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Multi-agent Integer Programming Games with Non-cooperation and

Cooperation
Hyunwoo Lee
(ABSTRACT)

This dissertation studies integer programming games (IPGs), in which each of several self-
interested players solves an integer program whose payoff is coupled to the others’ discrete
decisions. Because feasible sets are combinatorial and best responses require integer opti-
mization, even deciding whether a pure Nash equilibrium (PNE) exists is computationally
intractable in general. The unifying thesis is that the equilibrium of such a game is a com-
putable and leverageable object around which better system-level decisions can be built, and
this idea is developed across the non-cooperative, generalized, and cooperative regimes on a
common branch-and-cut foundation of globally valid inequalities and best-response oracles.
First, to make equilibrium computation scale, round-based random-restart best-response dy-
namics (RRR-BRD) are introduced with a Las Vegas convergence guarantee and hybridized
with the zero-regret cutting-plane method (BZR), lifting tractable PNE computation and
sampling from a handful of players to dozens; the methods are instantiated on edge-weighted
budgeted maximum coverage games, including a Minnesota aquatic invasive species (AIS)
inspection game with up to 84 counties. Second, Nash-informed planning converts com-
puted equilibria into individual-rationality floors and optimizes social welfare above them,
improving system outcomes without making any player worse off; the accompanying Price
of Individual Rationality is proven to be bounded by the Price of Stability, and the welfare
cost of guaranteeing participation is empirically negligible. Third, for generalized IPGs with
shared constraints, conditional equilibrium inequalities and a generalized zero-regret algo-
rithm optimize over the equilibrium set, while a-approximate equilibrium certificates and

structural (VEST) cuts handle cost-sharing games such as integer splittable bin packing.



Fourth, cooperative IPGs define coalition values through pooled integer programs and com-
pute optimal, Core-stable coalition structures via stability inequalities and separation. Com-
putational studies, anchored by the AIS application, demonstrate scalability, interpretability,

and concrete policy improvements.



Multi-agent Integer Programming Games with Non-cooperation and

Cooperation

Hyunwoo Lee

(GENERAL AUDIENCE ABSTRACT)

Many important public decisions are made by many separate groups, each with its own
limited budget and a set of concrete, all-or-nothing choices—such as which sites to staff
with inspectors. When each group plans on its own, the outcome for the whole region
can fall well short of what could be achieved together, yet no central authority can simply
order everyone what to do. This dissertation develops mathematical tools for such discrete,
multi-decision-maker problems. It first shows how to compute stable plans—arrangements in
which no group can do better by changing its own choices alone—for problems far larger than
previous methods could handle. It then uses those stable plans as a starting point to design
region-wide policies that improve the overall result while guaranteeing that no group ends up
worse off than before, and with no money changing hands. It further addresses settings where
groups must share limited resources, and settings where groups can cooperate by pooling
budgets, showing which partnerships are worth forming and how to keep them stable. The
methods are demonstrated on the real problem of slowing the spread of aquatic invasive
species across Minnesota’s lakes, where independent counties run watercraft inspections: the
approach coordinates their efforts to protect substantially more at-risk lakes without any
county sacrificing its own outcome. The same ideas apply broadly to problems such as

facility siting, emergency-response planning, and shared infrastructure investment.



Dedication

To my wife Juhae, and to my parents.



Acknowledgments

I have been extraordinarily fortunate to be guided by two advisors, 1. Esra Biiyiiktahtakin
and Robert Hildebrand, who invested in me generously and without reserve, and I am deeply
grateful to both. Professor Biiyiiktahtakin has a gift for identifying problems that matter—
real societal and operational challenges—and for framing them so that rigorous methods can
make a genuine difference. Her constant encouragement and steadfast support carried me
through the most difficult stretches of this journey. Professor Hildebrand shaped me as a
researcher through his deep expertise in the theory and algorithms of discrete optimization.
He was never a manager but a true mentor, patiently and generously raising the level of my
thinking through hands-on, thoughtful guidance and a sincere care for my growth. I have
always been indebted to his sharp mathematical instincts; I cannot hope to match the depth
of his insight, but I will keep striving toward it. To both of them I owe the questions I have

learned to ask and the researcher I have become.

I would also like to thank the members of my committee. I thank Professor Wenbo (Selina)
Cai for bringing compelling environmental problems into a game-theoretic modeling frame-
work, which helped motivate the direction of my research, and Professor Rohit Kannan for
his careful reading, thoughtful questions, and constructive feedback, which improved this

work in many ways.

I have been fortunate to work with wonderful collaborators, and I thank Bainian Hao, Carla
Michini, and Jian Yang for the insight, effort, and many discussions that shaped the results
in this dissertation. I also gratefully acknowledge the Minnesota Aquatic Invasive Species
Research Center (MAISRC) for its financial support and for providing the data that made

the case studies concrete.

vi



I owe special thanks to Professor Taesu Cheong and Professor Young Woong Park, who
first opened the path for me to study abroad. Beyond that initial opportunity, they have
continued to offer me sincere and thoughtful advice on my studies, my research, and my life

to this day, and I am deeply grateful for their enduring mentorship.

My heartfelt thanks go to the Korean Baptist Church of Blacksburg for welcoming me as
one of their own and for supporting me as I served the young adult group, the Peniel Choir,
and the campus ministry. I also thank the many Korean friends in the Grado Department
of Industrial and Systems Engineering at Virginia Tech, whose support meant a great deal
to me, and my labmates in the SysOptiMaL Lab for the many enjoyable and constructive

discussions we shared.

Finally, my deepest gratitude belongs to my family. To my parents, whose generous and
unwavering love and support—their constant help and encouragement—made it possible for
me to pursue my studies this far: thank you, with all my heart. And to my wife, Juhae: we
began our marriage as newlyweds far from home, and you faced the hardships of life abroad
together with me, thinking through every difficulty and enduring them at my side. You have
been my most trusted advisor and counselor and my most patient listener, and your steady

emotional support carried me throughout. A significant part of this degree belongs to you.

vii



Contents

List of Figures xvii
List of Tables xXix
1 Introduction 1

2 Random-Restart Best-Response Dynamics for Large-Scale Integer Pro-

gramming Games and Their Applications 9
2.1 Introduction . . . . . . ... 10
2.1.1 Literature Review . . . . . . . . .. ... o 12
2.1.2  Contribution . . . . . . ... 14
2.2 Preliminaries . . . . . . . ... 17
2.2.1 Integer Programming Games and Pure Nash Equilibria . . . . . . .. 17
2.2.2  Normal-Form Games, BR State Graphs, and Markov Reduction . . . 19
2.3 Convergence of Best-Response Dynamics in Finite Normal-Form Games . . . 20
2.3.1 SCCs, the Condensation DAG, and Recurrent Classes . . . . . . . .. 21
2.3.2  Deterministic Convergence in Structured Subclasses . . . . . . . . .. 22
2.3.3 Round Random-Restart Best-Response Dynamics (RRR-BRD) . . . 23
2.3.4 Complexity Analysis for RRR-BRD . . . . .. ... ... .. ... .. 28

viil



24

2.5

2.6

2.7

2.8

Best-response Dynamics Incorporated Zero-regret Algorithm . . . . . . . .. 30
2.4.1 Lifted Space and Perfect Equilibrium Formulation . . . . . . . . . .. 31
2.4.2  Algorithm Details . . . . . . ... ... .. 33

2.4.3 RRR-BRD as a Randomized Local-Search Subroutine for Other Al-

gorithms . . . . . . . oL 36
2.4.4 Approximate PNE Certificates upon Early Termination. . . . . . . . 39
EBMC Game Models . . . . . . . . . ... 39

2.5.1 The Edge-weighted Budgeted Maximum Coverage (EBMC) Problem 40

2.5.2 A Non-cooperative EBMC Game Among N Players . . . . . ... .. 41
2.5.3 Types and Network Structure in EBMC . . . ... ... ... ... .. 46
2.5.4 A Resource Allocation Game among Minnesota Counties . . . . . . . 46
Pure Nash Equilibrium for EBMC Games . . . .. ... ... ........ 48
2.6.1 Existence of a PNE in the Locally Altruistic Games . . . . . . . . .. 49
2.6.2 Existence of a PNE in the Selfish Games . . . . . . . ... ... ... 49
Computational Results . . . . . . . . . .. ... ... ... . 51
2.7.1 Computational Setup and Metrics . . . . . . . . .. ... .. ... .. 52
2.7.2  EBMC Games with Random Dataset . . . . . . ... ... ... ... 54
2.7.3 EBMC Games with Minnesota Dataset . . . . . . . .. ... .. ... 56
2.7.4 Large-scale Knapsack Problem Games Datasets and Results . . . . . 59
Conclusion . . . . . . . . . e 63

X



2.A Acronyms and Notations . . . . . . . . ... ... 65
2B Proofs . . .. 68
2.C Random Feasible-Start Generators for KPG and EBMC . . . ... ... .. 72
2.D Extremely Small ¢, [R] . . . . ... ... ... ... 76
2.E  Full Simulation Results . . . . . . .. .. .. ... o 79
2.F Example for the BZR Algorithm . . . . .. ... ... .. ... .. ..... 82
2.G Exponential Separation Between ZR and BZR . . . . .. ... .. ... ... 84
2.H Tllustration: A Two-Player Selfish EBMC Game . . . . .. ... ... ... .. 85
2.  EBMC as an IPG: Reformulation and Complexity Implications. . . . . . . . 87
2.J  Counterexamples for the Existence of PNE . . . . . . . ... ... ... ... 89
2K RRR-BRD Results . . . . ... .. .. . 91
2L BZR Full Results . . . . . .. .. 96
2.M Approximate-PNE . . . . .. .. 98
2.N County-level Utility Values . . . . . . .. . ... ... . ... ... ..., 100

Nash-informed Planning for Public-Resource Coordination: An Applica-

tion to Aquatic Invasive Species Prevention 101
3.1 Imtroduction . . . . . . . ... 101
3.1.1 A new direction of analysis . . . . . .. ... ... ... ... ... 102
3.1.2  Related literature . . . . . . . . ... oL 104



3.2

3.3

3.4

3.5

3.1.3 Contributions and plan . . . . . ... ... 0oL 106

Nash-informed Planning Framework . . . . . . . ... ... ... ... .... 108
3.2.1 General IPG setting and notation . . . . . . . ... ... ... .. 109
3.2.2  Equilibrium analysis phase . . . . . . . .. ... ... ... ... 110
3.2.3 Construction of reference utility values . . . . . . . .. ... ... .. 111
3.2.4 Bounded social welfare (BSW) optimization . . . . . . ... ... .. 113
3.2.5 Structural guarantees . . . . .. .. .. 115
EBMC Games and Application Models . . . . . ... ... ... ... .... 117
3.3.1 Operational context and modeling assumptions . . . . . .. ... .. 117
3.3.2 EBMC formulation . . . . .. .. ..o 118
3.3.3 Three Nash-informed optimization models for EBMC . . . . .. . .. 121
3.3.4 Instantiation . . . . .. ... 122
3.3.5 Policy-constrained BC variants . . . . . .. ... ... ... .. 123
Structural Sources of the Realized PIR . . . . . . ... ... ... ... ... 123
3.4.1 General IPG argument . . . . .. ... 124
3.4.2 EBMC arc structure and externality multiplier . . . .. .. ... .. 125
Computational Study . . . . . . . . . ... 128
3.5.1 Data and calibration . . . . . . ... ..o 128
3.5.2  Computing the range of social welfare . . . . . .. . ... ... ... 130
3.5.3 Baseline results (Minnesota, 100% budget) . . . . . . ... ... ... 131

el



3.5.4 Tailored BC variants . . . . . . . . . ... 133

3.5.5 Budget sensitivity and PIR across budget scenarios . . . . . . . . .. 134
3.6 Generalization Across IPG Classes . . . . . . . .. ... ... ... ..... 136
3.7 Managerial and Policy Implications . . . . . . . .. ... ... ... ... .. 139
3.8 Conclusion . . . . . . . . 142
Appendix . . . . L 143
3.A Acronyms and Notation . . . .. ... ... ... ... .. . 143
3.B Proofs . . . . 143
3.C Stylized comparison of BSW with correlated equilibria . . . . . . . ... .. 146
3.D Analytical bounds on PIR for EBMC games . . . . ... ... ... ..... 148

3.D.1 Instance-parameterized bound . . . . . . . .. ... ... ... ... 148

3.D.2  Degenerate single-player construction with unbounded PIR . . . . . . 150
3.E  Supplementary computational figures . . . . . .. ... 152
3.F EBMC random instances: detailed results . . . . . ... ... .. ... ... 159
3.G Knapsack Problem Game: detailed results . . . . . ... ... ... ... .. 161
3.H Kidney Exchange Game: detailed results . . . . . . ... ... ... ..... 163

Conditional Equilibrium Inequalities for Generalized Nash Equilibrium

Problems with Pure-Integer Variables 168
4.1 Introduction . . . . . . ..o 168
4.1.1 Problem Setting . . . . . .. ... 168

xii



4.2

4.3

4.4

4.5

4.6

4.1.2 Literature Review . . . . . . . . . 170

4.1.3 Contributions . . . . . . . . ... 172
4.1.4 Paper Organization . . . . . . . . ... ... oL 174
Conditional Equilibrium Inequalities . . . . . . . .. ... ... ... .... 174
4.2.1 Lifted Formulation . . . . . . ... ... ... 0L 179
4.2.2 CEI Validity and Closure . . . . . . .. .. ... ... ... ..... 181
4.2.3  Generalized Zero-Regret Algorithm . . . . . . ... ... .. .. ... 184
VEST Inequalities . . . . . . . . .. 186
Complementary Solution Algorithms . . . . . . ... ... ... ... .... 191
4.4.1 Random-Restart Best-Response Dynamics for GNEPs . . . . . . .. 191
4.4.2 o-Bisection Search . . . . .. ... oL 193
Applications . . . . . . . L 195
4.5.1 Integer Splittable Bin Packing (ISBP) . . ... ... ... ... ... 195
4.5.2  Network Formation Games (NFG) . .. ... ... ... ... .... 207
4.5.3  Generalized Knapsack Games (GKG and GKGB) . . . . .. ... .. 213
Computational Study . . . . . . .. .. ..o 215
4.6.1 Experimental Design . . . . . . . .. ... Lo 215
4.6.2 ISBP: Integer Splittable Bin Packing Games . . . . . . . .. ... .. 218
4.6.3 NFG: Network Formation Games . . . . . .. .. ... ... ..... 221
4.6.4 GKG: Generalized Knapsack Games . . . . . . . ... ... ... .. 222

Xiil



4.6.5 GKGB: Generalized Knapsack Games with Reciprocally Bilinear Co-

efficients . . . . . .. L 224

4.6.6 Impact of VEST Cuts . . . . . . .. . ... ... ... ... ..... 227

4.7 Conclusion . . . . . . . . 230
Appendix . . . . 230
4.A  Symmetry-Breaking Techniques for ISBP . . . . . . ... ... ... .. ... 231
4.B  Comprehensive Computational Results . . . . . .. ... ... ... ... .. 236

Cooperative Integer Programming Games: Core Stability and Optimal

Coalition Structures 244
5.1 Imtroduction . . . . . . . .. 244
5.1.1 Literature Review . . . . . . . .. ... oo 247
5.1.2  Contributions and Outline . . . . . . . ... ... ... ... .. ... 249
5.2 Cooperative Integer Programming Games . . . . . . .. .. ... ... ... 251
5.2.1 A resource allocation game . . . . ... ... ... ... 252
5.2.2  Structural properties of the characteristic function V... . . . . . . .. 255
5.3 A Mixed-Integer Formulation . . . ... .. ... ... ... ......... 257
5.3.1 OCS formulations: aggregated and disaggregated . . . . . ... . .. 257
5.3.2  Stability inequality for SCS . . . . . . .. .. .. ... ... ... .. 262
5.3.3 Lifted stability cuts . . . . . . . ... ... 265
5.4 Computing an OSCS . . . . . . . . . . . 267

Xiv



5.4.1 Separation strategies . . . . . . . .. ... Lo 267

5.4.2  Tterative re-solving versus lazy constraints . . . . . . .. .. .. ... 272
5.4.3 An SCS-feasible primal heuristic . . . . .. .. ... ... ... ... 272
5.4.4  Per-coalition solution concepts and payoff refinement . . . . . . . .. 274
5.4.5 Algorithm summary . . . . . . . .. ... 275
5.5 Experimental design and results . . . . . . ... ..o 276
5.5.1 Does disaggregation pay? . . . . . . .. ... ... 277
5.5.2  Solution strategies for OSCS. . . . . . . .. .. ... ... ... ... 281
5.5.3  Effect of the coalition policy . . . . . .. ... ... .. ... ..... 282
5.5.4 Cost of the framework . . . . . . ... ... 284
5.5.5 Implementation recommendations . . . . . . . .. .. ... ... ... 285
5.6 Conclusion. . . . . . . .. 286
Appendix . . . ... 286
5. A Notation . . . . . . . . . 286
5.B  Omitted Proofs and Examples . . . . . . . ... ... .. ... ... ..., 286
5.C Extension to General MILP-Based CIPGs . . . . .. ... ... ... .... 291
5.D Complexity of the Stability Problems . . . . . . . . ... ... ... ..... 293
5.E A Global Bound on the Objective . . . . . . . ... ... ... ... ..... 298
5.F Additional Computational Results. . . . . . ... . ... ... ... ..... 299
5.G Coalition Structure and Payoff Details . . . . . .. ... .. ... ... ... 307

XV



5.G.1 Per-coalition solution concepts: details . . . . . . .. ... ... ... 307

6 Conclusion 310

Bibliography 317

xvi



List of Figures

2.1

2.2

2.3

24

2.5

2.6

3.1

3.2

Mlustration of a connected condensation DAG with two terminal sinks: a sin-
gleton PNE sink P and a multi-node non-PNFE sink M. Boxes and circles
are SCCs; internal dots depict the number of profiles each SCC contains (sin-
gletons vs. multi-node SCCs). Arrows are edges of the acyclic condensation
graph. SCC labels (A, B, C, D, E, P, M) are arbitrary and used solely for
illustration. In potential or BR-weakly acyclic games, non-PNE sinks do not

occur; all sink SCCs are singleton PNEs, so the branch labeled M is absent. 21

[lustration of the BZR algorithm in a two-player game. . . . . . . . .. . .. 36
A condensation DAG showing that g, [R] can be extremely small. . . . . .. 76
The interactions in the selfish game with two players. . . . . . . .. ... .. 86
NoPNEfor Ggl .o oo 89
NoPNE for Gl . oo 90
The three steps of Nash-informed planning. The dashed box encloses the

contribution of this chapter: the reference-utility construction (the second
arrow) and the bounded social welfare optimization (the third box). The first
two boxes assemble the game and compute its pure Nash equilibria (PNEs)

using existing methods. . . . . . ... Lo 103

Degenerate EBMC instance used in the unbounded-PIR proof. . . . . . . .. 151

Xvii



3.3

3.4

3.5

3.6

3.7

3.8

4.1

5.1

5.2

County-level utility improvements relative to RPNE under the tailored coali-

tion models. . . . . ..
Coalition configurations across the tailored models. . . . . . . ... ... ..

Social welfare and selected infested lakes across models (Minnesota, 100%

County-level utility improvements relative to RPNE under BSW and BC. . .

Budget reallocations across coalition models for counties with a high baseline

budget per infested lake. . . . . . . ... oo o

Social welfare and selected infested lakes across models under the four budget

SCENATIOS. . v v v v e e,

The joint feasible region of the running CEI example. . . . . . . . . .. ...

Availability and the coalition-dependent split of the item set. Circles are
players, squares are items, and an edge means availability. Members of ¢ are
drawn in black, and shaded squares are the common items, reachable by two
or more members. Item B is common in (b) but individual-specific in (c),
and item C' the other way round: the split depends on the coalition, not on

the item. Note also that D is out of reach until player 3 joins. . . . . .. ..

Coalition sizes in the incumbent structure, and stability of the Shapley value

by coalition size. . . . . . . ..

xviii



List of Tables

2.1

2.2

2.3

24

2.5

2.6

2.7

2.8

2.9

2.10

2.11

2.12

2.13

2.14

Normal-form reductions: empirical success within R = 10 rounds under uni-

form restarts. . . . ... L
KPGs: empirical success within R = 20 rounds under random restarts.

Summary of algorithms for computing Nash equilibria in IPGs. . . . . . ..
Acronyms and shorthands . . . . . . .. .. ... Lo

Summarized RRR-BRD results with different initial strategy profiles for 9|Szl|f:1

Self
and 9|£|22. ....................................

Summarized comparison of BZR and ZR for 9‘521‘21 and 9?21';2. .......

Comparison of BZR and ZR for selfish EBMC games 9‘821‘11 ..........
RRR-BRD results for selfish EBMC games ‘9‘821‘;2 in the Minnesota dataset.

Comparison of BZR and ZR for selfish EBMC games 9%;2 in the Minnesota

dataset. . . . . .
County-level utility values using different strategy profiles. . . . . . . . . ..

Summarized RRR-BRD results with different initial strategy profiles for Type
A, B,and CKPG. . . . . .. .

Summarized comparison of BZR and ZR for Type A, B, and C KPG. . . . .
Comparison of BZR and ZR for Type BKPG. . . . . ... ... .. ... ..

List of acronyms used in this chapter and its appendix . . . . . .. ... ..

Xix

59



2.15

2.16

2.17

2.18

2.19

2.20

2.21

2.22

2.23

2.24

2.25

2.26

2.27

2.28

2.29

2.30

2.31

Summary of notation used in this chapter and its appendix (core notation) .

Summary of notation used in this chapter and its appendix (applications and

experiments) . . .. ... ..
Full simulation results for normal-form reductions . . . . . . . ... ... ..
Full simulation results for KPGs . . . . . . . ... ... ... ... ......
Per-coordinate payoffs for the Prisoner’s Dilemma component game in ,,. .
Worst-case complexity comparison on #,,: ZR versus BZR. . . . . . ... ..
Strategy Profiles and Selfish Deviations. . . . . .. .. .. .. ... .. ...
Strategy Profiles and Selfish Deviations. . . . . .. .. ... ... ... ...

RRR-BRD results with different initial strategy profiles for selfish EBMC

Self

games 9|£|:1. ...................................

RRR-BRD results with different initial strategy profiles for selfish EBMC

Self

games 9|£|22. ...................................

RRR-BRD results with different initial strategy profiles for Type A KPG.
RRR-BRD results with different initial strategy profiles for Type B KPG.
RRR-BRD results with different initial strategy profiles for Type C KPG.
Comparison of BZR and ZR for selfish EBMC games 9?21‘;2 ..........
Comparison of BZR and ZR for Type A KPG. . . . . . .. ... .. ... ..

Comparison of BZR and ZR for Type C KPG. . . . . . .. .. ... .. ...

Approximate PNE for the EBMC game instances in which no exact PNE was

found within the time limit . . . . . . . . . . . .. ...

66

67

80

81

84

85

89

90

91

92

93

94

95



2.32 Approximate PNE for the KPG instances in which no exact PNE was found

within the time limit . . . . . .. .. ..o oo 99
2.33 County-level utility values using different strategy profiles. . . . . . . . . .. 100
3.1 Notation for EBMC games . . . . . . . . .. ... ... ... 119
3.2 Welfare and selected lakes across models (Minnesota, 100% budget) . . . . . 131
3.3 Headline metrics for Nash-informed and coalition models . . . . . . . . . .. 132
3.4 Realized PIR across budget scenarios . . . . . . . . .. ... ... ... ... 135
3.5 Counties left below their reference utility by the SW solution . . . . . . . .. 136
3.6 Headline PIR/POS/POA across three IPG classes . . . . . . ... ... ... 137
3.7 Acronyms used throughout this chapter. . . . . . ... ... ... ... ... 144
3.8 County-level participation deficits under the SW solution . . . . . . . .. .. 152
3.9 Realized PIR under the three reference rules (Minnesota) . . . . . . . . . .. 154
3.10 Tailored BC models (Minnesota, 100% budget) . . . .. .. ... ... ... 155
3.11 Welfare and selected infested lakes under varying budget scenarios . . . . . . 155
3.12 Descriptive statistics for the MN dataset . . . . . . ... ... ... ..... 155
3.13 Welfare range of the EBMC game (Minnesota, 100% budget) . . . . . . . .. 155

3.14 Selected county-level utilities and budget reallocation (Minnesota, 100% budget) 158
3.15 EBMC random instances: full per-instance results . . . . . . . .. .. .. .. 160

3.16 KPG (Types B and C) at n;

items

= 100, ratio = 0.5: full per-instance results 162

3.17 KEG results aggregated by graph size. . . . . . . . ... .. ... ... 165

xxi



3.18

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10

4.11

5.1

5.2

2.3

5.4

KEG non-trivial instances (POS > 1) . . . . ... ... ... ... 166

ISBP Experiment 2: ABS results for non-PNE instances. . . . . . . ... .. 221

GKG benchmark: instances solved by CEI-GZR within 10 minutes (out of 60

percell). . . .. 224
GKGB summary. . . . . . . .. 227
GKGB Experiment 2: ABS results for non-PNE instances. . . . . ... ... 227

Impact of VEST cuts: CEI-GZR with and without VEST, averaged over

matched instances. . . . . . ... Lo 228
Comprehensive results for ISBP regular instances by (n,m). . . . ... ... 238
Comprehensive results for ISBP non-regular instances by (n,m). . . . . . .. 239
Comprehensive GKG scalability results forn =2ton=20. . ... ... .. 240
Comprehensive GKG scalability results for n =25ton=>50.. . . . .. ... 241
Comprehensive GKGB results. . . . . .. . ... ... ... ... 242
Comprehensive NFG results by capacity, number of players, and layers. . . . 243
The four OSCS configurations tested. . . . . . . .. ... ... ... ... .. 267

OCS formulation comparison, aggregated (AGG) vs. disaggregated (DIS):

integer performance and root LP bounds. . . . . . . .. ... o000 278
OSCS separation strategy comparison (AGG formulation). . . . . .. . . .. 280
Notation for the OCS formulation. . . . . . . ... ... ... ... ..... 287



2.5

2.6

5.7

2.8

2.9

Coalition-value evaluations: proposed pipeline (lazy MIP_ws, AGG) versus
the exhaustive baseline. Measured V-enumeration times differ by a—at n =
18, 3,628 seconds at o = 0.5 against 2,127 at « = 1.0—and the brute-force
columns report the @ = 1.0 series, which understates the baseline’s cost at

o= 0.5, . s,

Ablation: lifted versus basic stability cuts within lazy MIP (AGG, no warm

Payoff refinement summary over the 146 formed OSCS coalitions of size > 2.

OSCS formulation effect: AGG vs. DIS within lazy MIP and lazy MIP_ ws.

The cutplane and lazy configurations under the disaggregated formulation

(DIS), n < 20.. . . . .

5.10 Diagnostics of the SCS-feasible heuristic (lazy MIP_ws, AGG). . . . . . ..

5.11 Coalition structures for small instances (n <12). . . .. .. ... ... ...

5.12 Per-coalition payoff refinement for small instances (n <12). . ... ... ..

xxiii

302

303

304



Chapter 1

Introduction

Many consequential decisions in the public and private sectors are, at their core, integer
programs (IPs) [47, 109, 142]: a decision maker selects among discrete, indivisible options—
which sites to staff, which projects to fund, which items to pack—subject to budgets and
combinatorial constraints. These problems become substantially richer, and substantially
harder, when the decisions are made not by one authority but by many self-interested agents
who act simultaneously and whose payoffs are coupled. Each agent then solves an IP that
reflects its own objectives and constraints, while the value of its decision depends on what
the others choose. This is the setting of integer programming games (IPGs), a class of games
in which every player’s strategy set is described implicitly by an integer program rather than

enumerated as a finite list of actions [36, 37, 96].

IPGs bridge two mature disciplines—integer programming and algorithmic game theory
[127]—and in doing so inherit the central difficulties of both. A Nash equilibrium in mixed
strategies always exists in a finite game [108], but the discrete structure of an IPG makes the
pure-strategy question far more delicate: a pure Nash equilibrium (PNE) need not exist, and
deciding whether one does is X5-complete for general IPGs [35]. Even in the classes where ex-
istence is guaranteed—potential and congestion games, for instance [105, 126]—computing
an equilibrium can be intractable, and outside those classes best-response play may cy-
cle indefinitely rather than settle, a phenomenon formalized through sink equilibria and

the dynamics-based view of computation [73, 115]. Two questions therefore dominate the
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study of IPGs: when do stable outcomes exist, and how can they be computed, selected,
or improved upon at the scale that real applications demand. This dissertation is orga-
nized around those two questions and pursues them across three major forms of strategic
interaction—purely non-cooperative play, generalized games with shared resources, and co-

operative coalition formation.

Where the computational literature stands. A decade of work has produced a toolkit
for computing equilibria of IPGs. Carvalho et al. [37] survey the field and organize the meth-
ods into six families. Mixed-equilibrium methods include the sample generation method and
its enumerative variant [36, 49] and the Cut-and-Play algorithm [38]; pure-equilibrium meth-
ods include branching schemes for quadratic IPGs [128, 135] and the zero-regret cutting-plane
algorithm, which optimizes an objective over the set of PNEs by separating globally valid
equilibrium inequalities [58]. What these methods share is that equilibrium computation is
ultimately reduced to one or more joint optimization problems coupling all players’ strat-
egy sets, either explicitly in normal form or implicitly through extended mixed-integer or
complementarity formulations. As a consequence, the reported computational studies con-
centrate on instances with few players and few integer variables per player—typically with
n - m < 300, where n is the number of players and m the number of integer variables per
player (Chapter 2 documents the largest reported instances method by method). That is a
natural starting point, but it leaves open how far tractable equilibrium computation can be
pushed when n - m runs into the thousands, as it does in the statewide application studied

here.

Two extensions of the basic setting matter for the chapters that follow. In generalized games
the players’ feasible sets are coupled by shared constraints, so a deviation that is privately

feasible may be jointly infeasible; the concept dates to Rosen [125], and mixed-integer in-



stances of it have only recently become computationally accessible [61, 62, 84, 85, 130]. In
cooperative games the object of study is not a strategy profile but a coalition and a division
of its value, with the Core, the Shapley value, and the nucleolus as the classical solution
concepts [14, 134, 136], and with coalition-structure generation and its computational com-
plexity as the algorithmic counterpart [40, 54, 123, 132]. Between these poles lies a question
that runs through the entire dissertation: how much system-level performance is lost by
respecting the agents’ autonomy? Algorithmic game theory answers it with the price of
anarchy and the price of stability [3, 110, 127], and the operations literature poses a closely
related question about the efficiency cost of fairness constraints [16]. Chapter 3 adds a third
measure of the same kind, the price of individual rationality, which prices the guarantee that

no participant is made worse off.

A methodological through-line. The unifying idea of this dissertation is that the equi-
librium of an integer programming game is not merely an object to be certified, but a
computable and leverageable artifact around which better system-level decisions can be built.
Four methodological movements develop this idea. First, we make equilibrium computation
scale: we introduce random-restart best-response dynamics and embed them in a cutting-
plane solver so that pure equilibria of large IPGs—previously reported only for games far
smaller than our application—can be found and sampled. Second, we leverage the equilib-
ria so computed: rather than accept the best equilibrium as the final answer, we convert
equilibrium payoffs into individual-rationality floors and optimize social welfare above them,
improving the system without making any player worse off. Third, we extend the machinery
to coupled settings, where players share scarce resources and exact equilibria may fail to
exist, by designing conditional equilibrium inequalities and approximate-equilibrium certifi-
cates. Fourth, we cross from competition to cooperation, defining coalition values through

pooled integer programs and computing coalition structures that are simultaneously optimal
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and stable. Throughout, the technical backbone is the same: globally valid inequalities and
best-response oracles wired into branch-and-cut, so that one can optimize an objective over

an equilibrium or stability set rather than merely locate a single feasible point in it.

A running application. The methods are general, but the dissertation is anchored by
a concrete public-sector problem: aquatic invasive species (AIS) prevention in Minnesota.
Invasive species impose large and persistent economic and ecological costs, and the oper-
ations research literature has developed a substantial body of models for allocating scarce
prevention, surveillance, and control resources [24]. That literature has itself progressed from
continuous control toward increasingly detailed discrete and stochastic formulations: early
dynamic-control models of invasion and its economic cost [25] were refined into age-structured
bioeconomic models that resolve the population dynamics driving the optimal policy [26],
and from there into deterministic mixed-integer formulations for surveillance and control
[91], simulation-optimization for search and treatment planning [111, 112], and multistage
stochastic and risk-averse formulations that hedge against uncertain spread [21, 92]. Opti-
mization has in fact been applied broadly across environmental and public-health systems in
which a limited budget must be spread over a spreading process, as the parallel literature on
epidemic logistics and resource allocation for infectious disease shows [27, 144, 145]. What
these share with the setting studied here is a scarce budget spent on discrete interventions
against a process that propagates through a network; what distinguishes the present problem
is that the budget is not held by a single planner. In the Great Lakes region specifically,
aquatic invaders have become a defining management problem [65]. Minnesota is a natural
setting for a decentralized formulation. The state has 87 counties and 9,182 lakes, of which
506 were infested with at least one AIS type as of 2018; roughly $10 million per year was
appropriated to county AIS prevention programs during the study period [57, 102], and the

resulting watercraft inspection effort is planned and executed independently by the counties



rather than by the state. Because recreational boat traffic links lakes across county lines,
an inspection paid for by one county protects lakes in another. Kao et al. [90] estimate this
statewide boat-movement network, and it is what turns a collection of local budgeting prob-
lems into a game: county decisions generate positive externalities and are naturally modeled
as an edge-weighted budgeted mazimum coverage (EBMC) game over roughly 9,000 lakes.
Chapter 2 solves an instance with 84 county players; Chapter 3 focuses on the 38 counties

that are strategically active at the baseline budget.

This application also has a well-developed centralized counterpart, which sharpens what
the game-theoretic formulation adds. Haight et al. [81] optimize the location of watercraft
inspection stations to slow AIS spread, Haight et al. [82] pose a bi-level state—county pre-
vention model, and Angell et al. [2], Kinsley et al. [93, 94] develop decision-support tools
that help counties prioritize inspections and plan collaboratively. These models assume a
planner who can direct effort. A parallel line of work relaxes that assumption using game
theory: Biiyiiktahtakin et al. [29] allocate the gains from coordinated invasive-species control
through cooperative game theory, and Chen et al. [44] design reimbursement incentives that
lead private landowners to undertake socially beneficial treatment. The formulation studied
here is different again: county budgets, jurisdictional boundaries, and statutory authority
are taken as fixed, no transfers or contracts are introduced, and the counties’ discrete in-
spection decisions are modeled explicitly as the strategies of an integer programming game.
Under those constraints the outcome improves markedly. Relative to the reference equilib-
rium the counties would otherwise reach, the recommendation produced in Chapter 3 raises
the number of protected infested lakes from 220 to 302—an increase of roughly 37%—while
guaranteeing every county at least its equilibrium payoff and requiring no inter-county trans-
fers, and the welfare cost of that guarantee stays within 0.15% of the unconstrained optimum

across budget scenarios from 50% to 125% of current funding (Table 3.11).
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Contributions. The dissertation makes four principal contributions, developed in Chap-

ters 2 to 5, which can be read along three dimensions.

Theoretical. We establish a Las Vegas convergence guarantee for round-based random-restart
best-response dynamics in finite games, giving conditions under which the probability of
reaching a PNE tends to one as restarts accumulate. We define the price of individual ra-
tionality (PIR) and prove that it is bounded above by the price of stability when reference
utilities are drawn from the welfare-best equilibrium. We introduce conditional equilib-
rium inequalities (CEIs), which are, to the best of our knowledge, the first globally valid
equilibrium inequalities for generalized IPGs, and we prove the vertex equilibrium structure
theorem characterizing when equilibrium strategies must lie at vertices of the conditional
strategy polytope. For cooperative IPGs we derive a stability inequality that keeps every
formed coalition in its own Core, characterize when the resulting mixed-integer formulations
are integer-equivalent, and show that the disaggregated formulation yields a strictly tighter

linear relaxation.

Algorithmic. We develop RRR-BRD and its hybridization with the zero-regret cutting-plane
method (BZR), which together substantially advance the scale at which pure equilibria of
IPGs can be computed and sampled. We give a generalized zero-regret algorithm that sep-
arates CEls as lazy constraints and optimizes over the generalized equilibrium set, together
with an a-bisection search returning certified approximate equilibria when exact ones may
not exist, and structural (VEST) cuts for cost-sharing games such as integer splittable bin
packing. For cooperative IPGs we give lifted stability cuts, separation strategies, a stability-
feasible primal heuristic, and a payoff-refinement step computing the Shapley value and the

nucleolus of every formed coalition.

Application. We formulate the Minnesota AIS inspection problem as a large-scale EBMC

game and compute its equilibria at statewide scale; we translate the equilibria into imple-



mentable, voluntarily acceptable statewide recommendations and quantify their ecological
benefit and their welfare cost; and we deliver managerial guidance on where inspection ca-
pacity should be directed, how coalitions among counties should be formed, and how robust

these recommendations are to changes in the funding level.

Organization. Chapter 2 develops scalable computation and sampling of pure Nash equi-
libria for non-cooperative IPGs and applies it to the Minnesota AIS EBMC game. Chapter 3
shows how to leverage those equilibria as guarantees to improve social welfare without harm-
ing any player, and quantifies the resulting welfare gains under a range of budget scenarios.
Chapter 4 treats generalized IPGs with coupled feasibility, providing exact and approximate
equilibrium certificates via conditional inequalities, separation, and structural cuts. Chap-
ter 5 turns to cooperative IPGs, defining coalition values through pooled integer programs
and computing optimal, stable coalition structures. Chapter 6 concludes by drawing together
the non-cooperative, generalized, and cooperative threads and outlining directions for future

research.

Underlying manuscripts and reproducibility. Chapters 2 to 5 are each based on a
separate manuscript, adapted and expanded for this dissertation; notation, exposition, and
organization have been revised for consistency across chapters. Each chapter repeats this
provenance in a manuscript note at its opening; the four manuscripts and the repositories

holding their code and data are collected here for reference.

« Chapter 2 is based on H. Lee, R. Hildebrand, W. Cai, and I. E. Biiyiiktahtakin,
“Random-Restart Best-Response Dynamics for Large-Scale Integer Programming Games
and Their Applications,” arXiv:2409.04078 [98], invited for resubmission at Manage-

ment Science. Code and data: https://github.com/HyunwooLee0429/Best-respo
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nse-dynamics-IPG.

Chapter 3 is based on H. Lee, R. Hildebrand, W. Cai, A. Kinsley, N. Phelps, and
I. E. Biiyiiktahtakim, “Nash-informed Planning for Public-Resource Coordination: An
Application to Aquatic Invasive Species Prevention,” working paper. Code and data:

https://github.com/HyunwoolLee0429/nash-informed-planning.

Chapter 4 is based on B. Hao, H. Lee, R. Hildebrand, and C. Michini, “Conditional
Equilibrium Inequalities for Generalized Nash Equilibrium Problems with Pure-Integer
Variables,” working paper. Code and data: https://github.com/HyunwooLee0429/

GIPG.

Chapter 5 is based on H. Lee, R. Hildebrand, I. E. Biiyiiktahtakin, and J. Yang,
“Cooperative Integer Programming Games: Core Stability and Optimal Coalition
Structures,” working paper. The paper was peer reviewed and accepted for presenta-
tion at the 2026 INFORMS Optimization Society Conference, with the camera-ready
version available at https://zenodo.org/records/19380553, and has been in-
vited for expedited review at INFORMS Journal on Optimization. Code and data:

https://github.com/HyunwoolLee0429/CIPG.
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2.1 Introduction

Integer programming games (IPGs) stand at the crossroads of integer programming and non-
cooperative game theory. They study settings in which each player solves an optimization
model with discrete decisions, and these decisions influence one another’s utilities. IPGs are
non-cooperative, complete-information games: players are self-interested and have complete
information about each other’s utilities and strategy sets [36]. A pure Nash equilibrium
(PNE), as defined by Nash [108], is a strategy profile in which no player can improve their
utility by unilaterally changing their strategy. Social welfare is the sum of all players’ utilities.
In this chapter, we develop efficient algorithms for large-scale IPGs to (i) compute a PNE,

(ii) compute multiple PNEs, and (iii) identify the PNE with the highest social welfare.

Computing multiple PNEs is an important task in non-cooperative games, as some equi-
libria may be more desirable than others. In particular, a socially optimal PNE—a PNE
that maximizes total social welfare—is a natural target in settings with mediators or central
planners who care about system-wide performance. This notion is also central in algorithmic
game theory [127], where it underpins standard measures of equilibrium inefficiency relative
to socially optimal outcomes. In the IPG literature, two recent lines of work address (i)
equilibrium computation and enumeration and (ii) selecting a welfare-maximizing equilib-
rium: Dragotto and Scatamacchia [58] for PNEs, and Crénert and Minner [49] for mixed

Nash equilibria (MNEs). However, both approaches remain limited to small-scale instances.

Although recent advances in IPG algorithms have improved our ability to compute PNEs,
most methods remain limited to small-scale games with only two or three players (n < 3)
[58] or with a smaller number of variables (m < 5) [128, 135]. Given the maturity of the
field, it is timely to bridge this gap by addressing the large-scale, multi-stakeholder instances

required for real-world decision-making. Compelling examples arise in resource allocation



2.1. INTRODUCTION 11

decisions across decentralized administrative structures, such as the many states or counties
in the United States, naturally forming large-scale IPG settings. Motivated by Minnesota’s
AIS prevention efforts, which are independently managed by 84 counties, we introduce a new
class of non-cooperative IPGs: edge-weighted budgeted mazximum coverage (EBMC) games.
These games model county-level decision-making under budget constraints and inter-county

externalities. Solving such problems requires scalable and efficient algorithmic approaches.

To address this challenge, we focus on random-restart best-response dynamics (RR-BRD),
a randomized variant of best-response dynamics (BRD) [101]. We adopt a Markov chain
framework and model RR-BRD as a random walk on the best-response (BR) state graph of
pure strategy profiles, as introduced by Goemans et al. [73]. A basic observation is that the
induced random walk eventually enters a recurrent class of the BR state graph; these sink
equiltbria include singleton PNEs as well as non-PNE sink components. RR-BRD mitigates
such traps via a restart strategy with a fixed cap on the number of steps per attempt. We
show that, whenever a PNE exists and the restart distribution assigns positive probability
to its basin of attraction, RR-BRD finds a PNE almost surely, with an instance-dependent
bound on the expected number of best-response solves. In practice, we incorporate RR-BRD
as a randomized local-search subroutine within the zero-regret (ZR) framework of Dragotto
and Scatamacchia [58]. This hybrid approach dramatically improves the scalability of PNE
computation, increasing the number of solvable players from small-scale cases (n = 2,3) to

up to 30 players in random datasets and 84 players in real-world datasets.

As a motivating application for large-scale IPGs, we build on optimization-based approaches
to invasive species control [24, 44, 92] by introducing EBMC games, which arise naturally in
decentralized, county-level AIS prevention across U.S. lakes. Previous studies have applied
the EBMC formulation [39] to model AIS inspection at the county [81] and state levels [82],

while others have examined AIS spread across network graphs [65]. In EBMC games, each
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player controls a subset of vertices in a network graph, and each player maximizes their
edge coverage under budget constraints. We define two variants of the utility functions—
selfish and locally altruistic-and establish theoretical conditions for the existence of a PNE
in these models. Additionally, we validate our IPG framework through experimental results
on EBMC games using random and real-world datasets, as well as on knapsack problem
games (KPGs) with random datasets. Our findings reveal that IPGs, coupled with the
enhanced solvability of the BZR algorithm presented in this chapter, offer a powerful and

scalable framework for modeling and solving large-scale multi-agent problems.

2.1.1 Literature Review

Integer programming games (IPGs) are gaining attention for their ability to model strategic
interactions beyond traditional normal-form games. Various applications of IPGs have been
studied, including facility location and design games [49], fixed-charge transportation prob-
lems [131], kidney exchange games [34], quadratic IPGs (qIPGs) [128, 135], and knapsack
problem games (KPGs) [38, 58]. In these models, each player solves a player-specific integer
program (IP), and strategic interactions are typically captured through reciprocally bilinear
terms that couple players’ decision variables, with either linear objectives (e.g., KPG) or

quadratic objectives (e.g., qIPG).

Carvalho et al. [37] provide a comprehensive overview of the IPG solution methods, cat-
egorizing them into six approaches. Among these, sample generation method (SGM) [36],
enumerative SGM (eSGM) [49], and Cut-and-Play (CnP) [38] compute MNEs, while branch-
ing method (BM) [128], zero-regret (ZR) [58], and branch-and-prune (BnP) [135] focus on
PNEs. Notably, Carvalho et al. [36] and Croénert and Minner [49] use normal-form game

methods to compute MNEs in sampled games before verifying them in the original setting.
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Among exact methods to compute PNEs, the zero-regret (ZR) algorithm [58] is state-of-
the-art for computing socially optimal PNEs via a cutting-plane approach. For approximate
NEs, Sankaranarayanan [133] presents a best-response algorithm to compute approximate
PNE and Duguet et al. [63] show a piecewise linear approximation to compute approximate

MNE in the mixed-integer nonlinear programming cases based on SGM.

In most approaches, equilibrium computation is ultimately reduced to one or more joint op-
timization problems that couple all (or a subset of) players’ strategy sets, either explicitly in
normal form or implicitly via extended MIP or complementarity formulations. Consequently,
reported computational studies focus on instances with small numbers of players and integer
variables per player (typically with n -m < 300, where n is the number of players and m
is the number of integer variables per player; see also Section 2.4.3). This provides a useful
baseline but leaves open the question of how far one can push the tractability of equilibrium
computation in IPGs when the number of players is much larger—for example, when n - m is

in the thousands.

Best-response dynamics (BRD) [101] is a foundational and commonly used method for com-
puting PNEs in normal-form games, where players take turns solving their best-response
problems while keeping the strategies of the others fixed. In well-structured classes such as
potential games [105] and, more generally, best-response-weakly acyclic games [5], the con-
vergence of BRD to a PNE is well understood. However, for arbitrary normal-form games
the best-response state graph may contain directed cycles and non-singleton sink strongly
connected components. Goemans et al. [73] interpret the long-run behavior of such dynamics
through sink equilibria, which capture recurrent behavior of best-response walks; see also the
broader dynamics-based perspective of Papadimitriou and Piliouras [115]. Relatedly, Hakim
et al. [83] study limit (infinite-horizon) absorption over sink SCCs of a (better-or-equal) re-

sponse graph under a different noisy dynamics; our analysis uses a Markov chain induced by
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(improving) best-response updates and focuses on finite-horizon PNE-hitting probabilities.

Recent work in algorithmic game theory (AGT) has studied randomized variants of BRD that
still follow a single trajectory but randomize either the initial profile or the updating player at
each step. For example, Amiet et al. [1] and Heinrich et al. [88] consider games with random
payoffs: Amiet et al. [1] study BRD in games with binary strategy profiles, and Heinrich
et al. [88] analyze BRD with randomized playing sequences and randomly drawn initial
strategy profiles. These works introduce randomness through the play sequence and initial
draws from a known or assumed distribution, but they do not employ restart mechanisms.
In the TPG context, Sankaranarayanan [133] analyzes a best-response algorithm with fixed
playing sequence for lattice convex-quadratic simultaneous games and shows that, when the
sequence of strategy profiles enters a finite trap (detected by a repeated profile), one can
extract an approximate MNE from the strategies in that trap. To our knowledge, prior to this
work, BRD-type procedures had not been developed as a scalable, restart-based algorithm

for computing PNEs in IPGs with finite strategy sets.

2.1.2 Contribution

Our detailed contributions are summarized as follows:

« We introduce random-restart BRD (RR-BRD) into the IPG literature and analyze
it as a randomized search framework for computing PNEs in large-scale games. For
IPGs with finite strategy sets, we adopt the best-response (BR) state-graph viewpoint
of Goemans et al. [73] and model RR-BRD as a Markov chain on this graph. We show
that, whenever a PNE exists and the restart distribution assigns positive probability
to states from which a PNE is reachable within the round cap, RR-BRD finds a

PNE with probability one and admits an instance-dependent bound on the expected
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number of BR solves. We further contribute to the normal-form game literature by
providing a convergence guarantee for BRD under restarts stated directly in terms of
BR-state-graph reachability, without assuming random payoffs or restrictive structural

conditions (e.g., potential games or BR-weakly acyclic games).

o We propose a Monte Carlo sampling-and-simulation procedure, in the spirit of Hakim
et al. [83], to estimate per-attempt success under a fixed round cap and to inform an
instance-dependent performance characterization of RR-BRD. We also discuss best-
and worst-case behavior on general BR state graphs and give a knapsack-style IPG

instance illustrating worst-case behavior.

 Building on this framework, we propose BRD-incorporated zero-regret (BZR), which
embeds RR-BRD as a randomized local-search subroutine within the ZR [58]. Using
solver callbacks, BZR invokes RR-BRD to search for and supply PNEs, while ZR adds
equilibrium inequalities to tighten the formulation. In BZR, integer-feasible incum-
bents produced by the mixed-integer program (MIP) solver provide randomized initial
strategy profiles for RR-BRD, and equilibrium inequalities are generated from the
best-response profiles encountered along RR-BRD trajectories. We also discuss how

RR-BRD can serve as a modular local-search subroutine within other IPG algorithms.

« We introduce edge-weighted budgeted maximum coverage (EBMC) games, a novel class
of non-cooperative integer programming games where players maximize edge coverage
under budget constraints on a network. We examine two variants of the players’ utility
functions—locally altruistic and selfish—and prove the existence of a PNE in locally
altruistic EBMC games via potential game arguments, as well as provide sufficient

conditions for the existence of a PNE in selfish EBMC games.

o We conduct extensive experiments to assess the scalability and effectiveness of RR-
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BRD and BZR on synthetic EBMC and KPG instances with up to 30 players. Across
135 test cases (27 per variant for the two EBMC and three KPG types), RR-BRD
finds a PNE in 128 instances. When embedded in ZR, BZR substantially improves
performance: it finds at least one PNE in 128 instances (vs. 33 for ZR) and identifies
179 PNEs for EBMC (vs. 35) and 3160 for KPGs (vs. 38). Overall, RR-BRD is effective
both as a standalone algorithm and as a local-search subroutine that greatly improves

ZR’s scalability.

o We implement our algorithms on a real-world EBMC instance with 84 county plan-
ners in Minnesota’s AIS inspection programs. For the selfish EBMC game, RR-BRD
finds a socially optimal PNE; without this algorithm, it would be unclear whether a
PNE exists, making PNE-based benchmarks difficult to use. For the locally altruistic
EBMC game, we identify a socially optimal solution that is also a PNE. Comparing
these equilibria, we show how the behavioral specification (selfish vs. locally altruistic)
changes both system-wide performance and the distribution of individual utilities, with

locally altruistic equilibria often yielding higher individual utilities.

This chapter is organized as follows. Section 2.2 provides preliminaries on IPGs, normal-
form games, and the best-response state graph. Section 2.3 presents our RR-BRD framework
and its probabilistic convergence guarantees. Section 2.4 shows how RR-BRD can be incor-
porated into the ZR framework and other algorithms. Section 2.5 formally defines EBMC
games as an illustrative IPG, highlighting variations in utility functions across players. Sec-
tion 2.6 establishes conditions for the existence of PNEs in EBMC games. Section 2.7 reports
computational experiments that demonstrate the effectiveness and generalizability of RR-
BRD and BZR on both random and real-world datasets, including random knapsack game
datasets representing broader classes of resource-constrained IPGs. Finally, Section 2.8 of-

fers concluding remarks. For quick reference on acronyms and notation used throughout this
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chapter, see Appendix 2.A.

2.2 Preliminaries

This section provides the modeling and state-graph foundations used throughout this chap-
ter. Section 2.2.1 defines IPGs and PNE, and Section 2.2.2 introduces the normal-form
best-response state graph (and its Markov-chain reduction) used to describe and analyze

our RR-BRD in Section 2.3.

2.2.1 Integer Programming Games and Pure Nash Equilibria

We introduce the fundamental definitions and concepts related to IPGs and PNEs. Following
Koppe et al. [96], an IPG is defined as a tuple G = (N, (X)ien (ui)ieN), where N :=
{1,...,n} denotes the set of players, X, := {x* € Z™ : A’x* < b’} represents the pure-
integer strategy set for player 4 with rational matrix A’, vector b?, and dimension m,, and
u;(x%,x7%) : X' — R is the utility function for player i, parametrized by the strategies x % of

all other players. Here, X := 2| x --- x X, denotes the joint strategy space.

Throughout, we assume that each X; is nonempty and polyhedrally bounded, so that each
player has a finite number of pure strategies and the joint strategy space X is finite. This

assumption is used when relating IPGs to finite normal-form games in the sequel.

The utility function of player 7 is often expressed as

w(x,x ) = ()T Qx4 (d) X' + ) (xP) T Qix’, (2.1)
peN\{i}

where Q! is a symmetric matrix (not necessarily positive semidefinite), d* is a linear coeffi-
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cient vector, and the terms (xP )TQ;xi capture inter-player interactions through reciprocally

bilinear terms.

In an IPG, players act non-cooperatively, each solving an individual integer program (IP) to
maximize their utility. The best-response problem for player ¢ is

max{u;(x',x7) : x* € X, }. (2.2)

x?t

We assume that the best-response problems (2.2) are tractable and solved to optimality.

A strategy profile x = (x',...,x™) is a collection of all players’ strategies. A profile X is a

pure Nash equilibrium (PNE) if, for each player i € N, the strategy X’ is a best response
(BR) to the others’ strategies X%, i.e., u; (X', X%) > u,(x!,Xx7%), Vx' € X,. Carvalho et al.
[35] show that deciding whether a general IPG admits a PNE is a X5-complete problem and

that PNEs may fail to exist even in simple two-player IPGs.

We define the social welfare function as ¢(x) = >_._ . u; (x*,x7%), and refer to a socially op-
timal strategy profile (or optimal social-welfare (OSW) solution) as X%, € arg max, o ¢(X).
Let §.,,.(9) denote the set of all PNEs of the IPG instance §. The best PNE is then defined

as Xjo € argMaXyc v, (g) ¢(x). The price of stability (POS) [127], a common measure of

inefficiency in game theory, is defined as the ratio POS = q(f((;’;w))' A larger POS indicates

pne

a larger gap in social welfare between the best PNE and the socially optimal solution.

IPGs as finite normal-form games. When each player’s pure-integer feasible set X,
is finite and polyhedrally bounded, an IPG can be viewed as a finite normal-form game
by setting S; := XX, as the pure strategy set of player ¢ and defining utilities u, at each
joint profile to equal the IP objective values. This representation preserves payoffs and best

responses and induces the same best-response state graph and Markov chain as those defined
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below. We emphasize that this is a conceptual viewpoint—explicit enumeration of Hie N X,

is generally intractable—and our methods avoid it by computing BRs via player-specific IPs.

2.2.2 Normal-Form Games, BR State Graphs, and Markov Re-

duction

Let N = {1,...,n} denote the players. For each i € N, let S, be a finite set of pure strategies
and set S := Hie n i~ Utilities u; : S — R are arbitrary but deterministic. For each ¢ € N
and profile s = (s;);eny € S, define the set of strictly improving best responses (BRs) as
BRT(s) := {ti € argmax, cg U;(r;8_;) = u;(t;, ;) > u,(s;, sﬂ-)} . We say that player ¢

has an improving BR move at s if BR] (s) # 0; otherwise, player i is already best-responding

at s (possibly with ties), and we regard this as a no-move situation for player i.

Best-response state graph and a time-homogeneous Markov chain. The best-
response (BR) state graph is U = (S, E) with a directed edge s — (t;,s_;) for each
s€S,i€ N,and t; € BR](s); that is, edges correspond to strictly improving BR moves.
We also interpret no-move updates as self-loops s — s. A profile s* is a PNE iff BR (s*) =0
for all i € N—equivalently, s* has no outgoing strictly improving BR edges, so all BR updates

reduce to self-loops.

Fix a scheduler 7 with 7, > 0 for all ¢ € N (e.g., uniform 7, = 1/n). For each player i € N
and state s € S, we specify a tie-breaking kernel A,(- | s), a probability distribution on .S,

such that:

o if BR(s)#+ 0, then \;(- | s) is supported on the improving BR successors { (¢;,s_;) :
t; € BR; (s) }, and each such successor has positive probability (for instance, uniform

choice over BR} (s));
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o if BRI (s) =0, then \;(s | s) = 1, i.e., player ¢« does not move when already best-

responding (even if there are other tied best responses).

We then define transition probabilities

P(s,s') == Y mA(s'|s), s €S (2.3)

iEN
Thus (X,);>o with X, ; ~ P(X,,-) is a finite, time-homogeneous Markov chain whose
positive-probability transitions are exactly the edges of U (including self-loops). By the
Markov property, the next state depends on the current state and a fresh draw I, ~ 7 to-
gether with the tie-breaking kernels. At a PNE s*, BR; (s*) = () for all 4, hence \;(s* | s*) =
1 and P(s*,s*) =1, so {s*} is an absorbing class. Standard notions such as communicat-

ing classes, recurrent and transient states, hitting probabilities, and expected hitting times

apply.

2.3 Convergence of Best-Response Dynamics in Finite

Normal-Form Games

We establish convergence guarantees for random-restart best-response dynamics (RR-BRD)
in IPGs via the following steps: (i) cast an IPG with finite pure-integer feasible sets as a
finite normal-form game; (ii) construct the best-response (BR) state graph; (iii) compute
its strongly connected components (SCCs) and the associated condensation directed acyclic
graph (DAG); and (iv) identify sink SCCs, distinguishing singleton PNE sinks from multi-
node non-PNE sinks. Steps (i)-(ii) are described in Section 2.2. The baseline fact is that a
random walk on the BR state graph eventually enters a sink SCC and remains there; thus it

converges either to a singleton PNE sink or to a non-PNE sink (trap) [73]. Our addition is to
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introduce random restarts aimed at reaching singleton PNE sinks, yielding a Las Vegas-style
guarantee: if a PNE exists and the restart distribution places positive mass on any state
from which some PNE sink is reachable, then RR-BRD finds (and certifies) a PNE almost

surely.

2.3.1 SCCs, the Condensation DAG, and Recurrent Classes

Let SCC(U) denote the set of strongly connected components of U, and let D be the conden-
sation DAG of U, obtained by contracting each SCC (so 2 is finite and acyclic). An SCC S
is a sink SCC if and only if no BR edge leaves S (equivalently, the node corresponding to S
is a sink in D). We distinguish: (i) a PNE sink, i.e., a singleton sink SCC {s*} (necessarily
a PNE), and (ii) a non-PNE sink (or trap), i.e., a sink SCC S with |S| > 1. This structure
is illustrated in Figure 2.1.

= L a0

SCC A scc C PNE sink P

SCC E non-PNE sink M

@

Figure 2.1: ITllustration of a connected condensation DAG with two terminal sinks: a single-
ton PNE sink P and a multi-node non-PNE sink M. Boxes and circles are SCCs; internal
dots depict the number of profiles each SCC contains (singletons vs. multi-node SCCs).
Arrows are edges of the acyclic condensation graph. SCC labels (A, B, C, D, E, P, M) are
arbitrary and used solely for illustration. In potential or BR-weakly acyclic games, non-PNE
sinks do not occur; all sink SCCs are singleton PNEs, so the branch labeled M is absent.

Figure 2.1 illustrates that best-response dynamics may converge either to a singleton PNE
sink or to a non-PNE sink, from which escape is impossible—motivating the use of random
restarts developed in Section 2.3.3. Because (2.3) assigns positive probability exactly to BR

edges, the Markov chain’s communicating classes coincide with the SCCs of U/; in particular,
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its recurrent classes are precisely the sink SCCs. Thus, every PNE is a singleton recurrent
(absorbing) class, while any non-PNE sink is a closed, non-singleton trap. BRD as a random
walk (i.e., equivalently, with randomized playing sequences) samples I, € N ii.d. with
Pr(I, = i) = m; > 0 and, conditional on I, = 4, updates s,,; by applying one improving
best-response move for player i according to A;(- | s;). This produces exactly the Markov

chain with transition kernel P in (2.3).

Randomized playing sequences [88] can help escape non-sink cycles (for example, cycles in
an SCC with at least one outgoing edge, such as the SCCs labeled A, C' and D in Figure 2.1),
whereas a fixed update order can get stuck there (i.e., the fixed update order can prevent
the escaping BR move). However, using a randomized playing sequence is not enough; once
the chain enters a non-PNE trap, it cannot leave. In particular, when non-PNE traps exist,
a random playing sequence alone does not ensure reaching a PNE, as emphasized in the

sink-equilibrium framework of Goemans et al. [73].

2.3.2 Deterministic Convergence in Structured Subclasses

Potential games and best-response weak acyclicity. (compare Figure 2.1: non-PNE
sink is absent in these subclasses) A finite game is a (weighted) potential game if some
¥ : S — R tracks unilateral improvements: for all ¢ and ¢, € S;, u,(t;,s_;) — u;(s;,5_;) =
w; (1/J(tz-, s_;) — (s, sﬂ-)) with w; > 0. By the finite improvement property, every BR path
strictly increases 1) and therefore reaches a PNE in finitely many steps [105]; classic subclasses
include congestion games [126] and player-specific congestion games [103]. A game is BR-
weakly acyclic if every sink SCC in the BR state graph is a singleton PNE (equivalently, from
every start, there exists a finite BR path to a PNE). In such games, every BR trajectory

(under any scheduler) reaches a PNE in finite time because infinite trajectories would have
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to reside in a non-PNE sink, which is excluded by definition; see, e.g., Apt and Simon [5]

for systematic treatments and related characterizations.

Bridge to the general case. Outside these structured subclasses, the BR state graph may
contain non-PNE trap components, which can trap BRD even under randomized playing se-
quences (see the sink-equilibrium viewpoint of Goemans et al. 73). The next subsection shows
that introducing random restarts yields Las Vegas-style guarantees and instance-dependent

bounds in arbitrary finite games.

2.3.3 Round Random-Restart Best-Response Dynamics (RRR-BRD)

RRR-BRD is a round-based variant of BRD that incorporates random restarts. A restart
means that if the dynamics fails to reach a PNE within a prescribed cap, we abandon the
current trajectory, reinitialize the strategy profile (according to a restart distribution), and
repeat. Instead of updating one player at a time, RRR-BRD batches updates into rounds: in
each round, every player plays one improving BR move, in a uniformly random order. This
makes local PNE certification simple: if no player changes in a round (i.e., no improving
BR exists when each player is selected), then the current profile is a PNE. Hereafter, we
use RRR-BRD to denote the implemented algorithm; we retain RR-BRD as a conceptual

umbrella term.

The guarantees we develop are Las Vegas rather than deterministic: randomness affects the
trajectory and runtime, but the algorithm never returns an incorrect solution—whenever it
returns, it outputs a certified PNE. If a PNE exists and a capped attempt succeeds with
positive probability, then independent unbounded restarts imply almost-sure convergence to

a PNE. We now present RRR-BRD (Algorithm 2.1).
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Algorithm 2.1 Round Random-Restart BRD (RRR-BRD)
Require: restart law p on S; round cap R € N

1: while true do

2: sample s ~ u [> fixed-cap restart: if no PNE within R rounds, restart
3: forr=1,2,....R do

4: draw a random permutation IT of {1,...,n} > uniform

5: sStart o ¢

2

for ¢ in order II do apply one improving best-response update for player ¢

if s = st then return s > PNE certified by end-of-round no-change

Non-PNE sinks and the avoidance of trap detection. The BR state graph may con-
tain non-singleton SCCs and, in particular, non-PNE traps. A natural question is whether
Algorithm 2.1 could implement a “stop-on-trap” rule—e.g., restart immediately (Line 2) once
the trajectory enters a non-PNE trap. While appealing in principle, this requires detecting
sink membership, which is computationally intractable in general for succinctly represented
games. To the best of our knowledge, there is no general complexity classification of the
IN-a-Sink problem for arbitrary succinct normal-form representations; existing hardness re-
sults are established for specific classes. For example, IN-A-SiNnk is PSPACE-complete for
graphical games/BGP [67], and across several natural game classes (e.g., anonymous, player-
specific or weighted congestion, valid-utility, and two-sided markets) sink membership and
the existence of non-singleton sinks are PSPACE-complete, while even PNE existence can
be NP-hard [104]. Accordingly, our algorithm avoids trap detection entirely: Algorithm 2.1
uses only inexpensive local checks for PNE certification and fixed-cap restarts, and never

requires constructing or reasoning over the full BR state graph.



2.3. CONVERGENCE OF BEST-REsPONSE Dynamics IN FINITE NORMAL-ForM GAMES 25

Round-based (macro) Markov chain and hitting times. For a permutation 7 of
{1,...,n}, let F_ denote the (random) operator that applies exactly one improving BR
update for each player in the order m, using the tie-breaking kernels (\;),cny from Sec-
tion 2.2.2. If (IL,),~, are i.i.d. uniform permutations, then the round-boundary process
Spp1 = FHT(ST), r=0,1,2,..., is a time-homogeneous Markov chain on the finite state
space S. PNEs are still absorbing states. Moreover, any sink SCC of the stepwise BR state
graph remains closed under round transitions, so the recurrent classes are unchanged. For
any C' C S, define the (round) hitting time 7 := inf{r > 0: S, € C} and write Tpyp for

the hitting time of the set of PNE.

Restarts and per-attempt success probability. A restart law p is any probability

distribution on S. For a fixed round cap R > 1, define the per-attempt success probability

QM[R] =L P;r(TPNE < R)], (2.4)

-

i.e., the probability that a single RRR-BRD attempt started from s ~ p reaches (and
certifies) a PNE within at most R rounds. Note that g,[R] > 0 whenever u assigns positive
probability to at least one state from which a PNE is reachable via improving BR moves
within R rounds. (In contrast, Hakim et al. [83] study limit (infinite-horizon) absorption

probabilities into sink SCCs under a different noisy dynamics.)

We now establish the following result; proof is given in Appendix 2.B.

Theorem 2.2 (RRR-BRD: almost surely success and expected complexity). Assume a PNE
exists and the restart law p assigns positive mass to states from which a PNE is reach-
able via improving best-response moves. If q,[R] > 0, then: (i) RRR-BRD finds a PNE

with probability 1 and (ii) The expected total number of best-response solves is bounded by
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E[# BR solves] < ik

Remark 2.3. If a PNE exists and u has full support on S, then ¢,[R] > 0 for all R > 1
because p assigns positive probability to every state, including each PNE state (and thus
a PNE can be reached within one capped attempt). Therefore, the condition du [R] > 0 in
Theorem 2.2 holds under any full-support restart law and more generally whenever 1 assigns

positive mass to the attraction basin of some PNE.

Theorem 2.2 concerns the idealized unbounded-restart variant; in computation we cap the

number of restarts at L and report failure if no PNE is reached. If each BR solve takes time at

most Tz, then the expected time until discovery E[time] < E[#BR solves] T’z < #%TB@.
"

Here T’z depends on the BR implementation and may be difficult to characterize.

RRR-BRD in IPGs. We now specialize RRR-BRD to IPGs. The scheme is analo-
gous to Algorithm 2.1, but states are represented by integer-feasible strategy profiles x =
(x!,...,x™), and BR updates are implemented by solving player-specific IPs. The round-

based random permutation is encoded in Line 4, and random restarts are encoded in Line 11.

We now present the following corollary; proof is given in Appendix 2.B.

Corollary 2.5 (RRR-BRD for IPGs). Consider an IPG G = (N,(X;);en, (U;)ien) with
polyhedrally bounded feasible sets X, = {x* € 7™ : A'x" < b'}, so that X' = HZ,GN X,
is finite and can be viewed as the state space S of a finite normal-form game. Let p be
the restart law induced by RANDOM_GENERATION(X) in Algorithm 2.4. If G admits a PNE

and q,[R] > 0, then Algorithm 2.4 with unbounded restarts (L — oo) finds a PNE with

probability 1 and satisfies [E[#BR solves| < q”ﬁ”ﬂ. In particular, if RANDOM_GENERATION
"

has full support on X and a PNE exists, then q,[R] > 0 for every R > 1 (Remark 2.3).
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Algorithm 2.4 RRR-BRD algorithm for integer programming games

Require: IPG instance, initial strategy profile x;,;;, max rounds R, max restarts L

1: Initialize current profile X < X;,;; (optional) or X < RaNDOM_GENERATION(X)

2: for l=1to L do

3 for r=1to R do

4: draw a random permutation of players N <— RANDOMPERMUTATION(NV)

5 for each player ¢ in N do

6 If an improving best response exists, compute X’ € arg max,; u,;(x?,X ) and update
X+ (x4,x70).

7
8: if consecutive profiles are identical then return x [> PNE certified by end-of-round
no-change
18
11: X < Ranpom_GENERATION(X) [> restart: generate a new initial strategy profile
12:
13: return None > no PNE found within caps R, L

Any feasible-solution generator with broad coverage over X' can be used to implement u.
We provide explicit random feasible-solution generators—both maximal and full-support
variants—for KPG and EBMC in Appendix 2.C. We alternate these variants across restarts;
the resulting mixture retains full support on X'. We also cap R and L, since we do not know
a priori whether a PNE exists: if no PNE exists, the conceptual RRR-BRD would never
terminate. Moreover, when integrating with a MIP solver, the solver supplies natural initial

profiles, so imposing finite caps is practical.

In terms of runtime, if each BR solve takes at most 1’55, then the expected runtime bound
follows immediately by multiplying the BR-solve bound by Tz5. In IPGs, each BR solve
is implemented by solving a player-specific IP to optimality, so Tz, can be difficult to
characterize theoretically. In practice, one may treat Tz, as an empirical per-solve runtime

estimate under the chosen solver settings.
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2.3.4 Complexity Analysis for RRR-BRD

The practical question is how to select the round cap R in RRR-BRD. As R increases, q,, [R]
(2.4) is nondecreasing, creating a trade-off in expected time. Taking R to be very large
is impractical in a failed attempt, and the idealized “stop-on-trap” behavior is unavailable.
Throughout this chapter, we therefore fix a modest cap R € [10,20], which empirically

balances per-attempt cost and g, [R].

Because the BR state graph can contain SCCs of size > 1 and non-PNE traps, performance
can be poor even when a PNE exists: if ¢, [R] is extremely small, then after r restarts the total
work nRr can exceed crude enumeration scales with non-negligible probability. In particular,
as a worst-case event, more than r restarts are required (equivalently, the algorithm fails
for 7 consecutive attempts), which occurs with probability Pr(R* > r) = (1 — ¢,[R])". See
Appendix 2.D for a schematic and a knapsack-style example where most restarts are absorbed
by a non-PNE trap and g, [R] is exponentially small. As a best-case event, the first attempt
can succeed, which occurs with probability g,[R]. Very roughly, g,[R] captures instance
difficulty for RRR-BRD under p and R. Our guarantees are Las Vegas-style: success occurs
almost surely when g, [R] > 0, while efficiency is governed by these instance-dependent

success probabilities.

Since gq,, [R] is not directly computable in large IPGs, we estimate it empirically via Monte
Carlo simulation over restart states. This aligns with the sampling-and-simulation approach
used to estimate absorption behavior on response graphs [83]. While their work defines
transition via weakly improving deviations and studies infinite-horizon absorption into sink
SCCs under noisy dynamics, we estimate a finite-horizon probability of hitting the PNE set

within < R rounds under improving best-response updates.

Given a restart law 11, we estimate §,[R] := E,_ [1{RRR-BRD from s reaches a PNE within R rounds}]
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using Monte Carlo by averaging the indicator over a finite set of starts. We report avg rounds,
i.e., the mean number of rounds over all attempts (using R for failures and the realized round
count for successes). Furthermore, based on ¢, [R], we report the expected step bound (ESB)

for each instance.

We examine RRR-BRD in two settings:

(i) Normal-form reductions. We consider instances of the form max,ic(gym {d; x" +
i , , ..

ZPGN:p#(xp) Qix'}, where d; € ZP, and Q) € Z™™, with entries in [—100,100].

