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1 Introduction

Schubert cycles play an important role in mathematics in the study of Grassmannians. The
paper [1] described a construction of defects in gauged linear sigma models (GLSMs) in
two and three dimensions corresponding to Schubert cycles er in quantum cohomology
and quantum K theory.

Briefly, the purpose of this paper is to propose an analogous construction for Schubert
cycles QIXG in Lagrangian Grassmannians, realizing them in GLSMs as in [2, 3]. The
construction is slightly subtle, as for example the F-term constraints imposed by the bulk and
defect superpotentials have a redundancy, which does not have an analogue for the ordinary
Grassmannians of [1], and which is accounted for in a subtle fashion. (In some sense, it
is a bulk/boundary analogue of a non-complete-intersection construction; see e.g. [4] for a
discussion of closed string non-complete-intersection GLSM constructions.)



Space Ring Polynomial

Gr(k,n) H (Hr) (factorial) Schur polynomials sy [7-11]

Gr(k,n) QH (QHr) (factorial) Schur polynomials sy [10, 12]

LG(n,2n) H (Hr) (factorial) Schur @-function @) [13-15]

LG(n,2n) QH (QHr) (factorial) Schur Q-function @y [5]
SG(k,2n), k<n H, Hy theta polynomials [16-18]
SG(k,2n), k<n QH,QHr not yet available

OG(n,2n) H (Hr) (factorial) Schur P-function Py [15-18§]

OG(n,2n) QH (QHr) (factorial) Schur P-function Py [5]

full flags H (Hr) (double) Schubert polynomials [19, 20]

full flags QH (QH7) (double) quantum Schubert polynomials [21-23]

Table 1. Polynomials associated to Schubert cycles 2 in (quantum, equivariant) cohomology.

We will confirm the interpretation much as in [1], by comparing partition functions to
polynomials associated with the defects. Specifically we compute defect partition functions
(as functions of the o, parametrizing the Coulomb branch), and compare to known and
expected results for associated polynomials (see tables 1, 2), in quantum cohomology and
quantum K theory. The idea is that the quantum cohomology and quantum K theory rings
are, ultimately, rings of polynomials modulo some relations, and the Schubert cycles have
polynomial representatives. In physics, these polynomials arise as defect partition functions.
That relationship was used in [1] to establish that, in the case of ordinary Grassmannians,
the proposed defects were related to Schubert cycles.

We will show that the partition functions of defects in both two-dimensional GLSMs
(corresponding to quantum cohomology) and in three-dimensional GLSMs (corresponding to
quantum K theory), for Lagrangian Grassmannians, are computed by Schur’s @Q-functions.
For quantum cohomology, the mathematical relationship between Schubert cycles and Schur
Q-functions has been proven rigorously, see e.g. [5]. For quantum K theory, the mathematical
relationship between Schubert cycles and Schur Q-functions has not been proven, but matches
expectations from e.g. [6].

For completeness, in tables 1, 2 we list functions associated to Schubert cycles in these
and other contexts.

We begin in section 2 by reviewing the GLSM Schubert defect construction of [1] for
ordinary Grassmannians. In particular, we elaborate on the mathematics implicit in the
construction of [1], comparing to Schubert and Kempf-Laksov cycles to gain insight into the
construction before working through the analogue for Lagrangian Grassmannians.

In section 3 we turn to Schubert defects in Lagrangian Grassmannians LG(n,2n). After
reviewing the construction of the bulk GLSM for LG (n, 2n) and some mathematics of Schubert
cycles therein, we describe our proposal for a GLSM defect construction in LG(n, 2n), realizing



Space Ring Polynomial

Gr(k,n) K (Kr) (factorial) Grothendieck polynomials G
11, 24-27]
Gr(k,n) QK (QKr) (factorial) Grothendieck polynomials G [28]
LG(n,2n) (OG(n,2n)) K, Ky K-theoretic Schur @-(P-)polynomials [29]
LG(n,2n), OG(n,2n) QK, QKr not yet available

(but expected to match classical case)

SG(k,2n), k<n QK, QKr not yet available
full flags K (Kr) (double) Grothendieck polynomials
(24, 25, 30, 31]
full flags QK (QKr) (double) quantum Grothendieck polynomials
32, 33]

Table 2. Polynomials associated to Schubert cycles Oq, in (quantum, equivariant) K theory.

Schubert cycles in LG(n,2n) in GLSMs just as [1] gave GLSM realizations of Schubert cycles
in ordinary Grassmannians Gr(k,n). We also discuss the redundancy between bulk and defect
superpotential F-term constraints, and its resolution via Higgsing by a field which otherwise
does not enter either superpotential. As checks of our proposal, we walk through arguments
for why the defects localize on the correct subvarieties, compare the resulting dimensions to
mathematics results for the dimensions of Schubert cycles, and most importantly, compare
index formulas/partition functions for the defects to corresponding characteristic polynomials.
For the localization comparison and the characteristic polynomial computations, we provide
both general arguments as well as independent computations in simple examples, to verify
that the GLSM is behaving consistently with expectations for a Schubert cycle. We also
outline a comparison of the GLSM description of the defect itself to the corresponding
Kempf-Laksov cycle.

In appendix A we list some results for partition function computations in zero-dimensional
defects that are utilized elsewhere. In appendix B we review the Schur @-functions that arise
as characteristic polynomials for Schubert cycles in Lagrangian Grassmannians. Finally, in
appendix C we discuss an alternative toy model for dealing with redundant constraints in a
(0,2) GLSM. We do not use this construction, but include it for completeness.

2 Review in ordinary Grassmannians

2.1 Mathematics of Kempf-Laksov and Schubert cycles

The Grassmannian Gr(k,n) of k-planes in C” can be described as the quotient C™*//GL(k).
Physically, following [34], we represent this by a GLSM with gauge group U(k) and n fields
¢ in the fundamental of U(k).



The ¢ fields then form a k& x n matrix. Every point in Gr(k,n), every set of k-planes
in C™, can be represented by a unique k£ X n matrix in reduced row echelon form. The
columns of the leading 1’s of the rows of the ¢ matrix, in reduced row echelon form, form
a basis of the k-dimensional subspace of C".

For a Young diagram A = (A > Ag > -+ > )\;), define integers {a, -+, ax},
l1<agp<ar<az<---<ap<n, (2.1)
by
A= lag =k, on — 1] (2.2)

or in components,
Ai = opp1—; — (K +1—14). (2.3)

We give a few examples below to illustrate this in Gr(2,4):

Young diagram A ap Qo
0 0,00 [ 1 2

| 1,0 | 1 3

1] 2,0] | 1 4

H L] 2 3

A Schubert cell er’o C Gr(k,n) is defined by points in Gr(k,n) whose ¢ matrices
have reduced row echelon form with rows with leading 1’s in the columns («;,--- ,ay), or
in other words that on the nth row,

e the first o, — 1 entries vanish,
e the a,th entry equals 1,
o the entries above the a,th entry vanish.

(A Schubert variety Q$* is the closure of the Schubert cell er’o. The closure contains
Schubert cells Qgr’o for Young tableau A D A, graphically.)
The result has

k—1
Silag—aj—1) + (n—ak = k(n—k) — SN = k(n—k) — A (24)
Jj=1 J

undetermined entries, and hence describes a Schubert cycle of the same dimension. For
example, in Gr(2,4),

Young diagram | oy @9 | dimension Qg\;r
0 1 2 4
OJ 1 3 3
1] 1 4 2
H 2 3 2




In terms of ¢ matrices in reduced row echelon form, the Schubert cells Qg\}r’o and their closures,
the Schubert varieties Qf\}r, respectively, are given by

@(_)-10**_, * ok k% (2.5)
01 % % 0 % % %
(150 % | % % % % |

R 2.6
_001*_’ _00**_’ (2.6)
(1% %0] (% % % % |

[T] « 2.7
_0001_’ _000*_ (2.7)
01 ; _ i

HH 0 0*. 0 * * * (2.8)
_001*_ _OO**_

We make a few remarks concerning the matrix representations of the Schubert varieties
in the table above:

o The matrices for the Schubert varieties are required to have maximal rank (two, in this
case).

e The Schubert cells, given in row reduced echelon form, manifest the right dimension.
The dimension of the Schubert varieties is not manifest in the description above.

e Notice for the Schubert cells that the zeroes to the left of the ones determine zeroes in
the matrices for the Schubert varieties.

We can describe these more formally as follows. We will give a presentation that is tuned
to match the GLSM description of [1], which we will also review shortly.
Fix a flag F, of subspaces

FicFcCc---CF,=C", (2.9)
where dim }~7’z = 1.
Fix a basis {e;,1 < i < n} for V.= C" such that F; = (e, - ,e;) for 1 <i. Let \;
denote the number of boxes in the ith row of A\, with A\g =n — k and A\p;y =¢—k + 1, for
£ the number of nonzero rows of the Young diagram A. Define

V;: = <6)\0*)\i+i+17 SRR} €A07Ai+1+’i+l>; (210)
for 0 < ¢ < ¢, then
_ i—1
Fukrioxn, =DV (2.11)
j=0

Note that the V; partition the vector space V' = C" into £ + 1 distinct subspaces, where

Ai— A1 +1 1<i<d,
dimV; = M—C+Ek =4, (2.12)
n—k+1—X 1=0.



As a consistency check, note that

> dimV; = n. (2.13)
1=0
Define
F=V%e@V, cV, (2.14)
i

for 1 < i < ¢, so that dimV/F; = dim V}.

