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(ABSTRACT) 

This dissertation develops two new techniques for the identifica-

tion of parameters in distributed-parameter systems. The first 

technique identifies the physical parameter distributions such as mass, 

damping and stiffness.• The second technique identifies the modal 

quantities of self-adjoint .distributed-parameter systems. 

Distributed structures are distributed-parameter systems character-

ized by mass, damping and stiffness distributions. To identify the 

distributions, a new identification technique is introduced based on the 

finite element method. With this approach, the object is to identify 

"average" values of mass, damping and stiffness distributions over each 

finite element. This implies that the distributed parameters are 

identified only approximately, in the same way in which the finite 

element method approximates the behavior of a structure. 

It is common practice to represent the motion of a distributed-

parameter system by a linear combination of the associated modes of 

vibration. In theory, we have an infinite set of modes although, in 

practice we are concerned with only a finite linear combination of the 

modes. The modes of vibration possess certain properties which distin-

guish them from one another. Indeed, the modes of vibration are 
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uncorrelated· in time and orthog.onal in ·space~ ·The moda:l identification· 
. ' . . 

technique introduced i:n this. dJs.sertation uses path these spatial 

properties~ Because buth th~ tempo~al ·ancJ spatiaJ properties are used, .. 

the method .. does not encounter problems when th~.· natural.· frequencies are 
.:- . .. 

closely-spaced. or repeated.· 
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Chapter 1 

INTRODUCTION 

The motion of a distributed structure is governed by partial 

differential equations {PDEs) where the parameters, namely the mass, 

damping and stiffness distributions, are continuous functions of the 

spatial variables. In practice, it is often necessary to eliminate the 

spatial dependence through discretization, where the infinite number of 

degrees of freedom system is approximated by a finite one. A common 

tool for discretization of distributed structures is the finite element 

method, which can be regarded as a variant of the Rayleigh-Ritz method. 

The method is based on a variational principle, and under certain 

conditions the approximate solution converges to the actual solution. 

Of particular interest are large space structures {LSS) whose 

proposed missions require active control for maneuvering and vibration 

suppression. Before satisfactory controls can be designed, it is 

necessary to know certain parameters quite accurately. These parameters 

are the mass, damping and stiffness distributions and the modal 

quantities. To determine these parameters, one must elicit ~he system 

response and use this information to deduce the system parameters. This 

is the problem of parameter identification. 

The problem. of identifying parameters of distributed structures has 

received considerable attention in recent years [l-42J. Surveys rele~ 

vant to the identification of parameters in distributed structures can 

be found in Refs. 1-4. As discussed in Ref. 4, the structural identifi-

cation techniques can be broadly classified into direct and indirect 

m~thods. However, to stress the importance of identifying distributed· 

1 
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parameters, we include a third cc,.tegory, namely, identification of 

parameters in distributed. systems •... · 

The first approach ls the.indirect approach; whereby the .modal 

quantities associate.d wi.th the actuald·istributed system are· identified· 

first and then use i,s made of this modal .information to identify the 

system parameters [ 5-14 ]. However, modal data cannot' uni que·1y determine 

the lumped.;.parameter model unless some a priori information· is known 
. . . . . 

about the mass and stiffness m~trices (5.,6]. Indeed, in order to 

compute the response of the Sy5tem, it i.s necessary to know the mass 

distribution, in addition to the modal data. Early approaches for 

identifying eigenvalues and eigenvectors used near-resonance testing 

[7]. Difficulties arise for this type of approach when the natural·· 

frequencies are repeated orcJos:ely-spaced [5,8]. 
' " 

Reference 9 uses a Jacobian or sensitivity matrix to recursively · 

Update the system parameters based on modal test results. · I.t describes 
' ' ' 

a matrix perturbation method to compute the Jacobian matrix and presents 
' ' 

a numerical example having; 84 degrees of freedom •. The method requires . ' 

' that the number of estimated parameters must be equal to (or less' than) 

the number of modal parameters. This work has been advanced/in Ref. io, 
wh~re the Gaussian least:..squar~s differ~ntial· correcti·on algorit~m [43] 

is used to obtain a best estimate of the structural parameters. The 

authors stress the importance of .identif:.Ying physical para,meters such as 

moduli of elasticity, mass densities, spacecraft dimensions, etc., 

.rather than entries in mass and stiffness matrices. 
' ' 

As another example of the· indirect method, Ref. 11 identifies mass 

and stiffness distributions of distributed structures using an indirect 

. ·:··· 



approach. Indeed, the mass and stiffness distributions are expressed in 

the form of series of known functions multiplied by unknown coefficients. 

The unknown coefficients are determined by making use of the identified 

modal quantities. References 12-14 use the identified modal quantities 

to improve a priori mass, damping and stiffness matrices. 

The second approach identifies the distributed model by identifying 

the spatial functions in the partial differential equations of motion 

[15-18]. Reference 15 expresses the system operator in terms of known 

operators with unknown coefficients. The unknown coefficients are 

determined recursively by a perturbation method. Reference 16 uses a 

Green's function approach to obtain integral equations that can be 

solved for unknown spatial operators or coefficients. Reference 17 uses 

the same approach combined with an optimality criterion for control and 

estimation of static models. The identification schemes [15-17] are 

described for distributed systems where the system parameters are not 

complicated functions of the spatial variable. However, in general the 

system parameters tend to be complicated functions of the spatial 

variable. Hence, we must resort to spatial discretization methods, such 

as the finite element method. 

Identification using continuum models is a subject of current 

interest [18]. Several methods have been proposed to construct 

continuum models to represent discrete structures such as trusses [44-

47]. Many large truss structures function as beams or plates. Hence, 

in certain cases modeling discrete structures as continua has practical 

applications. Reference 18 id~ntifies parameters of discrete structures 
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by usingsim.ple continuum mod~is;i.e.~ utiifo:rmbeams.·and plates~ .The 

. 'identified parameters are uniform mass and stiffness distributions. 

The third. appr~ach iqentlfie~.' 'dtrectly'. m~dal quantities or mass, 

damping and Stiffness matrices .associated With Ordlnar~ differ.ential 

. equations o.f motion describing. lumped. systems [19~42]. The approach 

uses time i;ind frequency domain techr1iques to identify th'e parameters. 
. . 

· References 19-37 identify ·.modaJ· quantities of .struc;tures, wh~reas· Refs •. · 
. . ' :,· ' 

38-42 identify coefficient matrices. 
. . . . 

A time-domain identification scheme was develop~d 1~- R~fs. 19-21 · 

where the modal parameters of 'lump'ed models ar~-·identifi~d. The method 

re.quires sensot measurements at each de~ree of freedom and h~s been 

shown to successfl.llly ide.ntify._modiil ~aramete~s- of ·co~plex structures. -

[22, 23 l ~ · . Ref ere nee 24 ident ifi ~!> th~ modal parameters for· qlstri buted -. 

structur~s 'using a modified version of the ·fbrahirn time"!d~ma·in· ~ethod.: ·. 
. . .. 

·Reference 2s identifiies the order of the syste_m as well as the 
1 . . ·. 

eigendata using .lattice filters. The .lattice filters determine the, 

order of the system and form an orthonormal' basis.~p~nhing·the motion' of 
. . . . ·. . . ~ . 

the system using a $ram..:Schmidtprocedure. Then, the basis vectors are 

. decoupled by a fast· Fourie:r: t'ransforin; t•o. proauce tpe eigenvectors' ·of·· the 
. . ,, . ·. \ .'; . . . , . . ' . ,. 

system. · An example u stng ihe · flexible beam at NASA tarigle.Y U 1 u st rates 
('·. 

the procedure~ 
,,. ,. :i ·-:·· 

Referen.ces 26 and 27 use the.H97K~lrnan a,Jgor,5t.hm. in conjunction . 

with a .. singular val~~ decomposition 'techniqlJ~·to identify a· linear 
-· . . ' ,· . . ' ' ·. . . 

. state~spa¢e model of minimum order·.· The identified sta:te,:.space,model is 

. then tran$formed into the modaf-spac:e for modal parameter ·identifica~ .·,. 

tion •. ·· The .algorithm has b.een shown ·to work· well [27], but the 

.··-:-,. 

· ... ' 
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algorithm's efficiency is questionable. Nearly 10 minutes of CPU time 

were required on a CDC mainframe to compute 20 modes of a 162 order 

model. 

References 28 and 29 use frequency-domain data to identify modal 

parameters of structures. For lightly damped structures, Ref. 28 

discusses a technique to identify the normal modes. For more heavily 

damped structures, Ref. 29 introduces methods to identify complex modes. 