For n € {2,3} and m € {3,4}, we sample 10 random games per (n,m), retaining only

instances that admit at least one PNE. For each instance, p is taken from a uniform

distribution over all pure profiles S. Since |S| is modest, we set R = 10 and estimate

q,[R] by testing every starting state.

(i) Knapsack problem games (KPG). (see Section 2.7.4 for the full definition). We im-
plement RRR-BRD for IPGs (Algorithm 2.4) with a round cap R = 20 and a restart cap
L =100. p is taken from the empirical distribution over 100 randomly generated feasible
starts per instance using a feasible-solution generator (Appendix 2.C); q,[R] is then es-
timated from these starts. We use the KPG instances from Dragotto and Scatamacchia

[58] for which at least one PNE has been verified in their experiments.

The summaries for (i) and (ii) appear in Tables 2.1 and 2.2. Full results are in Appendix 2.E.
In all simulated cases ¢,[R] > 0, and the average q,[R] value often exceeds 0.5, implying
high success probability with a modest number of restarts. While |.S| can be counted exactly
for (i), the number of integer-feasible profiles for (ii) cannot be counted exactly; nevertheless,
it is expected to be substantially larger than in (i) due to the many binary decisions, even
under knapsack constraints. Note that the average ESB is a conservative upper bound; the

realized number of best-response solves is often much smaller.
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Table 2.1: Normal-form reductions: empirical success within R = 10 rounds under uniform
restarts.

n k [S| 4 inst. with ¢,[R] >0 avg. ¢,[R] avg rounds avg ESB (q”ﬁﬂ)
2 3 64 10/10 1.00 2.6 20
2 4 256 10/10 0.925 3.2 26
3 3 9212 10/10 0.58 6.4 94.4
3 4 4096 10/10 0.72 5.7 62.4

Table 2.2: KPGs: empirical success within R = 20 rounds under random restarts.
type # inst. with q,[R] >0 avg. §,[R] avg rounds avg ESB (%)

q,[R]
A 23/23 1 3.6 9.6
B 20/20 1 3.4 48
C 7/7 0.60 10.1 2135.2

Types (A) and (B) draw the interaction coefficients equally and uniformly from the set in [1, 100] and
independently and uniformly from the set in [1, 100], respectively. Type (C) draws them from a uniform
distribution over [—100, 100].

This Monte Carlo exercise is used only to contextualize complexity, not as a prerequisite
for implementation. Note that the estimate ¢,[R] is inherently algorithm- and parameter-
dependent outside structured classes (e.g., potential games or BR-weakly acyclic games).
Accordingly, we do not propose estimating cju [R] in practice; rather, we run RRR-BRD
directly and treat cju [R] as an ex post diagnostic. In particular, even a single successful run
that returns a PNE immediately certifies g,[R] > 0 for that (u, R) (and yields a PNE to

report), whereas failure to hit a PNE within a finite budget does not rule out g, [R] > 0.

2.4 Best-response Dynamics Incorporated Zero-regret

Algorithm

This section develops our algorithmic framework for computing PNEs in large-scale IPGs.

We first review the lifted formulation and equilibrium inequalities (Els) used in ZR (Sec-
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tion 2.4.1), and then present our best-response-incorporated variant and implementation
details (Section 2.4.2). We also show how RRR-BRD can be used as a randomized local-
search subroutine (Section 2.4.3) and, if it terminates without identifying any PNE, how it

can be adapted to provide an approximate-equilibrium certificate (Section 2.4.4).

2.4.1 Lifted Space and Perfect Equilibrium Formulation

Following Dragotto and Scatamacchia [58], we work in a lifted space in which all players’ utili-
ties are linearized. Let x := (x!, ..., x™) collect the players’ decision vectors and z denote aux-
iliary variables used to linearize nonlinear terms (e.g., bilinear products). Let X be the lifted
feasible set, X := {(x,z): x* € X, Vi € N, (x,z) satisfies all linearization constraints and bounds},
and let conv(XK') be its convex hull. Any integer point (x,z) € X corresponds to a unique

strategy profile x; conversely, every pure-strategy profile has at least one lifted representative

in X.

Let 8,,.(9) denote the set of all PNE profiles of the IPG instance §. Define the perfect
(9)).} Let BR,(x7)

equilibrium formulation as & = {(x,2z) € conv(X) : x € conv(S,,,

denote the set of BRs of player i to a profile x™* € [] X. ZR is a cutting-plane

keN ki
algorithm using Els, that is, linear inequalities valid for £. Such inequalities are obtained

from BRs: for any player i and any BR x* € BR,(x*), the inequality

w (&%) < ug(xx ), (2.5)

is valid for all (x,z) € £ (with utilities evaluated in the lifted space). Dragotto and Scata-
macchia [58] show that collecting all such inequalities over all players and all BRs yields an

equilibrium closure that coincides with & (Theorem 1 in [58]).

Given a candidate point (x,z) € conv(X), the equilibrium separation oracle solves, for each
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player i, X' € argmaxxiexi{ui(xi,f(_i)}. If w,(x",x7%) > u;(x',x7%), the associated EI
(2.5) is violated at (x,z) and is added as a cut; if no such violation occurs for any , then x

is a PNE.

The original ZR algorithm iteratively solves a master problem of the form
max{¢p(x,z) : (x,2) € X, (x,2) satisfies all cuts in 0}, (2.6)

where  is a growing family of Els. At each iteration, ZR solves (2.6) to optimality in
the lifted space, queries the equilibrium separation oracle at the optimal solution (x,z),
and either (i) certifies X as a welfare-maximizing PNE or (ii) adds violated Els to © and
repeats. This yields a cutting-plane method that is provably correct and finitely terminating
whenever a PNE exists. We note that regardless of the choice of the objective function in

(2.6), the capability of computing a PNE via the separation procedure remains valid.

Motivation for the BZR algorithm. The BZR algorithm is motivated by the comple-

mentary strengths and weaknesses of ZR and RRR-BRD.

(i) Limitations of ZR and how RRR-BRD complements it. For large-scale IPGs, the ZR
approach faces several practical challenges. Solving the joint optimization problem (2.6) to
optimality can be very expensive when X encodes many players and variables. Even when
the POS is small, many cuts may be needed to move from the socially optimal solution x
to X, Moreover, the original implementation only adds Els for BRs that are currently
violated, even though additional BRs could, in principle, be used to cut off larger portions
of the non-equilibrium region. RRR-BRD (Algorithm 2.4) addresses these issues by rapidly
finding PNEs at scale and by generating many BRs along its trajectories. Embedding RRR-

BRD as a randomized local-search subroutine inside ZR supplies PNEs in instances where
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plain ZR struggles to find any PNE within the time limit, and provides a rich pool of best

responses that can be recycled as additional Els.

(i) Limitations of RRR-BRD and how ZR complements it. RRR-BRD itself has only prob-
abilistic guarantees: it can efficiently find PNEs when they exist but cannot certify that no
PNE exists. When integrated with the lifted ZR formulation, RRR-BRD benefits from di-
verse, welfare-oriented starting points produced by the MIP solver through callbacks, which
inject both randomness and structure into the initial profiles. At the same time, the combined
BZR algorithm inherits ZR’s structural capabilities: given sufficient time, ZR can certify “no
PNE” by proving infeasibility of the equilibrium formulation and can be configured to enu-
merate PNEs (e.g., via Hamming-distance cuts). Thus, ZR supplies the certification and
enumeration machinery that RRR-BRD lacks, while RRR-BRD supplies the scalable search

capability that ZR lacks.

2.4.2 Algorithm Details

We now present the BZR algorithm (Algorithm 2.7) and illustrate its behavior in Figure 2.2,
which depicts the joint strategy space X for two players. In that figure the axes are the
two players’ utilities, so each marker is the utility pair induced by one joint profile: hollow
markers are profiles that are not equilibria and solid markers are PNEs. The outer shaded

region is Conv(X') and the inner one is Conv(X NS so BZR searches for the welfare-

pne)?
maximizing point of the inner region while optimizing over a relaxation of the outer one,
and the dashed gray arrow points in the direction of increasing social welfare. The BZR

algorithm can be viewed as a combination of a randomized local-search subroutine and a

cutting-plane method with delayed (lazy) separation of Els.

Callback function and separation procedure: We use the MIP solver’s callback mech-
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anism that triggers on integer-feasible solutions (e.g., MIPSOL in Gurobi [80]). While many
types of intervention in the branch-and-bound tree are possible (e.g., custom branching
rules), we restrict our use of callbacks to (i) collect integer-feasible points and (ii) inject
Els. Each incumbent integer solution x returned by the callback is passed to the separation
procedure (Lines 4-9). The oracle checks whether x is a PNE; if not, it adds violated Els.

In Figure 2.2, these cuts are shown in green.

RRR-BRD as a randomized local-search subroutine: If x is not a PNE, it is used
as an initial strategy profile for RRR-BRD (Line 11). Along each RRR-BRD trajectory,
we store the BRs encountered; for any BR X! whose associated EI has not yet been added,
we may inject it into  as an additional cut (Lines 12-14). In Figure 2.2, the RRR-BRD
trajectory is illustrated by the blue arrow, and these additional Els are drawn in red. Note
that this step is valid regardless of whether RRR-BRD finds a PNE in that run: every
trajectory consists of valid BRs, hence all associated Els are valid. If a newly found PNE
improves the current best value, we update the lower bound and set X}, < x (Line 18).
If RRR-BRD fails to find a PNE within the caps (R, L), no primal update occurs and the

algorithm simply proceeds to the next callback solution.

Termination: The dual (upper) bound U B is updated by solving UB = max {¢(X,2) | X € K, qux N 2},

relax

where X denotes the current relaxation of X and € is the set of accumulated Els. The

relax
BZR algorithm terminates once UB — LB < tol (Line 20-23), where tol is the solver’s de-
fault optimality tolerance. If the gap closes, BZR certifies either that the best PNE has been
found or that the equilibrium formulation is infeasible, in which case no PNE exists. If the
imposed time limit is reached first, BZR returns the best PNE found, if any, together with

the incumbent dual bound, but supplies neither an optimality certificate nor a certificate of

nonexistence.
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Remark 2.6. The set X consists of the LP relaxation of X, augmented with general-

relax
purpose cutting planes generated by the solver. In our implementation, this dual bound U B
may remain above X% because BZR does not require solving max{¢(x,z) | (x,z) € X NQ}
to optimality at each iteration. Since U B is shaped jointly by general cuts and a subset of
all possible Els, we do not attempt to add every available EI. Instead, we add only a limited

number per callback (e.g., up to n), and only for players whose BRs have not yet been used

to generate cuts.

Algorithm 2.7 Best-Response Dynamics Incorporated Zero-Regret (BZR) algorithm

Require: IPG instance, parameters max rounds R, max restarts L, tolerance tol

Ensure: Best pure Nash Equilibrium X}, or None

1: Initialize: LB < —o0, UB <+ max{¢(x,2z) | (X,2) € K eax}s < 0, H « O (H stores best
responses)

2: while UB — LB > tol and time limit not exceeded do

3: X « incumbent integer solution from MIPSOL of max{¢(x,z) | x € X N Q} > Callback

Function
4: for i € N do
5: Compute a best response: X' € arg MaXyicy, {u; (x4, x4}
6: if u; (X4, x7%) > u; (X%, x7%) then
7: Add wu,; (%, x %) < u,(xt,x %) to Q and add X! to H > Add violated Els
10: if any violation is found (x is not a PNE) then
11: X <— RRR-BRD(x, R, L) (Algorithm 2.4) and store the best responses found in H >
Apply RRR-BRD
12: for (a limited number of) best responses x* € A, i € N do
13: if the EI for X’ has not yet been added then
%4 Add (%, x7) < u(xt,x7) to Q > Add additional EIs
16:
17:
18: if xis a PNE and ¢(x) > LB then X}, < x and LB «+ ¢(x)
19:
20: UB < max{¢(x,2z) | (x,2) € K qax N}
21:
22: if X, # None then return x;, . else return None [> Return best PNE found or No PNE

9. found

Remark 2.8. Figure 2.2 depicts many Els, with some appearing “deeper” (e.g., those that

are binding at PNEs). However, we do not establish any general dominance relation among
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Figure 2.2: lustration of the BZR algorithm in a two-player game.

Els. For general IPGs, we are not aware of a principled way to identify a strictly stronger
subclass of ElIs. A baseline observation is that including Els associated with all BRs yields
the perfect-equilibrium formulation €. Accordingly, BZR focuses on generating a practically

useful subset of Els, rather than attempting a full characterization.

An illustrative two-player example that works explicitly through the BZR computations is
provided in the Appendix 2.F. To complement this small-scale walkthrough, we also include

an exponential-separation example between ZR and BZR in Appendix 2.G.

2.4.3 RRR-BRD as a Randomized Local-Search Subroutine for

Other Algorithms

Carvalho et al. [37] organize IPG algorithms around three building blocks: an approwi-
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mate phase, which constructs an inner or outer approximation of each player’s strategy set,
yielding sets X ;5 a play phase, which computes a tentative equilibrium with respect to this
approximated game; and an improve phase, which verifies the tentative solution against the
original game and refines the approximation as needed. In existing methods, the play phase
is typically implemented via one or more joint optimization problems that couple all (or a
subset of) players’ decisions, either explicitly in normal form or implicitly through extended
MIP and complementarity-based formulations. RRR-BRD provides a complementary play-
phase mechanism: rather than solving a global joint problem over a potentially very large
feasible region, it performs a randomized walk on the BR state graph, repeatedly solving BR

problems without ever constructing the full normal form.

Table 2.3 summarizes the main exact algorithms for computing Nash equilibria in IPGs,
adapted from Carvalho et al. [37] and extended with RRR-BRD. The first six methods are
based on deterministic existence and correctness proofs for their targeted equilibrium notions
(MNE or PNE) in the classes considered. By contrast, RRR-BRD provides a probabilistic
(Las Vegas) guarantee. This trades deterministic worst-case guarantees for a random-walk—

based mechanism that scales well in practice.

Table 2.3: Summary of algorithms for computing Nash equilibria in IPGs.

Method NE Type Approx Play Alg Feas Largest IPG Instances Tested Reference
SGM Mixed Inner FP Deter. KPG: n < 3, m <100 [36]

eSGM Mixed Inner MIP Deter. KPG: n <3, m<60 [49]

CnP Mixed Outer CP Deter. KPG: n <3, m <100 [38]

BM Pure Outer CP Deter. qlPG:n <6, m<3 [128]

7R Pure Outer MIP Deter. KPG: n <3, m <100 [58]

BnP Pure Outer MIP Deter. qlPG:n<3,m<5 [135]
RR-BRD Pure Inner BRD Prob. KPG: n <30,m <100, EBMC: n <84 This chapter

Note. This table is adapted from Table 1 in [37] and extended to include RR-BRD.
‘Approx’ = approximate phase, ‘Play’ = play phase. ‘Alg Feas’ indicates whether the algorithm has a
deterministic (Deter.) or probabilistic (Prob.) theoretical guarantee to find its targeted equilibrium
whenever one exists in the considered class of IPGs.
FP = feasibility problem, MIP = mixed-integer problem, CP = complementarity problem, KPG =
knapsack problem games,
qlPG = quadratic IPG. n: number of players; m = m,, ¢ € N: number of integer variables per player.
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Conceptually, RRR-BRD can be plugged into any IPG algorithm that occasionally produces
an integer-feasible joint strategy profile x € X'. Once such a profile is available, RRR-BRD
can be launched from x (on the induced finite game) to search locally for a PNE. If a
PNE is found, it can be recorded as a feasible solution without altering the logical structure
or exactness guarantees of the base algorithm; if not, the base algorithm simply continues
unaffected. In this sense, RRR-BRD acts as a modular, PNE-oriented local-search layer that

can be invoked whenever integer-feasible joint strategies become available.

Branching-type methods (BM and BnP). In the branching method (BM) of Sagratella
[128] and the branch-and-prune (BnP) algorithm of Schwarze and Stein [135], the search for
equilibria is organized as a tree whose nodes correspond to restricted subgames defined
by additional bounds or fixings on players’ variables. At each node, a continuous auxiliary
problem (e.g., a relaxed NEP or complementarity system) is solved, pruning tests may discard
parts of the search region, and branching refines players’ feasible sets. Integer-feasible joint
profiles arise, for example, from rounding, local search, or exhaustive enumeration within a
node’s box. Whenever such a profile is available, RRR-BRD can be run on the corresponding

restricted subgame, using that profile as a starting point to search for a PNE within the node.

Sampling-based and outer-approximation methods (SGM, eSGM, CnP). In the
sample generation method (SGM) [36], its enumeration variant eSGM [49], and the Cut-and-
Play (CnP) algorithm [38], an IPG is approximated by a finite normal-form game built from
sampled or externally generated pure strategies. At intermediate iterations, these methods
maintain (i) finite strategy subsets S, C S, for each player and (ii) one or more integer-
feasible joint profiles in S = HZ 5@ (e.g., candidate equilibria or best-response combinations
in the sampled game). RRR-BRD can then be applied to the current finite game restricted

to S , using any such profile as a starting point. If RRR-BRD reaches a PNE of the sampled
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game, then (by construction) this profile corresponds to a degenerate mixed Nash equilibrium

of the original IPG and can be stored as a candidate solution or benchmark.

2.4.4 Approximate PNE Certificates upon Early Termination

RRR-BRD can also return an approzimate-equilibrium certificate when it does not reach an
exact PNE within the allotted budget. For any profile x, let X' € argmax,, x, U (x4, x7%)

be a best response for player i, and assume u,;(x*,x %) > 0 for all feasible profiles. Define
a(x) = maxaq,(X). (2.7)

Then x is an a(X)-approximate PNE in the multiplicative sense, and a(x) = 1 if and only

if x is an exact PNE. Implementation and reporting details are provided in Appendix 2.M.

2.5 EBMC Game Models

This section presents the edge-weighted budgeted maximum coverage (EBMC) game as
a motivating example of large-scale IPGs. Section 2.5.1 introduces the EBMC problem,
and Section 2.5.2 develops two EBMC games with different utility functions. Section 2.5.3
characterizes the role of types and network structure, and Section 2.5.4 connects EBMC to

AIS-prevention resource allocation.
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2.5.1 The Edge-weighted Budgeted Maximum Coverage (EBMC)

Problem

The budgeted maximum coverage (BMC) problem [43] aims to maximize element coverage by
selecting subsets within a limited budget. The EBMC problem is a specialized case of BMC,
where edges represent elements, and vertices represent subsets. Both problems are NP-hard
[43], and [39] further demonstrate that EBMC remains NP-hard even when restricted to

bipartite graphs.

We model the underlying network as a directed graph (7, .4), where J is the set of vertices
and A is the set of arcs. The players are indexed by N := {1,...,n}. Each player i € N
controls a subset of vertices J, C J, and these subsets form a partition of the vertex set,
ie., |_|i€N J; = J. We write A; C A for the set of arcs whose endpoints both lie in 7,
and use 0 (J;) (resp. 0_(J;)) for the set of arcs with tail (resp. head) in J; and head (resp.
tail) in 7 \ J,. Each arc (j,k) € A has a nonnegative weight wjy, and each player i € N
has a budget B,. The decision variables are x; € {0, 1}, indicating whether vertex j € J is
selected, and y;, € {0,1}, indicating whether arc (j, k) € A is covered (i.e., at least one of

its endpoints is selected).

The Social Welfare (SW) model ((2.8a) —(2.8c)) represents the centralized planning per-
spective. The objective function (2.8a) maximizes total edge coverage over the arc set A.
Constraint (2.8b) enforces that an edge (j, k) can be covered only if at least one of its ad-
jacent vertices, j or k, is selected. Constraint (2.8¢) imposes the individual budget limit for

each player ¢ € N.
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The Social Welfare (SW) Model

max Wi Y. 2.8a
z,;€{0,1} VjeJ Z ikYik ( )

{01} V(i kea IRIEA
st yu Szt V(j, k) e A (2.8b)
=

The optimal solution to the SW model is the OSW solution (X% ), as introduced in Section
2.2.

2.5.2 A Non-cooperative EBMC Game Among N Players

Although the SW model in (2.8) allocates budgets to each player, it primarily represents
the objectives of the central planner, not the players. Consequently, the optimal solutions
of this model may not align with the individual goals of the players. We start by defining
a player-specific optimization problem that is contingent on the decisions of other players.
Subsequently, we introduce two types of utility functions to model player interactions: a

locally altruistic function and a selfish function, based on the different sets of arcs.

For each player i € N, let J_, denote the set of vertices not controlled by player ¢, and let
%% € {0,1}7-i be the corresponding decisions of all other players. The optimization model

for a single player is given by:
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The Single-Player (SP) Model

max  u,(y) (2.9a)
sty <zt v (j, k)€ A (2.9Db)
d oz, < B, (2.9¢)

j€T,;
x; = ;" vieJd., (2.9d)
z; € {0,1} Vjed, (2.9¢)
Y, € 10,1} vV (j, k)€ A. (2.9f)

The SP model (2.9), defined by (2.9a)—(2.9f), describes player i’s problem parameterized by
X%, When an edge connects a vertex j € J, of player i to a vertex k € J_; of some other
player, a positive decision z; = 1 allows edge (j,k) to be covered even if x; = 0. Thus,
the actions of other players can have a positive external effect on player i’s objective. The
objective function @,;(y) in (2.9a) is left generic so that it can be tailored to the specific
interests of player i. Since each y;; can be written as y,;, = max(z;, ) = z; + 7, — T2y,
the objective can equivalently be expressed as a function of x, denoted by w,(x). This
equivalence enables interchangeable use of @, (y) and w,;(x) under the condition that y,;, =
max(z;,z). While using y-variables emphasizes edge-level outcomes influenced by other

players, expressing the utility directly in terms of x-variables reveals player-level interactions

via bilinear terms, which is standard in many IPG formulations.

Including all edges in Constraints (2.9b) and (2.9f) is computationally inefficient, especially
for large graphs. Instead, arc sets can be restricted to relevant edges using the refined

definition introduced below.
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Definition 2.9 (Induced Arc Sets). Let D = (7, A) be a directed graph and let the subset
of vertices J,,7 € N be a partition of 7, i.e., J := |_|i€N J;. The induced neighborhood arc
set A[J,;] consists of all arcs that have at least one endpoint in J,. The induced inbound

arc set A~[J,] consists of all arcs that have their terminal points in J,. Formally, A[7,] :=

{G,k) e A;U0_(T;)Uo,(7;)} and A7[T;] :={(j, k) € A;UG_(7,)}.

Regardless of the choice of induced arc sets in Definition 2.9, the joint constraints of the SP
model (2.9)-interpreted by treating the parameterized variables X as decision variables in
Constraint (2.9d)-correspond to those of the SW model (2.8b)—(2.8¢). Based on these arc-set
definitions, we consider two variants of the EBMC game, using different utility functions : (i)
locally altruistic utilities, where player ¢ maximizes edge coverage over A[7,], i.e., all edges
incident to J, (including outgoing arcs); and (ii) selfish utilities, where player ¢ maximizes
edge coverage over A~ [J,], i.e., only edges whose head lies in J; (incoming arcs). Interpreting
an edge (j, k) as a risky or critical edge (e.g., for environmental risk, security, or regulatory
responsibility), Case (i) models a player who shares responsibility for any risk connected to
their nodes, whereas Case (ii) models a player who is concerned only with risks incident to

its own vertices J,.

Locally Altruistic Game In this game, the utility function of the player ¢ is the cov-
erage of the edges using the induced neighborhood arcs. Each player i solves the following

optimization problem:
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Locally Altruistic Single-Player (LASP) Model

max 4 (y) : Z WYk (2.10a)
(J,k)eA[T ;]

sty <zt v(j, k) € AlT,] (2.10b)

(2.9¢) — (2.9¢) (2.10c)

Note that the arc sets A in Constraints (2.9b) and (2.9f) are replaced by A[J,]. The locally
altruistic game, denoted by G2, is an EBMC game with N players, where each player solves
a LASP model (2.10), defined by (2.10a)—(2.10d). The locally altruistic game is not fully

altruistic: player 7’s utility depends only on arcs incident to J; not on the entire network.

Selfish Game In this game, the utility function of player i is the edge coverage of the
induced inbound arc set, which contains incoming arcs controlled by player ¢. Then, each

player i solves the following problem:

Selfish Single-Player (SSP) Model

max a5 (y Z WY i (2.11a)
( )eA17;]

sty <ty vV (j, k) e A[T,] (2.11b)

(2.9¢) — (2.9¢) (2.11c)

Y €10,1} V(j, k) e AT, (2.11d)

Note that the arc sets A in Constraints (2.9b) and (2.9f) are replaced by A~[7,]. The selfish

Self

game, denoted by G~ is an EBMC game with N players, where each player solves their
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SSP model (2.11), defined by (2.11a)—(2.11d). We provide an illustrative two-player example

of selfish EBMC interactions and the resulting BRD trajectory in the Appendix 2.H.

Selfish Non-Game In this scenario, each player i solves the SSP model (2.11) indepen-
dently, without engaging in any strategic interaction—that is, each player assumes that no
other players will select any vertices. Consequently, player ¢ determines its strategy by solv-
ing X}, € argmax_,_ (0.1} w;(x*,07"), where 0~ denotes the zero vector for all players other
than ¢. The combination of these individually optimal strategies forms the selfish non-game

strategy profile, denoted by x,,,.

Equilibrium Inequality for Selfish EBMC Games We will show in Section 2.6.1 that
the OSW solution x7, is a PNE for locally altruistic games. Thus, xZ,, will be treated as the
best PNE in this setting, and no further algorithmic comparisons are needed. In contrast,
for selfish games, we derive the following equilibrium inequality (EI). For any player i € N

and any best response X’ to a profile X ¢, we have

ijk: (:%j + 2z, — f%ji"k) + ijk (:cj +z, — xjik) < ijkyjk,
(4:k)€A,; (4:k)€6_(7;) (4,k)eA;U6_(7;)

for all @, zy,y;, € {0,1} satisfying Constraints (2.11b)—(2.11d). Note that only the best-
response variables Z; with j € J; can be fixed in the EI. Moreover, in EBMC the y-variables
serve as auxiliary variables in the lifted formulation, so when constructing Els we can sub-
stitute y;, = x; + o}, — 2,2}, and fix the appropriate x-variables as implied by the relevant

arc-set, definitions.

Explicit Reformulation to Standard IPGs The objective functions of the locally al-

truistic and selfish games can be reformulated into the standard IPG form by substituting



CHAPTER 2. RANDOM-RESTART BEST-RESPONSE DYNAMICS FOR LLARGE-SCALE INTEGER
46 PROGRAMMING GAMES AND THEIR APPLICATIONS

y-variables with x-variables. These reformulations are detailed in Appendix 2.1.

2.5.3 Types and Network Structure in EBMC

We enrich the EBMC formulation with a finite set of types £, which may represent invasive
species, commodity classes, or risk categories. For each vertex j € J and type [ € £, let
[ € {0,1} indicate whether j has type [, and let nj, = 0 denote the interaction intensity
from j to k (e.g., traffic or flow). An edge (j,k) is type-l risky if f; = 1 and f}; = 0. We
aggregate risk into the edge weight w;, = Zle£ fi (1 — fkl> N, so only interactions that

may transmit at least one type from j to k£ contribute to W

This structure induces a useful graph-theoretic dichotomy. When |£| = 1, vertices split into
those with and without the unique type, and risky edges run only from the former to the
latter, yielding a bipartite network. When |£| > 2, vertices can differ across types, and both

(7, k) and (k, j) may be risky (for different types), so the network is generally non-bipartite.

2.5.4 A Resource Allocation Game among Minnesota Counties

The EBMC games in Section 2.5.2 are motivated by aquatic invasive species (AIS) preven-
tion in Minnesota (MN). Currently, 84 county planners manage AIS inspection programs
independently, each with its own AIS prevention budget supported by direct state aid [57].
The Minnesota Department of Natural Resources (MN DNR) facilitates information sharing
(e.g., workshops and tools such as AIS Explorer [99]) but does not enforce a formal inter-
county coordination mechanism for placing inspection stations. Counties report inspection
activity (e.g., hours) to MN DNR, which can be used to infer deployed stations, and the

increasing use of AIS Explorer facilitates transparency about allocations.



2.5. EBMC GaAME MoODELS 47

In this chapter, we therefore model the current practice as a non-cooperative game with
complete information, where each county chooses how to allocate its own inspection sta-
tions and positive externalities across counties arise endogenously from these choices. The
statewide goal of the MN DNR is captured by the social-welfare objective (total inspected
risky boat movements). Designing regulatory interventions or incentive schemes that better
align county-level decisions with statewide welfare is an important direction for future work
but lies beyond the scope of this chapter. Instead, we focus on two utility specifications: a
selfish utility, where counties care only about risky boats entering lakes in their own J,, and
a locally altruistic utility, where they also value inspection of boats leaving their lakes (Sec-
tion 2.5.2). Our central questions are: given these utility specifications and network types,
when do PNE solutions exist in the resulting EBMC' games, how do the resulting PNE solu-
tions compare—both theoretically and computationally—for both the selfish and locally altruistic

formulations, and what social welfare levels do these PNE solutions achieve?

The vertices j € J represent lakes, partitioned by county so that J, denotes the lakes
controlled by county i € N. For each ordered pair of lakes (j, k), we let n;, denote the
estimated number of boat trips from j to k over a given period, obtained from survey-based
lake-to-lake movement data [90]. Since Minnesota lakes host different AIS types, the edge
weight w;, aggregates type-specific risk following the setup in Section 2.5.3. Following the
empirical AIS literature [81, 82|, we focus on lake-to-lake risk driven by the most recent
trip on a given route; in particular, we do not model spread along multi-edge boat routes,
both because current data and practice are organized at the origin—destination level and
because infestation risk is driven primarily by short-term carryover from the immediately
visited infested lake. Each county ¢ has a budget B, representing the maximum number of

inspection stations it can deploy, under the assumption that one station covers one lake.
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2.6 Pure Nash Equilibrium for EBMC Games

As discussed in Section 2.2, the existence of a PNE is not guaranteed for general IPGs. In
particular, when the interaction matrices Q; in (2.1) are dense, a player’s utility is heavily
influenced by externalities (i.e., the decisions of other players), making it unlikely that there
are simple, general sufficient conditions for PNE existence. However, if an IPG is a potential
game [105], then a PNE is guaranteed to exist. Building on this idea, we first show that
locally altruistic EBMC games admit a PNE. We then establish sufficient conditions for
the existence of a PNE in selfish EBMC games, with a particular focus on large-scale IPG

settings where externalities tend to dominate internal utility contributions.

We define the objective function of the SW model (2.8a) as the global function ¢(y) =

2 ppen Cilie = 2 gyen Wik DT} T) = D WinlTi T = 252) = $(x). The
next proposition shows that ¢(x) coincides with the sum of selfish utilities u5°(x) as defined

7

in (2.11a) where @5°!(y) is rewritten as u3°(x).

Proposition 2.10 (Social welfare as sum of selfish utilities). Let D = (7, .A) be a directed
graph and let the subsets of vertices J;, i € N, form a partition of J, i.e., J := |_|i€N J;.
Then A = |_|Z,€N A7), and, for any feasible (x,y) with y;, = max(x;,x;), the social

welfare objective satisfies p(x) = 3.« ufelf(x).

The proof is given in Appendix 2.B. Note that ¢(x) is not equal to the sum of players’
utilities in the locally altruistic game. Thus, under the standard definition of social welfare
(SW) as the sum of utilities, ¢(x) coincides with SW only for the selfish game. Nevertheless,
since ¢(x) maximizes edge coverage over the entire network, we refer to it as the SW function

throughout, including in the locally altruistic setting.
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2.6.1 Existence of a PNE in the Locally Altruistic Games

We now show that locally altruistic EBMC games are exact potential games. A game is an
exact potential game if there exists a function ¢ : X' — R (an ezact potential) such that
for all i € N, any strategies X ¢ € X', and X, X" € X, satisfy (X', x %) — (X', x ") =
w; (X, X)) — u,; (x,x ). Monderer and Shapley [105] show that every potential game pos-
sesses at least one PNE: any strategy profile that maximizes the potential function. This
existence result assumes that each player’s strategy set X'; is nonempty and compact. In
our setting, each X'; is a finite set of binary-feasible solutions (hence compact), and it is

nonempty because the all-zero strategy is feasible. We now establish the following results;

the proofs are given in Appendix 2.B.

Theorem 2.11. The social welfare function ¢ is an exact potential function for locally

altruistic games.

Corollary 2.12. The strategy profile x%,, is a PNE for locally altruistic EBMC games.

This corollary allows central planners to recommend an optimal strategy profile X%, if all
players are locally altruistic. Additionally, assuming that players have not decided on a
utility function, central planners can encourage players to adopt a more altruistic approach
by highlighting mutual benefits. Decision makers at any level, central planner or player level,

can directly solve the SW model (2.8) and implement the solution.

2.6.2 Existence of a PNE in the Selfish Games

Next, we establish sufficient conditions for the existence of a PNE in selfish EBMC games,

particularly in regimes where externalities from other players’ decisions X~* dominate the
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utility generated by a player’s own choices x*. We denote the selfish game with a single type

by g‘sjl‘le and with multiple types by 9|Szl|f22

Let 7 = J7UJ° where 7" :={j e J:3l € Lst. fy=1}and J° == {j e T : f; =
0 for all [ € £}. Thus, J* is the set of vertices that have at least one type, while J° is the
set of vertices with no types. The following result formalizes these conditions; its proof is

provided in Appendix 2.B.

Theorem 2.13. Let J" be the set of vertices selected in the non-game strategy profile X,,,.
If 79 C 0, then Xng is a PNFE for both 9|Sz|lf:1 and 9‘52‘1];2 Additionally, if 7™ C J+, Xng

is a PNE for Goil ;.

We now examine conditions aligned with Theorem 2.13. For a vertex j € 7, let w(j) denote

the total weight of inbound arcs incident to j within the induced inbound arc set A~[7,].

Self

In the random graphs we generated, the condition J7® C J9 for 9| o

frequently holds.
This phenomenon arises from the structure of A~[7,], where w(k) for vertices k € 79 often
exceeds w(j) for vertices j € JF. As the number of players increases, the aggregate weight

from incoming arcs typically exceeds that from internal arcs, leading to a non-game strategy

profile X}, that favors vertices in J§.

Even when J7® C 79 is not strictly satisfied, we observe computationally (in randomly
generated instances) that 9‘821‘11 almost always admits a PNE. Intuitively, large (though not
strictly dominant) externalities can guide BRD to a PNE in only a few iterations. Typically,
J7# consists primarily of vertices in 79 due to the high volume of risky incoming arcs. If BRD
starts from a conservative profile such as x,,, players benefit iteratively: selecting vertices in
J} induces other players to select previously uncovered vertices in 9. Importantly, selecting

vertices in J9 benefits only player i, whereas selecting vertices in J; benefits others. Since J

is finite, this improvement process eventually terminates, yielding a PNE. In Section 2.7.2,
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we confirm that all instances of the selfish game 9|Szl|f:1 admit a PNE.

However, this dynamic pattern typically holds under symmetric or balanced edge benefits.
We obtain the counterexamples in Appendix 2.J either via carefully calibrated edge weights

and graph structures (for |£| = 1) or via multiple AIS types with conflicting priorities (for
|£] > 2).

Summary and pointers. Section 2.6 establishes PNE existence for locally altruistic
EBMC games via an exact potential and provides sufficient conditions (and counterexam-
ples) for the selfish games. For a brief discussion of the complexity of deciding PNE existence,

see Appendix 2.1.

2.7 Computational Results

This section evaluates the effectiveness of RRR-BRD (Algorithm 2.4), BZR (Algorithm 2.7),
and the ZR algorithm of Dragotto and Scatamacchia [58] for computing PNEs and identi-
fying high-welfare (best-found) PNEs in EBMC games and KPGs. To implement ZR, we
use Algorithm 2.7 with Lines 10-14 disabled. The main manuscript reports (i) summary
results for RRR-BRD under multiple initial profiles and (ii) summary results and selected
comparisons of BZR versus ZR for EBMC and KPG instances; complete results are pro-
vided in Appendix 2.K-2.L. For instances where no PNE is found across all runs, we report
approximate-PNE certificates in Appendix 2.M. Section 2.7.1 describes the computational
settings and performance metrics. Section 2.7.2 reports results for EBMC games on ran-
domly generated instances with varying numbers of players (n = 2,3,5, 8,10, 15, 20, 25, 30).
Section 2.7.3 presents results for the Minnesota dataset with 84 county-level players and

discusses managerial insights. Finally, Section 2.7.4 reports results for KPGs using the
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instance-generation scheme of Dragotto and Scatamacchia [58], scaling from small (n = 2, 3)

to larger games (n = 5,8, 10, 15, 20, 25, 30).

2.7.1 Computational Setup and Metrics

All experiments were run on a machine with an Intel(R) Core(TM) i9-13900F CPU @
3.10GHz (24 cores) and 64GB RAM. All algorithms (RRR-BRD, BZR, ZR) were imple-
mented in Python and solved using Gurobi Optimizer (v11.0.3) with 16 threads. Equilibrium
inequalities were enforced via Gurobi callbacks and lazy constraints. Code, instances, and

results are available on GitHub.!

Model construction time for best-response problems is non-negligible, especially in large-scale
IPGs where best responses must be solved repeatedly across players. To reduce overhead, we
construct each player’s best-response model once and then update only the components that
change across solves (e.g., fixing x %), consistently across all algorithms. When integrating
RRR-BRD trajectories into callbacks (e.g., within BZR), we also control the number of
additional best-response inequalities generated from a trajectory; in most instances, we add
at most n such inequalities. For the Minnesota instance, we disable these additional cuts,

since adding many inequalities can substantially slow the overall solving process.

Table 2.4 summarizes the acronyms and shorthands used in this chapter and in this section.
While OSW and POS are defined in Section 2.2, we report time-limited approximations—
denoted OSW and POS-due to the scale of the instances. Both quantities are empirical:
OSW is the best social-welfare incumbent returned by the SW model within its time budget,
hence a lower bound on the true optimal social welfare, and POS is the corresponding

empirical welfare ratio rather than a certified price of stability. In particular, POS can fall

https://github.com/HyunwooLee0429/Best-response-dynamics-IPG
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below 1 on the largest instances, where the welfare solver’s incumbent is weaker than the best
PNE found by BZR,; such a value indicates an unconverged welfare solve, not a PNE that
outperforms the social optimum. For both BZR and ZR, the time limit was 1800 seconds.
The SW model (2.8) was also solved with a 1800-second limit to compute ¢(X13°°). For
RRR-BRD, we use two initial strategy profiles: 0V and %3% For standalone RRR-BRD, we
set the maximum numbers of restarts and rounds to L = 10 and R = 20, respectively. When

used as a subroutine within BZR, we use L = 3 and R = 20. Finally, all objective values

(¢) are reported in thousands and rounded to the nearest tenth in all tables.

Table 2.4: Acronyms and shorthands
Symbol / Abbreviation | Full Term / Meaning

oV Initial strategy profile: all-zero vector

Xtime Initial strategy profile obtained by solving the SW model with time
limit (secs)

Xpg Non-game strategy profile

Xne | Koo First identified PNE / Best identified PNE (maximizing ¢) within
time limit

o() Social welfare function; values are reported in thousands and
rounded to the nearest tenth.

OSW Approximate optimal social welfare (¢(XEime))

POS Approximated price of stability given by ¢(xtire)/ P(Xpne)

H#euts(zR) | Heuts(BZR) Number of equilibrium inequalities added by ZR / BZR

H#one(zR) /| #pne(BZR) Number of distinct PNEs found by ZR / BZR

T(ZR'') / T(BZR'™") Time to find the first PNE using ZR / BZR

T(ZR) / T(BZR) Total runtime of the ZR / BZR algorithm

We report the number of players (n), the budget ratio (BG), and additional performance

metrics.

« RRR-BRD metrics: For each instance and each initial profile (0 and %39°), we

report the best-found PNE (in terms of ¢), runtime, number of rounds, OSW, and
POS (computed using the higher-welfare PNE among the two runs). We also include

reference values from BZR, such as the best PNE found and the best dual bound. The
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time to obtain X3%° is included in the reported runtime of RRR-BRD.

« ZR and BZR metrics: For each instance, we report the number of distinct PNEs
found (#pne(zr): #pne(BZR)), the best-found PNE, the dual bound, time to the first
PNE (e.g., T(BZR")), total runtime (e.g., T(BZR)), OSW, POS (based on the best-
found PNE), and the number of equilibrium inequalities added (e.g., #.ysBzR))- AS
noted in Remark 2.6, the gap between the best-found PNE and the dual bound can
remain large at termination, reflecting the large-scale nature of IPG instances. The

best-found PNE is certified as welfare-optimal when ¢(x coincides with the dual

;ne )

bound (within a tolerance).

2.7.2 EBMC Games with Random Dataset

We generate random EBMC instances by varying the number of counties, budget lev-
els, infestation patterns, and network density. The number of counties is chosen from
{2,3,5,8,10, 15,20, 25,30}, and each county controls 50 lakes. For the single-AIS case (|£| =
1), each lake is independently infested with a probability drawn from {0.2,0.4,0.6,0.8,1.0}.
For the multiple-AIS case (| £| > 2), infestation is generated independently by AIS type, with
type-specific probabilities drawn from nested candidate sets: {0.2,0.4,0.6,0.8,1.0} (type 1),
{0.2,0.4,0.6,0.8} (type 2), {0.2,0.4,0.6} (type 3), and {0.2,0.4} (type 4); this construc-
tion biases instances so that most lakes remain uninfested for at least one AIS type. We
consider three budget ratios, {0.3,0.5,0.8}, and set each county’s budget as the number of
infested lakes in that county multiplied by the chosen ratio. Arc weights are drawn i.i.d.
uniformly from [10,20]. To avoid unrealistically dense (nearly complete) networks, we start
from a complete directed graph and randomly delete arcs: 20% when |£] = 1 and 50%

when |£| > 2, with the higher deletion rate also helping control instance size. Overall, this
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procedure yields 27 instances per case (single AIS and multiple AIS), corresponding to the

9 county counts combined with the 3 budget ratios.

Table 2.5 reports standalone RRR-BRD performance over these 27 instances using two ini-

300.
SW )

tial profiles, 0 and X complete results are provided in Appendix 2.K. Relative to the

single-AIS game 9‘521‘11, the multiple-AIS game 9‘521‘;2 requires substantially more rounds on
average, suggesting that strategic dynamics become markedly more complex when multiple

AIS types are present.

Table 2.5: Summarized RRR-BRD results with different initial strategy profiles for Goeif

|£]=1
and 9]521';2
type £ Avg! PNE (¢) Avg Price of Stability Avg References Avg Time (secs) Avg Round
init:0Y  init:%39° OSW POS BZR(¢) BZR(Bound) init:0V init:%3° init:0N  init:%30°
|| =1 786.8 1010.5  1055.5 1.051 1023.6 1089.5 7.5 212.1 2.0 1.6
|£] >2 3658.0 3658.0 4010.0 1.097 3658.0 5409.3 25.6 289.5 4.0 4.7

Note. 1: Averages of ¢, OSW, and POS are calculated from instances where a PNE is found by both initial
strategy profiles.

Table 2.6 summarizes the performance of BZR and ZR on 9|Szl|f:1 and 9|S£el|f22. We report
(out of 27 instances) how often a PNE was found, multiple PNEs were identified, the best
PNE was obtained, and a tighter dual bound was achieved. “Ties” indicate the number of
instances in which both algorithms either identify the same best PNE or attain the same
dual bound. The full results for 9?21'; appear in Table 2.7, while the full results for 9?21‘;2
are reported in Appendix 2.L. In both settings, BZR consistently outperforms ZR in (i)
time to the first PNE, (ii) the number of distinct PNEs found, and (iii) the best PNE value

identified.

For the single-AIS case (|£| = 1), BZR typically finds a PNE within a few seconds when
n < 10, and within roughly 100 seconds for 15 < n < 30, indicating strong scalability. In
contrast, ZR returns a PNE in only 11 of the 27 instances within the time limit; when both

algorithms find a PNE, BZR more frequently identifies the best PNE. BZR also tends to
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Table 2.6: Summarized comparison of BZR and ZR for 9|S21|f:1 and 9‘821‘;2

type £ # PNEs Found Finding a PNE Best PNE Dual Bounds Avg POS # Avg EI Cuts

#onozr) Fpmemzry ZR - BZR  Ties ZR BZR Ties ZR BZR  POS  #ouszm) Heus(Bzr)

£l =1 32 150 11 27 10 0 17 9 4 14 1.033 59.3 94.4
|£| > 2 3 29 3 23 3 0 20 5 18 4 1.097 66.0 116.3

provide tighter dual bounds in this setting.

For the multiple-AIS case (|£] > 2), the performance gap widens: BZR finds a PNE in 23 of
the 27 instances, whereas ZR succeeds in only 3 instances within the time limit. Although
BZR continues to identify high-quality PNEs, its dual bounds are often not substantially
tightened, even after adding additional equilibrium inequalities. This behavior is expected
for three reasons: (i) the time spent in RRR-BRD can be significant in the hardest instances,
(ii) dual progress is driven largely by the LP relaxation and general-purpose cutting planes,
and (iii) the added equilibrium inequalities primarily enforce equilibrium feasibility rather
than strongly strengthening the continuous relaxation. Since the primary goal of ZR/BZR
is to compute one or more PNEs (and, when possible, a best PNE), we treat dual bounds

as auxiliary metrics.

2.7.3 EBMC Games with Minnesota Dataset

Tables 2.8 and 2.9 report results for the selfish EBMC game 9‘521‘;2 on the Minnesota dataset:
Table 2.8 summarizes standalone RRR-BRD performance, and Table 2.9 compares BZR
and ZR. The dataset, provided by the Minnesota Aquatic Invasive Species Research Center
(MAISRC), contains lake-to-lake boat movement estimates among 9,182 lakes and uses 2018

infestation records, following the construction in Kao et al. [90]. We exclude counties with

no lakes or with no incoming or outgoing risky movements.

To reflect the scale of county-level inspection programs, we model statewide support cor-
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Table 2.7: Comparison of BZR and ZR for selfish EBMC games GSelf

|£l=1"
# PNEs Found Best PNE (¢) Dual Bounds Price of Stability Time (secs) # EI Cuts

n BG  #pnezr)  Fone(BZR) ZR BZR ZR BZR OSW POS T(ZR™') T(ZR) T(BZR'™') T(BZR) H#euts(zr)  Feuts(BZR)

2 03 1 1 19.2 19.2 19.2 19.2 19.2 1.000 0.2 0.2 0.2 0.4 8 13

0.5 6 7 223 22.3 22.3 22.3 22.3 1.000 0.9 1.7 0.2 2.2 11 25

0.8 1 6 23.3 23.3 23.3 23.3 24.9 1.066 1.7 1.7 0.3 2.0 12 26

3 03 1 6 27.6 27.6 27.6 27.6 27.6 1.000 2.4 2.4 0.6 3.4 9 19

0.5 5 4 421 42.1 42.1 42.1 42.1 1.000 8.2 11.1 0.5 12.1 15 27

0.8 1 1 53.1 53.1 53.1 53.1 53.1 1.000 0.6 0.6 0.5 1.0 12 19

5 0.3 1 8 904 90.4 90.4 90.4 90.4 1.000 12.9 13.1 1.3 15.0 17 38

0.5 1 4 1002 100.6 101.3  101.2  100.6 1.000 1474.5 1800.5 1.9 1800.3 94 45

0.8 10 25 156.7 156.7 157.9 157.4 156.7 1.000 1134.4  1800.9 1.5 1800.3 182 58

8 0.3 3 5 134.1 134.1 134.2 134.2 149.9 1.118 40.4 74.5 6.0 113.1 41 68

0.5 0 3 - 252.2 260.1 260.2  252.2 1.000 - 1800.8 4.9 1800.2 28 51

0.8 0 10 - 349.2 379.6 353.4 381.3 1.092 - 1800.3 5.0 1800.6 28 83

10 0.3 2 5 3172 317.2 317.3 3173 3172 1.000 535.8 1359.9 7.9 971.2 54 82
0.5 0 24 - 361.7 372.5 372.4  361.7 1.000 - 1801.5 5.2 1801.0 28 105

0.8 0 3 - 538.1 558.8 549.3 539.8 1.003 - 1800.2 7.6 1800.2 31 59

15 0.3 0 4 - 725.4 743.5 7459 7254 1.000 - 1800.1 16.3 1800.0 51 94
0.5 0 6 - 708.4 729.6 730.1 857.5 1.210 - 1800.1 22.3 1800.1 75 143

0.8 0 2 - 1216.5 1328.9 1249.2 1219.7 1.003 - 1800.1 18.0 1800.1 49 91

20 0.3 0 3 - 904.5 937.7 922.5 904.5 1.000 - 1800.3 42.6 1800.1 79 138
0.5 0 3 - 1282.1 1469.8 1472.8 1529.1 1.193 - 1800.3 38.2 1800.1 88 147

0.8 0 2 - 2024.4 2441.1 2207.2 24155 1.193 - 1800.3 38.5 1800.2 78 136

25 0.3 0 4 - 1765.0 1823.2 1819.5 1765.0 1.000 - 1800.3 61.6 1800.1 93 166
0.5 0 4 - 2597.4 2782.7 2767.9 2597.7 1.000 - 1800.3 61.1 1800.1 100 173

0.8 0 2 - 3307.4 38839 3541.1 33128 1.002 - 1800.3 51.1 1800.3 86 156

30 0.3 0 3 - 2448.1 2572.0 2556.0 2448.3 1.000 - 1800.4 84.2 1800.2 98 180
0.5 0 2 - 3260.8 3509.6 3482.4 3263.8 1.001 - 18004 90.9 1808.0 130 218

0.8 0 3 - 4910.4 55749 5399.1 4919.7 1.002 - 1800.4 82.1 1800.3 103 189

Note. Boldfaced values indicate better solutions found within the time limit, tighter dual bounds, or more
PNEs.

responding to 436 inspection stations. Minnesota allocates roughly $10 million per year to
AITS inspection programs and employs approximately 800-1000 inspectors [102]; assuming
two inspectors per lake, this staffing level corresponds to operating about 400-500 inspection
stations statewide. We allocate county budgets proportionally to county-level funding levels

[102]. We model four AIS types—Zebra Mussels, Starry Stonewort, Eurasian Watermilfoil,

Self

and Spiny Water Fleas—yielding G 2

Because this instance is extremely large (84 players, roughly 100 lakes per county on average,
and millions of arcs), we use a 3600-second time limit for ZR, BZR, and the SW model, and
a 600-second limit to compute the warm-start profile X8%°. Standalone RRR-BRD requires
more than 400 seconds from either 0V or X8%° (Table 2.8), indicating a substantially more

difficult best-response landscape than in our synthetic instances. Table 2.9 shows that BZR

identifies multiple PNEs within the time limit, whereas ZR finds none.
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Table 2.8: RRR-BRD results for selfish EBMC games G2 . in the Minnesota dataset.

| £]>2
RRR-BRD (¢)  Price of Stability References Time (secs) Round
n init:0V  init:x%%°  OSW POS BZR(¢) BZR(Bound) init:0"Y init:x8%° init:0" init:x%°
84 758.8 761.4 887.7 1.166 761.4 861.7 425.4 586.5 5 7

Table 2.9: Comparison of BZR and ZR for selfish EBMC games GSelf in the Minnesota

1£1>2
dataset.
# PNEs Found Best PNE (¢) Dual Bounds Price of Stability Time (secs) # EI Cuts
N H#pne(zr)  Fpne®zr) LR BZR  ZR BZR OSW POS T(ZR'™') T(ZR) T(BZR"™) T(BZR) #ecuszr) Heuts(BZR)
84 0 5 - 761.4 861.7 861.7 887.7 1.166 - 3600.8 790.7 3600.8 363 363

We emphasize that PNE existence in this instance is not guaranteed a priori by our sufficient
condition (Theorem 2.13). The Minnesota results therefore provide a computational witness
of existence for the selfish game, complementing the locally altruistic case where a PNE is im-
mediate via Corollary 2.12. Table 2.10 reports county-level selfish utilities on the Minnesota
instance under several strategy profiles: the non-game profile X,,, the first PNE xpne, the

best PNE X}, found by BZR, and the welfare benchmark %x33°°. For each county ¢, we com-

pare utilities column-wise via u$e!f(x, o) < uself(xpne) ufel (% Xpne) < uself(xpne) ulself(i;ne) <
u$e(%3690) " and highlight any violations in bold. The complete 84-county table is provided

in Appendix 2.N.

Overall, the results suggest that (i) many counties benefit from strategic interaction relative
to the non-game baseline, due to unintended positive spillovers; (ii) among equilibria, the
best PNE improves utilities for most counties; and (iii) the welfare-oriented benchmark x36°°

(and, in the locally altruistic game, the OSW solution) often yields the highest utilities,

although exceptions exist (e.g., Sibley and Winona).

These comparisons illustrate why computed equilibria are policy-relevant benchmarks. A
PNE is stable in the sense that no county has an incentive to deviate unilaterally, and the

socially best PNE for the selfish game offers a tractable compromise between stability and
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statewide performance. Moreover, the locally altruistic specification highlights a concrete
policy target: if counties can adopt (or are incentivized to adopt) utilities that internalize
spillovers, then the welfare-optimal solution is self-enforcing—indeed, Corollary 2.12 shows
that the OSW solution is a PNE under locally altruistic utilities. Nevertheless, the best
selfish-game PNE can still deviate substantially from the welfare benchmark, as reflected by
a POS of 1.166. This motivates future work on (i) incentive design that induces counties to
internalize externalities and (ii) equilibrium-informed coordination that leverages equilibrium

information from selfish games to improve social welfare.

Table 2.10: County-level utility values using different strategy profiles.

County UM (Kyg)  UEM (Rpe) g (Rppe)  uSH(RRP) | County  up™(Xyy)  wdM(Rpne)  uS(Kpne) ul(RE)
Anoka 11292 12466 12495 15723 | McLeod 7194 7479 7503 8933
Becker 24219 26489 26497 31712 | Meeker 8866 9423 9428 9964
Hennepin 21136 22442 22474 27024 Sherburne 5077 5557 5564 6698
Hubbard 22780 24426 24444 20543 | Sibley 2390 2388 2388 2429
[santi 3635 3876 3884 4227 | Stearns 20200 21544 21554 26076
Lyon 2752 2925 2939 3314 Winona 1561 1579 1579 1444
Mahnomen 4177 4424 4428 6012 | Wright 22047 23782 23805 29464

Note. Counties for which the inequalities regarding utility value comparisons do not hold are highlighted in
bold.

2.7.4 Large-scale Knapsack Problem Games Datasets and Results

To further assess the effectiveness of RRR-BRD and BZR, we report extensive computational
results for large-scale knapsack problem games (KPGs), a standard benchmark in the IPG

literature [36, 38, 49, 58]. In a KPG, each player i solves a binary knapsack problem of the
form max_ {Z;n:l pial + ZZZLR# Z;n:l fi bk . ;n:l wizh < B'x" € {0, 1}"”}, where

x; = 1 if player ¢ selects item j (and 0 otherwise). The parameters pj-, wg-, and B¢ denote

item profit, item weight, and player budget, respectively. Strategic interactions are captured

by the bilinear coefficients f]i,’ ;» which contribute to player i’s payoff when both players ¢ and

k select item j. To linearize x;xéﬁ, we introduce auxiliary variables z;.’k imposing the following

constraints: z;k > xé—kx;‘?—l, z;k < xé, z;k < xé‘?, Vjie{l,..,m}, Vie N, Vk € N\{i}.
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Following Dragotto and Scatamacchia [58], we also incorporate two classes of problem-specific
equilibrium inequalities—strategic dominance and strategic payoff inequalities—along with the
standard equilibrium inequalities. For larger instances (n > 15), identifying dominance rela-
tions and minimal interaction sets for strategic payoff inequalities becomes computationally

expensive, so we omit these inequalities.

We adopt the data generation scheme of Dragotto and Scatamacchia [58] for interaction
types (A) and (B), and use a modified version of type (C) to better match our experi-
mental goal. In type (A), each f}é’ ; 18 set to a constant drawn uniformly from [1,100];
in type (B), each f]i,j is drawn independently from [1,100]. In the original type (C),
i ; ~ Unif[—100, 100], which can induce very strong negative (adversarial) interactions; as
also observed in Dragotto and Scatamacchia [58], such instances often fail to admit a PNE
even for small sizes (n = 2, 3), and this issue becomes more pronounced as n grows. Because
our convergence guarantees for RRR-BRD (and hence BZR’s use of it as a subroutine) are
conditional-on PNFE existence—we prioritize stress-testing instances that remain adversarial
yet are not overwhelmingly likely to be PNE-free. Concretely, we modify type (C) by sam-
pling f,ij j from [—20, 0], which preserves negative interactions but reduces their magnitude
to an “admissible” level that more frequently yields equilibria in practice. Budgets are set as
a fraction of total item weight: B’ € {0.2 Z;n:l w’, 0.5 2;11 wh, 0.8 Z;n:l wz} We start
from the largest KPG setting in Dragotto and Scatamacchia [58] (n € {2,3}, m = 100) and
scale to n € {2,3,5,8,10,15,20,25,30} with m = 100, yielding 27 generated instances per

interaction type.

Table 2.11 summarizes RRR-BRD performance under two initial profiles, 0V and %x3%;

complete results appear in Appendix 2.K. Across interaction types, we observe that type
(C) instances exhibit larger POS, and require substantially more rounds before reaching

a PNE. These trends indicate that negative interactions produce markedly more complex
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best-response dynamics than types (A) and (B).

Table 2.11: Summarized RRR-BRD results with different initial strategy profiles for Type
A, B, and C KPG.

type Avg! PNE (¢) Avg Price of Stability Avg References Avg Time (secs) Avg Round
init:0Y  init:x3%° OSW POS BZR(¢) BZR(Bound) init:0V init:x3%° init:0V  init:%3%°
Type A 700.7 711.0 714.1 1.012 711.2 715.6 2.6 192.9 7.7 3.9
Type B 706.1 714.7 717.1 1.010 715.5 719.2 2.9 198.2 8.6 4.6
Type C 14.0 14.1 16.9 1.171 14.2 16.3 1.8 73.2 29.5 16.5

Note. t: The averages of ¢, OSW, and POS are computed only from instances where a PNE is found
under both initial solutions.
Table 2.12 provides a summarized comparison of BZR and ZR across the three KPG datasets,
reporting how often a PNE was found, multiple PNEs were identified, the best PNE was
obtained, and a tighter dual bound was achieved. Full results for type (B) are given in
Table 2.13, while those for types (A) and (C) appear in Appendix 2.L. Overall, BZR con-
sistently outperforms ZR across all interaction types in (i) time to the first PNE, (ii) the
number of distinct PNEs found, and (iii) the best PNE value identified. For dual bounds,
the advantage is clearer in types (A) and (B), whereas in type (C) the two methods exhibit
complementary strengths: as shown in Table 2.30 (Appendix 2.L), BZR generally produces

tighter dual bounds for n < 15, while ZR tends to perform better for n > 20.

Table 2.12: Summarized comparison of BZR and ZR for Type A, B, and C KPG.
type # PNEs Found Finding a PNE Best PNE Dual Bounds Avg POS Avg # EI Cuts

#onezr) Fonewzry LR BZR Ties ZR BZR Ties ZR BZR  POS  #ouszr) Hewsszr)

Type A 14 719 7 27 7 0 20 10 0 17 1.010 1206.7 1012.0
Type B 12 1766 5 27 5 0 22 7 1 19 1.006 945.9 966.6
Type C 12 675 7 24 7 0 17 8 7 12 1.175 2180.9 2516.4

How Interaction Coefficients and the Number of Players Affect ¢,[R]. When
interaction coefficients are predominantly positive, improving BR moves more often enter

equilibrium basins, leading to larger c'ju [R] and faster PNE discovery; as interactions become
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Table 2.13: Comparison of BZR and ZR for Type B KPG.

# PNEs Found Best PNE (¢) Dual Bounds Price of Stability Time (secs) # EI Cuts

n BG  Hpuezn) Honemzm) ZR - BIZR ZR  BZR OSW POS T(ZR'") T(ZR) T(BZR') T(BZR) #euszr) HeusBzr)

2 02 3 9 82 8.2 8.2 8.2 8.3 1.018 9.7 13.4 0.7 10.0 1944 1913

0.5 4 125 14.2 14.2 14.2 14.2 14.4 1.010 72.9 130.9 0.3 72.9 2281 2154

0.8 1 9 19.1 19.1 19.1 19.1 19.1 1.002 1.2 1.4 0.3 2.2 1224 1239

3 02 0 195 - 15.6 15.7 15.6 15.9 1.023 - 1800.3 1.1 1800.3 2679 2161

0.5 0 222 - 28.9 29.2 29.1 29.4 1.016 - 1800.3 0.6 1800.2 2744 2100

0.8 3 291 40.0 40.0 40.1 40.1 40.3 1.007 590.5 1800.3 1.2 1801.3 2287 2361

5 0.2 0 84 - 40.5 40.8 40.8 40.9 1.012 - 1800.2 2.0 1800.2 663 832

0.5 0 129 - 78.0 78.8 78.8 78.8 1.011 - 1800.4 2.2 1802.9 1377 1325

0.8 0 107 - 108.3 108.7 108.6 108.7 1.003 - 1800.5 4.0 1800.4 1790 983

8 0.2 0 75 - 91.6 92.7 92.7 92.6 1.011 - 1800.3 44 1800.5 755 1055

0.5 0 89 - 188.6 190.0 190.0  189.9 1.007 - 1801.1 10.0 1801.3 874 1282

0.8 0 12 - 272.9 273.4 273.2 2731 1.001 - 1801.2 6.9 1800.8 998 176

10 0.2 0 43 - 135.9 137.1 137.0 136.9 1.007 - 1801.1 2.3 1800.4 523 721
0.5 0 28 - 287.8 289.5  289.4  289.0 1.004 - 1800.8 6.1 1801.2 306 508

0.8 0 27 - 426.9 4284  428.3 4278 1.002 - 1800.5 7.4 1801.4 667 435

15 0.2 0 41 - 287.3 290.6 290.6  289.5 1.008 - 18019 20.4 1801.0 358 960
0.5 0 19 - 642.1 645.7 645.5  644.0 1.003 - 1800.9 20.4 1801.5 252 466

0.8 0 12 - 963.3 967.1 966.6  965.2 1.002 - 1800.9 23.0 1801.4 258 312

20 0.2 0 16 - 488.4 493.2 493.1  491.2 1.006 - 1800.7 13.4 1800.6 334 496
0.5 0 11 - 1123.1  1129.2 1129.1 1125.5 1.002 - 1801.2 27.6 1801.3 309 402

0.8 0 10 - 1671.7 1677.5 1677.3 16729 1.001 - 1800.8 24.5 1800.9 264 367

25 0.2 0 12 - 760.9 767.6 767.5 763.5 1.003 - 1800.8 21.6 1801.0 315 444
0.5 0 11 - 1716.7 17287 1728.5 1723.7 1.004 - 1800.9 19.2 1800.9 338 448

0.8 0 9 - 2610.3 2623.1 2622.8 2614.3 1.002 - 1800.9 28.9 1800.7 371 420

30 0.2 0 10 - 1083.3 1094.7 1094.6 1088.8 1.005 - 1801.0 34.1 1800.7 399 540
0.5 0 11 - 2459.8 2473.3 24734 2466.1 1.003 - 1800.7 98.9 1801.0 237 584

0.8 0 8 - 3748.6 3764.1 3764.0 3750.8 1.001 - 1800.8 27.0 1800.6 425 430

Note. Boldfaced values indicate better solutions found within the time limit, tighter dual bounds, or more
PNEs.

more complex—e.g., when coefficients are mixed or negative—the dynamics can become
more complicated and g, [R] may decrease. This viewpoint aligns with our EBMC variants:

in 9‘821‘11, other players’ selections are typically helpful for player i (Section 2.6.2), whereas

in 9%;2, other players’ updates can affect player i either positively or negatively, yielding

more complicated BR trajectories. Similarly, KPG types (A) and (B) behave like predomi-
nantly positive-interaction instances, while our type (C) is closer to a mixed regime. Finally,
increasing the number of players can amplify externalities; for example, the original type (C)
construction in Dragotto and Scatamacchia [58] can exhibit a more adversarial landscape
as externalities increase (Section 2.7.4), which may drive g,[R] to be very small. This is

consistent with our results: 9|S£el|f:1 and KPG types (A) and (B) find PNEs in all instances,

Self

2 fails in four instances and our KPG type (C) fails in three instances.

whereas G
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2.8 Conclusion

Computing PNEs in IPGs remains challenging, primarily because most existing exact ap-
proaches rely on joint formulations that couple players’ strategy sets, and computational
evidence is therefore largely restricted to instances with only a few players and modest
per-player model sizes. This scalability gap is particularly salient in large-scale resource-
allocation settings with many stakeholders, such as the EBMC games studied in this chap-
ter. To address this challenge, we introduce round random-restart best-response dynamics
(RRR-BRD) for IPGs and provide a probabilistic convergence guarantee whenever a PNE

exists and the restart law assigns positive probability to basins that reach a PNE.

We further embed RRR-BRD as a randomized local-search subroutine within the ZR frame-
work, yielding substantial practical gains in finding PNEs and high-social-welfare PNEs,
and often improving dual bounds. Overall, these improvements translate into an order-of-
magnitude enhancement in the tractable scale of equilibrium computation for our tested
IPG classes. We also discuss how RRR-BRD can serve as a local-search subroutine within
other IPG algorithms whenever integer-feasible profiles are available. On the modeling side,
we study two EBMC game variants—locally altruistic and selfish-by specifying how players
value edge coverage, and we establish sufficient conditions for PNE existence in each setting.
Using the MN dataset, we illustrate how equilibrium outcomes depend on these behavioral
specifications and provide managerial insights for allocating limited inspection resources at

both the statewide and county levels.

Finally, our results point to two important directions for future research. First, our proba-
bilistic guarantees are expressed through the instance-dependent success probability under
restarts, g, [R], which is difficult to compute in general; deriving tractable estimators/bounds

for g, [R] under additional structural assumptions, and designing restart laws that improve it,
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are promising extensions. Second, while we focus on equilibrium computation and compar-
ative analysis under different utility specifications, we do not design incentive mechanisms;
developing implementable policy levers that steer equilibria toward socially desirable out-

comes, and analyzing welfare—stability trade-offs and sensitivity, are natural next steps.
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Table 2.14 lists acronyms used throughout this chapter. Tables 2.15-2.16 summarize the

notation.
Table 2.14: List of acronyms used in this chapter and its appendix
Acronym Meaning
IPG / IP Integer programming game / integer program.
PNE Pure Nash equilibrium.
BR Best response (noun); best-response (adjective).
SCC Strongly connected component in a directed graph.
DAG Directed acyclic graph.
RR-BRD Random-Restart best-response dynamics.
RRR-BRD Round RR-BRD, i.e., a round-based implementation of RR-BRD.
EI Equilibrium inequality.
ZR Zero-regret (algorithm).
BZR BRD-incorporated zero-regret (algorithm).
KPG Knapsack problem game.
EBMC Edge-weighted budgeted maximum coverage (game/model).
AIS Aquatic invasive species.
OSW Optimal social welfare (social optimum).
POS Price of stability.
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Table 2.15: Summary of notation used in this chapter and its appendix (core notation)

Symbol Meaning

IPGs.

g An integer programming game (IPG); the IPG tuple as defined in Section 2.1.

N={1,..,n} Set of players; n := |N|.

m;;m Number of integer variables of player ¢; when m, is the same for all i € N,
we write m.

xX; Polyhedrally bounded pure-integer set of player i in the IPG (i.e., a finite
strategy set).

X Joint strategy set, X :=X; x - x X ,.

Player i’s strategy; joint strategy profile.

Utility (objective value) of player i under profile x.
Social welfare function, ¢(x) = X).

OSW solution.

Best PNE (socially optimal PNE).

ieEN uq(

Normal-Form Games, BR State Graph, and RRR-BRD.

S;

S = HieN Si
s = (Siv 34)
BR (s_;)

SCC; sink SCC

Condensation DAG

Set, of pure strategies of player ¢ in the finite normal-form game.
Set of pure strategy profiles (normal-form viewpoint).

Strategy profile; s_; denotes the strategies of all players except i.
Set of (improving) best responses at s_;.
Strongly connected component; a sink SCC has no outgoing edges in the
condensation DAG.

Directed acyclic graph obtained by contracting SCCs of the BR state graph.

I Restart distribution over S used by RRR-BRD.

R Round cap per attempt in RRR-BRD.

q,[1 Probability that an attempt from s ~ u reaches a PNE within R rounds.
Equilibrium Inequalities and Lifted Formulations.

Spne(9) Set of pure Nash equilibria of game 3.

X Lifted /linearized formulation of the joint strategy profile.

E Equilibrium closure.

Q Set over which equilibrium inequalities are generated /enforced.
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Table 2.16: Summary of notation used in this chapter and its appendix (applications and

experiments)

Symbol Meaning

EBMC Games.

1€N Player index in the EBMC model/games.

J; Set of vertices controlled by player i (player-level decision set).

x; Binary variable indicating whether vertex j is selected.

Yk Binary variable indicating whether arc (j, k) is covered.

B, Budget of player i (inspection budget).

W, Edge weight for edge (j, k).

9%?1 Selfish EBMC game with a single AIS type.

9i g‘fZQ Selfish EBMC game with multiple AIS types.

GAlt Locally altruistic EBMC game.

KPGs

J Set of items in the knapsack problem game.

m; € {0,1} Binary selection of item j by player .

B, Knapsack capacity of player i (in KPG).

pé- Profit of item j for player i.

f}g’ j Bilinear coefficient associated with item j for players ¢ and k.

Computational Results.

q,[R] q,[R] estimated via Monte Carlo simulation.

N Initial strategy profile (all-zero vector).

Xtime Initial strategy profile obtained by solving the SW model with a time limit
(seconds).

Xng Non-game strategy profile.

}Ell)ne / Xpne First identified PNE / best identified PNE (maximizing ¢) within the time
limit.

o) Social welfare function; values are reported in thousands and rounded to the
nearest tenth.

OSW Approximate optimal social welfare, ¢(Xtime).

POS Approximate price of stability, ¢(X5"®)/d(X5 ).

#cuts(ZR) / #cuts(BZR)
#pne(ZR) / #pne(BZR)
T(ZR'™) / T(BZR'™)
T(ZR) / T(BZR)

sSw

Number of equilibrium inequalities added by ZR / BZR.
Number of distinct PNEs found by ZR / BZR.

Time to find the first PNE using ZR / BZR.

Total runtime of the ZR / BZR algorithm.
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2.B Proofs

Proof of Theorem 2.2

Proof. (i) For attempt 7, let I, = 1{7pyg < R in attempt r}, i.e., I, = 1 iff the r-
th attempt reaches (and certifies) a PNE within at most R rounds. Across attempts we
independently resample s ~ y and re-draw fresh round permutations; hence (1,.),~; arei.i.d.

Bernoulli with parameter g, [R]. Let

R*:=if{r>1:1 =1}

be the number of attempts until success. Then

Pr(R* >r)=(1-gq,[R])" — 0,

T—00
so Pr(R* < co) = 1 and the algorithm finds a PNE almost surely.

