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(ABSTRACT)

This dissertation develops two new techniques for the,identifica-
tion of parameters in distributed-parameter systems. The first
technique identifiesvthé physical parameter distributions such as mass,
‘damping and stiffness.' The second techhique identifies the modal
quantities of se]f—adjoint-distributed-parametér systems.

Distributed structures are distributed-parameter éystems character-
ized by mass, damping and stiffneSs distributions. ’To‘identify the
distribdtions,va new identification technfqueyis introduced based on the
finite element method. With this approach, the object 15 to identify
"average" values of mass, damping and stiffness distributions over each
finite element. This implies that the distributed parameters are
identified only approximately, in the same way in which the finite
element method approximates the behavior of a structure.

It is common practice to represent the motion of a distributed-
parameter system by a linear combination of the associated modes of
vibration. In theory, we have an infinite set of modes although, in
practice we are concerned with only a finite 1inear combination of the
modes. The modes of vibration possess certain properties which distin-

guish them from one another. Indeed, the modes of vibration are



"-‘ uncorrelated in t1me and orthogona1 1n space. 'Thefmoda1 1dentff1catfond

f‘techn1que 1ntroduced in this. d1ssertat1on uses both these spat1a1 )
propert1es. Because both the tempora1 and spat1a1 propert1es are used
the method. does not encounter prob]ems when the natura] frequenc1es are

'closely-spaced or repeated
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Chapter 1
INTRODUCTION

Tne motion of a distributedtstructure‘is governed by partial
differential equations (ﬁDEs)fwhere the parameters, name1y the mass,
damping and stiffness distributions, are continuous functions of the
spatial variables. In practice, it is often necessary~to eliminate the
spatial dependence throUgh dfscretization, where the infinite number of
degrees of freedom system is approx1mated by a f1n1te one. A common
tool for discretization of distributed structures is the f1n1te element
method, which can be regarded as a variantfof the Ray]eigh—Ritz method.
The method is based on a var1at1ona1 pr1nc1p1e, and under certa1n
conditions the approximate solution converges to the actual so]ut1on.

of part1cu]ar interest are 1arge space structures (LSS) whose
proposed missions require active control for maneuvering and vibration
suppression. Before satisfactory controls can-be designed, it‘is |
necessary to know certain parameters quite accurately. These parameters
are the mass, damping and stiffness distributions and the modal
quantities.» To determine these parameters, one must elicit the system
response and use thiS‘information’tovdeduce the system parameters. This
is the problem of parameter identification.

-The problem. of 1dent1fy1ng parameters of d1str1buted structures has
rece1ved considerable attention in recent years;[1-42]. Surveys re]e-
vant‘to the identification of parameters in distributed structures canj
be found in Refs. 1-4. As discussed in Ref. 4, the structural identifi-
cation techniques can be broadly cTassiFied into-dtrect and-indirect:

methods. However, to stress the importance of identifying distributed



parameters,‘we incTude a third category; name1y; identification of
parameters in d1str1buted systems.“] ‘
| The first approach is the 1nd1rect approach whereby the modal |
quantities associated with the'actua]‘distributedrsystem'are-identified'
f1rst and then use 1s made of th1s modal 1nformat1on to 1dent1fy the
system parameters [5-14]. However, moda1 data cannot un1que1y determ1ne
the 1umped parameter mode] un]ess some a pr1or1 1nformat1on 1s known
about_the mass and st1ffness matr1ces [5,6]. Indeed, in order to
compute the responSe oflthe_system, it.is necessary’to.know the mass
distribution, in addition to the moda1 data. Early approaches'for
identifying eigenyalues and eigenveotors used near;reSOnance testing‘
[7]. Difficulties arise for‘this type of approach when the natura1”
frequencies are repeated or close]y spaced [5,8]. ' B |
| Reference 9 uses a Jacob1an or sensitivity matrix to recurs1ve1y
Update the system parameters based on modal test results.-‘lt desorlbes
a matrix perturbation method,tohcompute the Jacobian matrix and presents
~a numerical examp]e having=84'degrees of freedom,k\The'method requires

j that the number of estimated parametersfmust"be edua1'to~(or?1ess‘than) -
the number of modal parameters;,wThisvwork hasteenhadvanCedfin Ref. 10,
‘ where the Gaussian least- squares d1fferent1a1 correct1on algorithm [43]
is used to obtain a best est1mate of the structura] parameters. vThe ”
authors stress the 1mportancevof.1dent1fy1ng-phys1ca1 parameters suohras?.7
modu1i of elasticity, mass‘densitiES,'spacecraft dimensions, etc.,
| rather than entries in mass and stiffness matrices. N
As another example of the:indirect method, Ref. 11 identifies mass

and stiffness distributions of distributed structures using an indirect



approach. Indeed, the mass and'stiffnéSS>d1$tribdtions afe expressed in
- the form of seriesvof known-functions multiplied by unknown coefficients.
The unknown coefficients argndétermined by mnking‘use of the identified ~
modal quantitie§. Réferencesk12¥l4,nsé the identifiéd‘mOda]fqdantitiésr
to improve a priori'mass, damping andnétiffness'mdtrices. | |

The second‘approach identifies-the}distributed modelnby identffyfng
the spatid] functionénin the partial diffgrentia] equations of motion
[15-18]. Reference 15 expnesses the system operator in terms of known
operators with Unknown coefficients. Thé unknown coefficients are
determined recursively by a perturbatibn»method. ‘Referénce»16 uses a
Green's function approach tovqbtain,integral.equétions that can be
solved for unknown spatial operators or toeffitients. Réference 17 uses
the same approach ¢ombined with»an'optimality criterion for:contro1.and
estimafion of static models. The identificationischémes [15-17} are o
described for distributed systems where the system paranetérs.are'not-
complicated functions of the spatial variable. Howe‘veir,..in:genefal the
system parameters tend to be complicated function§ of the 3patia1
Variab1e. Hence,'we must resort’to spatia]-discretizétiOn methods, such
as the finife element methbd. ” |

Identification using continuumnmode1s is a subject of current
~ interest [18]. Several methdds have . been proposednto construct :
continunm.mode1s to reprééenﬁidiscrete‘structures such as trusses [44-'
47]. Many large truss stnuctdres function as beams or plates. Hence,
in certain cases modeling discrefe étructUresras continna’has practical

‘app1ications. Reference 18¢idéntifies parameters,of»discrete structures



'by us1ng s1mp1e cont1nuum mode]s, i. e., un1form beams and pTates. .The

°1dent1f1ed parameters are un1form mass and st1ffness d1str1but1ons. -

The th1rd.approach.1dent1f1es:dlrectTyumodaquuant1tjes-or mass, e

damping‘and stiffness matrﬁcesgassonated.mith‘ordinary‘differentiaT -
~equations of motion'describinarlumped,systems‘f19-42]- ‘The'approach'}
" uses t1me and frequency doma1n techn1ques to 1dent1fy the parameters
References 19 37 1dent1fy modaT quant1t1es of structures, whereas Refs."
38-42 1dent1fy coeff1c1ent matr1ces. L | |
A time- domain 1dent1f1cat1on scheme was developed 1n Refs. 19-21
o where the modaT parameters of 1umped modeTs are 1dent1f1ed The method*hl
requ1res sensor measurements at each degree of freedom and has been
’ shown to successfuTTy 1dent1fy moda] parameters of compTex structures—'v
‘ ‘~[22 23] ' Reference 24 1dent1f1es the modaT parameters for d1str1buted N
'»structures us1ng a mod1f1ed vers1on of the Ibrah1m t1me doma1n method
Reference 25 1dent1f1es the order of the system as weTT as the ii'
e1gendata us1ng 1att1ce f11ters. The Tatt1ce f11ters determ1ne the
order of the system and form an orthonormaT ba51s spann1ng the mot1on of
the system us1ng a Gram- Schm1dt procedure. Then 'the bas1s vectors are
E decoupTed by a fast Four1er transform to produce the e1genvectors of the :
system. An exampTe us1ng the fTex1b1e beam at NASA LangTey 111ustrates
the procedure. | | |
_ References 26 and 27wuse the Ho KaTman aTgor1thm 1n conJunct1on
Tf“w1th a. s1ngu1ar vaTue decompos1t1on techn1que to 1dent1fy a T1near fjf
tstate space modeT of m1n1mum order. The 1dent1f1ed state space modeT is -
rjthen transformed 1nto the modaT space for modaT parameter 1dent1f1ca- ”

