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ABSTRACT 

 

Turbulent boundary layer and metamaterial properties were explored to initiate the viability 

of controlling acoustic waves driven by pressure fluctuations from flow. A turbulent boundary 

layer scaling analysis was performed on zero-pressure-gradient turbulent boundary layers over 

rough surfaces, for σπȟπππὙὩ ρππȟπππ. Relationships between fluctuating pressures and 

velocities were explored through the pressure Poisson equation. Certain scaling laws were 

implemented in attempts to collapse velocity spectra and turbulence profiles. Such analyses were 

performed to justify a proper scaling of the low-frequency region of the wall-pressure spectrum. 

Such frequencies are commonly associated with eddies containing the largest length scales. This 

study compared three scaling methods proposed in literature: The low-frequency classical scaling 

(velocity scale Ὗ, length scale ‏), the convection velocity scaling (Ὗ Ὗ, ‏), and the Zagarola-

Smits scaling (Ὗ Ὗ, ‏). A default scaling (Ὗ, ‏) was also selected as a baseline case for 

comparison. At some level, the classical scaling best collapsed rough and smooth wall Reynolds 

stress profiles. Low-pass filtering of the scaled turbulence profiles improved the rough-wall scaling 

of the Zagarola-Smits and convection velocity laws. However, inconsistent scaled results between 

the pressure and velocity requires a more rigorous pressure Poisson analysis. The selection of a 

proper scaling law gives insight into turbulent boundary layers as possible sources for acoustic 

metamaterials. A quiescent (no flow) experiment was conducted to measure the capabilities of a 

metamaterial in retaining acoustic surface waves. A point source speaker provided an acoustic 

input while the resulting sound waves were measured with a probe microphone. Acoustic surface 

waves were found via Fourier analysis in time and space. Standing acoustic surface waves were 

identified. Membrane response properties were measured to obtain source condition characteristics 

for turbulent boundary layers once the metamaterial is exposed to flow
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GENERAL AUDIENCE ABSTRACT 

 

Aerodynamicists are often concerned with interactions between fluids and solids, such as 

an aircraft wing gliding through air. Due to frictional effects, the relative velocity of the air on the 

solid-surface is negligible. This results in a layer of slower moving fluid near the surface referred 

to as a boundary layer. Boundary layers regularly occur in the fluid-solid interface, and account 

for a sufficient amount of noise and drag on aircraft. To compensate for increases in drag, engines 

are required to produce increased amounts of power. This leads to higher fuel consumption and 

increased costs. Additionally, most boundary layers in nature are turbulent, or chaotic. Therefore, 

it is difficult to predict the exact paths of air molecules as they travel within a boundary layer. 

Because of its intriguing physics and impacts on economic costs, turbulent boundary layers have 

been a popular research topic. This study analyzed air pressure and velocity measurements of 

turbulent boundary layers. Relationships between the two were drawn, which fostered a discussion 

of future works in the field. Mainly, the simultaneous measurements of pressure on the surface and 

boundary layer velocity can be performed with understanding of the Pressure Poisson equation. 

This equation is a mathematical representation of the boundary layer pressure on the surface. This 

study also explored the possibility of turbulent-boundary-layer-driven-acoustic-metamaterials. 

Acoustic metamaterials contain hundreds of cavities which can collectively manipulate passing 

sound waves. A facility was developed at Virginia Tech to measure this effect, with aid from a 

similar laboratory at Exeter University. Microphone measurements showed the reduction of sound 

wave speed across the metamaterial, showing promise in acoustic manipulation. Applications in 

metamaterials in the altering of sound caused by turbulent boundary layers were also explored and 

discussed.  
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Chapter 1 ï Introduction  

 

1.1 Motivation  

Fluid forces dominate our natural world. Their influences are shown in high-impact 

weather events such as hurricanes and tornadoes. In recent history, such forces have been 

harnessed for energy production and transportation, both being essential aspects of the modern 

economy. In each of the aforementioned applications, a fluid-surface interaction occurs. Whether 

itôs an aircraft gliding through air, or a ship hull displacing water at its edges, there is some 

interface where the fluid meets a solid surface. Such interfaces are known as boundary layers. 

Turbulent boundary layers (TBLs) occur when frictional forces break down in fluids, causing 

chaotic flows. TBLs have initiated much interest. This is accredited to their wide-range 

applicability, and the lack of current modeling techniques. Knowledge of this flow phenomena 

will increase understanding of viscous flow-to-surface interactions. The vibrations stirred from 

strong pressure fluctuations cause structural ware and acoustic externalities. This also effects 

performance metrics, totaling over half of the drag experienced by aircraft and ships (Lee et al., 

2014). Results from this boundary layer study aim to ultimately increase vehicle efficiencies, and 

lower the environmental impacts of unwanted noise. This will be accomplished by analyzing the 

largest length scales of the boundary layer flow. Understanding this area is crucial, because the 

occurring significant flow structures will incur strong vibrations on the wall. Such understanding 

stems from a proper selection of a low-frequency wall-pressure spectrum scaling law. Several have 
been proposed in literature. This work will justify a proper law by analyzing similar scales in 

regards to velocity spectra. Relationships are established through the pressure Poisson equation. 

The goal of the selected scaling is to collapse both pressure and velocity spectra regardless of flow 

and surface conditions. Therefore, a proper scaling law will increase the information of TBLs as a 

source term. This is beneficial, because the consistent occurrence of TBLs makes them desirable 

as energy drivers to a particular system. Recent research in acoustic metamaterials has made them 

a contender for such an application. These materials could entrap acoustic surface waves from 

TBLs and redistribute them. Applications for this technology include passive flow control and 

acoustic mitigation techniques.    

 

1.2 Turbulent Boundary Layers  

1.2.1 Background  

All fluids have some viscosity, which is a resistance to shear. For example, it is more 

difficult to stir a jar of honey than water, hence honey is a more viscous fluid. Near the fluid-

surface interface, the viscous forces of the fluid begin interacting with the motion of the wall. The 

local fluid velocity decreases as we approach the wall, until a zero-speed condition is reached at 

the frictional surface. This forms a velocity gradient in the fluid-surface regime, also known as a 

boundary layer. Boundary layers were initially theorized and observed by Prandtl (1904). He 

concluded that when the frictional forces of a solid body interacted with viscous forces of a fluid, 

the fluid adheres to the surface so that its velocity is either zero, or that it matches the body velocity.  
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Figure 1.1 - The various regions within a turbulent boundary layer along with their estimated non-

dimensional wall normal positions (● . 

He also made observations of this phenomena through water tank experiments, where boundary 

layers and wakes were created from obstacles in the flow. 

In addition to viscous forces, fluids in motion also carry an inertial force. The relationship 

between these two are quantified through a dimensionless quantity known as the Reynolds number. 

A common definition for the Reynolds number is shown in equation 1.1, 

ὙὩ
”Ὗ ὼ

‘
 

(1.1) 

  

where ” is the fluid density, Ὗ  is the freestream fluid velocity, ὼ is some characteristic length, 

and ‘ is the dynamic viscosity of the fluid. The numerator contains terms associated with the 

inertial properties of the fluid while the denominator carries the viscous term. Therefore, the 

Reynolds number increases as the inertial-to-viscous force ratio increases. This relationship was 

derived by Reynolds (1883) through observations of colored die in water pipe flows. At low flow 

speeds, Reynolds saw a smooth die band as it moved with the water. This phenomenon is an 

example of laminar flow, where viscous forces dominate and keep the die band under control. As 

the pipe flow velocity increased, the band began to disperse, mixing with the surrounding un-

colored water. This increase in the flowôs freestream velocity corresponds to a rise in inertial force. 

Oftentimes, the self-mixing of the fluid with increasing Reynolds number is stochastic. Fluid 

mechanists commonly refer to this as a turbulent flow. Turbulent flows are constantly changing 

with time with respect to velocity and pressure fluctuations. The constant mixing also creates 

eddies and flow structures of varying size and length scales, which travel with the flow at different 

velocities. 

 The presence of turbulent flow in boundary layers has been the subject of study for the past 

several decades. Commonly referred to as turbulent boundary layers (TBLs), these flows are 

commonplace in many fluid-based engineering applications.  
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1.2.2 TBL Regions 

As shown in figure 1.1, TBLs are comprised of several regions. Each section plays a role 

in the momentum and energy transfer to-and-from the wall into the flow. It is convenient to utilize 

a dimensionless wall-normal position term to quantify the location of each region relative to the 

surface. Clauser (1956) used such a term, as seen in equation 1.2, 

ὼ
ὼὟ

’
 

(1.2) 

 

where ὼ is the wall-normal position, Ὗ is the friction velocity, and ’ is the kinematic viscosity. 

The friction velocity is term used to quantify the relationship between the wall and fluid of interest, 

and is typically expressed as Ὗ † ”ϳ , where †  is the wall shear stress. Schetz (2010) reports 

the location of three regions within TBLs as follows: the viscous region from π ὼ σπ, the 

overlap region from σπ ὼ σππ, and the outer region from σππὼ  to the edge of the 

boundary layer. Although researchers have given these areas describable locations, various mixing 

occurs between the layers due to turbulence. TBLs consist of various flow structures which travel 

in-and-out of each region, moving both towards and away from the wall in a random, cyclic fashion 

(Grass, 1971).  

 The viscous region contains two sublayers: the linear sublayer and the buffer sublayer. 

Located nearest the wall, the linear sublayer occurs from the high viscous forces which exist 

because of the flowôs slow movement relative to the wall. This layer acts as a no-slip condition for 

the rest of the boundary layer (Sreenivasan, 1989). This is an important assumption to make in 

fluid dynamic calculations, because it provides a boundary condition needed to form analytical 

solutions. The buffer layer resides just above the linear sublayer. Turbulent interactions begin to 

form in this regime. In fact, turbulent flow structures that make their way into the boundary layer 

from the outer flow dissipate into considerable amounts of turbulent kinetic energy. The buffer 

sublayer is the peak energy production and dissipative area in the entire TBL. However, turbulence 

cannot be self-sustained in this region. It remains greatly influenced by interactions from the above 

layers (Gad-el-Hak & Bandyopadhyay, 1994). The velocity profile in the viscous region can be 

described mathematically in the following form. 

ό

Ὗ

ὼὟ

’
 

(1.3) 

 

This equation is in similar form as Clauser (1956). The right-hand-side normalizes the local fluid 

velocity, ό, on the friction velocity. This non-dimensional quantity can also be described as ό

όὟϳ . Therefore, equation 1.3 can be re-worked to reach the following form: ό ὼ . This is 

known as the Law of the Wall.  This law has many capabilities, and can be applied to flow over 

plates, through pipes, and through channels (Ludweig & Tillman, 1950). 

We now direct our attention to the outer region of the TBL. This area lies in between the 

inner boundary layer sections and flow outside of the boundary layer. Once we step outside of the 
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boundary layer into the remaining flow, inviscid assumptions are generally valid for flow 

calculations. Since the outer region is the furthest away from the wall, only the largest of eddies 

and coherent structures in the boundary layer are observed. This remains an important region to 

understand, considering that large eddies drive pressure fluctuations at the wall. More on this topic 

will be discussed later. Returning to analysis of Clauser (1956), the velocity profile in the outer 

region takes the form shown in equation 1.4, 

ό Ὗ

Ὗ
Ὢ
ὼ

‏
 

(1.4) 

 

where Ὗ is the edge velocity, and ‏ is the boundary layer thickness. The edge velocity is the local 

velocity of the flow at the boundary layer edge. The numerator on the left-hand-side is known as 

a velocity defect, because it is the difference between the local value, and the edge velocity term. 

Hence, equation 1.4 is also known as the velocity defect law. This law was initially theorized by 

von Kármán (1930), whilst determining governing equations for turbulent flow in grooves.  Notice 

that the variables in equation 1.4 describe the largest scales of the boundary layer (Ὗ, ŭ), while 

the variables in the law of the wall describe the viscous behavior near the surface (’).  

 Equipped with equations of the velocity profile in both the viscous region and the outer 

region, it is possible to derive an expression for the overlap portion of the TBL. This was presented 

by Clauser (1956), and additionally described by Schetz (2010). With some manipulation of 

velocity defect law, the right-hand-side can equate to the right-hand-side of equation 1.3. This is 

shown below. 

ό

Ὗ
 Ὢ
ὼ

‏

Ὗ

Ὗ
 

 

(1.5a) 

ό

Ὗ
Ὣ
ὼὟ

’
 

(1.5b) 

 

Since the law of the wall and velocity defect law exist in their respected regions, the velocity 

profile of the in-between (or overlapping) area must satisfy both equations. Millikan (1938) 

approached this conclusion experimentally through studying pipe and channel flows. This concept 

is applied mathematically using the logarithmic operator, because it can equate the added Ὗ όϳ  

term of equation 1.5a to the ὼό ’ϳ term inside of the g function in equation 1.5b. This results in 

two new logarithmic equations which describe the velocity profile in the overlap region, shown in 

equations 1.6a and 1.6b, 

ό Ὗ

Ὗ
ὃÌÏÇ

ὼ

‏
ὄ 

 

(1.6a) 

ό

Ὗ
ὃÌÏÇ

ὼὟ

’
ὅ 

(1.6b) 
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where A, B, and C are constants. Under this context, the overlap layer is also referred to as the log 

layer by aerodynamicists. Additionally, Schetz (2010) stated that another form of the log law is 

used under the following formulation, 

ό

Ὗ

ρ

‖
ÌÎ
ὼὟ

’
ὅ 

(1.7) 

 

where ‖ ÌÎρπȾὃ. Coles (1956) expanded on this equation to make it applicable to the outer 

region. His rendition is shown in equation 1.8, 

ό

Ὗ

ρ

‖
ÌÎ
ὼὟ

’
ὅ
ɩ

‖
ύ
ὼ

‏
 

(1.8) 

 

where ɩ is a profile parameter and ύ is the wake function. Equation 1.8 is also known as The Law 

of the Wake.  

With a form of the overlap layer established, physical explanations of the mechanisms 

which drive this region are desired. As we increase ὼ  from the viscous region to the overlap 

region, viscous effects become negligible. This includes the presence of viscous stresses. This 

leaves turbulence as the main contributor of stresses imparted on the flow (Gad-el-Hak & 

Bandyopadhyay, 1994). Such stresses can be quantified as Reynolds stresses. Analytically, 

Reynolds stresses are derived from a Reynolds decomposition of the Navier-Stokes equations. 