(ii) Let L, be the number of BR solves in attempt r. For each failed attempt r < R*, exactly
R rounds are executed, so L, = nR. On the successful attempt, a PNE is first hit during
one of the R rounds, and the algorithm certifies it by the end-of-round no-change test; thus

Lp. <nR. Taking expectations and using E[R*] = 1/¢,,[R] (geometric),

4a nRk
[E[ Lr] < nRER] = .
; i q,[R]
This establishes the bound in part (ii). O

Proof of Corollary 2.5
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Proof. Because each X'; is a bounded integer polyhedron, it contains finitely many integer
points, so X = Hie N X, is finite and can be viewed as the pure strategy space S of a finite
normal-form game. The RRR-BRD-IPG algorithm (Algorithm 2.4) is exactly RRR-BRD
(Algorithm 2.1) applied to this finite game, with restart law p induced by Ranpom_GEeN-
ERATION. If G admits a PNE and ¢,[R] > 0, then the hypotheses of Theorem 2.2 hold, so
the almost-sure convergence and the bound on the expected number of BR solves follow

directly. [
Proof of Proposition 2.10

Proof. By Definition 2.9, A7[7;] := 6_(7;)UA,;. Fix any edge (j,k) € A. Since 7 = | |_ 7,
is a partition, there is a unique index ¢ € N such that k € J,. There are two cases: (i) if
j € J,; as well, then (j,k) € A, C A7[J,]; (ii) if j ¢ J,, then (j,k) € §_(J,) C A~[T,;].
Hence every edge (j, k) € A belongs to [J,_,. A~ [7;]. Furthermore, since each edge (j, k) is

unique, it must exclusively belong to one set A~ [7,]. Therefore, A = |_|i6 AT

Self

Using this partition and the definition of w7, we obtain

P(x) = Z WYk = Z Z WYk = Zﬁzse“(y) = Zquelf(X>’
(

j,k)eA iEN (j,k)eA[7,] ieN ieN

which proves the claim. O

Proof of Theorem 2.11

Proof. Fix a player © € N. The arcs of the entire graph can be partitioned into those

that are incident to J, and those that are not, i.e., A = A[J,] U A_,, where A[J,] =

7

A; U8, (7,) U6 (7,

;) and A_; collects all remaining arcs. For a given profile (x!,x7%), the
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potential can be written as

o(x) = ijk-max(xj,xk)—i—z wjk-max(:cj,ik)—i—z wjk-max(jj,mk)—i—z W max (T ;, Ty,)
J,ked,; J€T;,keT_, J€J_;,keTd; J,ked_;

—i>

_ Alt (i z—i = =

= E uMt(xt, X + 5 Wy, - Max(z;, Ty).
(.j7k)€‘/l[jz] jvkej—i

i

The second term depends only on X~ and is therefore constant with respect to changes in

Alt

1

(x?,x7%) (where @ (y) is rewritten as uf*(x)). Hence,

x’. The first term is precisely u :

for any X', x" € X,

which shows that ¢ is an exact potential function for the locally altruistic game. [

Proof of Corollary 2.12

Proof. By Theorem 2.11, the locally altruistic EBMC games are exact potential games with
potential function ¢(x), and X%, is an optimal solution maximizing ¢(x) over x € X. By
Lemma 2.1 of Monderer and Shapley [105], which states that any maximizer of a potential

function is a PNE, x7, is a PNE for locally altruistic EBMC games. O

Proof of Theorem 2.13.

Proof. Case 1: 7°¢ C J°. Fix i € N. Since vertices in J° have no types, other players’
selections in JY create no relevant coverage benefit for player ¢ in the selfish utility. Hence,
for all x* € X,

self(xi, i_i) — uielf(xi, 0—1) )

Uy ng
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By definition of Xng,

¢ € arg max uf(x',077),
xeX;

S0 X}, is also a best response to X, 7. Thus X, is a PNE (for both [£] =1 and |£| > 2).

Case 2: J" C J" and |£| = 1. Fix i € N. For any x* € X, overlap of covered edges
implies

s.elf(xi7)—{fi) < uself<xi 071> + uielf(oi’}—(fi).

U; ng/ — 7 ) ng

Since X!, maximizes us(-,07%),

u (o %) < (R,

O—i) + self(Oz *Hg?)

Under g‘sjl‘f:l, the instance is bipartite as in Section 2.5.3, with each coverable edge having

one endpoint in J* and one in J°. With 7" C 7T, there is no double counting of edges, so

self (&1 —1 self i =1} — self (i £—1
u; (Xng7 0 ) +u (0 ng) u; (Xng7 Xng)'
Therefore,
self (1 —1 self (g1 —1i %
u; (X ’Xng) < Uy (Xngaxng) VX' € Iz’?
s0 X! ng 18 @ best response to X,.;. Since i is arbitrary, X,,, is a PNE for 9|S£el|f:1 [
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2.C Random Feasible-Start Generators for KPG and

EBMC

We provide two randomized feasible-start generators for each IPG class studied in this chap-
ter: (i) a maximal generator, which tends to produce strategies that are close to capacity-
filling and thus resemble typical best responses; and (ii) a full-support generator, which
assigns strictly positive probability to every feasible pure strategy. In our RRR-BRD imple-
mentation, we alternate between these two variants (e.g., using the maximal generator on
odd-numbered restarts and the full-support generator on even-numbered restarts), although

any mixture is admissible.

The design goals are: (a) every feasible profile in ' has nonzero probability under the full-
support generator (for the theoretical guarantees in Section 2.3.3); and (b) the generators

remain lightweight (expected linear time) so that restarts are inexpensive.

Notation. Let N = {1,...,n} be the set of players/counties. In KPG, let J be the set of
items, w§- > 0 the weight of item j € J for player ¢ € N, and B, > 0 the capacity. A pure

strategy for player i is x* € {0,1}1Y! with 3"

whzt < B,. In EBMC, let J, denote the
jeJ 3 7 7

lakes in county i and B; € Z-, its inspection budget; a pure strategy is x* € {0, 1}/il with

Zjeji r; < B,

Generators for Knapsack Problem Games (KPG)

Maximal generator (random-order greedy). This generator matches the implementa-
tion used in our code: for each player, we take a randomized ordering of items and perform

a single greedy pass, adding an item whenever it fits in the remaining capacity.
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Algorithm 2.14 MaxRaNDOMGENERATION-KPG (random-order greedy)

Require: Items J, capacities (BZ-)ZENA, weights (wé)iequq
Ensure: Feasible profile x € J[,_ {x" € {0, 1} Zj wirh < B}
1: for each i € N do

3 7 <— RANDOMPERMUTATION(J) > encodes shuffle
4 for each j € m do

o: w < wh

6: if w < R then

g S+ Su{j}; R« R—w

10: Set xéel{jGS} for all j € J
11:
12: return X = (x%),cy

Algorithm 2.14 runs in O(|N||J|) time and always returns a feasible strategy for each player,
since items are only accepted when the remaining capacity R allows. Because all random-
ness sits in the permutation 7, it yields a diverse collection of near-maximal solutions that

typically resemble best responses.

Full-support generator (Bernoulli 4+ rejection). The full-support generator uses a
Bernoulli-rejection scheme. For each player i, we choose a Bernoulli parameter p, that
reflects the “density” of the knapsack, typically on the order of the mean fill ratio B,/W;,
where W, :=>"

ied wg-:

Every feasible knapsack pattern for player 7 can be generated with positive probability in
a single Bernoulli draw (because each coordinate is independent and p; € (0,1)), and is
accepted whenever it satisfies the capacity constraint. Thus, after accounting for the rejection
step, RANDOMGENERATION-KPG induces a full-support distribution over the feasible set. For

moderate p, and capacities, the expected number of rejection loops is small, so the expected

runtime remains linear in |.J| per player.

In RRR-BRD, we alternate these two generators across restarts (e.g., MAXRANDOMGENERATION-
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Algorithm 2.15 RanpoMGENERATION-KPG (full-support, expected linear time)

Require: Items J, capacities (BZ-)ZENA, weights (wé)iequq
Ensure: Feasible profile x € J[,_ {x" € {0, 1} Zj wirh < B}
1: for each i € N do

jeJ 7
3 Choose p; in (0,1), e.g. p; < B;/W;
4 repeat
5 for each j € J do
6: Draw x; ~ Ber(p,) independently
7.
8 until Zje ; w;ajz < B, > reject if capacity violated

9:
10: return x = (x%),.y

KPG for odd restarts and RANDOMGENERATION-KPG for even restarts), combining capacity-

filling starts with fully supported random perturbations.

Generators for EBMC

For EBMC, budgets are cardinality bounds, so we can work directly with subsets of lakes.

Maximal generator (uniform cardinality sampling). Here we sample a subset of lakes

of size b; := min{3B,, |7,|} uniformly without replacement.

Algorithm 2.16 MaxRaNDOMGENERATION-EBMC (uniform cardinality)

Require: County lakes (7;);cn, budgets (B;);cn
Ensure: Feasible profile with Zje 7. % < B, foralliec N
1: for each i € N do
3 S < SAMPLEWITHOUTREPLACEMENT(J ;, b; ) > uniform over (‘g?')
4: Set x; < 1{j € S} for all j € J,
5.
6

: return X = (x%),y

This generator runs in O(|7,|) per county (via a shuffle-and-take routine) and samples uni-

formly among all maximal (cardinality-b;) feasible strategies.
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Full-support generator (Bernoulli + rejection). To obtain full support in EBMC, we

again use a Bernoulli-rejection scheme. Here the natural density proxy is the ratio B,/|7,;|:

Algorithm 2.17 RanpoMGENERATION-EBMC (full-support)

Require: County lakes (7;);cn, budgets (B;);cn
Ensure: Feasible profile with Zje , ;< B forallie N
1: for each i € N do 2
2: Choose p; in (0,1), e.g. p; < B;/|7,]
repeat
for each j € 7, do
Draw x; ~ Ber(p;) independently

3
4
ot
6:
7 until Zjeﬂi z; < B,
8

9

: return X = (x%);cy

As in the KPG case, every feasible subset of 7, has positive probability under this procedure,

and the expected number of rejection loops remains small for moderate p; and budgets.

Remark. In summary, for both KPG and EBMC we alternate between maximal and full-

max and pf denote the restart laws

support generators across restarts. Formally, let
on X induced when all restarts use the maximal generator and the full-support generator,
respectively. If a PNE exists and the full-support generator is used (so the restart law is
pf - then g [R] > 0 for all R > 1. In practice, however, the maximal generator often
produces starting profiles that are closer to best responses and can empirically yield larger
success probabilities (q,max[R] > g, [R]), even though these quantities are not computable

in closed form. Alternating the two variants balances theoretical robustness (via the full-

support generator) with the potential efficiency of more structured, capacity-filling starts.
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2.D Extremely Small g,[R]

®

many singleton SCCs non-PNE sink O

PNE sink P

Figure 2.3: A condensation DAG showing that g, [R] can be extremely small.

Figure 2.3 highlights that the instance-dependent success probability ¢,[R] (2.4) in RRR-
BRD can be extremely small even when a PNE exists. Assuming that the restart law pu
has full support on the restart set and that R is sufficiently large, the diagram can be
interpreted as the condensation DAG of the best-response state graph. In the schematic, O
is an absorbing non-PNE sink SCC, P is an absorbing PNE sink SCC, and the remaining
node(s) represent (possibly many) transient SCCs that flow into O. In particular, P may be
a singleton and may be unreachable from any non-PNE start under best-response moves, so
that a run succeeds only if the restart lands directly in P. Under full-support restart laws
(e.g., uniform sampling over feasible profiles), the success probability g, [R] can therefore be
made arbitrarily small by scaling the number of transient states (and hence their p-mass)

relative to P.

A knapsack-style IPG inducing vanishing ¢,[R]. We now give a concrete IPG with a
single knapsack constraint per player for which g, [R] decreases exponentially in M, matching
the structure in Figure 2.3. Consider a two-player IPG (N = {1,2}) with m := M binary

decisions indexed by j € {1,..., M}. Each player i chooses a binary vector x* € {0,1}™
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subject to the single knapsack constraint

M
Sa<a,

=1
so every subset is feasible.

We use the standard IPG utility form

w7 = (@)%Y ()T Qi
peN\{i}
with Q° = 0 (no within-player quadratic term). Define the cyclic successor map on indices

g:{l,.... M} = {1,....M}byg(j)=j+1forj=1,...,.M —1 and g(M) = 1.

Set linear coefficients d' = d? = —c1 for some ¢ > 0, and define the interaction matrices

by the following nonzero entries (all others are 0):

Q=T (G=1...M), Qg0 jl=T(j=1,..,M),

for some T" > c¢. Under these utilities, player 1’s unique best response to x? is to choose
exactly the same subset x! = x?, and player 2’s unique best response to x! is to choose the

shifted subset :1:3( = :1:]1 for all j.

7)
Identification of the sinks O and P and the transient region. The profile (x!,x?) =
(0,0) is a PNE: each player obtains payoff 0, while any deviation to a nonzero subset yields
negative payoff due to the linear cost. Thus the singleton {(0,0)} is the PNE sink P in

Figure 2.3.

In contrast, no profile with x! # 0 or x? # 0 can be a PNE. If x2 = 0, then player 1’s

1

unique best response is x! = x2 # 0. If x! # 0, then player 2’s unique best response is the
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shifted subset g(x!') # x!, and hence x? must be updated unless it already equals that shift.
Restricting to the “active” profiles with x* # 0 and x2? # 0, best-response updates cycle on
the orbit induced by ¢, forming an absorbing strongly connected component O containing
no PNE. All other non-PNE profiles are transient singleton SCCs that flow into O under
improving best responses. This matches the schematic: a (possibly very large) transient

region feeding into the non-PNE sink O, with a separate singleton PNE sink P.

Moreover, (0,0) is not reachable from any non-PNE start under improving best-response
moves: when the opponent plays a nonzero subset, deviating to 0 yields payoff 0, whereas
the prescribed best response yields strictly positive payoff because T' > c¢. Thus, all non-PNE

starts eventually enter O and remain there.

Implication for g, [R] under full-support restarts. Let the restart law p have full
support over the restart set, e.g., uniform over {0,1}" x {0,1}™. In this instance, P =
{(0,0)} is not reachable from any non-PNE start under improving best responses, whereas

all other starts enter the non-PNE sink O and fail for any finite round cap R. Consequently,

0,[R] = n(P) = u((0,0)) = Syr.

which can be made arbitrarily small by increasing M. Equivalently, the expected number
of restarts required to hit a PNE is 1/¢,[R] = 22M 50 RRR-BRD (Algorithm 2.4) can be

exponentially weak in expectation on this instance.

Moreover, since the number of restarts until success is geometric, tail probabilities are non-
negligible:
Pr(R*>r) = (1—gq,[R])".
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With ¢, [R] = 272", we have
Pr(R* > 22M) = (1 — 272M)2*" o o1

so even at the mean scale 22 there remains a constant probability of requiring more restarts

(and hence more work).

2.E  Full Simulation Results

Tables 2.17-2.18 report full simulation results for the normal-form reductions and KPG
instances. Most settings exhibit large ‘ju [R] and small average rounds, while a minority of
instances have much smaller c]“ [R], leading to larger ESB and longer runs; this instance

dependence is most visible in the harder KPG configurations (notably type C).
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Table 2.17: Full simulation results for normal-form reductions

3

k inst trials successes ¢,[R] avg_rounds all ESB (

nRk
mﬂRﬁ

Time (secs)

W WWWWWWWWWWWWWWWWWWwwMhiohoNmNnhothoNnNDDNDDNDNDDDDNDNDDNDNDNDNDN

ke RE R R R WO WWWWWWWhRERrEREREREREREREREREPRERODLODWWRLWWWWW

S 00N U AW, S 00N R WS OO U RE W =S 0000 R W

64
64
64
64
64
64
64
64
64
64
256
256
256
256
256
256
256
256
256
256
512
512
512
512
512
512
512
512
512
512
4096
4096
4096
4096
4096
4096
4096
4096
4096
4096

64
64
64
64
64
64
64
64
64
64
256
64
256
256
256
256
256
256
256
256
410
287
176
332
45
512
69
334
310
512
4096
2542
612
3173
4096
2542
3566
943
4096
3702

1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
0.25
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
0.80
0.56
0.34
0.65
0.09
1.00
0.13
0.65
0.61
1.00
1.00
0.62
0.15
0.77
1.00
0.62
0.87
0.23
1.00
0.90

2.84
2.83
2.52
2.58
2.66
2.44
2.73
2.63
2.39
2.34
2.34
8.04
3.18
2.62
2.84
2.88
2.20
3.63
2.13
241
6.32
6.58
7.56
5.86
9.37
2.89
8.98
5.79
6.66
3.80
3.42
6.86
9.31
6.04
3.41
6.47
4.65
8.36
3.93
4.58

20.0
20.0
20.0
20.0
20.0
20.0
20.0
20.0
20.0
20.0
20.0
80.0
20.0
20.0
20.0
20.0
20.0
20.0
20.0
20.0
37.5
93.5
87.3
46.3
341.3
30.0
222.6
46.0
49.5
30.0
30.0
48.3
200.8
38.7
30.0
48.3
34.5
130.3
30.0
33.2

0.01
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.02
0.11
0.05
0.03
0.05
0.04
0.02
0.05
0.02
0.04
0.13
0.12
0.14
0.13
0.16
0.06
0.20
0.12
0.14
0.09
1.09
2.20
2.95
1.92
1.16
2.10
1.59
2.62
1.30
1.61
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Table 2.18: Full simulation results for KPGs

type n items budget trials successes ¢,[R| avg rounds all ESB (#ﬁa]) Time (secs)
A2 25 2 200 200  1.00 2.50 40.0 0.30
A 2 25 5 200 200  1.00 2.72 40.0 0.34
A 2 25 8 200 200  1.00 2.94 40.0 0.44
A2 50 2 200 200 1.00 3.18 40.0 0.58
A 2 50 5 200 200 1.00 2.58 40.0 0.56
A 2 50 8 200 200  1.00 2.71 40.0 0.66
A2 75 2 200 200 1.00 3.25 40.0 0.75
A 2 75 5 200 200 1.00 3.57 40.0 1.14
A2 75 8 200 200 1.00 3.46 40.0 1.62
A2 100 2 200 200 1.00 3.26 40.0 1.03
A 2 100 5 200 200 1.00 3.66 40.0 1.56
A 2 100 8 200 200 1.00 3.17 40.0 4.50
A 3 25 2 200 200 1.00 3.21 60.0 0.60
A 3 25 5 200 200 1.00 3.40 60.0 0.79
A 3 25 8 200 200  1.00 3.15 60.0 0.75
A 3 50 2 200 200  1.00 3.59 60.0 0.99
A 3 50 5 200 200 1.00 3.17 60.0 1.25
A 3 50 8 200 200 1.00 3.78 60.0 1.56
A 3 75 2 200 200  1.00 4.34 60.0 1.71
A 3 75 5 200 200 1.00 3.42 60.0 1.81
A 3 75 8 200 200 1.00 4.13 60.0 2.35
A 3 100 5 200 200  1.00 4.66 60.0 7.34
A 3 100 8 200 200 1.00 4.02 60.0 9.56
B 2 25 2200 200 1.00 3.08 40.0 0.34
B 2 25 5 200 200  1.00 3.22 40.0 0.45
B 2 25 8 200 200 1.00 2.85 40.0 0.42
B 2 50 2200 200 1.00 3.52 40.0 0.63
B 2 50 5 200 200 1.00 3.71 40.0 0.87
B 2 50 8 200 200 1.00 3.04 40.0 0.70
B 2 75 2 200 200 1.00 3.28 40.0 0.88
B 2 75 5 200 200 1.00 3.97 40.0 1.21
B 2 75 8 200 200  1.00 3.69 40.0 2.95
B 2 100 2 200 200  1.00 3.26 40.0 1.08
B 2 100 5 200 200 1.00 3.58 40.0 5.61
B 2 100 8 200 200  1.00 3.31 40.0 5.99
B 3 25 2200 200 1.00 3.45 60.0 0.82
B 3 25 5 200 200 1.00 3.64 60.0 0.83
B 3 25 8 200 200  1.00 3.46 60.0 0.74
B 3 50 2 200 200 1.00 4.05 60.0 1.26
B 3 50 5 200 200 1.00 4.43 60.0 1.57
B 3 50 8 200 200  1.00 3.63 60.0 1.34
B 3 75 5 200 200 1.00 4.55 60.0 2.19
B 3 75 8 200 200 1.00 4.11 60.0 2.37
Cc 2 25 8 200 200 1.00 2.62 40.0 0.27
c 2 50 2 200 200 1.00 3.66 40.0 0.63
Cc 2 50 8 200 200 1.00 3.04 40.0 0.38
Cc 2 75 2 200 3 0.02 19.75 2666.7 5.36
c 2 75 8 200 4 0.37 13.85 108.1 2.92
c 2 100 2 200 156 0.78 7.53 51.3 2.59
c 3 25 2 200 1 0.01 19.92 12000.0 3.42

81
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2.F Example for the BZR Algorithm

We exemplify how RRR-BRD, BZR, and ZR operate on a small two-player instance. In this

example the performance gap is not pronounced, but the mechanics are transparent.

Player 1: max 3z} + 2x) + 20 — 4xix? — Sxlad —3zlxd st ozl +al+axl <2
x1e{0,1

Player 2: Jmax 2% + 23 + 023 + 5x2xi + 2232} + 232 st 2¥ 423+ 22 <2
x2e€{0,1

The game has a unique PNE X3, . = {(0,0,1), (1,1,0)} with social welfare ¢(X5,.) = 5. We

pne

use 0 = {(0,0,0),(0,0,0)} as a starting profile.

RRR-BRD: Assume the (round-wise) random playing sequences are [1,2] — [2,1] — [1,2].
Starting from 0%, RRR-BRD follows the BR path

{(0,0,0),(0,0,0)} = {(1,1,0), (0,0,0)} 2 {(1,1,0), (1,1,0)} = {(0,0,1),(1,1,0)},

and the final round [1, 2] certifies this profile via the end-of-round no-change test.

BZR: In our implementation, BZR first calls the separation oracle at an incumbent integer
solution. Suppose the MIP solver produces {(0,0,0),(0,0,0)}. This profile is not a PNE:
player 1 has BR (1,1,0) and player 2 has BR (1,1,0), yielding two violated equilibrium

inequalities (Els), which are added:
S5—4x?—5r3 < 3wi{+2x3+22i—42,—529—324, 3+5ri+22) < 202 4+234+023452,+229+25.

Since {(0,0,0),(0,0,0)} is not a PNE, BZR then invokes RRR-BRD and finds the PNE
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{(0,0,1),(1,1,0)} under [1,2] — [2,1] — [1,2]. Along this BRD trajectory, player 1’'s BRs
are (1,1,0) and (0,0,1), and player 2’s BR is (1,1,0); thus player 1’s BR (0,0, 1) provides

an additional inequality:

2 — 323 < 3w + 221 + 221 — 42, — 529 — 32,.

After adding these inequalities, BZR resolves and terminates once the separation oracle
confirms that the incumbent {(0,0,1),(1,1,0)} (maximizing social welfare) is indeed the

best PNE.

ZR: ZR first checks {(1,0,1),(1,1,0)} (social welfare = 9), generating the violated EI from
player 1’'s BR (0,0,1):

2 — 322 <32l + 22 + 22} — 42, — 52, — 3z,.

Next it evaluates {(1,1,0),(1,0,1)} (social welfare = 8), generating two violated Els from
player 1’'s BR (0,1,0) and player 2’s BR (1,1, 0):

2 — 523 < 3wi + 22 + 221 — 42, — 52, — 32,

3+ 5xi + 2xd <222 + 22 + 022 + 521 + 225 + 25.

Finally, {(0,0,1),(1,1,0)} is tested and confirmed as the best PNE.

Comparison: BZR requires one separation call at the initial incumbent, one RRR-BRD
run, and three Els in total (two from the initial separation and one from the BRD trajec-
tory), resulting in two separation calls overall (including the final call that certifies the best

PNE). ZR requires three separation calls and generates three Els. This gap can widen sub-
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stantially in large-scale IPGs where many separation rounds may be needed. We include this
example for illustrative purposes; in the large-scale IPG instances studied in this chapter,

the performance gap between BZR and ZR is often substantial.

2.G Exponential Separation Between ZR and BZR

This section gives a simple worst-case construction showing an exponential separation be-
tween ZR and BZR when mazimizing social welfare over PNEs (i.e., the welfare-maximizing
equilibrium problem). We use the n-fold product of the classical Prisoner’s Dilemma and the
standard welfare ¢ = u; +u4 to illustrate that there can be exponentially many high-welfare
non-equilibria, forcing welfare-guided equilibrium search to reject many candidates before
certifying the optimal PNE. (We use O(-) for upper bounds and O(-) when the bound is

tight up to constant factors.)

Construction. Two players choose x,y € {0,1}". Each coordinate j € {1,...,n} is an
independent Prisoner’s Dilemma, where 0 = Cooperate and 1 = Defect, with per-coordinate

payoffs shown in Table 2.19.

Table 2.19: Per-coordinate payoffs for the Prisoner’s Dilemma component game in 7, .
‘?szo(c) ?szl(D)
z; =0 (C) (3,3) (0,5)
1 (D) (5,0) (1,1)
Note. (0 = cooperate, 1 = defect)

Structure. Defection strictly dominates cooperation in each coordinate for both players.

Hence the unique PNE is (1,1) with ¢(1,1) = 2n, while the social optimum is (0,0) with
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¢(0,0) = 6n. Moreover, every profile other than (1,1) has strictly larger welfare, so exactly

4™ — 1 profiles satisfy ¢ > 2n.

Complexity gap. ZR must reject all 4 — 1 non-PNE profiles with ¢ > 2n before it can
certify that (1,1) is the optimal PNE, yielding ©(4™) separation-oracle calls in the worst
case. By contrast, BZR finds the PNE in O(1) best-response steps (player 1 best-responds
to 1, then player 2 best-responds to 1). Verification is still exponential and in fact ©(2™)
in this construction: because defection is dominant, equilibrium inequalities are essentially
non-restrictive and do not cut off high-welfare non-PNE profiles, so BZR must rule out (1,y)
for each y # 1. There are 2 — 1 such y, and for each one player 2’s best response to 1 is
1 # y, hence (1,y) is not a PNE. Thus verification requires ©(2") checks and the overall

separation is ©(2").

Table 2.20: Worst-case complexity comparison on P, : ZR versus BZR.

Algorithm Finding Verification Total

ZR — (included)  ©(4™)
BZR O(1) O(2™) O(2m)
Gap: O(2")

Takeaway. This dominant-strategy example shows that certifying the welfare-optimal

PNE can be exponentially harder than finding a PNE.

2.H Illustration: A Two-Player Selfish EBMC Game

Figure 2.4 illustrates the interplay between two selfish players, each controlling three vertices

and selecting one under a budget constraint of one. The bold circles and the dashed lines
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(a) Player A first chooses vertex  (b) Player B first chooses vertex  (c¢) Player A now can choose ver-
A, B, tex Ag

Figure 2.4: The interactions in the selfish game with two players.

represent the selected vertices and the edges covered by the choices of players, respectively.
For example, in Figure 2.4a, edges from B; to A; are covered at vertex A;, while those
from B, to B, are not covered. Assume that the vertices differ in status between two task
types. Following standard BRD, Player A first chooses vertex A;. Player B benefits from
this choice because the edge (A, B;) is now covered. Subsequently, Player B chooses vertex
B, covering additional arcs. This in turn activates the edge (By, A;), allowing Player A to
consider selecting vertex A; as a new best response. Player B maintains the same choice. At
this point, the game reaches a PNE, as neither player has an incentive to deviate from their
current strategy. This example illustrates how one player’s best response may incidentally
benefit the other, even in a selfish setting. However, these benefits are not intentional
but rather emergent consequences of self-interested decisions. Importantly, mutual gains
observed during the BRD do not guarantee monotonic increases in utility for all players. For
example, Player B benefits from Player A’s initial choice of A,, but the subsequent choice
of A5 does not influence Player B’s utility, so that it continues to prefer vertex B;. From
Player B’s perspective, Player A’s earlier strategy (choosing A, alone) yields a higher selfish

objective value than the final strategy (choosing As).
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2.1 EBMC as an IPG: Reformulation and Complexity

Implications

The objective functions of the locally altruistic and selfish EBMC games can be reformulated
in the standard (quadratic) IPG form by eliminating the edge variables y and expressing
utilities purely in terms of vertex variables x. Throughout, vertex decisions are binary
(z; € {0,1}), and edge coverage is defined by y;, = max{z, z;}. Hence, for every arc (j, k)
we have the equation y . = x; + x;, — z,;x;. Using this equation, for each player i € N we

can write the EBMC utility as

ul x) = (TR + Y )T+ (@)X 4 e (x),
PENN{i}
where Q° captures within-player quadratic terms, Q; captures cross-player interactions (rows
indexed by variables in xP and columns by variables in x?), and d’ captures linear terms
in x*. The last summation collects all terms that depend only on opponents’ decisions x*.

Since ¢;(x*) does not depend on x*, it is an additive constant from player i’s perspective

and therefore does not affect best responses or equilibria.

Coefficient construction. The reformulation follows by expressing the three core util-

ity components »_ WY, in terms of x via

(e U 22 pyes, (7, UK 2 pyes (7,
Yjr = T; + v, — ;2. Below we describe how each arc set contributes to the coefficients in
u;(x*,x7"). (As usual, if one stores Q* as a symmetric matrix, then a term —w,z;x, may

be split across (7, k) and (k, j) to avoid double counting.)

« Internal arcs. For an internal arc (j, k) € A; (so j, k € J;), the contribution w (z,;+
), — x;x;,) adds wy, to the j-th and k-th entries of d’, and adds —w;;, to the (j, k)

entry of Q° (representing the bilinear term —wjkxjxk).
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+ Outgoing arcs. For an outgoing arc (j, k) € §,(7;) with j € 7, and k € J,, for some
p # i, the contribution w;,(z; 4+ x), — z;x;,) adds wy, to the j-th entry of d’ (the z;
term), adds the bilinear coefficient —w; to the (k, j) entry of Q; (row indexed by x,

column indexed by x;), and adds the opponent-only linear term w ), into ¢;(x~*).

« Incoming arcs. For an incoming arc (j,k) € §_(J;) with j € 7, for some p # i and
k € 7;, the contribution wy, (z; + x;, — x,x),) adds wy, to the k-th entry of d* (the z;,
term), adds the bilinear coefficient —w, to the (j, k) entry of Q? (row indexed by x;,

column indexed by z;,), and adds the opponent-only linear term w;,z; into ¢;(x*).

Applying these transformations to the appropriate arc sets yields an explicit representation
of EBMC games in the standard (quadratic) IPG format. In particular, the interaction

structure of EBMC, captured by the family {Q; }pti» mirrors that of quadratic IPGs (qIPGs).

Finally, although wu,(x?,x %) includes the term c;(x~%), this term depends only on x* and
therefore does not affect player ¢’s best response; it can be safely ignored when computing

best responses or separating equilibrium inequalities.

Complexity considerations. Both the selfish and locally altruistic EBMC games are
instances of quadratic integer programming games (qIPGs): each player solves a binary
optimization problem over an individual feasible set X';, and utilities admit the qIPG repre-
sentation. Moreover, any term depending only on opponents’ decisions can be absorbed into
c;(x7") and therefore does not affect best responses or equilibria. Carvalho et al. [35] show
that deciding whether a general IPG admits a pure Nash equilibrium (PNE) is ¥5-complete;
consequently, the PNE-existence problem restricted to EBMC games lies in 3%. In the locally
altruistic EBMC game, we establish that the game is an exact potential game and hence

a PNE always exists (each X, is finite and nonempty). For the selfish EBMC game, PNE
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existence is not guaranteed; while the decision problem lies in X%, establishing ¥%-hardness
(and thus completeness) for the EBMC subclass would require a dedicated reduction, which

we leave for future work.

2.J Counterexamples for the Existence of PNE

This section presents counterexamples for the existence of a PNE in the EBMC games 9‘321‘21
and 9|Sjl|f22 For 9|Szl|f:1, we identify a counterexample using modest integer weights between 1
and 10 with a total of 9 vertices and two players with budgets 2 and 1. Table 2.21 shows that
there is a unilateral selfish deviation for any strategy profile. We demonstrate the existence

of a selfish deviation for any strategy profile rather than showing cycles, as the latter case

does not conclusively indicate the absence of a PNE.

Table 2.21: Strategy Profiles and Selfish De-

viations.
Strategy profiles Selfish unilateral deviation
xy, =1,x7 #(1,0,0) %B = (1,0,0)
xAS 5&1,XB#(071,0) %P = (05170)

xp =1,x*#(1,1,0,0,0,0) %4 =(1,1,0,0,0,0)
zp #1,x*#(0,0,1,1,0,0) %4 =(0,0,1,1,0,0)

This table displays all potential strategy profiles for
players A and B. A has a budget of 2 while B has
a budget of 1. Each row describes a set of strategy
profiles. The first row contains the strategy profile
x4 =(0,0,1,1,0,0) and x® = (0,1, 0). In this case,
player B would deviate to X2 = (1,0,0). In another
scenario, if x4 = (1,0,1,0,0,0) and x5 = (0,1, 0),

. . Self possible deviations are X2 = (1,0, 0) for player B and
Figure 2.5: No PNE for 9‘5‘:1. %4 = (0,0,1,1,0,0) for player A.

Compared to gfgl‘le, counterexamples in 9|Szl|f>2 are more readily identifiable. An example is

presented in Figure 2.6, where the vertices A; and A, are of type-1, and the vertices B; and

B, are of type-2. Assuming that each player has only one budget, no PNE exists; for every
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possible strategy profile, there is a selfish unilateral deviation, as detailed in Table 2.22.

Table 2.22: Strategy Profiles and Selfish De-
viations.

Strategy profiles Selfish unilateral deviation

zy, =1,x5#(0,1) xB =(0,1)
Ty F 1,xP #£ (1,0) %B =(1,0)
rg =1,x%#(1,0) 4 = (1,0)
rp #1,x*#(0,1) 4 =(0,1)

This table displays all potential strategy profiles for

. . Self players A and B. For instance, if x4 = (1,0) and
Figure 2.6: No PNE for 9\5\22' xB = (1,0), player B would deviate to xZ = (0, 1).
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2. K RRR-BRD Results

We present the full results of the RRR-BRD algorithm using different initial strategy profiles
in various problem settings. Specifically, we report results for selfish EBMC games with
|£] =1 and |£] > 2, as well as KPG instances with interaction types (A), (B), and (C). The

metrics and computational settings used in these experiments are described in Section 2.7.1.

Table 2.23: RRR-BRD results with different initial strategy profiles for selfish EBMC games
9Self_ )
|£|=1

RRR-BRD (¢) Price of Stability =~ References from BZR Time (secs) Round
n BG init:0V  init:x3°  OSW POS BZR(¢) BZR(Bound) init:0V init:%3%° init:0V  init:%3%
2 03 19.2 19.2 19.2 1.000 19.2 19.2 0.0 0.1 2 1
0.5 21.6 22.3 22.3 1.000 22.3 22.3 0.1 2.3 2 1
0.8 22.6 22.6 24.9 1.102 23.3 23.3 0.1 0.4 2 2
3 0.3 22.0 27.6 27.6 1.000 27.6 27.6 0.2 2.4 2 1
0.5 38.8 42.1 42.1 1.000 42.1 42.1 0.2 6.9 2 1
0.8 53.1 53.1 53.1 1.000 53.1 53.1 0.1 0.2 2 1
5 0.3 83.5 90.4 90.4 1.000 90.4 90.4 0.4 13.8 2 1
0.5 85.0 100.6 100.6 1.000 100.6 101.2 0.5 301.0 2 1
0.8 146.9 156.7 156.7 1.000 156.7 157.4 0.5 301.1 2 1
8 0.3 130.1 130.1 149.9 1.152 134.1 134.2 1.6 5.3 2 3
0.5 169.1 252.2 252.2 1.000 252.2 260.2 1.6 302.8 2 1
0.8 269.9 341.4 381.3 1.117 349.2 353.4 1.4 232.6 2 3
10 0.3 308.1 317.2 317.2 1.000 317.2 317.3 2.6 304.5 2 1
0.5 289.8 361.7  361.7 1.000 361.7 372.4 1.6 302.8 2 1
0.8 412.2 539.8  539.8 1.000 538.1 549.3 2.0 303.8 2 1
15 0.3 630.4 725.4 725.4 1.000 725.4 745.9 4.7 307.8 2 1
0.5 576.9 576.9 857.5 1.487 708.4 730.1 6.1 23.7 2 3
0.8 886.3 1212.2  1219.7 1.006 1216.5 1249.2 5.7 311.3 2 3
20 0.3 656.1 904.5 904.5 1.000 904.5 922.5 10.4 319.2 2 1
0.5 1089.0 1398.8 1529.1 1.093 1282.1 1472.8 11.1 319.8 2 1
0.8 1317.6 1701.4 2415.5 1.420 2024.4 2207.2 13.1 323.9 2 3
25 0.3 14195 1765.0 1765.0 1.000 1765.0 1819.5 18.0 328.9 2 1
0.5 2140.7 2597.5 2597.7 1.000 2597.4 2767.9 19.0 334.7 2 2
0.8 2246.8 3294.0 3312.8 1.006 3307.4 3541.1 18.9 336.4 2 3
30 0.3 1780.2 2448.2 2448.3 1.000 2448.1 2556.0 26.1 345.6 2 2
0.5 2704.9 3263.8 3263.8 1.000 3260.8 3482.4 29.8 349.1 2 1
0.8 3724.0 4919.7 4919.7 1.000 4910.4 5399.1 28.1 346.4 2 1
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Table 2.24: RRR-BRD results with different initial strategy profiles for selfish EBMC games
9Self )
|£1=2

RRR-BRD (¢) Price of Stability = References from BZR Time (secs) Round

n BG init:0V  init:x3°  OSW  POS BZR(¢) BZR(Bound) init:0Y init:%x3%° init:0V  init:%30°

0.3 51.4 51.4 56.3 1.096 51.4 51.4 0.4 1.6 3 3
0.5 83.8 83.8 86.6 1.033 83.8 86.0 0.8 58.8 3 2
0.8 92.1 91.4 95.2 1.034 92.8 94.3 1.0 5.6 3 2
3 03 115.0 115.0 139.7 1.215 115.0 115.0 0.7 12.1 4 4
0.5 178.6 178.3 200.3 1.122 178.6 196.7 0.7 301.5 4 4
0.8 252.2 252.2 253.7 1.006 252.2 257.8 0.8 301.8 4 6
5 0.3 380.0 380.0 399.8 1.052 380.0 380.0 1.7 303.5 3 3
0.5 557.6 557.6 577.3 1.035 557.6 618.5 1.7 303.1 3 3
0.8 650.1 650.1 661.9 1.018 650.1 677.5 2.1 303.9 4 4
8 0.3 862.1 862.1 995.8 1.155 862.1 980.4 5.2 309.4 4 4
0.5 1214.5 1214.5  1387.9 1.143 1214.5 1535.1 5.6 309.2 4 4
0.8 1661.5 1661.5  1721.0 1.036 1661.5 1771.3 6.1 309.3 4 6
10 0.3  1265.2 1265.2  1521.6 1.203 1265.2 1526.5 8.0 319.6 3 13
0.5 2084.2 2084.2  2253.9 1.081 2083.2 2635.7 8.7 315.5 4 5
0.8 2612.3 2612.3  2685.2 1.028  2612.3 2757.3 9.4 318.6 5 9
15 0.3 2916.4 2916.4  3440.2 1.180  2916.4 3523.7 19.5 329.0 4 4
0.5  4476.8 4476.8  5030.1 1.124  4476.8 5750.7 29.3 337.9 6 5
0.8 - - 6206.3 - - 6428.7 402.9 687.6 200 200
20 0.3 5373.6 5373.6  6284.2 1.169  5373.6 6483.1 44.9 366.4 5 4
0.5 - - 90194 - - 11452.5 874.9 1195.1 200 200
0.8 10149.3 10149.7 10510.8 1.036  10149.7 10858.2 45.7 377.6 4 6
25 03 80239 8023.9  9502.9 1.184  8023.9 17369.6 51.8 394.3 3 4
0.5 12640.7 12640.7 13936.0 1.102  12640.7 17424.1 7.7 4171 4 4
0.8 - - 16806.1 - - 17521.5  1789.4 1949.1 200 200
30 0.3 11151.4 111514 13520.2 1.212 111514 24217.3 119.6 460.2 5 4
0.5 173424 173424 16969.0 0.978 173424 25103.4 146.5 503.8 6 6

0.8 - - 24180.9 - - 25028.6  2910.7 3240.5 200 200
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Table 2.25: RRR-BRD results with different initial strategy profiles for Type A KPG.

RRR-BRD (¢)  Price of Stability =~ References from BZR Time (secs) Round
n BG init:0V  init:%39° OSW POS BZR(¢) BZR(Bound) init:0V init:%3° init:0Y  init:%x3%°
0.2 18.4 18.5 18.7 1.011 18.5 18.5 0.1 0.6 3 2
0.5 17.6 18.3 18.3 1.002 18.3 18.3 0.0 0.4 3 2
0.8 8.1 8.2 8.4 1.022 8.3 8.3 0.0 0.4 3 2
3 0.2 37.2 37.5 37.8 1.010 37.6 37.6 0.3 3.1 4 3
0.5 31.8 324 32.8 1.011 32.7 32.7 0.1 2.0 3 3
0.8 14.5 14.8 15.2 1.027 14.8 14.8 0.0 0.4 4 2
5 0.2 129.2 131.3 1313 1.000 131.3 131.3 0.9 47.0 4 1
0.5 59.6 60.0 61.4 1.024 60.6 61.0 0.8 33.5 7 3
0.8 27.0 27.2 29.3 1.079 27.3 27.3 0.1 2.0 4 3
8 0.2 289.8 294.8  295.1 1.001 295.1 295.4 4.0 301.1 8 2
0.5 110.5 1121 116.7 1.041 1124 114.0 0.9 235.1 6 5
0.8 85.6 86.6 87.8 1.013 86.9 87.6 0.3 25.8 7 4
10 0.2 500.5 504.6  508.7 1.008 505.5 506.1 6.1 302.5 8 3
0.5 255.0 260.4  262.8 1.009 260.9 263.0 1.0 302.3 7 4
0.8 139.5 141.6  143.9 1.016 141.2 142.9 0.5 301.3 7 5
15 0.2 1050.2 10567.4 1058.8 1.001 1058.1 1060.8 6.5 302.8 8 3
0.5  583.1 599.7  604.2 1.007 600.4 605.2 1.9 304.1 9 6
0.8 246.4 254.2 2577 1.014 255.3 258.3 0.8 302.4 8 6
20 0.2 1663.5 1688.0 1689.9 1.001 1689.5 1693.9 8.6 303.2 10 4
0.5 11034 1120.6 1126.2 1.005 1120.4 1129.0 2.2 302.8 13 7
0.8 598.6 610.2 6128 1.004 610.8 615.2 1.2 302.6 15 4
25 0.2 2597.6 2626.4 2628.1 1.001 2627.4 2637.1 8.3 306.1 7 3
0.5 1789.9  1825.8 1833.3 1.004  1827.5 1838.4 3.7 307.2 17 8
0.8 690.1 706.2  T711.5 1.008 706.6 714.5 1.4 303.8 11 5
30 0.2 3311.2 3334.8 3351.2 1.005 3331.6 3356.8 15.1 307.4 10 4
0.5 2490.0 2528.8 2535.3 1.003 2528.7 2544.7 3.3 305.2 14 6
0.8 1070.2 1095.9 1104.6 1.008 1095.7 1109.7 14 304.4 8 6
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Table 2.26: RRR-BRD results with different initial strategy profiles for Type B KPG.

RRR-BRD (¢) Price of Stability = References from BZR Time (secs) Round
n BG init:0V  init:x3° OSW POS BZR(¢) BZR(Bound) init:0Y init:%3%° init:0"  init:%3%°
0.2 8.0 8.2 8.3 1.018 8.2 8.2 0.0 0.1 3 2
0.5 14.1 14.2 14.4 1.016 14.2 14.2 0.2 0.3 3 3
0.8 18.8 19.0 19.1 1.005 19.1 19.1 0.2 0.3 3 3
3 0.2 14.8 15.4 15.9 1.035 15.6 15.6 0.0 0.3 5 3
0.5 28.3 28.7 29.4 1.025 28.9 29.1 0.1 2.8 5 4
0.8 39.0 39.8 40.3 1.012 40.0 40.1 0.9 2.6 4 2
5 0.2 39.6 39.6 40.9 1.033 40.4 40.8 0.2 5.8 6 5
0.5 76.7 77.9 78.8 1.012 78.1 78.8 0.6 19.5 9 5
0.8 106.9 107.7 108.7 1.009 108.3 108.6 4.0 24.9 10 3
8 0.2 87.7 91.1 92.6 1.017 91.6 92.7 0.4 253.4 5 4
0.5 185.2 187.5 189.9 1.013 188.6 189.9 1.8 184.4 13 7
0.8 267.6 272.3 273.1 1.003 272.8 273.2 4.5 302.5 6 4
10 0.2 132.5 135.4 136.9 1.011 136.0 137.0 0.1 300.6 10 3
0.5 281.0 286.8 289.0 1.008 287.6 289.4 0.7 302.0 7 4
0.8 423.2 426.1 427.8 1.004 426.9 428.3 5.6 302.9 9 4
15 0.2 279.2 285.8 289.5 1.013 287.0 290.5 0.6 302.5 7 7
0.5 627.1 641.3 644.0 1.004 642.7 645.4 1.1 302.1 9 6
0.8 954.7 963.8 965.2 1.001 963.8 966.5 6.6 303.1 9 3
20 0.2 479.9 486.6 491.2 1.009 488.7 493.1 0.7 301.9 10 4
0.5 1108.2 1121.6 1125.5 1.004 1123.8 1129.0 1.0 302.0 9 4
0.8 1661.3 1671.9 1672.9 1.001 1670.7 1677.3 8.4 302.7 11 2
25 0.2 753.5 759.8 763.5 1.005 761.4 767.5 0.9 303.4 9 4
0.5 1696.0 1717.7 1723.7 1.004 1719.9 1728.6 4.0 304.2 20 8
0.8 2586.8 2608.5 2614.3 1.002 2610.0 2622.9 12.1 306.5 13 5
30 0.2 1055.2 1085.3 1088.8 1.003  1085.2 1094.7 2.3 305.8 12 14
0.5 2409.3 2460.4 2465.8 1.002 2460.3 2473.3 3.8 305.1 13 5
0.8 3729.8 3745.0 3750.8 1.002 3749.0 3764.0 17.0 310.2 11 6
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Table 2.27: RRR-BRD results with different initial strategy profiles for Type C KPG.

RRR-BRD (¢) Price of Stability = References from BZR Time (secs) Round

n BG init:0V  init:x3° OSW POS BZR(¢) BZR(Bound) init:0Y init:%3%° init:0"  init:%3%°

0.2 4.7 4.7 4.7 1.007 4.7 4.7 0.0 0.1 3 2

0.5 7.8 7.8 7.8 1.007 7.8 7.8 0.0 0.1 3 2

0.8 8.4 8.4 8.4 1.008 8.4 8.4 0.1 0.1 3 2

3 0.2 7.1 7.1 7.2 1.012 7.1 7.1 0.0 0.3 4 3

0.5 10.3 10.3 10.4 1.011 10.3 10.3 0.1 0.3 4 2

0.8 11.5 11.6 11.8 1.024 11.6 11.6 0.1 0.1 5 3

5 0.2 10.1 10.1 10.4 1.025 10.3 10.3 0.1 0.7 3 3

0.5 14.2 14.1 14.6 1.028 14.3 14.4 0.5 1.6 4 3

0.8 13.6 13.7 15.0 1.095 13.7 13.7 0.3 0.4 4 3

8 0.2 15.6 15.6 16.2 1.034 15.8 16.0 0.1 114 4 3

0.5 15.6 15.6 17.6 1.122 15.8 16.5 0.5 1.9 6 4

0.8 15.6 15.5 18.5 1.192 15.7 16.6 0.2 1.3 5 4

10 0.2 16.3 16.4 17.5 1.070 16.7 17.3 0.1 13.1 6 10
0.5 16.7 16.7 20.3 1.212 16.9 18.3 6.2 16.4 85 126

0.8 16.1 16.1 20.3 1.262 16.3 18.0 0.3 4.5 6 5

15 0.2 19.6 19.6 21.8 1.114 19.8 21.5 0.5 224.2 8 17
0.5 15.9 16.1 23.0 1.435 16.5 19.8 0.4 72.6 10 7

0.8 16.3 16.4 23.0 1.398 16.8 19.8 0.3 42.8 9 8

20 0.2 20.5 20.7 24.5 1.185 20.9 24.0 4.3 304.7 77 54
0.5 - - 24.7 - - 22.0 6.4 308.5 200 200

0.8 16.8 16.8 25.5 1.519 17.1 23.1 5.0 303.7 131 50

25 0.2 20.6 20.4 26.2 1.272 20.7 26.4 15.1 303.9 196 20
0.5 - - 25.7 - - 24.9 10.2 313.0 200 200

0.8 - - 26.4 - - 25.4 11.5 315.3 200 200

30 0.2 20.6 - 277 1.350 20.5 40.8 17.7 320.2 196 200
0.5 15.9 15.7 27.3 1.720 16.3 33.0 4.6 305.5 74 33

0.8 15.6 - 27.6 1.772 15.8 30.4 2.9 323.8 78 200
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2.. BZR Full Results

We present the full BZR results of the EBMC | £] > 2 games, KPG types (A) and (C). The

metrics and computational settings used in these experiments are described in Section 2.7.1.

Table 2.28: Comparison of BZR and ZR for selfish EBMC games 91521';2

# PNEs Found Best PNE (¢) Dual Bounds Price of Stability Time (secs) # EI Cuts

n BG  #puezm) Homemzm)  ZR BZR ZR BZR  OSW  POS T(ZR') T(ZR) T(BZR™) T(BZR) #euszr) Heuts(Bzr)

2 03 1 1 51.4 51.4 51.4 51.4 56.3 1.096 9.7 9.8 0.8 12.8 12 19

0.5 0 1 - 83.8 85.7 86.0 86.6 1.033 - 1800.3 1.4 1800.1 11 20

0.8 0 6 - 92.8 94.1 94.3 95.2 1.027 - 1800.1 2.1 1800.1 14 26

3 0.3 1 1 1150 115.0 115.0 115.0 139.7 1.215 1423.4  1423.7 1.9 1040.1 18 29

0.5 0 2 - 178.6 197.9 196.7 200.3 1.122 - 1800.4 2.3 1800.5 15 29

0.8 0 1 - 252.2 257.7 257.8 253.7 1.006 - 1800.3 1.9 1800.4 15 32

5 03 1 1 380.0 380.0 380.0 380.0 399.8 1.052 489.2  665.9 5.7 642.9 28 49

0.5 0 1 - 557.6 626.7 618.5 577.3 1.035 - 1800.3 5.6 1800.0 25 43

0.8 0 1 - 650.1 671.1 677.5 661.9 1.018 - 1800.7 5.4 1800.5 25 57

8 0.3 0 1 - 862.1 975.9 980.4 995.8 1.155 - 1800.1 14.8 1800.1 40 70

0.5 0 1 - 1214.5 1527.4 1535.1 1387.9 1.143 - 1800.1 14.4 1800.1 40 75

0.8 0 1 - 1661.5 1770.3 1771.3 1721.0 1.036 - 1800.1 14.8 1800.2 40 78

10 0.3 0 1 - 1265.2 1517.8 1526.5 1521.6 1.203 - 1800.1 24.9 1800.1 50 95
0.5 0 1 - 2083.2 2635.2 2635.7  2253.9 1.082 - 1800.1 23.2 1800.1 50 93

0.8 0 1 - 2612.3 2755.8 2757.3  2685.2 1.028 - 1800.3 25.7 1800.3 50 100

15 0.3 0 1 - 2916.4 3501.5 3523.7  3440.2 1.180 - 1800.3 56.7 1800.1 75 131
0.5 0 1 - 4476.8 5728.7 5750.7  5030.1 1.124 - 1800.3 58.6 1800.2 75 137

0.8 0 0 - - 6423.5 6428.7  6206.3 - - 1800.3 - 1800.3 75 150

20 0.3 0 1 - 5373.6 6483.6 6483.1 6284.2 1.169 - 1800.4 118.5 1800.3 100 178
0.5 0 0 - - 10639.6 11452.5 90194 - - 18004 - 1800.4 100 200

0.8 0 1 - 10149.7 10856.7 10858.2  10510.8 1.036 - 1800.4 117.4 1800.2 99 190

25 0.3 0 1 - 8023.9 9787.5 17369.6  9502.9 1.184 - 1800.4 166.9 1800.8 125 210
0.5 0 1 - 12640.7 17424.1 17424.1  13936.0 1.102 - 1800.6 176.5 1800.5 125 236

0.8 0 0 - - 17512.8 17521.5 16806.1 - - 1800.4 - 1800.5 125 175

30 0.3 0 1 - 11151.4 13751.2 24217.3  13520.2 1.212 - 1800.6 284.1 1801.1 150 267
0.5 0 1 - 17342.4 251034  25103.4 16969.0 0.978 - 1800.8 288.5 1800.9 150 272

0.8 0 0 - - 25019.9 25028.6 24180.9 - - 1800.6 - 1800.7 150 180

Note. Boldfaced values indicate better solutions found within the time limit, tighter dual bounds, or more
PNEs.
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Table 2.29: Comparison of BZR and ZR for Type A KPG.
# PNEs Found Best PNE (¢) Dual Bounds  Price of Stability Time (secs) # EI Cuts
n BG  Hpnezm) Hpnemzny LR BIR ZR  BZR OSW POS T(ZR'") T(ZR) T(BZR™) T(BZR) #euszr) Heus(B2R)
2 02 1 3 185 18.5 18.5 18.5 18.7 1.011 1.1 1.7 0.1 2.5 2031 2040
0.5 1 9 183 18.3 18.3 18.3 18.3 1.002 1.1 1.5 0.1 1.2 155 116
0.8 1 10 8.3 8.3 8.3 8.3 8.4 1.007 2.7 3.1 0.1 2.3 671 657
3 02 5 9 376 37.6 37.6 37.6 37.8 1.006 12.0 14.8 1.1 9.6 1058 1009
0.5 2 131 327 32.7 32.7 32.7 32.8 1.003 958.7 1646.6 0.2 174.2 3394 805
0.8 0 61 - 14.8 14.9 14.8 15.2 1.025 - 1800.2 0.2 339.1 2739 1167
5 0.2 3 8 131.3 131.3 1313 131.3 131.3 1.000 7.7 81.5 1.8 47.9 58 78
0.5 0 93 - 60.6 61.0 61.0 61.4 1.014 - 1800.3 0.9 1800.1 2892 1730
0.8 1 18 273 27.3 27.4 27.3 29.3 1.072 1784.9  1800.1 0.5 183.8 3982 3857
8 0.2 0 17 - 295.1 295.6 295.4  295.1 1.000 - 1800.7 5.0 1800.3 1657 200
0.5 0 35 - 112.4 114.2 114.0 116.7 1.038 - 1800.4 1.5 1800.3 4833 4680
0.8 0 49 - 86.9 87.7 87.6 87.8 1.010 - 1800.5 0.6 1800.9 571 649
10 0.2 0 8 - 505.5  506.5 506.1 508.7 1.006 - 1800.3 6.2 1800.6 2604 2157
0.5 0 36 - 260.9  263.1 263.0 262.8 1.007 - 1800.9 2.6 1801.0 583 608
0.8 0 54 - 141.2 143.0 142.9 143.9 1.019 - 1800.8 1.1 1800.6 1584 1653
15 0.2 0 13 - 1058.1 1061.3 1060.8 1058.8 1.001 - 1800.5 12.9 1801.5 344 254
0.5 0 31 - 600.4  605.3 605.2  604.2 1.006 - 1800.8 11.3 1801.5 461 755
0.8 0 35 - 255.3 2583 258.3  257.7 1.009 - 1800.7 9.1 1801.6 325 822
20 0.2 0 13 - 1689.5 1694.4 1693.9 1689.9 1.000 - 1801.6 12.9 1800.6 279 372
0.5 0 15 - 1120.4 1129.0 1129.0 1126.2 1.005 - 1800.7 3.8 1800.8 215 514
0.8 0 14 - 610.8 615.5 615.2 6128 1.003 - 1800.6 3.0 1800.8 348 395
25 0.2 0 8 - 2627.4 26375 2637.1 2628.1 1.000 - 1800.9 17.3 1801.1 309 355
0.5 0 10 - 1827.5 1838.6 1838.4 1833.3 1.003 - 1800.7 5.6 1801.0 290 447
0.8 0 12 - 706.6 714.5 7145 7115 1.007 - 1801.4 3.9 1800.9 332 547
30 0.2 0 7 - 3331.6 33569 3356.8 3351.2 1.006 - 1800.7 26.3 1802.9 197 397
0.5 0 9 - 2528.7 2545.1 2544.7 2535.3 1.003 - 1800.8 8.4 1801.3 357 475
0.8 0 11 - 1095.7 1109.9 1109.7 1104.6 1.008 - 1800.9 4.7 1801.0 312 586

Note. Boldfaced values indicate better solutions found within the time limit, tighter dual bounds, or more
PNEs.

Table 2.30: Comparison of BZR and ZR for Type C KPG.

# PNEs Found Best PNE (¢) Dual Bounds Price of Stability Time (secs) # EI Cuts
n BG #mesm) #pewsm ZR BZR ZR BZR OSW  POS T(ZR) T(ZR) T(BZR™) T(BZR) #auzmy Heus(mm)
2 02 1 1 4.7 4.7 4.7 4.7 4.7 1.007 0.4 0.6 0.1 0.5 4075 4085
0.5 3 14 78 7.8 7.8 7.8 7.8 1.007 2.3 3.3 0.1 3.7 4159 4196
0.8 1 2 84 84 84 8.4 8.4 1.008 0.6 0.8 0.1 0.9 3567 3583
3 02 1 3 71 7.1 7.1 7.1 7.2 1.012 3.6 3.9 0.1 1.8 4385 4407
0.5 2 5 10.3 10.3  10.3 10.3 104 1.011 39.1 51.2 0.3 12.3 4442 4451
0.8 2 4 11.6 11.6 11.6 11.6 11.8 1.024 1.3 1.4 0.1 1.6 5629 5647
5 0.2 0 14 - 10.3 10.3 10.3 104 1.012 - 1800.4 0.3 2434 4198 4274
0.5 0 20 - 14.3 145 14.4 14.6 1.023 - 1800.6 0.5 1800.5 4986 5144
0.8 2 33 13.7 13.7 137 13.7 15.0 1.092 235.0 446.0 0.8 177.6 4119 4227
8 02 0 19 - 15.8 16.1 16.0 16.2 1.024 - 1800.8 0.4 1801.0 2713 2856
0.5 0 34 - 15.8 16.8 16.5 17.6 1.108 - 1800.9 1.0 1800.5 2267 2612
0.8 0 146 - 15.7 16.8 16.6 18.5 1.183 - 1800.5 0.7 1800.5 3033 4072
10 0.2 0 19 - 16.7 174 17.3 17.5 1.051 - 1800.5 0.7 1800.4 1559 1749
0.5 0 49 - 16.9 187 18.3 20.3 1.196 - 1800.7 6.0 1800.6 1564 2377
0.8 0 156 - 16.3 18.6 18.0 20.3 1.244 - 1800.5 1.1 1800.8 1775 3841
15 0.2 0 18 - 19.8 21.7 21.5 21.8 1.104 - 1800.5 22.3 1800.4 1608 1831
0.5 0 39 - 16.5 20.3 19.8  23.0 1.397 - 1800.3 21.7  1800.3 1651 2302
0.8 0 37 - 16.8 20.2 19.8 23.0 1.366 - 1800.3 21.4 1800.4 1633 2362
20 0.2 0 11 - 20.9 24.1 24.0 24.5 1.170 - 1800.6 4.4 1800.4 120 340
0.5 0 0 - - 21.8 22.0 24.7 - - 1800.2 - 1800.2 160 240
0.8 0 13 - 17.1  22.7 23.1 25.5 1.492 - 1800.2 3.7 1800.3 200 352
25 0.2 0 7 - 20.7 25.9 26.4 26.2 1.267 - 1800.3 10.1 1800.4 150 360
0.5 0 0 - - 247 249 257 - - 1800.3 1800.6 175 250
0.8 0 0 - - 255 25.4 26.4 - - 1800.3 - 1800.5 175 250
30 0.2 0 2 - 20.5 29.3 40.8 277 1.355 - 1800.5 14.5 1800.8 150 526
0.5 0 11 - 16.3 27.5 33.0 273 1.675 - 1800.5 8.7 1806.9 180 719
0.8 0 18 - 15.8 27.9 30.4 27.6 1.747 - 1800.4 5.6 1801.5 210 891

Note. Boldfaced values indicate better solutions found within the time limit, tighter dual bounds, or more
PNEs.
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2.M Approximate-PNE

This appendix reports approxrimate equilibrium certificates for the instances in which our
algorithms did not report an eract pure Nash equilibrium (PNE) within the prescribed
computational limits. The goal is not to claim that a PNE exists in these instances, but rather

to quantify the stability of the best-observed strategy profiles against unilateral deviations.

For each “no-PNE-reported” instance (both EBMC games and KPGs), we run RRR-BRD
with a single restart and a fixed round cap: L = 1 and R = 20. Let x(") denote the strategy
profile at the end of round r € {1,...,20} (i.e., after all players have played once in that
round under a randomized play order). We store these end-of-round profiles, yielding at

most 20 candidate profiles per instance.

For any candidate profile x("), we compute a multiplicative approximation factor as follows.

For each player i € N, we solve the best-response problem against x~* and obtain a best
response X' € arg max,i o u;(x',x ). Assuming u,(x’,x ") > 0 for all feasible profiles, we

define

2i (r)\—:
u; (X', (x) ™) a(xM) = maxai(x(r)).

1)) =
&) (7, (x(7) 1) ieN

@

U
Then x") is an a(x")-approximate PNE in the multiplicative sense, and a(x(") = 1 if and
only if x(" is an exact PNE. Among the 20 end-of-round candidates, we identify the profile

with the smallest approximation factor,

* = i (r)
R L

and report: (i) the best round r* attaining o*, (ii) the time taken for this RRR-BRD run,

and (iii) the social welfare (global objective value) evaluated at x("").

Tables 2.31 and 2.32 summarize these results for EBMC games and KPGs, respectively.
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Throughout, “no exact PNE was found within the time limit” records the outcome of a
computation and is not a claim that the instance admits no PNE.

Table 2.31: Approximate PNE for the EBMC game instances in which no exact PNE was
found within the time limit

Type n BG Approx BRD (¢) Best @  Time (secs) Best Round

|£]>2 15 0.8 6043.8 1.000003 106.3 11
£ >2 20 05 8292.9 1.000003 210.4 3
|£|>2 25 0.8 16255.9 1.000002 393.8 19
|£]>2 30 0.8 23509.4 1.000004 639.2 8

Table 2.32: Approximate PNE for the KPG instances in which no exact PNE was found
within the time limit

Type n BG Approx BRD (¢) Best @« Time (secs) Best Round

C 20 05 15.2 1.003140 0.9 9
C 25 05 14.5 1.003591 1.1 19
C 25 038 15.9 1.005714 1.2 20
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2.N County-level Utility Values

Table 2.33 presents the complete set of county-level utility values under different strategy

profiles, as introduced in Table 2.10 of the main manuscript.

Table 2.33: County-level utility values using different strategy profiles.

Aitkin 23746 24956 24982 29013 | Martin 24 24 24 24
Anoka 11292 12466 12495 15723 | McLeod 7194 7479 7503 8933
Becker 24219 26489 26497 31712 | Meeker 8866 9423 9428 9964
Beltrami 18720 20049 20061 23756 | Mille Lacs 1778 1818 1818 1886
Benton 1571 1688 1688 1779 | Morrison 5243 5460 5466 6184
Big Stone 4555 4827 4827 5664 | Mower 43 43 43 48
Blue Earth 4712 4924 4932 5439 | Murray 3481 3576 3590 3906
Brown 2338 2436 2436 2805 | Nicollet 32 32 32 32
Carlton 5393 5808 5813 6910 | Nobles 2328 2396 2396 2520
Carver 6664 7306 7331 8211 Norman 8 8 8 8
Cass 40151 42450 42500 48926 | Olmsted 587 596 598 852
Chippewa 60 60 60 60 | Otter Tail 43479 47839 47863 58200
Chisago 5463 5923 5930 6827 | Pennington 22 22 22 22
Clay 2075 2481 2485 2893 | Pine 6061 6313 6321 7088
Clearwater 8484 9210 9235 10484 Pipestone 38 73 73 78
Cook 28157 29949 30031 34442 | Polk 5584 6031 6037 6906
Cottonwood 2713 2824 2824 3212 | Pope 10157 11020 11032 13728
Crow Wing 38044 39727 39789 46254 | Ramsey 6995 7726 7761 9372
Dakota 6958 7400 7406 8664 | Redwood 177 177 177 177
Dodge 7 7 7 7 | Renville 837 866 871 1056
Douglas 16827 18127 18136 22158 | Rice 4496 4839 4847 5076
Faribault 251 251 251 251 Rock 0 0 0 0
Freeborn 1172 1172 1172 1172 Roseau 234 234 234 234
Goodhue 770 845 845 879 | Saint Louis 78691 81719 81770 91172
Grant 6635 7389 7391 8817 | Scott 4983 5249 5253 6381
Hennepin 21136 22442 22474 27024 Sherburne 5077 5557 5564 6698
Hubbard 22780 24426 24444 29543 | Sibley 2390 2388 2388 2429
Isanti 3635 3876 3884 4227 | Stearns 20200 21544 21554 26076
Itasca 51214 53588 53640 61367 | Steele 372 372 372 372
Jackson 3061 3167 3171 3474 | Stevens 2938 3340 3382 4142
Kanabec 3697 3917 3927 4634 | Swift 1287 1461 1461 1778
Kandiyohi 15551 16438 16450 18723 | Todd 9108 9832 9842 11661
Kittson 254 254 254 254 | Traverse 1427 1466 1466 1523
Koochiching 2217 2278 2284 2314 | Wabasha 331 331 331 331
Lac qui Parle 1331 1376 1376 1405 Wadena 1834 1950 1950 2289
Lake 30194 31584 31640 36702 | Waseca 2940 3074 3080 3089
Lake of the Woods 1009 1009 1009 1009 | Washington 11252 11946 11968 15845
Le Sueur 6804 7135 7157 7929 Watonwan 946 955 955 1114
Lincoln 4221 4292 4292 4501 | Wilkin 94 102 102 128
Lyon 2752 2925 2939 3314 | Winona 1561 1579 1579 1444
Mahnomen 4177 4424 4428 6012 Wright 22047 23782 23805 29464
Marshall 4585 5076 5078 6081 | Yellow Medicine 829 858 858 938

Note. Counties for which the inequalities regarding utility value comparisons do not hold are highlighted in
bold.
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3.1 Introduction

A common challenge in public-sector operations is to improve system-wide outcomes when

authority is decentralized. A state environmental agency, for example, may wish to raise
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the effectiveness of inspection programs across dozens of counties whose budgets, staffing
decisions, and lake selections are autonomous. The agency can anticipate the collective
outcome that emerges when each county acts in its own interest, but it cannot mandate
that counties choose differently, and it cannot redesign the institutional structure (county
budgets, jurisdictional boundaries, statutory authority) that shapes the game in the first
place. The agency’s instrument is, instead, the recommendation: an allocation that counties
may voluntarily adopt in lieu of the equilibrium they would otherwise reach. This chapter
studies when such voluntary recommendations can substantially raise welfare, and the struc-
tural conditions under which they do so without requiring any county to be worse off. For

convenience, all acronyms used throughout this chapter are collected in Section 3.A.

3.1.1 A new direction of analysis

Prior work divides by what it takes as given. Algorithmic game theory (AGT) and the
integer programming game (IPG) literature take a game and produce an equilibrium; mech-
anism design takes a target outcome and produces a game whose equilibrium implements it.
We extend the first: taking the game and its equilibria as given, we add a downstream step
that produces a welfare-improving recommendation under equilibrium-benchmarked utility
guarantees. The interaction structure and utility functions are unchanged. The only prin-
ciple borrowed from mechanism design is individual rationality (IR), which functions in our
framework as a structural device: the IR constraint releases the equilibrium fixity of each
player’s action and re-admits that action as a decision variable, but only within a region that
preserves the player’s equilibrium utility. The act of releasing the equilibrium action variable,
conditional on the IR guarantee, is what makes voluntary post-equilibrium re-optimization
coherent as a procedure. We refer to this approach as Nash-informed planning. Figure 3.1

illustrates the three steps.
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Figure 3.1: The three steps of Nash-informed planning. The dashed box encloses the contri-
bution of this chapter: the reference-utility construction (the second arrow) and the bounded
social welfare optimization (the third box). The first two boxes assemble the game and com-
pute its pure Nash equilibria (PNEs) using existing methods.

The framework targets complete-information non-cooperative games in which each player’s
strategy is a discrete decision (resource allocation, scheduling, and the like) that we model
compactly as IPGs. The sum of player utilities defines social welfare; its maximum is the
social optimum. The equilibrium-computation step uses dedicated algorithms to find a rep-
resentative range of Pure Nash Equilibria (PNEs), from the welfare-best to the welfare-worst;
algorithmic game theory then quantifies how far these PNEs lie from the social optimum
[127]. Even the best PNE may sacrifice nontrivial welfare. Our Nash-informed planning
step closes this gap by constructing equilibrium-based individual participation rationality
constraints from the computed equilibria (utility lower bounds that preserve each player’s
equilibrium-derived benchmark) and solving a bounded social welfare optimization that im-
proves welfare while removing utility-based participation objections relative to the modeled

equilibrium fallback.

We motivate and test the framework on a case study of aquatic invasive species (AIS)
prevention in Minnesota. The state has 87 counties and 9,182 lakes, of which 506 were
infested with at least one AIS type as of 2018; 41 counties have documented inspection
programs, and 38 are strategically active at the 100% baseline under the model’s positive-
integer-budget threshold. Boat movements link infested and uninfested lakes across county

lines, so each county’s inspection choices generate spillovers to other counties whose lakes
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receive incoming traffic. The state planner seeks to maximize inspection coverage of risky
boat movements across the state, while each county aims to maximize coverage at its own

lakes, with objectives aligned in direction but differing in jurisdictional scope.

The framework’s institutional assumptions (fixed county budgets, information-sharing through
state channels, and a coordinator without coercive authority) were informed by sustained en-
gagement with county and state stakeholders, such as the Minnesota Department of Natural

Resources (DNR), rather than imposed for modeling convenience.

3.1.2 Related literature

We review four streams of work related to Nash-informed planning.

Stream 1: IPGs and equilibrium computation. IPGs are non-cooperative games
in which each player solves an integer program under complete information [37, 96]. The
framework captures decision settings with inherently combinatorial strategy spaces: knap-
sack [36, 58], kidney exchange [34, 36], and the edge-weighted budgeted maximum coverage
games studied here [98]. Algorithms for IPGs focus primarily on equilibrium computation:
the zero-regret (ZR) algorithm of Dragotto and Scatamacchia [58] uses a cutting-plane frame-
work to compute the socially best PNE, and Lee et al. [98] study the use of random-restart
best-response dynamics (BRD) in IPGs, both theoretically and computationally, and show

how to incorporate BRD into ZR to scale to large instances, yielding the BZR algorithm.

Stream 2: Inefficiency of equilibria in operations management (OM). Quantify-
ing the inefficiency of decentralized equilibria is a long-standing question in both algorithmic
game theory (AGT) and operations management (OM). The Price of Stability (POS) and

Price of Anarchy (POA) [52, 127] measure the welfare ratio of the socially best and worst
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equilibria to the social optimum, and Filos-Ratsikas et al. [69] characterize the Pareto fron-
tier between these two metrics. Perakis [118] characterizes POA bounds under nonlinear
and asymmetric costs in transportation and supply-chain settings; Perakis and Roels [119]
quantify POA in supply chains under price-only contracts; Cachon [30] and Bernstein and
Federgruen [15] analyze POA and POS in inventory and capacity games, and the cost of
decentralization relative to the centralized optimum is quantified in scheduling [20] and
warehouse-logistics [55] settings. Christodoulou and Koutsoupias [46] establish theoretical
bounds for network congestion games. Where POA and POS quantify decentralization’s in-
efficiency, this chapter asks how much of it a planner can remove while keeping participation

voluntary—the question the rest of this chapter takes up.