“tion. . TheaaTgor1thmbhas~been;shown tovworkaweTT [27],=but the



algorithm's efficiency is questionable. Nearly lo,minutes of'CPU time
were required on a CDC mainframe to-COMpute 20 modes of a 162 order
model. | | “ |
References 28 and 29 use’frequency-dqmain data to identify modal
parameters‘of.structures:,vFor ]ight]y damped Struchres, Ref. 28
discusses a technique to fdentify the normé]-mpdes; For more heavily
damped structures,}Ref. 29 introduces methods to}identify complex modes.
| The majority of the direct time-domain methods for‘system'parameter
identification consider the system input'and output to be étochastic‘ahd‘
use auto regressive (AR) models, autoregressive mov1ng average (ARMA)
mode]s, maximum 11ke11hood estimation, generalized least-squares,
Bayesian estimation (for stochastic systéms)-and optima]ity»criterion
[30-37]. As an examp]e, Ref 30 usestR:and ARMA mode1§ to predict the
vfrequenc1es and damp1ng ratios for a g1ven transfer funct1on. 'The order
of the AR and ARMA mode]s are at least 3 times the order of the 1dent1-
fied transfer function for permissible results. In genera], these
techniques are implemented only for 10W-order discrete syéteme;, HowQ
ever, the order and numbef’of identified transfef functions for distri-
buted structures can be very 1arge.‘ Indeed, distributedestrﬁctUres
possess an infinity of transfer functions. The appanch of fhisvdiseer-
vtatioe is te solve the 31mp1er-determini$tic prbb]ém fifst and then to
inc]ﬁde stochastic effects caused by‘actuatofTand‘sensor noise. »
Reference 38 uées a frequency-domain'methodIto identify direct]y
ﬁhe mass, demping and stiffness matriees fromvmeasured ;yStem responses
and system inputs. The dffferéntid]hequafioniof motieh‘is‘formu1ated»in

the frequency domain such that the parameters'are the unknowns. In



genera1; the number of equations exeeeds the number Ofvunknowns and the
coefficient matrik is i]]-conditioned}by the fact that it contains
response>data corresponding tpihigh,frequenCies;, The aUthors stress
that a 1east-squares’technique is ineffettiVe,in_this_caSe; However, a
- method using Househoner?s tranSformation doesmnot give rise‘to numeri;
cal difficulties. The results in this dissertation did not require
Householder's method. Reference 38 1dentifies entries in mass, damping -
' and stiffness matrices, whereas this‘dissertation-identities‘approximate
values of mass, damping and stitfness distributions, which implies a
smaller number of parameters to be identified.

Reference 39 1dent1f1es the phys1ca1 parameters enter1ng into
' trid1agona1 damping and st1ffness matrlces.of a 1umped-parameter model.
Referenceh38 estimates mass;vdamping.and~stiffness matriCeS'bf Tumped
models usfng the frequency response, whereas Refs§h40-42,identify mass,
damping and'stiffneSS’matrices in the time domain. vThe'approaches in
Refs._38-42 require measurementshat_eaeh degree of freedom entering into
the equations of motion. The procedures are more suitable for lumped-
parameter systems than'for distribUted systems, as mass, dampiné, and
stiffness matrices are not unique forfa'distributeu structure. Even for
}1umped systems, it is likely to be more efficient to‘identﬁfy the physi-
- cal parameters of the structure d1rect1y, as entries 1n the mass,.
damp1ng and st1ffness matr1ces are funct1ons of these parameters and
there are fewer parameters than entries 1n the matr1ces, wh1eh 1mp11es
- that these entries are not 1ndependent but constra1ned  Indeed, Ref 39
1dent1f1es N damp1ng and N stlffness parameters, wh11e the symmetric

damping and st1ffness.matr1ces contain (N+1)xN/2'entr1es each. Hence,



for this lumped system, it is more effiCient to identify the physica1
parameters of the structure direct]y.

Th1s dissertation deve]ops a new techn1que for the approx1mate
1dent1f1cat1on of mass, damping and stiffness dlstr1but1ons in
distributed structures. The technique is based on the finite e1ement>
method and the object isvto‘identify "average" ranes of'mass,’damping
“and stiffness distributions over each finite element. Hence, the SCheme
represents physica1 parameter identification in a finite element
sense.} This impliesfthat the distributed parameters'are jdentified only
approx1mate1y, in the same way in which the f1n1te e1ement method
approximates the behav1or of a distributed structure. References 10 and
39 also seek to 1dent1fy phys1ca1 parameters, but the parameters are
1umped in nature, whereas for d1str1buted structures they are d1str1- '
'.buted. This dissertation also shows that the a]gor1thm~may work with an
incomplete set of measurements. Whereas Refs. 41 and 42‘cbnsider an
incomplete set of measurements, they require at 1east one,measurement}at
each degree of freedom in the lumped model.

Chapter 2 of the d1ssertat1on presents the equat1ons of motion for
a d1str1buted structure and the finite element equat1ons of motwon
Parameter identification of d1str1buted spacecraft structures is the.
top1c of Chapter 3. Chapter 4 presents the algorithm in recursive form_,
‘using the frequency domain. In th1svapproach, a reduced number of
sensor measurements is used to identify the.parameters.‘ Chapter 5
introduces a moda1 identification technique. Numerical examples are

presented at the ends of Chapters 3, 4 and 5.



Chagter 2
EQUATIONS OF MOTION FOR DISTRIBUTED STRUCTURES

Distributed structures represent distributed-parameter.systems.
(DPS), which imijes that the mass and stiffnesskproperties depend on
‘the SpatiaT-variabTes. The‘motion of a damped DPS can be written in‘tne
form of the partTaT'differentiaT eouation:[49, Ch. 9, Sec. 12] o

| m(P)an(P,t)/atzf+‘a[ou(p,t)]/st;.Lu(P,t) = f(P,t) (2.1)
which much'be satisffed at every'point P}in}the dbmain D of the system,.
where i » | i | Mt

’u(P,t) - displacement at point P and time t

m(P) = distributed mass

C = Tinear time-invariant differentiaT operator of order 2p,
expressing the system damp1ng
L = linear pos1t1ve sem1def1n1te self- adJo1nt d1fferent1a1

operator of order 2p, express1ng the system stiffness
f(P,t) = distributed force
The displacement u(P,t) is subject to the}boundary,conditions'
B;u(P,t) = 0, § = 1,2, - -' (2.2)
,to‘be satisfied at every point on the-boUndaryis of. the'domain'D where
B (1 = 1,2,0405p) are T1near d1fferent1a1 operators of order rang1ng
from zero to.2p-1 The boundary cond1t1ons are e1ther geometr1c, in
wbich case the order‘of Bi 1S‘no_greater,than‘p,‘or natural, in wh1ch
case the order of By is greater than p.‘.FunctTons satisfying the
geometric boundary c0nditions’are caTTed~admissibTe functions»[49],_y

‘Associated with Eq (2 1), we have the e1genva1ue problem

2o (P) = am(P)e (P), r=1,2,... | @y



where the»functionS‘é (P) (r ,...) sat1sfy the boundary cond1t1ons
given in Eq. (2 2) The soTut1on to Eq. (2 3) cons1sts of a denumerably -
infinite set of real e1genfunct1ons ¢ (P) and assoc1ated reaT non- |
negat1ve e1genva1ues x (r = 1,2,...) For conven1ence, we order the
eigenvalues so that xl _xz,éehjl..,’. The 1nf1n1te set of e1gen-

functions is orthogonal and eanfhe'normal1zed so‘asvto satisfy the :

-t»orthonormaTity conditions"

fDm(P)¢ (P)og (P)dD = s ID¢ (P)zog (P)dD = 2.8, f’ o h'(2.4)'
where s is Kronecker delta.bth'~ | | B
‘ The e1genfunct1ons ¢ form a compTete set. Hence, any funct1on in
- the SoboTev space Kgp sat1sfy1ng aTT the boundary cond1t1ons and. posses-:

" sing 2p derivatives can be expressed as [50]
et =} ¢r(Pwr<t>‘“ ¢ N

",vwhere the u (t) are genera11zed coord1nates
Equat1on (2.5) represents the expan51on theorem for cont1nuous
“systems. Introduc1ng Eq. (2. 5) into (2 1), mu1t1p1y1ng by ¢ and tak1ng |

'1nto account Eqs. (2. 4), we obta1n
u(e) + Z Crgl s(t) cut) = £, reL2e.  (2.6)

:where | o | | o
o ICe®, mss L. @n
. are damp1ng coeff1c1ents and B | o o 1T |  : 7H

~ are modal forces. _:‘
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EqudtionS'(Z.G)‘representfah.infihite set of ordihefy differehtfei,7
equations. Note thet in'geneﬁeljdqmpihg‘fecoup1es’tﬁese'equetions. |
Various mechanisms for'damping“exiSt; but ordihari]y highestrength
structural matefiaiskhave,kelatiyeiy small internal friction [51]. This
~implies that LSS will haVe}rei&tiVely small dampiﬁg. Henee;'Wevassume.
“that the.dampfng is Tight and én appreximate so1utionuis obtained by
considering the coupling due to\dambing as}a'secondary'effect [49].

1 Ignoring coupling due to damping, we can'Write Eq. (2}7)vas

fD¢rC¢ dD = Zcr“rsrs | '(2t9)
Subst1tut1ng Eq. (2 9) 1nto (2 6), we obta1n ) | _
U (t) + Z;rwrur(t) +w u (t) fr(‘t), r= 1,2,... .(2.10)

| Finite Element Equat1ons of Mot1on

| ‘The finite element method is a d1scret1zat1on ( 1n space) procedure‘
capab1e of approx1mat1ng the part1a1 d1fferent1a1 equat1on, Eq.. (2 1),
by a set of s1mu1taneous ord1nary d1fferent1a1 equat1ons. Because th1s _
set has f1n1te d1mens1on, the f1n1te e1ement method is a truncat1on
’procedure at the,same tlme,beFor,s1mp11c1ty, we consider a one-
}dimehsiona1 structure, so-that'P X in equatlon (2 1) ‘Moreover, the
‘ doma1n D of the structure is 0 < X< L where L is the 1ength Then,vwe '
divide the structure into N subdoma1ns of w1dth h = L/N (F1g. 1); where

: the subdomains are»the‘f1n1te=e]ements, qnd denote by mj,rcj_and kj the

~ "average" values of the mass, damping and stiffness distributions over a .