Physically, Reynolds stresses are created from momentum transfer by a fluctuating velocity field 

(Pope, 2000). Throughout this body of work, Reynolds stresses will be represented in the following 

form: ό, Reynolds normal stress in the Ὥth direction, and όό, Reynolds shear stress on the Ὥth 

plane in the Ὦth direction. A conventional vector index notation will be used, where Ὥ ρ is the 

streamwise direction, Ὥ ς is the wall-normal direction, and Ὥ σ is the spanwise direction. The 

same rules apply for the Ὦ index. The argument for upholding Millikanôs theory (or Classical 

Theory) is that the overlap layer has to be under a condition of constant stress (Sreenivasan, 1989; 

George & Castillo 1997). This is best explained through a velocity gradient analysis performed by 

Gad-el-Hak & Bandyopadhyay (1994). The mean velocity gradient of the constant stress region is 

proportional to the square root of the constant Reynolds shear stress, shown in equation 1.9, 

‬Ὗ

‬ὼ
ͯ

όό ϳ

ὼ
 

(1.9) 

 

where Ὗ is the mean velocity in the streamwise direction. Gad-el-Hak & Bandyopadhyay (1994) 

disregarded viscous terms, with the assumption that the momentum flux of a constant-stress region 

is driven solely by turbulence. If this equation is integrated using the velocity at the edge of the 

laminar sublayer as a boundary condition, equation 1.7 can be derived. The argument against 

Millikanôs theory is that a truly constant Reynolds stress is only obtainable at an infinite Reynolds  



6 
 

 

Figure 1.2 - Distribution of Reynolds shear stress as a function of Reynolds number and wall normal position 

(◐ Ȣ Constant shear stress region found in overlap region at higher Reynolds number. From Sreenivasan 

(1989). 

number. Figure 1.2 displays the effect of Reynolds numbers on Reynolds shear stresses throughout 

various regions of the TBL. Notice that as the Reynolds number increases, the stress slope 

approaches zero in the overlap regime. Additionally, one can see the rapid decrease in viscous 

stresses with increasing ὼ  (ώ in Gad-el-Hak & Bandyopadhyay (1994) notation). Long & Chen 

(1981) argues against the Classical Theory by concluding that there are, in fact, significant viscous 

effects in the overlap region. George & Castillo (1997) seconds this idea by proposing the existence 

of a mesolayer in between the overlap and viscous regions. While viscous stresses remain 

negligible in the mesolayer, viscosity acts on the turbulence which produces Reynolds stresses. 

1.2.3 Rough wall effects  

 The mean velocity profiles previously mentioned are for flows over smooth walls. 

However, surface bodies in real-world environments contain some roughness. This must be 

accounted for in fundamental TBL research in order for its outcomes to have significant 

engineering importance. Nikuradse (1933) studied fluid flow through rough pipes, and categorized 

the flow conditions into three ranges dependent on Reynolds numbers. He quantified a resistance 

factor to describe the effect of roughness on the flow. At low Reynolds numbers, the resistance 

factor between smooth and rough walls are the same, because roughness elements are within the 

laminar sublayer. Nikuradse labels intermediate Reynolds numbers as the transition range. In this 

regime, he determined that the resistance factor is increased because the laminar sublayer is now 

equal in magnitude to the roughness elements. At high Reynolds numbers, Nikuradse found that  
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Figure 1.3 - Mean streamwise TBL  velocity profiles expressed in variables consistent with the log law. Data 

taken from experiments used in this study. See legend in figure 1.5. From Joseph (2017). 

the resistance factor becomes independent of Reynold number, and instead is a function of 

the roughness scales. 

Clauser (1956) incorporated rough wall contributions to the mean velocity profile in the 

equation 1.10, 

ό

Ὗ

ρ

‖
ÌÎ
ὼὟ

’
ὅ
Ўό

Ὗ
 

(1.10) 

 

where ЎόὟϳ  indicates the vertical shift in the overlap layerôs velocity profile due to roughness. 

This shift is shown in figure 1.3. Clauser defines this factor as  

Ўό

Ὗ

ρ

‖
ÌÎ
ὯὟ

’
Ὀ 

(1.11) 

 

where Ὧ is the roughness height and Ὀ describes the y-intercept. Perry et al. (1969) altered this 

definition, as shown in equation 1.12,  

Ўό

Ὗ

ρ

‖
ÌÎ
‭Ὗ

’
Ὀ 

(1.12) 

 

where ‭  is referred to as the óerror in originô. It provides a physical metric to describe the shift in 

velocity profiles due to wall roughness, and is calculated by moving said profiles so that they have 

a logarithmic form near the wall (Perry et al., 1969). Perry et al. uses ‭ to describe two common 
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types of roughness-turbulence interactions. The first type is ókô roughness. Under this 

configuration, roughness elements are spaced out so that eddies forming within the interstitial 

space can easily travel up away from the wall. Therefore, the velocity profile within the roughness 

regime forms into the velocity defect. The characteristic velocity and length scales are the friction 

velocity and roughness heights respectively. Perry et al. adds that ‭ shares length scales with Ὧ in 

the ókô roughness distribution. The second type is ódô roughness. Under this configuration, Perry 

et al. explains that roughness elements are more tightly packed together. Eddies formed in this 

interstitial space create stable vortices within the roughness lattice. They are essentially trapped in 

the roughness regime, and fluid shedding into the outer region is negligible. Therefore, the outer 

region flow glides above the roughness regime, unaffected by the surface elements. Additionally, 

Perry et al. concluded that ‭ cannot be accurately predicted in ódô type roughness cases. This flow 

depiction is analogous with the Wall Similarity Hypothesis, which was formulated by Townsend 

(1976) and reiterated by Raupach et al. (1991). This theory states that the boundary layer 

turbulence outside of the roughness regime maintains consistent behavior, regardless of the 

underlying surface roughness. Jimenez (2004) performed a case study on a variety of rough wall 

TBL data, and concluded that rough wall effects are controlled by two roughness parameters. The 

first is the roughness Reynolds number, Ὧ , which reveals the interaction between roughness 

elements and the buffer layer. The second is the blockage ratio, Ὧ‏ϳ , which describes roughness 

effects on the overlap layer. Jimenez notes that it is difficult to make sense of historical roughness 

data due to poor trends, and suggests future experimental data where the roughness Reynolds 

number and blockage ratios are large enough to be free of any transitional effects. Bennington 

(2004) performed a roughness study in a small boundary layer wind tunnel using Lazer Doppler 

Velocimetry. He concluded that horseshoe vortex structures form in front of elements, and increase 

skin friction drag from interactions with high-momentum fluid from the outer boundary layer. 

Additionally, Bennington found that elements with sharp edges increase the turbulent kinetic 

energy due to the flow separations they impart. 

1.2.4 Flow Structures  

 As previously mentioned, TBLs consist of various flow structures which operate 

throughout each region. One of the main transfer mechanisms from the inner to outer regions are 

streaks. Such structures were characterized by Kline et al. (1967) through hydrogen bubble 

visualizations. They found that streaks originate in the laminar sublayer, and lie in various patterns 

on a smooth wall. They form elongated strips of fluid in the streamwise direction, and oscillate 

slowly with the oncoming flow. Kline et al. (1967) compares their movements at this stage to flags 

flapping in the breeze. The presence of streamwise vorticity in the flow elevates the streaks away 

from the wall. As they rise to ὼ σπ, the streaks oscillate with increased strength, and lose 

geometric integrity as turbulence levels increase (Kline et al., 1967). At this point, the streaks are 

ejected into the outer region of the boundary layer. Corino & Brodkey (1969) found that the 

energetic nature of such ejections contributes to the generation of Reynolds stresses. Grass (1971) 

concluded that the introduction of roughness elements to the surface caused more violent ejections, 

and suggested additional instability modes. Kline et al. (1967) dubbed the streak rise-and-ejection 

process ñburstingò, and contributes it to a significant momentum and turbulent kinetic energy 

transfer mechanism in TBLs. Smith (1978) found that the bursting could create lifted vortex loops. 
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These are also known as hairpin vortices, and can extend from the wall to the outer region, or even 

beyond the TBL (Head & Bandyopadhyay 1981). Additionally, Brown & Thomas (1977) found 

that bursting correlates high-frequency wall shear fluctuations with large-scale motions in the outer 

region. Grass (1971) used similar hydrogen bubble experimentation methods, and found that the 

upward streaks were often paired with fluid inrush phases. Such phases are known as sweeps, and 

carry high momentum fluid from the freestream to the wall. Grass (1971) concluded that the 

sweep-streak interactions generate considerable turbulence, and occur randomly due to some 

strong three-dimensional instability mechanism. Lee et al. (2014) used particle image velocimetry 

(PIV) analysis to reveal shear layers throughout the TBL caused by the opposing sweep-streak 

structures. Even though there is considerable turbulence caused by such interactions, they are 

necessary to uphold the integrity of the TBL. Corino & Brodkey (1969) found that sweeping action 

of the flow, after ejections, re-forms the typical boundary layer velocity profile. 

 

1.3 The Pressure Poisson Equation 

 The turbulent kinetic energy created by the various flow structures in a TBL produces 

pressure fluctuations on the surface. The nature of such fluctuations can be explained analytically, 

in a form used to quantify the surface-pressure field in terms of the flowôs velocity components. 

Such a mathematical analysis begins with a momentum balance across some differential volume 

of viscous flow. This balance reveals the well-known Navier-Stokes equations. They are shown in 

equation 1.13, with a vector index notation form consistent with Glegg & Devenport (2017), 

”
Ὀὺ

Ὀὸ

‬ὴ

‬ὼ
π 

(1.13) 

 

where ὺ is the instantaneous velocity, and the material derivative equates to the flowôs 

acceleration (Ὀὺ Ὀὸϳ ὥ). The remaining term can be broken down as ὴ ὴ‏ „ , where ὴ 

is the instantaneous pressure, ‏  is the Kronecker delta, and „  is the stress tensor. Through 

incompressible flow assumptions, Glegg & Devenport (2017) showed that the gradient of the stress 

tensor can be written as equation 1.14, 

‬„

‬ὼ
‘ɳ ὺ 

(1.14) 

 

where ɳ  is the Laplacian operator. With some rearranging, we arrive at equation 1.15. 

ρ

”

‬ὴ

‬ὼ

Ὀὺ

Ὀὸ
 

 

(1.15) 

Expansion of the left-hand-side of equation 1.15 using the extended form of ὴ  and equation 1.14 

yields equation 1.16. 
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(1.16) 

Substituting back into equation 1.15, and taking the divergence of each side forms the new 

relationship: 

Ͻɳ
ρ

”
ὴ
‏‬

‬ὼ
‘ɳ ὺ Ͻɳ

Ὀὺ

Ὀὸ
 

 

(1.17) 

We can simplify the left-hand-side by using the relationship ὴ‏‬ ‬ὼϳ ὴɳ, where ɳὴ is the 

gradient of the instantaneous pressure. 

Ͻɳ
ρ

”
ὴ
‏‬

‬ὼ
‘ɳ ὺ Ͻɳ

ρ

”
ὴɳ ‘ᶯὺ  

 

(1.18) 

Using the distributive property of the gradient, we can obtain the following. 

 

Ͻɳ
ρ

”
ὴ
‏‬

‬ὼ
‘ɳ ὺ Ͻɳ

ρ

”
ὴɳ Ͻɳ’ᶯὺ  

 

 

(1.19) 

Assuming that ” and ’ are constant scalars, we can communicate them out of the vector calculus 

operations.  

 

Ͻɳ
ρ

”
ὴ
‏‬

‬ὼ
‘ɳ ὺ

ρ

”
Ͻɳɳὴ ’ Ͻɳᶯὺ  

(1.20) 

 

By using the following vector calculus identities, Ͻɳɳὴ ᶯὴ and Ͻɳᶯὺ ᶯ Ͻɳὺ , we can 

substitute into the next equation. 

Ͻɳ
ρ

”
ὴ
‏‬

‬ὼ
‘ɳ ὺ

ρ

”
ᶯὴ ’ᶯ Ͻɳὺ  

(1.21) 

 

We set an aside to introduce the continuity equation, which describes the conservation of fluid 

mass through some elemental volume. Using the notation of Glegg & Devenport (2017), the 

continuity equation is shown in equation 1.22. 

‬”

‬ὸ

‬”ὺ

‬ὼ
π 

(1.22) 
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Through incompressibility assumptions, we take ‬”‬ὸϳ π, and therefore simplify the equation 

to the following form. 

‬ὺ

‬ὼ
π Ͻɳὺ 

(1.23) 

 

We can now substitute this relationship back into equation 1.21, to obtain the final form of the left-

hand-side. 

Ͻɳ
ρ

”
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(1.24) 

 

Moving onto the r.h.s of equation 1.17, we can start by expanding the material derivative. 

Ͻɳ
Ὀὺ

Ὀὸ
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‬ὺ
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(1.25) 

 

Since ὺ is the instantaneous velocity, ɳϽ‬ὺ ‬ὸϳ π. Additionally, we can use the identity form 

of the divergence shown in equations 1.26a ï 1.26b. 

Ͻɳ
Ὀὺ
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(1.26a) 

  

Ͻɳ
Ὀὺ

Ὀὸ

‬ὺ

‬ὼ

‬ὺ

‬ὼ
 

(1.26b) 

 

Equating the simplified versions of the left-hand-side and right-hand-side, we arrive at the 

following equation. This is known as the Pressure Poisson Equation   

ρ

”
ᶯὴ

‬ὺ
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‬ὺ
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(1.27) 

 

We can now perform a Reynolds decomposition, where the instantaneous velocity can be written 

as a sum of its mean and fluctuating components, ὺ Ὗ ό. 

ρ
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(1.28) 

We can now distribute and foil out the velocity terms to achieve the following equation.  
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(1.29) 
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We can simplify the equation by assuming that the only non-negligible mean velocity gradient 

term is ‬Ὗ ‬ὼϳ  (Kim, 1989).  