Stream 3: Coordination through game redesign and equilibrium selection. One
major approach to coordinating decentralized agents is to alter the game itself. Mecha-
nism design [89, 97| constructs a game whose equilibrium implements a target outcome,
with computational tractability [110] or money-free [121] variants developed in subsequent
work; recent OM applications include kidney exchange [9]. Supply-chain coordination con-
tracts alter payoffs through buyback, revenue-sharing, and related transfer-based instruments
[15, 30, 31, 120]. Our framework keeps the game fixed and intervenes only through the rec-
ommendation. In AIS control and management, counties can rarely justify resource transfers
to their stakeholders without a guarantee of improved local outcomes, so we take the insti-
tutional structure (payoffs, action spaces, and allocation rules) as given and introduce no
transfers. The one element we adopt from mechanism design is individual rationality, which

enters as a structural device rather than as part of a designed game form.

A natural alternative is the correlated equilibrium (CE) of Aumann [12, 13], a distribution

over joint strategies in which following a mediator’s private recommendation is incentive-
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compatible. Correlated equilibrium fits a different institutional setting than ours: a state-
level environmental agency issues a single public plan and cannot administer the private,
randomized recommendations a CE requires. The deterministic-CE and computational-
tractability comparisons [8, 116] are deferred to Section 3.C, which contrasts BSW with the
welfare-best CE directly. We explore two analytical connections—to the price of fairness of

Bertsimas et al. [16, 17] and to Nash [1950] bargaining—in Sections 3.2.3 and 3.2.5.

Stream 4: Public-sector OM, with focus on AIS prevention. Aquatic invasive
species (AIS) prevention is an operationally significant environmental problem; Minnesota’s
AIS Prevention Aid program appropriates $10 million annually to counties for aids payable
through 2026 under Minnesota Statutes §477A.19. The optimization-based AIS literature
models prevention as a single-planner problem: locating inspection stations [81], bi-level
state—county allocation [82], and cross-jurisdictional collaboration structures [94]. Lee et al.
[98] formalized it as an EBMC game and identified welfare-improving coordination beyond
equilibrium as future work; the present paper picks up there. This work also connects
to environmental and closed-loop operations, which study environmental externalities in
problems such as remanufacturing and reverse-channel design [10, 11, 138], surveyed by
Drake and Spinler [59]. More broadly, recent public-sector and humanitarian operations
work coordinates scarce resources across decentralized providers: NGO-operated rural water
systems under limited repair budgets [146] and government-to-government food procurement
via Nash bargaining [106], settings that, like AIS prevention, pair public objectives with

autonomous local execution.

3.1.3 Contributions and plan

Our contributions are summarized as follows.
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First, we introduce Nash-informed planning, a framework that takes the equilibrium of a de-
centralized integer programming game as input to a downstream welfare-improving planning
step under individual rationality (Section 3.1.1): taking the game as given by institutional
structure, it computes equilibria and issues a welfare-improving recommendation that re-
moves utility-based participation objections relative to the modeled equilibrium fallback,

improving social welfare while preserving each planner’s equilibrium utility.

Second, we formalize how equilibrium information enters the planning step. From a repre-
sentative range of PNEs obtained by running BZR in both welfare-maximizing and welfare-
minimizing directions, we construct utility lower bounds that serve as IR constraints in a
bounded social welfare optimization. We define the price of individual rationality (PIR)
and show that this welfare cost is bounded by the price of stability in any IPG under the
socially best-PNE reference. Three optimization models span increasing coordination lev-
els from decentralized budgets to full pooling, with policy-constrained variants (opt-out,

minimum-budget retention, association-based pooling) capturing institutional constraints.

Third, we evaluate the framework in a real-world-driven Minnesota AIS planning setting
that combines actual lake and county structure, observed infestation records, county-level
budget rules, and survey-calibrated estimates of lake-to-lake boat movements. Across four
budget scenarios, the unconstrained social optimum already leaves specific counties below
their equilibrium-derived participation benchmark; the Nash-informed plan removes these
concentrated county-level deficits while sacrificing at most 0.15% of statewide welfare (a
realized PIR within 0.15% of 1). The operational contribution is thus not that individual
rationality is cheap in the aggregate, but that it converts a nearly optimal plan some counties
would reject into one that preserves every county’s equilibrium utility; a structural expla-
nation, rooted in the hub-and-spillover structure of the boat-movement network, indicates

when this holds.
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Fourth, we complement the Minnesota study with synthetic and benchmark instances from
EBMC, KPG [58], and KEG [36] to examine whether the computational regularity extends
beyond the motivating application. Across 28 non-trivial instances the strict ordering 1 <

PIR < POS holds empirically, with realized PIR not exceeding 1.050.

Plan of the chapter. Section 3.2 introduces the Nash-informed planning framework.
Section 3.3 specializes it to EBMC games. Section 3.4 explains the PIR-near-one regularity.
Section 3.5 reports the Minnesota computational study, Section 3.6 demonstrates cross-
class generalization (EBMC random, KPG, KEG), and Section 3.7 distills the managerial

implications. Section 3.8 concludes.

3.2 Nash-informed Planning Framework

This section develops the Nash-informed planning framework for general IPGs, in two
phases: an equilibrium-analysis phase (Sections 3.2.1 and 3.2.2) and a Nash-informed plan-
ning phase that constructs reference utilities and solves bounded social-welfare optimization

(Sections 3.2.3 and 3.2.4).

The model, up front. The contribution is a single optimization. Given an IPG with

social welfare ¢(x) = Zie  Wi(x), the Nash-informed planner solves

~

max ¢(x) st. xe X, u;(x) > uj Vi e N, (3.1)

1.

; are equilibrium-based individual participation rationality con-

.|.

i

The constraints u,;(x) > wu
straints (IR constraints), where u, is player i’s reference utility, an equilibrium-derived util-

ity benchmark constructed from the computed PNEs (Section 3.2.3), and X encodes the
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coordination regime (Section 3.2.4). The objective is the planner’s, the constraints are the

.I.

players’. Because u,; is an equilibrium-derived benchmark rather than an exogenous fairness
parameter, every feasible point preserves each player’s equilibrium-derived utility floor, so the
optimum is welfare-improving and participation-compatible relative to the reference utilities.
Its welfare cost, the price of individual rationality (PIR), is bounded by the price of stability
(Proposition 3.3) and stays within 0.15% of the optimum in our case study (Section 3.5).
The rest of this section develops the two phases behind (3.1): an equilibrium-analysis phase

using existing algorithms (ZR, BZR), and the Nash-informed phase (new here) that builds
T

u,; and solves the model.

3.2.1 General IPG setting and notation

An IPG is a non-cooperative simultaneous game under complete information, where each
player’s feasible strategies are defined by integer programming constraints. Strategic interac-
tions are modeled through multilinear terms in players’ objective functions, most commonly
bilinear ones. While the original definition of Koppe et al. [96] allows for mixed-integer
strategy sets, we focus on pure-integer sets, which are sufficient for modeling EBMC games.
Formally, an IPG is the tuple G = (N, (X;);ens (4;)ien), Where N := {1,...,n} is the
set of players, X, = {x! € Z™: : A'x" < b'} is the pure-integer strategy set for player
i (with rational A°, b, dimension m;), and wu;(x*,x %) : X'y x - x X,, — R is player i’s

—1

utility, parametrized by the strategies x~* of the other players. The joint strategy space is

L=y xx X,

The utility function takes the form

uy(x',x7) = (x1)TQIx" + (d) Tx" + > (xP)TQix’, (3.2)
PEN: pFi
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where Q° is upper triangular, d* is a linear coefficient vector, and the cross-terms (x? )TQ;xi
capture pairwise inter-player interactions through reciprocally bilinear terms. Higher-order
multilinear extensions accommodate trilinear and beyond, as in the length-three KEG of

Section 3.H.

In an IPG, each player solves a best-response problem max,:cy, u; (x',x7%). A strategy
profile X = (x!,...,X") is a pure Nash equilibrium (PNE) if u;(X*,x7) > u,;(x*,x7%) for
every i € N and every x* € X',. This chapter focuses on PNEs, since mixed Nash equilibria
are difficult to implement in real public-sector settings such as AIS prevention. We define the
social welfare function as ¢(x) = Zie N u,(x*,x7"), and the socially optimal solution as X* , €
argmax,cq ¢(x). Let &, denote the set of PNEs. The best PNE X}, € argmax{¢$(x) :

X € 8,0} and the worst PNE X3 . € argmin{¢(x) : x € 8.} define the welfare range. The

pne
Price of Stability POS := ¢(x%,)/¢(X},.) and the Price of Anarchy POA := ¢(X5,)/¢(X0,,.)
measure the inefficiency of the best and worst equilibria, respectively. Larger values indicate

that equilibria are farther from the social optimum.

3.2.2 Equilibrium analysis phase

This phase assembles the game and computes its equilibria using existing components (Fig-
ure 3.1, first two boxes). Welfare is benchmarked against the social optimum, the optimal
value of

max ¢(x) = max » u,;(x). (3.3)
xeX xeX 4
€N
The contrast between this social objective and each player’s best-response problem max,.c y. u; (x4, XY)
captures the tension between system-level efficiency and individual incentives. Strategic in-

teraction is encoded through the MIP-linearizable multilinear terms or through auxiliary

variables in a lifted formulation.
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Computing pure Nash equilibria. The ZR algorithm [58] computes the best PNE
through a cutting-plane framework, and Lee et al. [98] study best-response dynamics (BRD)
for IPGs and show how to incorporate a random-restart BRD primal heuristic into ZR,
yielding the BZR algorithm. BZR scales to instances with n > 10 players and produces
multiple PNEs along the cutting-plane trajectory; we adopt BZR as our default. To compute
the worst PNE, we run BZR with the welfare-minimization objective. Running BZR in both
directions yields a set of equilibria covering the welfare range, which is the input to the

Nash-informed phase.

3.2.3 Construction of reference utility values

The Nash-informed phase begins by translating computed equilibria into reference wutility
values that serve as individual rationality (IR) benchmarks. We construct IR constraints of
the form

u;(x) > ul, Vi e N, (3.4)

T

where u; is a fixed reference utility, a scalar floor for player . We outline three principled
rules for defining uj and the resulting bounds. Only rule (i) below evaluates u; at a single
common strategy profile; rules (ii) and (iii) assemble uj coordinate-by-coordinate and gen-
erally correspond to no single profile, which is why we treat it as a scalar rather than as u,

evaluated at a reference profile.

(i) A specific equilibrium as reference. A single PNE can serve as the reference;

examples include the unique PNE (when verifiable) and the socially best or worst PNE. We
T

i

*

, . if it is also individually best for
pne

= Uy (i;ne

focus on the socially best PNE X* . setting u

every player, it is the payoff-dominant equilibrium of Harsanyi [86], and selecting the best
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PNE as reference parallels the POS benchmarking perspective [52, 127].

(ii) Average across the collected equilibrium set. When BZR collects multiple PNEs

S pnes the reference can be the per-player mean utility:
i 1 :
ul = > w(x), VieN. (3.5)
|5pne| XESpne

This expectation-based benchmark reflects uncertainty in equilibrium selection, akin to prob-
abilistic equilibrium frameworks [86]. A potential issue is that the averaged utility profile
may not correspond to any feasible PNE, so the bounded social welfare optimization may

be infeasible.

(iii) Conservative minimum across the collected equilibrium set. A robust alter-
native takes the per-player minimum across the same collected set:

ul = min u,(x), Vi e N, (3.6)

i
XES e

which guarantees feasibility (the worst PNE satisfies these bounds). This coordinatewise
minimum is a conservative equilibrium-derived floor; because its components may come
from different PNEs, it need not be the payoff of any single equilibrium, so we read it as a

threat-point-style floor rather than a literal Nash [1950] bargaining solution.

Application order. We apply the rules in cascade: (i) the socially best PNE when it
is individually dominant (the payoff-dominant case of Harsanyi [86]); otherwise (ii) as the
default; and (iii), always feasible, if BSW is infeasible under (ii). Since BZR collects both

welfare-extreme PNEs, (ii) and (iii) reduce to the average and minimum of the two extremes
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when |S§__ .| = 2.

pne

Two practical caveats apply. Since the IPG instances we consider are large-scale, the BZR
algorithm typically runs under a time limit and may not certify zero MIP gap. The collected
PNE set &, is a sample, not exhaustive. A small KPG-style instance illustrating how this
rule choice drives the comparison between BSW and the welfare-best correlated equilibrium

is given in Section 3.C.

3.2.4 Bounded social welfare (BSW) optimization

Given reference utilities, the Nash-informed planner solves the bounded social welfare (BSW)
optimization

max {¢(x) | x € T, x € &}, (3.7)

where X := {x : u;(x) > UL Vi € N} is the individually rational region and X is a modified
feasibility set that captures the level of coordination available.

Three configurations of x correspond to different coordination regimes. Let x = (x!,...,x")

denote the joint strategy and m := > m,. In the standard non-cooperative setting, X is

S

the original joint strategy set:
X:={xezm: Aix' <b', Vie N}. (3.8)

Under full cooperation (the grand coalition), per-player resource constraints are pooled, as-
suming the A® and b are conformable in a shared resource space (in the EBMC instantiation

of Section 3.3, these reduce to scalar per-county budgets):

Ti={xezm:y,  Ax <y, b} (3.9)
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A more general coalitional setting allows partial budget pooling within coalitions. Let G
index possible coalitions; let z; , € {0,1} indicate whether player i is assigned to coalition
g; and let X’z be the player-i, coalition-¢g decision, with X' a componentwise upper bound

on X,;. The feasibility set X is then

x' € 7m™ICl 2 e {0, 1}INHE] (3.10a)
Y AX <X bz, VgEG, (3.10b)
x’; < x Zig» VIEN, g€G, (3.10¢)
Yecig = L ViEN. (3.10d)

By construction, (3.10) relaxes (3.8), and (3.9) relaxes (3.10), so enlarging the feasible region
increases attainable social welfare; Section 3.2.5 makes these orderings precise. Section 3.3

specializes the formulations to EBMC games.

The region R is the single device that carries the Nash-informed content: across the three
coordination regimes only X changes, while R is held fixed. This makes the contrast with the
classical approach explicit. Algorithmic game theory restricts attention to the equilibrium set
and reports the best PNE, max{¢(x) : x € §,,.}; Nash-informed planning instead optimizes
over X N R, relaxing the equilibrium-stability requirement to a participation requirement.
Under rule (i), the selected socially best PNE lies in R because it attains its own reference
utilities; under rule (iii), every PNE in the collected set satisfies the coordinatewise minimum
floors, so &,,, € K. Under rule (i), the coordinatewise average utility vector need not
correspond to a feasible profile, and BSW feasibility must therefore be checked. When
BSW is feasible, it optimizes over a tractable region that (under rules (i) and (iii)) contains
the equilibria and can strictly improve on the best PNE while remaining participation-

compatible.
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3.2.5 Structural guarantees

Setting X to the decentralized (3.8), coalitional (3.10), and pooled (3.9) configurations in
the bounded model (3.7) yields the bounded social welfare (BSW), bounded coalition (BC),
and bounded grand coalition (BGC) models, with optimal values zB5W, 2B€ 2BGC. dropping
the individually rational region R gives their IR-free counterparts, the social welfare (SW)
and grand coalition (GC) models, with values 25V, 29C. Let x¥, and X, denote optimal
solutions of the SW and BSW models; X7, is the social optimum. Write ¢! := Zie N u;r
for the sum of per-player floors, a scalar reference-welfare level, not welfare evaluated at
any profile (under rules (ii)/(iii) no feasible profile realizes it). Throughout this subsection

we assume BSW is feasible and that the welfare values entering PIR, POS, and POA are

positive. Proofs of the results in this subsection are given in Section 3.B.

Proposition 3.1. The decentralized and pooled models satisfy: (i) feasible sets Ppgw C

Psw C Pgoe; and (ii) objective values ¢pf < 2BSW < 25W < GO,
Definition 3.2. The Price of Individual Rationality is

¢()—(* ) _ ZSW

SW

PIR := =
¢ (ibsw> zBSW ’

the welfare the planner sacrifices by guaranteeing each player at least its reference utility.

PIR has the same mathematical form as the price of fairness of Bertsimas et al. [16, 17]:
1 — 1/PIR equals the relative welfare loss, the fractional drop in social welfare imposed by
restricting the feasible region to a fairness scheme U, when the IR-feasible region is treated as
the fairness scheme. Our setting differs in two respects: the side constraints are equilibrium-
derived utility floors rather than exogenous fairness criteria, so the constraint set itself is an

output of the equilibrium-computation phase; and the relevant comparison bound is POS
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rather than a worst-case constant over a problem class. In bargaining language, BSW is
the utilitarian selection max ) wu; from the IR-feasible bargaining set (5, d) introduced in

Section 3.2.3.

Proposition 3.3. PIR > 1. Moreover, PIR < POS holds when the reference utilities are

constructed either from the socially best PNE X%, (rule (i) of Section 3.2.3) or as the

pne

per-player minimum across the collected equilibrium set 8, (rule (iii)).

The ordering PIR < POS holds because the socially best PNE remains feasible for BSW
under rules (i) and (iii). Under the average-PNE rule, a player’s average equilibrium utility
may exceed its utility at the socially best PNE, so that PNE need not be BSW-feasible; any
PIR < POS ordering observed under rule (ii) is therefore empirical rather than guaranteed

by Proposition 3.3.

Proposition 3.4. The bounded coalitional models satisfy: (i) feasible sets (after projection)
Pgsw C proj Pac € Paac C Pacs and (i) objective values ¢T < 2P5W < 2PC < 2BGC <

ZGC .

Remark 3.5 (Scope). The framework and the price-of-individual-rationality bound (Propo-
sition 3.3) use only a welfare objective and a feasible equilibrium reference; integrality of
the strategy sets is never invoked in the proof, so both extend to any complete-information
game with these ingredients. We instantiate on integer programming games because the
equilibrium—optimum gap the bound concerns is structurally richer in combinatorial set-
tings. Recent algorithms (ZR, BZR) make equilibria of these games computable at the scale

the applications demand [58, 98].
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3.3 EBMC Games and Application Models

This section specializes the Nash-informed planning framework to EBMC games, the struc-
ture governing public-sector inspection problems such as AIS prevention. The Minnesota

operational context (Section 3.3.1) motivates the modeling assumptions used throughout.

3.3.1 Operational context and modeling assumptions

The EBMC specialization of Nash-informed planning is motivated by, and tailored to, the
institutional structure of Minnesota’s AIS prevention program. We summarize that structure
here and make explicit the modeling assumptions it implies; the EBMC formulation in the

subsequent subsections is constructed to match it.

Institutional setting. Minnesota has 87 counties; 41 have a documented county inspec-
tion program, of which 38 have a positive integer inspection budget at the 100% baseline
under our budget conversion. The AIS Prevention Aid program is administered by the State
of Minnesota, which sets the funding formula based on the number of boat ramps and parking
spots at public water access sites within each county (Minnesota Statutes §477A.19); counties
independently decide how to use their allocations within statutory requirements. Analyt-
ical resources, most notably the AIS Explorer decision-support platform developed by the
Minnesota Aquatic Invasive Species Research Center (MAISRC), are available to facilitate
intra- and inter-county prioritization planning [2, 93]. County planners may share intended
inspection sites at one-on-one and group coordination meetings organized by the Minnesota
Department of Natural Resources (DNR); state-level researchers and managers provide an-
alytical tools and play a convening role, respectively, while counties act independently with

open information sharing among participants. The operational reality is therefore one of
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coordination without authority: counties retain decision authority, while state and research

partners provide support.

Modeling assumptions. This setting motivates three modeling assumptions that we

adopt throughout the EBMC application.

(A1) Complete information. Each strategic county is assumed to know the intended in-
spection plans of the other strategic counties at the planning stage. This approximates
the information-sharing environment created by these coordination meetings and al-

lows the decentralized phase to be modeled as a complete-information IPG.

(A2) Decentralized integer programming game structure. Each county solves an in-
teger program whose strategy set is constrained by its own budget. Inspection at
each lake is modeled as a binary decision (inspect or not); although fractional allo-
cations of inspector-hours exist in practice, we adopt the binary convention of prior
AIS inspection optimization work [81, 94, 98]. County utilities interact through the

cross-jurisdictional structure of the boat-movement network.

(A3) Analytical authority without mandatory authority. The state planner can com-
pute equilibria, evaluate alternative allocations, and recommend coordinated plans, but
cannot mandate county compliance. Recommendations are voluntary, which is what

makes individual rationality a binding feature of any implementable plan.

3.3.2 EBMC formulation

EBMC games [98] model decentralized inspection problems on a directed network. The

notation is summarized in Table 3.1.
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Table 3.1: Notation for EBMC games

Sets

N Counties, N = {1,...,n} A (resp. A;) Arcs (boat movements); A; internal to J;

J (resp. J;) Lakes in the state (resp. in county %) 0_(7;) Arcs entering J;

L Aquatic invasive species

Parameters

Nk Number of boats moving from j to k W Risky boats, w;;, = by, - ny,

L Binary indicator that lake j is infested w/ I 3B, Inspection budget for county @

bjk Per-boat infestation risk, b, = f;;(1 — fy) B Total budget, B =3 . B,

Variables

@, Binary; 1 if lake j is selected for inspection Yjk Binary; 1 if boat movement (j, k) is inspected

Coalition notation (G, x is introduced with the BC model in Section 3.3.3.

;»g’ zi’g)

State-level optimization (SW and GC). The social welfare (SW) model maximizes

statewide arc coverage under individual county budgets:

rilgx Z(j,k)e/l Wi Yk (3.11a)
sty <zt ay, V(i k) €A, (3.11b)
Sy 7 < By, ViEN, (3.11c)
5y € {0,1}. (3.11d)

The grand coalition (GC) model pools budgets:

max ¢(x) s.t. Zjejx- < B, (3.11b), (3.11d). (3.12)

X,y J

The SW model first appears in Lee et al. [98]; pooled or state—county coordination formu-
lations are related to Haight et al. [82], Kinsley et al. [94]. SW provides the social optimum
under individual budgets; GC is an idealized upper bound under full pooling. The dis-
played models impose only y;. < z, + x;; because all arc weights are nonnegative and
the objective maximizes covered weight, an optimal solution can always be selected with

Y, = max{x;,x,}, which for binary x is the logical OR of the endpoints. We adopt this
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convention throughout. EBMC formulations also admit equivalent reformulations using only

x-variables via reciprocally bilinear terms, which we suppress here for clarity.

County-level optimization. County ¢ optimizes its own utility, taking other counties’
decisions as fixed. Let A := A;Ud_(J;) denote the arcs counted by county ¢ (internal arcs

plus all arcs entering J;). The county-level model is

mas (0) = 5, Wi (3.13)
sty <y +xy, V(L k) €A, (3.13b)
Zjeji z; < B, (3.13¢)
;=" VjeT.,, (3.13d)
;Y € 10,1} (3.13e)

Constraint (3.13d) fixes other counties’ decisions; the objective sums weighted arcs incoming
to or internal to county ¢. The sum of player utilities equals social welfare: Zie N Wi (x) =

¢(x) [Corollary 1 of 98].

Game formulation and equilibrium computation. Lee et al. [98] formulate EBMC
games in which each county solves its county-level model, and inter-county interactions
are captured implicitly through Constraint (3.13d). To compute PNEs, we run BZR (Sec-
tion 3.2.2) in both welfare-maximizing and welfare-minimizing directions, yielding a sample

of equilibria covering the welfare range.
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3.3.3 Three Nash-informed optimization models for EBMC

We now apply the Nash-informed phase to EBMC games. For reference utility construction
(Section 3.2.3), we use the equilibria collected by BZR to build the IR constraints (3.4).
We then formulate three bounded models corresponding to the three configurations of X in

Section 3.2.4.

Bounded Social Welfare Model (BSW). The bounded social welfare model retains the

original decentralized budget structure and optimizes total welfare subject to IR:

max o(x Z Wik Yk (3.14a)
(j,k)eA

sty < Ty A+ Ty, V(j, k) e A, (3.14Db)

s %5 < By, Vi€ N, (3.14c)

u;(x) > uZT, Vie N, (3.14d)

z; € {0,1}, y; € {0,1}, i, (. k). (3.14e)

Bounded Grand Coalition Model (BGC). The bounded grand coalition model pools

all county budgets under the planner while retaining IR:

max (x) s.t. Zjej z; < B, (3.14b), (3.14d), (3.14e). (3.15)

Bounded Coalition Model (BC). The bounded coalition model represents an interme-
diate level of coordination in which counties may form coalitions and pool budgets within
each coalition. Let G' denote the set of possible coalitions, x} , € {0,1} indicate that lake

J is selected and assigned to coalition g, and z; , € {0,1} indicate that county i is part of
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coalition g:

maX G(X') =20, ke Wik Ysio (3.16a)
Sty <5 @, kg, VG k) €4, (3.16b)
deG zig=1, Vi€N, (3.16¢)

D ien Zjeji Tig <2 ienBizig V9€G, (3.16d)

x, < z4 VjE€ET,,Vi€EN,VgeQG, (3.16¢)
w(x')>ul, VieN, (3.161)

T s Uik % g € 10,1} (3.16g)

The county-i utility under coalition-based strategies is u;(x") = u,;(y) = Z(j,k)eflj Wi Yk
where y ;. = max{zgeG T deG } ot Constraints (3.16¢) assign each county to exactly
one coalition; (3.16d) pools budgets within each coalition; (3.16e) links lake selections to
coalition membership. Budget pooling in BC and BGC is a relaxation of the planner’s feasible

set, not a contract that modifies payoffs: utility functions and the strategic interaction

structure remain unchanged.

3.3.4 Instantiation

The EBMC social-welfare, grand-coalition, and bounded models above are the concrete
instances of the general models of Section 3.2.4, obtained by taking each county’s integer
program as the player’s strategy set. The structural guarantees therefore apply directly: the
feasible-set and objective orderings of Propositions 3.1 and 3.4, and the bound PIR < POS
of Proposition 3.3. Section 3.5 reports the realized PIR (Definition 3.2) for the Minnesota

study.
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3.3.5 Policy-constrained BC variants

The default BC model permits arbitrary budget pooling within coalitions, which leaves the
planner’s recommendation space large but may produce reallocations that real institutions
cannot adopt, for instance, sharp drops in a county’s own-lake spending or coalitions that
ignore existing administrative groupings. We therefore consider additional constraints that
capture common policy-relevant restrictions on coalition formation and budget reallocation,
and evaluate the resulting welfare-implementability tradeoffs in the computational study

(Section 3.5).

We add four policy-relevant constraint families: (i) minimum-budget retention (each county
keeps at least B, — « units on its own lakes); (ii) opt-out (unwilling counties stay singletons
with their own budget); (iii) coalition size/number limits; and (iv) association-based coali-
tions (predefined groups such as the DNR’s four regions [56]); full formulations are in the
accompanying code. In Section 3.5 we evaluate five tailored models: BC 1 (opt-out), BC_ 2
(size limits), and BC_ 3 (association-based), each also imposing minimum-budget retention
with @ = 2, plus NVC and BC_NVC based on the Network Volume-based Coalition of
Kinsley et al. [94] (without and with IR, respectively). Among the bounded models, BSW
fits when counties retain full budget control, BGC is the voluntary-participation welfare up-
per bound under full pooling, and the BC variants provide a middle pathway, recovering a

substantial fraction of BGC’s gains at far smaller budget shifts.

3.4 Structural Sources of the Realized PIR

This section explains why the realized PIR is small. Section 3.4.1 gives a general IPG

argument supported by the empirical evidence in Sections 3.5 and 3.6. Section 3.4.2 attempts
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a structural specialization to EBMC games through an externality decomposition and a per-
county sufficient condition for PIR = 1 (Proposition 3.7); further analytical attempts, loose

in different ways, are collected in Section 3.D.

3.4.1 General IPG argument

An IPG’s joint strategy set X' = X'y x --- x I, is combinatorially large (astronomically so in
the EBMC, KPG, and KEG instances we study), while the PNE set &, is much smaller.
Because BSW searches beyond the PNE set, it may identify high-welfare non-equilibrium
profiles that satisfy the equilibrium-derived utility floors; Sections 3.5 and 3.6 show that

such profiles arise consistently in the studied instances.

Under rule (i), every BSW solution X, ., weakly Pareto-improves the selected reference PNE,
since it satisfies u;(Xpey) > u;r = u;(Xp,e) for all @ via the IR constraints; under rules
(ii) and (iii), BSW instead satisfies coordinatewise equilibrium-derived floors that need not
correspond to, or Pareto-improve, any single PNE. This is a guarantee on utility levels, not on
stability: whenever BSW strictly improves welfare (2°5W > ¢(%%.)), the recommendation
Xpsw 15 DOt itself a PNE-—were it one, its welfare could not exceed that of the best PNE—so
some player could profitably deviate from it. The framework’s welfare gains therefore arise
precisely where the plan is not self-enforcing; voluntary adoption rests on commitment to the
joint plan, evaluated against the fallback equilibrium, rather than on deviation-proofness.
The empirical question (how small is the residual gap ¢(XZ,)/¢(Xyey), the realized PIR)

is answered for the Minnesota network in Section 3.5 and across additional IPG classes in

Section 3.6.

Analytically, PIR < POS (Proposition 3.3) is the only universal bound under rules (i) and

(iii), and is not guaranteed under rule (ii); we are not aware of a tighter constant bound for
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the EBMC class. We formalize the mechanism through a deficit-and-repair reading. For each

iyt 3

player i, the deficit d; := | I — u,;(X%,,) |+ measures how far SW falls below i’s benchmark,

and the aggregate repair cost is ™R := z5W — ;BSW g5 that

- LSW LSW
SBSW — SW _ OIR"

The deficits identify which IR constraints bind, but PIR is determined by both their size
and the welfare cost of repairing them. It remains close to one when the deficits are small or
can be eliminated through substitutions of nearly equal social value. It can be substantially
larger when SW asks a player to sacrifice considerable private utility for benefits accruing
mainly to others and no low-cost substitute exists, a pattern most likely under tight indi-
visible budgets, strongly one-directional externalities, and unique high-value social decisions
with little private value to the implementing player. The deficit-and-repair interpretation
applies across IPG classes, although the source of inexpensive repair differs by application—
redundant knapsack choices, alternative exchange cycles, or overlapping coverage decisions
may leave high-welfare IR-feasible alternatives outside the PNE set. At the 100% Minnesota
budget, C™® = 708,397 — 708,176 = 221, about 0.03% of SW welfare. Two analytical bounds
and a degenerate boundary construction (an inactive B, = 0 county makes PIR unbounded,
outside our convention) are deferred to Section 3.D. The remainder develops the EBMC

externality structure behind the small repair cost.

3.4.2 EBMC arc structure and externality multiplier

We now attempt a structural specialization to EBMC games to see how far EBMC-specific
structure can carry the general argument. The specialization isolates one mechanism (cross-

county spillover) that admits a clean per-county sufficient condition; we will see in Section 3.5
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that this condition is satisfied by only a minority of counties, indicating that the closed-form
route captures only part of why the realized PIR is small. Each directed arc (j, k) € A is
counted by exactly one county, the county containing the destination k. Hence Zie N Wi (x) =
¢(x), that is, social welfare equals the sum of individual utilities (Proposition 1 of Lee et al.
98). For each lake j, let W; denote its total incident arc weight. For lakes j € J;, we further
distinguish the private weight ijriv < W; that is counted by the owning county i: namely,
all arcs entering j and arcs leaving j to other lakes in J,. The difference W, — ijriv is the

externality from ¢’s viewpoint, namely arcs that leave j for destinations in other counties.

The structural property that drives the rest of this section is that, in EBMC games, every

risky arc originates from an infested lake.

Observation 3.6 (Infested lakes are the sole sources of risky arcs). In any EBMC game,
every arc with positive weight originates at an infested lake: by the EBMC weight definition

wy, = fu(1— fr)n,, wie >0 requires f;; =1 for some AIS type l € L.

7?7 3.6 does not by itself guarantee that infested lakes carry the largest W;; an uninfested
lake that is the destination of many high-weight incoming arcs could in principle also be
high-weight. Whether infested lakes empirically dominate depends on how sparse they are
relative to uninfested ones. We refer to lakes with the largest W, as hub lakes, and verify in

Section 3.5 that in the Minnesota network, hubs are predominantly infested.

Decentralized play and centralized welfare maximization differ in how they treat the exter-
nality W; — ijriv. The social welfare optimizer internalizes it; the decentralized PNE does
not. Define the externality multiplier for lake j € 7, as 3; := W;/W7? ™ which measures how
much the social benefit of inspecting j exceeds the private benefit to the owning county. For
an uninfested lake, positive-weight outgoing arcs are absent by ?? 3.6, so its incident risky-

arc weight is entirely private and §; = 1; an infested non-hub lake may still have positive
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outgoing risky arcs, so its multiplier need not equal one. For source hubs with substantial
cross-county outgoing risk, 8; > 1 because the social value of inspection includes external

benefits omitted from the owning county’s objective.

The social planner internalizes these externalities and may therefore prioritize such source
hubs more strongly than decentralized counties do; a county acting alone sees only I/V]Priv
and may instead favor non-hubs whose incoming arcs are already covered by neighbors’ hubs
“for free” Best-response dynamics partially correct this, so the resulting PNE mixes hub

and non-hub selections while the social optimum is hub-heavy.

The hub-heavy structure of the SW solution interacts with the IR constraints through two
complementary channels. First, when x* selects an infested hub in some county i’ # 4,
the destination county 7 receives “free” coverage of arcs entering J, from that hub—a pure
spillover channel that contributes to u,;(x*) without any own-county selection. Second, the
remaining slack u,;(x*) — s; comes from county ¢’s own-lake selections under x*, which cover
arcs internal to J,—an own-coverage channel that clears the reference floor without relying
on pure spillover. Proposition 3.7 identifies a sufficient condition under which external-source
spillovers alone satisfy a county’s reference utility; in the Minnesota instances it holds for
only a minority of active counties, so spillovers and own-county selections jointly clear the
floors (Section 3.5). The near-one PIR in Minnesota thus appears to arise from the low
cost of repairing the few county-level deficits left by SW: high-impact source selections ben-
efit several jurisdictions, many also provide value to their owning counties, and overlapping
coverage permits alternative portfolios with similar statewide value. This favorable struc-
ture need not hold when spillovers are strongly one-directional, budgets are tight, and no

substitute selection preserves both local utility and statewide coverage.

The pure spillover channel is captured as follows. For each county : € N, let s; :=

> GiRes (7,) aim1 Wik denote the total weight of arcs entering J, whose external source is
k)ES_(T,): a=
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selected under the SW solution.

Proposition 3.7. If s, > uj for every i € N, then the SW solution x* is IR-feasible, is

therefore feasible for BSW, and PIR = 1. The proof is given in Section 3.B.

Proposition 3.7 converts the pure spillover channel into a per-county inequality that can be
evaluated directly from the SW solution and the reference equilibrium. The condition is
sufficient but conservative: pure spillover alone may be small while u,(x*) > uj still holds
via the own-coverage channel. Section 3.5 reports the empirical count of counties satisfying
the condition outright across budget scenarios, which provides direct evidence on the relative

weights of the two channels.

3.5 Computational Study

This section reports computational evidence for the Nash-informed planning framework on
the Minnesota AIS prevention case study. Section 3.5.1 describes the data. Section 3.5.2
computes the welfare range across PNEs. Section 3.5.3 presents the baseline results at 100%
budget, including welfare across all models, summary metrics, and county-level patterns.
Section 3.5.4 evaluates the policy-constrained BC variants. Section 3.5.5 examines budget

sensitivity together with the realized PIR across budget scenarios.

3.5.1 Data and calibration

The Minnesota dataset, provided by MAISRC, reflects 2018 infestation status and uses the
boat-movement generation scheme of Kao et al. [90]. We consider four AIS types (zebra

mussels, starry stonewort, Eurasian watermilfoil, and spiny water fleas), each inducing a
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corresponding set of risky edges. We consider the 41 counties with a documented inspection
program (delegation agreements in the Minnesota DNR’s annual county-level inspection
records for 2017-2023). Of these, 38 have an integer inspection budget B, > 1 at baseline
(100%) funding and act as strategic players; the number with a positive integer budget
ranges from 32 to 39 across the 50%-125% scenarios as scaled allocations cross the one-
unit threshold. Externalities from non-participating counties remain in the network, but the
non-cooperative game is played only among counties with B, > 1. The Minnesota study is
not a generic synthetic-network experiment: it preserves the state’s lake geography, county
ownership structure, infestation records, and county inspection-budget structure. Lake-to-
lake movement volumes are survey-based estimates rather than complete direct observations,
so the network is best described as survey-calibrated (empirically calibrated) rather than
fully observed or synthetic. The analysis provides operational decision-support evidence
for the Minnesota setting, while current deployment would require updated infestation and

movement data and reoptimization.

Optimization models require a comparable county-level budget unit. We express each
county’s inspection capacity in inspector-hours and standardize via the conversion (# inspectors)
~ (total inspection hours)/500, where 500 hours represents a rough full-time seasonal inspec-
tor workload (about three months, June-August). When the DNR records list lake entries
without an explicit county field, we match lakes to counties by name, with a consistent rule

for boundary cases.

Table 3.12 (in Section 3.E) summarizes the dataset: infested lakes are far fewer than unin-
fested lakes, yet their average incident weight is roughly 22x higher—the structural premise

of Section 3.4.2. Among the 200 lakes with the largest w(j), only three are non-infested.
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Computational environment. All experiments throughout this chapter, including the
Minnesota case study (Section 3.5) and the cross-class generalization study (Section 3.6),
are run on an Intel Core Ultra 7 265F processor (2.40 GHz) with 32 GB of RAM. The opti-
mization models are implemented in Python (3.10+4) and solved with Gurobi 13.0 using 16
threads. Time limits vary by experiment and are stated where each set of runs is introduced.
The implementation, the instance generators, and the scripts that reproduce every table and
figure in this chapter are available at https://github.com/HyunwoolLee0429/nash-infor

med-planning.

3.5.2 Computing the range of social welfare

We run BZR [98] in both welfare-maximizing and welfare-minimizing directions to compute
PNEs (3,600-second limit per direction). At the 100% budget BZR identifies two distinct
PNEs, with worst- and best-PNE welfare 664,909 and 665,588 against the social optimum
708,397, giving POA = 1.07 and POS = 1.06 (Table 3.13 in Section 3.E).

For the Minnesota dataset, BZR identifies two distinct PNEs at the 100% budget. BPNE
is also individually best (every county’s utility under BPNE is at least as high as under any
other discovered PNE), so we adopt BPNE as the reference equilibrium x5 . throughout. Per
the BZR design [98], certification typically incurs a residual master-MIP dual gap for n > 5;
we therefore report the welfare value of the best PNE found within the time limit. Where
BZR does not certify global optimality, we report the best and worst PNE found and treat
the resulting POS and POA as incumbent-based; the theoretical definitions in Section 3.2.1

refer to the exact best and worst PNE.


https://github.com/HyunwooLee0429/nash-informed-planning
https://github.com/HyunwooLee0429/nash-informed-planning
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3.5.3 Baseline results (Minnesota, 100% budget)

This subsection examines the Minnesota baseline in depth: welfare across all models, sum-
mary inefficiency and improvement metrics, and county-level utility and budget patterns.

All Nash-informed models are solved with a 7,200-second time limit.

Welfare and lake selection. Table 3.2 jointly summarizes welfare, computation time,
MIPGAP, and the number of selected infested lakes (out of 466 total) across all models. A
clear pattern emerges: as the decision environment shifts from non-cooperative behavior—
the non-game baseline (NG), in which each county optimizes in isolation with no strategic
interaction, and the reference PNE (RPNE)—through Nash-informed refinement (BSW)
to pooled-budget coordination (BC, BGC, GC), social welfare increases and the solutions
allocate more inspection effort to infested lakes. The number of selected infested lakes rises
from 165 (NG) to 220 (RPNE), to 302-303 (BSW/SW), and to 410-417 under the coalitional
models. The bounded models do not coincide with their IR-free counterparts in general; in
the baseline without additional coalition-specific constraints, BC and BGC happen to return
identical objective values, in which case the BGC solution is feasible for BC and certifies BC

optimality. A visualization of Table 3.2 is provided in Figure 3.5.

Table 3.2: Welfare and selected lakes across models (Minnesota, 100% budget)

Models NG RPNE BSW SW BC BGC GC
(%) 596,535 665,588 708,176 708,397 773,960 773,960 774,638

Time (s) 93.8 7,202.0 141.8 61.6 4,738.3 134.5 54.5

MIPGAP 0.0% — 0.0% 0.0% 0.0% 0.0% 0.0%

Sel. Inf. (Uninf.) 165 (256) 220 (201) 302 (119) 303 (118) 410 (11) 410 (11) 417 (4)

Intuitively, purely non-cooperative counties stay conservative, prioritizing incoming risk to
their own jurisdictions and thus selecting more uninfested lakes than system welfare would

favor. Enforcing individual rationality and expanding coordination relaxes this stance, shift-
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ing selections toward the high-incident-weight infested lakes.

Key metrics. Table 3.3 reports six summary metrics organized into two families. The
ratio family quantifies inefficiency or IR cost: POA and POS measure the welfare gap of
the worst and best PNE relative to SW; PIR := ¢(X%,)/0(Xpe) (Definition 3.2) measures
the cost of IR under individual budgets, and PIRP® := P(Xge)/P(Xpge) 18 its pooled-budget
analog. The improvement family quantifies the value of coordination above SW: PI_BC :=
(P(Xpe) — O(XL,))/P(xL,) and analogously PI_BGC for BGC. While POA and POS are
around 1.07 and 1.06, both PIR and PIRP°® are essentially 1 (1.00 and 1.0009 respectively),
indicating that the welfare cost of the participation rationality constraints is small in both
budget regimes. The improvement metrics show that allowing coalition-based coordination

yields 9.3% welfare gains beyond SW.

Table 3.3: Headline metrics for Nash-informed and coalition models

n POA POS PIR PIRP PI BC PI BGC
MN 38 1.07 1.06 1.00 1.0009 9.3% 9.3%

County-level utility and budget patterns. Per-county utility values and budget real-
location outcomes are reported in Table 3.14 (Section 3.E). Utility gains are broadly shared
under both BSW and BC, with BC yielding a larger median improvement and a longer upper
tail (Figure 3.6). The systemwide gain is therefore not obtained at any county’s expense:
all 38 strategically active counties improve strictly relative to RPNE under both BSW and
BC, and none declines, which is guaranteed by construction under any IR-constrained model
(Figure 3.6). A small number of counties exhibit near-zero changes, consistent with cases
where the RPNE utility bounds are tight and there is limited room for welfare-improving

reallocation.
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The Minnesota case study reveals systematic budget-reallocation patterns under coalition-
based coordination. Counties with relatively excessive initial budgets, those with large
budget-per-infested-lake ratios, tend to receive reduced budgets under BC/BGC, while coun-
ties facing higher infestation burdens receive more. This reallocation pattern highlights po-
tential inefficiencies in the original budget allocations and motivates the policy-constrained

BC variants studied next.

3.5.4 Tailored BC variants

We evaluate the five tailored variants defined in Section 3.3.5—the retention-constrained
BC_1 (opt-out), BC_ 2 (coalition-size limits), and BC_3 (DNR district-based), plus the Net-
work Volume-based NVC (without IR) and BC__NVC (with IR) of Kinsley et al. [94]—each

solved with a 7,200-second time limit.

Every tailored model improves on the RPNE baseline, but by varying amounts. The default
BC attains the highest welfare at the largest budget shift (Sum of |A BG|, the total absolute
across-county budget change, of 228 units); the three tailored BC models (BC_1-BC_ 3)
deliver substantial gains while cutting budget reallocation by roughly 2.7-3.9x, and the

two-coalition NVC and BC_ NVC variants yield more modest gains.

Across counties, the bounded models with IR deliver positive utility gains for all 38 active
counties by construction, whereas NVC—the only variant solved without IR constraints—
leaves part of the distribution below zero, so some counties end up worse off than at RPNE
(Figure 3.3, Section 3.E). This is the practical content of the IR constraint: it converts a
plan that is better on aggregate into one that no county has a reason to refuse. The default
BC imposes the sharpest budget cuts on over-resourced counties (Ratio > 100%), while

BC_1-BC_3 move less under the minimum-retention rule (Table 3.10, Figure 3.7).
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3.5.5 Budget sensitivity and PIR across budget scenarios

The Minnesota baseline corresponds to the 100% budget scenario. State allocations may
shift over time, so we examine three additional budget scenarios (50%, 75%, and 125% of
the current budget) and report the welfare results and PIR values across all four scenarios.
The 50% stress test is especially timely: Minnesota’s AIS Prevention Aid appropriation is
scheduled to fall from $10 million for aids payable through 2026 to $5 million beginning in
2027 (Minnesota Statutes §477A.19), a 50% reduction. We scale modeled county budgets

proportionally for sensitivity analysis rather than as a one-to-one forecast of county spending.

At each budget level BZR finds multiple distinct PNEs (three at 50% and 75%, two at

*
pne*

100% and 125%), and BPNE is individually best in every scenario, so we adopt it as X
Table 3.11 (Section 3.E) reports welfare and selected-lake counts across the four scenarios:
both increase monotonically from NG to GC and with available budget, with diminishing
marginal gains at higher funding (the 50% — 75% increase exceeds 100% — 125%), as the

highest-impact opportunities are captured first (Figure 3.8).

Realized PIR across budgets. Table 3.4 reports the realized PIR across the four budget
scenarios, under both individual and pooled budgets. The values are striking: PIR < 1.0015
for individual budgets and PIRP°! < 1.0013 for pooled budgets across all scenarios, so BSW
recovers at least 1/1.0015 ~ 99.85% of the SW upper bound. The PIR-near-one regularity
therefore persists not only at the baseline budget but across a +50% range of plausible
funding levels. The qualitative explanation, grounded in the externality decomposition of

EBMC games, is in Section 3.4.2.

Proposition 3.7 isolates the pure spillover channel of Section 3.4.2; we evaluate the condition

T

on the Minnesota data. The count of counties satisfying s; > u,; ranges from 13 of 32
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active counties at the 50% budget down to 4 of 38 at the 100% budget and 4 of 39 at
the 125% budget (the active-county count rises with the budget as more counties clear the
B, > 1 threshold). The pure spillover channel is therefore the minority route through which
IR is satisfied; for the remaining counties, x*’s own-county hub selections cover enough of
county 2’s own arcs, given the cross-county spillover landscape under x*, to close the IR
deficit without requiring pure spillover alone. The realized PIR (within 0.15% of 1 across
all scenarios) therefore reflects the low cost of repairing these county-level deficits: for most
counties the SW plan’s own-lake selections, together with cross-county spillovers, already
clear the reference floor, and where a small deficit remains it can be closed by substitute

selections of nearly equal social value.

Table 3.4: Realized PIR across budget scenarios
Budget

50% 5%  100%  125%

PIR 1.0015 1.0003 1.0003 1.0003
PIRP*°' 1.0013 1.0013 1.0009 1.0004

Metric

Although PIR is close to one, the constrained model is not redundant. The unconstrained

social optimum, evaluated county by county, leaves specific counties below their equilibrium-

derived reference utilities: writing the deficit as d;, = [u;r

*
SwW

—u;(X%,,) |, asmall set of counties—
chiefly Isanti and Waseca—has d; > 0 under SW in every budget scenario, and BSW reop-
timizes the plan to restore each to at least its reference utility (Table 3.5; per-county detail

in Table 3.8).

Although the aggregate SW-BSW welfare difference is small, the SW solution leaves specific
counties below their equilibrium-derived benchmarks; BSW eliminates these concentrated
deficits while sacrificing at most 0.15% of statewide welfare. The IR constraints therefore

serve not to recover aggregate welfare but to convert a nearly optimal plan that some counties
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Table 3.5: Counties left below their reference utility by the SW solution
Budget +# counties below IR under SW Max. shortfall Mean shortfall  PIR

50% 1 6.00% 6.00% 1.0015
5% 3 5.25% 1.99% 1.0003
100% 1 4.87% 4.87% 1.0003
125% 2 3.75% 2.03% 1.0003

Shortfall = 100 (u;r —u;(x%,))/ u;r, over counties with u,;(xZ,) < uj and uj > 0; full
county-level results are in Section 3.E.
may reject into one that preserves every county’s equilibrium utility. The result is robust
to the reference rule: because the socially best PNE is individually dominant, the average

and minimum floors lie weakly below its utilities, all three rules are feasible, and PIR stays

within 1.0003-1.0015 under each (Table 3.9).

3.6 Generalization Across IPG Classes

A natural question raised by the Minnesota case study (Section 3.5) is whether the realized
PIR-near-one regularity is special to the EBMC-Minnesota combination or whether it re-
flects a broader property of Nash-informed planning. We evaluate the framework on three

additional IPG instantiations spanning different game-theoretic structures.

Game classes. We consider three additional classes: (i) synthetic EBMC random instances
with independently sampled networks and county sizes; (ii) the Knapsack Problem Game
(KPG) of Dragotto and Scatamacchia [58], Lee et al. [98], testing Type B (positive interac-
tions) and Type C (negative interactions in [—20,0]); and (iii) the Kidney Fzchange Game
(KEG) of Carvalho et al. [34, 36], a cycle-packing game extended to length-three exchanges,
where only the length-three case is non-trivial (length two has POS = 1) and trilinear payoff

terms arise (Section 3.H). Together these span coverage, knapsack, and cycle-packing struc-
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tures; linear, bilinear, and trilinear interactions; and player-count versus graph-size scaling,

testing the framework outside the Minnesota network.

Experimental setup. For each instance we run BZR [98] in both welfare-maximizing and
welfare-minimizing directions to obtain the best and worst PNEs found within the time limit,
construct the reference utility per Section 3.2, and solve the BSW model. We use a 600-
second limit per solve and 16 Gurobi threads; instance sizes (n up to 20 for EBMC random
and KPG; |V up to 200 with three partition strategies for KEG) and full per-instance results

and methodology are in Sections 3.F to 3.H.

Table 3.6: Headline PIR/POS/POA across three IPG classes

Game class Scaling n.ms PIR  POS POA PIR <POS
EBMC random Neounties € 125 20] 7 1.009 1.133 1.144 77
KPG Type B Nplayers € [25 20)] 7 1.000 1.008 1.053 7/7
KPG Type C Nplayers € [25 15] 6 1.000 1.133 1.148 6/6
KEG (non-trivial) V] € [60,200] 8 1.000 1.196 1.342 8/8
Pooled three game classes 28  1.002 1.119 1.179 28/28

Class rows are means across instances within each game class; the pooled row is the mean
across all 28 non-trivial instances. “Non-trivial” denotes instances with POS > 1; trivial
KEG cases (best PNE already coincides with SW) are reported separately in Section 3.H.
KPG Type C at n = 20 produced no PNE within the time budget and is excluded (see
Section 3.G). Where BZR did not certify global optimality, POS and POA are

incumbent-based.

Findings. Table 3.6 reports headline statistics. Three observations stand out. First, the
ordering 1 < PIR < POS holds strictly in every non-trivial instance across all three game
classes (28/28). Because 15 of the 28 instances (all 13 KPG cases and 2 EBMC-random cases)
use the average-PNE reference rule, for which Proposition 3.3 does not guarantee PIR <
POS, the ordering in those cases is empirical rather than theorem-backed, and POS and POA

are incumbent-based wherever BZR did not certify global optimality. Second, when measured
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to three decimal places, PIR equals 1.000 in 100% of KPG and KEG instances and in 43%
of EBMC random instances; the remaining EBMC cases stay within 1.000 < PIR < 1.050.
That PIR = 1.000 despite POS > 1 in these instances means the social optimum already
clears every player’s reference floor; the floors are not vacuous—the same instances have
inefficient equilibria—but the SW plan happens to satisfy them at no welfare cost. Third,
the welfare recovery (POS — PIR) that the framework achieves is largest precisely where the

underlying inefficiency is largest: KPG Type C reaches POS = 1.430 at n = 15 with

players
PIR = 1.000 (a 43 percentage-point recovery), and a KEG instance at |V| = 100 exhibits
POS = 1.708 with PIR = 1.000 (a 70.8 percentage-point recovery). In the tested instances,

the largest welfare recoveries occur where the underlying equilibrium inefficiency is largest.

A few boundary instances (KPG Type C at n = 20, KEG at |V] > 300) are cases in

players
which BZR did not certify a PNE within the time budget, reflecting the ¥5-completeness of

PNE existence in general IPGs [35]; details are in Sections 3.G and 3.H.

The general landscape remains open. PIR is, by construction, the ratio of two integer-
program optimal values, ¢(x%, ) /o (X, ), and characterizing such ratios in closed form across
IPG classes is fundamentally difficult. The instances we examine span a range of structures
(coverage, knapsack, cycle-packing), interaction signs (positive, mixed, negative), and player
counts (from 2 to 38), and the realized PIR remains within 1.050 of 1 across all of them.
We do not claim universality: IPG classes with structural features we have not tested (more
antagonistic large-n games, games with diffuse rather than concentrated externalities, or
game classes outside the IPG family altogether) could in principle exhibit substantially
larger PIR. Tighter analytical characterization of the realized PIR across IPG classes is a

natural direction for future work.
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3.7 Managerial and Policy Implications

Nash-informed planning applies to settings with three institutional features: decentralized
agents with fixed budget authority, a coordinator who can compute equilibria and recommend
but cannot compel, and enough information-sharing to make complete-information modeling
defensible. Minnesota’s AIS program has all three. We organize the implications around four

decisions a state planner can act on.

Participation repair is the first message. The unconstrained statewide optimum is nearly
efficient but not automatically acceptable to every county. Across the four funding sce-
narios only one to three counties fall below their equilibrium benchmark under SW, and
BSW removes these concentrated objections while preserving at least 99.85% of SW wel-
fare (PIR < 1.0015; Table 3.4). At baseline this raises state-level welfare by 6.4% (from
665,588 to 708,176) and expands infested-lake coverage from 220 to 302, while respecting
each county’s budget envelope, requiring no inter-county transfer, and remaining compatible
with existing county budget authority, conditional on a credible commitment arrangement.
The practical value of Nash-informed planning is therefore targeted participation repair, not

a large sacrifice of statewide protection.

Inspection priority and sequencing. Under tight budgets, capacity should first be directed
to high-impact infested source lakes whose outgoing movements expose several counties: at
baseline the reference PNE selects 220 infested and 201 uninfested lakes, BSW 302 and 119,
and the pooled models 410 and 11. As funding expands and the major sources are covered,
selected uninfested destinations and lower-priority lakes re-enter the plan. Coordination
therefore changes not only total coverage but the composition and sequencing of inspection

investment.

Strategic decentralization versus budget fragmentation. At baseline, moving from the refer-
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ence PNE to SW raises welfare by 42,809, whereas allowing coalition-based budget coor-
dination adds a further 65,563. The larger remaining gain comes from moving inspection
capacity across county budget boundaries, not merely from replacing equilibrium behavior—
so improving the funding formula and enabling targeted pooling may matter as much as

persuading counties to coordinate their lake choices.

An implementation ladder. The variants differ in what they require of the institutions, and
only the first rung is directly implementable under existing county authority. BSW leaves
every county’s budget envelope intact and moves only lake selections, so it needs no new
instrument beyond a credible commitment to the recommended plan. The BC family moves
budget across county lines and therefore requires voluntary coalition formation together with
a cross-county funding instrument such as a joint-powers agreement and the corresponding
board approvals. BGC and GC pool the entire statewide appropriation and would require
a change to the AIS Prevention Aid allocation formula, so we report them as benchmarks
for the value of fiscal coordination rather than as recommendations. With that caveat
the variants support a ladder: begin with BSW when county budget authority is fixed;
use retention-constrained or institution-based coalitions (BC_1 opt-out, BC_ 2 coalition-
size limits, and BC_3 DNR district-based) when limited pooling is feasible, which recover
59-74% of the coordination gain at 58-86 units of cross-county budget shift versus 228
under unrestricted coordination; and treat BGC/GC as benchmarks for the value of broader
fiscal coordination. The BC solution also diagnoses budget misalignment—counties with
high budget-per-infested-lake ratios tend to lose budget under coordination while under-
resourced counties tend to gain—a signal usable in budget-formula discussions even where

coordination itself is politically infeasible.

Participation, not deviation-proofness. Under the complete-information model, the com-

puted PNE is the stable decentralized fallback against which counties evaluate the recom-



3.7. MANAGERIAL AND PoLicy IMPLICATIONS 141

mendation; because BSW guarantees each county at least its equilibrium payoff, no county
has a utility-based reason to reject it in favor of reverting to that equilibrium. The guarantee
concerns participation, not unilateral deviation: a BSW plan preserves equilibrium utility
conditional on commitment but need not be self-enforcing as a one-shot game. In Minnesota
commitment is institutionally plausible—plans are observable, planning recurs annually, the
DNR provides coordination infrastructure, and deviations can affect future coordination and
funding discussions. We therefore interpret BSW as a participation-compatible recommen-

dation rather than a deviation-proof mechanism.

Robustness to funding cuts. Coordination also buffers budget cuts: even at half funding,
50% BSW selects 170 infested lakes for inspection—more than the fully-funded uncoordi-
nated baseline (100% NG, 165). These conclusions hold across all four budget scenarios,
so neither recommendation requires precise budget calibration; the guidance is nonethe-
less observational, and for a new network instance-specific computation remains the safest

verification.

Real-world-driven evidence. The Minnesota study preserves actual lake and county structure,
infestation records, county budget rules, and survey-calibrated movement estimates; the
synthetic and benchmark instances of Section 3.6 test generalization. Current operational

deployment would require updated infestation and movement estimates and reoptimization.

I1: Where the framework should generalize beyond AIS prevention. The three
institutional features above—decentralized fixed-budget agents, a recommender without co-
ercive authority, and sufficient information-sharing—recur across regional health coordina-
tion, cross-jurisdictional environmental management, and biosecurity. When they hold, the
general IPG argument of Section 3.4.1 applies, and the cross-class evidence of Section 3.6

indicates that the PIR-near-one regularity persists across coverage, knapsack, and cycle-
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packing structures. The regularity is reinforced where externality flow concentrates through
a small set of high-impact sources (Section 3.4.2), as in cross-jurisdictional wildfire prevention

or regional vaccine deployment.

12: Limitations of the EBMC abstraction in real planning. Two modeling abstrac-
tions in the EBMC instantiation warrant acknowledgment. First, the coverage function is
binary: selecting a lake fully covers all incident arcs, ignoring graduation in inspection effort
across access points, staffing, and time. Second, each lake is treated as a single decision unit,
ignoring multiple access points; lakes with several entry points could be modeled as small
networks within the larger boat-movement graph. Both abstractions are inherited from the
prior AIS inspection optimization literature [81, 94, 98] and are acceptable simplifications

that preserve the network’s overall externality structure.

3.8 Conclusion

This chapter develops Nash-informed planning, a framework that takes the equilibrium of a
decentralized integer programming game as input to a downstream welfare-improving plan-
ning step under individual rationality. We define the price of individual rationality (PIR),
the welfare cost of imposing the equilibrium-based participation rationality constraints, and
show it is bounded by the price of stability. Empirically it stays near 1 across the Minnesota

AIS case study and 28 non-trivial instances of three further IPG classes.

For practitioners in Minnesota and analogous public-sector settings, the practical message is
that state and county planning objectives, often presumed to be in tension, can be reconciled
at negligible welfare cost—at most 0.15% of the unconstrained statewide optimum (PIR <

1.0015 relative to SW across all four budget scenarios). The cross-class empirical evidence
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suggests that this regularity extends to other decentralized public-resource networks with

concentrated externality flow.

A sharper analytical characterization of the realized PIR across IPG classes is the natural
next direction. In public-sector settings where institutional structure is fixed and the planner
can recommend but not mandate, the equilibrium of the decentralized game is not the end of
analysis: it is the input to a planning step that, in our evidence, preserves every participant’s
equilibrium utility at essentially no aggregate welfare cost (PIR between 1.0003 and 1.0015
against the SW benchmark across the four Minnesota budget scenarios). Implementation still
requires a credible commitment arrangement among the participants: individual rationality
guarantees that no participant is worse off than its fallback, but it does not by itself make

the plan self-enforcing.

Appendix

3.A Acronyms and Notation

Table 3.7 lists the acronyms used throughout this chapter.

3.B Proofs

Proof. Proof of Proposition 3.1. (i) Pggw = Psw N K C Pgyw because BSW adds the
individual rationality constraints u,;(x) > u;r to SW. Pgw C Pgc because the pooled feasi-
bility set (3.9) relaxes the per-player constraints of (3.8). (ii) Summing the IR constraints

U,

J(x) > ul over i gives 2BSW = 20 Ui (Rpsw) = 22, ul = ¢'; the remaining inequalities follow

7
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Table 3.7: Acronyms used throughout this chapter

Acronym Definition

General concepts

IPG Integer Programming Game
AGT Algorithmic Game Theory

PNE Pure Nash Equilibrium

BPNE Best PNE (welfare-maximizing)
WPNE Worst PNE (welfare-minimizing)
POS Price of Stability

POA Price of Anarchy

IR Individual Rationality

PIR Price of Individual Rationality
PIRP°! Pooled-budget PIR

CE Correlated Equilibrium
Application domain

OM Operations Management

AIS Aquatic Invasive Species

MN Minnesota

DNR Minnesota Department of Natural Resources

MAISRC  Minnesota Aquatic Invasive Species Research Center

Equilibrium-computation algorithm
ZR Zero-Regret algorithm
BZR Best-response-incorporated Zero-Regret algorithm

IPG classes studied
EBMC Edge-weighted Budgeted Maximum Coverage game

KPG Knapsack Problem Game

KEG Kidney Exchange Game

Optimization models

NG Non-Game baseline (each county plays in isolation; no game-theoretic interaction)
RPNE Reference PNE (the equilibrium adopted as the IR baseline)
SW Social Welfare model (state-level, IR-free)

GC Grand Coalition model (pooled-budget, IR-free)

BSW Bounded Social Welfare model (SW with IR)

BC Bounded Coalition model (coalition pooling with IR)

BGC Bounded Grand Coalition model (full pooling with IR)
NVC Network Volume-based Coalition structure

Acronyms are introduced once near their first use in the body; this E-companion section
provides a single point of reference.
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from feasible-set inclusion and the common objective ¢. This lower bound is rule-agnostic;

under rules (i) and (iii), X}, is itself BSW-feasible (it meets its own floor), so the sharper

ZBW > B (Xpye) also holds. O

Proof. Proof of Proposition 3.3. Lower bound: Pggw C Pgw (Proposition 3.1) gives ¢(xZ,) >

?(Xpay); hence PIR > 1. Upper bound: when the IR bound uses X}, ., the profile X}

pne> pne

itself is feasible for BSW (the IR constraint w;(x) > u,;(X},,) is satisfied at x = X7 ), so
¢<}_<bsw> > Qs(ii;ne)' Since POS = (b(i:w)/qs(ﬁ;ne):

%) _ %) _ pos,

PIR = =
gb(ibSW) N ¢(X;ne)

The same upper bound PIR < POS also holds under rule (iii) of Section 3.2.3, the per-

player minimum across the collected equilibrium set & .. Since X3, € § the reference

pne pne’
T

utility u; = miny g u;(x) < (X)) for every player 4, so the IR constraints are no more
pne

*

pne Temains feasible for BSW,

restrictive than under the best-PNE reference; the profile x

and the same argument yields PIR < POS. Under rule (ii) (per-player average), in contrast,

*

the reference utility can exceed u, (X},

) for individual players when X7, is not individually
dominant, in which case the IR constraints become more restrictive than those derived from

the best PNE alone and PIR < POS is not guaranteed. OJ

Proof. Proof of Proposition 3.4. We project Ppc onto the x-space. The assignment and
linking constraints of (3.10) place each player in exactly one coalition, so de cXg =X
for every ¢ € N; substituting into the coalitional resource constraints reduces them to
Zie o Aixt < Eie o b? for each active coalition C. These relax the per-player constraints of
BSW and tighten the fully pooled constraint of BGC, so Pggyw C proj Ppc C Ppae: and
Py € Pge because BGC adds the IR constraints to GC. Objective inequalities follow from

feasible-set inclusion and the rule-agnostic bound ¢ < 2B5W of Proposition 3.1. ]



CHAPTER 3. NASH-INFORMED PLANNING FOR PUBLIC-RESOURCE COORDINATION: AN APPLICATION
146 TO AQUATIC INVASIVE SPECIES PREVENTION

Proof. Proof of Proposition 3.7. For each ¢ € N and each arc (j,k) € 6_(7;) with 2} =
1, choose the optimal coverage-variable representation associated with x* so that y;, =
max{:cj-, x}}, which is valid because all arc weights are nonnegative. Hence z; = 1 implies

Y;x(x*) = 1, so the arc is covered under x*. Summing over such arcs and using §_(7;) € A/,

The hypothesis s, > uj then gives wu,;(x*) > u;r for every i, so x* € R (the IR-feasible
region) and x* is feasible for the BSW model. Since the BSW objective is the same as SW,

BSW = g(x) = §(R, ), and PIR = 9(%s,)/255W = 1. =

3.C Stylized comparison of BSW with correlated equi-
libria

The reference-rule cascade of Section 3.2.3 constructs a deterministic, per-player utility floor;
this differs structurally from a stochastic mediator recommendation, and the rule choice itself
drives the comparison with the welfare-best correlated equilibrium (CE; Section 3.1.2). A
small Knapsack Problem Game instance (Section 3.6) with n = 2 players and m = 2 items

illustrates the contrast.

Instance. Each player p € {1,2} chooses 2} € {0,1} for k € {1,2} subject to the knapsack
constraint 2§ + 25 < 1 (at most one item per player). Standalone profits are 77 = 2 and
mh = T; pairwise interactions are ¢{? = 4 (item 1 synergy) and ¢5? = —7 (item 2 conflict).
Each player’s utility is the standard KPG form u,(x) =3 ) + Zq%p >, oy, The

knapsack constraint reduces each player’s strategy set to {item 1,item 2, nothing}; “nothing”



3.C. STYLIZED COMPARISON OF BSW WITH CORRELATED EQUILIBRIA 147

is dominated for both players, so we restrict attention to the four-cell payoff matrix

(uq,us) r? =item 1 22 = item 2
r! = item 1 (6,6) (2,7)
r! = item 2 (7,2) (0,0)

Equilibria and welfare-best CE. The pure equilibria are (item 1,item 2) and (item 2,item 1),
both with ¢ = 9. The cell (item 1,item 1) achieves ¢ = 12 but is not a PNE (each player
prefers item 2 against the other’s item 1). The welfare-best CE is the uniform mixture over
{(item 1,item 1), (item 1,item 2), (item 2,item 1)}: a direct check confirms incentive com-
patibility (when player p is told “item 1,” the conditional posterior over z P makes item 1

weakly preferred), and its welfare is ¢ = (12+9+9)/3 = 10.

BSW under each reference rule. Under rule (i) with reference (item 2,item 1), the IR
floor u; > 7 excludes (item 1,item 1) and BSW returns the reference itself with ¢(Xy,,) =
9 < 10. Under rule (ii) the IR floor is (4.5,4.5) and under rule (iii) it is (2,2); both admit
(item 1,item 1), so BSW returns it with ¢(X,) = 12 > 10. Under our cascade neither
pure equilibrium is individually best, so the instance lands in rule (ii) and BSW recovers the

welfare-best joint action.

Discussion. The example demonstrates that no domination theorem holds in either di-
rection between BSW and the best CE: the CE alternative is positioned relative to our
framework, not dominated by it. The structural distinction is between deterministic public
recommendation with per-player IR floors (our setting) and stochastic mediator recommenda-
tion with conditional incentive compatibility (the CE setting); each is appropriate for different

institutional configurations.
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3.D Analytical bounds on PIR for EBMC games

This appendix collects two analytical results on PIR for EBMC games that are referenced
in Section 3.4.1 but are auxiliary to the empirical narrative of this chapter. Section 3.D.1
derives an instance-parameterized bound computable from the SW solution alone; the bound
is loose on the Minnesota instance and is included to map the analytical ceiling around
the structural narrative of Section 3.4.2. Section 3.D.2 exhibits a single-player degenerate
construction with one inactive county (B, = 0), in which PIR can be made arbitrarily
large. The construction falls outside our framework convention B, > 1 for all players: the
inactive county owns only a destination lake and contributes no strategic decision, so the
game collapses to a single-agent problem in which the only active county must trade private
coverage for cross-county externality. We include it as a boundary marker rather than as a

result about the multi-player strategic setting on which this chapter centers.

3.D.1 Instance-parameterized bound

Proposition 3.8. For the SW solution x7,,, let

sw’

Eext<)_(:w> = Z W

(4,k) €A: T =0, 5 =1, c(j)#c(k)

denote the total weight of arcs covered under X%, solely by cross-county source selection,
and let n = B (x%,)/0(x%,) € [0,1]. Then every PNE X of the EBMC game satisfies

o(x) > (1 —n) o(x%,), and hence whenever n < 1,

Sw

PIR < POS < POA < b

1—n

under the reference rules (i) and (iii) of Section 3.2.3.
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Proof. Proof of Proposition 3.8. Fix any PNE X. For each county i, define a; as the total

weight of arcs in A covered by county i’s own selections under X% :

CLZ = E wjk.

(G, k)eAT:
j€T;, TN =1or a3V =1,
or j¢J,, =1

Coverage is monotone in others’ selections, so under the deviation profile (z$%,X_,), all arcs

counted in a; remain covered; hence wu,(z3"

*W.x_;) > a;. The equilibrium property gives
u;(X) = uy (27, X_;) = a; for every i € N. Summing and using > u; = ¢ (Corollary 1 of
Lee et al. 98),

P(x) > Z a;.

€N

¥

;, namely i = c(k), and is counted

Each arc (j, k) covered under x%, lies in exactly one A
in agyy unless j ¢ J.y and 737 = 0, i.e., unless it is externality-covered. Hence ZZ a; =
P(x%,) — B (X2,) = (1—1n) o(x%,). The POA bound follows; POS and PIR bounds follow

SW

from PIR < POS < POA (Proposition 3.3). O

The argument is in the smoothness tradition of Roughgarden [127], but is non-trivial because
EBMC games are not valid utility systems in the sense of Vetta [139]—the externality-
covered arcs are precisely the source of failure of Vetta’s marginal-contribution condition.
To our knowledge, the parameterization by externality-covered fraction 7 is new in the EBMC
setting. The value of Proposition 3.8 is qualitative direction and a priori certification, not
tightness on the Minnesota instance: 1 ranges from 0.638 at the 125% budget to 0.742 at the
50% budget, giving an a priori bound of 1/(1 —n) € [2.76, 3.88] on POA, while the realized
POA on the same scenarios lies in [1.05,1.20]; matching the bound and the realized POA
scenario by scenario, the bound exceeds the realized POA by a factor of 3.88/1.20 ~ 3.23

at the 50% budget down to 2.76/1.05 ~ 2.63 at the 125% budget. The bound is loose by
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design—it certifies that PIR remains controlled before any equilibrium is computed, but does

not capture how favorable the realized equilibrium structure of the Minnesota network is.

Remark 3.9 (EBMC distance from valid-utility class). EBMC games are not valid utility
systems in the sense of Vetta [139], whose framework would otherwise give POA < 2 free:
the social function ¢ is monotone submodular coverage and Zl u; = ¢ holds, but Vetta’s
marginal-contribution condition u;(x) > ¢(x) — ¢(x \ x;) fails. The shortfall at a hub lake
h € J; equals the outgoing cross-county weight W, —W}’ "™ which the owning county’s utility
omits. The externality multiplier 3; = W,/ ijriv thus measures the distance of EBMC from
Vetta’s valid-utility class, and is a tidy structural reason why POS > 1 holds for EBMC at

all.

3.D.2 Degenerate single-player construction with unbounded PIR

The construction below shows that if the framework convention B, > 1 is relaxed to allow
an inactive county owning only a destination lake, then PIR in an EBMC instance can be
made arbitrarily large. The resulting game is single-player in the strategic sense (only one

county chooses a selection); we record it as a boundary marker.

Proposition 3.10. There exists a sequence of EBMC' instances, parameterized by M > 1
and each containing one active county (B, = 1) and one inactive county (By = 0), in
which PIR = POS = POA = M. Consequently PIR < POS (Proposition 3.3) is tight, and
no constant upper bound on PIR holds across the closure of the EBMC class that includes

inactive counties.