The majority of the direct time-domain methods for system parameter 

identification consider the system input and output to be stochastic and 

use auto regressive (AR) models, autoregressive moving average (ARMA) 

models, maximum likelihood estimation, generalized least-squares, 

Bayesian estimation (for stochastic systems) and optimality criterion 

[30-37]. As an example, Ref. 30 uses AR and ARMA models to predict the 

frequencies and damping ratios for a given transfer functi.on. The order 

of the AR and ARMA models are at least 3 times the order of the identi"'." 

fied transfer function for permissible results. In general, these 

techniques are implemented only for low-order discrete systems. How-

ever, the order and number of identified transfer functions for distri-

buted structures can be very large. Indeed, distributed structures 

possess an infinity of transfer functions. The approach of this disser-

tation is to solve the simpler deterministic problem first and then to 

include stochastic effects caused by actuator and sensor noise. 

Reference 38 uses a frequency-domain method to identify directly 

the mass, damping and stiffness matrices from measured system responses 

and system inputs. The differential equation of motion is formulated in 

the frequency domain such that the parameters are the unknowns. In 
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general, the number of equations exceeds the number of unknowns and the 

coefficient matrix is ill-conditioned by the fact that it contains 

response data corresponding to high frequencies~ The authors stress 

that a least-squares technique is ineffective .in this case~ However, a 

method using Householder's transformation does not give rise to numeri-

cal difficulties. The results in this dissertation did not require· 

Householder's method. Referenc:e 38 identifies entries in mass, damping 

and stiffness matrices, whereas thi~ dissertation identifies approximate 

values of mass, damping and stiffness distributions, which implies a 

smaller number of parameters to be identified~ 

Reference 39 identifies the physical parameters entering into 

tridiagonal damping and stiffness matrices of a lumped-parameter model. 

Reference 38 estimates mass, damping. and stiffness matrices of lumped 

models using the frequency response, whereas Refs. 40-42 identify mass, 

damping and stiffness matrices in the time domain. ,The approaches in 

Refs. 38-42 require measurements at each degree of freedom entering into 

the equations of motion. The procedures are more suitable for lumped-

parameter systems than for distributed systems, as mass, damping, and 

stiffness matrices are not unique for a distributed structure. Even for 

lumped systems, it is likely to be more efficient to identify the physi-

cal parameters of the structure directly, as entries in the mass, 

damping and stiffness matrices .are functions of these parameters and 

there are fewer parameters than entries in the matrices, which implies 

that these entries are not independent but constrained. Indeed, Ref. 39 

identifies N damping and N stiffness parameters, while the symmetric 

damping and stiffness matrices contain (N+l)xN/2 entries each. Hence, 
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for this lumped system, it is more efficient to identify the physical 

parameters of the structure directly. 

This dissertation develops a new technique for the approximate 

identification of mass, damping and stiffness distributions in 

distributed structures. The technique is based on the finite element 

method and the object is to identify 11 average 11 values of 111ass, damping 

and stiffness distributions over each finite element. Hence, the scheme 

represents physical parameter identification in a finite element 

sense. This i~plies that the distributed par~meters are identified only 

approximately, in the same way in which the finite element method 

approximates the behavior of a distributed structure. References 10 and 

39 also seek to identify physical parameters, but the parameters are 

lumped in nature, whereas for distributed structures they are distri-

buted. This dissertation also shows that the algorithm may work with an 

incomplete set of measurements. Whereas Refs. 41 and 42 consider an 

incomplete set of measurements, they require at least one measurement at 

each degree of freedom in the lumped model. 

Chapter 2 of the dissertation presents the equations of motion for 

a distributed structure and the finite element equations of motion. 

Parameter identification of distributed spacecraft structures is the 

topic of Chapter 3. Chapter 4 presents the algorithm in recursive form 

using the frequency domain. In this approach, a reduced number of 

sensor measurements is used to identify the parameters. Chapter 5 

introduces a modal identification technique. Numerical examples are 

presented at the ends of Chapters 3, 4 and 5. 



Chapter.2 

EQUATIONS OF MOTION FOR DISTRIBUTED STRUCTURES 

Distributed structures represent distributed-parameter systems 

(OPS), whi.ch implies that the mass and stiffness properties depend on 

the spatial variables. The motion of a damped OPS can be written in the 

form of the partial differential equation [49, Ch. 9, Sec. 12] 

m(P)a 2u(P,t)/at2 + a[Cu(P,t)l/at +Lu(P,t) = f(P,t) .. (2.1) 
' . . 

which much be satisfied at every point Pin the domain D of the system, 

where 

u(P,t) = displacement at point P and time t 

m(P) = distributed mass 

C = linear time-invariant differential operator of order 2p, 
. . . 

expressing the system damping 

~ = linear positive semtdeffnite self-adjoint differential 

operator -of order 2p, expressing the system stiffness 
. . 

f(P,t) = distributed force 

The displacement u(P,t} ts subject to the boundary conditions 

B.u(P,t) = 0, i = 1,2, ••• ,p 
'1 

(2.2) 

to be satisfied at every point on the boundary s of the domain 0, where 

Bi(i = 1,2, ••• ,p) are linear differenti~'1 operators of order ranging 

from zero to 2p-1. The boupdary condi.ti.on~ ~re. either geometric, in 

which case the order of B; is po greater than_p, or natural, in which. 

case the._order of B; is greater than p. Functions satisfying the 

geometric boundary conditions are called ~dmissible functions [49]. 

Associated with Eq. (2.1), we have. the eigenvalue problem 
. ' ' . 

L¢>r(P) = ).rm(P)¢>r(P), r = 1,2, •••. (2. 3) 

.8 
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where the functions <t>r(P} (r = 1,2, ••• } satisfy the boundary conditio.ns 

given in Eq. (2.2}. The. solution to Eq. (2.3) consists of a denumerably 

infinite set of real eigenfunctions <f> (P) an&associated real non-. r 
negative eigenvalues Ar (r = 1,2, •.. ). F.or convenience, we order the 

eigenvalues so that Al $ A2 $ AJ •••• The infinite set of eigen-

functions is orthogonal and can b~ normalized so ~~ to satisfy the 

orthonormality conditions 

where 6rs is Kronecker delta. 

(2.4) 

The eigenfunctions <f> form a complete set. Hence, any function in r . . . . . . . 

the Sobolev space K~p satisfying all the boundary conditions and posses-

sing 2p derivatives can be expressed as [50] 

aJ 

u(P,t) = I <t>r(P)ur(t) 
r=l 

(2.5) 

where the ur(t) are generalized coordinates. 

Equation (2.5) represents the expansion theorem fo.r continuous 

systems. Introducing Eq. (2.5} into (2.1), multiplying by <f>s and taking 

into account Eqs. (2.4), we obtain 

Where 

crs = J0<t>.,..C<t> 5 dD, r,s = 1,2, ••• 

are damping coefficients and 

fr(t) = fo<t>r(P}f(P,t)dD 

are modal forces. 

(2. 7) 

(2.8) 
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Equations (2.6) represent an infinite set of ordinary differential 

equations. Note that in general. damping recouples these equations. 

Various mechanisms for damping exist, but ordinarily high-strength 

structural materials have relatively small internal friction [51). This· 

implies that LSS will have relatively small dampir:ig. Hence, we assume 

.that the damping is light and an approximate solution is obtained by 

considering the coupling due to damping as a secondary effect [49]. 

Ignoring coupling due to damping, we can write Eq. (2.7) as 

crs = f o<PrCc!>sdD = 2r;rwr0rs 
Substituting Eq. (2.9) into (2.6), we obtain 

- . . . 2 
. ur(t) + 2r;rwrur(t) + wrur{t) = fr(t), r = 1,2, •• ~ 

Finite Element Equations.of Motion 

{2.9) 

{2.10) 

The finite element method is a d.iscretization (-in-space} procedure 

capable of approximating the partial differential equation, Eq. (2.1), 

by a set of simultaneous ordinary differential equations. Because this 

set has finite dimension, the finite element method is a truncation 

procedure at the same time. For simplicity, we consider a one-

dimensional structure, so that P = x in equation {2.1). Moreover, the 

domain D of the structure is 0 < x < L, whereL is the length. Then, we 

divide the structure into N subdomains of width~= L/N {Fig. 1), where 

the subdomains are the finite elements, and denote by mj, cj and kj the 
11 average 11 values of the mass, damping and stiffness distributions over a 

typical element j. The displacement w{x,t) inside the finite element 

can be expressed in terms of displacements at the boundaries of the 

element as follows [50]: 
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w(x,t) = <1>1 (x)w.(t) - -J ' (j-l)h ~ x ~ jh. , j = 1,2, .••• ,N (2.11) 

where <1>_(x) is a vector of interpolation functions and w .(t) is a vector -J 
of "nodal'' displacements (Fig. 2). The term nodal derives from the fact 

.that in finite element terminology the boundary points are called nodes • 

. By letting the magnitude of the interpolation functions and their 

first derivatives be equal to either zero or one at the r:iodes, one makes 

the nodal coordinates represent the actua1·coordinates of the structure 

at the nodal points. 