'itypicel element j. The disb]acement w(x,t) inside the finite element
~ can be expressed in terms of’disp1acemehts_atvthe”boundaries-of the

- element as fo]Tows [50]:
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W) = TSm0 L - Dhsxsih , §=Low.oN (21)

where ¢(x) is a vector of 1nterpo1at1on funct1ons and W (t) is a vector

- of "noda]" displacements (F1g 2). The term noda] der1ves from the factf

. that in f1n1te element. term1nology the boundary po1nts are ca11ed nodes L

.By 1ett1ng the magn1tude of the 1nterpo1at1on funct1ons and their
-f1rst derivatives be equa1 to e1ther zero or one at the nodes, one makes
the noda1 coord1nates represent the actua1 coord1nates of the structure
at the noda1 po1nts. o - -

Fo]]ow1ng ‘the usual steps [50], we obtaln the e]ement mass, damp1ng-.‘

and st1ffness matr1ces

J'(J l)h m¢¢T dx = m. J.Jl)h ¢¢T dX JM’ J 12,...,N’

(2.12a)
c.=.fjh | (C¢)¢Tudx =, j=1 z'..;;'N . (2.12b)
Jj (J-l)h.} e jc 2T T - o .
K. —'IJh (L¢)¢de =’T¢;¢]. z k.o,, jf= 1,2,;.;5N“ - z“(2}12c):
J@-Dh S BN S -
where mjs ¢ and kj (J = 1,2,...,N) are average values of the mass,

"damp1ng and stiffness d1str1but1ons for e]ement’j, respective1y,‘and-h
[, ]j represents the energy 1nner product def1ned over element J. (For
details on the use of the 1nterpo]at1on funct1ons enter1ng-1nto the .

energy 1nner product see [50] ) Note that Pys °C and o, are e1ement

matrices computed by subst1tut1ng the given 1nterpo1at1on funct1ons 1nto. -

”Eqs. (2.12) and they are the same for every element [50]

~ The g]oba] mass, damp1ng and st1ffness matr1ces M, C and K respec-
.tt1ve1y, are obtained by carry1ng out the so- ca11ed assemb11ng process
[50],»wh1ch.represents the.trans1t1on from the individual -finite
.ae]ementsvto the Whoierstructure; Asthowniin‘PSO]; the equationsdof

motion have the form



Mw + Cw + Kw =F . "ﬁl":v o 7f :7'_ f"y. (2 13)‘;>“

,The g]oba1 mass matr1x M 1s obta1ned through a. superpos1t1on of e1ement t~

_matr1ces MJ The superpos1t1on is such that the entr1es in two adJacent

matr1ces correspond1ng to the shared noda] d1sp1acements over]ap The_g

~ global mass matrix has the form |

“ it N] RECRON

S -

M .
E@E%fT;,MN

and it represents the Nxn mass matr1x for the whole structure._ Ther |
overlapping entries, marked by shad1ng in equat1on (2. 14), are obta1ned»
by the add1t1on of the correspond1ng entr1es in two adJacent e1ement |

- mass matr1ces. The nxn damp1ng matrix C and st1ffness matr1x K have

‘block- d1agona1 forms s1m11ar to that of M



Chapter 3
PARAMETER IDENTIFICATION'IN DISTRIBUTED SPACECRAFT STRUCTURES

The chapter first presents the parameter identification'method
feferring to the equations of motion.de?i?ed in Chapter 2. Then, some
concepts relevant to the identification of sbaée structures are intro-
duced. To i]lustraté the technique, a numericaT'example is presénted in
~which the mass and stiffness distributions of a space structure,

simulated by a nonuniform free-free beam, are identified.

The Parameter Identification Process

The parameter identification process consfstsvof éxciting the
structure by means of known}nodal forces;and measUring the‘response.
Because the excitation andvresponse are known, Eq.'(2.13) can be
regarded as a set of simultaneous algebraic equations‘in the-éystém
parameters, and can be §o1véd by a 1east—squares technique. To this
end, we introduce the nx3n matrix

L=[M C K] | - (3.1)
and the 3n-dimensional vector | | |
x(t) = W (t) w(t) w(t)' - - (3.2)

In terms of this notation, qu‘(2.13) can bevrewritten in the form

Lx(t) = F(t) | (3.3)
Next, we denote the system pafameters‘ |
m., l<rs<N |
Pr =9 Cp_ne N+1<r<?2N o g - (3.4)
kr-ZN, 2N + 1 < rs< 3N 5 N
and observe that the matrix L can be rewritten as
‘ 3N '
_%y Al
L = 2 pY‘ ‘ . (3.,5)

r=1 Py



where
[GM

am,.
]
3P, - [D

[0

where it follows from Egs. (2.12a).and:(2.14) that‘@g is'an:n x N

aC

acr-N[.
:0»

3K

ak

4

0 = [y 0 0,
- [0 Q(‘: 0] )
N ool

—
IA

A
IA
=

N+1c< rs 2N
MN+1ls<rs<ianN
| (3.6) -

matrix with L ‘occupying‘the block corresponding‘to M. and with zero

entries everywhere else. The ‘matrices éc andj¢K>are.defin9d simi]arly.

~Hence, Eq. (3.3) can be expressed explicitly in terms of the:system

parameters as follows:

3N

r=1

P [%;‘ (t) ]pr - ()

(3.7)

But,.(aL/aPr)S(t)'is,an nedimEnsiohd1’vector'of,the form -

35; x(t) = gr(t)
where —0 "
0
| IR .
gr(t) = °Mw(t),=‘°Myr(t) s 1 sr <N
10
L 0
0
' 0 v ‘
Er(t) - QCB(t) = chr-N(t) ’ N'f,lﬂs r< 2N
0
T o
1 0 , _ .
'gr(t) = @Ky(t) = 'QKYr-ZN(t) . 2N +1<r <3N
0 - .
0

| (3;8)‘

(3.9a)

(3.9b)

' (3.§c) A
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Then, introducing the notation

At) = [a;(t) gz(t)...g3N(t)1 - .' (3.10a)

R = [y ppeepyll | o (3.100)
where A(t) is an n x 3N matr1x of coefficients and pisa 3N dimen-
sional vector of parameters, 1nsert1ng Eq. (3.8).1nto Eq. (3.7) and
considering Eqs. (3.10), we obtain )

A(t)p = F(t) e - S (3.11)
‘which represents the desired eqﬁations With the system hérdmeters‘as
Unknowns. To extract the,system parameters frbm}Eq (3:11), we consider
~the sampling times t = tk (k = 1 2,..., m) and write - |

At )p = F(t,), k = 1, z,..., m | (3.12)
Equations (3.12) represent a set Qf n-m algebraic equations and 3N

unknowns. To solve the equations it is convenient to introduce the

‘notation _ L
| [A(ty) | F(ty) |
A(t F(t .
B =| (’2) , C= ‘”f 2) N : (3.13a,b)
A(t ) . - F(t ) '

where B is an n-m «x 3N matr1x and C is an n- m-d1mens1ona1 vector, SO

- that Egs. (3.12) can bevcomb1ned into o
Bp=c - - | (3.14)

In genera], nm > 3N so that the so]ut1on of Eq. (3. 14) can be obtained

by a least- squaresAalgor1thm [43]. The\resu]t is | |

- " @)

‘Where'BTB is guaranteed to be,nonsingu]ar'if B has maximum rank, namely, -

C3N.
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Parameter Identification in Spacecraft Structures

The équations of mofion of a space;raft free to move in space are
Tinear provided the rigid-bddy rotational motion is small. Hence, in
the identification process'the excitation forces must be such that the
rotational motion is not significant1y excited.

The parameter identification process works provided the response
does not consist of rigid-body motion alone. .Indeed, the.matrix B(t) in
Eq.‘(3.13a) does not have maximum rank when only rigid-body motion is
excited. The‘stiffness matrix in the case of a spacecraft capable of
~ undergoing rigid-body motions is positive semidefinite. The vector |
a (t) (2N +1<r< 3N) in Eq. (3.9c) is orthogonal to the nodal
displacement vector y(t) when the motion is due entirely to rigid-bédy
displacements. Hence, a necessary condition for the matrix B(t) to have
maximum rank i; that the elastic motion participate in the.fesponse,

The method is stable in the presence of measurement noise. To
determine the éffect of noise, the numerical example includes random
noise in the nodal forces and in the measurements of the nodal acce]er-
ations; the nodal velocities and disp]acémehts’are,obtained by integra-
ting the nodal accelerations. The effect of the noise can be reduced by

increasing the number of sampling instances m in Egs. (3.13).