Proof. Proof of Proposition 3.10. Consider the EBMC instance shown in Figure 3.2. County 1

owns lakes h (infested), d (uninfested), and s (infested) with budget B, = 1. County 2
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County 1 (B, =1)

w;,, = M County 2 (B, =0)

________

®

_______

Figure 3.2: Degenerate EBMC instance used in the proof of Proposition 3.10. Shaded lakes
are infested; dashed boxes mark counties.

owns only the destination lake k& (uninfested) and is inactive (B, = 0). The arcs are (h, k)
with weight M (crossing to County 2) and (s’,d) with weight 1 (internal to County 1), so
A ={(s’,d)} and A5 = {(h,k)}. Since B, = 0, county 2’s strategy is fixed at z;, = 0, and
the game reduces to county 1’s single-player decision over {z;,, x4, x } with x;, +x,+z, < 1.

County 1’s utility is uy (X) = wy 4 Yy q = max(xy, ).

Equilibrium welfare. County 1’s best responses are x; = 1 or 2, = 1 (both cover (s’,d),
giving u; = 1); selecting z;, = 1 yields u; = 0 and is dominated. In every best response,

x, =0, 50 Y, =0 and uQ()E;r,ne) = 0. Hence ¢>(§<Lne) =1
SW. The social planner maximizes ¢(x) = uy + uy = max(z,,x,) + Mz, subject to x, +
x4+ x4 < 1. The maximum is achieved at x;, = 1, x; =z = 0, yielding ¢(x%,) = M.

BSW. The IR constraint u, (x) > Ul(iz)ne) =1 forces z; = 1 or x = 1, which (by budget)

BSW _ d)(

forces x;, = 0. Hence 2 Xpew) = L.

Conclusion. The PNE coincides with WPNE and BPNE, so POS = POA = qﬁ(i;*w)/gb(ilne) =
M, and PIR = ¢(x,)/2%%W = M. Letting M — oo shows no constant upper bound on

PIR holds within the closure of EBMC instances that includes inactive counties. O
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The mechanism of Proposition 3.10 relies on County 2 carrying no strategic decision: were
B, > 1, County 2 would select k in any best response and cover the high-weight arc (h, k),
collapsing PIR to one. The construction therefore illustrates the role of the strict-positivity
convention B, > 1 adopted in Sections 3.2.1 and 3.3.2, rather than a property of multi-player
EBMC games. We are not aware of a multi-player EBMC instance (B, > 1 for all i € N)

that admits unbounded PIR; the question is left open.

3.E Supplementary computational figures

County-level participation deficits under SW. Table 3.8 lists every county left below
its reference utility by the social-optimum (SW) solution across the four budget scenarios;
all active counties omitted have zero deficit. The deficits are small and concentrated in a
few low-budget counties (chiefly Isanti and Waseca). The u; (X, ) column shows that BSW
restores each such county to at least its reference utility uz; this repair is precisely why
the BSW solution departs from SW, and it is achieved at negligible aggregate welfare cost

(realized PIR < 1.0015 against the SW optimum).

Table 3.8: County-level participation deficits under the SW solution

Budget County wl (X)) w(Xpy,) Deficit d;  Shortfall
50% [santi 3,517 3,306 3,558 211 6.00%
75% Waseca 2,836 2,687 3,043 149 5.25%
75% Lake of the Woods 998 992 998 6 0.60%
75%  Isanti 4223 4218 4,223 5 0.12%
100% Waseca 3,062 2913 3,201 149 4.87%
125% Waseca 3,123 3,006 3,244 117 3.75%
125%  Isanti 4988 4,972 5,022 16 0.32%
d; =| ;f — u,; (X%, )] ; reference utilities uj are from the socially best PNE. In every row

U (Rpsw) = uj BSW reoptimizes the plan to repair each deficit SW leaves, which is why
the BSW solution differs from SW.
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PIR under alternative reference rules. Table 3.9 reports the realized PIR for the
Minnesota study under the three reference rules of Section 3.2.3. Because the socially best
PNE is individually dominant over the collected equilibria, the average- and minimum-

reference floors lie weakly below its per-player utilities, so all three rules are feasible.

County-level utility gains under the tailored coalition models. Figure 3.3 reports
the distribution of per-county utility improvements over RPNE under each tailored model,
one box per model over the 38 strategically active counties. Utility is covered risky-arc
weight, that is, expected risky boat movements intercepted, and the vertical axis is the
change relative to each county’s RPNE utility, so the zero line is the equilibrium benchmark.
Boxes span the interquartile range, the line inside each box is the median, whiskers extend
to 1.5x the interquartile range, and points beyond them are individual counties. The IR-
constrained variants (BC_1-BC_3, BC_NVC) lie entirely above zero; NVC, which omits

the IR constraints, does not.

12000
10000

8000

o o
o
6000 [}
o o
4000
2000
BC BC_1 BC 2 BC_3 NVC

BC_NVC

County utility improvement over RPNE

o

Figure 3.3: County-level utility improvements relative to RPNE under the tailored coalition
models.

This E-companion section collects auxiliary figures from Section 3.5. The tables in the main

text contain the underlying numerical content; the figures here provide visual summaries.
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Table 3.9: Realized PIR under the three reference rules (Minnesota)
Budget Socially best-PNE (i) Average-PNE (ii) Minimum-PNE (iii)

50% 1.0015 1.0015 1.0015
75% 1.0003 1.0003 1.0003
100% 1.0003 1.0003 1.0003
125% 1.0003 1.0003 1.0003

The best-PNE column reproduces Table 3.4. Average- and minimum-reference values are
computed by re-solving BSW under those rules; all three rules are feasible in every
scenario, and PIR remains within 0.15% of one under each.

Supplementary main-text tables. The following tables are referenced from Section 3.5

and relocated here to respect the main-text page limit.

Coalition maps for the tailored models. Figure 3.4 draws the resulting coalition struc-
tures on the Minnesota county map. Panels (a)—(d) show BC__1 (opt-out), BC_ 2 (coalition-
size limits), BC_3 (DNR district-based), and the Network Volume-based structure shared
by NVC and BC__NVC. Counties drawn in the same color belong to the same coalition; gray

marks counties that do not participate in any coalition and plan on their own budget.

(d) NVC, BC_NVC

Figure 3.4: Coalition configurations across the tailored models.

Welfare and lake selection at the baseline. Figure 3.5 visualizes Table 3.2, showing
social welfare and selected-infested-lake counts side by side across all models at the 100%
budget. Bars give social welfare ¢(x) on the left axis, in units of covered risky-arc weight,

and the line gives the count of selected infested lakes on the right axis. Models are or-
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Table 3.10: Tailored BC models (Minnesota, 100% budget)

Models RPNE BC BC 1 BC 2 BC 3 NVC BC NVC
$(x) 665,588 773,960 729,879 745759 745329 722,212 721,001
Time (s) 7.202.0  4,640.7 2,705.7  6,460.6  204.3 123.6 242.7
MIPGAP — 00%  01%  01%  0.1% 0.0% 0.0%
Sel. Inf. (Uninf.) 220 (201) 410 (11) 324 (97) 335 (36) 335 (36) 311 (110) 308 (113)
Sum of |A BG| 0 228 58 86 84 48 46

Table 3.11: Welfare and selected infested lakes under varying budget scenarios

Metric Budget Models
NG RPNE BSW SW BC BGC GC
50% 439,410 462,518 544,101 544,917 603,218 603,218 603,996
$(x) 75% 539,334 587,691 654,179 654,389 725,648 725,648 726,619
100% 596,535 665,588 708,176 708,397 773,960 773,960 774,638

125% 642,534 705,678 736,626 736,839 783,645 783,645 783,947

50% 100 (101) 112 (90) 170 (31) 171 (30) 201 (0) 201 (0) 201 (0)

75% 137 (175) 168 (144) 247 (65) 248 (64) 311 (1) 311 (1) 311 (1)

100% 165 (256) 220 (201) 302 (119) 303 (118) 410 (11) 410 (11) 417 (4)

125% 194 (340) 261 (273) 339 (195) 341 (193) 440 (95) 440 (95) 437 (98)
Counts are for selected lakes in the model solution.

Sel. Inf. (Uninf.)

Table 3.12: Descriptive statistics for the MN dataset
Counties Lakes # Infested Avg. w(j) (Inf.) # Uninfested Avg. w(j) (Uninf.)

Total 87 9,182 506 2,278.26 8,676 98.76
Active 38 7,515 466 2,246.18 7,049 99.25

w(j) = Z(j Ky jeg Wik + Z(k iyhes Wk is the total incident weight on risky edges with at

least one infested endpoint.

Table 3.13: Welfare range of the EBMC game (Minnesota, 100% budget)

Social Welfare (¢) Inefficiency Time (s) # PNEs ind_ better
n WPNE BPNE ¢(x%,) POA POS WPNE BPNE
MN 38 664,909 665,588 708,397 1.07 1.06 3,601.8 3,600.2 2 TRUE

dered by increasing coordination, from the non-game baseline (NG) through the reference
equilibrium (RPNE) and the IR-constrained plan (BSW) to the pooled-budget models (BC,

BGC, GC), with the IR-free statewide optimum (SW) shown for comparison. Both metrics
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rise monotonically as the decision environment moves from non-cooperative (NG, RPNE)

through Nash-informed refinement (BSW) to pooled-budget coordination (BC, BGC, GC).
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Figure 3.5: Social welfare and selected infested lakes across models (Minnesota, 100% bud-
get).

Distribution of county-level utility improvements. Figure 3.6 reports the distribu-
tion of per-county utility improvements over RPNE under BSW and BC, drawn in the same
way as Figure 3.3. Both distributions sit strictly above zero, confirming that the IR con-
straints are respected across all 38 counties; BC yields a higher median improvement and a

longer upper tail than BSW.

Budget reallocation for high-ratio counties. Figure 3.7 compares allocated budgets
across coalition models for counties with relatively excessive initial budgets (Ratio > 100%).
The horizontal axis lists these counties and the vertical axis is the post-coordination bud-
get minus the baseline budget 3B,, in inspection-station units, so negative values indicate
capacity moved out of the county; one series is drawn per coalition model. The default BC

model imposes sharp reductions; BC_1-BC_ 3 exhibit milder decreases consistent with the
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MN dataset: distribution of county-level utility improvements
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Figure 3.6: County-level utility improvements relative to RPNE under BSW and BC.

minimum-budget-retention rule; NVC and BC__NVC induce only limited budget movement

at these high-ratio counties.

Figure 3.7: Budget reallocations across coalition models for counties with a high baseline
budget per infested lake.

Welfare and lake-selection trends across budgets. Figure 3.8 visualizes Table 3.11,
showing how social welfare and selected-infested-lake counts evolve across the four budget
scenarios (50%, 75%, 100%, 125%) and seven models. The horizontal axis is the budget
scenario and each series is one model (NG, RPNE, BSW, SW, BC, BGC, GC); the left panel

reports social welfare ¢(x) in units of covered risky-arc weight and the right panel the number
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of selected infested lakes. Marginal gains diminish at higher funding levels, consistent with
the highest-impact opportunities being captured earlier as budgets expand.

Selected Infested Lakes & Social Welfare by Model and Budget
800000

B Lakes 50% ~®- Welfare 50%
B Lakes 75% g -®- Welfare 75%
.
I Lakes 100% ~®- Welfare 100%
mm Lakes 125% -®- Welfare 125%
.
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Figure 3.8: Social welfare and selected infested lakes across models under the four budget
scenarios.

Selected county-level utilities and budget reallocation. Table 3.14 shows represen-
tative county-level utility values and budget reallocation outcomes for four counties at the
100% budget. Utility gains are broadly shared under both BSW and BC; “Ratio” > 100%
counties (Aitkin, Becker) lose budget under coordination while lower-ratio counties retain or
gain budget.

Table 3.14: Selected county-level utilities and budget reallocation (Minnesota, 100% budget)
County NG RPNE BSW SW BC BGC GC BG # Inf. Ratio Re BG

Aitkin 22,010 24,665 26,506 26,521 28,054 28,054 28,118 10 3 333% 4
Anoka 11,722 14,052 15,652 15659 17,831 17.831 17,867 6 10 60% 9
Becker 26,861 29,892 31,664 31,681 32,993 32,993 33,053 25 10 250% 10
Beltrami 18,955 21,393 22,917 22,942 25197 25197 25210 9 10 90% 10

“BG7” is the original budget; “# Inf.” is the number of infested lakes in the county; “Ratio”

= BG/# Inf. (treated as oo when # Inf. = 0); “Re_ BG” is the redistributed budget under

BC and BGC. Boldfaced “Re_BG” values indicate counties whose redistributed budget is
lower than the original.
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3.F EBMC random instances: detailed results

This E-companion section reports the detailed setup and per-instance results for the EBMC

random study summarized in Section 3.6.

Instance generation. Each random EBMC instance is generated by a four-AlIS-species
variant of the Saidman-style boat-movement simulator. For a target number of counties
n € {2,3,5,8,10,15,20}, we assign each county a two-letter identifier (AA, AB, ..) and 30
lakes labeled AA1, AA2, .., AA30. For each county and each of four AIS species (zebra
mussel, spiny water flea, Eurasian watermilfoil, starry stonewort), exactly |30 - p,| lakes
are flagged infested, with species-level prevalences (p,.,; Psss Pow> Pst) = (0.5,0.4,0.3,0.2).
Candidate ordered lake pairs are enumerated, 80% of them are dropped uniformly at random,
and the remaining pairs are kept as arcs only if b;; = #{s : f{ = 1,f; = 0} > 1. Arc
weights n,;; are drawn uniformly from {10,11,...,30}. Per-county budgets are drawn as
1U(0.3,0.7)-17.|], where |7 | denotes the county’s infested-lake count. All draws use a fixed

seed for reproducibility; the seven bundled instances are deterministic.

Solver configuration. We use BZR [98] with a 600-second time limit per direction. SW
and BSW are each solved with a 600-second time budget and a 10~ MIP gap target. All
solves use 16 Gurobi threads. Because BSW returns a SW-feasible solution under additional
IR constraints, BSW < SW holds at optimality; SW values are computed independently of
BSW.

Per-instance results. Table 3.15 reports, for each instance, the network size (number of
lakes and risky arcs), total budget across counties, social welfare values for all four reference

quantities (SW, x* ., X0 BSW), the number of distinct PNEs identified by BZR, and the

pne’ “*pne’
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realized POS, POA, and PIR.

Table 3.15: EBMC random instances: full per-instance results

n |lakes| |ares| Y B, SW BPNE WPNE BSW #PNE POS PIR
2 60 424 10 5556 5156 4871 5533 2 1.078 1.004
3 90 1,035 31 20499 18,052 18,052 20,456 1 1.136 1.002
5 150 2,840 54 56,298 51,029 50,570 56,298 2 1.103 1.000
8 240 7,242 103 159,810 142,513 142,513 159,754 1 1.121 1.000
10 300 11284 109 223,020 189,798 189,477 223,018 3 1.175 1.000
15 450 25,697 197 555879 492,174 492174 553,615 1 1.129 1.004

20 600 44,192 216 876,652 738,425 738,425 835,089 1 1.187 1.050

POA = SW / WPNE, POS = SW / BPNE, PIR = SW / BSW. Counties are
non-coalitional (the random instances do not use the active-counties partition).

Observations. The POS values cluster between 1.078 and 1.187, reflecting moderate equi-
librium inefficiency at every scale. The realized PIR remains at or near 1 in every instance,
ranging from exact 1.000 at n € {5,8,10} to 1.050 at n = 20. The latter is the largest
deviation observed and corresponds to a tight budget regime (216 inspectors across 600
lakes); it is the only random-EBMC case in which the framework recovers visibly less than
the full POS —1 gap. Across the seven instances, the framework recovers an average of 12.4
percentage points of efficiency loss, ranging from 7.4 (n = 2) to 17.5 (n = 10) percentage

points.

Reference utility construction. For two of the seven instances (n € {5,10}), BZR iden-
tifies multiple distinct PNEs in which no single PNE is individually best for all counties;
the reference utility falls back to the per-county arithmetic mean (the construction in Sec-
tion 3.2.3). The remaining five instances admit an individually-dominant best PNE. In all

seven cases, the resulting BSW is feasible without invoking the min-PNE fallback.
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3.G Knapsack Problem Game: detailed results

This E-companion section reports the detailed setup and per-instance results for the KPG

study summarized in Section 3.6.

Game description. The KPG models n players, each solving an individual knapsack
problem over m = 100 items. Player p selects z € {0,1} for each item subject to a
weight constraint >, wpz} < BP. The payoff of player p is bilinear in the joint selection:
u,(x) =3, mpap+ Zq p >, Chlwpay, where ) is the standalone profit of item & for player
p and ¢} is the interaction coefficient. We follow the PNE-finding setting introduced by

Dragotto and Scatamacchia [58] and extended to large-scale instances by Lee et al. [98].

The bundled instance families are: Type A draws ¢}’ equally and uniformly from [1,100]
(potential game; positive equal interactions across items); Type B draws c¢j? independently
and uniformly from [1,100] (positive but heterogeneous interactions). The original Type C
of Dragotto and Scatamacchia [58] draws ¢! ~ Unif[—100, 100], but instances under this
distribution often fail to admit a PNE even at n = 2,3, and the issue worsens at larger n.
We therefore adopt the modified Type C of Lee et al. [98], in which ¢;? ~ Unif[—20, 0]: this
preserves negative (adversarial) interactions while reducing their magnitude to a level that
more frequently admits PNEs at scale. We focus on Types B and C: Type A reduces to a
potential-game regime with guaranteed PNE existence and structurally bounded inefficiency,
whereas Types B and C exhibit substantively different (positive vs. negative) interaction

profiles relevant to testing the framework.

Instance set. We use the ny.¢

= 100, ratio = 0.5 subset of the Dragotto and Scatamac-

chia [58] bundled instances at n € {2,3,5,8,10,15,20} for Type B and at n €

players

{2,3,5,8,10,15} for Type C. (Type C at n

players

= 20 produced no PNE within the 600-

players
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second budget; see the boundary discussion below.)

Solver configuration. The KPG master MIP includes a McCormick lift for each y}? =
zhx], and BZR adds strategic dominance and payoff inequalities as user cuts for n < 15.

For n = 20 the strategic inequality set is skipped to avoid combinatorial blowup. All

players

solves use 16 Gurobi threads and a 600-second time budget.

Per-instance results. Table 3.16 reports per-instance social welfare values, the number
of distinct PNEs, and the realized POS, POA, and PIR. POA and POS values quote the
ratio of SW to WPNE and BPNE respectively; PIR quotes the ratio of SW to BSW.

Table 3.16: KPG (Types B and C) at n,

items = 100, ratio = 0.5: full per-instance results

Type n SW  BPNE WPNE BSW #PNE POS POA PIR
B 2 14,390 14,246 13,675 14,390 478 1.010 1.052 1.000
B 320393 28942 26939 29,393 464 1.016 1.091 1.000
B 5 78841 78,004 74250 78,841 285 1.011 1.062 1.000
B 8 189,885 188,581 180,014 189,885 156 1.007 1.055 1.000
B 10 289,156 287,886 278,853 289,156 63 1.004 1.037 1.000
B 15 644,218 642,233 618,308 644,218 35 1.003 1.042 1.000
B 20 1,126,092 1,123,062 1,092,597 1,126,092 23 1.003 1.031 1.000
C 2 7,309 7,757 7,718 7,809 10 1.007 1.012 1.000
C 3 10407 10,295 10,245 10,407 14 1.011 1.016 1.000
C 5 14,617 14,318 14,026 14,617 41 1.021 1.042 1.000
C 8 17,561 15,758 15,517 17,561 21 1.114 1.132 1.000
C 10 20275 16,725 16464 20,273 21 1.212 1.232 1.000
C 15 23,039 16,115 15824 23,039 11 1.430 1.456 1.000

Values rounded to three decimal places. SW and BSW computed under a 600 s limit. At
n = 10 and n = 20 the SW solve is warm-started with the BSW incumbent so that
2SW > 2BSW (hoth attain the same value), consistent with BSW being an IR-restricted
SW; PIR = 1.000 throughout.

Observations. Type B exhibits mild inefficiency: POS shrinks with n from 1.010

players (

to 1.003), reflecting the modest interaction magnitudes built into the family. In Type C,
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POS grows sharply with player count—from 1.007 at n = 2 to 1.430 at n

players players —

15—because the predominantly negative interactions amplify the equilibrium—SW gap as
the number of contributing players grows. Despite the dramatic Type C inefficiency, Nash-
informed planning recovers PIR to 1.000 in every Type C case. The framework’s recovery
is therefore most valuable precisely in the family where the underlying inefficiency is most

severe.

Type C boundary case (n =20). For Type Catn = 20, BZR did not certify

players players

a PNE in either direction within the 600-second time budget; we therefore omit this instance
from the headline table. The interpretation of such non-certification cases is discussed in
Section 3.6. In every Type C instance where BZR did certify a PNE, the Nash-informed

planning framework recovered SW to within numerical precision.

Reference utility construction. All KPG instances use the per-player arithmetic mean
(the construction in Section 3.2.3) as the reference utility. These KPG instances typically
admit multiple distinct PNEs without a single individually-dominant equilibrium, so the
dominant-PNE scheme is rarely active. This contrasts with the Minnesota EBMC case

study, where the best PNE is individually best across counties.

3.H Kidney Exchange Game: detailed results

This E-companion section reports the detailed setup and per-instance results for the KEG

study summarized in Section 3.6.
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Game description. The KEG models a kidney-exchange program shared by n trans-

players
plant centers. Each donor—patient pair is owned by one player; the compatibility graph
G = (V,E) has |V| pairs (nodes) and directed edges (i, ) when donor of i is compatible
with patient of j. A feasible solution selects a packing of edge-disjoint directed cycles of
length at most L, . ; each player’s utility equals the number of its own pairs covered by the
packing. The KEG has been studied under different mechanisms: Carvalho et al. [34] es-
tablish mathematical foundations under a mediator-based formulation, while Carvalho et al.
[36] develop the mediator-free IPG formulation that we adopt here. For the 2-player case
with L. = 2, Carvalho et al. [34, Theorem 3| prove that a social welfare equilibrium always
exists, so POS = 1 for that case and the inefficiency question is trivial. For L, > 3, the
analytical status of POS is open even in the 2-player case: Carvalho et al. [36] disprove the
potential-function structure conjectured for length-3 cycles in their supplementary material,
so POS = 1 cannot be inferred from a potential-game argument. Because the L . = 2
case is trivial for testing the Nash-informed planning framework—PIR collapses to 1 by
POS = 1—we extend the analysis empirically to L, ,, = 3, where POS can exceed 1 and
the framework’s ability to recover SW is non-trivially exercised. With L .. = 3, the cycle
catalogue partitions into internal cycles (one player), bilateral cycles (two players, bilinear

interaction), and trilateral cycles (three players, trilinear interaction). The trilinear terms

are McCormick-linearized in the master MIP.

Instance set and partition strategies. We use the Constantino et al. [48] kidney-

exchange instances:

o Small dataset: |V| € {60,70,80,90,100} with 50 instances per size; we use instances
{1,2,3}.

o Large dataset: |V| = 200 with 10 instances; we use instances {1, 2, 3}.



3.H. KipNEY EXCHANGE GAME: DETAILED RESULTS 165

For each instance we apply three partition strategies that assign the |V| pairs to 1, e =
3 players: wuniform (random equal split), geographic (synthetic regional clustering), and
blood__type (group by patient blood type). This produces 5 x 3 x 3 +1 x 3 x 3 = 54

(size, instance, partition) combinations; one instance (|V| = 200, instance 01, blood_ type)

produced no PNE within the time budget, yielding 53 logged runs.

Solver configuration. We use BZR with a 600-second time limit per direction, 16 Gurobi
threads, and a 10~* MIP gap target. SW and BSW each receive a 600-second budget. The
master MIP for L .. = 3 uses standard McCormick lifts for bilinear cycle activations y24

and an extended McCormick scheme for trilateral activations y£9".

Aggregated results by graph size. Table 3.17 aggregates results by graph size, showing

*

the number of (instance, partition) runs, the count of trivial cases (POS = 1, i.e., X}

already
coincides with SW), the count of non-trivial cases, and headline statistics. The fraction of
non-trivial cases grows sharply with |V|: from 1/9 at |V| = 60 to 4/8 at |V| = 200. Mean

POA exceeds 1.3 at every size, reflecting wide gaps between the best and worst PNEs even

when the best PNE already attains SW.

Table 3.17: KEG results aggregated by graph size
|V| runs triv. non-triv. POS mean POS max POA mean POA max PIR mean

60 9 8 1 1.010 1.091 1.643 3.000 1.000
70 9 9 0 1.000 1.000 1.344 1.750 1.000
80 9 9 0 1.000 1.000 1.314 1.546 1.000
90 9 9 0 1.000 1.000 1.246 1.600 1.000
100 9 6 3 1.107 1.708 1.322 1.864 1.000
200 8 4 4 1.064 1.195 1.104 1.195 1.000

“triv.” counts instances with POS =1 (best PNE already coincides with SW); “non-triv.”
counts POS > 1. The |V| = 200 row reports 8 runs because one (instance, partition)
combination produced no PNE within the time budget.



CHAPTER 3. NASH-INFORMED PLANNING FOR PUBLIC-RESOURCE COORDINATION: AN APPLICATION
166 TO AQUATIC INVASIVE SPECIES PREVENTION

Non-trivial cases. Table 3.18 enumerates the eight non-trivial cases. These are the in-
stances where the Nash-informed planning framework actively raises welfare above the best
discoverable PNE. PIR equals 1.000 in every case, indicating exact SW recovery; recoveries
range from 2.6 percentage points (|V| = 200, instance 01, uniform) to 70.8 percentage points

(JV] = 100, instance 02, uniform).

Table 3.18: KEG non-trivial instances (POS > 1)

|V| inst partition IC| |C,i| SW BPNE WPNE BSW POS POA
60 01 blood_type 93 16 12 11 9 12 1.091 1.333
100 02 wuniform 2106 543 41 24 24 41 1.708 1.708
100 02 blood type 2106 504 41 40 22 41 1.025 1.864
100 03 geographic 7781 1652 b4 44 41 o4 1.227 1.317
200 01 wuniform 40556 8698 117 114 114 117 1.026 1.026
200 02 uniform 20351 4298 98 88 88 98 1.114 1.114
200 02 geographic 20351 4699 98 83 83 98 1.181 1.181
200 02 blood type 20351 4074 98 82 82 98 1.195 1.195

|C'| denotes the total number of length-< 3 cycles in the partitioned graph; |C,;| counts
trilateral cycles (cycles whose three pairs span three different players). PIR equals 1.000 in
every row.

Observations. Three patterns emerge. First, trivial cases dominate at small graph sizes:
at |[V] < 90, 35 of 36 runs have POS = 1, meaning the best PNE already attains SW
and Nash-informed planning has no welfare to recover. As |V| grows the non-trivial share
rises to 1/3 at |[V| = 100 and 1/2 at |V| = 200, suggesting that cross-player coordination
opportunities emerge with scale. Second, when the framework is needed it delivers exact
recovery: every non-trivial case has PIR = 1.000 regardless of the magnitude of POS. Third,
POA is consistently larger than POS, often substantially: at |V| = 100, the worst PNE
attains less than 54% of SW for one (instance, partition) combination (POA = 1.864). The
wide POA range underscores the value of selecting among PNEs rather than treating any

equilibrium as a planning anchor.
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Boundary observations on PNE existence and scale. We additionally attempted
KEG at |V| = 300 with 3 instances and 3 partitions; in every (instance, partition) at-
tempted, BZR did not certify a PNE within the 600-second budget, and pilot runs at
V| € {400,500} likewise failed to certify PNEs within that budget. The interpretation
of such non-certification cases is discussed in Section 3.6. For the purpose of this chapter we
therefore restrict KEG results to |V| < 200; in every (instance, partition) where BZR did

certify a PNE, the framework recovers SW to within numerical precision.

Reference utility construction. Trivial cases (POS = 1) admit BSW = SW = BPNE
trivially. Among non-trivial cases, the dominant-PNE scheme is active when the same PNE is
individually best for every player; otherwise the per-player arithmetic mean is used. All eight

non-trivial KEG cases admitted a feasible BSW under the dominant scheme; no instance

required the min-PNE fallback.



Chapter 4

Conditional Equilibrium Inequalities
for Generalized Nash Equilibrium

Problems with Pure-Integer Variables

Manuscript Note. This chapter is based in part on the following manuscript:

B. Hao, H. Lee, R. Hildebrand, and C. Michini, “Conditional Equilibrium Inequalities for
Generalized Nash Equilibrium Problems with Pure-Integer Variables.” Working paper.

The manuscript has been adapted and expanded for inclusion in this dissertation; notation,
exposition, and organization have been revised for consistency with the remaining chapters.
Code and data are available at https://github.com/HyunwoolLee0429/GIPG.

4.1 Introduction

4.1.1 Problem Setting

A generalized integer programming game (GIPG) is a non-cooperative game in which each of
n players solves an integer program whose feasible set depends on the other players’ decisions

through coupling constraints. GIPGs sit between two classes: removing the coupling—so
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that each player’s feasible set is independent of opponents—recovers an integer programming
game (IPG) [35, 96], while relaxing the integrality constraints in the players’ optimization

problems gives a generalized Nash equilibrium problem (GNEP) [85].

GIPGs arise in settings involving shared discrete resources. In bin packing games, players
split items across bins with proportional cost sharing and shared bin capacities [18, 84]. In
generalized knapsack games, players select from a shared item set with per-item capacity
limits [62]. In network formation games, players route integer-splittable flow through a
shared network with edge capacities and proportional cost sharing [3, 45]. In each case,

shared resource capacities make one player’s feasibility conditional on others’ consumption.

Computing PNE of GIPGs is fundamentally hard. Even for IPGs (without coupling con-
straints), deciding whether a PNE exists is X5-complete [35]; GIPGs are at least as hard.
GIPGs add a further difficulty: the conditional feasibility of deviations. In an IPG, any
privately feasible deviation is always jointly feasible. In a GIPG, a deviation that is pri-
vately feasible may be jointly infeasible because opponents have consumed shared resources.
An equilibrium-enforcing inequality must therefore be conditional: it enforces the no-regret

condition only when the deviation is feasible against the current opponents’ strategies.

This chapter develops computational methods for GIPGs centered on conditional equilibrium
inequalities (CEIs)—globally valid linear inequalities that encode the equilibrium condition
with an explicit activation mechanism for conditional feasibility. CEls are separated via best-
response computations and embedded as lazy constraints in a branch-and-cut solver, yield-
ing the Generalized Zero-Regret (GZR) algorithm. We apply this framework to four GIPG
classes—integer splittable bin packing (ISBP), network formation games (NFG), generalized
knapsack games (GKG), and generalized knapsack games with bilinear costs (GKGB)—and
complement it with structural results (the Vertex Equilibrium Structure Theorem) and al-

gorithms for approximate equilibria (best-response dynamics and bisection search).
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4.1.2 Literature Review

Carvalho et al. [37] provide a comprehensive computational overview of IPGs, covering both
PNE and mixed Nash equilibrium (MNE) algorithms. For computing PNEs, Sagratella [128§]
proposes a branching method that enumerates all solutions of Nash equilibrium problems
with discrete strategy sets, and Schwarze and Stein [135] extend this approach to convex
polyhedral strategy sets via a branch-and-prune algorithm. Dragotto and Scatamacchia [58]
take a different approach with the Zero-Regret (ZR) algorithm, which embeds equilibrium
inequalities as lazy constraints in a master MILP. A key feature of ZR is that it optimizes
over the set of PNEs, enabling direct computation of socially optimal PNE and the price
of stability (POS). Our GZR algorithm extends ZR to GIPGs by introducing conditional

feasibility into the equilibrium inequalities.

For GNEPs with mixed-integer variables, Harks and Schwarz [85] establish existence results
via a convexification technique using the Nikaido—Isoda function: they construct convexified
instances and show that equilibria of the convexified game correspond to equilibria of the
original. Duguet et al. [62] study GNEPs with mixed-integer variables—which fall within
the GIPG class—and propose a branch-and-cut methodology using a high-point relaxation
(HPR) of the Nikaido-Isoda function together with intersection cuts. HPR reformulates the
GNEP as a bilevel optimization problem where the objective is the Nikaido—Isoda value; an
equilibrium corresponds to a zero objective value. The intersection cuts are locally valid
within the branching tree and require an explicit geometric construction rather than being
expressed in closed form as linear inequalities. This makes HPR fundamentally a feasibil-
ity approach: it finds ¢ PNE but does not optimize over the set of PNEs with a custom
welfare objective. Duguet et al. [61] extend this line to approximate equilibria, introduc-
ing an («a, #)-Nash equilibrium concept and developing a binary-search procedure to find

the tightest approximate equilibrium, enhanced by a single-tree implementation that reuses
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cuts across iterations. Beyond this line, computational work on mixed-integer GNEPs is
sparse. Sagratella [129] studies generalized potential games with mixed-integer variables
and shows that a Gauss—Seidel best-response scheme approximates equilibria for linear cou-
pling constraints with decoupled costs; Sagratella [130] extends this analysis to GNEPs with
linear coupling constraints, and Fabiani and Grammatico [66] apply best-response schemes
to multi-vehicle automated driving modeled as a generalized mixed-integer potential game.
For games without coupling constraints, two further approaches relate to optimizing over
the equilibrium set: Crénert and Minner [49] enumerate all equilibria of large finite games
that cannot be efficiently represented in normal form, combining sampling with equilibrium-
selection theory to identify a most likely equilibrium, and Carvalho et al. [38] compute
(mixed) equilibria via cutting-plane outer approximations of a convexified game. In con-
trast to sampling-based enumeration, GZR optimizes a welfare objective over the implicitly

described set of pure equilibria of a GIPG via globally valid equilibrium inequalities.

Rosen [125] studies concave games—where each player minimizes a concave cost over a
polytope—and establishes existence and uniqueness of Nash equilibria. A standard fact
of convex analysis is that the minimum of a strictly concave function over a polytope is
attained at a vertex. For GIPGs with concave costs, this observation motivates the Vertex
Equilibrium Structure Theorem (VEST) developed in this chapter, which characterizes the
structure of PNE allocations. However, Rosen’s existence guarantee applies to games with
fixed, player-specific strategy sets; for GNEPs with coupled constraints, a standard PNE

may fail to exist even in the continuous relaxation.

Integer splittable bin packing games (ISBP) are introduced by Hao and Michini [84] as a
weighted, splittable variant of the selfish bin packing games studied earlier by Bilo [18]; they
establish structural properties of PNE, including conditions under which exact PNE fail

to exist, and show that computing an exact PNE is NP-hard. Generalized knapsack games
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(GKG) serve as a benchmark in Duguet et al. [62]. Motivated by the central role of the knap-
sack problem in combinatorial optimization, classical knapsack games—in which each player
has an independent feasible set—have also received considerable attention in equilibrium
computation; this line of work was initiated by Carvalho [33], with subsequent equilibrium-
computation methods developed in Carvalho et al. [36, 38|, Dragotto and Scatamacchia [58].
For network formation games (NFG), we study an integer-splittable variant of the weighted,
capacitated network design model of Chassein et al. [42], which falls within the GIPG class;
already in their unsplittable model, PNE may fail to exist and it is strongly NP-hard to
decide whether a PNE exists. The classical network formation game with Shapley cost shar-
ing [3] considers unsplittable single-unit routing where PNE always exists by a potential
argument. The weighed variant of this model is studied by Chen and Roughgarden [45] and
Dragotto and Scatamacchia [58] compute exact POS for this model via ZR. Feldman and
Ron [68] study the capacitated variant. Congestion games were initiated by Rosenthal [126]
with PNE existence via exact potentials; Fotakis et al. [70] study selfish unsplittable flows,
and Del Pia et al. [53] establish PNE existence for totally unimodular congestion games.
These classical results apply to uncapacitated or unsplittable settings, whereas the ISBP
and NFG models studied in this chapter involve integer-splittable strategies with shared

capacity constraints, making them GIPGs where PNE existence is not guaranteed.

4.1.3 Contributions

(i) We introduce CEls, globally valid linear inequalities for GIPGs that enforce the no-
regret condition conditionally on deviation feasibility, and prove that they are exact
on integer points. The Generalized Zero-Regret (GZR) algorithm embeds CEIs as lazy
constraints in a MILP, extending ZR [58] from IPGs to GIPGs. Because CEls are

globally valid and expressed in closed form, GZR can optimize over the set of PNEs—
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(iii)

unlike the approach of Duguet et al. [62], which relies on locally valid intersection
cuts and targets finding any PNE. We also adapt round random-restart best-response
dynamics (RRR-BRD) [98] to GIPGs (Section 4.4) and combine it with GZR and a
bisection search procedure that reuses CEls across iterations, analogously to Duguet
et al. [61]. Together, these algorithms cover three tasks: RRR-BRD quickly finds a
PNE heuristically, GZR computes the socially optimal PNE, and bisection search finds

the tightest a-approximate PNE when exact PNE may not exist.

For GIPGs with strictly concave costs and integral conditional polytopes, we prove
that at any PNE, each player’s strategy lies at a vertex of their conditional strategy
polytope; for separable concave costs, a weak form of the theorem restricts feasi-
ble directions at a non-vertex PNE strategy to coordinates where the cost is locally
affine. On regular ISBP instances—where solo-resource costs are affine, so the ver-
tex property is established instead by a cost-preserving transformation of equilibria
(Theorem 4.22)—a VEST-inspired, optimality-preserving cut requires each player to
use at most one unsaturated resource; computational experiments show that this cut
provides a 1.55x aggregate speedup. On flow polytopes (as in NFG), the resulting

bound is weaker but still valid.

We demonstrate GZR and the accompanying algorithms on a broad class of GIPGs by
developing CEI encodings, activation conditions, and game-specific valid inequalities
for ISBP, NFG, GKG, and GKGB. For the cost-sharing games (ISBP and NFG), we
show how one-hot encodings linearize nonlinear proportional cost-sharing terms and
derive the VEST and weak-VEST cuts for these game classes. For general GIPGs, we
find a PNE for 100% of GKG benchmark instances within 10 minutes and prove social
optimality for all but one, compared to termination rates of 30-50% in 1 hour for the

method of Duguet et al. [62]. We further introduce GKGB, a challenging extension
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that integrates the reciprocally bilinear cost structure of Dragotto and Scatamacchia
[58] with the shared capacity constraints of Duguet et al. [62], and evaluate GZR on

the resulting McCormick-linearized formulations.

4.1.4 Paper Organization

Section 4.2 develops the CEI framework, including feasible slices, activation variables, valid-
ity and closure properties, and the GZR algorithm. Section 4.3 presents the VEST theorem
and VEST cuts. Section 4.4 describes the complementary solution algorithms: RRR-BRD
and bisection search. Section 4.5 details the four game applications: ISBP, NFG, GKG, and

GKGB. Section 4.6 reports computational results. Section 4.7 concludes.

4.2 Conditional Equilibrium Inequalities

We begin by introducing notation for GIPG and then develop the CEI framework. Consider
a game G with players indexed by N = {1,...,n}. Each player i € N chooses an integer
strategy z* € ZFi: let 7% denote the strategies of all other players, and let K := Zie N k;
so that a joint strategy profile x = (x%),.y lies in Z¥. The feasible set of player i depends
on opponents’ strategies:

X,(x7) = {at € ZF : g (a?,27") <0}

7

for a constraint function ¢’ : RX — R™:. The joint feasible region is

Xi={zezZk: ¢ (zt,27") <0 Vie N}.
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The (opponent-independent) strategy set of player i is
X;=proj_,(X) ={z' € ZF : (2',27") € X for some x'},

the set of strategies feasible for player ¢ against at least one opponent profile. Throughout this
chapter we make the standing assumption that the coupling constraints are shared: whenever
r € X and 7¢ € X, (27, the deviated profile (z%, 27%) again lies in . All four game classes
studied in this chapter have this structure (it is the same property that keeps best-response
dynamics jointly feasible; see Section 4.4). Under this assumption, X, (z~%) C X, for every
opponents’ profile 7 arising from a feasible x € X', and every cost expression 7¢(Z*, z7%)

with ¢ € X, (z~") appearing below is well defined. When X;(z~%) depends on %, the game

is a GIPG; when X, (z7%) = X, is independent of opponents, the game reduces to an IPG.

Each player ¢ has a nonnegative cost function 7% : X — R~ and solves

min {7(z*,27") | 2* € X; (") C ZF:}. (4.1)

Definition 4.1 (a-approximate PNE). Fix o > 1. A strategy profile £ € X is an a-

approximate pure Nash equilibrium (a-PNE) if for every player i € N,
(24,27 < o - (2t 37Y) Vot e X, (77Y).

When o = 1, this reduces to an exact PNE.

Each player in Definition 4.1 optimizes over its own conditional set X', (Z7*), so the concept
is the pure-integer analogue of a generalized Nash equilibrium rather than of a wvariational
equilibrium, which additionally requires the multipliers on the shared constraints to be com-

mon across players. The distinction is immaterial when the coupling constraints are inactive,
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but not in general: every variational equilibrium is a generalized Nash equilibrium, and the
converse fails. Every equilibrium computed in this chapter—exact or a-approximate—is a

generalized pure Nash equilibrium in the sense of Definition 4.1.

We next introduce notation for feasible deviations.

Definition 4.2 (a-approximate best response). Fix a > 1 and 2% A strategy z° € X, (27°)

is an a-approzimate best response (a-BR) against 27 if

(24,27 < o - (2t 37Y) Val e X, (370).

Let BRY(z7") denote the set of all a-BRs of player i against 2.

A fundamental difficulty in generalized equilibrium settings is that feasibility of a candidate
deviation depends on opponents’ decisions. At an a-PNE profile x, for each ¢ € N, player

i’s strategy z* is an a-BR against z

izt 27 < - w3 ) vzt e X, (z7Y). (4.2)
To realize (4.2) as a single mixed-integer linear inequality, we first define an indicator that
captures whether a candidate strategy is feasible under the current opponents’ profile.

Definition 4.3 (Activation variable). For player ¢ € N and under the opponents’ profile

27", we define the activation variable

, . 0 ifgte Ii(x_i),
o;(z a™") = (4.3)
1 otherwise.

to indicate whether a given candidate strategy ' of player i is feasible.
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By construction, ,(z%, z7*) = 0 when the candidate strategy ' is feasible for player i (i.e.,
2t e X, (z7%)), and §,(2",27%) = 1 otherwise. The precise linear encoding of J; in terms of

the game’s constraints is game-dependent (see Section 4.5).

Using this activation variable, for a given Z?, we define the conditional equilibrium inequality
(CEI):

izt o) < a-wH(T 7)) + M - 6,(2¢, 7). (4.4)

When §; = 0 (the deviation is feasible), inequality (4.4) enforces the equilibrium bound
(2%, 27" < an'(z',27"). When 6, = 1 (the deviation is infeasible), the right-hand side is
increased by M, rendering the inequality inactive. Here M > 0 is a constant chosen large
enough that the inequality is trivially satisfied whenever §; = 1; since costs are nonnegative,
any M > max, o 7' (2, 27") suffices (the maximum exists because X is finite in all settings

considered in this chapter).

Example 4.4 (Conditional equilibrium inequality). Consider a two-player minimization
game modeling competition for a shared resource of capacity 6. The players’ costs and

strategy sets are

at(xt, 2?) = (6 — 2t) - 22, ! €{0,1,2,3,4,5},

w2 (2?,2t) = (6 — 2?) - 21, r? € {1,2,3,4},

subject to the coupling constraint z! + 22 < 6. Both costs are nonnegative over X, since

0<a! <5<6and1<a?<4<6 for every (z!,22) € X'. The joint feasible region is

X ={(z',2?) €{0,...,5} x {1,2,3,4} : 2 + 22 < 6}.

Figure 4.1 depicts X' and the best-response structure used below.



CHAPTER 4. ConDITIONAL EQUILIBRIUM INEQUALITIES FOR GENERALIZED NASH EQUILIBRIUM
178 ProOBLEMS WITH PURE-INTEGER VARIABLES

BR for 2 =2
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0+ x!
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Figure 4.1: The joint feasible region X of Example 4.4: feasible integer profiles (dots) inside
the coupling constraint z! + 22 < 6 (shaded). Against 22 = 2, player 1’s best response is
2! = 4 (red circle). The deviation 2! = 4 is feasible only against 2% € X,(4) = {1,2} (blue
box), so the CEI generated at ! = 4 enforces the equilibrium bound precisely on these
opponents’ strategies and is deactivated (6; = 1) otherwise.

Fix 22 = 2. Player 1’s feasible strategies are {0, 1,2, 3, 4} with costs 71(0,2) = 12, 71 (1,2) =
10, 71(2,2) = 8, 71(3,2) = 6, 7' (4,2) = 4, so the best response (minimizer) is ' = 4. The

strategies of player 2 against which z! = 4 is feasible are
Xy(4) = {22 €{1,2,3,4} : 4+ 22 <6} = {1,2},
a proper subset of {1,2,3,4}. For a = 1, the CEI takes the form
at(xt, 2?) < 7t(4,2%) + M 6,(4,2%), ie, (6—azl)a? < 222+ M4, (4,2%).

When 22 € X,(4) = {1,2}, the activation variable §;(4,2%) = 0 and the cut enforces
(6 — x1)z? < 222, equivalently z' > 4 (since 2 > 0). When z? ¢ X',(4), we have 6, = 1

1

and the inequality is relaxed by M. Thus, the CEI enforces x* > 4 precisely on those

opponents’ strategies that make the deviation 2! = 4 feasible.
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4.2.1 Lifted Formulation

We assume that each player’s objective and constraints admit a mixed-integer linear repre-
sentation after introducing auxiliary variables. Accordingly, we collect all auxiliary variables
into a vector w, a subvector of which may be required to take integer values: we write
W := 7P x R? for the auxiliary domain (in the one-hot formulations of Section 4.5, for in-

stance, the encoding variables are binary). We assume the existence of a rational polyhedron

H CRP in variables (z,w),

such that for any z € X there exists w € W with (z,w) € H, and for any (z,w) € K
with z € Z¥ and w € W, the projection x lies in X. Together with the shared-constraint
assumption, the activation variable (4.3) then admits an equivalent lifted characterization:

for any candidate strategy Z° and opponents’ profile ¢,

5,(F,27) =0 <> JDEW: (3,27 d) e H. (4.5)

Moreover, for each player i € N, we assume there exists an affine function 7% : R — R such
that

Az, w) = 7*(2t, 27 for all (z,w) € K with x € ZK, we W.

We call 7 the lifted cost function of player i: an affine function that agrees with 7% on the

integer points of .

The lifted equilibrium set is

E*G) == {(z,w) € H N(ZK x W) : z is an a-PNE} .
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Example 4.4 (Conditional equilibrium inequality, continued). We continue Example 4.4.
Player 1’s cost 7t (2!, 2%) = (6 — 2!) - 22 is bilinear and hence not affine in (z!, 2?) directly.
To construct an affine lifted cost 7', we introduce auxiliary variables using a unary (one-hot)

encoding of x2.

For each k € {1,2,3,4}, introduce a binary variable A, € {0,1} representing the event

{2? = k}. The encoding is defined by the constraints

4 4
=1 2?=> kN
k=1 k=1

Since 7! = (6 — ') - 22 = Zi:l k(6 — z1)\,, we need to linearize the product z'),. For

each k, introduce an auxiliary variable w, > 0 representing z'\,, enforced by

When ), = 1 these constraints force w;, = x'; when A, = 0 they force wy, = 0. The lifted
cost function is then

4
7?1(1'171'27)‘77“0) = Zk(G)‘k o wk)?
k=1
which is affine in (z!,2%,\,w). One can verify that for any integer point (z',z22) € X,
exactly one A\, equals 1 (with k = 2?) and w, = 2!, so 71 = (6 — 2!) - 2% = 7l (2!, 2?) as

required.

The polyhedron J is defined in variables (x!, 2%, \, w) by the coupling constraint z*+x2 < 6,
the bounds z! € [0,5], % € [1,4], A\, € [0,1], w;, > 0, and the encoding and linearization

constraints above. A symmetric construction yields 72 for player 2 by encoding ! instead.
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4.2.2 CEI Validity and Closure

We now collect the main properties of the CEI system. We require one structural assumption

on the lifted formulation.

Assumption 4.5 (CEI computability). For every player i € N and every candidate devi-
ation &' € X, there exists an affine function 7~T§3¢ : RP — R, the lifted deviation cost, such

that for every (x,w) € H with x € 7% :

(i) 7ti(x,w) = 7(T",7") whenever " € X;(x™");

(ii) Tt (z,w) >0

For brevity, we write 7(Z*, 27", w) = 7%, (z,w).
In the simplest case, %, is obtained by literally substituting * into 7*; this happens when 7

is affine in the player’s own variables, as in GKG. In general, however, 7° may depend on

only through the auxiliary variables w (as in the one-hot encodings for ISBP and NFG), and

7?% is then a separate affine function whose coefficients are computed from Z* at separation

time, using the joint information about x~* carried by w; see (4.11), (4.37), and (4.42). All

four game classes in this chapter satisfy the assumption by construction; see Section 4.5.

We emphasize that the assumption concerns only the cut: the separation check in Algo-
rithm 4.8 evaluates the deviation cost by re-lifting, i.e., at a point (2, 27%, @) € J, which
requires no assumption since 7 agrees with 7* on the integer points of . Assumption 4.5
is what allows the same quantity to be written as a linear function of the master variables,

so that the resulting CEI is globally valid throughout the branch-and-cut tree.
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For any player i € N and candidate strategy z° € X', the lifted CEI is

al(z,w) < a-7(2x " w) + M- §,(2%, 27, (4.6)

where M is the same constant as in (4.4). Since 7' and 7%, are affine and Z* is a fixed

parameter, (4.6) is a linear inequality in the master variables (z,w). Let £&; be the set of

cei

points (z,w) € H with € Z¥ satisfying all lifted CEIs (4.6) over all 4 and 2 € X';, and

let P

cei

:= conv(&s,;) denote the CEI closure.

Proposition 4.6 (CEI exactness and closure). Fiz o > 1 and suppose each X, is finite.

(i) (Exactness.) &%, = E¥(9): the integer points of F satisfying every lifted CEI (4.6)

cei

are exactly the lifted a-PNE profiles.

(i) (Closure.) P2 = conv(é’%ﬁ)) is a rational polytope admitting a finite inequality

cei

description. Every integer point of P, is an a-PNE, and in particular every vertex of

Pa

i attains its

lies in £*(G); consequently, optimizing any linear objective F over P2

optimum at an a-PNE.

Proof. (i). For £%(G) C &%, let (z,w) € £YG), so z € ZK is an a-PNE and (z,w) € H.

Fix i and ¢ € X,. If §;(z°,27%) = 0 then ' € X;(z7*), and the a-PNE condition with

Assumption 4.5 gives

Az, w) = 7 (z, 27 < an'(2h,27%) = a7 (2, 27, w),

so (4.6) holds. If §,(z*,x*) = 1, it holds since M > max, o 7' (z*,27") and a 7 (2°, 2%, w) >

«

&, but z is not

0 by Assumption 4.5(ii). For the reverse inclusion, suppose (z,w) € &

an a-PNE. Then some player i has #° € X, (z7%) with 7'(z%, 27%) > an’(z%,z~"). Since
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2t € X, (z7") we have §,(2',27*) = 0, so by Assumption 4.5 the CEI (4.6) generated by Z°

% «

reads 7' (z,w) = 7 (2t 27") > a7 (2% 7% w) and is violated, contradicting (z,w) € £2;.

Hence 2. = £*(9).

cei

(7). Finiteness of each X', makes X finite; since the lifted auxiliaries are determined by z at
integer points (as holds in every formulation of Section 4.5), £%(G) is a finite set of rational
points. (Determination is convenient but not essential: if each fiber {w : (z,w) € H}
is merely a polytope, then £*(9) is a finite union of polytopes rather than a finite point
set, and its convex hull is still a rational polytope whose vertices are vertices of individual
fibers, hence lifted a-PNE profiles; the conclusion of part (ii) is unchanged.) By (i), P2 =

conv (&L,

) = conv(E*(9)) is a rational polytope by the Minkowski—Weyl theorem and admits
a finite inequality description. Each lifted CEI is valid for £*(9) and, being linear, for its

convex hull P%;.

Thus any integer point (x,w) € P2

. lies in (', is integer, and satisfies every

CEIL hence (z,w) € £%, = £%(G) by (i); in particular every vertex is an a-PNE. A linear F’

cei

attains its optimum over a polytope at a vertex, which is therefore an a-PNE. O

Remark 4.7 (Relation to Dragotto and Scatamacchia; perfect equilibrium formulation).

Proposition 4.6 extends Theorem 1 of Dragotto and Scatamacchia [58]from IPGs to GIPGs:
their equilibrium inequalities become the conditional CEIs, with the activation term M9,
accounting for deviations rendered infeasible by the coupling constraints. In their terminol-

ogy P&

<. is the perfect equilibrium formulation, and part (ii) states that optimizing a linear

welfare over it returns an a-PNE.

The boundary structure carries over as well. For a profile x, set m,(x %) := min, . 2. () S G Ty
and o*(z) := max; 7 (2%, z7%) /m,; (z7") (with a*(z) = oo if some m; = 0 < 7, and 0/0 := 1
when 7 = m; = 0). Then z is an a-PNE iff & > o*(x). At a = a*(z) the best-response
CEI of every worst-off player is active: for such a player the lifted CEI generated by a best

response Z° reads 7 (z,w) = 7'(x,x7") = o*(z) 71 (2%, 27%); for a > o*(z) all of x’s best-



CHAPTER 4. CONDITIONAL EQUILIBRIUM INEQUALITIES FOR GENERALIZED NASH EQUILIBRIUM
184 ProOBLEMS WITH PURE-INTEGER VARIABLES

response CEls are slack (provided m,; > 0 for every player; a player with m, = 7' = 0 has
a CEI that is tight at every level). In particular, at an exact PNE (a = 1, where 2’ is
itself a best response, so a*(x) = 1) every best-response CEI is tight, and every PNE lies on

the boundary of Pl

i unless that CEI is an implicit equality of the formulation. This o*(x)

is the per-profile ratio that RRR-BRD reports and that a-bisection searches for. None of
this is used by GZR (Proposition 4.9), whose correctness rests only on exactness (i) and on

optimizing to a vertex (ii).

4.2.3 Generalized Zero-Regret Algorithm

Consider a global objective function F' over strategy profiles. Our goal is to find an a-PNE
that is optimal with respect to F', or to certify that none exists. For instance, minimizing
the social cost F'(z,w) =3_. 7(z,w) over all a-PNEs yields a solution achieving the Price

of Stability of the game.

We propose the Generalized Zero-Regret (GZR) algorithm, which finds an optimal a-PNE by
solving a sequence of MILPs over 7, progressively augmented with CEIs and possibly addi-
tional game-specific valid inequalities. GZR extends the Zero-Regret algorithm of Dragotto
and Scatamacchia [58] in two directions: it handles a-approximate PNEs for any o > 1,
and it applies to GIPGs with coupling constraints, beyond the IPG setting of the original

algorithm.

Algorithm 4.8 implements GZR within a lazy-constraint MILP framework. During branch-
and-cut, whenever the solver finds an incumbent mixed-integer solution (&, w), we run lifted
CEI separation: for each player i we solve a best-response MILP over # to obtain (Z°, w),
i

and if (2, 727%, w) > a7 (2,77, W), we add the violated lifted CEI as a lazy constraint.

If no violated lifted CEI is found, the incumbent x is an a-PNE; the solver returns the best
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Algorithm 4.8 Generalized Zero-Regret (GZR)
Require: Game G, lifted formulation #, objective F(z,w), a > 1, Big-M > 0, cut pool
Dy
Ensure: (z*,Founp, ®) or (null, INFEASIBLE, D)
2: while true do

3: Solve Q(®) := min{F(z,w) : (z,w) € H N (Z¥ x W), &}

4: if O(®) is infeasible return (null, INFEASIBLE, P)

5: Let (z,w) be optimal; ¢ < ()

6: for i € N do

7 (z°, w) argmm{ﬂ (z* i‘ Lw) (2,77 w) € A, at € 78w e W)
g: if 7'(z,w) > a7 (2!, 77%,w) then add CEI for (2%, ) to ¢

%(1): if ¢ = () return (&, Founp, ®) else & «+ P U ¢

such incumbent with respect to F'.

Proposition 4.9 (GZR correctness). Suppose each X; is finite and 7?7 4.5 holds, and let
Algorithm 4.8 run to termination (that is, without an imposed time limit). If Algorithm 4.8

returns x*, then x* is an a-PNE. If it returns “no a-PNE,” then no a-PNFE exists in X .

Proof. If x* is returned, then no lifted CEI is violated at (z*,w): for each player i, the

best response (z*,w) against z* " satisfies 7 (z**, ", w) < a7 (z", 2", W), so z* is an

a-PNE. If the MILP becomes infeasible, then by Proposition 4.6(i), every a-PNE satisfies
all lifted CEls; since the MILP with the accumulated CEIs — a subset of all lifted CEIs —

is already infeasible, no a-PNE exists. ]
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4.3 VEST Inequalities

The GZR algorithm can be strengthened with additional valid inequalities when the game’s

cost functions and feasible sets have special structure. For a fixed opponents’ profile ¢, let
Pi(z7") = {a' € R : Alz’ = b(z7%), 0 < ah <z vj}

denote the conditional polytope of player i, i.e., a polytope whose integer points are precisely
the strategies of player i: X;(x7%) = Pi(x~%) N Zki. We write P® = P*(z™%) when the
dependence on z7* is clear. The Vertex Equilibrium Structure Theorem (VEST) shows that
under some structural assumptions, every PNE strategy must be a vertex of the player’s
feasible polytope, yielding VEST cuts that can be added to the GZR master problem. We
develop VEST as a single face-constancy theorem (Theorem 4.14) with two corollaries: strict
concavity forces vertex strategies (Corollary 4.16), and separability localizes the conclusion

to coordinates where the cost is not locally affine (Corollary 4.17).

The intuition behind VEST is economic rather than merely geometric. Under proportional
cost sharing, a player’s cost on a resource is concave in its own usage of that resource, so
the average cost of a unit falls as the player concentrates load: splitting a demand across
two partially used resources is weakly dominated by shifting all of it onto one of them.
Equilibrium therefore pushes each player toward an extreme point of its conditional polytope,
and the VEST cuts below impose exactly that structural consequence on the GZR master

problem.

We first record a face-constancy property of PNE strategies that holds under mere concavity
of the costs; strict concavity and separability then yield the two corollaries used in our

applications.
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7

Assumption 4.10 (Concave Costs). For each playeri € N and each opponents’ profile x™*,

the cost function 7 (-,x~*) is concave on P'(z™).

Assumption 4.11 (Integer Vertices). For each player i € N and each opponents’ profile

%, every vertex of P'(xz™") is an integer point.

Remark 4.12. Assumption 4.11 holds whenever the constraint matrix A’ is totally uni-
modular and b*(z7"), u,;;(z~") are integer-valued for every z*. This is the case for the
two cost-sharing games considered in this chapter: in ISBP A = 17, w; € Z, and the bin
capacities are integer; in NFG the constraint matrices are the node-edge incidence matrices,

and weights and capacities are integral.

We call a nonzero d € R¥: a feasible direction at x* within a face F of P? if 2' 4+ 0d € F
for some 6 > 0. Explicitly, when F is the minimal face of P’ containing x*, d is a feasible
direction within F if and only if A’d = 0, d; =0 for all j ¢ free(z?), and d; is unrestricted

for j € free(x?), where the free variables of x* are:
free(z’) = {j: 0 <a} <uy(z™)}.

A strategy z¢ is a vertex of P if and only if there is no feasible direction within the minimal

face of P containing z°.

Lemma 4.13 (Vertices of a bounded simplex). Suppose A* = 1T, so that P*(z™%) is a
bounded simplex (as in ISBP). Then x' € P'(x™%) is a vertex of P'(x™%) if and only if

|free(z?)| < 1.

Proof. If j,1 € free(z’) with j # [, then d = e; — ¢, satisfies 1'd = 0 and d, = 0 for

r ¢ free(x?), so d is a feasible direction within the minimal face containing x* and z* is not a
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vertex. Conversely, if |free(z?)| < 1, any feasible direction d within the minimal face satisfies
d, = 0 for r ¢ free(z’) and 17d = 0; the single (or empty) remaining coordinate is then

forced to zero, so d = 0 and z* is a vertex. l

Theorem 4.14 (Weak VEST). Under Assumptions 4.10 and 4.11, if x is a PNE and x° is
not a vertex of P*(z™") for some player i, then w*(-,27%) is constant on the minimal face F

of P{(x™%) containing x*.

Proof. Since x' is not a vertex, there exists a nonzero feasible direction within the minimal
face F' of P containing %, so dim(F) > 1. Since x is a PNE, 2 minimizes 7%(-,2~%) over
the integer points of P*. We first upgrade this to minimality over all of P*. Let y € P* and

write y = ) . MUp as a convex combination of vertices vy, of P?. By Assumption 4.10,
(Y27 2 ZAk (v, 27") = m,gnﬁi@k,x_i) = ' (v*,z7"),
k

where v* attains the minimum over the (finitely many) vertices. By Assumption 4.11, v* is
an integer point of P*(z~*) and hence a feasible deviation for player i, so the PNE condition
gives mi(x', xz7%) < 7wi(v*,27Y) < 7wi(y,z7"). Since y € P! was arbitrary, ' minimizes
(-, %) over P%; let f* = 7wi(z',27%) denote the minimum value. We claim 7¢(-, 27%) is
constant on F. Let y € F. Since 2 € 1i(F), there exist z € F and A € (0,1) such that

2t = Ay + (1 — N)z [124, Theorem 6.4]. By concavity of (-, 27%):
fr= et a) 2 Ari(ya ) £ (- N m(ze ) 2 AP 1N =

where the second inequality uses 7 (y, x™%) > f* and 7%(z,27%) > f* (since y, z € P* and z°
is a minimizer). Equality must hold throughout, forcing 7%(y,z~%) = f*. Since y € F was

arbitrary, 7¢(-, 27%) is constant on F. O
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Strengthening Assumption 4.10 to strict concavity pins every PNE strategy to a vertex.

Assumption 4.15 (Strictly Concave Costs). For each player i € N and each opponents’

i

profile x=%, the cost function (-, x~%) is strictly concave on P*(z~").

Corollary 4.16 (Strong VEST). Under Assumptions 4.15 and 4.11, if x is a PNE then z°

is a verter of P*(x*) for everyi € N.

Proof. Suppose z° is not a vertex of P*(z~%). By Theorem 4.14, 7(-,z~%) is constant on
the minimal face F' of P'(x™") containing x’, and dim(F) > 1. A strictly concave function
cannot be constant on a segment, contradicting Assumption 4.15. Hence dim(F') = 0, i.e.,

x' is a vertex. O

When 7 (2%, 27%) = Zj fi(ah; &™) is separable, Theorem 4.14 can be sharpened. For z* € P’

let S = free(z*), and partition S by the local behavior of each f; at xé
o(x") ={jeS: fi(-;27") is affine on a neighborhood of % in [0,u;;(z~")] }, St (z') = S\S¢(z").

Since every j € S satisfies 0 < x; < uij(x*i), the point x; is interior to [O,uij(x*i)] and
these neighborhoods are well defined. If f; is twice differentiable at xz», then S{(z') and

S% (x*) are the coordinates with f;" (%) = 0 and f;"'(x%) < 0, respectively.

Corollary 4.17 (Weak VEST for separable functions). Suppose (2, 27%) = Zj fi(ah;a™)

for all i, where each f;( -;27Y) is concave. Under Assumption 4.11, if x is a

PNE and x* is not a vertex of P*(z™"), then every feasible direction d at x* within the minimal
face F of P*(x™*) containing x° satisfies d; =0 forall j € St (z): the only coordinates that

can vary within F are those in S§(x").
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Proof. Suppose z° is not a vertex of P, and let d be a feasible direction at z* within the
minimal face F. Since z' € ri(F), there is € > 0 with 2’ + td € F for all t € (—e,¢). By

Theorem 4.14, w¢(-;2~%) is constant on F, so
g(t) == mt (2t +td; 27" = Z f;(a:; + td;; x*i)
jes
is constant on (—¢,€), using separability and d; = 0 for j ¢ S.

For j € S put h(t) :== fi(z} +td;27*). Each h; is concave on (—¢,¢) and Zjes h;=gis

constant. A constant sum of concave functions has affine summands [124, §7]: for any

a,b € (—e,e) and A € (0,1),

S hyAat (1= M) > MY hyla) +(1— X)X, hy(b),

and both sides equal the same constant, so every term inequality is tight; hence each h; is

affine on [a, b], and as a, b were arbitrary, on (—¢,¢).

Fix j € S% (2') and suppose d; # 0. The map ¢ i «’ + td; is an affine bijection of (—e, ¢)
onto a neighborhood of xé, so affinity of h; is equivalent to affinity of f;( ;x%) on that

neighborhood, contradicting j € S% (). Hence d; = 0 for every j € S% (z"). O

In cost-sharing games f; is strictly concave whenever resource j is shared, so Corollary 4.17
forces every feasible direction within the minimal face to have zero component along each

shared free resource; we exploit this in Sections 4.5.1.3 and 4.5.2.4 for ISBP and NFG.

We close this section with a quantitative consequence of Corollary 4.16 that measures how

restrictive the vertex condition is for a given game class.
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Corollary 4.18 (Free-coordinate bound). Under Assumptions 4.15 and 4.11, suppose in
addition that the constraint matriz A* of P'(x~%) has rank p,. Then at any PNE x, every

player satisfies |free(z?)| < p,.

Proof. By Corollary 4.16, z* is a vertex of Pi(x~%) C R¥. A vertex requires k, linearly
independent active constraints; the equalities A'z? = b*(z~*) supply p; of them, and each
non-free coordinate supplies one active bound, so p; + (k; — |free(x?)|) > k;, i.e., [free(z?)| <

;- O]

The strength of this bound depends on the geometry of P!(x%): for a bounded simplex
(A* =17, p, = 1, as in ISBP) each player uses at most one unsaturated resource, while for
a flow polytope (A* a node-edge incidence matrix, p; = |[V| — 1, as in NFG) up to |[V]| —1

edges may remain unsaturated, a considerably weaker restriction.

4.4 Complementary Solution Algorithms

4.4.1 Random-Restart Best-Response Dynamics for GNEPs

Lee et al. [98] develop round random-restart BRD (RRR-BRD) for IPGs, establishing Las
Vegas-style convergence guarantees via a Markov chain on the best-response state graph.

We adapt their framework to GIPGs.

Joint feasibility under BR updates. For RRR-BRD to be well-defined, the state space
must be closed under best-response updates: if the current profile x is jointly feasible and
player i updates to a best response ' € X, (z7"), the resulting profile (Z°, z7%) must remain
in X. In an IPG this is immediate since X' = Hie ~ L and each X'; is independent. In a

GIPG the situation is more subtle because the constraint sets X; (™) are coupled. However,
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Algorithm 4.19 RRR-BRD for GIPGs

Require: GIPG instance with X closed under BR updates, max rounds R, max restarts L
Ensure: PNE x or NoNE
1: fori=1,..,L do

2: x < RANDOMFEASIBLE(X)

3 forr=1,...,R do

4: 2P™ < x; draw random permutation o of N

5 for 7 in order o do

6 Tt argmin{r’(z%, 27%) : 2' € X, (z7")}; if 79(2,277) < 7'(2%, 27%) then
. b T

§: if £ = 2P* return x > PNE certified
10:

11: return NoNE

when the coupling takes the form of shared constraints—i.e., the same capacity or resource
constraints appear in every player’s feasible set—a BR update by player ¢ that satisfies the
shared constraints from 4’s perspective automatically preserves them for all other players.
Concretely, if the shared constraint is 3=, _ - hy, (x¥) < band 7° € X,(z?) satisfies h,(Z) +
> kb h,(z*) < b, then the constraint remains satisfied for every player j # i whose strategy
27 is unchanged. All four GIPGs in this chapter (ISBP, NFG, GKG, GKGB) have this

shared-constraint structure, so X is closed under BR updates.

This property does not hold for all GNEPs. Harks and Schwarz [85] observe that best-
response algorithms can fail in congestion-based GNEPs when the algorithm operates on
profiles outside the joint feasible set X'—for instance, when initialized from individually
feasible but jointly infeasible profiles, opponents’ strategies may consume shared capacity so
that a player’s best-response problem has no feasible solution. RRR-BRD avoids this issue

by initializing from X (Line 1) and maintaining joint feasibility throughout.

Algorithm 4.19 presents the procedure: each round visits players in random order, applying
improving moves; if no player moves, the profile is a certified PNE; after R rounds without

convergence, the algorithm restarts from a fresh jointly feasible profile.
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Convergence guarantee. Lee et al. [98, Theorem 1] show that if a PNE exists and the
restart law p satisfies g, [R] > 0—where d [R)] is the probability that a single capped attempt
finds a PNE—then RRR-BRD converges with probability 1 and uses at most nR/q, [R] BR
solves in expectation. Their proof requires only that the state space is finite and closed
under BR updates, so it extends directly to shared-constraint GIPGs. A sufficient condition
for g, [R] > 0 is that p has full support on X; in IPGs this is easy because X = HiGN X,
decomposes across players, but in GIPGs the coupling constraints make full-support sampling
over ' computationally expensive in general. In our implementation, we use game-specific

heuristics to generate feasible restart profiles, so the theoretical guarantee may not apply;

nevertheless, RRR-BRD performs well in practice across all four games.

4.4.2 «-Bisection Search

When exact PNE may not exist, we search for a* = inf{a > 1 : an a-PNE exists}. The
search is driven by the following monotonicity properties of a-best-response sets, which
follow directly from Assumption 4.5(ii). Let 1 < «a; < ay. Since deviation costs are
nonnegative, 7(x) < a7 (2%,27%) implies 7 (x) < aym (2, 27%); hence BR;* (z7") C
BRI (x7") for every player i € N and every opponents’ profile %, and the a-PNE sets
are nested, £*1(g) C £*2(G). In particular, if an a;-PNE exists, then an a,-PNE exists. It
follows that every CEI generated at level o, remains valid at every level o; € [1, a], since an
inequality valid for £%2(3G) is valid for every subset. Note the direction: validity propagates
to smaller o, matching the Founp branch of the bisection (which decreases «). When the
bisection increases a (the INFEASIBLE branch), pooled cuts are not valid as written; instead,
each pooled cut is stored as its generating deviation Z¢ and re-instantiated at the new level—
the coefficients are unchanged and only the multiplier « is rescaled, so re-instantiation is

free.
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Algorithm 4.20 a-Bisection Search (ABS)

Require: Tolerance ¢, bounds 1 < o ;,, < o, With known o, -PNE z ..
Ensure: (a;,apy,z*) with ay —ap < e and ¥ an a-PNE

Loy Qi O 4 Qs TF 2 @0
2: while a; —a; > e do
3: a < (ap +ay)/2; (z, status, ) < GZR(«, D) > Algorithm 4.8; ® stores

deviations, re-instantiated as level-ac CEIs
if status = Founp then o < a, 2* <— x else o <+ «

@

return (o, ap,x*)

Algorithm 4.20 returns an o -PNE 2* with o — o < e in O(log((pax — Omin)/€)) GZR
calls, provided o, ;, < a*; we always take o ;, = 1, for which this holds by definition of a*.
As noted above, CEIs generated at any level remain valid at all smaller levels, so the pool ®
carries over directly on the Founp branch; on the INFEASIBLE branch, the pooled deviations
are re-instantiated at the new (larger) o at no cost. A good initial upper bound a,. is

therefore critical for efficiency.

Initializing o, via RRR-BRD. We obtain «,,,, by running RRR-BRD (Algorithm 4.19).