Following the usual steps [50], ·we obtain the element mass, damplng 

and stiffness matrices 

J jh T - Jjh . T · Mj = · (j-l)h m!! dx = mj (j~l)h ~! dx = mj~M' j = 

Cf Ji~-l)h (C!)!T dx; cj~C' j = 1,2, •.• , N 

K. = JJ{·h .. l)h.(L<l>)<!>Tdx = [$,<1>].; k.~K' f= 1,2, •.. ,N J . J- . - - - - J J 

1,2, ..• ,N 
(2.12a) 

(2.12b) 

(2.12c) 

where mj, cj and kj (j = 1,2, .•• ,N) are average values of the mas~, 

damping and stiffness distributi?ns for element j, respectively, and 

[ , lj represents the energy inner product defined over element j. (For 

details on the use of the i nterpo 1 at ion fu net i ans entering into t.he 

energy inner product, see [501.J Note that ~M' ~C and ~K are element 

matrices computed by substituting the given interpolation functions into 

Eqs. (2.12) and they are the same for every element [50]. 

The global mass, damping and stiffness matrices, M, C and K respec-

tively, are obtained by carrying out the so-called assembling process 

[50], which represents the transition from the individual .finite 

elements to the whole structure. .As shown in [50], the equations of 

motion have the form 



: ·' ·'. 
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(2.13). 
. . . . ' 

The gl Oba l ma~s inatri x . M is Qbtai ried th~ough a.· superposition of· element· 

matrices Mj. lhe SlJ~e~po~ition is such :fhat the entries in two adjacent · 

matrices correspo·nding to the shated nodal• displacements overlap~ The · ·. 

global mass matrix has the form 

M:= 

.. . . . 

... 
···, 

{2.14) 

and it represents the: nxh mass ·matrix for t~~ wryole strw:;tur:e •. The · 

overlapping entries, ·marked by shading in equatio'n · (2.i4) ~ ... ·are obtained . 

. .. by the. addition of t~~ corresp~nding'entries fri Jwo adjace~t .element 

.mass matrices~ .. The/nXli ·dampl~g. matrix f ~nd· stiffness matri~ k have .·•· 

.block-diagonal forms similar to that of M. 

• .-''-. < 

. . 
:· .. · .,····: .. :. 

'::'·. 

.'·· .. · 

. . .... :,· .... ,· \ :'· . 1: ., •• 
. ·" 

.; 
,,.1 ··:. ...... . 

~ .. ·> .. 



Chapter J 

PARAMETER IDENTIFICATION IN DISTRIBUTED SPACECRAFT STRUCTURES 

The chapter first presents the parameter identification method 

referring to the equations of motion derived in Chapter 2. Then, some 

concepts relevant to the identification of space structures are intro-

duced. To illustrate the technique, a numerical example is presented in 

which the mass and stiffness distributions of a space structure, 

simulated by a nonuniform free-free beam, are identified. 

The Parameter Identification Process 

The parameter identification process consists of exciting the 

structure by means of known nodal forces and measuring the response. 

Because the excitation and response are known, Eq. (2.13) ca~ be 

regarded as a set of simultaneous algebraic equations in the system 

parameters, and can be solved by a least-squares technique. To this 

end, we i nt'roduce the nx3n matrix 

L = [M C K] 

and the 3n-dimensional vector 

~(t) = [~T(t) ~T(t) ~T(t)]T 

In terms of this notation, Eq. (2.13) can be rewritten in the form 

Next, we denote the system parameters 

{
mr, l ::::; r ::::; N 

P = c N' N + 1 ::::; r ::::; 2N r r-
kr-2N, 2N + 1 ::::; r ::::; 3N 

and observe that the matrix L can be rewritten as 

3N 
L = I lb_ p 

r=l apr r 

13 

(3.1) 

(3.2) 

(3.3) 

{3.4) 

(3.5) 
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I 

where it follows from Eqs. (2.l2a) and (2.14) that 41M is ann x n 

matrix with 41M occupying.the block· corresponding to Mr. and with zero 
I I 

entries everywhere e'lse. The matrices ~C and ~K are defined_ similarly. 

Hence, Eq. (3.3) can be expressed explicitly in terms of the system 

parameters as follows: 
3N . . . · : 
l .[ :PL ~(t) ] Pr = ~(t) r=l r · · 

But, ( al/ap )x(t} is an n-dimensional. vector o.f the form. r - . . 

where 

l!:._ x(t) = ·~r(t) apr - -

' 0 
0 

I•• •• 

~r(t) = tM~(t) = ~M~r(t) , 1 :5 r :5 N . 
0 
0 

0 
I 0 

~r(t) = tc~(t) = ~C~r--N(t) , N + 1 :5 r :5 2N 

I 

a (t) = ~Kw(t) -r -

0. 
0 

0 
0 

= ~K~r-2N(t) , . 2N + 1 :5 r :5 3N 
0 
0 

(3. 7) 

(3.8) 

(3.9a) 
' 

(3.9b) 

(3.9c) 
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Then, introducing· the notation 

(3. lOa) 

( 3. lOb) 

where A(t) is an n x 3N matrix of coefficients and E is a 3N-dimen-

sional vector of parameters, inserting Eq. (3.8) into Eq. {3.7) and 

considering Eqs. (3.10), we obtain 

A(t)E = ~(t) (3.11) 

which represents the desired equations with the system parameters as 

unknowns. To extract the system parameters from Eq. (3.11), we consider 

the sampling times t = tk (k = 1,2, ••• , m) and write 

(3.12) 

Equations (3.12) represent a set of n·m algebraic equations and 3N 

unknowns. To solve the equations it is convenient to introduce the 

notation 

' ~ = (3.13a,b) 

where B is an n·m x 3N matrix and c is an n·m-dimensional vector, so 

that Eqs. (3.12) can be combined into 

BE.= ~ (3.14) 

In general, n·m > 3N so ~hat the solution of Eq. (3.14) can be obtained 

by a least-squares algorithm [43]. The result is 

E = (BTB)-lBT~ {3.15) 

where BTB is guaranteed to be nonsingular if B has maximum rank, namely, 

3N. 
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Parameter Identification in Spacecraft Structures 

The equations of motion of a spacecraft free to move in space are 

linear provided the rigid-body rotational motion is small •. Hence, in 

the identification process the excitation forces must be such that the 

rotational motion is not significantly excited. 

The parameter identification process works provided the response 

does not consist of rigid-body motion alone. -Indeed, the.matrix B{t) in 

Eq. (3.13a) does not have max4mum rank when only rigid-body motion is 

excited. The stiffness matrix in the case of a spacecraft capable of 

undergoing rigid-body motions is positive semidefinite. The vector 

!r(t) {2N + 1 < r < 3N) in Eq. (3.9c) is orthogonal to the nodal 

displacement vector ':'.!(t) when the motion is due entirely to rigid-body 

displacements. Hence, a necessary condition for the matrix B(t) to have 

maximum rank is that the elastic moti-0n participate in the response. 

The method is stable in the presence of measurement noise. To 

determine the effect of noise, the numerical example includes random 

noise in the nodal forces and in the measurements of the nodal acceler-

ations; the- nodal velocities and displacements are obtained by integra-

ting the nodal accelerations. The effect of the noise can be reduced by 
' 

increasing the number of sampling instances m in Eqs. (3.13). 

Numerical Example 

We consider a free'"-free nonuniform beam (Fig. 3.1) undergoing 

translational and rotational rigid-body motions in addition to bending 

vibration. The energy inner product .in Eq. (2.12c) has the form·[50] 

(3.16) 



-......... ,,; '" - ., : ··~ ·. \ .;. 

where EI is the flexural rigi:dity.,. In the finite element.model .for a . 
' :~>· 

beam in bending, the nod~·l displacements are the t~ansverse displacement 
. . .,. . .( 

and rotation at each node. F~9m Eq~ (3~16), we conclude. that both the .. 

displacement and its first derivative must' be continuous over the spatial · 

domain. The indicated fnterp~lation functions used in Eq. {2.11) are.· 

Hermite cubics. In terms. of local coordinates,_··the ·tn,terpolation 

functions are [50] 
.• 2' 3' ·. ' . 2 3 

i1>1 = 3E; - 2E; ' 4>2 = E; - E; . 

(J.17) . 
' ii>·. - E; + 21:"2 . ' ~3 
,4~- . .,.-· .. · 

. . 