Numerical Example

We consider a free-free nonuniform beam (Fig. 3.1) undergoing
translational and rotational rigid-body mOtions’in.addition to bending
vibration. The energy inner prodUct in Eq. (2.12c) has the form [50]

= (Jn.
oo wl g = g0y 00 |50

) 2 2 ,
h Er(x) [u_(x_tl] dx B (3.16)



€17 . | _'_f3; y

Where EI is the flexural rigidity; In the finitehelement mdde] for a'
beam in bend1ng, the nodal d1sp1acements are the transverse d1sp1acement
and rotat1on at each node. From Eq. (3. 16), we conc]ude that both the
displacement and its f1rstuder1vat1ve must be cont1nuous over the spat1a1 '
- domain. The indicated 1nterpo]at1on funct1ons used in Eq. (2 11) are .
‘Hermite cubics. In terms of local coord1nates,‘the 1nterpo]at1on

~ functions are [50] | RIS R

3:2 3 _ 2 3

‘25 94’2:5‘5

¢1 Lo
| L (3.17)

o3 +28T , 0, =-Et+ 2

The vector of nodal coordinates in Eq (2 11) 1s then | -
W, (t) = [wg_g(£) hoy () g 5 he , (t)]T NSRRI (3.18)

| where wj(t)-and ej(t) represeht.trans1et1ons_and rotattqn;,:f
respectively, in which j designateSfthe‘e]ementfnumber.”_The |
nondimenéional local Coofdinate g'is:related:to the‘g1oba1”coordinate‘k .
by € J - x/h, as can be concluded from F1g 3.2.
To obtain the element mass matr1ces we 1nsert the 1nterpo]at1on
- functions g1ven by Egs. (3 17) into Eq (2. 12a), carry out the
integrations and obta1n :

3 2

2 3T

32 -2 3?2
| Sy 2 o3 2 e
I(J 1)hm(x)¢(x)¢ (x)dx = msh jo 1eszead 1oaead|
| . "L g+ 252 - 353.e‘-£_+’2g2,— 83-
TJE 156 ‘23 | ?g "-:137»-: : :
_% 420 | symm >.156> 2| e o (3.;gé)
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“so that R S
, 156 22 54  -13°
o =D 4 13 -3
M~ d20 sym 156  -22

S1m11ar1y, 1nsert1ng Eqs. (3 17) 1nto Eq. (2 12c) and cons1der1ng Eq.

~ (3.16), the element st1ffness matr1ces are

o0 B0 s let |2 le|,
I(J 1R X) = dx = 5 Io 6+ 12| |-6 + 125 | 45
i o | 4-6g || 4-6¢ |
12 6 -12 6 | -
- 4 -6 2] :
kj symm 12 -6 (3.20a)
so that. _ . ' B
1122 6 -12 6 |
- v 4 -6 2| A ‘ v
°K'f, symm - 2o -6 ‘(3'2Qb)
' | o4 e - B
Note that the stiffness kj is related to the flexural rigidity of
e]ement J accord1ng to K EI /h3

J
As an 111ustrat1on, we 1dent1fy a mode] possess1ng 15 f1n1te e]e—v

(3.19)

ments, N =15. The mode] has 16 nodes and the ‘global mass and st1ffness L

 matrices are)32x32. Hence, n = 32 in Eq. (3. 14) There are 30 para-
meters p; (i=1, 2,...,30) to be 1dent1f1ed The parameters are the

'v.unknown mass and st1ffness average va]ues m. and k (3= 1 2,.,.,15) ‘:f

J

assoc1ated.w1th each e]ement., The structura] propert1es of the beam - aret o

111ustrated in Fig. 3.1.

To construct the matr1x A(t), we. turn to Eqs. (3. 9a) and (3 9c)
- The matr1x is 32x30 and 1t 1s not feas1b1e to g1ve it 1n fu11, so. that
1we Tist on1y the f1rst two and ‘last two co]umns. From Eqs.. (3 9a),

(3.9¢), (3. 18), (3 19b) and (3. 20b), we can write



.l.:__

(]
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156&0(t);+ 22ha,(t) + 54wy (t) - 13, (t)
ZZQO(t)’+‘4h§b(t) +13&1(¢)- 3h51(p)
54&0(t)+_13h60(t) f 156Q1(t) fv2zh§1(t)"v
_-13'\}}0:(;) - 3heg(t) - 22wy (t) + ahey(t) (3.212)

.

B o
156&i(t)*+'2éh61(t),+ 54 (t) -‘13h52(t)
22w1(t) + 4hel(t) + 13w2(t) -v3h92(t)

(3.21b)
54w1(t) + 13h91(t) + 156w2(t) -v22h62(t) -

-13w1(;) ->3hel(t) - zzwé(t)>} 4h92(t)
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| '12w13(;)’f 6hoy3(t) - 12wy 4(t) + 6hoy,(t)
359(t) =| uyg(t) + dhoyg(t) - Buyy(t) + Zhoy(t) | ‘____'(3.z;c) |
TL2w3(t) - Bhoy(t) + 12w14(t) - heyy(t) |

6wy 5(t) + 2h 5 (t) - 6wy, (t) + 4hoy ,(t)

0
0 .
a50(t) = | 12w,(t) + 6he, (t) - 12w (t) + 6h915(t) o  (3.21d)

6y 4(t) + 8hoy4(t) - 6wyg(t) + 2hoyg(t)

-12wy,(t) - 6hey,(t) + 12w) (t) - Bhey(t)

B 6w14(t) + 2hey,(t) - 6w15(t) fe4h915(t) i
To excite at least one elastic mode of the beam, a single-
transverse Forcing function giQen by L
: f(x,t) = 0.1 §(x - 6h) eos‘t (Newtons) o ' "(3.22) '
is applied at node 7, where §(x - 6h) is a spatial Dirac delta fdnction,
so that the rigid-body motions are not s1gn1f1cant1y excited, a1though

the forcing function has the effect of exc1t1ng every mode
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The actual parameters are. prov1ded in Tab]e 3.1. The beam'has’h[

1ength L = 15 m, so that each d1screte element has 1ength h 1m.

Gaussian random noise is added to the acce]erat1on measurements and the

forcing funct1on to the extent ‘that the noise-to- s1gna1 rat1o is 2% at.
one standard dev1at1on.} The estimated parameters are ‘shown in Tables
3.2 and 3.3 for values of m equal to 4 and 8, respective1y,‘at.sampIing
times t, = 0.5k (s) (k = 1,2,,.3,m). "Also prnvided 1nseach table is the
normalized root—mean—square (RMS) error{ The RMS error is normalized\by
hd1v1d1ng the error in each parameter by the exact ‘value of the para- |
meter. The resu1ts show that 1ncreas1ng the number of samp11ng

~ instances m in Eq. (3.15) reduces the effect of noise. Tab]e 3.4,sh0ws.
the actua1‘and computed natural_frequencies, as well as’the errort.‘The ‘

results are excellent.

.Conclusions. | |

Space structures can be regarded'as~distributed—parameter systems'
charactertzed by mass,‘damping and stfffness distrtbutjons;”'A techniqUe
~ for the identification of the mass;\dampingvandtstiffness_diStributions
based on the finite element method is presentedf/ The technique has the
advantage that it identifies phySiCa]‘prbperties instead of matrices,
~which are abstract quantities;'not unique'for'a”giVen structure. The
1dentification'process consiststof exciting the structure‘by means of .
known nodal forces and measuring the respbnse at each nodal degree of-
freedom. Because the eXC1tat1on and response are known, the equat1ons
of motion can be regarded -as a set of s1mu1taneous a]gebra1c equat1ons

- in the system parameters and can be solved by a least squares
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technique. The method is stable in the presence of noise.r The effect

of the noise can be reduced by increasing the number of samplings.
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Table 3.1. Mass and Stiffheés’Distributionésof;thé‘Free-Free‘Beam;.