Each end-of-round profile (" is a candidate approximate equilibrium whose quality is mea-
sured by a(z") := max, 7 (z™) /7 (2%, 2" 7), where #° is the exact best response of
player i. We set o, = min, a(z™). If any round converges to a PNE (certified by no-
change), we have o, = 1 and ABS is unnecessary. In our experiments, R = 20 rounds

suffice to produce effective initial bounds.
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4.5 Applications

4.5.1 Integer Splittable Bin Packing (ISBP)

Integer-splittable bin packing (ISBP) games, studied by [84], naturally model decentralized
allocation problems in which self-interested agents share capacitated resources and benefit
from cost sharing, such as logistics, inventory allocation, and distributed resource manage-
ment. They are variants of the classical bin packing games introduced by [18]. In an ISBP
game, each player i € [n] controls an item of integer size w, and decides how to split this
item into integer units across m bins. Each bin j € [m] has integer capacity u; € Z* and
constant cost ¢; > 0, shared proportionally among the players using the bin. The strategy

of player 7 is an integer vector z? = (z‘;) where :)33 denotes the number of units of item

jelml
i assigned to bin j. Let z; = Zie[n] ! denote the total load on bin j, and z;* = Zk# h
the load due to the opponents of player 7. The allocation must assign all units of item 1
and must not violate the bin capacities. Throughout, we use the convention that the cost
contribution of an empty bin is zero, i.e., cjxé- (xj_’ + x;) := 0 whenever x; = 0. Given the
i

opponents’ loads x™*, player ¢ solves:

Hglcln{ Z a:_Z——Jl—:clx; : Z zi=w,;, x;' +x; <u; VjE [m], 2 € Loy Vi€ [m]}
jelm] =J J j€lm]

(4.7)
An ISBP game instance is called uniform if all bins have the same capacity, and non-uniform
if bins may have different capacities. Moreover, a uniform instance is called regular if all
bins have the same cost and all items have the same size. Hao and Michini [84] showed
that computing a socially optimal state is NP-hard for non-uniform ISBP game instances.
This implies that solving the best response problem of a single player is NP-hard in the

non-uniform instances.
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4.5.1.1 One-Hot Encoding and Lifted Formulation

The cost 7 is nonlinear in z due to the ratio .CC; /x;. To linearize it, we introduce a one-
hot encoding over all possible individual contributions and total bin loads. For each player
i € [n], bin j € [m], individual contribution s € {0,...,w;}, and total load t € {0, ..., u;}
with s < min{¢, w, }, we introduce a binary variable y§§ € {0,1} that equals one if and only
if 5 = s and z; = t. We also introduce binary variables 2l € {0,1}, where z = 1 indicates
that the total load of bin j is exactly ¢. The joint feasible set XX is encoded by the following
constraints, which define the polyhedron H of the lifted formulation (Section 4.2.1):

Uj min{t7wi}

Z Z =1 vi € [n], j € [m], (4.87)

t=

i mm{t w;}
Z Z Z syzs—w Vi € [n], (4.8b)
j€[m] t=0
min{¢,w,}

Z yzs < Vi€ [n], j€[m], t=0,..,uy, (4.8¢)
Zz{ =1 Vj e [m], (4.8d)
t=0

min{¢,w,} A ‘
Z syi’; =tz Vje[m], t=0,..,u;, (4.8e)
i€n] =0
yz L e 0,1} Vie[n], je[m], t=0,..,u; s=0,..,min{t,w,}, (4.8f)
2l € {0,1} Vjem], t=0,..,u; (4.8g)

Constraint (4.8a) is the one-hot selection constraint: for every player—bin pair (i, j), exactly
one pair (s,t) must be selected. Constraint (4.8b) enforces each player’s demand requirement.
Constraint (4.8c) ensures that each player selects a state consistent with the total load
declared by zi , and Constraint (4.8d) requires each bin to declare exactly one total-load

level, forcing all players to agree on the same total load for bin j. Constraint (4.8e) is the
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coupling constraint: if zg = 1, the sum of all players’ contributions to bin j must equal ¢.

For each player i, the lifted cost 7 is:

u; min{t,w,;}

= > Z Z STyl (4.9)

J€[m] t=1

which is affine in the y variables and equals the original nonlinear cost 7 at every integer

point of F .

The one-hot formulation introduces O(n - m - u - w) binary variables and a similar number of
constraints, where u = max; u; and w = max; w;. While this may appear large, the instances
in our computational study have moderate values of u and w, and the formulation remains
tractable at these sizes: for the largest regular instances (n = 10, m = 13, w = 15, u < 23),
the lifting has roughly 3.5 x 10* binary variables per game. The lifting thus confines the
approach to instances with small integer demands and capacities; by contrast, the method of
Duguet et al. [62] operates directly on the mixed-integer formulation without such a lifting,
at the price of locally valid cuts. The key advantage is that it linearizes the proportional
cost-sharing term c;s /t exactly. Alternative formulations based directly on :B; would require

linearizing the bilinear term z° %/ >, @3, which introduces products of integer variables and

k]’

is significantly harder to handle in a branch-and-cut framework.

Best response subproblem. In GZR, the separation oracle requires solving the best

response subproblem for player i given fixed z—¢. Since z*

;' is known, the total load on bin

Jis xy ¢ + s for each choice s, and no z variables are needed. Let u;; = min{w;, u; — .ZL‘J_Z}
denote the maximum units player ¢ can assign to bin j, reflecting both the residual capacity

and the player’s own demand. Introducing yg,s € {0,1} for s € {0, ..., u;; }, the best response



CHAPTER 4. ConDITIONAL EQUILIBRIUM INEQUALITIES FOR GENERALIZED NASH EQUILIBRIUM
198 ProOBLEMS WITH PURE-INTEGER VARIABLES

subproblem reduces to:

S .
: j
min E 5_ Cj i 4 5 Vs (4.10a)

je[m] s=1 J

st > yl,=1 Vj e [m), (4.10b)
s=0
Z Z Syg,s = w;, (410C)
j€[m] s=0
vl €{0,1} Vj € [ml, s=0,...,. (4.10d)

This is a significantly smaller MIP than the joint formulation, with O(m-w) binary variables
per player and no z variables. Once the best response MIP is solved, the optimal deviation

2% used in the CEI is recovered as:
Tt o= Zsyf’s Vj € [m],

since exactly one yis equals 1 for each bin j by (4.10b).

4.5.1.2 CEI Encoding and Activation

To compute a PNE, we embed the lifted formulation # into the GZR algorithm. The CEls
enforce the no-regret condition: whenever the current allocation admits a feasible improving

deviation for some player, GZR adds a CEI that cuts off this non-equilibrium allocation.

Fix a player i € [n] and a candidate deviation ' = (%) ,c,,) € Z™, a feasible allocation
for player 7 satisfying Zj 7% =w; and 0 < 7% < w; for all j. Let B; = {j € [m] : ¥ > 0}
denote the set of bins used by player ¢ in the deviation. When the current state of bin j is

(s,t) (ie., yfz = 1), the opponents’ load on bin j is t — s, so the new total load after the
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deviation is (t — s) + Z%. The deviation is feasible on bin j if and only if (t — 5) + 7% < u;,
equivalently s >t —wu; + s?:; For each j € Ei, define the index sets of feasible and infeasible

states:

F(@5) ={(s,t) : 0 <t <y, max{0, ¢t —u; + 25} < s <min{t, w; 1},

Ti@5) =A{(s,t) ruy; — 2 +1 <t <wuy, 0<s <min{t —u; + 75 —1,w;}}.

The cost of player i after deviating to #?, given current state (s,t) on bin j € B ,is cjx 5/ (=

s) + Z%), a known constant since Z* is fixed at separation time. The lifted CEI is:

7

min{t,w . .
Z ; §‘3§<0‘Z Z Cj@_#yszrMZ Z yi,’ﬁ-

J€[m] t= jeB; (s,t)eF ;(& jeB, (s,t)€T;(Z
(4.11)

)

The left-hand side is player ¢’s current cost (4.9). The first term on the right is a times
the deviation cost, summing over feasible states in F (%) for each j € B;, with known
coefficients ¢;Z%/((t — s) + Z4). The second term is the activation term: for infeasible
states in J ](i“;), the big-M penalty relaxes the inequality, rendering it inactive. We set
M = Z €5 as the sum of the cost over all bins, which is always larger than any possible
player’s cost in the game if n > 2. When the deviation is feasible on all bins, J ; ( ) = () for
all j and the CEI enforces the a-approximate no-regret condition directly. Therefore, when
GZR finds a violated CEI, the current allocation is not an a-PNE; when no violated CEI

exists for any player, the allocation is an a-PNE.
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4.5.1.3 VEST in ISBP

In an ISBP game, the cost of player ¢ on bin j is:

oy G
f]('r]) - l’;Z—FI;,
with the convention f1(0) = 0, so that f; is well defined on [0, u; — ;"] also when z;* = 0.

When bin j is shared (zzc;Z > 0), f; is strictly concave in zt. However, when bin j is solo

5
(.CCJ_Z =0), f; equals ¢; for all :U; > 0 and 0 for mz = 0, so it is affine and hence not strictly
concave on (O,uj]. Therefore, Assumption 4.15 does not hold in general for ISBP games,

and the Strong VEST theorem does not directly apply.

We instead apply Corollary 4.17. The single-resource cost f;( s) =c;s/(x; "+ s) is strictly

concave in s on (0,u;] whenever z;* > 0 (a shared bin), and is affine—in fact constant,

equal to c;—for s > 0 whenever 93;2 =0 (a solo bin). Hence, from the definitions of S% and
&, for every free bin j € free(z?),

jeSi(x') < x;' >0 (shared free bin), j e Si(a') < x;" =0 (solo free bin).

By Corollary 4.17, every feasible direction d within the minimal face I of P!(z~") containing
2 must satisfy d; = 0 for all shared free bins j € S? (z"): the only bins along which a feasible

direction can move are solo free bins.

We now connect this to the vertex structure of P*(x~%). In an ISBP game, the conditional
polytope is a bounded simplex with constraint matrix A = 1T, so feasible directions within

the minimal face F' satisfy > d; = 0. Combined with d; = 0 for all j € S’ ("), this

j€free(x?)

gives Zje Si(a) d; = 0. The following corollary shows that no free bin can be shared. The

following corollary generalizes Lemma 2 in [84] from uniform to non-uniform instances.
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Corollary 4.21. Let x be a PNE of a non-uniform ISBP instance. If player i € [n] uses

two unsaturated bins j and k in x, then neither j nor k is shared with any other player.

Proof. Suppose for contradiction that player ¢ uses two unsaturated bins and at least one
of them, say j, is shared, so z;* > 0 and j € S} (2") (recall S} (z') = {j € free(a’) :
fi(-527") is strictly concave at %}, which in ISBP equals the set of shared free bins). Since
|free(z?)] > 2, 2* is not a vertex of P*(z*) by Lemma 4.13. Let F be the minimal face of

Pi(z7%) containing z°. By Corollary 4.17, there exists a nonzero feasible direction d within

F, and every such direction satisfies d; = 0 for all [ € S (z).

Since A* = 1T, every feasible direction within F also satisfies > d; = 0. Since

lefree(x?)

d;, = 0 for all I € S (z"), this reduces to > d; = 0 (recall Si(z%) = {j € free(a?) :

leSi(z?)
f;( ;27") is locally affine at x3}, the set of solo free bins). For d to be nonzero with d;, =0

on S%(x"), at least one component in S (x*) must be nonzero, which requires [S§(z")| > 2.

Now take any [ € Si(z%) and consider the direction d’ defined by d; =1, d; = —1, and
d!. = 0 for all other r. Since j,1 € free(z*) and >, d. =0, d is a feasible direction within
F. But dj = 1 # 0 with j € S’ (¢"), contradicting Corollary 4.17. Therefore S% (') = ): no

free bin can be shared. O]

Weak VEST cuts. Corollary 4.21 yields valid inequalities that can be added to the GZR

master problem. For each player ¢ and bin 7, define:

_ it _ it _
95 = > Yils Tij = > Yir  Jij =i+ hij
0<t<u, 1<t<min{u;—1,w,;}
1<s<min{t—1,w;}

indicating, respectively, whether bin j is shared-unsaturated, solo-unsaturated, or unsaturated

for player i. Let G, := Z;i | 9i,; count the number of shared-unsaturated bins used by player
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3. The weak VEST cuts are:

G, <1 Vie[n], (4.12)

9ig, + fig, <1 Vi€ n], jy # Jo (4.13)

Constraint (4.12) ensures that each player has at most one shared-unsaturated bin. Con-
straint (4.13) ensures that if player i uses a shared-unsaturated bin, it cannot also use any

other unsaturated bin. Together, these enforce the necessary condition of Corollary 4.21.

Strong VEST (Corollary 4.16) does not directly apply to ISBP since cost functions are not
strictly concave on solo bins. However, in uniform instances we can show that every PNE can
be transformed into a PNE in which every player plays a vertex strategy and every player’s

cost is unchanged.

Theorem 4.22. In any uniform ISBP instance, for every PNE x, there exists a PNE T

such that ' is a vertex of PY(Z7) for every i € [n], and

(%) = 7' (x) Vi € [n]. (4.14)

Proof. Let the common bin capacity be u. For a PNE g, let

p(y) = |{i € [n] : y* is not a vertex of Pi(y~*)}|. (4.15)

Fix the given PNE x. Since the strategy space is finite, among all PNEs y satisfying

' (y) = 7" (z) Vh € [n], (4.16)

choose one, still denoted by x, that minimizes p(z). We show that p(x) = 0.
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Suppose, for contradiction, that p(x) > 1. Choose a player i such that z* is not a vertex
of Pi(z~%). Since P*(z~") is a bounded simplex, Lemma 4.13 implies that player i has at
least two free coordinates, i.e., player 7 uses at least two unsaturated bins. By Corollary 5.1,

every unsaturated bin used by player ¢ is solo. Define
S={je[m]:z}>0, z; <u}, (4.17)

the set of unsaturated bins used by player . Since every bin in S is used only by player i.

Let

ri=> (u—uzi) (4.18)

jes
be the total residual capacity in the bins of S.

We first claim that » < u. If r > u, let j* € S be a bin of maximum cost among the bins in

S. Since

Z (u—x}):r—(u—xé*)zxé*,

JjeSN{7*}

player ¢ could move all units from bin j* into the other bins of S. This deviation is feasible,

opens no new bin, and removes the positive cost c¢;. paid on the solo bin j*. This contradicts

i

that ' is a best response to z—¢. Hence r < u.
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Choose j* € S with maximum cost ¢;., and define a new strategy Z* for player i by

-

aj;‘? j¢57

i =9 u j€S\{5*}, (4.19)

u—r, j=7%

\

Let £ := (2°,27"). Since r < u, we have &}, = u —r >0, and

d E# = (S| = Du+ (u—r) (4.20)

jes
=|Slu—r (4.21)
=> i (4.22)

jeSs

Thus Z* assigns the same total demand as x* and is feasible against z—*. Moreover, every

bin in S\ {j*} is saturated under #*, and j* is the only possibly unsaturated bin in S. All
bins outside S are unchanged. Therefore Z° has at most one free coordinate, so it is a vertex

of Pi(xz™%) = P*(Z7%) by Lemma 4.13.

Because all bins in S are solo both before and after the modification, player ¢ pays ¢; on

each bin j € S in both x and Z. All other bins are unchanged, so

(%) = 7 (x). (4.23)

Since z' is a best response to 7% and I* is feasible with the same cost, Z* is also a best

response to x™".

Now consider any player h # i. Since every bin in S is solo for player ¢ under x, player h
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uses no bin in S. Outside S, the allocation is unchanged. Hence
o (z) = 7l (). (4.24)

We show that player h has no profitable deviation from Z. Suppose otherwise, and let z"

be a profitable deviation for player h from Z.

If 2" assigns no units to bins in S, then the same deviation is feasible from z and has the

same cost, because all bins outside S are unchanged. This contradicts that x is a PNE.

It remains to consider the case in which z" assigns p > 1 units to bins in S. Under Z, all
bins in S\ {j*} are saturated, so these p units must all be assigned to j*. Thus feasibility

of 2" implies p < r, and the cost of these p units on bins in S is

p
C.

§ —. 4.25
Tu—r+p (4.25)

We construct a deviation z" from z as follows. Outside S, z" agrees with z". Inside S,
place the same total number p of units greedily into the bins of S starting from the bins
with largest current load xz This is feasible because the total residual capacity in S under

Tisr > p.

Let
L:=u—r+p. (4.26)

After placing p units in S, the remaining total residual capacity in S is r — p. By the
greedy construction, every bin in S that receives a positive amount has final load at least L:

otherwise the last bin receiving a unit would have final load strictly smaller than L, hence



CHAPTER 4. ConDITIONAL EQUILIBRIUM INEQUALITIES FOR GENERALIZED NASH EQUILIBRIUM
206 ProOBLEMS WITH PURE-INTEGER VARIABLES

its remaining capacity alone would be strictly larger than » — p, contradicting that the total

remaining residual capacity in all of S is exactly r — p.

Therefore, for every bin j € S used by z”, its final load is at least L = u — r 4+ p. Since j*
has maximum cost in .S, we have c; < ¢ for all j € S. Hence the cost of Z" on bins in S is

at most

Th Th
St <y e —L— (4.27)
jes Jx;—{—a:? jeS Tu—r+p
p

which is exactly the cost of the p units placed in S by z" from Z. Outside S, the two

deviations have identical allocations and face identical loads. Therefore

ah(zh x=h) < 7h(zh 7h) (4.29)
< (%) (4.30)
= 7l(x), (4.31)

contradicting that x is a PNE. Thus no player h # i has a profitable deviation from Z.

We have shown that Z is a PNE and that

(%) = nh(x) Vh € [n]. (4.32)

Moreover, player ¢ now uses a vertex strategy, while every other player’s strategy is un-

changed. The vertex/non-vertex status of the other players is also unchanged: bins in S are
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not used by them, and all bins outside S are unchanged. Therefore

p(E) < p(z), (4.33)

contradicting the choice of x as a same-player-cost PNE minimizing p. Hence p(x) = 0.
Thus every player uses a vertex strategy, and this PNE has the same cost as the originally

given PNE for every player. [

Strong VEST cut. Theorem 4.22 shows that in uniform instances we can always find a
PNE where every player uses at most one unsaturated bin, i.e., a vertex of P*(z~%). We can

therefore add the following cut to the GZR master problem for uniform instances:

ujil min{trwi}

Z Y. D> yii<1  Vien], (4.34)

which enforces that each player uses at most one unsaturated bin. Unlike the weak VEST
cuts (4.12)—(4.13), inequality (4.34) is optimality-preserving rather than valid for every PNE:
it may cut off PNE profiles, but by Theorem 4.22 some PNE with the same individual (hence
social) costs satisfies it. It therefore preserves the optimal value of any objective that depends
only on the players’ costs, such as the social cost, and should not be imposed under arbitrary

objectives over allocations.

4.5.2 Network Formation Games (NFG)
4.5.2.1 Game Definition

NFG is an integer-splittable, edge-capacitated variant of the classical network design game

with Shapley cost sharing. Anshelevich et al. [3] study the unsplittable, uncapacitated ver-
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sion: each player selects a single o,~d; path, the game admits an exact potential function,
and PNE always exists with POS < H(n). For this classical model, Dragotto and Scata-
macchia [58] compute the exact instance-level POS via their ZR algorithm for IPGs. Our
NFG departs from this setting in two ways: (i) players route integer-splittable flow (dis-
tributing demand D, across multiple paths in integer units), and (ii) shared edge capacities
Zi x! < u, couple all players’ feasibility. The potential argument no longer applies, PNE
need not exist, and the POS bound of Anshelevich et al. [3] does not carry over. Since
our NFG is a GIPG (not an IPG), the ZR framework of Dragotto and Scatamacchia [58] is
also inapplicable. Our GZR framework provides the first method to compute the socially
optimal PNE (and thus the exact POS) of this model when one exists; when no PNE exists,
it certifies non-existence and computes the tightest a-approximate PNE. The NFG is also a
considerable generalization of ISBP: the latter is the special case where the network consists
of m parallel edges between a single source-sink pair (|V| = 2), reducing the flow polytope

to a bounded simplex and Corollary 4.24 to Corollary 4.21.

Definition 4.23 (Capacitated Network Formation Game). A capacitated NFG consists of
a directed network G = (V, E) with edge capacities u, € Z, and edge costs ¢, > 0, and
players [n] each with origin-destination pair (o;,d;) and integer demand D; € Z,. Player ¢

routes D; units of integer-splittable flow from o; to d;; let 2%, € Z, denote the flow of player

1 on edge e, and r, = Zk x¥ the total flow. Under Shapley cost sharing, player i’s cost is:

) 't
' (x) = Zce ——
eeFE .fEe
i

with the convention c,z%/z, = 0 whenever 2z = 0. Given the opponents’ flows 2%, player
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1 solves:

: — ;e
o eep e T e

4.5.2.2 One-Hot Encoding and Lifted Formulation

The cost structure of the NFG is identical to that of ISBP, with edges playing the role of
bins and total edge flow playing the role of total bin load. We therefore use the same one-hot
encoding: for each player i € [n], edge e € F, individual flow s € {0, ..., D, }, and total flow
t € {0,...,u,} with s < min{t, D,}, introduce a binary variable yfﬁ € {0, 1} equal to one if
and only if z{ = s and x, = t. Similarly, introduce 2¢ € {0, 1} indicating that the total flow
on edge e is exactly t. The constraints (4.8a) and (4.8c)—(4.8g) carry over with bins replaced
by edges, w; replaced by D;, and u; replaced by u,; the per-player demand constraint (4.8b)
does not carry over (a flow of value D, on a path of length ¢ uses D, edge-units) and is
replaced by the flow-conservation constraints below, which enforce each player’s demand at

the source.

The only additional constraints relative to ISBP are the flow conservation constraints, which

ensure that player i’s flow is a valid o,~d; flow of value D;:

Z Zsyzs - Z Syzs = 4-D, v=d,, Vi€ [n], veV, (4.35)
ecdt(v) t,s ecd (v) t,s
0 otherwise,

where §7(v) and 0~ (v) denote the sets of edges leaving and entering node v. Together with

the constraints inherited from ISBP, these define the polyhedron A for the NFG. The lifted

c . ) ) ) )
min {Z ——=—x, : 2’ is an 0;~d; flow of value D;, z.* + 2, <u, Ve€ E, x, € Z., Ve € E} .
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cost 7 is: .
u, min{t,D;}

~F f e,t
™ = Cetyi,s’

ecFE t=1 s=1

which is affine in the y variables and equals 7 at every integer point of 7.

Best response subproblem. As in ISBP, when 7 is fixed the total flow on edge e is
x,% + s, and no z variables are needed. Let @;, = min{D,,u, — 2.’} denote the maximum
flow player i can route on edge e. Introducing yf, € {0,1} for s € {0,...,u,;}, the best

response subproblem is a min-cost integer flow problem:

min Z i Ce :Cgi8~|— . Yi s (4.36a)

e_EE s=1
st Yy, =1 Ve € E, (4.36b)
s=0
_ B Dl V=0
ST 3 sysa— >0 S syt.=<3-D, v=dq,  YveV, (4.36¢)
ecdt(v) s=0 e€d(v) s=0
\O otherwise
yi s € {0,1} Ve€ E, s=0,...,1,,.
(4.36d)

The optimal deviation 2" is recovered as T, = > sy for each e € E.

4.5.2.3 CEI Encoding and Activation

The CEI for the NFG has the same structure as for ISBP (Section 4.5.1.2), with edges

replacing bins. Fix a player i € [n] and a candidate deviation ! = (2%) ., a feasible 0;,~d,

flow of value D, satisfying 2! < u, for all e. Let E;, = {e € E : % > 0} be the set of edges
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used by the deviation. For each e € EZ-, define:

F (7)) ={(s,t) : 0 <t <y, max{0, t —u, + 21} < s <min{t, D,}},

T (20)={(s,t) ru, — 3L +1 <t <u,, 0<s<min{t —u, + 7, —1,D,}}.

The lifted CEI is:

u, min{t,D;} ~i
YO8 gt <aY Y x—Ayzs + M) Z yf§
eebt=1  s=1 t ecE, (s,t)€T (2) f(t—s)+ ecE; (s,t)€T(

(4.37)
The interpretation is identical to (4.11): the left-hand side is player i’s current cost, the first
term on the right is a times the deviation cost over feasible states, and the activation term

relaxes the inequality when the deviation is infeasible on some edge.

4.5.2.4 VEST in NFG

The cost structure of the NFG is identical to that of ISBP at the edge level: f!(z%) =
c.wt/(z.t + xl) is strictly concave when z;* > 0 (shared edge) and affine when z_;* = 0
(solo edge). By the same argument as in Section 4.5.1.3, S (z*) consists of shared free edges

and S} (z°) consists of solo free edges.

The key difference from ISBP is the structure of the conditional polytope P*(x~*), which
is now a flow polytope rather than a bounded simplex. The constraint matrix A’ is the
node-edge incidence matrix of G, whose kernel restricted to the free edges free(z?) is the
cycle space of the subgraph induced by free(x?). Feasible directions within the minimal face
F' correspond to circulations on the free subgraph, i.e., flows along undirected cycles of free

edges.

By Corollary 4.17, every feasible direction d within F' must have d, = 0 for all e € S (z°).
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Since feasible directions correspond to circulations, this means:

Corollary 4.24. Let x be a PNE of an NFG. If x' is not a vertex of P'(z~%), then every
undirected cycle in the subgraph of free edges free(x®) consists entirely of solo edges (edges

with x;* = 0). In particular, the shared free edges form a forest within the free subgraph.

Proof. By Corollary 4.17, every feasible direction d within the minimal face F' of P*(x ")
containing z* satisfies d, = 0 for all e € S (2%). A feasible direction within F' corresponds
to a circulation on the free subgraph, i.e., a flow along undirected cycles of free edges. If
any such cycle passed through a shared free edge e € Sfr (2%), the corresponding circulation
would have d, # 0, a contradiction. Hence no undirected cycle in the free subgraph can
pass through a shared free edge, meaning the shared free edges contain no cycle and form a

forest. O]

Weak VEST cuts. Corollary 4.24 yields valid inequalities that can be added to the GZR

master problem. For each player i € [n] and each undirected cycle C in G, define:

u,—1 min{t—1,D,}

R e,t
gi,e T yi,s’
t=1 s=1

which equals one if and only if edge e is unsaturated, shared, and used by player i (i.e.,

0 < s <t<u,). Define the aggregate counts for cycle C:

min{u.—1, D;}

Gic = Z%,w Hz'c = Z Z yzf?

ecC ecC t=1

where Gic counts the unsaturated shared edges of C' used by player ¢, and HZC counts the
unsaturated solo edges of C' used by player i (those with s =t < u,). The sum GY + HY

equals |C| if and only if player i uses all edges of C' and none are saturated. By Corollary 4.24,
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in that case all edges must be solo, i.e., GZC = 0. This is enforced by the following cut, for

each player i € [n], cycle C, and edge e € C:
9. + (GE+HE —|C) < 0. (4.38)

When G{+H{ = |C| (player i uses all edges of C' and none are saturated), this forces g; , = 0
for every e € C, eliminating all shared free edges from the cycle. When G + HE < |C|, the

constraint is automatically satisfied since g; . > 0 and the right-hand side is non-negative.

4.5.3 Generalized Knapsack Games (GKG and GKGB)
4.5.3.1 Game Definitions

Definition 4.25 (Generalized Knapsack Game). A GKG consists of n players and m items.

Player i has a private 0-1 knapsack with profits p;; > 0, weights w,;, and capacity b;:

YR

A
xprivate

= {z* € {0,1}™ : Zj w5 < b;}. Ttems have shared capacities: > 'l < ¢; for

all j, where ¢; € {1,...,n}. Player i minimizes 7,(z) = P; — Zj pij:té., where P, := Zj Dij

ensures m; > 0.

GKGB extends GKG by incorporating reciprocally bilinear interaction terms from Dragotto
and Scatamacchia [58]. In addition to the private knapsack profits, each player’s cost depends

on opponents’ item selections through pairwise interactions.

Definition 4.26 (Generalized Knapsack Game with Bilinear Coefficients). A GKGB is a

GKG (Definition 4.25) in which each player i’s cost includes bilinear interaction terms:

mi(x) :Pi_zpij i—>. > Ciyaial,
J

kti j
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where C’,ij € R captures the externality that player k’s selection of item j imposes on player i.
Positive coefficients represent synergistic effects; negative coefficients represent adversarial

externalities. In GKGB the offset is enlarged relative to GKG,

J

kti j

which ensures 7; > 0 also in the presence of positive interaction coefficients.

The interpretation of the players’ incentives is unchanged: the offset is a constant per player,
so exact best responses and exact PNE are unaffected, while nonnegativity of costs is re-
quired by Assumption 4.5(ii) and by the a-approximate machinery (Definition 4.1 and the

monotonicity properties of Section 4.4.2).

Since both GKG and GKGB use binary decision variables and the cost is linear (or bilinear)
in the strategy profile, no auxiliary encoding is required: the variables z,; € {0,1} directly
represent the strategy. This contrasts with ISBP and NFG, where the nonlinear proportional

cost-sharing term necessitates a one-hot encoding (Sections 4.5.1.1 and 4.5.2).

4.5.3.2 CEI Encoding

. . . . o1 s1- . . f 11
Binary variables z;; € {0,1} for each player—item pair. Feasibility indicators z;3" € {0,1}

track whether item j is at capacity from player i’s perspective:

D ap <(¢;— 1)+ (n—1)z0 (4.39)
ki
Z Ty > C; zzf-gu. (4.40)

ki
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GKG. For player i and deviation Z¢, the CEI is:

R (L) R R A
J J Jai=1

When the deviation is feasible (zf?u = 0 for all j with i'; = 1), this enforces the a-equilibrium

condition. When infeasible, the big-M term deactivates the constraint.

GKGRB. For a fixed incumbent profile z, the bilinear interaction terms in the best-response

deviation collapse to terms linear in x;‘?, so the CEI remains linear in the master decision

full

variables. The feasibility indicators z;;" carry over unchanged. For player ¢ and deviation

z*, the CEI is:

Pi—Zpija:ij—Z Z C’,ij T Ty < (Pi - Zp”i“; - Z Z C’,ij 553 a:k,j> M Z z%ll.
J J jii

k#i g k#i J zi=1
(4.42)

i . ¢k is linearized via McCormick relaxation with

In the master MILP, each bilinear term z7 - z;

Loyl <af ylt > a4+ ak — 1,y > 0. For

auxiliary variable y}k and constraints y;k < ]

GKGB we take M, = P, + Zk#i Zj max{—C’,ij, 0}, an upper bound on any realized cost

.

4.6 Computational Study

4.6.1 Experimental Design

We evaluate the GZR algorithm on four game classes: ISBP, NFG, GKG, and GKGB. For

each class, we conduct up to two experiments.

Experiment 1: Best PNE and Price of Stability. We first run round random-restart
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best-response dynamics (RRR-BRD) [98], a heuristic that performs up to R = 20 rounds of
sequential best-response updates in uniformly random player orders across multiple random
restarts. If any round produces a profile with no improving deviation for any player, it is
certified as an exact PNE and the heuristic terminates early. Otherwise, the approxima-
tion ratio « is evaluated for each end-of-round profile from the final restart, and the profile
with the smallest « is selected. This best candidate serves as a warm-start for GZR (Al-
gorithm 4.8), which optimizes social welfare over the set of a-PNE and computes the exact

price of stability (POS).

Experiment 2: «-Bisection Search (ABS). For instances where Experiment 1 finds
no exact PNE—i.e., GZR returns INFEASIBLE or hits the time limit without confirming a
PNE—we apply the ABS algorithm (Algorithm 4.20) to find the tightest a-approximate

PNE via bisection. ABS uses the BRD-computed a as the initial upper bound « and

max>
a per-iteration GZR time limit of 10 minutes (600s). ABS is invoked only for ISBP and
GKGB, since every GKG and NFG instance admits an exact PNE. Two distinct tolerances
are involved, and we keep them separate. The stopping tolerance governs when the bisection
halts and was set to 1073 for ISBP and 10~2 for GKGB, the looser value reflecting the higher
cost of each bisection step in the McCormick-linearized GKGB formulation. The verification
threshold ¢ is the width below which we declare the certified interval [a™B, aVB] tight enough
to report as verified; we apply a single value e = 1072 to both games, so that the Verified
column has the same meaning throughout. This is a reporting criterion applied to intervals
that are certified independently of it: a"B is an « at which GZR exhibited an a-PNE and
a®B is an a at which GZR proved none exists, so both endpoints remain valid regardless of
the threshold used to summarize them. By the monotonicity properties of Section 4.4.2, all

CEls generated across iterations carry over, providing computational savings. The VEST

cut and the player-anchoring constraint are established for exact equilibria and are therefore
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imposed only in the initial test at o = 1; every bisection call at a > 1 omits them, since
with either constraint active an INFEASIBLE outcome would not certify that no a-PNE exists.

The bin-load ordering constraint is valid at every « and is kept throughout.

Implementation. Our implementation, instance generators, and scripts reproducing all
tables are publicly available at https://github.com/HyunwooLee0429/GIPG. All experi-
ments are implemented in Python using Gurobi 13.0 with lazy constraint callbacks for CEI
separation. Both the jointly constrained master problem and the best-response subproblems
are solved with 16 threads. The GZR time limit is 10 minutes (600s) per instance. Exper-
iments are run on a single machine with an Intel Core Ultra 7 265F processor (2.40 GHz)

and 32 GB RAM.

Solver settings and the meaning of reported statuses. The master problem is solved
with LazyConstraints = 1; the social-optimum reference model, which requires no separa-
tion, is solved with LazyConstraints = 0. All remaining tolerances are left at their Gurobi
defaults, in particular MIPGap = 10~*, IntFeasTol = 107°, and FeasibilityTol = 1079,
for both the master and the best-response subproblems. Accordingly, a status of OpTIMAL
certifies optimality within the default relative gap rather than in exact arithmetic. This
distinction is immaterial at the scales considered here: across all instances reported as Op-
TIMAL, the largest terminal gap is 1.4 x 10~7 for regular ISBP, 1.7 x 1075 for non-regular
ISBP, 10~* for GKG, and 10~* for GKGB. The best-response subproblems are small—a
bounded knapsack or a min-cost flow over a single player’s strategy set—and are solved to
optimality in milliseconds; the 10s best-response time limit is never reached, and no best-
response solve returns an infeasible status. A violation is declared when the incumbent’s
regret exceeds a tolerance of 1079, uniformly across the four games. Finally, within ABS the
cut pool stores the generating deviations rather than the inequality rows, and each pooled

CEI is re-instantiated at the current value of «; retention is therefore valid in both directions
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of the bisection.

Performance metrics. For each instance group, we report the following metrics: Count:
number of instances; BRD: number for which RRR-BRD found an exact PNE (a4, = 1);
GZR: number for which GZR found a PNE; a4 4: average BRD approximation ratio; Tggp
and T p: average wall-clock times (seconds) for BRD and GZR; POS: average price of
stability, computed as the cost of the best PNE divided by the cost of the social optimum
(SO); #cpr: average number of CEls added during GZR; OPT, INF, TL: number of instances
where GZR terminated with status OprimaL, INFEASIBLE (no PNE exists), or Time_LimiT,
respectively. POS is averaged only over instances for which GZR returned a PNE (cells
are left blank when none was found); a4 is averaged over all instances; using the best

end-of-round profile of each.

4.6.2 ISBP: Integer Splittable Bin Packing Games

Instance generation. We generate two families of ISBP instances following Hao and
Michini [84]. Regular instances have identical item weights w and bin capacities u. We
enumerate all feasible tuples (n, m,w,u) with n € {4, ...,10} players, m € {n—2,...,n+3}
bins, w € {4, ...,15}, and u derived from divisibility constraints with mu —nw > 0, yielding
841 instances. These conditions do not exclude w > u, and 215 of the 841 tuples have w > u.
The player-anchoring constraint of Appendix 4.A requires w < w and is therefore imposed
only on the remaining 626 instances; bin-load ordering and the VEST cut carry no such

restriction and are applied throughout.

Non-regular instances introduce 20% heterogeneity (§ = 0.2) around the mean: item weights

w,; and bin capacities u; are drawn uniformly from [[w(1 —0)], [w(1 + §)]] and [[u(1 —

5], [u(140)]], respectively. Of the 841 base tuples, 834 yield feasible non-regular instances.
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Experiment 1: Best PNE and POS. For regular instances, RRR-BRD finds an exact
PNE in 818 of 841 cases (97.3%), and GZR finds a PNE for 819 (including one instance
where GZR finds a PNE that BRD missed). GZR confirms social optimality of the best
PNE for 817 instances. Among the 22 instances where no exact PNE was found, GZR
certifies infeasibility (INFeasiBLE) for 15 and hits the time limit without confirming a PNE
for 7; the remaining 2 time-limit instances returned a feasible PNE without an optimality
certificate, which is why GZR (819) exceeds OPT (817). These 22 instances proceed to
Experiment 2 (ABS). For non-regular instances, BRD finds a PNE in 833 of 834 cases, and
GZR confirms a PNE for all 834 instances, with an average POS of 1.000. The average GZR
time is 8.4 s for regular and 6.1 s for non-regular instances. Comprehensive results by (n,m)

are given in Tables 4.6 and 4.7 in the appendix.

Experiment 2: ABS for non-PNE instances. All 22 instances entering Experiment 2 are
regular ISBP instances; no non-regular instance enters ABS. The concentration of non-PNE
instances in the regular family is expected: the symmetric structure of regular instances—
identical item weights and bin capacities—creates situations where multiple players can
endlessly cycle through equivalent deviations, preventing convergence to an exact PNE. No-
tably, the instance (n,m,w,u) = (5,4,5,8) is precisely the counterexample of Hao and
Michini [84] showing non-existence of PNE in regular ISBP. With the extended weight range
w € {4,...,15}, additional non-PNE instances emerge at larger n and m—particularly
(n,m) € {(7,5),(7,6),(8,6),(9,8), (10,8) }—where the increased item weights make the

packing problems more tightly constrained.

Table 4.1 presents the ABS results. For each instance, we report the game parameters
(n,m,w,u), the Experiment 1 GZR status (« = 1), the BRD-computed initial upper bound
i, the verified upper bound aVB| the verified lower bound olB, verification status, the

number of bisection iterations, and the total ABS wall-clock time. Here “Iters” counts
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bisection steps only, while Ty g is end-to-end wall-clock time and additionally includes the
RRR-BRD warm start, the initial o = 1 feasibility check, and the final lower-bound GZR
call; Typg may therefore exceed Iters x 600s. Here, aVB is the smallest a for which GZR
finds an a-PNE, and o8 is the largest o for which GZR certifies infeasibility (no a-PNE
exists). An instance is verified when both VB and o® are obtained and the gap satisfies
aVB —al'B < ¢ with the common verification threshold e = 1072 of Section 4.6.1, providing a
rigorous certificate that the tightest a-PNE lies in this interval. Unverified instances have a
valid upper bound but fail the gap criterion, in all but one case because the lower-bound GZR
call timed out without producing an infeasibility certificate. This asymmetry is expected:

proving infeasibility (certifying that no a-PNE exists) is generally harder than finding an
a-PNE.

Of the 22 instances, 7 are fully verified. Of the remaining 15, seven lack a verified lower bound
entirely—the GZR calls at the lower-bound side timed out, particularly at larger weight
values (w > 11) where the GZR subproblems become computationally more demanding—
and eight close to widths between 0.013 and 0.037, outside the verification threshold. The
asymmetry is pronounced here because the VEST cut and the player-anchoring constraint
are valid only for exact equilibria and are therefore dropped once a exceeds one, leaving the
lower-bound calls without the pruning available at & = 1. The tightest approximation ratios
range from aV® = 1.009 (very close to exact PNE) to aVB = 1.081 (moderate deviation),

with most values below 1.05.

ABS typically converges in 5-7 bisection iterations. Wall-clock times range from 4.9s to
4,222 s, and four instances exceed one hour: two at (n,m) = (9,8), including the longest
at 4,222, and one each at (8,6) and (10,8). These results demonstrate that even when no

exact PNE exists, high-quality approximate equilibria are attainable.
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Table 4.1: ISBP Experiment 2: ABS results for non-PNE instances. The Verified column is
evaluated at the common threshold e = 10~2 of Section 4.6.1.
aB  alB Verified Iters Thps

Type n m w uw a=1 oy

Reg 5 4 5 8 INF 1.081 1.081 1.080 TRUE 7 7.8
Reg 5 4 7 11 INF 1.055 1.055 1.0564 TRUE 6 30.6
Reg 5 4 8 13 INF 1.106 1.015 1.014 TRUE 7 314
Reg 5 4 9 14 INF 1.041 1.034 1.034 TRUE 6 45.7
Reg 5 4 10 16 INF 1.067 1.009 1.009 TRUE 7 91.0
Reg 5 4 11 17 INF 1.033 1.023 1.022 TRUE 6  246.9
Reg 5 4 13 20 INF 1.028 1.016 1.016 TRUE 5 605.3
Reg 7 5 11 19 INF 1.018 1.013 1.000 FALSE 5 2089.8
Reg 7 6 8 11 INF 1.073 1.037 1.000 FALSE 7 3629.1
Reg 7 6 11 15 INF 1.025 1.013 1.000 FALSE 5 2470.8
Reg 7 6 13 18 TL 1.047 1.020 - FALSE 6 3877.5
Reg 7 6 14 19 INF 1.039 1.019 1.000 FALSE 6 2953.6
Reg 8 6 7 11 INF 1.055 1.032 1.000 FALSE 6 13723
Reg 8 6 9 14 INF 1.041 1.021 1.000 FALSE 6 31119
Reg 8 6 11 17 INF 1.033 1.029 1.000 FALSE 6 3277.5
Reg 8 6 12 19 TL 1.065 1.056 - FALSE 7 3296.0
Reg 8 6 13 20 TL 1.028 1.021 - FALSE 5 3539.9
Reg 8 6 14 22 INF 1.055 1.021 1.000 FALSE 6 3047.1
Reg 8 6 15 23 TL 1.024 1.024 - FALSE 5 3620.5
Reg 9 8 11 14 TL 1.041 1.040 - FALSE 6 3719.9
Reg 9 8 15 19 TL 1.044 1.044 - FALSE 6 4233.0
Reg 10 8 12 17 TL 1.026 1.026 - FALSE 5 3628.3

4.6.3 NFG: Network Formation Games

Instance generation. We generate 128 NFG instances on layered directed networks. Each
network has L € {3,5,8,10} layers with W € {3,5,8,10} nodes per layer. Inter-layer
edges are drawn independently with probability p = 0.8, with at least one edge per node
guaranteed to ensure full connectivity from the source layer to the sink layer. Edge costs are
drawn as ¢, ~ U{1,20}. Each of n € {2,4, 6,8} players routes integer-splittable flow from a
common source in the first layer to a common sink in the last layer, with individual demands
d; ~ U{2,5}. Edge capacities are set relative to the total demand D = }__d; in two regimes:
tight, where k., ~ Ulmax(d [0.7D]), [0.9D]], forcing competition for edge space and

max’
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strong GNEP coupling; and loose, where k, ~ U[max(d [0.9D]), [1.1D]], providing

max?
mild coupling. If the resulting instance is infeasible (not all players can simultaneously route
their demand), capacities are increased until feasibility is achieved. The full design is: 2

capacity levels x 4 player counts x 4 layer counts x 4 widths = 128 instances.

Experiment 1: Best PNE and POS. RRR-BRD finds an exact PNE (a4 = 1) for
all 128 instances. GZR confirms the socially optimal PNE for 121 instances, while the
remaining 7 hit the time limit but still return a feasible PNE. Under loose capacity, GZR
proves optimality for 63 of 64 instances with an average POS of 1.005. Under tight capacity,
GZR proves optimality for 58 of 64, with a slightly higher average POS of 1.014 and more
CEIs (3.0 on average), reflecting the increased difficulty of tighter coupling constraints. Since

all instances possess a PNE, Experiment 2 (ABS) is not needed.

Solve time and difficulty increase with the number of players: for n = 2, GZR terminates
in about 1 second on average; for n = 8, average times reach 102s (loose) and 172 s (tight),
with several instances hitting the time limit. The POS remains close to 1 across all con-
figurations', suggesting that the socially optimal PNE is typically very efficient for these
network structures. Comprehensive results by capacity, player count, and layer count are

given in Table 4.11 in the appendix.

4.6.4 GKG: Generalized Knapsack Games

Instance generation. We follow the Pisinger-like generation scheme of Duguet et al.
[62]. For each player i and item j, weights are drawn independently as w,;; ~ U{l, R}

with R = 1,000. Profits depend on the correlation type: (i) uncorrelated: p;; ~ U{1, R},

!For NFG the social-optimum reference is solved with a 1,200 s limit rather than the 600 s used elsewhere.
Two instances still reach it; their reference is a feasible incumbent, so the POS reported for them is a lower
bound on the true value.
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independent of weights; (ii) weakly correlated: p;; ~ U{max(1, w;; — R/10), w;; + R/10};
(iil) strongly correlated: p;; = w;; + R/10 (deterministic). Each player’s knapsack capacity
is set proportionally to their total weight: b, = max(l, lef - Zj wijD’ where ¢f € {0.2,0.5}
is the capacity factor. A smaller cf yields tighter knapsacks, forcing players to be more
selective and intensifying competition for shared items. Shared item capacities are drawn as

Cj ~ U{l,n}

We evaluate GKG in two settings. The first is the benchmark of Duguet et al. [62]:
n € {2,3,4} players, m € {5, 10,15, 20, 30,40, 50} items, 10 replications per (n,m, cf,corr)
combination, yielding 3 x 7 x 2 x 3 x 10 = 1,260 instances. The second is a scalability
study with n € {2,3,5,8,10, 15, 20, 25, 30, 35,40, 45,50} players, m € {30,50} items, the
same three correlation types, and 2 replications, yielding 13 x 2 x 3 x 2 = 156 instances;
the capacity factor is not crossed here but assigned one value per replication, so that each

(n, m, corr) cell contains one instance at ¢f = 0.2 and one at c¢f = 0.5.

Comparison with Duguet et al. [62]. Table 4.2 compares our GZR results with the
method of Duguet et al. [62] on instances generated following their scheme. For each (n,m)
pair, we report the number of instances (out of 60) for which GZR confirms the socially
optimal PNE within a 10-minute time limit. GZR finds a PNE for all 1,260 instances
(100%) and proves social optimality for 1,259 of them, the single exception hitting the time
limit after having found a PNE within 0.03 s, whereas Duguet et al. [62] report termination
rates of 30-50% under a one-hour time limit. The 30-50% rates are as reported in their
paper, obtained with their implementation and hardware: their implementation is not pub-
licly available, and the method—a custom branch-and-cut tree with an explicit geometric
construction of intersection cuts—is nontrivial to reimplement faithfully, so we did not re-
run it and the comparison is indicative rather than machine-to-machine. The advantage is

driven by the global validity of CEIs (versus locally valid intersection cuts) and the ability
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to leverage Gurobi’s solver for the master MILP.

Table 4.2: GKG benchmark: instances solved by CEI-GZR within 10 minutes (out of 60 per
cell).

n | ltems m | Solved (%)
|5 10 15 20 30 40 50|

2160 60 60 60 60 60 60 100

3160 60 60 60 60 60 60 100

4160 60 60 60 60 60 60 100

Scalability study. To assess scalability beyond the small-n regime of Duguet et al. [62], we
test on instances with up to 50 players. RRR-BRD finds an exact PNE (ay,,q4 = 1) for all 156
instances, confirming that GKG instances tend to possess PNE. GZR confirms the optimal
PNE with POS = 1.000 across all correlation types. As expected, computational difficulty
increases with correlation strength: average GZR time grows from 3.3s (uncorrelated) to
303.0s (strongly correlated), and the number of time-limit instances increases from 0 to 24.

Comprehensive results by (n,m, corr) are given in Tables 4.8 and 4.9 in the appendix.

4.6.5 GKGB: Generalized Knapsack Games with Reciprocally Bi-

linear Coefficients

Instance generation. We extend the GKG benchmark to a generalized knapsack game by
incorporating reciprocally bilinear coefficients from Dragotto and Scatamacchia [58], which

we refer to as GKGB (GKG with bilinear coefficients). In addition to the standard knapsack

profit terms, each player i’s objective includes bilinear interaction terms » ki Zj Ci y a:; a:f

that capture the externality one player’s item selections impose on another’s payoff. We

adopt Dragotto’s Type B and Type C datasets, which define interactions between n € {2,3}

players over m € {25,50,75,100} items with budget ratios in {2,5,8}. Type B instances
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have positive interaction coefficients C’lij ~ U[1,100], so that opponents’ overlapping selec-
tions are mutually beneficial (synergistic effects). Type C instances have mized coefficients
Ci i~ U[—100, 100}, introducing adversarial externalities. In addition, we introduce Type BC
instances with C’,ij ~ U[—50,100], a skewed-positive distribution that interpolates between
the purely cooperative Type B and the fully adversarial Type C regimes. To convert each
IPG into a GNEP, we add shared per-item capacity constraints Zl m; <c;withe; ~U{l,n}

(seed 42), yielding 72 instances (24 per type).

i . ¢k is linearized via McCormick relaxation with

In the master MILP, each bilinear term z7 - z;

auxiliary variable y;k and constraints y < %, y < z*, y > 2® + 2% — 1. The CEI formulation
exploits the fact that, for a fixed incumbent profile Z, the bilinear terms in the best-response
deviation collapse to terms linear in the opponents’ variables 935‘?, so the resulting cut remains

linear in the master decision variables.

Experiment 1: Best PNE and POS. Table 4.3 summarizes the results by interaction
type. The three interaction types exhibit a clear difficulty ordering: C > BC > B. For
Type B, BRD finds an exact PNE for all 24 instances and GZR confirms a PNE for all 24,
proving optimality (best-welfare PNE) for 22; the remaining 2 hit the time limit but still
return a feasible PNE. The average POS of 1.012——close to socially optimal—aligns with the
intuition that positive interactions create cooperative incentives: players benefit from each

other’s selections, making equilibria easier to find and more efficient.

Type BC instances are considerably harder. BRD finds an exact PNE in 15 of 24 cases
(62.5%), and GZR confirms a PNE for 16 (66.7%). The average GZR time rises to 386.4s,
with an average of 4,111 CEls, and 15 of 24 instances hit the time limit. The average POS
of 1.057 reflects moderately less efficient equilibria compared to Type B. Even a partial
introduction of negative interaction terms (roughly one-third of the coefficients are negative

under U[—50, 100]) is sufficient to substantially increase computational difficulty.
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Type C instances are the hardest. BRD finds an exact PNE in only 8 of 24 cases (33.3%),
and GZR confirms a PNE for just 11 (45.8%). The average GZR time is 386.6s (versus
68.0s for Type B), the average number of CEIs is 4,016 (versus 295), and 15 of 24 instances
hit the time limit. The average POS of 1.072 indicates the least efficient equilibria among
the three types. These findings are consistent with Dragotto and Scatamacchia [58], who
also observe that mixed-sign interactions greatly increase computational difficulty and can
prevent PNE existence. Adversarial effects cause best-response dynamics to cycle without
converging, enlarging the effective search space. The monotonic degradation from Type B
through Type BC to Type C confirms that computational hardness scales with the proportion

of adversarial externalities in the interaction coefficients.

Experiment 2: ABS for non-PNE instances. Table 4.4 presents ABS results for the
21 instances (8 Type BC and 13 Type C) where Experiment 1 failed to confirm a PNE.
No Type B instances require ABS, reinforcing that adversarial externalities are the primary

driver of equilibrium non-existence. The number of non-PNE instances increases monotoni-

cally from B (0) through BC (8) to C (13).

In ABS, BRD is re-run with more generous parameters (5 random restarts, 20 rounds per
restart) compared to Experiment 1 (3 restarts, 15 rounds) in order to obtain a tighter initial

upper bound « For several instances this enhanced BRD already finds an exact PNE

init -
(@ = 1), confirming that these instances do admit a PNE—Experiment 1’s BRD simply
had insufficient restarts to discover it. This occurs for 4 of the 8 Type BC and 1 of the 13

Type C ABS instances.

The verified upper bounds are modest, ranging from aV® = 1.000 to "B = 1.034, indicating
that even when exact PNE are not confirmed, very close approximations are available. Most
instances are resolved in 0-2 bisection iterations, though the larger instances (n = 3, m > 50)

can require up to 2,505s. Of the 21 instances, 6 are fully verified. The remaining 15 lack
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a verified lower bound because the lower-bound GZR calls timed out without producing an

infeasibility certificate.

Table 4.3: GKGB summary.

Type Count BRD GZR o, Tsrp Tazr POS  #cgr OPT INF TL
Type B 24 24 24 1.000 0.0 68.0 1.012 294.5 22 0 2
Type BC 24 15 16 1.002 0.2 386.4 1.057 4111.1 9 0 15
Type C 24 8 11 1.007 0.6 386.6 1.072 4015.7 8 1 15
Table 4.4: GKGB Experiment 2: ABS results for non-PNE instances.
Type n m BG a=1 ay; o"B  ol® Verified Iters Thpg
Type BC 2 75 2 TL 1.018 1.009 - FALSE 1 1.0
Type BC 2 75 8§ TL 1.000 1.000 1.000 TRUE 0 0.2
Type BC 2 100 5 TL 1.003 1.003 - FALSE 0 1.0
Type BC 3 50 2 TL 1.022 1.011 -  FALSE 2 2504.6
Type BC 3 75 2 TL 1.000 1.000 1.000 TRUE 0 0.7
Type BC 3 100 2 TL 1.009 1.009 - FALSE 0 1.2
Type BC 3 100 5 TL 1.000 1.000 1.000 TRUE 0 0.5
Type BC 3 100 8§ TL 1.000 1.000 1.000 TRUE 0 0.7
Type C 2 50 2 INF 1.006 1.006 1.000 TRUE 0 0.9
TypeC 2 75 2 TL 1.005 1.005 - TFALSE 0 0.9
TypeC 2 75 5 TL 1.008 1.008 -  FALSE 0 0.9
Type C 2 100 5 TL 1.021 1.010 - FALSE 2 12164
Type C 3 50 2 TL 1.058 1.022 -  FALSE 3 1285.1
Type C 3 50 5 TL 1.013 1.006 - FALSE 1 466.7
Type C 3 50 8 TL 1.024 1.012 -  FALSE 2 1513.1
TypeC 3 75 2 TL 1.024 1.012 - FALSE 2 1532.2
TypeC 3 75 5 TL 1.000 1.000 1.000 TRUE 0 0.3
Type C 3 75 8§ TL 1.004 1.004 - FALSE 0 2.5
Type C 3 100 2 TL 1.001 1.001 - FALSE 0 1.5
Type C 3 100 ) TL 1.034 1.034 -  FALSE 2 24054
TypeC 3 100 8 TL 1.006 1.006 - TFALSE 0 1.5

4.6.6 Impact of VEST Cuts

We now evaluate the computational impact of the VEST cuts introduced in Section 4.3.

Recall that the VEST cut exploits the vertex structure of each player’s feasible region to
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reduce the search space within GZR. For regular ISBP, where each player’s feasible region is
a bounded simplex, the VEST cut provides a tight structural bound: at most one coordinate
per player can take a non-extreme value at any PNE. For non-regular ISBP, where the
uniformity hypothesis of Theorem 4.22 fails, the weaker bin-based cuts (4.12)—(4.13) apply;
for NFG, whose conditional polytopes are flow polytopes, the weaker cuts are based on
fundamental cycle bases. Both are valid but less restrictive. We compare GZR with and
without these cuts on all three game classes. To eliminate execution-order bias, each variant

is run in a separate kernel with an independent warm-start from RRR-BRD.

Table 4.5 reports the results. For each game class, we compare two configurations: “Cut on”
(VEST or weak VEST enabled) and “Cut off” (no VEST cut), reporting the average GZR
time, the number of instances solved to optimality, and two speedup metrics. The aggregate

speedup is the ratio of average times, T,¢/T,,, which reflects the overall computational

n’
savings and is dominated by harder instances. The per-instance speedup is the mean of
individual ratios Tsfkp /T éﬁf) over instances solved to optimality by both configurations, giving

equal weight to every instance. In both cases, values above 1 indicate that the cut is faster.

Table 4.5: Impact of VEST cuts: CEI-GZR with and without VEST, averaged over matched
instances.

Game Cut Count Tozr #cgr OPT INF TL Speedup

Agg. Per-inst.
o VERG W bh mh M 5 b
ISBP Non-regular X¥E§$ Z?f Zgi g:}l ;g: Zgi 8 g 0.888  1.002
NFG WESTGf 13 614 19 ;1 o g 098 0863

VEST cut is effective for regular ISBP. For regular ISBP, enabling the VEST cut

reduces the average GZR time from 13.0s to 8.4s, yielding an aggregate speedup of 1.55x.
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The cut also improves robustness: with VEST enabled, only 9 instances hit the time limit
versus 16 without, and GZR certifies infeasibility for 6 additional instances (15 versus 9).
The per-instance speedup of 1.016 is more modest because the majority of instances are easy
(solved in under 1s) and show little timing difference; the aggregate speedup is driven by
the harder instances where the cut provides meaningful pruning. This demonstrates that the
tight structural bound of the VEST cut—limiting each player to at most one non-extreme
coordinate—provides substantial acceleration for the bounded-simplex structure of regular

ISBP, particularly on the most challenging instances.

Weak VEST cuts have negligible impact on non-regular ISBP and NFG. For non-
regular ISBP and NFG, the weak VEST cuts—the bin-based constraints (4.12)—(4.13) for
non-regular ISBP and the fundamental-cycle cuts for NFG—have no significant computa-
tional effect. On non-regular ISBP, both configurations solve 831 of 834 instances, with the
same 3 instances hitting the time limit. The aggregate speedup of 0.888 indicates a slight
disadvantage, while the per-instance speedup of 1.002 is essentially neutral—the two metrics
differ because the weak cut adds modest overhead on the harder instances that dominate
the average time. On NFG, both speedup metrics favor the no-cut configuration (0.923
aggregate, 0.865 per-instance), confirming that the weak cut provides no benefit. Both con-
figurations solve the same 121 of 128 instances. This outcome is expected: the weak VEST
bound provides valid but loose inequalities for general polytopes, and the overhead of gen-
erating and managing the additional constraints offsets their modest pruning power. These
results confirm that the effectiveness of VEST cuts depends critically on the tightness of
the underlying structural bound, with substantial benefits when the bound is sharp (regular

ISBP) and negligible impact when it is loose (non-regular ISBP and NFG).
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4.7 Conclusion

We developed a cutting-plane framework for computing exact, socially optimal, and approx-
imate pure Nash equilibria of generalized integer programming games. The framework rests
on conditional equilibrium inequalities: globally valid, closed-form linear inequalities that
enforce the no-regret condition while an explicit activation mechanism accounts for devia-
tions rendered infeasible by the coupling constraints. Embedding CEIs as lazy constraints
yields the Generalized Zero-Regret algorithm, which optimizes over the set of (approximate)
PNE, and the a-Bisection Search, which finds the tightest a-approximate PNE when exact
equilibria do not exist. For games with strictly concave costs and integral conditional poly-
topes, the Vertex Equilibrium Structure Theorem shows that every PNE strategy is a vertex
of the player’s conditional polytope, yielding structural cuts whose strength depends on the

geometry of that polytope.

The computational study supports two main conclusions. First, global validity matters: on
instances generated following the scheme of Duguet et al. [62], CEI-GZR solves all instances
within the time limit, whereas the locally valid intersection-cut approach is reported to
terminate on 30-50% of instances within one hour, and GZR further scales to 50 players and
to the bilinear-cost extension GKGB. Second, the effectiveness of structural cuts tracks the
tightness of the underlying bound: on regular ISBP, where the VEST cut limits each player
to a single unsaturated bin, we observe a 1.55x aggregate speedup, while the weaker cycle-

based cuts for non-regular ISBP and NFG are valid but provide no measurable acceleration.

Several directions remain open, including structural cuts for convex-cost GIPGs, equilibrium-
aware branching rules, sharper big-M-free encodings of the activation mechanism, the com-
plexity of computing the optimal approximation factor a*, and extensions to mixed-integer

strategy spaces.



4.A. SYMMETRY-BREAKING TECHNIQUES FOR ISBP 231

Appendix

4.A Symmetry-Breaking Techniques for ISBP

We employ three symmetry-breaking techniques to reduce the search space of the GZR
algorithm for ISBP instances with identical bins or identical players. The three techniques
are compatible when imposed simultaneously (together with the vertex cut (4.34) on regular
instances): starting from any PNE, the transformation of Theorem 4.22 yields a cost-vector-
preserving vertex PNE, and the relabelings of Theorems 4.27 and 4.29 permute identical
bins and players, which preserves each player’s number of unsaturated bins; hence a PNE

satisfying all constraints at once exists whenever a PNE exists.

Technique (i): Bin-load ordering. Let 2 partition bins into groups of identical bins

(uj = uy, ¢; = ¢;). Within each group D = {jy, ..., j|p|}, impose nonincreasing total loads:

St >3 e e=1,..,|D| - 1. (4.43)
t t

Theorem 4.27 (Validity of bin-load ordering). For any PNE = of an ISBP instance, there
exists a PNE y satisfying (4.43) for every identical-bin class D € D such that ©(y*,y~ %) =

7 (zt, 27 for each player i, obtained by relabeling bins within each identical-bin class.

Proof. Let x be a PNE. For each identical-bin class D € 2, reorder the bins in D in
nonincreasing order of their total loads in z. Let p : [m] — [m] be the resulting permutation,
fixing every bin outside the identical-bin classes, where p(b) denotes the new position of bin

b, so that within each class p~! enumerates the bins in nonincreasing order of their loads in
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x; define

y;. = xjrl(j) Vi € [n], JE [m]

Because p only permutes bins with identical capacities and costs, we have w1,

j) = U and

cp1(4) = ¢; for every j. Moreover,

= U= Ty = Tyt (-

1€[n] 1€[n]

Thus the demand constraints and the capacity constraints are preserved, so y is feasible. By

construction, y satisfies the bin-load ordering constraints (4.43).

It remains to show that y is still a PNE. First, for each player ¢, using the usual convention

that the cost contribution of an empty bin is zero,

jelm] Vi
CL’i, .
_ Z e P 0)
]33' B
jem] P ')
xt
— J
- Z Cp(j)x_
j€lm] J
x; 2 7 —1
= Z Cj;:ﬂ'(l‘,l‘ ),
jelm] 7

where the last equality uses that p permutes only identical bins.
Suppose, for contradiction, that y is not a PNE. Then some player ¢ has a feasible profitable
deviation 4’ against y~*:

(YY) <7y y ).
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Define the corresponding deviation against ~* by

K|

5= Uy I € ml.

The demand constraint is preserved. For capacity feasibility, for every j € [m],

Tj+ 25" = Yp) T Yyl < Up(i) = Uy

so ' is feasible against z7%. The same change of variables as above gives
m(@h 7)==y y ) <7yl y ) =t ),

contradicting that x is a PNE. Therefore y is a PNE, satisfies (4.43), and preserves every

player’s cost. ]

Technique (ii): Symmetry-generated equilibrium inequalities. For a best-response
load vector § with support B, C D in an identical-bin group D, we generate additional CEIs
by permuting positive loads across bins in D. Each permuted deviation 5" yields a globally

valid equilibrium inequality of the form (4.11).

Remark 4.28 (Global validity of symmetric Els). Since the bins in D are identical (u; = uy,
c; = ¢, for all j,k € D), any permutation 8" of the positive components of § across D is
again a strategy in X', (the demand and bound constraints are symmetric across D), so
each permuted CEI is globally valid for all a-PNE states by Proposition 4.6; its activation

term accounts for the profiles against which 5" is feasible, and its coefficients evaluate the

state-dependent cost of §.
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Technique (iii): Player anchoring. For regular ISBP instances (identical bins and iden-
tical items) with w < u, we break player-label symmetry by requiring that designated players
have positive allocation in designated bins. Let k := min{n, [nw/u]}. We impose, in terms
of the one-hot variables of Section 4.5.1.1, that player ¢ places a positive number of units in
bin 7:

w min{t,w}

S yt > 1 Yi=1,.,k (4.44)

t=1 s=1

Theorem 4.29 (Validity of player anchoring). Consider a reqular ISBP instance with com-
mon item size w, common bin capacity u, and w < u. Let k := min{n, [nw/u]}. For every
PNE x, there exists a PNE y satisfying both (4.43) and (4.44). Moreover, y is obtained from
x by relabeling identical bins and identical players. Hence y has the same social cost as x,

and the vector of individual player costs of y is a permutation of that of x.

Since GZR optimizes the social objective, Theorem 4.29 shows that adding constraints (4.43)
and (4.44) preserves the optimal value over the set of PNE. Individual player costs are only

permuted, so these constraints would not be valid for a player-specific objective.

Proof. Let x be a PNE. By Theorem 4.27, we may relabel the identical bins to obtain a PNE

z satisfying (4.43). This relabeling preserves feasibility and every player’s cost.

Because the instance is regular, it is also uniform in the sense of Hao and Michini [84]—all
bins have the same capacity and constant, load-independent costs. Hence, by Lemma 1
of Hao and Michini [84], & uses exactly [™2] bins. Moreover, w < u implies [22] < n,
so k = [nw/u]. Since T satisfies the bin-load ordering constraints, its nonempty bins are

precisely 1, ..., k.

Consider the bipartite graph H whose left vertex set is [k], whose right vertex set is [n], and
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in which bin j is adjacent to player 7 if and only if i“; > 0. We verify Hall’s condition:
INg(B)| = |B  VBC K|,

where Ny (B) denote the neighborhood of B in H. If | Ny (B)| < |B|—1, then the total load
in the bins of B is at most | Ny (B)|w, because only the players in Ny (B) use those bins.

The remaining k& — | B| nonempty bins have total capacity (k — |B|)u. Consequently,

nw:Z£j+ Z :ch

JEB jE[RNB

< [Ny (B)w + (k— | Bl)u
< (1B~ Dw + (k— | Bl)u
< (|Bl— Du+ (k —|Bl)u

=(k—1)u.
This contradicts k = [nw/u], which implies (k — 1)u < nw. Therefore,

[Nu(B)| = |B] VB CIk].

By Hall’s marriage theorem, there is an injection o : [k] — [n] such that
W >0 vjelk.

Extend o to a permutation p of [n] satisfying p(j) = o(j) for every j € [k]| (here each bin
index j € [k] is treated as a player index, which is possible because k < n), and relabel the

players by defining
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Since the players are identical, this relabeling preserves feasibility and the PNE property.
It also leaves every bin load unchanged, so y continues to satisfy (4.43). Furthermore, for

every i € [k],

and hence y satisfies (4.44).

Thus y is obtained from x by relabeling identical bins and identical players. The bin rela-
beling preserves every player’s cost, while the player relabeling merely permutes those costs.
Therefore y has the same social cost as x, and its vector of individual player costs is a

permutation of that of x. O

4.B Comprehensive Computational Results

This appendix provides detailed per-configuration results for the four games studied in Sec-
tion 4.6. Across the four games, the disaggregated results exhibit a consistent qualitative pat-
tern: difficulty is driven by the strength of the coupling between players—Ilarger item weights
relative to bin capacity for ISBP, tighter edge capacities for NFG, stronger weight—profit cor-
relation for GKG, and a larger share of adversarial interaction coefficients for GKGB—while
the price of stability remains close to one whenever a PNE is found. Within each table,
time-limit terminations concentrate in the most tightly coupled cells, whereas the remaining
configurations are solved quickly and at social optimality. Tables 4.6 and 4.7 report ISBP re-
sults disaggregated by (n, m) for regular and non-regular instances, respectively. Tables 4.8
and 4.9 report GKG scalability results across n = 2 to n = 50 players, stratified by the num-
ber of items m and weight—profit correlation level (uncorrelated, weakly correlated, strongly
correlated). Table 4.10 reports GKGB results by interaction type (B, BC, C) and problem

size. Table 4.11 reports NFG results by capacity level (loose, tight), number of players, and
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number of layers. All column definitions follow the performance metrics described in Sec-
tion 4.6: Count is the number of instances; BRD and GZR are the numbers of instances for
which each method found a PNE; oy 4 is the average BRD approximation ratio; Tzrp and
Tzr are average wall-clock times in seconds; POS is the average price of stability; # gy is
the average number of CEls added; and OPT', INF, TL are the numbers of instances where

GZR terminated with status OpTiMAL, INFEASIBLE, or TIME_LiMIT, respectively.
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Table 4.6: Comprehensive results for ISBP regular instances by (n,m).