The vector of noda·l coordinates in Eq. (2~11) is then .. 

w.(t}= [w. 1(t) he. 1(t) w~{t)·. ~e.f~)]T,j=l,2, ••• ,N .(3 ..• 18) -J ' .·· J- J- . ' J . J . ' 
where w.(t) and: a .(t) represent translations and. rotations.;" ,' J J ' .' ' : ,.'· :::·: ' . : ' '' ' , .. '·. .: ·. , .· 

. respectively, in which j desfgrjates the element 11umber. · The 
. . . ·. . 

. nondimensJonal local coordinate E;' is relei_ted to the global· coordinate·· x 
, , , 

by E; = j - x/h, as can be concluded f.r9m Fig. 3~2. 

To obtain the element mas~matr.ices, we insert the interpolation 

functions given by Eq·s~ (3. ll) into· Eq. (2. l2a), carry out the 

:integrations and obtain . 
< :·: ..... • •••• 

, . . 

·. ,· 2 · .. ' j ·. 
: ~E; - 2 E; ' 

' -2 .·J 
· _ jh · . T . . .· · .:. . · • 1 · · •. E; - .f;· · 

Mj - f (j-l}hm(xJ2<x>,2 (x)d)( .,. mjh fa. . 1- 3E;2+ 2·E;3 

_ mjh [156 · 
- 420 , ·• symm 

22 54' 
4 . , 13 

156 
-.1. 3 .. ]" -·3 . 
:..22 . 

4 

·\ . , ·2·:·· 2 : .. 3· t-3 
-E; + E; ' .- , "' ' 

3E;2.·:.. .2E;3 ·•·. · T 

.·· E;2 ,.:: E;3 ' 

· (3 .19a) 

~. . ' 



so that 
156 22 

h 4 
qiM = 420 symm 
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54 -13 
13 - 3 

156 . -22 
.4 

{3.19b) 

Similarly, inserting Eqs. (3.17) into Eq. {2.12c) an~ considering Eq. 

{3.16), the element stiffness matrices are 

_ fJh E ( ) .... - . · · · ·. _ __J_ .fl> 2 ,.. 6E; · . . d2«1>(x) d24>T(x} EI .. ··· .. [·· 6 .,;.·. 12E;] 
Kj - (j-l)h I x dx2 dx2 dx .,. h3 ff -~ ~ ~~E; 

-k 4 -6 2· [ 
12 6 -12 . 6 ] 

- j symm 12 -~ · 

so that 

•K = [s~: ·~ =l -! ] 

2 '-· 6E; [ 
6 - 12E;]T 

-6.• + 12E; dE; 
4 - 6E; 

(3.20a) 

(3.20b) 

Note that the stiffness kj is related to the flexural rigidity of 

element j according to kj = EI/h3. 

As an illustration, we identify a model possessing 15 finite ele-: 

ments, N = 15. The model has 16 nodes and the global mass and stiffness 

matrices are 32x32. Hence, n = 32 in Eq. (3.14). There are 30 para..;. 

meters Pi (i=l,2, ••• ,30) to be identified. The parameters are the 

unknown mass and stiffness average values mj and kj (j=l,2,.!.,15) 

associated with each element. The structural properties of the beam are 

illustrated in Fig. 3.1. 

To construct the matrix A(t), we turn to Eqs. (3.9a) and (3.9c}. 

The matrix is 32x30 and it is not feasible to give it in full, so that 

we list only the first two and last two columns. From Eqs. (3.9a); 

(3.9c), (3.18), (3.19b} and (3.20b), we can write 
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~l(t) = 420 

h 
~2(t) = 420 
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- - - -
l56w0(t) + 22he0 (t) + 54w1(t) - 13he1 (t) 

- - - -
22w0 (t) + 4he0 (t) + 13w1(t) - 3he 1 (t) 

.. .. .. .. 
54w0(t) + l3he0 (t) + 156w1 (t) - 22he 1 (t) 

- - - -
-13w0(t) - 3he0(t) - 22w1 (t) + 4he1 (t) 

0 

. 
0 

0 
0 

issw1 <t> + 22ha1(t) + s4w2<t> - l3ha 2(t) 

- - - -
22w1(t) + 4he1 (t) + .. 13w2(t) -\3he 2(t) 

.. .. .. ' . .: 
54w1(t) + 13he1 (t) + 156w2(t) - 22ha 2(t) 

.. .. .. .. 
-L3w1(t) - 3he 1 (t) - 22w2(t) + 4he 2(t) 

0 

. 
0 

(3.2la) 

(3.2lb) . 
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0 

. 
0 

12w13(t) + 6ha 13(t) - 12w14(t) + 6ha 14(t) 

6w13(t) + 2h~13 (t} - 6w14(t) + 4ha14(t) . 

0 
0 

0 
.• 

. 
0 

12w14(t) + 6ha 14(t) - 12w15 (t) + 6h&15(t) 

To excite at least one elastic mode of the beam, a single 

transverse forcing function given by 

f{x,t) = 0.1 6(x - 6h) cos t {Newtons) 

{3.2lc) 

(3.2ld) 

(3.22) 

is applied at node 7, where 6(x - 6h) is a spatial Dirac delta function, 

so that the rigid-body motioris are not significantly excited, although 

the forcing function has the effect. of exciting every mode. 



21 

The actual parameters arerproyided in Table 3.1. ·The beam has 

length L = 15m, so that each discrete element has length h = 1 m. 

Gaussian random noise is added to the acceleration measurements and the 

forcing function to the extent that the noise-to-signal ratio is 2% at 

one standard deviation~ The estimated parameters.are shown ln Tables 

3.2 and 3.3 for values of m equal to 4 and 8, respectively, at sampling 

times tk = 0.5k (s) (k = 1,2, ••• ,m). Also provided in each table is the 

normalized root-mean~square (RMS} error •. The RMS error is normalized by 

dividing the error in each parameter by .the exact value of the para-
. . . 

meter. The results show that increasing the number of sampling 

instances m in Eq. (3.15) reduces the effect of noise. Table 3.4 shows 

the actual and computed natural frequencies, as well as the error. The 

results are excellent. 

Conclusions 

Space structures can be regarded as distributed~parameter systems 

characterized by mass, damping and stiffness distributions. A technique 

for.the identification of the mass, damping and stiffness distributions 

based on the finite element method is presented. · The technique has the 

advantage that it identifies physiCal properties instead of matrices, 

which are abstract quantities, not unique for a given structure. The 

identification process consists.of exciting the structure by means of 

known nodal forces andmeasuring the response at ea~h nodal degree of 

freedom. Because the excitation and response are known, the equations 

of motion can be regarded as a set of simultaneous algebraic equations 

in the system parameters, and can be. solved by a least-squares 
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technique. The method is stable in the presence of noise. · The effect 

of the noise can be reduced by increasing the number of samplings. 
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T&ble 3.1. Mass and Stiffness Distributions of .the Free-Free Beam. 

Element Mass Stiffness 
Number Distribution· Distribution 

i Pi = m; (kg) Pi+l5 = ki (N/m) 

1 8.400 3.300 
2 1.600 2.300 
3 2.300 1.200 
4 4.800. 1.300 
5 6.300 3~300 
6 5.200 4.200 
7 7.100. 1.800 
8 4.200 1.400 
9 6.300 4.100 

10 1.600 3.600 
11 1.100 5.200 
12 2.400 3.400 
13 3.500 6.600 
14 4.600 2.500 
15 7.300 5.300 



' :' - ~· 
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Table 3.2~ Estimated Parame~ers for Four Santping :Times~ tk, ~: O.Sk (s} 
(k=l,2,3,4).·' .·· .. ·'' •.. ··· -·.' 

Element 
Number . · 

i 

1 ' 
2 3, 
4 
5 
6 

·. ·7 
8 -:9 

HJ 
11 
12 
13 

', 14· 
15 

.· . Mass .. 
. Distri bu ti on · 

P; ='Jn; (~gl 

':8~9468. 
1.5728· 
2.42.59'' 
4~9358·' ' 
6~3033 ,. 
5.:3359 
6.8490 .. ' 
4.0711 

' 6.;.0960 
1.5999 ' 
1~0508 • ,, 
2~3435•.' 
3.6165.' 
4.·6088 
T.1814'. ·· .. · 

' ' . . 

RMS. Error:. 0.056 

· .... · . 

.: ..... 

' ' 

-.~:: ~-., : . 

.. 
' " 

Stiffness 
· Distribution 

.. 'Pi+lS = k; (N/m) .. 

3.4889 
.2.3860 

.· '1.2.~78 .'' '.··· •, ' 
' l.3394 
' 3.3628· 
4.2563 
1.7844 
l.3790 

' 4.0503 
3.5517 
5.1314' 

'3.3661 
6.;5646 ;.·· 
2.4964' 

' 5.3204 ' 

. : ... · 
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Table 3.3 •. Estimated Parameters for Eight Samp~~g Times~ tk = Q.~k (s) . 
(k=l,2, •••. ,8}.. . 