Now, over the Grassmannian Gr(k,n), we have the bundle of flags FI(S) =
F(1,2,---,¢;S) where S is the (rank k) universal subbundle on Gr(k,n). Let S; denote the
universal subbundle on FI(S) of rank 4, which has inclusions goﬁ“ 0 S; — Siy1. Let Z; denote
the vanishing locus in the total space of FI(S) of the map J; defined to be the composition

ot el e et
S & Sy = 0 = & = S — C" - C'/F, (2.15)

using the fact that the S; inject into C", which then projects onto C"/F;.
Let
X, C Tot F(1,2,--- ,£;8) (2.16)
denote the intersection

Z1NZyN---N Zy. (2.17)

The space X is sometimes called the Kempf-Laksov desingularization of the Schubert variety
Qf\;r; cf. [35]. It is a smooth projective algebraic variety, and its fundamental cycle pushes
forward to that of the corresponding Schubert variety:

[QS] = m[X)]. (2.18)

We can see this (roughly) as follows. (We refer to [35] for further details.) Let Q =
m(Zy N ZyN---NZy) and X be a k-dimensional vector subspace of V= C". Then X € Q
if and only if there exists a nested sequence of vector spaces 1 C --- C Xy C X, where
¥, C F;, and in particular,

S CFp = Fukprn, (2.19)
Y1 CFaNF = Fupye1-n_1, (2.20)
é o~
S1C (N F = Facksin- (2.21)
j=1

This is if and only if dim(X N ﬁ‘n_k_i'_i_ y;) =>4 for 1 <4 < ¢, which defines the Schubert variety.
Hence, €2 is the Schubert variety QST corresponding to A.
In fact, there is a commutative diagram

X\ ——= X, (2.22)
Q§r —— Qf" = Gr(k,n),

where the horizontal maps are inclusions, and the vertical maps are birational projections.
Briefly, the GLSM construction will implement these defects by enforcing constraints
that force the zeroes to appear in the ¢ matrices above.

-6 —



2.2 GLSM construction of Schubert defects

In this section we review the construction of [1] of GLSM defects corresponding to Schubert
varieties in ordinary Grassmannians G(k,n).

The Grassmannian Gr(k,n) itself is a U(k) gauge theory with n fundamentals denoted
¢, as discussed in [34]. Fix a Young diagram A, and let £(\) be the number of nonzero rows.
Along a given defect, we construct a flag bundle, which is described as [36] a

U(1)g x U(2)g x --- x U(L(N))a (2.23)
gauge theory with

+ a bifundamental chiral ¢! (charged under U(i)g x U(i 4 1)g) for 1 <i < £()),

)

o a bifundamental chiral of U(¢(\))s X U(k)pbulk, in the fundamental of U(£(\))y and the

antifundamental of U(k)pyux, labelled cpﬁ“,

We use 0 subscripts to denote gauge factors lying solely along the defect. Furthermore, to
implement the constraints, we add to the defect

o ME" Fermi superfields A®), 1 < i < £(\), in the antifundamental of U(i)g,
where the integers MST (0 < 4 < £()\)) partition n into £ + 1 blocks, where

Ai —Air1+1 = Qfy1—i — Qf—j 1<i< f()\),
ME = N—Ll+k = appqr—1 i={(\), (2.24)
n—zglejGr:n—k—i—l—/\l =n+1l—-oapi=0.

The defect is also given by a (0,2) superpotential

¢ ¢
Wo = 30 [0ttt 00N = 3 [ a0 g 229
=1 i=1

where ¢() is a kx M submatrix of the ¢ fields defining the GLSM for Gr(k, n), corresponding
to C"/F;, and each bulk fundamental ¢ field appearing couples to a different A, for
1 < i < £(X\). More explicitly, ¢(*) is a submatrix of the k x n matrix ¢, with flavor indices
running from ]\ZGT + 1, for

ME =" Me" (2.26)

to MS* + MS*. (This was described in [1] in terms of an index set.)

The maps J; = go?’l x -@ﬁ“qb(i) are the same as the maps (2.15) appearing in the
definition of the Kempf-Laksov desingularization. (The map 7*S < C" — C"/F; is repre-
sented by ¢(?).) It should now be clear that this construction is precisely duplicating the
Kempf-Laksov cycle Xj.



A quiver describing this construction is

2 3 £ k
2 2 o1 '
\‘\\\‘\\‘\\\\\ N Gr
MO Mt M| o
iy

The effect of the quiver construction is to realize explicitly the Kempf-Laksov desin-

gularization X, along the defect. Now, the defect itself is interpreted as living on the

Grassmannian, so in this case, we interpret the defect as a pushforward of the Kempf-Laksov

desingularization, 7, Xy, which for ordinary Grassmannians matches the Schubert variety

Q§F, from equation (2.18).

As a consistency check, let us check the dimensions of the GLSM defects against the

dimensions of Schubert varieties. The bulk and boundary fields contribute as follows:

e The bulk chiral fields ¢ are of dimension nk, and so contribute nk.

+ The boundary chiral fields /™! of dimension i(i+1) for i < ¢, with the last of dimension

7
Lk, so their total contribution is

/—1
i(i+1) + kL.
=1

=

« The bulk gauge fields contribute —k?2.

e The boundary gauge fields contribute

e The boundary Fermi fields A®) contribute constraints, hence

£
=y iME
=1

The total contribution from the bulk fields is
nk —k* = k(n — k),

matching the dimension of the Grassmannian Gr(k,n).
The total contribution from the remaining fields is

(-1 12

J4
Zi(z’+1) + ke =) i - i;iMin = —%€(€+1) + k= > M

i=1 i=1
—

¢

=1

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)



Thus, the total dimension seen by the defect is
k(n—k) — |A, (2.33)

matching the dimension of the Schubert cycle.

Finally, we add that for one-dimensional defects in three-dimensional GLSMs, in principle
one also adds one-dimensional Chern-Simons terms (meaning, Wilson lines) to the boundary
action. Doing so does not change the locus on which the defects localize, but does alter the
index computation. Details are discussed in [1, section 3.3.4]. In the index computations
reviewed here, following [1, section 3.3.4], such Chern-Simons terms for defect gauge fields
are not added. (For bulk gauge fields, Chern-Simons terms are added, following [1].)

2.3 Schubert defects in two dimensions

We can consider the 2d GLSM coupled to a 0d N = 2 supersymmetric matrix model, which
is defined exactly as in 3d/1d case. The 0d defect contributes to the 2d theory according
to its supersymmetric partition function, which can be obtained by dimensional reduction
of the 1d theory.

For a general 0d N = 2 supersymmetric matrix model, the partition function can be
calculated exactly, as reviewed in appendix A, which is given by a Jeffrey-Kirwan residue
of the form

Zom 2.34
|W’ %]KH 27TZ VeCtOr( ) matter( ) ( )

where W is the Weyl group of the gauge group, w is the complex scalar in the vector multiplet,
Zyector 18 the one-loop determinant of the vector multiplet, and Zatter includes the one-loop
determinant of both chiral multiplets and Fermi multiplets.

Now in our current case, we have a U(1) x U(2) x --- x U(¢) gauge group. The Coulomb
branch is parametrized by £ groups of complex scalar fields ui:), r=1,2,---,¢, and i, runs
from 1 to r. The order of the Weyl group is then

W = f[ rl. (2.35)
r=1

The vector one-loop determinant is given by

L
Zggctor = H [ H (uz(:) - u;?)] . (236)

r=1 | 1<i,#£jr<r

The matter one-loop determinant is given by

ar Gr
L0 _ ITi,=1 ( )MZ ﬁ = (U(:))MT (2.37)
matter HW . (ul(f) . Ua) i %_1 H;;:ll . ( (r) Ug:jf)) )

where the numerators are from the Fermi multiplets, and the denominators are from the
chiral multiplets. The first factor comes from the M, EGT Fermi multiplets A, contributing



to the numerator, and the chiral multiplet gpeﬂ contributing to the denominator. Notice
that o,’s are the complex scalar fields corresponding to the U(k) gauge group in the bulk,
which are treated as complex masses. The product comes from the M, Gr Fermi multiplets
A forr=1,2,--- ¢ —1, contributing to the numerator, and the chiral multiplets or+l,
forr =1,2,--- ,€ — 1, contributing to the denominator.

Since the Schubert variety is labeled by a Young diagram, we will also use A to label

the partition function. With all the ingredients, we can write

L L 72,(7) ; ;
= (I5) £ [ W I ()]

r=1 1 1<ir #jr<r

G

I, ( ))Mz R - (u(T)>MTGr (2:38)
ip= ir=1 \ %i,
Hw 1 (u(é) — Ua) 7«1;[1 —1 H;,ill 1 ( - “5'7:11)) ’

where the A dependence is encoded in M’s. For reference,

=AM+l r=1,2,...,0-1,

(2.39)
=N —Ll+Ek.

Also, we integrate over all the u’s, and the index should be a function of o’s.

The Jeffrey-Kirwan residue above was computed and explained in [1, section 5]. As
stated there, the contour integrals should be performed recursively, starting with the U(1)
node. For every Young diagram J, it can be shown [1, equ'n (5.14)] that

7 = sx(0a), (2.40)

where sy is the ordinary Schur polynomial in k& indeterminates, namely the o, parametrizing
the Coulomb branch. If the theory has twisted masses (an equivariant structure), then
instead of an ordinary Schur polynomial, Igd is a factorial Schur polynomial, in the o,
and twisted masses.

In passing, the residue formula above is very similar to expressions in the mathematics
literature, see for example [37, section 4.2, prop. 2], [38, theorem 4.1].

Below we work through a few examples to help make this clear.

For Gr(2,4), if the Young diagram contains only a single row, i.e., A\ = (A1), the
nonequivariant 0d partition function is given by

Gr MGr MGr
od % du uMi o s O-i\ﬁ_l B 0_5\1-1—1 (2 41)
() 7 fik 27 (u—o0o1)(u—02) 01— 09 a o1 —oy '

where we used the fact that MZ" = A\; + 1 according to (2.24). If the Young diagram contains
two rows; that is A = (A1, A2), let a = u(V) b = u(?, the 0d partition function is given by

1 [ da dby dbs M (blb2)M§f
Krda) = j{ 55 (b1 —b2)(by — b1) — —
2 Jik 2mi 2mi 27i (a—b1)(a— by) w (b — o)) .12)
MlGr o MGr A=A+l A1—Xe+1 '
= (g1g2)M2GrM — (0.10.2))\2 Ul 02
01 — 09 01 — 09 ’

where we have used the fact that MlGr =X —X+1,and MzGr = )\9.

,10,



Computing in simple examples we find
o IODd:o'l—i—ag = 5.
. IOde:a%+0102+U%:sDj.

. IOd — 0109 = SH.

. I()ij = (0'10'2)(01 + 0'2) = SH:‘.
. I% = (0102)% = SHE(.