ρ

”
ᶯὴ ς

‬Ὗ

‬ὼ

‬ό

‬ὼ

‬ όό

‬ὼ‬ὼ
 

 

(1.30) 

Reynolds decomposition can also be performed on the instantaneous pressure, resulting in ὴ

ὴ ὴᴂ, where ὴ and ὴᴂ are the mean pressure and fluctuating pressure respectively. By equating 

the remainder of this analysis to ὴᴂ, we can analytically predict how the fluctuating pressure will 

behave under a TBL. Therefore, the following equation is set equal to ὴᴂ. 
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(1.31) 

We can substitute for the final subtractive term on the r.h.s using equation 1.30. 
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(1.32) 

The overbars designate time-averaged, or expected value, quantities. We can further simply with 

knowledge that the expected value of a fluctuating component is only non-negligible when it is 

multiplied by itself. This yields the final form of the equation, also known as the decomposed 

pressure Poisson.  
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(1.33) 

The decomposition analysis reveals the Reynolds stress tensor, όό. Mansour et al.  (1988) 

characterized the energy transfer between elements of the Reynolds stress tensor. They found that 

energy entered the boundary layer through the streamwise Reynolds normal stress, ό. Indirectly, 

the Reynoldôs shear stress, όό, acquires energy in a similar manner. Hoyas & Jimenez (2008) 

found that the energy acquired by ό was two times that of όό in the outer layer. The energy 

from both terms is then either transferred to the remaining Reynolds normal stresses through the 

pressure-strain budget, or dissipated. Because most of the energy in the boundary layer is 

initialized by ό, it is a driving factor for the pressure fluctuations and the resulting energy cascade 

through the boundary layer. Additionally, Blake (1986) found that the pressure wavenumber 

spectra is dependent on ό. This makes physical sense, due to the rising and falling motions of the 

streak-sweep interactions within the boundary layer. Kim (1989) and Mansour et al. (1988) 

decomposed the pressure Poisson into three separate parts: a rapid (linear) term, ὖ, which responds 

instantaneously to changes in the mean flow, a slow (non-linear) term, ὖ, which responds to mean 

flow change indirectly via nonlinear interactions, and a Stokes term, ὴ , which enforces an 

inhomogeneous boundary condition. These three terms are shown below respectively.  
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(1.34b) 

 

ρ

”
ᶯὴᴂ π 

(1.34c) 

 

The rapid term is a function of the produce of mean and fluctuating velocity gradients, while the 

slow term is comprised of the defect between fluctuating velocity and Reynolds stress gradients. 

Panton & Linebarger (1974) referred to the rapid and slow terms physically as the turbulence-

mean shear interactions and turbulence-turbulence interactions respectively. Understanding the 

analytical significance of each term can expose dominances in the boundary layer physics. 

Kraichnan (1956) found the turbulence-mean shear interactions to be dominant in low Mach 

number channel flows via experimentation. Alternatively, Kim (1989) used numerical simulations 

to show that the rapid and slow terms were similar near the wall, with the slow term dominating 

the outer region. Additionally, it was found that the term ‬ό ‬ὼϳ ‬ό ‬ὼϳ  was the most 

dominating non-linear source, because of its presence in streamwise vortices. The pressure Poisson 

can be integrated over some fluid volume, ὠ, to solve for the wall pressure at a location ●. This is 

shown in equation 1.35,  

ὴ●ȟὸ ὴ
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ς
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(1.35) 

 

where ◐ is the observer location from which the fluctuations are perceived. The right-hand-side of 

the equation is written in terms of the instantaneous and mean pressure respectively. This form 

was introduced by Glegg & Devenport (2017). They used a different approach in their derivations, 

originating from Lighthillôs wave equation, and applying a tailored Greenôs function to enforce a 

wall condition.  

 

1.4 The Fluctuating Pressure Spectrum 

1.4.1 Background  

 All equations in the pressure Poisson derivation exist in the time domain. However, it is 

often beneficial to analyze turbulent data in the frequency domain. For example, it is more 

perceivable to imagine a collection of eddies oscillating at different, general frequencies, than to 

picture all of their behaviors collected onto some single time signal. The Fourier transform is used 

to translate data into the frequency domain. Equation 1.36 displays the left-hand-side of the 

integrated pressure Poisson equation undergoing the transform, 



14 
 

 

 

Figure 1.4 - Smooth-wall fluctuating surface pressure spectrum from Blake (1986)  

 

ὴ‫
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(1.36) 

 

The Fourier transform integrates across the time domain, and defines the fluctuating pressure as a 

function of angular frequency, ὴ‫ . Researchers who quantify the fluctuating pressure of a TBL 

in the frequency domain typically perform spectral analysis. The analytical form of obtaining a 

spectrum is shown in equation 1.37, 

Ὓ
“

Ὕ
Ὁὴᶻ‫ὴ‫  (1.37) 

 

where Ὓ  is the two-sided autospectum of the fluctuating pressure, Ὁ is the expected value 

operator, and ὴᶻ‫  is the complex conjugate of the fluctuating pressure. Equation 1.37 is derived 

using the autocorrelation function, as shown in Glegg & Devenport (2017) and Bendat & Piersol 

(2010). Spectral analysis is a powerful tool used to quantify energy levels of TBL structures at 

their respected fluctuation frequencies. Figure 1.4 displays a typical spectral curve for a TBL in a 

wake flow over a smooth surface theorized by Blake (1986). The frequency, is displayed on the ,‫ 

horizontal axis while the spectral energy of the pressure fluctuations, ɮ , is on the vertical. The 

plot is defined by log-log axes to highlight contributions from higher frequency regions. There are 
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additional parameters incorporated in the axes definitions. For example, the spectral energy is 

normalized by the boundary layer thickness, freestream velocity, density, and friction velocity, 

while the frequency is normalized by the boundary layer thickness and freestream velocity. The 

combinations of these variables are known as scaling laws. Such methods are used to describe 

dominating features of the flow. This is tested by reducing the scaling parameters of TBLs under 

a variety of conditions, such as different surface roughness configurations and freestream 

velocities. If these parameters collapse the spectral profiles on-top-of one another, then such 

parameters can be used to describe dominating flow physics and increase fundamental 

understanding of TBLs. Returning to Figure 1.4, we see that at the lowest of frequencies, ρπ

Ὗϳ‏‫ ρπȢ, defines spectral energy in the wake region. The positive slope indicates a rise 

in turbulence levels, and thereby pressure fluctuation magnitudes, as we enter the boundary layer 

from the freestream. The maximum portion of the spectral curve occurs at ρπȢ Ὗϳ‏‫

ρπ. This region is described by fluctuations of the largest eddies in the boundary layer. With 

further increases in the frequency, the spectral levels decrease. This corresponds to the decrease in 

eddy size and depicts the energy cascade down through the boundary layer. The slope at the highest 

of frequencies, ρπȢ Ὗϳ‏‫ ρπȢ, signifies the small-scale eddies oscillating near the wall, 

where viscous effects are considerable. 

1.4.2 Scaling Laws 

Blake (1970) made initial strides in scaling rough wall turbulent boundary layer pressure 

fluctuations. He measured TBLs in a low-turbulence wind tunnel facility using wall-mounted 

pinhole-capped surface pressure microphones. The pinhole caps lowered the diaphragm exposure 

to the flow, enabling increased spatial resolution. Measurements were made over smooth walls 

and surfaces layered with roughness elements. Momentum thickness Reynolds numbers ranged 

from ψȟπππὙὩ ςψȟπππ. The measurements were also made with a negligible pressure 

gradient along the streamwise direction. This can be assumed for the remainder of the review, 

unless otherwise stated. Blake found that the pressure spectrum was best accomplished by 

identifying two scalings, each describing either the low or high frequency regions. This is due to 

the vast differences in time and length scales across the frequency domain. For the outer region, 

Blake proposed the scaling ɮ Ὗ ᶻϳ‏†  vs. ᶻὟϳ‏‫ , where ‏ᶻ is the displacement 

thickness. This scaling was found to collapse smooth and rough wall data onto different spectral 

bands. Additionally, Blake proposed two inner region scalings. The scaling ɮ Ὗ ή’ϳ  vs. 

Ὗϳ’‫  was used on smooth wall data while ɮ Ὗ †Ὧϳ  vs. ‫Ὧ Ὗϳ   was created for 

rough wall data. In the aforementioned scalings, ή is the dynamic pressure and Ὧ is the average 

roughness height. Blake noticed that his rough wall scaling failed to collapse data at the lowest of 

frequencies, the difference in the trials being the shape of the roughness elements. Blake concluded 

that the wall-pressure fluctuations share dynamic characteristics with the sources that produce 

them. This carries onto the formulation of a scaling. For instance, the outer frequency scaling is 

comprised of parameters which describe the largest flow scales (Ὗ  ᶻ) while the inner frequency‏ ,

scaling shows dominating viscous variables near the wall (’). The classical scaling is another 

pressure spectral normalization method. The outer region scaling takes the form ɮ Ὗ ϳ‏†  vs. 

Ὗϳ‏‫ , and the inner scaling is ɮ Ὗ †’ϳ  vs. Ὗϳ‏‫ . The outer region scaling is shown 
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in Figure 3.2b. The scaling has roots in Millikanôs classical theory of the overlap layer. Therefore, 

a constant stress assumption is necessary to provide sufficient physical backing. Farabee & 

Casarella (1991) applied the classical scalings to smooth wall wind tunnel data, with Reynolds 

numbers ranging from σȟπππὙὩ φȟρππ. The outer and inner classical scalings collapsed the 

low and high frequency ranges respectively to within 2% of the normalized ordinate. Goody (2004) 

showed similar performance of the inner classical scaling, collapsing data over a variety of smooth-

wall wind tunnel facilities at a Reynolds number range of ρȟτππὙὩ ςσȟτππ.  

Other efforts have been made to develop velocity scaling laws for turbulent boundary 

layers. Zagarola and Smits (1998) developed a characteristic velocity scale when measuring mean 

velocity profiles of channel flows. They adopted this scale to turbulent boundary layers, and gave 

it the form ό Ὗ Ὗ Ὗ ϳ‏ᶻ‏ , where Ὗ is the mean boundary layer velocity. This scaling 

collapsed mean velocity profiles for smooth wall boundary layers at a Reynolds number range of 

ςςπὙὩ υψȟπππ. Castillo et al. (2004) expanded the study of the Zagarola and Smits (Z-S) 

scaling, testing rough-wall TBLs at Reynolds number range of σȟπππὙὩ ρςπȟπππ. They 

found that the Z-S scaling removed the dependence of upstream conditions, Reynolds numbers, 

and roughness effects from the outer boundary layer flow.  

Returning to pressure scaling, Joseph (2017) independently discovered the Z-S scaling 

when normalizing the low-frequency portion of the pressure spectrum, and give it the form 

ɮ Ὗ Ὗ Ὗ ϳ‏”  vs. Ὗϳ‏‫ . This rendition is shown in Figure 3.2c. Meyers et al. 

(2015) studied TBLs under various rough surface configurations in a subsonic, low turbulence 

wind tunnel. They hypothesized that the pressure spectrum can be divided into three frequency 

subranges: a high-frequency region dominated by near-wall viscous effects, a mid-frequency 

region controlled by surface roughness elements, and a low-frequency region determined by the 

largest boundary layer scales. This breakdown is called the Triple Scaling Hypothesis. It assumes 

large separations between each length scale, so the respected scaling effects are independent. 

Meyers et al. (2015) also discovered a high-frequency scaling, based on the shear friction velocity, 

Ὗ . This term accounts for viscous effects without interference from surface roughness elements, 

and has the form Ὗ Ὗ ‗ὅή”ϳ , where ‗ is the roughness sparseness ratio, ὅ  is the drag 

coefficient of each element, and ή is the averaged dynamic pressure over the height of the element. 

The resulting high-frequency pressure scaling has the form ɮ Ὗ †’ϳ  vs. Ὗϳ’‫ , where † 

is the resulting wall shear stress from the shear friction velocity (Ὗ † ”ϳ ). Joseph (2017) 

extended on the triple scaling hypothesis. Rough-walled TBL data was obtained in a subsonic wind 

tunnel at a Reynolds number range of σςȟπππὙὩ ψσȟςππ. Joseph confirmed the high-

frequency scaling on the shear friction velocity. She also concluded that mid-frequency, or 

roughness subrange is too complex to scale effectively. The chaotic flow within the roughness 

interstitial space causes a variety of spectral slopes, increasing the difficulty of a successful 

collapse. Additionally, Joseph proposed two scaling options as viable candidates to scale the low-

frequency subrange: The Z-S scaling, and the mean broadband convection velocity scaling. The 

latter scaling has the form ɮ Ὗ Ὗ Ὗ ϳ‏”  vs. Ὗϳ‏‫ , where Ὗ is the mean 

broadband convection velocity. It describes the movement of large-scale eddies, typical of flow 

structures found in the low-frequency range. Convection velocity is derived from the slope of the 
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convective ridge of the space-time correlation of wall-pressure measurements in the streamwise 

direction. The broadband convection velocity is the fastest convection velocity, and thus Joseph 

expected it to scale the outer region appropriately. This scaling is shown in Figure 3.2c. Joseph 

(2017) noted that a downside of the convection velocity scaling is the lack of information a priori 

since Ὗ is found via experiment.    

1.4.3 Scaling the Pressure Spectrum 

 

Figure 1.5 - Roughness configuration legend used in this study. 

Joesph (2017) applied the proposed low-frequency scalings on the fluctuating pressure 

spectrum. Her efforts are shown in figure 1.6. Each plot contains data measured by Forest (2012), 

Meyers (2014), and Joseph (2017) in the subsonic stability wind tunnel at Virginia Tech. A zero-

pressure-gradient turbulent boundary layer was created using trips, and was measured using wall-

mounted pinhole microphones (pressure) and hotwire anemometry (velocity). Two freestream 

velocities were tested, 30ms-1 and 60ms-1. Additionally, a variety of rough surfaces were placed 

under the turbulent boundary layer to test the universality and robustness of proposed scalings. 

The roughness configurations differed in roughness height, density, and shape. Refer to table 2.1 

to find each researcherôs specific study. With these varying conditions, and testing campaigns 

achieved a momentum thickness Reynolds number range from σπȟπππὙὩ ρππȟπππ. These 

experiments will also be used in this study, due to the large Reynolds number range and diverse 

roughness set. Additionally each experiment provides fully rough flow, Ὧ ḳὯὟ ’ϳ ψπ, and 

small element scale relative to the boundary layer, ‏ȾὯ υπ. These two criteria simulate real-

world roughness effects, as expressed by Meyers et al. (2015). 