E1ement o ‘Mass | Stiffness
Number ~ Distribution .- : Distribution

—de

pi=mi (ka)  pygg = kg (N/m)

8.400 | ©3.300
1.600 . 2.300
2.300 o 1.200
4.800 - - 1.300
6.300 3300
5.200 S 4.200
7.1000 1.800

4,200 o +1.400

. 63000 4100

0 o 1.600 . - o 3.600 -
mn 1.1000 ~ 5.200
12 | o 2.400 3.400
13 | 3,500 . 6.600-

14 4600 . 2,500
5 . 7.300° . 5.300

WONOADWN -



Table 3.2. Estimated Parameters for Four Samp1ng T1mes, tk = 0 5k (s)

(k=1,2,3 4)
‘Element o Mass: P - Stiffness
Number - - Distribution Distribution
i py = my (kg) p1+15 ki (N/m)
1 8.9468 : 3.4889
2 1.5728 : 2.3860 ‘
3 2.4259 1.2378 .
4 4.,9358 o 1.3394
5 6.3033 . - ) --3.3628
6 5.3359 S - 4,2563
7 6.8490 . . 1.7844
8 4.0711 - - 1.3790
9 . 6.0960 o A - 4.0503
10 1,5999 o 34,5517
11 T © . 1.0508 : i - 5,1314-
12 : 2.3435 . o 303661
13 _ . 3.6165 ‘ ‘ 6.5646
14 o : 4.6088 . ‘ S 2.4964
15 o ‘ 7.1814 . 5.3204

RMS Error: 0.056
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‘Tab1e 3.3 Estimated Parameters for Eight Samp1ng T1mes, tk = 0 5k (s)
' (k=1,2,...,8). o

Element o Mass e Stiffness,
Number v Distribution - Distribution
i py =my (kg) P1+15 k (N/m)
1 - 8.7153 - o 3.3342
2 - 1.6093 o 2.3151
3 2.2972 ' - 1.2076
4 4.8362 L _ 1.3124
5 6.4140 - - 3.3357
6 5.3101 : - 4,2398°
7 - 6.9578 - . 1.,7963
8 4.0427 - o 1.3880
9 v - 6.3078 o 4,1755
10 _ - 1.6465 . 3.6674
11 o - 1.0563 ‘ 5.2849
12 , . 2.4603 3.4443
13 - 3.5955 S 6.6792
14 o 4.,5489 S - 2.5246

15 7.3629 . 5.3466
|  ,RMSfError:» 0.035



‘Tdb]é 3.4. First Ten'Natura]»FreqUencies»of the»Ffee—Freé Beam Computed
Using the Actual and Estimated Parameters.

2.575960

2.583589

Actual Natural - Estimated Natural =~ - Relative
Frequencies . Frequencies =~ Error
r gr(rad/s),‘ » ;‘mr*(rad/s) . C(wp* - qr)/wr (rad/s)

1 0.000000 - 0.000000 e ——— |
2 0.000000 - -0.000000 L mmmmaeee
3 0.064455 - .0.064077 ~-0.005865
4 0.206939 -.0.207273 0.001614
5 0.408213 ~ 0.408697 - 0.001186
6 0.719599 ©+0.719890 - . 0.004044
7 1.096452 ~1.100486  ° 0.003679
8 ~1.524039 1.530416 - 0.004184
9 1.999755 -2.007110 - -0.003678

10

+-0.002962
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Figure 3.1 " The Finite Element

Model S
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Figure 3.2 A Typical Finite Element Showing Nodal Displacements



Chapter 4
A PERTURBATION TECHNfQUE FOR PARAMETER IDENTIFICATION

In many cases, there is only a-preliminary:know1edge‘of the mass,
damping and stiffness distributions, and the objéct'is tb use this
preliminary information to identify the actual distributions. This
" chapter is conerned wifh,sdbh a césé. 'The prefimfnary information is
used to derive a’"postulated"'mode1, whichjis.used as a ba#fs:for pro-
ducing the actual model. Because exacthidentjijation ofré general
distributed system is not possibfé; the'object fs t6 idehtify approxi-'
mate mass, damping and stiffness distributions, in the same‘finite
element sense as in Chapter 3. To this end, a pertufbation technique is
develobed in which the postulated model plays the role of the unper-
turbed, zero-order system and the‘actua1~mode1 represents the perturbed
system. The implication is that the.perturbatidh, namély,‘thevdifferfh
ence between the actual model and the postu1ated mbde],‘is not very |
large. The perturbation approach is.cakried out on an iterative baSis;
with the results of a given perturbation éné]ysié béing used as the
postulated model for the next perturbation cycle.

The most striaghtforward éaée is the one in Whith measurements of
all the nodal displacements are available. In practice, this may be not
be realizable. This chépter develops an identificétion algorithm
working‘with a reduced nUmber'of sensor‘measufements, in which the
unknown nodal displacements are treated as pseudo-parameters. One can
compute the pseudoebarameters by using the first-order perturbation
solution as well as the zero-order solution. In this dissertation we

consider only the former. Convergence of .the identification process

29
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“depends not only on the difference between the actual model and the
postulated model but also on the number of sensors used, with the best
results being obtained when the full complement of sensor measurements
is available.

Chapter 3 presented the identification technique in the time
domain. However, as ehown in this chapter, the identification technique
may also use measurements in the frequency domain. Referring to the
- finite element equations of motion developed in Chapter 2, the frequency
response is derived. Then, the perturbation teennjque'fpr parameter
identification technique including unknOWn measurements is developed.
Finally, the approach is demonstrated by meansrofnarnumerica1 example in
which the mass and stiffhessxdiseributione of a nonuniform canfi]ever:

beam are identified. The example includes sensor and actuator noise.

- The Frequency Response

The identification process is carried out in the frequency dqmain.

The first step is to excite the system at different frequencies and
measure the frequency response. To this end, we let the excitation have
the form . |

F(t) = Eee1weF, e =1,2,...,m (4.1)
where Ee is the amplitude and wg the frequency of excitation. Inserting
Eq. (4.1) into Eq. (2.13) and dividing the result by exp(fmet), we
obtain the frequency responses |

(- ulM + G0+ WS = F%, e =1,2,...,m (4.2)

where i = /-1.
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A Perturbation Technique for Parametek Identification

The proposed identification process is based on the assumption that
there is some a priori approximate knowledge of the system parameters
and the 6bject is to identify the actual pardmeters; We refer to the
approxihate model as "poétu]ated," o) that the object is to develop an
identification scheme for the actual parameters based on the postulated
parameters. Assuming that the difference between the two séts of param-
eters is small, we cbnsider a perturbation technique in which the postu-
lated parameters represent the unperturbed zero-order solution and the
actual parameters represent the pertUrbéd solution, with the difference
between the two sets of parameters playing the role of a perturbation.

' The postulated parameters corresponding to the finite element model
are denoted by myj, Cgj and kgj (J = 1,2,....N), 1eading to the postu-
Tated mass, damping and stiffneés matrices Mg CO and Kq, respéctive]y.
The corresponding actual parameters and associated matrices are Mys Cj
and kj and M, C‘and K, respectively. Accordiné to the perturbatioh

scheme, we write

m. =m,. + Am., . = .+ A }, }k. =:k .+ AK., = 1,2,...,N
37 Mg T MMy G357 Cog T Ay KT Koy T My 3T
(4.3a,b,c)
and B , . "
M= M0 + MM, C = C0 + AC, K = K0 + 4K (4.4a,b,c)
where the increments Amj, ch,...,AK are small. The identification

reduces to the identification of the‘parameter 1ncfeménts Amj, ch and
Akj (j = 1,2,...,N). The procedure is carried out iteratively, in the
sense that the results of the first identification cycle will not be

tegarded as the actual parameters but as improved postulated parameters.



Only when convergence 1s achleved w111 the 1mproved postu1ated para-
meters be regarded as the actua1 parameters.

Beginning with the 1n1t1a]1y:postuﬂatedvparametersamoj, Coj and ko |
(3 =1,2,...,N), we first computevthe>matricesLMO, Coiand‘Ko by meansvof
Eqs. (2.12). Then, u51ng Egs. (4. 2), we compute the response vectors

(e = 1,2,...,m) from the frequency responses

| [- (m ) M0 + imeco + KO].\H0 = Eé, e=1,2,...,m ,v : (4.5)
Next, we conSider the "perturbed" frequency responses °

‘["(“e)z(Mov+ aM) + Tw(Cy + 8C) + Ky + AK](yg5+'Ag?) |

= £, e - 1,2,cc0,m | n | (4.6)

The zero-order termS'cance1 out by virtue OF.Eos.'(4.5).A The first-

‘order terms sat1sfy the equat1ons

[ («®)2aM + iuBaC + AK]w =c% e=1,2,...,m (4.
where o | | |
@ = s - ()M + iBC, + K awE, e = 1,2,....m (4.8)
| < o T o T Rt
" in which
Aye = ye - yg, e =1,2,...,m (4.9)

& and the{

represents the difference between'the'measured responsefvectors w
correspOnding zero-order response vectors'wg-compUted from Egs. (4 5)'
The perturbat1on in the system parameters are computed by means of
Egs. (4.7). To th1svend,_we cons1der the;exp11c1t‘re1at1ons between the
perturbation matrices and the parameter perturbations as follows
3n
eépli‘AK =2=§N+1 %g;
i ~ Pye™%j - PoNss”

N 2N '
= ) B\ ap, ,ac = by

.
g=1 Py P’

k

p=m,

J 0j

ji=1,2,...,N (4.10a,b,c)
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- where p. (r = 1,2,...,3N) are the system parametefs given by'Eq.

Introducing the nx3N matrix

e _. e e e
B~ = [B] B, ... §3N]
_where
[-(%)2 M WS, 2 =1,2,...,N
apl p. = Ma . "‘0 . . , -
j 0
Bi = { [i® %9— ]wg, g =N+1, N+ 2,...,2N
- Py Ips = cox ™
R IR N B
[%5— | lwgs ¢ = 2N+ 1, 2N+ 2,000 a3N
Py, p. = kn:
J 0

as well as the‘3N?vector of parameter corrections

Ap [Apl‘ APy ... Ap3N]T

Eqs. (4.7) can be written in the compact form
BeAB = ge, e=1,2,...,m

Equations (4.14) can be combined into

Bap = ¢
- where
Bl c1
: o 5
B:BZ ,S: ¢
ém ém

and we note that B is an n-mx3N matrix and»g is an n-m-vectaor.