2.4 Schubert defects in three dimensions

Similarly, following [1], we will review the 3d/1d case, which is a 3d GLSM coupled to a 1d
N = (0,2) supersymmetric gauge theory, as relevant to Schubert cycles in quantum K theory.
The Witten index of the 1d theory can be calculated as follows [39]

o 2.43
|W| %KH 271'2 Vector( ) matter( ) ( )

where W is the Weyl group of the gauge group, u’s are the Coulomb branch parameters,
and Zyector and Zmatter are one-loop determinant contributions from vector fields and matter
fields respectively. Due to the large gauge symmetry u ~ u + 1, we will write the integrand
as a function of the gauge invariant parameter

z = exp(—2miu). (2.44)
In our case, we have |W| = [[%_, 7!, and
g ‘ (T’)
Zvector = H H 1- (r) . (245)
r=1 | 1<, #jr<r r

The one-loop determinants from the matter fields are given by

S YU YR R

matter (z) ()
r=1 +1 Zip
T, T 1< ) L 1( ZM))

ir+1

Gr MGr

Finally, we can write the 1d Witten index labeled by X explicitly as

iy ¢ ¢ T _ds (r) sz
1" = (H ) % H H 5 o 11 -5
r=1 r=1 tr=1 TH'Z 1<ir#jr<r er
MG , (2.47)
o (140" | (=)™
X — B} - RO H ) (r) ’
ng 1 Ha:l (1 - Zi) =t ’Lr—l H::l 1 ( Z(r+1)>

lr4-1

— 11 -



which is evaluated to be a function of X’s, which are the gauge invariant Coulomb branch
parameters for the bulk U(k) gauge theory.

Following [1, section 3.3], and assuming that the FI parameters are all positive, the
Jeffrey-Kirwan residue is evaluated by iteratively selecting poles from the denominators of
the Z1d

matter above for the matter (chiral superfields), and then performing the integrations

in order starting from the U(1) node and ending at the U(¢) node.
Let us take Gr(2,4) as an example. If the Young diagram contains only a single row,
A = (A1), we have

1d j{ ~d:) (1 -)"
J

I =
(A1) 2miz _ z _ z
o 2mE (1= ) (1- %) (2.48)
X (1= Xo)MET — X(1 - X)) M
B X1 - X, ’

where M = Ay + 1 according to (2.24).
If the Young diagram contains two rows, A = (A1, \2), we have

71d _ 1% —dzM) —dz§2) —dzéz) 1 ﬁ 1 ﬁ

(A1 A2) T 9 1K 2miz(D) 2m.z§2) 27”.2%2) 252) Z§2)
MGr MGr MGr

(1-2m)™ (1- )" (1)

(1) 2(1) z§2> zf) zém z£2>
o))/ttt
Gr Gr
MZGr ) Xl(l — XQ)Ml — X2(1 — Xl)Ml
X1 — Xo ’
where ME™ = A\ — Ay + 1, M$™ = )y according to (2.24).
Computing in simple examples we find

X (2.49)

= (1— XM (1 - Xy)

. Ilmd =1-X;Xo.

R Ilmdj =1-3X71Xo+ X1 Xo(X1 + X9).

Ilgd = (1-X1)(1 - X3).

Ilej = (1-X1)(1 - X2)(1 - X1.X5).

I@ =(1-X1)%(1 - Xy)%

As a consistency check, we observe that each of the indices above reduces to a corre-
sponding index in the two-dimensional computation. To see this, write X; = exp(2wRo;),
where R is the radius of a S' we shall shrink. In the limit of small R, for example

I = 1- X1Xs & —R(o1+02) + O(R?), (2.50)

and so in the limit, Ilmd x I%i, using the result we computed previously. More generally, it
is similarly straightforward to verify that in the same limit of small R,

3 o 784 (2.51)
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3 Schubert defects in Lagrangian Grassmannians

In this section, we will construct a proposal for GLSM defects which describe Schubert
varieties in Lagrangian Grassmannians. We will argue that it correctly localizes onto Schubert
varieties (both with a general argument and independently checking special cases), we will
independently check that it has the correct dimension, and perhaps most importantly, we
will check that its indices match the desired characteristic polynomials (Schur @-functions)
of Schubert varieties in both quantum cohomology and quantum K theory, both via general
arguments and also by independent computations in simple examples.

3.1 Review of bulk GLSM for symplectic Grassmannians

Before we discuss Schubert varieties in Lagrangian Grassmannian, let us first review the
GLSM construction of Lagrangian Grassmannians, and more generally, symplectic Grass-
mannians [2, 3].

Math definition. Given a 2n-dimensional vector space C?", equipped with a symplectic
form w. We will use a basis in which

w(ei, eonti—i) = —w(€mti—i €) =1, 1=1,2,--- n, (3.1)

while other components vanish. (We will use this basis throughout this paper.) The symplectic
Grassmannian SG(k,2n) (k < n) is defined as the collection of k-dimensional isotropic
subspaces of the symplectic vector space C>*. When k = n, this is called a Lagrangian
Grassmannian, denoted by LG(n,2n).
Given a k-dimensional isotropic subspace, we can find k linearly independent vectors
in C?,
2n
=) de;, a=1,2,-- k. (3.2)
i=1

Then the subspace being isotropic means that
w(®, %) =0, Vi<a<b<k (3.3)
In our chosen basis, this means that
n
> (@Y, — BLG, 1) =0, (3-4)
i=1

Therefore, SG(k,2n) can be represented by k x 2n full rank matrices (@), subject to the
above isotropy condition, which can be written in the matrix from

1

Pwdl =0, with w= . (3.5)

,13,



GLSM construction. For a symplectic Grassmannian SG(k,2n), the GLSM is a U(k)
gauge theory with 2n chiral superfields ®¢ (a =1,2,--- ,k;i=1,2,---,2n). There is another
chiral superfield p,; in the anti-symmetric tensor representation A?V*, with V* being the
anti-fundamental representation of U(k). We also have a superpotential

k n
W= Z Zpab(bgq)gn+1—i' (36)
a,b=11i=1

Since pgp is antisymmetric, the equation of motion with respect to pgp gives

n

Z (‘I’?@gnﬂﬂ' -7 gn+17i) =0, (3.7)
i=1

which is exactly the isotropy condition in the chosen basis.

3.2 Mathematics of Schubert cycles

Math definition. We follow [40], which defines Schubert varieties in the symplectic Grass-
mannian SG(n — k,2n). We restrict ourselves to the Lagrangian Grassmannian case, where
k = 0. First, let LG denote the Lagrangian Grassmannian LG (n,2n), which parametrizes
the n-dimensional isotropic subspaces of C?". Then, define an isotropic flag in C?" to be
a complete flag

Fo: 0=FyCF C---CF,=C" (3.8)
of subspaces such that
Fo=F-, 0<i<n. (3.9)

This choice of isotropic flags corresponds to our choice of symplectic forms.
Then the Schubert variety labeled by a strict partition A, relative to this isotropic flag
F,, is defined by

C(F) ={Z € LG | dim (SN Foyr ) >, Y1<j <0} (3.10)

Matrix description. Schubert cells in ordinary Grassmannian Gr(k,n) can be represented
by k x n full rank matrices in reduced row echelon form, with the position of leading 1’s in
each row fixed. We would like to give a similar matrix representation for Schubert cells in
LG(n,2n). To this aim, we recall below the definition of the Schubert cells in LG(n,2n).
For a strict partition A = (\q,...,\r), define the rank sequence r = (rg = 0 < r; <
< rp < Tpe1 = 2n + 1) as follows:

o If1 <</l thenr;=n+1—A\;
o If £ < n, then the elements ry1 < ... < 7, are determined by
{n+1,....20} \{n+A1,....,n+ X} ={reg1,...,rn}

(One may think of this condition as the isotropy condition.)
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Note in the case £ = n, A = (n,n —1,---,1), and
{n+1,....2n3\{n+X,...,n+ N} = 0.
Then the Schubert cell QI;G’O is defined by
OO — (X e LG | dmENF=i 1 <j<ri; 0<i<n}. (3.11)

The Schubert varieties Q%¢ defined in (3.10) are the closures of the Schubert cells QI/{G’O.
The Schubert variety QI/\JG can be described by a matrix ® of the form

*upe  Opppe Opppe oo Oppne O
*ape *pae Oppe oo O Oy
* e *paie ke oo Opppe Oy
¢ = ’ ’ ’ ’ (3.12)
* e *paie ke oo Opppe O
*n—E,M(I)“G *n—(,MlLG *n—Z,M%G e *n—K,MZLG *n—Ln

where
ANi— A1 =1rip1 — 1 1 <i <l -1,
MM = N—l=n—r i=21 (3.13)
n+l—X\=r i=0,
and where & is of full rank, and is also required to satisfy the isotropy condition. Phrased
another way, the last potentially nonzero entry on row ¢ is on column n+1—X; for 1 <1 < /;
remaining entries to the right must vanish.
We note that the Schubert varieties QIXG contain Schubert cells Q;G’O for Young tableau

X D )\, in addition to the Schubert cell of which they are the closure.
In examples below, we also give explicit matrix representations of Schubert cells QI/(G’O
and the Schubert varieties QIXG.

Example: LG(2,4). We consider the matrix representation of Schubert cells in LG(2,4).

e For A\ = (), the Schubert cell has the form

abl0
o (t119) o

The isotropic condition gives a constraint that a = f. The corresponding Schubert

abeO
(0e0) i

subject to an isotropy condition ah 4+ bg — cf = 0, and a constraint that the matrix

variety is described by matrices

have rank two. As a consistency check, this contains as special cases all of the matrices
for Schubert varieties for all other A, as expected.
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e For A\ =0, the Schubert cell has the form

alOO0
¢_<60c1>7 a+c=0. (3.16)

The corresponding Schubert variety is described by matrices

<Z£22>’ (3.17)

subject to an isotropy condition ae+ fd = 0, and a constraint that the matrix have rank
two. As a consistency check, we note that this contains as special cases the matrices
for both Qﬁ% and Qé%, as expected.

e For A\ =17, the Schubert cell has the form

1000
= 3.18
(01)10)’ (3.18)

and the Schubert variety has the form

e000
3.19
(ach)’ ( )

subject to the condition that the matrix has rank two. As a consistency check, we note

that this contains as a special case the matrix for Qé%, as expected.

o For \ = Bj, the Schubert cell is given by a matrix of the form

o— (1000} (3.20)
0100

which automatically satisfies the isotropy condition. The Schubert variety is given by a

e000
3.21
<aboo>’ (3.21)

subject to the condition that the matrix has rank two.

matrix of the form

In summary, we have the Schubert cells

ablO
3.22
(chl) ( )
al0O0
= 2
(bOcl) a+c=0, (3.23)
9>C000> (3.24)
0OalO
0 (1000 (3.25)
0100
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Example: LG(3,6). We directly list the results of Schubert cells in LG(3,6). Notice that
this is different from our above convention in the sense that the order of rows and the order

of columns are both reversed, which is allowed due to the gauge symmetries.