Returning to figure 1.6, the normalized fluctuating pressure spectrum is located on the 

ordinate and the normalized angular frequency lies on the abscissa. Each plot contains all the 

datasets detailed in Tables 2.1-2.3. Figure 1.5 depicts the legend used for these plots. The multiple 

count of certain surfaces (e.g. multi-height) corresponds to multiple microphone locations. An 

additional scaling is introduced in figure 1.6a. Dubbed the default scaling, this form is used as a 

control case to judge the absolute performance of the other scaling methods. The default scaling 

simply uses the scales Ὗ and ‏. These parameters were chosen so the scaling would have  
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a) 

 

b) 

 
c) 

 

d) 

 
Figure 1.6 - Pressure scaling on ꜚⱷ  using a) default scaling, b) classical scaling, c) convection velocity 

scaling, and d) Zagarola-Smits scaling performed by Joseph (2017). Refer to the legend in figure 1.5. 
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negligible effect on the surface conditions and only group the edge velocities. This highlights 

contributions of the surface elements, and provides insight into the flow physics of various rough 

walls. No uncertainty analysis was performed on the default scaling, so the acceptable collapse 

bands are not shown in figure 3.2a. The default scaling has a relatively wide spread at all frequency 

ranges of the pressure spectrum.  

Beginning at the low-frequencies, the rough surface vertical spread reaches approximately 

8 dB from ρπ Ὗϳ‏‫ ρπ in figure 1.6a. Although the collapse is poor, the spacing gives a 

clear picture of the pressure magnitudes imparted by each surface. The smooth wall pressure 

spectra appear 10 dB lower than the rough wall band. This is expected, since the aerodynamically 

smooth wall does little to increase turbulence levels. Therefore, the low-frequency eddies have 

lower spectral energies. Moving up towards the remaining data, the surface with the second lowest 

spectral energy is the sparse 1mm hemisphere case. This outcome is fitting, because this surface 

is physically closest to the smooth wall configurations, hinting a positive correlation between 

roughness and pressure fluctuations. The random 3mm hemisphere, dense 3mm hemisphere, and  

sparse 3mm hemisphere cases have the next highest spectral energies. This collectively shows an 

increase in low-frequency pressure fluctuations with Ὧ. The multi-height spectra lie close above 

the aforementioned 3mm cases. Joseph (2017) indicated that the combination of multi-height 

elements does little to increase the pressure fluctuations, and determined that the domination of 

the 3mm element in the multi-height surface gave it similar spectral levels as the sparse 3mm 

surface at low frequencies. The 3mm sparse cylinder surface shares similar spectral energies as the 

multi-height surface. Its position above the other sparse hemisphere cases suggests that its shape 

may increase wall-pressure levels. Bennington (2004) provides further evidence, finding that 

elements with sharper edges produce higher turbulent kinetic energy in their wakes. The two 

remaining surfaces, intermediate hemispheres and multi-shape, have spectral energies at 2dB 

higher than the other curves. Roughness element density effects explored by Hopkins (2010) show 

that a high roughness density causes the flow to separate over the tops of the elements. This 

simulates a smoother wall environment and decreases turbulence. This explains why the dense 

hemisphere surface has lower spectral energy then its sparse and intermediate counterparts. The 

sparseness ratio, ‗, of the intermediate hemisphere surface must lie before the flow separation 

threshold because of the surfaceôs high spectral magnitudes. Additionally, the coupling of 

hemispheres and cylinders in the multi-shape surface has strong effects, increasing the pressure 

fluctuations greater than cases of single shape configurations.   

 The mid-frequency data, existing from ρπ Ὗϳ‏‫ ρπ, is tightly clustered and 

difficult to observe analytically. Additionally, each of the surface spectra have various slopes in 

this region, indicating a variety of flow physics. Joseph (2017) attributes this to the highly-

unpredictable nature of the flow, strongly dependent on the roughness elements themselves. This 

somewhat randomizes the high frequency region, ρπ Ὗϳ‏‫ ρπ, as well. Again, the 

collapse of the default scaling is poor in this region. The data band stretches vertically over a 20 

dB range. The smooth wall spectra are now collapsed within the rough wall data. The smooth wall 

spectral energies are now higher than the remaining data, indicating high-frequency structures of 

noticeable pressure contributions. The rough wall data appears in a loose arrangement, with no 
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discernable trends. The dense 3mm hemisphere curves outlie the remaining profiles by 

approximately 3 dB. This is a result of their steep, mid-frequency slopes.  

 The pressure spectra under the classical low frequency scaling appears in figure 1.6b. The 

1.9 dB band in the center, upper portion of the figure represents the collapse metric employed by 

Joseph (2017) based on the uncertainty of the data and the normalizing parameters. The low 

frequency portion of the spectrum, ρπ Ὗϳ‏‫ ρπ, does not collapse within the desired 

limits. Instead, the band extends 7 dB in the vertical direction. The smooth surface curves lie 3 dB 

below the rough surfaces. Although the separation is not as severe as the default scaling, the clear 

separation indicates that normalizing on Ὗ is not sufficient to correlate the results for all surfaces. 

The collapse of the rough surface band is 6.5 dB. This is slightly better than the default case, and 

further comparison reveals that the classical spread is more even, closing any significant gaps. 

Additionally, measurements made on the same surface at different flow speeds collapse to each 

other, and appear in similar portions of the data spread.  The spectral energy ordering of the rough 

surfaces is quite similar to the default case. Although the spectral curves are closer, thorough 

inspection reveals the 3mm hemisphere cases at the bottom of the spectral band. Moving to higher 

spectral energies reveals the multi-height, multi-shape, and intermediate hemisphere cases, each 

with increasing dB level respectively. One difference between the default and classical scaled 

surface ordering are the sparse 3mm cylinder spectra. They appear in the middle of the rough wall 

band under the classical scaling, along with the 3mm hemisphere cases. The mid and high 

frequency zones are located from  ρπ Ὗϳ‏‫ ρπ and from ρπ Ὗϳ‏‫ ρπ 

respectively. The mid-frequency region shows similar poorly correlated spectral slopes to the 

default normalization. This spreads the high-frequency region considerably, extending the collapse 

to 25 dB. This solidifies the classical low frequency scaling as only a low frequency option. Again, 

we see the smooth surface curves and dense 3mm hemisphere curves as high and low outliers 

respectively. This stems from their extreme slopes in the mid-frequency region.  

 The mean convection velocity scaling, further referred to as the convection velocity 

scaling, scales the pressure spectra as shown in figure 1.6c, The low frequency portion stretches 

from ρπ Ὗϳ‏‫ ρπ. As previously mentioned, all surface spectra collapse consistently into 

a 2.5 dB band in this region. This is within the 3.4 dB limit, verifying a successful collapse. The 

smooth wall data is now within the rough-wall band, signifying that Ὗ is strong scaling variable, 

pulling together previously outlying data. The exact ordering of the curves associated with 

different surfaces is difficult to discern because of the tight band. However, certain patterns are 

still distinguishable and consistent with the previous scalings. The smooth wall spectra remain at 

the lower levels. The 3mm hemisphere configurations appear next as we move up the ordinate. 

The multi-height, multi-shape, and intermediate 3mm hemisphere spectra rest on the upper levels, 

with the sparse 3mm cylinder curves topping the band. The mid and high frequency zones are 

located from  ρπ Ὗϳ‏‫ ρπ and from ρπ Ὗϳ‏‫ ρπ respectively. The spectral 

slopes in the mid-frequency region are more similar than the previous scalings. This signifies a 

similar energy transfer as it is dissipated to higher frequencies. The smooth wall, dense 3mm 

hemisphere, and sparse 1mm hemisphere configurations have slopes at different values, which 

translates to their outlier status in the high-frequency region. The overall spread in this regime is 

roughly 25 dB, again showing the application of this scaling for low-frequencies only.  
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 The pressure spectrum normalized under the Zagarola-Smits scaling is located in figure 

1.6d Its low-frequency region spans from  ρπ Ὗϳ‏‫ ρπ. In this area, all spectral curves 

collapse to a vertical 4 dB band. Although this is outside of the 2.1 dB metric, the collapse occupies 

only 7% of the overall spectral domain. This is reasonable when predicting pressure spectral 

behaviors. Again, the surface ordering is difficult to determine because of the tight collapse. The 

deducible trends are inconsistent with the previous scalings. The smooth wall curves remain at the 

lower magnitudes; however, the rough wall data are relatively scrambled. The 3mm sparse 

cylinders, multi-size, random 3mm hemisphere and dense hemisphere surfaces are at the bottom 

half of the band, while the intermediate hemisphere, 3mm sparse hemisphere, 1mm sparse 

hemisphere, and multi-shape surfaces occupy the upper half. This order of variation from the 

default scaling indicates strong roughness dependence on Ὗ. The mid and high frequency zones 

are located from ρπ Ὗϳ‏‫ ρπ and from ρπ Ὗϳ‏‫ ρπ respectively. Most of the 

surfaceôs mid-frequency slopes are similar, disregarding the smooth wall and 3mm dense 

hemisphere data. Again this translates to both surfaces being outliers in the high-frequency regime. 

Again, the high-frequency spread is 25 dB. 

 

1.5 TBL Applications on Metamaterials 

1.5.1 Metamaterial Properties in a Quiescent Environment  

Due to acoustic implications, studies of TBLs often aim to reduce resulting pressure 

fluctuations. Clark (2017) and Millican (2017) studied the effects of bio-inspired finlets to 

breakdown spanwise coherent structures from TBLs in order to reduce trailing edge noise. 

However, instead of reducing pressure fluctuations, this study aims at harnessing the energy from 

TBLs to excite acoustic metamaterials. This application requires proper TBL pressure scaling law 

selections, because said laws will reveal dominating terms that describe the pressure fluctuations 

at the wall. Specifically, the correct low-frequency scaling is crucial, since the low-frequency 

portion of the spectrum has the highest spectral energy, and will be a significant acoustic driver 

for the metamaterial. 

Metamaterials are artificial structures comprised of several smaller elements, or meta-

atoms, which are arranged in periodic fashions to give the material unique properties (Cummer et 

al., 2016). Metamaterials are designed to manipulate oncoming waveforms, and have been used in 

electromagnetics (Chen et al., 2012), optics (Cai et al., 2006), and acoustics (Ward, 2017). Such 

manipulations occur due to the small-element spacing, which is less than the wavelengths of 

incident waveforms (Chen et al., 2012). This subwavelength arrangement alters the 

permeability/permittivity of the metamaterial. Therefore, the paths of acoustic waves traversing 

the metamaterial can change based on the elemental geometry. Acoustic metamaterials have been 

designed to interact with incident plane sound waves in a variety of ways. Liu et al. (2000) 

designed sonic crystals, which could reflect certain wave patterns within a designed frequency 

range. Zhang et al. (2010) developed an acoustic cloak to direct ultrasound waves around an object. 

Popa et al. (2013) created active acoustic metamaterials, which had tunable parameters used to 

alter sound waves. 
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This study ultimately aims to extend the work of Ward (2017), who used metamaterials to 

trap acoustic waves and manipulate their movements in a quiescent environment. Wardôs 

metamaterials consisted of hundreds of open-ended cavities arranged in periodic fashions. Each 

metamaterial was excited by a Gaussian modulated waveform packet from a point source speaker. 

This sends a variety of wave forms, comprised of several frequencies, across the surface of a 

metamaterial. This is shown in figure 1.7, where acoustic waves from the speaker are traveling 

across the surface. Consider a metamaterial with a 1D array of cavities distributed in ὼ, while ώ 

represents the perpendicular direction to the metamaterialôs surface. Acoustic waves emitted from 

the speaker travel across the metamaterial in the ὼ direction. They are comprised of wave vectors, 

Ὧᴆ. Like any vector, a wave vector is comprised of directional components. For our 1D cavity 

example, the wave vector magnitude can be written as  

Ὧ Ὧ Ὧ  

 

(1.38) 

(Ward, 2017). In open air, acoustic waves travel at the speed of sound, ὧ. Therefore, the 

corresponding wave vector component for a plane wave traveling in the ὼ direction is Ὧ Ὧ

ς“Ὢὧϳ. This relationship can change if we sandwich the wave in between media of different 

impedances. In this context, impedance is the resistivity to sound. Therefore, the surface waves 

that travel in between the metamaterial (ώṃπ), and the open air (ώṂπ) experience some resistance 

in either ώ direction. Under such boundary conditions, certain waves carry additional momentum 

in ὼ, Ὧ Ὧ (Ward, 2017). To comply with the conservation of momentum, an imaginary value 

for Ὧ is required. Physically, this represents a surface wave traveling in ὼ and decaying in ώ (Ward, 

2017). The rate of decay depends on the degree of impedance mismatch between the surrounding 

media. If we consider an air-solid interface, the impedance difference is so great that the decay 

over a finite distance is negligible (Ward, 2017). We can decrease the impedance mismatch by 

introducing cavities to the solid, thereby incorporating air into the solid boundary. Ward refers to 

this as óacoustic impedance gratingô, and formulates the effective impedance of this configuration 

as  

ᾀ ὶ Ὥὼ  (1.39) 

 

where ὶ  is the real-valued specific acoustic resistance, and ὼ  is the imaginary specific acoustic 

reactance. With impedance grating, the two media now have comparable impedances, and portions 

of the high-momentum surface waves decay away from the metamaterial. This decay in the ώ 

direction effectively traps the waves against the surface, creating acoustic surface waves (ASWs).  

We can manipulate the motion of ASWs through the geometries and groupings of the 

cavities. In this context, each cavity behaves as an open-ended resonator, with a radius ὥ, length 

ὒ, and end correction term ɝὒ. The end correction term is an idealized function of the radius, ɝὒ

ψὥσ“ϳ , and applies the length correction for an open-ended resonator, ὒ ὒ  ɝὒ. 