(3.4).

(4.11)

(4.12)

(4.13)

(a.12)

(4.15)

(4.16)

Equation (4.15) forms the basis for the paraméter“identffication "

algorithm. Because in general n-m > 3N, we must obtain the solution of

Eq. (4.15) by a least-squares algorithm [43]. The result is

Ap = Bfg

: (4;17)
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where
BT = (878)~18" (4.18)
is the pseudo-inverse of B. If B has maximum rank 3N, then BTB is
guaranteed to be nonsingular.
As pointed out earlier, the algorithm defined by Eq. (4.17) is
applied recursively, in the sense that ap is used to produce improved -
postulated system parametefs. The iteration process converges

when Ap reduces to zero.

Unknown Measurements. Pseudo-Parameters

In practice, implementing Eq. (4.17) may not be realizable because
it requires measurements of each nod&1 disp1acement, It is desirable to
reformulate Eq. (4.17) so as to permit the use of a reducedvnumber of
measurements. This requires that we extend the vector of unknown
parameters to include the unknoWn measureménts. }We refef to these
unknown measurements as "pseudo-parameters”, bécause we treat them as
parameters for computational_purﬁoées. |

The response ye of the actual system contains unknown measurements.
Hence, from Eq. (4.9), it is ‘evident that the corresponding components
of the perturbation vectdr Aye»are unknown. We considér'the case in
which r < n measurements are unknown and split Eq. (4.8) into known'and
unknown quantities as follows:

c® = - [- ()M + 1ulCy + K IT_ awd

- [- (me)ZM0 + iwSC, + KO]Iryﬁ = 0% 4 EeAwﬁ (4.19)

0 ~n-r

where I, . and I. are nx(n - r) and nxr-dimensional pseudo-identity

matrices, respectively, denoting the positions of known and unknown



measurements, and

e _ e,\2 . e
D" =-[- (v) M0 + iw C0 + K0]In_r (4.20a)
and ’
e _ e\2 . e
EX = - [- (wY) MO + 1w.co + KOIIr | - (4.20b)
are nx(n - r) and nxr-dimensional coefficient matrices, respectively.

The vectors Awﬁ_

r and Ayi contain the known and unknown perturbations

in the responses, respectively. Hence, reformulating Eqs. (4.14), we

have

aws

Ap
Ael:-:-:l= d®, e=1,2,...,m (4.21)
~r

where A® is an nx(3N + r) matrix given by
A® = [B®: E®)  (4.22a)
and ge js an n-dimensional vector given by
e _ne,. '
d® = D%l (4.22b)
Note that a new vector of pseudo-parameters Ayﬁ_r (e = 1,2,...,m) is

generated at each sampling frequency,mev(e =1,2,...,m). To extract the
system parameter corrections from Eq. (4.21), we consider m different

harmonic excitations w_ and write

e
gl = 0 0 ... 0] d! ]
B2 0 2 0 ... 0 |
A= . . : . - (4.23)
g" o o 0 .. €} | d"|

- w—

where A is an n-mx(3N + r.m) matrix and d is an n-m-dimensional vector,
so that Egs. (4.21) can be combined into

Asp* = d : o | - (4.24)
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where

ap* = [ap"! (Aw]')T' (sz)T e (W™ ' (4.25)
The number of samp11ng frequenc1es m must sat1sfy m > 3N/(n - r)}"whehq, f.
the inequality holds, the solution of Eq. (4.24) can be'ebta%ned‘by a
1east-squares algorithm, or | _ e

* = (ATA)"1aTg - | o (4.26)

where ATA is noneingniar when A has maximum rank 3N + r-m.  Hence, with
“unknown measurements, the identification proeess consiets of?using Eq.
| (4.26) recursively until the postulated parameters conVerge to the

~ actual parameters.

Numerical Example

To illustrate the procedure;‘We fdentify the mass andaStiftness

i distributions of e'nonuniform‘bean undehgoing bending\vibration. The
example considers bqth the deterministic and.stoChastic‘prdeems. The
stochastic problem is examined by addingvGaussian’random"noise to the
sensor measurements and to the amplitude and frequency of the excitation
in the "perturbed" frequency response given by Eq. (4 6).

The energy inner product in Eg. (2.12c) for a canti1eyer beam
‘undergoing bending vibration.is given byiEq.,(3.16).; The’vectof,bf
nodal coordinates in Eq;“(2;11) is giveh‘by:Eq; (3;18);v The element
mass and stiffness matricesgare obtainediae;in the nnmerica1 example .
phesented at the end ot‘Chapter 3 and ahehgiVen by Egs. (3.19a) and
(3.20a), teépective]y. For this examp]e, we cons1der a model possess1ng
6 finite elements, N % 6. The mode has 6 nodes and n 12 degrees of

freedom. The system has no- damp1ng, so that 12 parameters p1 (i=
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1,2,...,12) are to be identified. The parameters are the unknown mass
and stiffness distributions m; and kj (i = 1,2,...,6). The structural
properties of the beam are illustrated in Fig. 4.1. Note that the
global mass and stiffness matrices are obtained from Eq. (2.14) by
crossing out the first two rows and columns corresponding to zero
displacement and slope at the clamped end [50].

For the deterministic problem, we consider two cases. In the first
case all the measurements are known (r = 0) while in the second only one
sensor measuring transverse displacement is avai]ab]e‘(r = 11). With no
damping, the number of»samp11ng.frequehc1es must satisfy m > 2N/(n-r).
Hence, in Case 1 we choose m =-l.while in Case 2 we Chosé m = 12. The
beam is excited harmonically by an actuator app]yingra transverse‘]oadl
at the free end.

The actual and postulated parameters are p?ovided»in‘Tab1e 4.1.

The m = 12 samp]ingkfrequencies range from 0.5 to 6.0 rad/s in
increments of 0.5 rad/s. Case 1 uses the first test frequency only.
The beam has length L = 6 m, so that each finite element has length h =
1 m. Figures 4.2 and 4.3 plot the normalized root—mean-squafé (RMS)
error for each case. The RMS error is normalized by dividing the error.
in each parameter by the actud] value of the parameter. The results
ihdicate that having access to all measurements is less sensitive to
perturbations in the parameters. Indeed, Figs. 4.2 and 4.3 show that -
when all the nodal displacements are measured the permissible initial
RMS error is 12% and when only one nodal displacement is measured the -
permissible initial RMS error drops to 3%. Note that the RMS error in

both cases reduces to zero, so that the postulated parameters converge
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to the actual parameters shown in Table 4.1. The convergence is
achieved in five iteration steps.

We conside? two cases for the stochastic problem using the same
analytical set-up as in the deterministic problem. In both cases,
Gaussian random noise is added to the sensor measurements and to the
excitation of the "perturbed" frequency response. The noise-to-signal
ratios in the sensor measurements was 1% and 0.01% for Cases 1 and 2,
respectively. ‘The amplitude and frequency of the excitation had noise-
to-signal ratios of 0.5% and 0.0005% for Cases 1 and 2 respectively.
Figures 4.4 and 4.5 plot the normalized RMS error for each case. The
results indicate that the noise disturbs convergence, where Case 2 is
highly sensitive to the noise. However, the parameters are improved for

both cases.

Conclusions

Structures can be regarded as distributed-parameter systems
characterized by mass, damping and stiffness distributibns.‘-A
perturbation technique converging to the actual parameter distributions
of the structure iteratively is presented. The technique is based on
the finite element method and does not require a complete set of
measurements. Indeed, for the example presented, only a single actuator
and sensor were required for the postulated parameters to converge to
the actual parameters. The technique has the advantage that it identi-
fies actual parameter distributions, such as mass, damping and stiffness
-characteristics of elements, rather than entries in mass, damping and

stiffness matrices. Note that these entries are abstract quantities and
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they are not unique, as they depend on the discretizatibn process and on

the number of admissible functions used.
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_- Tab1e 4.1

Actual and Postulated Parameters for Cases,l,andié

Actual Parameters © " T PostuTated Parameters

Case 1_Case 2 T tase I Casez

mp (kg)  0.92  0.8990 "‘mdi'(kg) 0.90.  0.8600
my (kg)  1.28  1.050 "’jmoé‘(kg)' 1.15  1.0100
me (K@) 117 11490 mg (kg)  1.20  1.1300
3 - Moy (ka) 0 .

mg (kg)  0.63 0.4520 . my (kg):  0.50  0.4400
my : - 0.45: | 0, (k)

mg (kg) 1.11 l.000 "o, (kg)  1.20  0.9800
mg (kg)  0.98  0.9010 | f‘:,mbé (kg)~ 0.90  0.9000
kg (N/my - 1.38  l.0420 kol (N\/m)  1.30  1.0000
kp (N/m)  0.68 . 0.7480 kbzr(N/m)_ ©0.60  0.7100
kg (/m)  l.24 11980 kOé'(N/m) L0 1.1700
kg (N/m) ~ 0.56 0.5520 77k04y(N/m) 0.5 0.5400
kg (/m)  0.76  1.1010 o ko (V/m) 0.9 1.0800
kg (N/my  1.12  0.9010 kg (N/m) 1.0 0.9000
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| 'm,,‘fij ) kj o
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Figure 4.1 Finite Element Model of a Structure
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Figure 4.2 Normahzed Root-Mean-Square Error for the Case of AH Nodal
Measurements Given (Determmstm Problem)
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Figure 4.3 Normalized Root-Mean-Square Error for the Case of a Single
Nodal Measurement Given (Deterministic Problem). .