0«

[TT] <

H o

100abdc
010de f
001ghi

10a0bec
01dOef
0001gh

1a0b0c¢
001d0e
00001 f

1lab00c
00010d
00001e

010ab0
001cdO
000001

01a0b0
0001cO
000001

001a00
000010
000001

000100
000010
000001

a=i b=f d=h,

a+h=0,b=Ff d+g=0,

a+ f=0,b=c¢,

d+b=0,a+e=0,

a+c=0,

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

For simplicity, we only list results for Schubert cells in LG(3,6), not Schubert varieties.

3.3 GLSM for Schubert defects in Lagrangian Grassmannians

In this section we will propose a GLSM construction of defects corresponding to Schubert

classes in Lagrangian Grassmannians. In the next section, we will outline an analysis of the

GLSM physics to argue that the defect localizes on the matrix ® given in the mathematical

description of the corresponding Schubert variety in the previous section. Later we will

independently check that the resulting defects localize on a subvariety of LG(n,2n) of the

correct dimension, and also check that their indices match the Schur @Q-functions expected

to describe Schubert cycles in Lagrangian Grassmannians in both quantum cohomology

and quantum K theory.
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A Schubert class in Lagrangian Grassmannian LG(n,2n) is labeled by a strict Young
diagram A = (A1, A2, -+, Ag,0,--+,0), where n > A\ > Ao > -+ > Ay > 0, £ is the number
of nonzero rows in the Young diagram, and 1 < ¢ < n. The GLSM construction of this
Schubert class is given as follows.

Matter content. In the bulk, the field description is the same as what we discussed
above in the previous subsection. Repeated here, we have a U(n)pyx gauge theory with 2n
fundamental chiral multiplets ®{, and a chiral multiplet p,, transforming in A2V*. There
is also a superpotential

W= 30 S e 331
ab=11i=1
On the boundary, we have a
U(1l)ag x U(2)g x ---U(¥)s (3.35)
gauge theory, with
o chiral muliplets (SO(T))Z:H transforming as bifundamentals of U(r)s x U(r + 1)y for

1<r<i—-1,

a chiral multiplet (go(z)y% transforming as the bifundamental of U(¢)s x U(n)pul,

M}G Fermi multiplets (A(’"))Z in the antifundamental of U(r)s for 1 < r < £, where!
Qp

MYG is given in equation (3.13)

a chiral multiplet ¢®¢%¢ in A%V}, where V; is the fundamental representation of U(£)g,

a Fermi multiplet I'y,q in V,* x V*, where V is the fundamental representation of
U(n)bulk-

Superpotential. The boundary superpotential can be written as two parts,

Wo =Woo+Waur, (3.36)
and
¢ MLCG |
— (r) Qr (r+1) C!'r+1”. 0 Qyp a ") i
Wa,o—rz::l ; (¢ )am Can )%2 ) tie (A )ar, (3.37)
where )
My© =5 My, (3.38)
7=0

(In passing, for later use, note that

4
My©S =n—Y" MC, (3.39)
j=1

'The M Fermi multiplets transform in a U(ME®) subgroup of the global U(n) C Sp(2n) symmetry
acting on the bulk fields.
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for the M} defined in equation (3.13).) This superpotential is of the same form as studied
by [1]. The other superpotential is given by

Wou =3 3> (¢) " @0h, 11 Tap. (3.40)

ab ¢ i=1

Redundancy. Now, the constraints implied by the boundary superpotential are at least
partially redundant with respect to the bulk isotropy condition enforced by the bulk superpo-
tential. This will play an important role in the analysis in the next section, but is somewhat
subtle, so we shall describe this carefully below.

First, define an n x n matrix A by

n
A =N"oeh (3.41)
=1

o F-terms from the bulk superpotential constrain A to be symmetric: A = A% or more
simply Aol = 0.

o F-terms from the defect superpotential Wp; give the constraint

(<p“>)jz A% = 0. (3.42)
If we take ¢(®) to generically have full rank, consistent with D-terms, then the constraint
above implies that the maximum rank of A is n — /.

Now, in principle, the space of symmetric n x n matrices of rank at most n — ¢ has
dimension (see e.g. [41, section 1(a)])

%n(nﬂ) - <€;1> - %n(n—{—l) - %E(M—l). (3.43)
However, if we try to count the dimension by applying the bulk and defect F-term
constraints separately, we find a mismatch: the symmetry condition on n X n matrices
provides (1/2)n(n — 1) constraints, and the rank condition on n x n matrices provides?
£? constraints. Treating bulk and defect F-terms separately suggests, incorrectly, that the
dimension of the space of symmetric n X n matrices of rank at most n — £ has dimension

n(n—l).

2 2
_ 2
" 2

(3.44)

The difference between the correct dimension (3.43) and the naive counting is

n(n2+ 1) e(z; ) (n2 e n(n2— 1)> _ (5) (3.45)

2An m x n matrix of rank at most 7 has mn — (m — r)(n — r) parameters (see e.g. [42, theorem 14.4]), as
can be seen by e.g. writing the matrix in terms of a set of r linearly independent rows. In the case of an n x n
matrix of rank r = n — ¢, there are n? — ¢ parameters, hence the space of such matrices is codimension ¢2 in
the space of n x n matrices.
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This tells us that the bulk and defect F-term constraints are redundant (that they define
an analogue of a non-complete-intersection), with redundancy given by (3.45).

It may also be helpful to see this more explicitly in an example. Suppose n = £ = 2. Write

A= [‘CZ Z] : (3.46)

and let ¢ be an arbitrary full-rank 2 x 2 matrix. A priori, the bulk symmetry constraint
implies b = ¢, and the condition ¢ A = 0 gives four more constraints, for a total of five
constraints. However, if ¢ has rank two, then it is invertible, and the condition A = 0
implies A = 0, for which the bulk symmetry constraint is redundant. In this case, one of
the constraints is redundant, consistent with the counting above as

(;) _ (3.47)

This redundancy will play an important role in the physical analysis of the defects.
Schematically, because of this redundancy between the bulk and defect superpotential F-
term constraints, along the location of the defect, the bulk p fields will not be completely
constrained by F-terms, and part of the bulk gauge symmetry will not be Higgsed by the
bulk @ fields. The defect ¢(©) fields can be used to Higgs the residual bulk gauge symmetry,
and the defect ¢ fields (which do not appear in either the bulk or defect superpotentials) will
Higgs the remaining residual U(¢)s gauge symmetry. In particular, the ¢ fields are necessary
in order to get the right defect indices to match mathematics results, but as they do not
appear in either the bulk or defect superpotentials, their role may appear obscure. We claim
that, in effect, they act to Higgs defect gauge symmetries which remain due to bulk/defect
F-term constraint redundancies. We will outline the details in the next section.

Finally, we mention that in principle, for one-dimensional defects in three-dimensional
GLSMs, one can add one-dimensional Chern-Simons terms. We do not do so in this paper.

3.4 Localization of the GLSM construction on Schubert cycles

In this section we will outline an argument that the defects localize on the correct locus in
LG(n,2n) to describe Schubert cells. Later, we will independently verify that they have the
correct dimension, and that their indices are Schur @-functions in both quantum cohomology
and quantum K theory, as expected for Schubert cycles in LG(n,2n).

We first study the F-term equations arising from the superpotentials.

F-term equations. The superpotential Wy o was previously studied in [1]. From Wp g, the
equations of motion with respect to A® are

(sp(r))Z:H (@(TH))Z:: . (90(5)>j’Z q)[Jl\7IL§1+i =0, i=1,2---, M, =120
' (3.48)
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This means that the rank of each n x MrLG submatrix of ®, for 1 < r < £, is reduced by
r. Therefore, the matrix @ is of the form

b = ' (3.49)
* ... * * ... * * ... * ... * .. * * e *
To make the size of each submatrix more explicit, we can write
*ape  Oppre 0p e Opae *in
*ape  *xpmre Op e Op e *in
*MLG K MLG X LG Opare *1n
b= ) (3.50)
*MLG K LG X LG Opare *1n

*n—E,Mg)“G *n—é,MlLG *n—é,M%G e *n—&M}G *n—t,n
In the matrix above, for example the left-most column has £ copies of % MG Note also that
the set of MiLG for 0 <4 < ¢ partitions n, so that altogether, ® is an n x 2n matrix.

For the other superpotential Wj 1, the equation of motion with respect to I' gives

i (‘P(e))jl {1 Py, 1 = 0. (3.51)
i=1
If we define a matrix
A = Zn:q)?q)gnﬂ—ia (3-52)
i=1
then the constraint (3.51) can be written in the form
A = 0. (3.53)

For generic ¢ (as dictated by D-terms), since ¢(©) is an £ x n matrix, we see that the rank
of the n x n matrix A must be reduced by /.

In terms of the matrix ®, the left-hand n x n matrix is of full rank, so we restrict
the rank of the right-hand n x n matrix, by setting most of the last column to zero. The
matrix ® then takes the form

*ape  Oppre 0p e Opare O
*ape  *pare Op e Opare O
*LMEC K MEG *p mLe Opare O
o _ (3.54)
*LMEC KFMLG *p mLe Opare O

*nfé,Mé‘G *nfé,M%G *nfé,M%G e
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Also taking into account the bulk isotropy condition ®w®? = 0, arising from the bulk
superpotential, we observe that this matrix matches the matrix given as equation (3.12),
which establishes that this is the desired Schubert cycle.

D-term equations. So far we have focused on the F-term equations. Now let us turn to the

D-term equations, whose analysis we will outline. We will also provide a consistency check

that the defect ¢ fields provide needed degrees of freedom to Higgs the gauge symmetry.
The bulk D-term equations take the form

Z(@?)T@f - QZ(pr)Tpca = 5527 (355)

1

where ¢ denotes the FI parameter. Away from the defect, smoothness and the F-term
constraint from the bulk superpotential imply that p = 0, hence this reduces to the same
D-term equation as an ordinary Grassmannian without a defect. In that case, the D-term
just provides an orthonormality condition on the bulk ® fields, as discussed in [34].