Element 
Number 

i 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

Mass 
·aistributipn 

P; = m; (kg).· 

. 8.7153 
L6093 
2.2972 
4 • .8362 
6. 4140 . 
5.3101 
6.9578 
4.0427 
6.3078 
1.6465 .. · 

. · 1.0563 .. 
2.4603 
3.5955 ·. 
4.5489 . 
7.3629 

. RMS Error: 0.035 

;' ·: 
Stiffness 

Distribution 

p i+l5 = k; (N/m} 

3.3342. 
2.315i 
1.2076 
1.3124 
.J..3357" 
4.2398 

.. 1. 7963 
. ·. 1.3880 

4.1755 
3.6674 
5.2849 
3.4443 
6.6792 
2.5246 
5.3466 
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Table 3.4. First Ten Natural Frequencies of the Free-Free Beam Computed 
Using the Actual and Estimated Parameters. 

Actual Natural Estimated Natural Relative 
Frequencies Frequencies Error 

r wr{rad/s) wr*{rad/s) {wr* - 41r)/wr (rad/s) 

1 0.000000 0.000000 --------
2 0.000000 0.000000 ---------
3 0.064455 0.064077 -0.005865 
4 0.206939 0.207273 0.001614 
5 0.408213 0.408697 0.001186 
6 o. 719599 o. 719890 0.004044 
7 1.096452 1.100486 0.003679 
8 1.524039 1.530416 0.004184 
9 1.999755 2.007110 0.003678 

10 2.575960 2.583589 0.002962 
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mj,cj, kj 

I 
~· 1 E-+1 '1-+ 1 

I I I I I 
0 h 2h (j-l)h jh 

Figure 3.1 ·The Finite Element Model 

j. C] 
I 

Nh 
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(j-l)h x jh 

Figure 3.2 A Typical Finite Element Showing Nodal Displacements 



Chapter 4 

A PERTURBATION TECHNIQUE FOR PARAMETER IDENTIFICATION 

In many cases, there is only a preliminary knowledge of the mass, 

damping and stiffness distributions, and the object is to use this 

preliminary information to identify the actual distributions. This 

chapter is conerned with such a case. The preliminary information is 

used to derive a "postulated" model, which is used as a basis for pro-

ducing the actual model. Because exact identification of a general 

distributed system is not possible, the object is to identify approxi-

mate mass, damping and stiffness distributions, in the same finite 

element sense as in Chapter 3. To this end, a perturbation technique is 

developed in which the postulated model plays the role of the unper-

turbed, zero-order system and the actual model represents the perturbed 

system. The implication is that the perturbation, namely, the differ-

ence between the actual model and the postulated model, is not very 

large. The perturbation approach is carried out on an iterative basis, 

with the results of a given perturbation analysis being used as the 

postulated model for the next perturbation cycle. 

The most striaghtforward case is the one in which measurements of 

all the nodal displacements are available. In practice, this may be not 

be realizable. This chapter develops an identification algorithm 

working with a reduced number of sensor measurements, in whi.ch the 

unknown nodal displacements are treated as pseudo-parameters. One can 

compute the pseudo-parameters by using the first-order perturbation 

solution as well as the zero-order solution. In this dissertation we 

consider only the former. Convergence of .the identification process 

29 
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depends not only on the difference between the ~ctual model and the 

postulated model but also on the number of sensors used, with the best 

results being obtained when the full complement of sensor measurements 

is available. 

Chapter 3 presented the identification technique in the time 

domain. However, as shown in this chapter, the identification technique 

may also use measurements in the frequency domain. Referring to the 

finite element equations of motion developed in Chapter 2, the frequency 
'i 

response is derived. Then, the perturbation technique for parameter 

identification technique including unknown measurements is developed. 

Finally, the approach is demonstrated by means .of a numerical example in 

which the mass and stiffness distributions of a nonuniform cantilever 

beam are identified. The example includes sensor and actuator noise. 

The Frequency Response 

The identification process is carried out in the frequency domain. 

The first step is to excite the system at different frequencies and 

measure the frequency response. To this end, we let the excitation have 

the form 
iw t 

~(t) = Fee e , e = 1,2, ••• ,m (4.1) 

where Ee is the amplitude and we the frequency of excitation. Inserting 

Eq. (4.1) into Eq. (2.13) and dividing the result by exp{iwet), we 

obtain the frequency responses 

(- w2M + iw C + K)we = Fe, e = 1,2, ••• ,m e e - - (4.2) 

where i = /..,1. 
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A Perturbation Technique for Parameter Identification 

The proposed identification process is based on the assumption that 

there is some a priori approximate knowledge of the system parameters 

and the object is to identify the actual parameters. We refer to the 

approximate model as "postulated," so that the object is to develop an 

identification scheme for the actual parameters based on the postulated 

parameters. Assuming that the difference between the two sets of param-

eters is small, we consider a perturbation technique in which the postu-

lated parameters represent the unperturbed zero-order solution and the 

actual parameters represent the perturbed solution, with the difference 

between the two sets of parameters playing the role of a perturbation. 

The postulated parameters corresponding to the finite element model 

are denoted by m0j, c0j and koj (j = 1,2, ••• ,N), leading to the postu-

lated mass, damping and stiffness matrices M0, c0 and K0, respectively. 

The corresponding actual parameters and associated matrices are mj, cj 

and kj and M, C and K, respectively. According to the perturbation 

scheme, we write 

mj = m0j + 4mj, cj = c0j + 4cj, kj = kOj + ~kj, j = 1,2, ••• ,N 

(4.3a,b,c) 

and 

where the increments 4mj, 4Cj, ••• ,4K are small. The identification 

reduces to the identification of the parameter increments 4mj' 4cj and 

4kj (j = 1,2, ••• ,N). The procedure is carried out iteratively, in the 

sense that the results of the first identification cycle will not be 

regarded as the actual parameters but as improved postulated parameters. 



32 

Only when convergence is achieved wi 11 the improved postu 1 ated para.;; 

meters be regarded as the actual parameters. 

Beginning with the initially postulated .parameters m0J.' c0 . and ko· J . J 
(j = 1,2, ••• ,N), we first compute the .matrices M0, c0 and K0 by means of 

Eqs. {2.12). Then, using Eqs. (4.2), we compute the response vectors~ 

we (e = 1,2, ••• ,m) from the frequency responses -0 
[ ( e)2 . e ] e · e - w M0 + 1w c0 + K0 ~o = E , e = 1,2, ••• ,m (4.5) 

Next, we consider the 11 perturbed 11 frequency responses 

[- {we) 2(M0 + L\M) + iwe{c0 + L\C) + K0 + L\K](~~ + t>.~e) 
' . 

e = E , e = 1,2, ••• ,m (4.6) 
The zero-order terms cancel out by virtue of Eqs. (4.5). The first-

order terms satisfy the equations 

[- {we) 2L\M + iweL\C + L\K]~~ = ~e, e = 1,2, ••• ,m (4.7) 

where 
e ·r ( e)2 . e ] e c = - - w M0 + lw c0 + K0 L\~ , e = 1,2, ••• ,m (4.8) 

in which 

L\We =we we e = 1,2, ••• ,m - - - -0' (4.9) 
represents the difference between the measured response vectors ~e and the 

corresponding zero-order response vectors~~ computed from Eqs. (4.5). 

The perturbation in the system parameters are computed by means of 

Eqs. (4.7). To this end, we consider the explicit relations between the 

perturbation matrices and the parameter perturbations as follows 

2N 
L\C = ) 

g_i:::~+ 1 

j = 1,2, ••• ,N (4.lOa,b,c) 
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where Pr {r = l,2, ••• ,3N) are the system parameters given by Eq. {3.4). 

Introducing the nx3N matrix 

where 

[-{we)2 211_ ]~Oe' g, = 1,2, ••• ,N 
apn p m ,,, j = Oj 

[,.e~1 1 e w ap ~O' 
g, pj = cOj 

g, = N + 1, N + 2, ••• ,2N 

[lL 
apg, g, =·2N + 1, 2N+ 2, ••• ,3N 

as well as the3N-vector of parameter corrections 
T 

6E = [Apl 6P2 ••• 6P3N] 
Eqs. {4.7) can be written in the compact form 

Be6E = ~e, e = 1.2,~ •• ,m 

Equations (4.14) can be combined into 

B6E = .~ 

where 

B=u:r c= ·m c 
and we note that B is an n·mx3N matrix and c is an n·m-vector. 

{4.11) 

{4.12) 

{4.13) 

{ 4.14}. 