Additionally, the end correction terms extending from adjacent cavities help form the ASWs. Ward 

(2017) quantified the resonant frequency of the cavity pressure waves in the following equation  
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Ὢ
ὲὧ

ςὒ Ўὒ
 

(1.40) 

  

where ὲ specifies the wave harmonic. The spacing between the cavities is the grating pitch, ‗. As 

the ASWs travel across the metamaterial plane, or metasurface, acoustic pressure resonances are 

formed within each cavity. These resonances extend outside of each cavity by the end correction 

length, ɝὒ, and couple with resonances of adjacent cavities (Ward, 2017). These interactions 

increase the effective imaginary impedance, ὼ , of the metamaterial. Therefore, as the frequencies 

of the ASWs approach the resonant frequency of the cavities, the metamaterialôs imaginary 

acoustic resistance approaches infinity, ὼ ᴼЊ (Ward, 2017; Christensen 2008; Wang 2010). 

This effectively slows the ASWs, so that they become stationary in ὼ. This is shown analytically 

using equation 1.41, which describes the wavenumber of the ASWs traveling in ὼ. This is derived 

using a harmonic pressure function with an impedance boundary condition (Ward, 2017). 

Ὧ Ὧ ρ
”ὧ

ᾀ
 

(1.41) 

 

As the ASWsô frequency approaches the collective cavity resonance, ὼ ᴼЊ, causing Ὧ ᴼ

Њ (Ward, 2017).  

This is shown graphically using a dispersion diagram, shown in figure 1.8. The horizontal 

axis displays Ὧ. The vertical axis lists frequencies. The Fabry-Perot limit is labeled as Ὢ  where 

Ὢ Ὢ. This limit corresponds to the resonant frequency of the cavities, since their behavior 

mimics that of a Fabry-Perot interferometer (Ward, 2017). The phase velocity is the slope of the 

dispersion curve, ὺ ὪὯϳ , and the group velocity is the gradient of the dispersion curve, ὺ

‬Ὢ‬Ὧϳ . Therefore, the sound line represents waves traveling at the speed of sound, or ὧ ς“ὪὯϳ . 

The blue curve represents the nature of ASWs in k-space. ASWs at low frequencies are far from 

and resonance frequency of the cavities, so they traverse the metamaterial unperturbed, traveling 

at the speed of sound. Hence the ASW curve follows the sound line at low frequencies. As the 

frequency of the ASWs approaches the Fabry-Perot limit, Ὧ ᴼЊ, and a horizontal asymptote 

is created. This signifies a decrease in the group velocity, creating a stationary ASW wave once 

the dispersion curve is nearly horizontal. The Brillouin zone boundary is labeled as Ὧ ςϳ , there Ὧ 

is the grating wave number corresponding to the grating pitch (Ὧ ς“‗ϳ ). Ward (2017) states 

that Brillouin zone boundaries are synonymous with Bragg planes that bisect Ὧ. They mark the 

boundary of the 1st Brillouin zone in positive k-space, Ὧ Ὧ ςϳ . ASWs occurring at 

wavenumbers Ὧ ςϳ Ὧ Ὧ are reflected across the Brillouin zone boundary, Ὧ . These are 

known as diffracted acoustic surface waves, since the Bragg plane physically represents the 

location of compiled wave reflections. This study will limit results to within the first Brillouin 

zone, since dispersion curves outside are simply diffracted copies, arising from the periodicity of 

the cavities and their Fourier transformed counterparts (Ward, 2017). 
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Figure 1.7 - Side-view diagram of a 1D cavity array excited by a point-source speaker. The ASWs ( ) 

originate from the speaker and travel across the surface. They are trapped to the metamaterial from the 

impedance difference, ◑╪▌ ◑╪░►. The standing ASWs ( ) form when the ASW frequency matches the 

resonant frequencies of each cavity. The standing ASW wave number is ▓▌ϳ  m-1. The solid line represents 

positive pressure differential while the dashed line represents negative pressure differential.  

 

 

Figure 1.8 - Dispersion diagram of a 1D cavity array in ●.  



25 
 

 

Figure 1.9 - Side-view diagram of a 1D cavity array excited by a TBL. The ASW ( ) originate from the 

TBL -energized membrane ( ) on the furthest upstream cavity. The standing ASW ( ) form when the 

ASW frequency matches the resonant frequencies of each cavity. The solid line represents positive pressure 

differential while the dashed line represents negative pressure differential. At the most downstream cavity, 

the trapped ASW energy is re-introduced to the flow via another membrane.  

 

1.5.2 Metamaterial Properties with Flow Excitation  

 A TBL could be used instead of a speaker to provide a passive-like source term for a 

metasurface. The TBL provides an excitation over a range of frequencies at the surface. This 

distribution is well understood for flow over a smooth wall, and is observed in the spectrum shown 

in figure 1.4. Figure 1.9 displays the implementation plan for flow introduction. The flow-adapted 

metasurface will now have a 1D array of open-closed cavities, with the open end directed away 

from the flow side. The open-closed cavities have half the length of the open-open cavities from 

figure 1.7. Therefore, the end correction length, Ўὒ, remains consistent (Ward, 2017). The furthest 

upstream cavity will be open ended on each side, with a tensioned membrane covering the side 

exposed to the flow. Additionally, the furthest downstream cavity will also have a membrane. This 

configuration provides an aerodynamically smooth surface so that the flow is unperturbed by 

cavity layout. The upstream membrane-cavity will be used as the excitation location. Pressure 

fluctuations enforced on the membrane by the TBL will carry pressure waves to the other side of 

the metasurface where the open-ended sides of the cavities await. The same coupling mechanism 

between adjacent cavities will ensue, and a trapped ASW will exist along the cavity array, until it 

feeds energy back into the flow via the furthest downstream cavity. Therefore, this concept can be 

used for passive flow manipulation downstream. It can also redirect the energy associated with the 

surface pressure fluctuations.  
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 Additional fundamentals about the physics involved with this problem need to be 

understood. For example, the speaker pulse in a quiescent environment is a deterministic, 

repeatable source. A TBL source is chaotic, therefore different measurement techniques are 

needed. The membrane physics must also be understood, such as the transmission band and 

resonant effects on the cavity based on tension. Berg and Stork (2018) present equation 1.42, which 

is a theoretical relationship between membrane tension and membrane resonance, 

Ὢ πȢχφφ
Ὕ ϳ‏”

Ὀ
 

(1.42) 

  

where Ὢ  is the first frequency eigenmode of the membrane, T is the applied bi-axial tension, ”  

is the membrane density, ‏  is the membrane thickness, and Ὀ is the cavity diameter in which the 

membrane covers. Additionally, one can find other eigenmodes through the following 

relationships: Ὢ ρȢυωὪ , Ὢ ςȢρτὪ , Ὢ ςȢσπὪ . This equation provides the basis for 

validation with experimental results.  

 

1.6 Objectives 

Despite several research efforts in scaling of the low-frequency pressure fluctuations 

produced by rough wall turbulent boundary layers, a proper selection still remains at large. A 

number of attempts have been documented in the literature. This study will investigate three such 

attempts, the classical scaling (velocity scale Ὗ, length scale ‏), the convection velocity scaling 

(Ὗ Ὗ, ‏), and the Zagarola-Smits scaling (Ὗ Ὗ, ‏). Each law has been implemented in 

attempts to collapse the pressure spectra, yielding various results (Joseph, 2017). This work seeks 

validation of a proper law by scaling velocity quantities responsible for the pressure fluctuations 

of interest. This will be done by analyzing turbulence measurements of zero-pressure-gradient 

turbulent boundary layers from Forest (2012), Meyers (2014), and Joesph (2017). Tests under 

these campaigns are diverse in their rough surfaces and testing conditions. Therefore, scalings that 

collapse the selected dataset may give insight into the flow physics. The pressure Poisson equation 

is utilized to reveal dominating velocity terms. The collapse of such terms under conditions of 

various wall roughness configurations will reveal a promising scaling law. A convincing law 

selection will describe the effective length and velocity scales of the low-frequency pressure 

spectrum, thereby increasing the fundamental understanding of TBLs.  

This can be applied to application of TBLs as acoustic drivers for metamaterials. The low-

frequency region is of particular interest because the associated eddies contain the largest spectral 

energies. They impart the largest pressure fluctuations on the metamaterial, introducing high-

magnitude plane waves over the cavity array. Additionally, TBLs would be desirable source terms 

due to their non-dissipative energies. Therefore, a metamaterial could have a consistent and passive 

acoustic excitation while it is exposed to flow. This creates sustainable ASWs, which could be 

expelled in various locations to reduce noise or redirect the flow. The following objectives have 

been formulated to meet the study criteria: 
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1. Introduce the relationship between fluctuating pressure and velocity through the pressure 

Poisson equation, and propose physical connections by noting the similarities in scaling 

trends as a function of wall roughness.  

2. Ascertain the proper low-frequency wall-pressure spectrum scaling law by comparing the 

proposed scaling performances on velocity quantities from the pressure Poisson. 

Specifically, this involves scaling of the turbulence profiles and velocity spectra as a 

function of roughness and wall-normal position. Additionally, low-pass turbulence profiles 

should be normalized to reveal scaling effects corresponding to low-frequency velocity 

fluctuations.  

3. Understand the fundamental physics of acoustic metamaterials. This is best accomplished 

by implementing experimental techniques used to measure ASWs. Therefore, an 

experimental apparatus is needed, which can obtain results that corroborate work done by 

Ward (2017). 

4. Understand impacts of TBLs as acoustic drivers for metamaterials. Specifically, test the 

viability of a tensioned membrane in transmitting acoustic waves from a driving source to 

cavities of a metamaterial.   
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Chapter 2 ï Rough Wall Turbulent Boundary Layer Experimental Setup 

 

 All rough-wall TBL data analyzed in this report were collected by other researchers in the 

Virginia Tech Stability Wind Tunnel. More detailed testing procedures can be found in their 

respective literatures (Forest, 2012; Meyers, 2014; Joseph, 2017).     

 

2.1 Stability Wi nd Tunnel  

The tunnel is shown in Figure 2.1. It is closed circuit, subsonic, and simulates accurate 

flow uniformity along the streamwise direction. Its aeroacoustic test section is 7.32m long, with a 

square cross section comprised of 1.85m length sides. The floor and ceiling of the test section are 

surfaced with Kevlar-covered metal perforate panels to minimize acoustic reflections. The side 

walls are comprised of Kevlar fabric. This retains the flow, while allowing acoustic signals to 

travel into the flanking anechoic chambers. Joseph (2014) found the turbulence levels in the empty 

test section to be 0.016% at 12ms-1 and 0.031% at 57ms-1. Overall tunnel calibrations and applied 

corrections were performed by Devenport et al. (2013). Figure 2.2 displays the test section 

schematic. A test wall used by Forest (2012), Meyers (2014), and Joseph (2017) was constructed 

by replacing one of the Kevlar lined walls with six 1.22m x 1.78m framed Lexan panels. The 

researchers mounted panels individually to form a smooth 7.32m x 1.78m test wall, while 

achieving a near-zero pressure gradient. A contraction fairing was placed just upstream of the test 

wall to ensure a seamless flow transition from the tunnel contraction to the testing planform. Two 

aluminum trips were also placed upstream of the test wall to ensure a TBL with reasonable 

thickness. Data with freestream velocities of 30ms-1 and 60ms-1 from Forest (2012), Meyers 

(2014), and Joseph (2017) were selected for this study. Most boundary layer measurements were 

taken near the wall, approximately 6.5m to 7m downstream from the primary trip. The boundary 

layer thickness grew over 0.2m under these testing configurations. Additionally, Figure 2 shows 

the coordinate system used in this study. The ὼ ὼ coordinate describes the streamwise direction, 

and increases from left-to-right with the flow. The ώ ὼ coordinate describes the wall-normal 

direction, and increases with distance from the wall. The ᾀ ὼ coordinate describes the spanwise 

direction along the wall, increasing from the bottom-to-top of the test section.  

 

2.2 Rough Surfaces  

Table 2.1 displays the surface configurations tested and their corresponding 

characteristics, where Ὠ is the element diameter, Ὧ is the element height, ί is the center-to-center 

element spacing, and ‗ is the sparseness ratio. The latter quantity is described by the ratio of frontal 

projected area to planform area. Figure 2.3 shows fetches of each roughness configuration The 

variety of surface parameters gives a wide range of possible boundary layer characteristics. This 

implies more  
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Figure 2.1 ï Schematic of the stability wind tunnel used for this study. From Joseph (2017). 

 

 

 

 

Figure 2.2 - Schematic of the wind tunnel set up with hard wall, measurement region, boundary 

layer trips and the coordinate system used. From Joseph (2017). 
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Table 2.1 Summary of rough surface configurations 

Surface Descriptor ▀ 

(mm) 

▓▌ 

(mm) 

shape distribution  ▼  
(mm) 

ⱦ 

3-mm sparse hemispheres (Forest, 2012) 6 3 hemisphere Square array 16.5 0.052 

1-mm sparse hemispheres (Meyers, 2014) 2 1 hemisphere Square array 5.50 0.052 

3-mm random hemispheres (Meyers, 2014) 6 3 hemisphere random 16.5 0.052 

Intermediately-spaced hemispheres (Joseph, 2017) 6 3 hemisphere Square array 10.4 0.130 

Densely-spaced hemispheres (Joseph, 2017) 6 3 hemisphere Square array 6.50 0.330 

Cylinders (Joseph, 2017) 4.71 3 cylinder Square array 16.5 0.052 

Multi-height (Joseph, 2017) 2, 6 1, 3 hemisphere Square array 16.5 0.104 

Multi-shape (Joseph, 2017) 6 3 hem., cyl. Square array 16.5 0.104 

 

Figure 2.3 -  Surface roughness images of a) 3-mm sparse hemispheres b) 3-mm random hemispheres c)  1-

mm sparse hemispheres. From Joesph (2017). 
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legitimacy of the scaling analysis. All rough surface cases will be compared to a smooth wall test 

from Forest (2012) as a control condition. 

 

2.3 Velocity Data 

2.3.1 Velocity Data Acquisition  

Four sensor hotwire anemometer probes (quad-wire) were used to measure mean velocity 

and velocity fluctuations throughout the boundary layer. They can measure 3 velocity components, 

Figure 2.4 - Surface roughness images of a) intermediately-spaced hemispheres b) densely-spaced 

hemispheres c) cylinders d) multi-height e) multi-shape. From Joesph (2017) 
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and were calibrated by Forest (2012), Meyers (2014), and Joseph (2017) using the Wittmer table 

method and Kingôs Law (Wittmer et al., 1998). The researchers placed the quad-wires on a traverse 

located approximately 7m from the primary trip. The traverse resolution was 0.025mm. Using the 

coordinate system in Figure 2.2, velocity measurements were performed in three span wise 

locations ὼ = 0m and ὼ=±0.304m. At each location, the quad-wire took measurements from ὼ 

= 3mm to ὼ = 365mm over logarithmically-spaced steps.  