Here, the boundary isotropy condition is partially redundant with respect to the bulk
isotropy condition. As a result, the boundary F-term condition forces the bulk ® to lie along
the critical locus, so that the bulk superpotential is redundant, and the bulk p field has some
degrees of freedom that are not completely removed by F terms along the location of the defect.

From the matrix (3.54), the matrix A of (3.53) vanishes for b > ¢, so

(5 ) (3.56)

components of p,, are not completely constrained by F terms. The bulk D terms then provide

n? — <§> (3.57)

constraints. As a result, the bulk gauge field has

() - ()

Next, we will check that, in the presence of the ¢ fields, there are enough degrees of

remaining degrees of freedom.

freedom to Higgs the bulk and boundary gauge symmetries.
Combining the remaining bulk gauge degrees of freedom with the U(¢)y along the defect,

2+ (5) (3.59)

gauge boson degrees of freedom, between the bulk and the defect.

we have a total of

Now, also, from the matrix (3.54), we see that the F-term equation ©!'® = 0 provides
{(n — ¢) constraints on the n x £ matrix ¢, hence there are

nl — l(n—10) = 12 (3.60)
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degrees of freedom. We also have the boundary ¢ fields, which have a total of

(; ) (3.61)

As a result, taking into account the contribution from the ¢ fields, we see that the number

degrees of freedom.

of gauge boson and ordinary boson degrees of freedom match, which is consistent with the
claim that we can Higgs both the bulk and the defect gauge groups.

For the gauge groups U(i)g for i < ¢, the D-terms are the same as for defects in ordinary
Grassmannians, with only couplings to defect fields and defect gauge groups, no bulk couplings,
so their analysis proceeds largely as in [1]. Note that here, they have (defect-only) F-term
couplings not present in [1], so the solution space will differ, but their analysis is similar.

So, we see that the boundary ¢ fields are needed to completely Higgs the defect gauge
field, and are ultimately required due to the fact that the bulk and defect superpotentials are
redundant. A different way of resolving such redundancies is outlined in appendix C. (We
speculate that appendix C may be more nearly relevant in mirror constructions.)

The defects themselves. In the case of the ordinary Grassmannian, the defect could
be identified very closely with the Kempf-Laksov cycle Xg}r whose pushforward is the
Schubert cycle.

Mathematically, an analogue X/I\“G for LG(n,2n) of the Kempf-Laksov cycle Xg'r was
constructed in [43, section 1]. We briefly review the main definition. Fix a strict partition
A= (A,...,\) and recall the standard symplectic flag C ¢ C?> C ... C C?". Then X/I\JG
is the subvariety of the symplectic flag manifold SF(1,...,¢,n;C?") defined by sequences
(A C Ay C ... C Ay C A, C C™) such that dim A; = i, for any i, A, is isotropic, and
for 1 < i < ¢, A; C C*'=A  This variety has a natural projection X%G — LG(n,2n)
given by (A; C Ay C ... C Ay C A,) — A,. As before, one can show that this is
a birational map onto the corresponding Schubert variety in LG(n,2n). Again similar
to the Grassmannian case, one may also realize X;\JG as tower of bundles over a point.
Namely, choosing an isotropic one-dimensional subspace A; C C"t1=21 is a projective space
P(C"1=M). Since A; € C"H1=M it follows that C*T1=*2 ¢ C"~1*M C A{; then choosing
an isotropic subspace A; C Ay C C""1722 is the same as choosing a dimension one subspace
Ag/A; € C"H1722 /A which globalizes to the projective bundle P(C"*'=*2/O(—1)) over
P(C"*t1=21). One continues this process to build the sequence A; C ... C Ay as a tower
of projective bundles. Finally, choosing the Lagrangian space A, O Ay leads to picking a
point in the Lagrangian Grassmannian LG(n — ¢, Aj /Ay), which globalizes to an appropriate
Lagrangian Grassmann bundle over the previously constructed space.

We conjecture that the Kempf-Laksov cycle X&G of [43, section 1], described above,
is realized by the defect GLSM, which we outline here. Certainly the ingredients above,
the flag of subspaces, matches the structure of the GLSM defect construction and GLSMs
for symplectic flag manifolds discussed in [3, section 2.6]. The mathematical description
above does not involve any representations related to the ¢ fields — but in our analysis,
the ¢ fields are all Higgsed away, and so would not participate. Finally, for completeness,
another possibility is that the GLSM construction is merely giving a cycle in the same class
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as X G if not necessarily the same variety. (See for example [43, cor. 2.6] for the class.)
We leave a detailed analysis for future work.

3.5 Consistency check: dimensions

Let Q¢ be the Schubert defect in LG(n,2n), labeled by A. In this section we will check that

QLG

our physics construction describes a space of the same dimension as 2™, as an independent

consistency check on our claim that the proposed GLSM construction realizes QI;\G.
Schematically,

dim(Q%Y¢) = (bulk d.o.f.) 4 (dim. @) + (dim. ¢) — (Fermi constraints) — (gauge d.o.f.).

In this accounting,

(bulk d.o.£.) = dim LG(n,2n) = ”(”;1) (3.62)
-1
(dim. @) = » r(r+1) + In, (3.63)
r=1
(dim. ¢) = W; b, (3.64)
¢
(Fermi constraints) = ZTM}G + nt, (3.65)
r=1
¢
(gauge d.o.f.) = 27“2. (3.66)

In the expression above, the Fermi constraints include both the A as well as T. Putting
these together, we have

1) S oe—1
dim(Q&G): n—|— -3 r( (MG —1) — (M{C +0—n) —nt+ ( 5 )
+ 1) o oL+ (367
n(n
= (MFS —1) — eMp© — ——=.
=l 2
Given M}C defined as in equation (3.13), then we have
1 ¢
dim(QY¢) = nint1) _ > A (3.68)

This matches the known dimension of the Schubert cell in mathematics (see e.g. [16, section 0]).

3.6 Examples of GLSM constructions in LG(2,4)

In this section, we outline computations of Schubert varieties in examples of GLSM construc-
tions in LG(2,4), and demonstrate in each case that the defect localizes onto the correct
subvariety. This section is intended to complement the general analysis presented earlier,
to confirm in special cases via independent arguments that the GLSM really is correctly
localizing on Schubert varieties.
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. )\:(D

In this case, £ = 0, so the theory along the defect is trivial (no matter, no gauge factors).
The only constraint we have is ®w®? = 0, arising from the bulk superpotential.
Therefore, we can write

e fgh

There is also the D-term constraint implying that ® have rank two. We can then

(I):<abcd>’ ah +bg —cf —de = 0. (3.69)

perform a bulk U(2) rotation to write this in the form

abcO
o = h+bg—cf=0. 3.70
<efgh>,a+g cf (3.70)
which matches the mathematical description of the Schubert variety Q%G in (3.15), as
expected.
e A=

In this case, £ = 1. The defect GLSM is a U(1)y gauge theory with

— a chiral o) of charge +1 under U(1)g, and transforming in the antifundamental
of U(n)pulk,

since MG = 0, there is no Fermi multiplet AW,

since A%V, = 0, there is no chiral ¢,

a Fermi I' in V¥ x V* meaning it is of charge —1 under U(1)s and in the
antifundamental of U(n)pyk.

In this case, Wy = 0, so the only contribution to the defect superpotential is
n
Wou = Y (¢V) ofah, .\ T, (3.71)
i=1

(where we have suppressed the oy index, as it only takes one value).

Write
afgh
o = 3.72
(bcde)’ ( )

then the constraint from Wy can be expressed as

P(0182)(2485)T = (Z ﬁ ) (Z 2) = 0. (3.73)

Here, ¢ is a two-component vector. Each component is charge 1, and since it is the
only scalar charged under the U(1)g, from the D-terms the two components behave like
homogeneous coordinates on a P!: they cannot both vanish. (We can also utilize the
bulk U(2) gauge symmetry to rotate ¢ to any convenient point on P'.) This means
that the product of the pair of 2 x 2 matrices must have a zero eigenvalue, that its
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rank must be less than 2. Utilizing global symmetries, without loss of generality, we
can take g = h = 0.

Furthermore, if we use the bulk U(2) gauge symmetry to rotate ¢ to the form (x,0),
then (3.73) implies ae + fd = 0.

Putting this together, the boundary F-term equation tells us that the first row of the
matrix can be fixed as follows (together with the constraint from the isotropy condition)

@:(ZJ;ZS), ae + fd = 0. (3.74)

Combined with the D-term constraint that ® have rank two, this matches the mathe-
matical description of the Schubert variety QhG in (3.17), as expected.

A=0[1]

In this case, £ = 1. The defect GLSM is a U(1)y gauge theory with

— a chiral 1) of charge +1 under U(1)y, and transforming in the antifundamental
of U(n)bul,

since M{*“ = 1, one set of Fermi multiplets A® of charge —1 under U(1)g,

— since A%V} = 0, there is no chiral g,

a Fermi I' in V¥ x V*, meaning it is of charge —1 under U(1)s and in the
antifundamental of U(n)puy,

together with superpotential terms as described earlier.

Write
e fgh
P = 3.75
(abcd)7 ( )

Proceeding as before, ¢ is a two-component vector, with components that behave like
the homogeneous coordinates of a P'. We can apply the bulk U(2)pu gauge symmetry
to rotate to any convenient point on P!, and without loss of generality we choose

© = (%,0).

The superpotential terms Wy o imply the constraint
ea®3 = 0, (3.76)

which for our choice of ¢ implies that f = 0.

The superpotential terms Wy 1 imply the constraint

(D) () <o o
ab g c

eh =0, de = 0. (3.78)

which implies
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From the bulk D-term constraints, ® must have rank two. We also have a global Sp(2)
rotation that we can use to interchange columns. Without loss of generality, we assume
that the leftmost two columns of ® are of rank two, hence

eb—af # 0. (3.79)

We have already set f = 0, hence e # 0. From the constraint implied by Wp 1, we see
that h =d = 0.
This means that we can write

o = (609()). (3.80)

abeO

The bulk isotropy condition implies that bg = 0. In order for the rank of the left-most
2 x 2 submatrix to be two, we must have b # 0, hence g = 0.

e000
b = . 3.81
<ab60> ( )

This means we can write

Combined with the D-term constraint that ® have rank two, this matches the mathe-
matical description of the Schubert variety Q&% in (3.19), as expected.