{4.15) 

( 4.16) 

Equation {4.15) forms the basis for the parameter identification 

algorithm. Because in general n·m > 3N, we must obtain the solution of 

Eq. {4.15) by a least-squares algorithm [43]. The result is 

AE =st~ ( 4.17) 



34 

where 

st= csTar·1sT (4.18) 

is the pseudo-inverse of B. If B has maximum rank 3N, then sTs is 

guaranteed to be nonsingular. 

As pointed out earlier, the algorithm defined by Eq. (4.17) is 

applied recursively, in the sense that 6e is used to produce improved 

postulated system parameters. The iteration process converges 

when 6e reduces to zero. 

Unknown Measurements. Pseudo-Parameters 

In-practice, implementing Eq. (4.17) may not be realizable because 

it requires measurements of each nodal displacement. It is desirable to 

reformulate Eq. (4.17) so as to permit the use of a reduced number of 

measurements. This requires that we ext~nd the vector of unknown 

parameters to include the unknown measurements. We refer to these 

unknown measurements as "pseudo-parameters", because we treat them as 

parameters for computational purposes. 

The response "!.e of the actual system contains unknown measurements. 

Hence~ from Eq. {4.9), it is ~vident th~t the corresponding components 

of the perturbation vector 4"!.e are unknown. We consider the case in 

which r < n measurements are unknown and split Eq. (4.8) into known and 

unknown quantities as follows: 

ce = - [- (we) 2M0 + iwec0 + K0]I Awe n-r -n-r 

(4.19) 

where In-r and Ir are nx{n - r) and nxr-dimensional pseudo-identity 

matrices, respectively, denoting the positions of known and unknown 
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measurements, and 

De= - [- {we}2Mo + iweCa + Kalin-r {4.20a} 

and 
e [ ( e) 2 . e l E = - - w M0 + iw t 0 + K0 Ir (4.20b} 

are nx{n - r) and nxr-dimensional coefficient matrices, respectively. 

The vectors awe and awe contain the known and unknown perturbations -n-r -r 
in the responses, respectively. Hence, reformulating Eqs. (4.14), we 

have 

Ae[~~e]= ~e, e = 1,2, ••• ,m 
a'!!r 

where Ae is an nx{3N + r) matrix given by 

Ae = [Be: Ee] 

and ~e is an n-dimensional vector given by 

(4.21) 

( 4. 22a) 

de = Deawe (4.22b) - -n-r 
Note that a new vector of pseudo-parameters a~~-r ( e = 1, 2, ... ,m) is 

generated at each sampling frequency we (e = 1,2_, •.• ,m). To extract the 

system parameter corrections from Eq. (4.21), we consider m different 

harmonic excitations we and write 

A = 

Bl 
B2 

a 0 

a 
a 

0 

a 
a 

Em 

dl 
-2 d 

' 9 -
(4.23) 

dm -
where A is an n·mx{3N + r·m) matrix and d is an n·m-dimensional vector~ 

so that Eqs. (4.21) can be combined into 

Aae* = ~ (4.24) 
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·,.,; 

where 

l\E*= [l\ET:(l\~~)T;(l\!!~)T ••• (l\~~)T]T (4.25) 

The number of sampling frequencies m mus(satisfy·'m ~,~N/(n - r). Wheh 

the inequality holds!J the solution of Eq. (4.24) can be obtained by a 
least-squares algorithm, or 

l\E* = (ATA)-lAT~ (4.26) 

· wher-e ATA is nor:1singular when A has maximum rank 3N + r-m. Hence, with 

·unknown measurements., the identification process consists or: using Eq .• 

(4.26) recursively untiJ the postulated param.eters converge to the 

actual parameters. 

Numerical· Example 

To illustrate the procedure., we identify the mass and stiffness 
·. .. . . 

distributions of a nonuniform beam undergoing bend.ing vibration. The 
' ' ' 

example considers both the deterministic and .stochastic problems. The 

stochastic problem is exami<ned by adding Gaussian rand~m noise to the 

sensor measurements and to the amplitude and frequency of the excitation 

in the "perturbedu frequency response given by Eq; (4.6). 

The energy inner product in Eq •. (2~12c)for a cantilever beam 

undergoing bending vibration is given by Eq. {3.16). The vector .of 
. . .. 

nodal coordinates in Eq. (2.11) is given by Eq~ (3.ia) .. The element 

mass and stiffness matrices are obtained as·in the numerical example 

presented at the end of Chapter 3 and. are given by Eqs. (3. l9a) and 

(3.20a), respectively. For t'bis example: we consider a mod.el possessing 

6 finite elements, N = · 6. The model has· 6 nodes and n = 12 ·degrees of 

freedom. The system has no damping, so that 12 parameters pi (i = 
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1,2, ••• ,12) are to be identified. The parameters are the unknown mass 

and stiffness distributions mj and kj (j = 1,2, ••• ,6). The structural 

properties of the beam are illustrated in Fig. 4.1. Note that the 

global mass and stiffness matrices are obtained from Eq. (2.14) by 

crossing out the first two rows and columns corresponding to zero 

displacement and slope at the clamped end [50]. 

For the deterministic problem, we consider two cases. In the first 

case a 11 the measurements are known ( r = O) whi 1 e in the. second only one 

sensor measuring transverse displacement is available (r = 11). With no 

damping, the number of samplingfr~quencies must satisfy m ~ 2N/(n-r). 

Hence, in Case 1 we choose in = 1 .. whfl e in Case 2 we chose m =;.• 12. The 
'; - ' "· -, 

beam is excited harmonically by an actuator applying a transverse load 

at the free end. 

The actual and postulated parameters are provided .in Tab 1 e 4. L 

Them = 12 sampling frequencies range from 0.5 to 6.0 rad/s in 

increments of 0.5 rad/s. Case 1 uses the first test frequency only. 

The beam has length L = 6 m, so that each finite element has length h -

1 m. Figures 4.2 and 4.3 plot the normalized root~mean-square (RMS) 

error for each case. The RMS error is normalized by dividing the error 

iri each parameter by the actual value of the parameter. The results 

indicate that having access to all measurements is less sensitive to 

perturbations in the parameters. Indeed, Figs. 4.2 and 4.3 show that 

when all the nodal displacements are measured the permissible initial 

RMS error is 12% and when only one nodal displacement is measured the -

permissible initial RMS error drops to 3%. Note that the RMS error in 

both cases reduces to zero, so that the postulated parameters converge 
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to the actual parameters shown in Table 4.1. The convergence is 

achieved in five iteration steps. 

We consider two cases for the stochastic problem using the same 

analytical set-up as in the deterministic problem. In both cases, 

Gaussian random noise is added to the sensor measurements and to the 

excitation of the 11 perturbed 11 frequency response. The noise-to-signal 

ratios in the sensor measurements was 1% and 0.01% for Cases 1 and 2, 

respectively. The amplitude and frequency of the excitation had noise-

to-signal ratios of 0.5% and 0.0005% for Cases 1 and 2 respectively. 

Figures 4.4 and 4.5 plot the normalized RMS error for each case. The 

results indicate that the noise disturbs convergence, where Case 2 is 

highly sensitive to the noise. However, the parameters are improved for 

both cases. 

Conclusions 

Structures can be regarded as distributed-parameter systems 

characterized by mass, damping and stiffness distributions. A 

perturbation technique converging to the actual parameter distributions 

of the structure iteratively is presented. The technique is based on 

the finite element method and does not require a complete set of 

measurements. Indeed, for the example presented, only a single actuator 

and sensor were required for the postulated parameters to converge to 

the actual parameters. The technique has the advantage that it identi-

fies actual parameter distributions, such as mass, damping and stiffness 

characteristics of elements, rather than entries in mass, damping and 

stiffness matrices. Note that these entries are abstract quantities and 
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they are not unique, as they depend on the discretization process and on 

the number of admissible functions used. 
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Table 4.1 

Actual and Postulated Parameters for Cases 1 and 2 

Actual Parameters Postulated Parameters 
Case 1 Case 2 Case 1 Case·2 

m1 (kg) 0.92 0.8990 mo (kg) 0.90. 0.8600 
1 

m2 (kg) 1.28 1.0520 mo (kg) 1.15 1.0100 
2 

m3 (kg) 1.17 1.1490 mo (kg) 1.20 1.1300 
3 

m4 (kg) 0.63 0.4520 mo4 (kg). 0.50 0.4400 

m5 (kg) 1.11 1.0040 m0 (kg) 1.20 0.9800 
5 

m6 (kg) 0.98 0.9010 .m0 (kg) 0.90 0.9000 
6 

kl (N/m) 1.38 1.0420 ko (N/m) 1.30 1.0000 
1 

k2 (N/m) 0.68 0.7480 ko (N/m) 0.60 0.7100 
2 

k3 (N/m) 1.24 1.1980 ko (N/m) 1.10 1.1700 
3 

k4 (N/m) 0.56 0.5520 k04 (N/m) .0.50 0.5400 

k5 (N/m) 0.76 1.1010 ko (N/m) 0.90 1.0800 
5 

k6 (N/m) 1.12 0.9010 ko (N/m) 1.20 0.9000 
6 



41 

m,' Ci , "-j 

ts+ H + 14 1 ± H~·· . -<=--+"!=±;,,· ·=:rE]-t-, 
I I I I I 

Nh 0 h (j-l)h Jh 

..----------L-----------....ol 

Figure 4.1 Finite Element Model of a Structure 
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Measurements Given {Deterministic Problem) 
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Chapter 5 

MODAL IDENTIFICATION. OF SELF-ADJOINT DISTRIBUTED-PARAMETER SYSTEMS 

In this chapter, a new method is introduced in which the modal 

parameters of self-adjoint distributed-parameter systems. are identified 

in the time domain. The method is based on a variational principle, 

namely Rayleigh's principle, which is applicable to self-adjoint DPS. 