2.3.2 Velocity Data Processing and Scaling Parameter Calculations 

Spectral data were calculated by the respected researchers using the direct Fourier 

transform of the time series data. Random error was minimized by averaging over 50 records, each 

containing 8192 samples. Hanning windowing was executed with no overlap. Each spectrum was 

then divided into 12 logarithmically spaced bins per octave.  Many details of the boundary layer 

velocity results are presented by Forest (2012), Meyers (2014) and Joseph (2017). Parameters of 

the various boundary layers, and the conditions at which they were measured are given in Table 

2.2. These tabulated values were calculated by Joesph (2017). The friction velocity was found 

through value adjustments until its normalization of the  όό curve reached a statistical maxima 

of unity. The mean broadband convection velocity was derived from the slope of the convective 

ridge of the streamwise pressure cross-correlation function. The mean boundary layer velocity was 

found using equation 2.1  

Ὗ Ὗ ρ
ᶻ‏

‏
 

(2.1) 

 

where the boundary layer thickness was calculated using the 2% turbulent kinetic energy criteria, 

and the displacement thickness was found using equation 2.2. 

ᶻ‏ ρ
ό

Ὗ
Ὠώ 

 

(2.2) 

Information on uncertainty estimates is found in Joseph (2017). Boundary layer thicknesses were 

about 240-mm. Table 2.3 lists further details of each surface, confirming fully rough flow, Ὧ ḳ

ὯὟ ’ϳ ψπ, and small element scale relative to the boundary layer, ‏ȾὯ υπ. The momentum 

thickness Reynolds number (ὙὩ —Ὗ ’ϳ ) ranged from 59000 for the smooth wall to 98000 for 

the 3-mm sparse hemisphere surface. 
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Table 2.2 Scaling variables for each roughness configuration 

 ╤▄ □Ⱦ▼ ╤▄ □Ⱦ▼ 
♯ 

(mm) 

♯ᶻ 
(mm) 

╤Ⱳ 
(m/s) 

╤╬  
(m/s) 

♯ 
(mm) 

♯ᶻ 
(mm) 

╤Ⱳ 
 (m/s) 

╤╬  
(m/s) 

Smooth wall*  246 23.0 1.05 25.9 235 23.0 1.83 47.5 

3-mm sparse hem.  233 34.3 1.49 23.4 236 38.4 2.87 46.9 

1-mm sparse hem.  229 31.0 1.35 23.9 223 28.7 2.47 47.8 

3-mm random hem. 235 35.0 1.38 23.7 231 32.5 2.49 47.4 

Inter.-spaced hem. 243 41.3 1.43 23.0 243 41.0 2.88 46.0 

Densely-spaced hem. 236 37.2 1.38 23.3 234 37.0 2.84 46.7 

Cylinders  243 38.6 1.44 23.9 238 37.0 2.88 47.8 

Multi-height  238 37.1 1.38 23.6 232 35.7 2.77 47.2 

Multi-shape  239 37.8 1.49 23.1 228 37.0 2.97 46.1 

 

Table 2.3 Normalized flow quantities for each roughness configuration  

 ╤▄ □Ⱦ▼ ╤▄ □Ⱦ▼ 
▓▌ ♯Ⱦ▓▌ ╡▄Ᵽ ▓▌ ♯Ⱦ▓▌ ╡▄Ᵽ 

Smooth wall*  - - 31990 - - 58648 

3-mm sparse hem.  284 77.7 46258 521 78.7 98267 

1-mm sparse hem.  83.1 229 40956 149 223 74536 

3-mm random hem. 239 78.3 42611 422 77.0 77964 

Inter.-spaced hem. 260 81.0 50052 493 81.0 91856 

Densely-spaced hem. 248 78.7 45490 478 78.0 84393 

Cylinders  263 81.0 47951 496 79.3 88584 

Multi-height  245 79.5 44088 460 77.3 80527 

Multi-shape  267 79.7 46451 491 76.0 83205 
*the maximum Ὗ for the smooth wall case velocity data was 55m/s  

 

2.4 Pressure Data  

2.4.1 Pressure Data Acquisition 

 Fluctuating pressure measurements were taken by Forest (2012), Meyers (2014) and 

Joseph (2017). Each used arrays of Brüel & Kjær 1/8-inch diameter microphones mounted flush 

to the testing surface. They were placed within the measurement section displayed in figure 2.2 to 

correlate data with hotwire measurements in the vicinity. Each microphone was capped with a 

0.5mm diameter pinhole. Effects of these caps are explored in Appendix A. The measured wall-

pressure spectra were calculated by Joseph (2017) using direct Fourier transform analysis.  
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Chapter 3 ï Rough-Wall Turbulent Boundary Layer Results and Discussion  

 

3.1 Pressure Poisson Analysis 

The proceeding analysis linearizes the pressure Poisson equation to reveal the driving 

turbulent velocity terms. It translates equation 1.35 from time to the frequency domain.  
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(1.35) 

 

Therefore, it can reveal the dependence of pressure spectra on velocity spectra. This is a useful 

form because it consists of measurable quantities obtained from experimentation. We begin by 

taking the Fourier transform of the rapid term, as shown in equation 3.1. 
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(3.1) 

 

Since the mean velocity gradient is time invariant, it can be removed from the Fourier transform, 

hence only the fluctuating velocity gradient becomes a function of frequency. This form is 

displayed in equation 3.2.  
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(3.2) 

 

Recalling that Ὓ ‫ Ὁὴᶻ‫ὴ‫ , the fluctuating rapid pressure can be written as a 

spectrum by taking the expected value of itself multiplied by its complex conjugate. Equation 3.3 

expresses this result. The function-of expressions are dropped to decrease clutter. The primes 

denote the ώ components initiated with the non-conjugate pressure. 
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Therefore, the rapid term of the fluctuating pressure spectrum at the wall is a function of the wall-

normal fluctuating velocity spectrum, Ὓ . This quantity is multiplied by the square of the 

streamwise mean velocity gradient with respect to the wall-normal direction, ‬Ὗ ‬ώϳ . The 

Fourier-transformed-slow term of the pressure Poisson is shown in equation 3.4. 
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(3.4) 

 

An expanded form of the integrand is shown below, 
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(3.5) 

 

Assuming incompressible flow, the unsteady velocity divergence terms are eliminated. Therefore, 

a squared fluctuating velocity gradient term and a Reynolds stress gradient term are created, as 

shown in equation 3.6. 
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(3.6) 

 

At this juncture, it would be too complex to multiply the Fourier-transformed slow term by its 

complex conjugate. However, there is meaningful information from this analysis. Both rapid and 

slow terms rely on fluctuating and mean velocity gradient components. The rapid term spectrum 

is a function of the wall-normal velocity spectrum, while the slow term is expressed as the 

difference between the product of the fluctuating velocity tensor gradients and the Reynolds stress 

tensor gradient. Therefore, the scaling of the fluctuating pressure relies somewhat on the adjusted 

scalings of the Reynolds stress profiles and velocity spectra. These results are shown in the 

following sections of the study. This methodology further requires knowledge of dominating 

parameters within the Fourier-transformed pressure Poisson. As discussed in the initial Poisson 

derivation, Kim (1989) found that the rapid and slow terms were comparable near the wall, 

however the slow term dominates the remainder of the TBL. This implies increased weight of the 

Reynolds stress gradient and fluctuating velocity gradient when scaling flow structures sharing 

length scales with the boundary layer thickness. Additionally, the weighting of the rapid term on 

the square of the mean velocity gradient and the inverse Greenôs function implies significant 

contributions to the wall pressure due to high velocity gradients and distance to the wall 

respectively. 
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3.2 Reynolds Stress Profiles 

3.2.1 Scaled Turbulence Profiles 

Turbulence profiles of the boundary layers are shown in figures 3.2-3.4. They depict 

Reynolds stresses at various wall normal positions, and are calculated by integrating across the 

velocity spectral densities. This is known as Parsevalôs theorem, shown in the equation below, 

ộόόỚ ὙὩὋ Ὢ ὨὪ 
(3.7) 

 

where Ὃ  is the single sided cross spectrum between velocity components ό and ό, and Ὢ is the 

frequency. Each plot has a Reynolds stress component on the abscissa and the wall-normal 

direction, ὼ, along the ordinate. The Reynolds stresses are normalized using the same velocity 

scales as the pressure spectrum scalings: the default scaling normalized on Ὗ , the classical scaling 

normalized on Ὗ , the mean convection velocity scaling normalized on Ὗ Ὗ , and the 

Zagarola-Smits scaling normalized on Ὗ Ὗ . The wall-normal distance is normalized by the 

boundary layer thickness, ‏, also consistent with the pressure scalings. The plots are organized 

with respect to each Reynolds stress tensor index with each scaling method placed left to right. A 

legend is provided in figure 3.1 to show the corresponding rough surface turbulence profiles. It is 

a condensed version of figure 1.5, which displayed the pressure profiles. The horizontal axes were 

scaled so that a selected profile occupied the same plotting area regardless of scaling. The 60ms-1 

dense hemisphere profile was selected to ólockô the axis. For example, this profile is shown in the 

same position in figures 3.2a-d. This gives a similar comparison metric between each scaling 

method to determine a successful data collapse. The profile spreads were discerned under 

quantitative inspection via MATLAB plotting tools. The horizontal axes are also divided into 4 

regions in each scaling case for comparison ease. The classical, convection velocity, and Zagarola-

Smits scaling options are plotted adjacent to the default case. 

 Figure 3.2a shows a common trend in the ό profiles under the default scaling. Again, 

scaling on Ὗ maintains separations between surface configurations to reveal particular surface-

flow interactions. The turbulence levels rise as they approach the wall. A maximum is achieved at 

approximately 4% of the boundary layer thickness. Beneath this maximum, the rough surface 

turbulence levels decrease as they descend into the near-wall region. The smooth wall 

configurations continue to increase in turbulence. Notice that the profiles terminate before they 

reach the wall. The smooth wall profiles end at 4mm above the wall, and the rough wall profiles 

cease at 3mm. These lower bounds stem from experimental limitations of the quad hotwires. 

Therefore, small-scale flow structures cannot be resolved near the wall and in between roughness 

elements. Additionally, the resolution of the quad hotwire traverse is 0.025mm, indicating an 

increase uncertainty at points close to the wall. This has negligible effect on the overall analysis, 

because the interest lies with large-scale structures. The smooth wall turbulence levels are about 

50% of those for the rough walls under the default normalization. This indicates an independence 

of smooth-walled turbulence when normalizing on Ὗ  alone. The rough wall data spread comprises 

22% of the abscissa at ὼ ϳ‏ πȢπτ, 21% at ὼ ϳ‏ πȢς, 13% at ὼ ϳ‏ πȢφ, and 11% at ὼ ϳ‏
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πȢψ. This band reaches its maximum width at ὼ ϳ‏ πȢπτ. This maximum width resides over 

40% of the abscissa. Surface ordering based on turbulence levels is distinguishable from πȢψ

ὼ ϳ‏ πȢπτ. The rough-wall configurations with the lowest turbulence levels include the sparse 

1mm hemisphere, the sparse 3mm hemisphere, and the random 3mm hemisphere. This is a 

reasonable outcome, since their high-element spacing and smooth-element shaping resemble 

smooth wall characteristics. The multi-height hemisphere and dense hemisphere configurations 

appear in the middle of the rough surface band. This indicates increased turbulence, and is likely 

a result of the increased roughness density in both cases. The surface configurations with the 

highest turbulence levels include the multi shape, sparse cylinder, and intermediate hemisphere 

profiles. These ordering outcomes are analogous to the default scaled pressure spectrum at low-

frequencies. However, it is difficult to ascertain a direct comparison because the turbulence 

profiles encapsulate the spectral energy at all frequencies. 

 Figure 3.2b displays the ό profiles under the classical scaling. The turbulence levels rise 

and fall in the same manner as the default scaling, reaching a maximum at ὼ ϳ‏ πȢπτ. Beneath 

this threshold, the rough-wall turbulence levels decrease because of near-wall viscous effects. The 

overall rough-wall spread becomes tighter under this scaling. The profile bandôs width covers 23%, 

18%, 12%, and 7% of the abscissa at ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and ὼ ϳ‏ πȢφ 

respectively. Therefore, the turbulence level collapse under the classical scaling is tighter than the 

default scaling at every region within the boundary layer. The smooth wall profiles remain at the 

lowest turbulence levels. However, their values are now 75% of the roughness data, a marked 

improvement over the default scaling. The sparse 3mm hemisphere data has similar normalized 

turbulence level as the smooth wall cases, and is separated from the remaining rough surface 

profiles. The outlying status of the sparse 3mm hemisphere surface indicates a relatively high 

friction velocity, shown in table 2.3. Its weighting pulls the data towards lower turbulence levels. 

The remaining rough surface profiles follow a tight spread. Therefore, it is difficult to discern 

turbulence ordering under visual inspection. However, certain trends are observed. The low 

turbulence levels of the smooth wall data are consistent with the scaled pressure spectrum in figure 

1.6b Additionally, the high turbulence levels of the intermediate hemisphere data correspond to 

their high magnitude in the pressure spectrum. However, other surfaces do not fit similar trends. 

The dense 3mm hemisphere and sparse 3mm cylindrical profiles have the highest turbulence 

levels, however they rest in the middle of the pressure spectrum band. Again, such inconsistencies 

highlight the need for low-frequency turbulence profile representations.  