A=

In this case, £ = 2. The defect GLSM is a U(1)y x U(2)y gauge theory with

— chiral multiplets () in the bifundamental of U(1)s x U(2),
— chiral multiplets ¢(?) transforming in the bifundamental of U(2)s x U(2)pulk,
— MFS =1 Fermi multiplet AV of charge —1 under U(1)g,

— a chiral ¢ transforming in A2V}, where V} is the fundamental representation of
U(2)a,

— a Fermi multiplet I" in V* x V*, where V is the fundamental representation of
U(n)bul,

together with superpotential terms as discussed elsewhere.

As before, (1) is a two-component vector with components of charges +1 under U(1)s.
The D-term conditions imply that the components behave like homogeneous coordinates
on P!, and we can use U(2)p symmetry to rotate go(l) to a convenient element of P!,
which we will take to be (x,0).

From D-terms, ¢ is diagonalizable, and using U(2)puc and remaining U(2)y symme-
tries, we diagonalize it.

Write

o = (Ziig) (3.82)
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The constraint arising from W g is of the form

(¢Ve®) 28 =0, (3.83)
which implies that f = 0.

The constraint arising from Wy can be shown to imply that g =h=c=d = 0.

o = (600()). (3.84)

The resulting matrix

ab00

still needs to be of rank two, from bulk D-term conditions, hence the determinant of
the remaining left-most 2 x 2 matrix must be nonzero. This matches the mathematical
description of the Schubert variety Qé% in (3.21), as expected.

The remaining residual gauge symmetry can be applied to generate row reduction

operations. The resulting ¢ has the form

1
o (L1000} (3.85)
0100

and it automatically satisfies the isotropy condition. This matches the mathematical

description of the Schubert cell Qé%o, as expected.

3.7 Schubert defects in two dimensions

In the previous section, we studied the geometric constraints implicit in the GLSM con-
struction, to argue that the GLSMs were correctly describing Schubert varieties. In this
section and the next, we shall compute indices, and compare to expected polynomials, as a
strong consistency check on the underlying idea. In particular, in this section we focus on
zero-dimensional defects in two-dimensional GLSMs, corresponding to describing Schubert
cycles in terms of quantum cohomology. We will find in general, and also independently in
computations in specific examples, that the defect indices are given by Schur Q-functions,
appropriate for the given Schubert cycle.

3.7.1 General claim

For a Schubert variety in Lagrangian Grassmannian LG(n,2n) labeled by a strict Young
diagram A, with the number of nonzero rows in A denoted by ¢, consider

A=(ﬁ§);§ﬁ[(ﬁf§) M (-

r=1"" KiZ1 | \ip=1 1<ip£jr<r

T, (3.86)

where

LG p
~ 14 (SEE))MZ 11 <3§€)—|—0'a) -1 57) MLG
Zm_( 11 (&1(4)) 11 — “;)1 : T r+1<8r>
1<ie<je<t Sy ¥ 5j, ir=1 Hl(sig —Ua) r=li;=1| ] (5(7“) s(r+1))
- Jr+1=1
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In the above, the first factor comes from the one-loop determinant of ¢®¢%¢. In the second
factor, the numerator is due to M}G Fermi multiplets A and the Fermi multiplet | AP
while the denominator is due to (). The last factor in the equation above is the contribution
from the MY Fermi multiplets A" and the bifundamentals ¢ for r =1,...,0 — 1.

For these defects in two dimensions, we can evaluate the Jeffrey-Kirwan residue in
the same form as for Schubert defects in ordinary Grassmannians as discussed previously
in section 2.3. Then it can be shown that Z) equals the Schur @Q-function @), for ]\JTLG
defined by equation (3.13).

We will check in detail in examples that Zy, = @), then give a general argument for
why it is always the case.

3.7.2 Example: LG(2,4)

For A = (A\1,0), ¢ = 1, writing a = s(!), we have

da . _4(a+o01)(a+09) o1+ o2, A
Iy=¢ —a™! =2 L—ayh). :
A o' (a —o1)(a—09) o1 — 09 (07" = 03") (3:88)
Hence we have
T =2(01+02) = Qi(0), Ty =2(01 + 02)° = Qr(0), (3.89)

where @) (0) denotes the @) Schur polynomial in the ¢’s, as listed in appendix B in equa-
tions (B.6), (B.7).
For A = (A, \2), ¢ = 2, writing a = s, b = 52, we have

da dby dbsy 1 a2

I\ = ———(b1 —b2)(b2a = b
) 27rz2m27m(1 2)(b2 l)bl—i—bg (a—b1)(a—be)

‘(ble))\z_l(bl +01)(b1 + 02)(b2 + 01) (b2 + 02)

3.90

(b1 — 1) (b1 — 02)(b2 — 01) (b2 — 02) (3.90)

_ gt (o102)M2 (0172 — 1722, (3.91)
o1 — 09

So we have

IEj = 4(o102)(01 + 02) QH:‘ (3.92)

matching the Schur Q-function in equation (B.8).

3.7.3 Example: LG(3,6)

For A = (A\1,0,0), £ = 1, writing & = s(!), we have

B @a 1(a+o1)(a+o02)(a+03)
5\ _7{ M-l ( (3.93)

(
271 (a—o01) CL—O'Q)(CL—O'g)
o2+ 03)
oy — 03)

_ 2(01 + 02)(01 + 03
(o1 — 02)(01 — 03

2 3
02+0'3 o1+ 03 o1+ 02

)(
)

— 0O 01— O, 01— 02
( 5 oM S 4ot >
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It is easy to see that

I = 2(01 + 02+ 03) = Q(0), Zm:2(01+02+03)2=QD:|((7), (3.94)
It = 2(0? + 05’ + O'g + 20102(01 + 02) + 20103(01 + 03) + 20203(02 + 03) + 4010203)
- Qo). (395)

For A = (A1, A2,0), £ = 2, writing a = s b = 5@ we have

L [ dadby dby (b —ba)(bo—by) oM

= 2 ) 2mi 2mi 2mi by +bs (a—b1)(a—by) (3.96)
'(b1b2)>\2—1(bl+0'1)(51+O’2)(b1—|—03)(b2+01)(b2+g2)(b2+03)
(by—01) (b1 —02) (b1 —03)(ba—01)(b2—02) (b2 —03)
_ 4(01+02)(01+03)(02+03) o7

(01-02)(71-03) (72— 03)
(010201 =) = (109 (07 =03 ) (0208 (03 =} ).

Then we have
IHj = 4(01 =+ 0'2)(0'1 =+ 0'3)(0'2 + 0'3)
= QH](U)a (3.98)
IH:\] = 4(01 + 02)(01 + 03)(02 + 03)(01 + 02 + 03)
= Qo). (3.99)
IHEF‘ = 4(0’1 + 02)((71 + 03)(02 + 03)(0102 + 0103 + 0203)
= QH}Q(U) (3.100)

For A = (A1, A2, \3), £ = 3, we wil only write down the result,

L = 8010203(01 + 02)(01 + 03)(02 + 03) (01 + 02 + 03) = Qr(0). (3.101)

3.7.4 General argument

In this section we will give a general argument for why index computations match Schur
Q-functions.

These will be exercises in computing Jeffrey-Kirwan residues; see for example [46, section
3.1, equ'n (3.7)], [47, equ'n (2.34)] and in particular [1, section 3.3] for further information. We
will perform the nested contour integrals in (3.86) and (3.111) similarly as in [1] by iteratively
calculating U(k)-integral from k& = 1 to k = £. In the nested integrals, we should choose the
poles from the chiral multiplets in the denominators of (3.87) and (3.112), respectively. This
choice makes sure that the indices we are computing count the contributions from Higgs
branch vacua, corresponding to FI parameters of the defect quiver gauge theories all being
positive. The only difference with [1] in the computation is that here we start with a fixed
pole configuration and do the computation, then the final result is obtained by applying
Weyl permutations to include all possible pole configurations.
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Given a strict partition A\ = (\1,...,Ar) and the dictionary between A\ and MZLG’S is
given as in equation (3.13), which we repeat here:

i—Aiy1 1 <i<fl-—1,
MG = {AM _A1+1 . ; ¢ (3.102)
The index for the 0d defect quiver gauge theory is given as follows
l ¢
L ds) () ) 1
I = - ]{ [ : (s, — ") _—
<r1;[1 r!) JK 7«1;[1 (2mi)" 1§z‘1;[j§r J 1<21;[j<é 5( ) 4 S(f)
[ﬁ opire 7 G+ on | [ G “)M 8 o
i=1 a= 1( (E Ua r=1i= IHT—H 35’ +1))

We compute the above JK residue as follows.
First, the factor of

accounts for the multiplicity due to the Weyl group symmetry &, of U(r)y for each r. We
can drop that factor by fixing an ordering of s(([)’s for each 7.
Next, consider the contribution from the pole configuration

{sgr) =04, fora=1,...,7rand r = 1,...,5.} . (3.104)

(As mentioned above, the only poles that contribute to the JK residue are of this form,
as in e.g. [47, section 4.6].) All other possible contributing poles are obtained by applying
permutations w € &, to {o1,...,0,}. That said, those permutations overcount by (n — ¢)!,
because the residues are invariant under &,,_y, which will be important later.

The residue of this one pole contribution is

— 1 o (o) M® HZ=1(Ui+Gk)>
(rnl zs«éla_Il ! ) (KEQ “i“’J) <z:Hl [Tizi(oi = on)
MLG
(T2 3109

r=14i=1 ]751(0-170-])

— <2€1£[ Ul MLG+1ﬁﬁ MLG> ( 1Hk 1(01+Uk) Hki—i—l(ai_"ak))

1 r=1i=1 by Hj:z’+1(0i+‘7j)

. (162 T TS (o ajm;_m(oz-—aj))
(I T (01— o0) T (o — o) ) (TI2 T T2 (0 — o) TTEL (0 — o)
= (zﬁﬁ ) (H I1 U’+”J> : (3.106)

j=1 i=1j= Zi419i 705

)

where we have used the fact that

L
Ai=1+> MS, (3.107)

j=i
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as well as

Lo T —1 r r+l
ITII II (ei—=op) = TI 11 II (oi—0y) - (3.108)
r=11i=1 j=i+1 r=114i=1 j=i+1

One sees immediately that (3.106) is the w = id term in the expression for the Schur
Q-function with 8 = 0, (B.3), using the fact that

¢ l
[=l0]* = T (2oy)oy" ") = 2 [ 0", (3.109)
j=1

Jj=1
Summing the contributions from various poles, which corresponds to acting by permutations,
and taking into account the |&,,_y| invariance mentioned earlier, we have

) = o 3w {( ﬁ )(H I1 ZzJ—ij)} (3.110)

webG, j=1 i=1j=i+1

where the factor of 1/(n — £)! compensates for the fact that we are summing over additional
permutations. This matches the expression (B.3) for the Schur @-function at 5 = 0, and
so we see Iy(o) = Qi(0).

