles was set to 20. The iterative procedure selected was the
full Newton-Raphson method with a convergence of 10-5.

The results corresponding to the simulation are shown in the following figures 4.10 thru
4.20.

Figure 4.10: Equivalent Von Mises Stress
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The maximum von Mises stress is 4.74x108 Pa, which is in agreement with the
constitutive equation used for the 0.1% Carbon steel.

Figure 4.11: Temperature distribution

The temperature of the workpiece increases from 298K to an average of 330 K. Notice
how there are local areas that see higher temperature increases such as the corners where
the rolls first contact the slab, and the arc of contact where all the high friction forces take
place.

Figure 4.12: Velocity distribution according to FEM and to the classical theory of rolling
[72] © Pergamon Press / Elsevier Science
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Figure 4.13: Displacement distribution

Figure 4.13 also demonstrates results, which support that plane sections do not remain
plane. This figure agrees with the results obtained in practice done with soft materials
such as plasticine and putty. Figure 4.14 shows how the plasticine takes the same shape
only that the shape is even more pronounced because it is a lot softer and malleable than
the steel. Also, the greater the influence of friction on metal surface, the more
pronounced are the distortions it causes, and the metal is forced to move together with the
roll surface. Thus, in cold rolling, vertical plane sections become curved in the direction
of rolling under the action of frictional forces.

If we compare this with the case of the compression of a block of steel we can see that a
similar displacement field occurs. Thus we have proved objective c) of the list of goals
we set for this thesis.

Figure 4.14: Plasticine bar rolled between wooden rolls [72] © Pergamon Press /
Elsevier Science
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Figure 4.15: Displacement in y direction

In this previous figure we can see how the material flows in the vertical direction as it is
compressed

Figure 4.16: Detail of the contact Friction force