Type n m Count BRD GZR «o,,4 Tgrp Zazr POS #cgyr OPT INF TL
Reg 4 2 47 47 47 1.000 0.03 0.1 1.000 0.0 47 0 0
Reg 4 3 45 45 45 1.000 0.03 0.1 1.000 0.0 45 0 0
Reg 4 4 39 39 39 1.000 0.03 0.1 1.000 0.0 39 0 0
Reg 4 5 18 18 18 1.000 0.05 0.3 1.000 0.0 18 0 0
Reg 4 6 16 16 16  1.000 0.04 0.2 1.000 0.0 16 0 0
Reg 4 7 10 10 10 1.000 0.05 0.3 1.000 374 10 0 0
Reg 5 3 47 47 47 1.000 0.04 0.1 1.000 0.0 47 0 0
Reg 5 4 40 33 33 1.010 021 0.8 1.000 14.7 33 7 0
Reg 5 5 33 33 33 1.000 0.05 0.2 1.000 0.0 33 0 0
Reg 5 6 14 14 14 1.000 0.07 0.6 1.000 0.0 14 0 0
Reg 5 7 14 14 14 1.000 0.07 0.4 1.000 25.1 14 0 0
Reg 5 8 9 9 9 1.000 0.06 1.0 1.000 56.9 9 0 0
Reg 6 4 42 42 42 1.000 0.06 0.2 1.000 0.0 42 0 0
Reg 6 5 32 32 32 1.000 0.08 1.6 1.000 57.8 @ 32 0 0
Reg 6 6 27 27 27 1.000 0.06 0.2 1.000 0.0 27 0 0
Reg 6 7 11 11 11 1.000 0.11 0.7 1.000 0.0 11 0 0
Reg 6 8 13 13 13 1.000 0.10 0.6 1.000 0.0 13 0 0
Reg 6 9 10 10 10 1.000 0.09 21 1.000 126.3 10 0 0
Reg 7 5 37 36 36 1.000 0.13 4.7 1.000 288 36 1 0
Reg 7 6 26 22 22 1.007 033 31.3 1.000 257.1 22 3 1
Reg 7 7 24 24 24 1.000 0.09 0.2 1.000 0.0 24 0 0
Reg 7 8 8 8 8 1.000 0.15 0.8 1.000 0.0 8 0 0
Reg 7 9 12 12 12 1.000 0.15 1.1 1.000 0.0 12 0 0
Reg 7 10 9 9 9 1.000 0.13 0.9 1.000 0.0 9 0 0
Reg 8 6 31 24 24 1.010 0.59 69.5 1.000 205.3 24 4 3
Reg 8 7 21 21 21 1.000 0.20 1.7 1.000 1554 21 0 0
Reg 8 8 21 21 21 1.000 0.13 0.3 1.000 0.0 21 0 0
Reg 8 9 7 7 7 1000 027 13 1.000 0.0 7 0 0
Reg 8 10 11 11 11 1.000 0.17 1.5 1.000 21.0 11 0 0
Reg 8 11 8 8 8 1.000 020 1.3 1.000 0.0 8 0 0
Reg 9 7 22 22 22 1.000 0.23 0.4 1.000 0.0 22 0 0
Reg 9 8 19 17 17 1.004 050 95.6 1.000 921.5 16 0 3
Reg 9 9 19 19 19 1.000 0.13 03 1.000 0.0 19 0 0
Reg 9 10 6 6 6 1.000 0.32 1.3 1.000 0.0 6 0 0
Reg 9 11 9 9 9 1.000 024 1.9 1.000 0.0 9 0 0
Reg 9 12 9 9 9 1.000 0.19 3.9 1.000 1.2 9 0 0
Reg 10 8 21 20 20 1.001 044 486 1.000 907.6 20 0 1
Reg 10 9 15 15 15 1.000 0.39 40.7 1.000 877.2 14 0 1
Reg 10 10 18 18 18 1.000 0.18 04 1.000 0.0 18 0 0
Reg 10 11 5 4 5 1.002 1.00 4.8 1.000 6270 5 0 0
Reg 10 12 9 9 9 1.000 046 1.9 1.000 1.2 9 0 0
Reg 10 13 7 7 7 1000 043 23 1.000 0.0 7 0 0
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Table 4.7: Comprehensive results for ISBP non-regular instances by (n,m).
Type n m Count BRD GZR «o,,4 Tgrp Zazr POS #cgyr OPT INF TL
Non 4 2 40 40 40 1.000 0.0 0.1 1.000 0.1 40 0 0
Non 4 3 45 45 45 1.000 0.0 0.1 1.000 0.0 45 0 0
Non 4 4 39 39 39 1.000 0.0 0.1 1.000 0.1 39 0 0
Non 4 5 18 18 18 1.000 0.0 0.0 1.000 0.0 18 0 0
Non 4 6 16 16 16 1.000 0.0 0.1 1.000 0.0 16 0 0
Non 4 7 10 10 10 1.000 0.0 0.1 1.000 0.0 10 0 0
Non 5 3 47 47 47 1.000 0.0 0.1 1.000 0.0 47 0 0
Non 5 4 40 40 40 1.000 0.0 0.1 1.000 0.0 40 0 0
Non 5 5 33 33 33 1.000 0.0 0.2 1.000 0.5 33 0 0
Non 5 6 14 14 14 1.000 0.0 0.2 1.000 3.2 14 0 0
Non 5 7 14 14 14 1.000 0.0 0.3 1.000 0.0 14 0 0
Non 5 8 9 9 9 1.000 0.1 0.3 1.000 0.9 9 0 0
Non 6 4 42 42 42 1.000 0.0 0.3 1.000 0.1 42 0 0
Non 6 5 32 31 32 1.003 0.1 1.1 1.000 5.0 32 0 0
Non 6 6 27 27 27 1.000 0.1 1.0 1.000 2.7 27 0 0
Non 6 7 11 11 11 1.000 0.1 1.3 1.000 10.1 11 0 0
Non 6 8 13 13 13 1.000 0.1 0.8 1.000 3.8 13 0 0
Non 6 9 10 10 10 1.000 0.1 60.5 1.001 178.7 9 0 1
Non 7 5 37 37 37 1.000 0.1 1.8 1.000 5.7 37 0 0
Non 7 6 26 26 26 1.000 0.1 1.3 1.000 1.8 26 0 0
Non 7 7 24 24 24 1.000 0.1 2.0 1.000 13.9 24 0 0
Non 7 8 8 8 8 1.000 0.2 3.7 1.000 67.3 8 0 0
Non 7 9 12 12 12 1.000 0.2 27.9 1.000 199.3 12 0 0
Non 7 10 9 9 9 1.000 0.2 1.9 1.000 11.6 9 0 0
Non 8 6 31 31 31 1.000 0.1 3.1 1.000 5.7 31 0 0
Non &8 7 21 21 21 1.000 0.2 5.1 1.000 0.3 21 0 0
Non &8 8 21 21 21 1.000 0.2 4.1 1.000  20.0 21 0 0
Non 8 9 7 7 7 1.000 0.3 4.9 1.000 4.9 7 0 0
Non 8 10 11 11 11 1.000 0.2 111.4 1.003 518.0 9 0 2
Non 8 11 8 8 8 1.000 0.3 8.1 1.000 25.3 8 0 0
Non 9 7 22 22 22 1.000 0.2 122 1.000 9.3 22 0 0
Non 9 8 19 19 19 1.000 0.2 26.0 1.000 68.4 19 0 0
Non 9 9 19 19 19 1.000 0.3 8.3 1.000 13.0 19 0 0
Non 9 10 6 6 6 1.000 04 22,5 1.000 62.2 6 0 0
Non 9 11 9 9 9 1.000 0.2 1.3  1.000 0.1 9 0 0
Non 9 12 9 9 9 1.000 04 6.6 1.000 24.9 9 0 0
Non 10 8 21 21 21 1.000 0.2 12.8  1.000 24.6 21 0 0
Non 10 9 15 15 15 1.000 0.3 14.7 1.000 8.1 15 0 0
Non 10 10 18 18 18 1.000 04 18.3 1.000 51.1 18 0 0
Non 10 11 5 5 5 1.000 0.6 12.0 1.000 0.0 5 0 0
Non 10 12 9 9 9 1.000 0.5 15.0 1.000 8.6 9 0 0
Non 10 13 7 7 7 1.000 0.8 13.2  1.000 0.7 7 0 0
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Table 4.8: Comprehensive GKG scalability results for n = 2 to n = 20.
n m Corr  Count BRD GZR oy, Tgrp Tazr POS  #cgr OPT TL

30 uncorr 2 2 2 1000 0.0 02 1000 05 2 0
weakly 2 2 2 1.000 0.0 0.6 1.000 1.0 2 0
strongly 2 2 2 1000 0.0 1.2 1.000 5.0 2 0

50  uncorr 2 2 2 1.000 02 0.9 1.000 5.0 2 0
weakly 2 2 2 1000 03 25 1000 75 2 0
strongly 2 2 2 1000 04 34 1000 135 2 0

3 30 uncorr 2 2 2 1.000 01 03 1.000 3.5 2 0
weakly 2 2 2 1000 01 24 1000 6.5 2 0
strongly 2 2 2 1.000 01 83 1.000 140 2 0

50  uncorr 2 2 2 1000 01 1.5 1000 140 2 0
weakly 2 2 2 1.000 09 3.6 1.000 9.5 2 0
strongly 2 2 2 1000 1.1 147 1000 195 2 0

5 30 uncorr 2 2 2 1000 01 1.1 1000 100 2 0
weakly 2 2 2 1000 01 20 1000 220 2 O
strongly 2 2 2 1.000 0.1 803 1.000 510 2 0

50  uncorr 2 2 2 1000 02 1.0 1000 130 2 0
weakly 2 2 2 1.000 04 80 1.000 380 2 0
strongly 2 2 2 1.000 0.8 3073 1.000 79.0 1 1

8 30 uncorr 2 2 2 1.000 01 07 1.000 235 2 0
weakly 2 2 2 1.000 0.0 1.1 1.000 205 2 0
strongly 2 2 2 1.000 0.2 710 1.000 300 2 0

50  uncorr 2 2 2 1000 03 1.3 1000 140 2 0
weakly 2 2 2 1.000 04 330 1.000 2460 2 0
strongly 2 2 2 1.000 04 3161 1.000 1355 1 1

10 30 uncorr 2 2 2 1000 01 06 1000 120 2 0
weakly 2 2 2 1000 01 27 1000 640 2 0
strongly 2 2 2 1.000 0.1 3044 1.000 50.0 1 1

50  uncorr 2 2 2 1000 0.2 24 1000 435 2 0
weakly 2 2 2 1.000 05 418 1.000 3595 2 0
strongly 2 2 2 1.000 04 379.2 1.000 675 1 1

15 30 uncorr 2 2 2 1000 03 14 1000 190 2 0
weakly 2 2 2 1.000 0.2 131 1.000 780 2 0
strongly 2 2 2 1.000 05 3060 1.000 220 1 1

50  uncorr 2 2 2 1.000 04 33 1.000 280 2 0
weakly 2 2 2 1.000 1.0 60.0 1.000 161.0 2 0
strongly 2 2 2 1.000 1.0 600.1 1.000 219.0 0 2

20 30 uncorr 2 2 2 1000 03 1.6 1000 145 2 0
weakly 2 2 2 1.000 02 269 1.000 1850 2 0
strongly 2 2 2 1.000 0.2 3068 1.000 415 1 1

50  uncorr 2 2 2 1000 04 42 1000 360 2 0
weakly 2 2 2 1.000 0.7 694 1.000 1580 2 0
strongly 2 2 2 1000 1.7 3166 1.000 745 1 1
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Table 4.9: Comprehensive GKG scalability results for n = 25 to n = 50.
nom Corr Count BRD GZR oy, Tsrp Tazr POS  #cgr OPT TL
25 30 uncorr 2 2 2 1.000 0.3 3.6 1.000 25.5 2 0

weakly 2 2 2 1.000 0.3 47.3 1.000 73.5 2 0

strongly 2 2 2 1.000 0.3 308.6 1.000 45.5 1 1

50  uncorr 2 2 2 1.000 0.8 4.0 1.000 40.5 2 0
weakly 2 2 2 1.000 1.2 108.6 1.000 232.5 2 0

strongly 2 2 2 1.000 0.9 600.1 1.000 326.5 0 2

30 30 uncorr 2 2 2 1.000 0.3 3.5 1.000 28.5 2 0
weakly 2 2 2 1.000 0.4 20.6 1.000 &84.0 2 0

strongly 2 2 2 1.000 0.5 320.8 1.000 91.5 1 1

50  uncorr 2 2 2 1.000 0.7 9.1 1.000 43.5 2 0
weakly 2 2 2 1.000 1.2 207.8 1.000 110.5 2 0

strongly 2 2 2 1.000 2.5 600.2 1.001 247.5 0 2

35 30 uncorr 2 2 2 1.000 0.3 2.1 1.000 32.0 2 0
weakly 2 2 2 1.000 0.2 19.1 1.000 151.0 2 0

strongly 2 2 2 1.000 0.2 312.8 1.000 137.0 1 1

50  uncorr 2 2 2 1.000 0.5 6.1 1.000 39.5 2 0
weakly 2 2 2 1.000 1.5 316.1 1.003 403.5 1 1

strongly 2 2 2 1.000 1.1 412.3 1.000 241.0 1 1

40 30 uncorr 2 2 2 1.000 0.3 4.5 1.000 46.0 2 0
weakly 2 2 2 1.000 0.5 279 1.000 &89.5 2 0

strongly 2 2 2 1.000 0.4 318.9 1.000 134.5 1 1

50  uncorr 2 2 2 1.000 0.7 4.9 1.000 49.0 2 0
weakly 2 2 2 1.000 0.7 316.1 1.000 131.5 1 1

strongly 2 2 2 1.000 1.7 600.2 1.000 327.0 0 2

45 30  uncorr 2 2 2 1.000 0.4 4.8 1.000 46.0 2 0
weakly 2 2 2 1.000 0.7 30.9 1.000 61.5 2 0

strongly 2 2 2 1.000 0.6 341.3 1.000 193.0 1 1

50  uncorr 2 2 2 1.000 1.1 8.2 1.000 49.0 2 0
weakly 2 2 2 1.000 2.0 324.1 1.000 180.0 1 1

strongly 2 2 2 1.000 1.4 600.3 1.000 442.0 0 2

50 30 uncorr 2 2 2 1.000 0.6 5.4 1.000 51.0 2 0
weakly 2 2 2 1.000 0.6 32.5 1.000 61.0 2 0

strongly 2 2 2 1.000 1.1 164 1.000 450 2 0

50  uncorr 2 2 2 1.000 1.1 8.0 1.000 61.0 2 0
weakly 2 2 2 1.000 1.2 162.7 1.000 155.0 2 0

strongly 2 2 2 1.000 2.4 429.9 1.000 198.0 1 1
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Table 4.10: Comprehensive GKGB results.

Type. n m Count BRD GZR 4,4 Tprp Zgzr POS #crr OPT INF TL
TypeB 2 25 3 3 3 1.000 0.0 0.1 1.005 11.7 3 0 0
TypeB 2 50 3 3 3 1.000 0.0 0.1 1.002 17.0 3 0 0
TypeB 2 75 3 3 3 1.000 0.0 12.6 1.017 190.7 3 0 0
Type B 2 100 3 3 3 1.000 0.0 45 1.010 102.7 3 0 0
TypeB 3 25 3 3 3 1.000 0.0 0.2 1.007 10.0 3 0 0
TypeB 3 50 3 3 3 1.000 0.0 1.1 1.003 41.7 3 0 0
TypeB 3 75 3 3 3 1.000 0.0 125.5 1.007 189.0 3 0 0
Type B 3 100 3 3 3 1.000 0.0 400.2 1.043 1793.7 1 0 2

Type BC 2 25 3 3 3 1.000 0.0 0.4 1.031 57.7 3 0 0
Type BC 2 50 3 3 3 1.000 0.0 88.0 1.029 2092.0 3 0 0
Type BC 2 75 3 1 1 1.004 0.4 600.5 1.061 9044.0 0 0 3
Type BC 2 100 3 2 2 1.000 0.2 600.5 1.090 7394.0 0 0 3
Type BC 3 25 3 2 3 1.004 0.2 1.1 1.029 55.0 3 0 0
Type BC 3 50 3 2 2 1.005 0.2 600.2 1.087 3992.0 0 0 3
Type BC 3 75 3 2 2 1.002 0.3 600.2 1.117 5164.3 0 0 3
Type BC 3 100 3 0 0 1.006 0.7  600.3 5089.7 0 0 3
TypeC 2 25 3 2 3 1.005 0.1 0.7 1.027  52.0 3 0 0
TypeC 2 50 3 1 2 1.002 0.3 256.6 1.091 5854.7 1 1 1
TypeC 2 75 3 1 1 1.004 0.3 600.5 1.126 7742.0 0 0 3
Type C 2 100 3 1 2 1.003 0.5 4171 1.091 6818.7 1 0 2
TypeC 3 25 3 3 3 1.000 0.2 17.3  1.075 4470 3 0 0
Type C 3 50 3 0 0 1.026 1.0 600.1 34827 0 0 3
TypeC 3 75 3 0 0 1.009 1.2 600.3 3870.0 0 0 3
Type C 3 100 3 0 0 1.011 1.1  600.5 3858.7 0 0 3
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Table 4.11: Comprehensive NFG results by capacity, number of players, and layers.
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Cap. n Layers Count BRD GZR «y,,4 Tgrp Zgzr POS #cgr OPT INF TL
Loose 2 3 4 4 4 1.000 0.1 0.1  1.000 0.0 4 0 0
Loose 2 5 4 4 4 1.000 0.1 0.4 1.000 0.0 4 0 0
Loose 2 8 4 4 4 1.000 0.1 0.6 1.000 0.0 4 0 0
Loose 2 10 4 4 4 1.000 0.1 1.0 1.000 0.2 4 0 0
Loose 4 3 4 4 4 1.000 0.1 0.2 1.000 0.0 4 0 0
Loose 4 5 4 4 4 1.000 0.2 1.1 1.015 0.8 4 0 0
Loose 4 8 4 4 4 1.000 0.2 9.3 1.005 0.8 4 0 0
Loose 4 10 4 4 4 1.000 0.2 7.1 1.000 0.2 4 0 0
Loose 6 3 4 4 4 1.000 0.1 0.4 1.006 0.5 4 0 0
Loose 6 5 4 4 4 1.000 0.2 29 1004 0.2 4 0 0
Loose 6 8 4 4 4 1.000 0.3 793 1.013 3.8 4 0 0
Loose 6 10 4 4 4 1.000 04  86.6 1.000 1.0 4 0 0
Loose 8 3 4 4 4 1.000 0.1 0.7 1.021 0.8 4 0 0
Loose 8 5 4 4 4 1.000 0.3 4.1 1.000 0.0 4 0 0
Loose 8 8 4 4 4 1.000 0.5 1459 1.004 1.0 4 0 0
Loose 8 10 4 4 4 1.000 0.6 258.3 1.014 2.2 3 0 1
Tight 2 3 4 4 4 1.000 0.0 0.1 1.000 0.2 4 0 0
Tight 2 5 4 4 4 1.000 0.1 0.3 1.078 0.2 4 0 0
Tight 2 8 4 4 4 1.000 0.1 29 1.020 0.8 4 0 0
Tight 2 10 4 4 4 1.000 0.2 1.1 1.000 0.2 4 0 0
Tight 4 3 4 4 4 1.000 0.1 0.2 1.000 0.0 4 0 0
Tight 4 5 4 4 4 1.000 0.2 1.1 1.025 1.0 4 0 0
Tight 4 8 4 4 4 1.000 0.2  28.0 1.000 0.5 4 0 0
Tight 4 10 4 4 4 1.000 0.2 2353 1.007 2.5 4 0 0
Tight 6 3 4 4 4 1.000 0.1 0.4 1.006 0.5 4 0 0
Tight 6 5 4 4 4 1.000 0.2 3.0 1.004 038 4 0 0
Tight 6 8 4 4 4 1.000 0.5 305.0 1.017 178 3 0 1
Tight 6 10 4 4 4 1.000 0.6 2545 1.003 11.8 3 0 1
Tight 8 3 4 4 4 1.000 0.1 0.7 1.021 08 4 0 0
Tight 8 5 4 4 4 1.000 0.3 5.1 1.000 0.0 4 0 0
Tight 8 8 4 4 4 1.000 0.5 210.7 1.014 6.8 3 0 1
Tight 8 10 4 4 4 1.000 0.7 469.6 1.050 3.8 1 0 3
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exposition, and organization have been revised for consistency with the remaining chapters.
Code and data are available at https://github.com/HyunwooLee0429/CIPG.

5.1 Introduction

In many multi-agent systems, each player faces an individual resource-allocation problem
naturally modeled as an integer program, say a knapsack or a capacity-constrained selection

problem. Acting alone, a player may be unable to activate certain indivisible items or
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projects because their budget is insufficient; by pooling budgets, a coalition can satisfy
these integer requirements jointly and share the resulting value continuously. Municipalities
funding indivisible infrastructure projects are a canonical example, and similar settings arise
in joint procurement, collaborative R&D, and shared logistics. In each, what a group achieves
depends on who joins it and not on what the players outside it do. That assumption is what

makes a characteristic function the right object.

A cooperative game in characteristic function form is a pair (N, V') consisting of a finite
player set N and a function V : 2% — R with V() = 0, where V (c) is the value a coalition
¢ can secure on its own [117]. The classical questions are which coalitions form and how
they divide what they earn, and the central stability notion is the Core of ¢, the set of payoff

vectors

{UGIR‘C‘ : Zvi:V(c), Z%ZV(S) ngc}, (5.1)

icc ics
that is, payoffs that are efficient and stable against subcoalition deviation. Throughout we
assume transferable utility: the worth V(c¢) is denominated in a common divisible numéraire
that the members of ¢ may redistribute among themselves without loss, which is what
makes (5.1) a statement about payoff vectors rather than about allocations of the underlying
items. In the budget-pooling settings that motivate the model—joint procurement, co-
funded infrastructure, shared licensing—the worth of a coalition is a monetary return that
a consortium can split by contract, so transferability is the natural reading. Where side
payments are not available, the coalition values computed here remain valid but the Core

must be replaced by its non-transferable-utility counterpart.

The classical theory takes V' as given. We introduce a variant in which it must be computed.
A cooperative integer programming game (CIPG) is a cooperative game whose values are
optimal values of integer programs, so each player’s feasible plans live in a mixed-integer set

and evaluating even one V(c) can require solving an NP-hard problem. A second difficulty
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is independent of the first: V has 2Vl — 1 entries, and one stability requirement refers to

many at once.

Writing down V'(¢) is itself a modeling decision. The program a player solves alone is given,
but there is no canonical way to extend it to a coalition. Members’ decisions may interact,
their constraints may combine, and collaborating may open up plans that no member could
have chosen alone. Each of these has to be settled and written into the constraints, and every
answer produces a different V. We show how much rides on the choice: superadditivity and
nonemptiness of the Core hold or fail with it, and so does the question of whether the grand

coalition is simply optimal.

We propose a resource allocation setting in which those choices are made explicit. Certain
resources combine when players collaborate, certain decisions are then taken jointly by the

coalition, and the rest stay local to each player. Computing in this regime is our focus.

A coalition structure (CS) over c is a partition of ¢. Following Kéczy [95, Def. 3.30] we work
with payoff-configurations, pairs (v, CS(N)) efficient within each block and individually
rational, and add Core stability on each formed coalition [14]: CS(N) = {¢q, ..., ¢} with
payoff vector v is an SCS if, for each c,, the restriction of v to ¢, lies in the Core of the
game restricted to ¢,. This is weaker than the coalition structure core [95, Def. 3.31], which
requires » . v; > V(s) for every s C N; Section 5.D shows that the weaker notion is
what makes our question well posed. Because (5.1) is enforced within each coalition, an
SCS guards against fission: no subcoalition has an incentive to break away. It does not
guard against fusion, so separate coalitions may still benefit from merging [143]. We call

any SCS that maximizes total payoff Zz‘e N Vi an OSCS, and our algorithms optimize over

SCS-feasible solutions directly.

We investigate three questions: which structural properties of V' can be established in CIPGs;
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how to model and compute an optimal coalition structure (OCS); and how to characterize

SCSs and optimize over them to obtain an OSCS.

5.1.1 Literature Review

Coalition-structure generation asks for a partition of N maximizing social welfare when
the values V(c) are already available, listed explicitly or produced by a simple formula
[122) 123, 132]. A parallel literature equips games with coalition structures with their own
stability notions [4, 6, 14, 95]; we adopt the coalition-structure stability of that line in

Section 5.3.2.

Once the values are not given, the question becomes where they come from. The closest
classical answer is the linear production game of Owen [113], in which players pool resource
endowments and each coalition is worth the optimal value of a linear program; Granot [75]
extends this to a generalized linear production model that unifies a broad class of cooperative
games. In that setting the Core of the grand coalition is never empty: LP duality reads a
Core allocation directly off the dual prices on the pooled resources, so the grand coalition is

stable and optimal by construction.

CIPGs are the integer counterpart, and that guarantee fails: no dual construction survives
integrality, and evaluating a single V(c) is NP-hard. Optimal dual prices certify nothing
once coalition-level decisions are integer, so the duality argument for Core nonemptiness
has no analogue; evaluating a single V(c) becomes NP-hard; and our experiments contain
a full-pooling instance whose grand coalition admits no Core allocation (Section 5.5). The
scope differs as well. Linear production games allocate within the grand coalition, whereas

we optimize over coalition structures and enforce Core stability inside each formed coalition.

A second answer defines V' (¢) through a fixed combinatorial problem on a graph or network,
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which lets many Core-related questions be settled with specialized combinatorial structure
[19, 40, 54]. The integer minimization games of Caprara and Letchford [32] subsume these,
with ¢(S) the value of an integer program parameterized by the coalition’s incidence vector,
and compute cost shares for the grand coalition; subadditivity is automatic there, and a
CIPG’s coalition policy can break its mirror, making the partition itself the decision (Re-

mark 5.17 in the e-companion).

A third answer, and the one closest to practice, reads V(¢) off an operational optimization
model. Gothe-Lundgren et al. [74] define V(c) as the optimal value of a vehicle routing
problem and compute Core and nucleolus quantities by constraint generation, evaluating
V(s) only when a violated inequality demands it; this is the separation-as-optimization idea
we develop in Section 5.4.1. Such routing games need not be balanced, so their Core can be
empty [41], which is itself an argument for optimizing over partitions instead of assuming
the grand coalition. Ozener et al. [114] allocate inventory-routing cost by Core-based dual

methods with IP-defined values.

Closest to our OCS problem, Guajardo and Ronnqvist [77] propose OR models for choosing
the coalition structure itself in collaborative logistics, assessing stability separately for each
candidate structure. We instead embed the coalition-level IPs and the Core constraints in a
single mixed-integer model with exact single-level MIP separation, which makes the partition
a decision variable and enforces stability inside every formed coalition instead of verifying it
afterwards. For broader surveys see Guajardo and Ronnqvist [78] and Gansterer and Hartl

[72].

Optimization-based characteristic functions arise across application domains in which indi-
visibilities and player-specific integer decisions are essential: water resources [140], electricity

transmission cost allocation [137], waste management [64], and shared energy storage [141].
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For the knapsack setting in particular, the axiomatic literature studies a single knapsack
held by the grand coalition and derives allocation rules and Core properties there [7, 51, 60],
whereas the Cooperative Knapsack Game of Section 5.5 gives every player their own knapsack

and every coalition a pooled one.

On the non-cooperative side, integer programming games model strategic interaction in
which each player solves a mixed-integer program and payoffs couple through bilinear or
shared-constraint structures, with pure Nash equilibria computed by zero-regret cutting

planes and best-response algorithms [37, 58, 98]. These models form no coalitions.

Across these literatures the coalition values are given, LP-generated, graph-generated, read
off an operational model, or priced for a fixed grand coalition. In a CIPG they are integer-
programming values generated inside the search over coalition structures, which fuses three
problems usually treated separately: computing V(c¢) is NP-hard, choosing the partition is
combinatorial, and certifying stability needs values for exponentially many subcoalitions.

Sections 5.2 and 5.4 address the three together.

5.1.2 Contributions and Outline

We introduce cooperative integer programming games (CIPGs), the integer counterpart of
the linear production games of Owen [113]. Integrality removes the dual-price construction
that guarantees a nonempty Core in the linear case, and evaluating a single coalition value

is already NP-hard.

o Structure of the characteristic function. We show that the coalition policy, not
the CIPG framework, decides whether the grand coalition is optimal. Full pooling
makes V' superadditive (Proposition 5.2); restricted bounds break it and make the

partition a decision worth making.
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« Two OCS formulations. We give a mixed-integer formulation of the optimal coali-

tion structure problem with an aggregated and a disaggregated linearization, and com-
pare them theoretically and computationally. The disaggregated model leaves the in-
teger problem unchanged but yields a relaxation that is never weaker and is strictly

tighter on every instance we solve (Proposition 5.3).

Stability. Gated stability inequalities enforce Core constraints inside each formed
coalition. Theorem 5.5 shows that the resulting mixed-integer set projects exactly onto
the stable payoffs, so maximizing over it returns an OSCS. A lifted variant dominates

it pointwise (Proposition 5.8).

Computation and experiments. We separate the inequalities without dualization,
through a single-level MIP, and warm-start the solver with a primal heuristic that re-
turns provably stable partitions. The heuristic is the largest most effective component:
it accelerates the solves and makes the disaggregated formulation usable at scale. Sec-
tion 5.5 instantiates the framework as a Cooperative Knapsack Game and reports the

study.

The remainder of this chapter is organized as follows. Section 5.2 formalizes CIPGs and asks

when the coalition structure is a decision worth making. Section 5.3 builds the mixed-integer

model: the OCS formulation with its two linearizations, the stability inequalities and their

lifted strengthening, and the exactness result that ties them together. Section 5.4 solves that

model, covering separation oracles, the iterative and lazy-constraint architectures, the SCS-

feasible warm start, and the per-coalition payoff refinement, summarized in Algorithm 5.14.

Section 5.5 reports the computational study on cooperative knapsack games, including the

comparison with an exhaustive baseline, and Section 5.6 concludes. Proofs omitted from the

main text are in the e-companion (Section 5.B).
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5.2 Cooperative Integer Programming Games

Two objects specify a CIPG: the problem each player solves alone, and the policy that turns

a set of players into a single problem they solve together.

Definition 5.1 (Cooperative integer programming game). A cooperative integer program-
ming game consists of a player set N, a vector of decision variables x* for each player i € N,
and, for every coalition ¢ C NN, an objective f¢ and a mixed-integer set X'¢ in the members’
variables ¢ := (z'),... together with auxiliary variables y¢ that the coalition controls jointly,

giving

V(e) = max {fc(xc,yc) :(x%,y°) € X© }, V(D) = 0. (5.2)

For a singleton this is player ¢’s own problem. We assume every program is feasible and

bounded, so that V is finite and (IV, V) is a cooperative game.

A coalition structure is itself a decision, so the model must be able to switch a player’s
decisions on and off according to whether that player joins a given coalition, and keeping
each member’s ¢ identifiable is what makes that possible. The auxiliary variables y°¢ belong

to the coalition and are not inherited when membership changes.

Taking f¢ linear costs no generality as long as it is mixed-integer representable, since a
piecewise-linear objective becomes linear once its epigraph is written out with auxiliary

variables, which X'¢ is free to carry.

The definition becomes computationally interesting when the family {2} is described by a
coalition policy rather than listed. Any one number is the optimum of some trivial integer
program, so a listed family would admit every cooperative game with rational values, and an
algorithm could do nothing but fill in 2/l entries one at a time. A policy instead builds X°

from the players in ¢, which is what lets V'(s) be reached for a subset never examined before.
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It also carries the modeling decision described in Section 5.1: which constraints combine,
which decisions the coalition takes jointly, what stays local to a player, and which plans only

collaboration makes available. Different policies give different games on the same players.

One commitment is built into the definition. Since X'¢ depends on ¢ alone, a coalition acts
in isolation: what it achieves is unaffected by how the remaining players arrange themselves,
and no resource is contested between two coalitions of the same partition. That places the
game in characteristic function form rather than partition function form, and it is why a

partition C'S(N) is worth exactly > V(c), the quantity Section 5.3.1 maximizes.

ceCS(N)

5.2.1 A resource allocation game

For the rest of this chapter we fix one coalition policy. FEach player has a single budget
constraint, which combines across a coalition, together with private constraints that never

combine. Section 5.C of the e-companion returns to the general case.

For each player « € N and item j € R, let x} € Z_. be the amount of item j chosen by
player i, with profit coefficient p;. > 0 and common weight a; > 0. Player ¢ has budget
b?, a capacity u; limiting how much of item j it may take, and possibly additional private

constraints B'z? < d*. When a coalition forms its members pool their budgets {b*}, . and

1€cC
retain their private constraints, and a pooling parameter o € (0, 1] caps the coalition’s total
use of each common item at « times the sum of its members’ own capacities. Since « fixes V,

it is part of the instance, not of any formulation of it; Section 5.2.2 examines what different

values do.

Not every player has access to every item. For each item j € R let I; C N be the players
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(a) ¢ = {1} (b) ¢ = {12} () c =

RS, =1{A,B,C} RS, =1{A,C} RS, =1{A,B,D}
Riom =10 Réom ={B} Riom ={C}
no aggregation yG = q;}s, + sz Yo = xlc + x?é

Figure 5.1: Availability and the coalition-dependent split of the item set. Circles are players,
squares are items, and an edge means availability. Members of ¢ are drawn in black, and
shaded squares are the common items, reachable by two or more members. Item B is common
in (b) but individual-specific in (c), and item C the other way round: the split depends on
the coalition, not on the item. Note also that D is out of reach until player 3 joins.

for whom j is available. Given a coalition ¢ C N,

If:=1;Nc, Re:={jeR:I{+#0},
(5.3)
Riq={je R :|[f| =1}, R,

com

={jeRe:|If| =2},

so R¢ ; collects the items available to exactly one member of ¢, which we call individual-

specific, and RS, those available to two or more, which we call common.

This designation is coalition-dependent, as Figure 5.1 illustrates: an item available only to
players 1 and 3 is individual-specific in coalition {1, 2} and common in {1,3}. The sets (5.3)
are therefore recomputed for every coalition under consideration, in the OCS formulations,

in the separation oracles, and in the experiments alike.

For common items we introduce coalition-level auxiliary variables

ys = > al,  jERG,, (5.4)

> C
’LEIJ-

which aggregate total usage of item j in coalition c. Integrality is placed on y; and dropped
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C

<om, Which reflects the two-stage nature of a coalition

from the player-level x; for j € R
decision: the coalition first commits to how many units of each common item to activate, an
integer choice recorded by y5, and the resulting total is then divided among the contributing

members, a continuous one recorded by z% > 0 with 37 2% = y$. Ttems in Rf,, keep their

integrality, since one player decides them.

Dropping integrality on those :L’; does not change V(c). A common item’s xz appears only
in the objective, in (5.5¢) and in its own bound, so for fixed integer y¢ the division among
members is an interval problem whose optimum is attained at an integer point. This relies

on (5.5d) not tying a member’s common items to its other decisions.

The coalition value V' (c) is the optimal value of

V(e) = max Z Zp;x;—i— Z Zp;ac; (5.5a)

JEREm €I JERE q i€§
s.t. Z a;y§ + Z Z a;xh < Z b, (5.5b)
JEREm JERf, 4 1€IF i€c
ys=> al, VjE RS, (5.5¢)
iEIJ‘?
Biz' < d', Vic€e, (5.5d)
0< :1:; < ué, Vi €c, jE RS, (5.5e)
0<ys<ad ui, VjeRS,, (5.5f)
z’eI;
y; €2, Vj€ Ry, aheZ,, Yie€c, jE R, (5.5g)

Taking ¢ = {i} recovers the individual problem, since [I; N {i}| < 1 for every j forces

R, = 0. We write its value V({i}) and use it throughout as the singleton value.
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5.2.2 Structural properties of the characteristic function V'

The coalition structure is a decision only if some partition can beat the grand coalition,
and whether one ever does is settled here rather than by the CIPG framework. Under full
pooling it never does, so the problem is vacuous; under restricted pooling it can, and that
is the regime the rest of this chapter addresses. Two properties of V' carry the argument, a

third bears on how payoffs are divided.

Call V' superadditive if V(cUd) > V(c¢) + V(d) for all disjoint coalitions ¢, d, subadditive
if the reverse inequality holds, and convez if V(c) + V(d) < V(cUd) + V(e N d) for all
¢,d. Repeated merging shows that the grand coalition is an OCS in a superadditive game,
and symmetrically that the singleton partition is an OCS in a subadditive one. Convexity is
strictly stronger than superadditivity and matters later rather than here: on a convex game
the Shapley value lies in the Core (Section 5.G.1 of the e-companion), so convexity would

make Section 5.4.4 free.

(i) Full pooling, o = 1. A coalition may then use the entire sum of its members’ capacities
on each common item, and (5.5f) is implied by (5.5¢) and (5.5e), so it never binds on its

own.
Proposition 5.2 (Superadditivity). Assume full pooling, oo = 1. Then V is superadditive.

Proof. Proof Let ¢,d C N be disjoint and take optimal solutions (z¢,y¢) for V(c¢) and
(x4, y?) for V(d). Define a candidate for cUd by Th = sz ifiec 2= x;“ ified, =0

otherwise, and QJ-CUd =y5 + y;-i. Because ¢ and d are disjoint, 0 < :Z’; < uz and 0 < QJ?Ud <

Zz‘e e uj + Zie 14 uf = Zie 1o u. The budget constraint for ¢ U d holds by summing the
budgets of ¢ and d, and every private constraint B’z’ < d' is unaffected since each z? is

unchanged. The objective value of (z,7) is V(c) + V(d), so V(cUd) > V(c) + V(d). N
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Under full pooling Proposition 5.2 identifies the OCS in advance, so the full-pooling runs
of Section 5.5 measure how quickly each formulation certifies an optimum rather than how
quickly it finds one. It also explains why the lifted stability cut never falls back to the basic
cut in that regime: superadditivity forces the synergy condition V(s) > >-._ V({i}) for
every subset (Section 5.3.3). Finally, it is the reason the restricted-bound setting of part (ii)

exists at all: without it no nontrivial coalition structure could be optimal.

Superadditivity does not bring convexity with it. Capacity saturation makes marginal contri-
butions shrink as coalitions grow: in a three-player instance with a single item too expensive
for any one player, the second member of a coalition is worth the full item and the third is
worth nothing, which breaks convexity while leaving superadditivity intact (Example 5.15

in the e-companion).

Non-convexity is therefore a feature of CIPGs rather than an artifact of our instances, and it

is what makes the Shapley value leave the Core on the larger pooled coalitions of Section 5.5.

(ii) Restricted pooling, a < 1. A coalition then cannot fully exploit that sum. No later
result depends on the linear form: the stability inequalities, the separation and the heuristic
need only that the cap depends on which members are present, so a different policy, in the
extreme a binary activation y; € {0,1} for a shared resource, would change V' but not the
machinery. Such a bound arises whenever the limit attaches to the applicant rather than to
the activity. Public funding programs cap awards per recipient, so two municipalities that
could each win a grant separately receive a single award when they apply as one consortium,
and that award is smaller than the two combined. Regulatory holding limits behave the
same way: spectrum aggregation caps and airport slot rules bound what one licensee may
hold, so carriers that merge or bid jointly face the cap once rather than twice. In each case
cooperation is worth having for other reasons, but it costs the coalition part of what its

members were separately entitled to.
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Superadditivity now fails. With a binary common item and two players, each alone sets
x! = 1 and obtains value 1, while the coalition {1, 2} faces a single shared unit yil’z} €{0,1}
and is worth only 1 < 1+ 1. In this regime the OCS is no longer guaranteed to be the grand
coalition; it becomes instance-dependent and nontrivial partitions can beat { N}, as assumed

from Section 5.3.1 onward.

5.3 A Mixed-Integer Formulation

We now build a model whose solutions are exactly the stable coalition structures. It comes
in two layers. Section 5.3.1 selects a partition and solves the coalition programs of every
formed group, which gives an optimal coalition structure but enforces no stability; Sec-
tions 5.3.2 and 5.3.3 add a family of inequalities that cut off the partitions in which some
subcoalition would rather deviate. Together the two layers describe the SCS payoffs exactly

(Theorem 5.5), so an OSCS is obtained by maximizing over them.

5.3.1 OCS formulations: aggregated and disaggregated

We now formulate a mixed-integer program that selects a coalition structure and solves
the coalition-level integer programs for each formed group. We reuse the item set R and
the availability sets I; from Section 5.2.1. Because the split of (5.3) into common and

individual items depends on which coalition forms, we do not fix global sets R, and R;,4;

com

the classification is determined endogenously by indicator variables.

Coalitions are represented by group indices. Since at most |N| groups can form, we take
G := N as the index set and say that the players with z;, = 1 form coalition c(g). Table 5.4

in the e-companion collects the notation of the optimization models for reference; notation
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local to the separation problem and to the heuristic is introduced where those are stated, in

Sections 5.4.1 and 5.4.3.

%

The variables are group-indexed copies of those in (5.5): x;’g > 0 and y? € Z, replace z}

and y¢ for the coalition realized in group g, with z,, € {0,1} recording the assignment,
Y g g i g g

g
w? € {0, 1} marking item j as common in group g, 7, > 0 the profit group g realizes, and
v; > 0 the payoff to player i. We write AGG,, for the aggregated formulation of the OCS,,
problem: the subscript matters, since changing a changes V' and so changes the problem,

not just its formulation. Its constraints follow the order of (5.5), so the two can be read side

by side.

objective, the partition, and profit accounting:

max Z v; (5.6a)

iEN

s.t. Z 2z, =1, Vie N, (5.6b)
geG
IEDIDI AR DI Vg e G, (5.60)

JER ite €N

coalition program for each group, exactly (5.5b)—(5.5f):

Z ay] < Z bz, Vg € G, (5.6d)

jER iEN

Yyl = Z:c;’g, Vge G, VjER, (5.6e)
iel,

Bixh9 < dizig, VYge G, VieN, (5.6f)

0 <zy? <wlzg, VgeG, VjeER, Viel, (5.6g)

y; < w2, Vg € G, Vj € R, (5.6h)
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constraints that endogenous partitioning requires, with domains as in (5.5g):

zig =0, Vge G, Vie Nwithi<g,  (5.6i)
> zig < NIz, Vg€ G, (5.6§)
1EN

v >0, Yy ez, z,e{0,1}, Vie N, Yge G, VjeR, (5.6k)

needed only when o < 1; omitted under full pooling:

2wl < Y zy < (| -Dwi+1, VgeG, VjER, (5.61)
1€1;

y] < ozZu]ng—i—M (1 —wf), Vg e G, VjeER, (5.6m)
i€l

w? € {0, 1}, Vg € G, Vj € R. (5.6n)

The objective (5.6a) maximizes total payoff. Constraint (5.6b) puts each player in exactly
one group, so the nonempty groups induce a partition of N. The chain (5.6¢) says that what a
group produces is what it pays out: summing it over g and using (5.6b) gives Zg Ty =2 Vi
so one could equivalently maximize total profit de g Since 7, is the objective value of
a feasible, not necessarily optimal, production plan, it satisfies 7, < V'(c(g)) for the realized
coalition c(g) = {i € N : z;, = 1}, with equality at any optimal solution. Constraints
(5.6d) to (5.6m), with the domains in (5.6k), embed for each group a coalition-level integer
program consistent with (5.5), and in the same order: budgets of assigned members are
pooled in (5.6d), items aggregate through (5.6e), private rows are preserved by (5.6f), usage
is bounded by (5.6g), and (5.6m) carries the coalition policy, matching (5.5f) one for one.

The indicators w¥ it refers to are fixed by (5.61) below.

The a-restriction (5.6m) carries the coalition policy into the formulation. It is released by
a big-M term keyed to wjg. because it should bind only on common items: an item reaching

a single member is already capped by (5.6g). At a = 1 it is redundant, since summing
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(5.6g) over i € I; with (5.6e) gives yJ < Zie 1’ u'z,, already, so one formulation covers both
regimes. The final block of (5.6) collects everything this needs, so under full pooling it is
simply omitted: our implementation does so, removing |G| - |R| binaries, which is 1500 at
n = 30. What remains is then exactly (5.5) lifted to group indices, with (5.6h) in the role of
(5.5f). That row is implied by (5.6e) and (5.6g) and is stated only to make the correspondence
visible. The constant M; has to be large enough to make (5.6m) redundant when wjg- = 0.
In that case the upper bound in (5.61) leaves at most one member of I; in the group, so y?

cannot exceed that member’s own bound u}, by (5.6¢) and (5.6g), and M; = (1—a) maXe u}

suffices. Any larger value is also valid but only weakens the relaxation.

The two-sided bound (5.61) makes w? = 1 exactly when two or more players of I, are assigned
to group g: the upper bound forces w]g- = 1 once a second player joins, and the lower bound
forbids it before that, which is the endogenous version of the classification (5.3). Their
purpose is to let the restricted bounds of Section 5.2.2 apply to common items only, which
is where they mean anything: an item reaching a single member is already capped at u; by

(5.6g), and there is no sharing to restrict.

The parameter interpolates between the two regimes of Section 5.2.2. At o = 1 the bound
coincides with the full-pooling bound, so Proposition 5.2 applies, V' is superadditive, and
the grand coalition is an OCS. Smaller « is the restricted regime in which superadditivity
fails and the partition becomes a decision worth making. Section 5.5 reports both, at o =1

and a = 0.5.

Constraints (5.61) and (5.6j) implement a group-leader symmetry-breaking scheme: group
g contains only players with indices ¢ > ¢, and player g belongs to group g whenever the
group is nonempty, so each nonempty group is led by its smallest-indexed member and every

coalition structure has a canonical representation.
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Any optimal solution to (5.6) therefore yields an OCS.

Constraint (5.6c) involves the product v;2;, and is bilinear. We linearize it with standard

big-M techniques: for each pair (i,¢g) introduce Gig = V254 With @, < v, ¢;p < Mz,

(3

Gig > v; — M(1 — 2;,), and ¢,;, > 0, where M bounds any payoff. Since a player’s payoff

cannot exceed the value of a coalition it belongs to, a computation-free bound is M =

D ien ZjeR:z‘te pjuj. The right-hand side of (5.6c) becomes }_._ ¢

We call this the

ig*

aggregated formulation, or AGG, with LP relaxation F,,,.

5.3.1.1 Disaggregated formulation.

The aggregated formulation introduces 3|N| - |G| McCormick constraints and relies on a
big-M subtraction in ¢, > v; — M (1 — 2,,), which weakens the LP relaxation. A disaggre-
gated alternative, or DIS, removes every McCormick constraint. Disaggregating a variable
controlled by a multiple-choice constraint and linking the copies is a standard reformulation
technique [71, 79]; what is specific here is that it renders the McCormick system redundant
outright, and the size of the effect measured in Section 5.5. Replace the single payoff variable
v; by per-group variables v;, > 0, the payoff player i receives from group g. These are tied
to the total, efficiency becomes purely linear, and the on/off structure is carried by a single
variable upper bound:

i:Z o Vi’ Vie N; 7 :ZieNin VgeG; v, <Mz, Vie N,geG. (5.7)

ge g tg?

linking efficiency upper bound

with the same computation-free bound M, which now appears only in the variable upper

bound and never in a subtraction. The per-player quantity U, = Zj-z‘e s pzu; would not do:
el

a Core allocation may reward a player beyond its own profit potential, for instance one whose

contribution is purely budget (Example 5.16 in the e-companion). The disaggregated model
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replaces the second equality of (5.6¢), and the McCormick linearization, by (5.7), keeping
every other constraint of (5.6), including the a-restriction. We call it DIS,, write Fyq,,, for

its LP relaxation and, setting ¢,, := v;,, compare the two in the coordinates (v, 0,2, x,y,T).

19
Proposition 5.3 (Same integer problem, tighter relaxation). The aggregated and disaggre-
gated formulations have the same mixed-integer feasible points. Their relaxations satisfy
Fiisage © Faggs and the inclusion can be strict. Moreover, adding the linking constraint

v; = Zg Gig to Fy, Tecovers Fyg,., exactly.

A byproduct of the proof (Section 5.B of the e-companion) is that under disaggregation
every McCormick constraint is redundant, a net reduction of 2|N| - |G| — |N| constraints.
Strictness rests on a single fractional point, but the practical effect is larger: on all 30
instances of Section 5.5 the disaggregated root bound is strictly tighter, by margins between

45 and 98%.

5.3.2 Stability inequality for SCS

The OCS formulation (5.6) maximizes total coalition value over all partitions of N but
does not enforce stability: a formed coalition may admit a blocking subcoalition. We now
introduce a family of stability inequalities restricting (5.6) to stable coalition structures (SCS),

in which every formed coalition is in the Core with respect to itself.

Each group index g € G' corresponds to a potential coalition ¢(g) := {i € N : z;, = 1}. For
each formed coalition, Core stability requires Zies v, > V(s) for all s C ¢(g). We encode
these inequalities only when the players of s are together in some coalition, and we do so

without coalition-indicator variables by gating on the assignment variables. For each subset



5.3. A MixeD-INTEGER FORMULATION 263

s € N and each group g € G we impose the stability inequality

S = Vis) =M, (Jsl = 3z ). (5:5)

1€ES 1€ES

where M, > max{V(s), 0}. The gate term [s| —>_._ z;, vanishes exactly when all of s is
assigned to group g, in which case (5.8) is the Core inequality for s; otherwise the right-hand
side drops to at most zero and the inequality is inactive. Validity must hold for every pair

(g, ), including pairs with s € ¢(g), because a cut persists in the model once generated.

Write F for the mixed-integer feasible set of AGG,,.

Proposition 5.4 (Validity and exact separation). Let s C N and g € G, and suppose
M, > max{V (s),0} and V({i}) > 0 for all i € s; both hold in our model with M, =V (s),

since the empty solution is feasible and profits are nonnegative.

(i) (Validity) Every mized-integer point of F that encodes an SCS satisfies (5.8) for the

pair (g, s).

(it) (Exact separation) A mized-integer point of F with s C c(g) and 3, v; < V(s)

violates (5.8).

Separation is itself NP-complete (Section 5.D), so no essentially cheaper oracle should be
expected. Since the separation oracle computes V' (s) exactly, we set M = V(s), the tightest
choice in this big-M family when coalition values are nonnegative; Section 5.3.3 strengthens
it further. We call (5.8) the gated stability inequality, the bracket being the gate, closed
exactly when all of s lands in group g. Validity for every pair lets us impose it for all of

them, so define

Fotab = {(v,z,y,2z,m) € F : (5.8) holds for all g € G and all s C N} (5.9)
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Let § € RYN be the set of payoff vectors that admit some stable coalition structure: v € §
when there is a partition C'S(N) of N such that, for every ¢ € C'S(N), the restriction of v
to ¢ lies in the Core of the game restricted to ¢. Note that & is defined without reference to

(5.6).

Theorem 5.5 (Exact extended formulation). Under the assumptions of Proposition 5.4, the

mized-integer system (v, x,y, z,7) € F s an exact extended formulation for SCS payoffs:
: taby) __
proj (F5%°) = 8. (5.10)

In particular, mazximizing ZZ_G ~ Vi over Fstab yields an optimal stable coalition structure

(0SCS).

Proof. Proof (C) Let (v,z,y,2,7) € F5* be mixed-integer feasible. The assignment vari-
ables define a partition CS(N) = {c(g) : >_. z;, > 0}. Constraints (5.6d) to (5.6f) and the
domains (5.6k) ensure feasibility of the coalition-level integer programs, with (5.6m) supply-
ing the coalition bound (5.5f), so (5.6¢) gives ZZ_EC(Q) v; = 1, < V(e(g)) whenever c(g) is
nonempty. By Proposition 5.4(ii) the family (5.8) implies >°._ v; > V/(s) for all s C ¢(g).
Taking s = ¢(g) supplies the reverse inequality, so each formed coalition is efficient as well

as internally stable, and v € §.

(D) Conversely, let v € §, with coalition structure C'S(N) and coalition decisions z,y, T
that are efficient and internally stable. Encode the structure canonically by assigning each
coalition the group index of its smallest member, which respects (5.61) and (5.6j). The
resulting point satisfies all OCS constraints, including the nonnegativity in (5.6k): internal
stability applied to the singleton {i} gives v; > V({i}) > 0, the last inequality because the
empty plan is feasible for player ¢. By internal stability with Proposition 5.4(i) it satisfies

(5.8) for every pair, so v € projv(ffsmb). O
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Note that & need not be a single polyhedron in v-space; it is in general a union of Core
polytopes corresponding to different partitions of N. The system F%P is therefore an
extended formulation for SCS payoffs rather than a direct polyhedral description in payoff

space.

Proposition 5.6 (Existence of SCS). Assume V(c) is finite for every ¢ C N. Then an SCS

exists: the singleton partition CS(N) = {{i} : ¢ € N} with payoffs v; = V({i}).

Proof. Proof For each singleton coalition {i}, efficiency requires v; = V({i}) and internal
stability requires v, > V({i}) for the only nonempty subcoalition. These are compatible, so
the Core of the restricted game ({i}, V};;) is nonempty. Collecting these singletons yields an
SCS. O

By Proposition 5.6 the feasible region 7P is nonempty, so by Theorem 5.5 solving (5.6)

augmented with (5.8) optimizes over SCS-feasible solutions and returns an OSCS.

5.3.3 Lifted stability cuts

Strengthening a valid inequality by reading structure out of the problem itself is a recur-
ring device in integer programming, and the cuts below follow that pattern. Dynamic-
programming information has been used to derive inequalities for the capacitated lot-sizing
problem [87], partial-objective structure has been used to lift inequalities and drive separation
in its multi-item version [28], and scenario dominance has been used to tighten risk-averse
multistage stochastic mixed-integer programs [22, 23]. Those inequalities address different
problem classes and none encodes an equilibrium or stability condition, so they are not pre-

decessors of what follows; they are cited as methodological context for the same move, which



CHAPTER 5. COOPERATIVE INTEGER PROGRAMMING GAMES: CORE STABILITY AND OPTIMAL
266 COALITION STRUCTURES

here is to read the synergy structure of the characteristic function out of the singleton values

and use it to lift the stability inequality.

The basic inequality (5.8) can be strengthened using the singleton values. For s C ¢(g) write
A(s) :==V(s) =32, V({i}) for the synergy of s, the value gained from cooperation beyond

what its members achieve alone. When A(s) > 0 we replace (5.8) by the lifted stability cut

S v, > Als) (Z 21y — 8] + 1) + SV 7, (5.11)
i€s i€s i€s
Proposition 5.7 (Validity of the lifted cut). Let s C N with A(s) >0 and V({i}) >0 for

all i € s. Then (5.11) is valid for every mized-integer point of F 4P,

Proposition 5.8 (Pointwise dominance). Under the hypotheses of Proposition 5.7 and with
M, = V(s), the right-hand side of (5.11) is at least that of (5.8) at every point of the box

2y €10,1], 7 € 5. Consequently (5.11) implies (5.8) as a constraint on (v, z).

Remark 5.9 (Dominance and limits of lifted cuts). When all players of s belong to group
g, the lifted cut reduces to the Core inequality >°._ v; > V/(s), matching (5.8). Elsewhere
in the box, Proposition 5.8 shows (5.11) dominates (5.8) pointwise, so the lifted family is at

least as strong.

This dominance should not be read as a tightening of the root LP relaxation. Inequalities of
the payoff-stability form ZiES v; > f,(z) bound the payoff variables from below while the
objective of (5.6) maximizes total payoff, which is why one should not expect them to move
the root bound; we confirm computationally in Section 5.5 that they do not. Any benefit of
(5.11) over (5.8) is realized inside branch and bound, where the dominated inequality can be
discarded. Validity requires A(s) > 0 and V({i}) > 0; when either fails, our implementation

falls back to (5.8). By Proposition 5.2 the fallback never triggers under full pooling.
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Table 5.1: The four OSCS configurations tested in Section 5.5.

Configuration =~ Cut management Separation for |¢| > T Warm start
cutplane re-solve the model enumeration (all violated) —
lazy branch and cut (lazy) enumeration (first violated) —
lazy MIP branch and cut (lazy) separation MIP (most violated) —

lazy_ MIP__ws branch and cut (lazy) separation MIP (most violated) SCS-feasible heuristic

Note. For coalitions with |c| < 7, every configuration enumerates all subsets and adds all violated
cuts; the column “Separation for |c| > 7” is where the configurations differ. Each configuration is
tested under both the AGG and DIS formulations.

Nothing in Sections 5.3.2 and 5.3.3 used the knapsack form of (5.5): those inequalities refer-
ence the instance only through the values V(s) and V({i}). The separation of Section 5.4.1
does use the rows, and requires the subset indicators to enter only through right-hand sides
and variable bounds, with the player variables bounded. Section 5.C of the e-companion

states the general MILP setting and checks each component.

5.4 Computing an OSCS

The formulation of Section 5.3 has exponentially many stability inequalities, one for every
pair of a group and a subset of players. They cannot all be stated up front, so they must be
separated: generated on demand at candidate solutions. Our methods combine choices along
three axes, taken in turn below: the separation oracle (Section 5.4.1), when the model is
re-solved (Section 5.4.2), and the warm start (Section 5.4.3). Table 5.1 lists the four resulting

configurations, each run under both the AGG and DIS formulations of Section 5.3.1.

5.4.1 Separation strategies

Given an incumbent (v, Z) with realized coalitions c(g) = {i € N : z;, = 1}, the separation

oracle must find a subset s C c(g) with }_._ v; < V(s), or prove that none exists. We use
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two oracles, combined through a cardinality threshold 7.

Enumeration. For |¢(g)| < 7 we enumerate all 2/°(9) —1 nonempty subsets and test each.
This is exponential in the coalition size but exact. We use 7 = 9 throughout, and the two
considerations pull against each other: a larger threshold covers more of the low-cardinality
cuts that stay active through the search, for reasons taken up at the end of this section,
while each increment of 7 doubles the number of subsets to scan. At 7 =9 the 2 —1 = 511
subsets of a coalition are cheap to check against cached coalition values, and past that point

the cost outruns the extra coverage.

Optimization-based separation. For a group g, separation seeks the most violated sub-

coalition,

max { Vis) — Z v, } (5.12)

sCe(g) ics
Written through the value function this looks like one coalition program per subset. It is
not: choosing the subset and solving its coalition program can be done in a single model.
Introduce binaries o, € {0,1} for i € ¢(g), with o, = 1 exactly when i € s, and let them drive
the right-hand sides and variable bounds of (5.5). Because o never touches the objective of

the coalition program, the selection and the production decisions can be optimized together.

Both oracles enumerate below the threshold and differ only above it. The configuration that
keeps enumerating, in order of increasing cardinality, and stops at the first violated subset
we call lazy; the one that solves (5.13) for the most violated subset we call lazy_MIP. Each

adds a single cut per group, so lazy trades more rounds for cheaper callbacks.

Fix ¢(g) and let Ricég) and RSE;?IZ be the sets of (5.3) evaluated at ¢ = ¢(g), and let R, :=

{j € R :i € I} be the items available to player i. The decision variables are the subset

%

indicators o, the player-level usage 2%, and the coalition-level usage y; of common items.
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Mirroring (5.5), integrality falls on x; for individual items and on y; for common ones, while

:z:; for common items stays continuous:

max Z ij 5 Z v;0 (5.13a)

i€c(g) JER; i€c(g
s.t. Z Z a;r; + Z a;y; < Z bio,, (5.13b)

jeRyg €lnely JER icel9)

v = > xj-, Vj € Ria, (5.13¢)
iel;Ne(g)

Biz' < d'o;, Vi€ c(g), (5.13d)

0 < ot < wlo;, Viec(g), VjER, (5.13e)

y; <Y wioy, Vje R (5.13f)
iel;Ne(g)

tieZ,, Vieclg), j€RL N Ry y; €Z,, Vi€ RiSh: o, € 0,1}, Vi€ clg),

(5.13g)
needed only when o < 1; omitted under full pooling:
2%, < Z o, < (I;Nnelg)] —1)w;+1, Vje R, (5.13h)
1€1; Ne(g
yy < a Y ulo, + M(1—k;), Vi€ R, (5.131)
i€l;Nec(g)
k; € 10,1}, Vje R (5.13;)

The separation MIP must evaluate V'(s) under the same coalition policy as the formulation,
and the common and individual designation depends on the selected subset itself: an item
VES R&Sﬂi is common in s only when two or more of its users are selected. That is what the

indicator k; records in (5.13h) and (5.13i) then enforces; #; is the separation counterpart of

w?, and the two pairs of constraints mirror (5.61) and (5.6m). Under full pooling (5.13i) is

] Y
implied by (5.13f), so nothing reads #; and both (5.13h) and (5.13i) are dropped, as in the
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formulation.

We keep M; = . u} here and the analogous constant in (5.6m), although (1 —

i€l;Ne(g)
%

5 is also valid and considerably smaller. Both choices leave the mixed-integer

Q) max; u
feasible set unchanged, so every optimum we report is unaffected; only the relaxation differs.
The reported times are therefore conservative, since the tighter constant can only strengthen

the bound.

Proposition 5.10 (Single-level separation). Fiz a group g and an incumbent (v,z), and
assume the player variables are bounded above by u. Then (5.13) and the separation problem
(5.12) have the same optimal value, and every optimal o* of (5.13) yields a maximizer
st ={i: o} =1} of (5.12). Hence the optimal value is nonpositive exactly when no subset

of c¢(g) wviolates stability at v.

Proof. Proof Fix o € {0,1}°19) and let s = {i : o, = 1}. Since u is finite, (5.13¢) forces z* = 0
for every i ¢ s, and (5.13d) then reads B'z® < 0, which z* = 0 satisfies; for i € s both revert
to the original bounds. Constraint (5.13b) pools exactly the budgets of s, and (5.13h) and
(5.13i) make the common and individual designation the one induced by s. The remaining

constraints are those of (5.5) for coalition s, so maximizing (5.13a) over (z,y) at this fixed o

gives V(s)—>_._ ;. Maximizing over o as well therefore returns max,c ;) {V(s) =32, v;},
which is (5.12); the maximizers correspond. The last claim follows because s = () is feasible

with objective zero. O

The second part is what justifies accepting an incumbent: a nonpositive optimum is a
certificate of internal stability, not a failure to find a cut. Its hypotheses are also exactly
the conditions under which the framework extends beyond the resource allocation game
(Section 5.C of the e-companion). One may additionally impose . _ () 7 2 1, since s = ()

is feasible with objective zero and yields no cut. The full subset s = ¢(g) must not be
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excluded. Its inequality is the efficiency requirement Ziec(g v; > V(c(g)), and (5.6¢) alone

)
does not enforce it at a mixed-integer feasible point: it gives only >°. (Vi = Tg < V(e(g)),
since the group’s production need not be optimal there. Separating s = ¢(g) is what makes
every accepted incumbent efficient, hence SCS-feasible. Our implementation omits it: the

objective maximizes total payoff, which (5.6¢) ties to production, so efficiency holds at any

optimum; time-limit incumbents are verified directly instead.

Strength of the most violated cut. The cut built from the maximizer s* is usually not
the strongest cut for the rest of the search. A stability cut for s is non-vacuous only when
its gate is closed, that is when all of s is assigned to one group, and the number of coalition
structures in which that happens falls rapidly with |s|. Since the violation tends to grow
with cardinality, the most violated subset is often large, and its cut rarely binds again later
in the tree, whereas low-cardinality cuts such as v; > V({i}) are weaker at the incumbent
but activate in far more configurations. This inverts classical cutting-plane practice, where
a most violated cover inequality, strengthened by lifting, is valid for the whole polytope and
can bind anywhere in the tree [50, 76]. Hence the hybrid: enumeration below 7, where low-
cardinality cuts keep paying, and the separation MIP above it, where only the certificate is

available.

Algorithm 5.11 SepARATE(v, Z), run by the solver at an integer-feasible point

Require: incumbent (v, z); enumeration threshold 7 (we use 7 =9)
Ensure: lazy stability cuts for every violated subcoalition found
1: for each nonempty realized coalition ¢(g) do

2: if |c(g)| < 7 then

3: for every violated nonempty s C ¢(g), add (5.11) as a lazy cut, or (5.8) where the lifted
cut is invalid > up to 27 — 1 cuts

4: else

5: solve (5.13), built from c(g) and v; if its value is positive, add that same cut at its
maximizer s* [> one cut
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5.4.2 TIterative re-solving versus lazy constraints

The baseline is the classical iterative cutting-plane loop, which we call cutplane: solve (5.6)
to optimality, enumerate the subcoalitions of every formed group, add all violated stability
cuts, and re-solve, stopping when no violation remains, at which point the incumbent is
a provably stable optimum. Its drawback is equally classical. Every round discards the
previous branch-and-bound tree, and separation happens only at optimal solutions, so the

tree is rebuilt each round.

Our remaining configurations embed separation in the branch-and-bound tree using lazy
constraints. Whenever an integer-feasible solution (v, z) is found, at a MIPSOL callback,
we extract the implied coalition structure CS(N) = {c(g) : z;, = 1}, run Algorithm 5.11
for each ¢(g), and add any violated stability inequalities through Gurobi’s lazy-constraint
callback cbLazy [80]. For each violated subset s we add the lifted cut (5.11) when the synergy
condition A(s) > 0 holds and the basic cut (5.8) otherwise; since the lifted cut dominates the
basic one wherever it is valid, this is our default throughout. Every accepted incumbent then
satisfies the separated inequalities, and the search optimizes over stable coalition structures

directly.

5.4.3 An SCS-feasible primal heuristic

The warm start we supply to lazy  MIP is provably SCS-feasible: every coalition it returns
carries a verified nonempty Core before the partition is assembled. Algorithm 5.12 states
the procedure, which takes the two phase budgets T} and T;, as parameters; the values we

use are reported in Section 5.5.

Two features are worth pointing out. First, the pool P collects every coalition that passes

a Core check, not only the merges that are executed, so one pass leaves Phase 2 with far
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more material than the greedy merge path alone. Second, the Core check splits at the
same threshold 7 used for separation. For |¢| < 7 it enumerates every proper nonempty
subcoalition and tests (5.1) directly. For |¢| > 7T it generates rows instead: solve the Core
LP over the subcoalitions found so far, call (5.13) at the resulting allocation, and add the
most violated subcoalition, stopping when separation finds no violation, which certifies a
nonempty Core, or when the LP goes infeasible, which certifies an empty one. If the budget
expires before either, the check returns inconclusive and the merging loop treats it as a

failure, so a coalition enters P only with a proof.

Phase 2 selects from the pool by solving the set partitioning problem

max Z V(c)x, st Z X.=1 VieN, X. € {0,1}, (5.14)

ceP ceP:iec

which is always feasible because 7 contains the singletons.

Algorithm 5.12 SCS-feasible warm start

Require: player set N, threshold 7, phase budgets T} and T,
Ensure: coalition structure C'S* and payoffs © encoding an SCS
1: evaluate V({i}) for every i € N
2: CS« {{i}:ie N} P« {{i}:ie N} (CS*0)+ (CS,(V({i})ieny) D> incumbent,
already an SCS
3: Phase 1: Core-verified merging, within budget 7}
4: while |C'S| > 2 and T] is not exhausted do
5: C <+ {(cq,¢9) CCS:V(c; Ucy) —Vi(ey) —V(ey) > 0}; if € = () then break
6.
7

for (c¢q,cy) € € in order of decreasing gain do
if CoreENONEMPTY(c; U ¢y) returns true then P <— P U {c; Ucy} > kept whether or
not the merge is taken

9: if no candidate passed then break
10: (¢}, ch) < passing pair of largest gain; CS < (CS\{c},c5})U{cjUcs}

12: Phase 2: set partitioning, within budget T,

13: CS’ < best solution of (5.14) over P found within 75, seeded with the singleton partition

14: if a Core allocation ¢’ is obtained for every ¢ € C'S” then (CS*,0) «+ (CS’,?") [> incumbent
replaced only when complete return (C'S*, )
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Proposition 5.13 (Warm start: feasibility and cost). Algorithm 5.12 evaluates the |N|
singleton values during initialization. From the end of initialization onward it maintains
a pair (CS*,0) encoding an SCS, and returns that pair whenever it stops, for any budgets
|N:\))+1>

T,,T, > 0. Beyond initialization it performs at most ( Core checks, and each check

on a coalition of size at most T evaluates at most 27 — 2 coalition values.

The initialization cost cannot be avoided: Core membership constrains the singleton sub-
coalitions of every formed coalition, so no output can be certified without V' ({i}) for each
1. Past that point the heuristic is anytime, and the budgets control how good the parti-
tion is rather than whether one is returned. The cost bound makes O(|N|?) Core checks,
so O(|N[327) calls to an NP-hard oracle, polynomial in the number of players for fixed 7,
against the 2Vl — 1 values the exhaustive baseline of Section 5.5.4 needs before it can begin.
It is loose in practice: at |N| = 30 it permits 4,495 checks and the runs use 210 at « = 0.5
and 774 at a = 1.0.

Limits of the guarantee. If no positive-gain pair passes a Core check in the first round
the heuristic returns the singleton partition, worth ZZ V({i}); we claim no approximation
ratio, and none is available without further assumptions on V. The guarantee is conservative
by construction, since an inconclusive Core check counts as a failure. It is also only as sharp
as the LP tolerance: the near-degenerate Cores of Table 5.7 sit close to the boundary at

which that tolerance decides the answer.

5.4.4 Per-coalition solution concepts and payoff refinement

The system (v, x,y,2,7) € F5 fixes the coalition structure but not the payoffs within

a coalition: by construction of SCS the restricted game (¢, V.) with V,.(s) := V(s) has
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a nonempty Core, and any of its Core allocations may replace the one the solver returns
without changing the structure or the total welfare. We therefore report, for every formed
coalition, the Shapley value [136]; the nucleolus [134], which lies in the Core whenever it is
nonempty and hence for every formed coalition, computed by the standard sequential-LP
scheme [100]; and the least-core value €(c¢), whose sign certifies Core nonemptiness and whose
magnitude measures the slack of the tightest Core constraint. Formed coalitions are small
enough that this is cheap. Definitions are in Section 5.G, the computation in Section 5.F,

and the results in Section 5.5.

5.4.5 Algorithm summary

Algorithm 5.14 assembles the pieces into lazy MIP_ws. Its outer loop is ordinary branch
and cut, and we state it only so that the order of operations is in one place; the content is
in Algorithms 5.11 and 5.12. The formulation is an input, not a fixed choice: nothing in the
separation or the warm start depends on how the payoffs are linearized, and Section 5.5.1
measures the difference between AGG and DIS. One step is easy to get wrong. Line 2
must relabel C'S* canonically, because the symmetry-breaking constraints (5.61)—(5.6j) admit
exactly one group labeling of each partition, so a warm start that labels coalitions any other
way is infeasible and the solver discards it, losing the whole benefit of Algorithm 5.12. The
remaining configurations of Table 5.1 drop the warm start, giving lazy MIP, or replace the

MIP separation in line 5 of Algorithm 5.11 with first-violation enumeration.
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Algorithm 5.14 OSCS via lazy constraints with an SCS-feasible warm start
(lazy  MIP_ ws)

Require: CIPG instance with pooling parameter o; an OCS,, formulation, AGG,, or DIS_; thresh-
old 7; time limit T'; phase budgets 7 and T,
Ensure: an OSCS, or the best SCS-feasible incumbent found
1: (CS*,v) < Algorithm 5.12 with budgets T}, T,
2: encode C'S* as Z canonically, giving each coalition the group index of its smallest member, as
the symmetry-breaking scheme of Section 5.3.1 requires
3: warm start the formulation at (7, Z) and solve it with the time remaining, separating stability
cuts with Algorithm 5.11 at every integer-feasible incumbent (MIPSOL) return best incumbent,
an OSCS if optimality is certified

5.5 Experimental design and results

We instantiate the framework as a Cooperative Knapsack Game (CKG): each player solves an
individual knapsack of the form (5.5) with ¢ = {3}, and coalitions pool their budgets under
the a-restriction (5.6m). Instances use |R| = 50 items, availability probability ¢ = 0.5,
profits p’ ~ U{10,100}, weights a; ~ U{5,10}, capacities b* = pzjeRi a; with p = 0.3
where R; = {j : i € I,}, and u; = 1, so each player solves a 0-1 knapsack. There are no
private constraints, so B'z® < d' is vacuous. We report both regimes, o € {0.5,1.0}, one
instance per pair. Every configuration starts from the grand coalition, which lazy MIP_ws

replaces with the heuristic’s partition; we checked coalition-level efficiency for every reported

incumbent afterwards by re-solving V' (c).

The implementation, the instance generators, and the scripts that reproduce every table and
figure in this chapter are available at https://github.com/HyunwooLee0429/CIPG. All
runs used an Intel Core 19-13900F (24 cores) with 64 GB of RAM, in Python with Gurobi
13.0.0 [80] on up to 16 threads, and the enumeration threshold 7 = 9 throughout. For
lazy  MIP_ws we give Algorithm 5.12 the budgets T} = 27°/5 and T, = T'/5, leaving the
solver at least 27'/5 and more when the heuristic finishes early; we settled on this split

because it worked well across our instances, and the guarantee of Proposition 5.13 holds for
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any other choice. Every OSCS configuration uses the lifted cuts (5.11) by default and falls
back to (5.8) when the synergy condition fails. The full grid ran in one session, and the
lazy  MIP__ws configurations were re-run in a second session after a coalition value cache
was shared between the heuristic and the solver, so timings are comparable across methods

and formulations.

Experiment 1 covers n = 2,4, ...,20 with T" = 1800 seconds and tests five methods under
both formulations: the OCS formulation (5.6) without stability constraints, as a baseline,
and the four OSCS configurations of Table 5.1. Experiment 2 covers n = 22,24, ...,30 with
T = 3600 seconds and drops cutplane, for reasons given in Section 5.5.2. Throughout, “TL”

marks a timeout and the adjacent Gap column gives the gap remaining at that point.

5.5.1 Does disaggregation pay?

For the OCS problem, yes, and by a wide margin at the root. Table 5.2 reports both on all
30 instances. Its “Better” column ranks the formulation with the smaller time when both
certify, the certifying formulation when only one does, and the smaller reported gap when
both time out, with “—” when the two coincide. Timeout rows report best incumbents

rather than proven optima.

Root bounds. The disaggregated bound is tighter on every instance, and the margin
grows from 45.6% at n = 2 to 98.1% at n = 30. The growth has a closed form. In F,,, the
only upper bound on a payoff is v; < ¢;, +M(1—2,,), so at 2;, = 1/n the relaxation admits
v; & M(1—1/n) for every player. Payoffs decouple from production and LP ¢ ~ (n—1)M,
which is quadratic in n because M grows linearly; the observed ratio between n = 30 and
n = 10 is 9.79 against a predicted 9.67. The linking constraint in (5.7) removes exactly

this mechanism: total payoff equals total fractional production, which the pooled resources
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Table 5.2: OCS formulation comparison, aggregated (AGG) vs. disaggregated (DIS): integer
performance and root LP bounds.