3.8 Schubert defects in three dimensions

In this section, we turn to one-dimensional defects in three-dimensional GLSMs, in which
Schubert cycles are described in terms of quantum K theory. We will verify, both through
general arguments and via independent computations in simple examples, that the physical
defect indices match K-theoretic Schur @Q-functions, as expected to describe Schubert cycles

in Lagrangian Grassmannians in quantum K theory.

3.8.1 General claim

For a K-theoretic Schubert class in LG(n,2n), labeled by a strict Young diagram A, with
the number of nonzero rows in A denoted by ¢, consider

¢ ‘ r (r) (r)
1 —dz; z:
1d __ - T _ Cip
r=1 r=1 ip=1 £TLZ; 1<ip#jr<r 2,

MLG

. ) e (1= alill(l—z§f>xa)
)

T, (3.111)

where

II

i=1 a}i[l (1 - zl.(f)/Xa)

-1 r (1_Zi(r)>MTLG
SN

jr+1:1

Zm:( 11

0 (¢
1<ig<je<e L — 2, 25,

(3.112)

for MG defined by equation (3.13), following the conventions of [1, section 3.3.4]. We will
first check in examples, and then in subsection 3.8.4 we give a general argument that I}\d
gives the K-theoretic Schur @-function that is reviewed in appendix B (with g = —1).
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3.8.2 Example: LG(2,4)

For A = (A1, 0), the corresponding Schubert defect is realized by a 1d U(1) gauge theory with
MG = X\ — 1. The supersymmetric localization formula gives

2miz

TH(X) = 7{ (—dz) (1- z)MlLG ljl 11_—;/);

(3.113)
= (1 xy)MEe (1-XP)(1 - X1X5) + (1= XM (1-X3)(1 - X1X5)
- X X5t 1— XXt ’
Consider the cases when A\ = 1 and A\{ = 2, then
1-XH(1-X1X2)  (1-X9)(1 - X1Xo)
Illjd(X) = 1iX1X2—1 13X2X1—1 = (1_X1X2)(1+X1X2)7
1d e = XP)(1 - X X) e (1= X1 - X1 Xo) (3.114)
(X)) =(1-Xy) + (1 - Xo)

- XX, !
=(1-X1X2)(1+ X1 X2 — X7Xo — X1X3),

1— XoX;!

which match equations (B.10), (B.12) for the corresponding Schur @-functions.

For A = (A1, A2), the Schubert defect is realized by a 1d U(1) x U(2) gauge theory with
MFS = M\ — Xg and MIS = )y — \;. Then, we have

Tl x) — 1 —dzlV —dzf) —dzgm 1— 252) 1-— zém !
A (X) = 5% 9732 27riz£2) 2772'252) ? ? W

_ )M
(fla- e =) ()

asi o 1-20x) T, (1_z<1>/z§2)) (3.115)
1— X X
— (1= X2)(1 — X2)(1 — X)MIHMS (1 _ x,)Mz® 2~ 2122
( i)( 5)( 1) ( 2) Ty oysa
1— X1 X
1— X2)(1 — X2)(1 — Xo)Mro+My(q _ x )My -~ 2122
+( i) 5)( 2) ( 1) = oysa

In the special case when A = (2,1), namely, M{¢ = 1 and M}© = 0, one can derive

Zédj(X) =(1-XH)(1 - X5)(1 - Xl)ll__XXf/))(;2 +(1-XH(1-XH(1 - Xg)ll__X)il/);
= (1-X7)(1 - X351 - X1 X), (3.116)

which matches equation (B.14) for the corresponding Schur @-function.
By direct comparison, one can conclude that the Schubert defects Iﬁd, % and 714

give exactly the K-theoretic Schur Q-functions. This is in accord with (not yet proven)
expectations from e.g. [6].
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3.8.3 Example: LG(3,6)

For A = (A1,0,0), the supersymmetric localization formula of the 1d defect quiver gives

—dz e o 1—2X;
Ild X :f 1_ 1\41 et 2
V(X)) = o =2) Z_Zl_lll—z/Xi
1—X1X2>(1—X1X3>
1-X1/Xs 1-X1/X3

— (- X)) - xP) (
(3.117)

1-X1 X 1—-X0X

l—XMchl—XZ( 12)( 23)
* 2)7 2) 1—Xo/X1) \1 = X3/X5
1-X1X 1 - XX

1-X MlLG1—X2( 13)( 23).

In the special cases, Ay = 1, 2 or 3, one can obtain
1-X1X 1-X1X: 1-X1X 1—-XoX:
1d 2 142 143 2 142 243
X)=(1-X 1-X
20 =0-x0 (157w (o) - (o) (o)
1—X1X3)(1—X2X3>
1—- X3

1 - X3/X,
= (1 - X1X2X3)(1 + X1 X2X3), (3.118)
MY =1- X7X5X3 — X7 X0 X3 — X1X5X3 — X7 X5X3
+ XPXIXE 4+ XPX3X3 + XPX3X3, (3.119)

M =1- X7X0 X3 — X1 X3 X3 — X1 X0 X5 — 2X7 X5 X3 — 2X7 X0 X3 — 2X1 X5 X3
+ XPX3X3 + X2X3 X3+ X0 Xo X2 + X1 X5 X3 + X1 X3 X3 4+ X?Xo X3
+2X2X3X5 +2XPX3X3 + 2XEXSXE + 2 X7 X3 XS
— X{X2X2 - X2XIX2 - X2XIXE - X3X3X2 - X3X3X3 - XEX5X3, (3.120)
and it can be shown that these match the corresponding Schur Q-functions.

When A = (A1, \2,0), one can obtain the Schubert classes by the following localiza-

tion formula

(X) = 1]{ e e e 1- ﬁ 1 - ﬁ o
A = 9l 97z 2z 2M.Z§2) 252) z£2) 1— z§2)z§2)

121
2 oyalG oy 1— 22X, (1 B Z(l))M%G e
X (H(l_“”é)) i > 2 @Y
a=1 =11 =z /Xi) Tz (1 — 20 /zg )
For example,
zédj(X) = (1 X1 X2)(1— X1 X3)(1— XoX3)(1+ X1 X+ X1 X3+ X2 X3), (3.122)
ZIHd:D(X) = (1-X1X2)(1— X1 X3)(1 — X2.X3) (3.123)

X (14 X1 X0+ X1 X34+ Xo X3 — X2 X0 X3 — X1 X3 X3— X1 Xo X2 — X2X2X3)
Zéd}j(X) = (1-X1X2)(1 - X1.X3)(1 - X2.X3) (3.124)

X (14 X1 X0+ X1 X34+ XoX3— X2Xo— X1 Xo — X?X3— X1 X3 — X3X3— XoX2
—2X1 Xo X34+ X?Xo X3+ X1 X2 X3+ X1 Xo X2 + X2 X3X2).
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When A = (A1, A2, A3), according to the localization formula

1 P CO NN TN G B MG o) 5 3)
o § 5 & 5
Z (X)*Tg,!f{ [27”'2( 71l —5 ® II -5 II -5

= 2miz 5*127”% 1<a1£a2<2  Zas | [1<Bi#B<3  Zp,

(3)
1 ’ BONTS 5120, X,
XL { 11 <3>] [H [[—F—

3 _
1= [1<pipmes =25 28 | 3= 11—z X!

za z — 20
H MLG 5 (3.125)
a1 ﬂ 11—z (1- z(l) /28)
one can obtain
TMA(X) = (1— X7)(1— X3)(1 — X5)(1 — X1 Xa)(1 — X1.X3)(1 — X2 X3). (3.126)
] '

In each case above, it can be shown that the indices 7y match K-theoretic Schur Q-functions
QA(X), in agreement with expectations from e.g. [6].

3.8.4 General argument

In this section, we will give a general argument that indices of the 1d defect quiver gauge
theories match K-theoretic Schur @-functions. Our argument will be closely analogous to
that in section 3.7.4, to which we refer for technicalities.

The index of the 1d defect quiver gauge theory is given as

14 r . (r "’ (T)
drz(r) ( -1 ) Z; 1
- — 1-- —
%}K Ll;[l (27i)" Faler zi(r) 1<i1;[j<r Z](T) 1<z<1_[g<e 1— z( )Z(f)
14 n - (Z) /—1 r . (7‘) MLG
) [ (10 1X] [H [ == 1)] .

4 _
i=1 k=1 1 — zz( )Xk 1 r—1i—1 Hgii(l . ZZ-(T)ZJ(.T—i_l)

We will compute this residue integral following the same procedure as in the 0d case. Let
us start with the following pole configuration:

z((lr):Xa, forr=1,....anda=1,...,r. (3.128)
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The residue due to this pole configuration is

LT~ ) T ( Y1 Sis m-—
- 1— X, X;~ 1— XX_
iz N Xi) i o j=i+1 P XXJJ z+11_X@'XJ

£ r
e MLG X, T (1— X X%) ] [ (1— Xz) G _x, ]’
) |J:1_I1( ) ( )Hk 1k¢z(1 Xinl rl_[lll_[l ;Jri];éz(l_XZXJ_l)( )

:[Z HH1 XMLG]

=1 r=1i=1
] i+1 (1 XX 71) IHJ z+1( Xinil)
IHk i1 (1= X X7 H i I (=X X
H 1Hk _i (1= X Xg)

( (3.129)
T T (1 X X)) '

¢ wic |1 1 1-XiXg
= Lﬂl Hll'[l (1-X,) ]H 1T T—Xx-T’ (3.130)

which is the w = identity term appearing in the expression (B.5) for the Schur @-function
with 8 = —1 (the K-theoretic Schur @-functions).
Proceeding as before, and taking into accoun the |&,,_¢| overcounting, the full index is then

Th(X) = 3w {[ﬁ X?)]ﬁ[ﬁu_x)MrLG]ﬁ ﬁ 1—XX'€}
M (- e' 7 ' ] 1— XX, (7

weG, j=1 r=1i=1 i=1k=i+1
(3.131)
Next, we use the fact that
l
[1-zl0]* = T] [ = xH - x>, (3.132)
7j=1
¢ J LG
H 1-x)JJa-x)"" 1, (3.133)
7j=1 r=1
which is a consequence of the fact that the power of (1 — X;) appearing is
¢
SMME = N -1 (3.134)
r=g
As a result, Z)(X) exactly matches (B.5), hence
T,(X) = Qu(X). (3.135)

4 Conclusions

In this paper we have described a proposal for a GLSM construction of Schubert cycles in
Lagrangian Grassmannians. We have argued that the GLSM localizes onto the correct locus
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(both by general arguments and by independent computations in simple examples), that the
dimension matches that of the Schubert cycles, and that the physical defect indices match
the expected characteristic polynomials (Schur @Q-functions) in both quantum cohomology
and quantum K theory, both by general arguments and by independent computations in
specific examples.
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A Partition functions of 0d defects

In this section we briefly outline the computation of partition functions of (zero-dimensional)
defects in two-dimensional GLSMs. Briefly, our strategy will be to dimensionally-reduce
the one-dimensional results of [39, section 4].