44

()
~g

10.00

) 8.00

ERROR ()
6.00

RMS
4.00

2.00

£.00

.00 .00 2.00 £.00 7.00 g.ac

3.00 4.00 5.00
[ITERATION NUMBER

Figure 4.4 Normalized Root-Mean-Square Error for the Case of A1l Nodal
Measurements Given (Stochastic Problem). :
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F1gure 4.5 Normalized Root Mean-Square Error for the Case of a Single
Nodal Measurement Given (Stochastic Problem).



Chapter 5 |
MODAL IDENTIFICATION OF SELF-ADJOINT DISTRIBUTEDAPARAMETER SYSTEM§

In this chapter, a new method is introduced in which the modal B
parameters of self-adjoint distribuféd-p&rametér‘syﬁtemsvare identified
in the time domain. The method is based on a variational principle,
namely Rayleigh's principle, which is app]icab]e'to self-adjoint DPS.
‘The technique can be app]ied!to both discrete and continuous systemé.

It is common practice to represent the motion of a DPS by a linear
combination of the aésociated modes of vibration. ‘In the case of a DPS,
we have an infinite set of modes although, in pracfice,fwe dre concerned
wfth a finite linear combination of the modes. These modes of vibration
possess certain propértieé which can be used-to'diétinguish them from
one another. Indeed, the modes of vibration are uncorre1ated in time
‘and orthogonal in space. Frequency-domain méthods‘do‘not use ﬁhe
‘spatial orthogonality properties to identify the modes of vibration and
encounter problems when the natural frequencies of‘vibration’are
closely-spaced or repeated [5;8].. The modal identification method
introduced in this chapter uses both the temporal and spatia] proper-'
ties. Because both the temporal and spatial propefties are'QSed,‘the
method does not encounter problems when the natura1»frequencies are

closely-spaced or repeated.

Variational Formulation of the Eigenvalue Problem

The eigenvalue prob]em~giyen by Eqs. (2.2) and (2.3) can be
replaced by a variational problem consisting of determining the

stationary values of the Rayleigh quotient

46
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R(¢(P)) = [6(P), ¢(P)]
IDm(P)¢ (P)dD

where [ ,‘] represents_an energy inner product associated with twice the

(5.1)

pofentia] ehergy of the system. The energy inner product is in sym-
metric form obta1ned through an integration by parts of f VLW dD where
v(P) and w(P) are comparison funct1ons sat1sfy1ng all: the boundary con-
ditions in Eq. (2.2) [49]. The advantage of the var1at1ona1 formulation
(5.1) 1ies in the chOicé af ;eSt functions #(P), which need only be -
admissible, i.e., the&,néed’on]y Safisfy the geométriéiboundary L
conditions. |
Let us express ¢(P) as a linear combination of the eigenfunctions,
- i.e.,

¢(P) = r21 Cr¢r(P) - ) | (5.2)

where c,. are undetefmined coefficients. Introducing Eq. (5.2) into

(5.1) and considering the spatial orthonormality conditions, Eq. (2.4),

we obtain
= 22,2 2 v
R(C1sCpseee) = ) Couw. /) C (5.3)
1°-2 o rrle |
At the stationary values of R, 6R = Z (aR/ac )sc = 0, wh1ch 1mp11es
r=1
aR/ac. = 0 [50]. Hence
- ) = 2 2.2, % 22 I
0 = aR/ac, = 2c, 121 (uy - wi)ch /(izl cy) - v . (5.4)

From Eqs. (5.4) and (5.3), R ='w§ if Cp * 0 otherwise c. = 0. Thus, we

obtain the denumérab]y infinite set of solutions

R(S) = 2 ,'g(s) = 5 | | (5.5)
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Indeed, from Eqs. (5.2) and (5.5), stationary values of the Rayleigh
quotient are identical to the eigenvalues and occur when ¢(P) are

identical to the corresponding eigenfunctions.

Correlation Between the Modes of Vibration

Consider a freé]y vibrating undamped system, so that f(P,t) = 0 and .
C =0 in Eq. (2.1). Then, Eq. (2.6) reduces to the independent set of
homogeneous second-order differential equations
.. ‘ _ 2 _
ur(t) = - ”rur(t)’ r=12,... ‘ _ (5.6)
Because Egs. (5.6) are independent, distinct modes of vibration are un-

correlated, so that we can write

U (8)20g(£)> = 1107 [ua(t)Ug(t)dt = Qsgy rus = L2pwee (5.7)

where the symbol < , > represents a temporal inner product between the

functions u.(t) (r = 1,2,...) and Q. (r = 1,2,...) are positive

constants. Introducing the solution of Eq. (5.6) into (5.7), it can be

shown that

Tim 1 2 ,

g <U(£),0 (t)> = 0@ 8. Ths = 1,2,... (5.8)
and

Tim 1

Tlﬂ 3 <UL (£),ug(t)> = w08, (s THS = 1,2,... (5.9)

Modal Identification for Self-Adjoint Distributed-Parameter Systems

Our objective is to identify the eigenvalues Ay and the corres-
ponding eigenfunctions.¢r(P) from the free response. To that end, we
define another a pseudo-Rayleigh quotient suitable for modal identifi-

cation. The Rayleigh quotient is given by

REE(P)) 1om 3 = <U(E),u(t)> / 110 3 <u(t),u(t)> (5.10)
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where
u(t) = ID g(Pju(P,t)dD (5.11)
in which ¢(P) are functions satisfying the geometric boundary

conditions, Eq. (2.2). We can express the admissible function £(P) as
g(P) = 21 am(P)e.(P) (5.12)
r=

Introducing Eq. (5.12) into (5.11) and the result into (5.10),
considering the spatial orthonormality conditionﬁ, Eq. (2.4), the
correlation properties, Eq. (5.7), and the equations of motion, Eq.
(5.6), we obtain

-]

2 .2 v 2
R(aq,a9...) = w.a. Q / ) a.Q : (5.13)
1°%2 | rzl LA S ST G ,
- At the Stationary values of R, we have [50]

0 = aR/3a, = 2arr1_§1(m,2,0,; - wf0,)as / (L a2)2 (5.14)

From Eqs. (5.4) and (6.14), R = w” if a_ # 0, otherwise a, = 0. We

obtain the denumerably infinite set of solutions

R(S) = W2, Aﬁs) =5 Tas = L2,  (5.15)
Indeed, from Egs. (5.13) and (5.15), stationary values of the Rayleigh
quotient, Eq. (5.10), are identical to the EigehvalueS'and,they occur
when g(P) is equal to the corresponding eigenfunctions mu]tipiied by the
mass distribution. | _

Equation (5.11) implies that distributed measUreméntsidréirequired‘
in order to form the Rayleigh quotient, Eq. (5.10). However, it is

often impractical to measure u(P,t) compieté]y. Therefore, one resorts

to approximate methods.



Approximate Methods

We can express both the funct1ons g(P) and the d1sp1acement u(P t)

as linear comb1nat1ons of the adm1ss1b1e funct1ons w (P), as-
(")(P) = Z Vb (P)s (")(P t) = z w-(t)wf(P) (5;16)

» where g( )(P) is the nth order approx1mat1on of g(P), (n)(P t) is the
nth order approximation of u(P,t) and where v, and wr(t) are undeter-

‘mined coefficients. Introducing Eqs. (5.16) into (5.11), we obtain
n . n ) ' » B
uit) = rZI SZI Vg (B opgs bpg = ID“’r(P)‘ps(P)dD N R
Introducing‘Eqs. (5.17) into (5.10), we obtain
R(VysVpeeesVy ) = 2 z b(n) v W/ Z 2 a(n) Ve (5.18)
rls—
where

11m 1

‘352) = aﬁ?’ = 121 321 bpi Vs Tow T Wi(t)aW5(E)>s : (5.19)
o) < ) - 3] e il OB (t)> (50
rs sr i21 j21 ri’sj Trw T |

Now, determining thé statibnary values of the Ray]eigh quOtiént, Eq;
(5.18) can be replaced by the e1genva1ue prob]em : ,_T -

| (n)A(n) (n) B(n) (n) : o - (5.21)

‘where Eq. (5 21) represents the nth- order approx1mat1on of Eq. (5. 10),
and where A(") B(M and v( n) have entries aig), b(n) and v(n)
respect1ve1y. From Egs. (5 18), (5. 19) and (5. 20)

alm) _ w(")Aén)w(“), B(") - (Mg (") ™ o o '(5~225
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(M) an) o a(n) e e w a e
where vy, Ao and Bo are nxn matrices with entries wrs, s and-
~ bgpgs respectively, in which
- _liml o + _ _miml oy
Bors = Bosr T Tow T Wp(E)sWg(8)>s Dopg = bosre' T T W (t)wg(t)>
' (5,23)

Fina11y, the eigenvalue problem, Eq. (5.21), can be simp]ified if we
consider the change of variables | .