 Figure 3.2c displays the ό profiles under the convection velocity scaling. The turbulence 

levels follow a similar trend as the default and classical scaling profiles. The rough-wall profile 

band covers 35%, 25%, 13%, and 9% of the abscissa at ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, 

and ὼ ϳ‏ πȢφ respectively. Therefore, the spread is tighter than the default scaling. The classical 

scaling has a better collapse than the convection velocity scaling. The poor, near-wall collapse of 

the convection velocity scaling is because of the sparse 3mm cylindrical surface outlier at both 

30ms-1 and 60ms-1. These profiles are apparent outliers from ὼ ϳ‏ πȢσ to the wall. Their 

maximum turbulence level is 1.4 times the remaining collapsed data band at ὼ ϳ‏ πȢπτ. This 

separation is linked to a relatively fast convection velocity of the cylindrical surfaces, as 



38 
 

highlighted by Joseph (2017) and shown in table 2.3 This phenomenon corresponds to the high 

pressure spectral magnitude in figure 1.6. The remaining data collapses to a tighter spread. The 

smooth wall and sparse 3mm hemisphere profiles are now encapsulated within the data, a better 

fit than the previous two scalings.  In fact, the smooth wall profiles extend to higher turbulence 

levels than most of the rough-wall data at ὼ ϳ‏ πȢπτ. This is surprising, because the scaled 

pressure spectrum in figure 1.6c has the smooth wall at lower spectral levels.   

 Figure 3.2d shows the ό profiles under the Zagarola-Smits scaling. The turbulence levels 

behave in similar trends as the previous three scalings. The rough-wall spreads are 32%, 21%, 

13%, and 9% of the abscissa at  ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and ὼ ϳ‏ πȢφ 

respectively. These trends show a poor collapse near the wall, but an improvement as one follows 

the profiles towards the boundary layer edge. The classical scaling has tighter bands; however, the 

Zagarola-Smits scaling has a better overall collapse than the convection velocity scaling. The poor 

near-wall spread of the Zagarola-Smits scaling is caused by the outlying 1mm sparse and smooth 

wall profiles. They display high normalized turbulence levels, indicative of greater mean boundary 

layer velocity gradient. This is reasonable, considering that the flow has little to no obstructions 

over these surfaces. The sparse 3mm hemisphere surface at 60ms-1 has relatively lower turbulence 

levels than the remaining data when ὼ ϳ‏ πȢχ. This is surprising, considering that its 30ms-1 

counterpart is within the collapsed band. The Zagarola-Smits scaled pressure spectrum is displayed 

in figure 1.6d. The correlations between the scaling of turbulence profiles and that of the pressure 

spectra are not as strong using the Zagarola-Smits scaling. While the smooth surfaces have high 

turbulence levels at ὼ ϳ‏ πȢπτ, they display low pressure spectral magnitudes at low-

frequencies. Inversely, the low turbulence levels of the sparse 3mm hemisphere case at 60ms-1 are 

inconsistent with its spectral magnitudes in the middle of the data. Again, the tight packing of the 

collapsed data in both figures makes it difficult to specify accurate relationships. 

 Figure 3.3a displays the ό profiles under the default scaling. The wall-normal Reynolds 

stresses are approximately one-third of the streamwise values. The profile shapes of ό and ό  at 

ρ ὼ ϳ‏ ρȢφ are similar, with each profile maintaining near zero turbulence levels and rising 

slowly. This corresponds to the low turbulence in the freestream, outside of the boundary layer. At  

πȢς ὼ ϳ‏ ρ, the ό  profiles follows a linear trend as the turbulence levels increase with 

decreasing distance to the wall. This increase ceases at ὼ ϳ‏ πȢς, thereafter the profiles 

approach the wall at nearly constant turbulence levels. Similar to the ό case, the scaling of the ό 

profiles on Ὗ  reveals physical trends of each surface configuration. Close inspection of the 

profiles in figure 3.3a show similar ordering of the surface configurations with respect to 

turbulence intensity as the ό profiles in figure 3.2a This speaks to similar roughness effects in 

each direction. The smooth and rough wall data follow separate trends, with the smooth wall 

turbulence levels at 50% of the average roughness level. The rough-wall spread is 30%, 28%, 21%, 

and 15% of the abscissa at  ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and ὼ ϳ‏ πȢφ respectively.  

 Figure 3.3b shows the ό profiles under the classical scaling. The profile shapes are similar 

to the those under the default scaling. The rough-wall spreads are 15%, 15%, 15%, and 8% of the 

abscissa at  ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and ὼ ϳ‏ πȢφ respectively. These results  
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Figure 3.1 ï Condensed legend used for the Reynolds stress profiles. Refer to figure 1.5 for full legend.  

show a better collapse than the default case at all wall-normal locations. The sparse 3mm 

hemisphere surface cases outlie the collapsed band at π ὼ ϳ‏ πȢχ. They have relatively low 

normalized turbulence levels, with the 60 ms-1 case 12% lower than the remaining data at  ὼ ϳ‏

πȢπχ. The 55 ms-1 smooth wall case is a high turbulence outlier at πȢς ὼ ϳ‏ πȢψ. Figure 3.3c 

displays the ό profiles under the mean convection velocity scaling. The rough-wall spread is 27%, 

22%, 15%, and 10% of the abscissa at  ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and ὼ ϳ‏ πȢφ 

respectively. The smooth and rough wall profiles are normalized to different curves. The smooth 

wall normalized turbulence levels are approximately twice those of the rough wall levels away 

from the wall. Ignoring the smooth wall profiles, the scaling performance is impressive, providing 

a tighter collapse than the classical and default scalings. Figure 3.3d displays the ό profiles under 

the Zagarola-Smits scalings. The rough-wall spread is 18%, 20%, 15%, and 10% of the abscissa 

at  ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and ὼ ϳ‏ πȢφ respectively. These results indicate 

improved performance over the convection velocity scaling; however, the poor overall spread is 

dominated by the different scaling behavior of the smooth wall profiles. Similar to the convection 

velocity scaling, the Zagarola-Smits scaling shows good collapse of the rough wall data, with the 

exception of the sparse 3mm hemisphere case at 60ms-1.  

The ό profiles under each scaling case are shown in figure 3.4. Notice how consistent the shape 

of the profiles measured over the different surfaces is. There is a low turbulence level area at ρ

ὼ ϳ‏ ρȢφ, and a roughly linear turbulence increase approaching the wall at πȢπτ ὼ ϳ‏ ρ. 

The rough wall profiles decrease as they approach the near wall region, while the smooth wall 

profiles continue to increase. The turbulence level ordering of each surface profile is similar to the 

ό profiles. This includes the smooth wall outliers in the classical, convection velocity, and 

Zagarola-Smits scalings, and the sparse 3mm hemisphere at 60ms-1 outlier in the  
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ρπ  

ρπ 

 

Figure 3.2 - Scaling of ◊  under a) default, b) classical, c) convection velocity, and d) Zagarola-Smits scalings.  

See legend in figure 3.1. Abscissa values rounded to nearest hundredth. 

 

 

Figure 3.3 - Scaling of ◊  under a) default, b) classical, c) convection velocity, and d) Zagarola-Smits scalings. 

See legend in figure 3.1. Abscissa values rounded to nearest hundredth. 

 

a) b) c) d) 

a) b) c) d) 
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ρπ 

ρπ 

 

Figure 3.4 - Scaling of ◊  under a) default, b) classical, c) convection velocity, and d) Zagarola-Smits scalings. 

See legend in figure 3.1. Abscissa values rounded to nearest hundredth. 

 

 

Figure 3.5 - Scaling of ◊◊  under a) default, b) classical, c) convection velocity, and d) Zagarola-Smits 

scalings. See legend in figure 3.1. Abscissas values rounded to nearest hundredth. 

 

a) b) c) d) 

a) b) c) d) 
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classical and Zagarola-Smits scalings. This signifies that rough surface effects in the ό  profiles 

have similar effect on the ό  profiles. In figure 3.4a, under the default scaling, the rough-wall 

spread is 22%, 19%, 15%, and 11% of the abscissa at  ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and 

ὼ ϳ‏ πȢφ respectively. In figure 3.4b, under the classical scaling, the rough-wall spread is 22%, 

15%, 12%, and 7% of the abscissa at ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and ὼ ϳ‏ πȢφ 

respectively. In figure 3.4c, under the convection velocity scaling, the rough-wall spread is 24%, 

17%, 9%, and 7% of the abscissa at ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and ὼ ϳ‏ πȢφ 

respectively. In figure 3.4d, under the Zagarola-Smits scaling, the rough-wall spread is 24%, 19%, 

12%, and 9% of the abscissa at ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and ὼ ϳ‏ πȢφ 

respectively.   

The shear stress όό profiles are shown in figure 3.5. The stress levels remain close to 

zero until entering the boundary layer. They then proceed to rise roughly linearly as the wall is 

approached. Maximum shear stress magnitude is reached near ὼ ϳ‏ πȢπτ.  The default scaling 

shown in figure 3.5a shows separate bands for the rough and smooth wall cases. The rough-wall 

spread is 27%, 25%, 19%, and 19% of the abscissa at  ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and 

ὼ ϳ‏ πȢφ respectively. Figure 3.5b displays the classical scaling. Since the friction velocity was 

calculated using the local maxima of the Reynolds shear stress curves, the apparently impressive 

collapse of the profiles under this scaling is inevitable. The rough-wall spread is 14%, 15%, 14%, 

and 10% of the abscissa at  ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and ὼ ϳ‏ πȢφ respectively. 

Figure 3.5c displays the convection velocity scaling. The rough-wall spread is 33%, 27%, 16%, 

and 13% of the abscissa at  ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and ὼ ϳ‏ πȢφ respectively. 

Figure 3.5d displays the Zagarola-Smits scaling. The rough-wall spread is 38%, 27%, 16%, and 

13% of the abscissa at  ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and ὼ ϳ‏ πȢφ respectively. 

The rough-wall spreads across each normalized turbulence band are shown in figure 3.6 

for comparison. The horizontal axes display the collapse as a percentage of the turbulence profile 

abscissas, while the vertical axes show the corresponding wall normal positions. Notice that the 

four wall normal positions in each plot correspond to ὼ ϳ‏ πȢπτ, ὼ ϳ‏ πȢς, ὼ ϳ‏ πȢτ, and 

ὼ ϳ‏ πȢφ. These are the same points mentioned previously. The plots in figure 3.6 condense the 

spread characteristics of each scaling into a comparable format for easy observation. Figure 3.6a 

compares the ό profile spreads. At ὼ ϳ‏ πȢπτ, the convection velocity and Zagarola-Smits 

scalings produce the largest profile spreads, while the classical and default scaling causes the 

tightest collapse. As we move away from the wall, the classical scaling shows the tightest collapse 

at the remaining wall-normal positions. The Zagarola-Smits and default scalings are the 

intermediary methods, simular in spread. The largest spread is found using the convection velocity 

scaling, until ὼ ϳ‏ πȢφ. The ό profile spreads are shown in figure 3.6b. The default scaling 

displays the largest spreads at each wall-normal location. The convection velocity scaling, 

Zagarola-Smits scaling, and classical scaling follow, reducing the spread in the respected order. 

The ό profile spreads are shown in figure 3.6c. The scaling performances are similar between 

each scaling, with the default law producing the largest spreads above ὼ ϳ‏ πȢπτ. The όό 

profile spreads are shown in figure 3.6d. The classical scaling reveals the smallest spreads, due to 

the shear stress dependence on Ὗ. The default scaling has tighter spreads than convection velocity  
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a) 

 

b) 

 
c) 

 

d) 

 
Figure 3.6 - Summary of rough wall spreads in the turbulence profiles, where a) are the ◊  profile spreads, b) 

are the ◊  profile spreads, c) are the ◊  profile spreads, and d)  are the ◊◊  profile spreads. The default 

scaling ( ), classical scaling ( ), convection velocity scaling ( ), and Zagarola Smits scaling ( ) 

methods are shown.  

 

and Zagarola-Smits scalings from ὼ ϳ‏ πȢπτ to ὼ ϳ‏ πȢς, however the default methodôs 

spreads relatively increase as we move away from the wall. Overall, the performance of each 

scaling on the turbulence profiles are relatively inconsistent with the results in the scaled pressure 

spectra. One exception to this statement is the poor performance of the default scaling in both the 

pressure spectra and the majority of the turbulence profiles. The classical scaling the best overall 

spread in the rough wall profiles, especially near the wall. Additionally, previous discussion has 

revealed that the classical scaling also collapses the smooth wall data well. While the convection 

velocity and Zagarola-Smits scalings collapse the pressure data well, they have relatively mediocre 

performance in the turbulence profiles. Their band spreads are often found in between the classical 

and default scalings. 
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3.2.2 Scaled Turbulence Profiles Uncertainty Analysis  

 The data spreads in the turbulence profiles can undergo a more rigorous, quantitative 

analysis through uncertainty calculations. Table 3.1 displays uncertainty values expected through 

QHW data collection techniques. These values were reported by Joseph (2017) based on the 

analysis presented by Ma (2003). Additionally, Joseph (2017) presented uncertainty values of the 

boundary layer parameters. These are displayed in table 3.2. Table 3.3 shows the uncertainty in 

the convection velocity calculations for various surface profiles. The uncertainties from sparse 

hemisphere profiles are omitted because the convection velocity values of Joesph (2017) were 

derived directly from the correlation contours of Forest (2012) and Meyers (2014). In each table, 

the ‏ symbol outside of the parentheses represents the uncertainty, as opposed to the boundary 

layer thickness.   

 

 

Table 3.1 Absolute Uncertainty of Reynolds Stresses (20:1 odds) from Joesph (2017) and Ma (2003). 

‏
ό

Ὗ
 ςȢπ ρπ 

‏
ό

Ὗ
 φȢς ρπ 

‏
ό

Ὗ
 σȢψ ρπ 

‏
όό 

Ὗ
 ρȢυ ρπ 

 

Table 3.2 Uncertainty values of boundary layer parameters from Joesph (2017). 

Ὗ‏  πȢπυ m/s 

 Ὗ πȢπυ m/s‏

 Ὗ πȢπυ m/s‏

‏‏ ρȢυρρπ m 

ᶻ‏‏ ρȢυσρπ m 
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Table 3.3 Uncertainty values of convection velocities from Joesph (2017). 

Surface  Uncertainty 
Smooth 

‏
Ὗ

Ὗ
πȢπρπ 

Intermediately-spaced hemispheres 
‏
Ὗ

Ὗ
πȢπςρ 

Densely-spaced hemispheres 
‏
Ὗ

Ὗ
πȢπςω 

Cylinders 
‏
Ὗ

Ὗ
πȢπρυ 

Multi-height 
‏
Ὗ

Ὗ
πȢπσρ 

Multi-shape 
‏
Ὗ

Ὗ
πȢπςυ 

 

Uncertainties in the scaled turbulence profiles depicted in figures 3.1-3.4 were calculated 

using the square root of the sum of squares of the partial derivative ï uncertainty products. An 

example is shown below, using the ό profile under the classical scaling.  