We begin with the index computations of [39, section 4]. Results there are given for
the index of a (one-dimensional) quantum mechanical theory, not a supersymmetric matrix
model. However, since all the fields are periodic in the time direction in the computation of
the one-dimensional index, we can take the zero-radius limit, in which the theory reduces
to a SUSY gauged matrix model of interest to us.

Naively, the Lagrangian of this gauged matrix model descends from the quantum me-
chanics by omitting the kinetic terms and the Chern-Simons terms. However, there are some
subtleties here. One can define the theta-vacua in even dimensional theory; furthermore, the
vector field variables are real in the one-dimensional gauged theory, but there is no vector
field in the zero dimensional theory, and the scalar of the vector multiplet is a complex one.
So a more precise reduction should come from the 2d ' = (0,2) gauged linear sigma model.
So unlike the one-dimensional gauged supersymmetric quantum mechanics, the non-compact
Coulomb branch can be lifted by the theta angle in the gauged matrix model.

The resulting partition functions in the zero-dimensional case can be understood as
follows. Following [39, section 4], the desired partition function can be expressed in terms of
a (higher dimensional) contour integral, computed as the Jeffrey-Kirwan (JK) residue:

1 NG
5= m %IK H (27”')7" Zggctor(u) Z?r?atter(ua m)a (Al)
r=1

where r is the rank of the gauge group, W is the Weyl group of the gauge group, u is the
complex scalar in the vector multiplet of the gauged matrix model, and m is its complex
mass. The one-loop determinants can be computed straightforwardly:
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e The one-loop determinant of the vector mulitplet can be computed by restricting to
the zero Fourier mode of [39, equation (4.17)], which gives

Z?zgctor(u) = a(u), (AQ)
where « is the roots of the gauge group.

e The one-loop determinant of the chiral multiplet can be obtained from the zero mode
in [39, equation (4.23)], which tells
1
2% (u,m) = [ ————5— (A.3)
o ZI;IQ pi(u) + pf (m)
where R denotes the representation of bosonic matter fields, p are weights of the gauge
group, and p!” are the weights of the flavor symmetry.

o The one-loop determinant of the Fermi multiplet can be gained from the [39, equation
(4.26)]

Lo, m) = T (p5(w) + 5 (m)) (A4)

JER
where R stands for the representation of Fermi multiplets, j are the associated weights
of the gauge group, and p’ are the weights of its flavor group.
B Schur Q-function

The Schur @-function can be found in, for example, [13, section 3.1}, [29]. For completeness,
we briefly recall its definition and basic properties in this appendix.

B.1 Definition

Given a strict partition A = (A1,..., ), the Schur @Q-function of n variables {z1,...,z,}
is defined as [29, def'n (2.1)]

@l ) = gy 2w [[x]b]])‘H R (B.1)

weGn, i=1j=i+1 xl@x]
where
r@®y:=z+y+pry,
r—y
roOy: = ,
YT 1T gy
[#b]* = (z B )z @ b)) (2D bp_1), (B.2)

14
[[b]* == 1:[[[%\5]]”'

The parameter 5 can be taken to be 0 or —1. Both of the allowed values are relevant
for this paper:

e [ =0 is relevant to Schubert cycles in quantum cohomology (two-dimensional physical
models),
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e [ = —1is relevant to Schubert cycles in quantum K theory (three-dimensional physical
models). The resulting polynomials are also known as the K-theoretic Schur @-functions.

The b; are determined by equivariant parameters; for example, in the case of K theory,
b; =1 — exp(t;), see for example [29, section 8]. In the non-equivariant case, which we focus
on in this paper, we should set the b;’s to zero.

When =0, 2@y =x+y and 2 ©y = x — y, then (B.1) can be simplified as

1 Lon T+ x;
a1, ywn) = — > w [N T] =—2 (B.3)
(n—0)! weG, =1 i1 T T Ty

When f = —1, to compare with the physics results, it is more convenient to do the
following change® of variables, z; = 1 — X;. Then one can obtain

T @x2‘5:,1 =214+ 29 —x1220 =1 — X1 X9,

T1 — T2 X4 (B.4)
R = prng 1 PR —
T1 O Ta|g=—1 T X,
and in this case
1 > Alﬁ[ ﬁ 1— XX,
QX1 Xp) = ——— w [l —X[1 -] —, (B.5)
(n—2)! wESH i=1 j=i+1 1= Xi/X;

where we have defined y; := 1 —b; for i = 1,2,....

Remark. The factor 1/(n — £)! appearing in front of (B.1) reflects the fact that (B.1) is
invariant under the group &,,_, of permutations of {zsy1,...,z,}, of order (n — £)!. In other
words, the factor 1/(n — £)! is there to compensate for a redundancy of multiplicity (n — ¢)!
in the summation over elements of &,,.

B.2 Examples: n = 2

In this subsection we provide some examples of Schur @-functions, in the case that n = 2,
meaning LG(2,4).

B.2.1 Quantum cohomology (8 = 0)

« A=(1)
Q@) = 200 2 420y 2 = 90y +a9). (B.6)
« A=(2)
Qrp(x) = 2x§2 f Z + 222 Z f i = 2(z1 + 19)2. (B.7)
e A=(2,1)
QH:‘(x) = 4zt Z tx + 43z iz tii = dx1x2(21 + 22) . (B.8)

3In passing, the 2;’s here coincide with the shifted variables used in [44, 45].
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B.2.2 Quantum K theory (8 = —1)
e A= (1)
($1 + 19 — l’lxg)(l — 1'1)
(w2 — 1)

Q(a) = (20 o) 220

= (21 + 22 — 2122)(2 — 21 — T2 + T172),

+ (2$2 — :U%)

= 2(x1 + x2) — (21 + 12)? — 2x129 + 27120 (71 + T2) — X323,
= (1 —XlXQ)(1+X1X2). (BQ)
Or, we can directly compute in terms of shifted variables as
1—X1Xo 9 1 —X1X5
Q X =(1-— X2 D ———— + 1-— X T < v~ —1°
o) = 1)1 - X1 Xy ( 2)1_X2X1 ! (B.10)

=(1-X1X2)(1+ X1Xy)

(xl + 29 — 1‘133‘2)(1 — ZL'Q)

I )
o — :El)

2 2 2 2
= (x1 + xo — 2122) (221 + 229 — 2] — x5 — 3w1T2 + TTT2 + T1X3),

= 2(xy + x9)? — 23 — 23 — 6x120(21 + T2) + 2w 130 (2F + 23) + Bl
— aiwj(wr + a2),
=(1-X1Xo)(1+ X1 X9 — X?Xo — X1 X3). (B.11)
Alternatively, one can compute in terms shifted variables directly as

1— XX, ) 1— X1 Xy
—(1-X)(1-X —— 4+ (1 -X35)(1 - Xo)———,
Q=0 =X =X) == + (1= X) (1 = Xo) = (B.12)

= (1 -X1Xo)(1+ X1 X0 — X2Xo — X1 X3).

e A=(2,1)
(1 + 29 — x122)(1 — 22)

QBj(CU) = (2x1 — x3)21 (229 — 23) TN
+ (20— B)aa(am — o) xz(;zgff:i))(l —o),

= 33‘1.7}2(2 — $1)(2 — .7,‘2)(.7}1 + 29 — 1‘133‘2),

= 4xix9(T1 + T2) — 2561.%’2(%% + :1:%) — 855%35% + Bx%xg(m +x9) — x‘i’x%,

= (1- X02)(1 - X2?)(1 - X1 Xa), (B.13)
and, similarly, one can directly compute using X-variables
1—X1X,

=1-X)H1-X)(1-X2)———=_

QH:I ( ) 1)( 2)1—X1X2*1
1— XX (B.14)

1- X1 -Xo)(1 - X)) ————=, :
+ ( 2)( 2)( 1)1—X2X1*1

= (1-X1)1-XH(1 - X1 X5).
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C Toy model of eliminating redundant constraints

In this section we outline a simple toy model of how one can add fields to remove redundant
constraints. We do not use this method in our construction, but include it here as a
counterpoint.

Consider a two-dimensional (0,2) supersymmetric theory. For simplicity, we will assume
not include a gauge factor, though it is trivial to add. Suppose we have two Fermi superfields
A1, Ao, and a function f(®) of chiral superfields. Then, consider the (0,2) superpotential

W = Af(®) + Aaf(®). (C.1)

Now, ordinarily we would interpret a (0,2) superpotential term of the form Af(®) as
enforcing a constraint on the low-energy space of vacua, of the form {f = 0}. Here, however,
we have two identical constraints. In fact, in this toy model, we can trivially write the
superpotential as

W = (A1 4+ A2)f(2), (C.2)

which makes it clear that the combination Ay — Ay decouples.

Now, we can remove that degeneracy by adding a new chiral superfield g and adding a
superpotential term mgq(A; — Ag). This terms gives a mass m to both ¢ and to the difference
A1 — Ao, effectively removing them from the low-energy theory.

As a result, this theory with the extra chiral superifleld ¢ and superpotential

W = (A1 +A2)f(®) + mg(A1 — A) (C.3)

is equivalent at low energies to a theory containing only a single Fermi superfield A and
the superpotential

W = Af(D). (C.4)
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