The technique can be applied to both discrete and continuous systems. 

It is common practice to represent the motion of a DPS by a linear 

combinati~n of the associated modes of vibration. In the case of a DPS, 

we have an infinite set of modes although, in practice, we are concerned 

with a finite linear combination of the modes. These modes of vibration 

possess certain properties which can be used to distinguish them from 

one another. Indeed, the modes of vibration are uncorrelated in time 

and orthogonal in space. Frequency-domain methods do not use the 

.spatia·1 orthogonality properties to identify the modes of vibration and 

encounter problems when the natural frequencies of vibration are 

closely-spaced or repeated [5,8]. The modal identification method 

introduced in this chapter uses both the temporal and spatial proper-

ties. Because both the temporal and spatial properties are used, the 

method does not encounter problems when the natural frequencies are 

closely-spaced or repeated. 

Variationalforml.Jlation of the Eigenvalue Problem 

The eigenvalue problem given by Eqs. (2.2) and (2.3) can be 

replaced by a variational problem consisting of determining the 

stationary values of the.Rayleigh.quotient 

46 
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R(•{P}} = l•{P), •(P)] 
. . f am{P}•2{P}dD 

(5.1} 

where [ , ] represents an energy inner product ass;oc i ated wfth twice the 

potential energy of the system. The energy inner product is in sym...: 

· metric f orin obtained through an integration by parts of J vLw dO where 

v(P} and w{P} are comparison functions 'satisfying all :tjie boundary con-

ditions in Eq. (2.2) (49]. The adva.ntage of the variational formulation 

{5.1) lies tn the choice Qf ~est functions <1>.{P}, which· need only be 

admissible, i.e., they need" only satisfy the geom~etrit boundary · 

conditions. 

Let us express •(P) as a linear ·combjnaticin of the eigenfunctions, 

i.e., 
m 

•{P) = I C~<l>r{P) 
r=l . 

(5.2} 

where Cr are undetermined coefficients. Introducing Eq. •. (5•2} into· 

(5.1} .and consiqering the spatial orthonormality coriditions,' Eq. (2.4), 

we obtain 

(5.3) 

<XI 

At the stationary values of R, oR = I (aR/acr}ocr = a, whi.ch implies 
· . r=l 

aR/acr = 0 [50]. ·Hence 

<XI 2 2 2 . <XI 2 2 
0 = aR/acr = 2c. r .l {w - w.)c. /( l c.) i=l r , , i=l , 

From Eqs. (5.4) and (5.3), R = w~ if cr * 0 otherwise cr = 0. 

obtain the denumerably infinite set of solutions 

R{s} = 2 c{s) = ~ 
UIS :! . r urs 

(5.4). 

Thus, we 

(5.5) 
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Indeed, from Eqs. (5.2) and (5.5), stationary values of the Rayleigh 

quotient are identical to the eigenvalues and occur when •{P) are 

identical to the corresponding eigenfunctions. 

Correlation Between the Modes of Vibration 

Consider a freely vibrating undamped system, so that f{P,t) = 0 and 

C = 0 in Eq. (2.1). Then, Eq. (2.6) reduces to the independent set of 

homogeneous second-order differential equations 
.. . 2 
ur(t) = - wrur(t), r = 1,2, ••• (5.6) 

Because Eqs. (5.6) are independent, distinct modes of vibraition are un"" 

correlated, so that we can write 

<ur(t),us(t)> = i~: t J6ur(t)us(t)dt ".' QrcSrs' r,s = 1,2,... {5.7) 
where the symbol < , >represents a temporal inner product between the 

functions ur(t) (r = 1,2, ••• ) and Qr (r =. 1,2, ••• ) are positive 

constants. Introducing the solution of Eq. (5.6) into (5.7), it can b.e 

shown that 
lim 1 2 T+oo T <ur(t),us(t)> =·wrQrors' r,s = 1,2, ••• (5.8) 

and 

(5.9) 

Modal Identification for Self"'"Adjoint Distributed-Parameter Systems 

Our objective is to identify the eigenvalues \r and the corres-

ponding eigenfunctions •r(P) from the free response. To that end, we 

define another a pseudo-Rayleigh quotient suitable for modal identifi-

cation. The Rayleigh quotient is given by 

R(~(P)) i~: t = <~(t),u(t)> Ii~: t <u(t),u(t)> (5.10) 
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where 

u(t) = f 0 F.;(P)~(P,t)dD (5.11) 

in which F.;(P) are functions satisfying the geometric boundary 

conditions, Eq. (2.2). We can express the admissible function F.;{P) as 

co 

F.;(P) = 2 arm(P)cpr(P) 
r=l 

(5.12) 

Introducing Eq. (5.12) into (5.11) and the result into (5.10), 

considering the spatial orthonormality conditions, Eq. (2.4), the 

correlation properties, Eq. (5.7), and the equations of motion, Eq. 

(5.6), we obtain 

(5.13) 

At the stationary values of R, we have [50] 

co 2 2 2 co 2 2 
0 = aR/aar = 2ar .2 (wrQr - wiQi)ai I <.2 ai) 

1=1 1=1 
(5.14) 

From Eqs. (5.4) and (5.14), R = w; if ar * 0, otherwise ar = O. We 

obtain the denumerably infinite set of solutions 
(s) _ 2 (s) _ _ R - ws, ar - ors' r,s - 1,2,... (5.15) 

Indeed, from Eqs. (5.13) and (5.15), stationary values of the Rayleigh 

quotient, Eq. (5.10), are identical to the e.igenvalues and.they occur 

when F.;(P) is equal to the corresponding eigenfunctions multiplied by the 

mass distribution. 

Equation (5.11) implies that distributed measurements are required 

in order to form the Rayleigh quotient, Eq. (5.10). However, it is 

often impractical to measure u(P,t) completely. Therefore, one resorts 

to approximate methods. 
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Approximate Methods 

We can express both the functions E;{P) and the displacement u(P,t) 

as linear combinations of the ad.missible functions ijJr(P), as 
n · ~. · n 

f;(n)(P) = l vrijJr{P), u(n){P,t) = l wr(thr(P) (5.16) 
. r=l . r=l · 

where f;(n)(P) is the nth order appfoximation of E;(P), u(n){P,t) is the 

nth order approximation of u{P,t) and where vr and wr(t) are undeter-

mined coefficients. Introducing Eqs. (5.16) into (5.11), we obtain 

n n 
u(t) = l l vrws(thrs' ljJrs = f oijJr(Phs(P)dD 

r=l s=l 

Introducing Eqs. {5.17) into (5.10), we obtain 

where 

( ) ( ) n n li m 1 · 
ar~ = as~ = i~l j~l •ri •sj T+m T <wi(t),wj(t)>, 

(n) (n) n n . lim 1 ·· b .. = b = I. I ljJ .ljJ . T -T <w.(t),w.(t)> rs sr . 1. • .1 r1 SJ +m 1 J l= J= 

(5.17) 

(5.18) 

(5.19} 

(5.20) 

Now, determining the stationary values of the Rayleigh quotient, Eq. 

(5.18} can be replaced by the eigenvalue problem 
l(n)A(n}y(n) = B(n)y(n) (5.21) 

where Eq. (5.21) represents the nth-order approximation of Eq. (5.10), 
and where A(n) s(n) and v(n) have entries a(n) b(n) and v(n) ' - · rs ' rs r ' 
respectively. From Eqs. (5.18), (5.19) and (5.20) 
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where "'(n), A~n) and B~n) are nxn matrices with entries "'rs' aors and 

bars• respectively, in which 
- a - lim ! < (t) ·-(-t)> b. b lim 1 <- (t.) : (t)> aors - osr - T+m T wr · ,ws ' ors = osr = T+m T wr · ,ws · 

(5 .• 43) 

Finally, the eigenvalue problem, Eq. (5.21), can be simplified -if we 

consider the change of variables 
~(n) = "'(n)y(n). (5.24) 

Introducing Eq. (5.24) into (5~21) and premul.tiplying the result by 
"'-(n), we o.btain the eigenvalue problem in th.e form 

x(n)A(n)w(~) = B(n)w{n) (5.25) 
0 - .0 -. . 