ό

Ὗ

ό

Ὗ

Ὗ

Ὗ
ό

Ὗ

Ὗ
ὅ 

(3.8) 

Therefore: 

‏
ό

Ὗ

‬ὅ

‬ό
ό‏

‬ὅ

‬Ὗ
Ὗ‏

‬ὅ

‬Ὗ
Ὗ‏  

 

(3.9) 

The uncertainty data for a selected turbulence profile are depicted as bands around the data points, 

and are shown in figures 3.7-3.10. The selected turbulence profile is again the 60ms-1 dense 

hemisphere case. These figures are shown to give a general idea of the uncertainty levels for each 

Reynolds stress component. The ό Reynolds stress has the highest uncertainty, followed by the 

όό, ό, and ό stresses in descending order.   
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ρπ 

 

 

Figure 3.7 - Scaling of ◊ under a) default, b) classical, c) convection velocity, and d) Zagarola-Smits scalings.  

Uncertainty bands are represented as ( ). See legend in figure 3.1. Abscissa values rounded to nearest 

hundredth. 

 

 

  

 

Figure 3.8 - Scaling of ◊ under a) default, b) classical, c) convection velocity, and d) Zagarola-Smits scalings.  

Uncertainty bands are represented as ( ). See legend in figure 3.1. Abscissa values rounded to nearest 

hundredth. 

a) b) c) d) 

a) b) c) d) 
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Figure 3.9 - Scaling of ◊  under a) default, b) classical, c) convection velocity, and d) Zagarola-Smits scalings.  

Uncertainty bands are represented as ( ). See legend in figure 3.1. Abscissa values rounded to nearest 

hundredth. 

 

 

Figure 3.10 - Scaling of ◊◊  under a) default, b) classical, c) convection velocity, and d) Zagarola-Smits 

scalings.  Uncertainty bands are represented as ( ). See legend in figure 3.1. Abscissa values rounded to 

nearest hundredth. 

a) b) c) d) 

a) b) c) d) 
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3.2.3 Scaled Low-pass Filtered Turbulence Profiles  

The rather poor collapse of some rough surfaces in the turbulence stresses when normalized 

on pressures scales can be considered an artifact of the integration across the entire velocity 

spectra. The analysis can be restricted to low frequency fluctuations by filtering the Reynolds 

stresses.  Specifically, we calculate a filtered Reynolds stress by integrating the velocity spectra as   

 

 
ộόόỚ ὙὩὋ Ὢ ὨὪ 

(3.10) 

 

where Ὢ is the low-pass filter frequency. Figure 3.11 shows the filtered profile legend while 

figures 3.12-3.13 display the filtered turbulence profiles. They are projected in this way to isolate 

the contributions of the large-scale structures. The low-pass filter was created so that it captures 

the same low-frequency range over which the pressure spectra are seen in figure 1.6. A filter 

frequency for the default case was selected as ς“Ὢ‏Ὗϳ ρπ, corresponding approximately to 

ς“Ὢ‏ȾὟ ρπ,  ς“Ὢ‏ȾὟ ςππ, and ς“Ὢ‏ȾὟ ρπȢ See appendix B for the rationale behind 

these selections. The format of figures 3.12-3.13 is similar to the un-filtered profiles previously 

discussed. The plotting symbols are different to distinguish the cases. The 30ms-1 cases are 

represented by the diamonds while the 60ms-1 cases are displayed as hexagons. The color scheme 

distinguishing each surface type remains the same. The horizontal axes are also re-scaled so that 

the 60ms-1 dense hemisphere case is locked regardless of scaling variables. Only the ό and ό 

profiles are plotted under this format, as these two components are representative of the others and 

believed to be most important in controlling pressure fluctuations.  

 Filtered streamwise turbulence profiles normalized on the defect scaling are shown in 

figure 3.12a. The profile trends are similar to their unfiltered counterparts. The turbulence levels 

remain near-zero outside of the boundary layer. They then increase as they approach the wall from  

πȢπτ ὼ ϳ‏ ρ. The maximum turbulence levels for the rough wall curves are achieved at 

ὼ ϳ‏ πȢπτ. These levels decrease after the threshold as they enter the roughness region, whereas 

the smooth surface levels continue to grow. The filtered profiles have lower overall magnitudes 

than their unfiltered versions by approximately 25%. This signifies that contributions from high-

frequency fluctuations are lower, but still considerable. The smooth wall cases are separated from 

the rough wall band by 25% of the abscissa. This significant spacing is consistent with the previous 

default scaling applications. The turbulence ordering of the rough wall profiles is also similar. The 

surfaces with widely spaced hemispheres at low ‗ have lower turbulence levels, while the multi-

shape, cylinder, and intermediate configurations appear at higher Reynolds stresses. This 

consistency with unfiltered turbulence profiles and pressure spectra verify that low-frequency 

velocity fluctuations maintain similar physical trends with respect to roughness configurations.  
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Figure 3.11 ï Condensed legend used for the filtered Reynolds stress profiles. Refer to figure 1.5 for full 

legend.  

Figure 3.12b displays the filtered ό profiles normalized by the classical scaling. The 

profile trends are similar to the other ό curves. The turbulence ordering between the filtered and 

unfiltered classical scalings is similar. This same is shown in the filtered ό profiles under the 

convection velocity and Zagarola-Smits scalings in figures 3.12c and 3.12d respectively. 

 Figure 3.13a displays the filtered default scaled  ό profiles. The profile trends are similar 

to their unfiltered counterparts. Turbulence ordering is similar the unfiltered stresses and pressure 

spectra. The sparse 3mm hemisphere case is an exception, because it exists at higher turbulence 

levels than the previous analyses. Figure 3.13b displays the filtered ό profiles under the classical 

scaling. Again, the turbulence ordering in consistent with past results. Figure 3.13c displays the 

filtered ό profiles under the convection velocity scaling, and figure 3.13d displays the filtered ό 

profiles under the Zagarola-Smits scaling. In both the convection velocity and Zagarola-Smits 

scalings, the smooth wall profiles are separated even further from the rough wall band, indicating 

less power of their low-frequency scaling variables on smooth walls. 

 Figures 3.14a provides a summary of the profile spread for the filtered ό. Near the wall, 

ὼ ϳ‏ πȢπτ, the Zagarola-Smits and convection velocity scalings have the largest spreads, 

whereas the classical and default scalings have the tightest spreads. This result is similar to the 

unfiltered turbulence profiles shown in figure 3.6. For the remaining wall-normal positions, the 

Zagarola-Smits scaling has the tightest spreads, with the classical scaling showing similar 

performance from  πȢτ ὼ ϳ‏ πȢφ. The convection velocity scaling has the largest spreads save 

the highest wall-normal position at ὼ ϳ‏ πȢφ. Figure 3.14b shows the spreads for the filtered ό 

profiles. The classical scaling has the tightest spreads, with the default scaling having the largest 

spreads. The convection velocity and Zagarola-Smits scaling spreads lie somewhere in between  
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ρπ 

 

 

Figure 3.12 - Scaling of the filtered  ◊  stresses under a) default, b) classical, convection velocity, and d) Zagarola-

Smits scalings. See legend in figure 3.11. Abscissa values rounded to nearest hundredth. 

 

 

 

Figure 3.13 - Scaling of the filtered  ◊  stresses under a) default, b) classical, convection velocity, and d) Zagarola-

Smits scalings. See legend in figure 3.11. Abscissa values rounded to nearest hundredth. 

 

a) b) c) d) 

a) b) c) d) 
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a) 

 

b) 

 
Figure 3.14 - Summary of rough wall spreads in the filtered turbulence profiles, where a) are the filtered ◊  

profile spreads, and b) are the filtered ◊  profile spreads. The default scaling ( ), classical scaling ( ), 

convection velocity scaling ( ), and Zagarola Smits scaling ( ) methods are shown.  

 

the previous two. 

 

3.3  Velocity Spectra  

3.3.1 Velocity Autospectra  

A different view of the velocity fluctuations is given by their autospectra. Streamwise and 

wall normal spectra are plotted in figures 3.15-3.16. The normalizations used here are  versus 

,  versus ,  versus , and  versus . These formulations represent the 

default, classical low-frequency, convection velocity and Zagarola-Smits pressure spectral 

scalings, respectively. Normalized spectral levels are shown on the vertical axes, and the 

normalized angular frequency ranges lie on the horizontal axes. Each plot is divided into five 

decades to provide uniformity of comparison. The spectra for two wall-normal positions are 

plotted. ὼ πȢςυτά represents an approximate boundary layer edge, and ὼ πȢππυά about 

2% of the boundary layer thickness from the wall and, for the rough wall cases, close to limit of 

the region where the flow above the roughness elements remains homogeneous. These positions 

capture some of the changes of spectral scaling effectiveness through the boundary layer. The solid 

black lines indicate a υȾσ slope, representing the inertial subrange expected in high Reynolds 

number turbulence (Kolmogorov, 1941). Note that some of the spectra were derived from time 

series measured at a relatively slow sampling rate (6400Hz). These spectra do not resolve the high-

frequency end of the inertial subrange or the roll off, but instead a slight upward curl at their high 

frequency limit symptomatic of aliasing. These spectra have been included because the focus here 

is on low frequency scaling, un-impacted by the aliased portion of the spectrum. 
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  Figure 3.15a displays Ὃ ‫  scaled using the default approach. Similar to the pressure 

spectrum, the velocity data can be separated into 3 frequency regions. The low-frequency region 

of the velocity spectra extends from ρπ Ὗϳ‏‫ ρπ. The collapse is fairly poor at ὼ

πȢςυτά, extending over 20% of the ordinate from ρπ Ὗϳ‏‫ ρπ and 10% of the ordinate 

from ρπ Ὗϳ‏‫ ρπ. Compared with the default scaled pressure spectrum from figure 1.6a 

for ρπ Ὗϳ‏‫ ρπ, we see differences in the surface ordering with respect to spectral 

energies. This may be caused by the relatively large separation in measurement locations, with 

velocity data taken at ‏ and pressure measurements at the wall. The lack of correspondence 

between wall pressure and edge velocity may signify that the outer flow is independent of local 

roughness effects, hinting at wall similarity. Moving to  ὼ πȢππυά, the low-frequency portions 

of the spectrum collapse considerably. We see the vertical thickness extending over 8% of the 

ordinate from ρπ Ὗϳ‏‫ ρπ. The overall spectral energies are higher as well, consistent 

with the more intense velocity fluctuations near the wall revealed in the stress profiles. The 

surfaces are now also ordered in a similar manner as in the low-frequency portion of the 

correspondingly normalized pressure spectrum. This ordering was also displayed in the turbulence 

profiles, which is expected since such profiles are constructed on the total spectral energy. 

Observations about the ordering of the spectra require care at ὼ πȢππυά. Since there are 

significant gradients in the stresses here the exact positions of the measurements on these gradients 

can significantly weight the velocity spectra.  For example, the underlying smooth surface 

turbulent stresses appear significantly separated in figure 3.2a, but lie just below the rough wall 

spectral curves in figure 3.15a. In the mid-frequency region, ρπ Ὗϳ‏‫ ρπ, the spectral 

band at ὼ πȢςυτά maintains a 10% vertical collapse. The collapse tightens slightly for the data 

at ὼ πȢππυά, closing to 5%. The slopes also maintain along the υσϳ  trends well. This was 

vastly different in the pressure spectrum scaling, where the mid-frequency spectral curves had a 

variety of slopes. This shows that the Ὃ ‫  surface curves have a common energy transfer 

mechanism.  

  Figure 3.15b shows the classical scaling of the Ὃ ‫  bands. The low-frequency region is 

defined from ρπ Ὗϳ‏‫ ρπ. The spectral band at ὼ πȢςυτά is large, but slightly 

reduced from the default case, covering 18% of the ordinate from ρπ Ὗϳ‏‫ ρπ, and 8% 

from ρπ Ὗϳ‏‫ ρπ. Again, the spectral ordering of the surfaces at this position are 

inconsistent with the results from the corresponding pressure spectrum (e.g. the 3mm hemisphere 

surfaces appear at the top of the band in figure 3.15b and on the bottom in figure 1.6b). The spectral 

profiles are more collapsed at ὼ πȢππυά, extending over only 6% of the ordinate from ρπ

Ὗϳ‏‫ ρπ. Their ordering is similar to the pressure spectrum, with the sparse hemisphere 

surfaces at lower levels and the intermediate density, multi-shape surfaces at higher levels. 

However, the relatively lower placement of the smooth wall and sparse 3mm hemisphere profiles 

correspond to their low normalized Reynolds stresses in the turbulence plots. The mid and high 

frequency regions of the velocity spectra are ρπ Ὗϳ‏‫ ρπ and ρπ Ὗϳ‏‫ ρπ 

respectively. The mid-frequency slopes are fairly constant for all surfaces at both positions, with 

spreads of equal size compared to the low-frequency case. Again, this differs from various slope 

quantities in the mid-frequencies of the classical scaled pressure spectrum.  
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Figure 3.15 - Scaling of ╖◊◊ ⱷ  using a) default, b) classical, c) convection velocity, and d) Zagarola-Smits 

scalings. See legend in figure 3.1. The upper and lower bands correspond to the spectra ● Ȣ m and 

● Ȣ  m respectively.  

  Figure 3.15c shows the Ὃ ‫  bands under the convection velocity scaling. The low-

frequency region is defined from ρπ Ὗϳ‏‫ ρπ. The spread at ὼ πȢςυτά is 15% of 

the ordinate from ρπ Ὗϳ‏‫ ρπ, and 6% from ρπ Ὗϳ‏‫ ρπ. This is slightly better 

than the previous two scalings. The spread at ὼ πȢππυά is approximately the same as the 

classical scaling, presiding over 6% of the ordinate. An exact surface ordering is difficult to 

ascertain because of the tight combined collapse in the velocity spectra, pressure spectra, and 

turbulence profiles under this scaling. However, each plot has the 3mm sparse cylinder curves on  

a) b) 

c) d) 