0CS (AGG) 0CS (DIS) Root LP bounds
n «  Obj Time Gap Obj Time Gap Better LPpqq LPpg Tight. (%) IP gap (%)
2 0.5 1340 004 — 1340 0.01 — DIS 2,631 1,376.5 45.6 2.72
2 1.0 135 001 — 1365 0.00 — DIS 0.84
4 05 303r 03 — 3037 0.1 — DIS 13,795 3,114.0 77.4 2.54
4 1.0 3105 0.09 — 3105 0.06 — DIS 0.29
6 0.5 3622 0.3 — 3622 04 — AGG 29,319  3,699.9 87.4 2.15
6 1.0 3696 0.1 — 3696 0.09 — DIS 0.10
8 0.5 5487 1.5 — 5487 1.4 — DIS 61,197 5,614.7 90.8 2.33
8 1.0 5609 04 — 5609 0.2 — DIS 0.10
10 0.5 7483 11 — 7483 41 — DIS 110,032  7,567.9 93.1 1.13
10 1.0 7564 1.0 — 754 0.6 — DIS 0.05
12 0.5 8244 14— 8244 12— DIS 150,727 8,331.4 94.5 1.06
12 1.0 8325 1.1 — 8325 34 — AGG 0.08
14 0.5 8855 57 — 8855 43 — DIS 193,826  8,954.8 95.4 1.13
14 1.0 8953 1.2 — 8953 0.3 — DIS 0.02
16 0.5 10250 94 — 10250 113 — AGG 266,031 10,344.9 96.1 0.93
16 1.0 10341 55— 10341 TL 0.02 AGG 0.04
18 0.5 11434 TL 0.23 11425 TL 0.38 AGG 346,662 11,563.0 96.7 1.13
18 1.0 11560 TL 0.01 11560 TL 0.02 AGG 0.03
20 0.5 12906 TL 0.17 12896 TL 0.30 AGG 441,402 12,981.3 97.1 0.58
20 1.0 12978 TL 0.02 12978 TL 0.02 — 0.03
22 0.5 15135 TL 0.79 15135 TL 0.73 DIS 567,079 15,342.2 97.3 1.37
22 1.0 15341 3.3 — 15341 0.9 — DIS 0.01
24 0.5 16374 TL 0.32 16353 TL 0.31 DIS 672,802 16,445.6 97.6 0.44
24 1.0 16439 TL 0.04 16439 TL 0.04 — 0.04
26 0.5 17906 TL 0.67 17896 TL 0.67 — 779,708 18,036.9 97.7 0.73
26 1.0 18033 TL 0.02 18033 TL 0.02 — 0.02
28 0.5 18768 TL 0.73 18760 TL 0.64 DIS 922,279 18,945.4 97.9 0.94
28 1.0 18941 TL 0.02 18941 TL 0.02 — 0.02
30 0.5 20708 TL 0.79 20716 TL 0.75 DIS 1,077,559 20,876.5 98.1 0.77
30 1.0 20876 6.8 — 20876 1.6 — DIS 0.00
Note. Obj, wall-clock time (s), and MIP gap (%) at timeout (TL); “—” in a Gap column means

solved to optimality. “Tight.” = (LPyqq —LPpig)/LPacq; “IP gap” is the relative gap of LPp g to
the best known integer OCS value of the row; root bounds are reported once per n. The “Better”
convention and remaining details are given in the text. Time limit: 1800s (n < 20); 3600s
(n > 22).
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bound, so LPpyq sits just above the integer value. In absolute terms it lies within 0.84% of
the best known integer value at o = 1.0 and within 2.72% at a = 0.5, where the LP does
not see the a-restriction, while the aggregated bound exceeds it by more than a factor of 50
at n = 30. The two « values share a root bound: the indicators w? relax and the restriction
goes inactive, so the table reports one per n (the disaggregated bounds differ by less than

0.06% between the two « values; the table reports a = 1.0).

The margin measures the formulations as stated; a global bound on the objective closes most

of it but is counterproductive inside branch and bound, as Section 5.E explains.

Adding all basic and lifted stability cuts for subsets of size up to two a priori leaves the root

LP value unchanged on every instance, as argued in Remark 5.9.

Solve times. The runtime margins are far more modest than the bound margins. DIS is
faster in 14 of the 17 instances where both formulations certify. At o = 1.0 the a-restriction
reduces to the full-pooling bound, so V is superadditive by Proposition 5.2 and the grand
coalition is known to be optimal in advance; those rows therefore measure certification speed
rather than search. DIS usually certifies faster, taking under two seconds at n = 22 and
n = 30 where AGG takes several times as long. The exception is n = 16, where AGG
certifies in 55 seconds and DIS times out. At n € {18,20, 24,26, 28} neither formulation
certifies within the limit, both stalling at gaps between 0.01 and 0.04%: the last fraction of

a percent is hard for both. Where both certify they agree.

The reversal for OSCS. Once stability constraints enter, the ranking inverts: within
lazy  MIP, AGG is faster in 9 of the 15 cells where both certify (Table 5.8 in the e-
companion). More seriously, without a warm start DIS collapses at scale: on seven of

the eight configurations with n > 24, and already at n = 20, a = 0.5, it returns near-trivial
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singleton partitions with objectives of 303 to 375 against expected values of 12,900 to 20,900,
leaving gaps above 4,000%. The mechanism is model size. Disaggregation adds |N| - |G|
payoff variables and |N| linking constraints, which with the exponentially many lazy cuts
overwhelms the solver’s ability to find any feasible solution. The warm start removes that

burden and the collapse never occurs, but AGG is the safer default.

Table 5.3: OSCS separation strategy comparison (AGG formulation).

cutplane lazy lazy_ MIP lazy_ MIP_ ws

n a Obj Time Gap Cuts Obj Time Gap Cuts Obj Time Gap Cuts Obj Time Gap Cuts Heur HGap |CS| avg. |c|
205 1340 0.01 — 0 1340 0.01 — 1 1340 0.01 — 1 1340 0.09 — 0 0.0 <0.01 2 1.0
210 1365 0.02 — 1 1365 0.02 — 2 1365 0.01 — 2 1365 0.01 — 0 0.0 <0.01 1 2.0
405 3037 08 — 2 3037 0.2 — 7 3037 0.2 — 7 3037 0.2 — 0 0.0 <0.01 3 1.3
410 3105 05 — 14 3105 0.1 — 14 3105 0.1 — 14 3105 0.1 — 0 0.0 <0.01 1 4.0
605 3622 10 — 4 3622 0.5 — 35 3622 0.5 — 35 3622 06 — 0 0.0 <0.01 4 1.5
610 3696 08 — 54 3696 0.4 — 54 3696 0.4 — 54 3696 0.3 — 0 0.1 <0.01 1 6.0
8 0.5 5487 3.2 — 4 5487 2.2 — 158 5487 2.3 — 158 5487 2.0 — 0 0.1 <0.01 4 2.0
810 5606 54 — 243 5606 1.6 — 225 5606 1.8 — 225 5606 2.1 — 250 0.6 O0.11 2 4.0
10 0.5 7483 13 — 4 7483 12— 136 7483 12— 137 7483 4.0 — 0 0.2 <0.01 6 1.7
10 1.0 7564 15 — 917 7564 9.2 — 257 7564 9.4 — 257 7564 3.1 — 0 0.6 <0.01 2 5.0
12 0.5 8244 29 — 8 8244 18 — 90 8244 19 — 91 8244 17 — 0 0.2 <0.01 6 2.0
12 1.0 8325 756 — 3004 8325 T — 1347 8325 75— 1348 8325 13 — 0 2.1 <0.01 2 6.0
14 0.5 8855 188 — 23 8855 150 — 615 8855 147 — 616 8855 72 — 44 0.2 0.08 6 2.3
14 1.0 8953 352 — 12488 8953 140 — 2076 8953 133 — 2316 8953 172 — 3272 3.6 0.15 2 7.0
16 0.5 10250 337 — 1510250 167 — 353 10250 162 — 354 10250 74 — 10 0.5 <0.01 9 1.8
16 1.0 10341f TL n/a 36765 10341 TL 0.02 3094 10341 TL 0.02 4533 10341 1800 — 2712 24.1 <0.01 2 8.0
18 0.5 11434f TL n/a 0 11425 TL 0.38 187 11425 TL 0.39 188 11427 TL 0.40 19 0.7 0.12 10 1.8
18 1.0 11560 TL n/a 0 11557 TL 0.05 6378 11559 TL 0.03 4809 11560 TL 0.03 3030 28.4 0.10 3 6.0
20 0.5 12906% TL n/a 012905 TL 0.27 114 12905 TL 0.28 11512908 TL 0.12 41 14 0.09 10 2.0
20 1.0 12978% TL n/a 012975 TL 0.05 6920 12970 TL 0.09 8692 12978 TL 0.02 6600 17.4 0.12 3 6.7
22 0.5 15125 TL 0.91 62 15125 TL 0.91 63 15151 TL 0.72 23 1.8 <0.01 11 2.0
22 1.0 15322 TL 0.13 9654 15327 TL 0.10 8698 15340 TL 0.01 7821 98.5 <0.01 3 7.3
24 0.5 16293 TL 0.76 67 16278 TL 0.83 70 16315 TL 0.64 32 2.2 0.07 12 2.0
24 1.0 16435 TL 0.06 7793 16437 TL 0.05 5125 16431 TL 0.09 6561 10.3 0.05 5 4.8
26 0.5 17819 TL 1.1 94 17816 TL 1.1 98 17862 TL 0.87 28 3.0 <0.01 13 2.0
26 1.0 17996 TL 0.23 6840 18007 TL 0.17 13090 18021 TL 0.09 7327 106.4 0.04 5 5.2
28 0.5 18735 TL 0.89 76 18735 TL 0.89 77 18776 TL 0.60 30 3.6 <0.01 14 2.0
28 1.0 18908 TL 0.20 14429 18916 TL 0.16 13588 18930 TL 0.08 4179 65.5 <0.01 6 4.7
30 0.5 20653 TL 1.1 36320653 TL 1.1 36420676 TL 0.94 28 4.5 <0.01 17 1.8
30 1.0 20732 TL 0.70 18228 20854 TL 0.11 14181 20866 TL 0.05 5393 60.1 <0.01 6 5.0

Note. Bold marks the best entry in each row: the fastest certified time where any configuration
certifies, and otherwise the smallest remaining gap, since at a timeout every configuration reports
the same elapsed time. Ties are all marked. Obj is each configuration’s own best incumbent; “—”
means solved to optimality; “n/a” means no single MIP bound is available; blank cells were not
run (n > 22); ¥ marks incumbents from an interrupted cutting-plane loop, verified SCS-feasible
a posteriori but carrying no MIP bound (see text). Heur is the heuristic runtime (s) and HGap
its gap (%) to the best known SCS-feasible solution; |C'S| and avg. |c| describe the lazy  MIP_ ws
incumbent. Time limits as in Table 5.2.
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5.5.2 Solution strategies for OSCS

Table 5.3 compares the four OSCS configurations under AGG; the e-companion gives DIS.

Separation strategies. All four methods return identical optima wherever they certify,
which is the basic correctness check on the separation approaches; at timeout the incumbents
differ and each column reports its own. The choice between enumeration and MIP separation
matters only when coalitions grow past the threshold. At a = 0.5 the formed structures are
fragmented, mostly pairs and triples, so 7 = 9 absorbs nearly all separation work and lazy
and lazy MIP are indistinguishable. At a = 1.0 coalitions are larger and the separation
MIP earns its cost: at n = 30 it closes the gap to 0.11% against 0.70% for first-violation
enumeration. This is the behavior anticipated in Section 5.4.1, where the separation MIP’s

value was argued to lie in its certificate rather than its cut.

The warm start. The heuristic is the single most effective component; per-instance diag-
nostics are in Table 5.10 of the e-companion. It is fastest or tied-fastest in 11 of the 15 cells
that solve to optimality, and at n = 16, a = 1.0 it is the only configuration that certifies
optimality at all. From n = 18 onward nothing certifies, but it holds the smallest gap in
12 of the 14 timeout cells. At n = 16, a = 0.5 it finishes in 74 seconds against 167, 162
and 337 for the three cold-started configurations. It is cheap where it needs to be, taking at
most 4.5 seconds at o = 0.5 and up to 106 seconds at o« = 1.0 where the Core checks run on
large pooled coalitions, and its objective is within 0.15% of the best known stable solution.
Where it does not pay the cold solve was already short, the only material case being n = 14,

« = 1.0; Table 5.3 has the detalil.
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The iterative baseline. The zero cut counts for cutplane at n € {18,20} record that
its first re-solve never completed inside the time limit; at n = 16, @ = 1.0 many rounds
completed, but the loop never reached a violation-free incumbent. In all five cases the
reported incumbent comes from an interrupted loop and carries no MIP bound, which is
why those entries are marked ¥; each was verified SCS-feasible a posteriori. This is the cost
of discarding the branch-and-bound tree every round, and it is why Experiment 2 drops

cutplane.

Lifted versus basic cuts. Running lazy MIP with lifted against basic cuts on all Ex-
periment 1 instances, the two certify identical optima on the 15 solved cells, with a median
runtime ratio of 0.99 and no systematic winner on the five double timeouts (Table 5.6 in the
e-companion). This is what Remark 5.9 predicts: neither family moves the root bound, so
any advantage is path-dependent. The fallback separates the two regimes structurally, never
triggering at o = 1.0, where Proposition 5.2 forces A(s) > 0, and firing on 62.8% of added

cuts at o = 0.5.

5.5.3 Effect of the coalition policy

Section 5.2.2 argued that the coalition policy, not the CIPG framework, decides whether
the partition is a decision worth making. The solutions show this, and they show something
further: the policy also decides whether fairness and stability collide, because it controls how

large the formed coalitions get.

Structures. Figure 5.2(a) places the computed structures against the two a reader might
expect, all singletons and the grand coalition, and neither regime returns either. Under

restricted pooling the count runs just above the all-pairs line, so the answers are close to a
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Figure 5.2: The coalition policy sets the size of the formed coalitions, and size decides
whether a fair allocation is also stable. (a) Coalitions in the lazy MIP_ws incumbent
(Table 5.3), against the two trivial answers. Restricted pooling gives slightly more coalitions
than a perfect pairing, and full pooling stays far above the grand coalition from n = 8 on,
so neither regime returns a trivial structure. (b) Share of the 146 formed coalitions of each
size whose Shapley value lies in the Core, with the count above each bar (Table 5.7).

matching with a few players left alone; what is being decided is which players to pair, not how
many coalitions to form. Under full pooling the count sits far from the grand coalition from
n = 8 onward, and since superadditivity makes the grand coalition the OCS in that regime,

every one of those splits is forced by stability alone. Per-instance detail is in Table 5.11.

Stability is free at a = 0.5: OCS and OSCS coincide on every instance solved to optimality,
that is for n < 16. Beyond n = 16 neither run is certified, so the incumbents are not
comparable, and in three cells the OSCS incumbent is the larger. The agreement has a
structural reason: a pair is worth forming exactly when V ({i,j}) > V({i}) + V({j}), and
in that case a stable two-way split always exists, so every OCS pair is stabilizable. At
a = 1.0 the splits are certified through n = 16, and only once does one cost anything: at
n = 8 the OSCS gives up three units, 5,609 — 5,606. That near-zero cost is a property
of these instances, not of CIPGs. With three players, V({i}) = 0, every pair worth 10
and V(N) = 12, the pair inequalities force a total payoff of at least 15 > 12, so the grand

coalition’s Core is empty and stability costs nearly 17%.
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Payoffs. The same regimes decide whether a fair allocation is also stable. Refining every
OSCS solution as in Section 5.4.4 treats 171 coalitions, 146 of size at least two (Table 5.7 in
the e-companion). The nucleolus is Core-feasible in all 146, as the SCS guarantee requires.
The Shapley value is not: it lies in the Core in 118 of the 146, and membership falls off with
size until it reaches zero (Figure 5.2(b), where each bar carries its own denominator; the dip
at |c| = 5 rests on four coalitions). The contrast across regimes is therefore sharp, 100 of 102
at a = 0.5 against 18 of 44 at o = 1.0, and it is the empirical counterpart of Example 5.15:
CKGs are superadditive but not convex, and the Shapley value is guaranteed to lie in the
Core only for convex games. Every violation is under 0.232% of V'(¢), so the Shapley value is
nearly stable even when it fails, but a manager who wants both fairness and stability under

full pooling should take the nucleolus.

5.5.4 Cost of the framework

Against exhaustive enumeration. As an implementation-independent check we ran a
baseline that computes all 2™ — 1 coalition values, finds the OCS by dynamic programming
over partitions, and certifies the OSCS with Core-nonemptiness LPs. Wherever it completes,
its optimal values and partitions agree exactly with Tables 5.2 and 5.3 (Table 5.5 in the e-

companion).

Through n ~ 14 to 16 the two routes are comparable. The difference is entirely in the
scaling: value enumeration alone is ©(2"), and the OSCS search stage reaches more than 25
years at n = 30. Our pipeline evaluates 766 of the 230 — 1 ~ 1.07 x 10? coalition values at
n = 30, a = 0.5, and returns certified sub-1% solutions inside the hour. At small n under

full pooling the Core checks touch every subset anyway, so the saving is asymptotic.

Brute force is also all or nothing. Interrupted, it yields neither a usable incumbent nor a
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bound, whereas every incumbent the lazy framework accepts carries a certified gap, and
every incumbent lazy MIP_ ws returned was verified SCS-feasible, so the pipeline degrades

gracefully with n.

5.5.5 Implementation recommendations

Six choices arise. Use the aggregated model (5.6) for an OSCS and the disaggregated model
(5.7) for an OCS; without a warm start, disaggregation collapses at scale. Add stability as
lazy constraints in one branch-and-bound tree, not by re-solving. Separate by enumeration
up to 7 = 9 and by the separation MIP (5.13) above it, which alone returns a certificate.
Prefer the lifted cut (5.11), falling back to (5.8) when A(s) < 0: no faster, but dominant
and free. Always warm start with Algorithm 5.12, which matters most. And allocate with

the nucleolus.

Limitations. We claim two things only within limits. First, OSCS optimality is certified
only to n = 16, and at & = 1.0 only by the warm-started configuration, right at the limit;
the others certify to n = 14. Beyond that, quality rests on the reported gaps, below 1% for
lazy  MIP_ws under AGG and 1.1% for the other AGG configurations, and closing them
at scale calls for decomposition or branch-and-price. Second, we use one instance per (n, «)
pair to span a wide range of sizes and both regimes; a randomized study across seeds and

(|R], q, p) would strengthen the conclusions.
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5.6 Conclusion

Across the study, what makes a cooperative integer programming game hard is the coalition
policy laid over it rather than the integrality of the coalition programs. Under full pooling the
grand coalition is optimal in advance and the computational problem is certification. Under
a restricted bound the partition becomes a decision worth making, and the difficulties follow:

superadditivity is lost, stability needs separation, and DIS collapses without a warm start.

Two directions seem most promising. Since payoff-space stability cuts leave the root bound
unchanged, tightening it needs valid inequalities in the assignment and item variables, such as
cover inequalities for (5.6d). And SCS guards against fission but not fusion; merge-proofness

on top of Core stability remains open [143].

Appendix

5.A Notation

5.B Omitted Proofs and Examples

Example 5.15 (Superadditive but not convex). Take N = {1,2,3} with one item of weight
a = 4 and profit p’ = 4, available to all three players with «* = 1 each, and budgets b* = 2.

Under full pooling a coalition ¢ has budget 2|c| and bound y¢ < |¢|, so

V{i}) =0,  V({i,jH) =4,  V(N)=4,
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Table 5.4: Notation for the OCS formulation.

Sets and indices

N set of players; index i € NV

G:=N set of potential group indices; at most |N| groups form
R item set; index j € R

I, CN players for whom item j is available

Parameters

P} profit of item j for player i

a; weight of item j, common across players

b budget of player 4

u; ' upper bound on usage of item j byplaye{r i

B d* data of the private constraints B*x" < d*

a € (0,1] pooling parameter; the fraction of the full-pooling bound a coalition may use on a common item

Decision variables

z;y € {0,1} 1 if player ¢ is assigned to group g

z27 >0 usage of item j by player 7 in group g

y? ez, aggregate usage of item j in group g

w;] € {0,1} 1 ifitem jis common in group g, that is, available to > 2 assigned players
my =0 total profit generated by group g

v; >0 payoff allocated to player 4

$ig >0 linearization auxiliary, ¢,, = v,2,, (aggregated model)

V=0 payoff player i receives from group g (disaggregated model)

since two units would cost 8 > 6. The game is superadditive, as Proposition 5.2 requires. It

is not convex: taking ¢ = {1,2} and d = {1, 3} gives

Vie)+V(d) =8 >4 = V(eUd)+V(end).

The second member of a coalition is worth 4 and the third is worth nothing.

Example 5.16 (A budget-only player must be paid beyond its own profit potential).

Consider three players with budgets b! = b% = 1 and b = 10, an item of profit 8 and weight
10 available only to player 1, an identical item available only to player 2, and a common item
of profit 2 and weight 2 available to players 1 and 2. Under full pooling, V({1}) = V({2}) =
V({3})=0,V({1,2}) =2, V({1,3}) = V({2,3}) =8, and V(N) = 10. Summing the Core

inequalities for the two mixed pairs gives v; + vy + 2v3 > 16, and with v; + v, + v3 = 10
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this forces v4 > 6; e.g., (2,2,6) is a Core allocation. Since player 3 has no items, U; = 0, so

the cap v3 < Us would cut off every Core allocation of the grand coalition.

Proof. Proof of Proposition 5.3. (Same mized-integer feasible points.) Fix an integer as-
signment z and let g*(¢) be the unique group with z; ,.;; = 1. In the aggregated model,
McCormick at integer z gives ¢; o.;) = v; and ¢;, = 0 for g # g (1), so efficiency becomes
T, = >

g # g*(i), and linking gives v, g(i) = Vi, so efficiency yields the same expression. Hence the

i g (1)=g Ui In the disaggregated model, the upper bound in (5.7) forces v;, = 0 for

two formulations have the same mixed-integer feasible points.

(Faisagg € Fhge-) We show every aggregated constraint is satisfied by points of Fy;g,.,- (i) The
upper bound v;, < Mz, is exactly the McCormick constraint ¢;, < Mz;,. (ii) The efficiency
Ty =2 Vigis Ty =3 ¢;,, which is the aggregated efficiency constraint. (iii) The remaining
two McCormick constraints are implied by the linking constraint v; = Zg Vg0 first, @, =
Vg < Zg, Vg = v; since v,

g = 0; second, Vig = U; — Zglig Vig = U — Zg/#g M’Zig’ =

v; — M(1 — z;,), using v;, < Mz;,, and the partition constraint Zg 2, = 1. Since the

g )

linking constraint is not present in F,,, every point of Fy,., satisfies all constraints of F,,,

80 Fliisage © Fage-

(Strict inclusion): For suitable instance data, consider |[N| = 2 with M = 100, and take
217 = 1, 297 = 299 = 0.5, vy = 50; this satisfies the partition and symmetry-breaking
constraints, and it suffices that the instance admits fractional item usage generating group
profits of 50 in each group (two items with sufficiently large profit and capacity suffice, since
the z-variables are continuous in the LP relaxation). In F,,,: ¢y < min(vy, Mzyy) = 50,
oy > V9 — M(1 — z57) = 0, and similarly for ¢o. Setting ¢y, = ¢99 = 50 contributes

100 > 50 = v, to the group values: the LP relaxation double-counts player 2’s payoff across

groups. In Fy,oet Va1 + Ugg = vy = 50, so player 2’s payoff is counted only once.
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Finally, adding the linking constraint v; = Zg Giq to F,q, vields exactly the constraint set

Of Fisages Which proves the last assertion. ]

Proof. Proof of Proposition 5.4. (i) Let k := [s|=3_._ 2;, € Z.o. It k =0, then s C ¢(g) and

ic
(5.8) is the Core inequality >°._ v; > V(s) for s within ¢(g), which holds by SCS-feasibility.
If k£ > 1, then the right-hand side of (5.8) equals V(s) — M k < V(s) — M, < 0, while every
SCS-encoding point satisfies v, > V({i}) > 0 for each player through singleton stability
within the player’s own coalition, so ZZ,ES v, > 0. (ii) With s C ¢(g) we have k = 0, so (5.8)

reads }°._ v; >V (s), violated by assumption. O

Proof. Proof of Proposition 5.7. Fix a mixed-integer point of F*P and a group g, and let
k=23, %g€1{0,....[s|}. If k =|s], then s C c(g) and the right-hand side of (5.11) equals
A(s) + 22, V{i}) = V(s), so (5.11) is the Core inequality for s within c(g), which holds
by SCS-feasibility. If £ < |s| — 1, then & — |s| +1 < 0 and A(s) > 0 imply

As) (R=Isl+ 1)+ Y V({iD 2, < SV 2, < S VA,

using z;, < 1 and V({i}) > 0. Every player i belongs to some group ¢’ (i), and the singleton
member of the stability family (5.8) for that group yields v; > V({i}). Summing over i € s
gives >°._ v; > >, V({i}), which dominates the right-hand side above. O

Proof. Proof of Proposition 5.8. With M, = V(s) the right-hand side of (5.8) equals
V(s) (Zies Zig — |8| + 1). Subtracting it from the right-hand side of (5.11) and using

Vi(s)=A(s) + >, V({i}) gives

S VU 2~ (Tpes 20— 51+ 1)] = T, VAN sl = 1) = Ty 200] 2 0

1€ES

since each bracket is a sum of [s| —1 terms of the form 1 —z2,, > 0 and V({i}) > 0. O
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Proof. Proof of Proposition 5.13. Termination. FEach executed merge strictly decreases
|C'S|, so the loop of Algorithm 5.12 runs at most | N|—1 times. Each Core check terminates:
for |c| < 7 it enumerates finitely many subcoalitions, and for |¢| > 7 each round of row
generation adds a subcoalition of ¢ not generated before, of which there are finitely many.

Both loops are additionally capped by 7}, and Phase 2 by T5.

The incumbent is an SCS at the end of initialization. The singleton partition with v, =

V({i}) is an SCS by Proposition 5.6.

The invariant is maintained. The incumbent is modified only in the last step before the
return, and only when a Core allocation has been obtained for every coalition of C'S”. Every
¢ € P other than a singleton entered 2 only after CoRENoNEMPTY () returned true, which
certifies that (¢,V.) has a nonempty Core, and C'S” C P is a partition of N because P
contains the singletons, so (5.14) is feasible and its seeded solution is available even if T,
expires. The replacement therefore satisfies 3. o; = V(c) and }°._ 0; > V(s) for every
s C ¢ and every ¢ € CS’, which is the definition of an SCS. If the allocations are not all

obtained, the previous incumbent is returned unchanged.

Initialization is necessary. An SCS requires 3. ¥; > V (s) for every subcoalition s of every

formed coalition, and s = {i} is such a subcoalition, so V' ({i}) is needed for every i regardless

of the partition returned.

No argument after initialization uses the size of T} or T},: a smaller budget yields a smaller

pool, never an uncertified one, because an inconclusive check is treated as a failure.

Cost. Each executed merge reduces |C'S| by one, so the loop passes through partitions of
size |[N|,|N| —1,...,2 and considers at most (g) candidate pairs when |C'S| = k. Summing,
Z‘]jig (5 = (M), and each candidate receives at most one Core check. A check on |¢| < 7

enumerates the 2/l —2 < 27 — 2 proper nonempty subcoalitions of ¢; above the threshold



5.C. ExTeENSION TO GENERAL MILP-BAsep CIPGs 291

the row-generation loop adds a distinct subcoalition each round and is bounded by 77. [

5.C Extension to General MILP-Based CIPGs

Sections 5.2 and 5.3 were written for the resource allocation game of Section 5.2.1. With the

model and its cut families in place we can say exactly how much of that structure they use.

Two components use none of it. The stability inequalities (5.8) and (5.11) reference the
instance only through the values V(s) and V({i}), so Propositions 5.4, 5.7 and 5.8 and
Theorem 5.5 hold verbatim for any CIPG in the sense of Definition 5.1. The formulation
comparison of Section 5.3.1.1 involves only the assignment and payoff variables, never the

underlying player variables, so Proposition 5.3 is unchanged.

Two components are written in the rows of that model and are restated rather than inherited;
We give the two restatements component by component. Throughout, consider CIPGs in
which each player solves a bounded MILP in the sense of Definition 5.1, with designated

poolable (budget-type) rows and private structural rows.

o OCS formulations. Introduce group-indexed copies of each player’s variables and aggre-
gate the right-hand sides of the poolable rows across the members assigned to a group,
exactly as in (5.6); private rows are gated by the assignment variables as in (5.6). The
McCormick and disaggregated linearizations, and hence Proposition 5.3, carry over
unchanged, because they involve only the assignment and payoff variables—never the

underlying player variables.

o Stability inequalities. The basic cut (5.8) and the lifted cut (5.11) reference the instance
only through the values V'(s) and V({i}), so their validity (Propositions 5.4 and 5.7)

is independent of how those values are generated.



CHAPTER 5. COOPERATIVE INTEGER PROGRAMMING GAMES: CORE STABILITY AND OPTIMAL
292 COALITION STRUCTURES

» Separation. The single-level reformulation of the separation MIP (5.13) requires only
that the subset-selection variables enter the inner coalition problem through right-hand
sides and variable bounds, and that player variables are bounded—both hold for the

general model.

o Heuristic and refinement. The SCS-feasible heuristic and the Shapley/nucleolus re-

finement access the instance solely through a V(¢) oracle and small LPs.

Consequently, instantiating the framework for another MILP class (e.g., facility-location or
assignment-type games) changes only the inner coalition-level MILPs, not the formulation,

the cuts, or the algorithms; the CKG of Section 5.5 is one such instantiation.

Remark 5.17 (Relation to integer minimization games). Under full pooling the resource
allocation game of Section 5.2.1 fits the maximization mirror of the (mixed-integer) integer
minimization games of Caprara and Letchford [32]: the rows are fixed, and the subset enters
only through right-hand sides and variable bounds that are linear in its incidence vector,
which is exactly the condition under which the separation MIP (5.13) exists. The proof
of Proposition 5.2 mirrors that of their Observation 1, the automatic subadditivity of the
class. Restricted pooling leaves the class: the common-or-individual designation makes the
presence of the a-row depend on the subset itself, which is what the indicators w? and

J

r; encode, and it is also what makes the coalition structure a nontrivial decision. The
two frameworks also answer an empty Core differently: y-budget-balanced cost shares relax
efficiency for a fixed grand coalition, while an SCS restores exact efficiency by refining the

partition; the two relaxations are orthogonal and could be combined.

One further transfer is useful in computation. The mirror of their Observation 7 states that,
within a formed coalition, the Core inequality for a subset s is redundant whenever s splits

into s, 85 with V(s;)+V (s5) > V(s), since summing the inequalities for s; and s, dominates
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it. The subset enumerations of Section 5.4.1 and the Core checks of Algorithm 5.12 therefore
need only the indecomposable subsets, and in the gated family (5.8) the same reduction is
valid at integer incumbents in the presence of the singleton cuts: with the gate closed the

summed cuts for s; and s, dominate, and with it open the right-hand side is nonpositive.

5.D Complexity of the Stability Problems

A CIPG instance is the compact data of Section 5.2.1; the 2Nl — 1 coalition values are
not part of the input but are generated from it, and that encoding is the source of the
difficulty. When the values are supplied explicitly, an optimal coalition structure follows by

INTY time [123, 132], polynomial in the size of that

dynamic programming over subsets in O(3
exponential input; this is the baseline of Section 5.5.4. We assume the data are rational and

every coalition program feasible and bounded.

Proposition 5.18 (Evaluation and partition selection). Deciding V (¢) > K is NP-complete,

and so is deciding whether some coalition structure satisfies Vie) > K.

ceCS(N)

Proof. Proof. For V(c) > K, guess a plan for ¢ and verify its value; hardness is KNaPsack
with |¢| = 1. For the partition problem, guess a coalition structure and one plan per block:
a structure has at most |N| blocks, and an understated coalition value can only understate

the objective, so no guessed plan need be optimal. Hardness again follows with |[N| =1. [

Membership is the informative half: one feasible plan per block certifies the bound, and
no guess need be optimal. That property fails once stability is imposed, and it is why

Section 5.3.1 can be a compact mixed-integer program while Section 5.3.2 cannot.
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Proposition 5.19 (Separation). Deciding whether some s C ¢ satisfies ZZ.ES v; < V(s) is

NP-complete.

Proof. Proof. Guess s together with a plan for s whose value exceeds Ez‘@ v,; a feasible plan

suffices, since exhibiting one proves V(s) > ZZ_ES v,. Hardness is KNapPsack with |c¢| =1. [

Separation of the stability family is therefore not a subroutine a better implementation
would render polynomial, and its natural certificate—a subset with a plan that beats the

incumbent’s payoff—is exactly the pair returned by (5.13).

Proposition 5.20 (Verification and membership). Deciding whether a given pair (C'S(N),v)
is an SCS lies in DP and is hard for both NP and coNP; it therefore lies in neither class

unless NP = coNP. Deciding whether a given v admits some SCS is likewise coNP-hard.

Proof. Proof. Membership. The pair is an SCS iff for every c € CS(N): (a) 32, v; = V(c),

and (b) > v, > V(s) for all s C ¢. Condition (b), over at most |N| blocks, is the
(ASE]

complement of the separation problem and lies in coNP by Proposition 5.19. Given (b),

the case s = ¢ supplies } . v; > V(c), so what remains of (a) is the residual assertion

Vie) > Ziec v;, a polynomial conjunction of value queries and hence in NP. The problem is

the intersection of a coNP and an NP language, which is the class DP.

Hardness for NP. Take |[N| = 1 with no private constraints and every item available, so
(5.5) is a 0-1 knapsack, and set v; = K. Then ({{1}},v) is an SCS iff V({1}) = K; reduce

from SuBserSuMm, taking profits equal to weights and capacity equal to the target.

Hardness for coNP. An instance must supply an efficient v, which presupposes V(c), so
we build a gadget in which V(¢) is computable by inspection while a proper subcoalition’s
value is not. Given a knapsack instance with capacity B, integer profits and target K,

take N = {1,2} and ¢ = {1,2} with every item available to player 1 only, so I, = {1}
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and R¢

com

bt + b2 > ZJER azuj. Then V(c) = P := ZjeRp}ujl., V({2}) = 0, and V({1}) is the

= (), and player 2 holding no items. Set b! = B and b? large enough that

knapsack optimum at capacity B. Assume K < P and put v = (K — %, P—-— K+ %), SO
v;+v, = P = V(c) and efficiency holds by construction. Of the subsets of ¢: s = {2} requires
vy > 0, which holds; s = ¢ holds with equality; and s = {1} requires K — 3 > V({1}), that

is V({1}) < K, the profits being integers. Hence ({c},v) is an SCS iff V({1}) < K.

Hardness of membership. In the same gadget the only coalition structures are {{1,2}} and

{{1},{2}}; the second requires v, = V({2}) = 0 while v, > 1 so it is never an SCS.

bR

Therefore v admits an SCS iff V({1}) < K. O

Stability alone—condition (b)—is coNP-complete by Proposition 5.19. Efficiency alone is
not in NP: Ziec v, = V(c) is an exact-optimum assertion. Only the residual assertion, once
(b) has supplied one inequality, is an NP question, and it is the conjunction that leaves
both classes. This is why Section 5.4.1 verifies time-limit incumbents by re-solving V'(c)
for every formed coalition rather than reading efficiency off the model: (5.6¢) gives only

ZiEC(

Vi =Ty S V(e(g)), and closing that to equality is the NP half.

Corollary 5.21 (No compact description of §). Suppose that for every instance there is a
system in the payoff variables v and auxiliary variables w, of size polynomial in the input,
with polynomial-time checkable constraints, and with every v € § the projection of some w

of polynomial encoding length, whose projection onto v is exactly S. Then NP = coNP.

Proof. Proof. Under the hypothesis, deciding v € § lies in NP: guess w and check the

constraints. By the last part of Proposition 5.20 that decision problem is coNP-hard, so
coNP C NP. L]

Theorem 5.5 describes & exactly, but only through a family of inequalities that cannot be
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written down in advance. Corollary 5.21 says this is not an artifact of our encoding. Because
it permits auxiliary variables and bounds the total size, it forbids every polynomial-size exact
formulation, not only those in the payoff variables: exactness cannot be bought by trading
inequalities for variables. What it does not exclude is F%P itself, which uses polynomially
many variables and exponentially many inequalities. What creates the gap is stability rather
than integrality; the same obstruction appears for worth functions computable in polynomial

time, where core membership over coalition structures is already coNP-complete.

Proposition 5.22 (Optimization over stable structures). Deciding whether there is an SCS

(CS(N),v) with 3> _ . v; > K lies in Y2 and is NP-hard.

Proof. Proof. Membership. For each ¢ € C'S(IN) the restriction of v to ¢ lies in the Core
of (¢,V,), the polyhedron {w: 3°._ w; = V(c), 3. _ w; = V(s) V0 # s C c}. Singleton
stability gives w; > V({i}) > 0 and efficiency gives w; < V(c), so the polytope is bounded
and nonempty and has a vertex, which solves a nonsingular |c| X |¢| subsystem with 0-1
coefficients and coalition values as right-hand sides. By Cramer’s rule and the Hadamard
bound the vertex is polynomially encodable. Replacing v on each block by such a vertex
preserves the structure and the total payoff, so the witness is polynomially balanced, and
verifying it means one instance of Proposition 5.20, which lies in DP € PNP. Hence the

problem lies in 3- PNF = %P

Hardness. Take |N| = 1; the only SCS payoff is v; = V({1}). O

We do not settle the exact complexity of the OSCS problem and regard ¥5-completeness as
the natural conjecture; Corollary 5.21 does not depend on it. The obstruction is that the AL-
hardness constructions for core problems over coalition structures assume a polynomial-time

worth function, and in that regime the second level is not reached.
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Remark 5.23 (Where the difficulty lies on our instances). Proposition 5.18 is not a state-
ment about the instances of Section 5.5. With a; ~ U{5,10} the coalition programs are
easy: Table 5.5 reports 262,143 values in 2,126.9 seconds at n = 18, a = 1.0, about 8
milliseconds each, and 3,628.4 seconds at o = 0.5, about 14 milliseconds each. The gain in
Section 5.5.4 comes from evaluating 766 values rather than 10%, not from evaluating any one

faster.

Remark 5.24 (Why fission stability, and not the coalition structure core). Our notion allows
only subsets of a formed coalition to block. The coalition structure core [95, Def. 3.31] instead
requires . v; > V(s) for every s C N. Under that definition the question this chapter

asks does not arise. Let (CS(INV),v) satisfy it. Efficiency on each block gives Zie N Ui =

Zce CS(N) V' (¢), while applying the requirement blockwise to an arbitrary partition Q gives

Doien Vi = 2opeo 2uier Vi = 2opeo V(T). Taking the maximum over O,

Y, Vi =) v > mQaXZV(T), (5.15)

ceCS(N) 1EN TecQ

so CS(N) is already an optimal coalition structure. Under the coalition structure core
every stable structure is welfare-maximal by definition, and the gap between an OCS and

an OSCS—the quantity Section 5.5.3 measures—is identically zero.

The stronger notion is also frequently empty here. Call V' cohesive if 3 Vie) <

ceCS(N)
V(N) for every partition; superadditivity implies cohesion. Under cohesion (5.15) and the
requirement at s = N give . v; = V(N), so v lies in the Core of the grand coalition.
Under full pooling Proposition 5.2 makes V superadditive, and at n = 8, & = 1.0 our certified
runs report an optimal coalition structure of value 5,609 against a best stable structure of

5,606: no stable structure attains V(N), so the grand coalition’s Core is empty and with it

the coalition structure core.
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Fission stability is what makes an SCS always exist (Proposition 5.6) and the price of stability
a computable quantity rather than a definitional zero. The cost is that our structures are
not protected against a coalition spanning two blocks, which is the fusion direction we leave

open.

5.E A Global Bound on the Objective

The root-bound margin of Section 5.5.1 compares AGG, and DIS, as stated. A single

inequality narrows it. Since > . v; = >° by (5.6b)—(5.6¢c), since m, <V, (c(g)) <

m
geG 9

V.,_1(c(g)), and since V,,_; is superadditive by Proposition 5.2,

«

Zvi < Voor (V) (5.16)

is valid for both formulations at every «, at the cost of one coalition-value solve. At n =4
it takes the aggregated root bound from 4.5 times the integer optimum to 1.02 at o = 0.5

and to the optimum itself at @ = 1.0, which is tighter than the disaggregated root bound.

We do not use it, for two reasons. At o = 1.0 the bound is not informative: Proposition 5.2
already identifies the grand coalition as an OCS, so computing V,,_;(NN) solves the problem
that (5.16) is meant to help solve. And bounding the objective directly leaves the relaxation
tight at every node of the tree, which removes the differences in bound that branching uses
to choose variables; node counts rose whenever we added it. The informative case is a < 1
and the OSCS problem, where the optimum lies strictly below V,,_;(N), and there (5.16)

deserves a proper computational study.
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5.F Additional Computational Results

Table 5.6 reports the lifted-versus-basic cut ablation and Table 5.8 the AGG-versus-DIS for-
mulation effect for the OSCS methods; both are discussed in Section 5.5. Table 5.9 completes
the ten configurations of Experiment 1 by reporting the cutplane and lazy runs under the
disaggregated formulation. Table 5.10 reports per-instance diagnostics of the SCS-feasible
heuristic (phase times, Core checks, pool sizes, and the seeded partition), complementing
the Heur and HGap columns of Table 5.3. Table 5.7 summarizes the payoff refinement of
Section 5.4.4 by coalition size. Table 5.5 reports the comparison with the exhaustive baseline

of Section 5.5.

Exhaustive baseline: detailed comparison. In Table 5.5, “Evaluations (ours)” counts
the distinct coalition values computed by heuristic plus solver (one shared cache), “Time,
ours” is the wall-clock time of lazy  MIP_ws (AGG) for the entire OSCS computation, and
the BF columns report the baseline’s two stages (V-enumeration measured to n = 18, OCS
to n = 16, OSCS search to n = 14). At small n under full pooling the heuristic’s Core
checks alone touch every subset, so the evaluation economy of Table 5.5 is an asymptotic
phenomenon, emerging from n ~ 10 onward; brute force scales as ©(2") in value evaluations
alone, already requiring over 2,000 seconds at n = 18 and an extrapolated 107 seconds at
n = 30, whereas the lazy framework queries V' only where stability of a candidate partition
is actually at stake. For exact certification, the two routes are in fact comparable through
n ~ 14-16—brute force is even competitive at n = 16, a = 1.0, where its extrapolated total
of roughly 18 minutes undercuts our time limit. The separation is in scaling: the OSCS-
search stage passes from hours at n = 20 to days at n = 22 and to more than 25 years
at n = 30. The deeper difference is that brute force is all-or-nothing: interrupted before

completion, it yields neither a usable incumbent nor a bound, whereas every incumbent
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accepted by the lazy framework carries a certified optimality gap, and every incumbent
lazy  MIP_ws returned was verified SCS-feasible, so the pipeline degrades gracefully as n

grows.

Lifted versus basic cuts: details. On the five double-timeout cells of the ablation,
neither variant achieves systematically smaller final gaps (each is smaller on some cells; all
gaps remain below 0.5%): since neither family tightens the root relaxation, any advantage
must arise from path-dependent branch-and-bound effects, and none is systematic on these
instances. The fallback counts are 0 of 342,585 added cuts at e = 1.0—structural, since the
full-pooling bound makes V' superadditive and the synergy condition A(s) > 0 of Proposi-
tion 5.7 holds for every subset—versus 25,954 of 41,346 (62.8%) at o« = 0.5, both aggregated
over all lazy, lazy MIP, and lazy MIP_ws runs of the two experiments, where restricted

bounds create subadditive subsets.

Formulation effect: details. In the { cells of Table 5.8, the solver returns singleton
partitions with near-zero objectives (303-375 versus the expected 12,900-20,900); the first
such collapse already appears at n = 20, a = 0.5, and the one remaining configuration
with n > 24 times out normally with a sub-1% gap. The mechanism is model size: the
disaggregated formulation introduces |N| - |G| additional payoff variables v;, and linking
constraints, which—combined with the exponentially many lazy stability cuts—overwhelm
the solver’s ability to find feasible solutions at scale, and lazy MIP_ws with DIS achieves
gaps comparable to AGG (both under 1%) precisely because the warm start removes the

feasibility burden.

Coalition structure patterns: details. The near-zero cost of stability has a structural

explanation. At a = 0.5, the formed coalitions are predominantly pairs, and a pair is worth
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forming precisely when V ({7, j}) > V({i}) + V({j})—in which case a stable two-way split
always exists, so every OCS pair is automatically stabilizable. At o« = 1.0, the pooled
coalitions in our instances are large enough that splitting them costs little or nothing (at
n = 10, both the grand-coalition OCS and the two-coalition OSCS attain 7,564). This
reflects our test instances rather than CIPGs in general: with V({i}) = 0, each pair worth
10, and V(N) = 12, the three pair inequalities force a total payoff of at least 15 > 12, so

the grand coalition’s Core is empty and the cost of stability is nearly 17%.

Payoff refinement: details. The refinement enumerates all subset values V(s) of each
formed coalition with the coalition-level IP (under the same a-restricted policy) and solves
the nucleolus by the sequential-LP scheme; formed coalitions are small, so at most 2/ — 1
small IPs are required per coalition. Since large coalitions arise mainly under o = 1.0,
the Shapley Core-membership contrast across pooling regimes is sharp (100/102 at o =
0.5 versus 18/44 at o = 1.0)—an empirical reflection of the non-convexity discussed in

Section 5.2.2.



CHAPTER 5. COOPERATIVE INTEGER PROGRAMMING GAMES: CORE STABILITY AND OPTIMAL
302 COALITION STRUCTURES

Table 5.5: Coalition-value evaluations: proposed pipeline (lazy MIP_ws, AGG) versus the
exhaustive baseline. Measured V-enumeration times differ by a—at n = 18, 3,628 seconds
at a = 0.5 against 2,127 at o = 1.0—and the brute-force columns report the o = 1.0 series,
which understates the baseline’s cost at o = 0.5.

Evaluations (ours) Time, ours (s) BF time (s)
n 2"—1 a=05 a=1.0 a=05 a=1.0 V-enum. OSCS search
2 3 3 3 0.09 0.01 0.0 0.0
4 15 12 15 0.2 0.1 0.1 0.0
6 63 28 63 0.6 0.3 0.3 0.1
8 255 51 255 2.0 2.1 1.3 0.2
10 1,023 81 321 4.0 3.1 6.4 1.3
12 4,095 123 1,009 17 13 26.5 10.1
14 16,383 184 6,151 72 172 112.8 76.5
16 65,535 213 6,076 74 1800 509.5 ~580
18 262,143 271 6,025 TL (0.40%) TL (0.03%) 2,126.9 ~4,392
20 1,048,575 357 14,732 TL (0.12%) TL (0.02%) ~8,878 ~33,224
22 4,194,303 418 15,840 TL (0.72%) TL (0.01%) ~37,061 ~251,597
24 16,777,215 478 13,567 TL (0.64%) TL (0.09%) ~154,706 ~1,905,298
26 67,108,863 573 17,448 TL (0.87%) TL (0.09%) ~045,792  =14,428,445
28 268,435,455 666 11,727 TL (0.60%) TL (0.08%) =~2,695,743 =~109,263,786
30 1,073,741,823 766 11,840 TL (0.94%) TL (0.05%) =11,252,893 =~827,433,238

Note. Brute-force (BF) times are measured up to the stage caps (V-enumeration to n = 18, OSCS
search to n = 14) and geometrically extrapolated beyond (marked =¢); TL entries in “Time, ours”
report the remaining MIP gap. Column definitions are given in the text.
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Table 5.6: Ablation: lifted stability cuts (5.11) versus basic cuts (5.8) within lazy MIP

(AGG, no warm start).

lifted basic
n « Time Gap Cuts CB Time Gap Cuts CB Obj
2 05 0.01 — 1 8 0.02 — 1 8 1340
2 1.0 0.01 — 2 13 0.02 — 2 13 1365
4 05 0.2 — 717 0.2 — 7 17 3037
4 1.0 0.1 — 14 15 0.1 — 14 14 3105
6 0.5 0.5 — 35 18 0.5 — 35 18 3622
6 1.0 04 — 54 18 0.3 — 56 17 3696
8 0.5 2.3 — 158 20 7.7 — 151 18 5487
8 1.0 1.8 — 225 23 10 — 296 49 5606
10 0.5 12 137 26 10 156 30 7483
10 1.0 9.4 — 257 45 10 — 300 80 7564
12 0.5 19 — 91 33 19 — 118 25 8244
12 1.0 75 — 1348 105 82 — 1003 48 8325
14 0.5 147 — 616 46 109 — 326 39 8855
14 1.0 133 — 2316 133 61 — 1611 64 8953
16 0.5 162 — 354 40 118 — 223 35 10250
16 1.0 TL 0.02 4533 228 TL 0.04 2488 136 10341
18 0.5 TL 0.39 188 62 TL 047 73 59 11425
18 1.0 TL 0.03 4809 181 TL 0.03 2630 81 11559
20 0.5 TL 0.28 115 95 TL 027 107 83 12905
20 1.0 TL 0.09 8692 234 TL 0.03 6131 181 12970
Note. All Experiment 1 instances. Time (s), MIP gap (%) at timeout (“—” means solved to

optimality), number of added cuts, and callback invocations (CB). Obj is the common incumbent
(identical optima wherever both arms certify optimality).

Table 5.7: Payoff refinement summary over the 146 formed OSCS coalitions of size > 2.

le]  #Coalitions Shapley € Core Max. viol. (% of V(¢)) Thin Core
2 98 98 — 0
3 12 10 0.145 0
4 10 7 0.057 0
5 4 1 0.130 0
6 5 2 0.049 0
7 8 0 0.232 2
8 4 0 0.201 2
9 5 0 0.078 3
Total 146 118 0.232 7
Note. All instances (n = 2, ..., 30, both «a values). Shapley value and nucleolus of each restricted

game are computed by enumerating all subset values V' (s) with the coalition-level IP. “Thin Core”
counts coalitions with least-core € > —0.01. The nucleolus is Core-feasible in all 146 cases.
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Table 5.8: OSCS formulation effect: AGG vs. DIS within lazy  MIP and lazy MIP_ ws.

lazy_ MIP lazy  MIP_ ws
AGG DIS AGG DIS
n « Time Gap Time Gap Better Time Gap Time Gap Better  Obj
2 05 001 — 001 — DIS 009 — 001 — DIS 1340
2 1.0 0.01 — 0.01 — DIS 001 — 001 — DIS 1365
4 0.5 02 — 03 — AGG 0.2 — 02 — AGG 3037
4 1.0 0.1 — 0.2 — AGG 0.1 — 0.1 — DIS 3105
6 0.5 0.5 — 06 — AGG 0.6 — 0.5 — DIS 3622
6 1.0 04 — 03 — DIS 0.3 — 02 — DIS 3696
8 0.5 23  — 6.5 — AGG 20 — 29 — AGG 5487
8 1.0 1.8 — 3.1 — AGG 21 — 22 — AGG 5606
10 0.5 12 — 3.0 — DIS 4.0 — 2.9 — DIS 7483
10 1.0 94 — 15 — AGG 3.1 — 1.8 — DIS 7564
12 0.5 19 — 74  — AGG 17 — 56 — DIS 8244
12 1.0 7 — 217 —  AGG 13 — 169 — AGG 8325
14 05 147 — 9 — DIS 72— 66 — DIS 8855
14 1.0 133 — 42— DIs 172 — 182 — AGG 8953
16 05 162 — 259 — AGG 74 — TL 033 AGG 10250
16 1.0 TL 0.02 TL 0.06 AGG 1800 — TL 0.04 AGG 10341

18 05 TL 039 TL 066 AGG TL 040 TL 043 AGG 11425
18 1.0 TL 0.03 TL 005 AGG TL 003 TL 0.12 AGG 11559
20 0.5 TL 0.28 t t+ AGG TL 0.12 TL 0.33 AGG 12905
20 1.0 TL 0.09 TL 0.02 DIS TL 0.02 TL 0.13 AGG 12970

22 05 TL 091 TL 1.0 AGG TL 0.72 TL 0.72 — 15125
22 1.0 TL 010 TL 0.28 AGG TL 0.01 TL 0.01 — 15327
24 05 TL 0.83 T + AGG TL 064 TL 074 AGG 16278
24 1.0 TL 005 TL 008 AGG TL 0.09 TL 0.11 AGG 16437

26 0.5 TL 1.1 T T AGG TL 0.87 TL 0.91 AGG 17816
26 1.0 TL 0.17 1 t+ AGG TL 0.09 TL 0.11 AGG 18007
28 0.5 TL 0.89 T T AGG TL 0.60 TL 0.86 AGG 18735
28 1.0 TL 0.16 T T AGG TL 0.08 TL 0.08 — 18916
30 0.5 TL 1.1 t t AGG TL 094 TL 096 AGG 20653
30 1.0 TL 0.11 T t AGG TL 005 TL 0.05 — 20854
Note. Wall-clock time (s) and MIP gap (%) at timeout; “—” means solved to optimality. Obj is the

lazy_ MIP (AGG) incumbent. “Better” follows the convention of Table 5.2. {: solver degradation
(see text).
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Table 5.9: The cutplane and lazy configurations under the disaggregated formulation (DIS),

n < 20.

cutplane (DIS) lazy (DIS)
n « Time Gap Cuts Time Gap Cuts
2 05 001 — 0 001 — 1
2 10 001 — 1 002 — 2
4 0.5 0.3 — 1 0.3 — 11
4 1.0 03 — 14 0.2 — 21
6 0.5 08 — 2 05 — 33
6 1.0 0.6 — 50 0.3 — 71
8 0.5 3.1 — 4 6.4 — 154
8 1.0 3.7 — 203 31 — 271
10 0.5 85 — 4 3.1 — 147
10 1.0 12 — 850 22— 446
12 0.5 17 — 6 3 — 298
12 1.0 408 — 258 218 — 987
14 0.5 231 — 23 101 — 147
14 1.0 117 — 12602 42 — 721
16 0.5 502 — 5 265 — 1029
16 1.0 TL n/a 0 TL 0.04 2962
18 0.5 TL n/a 0 TL 0.66 566
18 1.0 TL n/a 0 TL 0.03 5952
20 0.5 TL n/a 0 TL 0.63 2150
20 1.0 TL n/a 0 TL 0.13 6302

Note. Completes the configurations announced in Section 5.5; the AGG counterparts appear in
Table 5.3. Wall-clock time (s), MIP gap (%) at timeout (“—” means solved to optimality; “n/a”
means no single MIP bound is available), and number of stability cuts.
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Table 5.10: Diagnostics of the SCS-feasible heuristic (lazy MIP_ws, AGG).

n o« Phasel (s) Phase2 (s) Core checks Pool || Heur. Obj |CS| avg. |c|
2 05 0.05 0.00 0 2 1340 2 1.0
2 1.0 0.00 0.00 1 3 1365 1 2.0
4 0.5 0.02 0.00 2 6 3037 3 1.3
4 1.0 0.03 0.00 9 13 3105 1 4.0
6 0.5 0.04 0.00 9 15 3622 4 1.5
6 1.0 0.13 0.00 24 30 3696 1 6.0
8 0.5 0.08 0.00 11 19 5487 4 2.0
8 1.0 0.63 0.00 20 52 5600 2 4.0
10 0.5 0.18 0.00 15 25 7483 6 1.7
10 1.0 0.65 0.00 74 81 7564 2 5.0
12 0.5 0.17 0.00 35 47 8244 6 2.0
12 1.0 2.13 0.00 112 118 8325 2 6.0
14 0.5 0.23 0.01 41 55 8848 8 1.8
14 1.0 3.61 0.01 147 150 8940 4 3.5
16 0.5 0.50 0.01 29 75 10250 9 1.8
16 1.0 24.1 0.01 199 198 10340 2 8.0
18 0.5 0.68 0.01 75 92 11420 10 1.8
18 1.0 28.4 0.01 285 267 11549 3 6.0
20 0.5 1.38 0.01 115 129 12896 11 1.8
20 1.0 17.3 0.01 329 304 12963 ) 4.0
22 0.5 1.82 0.01 125 144 15151 11 2.0
22 1.0 98.5 0.01 469 413 15339 3 7.3
24 0.5 2.23 0.02 98 121 16304 13 1.8
24 1.0 10.3 0.02 464 434 16428 5 4.8
26 0.5 2.94 0.02 207 217 17862 13 2.0
26 1.0 106 0.06 725 564 18014 ) 5.2
28 0.5 3.57 0.01 160 185 18776 14 2.0
28 1.0 65.5 0.02 725 614 18930 6 4.7
30 0.5 4.46 0.02 210 237 20676 17 1.8
30 1.0 60.1 0.02 e 708 20866 6 5.0

Note. Phase 1 is the Core-verified bottom-up merging (Section 5.4.3) and Phase 2 the set-
partitioning IP over the collected pool P of Core-feasible coalitions; “Core checks” counts Core-
nonemptiness LPs solved in Phase 1. Heur. Obj is the objective of the returned SCS-feasible
partition (|C'S| coalitions of average size avg. |c|), which seeds lazy_ MIP_ ws. Phase 2 is negligible
throughout because the pool sizes remain in the hundreds; total heuristic time is dominated by the
Core checks on large pooled coalitions at v = 1.0.
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5.G Coalition Structure and Payoff Details

5.G.1 Per-coalition solution concepts: details

For each coalition ¢ € C'S(N), the restricted game (c,V,) admits the usual cooperative
solution concepts: (i) the Shapley value is well-defined for (¢, V); (ii) the nucleolus of (¢, V,)
exists and lies in its Core whenever the Core is nonempty, as is the case for every formed
coalition of an SCS; and (iii) if (¢, V,) is convex (supermodular), then the Shapley value of
(¢, V) also belongs to its Core. Non-uniqueness of the OSCS payoffs is harmless: replacing
the returned allocation v¢) by any other Core allocation w'® of (c,V,) preserves efficiency
ZZ_EC wgc) = V(c) and all internal Core inequalities Zies wgc) > V(s), so the SCS constraints

remain satisfied. The least-core value is

e(e) = minfe + Yw=V(e). Ywy 2 Vis)—e VO#£sCef.

i€c 1€ES

where the quantification is over proper nonempty subsets; the Core of (¢, V,) is nonempty
if and only if e(c) < 0, and allocations attaining £(¢) < 0 lie in the relative interior of the

Core.

Table 5.11 reports the optimal coalition structures found by OCS and OSCS for all small
instances (n < 12), illustrating the structural patterns discussed in Section 5.5. Table 5.12
reports the corresponding per-coalition payoff refinement: the Shapley value and the nucle-

olus of each formed OSCS coalition of size at least two.
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Table 5.11: Coalition structures for small instances (n < 12).

n o« OCS (AGG) OSCS (lazy_ MIP_ ws, AGQG)
Obj |CS] Coalition Structure Obj |CS] Coalition Structure

2 0.5 1340 2 {0},{1} 1340 2 {0},{1}

2 1.0 1365 1 {0,1} 1365 1 {0,1}

4 0.5 3037 3 {0,3},{1},{2} 3037 3 {0,3},{1},{2}

4 1.0 3105 1 {0,1,2,3} 3105 1 {0,1,2,3}

6 0.5 3622 4 {0,1},{2},{3},{4,5} 3622 4 {0,1},{2},{3},{4,5}

6 1.0 3696 1 {0,1,2,3,4,5} 3696 1 {0,1,2,3,4,5}

8 0.5 5487 4 {0,5},{1,3},{2,6},{4,7} 5487 4 {0,5},{1,3},{2,6},{4,7}

8 1.0 5609 1 {0,1,2,3,4,5,6,7} 5606* 2 {0,2,4,7},{1,3,5,6}

10 0.5 7483 6 {0},{1,3},{2,9},{4,7},{5,6} {8} 7483 6 {0},{1,3},{2,9},{4,7},{5,6},{8}

10 1.0 7564 1 {0,1,2,3,4,5,6,7,8,9} 7564 2 {0,2,4,5,6,7,8,9},{1,3}

12 0.5 8244 6 {0,7},{1,6},{2,9},{3,5},{4,8},{10,11} 8244 6 {0,7},{1,6},{2,9},{3,5},{4,8},{10,11}

12 1.0 8325 1 {0,1,2,3,4,5,6,7,8,9,10,11} 8325 2 {0,1,3,4,5,6,8,10,11},{2,7,9}

*Stability constraint reduces objective value.

Note. OCS: optimal coalition structure (AGG, no stability). OSCS: optimal stable coalition struc-
ture (lazy_ MIP_ws, AGG).
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Table 5.12: Per-coalition payoff refinement for small instances (n < 12).

n « V(c) Coalition Shapley ¢ Nucleolus ¢ € Core €
2 1.0 1365 {o,1} (582,784) (582,784) Yes -12.50
4 0.5 1596 {0,3} (704,892) (704,892) Yes -17.00
4 1.0 3105 {0,1,2,3} (709,745,740,911) (709,742,739,916) Yes -5.33
6 0.5 1364 {o,1} (798,566) (798,566) Yes -2.00
6 0.5 1077 {45} (692,385) (692,385) Yes -10.00
6 1.0 3696 {0,1,2,3,4,5} (809,585,627,594,699,383) (806,588,626,598,699,380) No -0.67
8 0.5 1507 {o,5} (743,764) (743,764) Yes -6.00
8 0.5 1333 {1,3} (614,719) (614,719) Yes -2.00
8 0.5 1198 {26} (567,631) (567,631) Yes -11.00
8 0.5 1449 {47} (690,759) (690,759) Yes -18.00
8 1.0 2790 {0,2,4,7} (761,566,693,771) (763,560,691,776) No -4.00
8 1.0 2816 {1,3,5,6} (639,751,786,640) (637,756,789,633) Yes -9.20
10 0.5 1578 {1,3} (846,732) (846,732) Yes -6.50
10 0.5 1355 {2,9} (602,752) (602,752) Yes -4.50
10 0.5 1450 4,7} (696,754) (696,754) Yes -19.50
10 0.5 1487 ¢{5,6} (817,670) (817,670) Yes -20.00
10 1.0 1602 {1,3} (858,744) (858,744) Yes -18.50
10 1.0 5962 {0,2,4,5,6,7,8,9} (892,606,691,819,679,764,745,766) (892,606,691,820,680,766,743,763) No 0.00
12 0.5 1312 (o7} (636,676) (636,676) Yes -5.50
12 0.5 1331 {16} (796,535) (796,535) Yes -18.00
12 0.5 1370 {29} (659,711) (659,711) Yes -16.00
12 0.5 1284 {355} (672,612) (672,612) Yes -11.00
12 0.5 1447 {48} (662,784) (662,784) Yes -25.50
12 0.5 1500 {10,11} (706,794) (706,794) Yes -4.50
12 1.0 2052 {2,7,9} (663,680,708) (668,676,707) Yes -5.67
12 1.0 6273 {0,1,3,4,5,6,8,10,11}  (644,809,673,653,624,547,805,711,806)  (640,811,672,653,624,550,807,710,806) No -0.67

Note. OSCS coalitions of size > 2. Payoff vectors are ordered by player index within each coalition
and rounded to integers. e is the least-core value (¢ < 0 iff the Core is nonempty); ¢ € Core

indicates whether the Shapley value satisfies all Core inequalities.
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Chapter 6

Conclusion

This dissertation studied multi-agent decision problems in which each player solves an integer
program, and it advanced a single thesis across four chapters: the equilibrium of an integer
programming game is a computable object that can be scaled, leveraged, generalized, and
extended to cooperation. This concluding chapter states the methodological contributions
collectively, reports what the Minnesota application delivered, and sets out the limitations

that define the next round of work.

Methodological contributions. The dissertation develops a unified optimization frame-
work for computing, selecting, improving, and stabilizing outcomes in multi-agent integer
programming games. Across the non-cooperative, generalized, and cooperative settings, the
central methodological contribution is the integration of best-response oracles with globally
valid inequalities inside branch-and-cut methods that optimize directly over equilibrium
and stability sets, rather than merely locating one feasible point in them. Four components

realize this idea.

Scale. Modeling best-response play as a random walk on the best-response state graph and
adding round-based random restarts yields RRR-BRD, whose Las Vegas guarantee makes
the probability of reaching a pure Nash equilibrium tend to one as restarts accumulate.
Hybridizing it with the zero-regret cutting-plane method yields BZR, which feeds high-

quality incumbents to the exact solver and lifts tractable equilibrium computation from

310
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the small instances of the prior literature to games with dozens of players and thousands of
integer variables. On the Minnesota AIS game with 84 county players, BZR located multiple

equilibria where the exact baseline found none within the time budget.

Leverage. Nash-informed planning treats a computed equilibrium not as a verdict but as
an input: equilibrium payoffs become individual-rationality floors, and welfare is maximized
above them. The welfare cost of that participation guarantee is named and priced—the
price of individual rationality—and proved to be bounded by the price of stability when
reference utilities are drawn from the welfare-best equilibrium. The construction requires
neither a redesign of player utilities nor monetary transfers, which is what makes it usable

where institutional structure is fixed by statute.

Generality. Conditional equilibrium inequalities encode the no-regret condition under shared
constraints through an explicit activation mechanism, giving the first globally valid equilib-
rium inequalities for generalized integer programming games and a generalized zero-regret
algorithm that optimizes over the generalized equilibrium set. Where exact equilibria may
not exist, an a-bisection procedure returns certified approximate equilibria; where the con-
ditional polytopes are well structured, the vertex equilibrium structure theorem converts
that structure into optimality-preserving cuts. On the generalized knapsack benchmark the
method finds a PNE for all 1,260 instances within ten minutes and certifies social optimality
for all but one, against 30-50% termination within one hour for the prior intersection-cut
approach, and it scales to 50 players and to a bilinear-cost extension; on regular integer

splittable bin packing the structural cuts deliver a 1.55x speedup.

Cooperation. Defining coalition values through pooled integer programs turns the character-
istic function into an optimization object, so superadditivity, convexity, and non-emptiness
of the Core become instance-dependent rather than assumed. A stability inequality keeps

every formed coalition in its own Core, and lifted stability cuts, separation strategies, a
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stability-feasible primal heuristic, and a payoff-refinement step complete the method. Opti-
mality is certified with up to 16 players and gaps below 1% are reached at 30 players, while
only a vanishing fraction of the exponentially many coalition values is evaluated. Stability
proves nearly free: optimal and stable coalition structures almost always coincide, and the
nucleolus and, in most cases, the Shapley value remain (nearly) stable even when integrality

voids the duality arguments that guarantee it in the linear case.

Application and policy contributions. The Minnesota aquatic invasive species appli-
cation demonstrates how these methods support coordination among autonomous public
agencies whose discrete resource-allocation decisions generate cross-jurisdictional external-
ities. Minnesota’s inspection effort is planned independently by counties operating under
separate statutory budgets, and boat traffic carries the consequences of those decisions
across county lines; the resulting edge-weighted budgeted maximum coverage game spans
roughly 9,000 lakes, with 84 county players in the equilibrium-computation study and 38

strategically active counties at the baseline funding level.

Three findings are worth stating precisely. First, the decentralized outcome is far from
the best achievable: at the baseline budget the counties’ reference equilibrium protects 220
infested lakes and the Nash-informed recommendation protects 302, an increase of roughly
37%, while guaranteeing every county at least its equilibrium payoff and requiring no inter-
county transfers. Second, the welfare cost of that guarantee is negligible: the realized price
of individual rationality stays within 0.15% of the unconstrained statewide optimum across
funding scenarios from 50% to 125% of current appropriations, and the same near-unit
behavior recurs across 28 non-trivial instances of three further game classes. Third, the gap
that matters is not the one usually assumed: at baseline, fragmented budget authority costs

more statewide protection than strategic decentralization does, which reframes the policy
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question from how to make counties behave less selfishly to how to let them pool or redirect

budget without surrendering autonomy.

Read as a whole, the dissertation argues that equilibria and stable coalition structures of
integer programming games are not only definable but operational: they can be computed
at applied scale and used as inputs to downstream decisions. For a state agency this yields
levers it can actually pull, together with operational guidance on directing capacity toward
high-impact infested source lakes and on which county coalitions are worth forming. The
ingredients—an objective, a computed equilibrium or coalition value, and a participation or
stability constraint—are not specific to invasive species, and carry over wherever autonomous

agents control discrete resources whose use spills across their boundaries.

Limitations. Four limitations bound what has been established. The equilibrium-computation
guarantees are probabilistic and conditional on existence: RRR-BRD cannot by itself certify
nonexistence, so failure to find an equilibrium within a time budget is evidence about diffi-
culty rather than a proof. The welfare guarantee of Nash-informed planning is bounded by
the price of stability but otherwise observational, the near-unit price of individual rationality
being an empirical regularity rather than a theorem. For generalized games, the unary lifting
that keeps conditional inequalities linear confines the method to small integer demands and
capacities, and certifying that no a-equilibrium exists is empirically much harder than find-
ing one. For cooperative games, optimality is certified only up to moderate player counts,

and the stability notion adopted here guards against fission but not fusion.

Future research directions. Seven directions follow from this work, four tied to individ-

ual chapters and three cutting across them.

Complexity of restart-based equilibrium search. The Las Vegas guarantee of Chapter 2 rests
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on the per-attempt success probability g, [R], the probability that one RRR-BRD attempt
under restart law p reaches a pure Nash equilibrium within R rounds, and the guarantee
is vacuous when ¢, [R] = 0. Because the strategy space is finite, ¢,[R] is computable in
principle: the best-response state graph can be enumerated and the set of profiles from
which a pure Nash equilibrium is reachable within R rounds traced exactly. The open
questions are therefore about cost and structure rather than about decidability. What is
the computational complexity of deciding g, [R] > 0, and of computing g, [R] itself, when
the game is given implicitly by the players’ integer programs rather than by a state graph
whose size is exponential in the number of players? Can g, [R] be approximated within a
useful factor by sampling with provable guarantees, rather than estimated as we do? And
can the smallest round cap R attaining a target success probability be determined without
enumerating the graph? Answers would replace the current empirical estimate G,[R] with

an a priori stopping rule.

Structural characterization of q,, [R]. Even where the general question is hard, the game
classes of Chapter 2 may admit exact answers. Characterizing g, [R]—or bounding it in terms
of instance parameters—for edge-weighted budgeted maximum coverage games and knapsack
problem games would exploit their specific structure (submodular coverage on a directed
network; separable knapsack feasibility) and would convert the convergence guarantee into

a runtime bound stated in the data of the instance rather than in an unknown probability.

Sharper price of individual rationality, and mechanism design. Chapter 3 proves only that
the price of individual rationality is bounded by the price of stability, while the observed
values sit far below that bound. An analytical characterization of the realized price for
well-structured or special IPG classes—identifying the network and budget conditions under
which it provably stays near one, and constructing the classes where it can be large—is

the natural next step. Beyond that, Nash-informed planning currently takes utilities and
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institutions as fixed; extending it toward algorithmic mechanism design would ask what
recommendation mechanisms can be designed, with provable participation and welfare guar-

antees, when the planner is allowed limited instruments.

Mixed-integer strategies and large-scale generalized games. The conditional equilibrium in-
equalities of Chapter 4 are developed for pure-integer strategy spaces, and extending them to
mixed-integer strategies would cover a substantially larger class of applications. Scale is the
second obstacle: the one-hot encoding that keeps the lifted inequalities linear grows with the
integer demands and capacities, so more economical encodings of the activation mechanism,
or a reformulation that avoids the encoding altogether, are what stand between the present

method and large-scale generalized integer programming games.

Broader and larger cooperative games. The cooperative framework of Chapter 5 defines coali-
tion values through pooled integer programs, and nothing in the construction requires those
programs to be knapsacks. Instantiating it on richer combinatorial problems—vehicle rout-
ing, the traveling salesman problem, and inventory and lot-sizing models, where a coalition’s
value is the optimal value of a hard combinatorial program—would test both the modeling
framework and the separation machinery. In parallel, raising the player count at which op-
timality can be certified, through branch-and-price with on-the-fly coalition generation or
stronger inequalities in the assignment and item variables, would move the method toward

realistic consortium sizes.

Uncertainty. All four chapters treat payoffs, budgets, and interaction networks as known.
Extending integer programming games to stochastic formulations, where players optimize
expected utility over a distribution of parameters, and to robust or distributionally robust
formulations, where they hedge against an ambiguity set, raises new questions at every level:
what an equilibrium means under uncertainty, whether the equilibrium inequalities remain

globally valid, and how the resulting formulations can be separated.
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Dynamics in the application. The Minnesota study is single-period, whereas invasion is
a process that unfolds over years and inspection budgets are appropriated annually. A
multi-period formulation, or a multistage stochastic program in which infestation status
evolves stochastically and capacity is re-allocated as it is observed, would capture the timing
of prevention rather than only its placement, and would let the participation guarantee

developed here be stated over a planning horizon instead of a single year.
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