. The question still r~mains ~ow to 0~7ain Wr(t) ancj: wr<t>. i_n Eqs. (5.19) 

and (5.20) from the .system response. Indeed, the answer depends on the. . . 

·· .. nature of the admissible functions. : 

Perhaps the most popular type of approximation is the.finite 

element approximation in which one considers admissible functions as 

interpolation functions. Using a finite element approximatio~, wr(t) 

become measurements taken at nodal points and, ·using the interpolation 

functions "1r(P), a distributed ~rofil~ for u(P,t) is obtained~ 

·The. Collocation Approximation [50]. 

Let us measure displacements and velocities at.points Pr (r = 
1,2, ••• ,n) in the domain O. Then, the function t(P) is approximated by 

. t(P) ; ~ t(n)(P) ~(P - Pr) 
r=l .. 

(5.26) 

where t(n)(Pr) represents ·the nth-order approximation of t(Pr). 

Introducing Eq. (5.26) into (5.11), we obtain 
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u(t) = ~ ~(n)(Pr)u{Pr,t) = ~ vr u(Pr,t) 
. r=l r=l 

(5.27) 

where vr = ~(n)(Pr). Introducing Eq. (5.27) into (5.10), yields 

R{v1,v2, ••• ,vn) = I I vrvs b(n) I I I vrvsa~~) 
r=l s=l rs r=l s=l 

(5.28) 

in which 

a~~) = a~~) = +:: f <u(Pr,t), u{Ps,t)>, b~~) = b~~) 

{5.29) 

Now, determining the stationary values of the Rayleigh quotient, Eq. 

{5.28), is equivalent to solving the eigenvalue problem [SO] 
x(n) A(n) v(n) = B(n) v(n) - -

where A(n), B(n) and v(n) have entries a~~>, b~~) and v~n), 

respectively. 

Numerical Examples 

(5.30) 

To illustrate the identification process, we consider two examples. 

In the first example, the modal parameters associated with the bending 

vibration of a uniform simply-supported beam are identified. In the 

second example, the modal parameters associated with a finite element. 

model of a uniform square membrane subjected to a constant tension T 

with all its boundaries free are identified. 

The stiffness operator for the beam in bending vibration is given 

by [49] 

a2 a2 
L = 2 [EI(x) - 2], 0 < x < L 

ax ax 
(5.31) 



53 

where EI denotes the flexural rigidity of the beam. For convenience, we 

choose m = 1 kg/m, EI = 1 N-m2 and L = 10 m. The eigenvalue problem, 

Eq. {2.3), admits the closed-form solution 

2 (rrr)4 ( ) T . (rirx) Ar = wr = [""" , ~r P = I 5 sin --C- , 0 < x < L, r = 1,2, ••• (5.32) 

We wish to identify the ten lowest eigenvalues and corresponding 

eigenfunctions using ten discrete sensors.measuring transverse dis-

placements and velocities at locations equally spaced along the beam. 

The identification process uses the free response of the beam initially 

excited by an impulse of magnitude 1 N at x = 10/11 m. Fifteen modes 

are simulated in the response. Using the collocation approximation, the 

identification process is completed by solving the eigenvalue problem 

given by Eq. (5.30). The inner products in Eq. (5.29) are approximated 

by using T = 100 (sec) in Eq. (5.7) where 
lim 1 lim 1 -aors = T+m f <u(xr,t), u(xs,t)>, bars= T+m f <u(xr,t), u(xs,t)> (5.33) 

L xr = r(II) m, r = 1,2, ••• ,10 

Table 5.1 lists both the identified and actual natural frequencies 

together with the percentage errors. Figures 5.1 and 5.2 show the 

identified eigenvectors together with the normalized eigenfunctions for 

the first ten modes of vibration. Note that the identified natural 

frequencies and eigenvectors agree well with the actual natural 

frequencies and actual normalized mode shapes, respectively~ The dis-

agreement is due to the approximation of Eq. (5.7) and the collocation 

approximation. Because the mass distribution is unity fdr this case, 

the identified eigenvectors are identical to the normalized eigenfunc-
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tions to within a multiplicative constant. In general, the identified 

eigenvectors will agree with the actual normalized eigenfunctions only 

when the mass distributfon is kno~n. · 

As a second illustration, we identify the lowest five natural 

frequencies associated with Ji finite element model of a uniform square 

membrane under constant tension T with all its. boundaries. free. The. 

stiffness operator for the membrane is given by [50] 

L = _ ..L (TL)_ ..L (TL)' ax ax ay ay (5.34) 

As shown in Figure 5.3, the membrane has triangular elements corres-

ponding to 16 nodal degrees of freedom. Using linear interpolation 

functions as admissible functions yields the natural frequencies given 

in Table 5.2. Note that some of the natural frequencies in this example 

are repeated. 

In order to identify the five lowest natural frequencies, 16 

sensors measuring transverse velocities and accelerations at each node 

are used. The displacement profile u(P,t) and th~ admissible functions 

t(P) in Eq. (5.16) are approximated using linear finite element inter-

polation functions [50]. We choose as admissible functions t(P), the 

eigenfunctions of the uniform membrane subjected to constant tension T 

and with all its boundaries free [50]. The initial displacements of the 

membrane were taken as zero. The initial velocities were taken as zero 

except at node 5 ~here the membrane was given an initial velocity of 1 

m/s. The identification process is completed by determining the 

solution to Eq. (5.22), where the entries in A(n) and s(n) are given in 

Eqs. (5.19) and (5.20), respectively, with the exception that the dis-
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placements in Eq. (5.19) are replaced by velocities and the velocities 

in Eq. (5.20) are replaced by accelerations. This is necessary due to 

the presence of a rigid-body mode of vibration. Indeed, the accelera-

tion and velocity of the rigid-body modes in free motion are uncorre-

1 ated in time although the velocity and displacement are not. The 

temporal correlation properties in Eqs. (5.8) and (5.9) are approximated 

using T = 100 (sec). The identified natural frequencies and percentage 

error are given in Table 5.2. The identified eigenvectors are shown in 

Figure 5.4. As in the beam example, the identified eigenvectors agree 

well with the normalized eigenvectors of the membrane model. 

Conclusions 

A new method is introduced for the identification of modal para-

meters of DPS. The method considers both the temporal correlation.and 

spatial characteristics of self-adjoint DPS, whereby temporal and 

spatial orthogonality properties form a Rayleigh quotient for the 

system. The method has been shown to work well for continuous and 

discrete systems and does not encounter problems with closely-spaced or 

rep~ated natural frequencies. 
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Table 5.1 

Actual and Identified Natural Frequencies for the Simple Beam 

Actual Identified 
Natural Natural Percentage 
Frequencies Frequencies Error 
(rad/s) (rad/s) (o/o) 

0.09870 0.09834 0.4 

0.39478 0.39433 0.1 

0.88826 0.88821 0.0 

1. 57914 1.57910 0.0 

2.46740 2.46734 0.0 

3.55306 3.55311 0.0 

4.83611 6.68212 -38.2 

6.31655 8.49410 -34.5 

7.99438 10.19992 -27.6 

9.86960 11.46529 -16.2 
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Table 5.2 

Actual and Identified Natural Frequencies for the Free-Free Membrane 

Actual Identified 
Natural Natural Percentage 
Frequencies Frequencies Error 
(rad/s) (rad/s) (o/o) 

0.0000 0.0000 0.0 

1.1912 1.1835 0.6 

1.1915 1.1948 -0.3 

2.7641 2.7669 -0.l 

5.8445 5.8482 -0.l 

5.8544 

7.8315 

9.4418 

12.0000 

12.0000 

15.3027 

16.0685 

17.8975 

25.1564 

25.6702 

29.5497 



Figure 5.1 
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~.·(!)······· ... · .(!)· .... MODE.1 
(!) ' 

(!) 

MOOE 2 

MOOE 4 

MOOE 5 

Identified and Normalized Eigenvectors for Modes 1 through 5 
of the Uniform Simple Beam. 
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( MOOE 6 

MODE 7 

Figure .5.2 Identified and Normalized Eigenvectors for Modes 6 through 
10 of the Uniform Simple Beam. 
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.10 

I' -,y -,y J 15 

14 

Figure 5.3 Membrane Finite Element Model. 
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mode (00) mode (01) mode (10) 

mode (11) mode (02) 

Figure 5.4 Identified and Normalized Eigenvectors of the Uniform 
Membrane. 
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