WM =y (ny(n) _ | (5.24)
Introducing Eq. (5.24) into (5.21) and-premu1tip1yihg the result by
' $5(n), we obtain the e1genva1ue prob]em in the form | ‘ »

ONONOMN (My(M | |  1 (5.25)

.The quest1on st111 rema1ns how to obta1n wr(t) and w (t) 1n Eqs. (5. 19) |
and (5.20) from the system response. Indeed, the answer depends on the;
* . nature of the admissible functions;};‘ L ‘,

Perhaps the most popular typeﬂef éperex%métionfis‘fﬁe"finite
element approximation in which one cenSideré admiesible funcfions as )
iﬁtekpo]ation functions. US1ng a f1n1te element approx1mat1on W. (t)
become measurements taken at noda1 po1nts and, using the 1nterpo1at1on

‘functions v (P), a distributed profile for u(P,t) is obtained.

" The C011ocation Approximation [50]

Let us measure disp]acements and ve1ocities‘at‘poiﬁts‘Pr (r =

1,2,...,n) in the domain D. Then, thevfunction g(P) is dpproximated by

n : o . .
e = ) (M) sp - [ (5.26)

,where»g(n)(Pr) represents the nth-order approximation:of g(Pr).

Introducing Eq. (5.26) into (5.11), we obtain
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0@ = 5 cME ety = ] ovouPat) 5.27)
. ) r=1 ¢ r reel r=1 r 1 (5.
where Ve = g(n)(Pr). Introducing Eq. (5.27) into (5.10), yields
' n n n n '
- (n) (n)

in which

af»g) (n) hm 2 <U(Prst), U(P .t)>, b)(*g) = bi(S:)

- Jiml u(Pr,t), u(Pg.t)> (5.29)
Now,vdetermin1ng the stat1onary values of the Rayleigh quotient, Eq.
(5.28), is equivalent to solv1ng the eigenvalue problem [50]

L) a(n) (n) -g{m (n) J R . (5.30)
where A(") B(n) and v( n) have entr1es aig), b(n) and v(")
respectively. ' |

Numerical Examples

To illustrate the identificatibn pfdcéés, wé’coﬁsider two examples.
In the first example, the modal parameteré associéted with the bending 7
vibration of a uniform simply-supported beam are identified. In the
second example, the modal parameters associated with a finite element
model of a uniform square membréne-sdbjected to a constant tensioth
with all its boundaries free are identified.

The stiffness operator for the beam in bending vibration is given
by [49]

2

Q

]
1}

N

2 ‘
[EI(x) 251, 0 <x <L (5.31)
ax : X
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where EI denotes the flexural rigidity of the beam. For convenience; we
choose m = 1 kg/m, EI =1 N-m2 and L = 10 m. The eigenvalue problem,

Eq. (2.3), admits the closed-form solution

1 rax

2 (r“)4, ¢,(P) = v 5 sin (7), 0 <x <L, r=1,2,... (5.32)

M T 0 T AT

We wish to identify the ten Towest eigenvalues and corresponding
eigenfunctions using ten discrete sensors measuring transverse dis-
placements and velocities at locations equally spaced along the beam.
The identification process uses the free response of the beam initially
excited by an impulse of magnitude 1 N at x = 10/11 m. Fifteen modes
are simulated in the response. Using the collocation approximation, the

identification process is completed by solving the eigenvalue problem

given by Eq. (5.30). The inner products in Eq. (5.29) are approximated

by using T = 100 (sec) in Eg. (5.7) where
Tim 1 lim 1 -
Brs = Tow T U(Xpst)s UlXgst)>, by = Tlm T <U(xpst), ulxg,t)> (5.33)

L
Xp = r(TT) m, r=12,...,10

Table 5.1 1lists both the identified and actual natural frequencies
together with the percentage errors. Figures 5.1 and 5.2 show the
identified eigenvectors together with the normalized eigenfunctions for
the first ten modes of vibration. Note that the identified natural
frequencies and eigenvectors agree well with the actual natural
frequencies and actual norma]iZed‘mode shapes, reépectivély; The dis-
agreement is due to the approximation of Eq. (5.7) and the collocation
approximation. Because the mass distribution is unity fdr'this_case,

the identified eigenvectors are identical to the normalized eigenfunc-
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‘tiens to within a multiplicative constant. In general, the’identifjed
a,'eﬁgenyectoks will agree with the actual norma]ized eigenfunétfcns‘onTyn
when the mass distribution is known. |

As a second 111ustration, we identify‘the 1oneet five natural
frequencies assocwated w1th a, f1n1te e1ement mode1 of a uniform. square
~ membrane under constant tension T with a1l its. boundar1es free.;,Ihe, o

stiffness operator for the membrane‘1s given by.[50]
pesl(TX) i ord) o (5.3
: X ax 3y ' By - . ’ : -

'As shown in Figure 5. 3 the membrane has tr1angu1ar e]ements corres- -
.pond1ng to 16 nodal degrees‘of‘freedom. Us1ng 11near 1nterp01at1on _;"
functions as admissfb1e funttiOnS'yie]ds the natural frequenc1es g1ven
in Table 5.2. Note that some of the natural frequencies in this example

‘are repeated. | ' |

In order to 1dent1fy the five lowest natura] frequenc1es, 16
sensors measur1ng transverse velocities and acce1erat1ons at each node
are used. The d1sp1acement proflle u(P t) and the adm1ss1b1e funct1ons

‘g(P) in Eq. (5 16) are approx1mated using linear finite e1ement 1nter—‘
| po]at1on functions [50]. We choose as admissible funct1ons g(P) the
. eigenfunctions of the un1form.membrane subjected torconstant tension T

. and with all its.boundaries free [50]. The initial displacements of the

membrane>were taken asizero‘ The initiaT'Velocities wereifaken asdzero |

except at node 5 where the membrane was g1ven an initial ve]oc1ty of 1

m/s. The 1dent1f1cat1on process 1s completed by determ1n1ng the -
solution to Eq. (5.22),‘where_the'entr1es_1n A(") and B(") are,g1ven:in

Egs. (5.19) and (5.20), respectively, with the exceptidnfthat the dis-
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placements in Eq. (5.19) areArep1aced by velocities and the ve1ocitfes
in Eq. (5.20) are replaced by écce]erations. This is necessdry due to
the presence of a rigid-body mode of vibration. Indeéd, the écceleraf
~tion and velocity of the rigidébody modes in free motion are uncorre-

~ lated in time although the ve]ocity'and displacehent are not. The
temporal corre]atfoﬁ pfoperties in Eqs. (5.8) ‘and (5.9) are approximated
using T = 100 (sec). The identified natural frequencies and percentage
efror are given in Table 5.2. The identified eigenvectors are shown in
Figure 5.4. As in the beam example, the identified‘eigenvectors agree

~well with the normalﬁzed eigenvectors of‘the membrane model.

Conclusions

A new method is introduced for the identification of modal para-
meters of DPS. The:method considers both the tempdf&]’corkelation,and
spatial characteristics of self-adjoint DPS, whereby temporal and
spatial orthogonality properties form a Rayleigh quotient for the
system. The method has been shown to work wé]] for continuous and
discrete systems and does not encounter prob]éms with closely-spaced or

repeated natural frequencies.
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Table 5.1

Actual and Identified Natural Frequencies for the Simple Beam

Actual Identified
Natural Natural Percentage
Frequencies Frequencies Error
(rad/s) (rad/s) ' (o/0)
0.09870 , 0.09834 0.4
0.39478 0.39433 0.1
0.88826 0.88821 0.0
1.57914 1.57910 0.0
2.46740 2.46734 0.0
3.55306 3.55311 0.0
4.83611 6.68212 -38.2
6.31655 8.49410 -34.5
7.99438 | 10.19992 ~27.6

9.86960 11.46529 -16.2
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Table 5.2

Actual and Identified Natural Frequencies for the Free-Free Membrane

Actual Identified
Natural ' Natural ‘Percentage
Frequencies Frequencies Error
(rad/s) (rad/s) (0/0)
0.0000 0.0000 | 0.0
1.1912 | 1.1835 0.6
1.1915 ’ 1.1948 -0.3
2.7641 : 2.7669 -0.1
5.8445 5.8482 -0.1
5.8544 |
- 7.8315
9.4418
12.0000
12.0000
15.3027
16.0685
17.8975
25.1564
25.6702

29.5497
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MODE 2

MODE 4

Figure 5.1 Ident1f1ed and Normalized E1genvectors for Modes 1 through’
of the Umform Simple Beam
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MBDE -8

Figure 5.2 Identified and Normalized Eigenvectors for Modes 6 through
10 of the Uniform Simple Beam.
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10

13

15

Figure 5.3 Membrane Finite Element Model.

16
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el - 7 7

mode (00) mode (01) mode (10)

mode (11) mode (02)

~ Figure 5.4 Identified and Normalized Eigenvectors of the Uniform

Membrane.
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