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Advanced Data Analytics for Quality Assurance of
Smart Additive Manufacturing

Bo Shen

(ABSTRACT)

Additive manufacturing (AM) is a powerful emerging technology for fabricating components

with complex geometries using a variety of materials. However, despite the promising po-

tential, due to the complexity of the process dynamics, how to ensure product quality and

consistency of AM parts efficiently during the process remains challenging. Therefore, this

dissertation aims to

Driven by edge computing, the Industrial Internet of Things (IIoT), sensors and other smart

technologies, data collection, communication, analytics, and control are infiltrating every

aspect of manufacturing. The data provides excellent opportunities to improve and revo-

lutionize manufacturing for both quality and productivity. Despite the massive volume of

data generated during a very short time,

. The goal of sensing and data analytics for advanced manufacturing is to capture the

full insight that data and analytics can discover to help address the most pressing problems.

To achieve the above goal, several data-driven approaches have been developed in this dis-

sertation to achieve effective data preprocessing, feature extraction, and inverse design. We

also develop related theories for these data-driven approaches to guarantee their performance.

The performances have been validated using sensor data from AM processes. Specifically,

four new methodologies are proposed and implemented as listed below:



1. To make the unqualified thermal data meet the spatial and temporal resolution require-

ment of microstructure prediction, a super resolution for multi-sources image stream

data using smooth and sparse tensor completion is proposed and applied to data acqui-

sition of additive manufacturing. The qualified thermal data is able to extract useful

information like boundary velocity, thermal gradient, etc.

2. To effectively extract features for high dimensional data with limited samples, a clus-

tered discriminant regression is created for classification problems in healthcare and

additive manufacturing. The proposed feature extraction method together with classic

classifiers can achieve better classification performance than the convolutional neural

network for image classification.

3. To extract the melt pool information from the processed X-ray video in metal AM

process, a smooth sparse Robust Tensor Decomposition model is devised to decompose

the data into the static background, smooth foreground, and noise, respectively. The

proposed method exhibits superior performance in extracting the melt pool information

on X-ray data.

4. To learn the material property for different printing settings, a multi-task Gaussian

process upper confidence bound is developed for the sequential experiment design,

where a algorithm is implemented. The proposed algorithm aims to learn

the optimal material property for different printing settings.

By fully utilizing the sensor data with innovative data analytics, the above-proposed method-

ologies are used to perform interdisciplinary research, promote technical innovations, and

achieve balanced theoretical/practical advancements. In addition, these methodologies are

inherently integrated into a generic framework. Thus, they can be easily extended to other

manufacturing processes, systems, or even other application areas such as healthcare systems.
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(GENERAL AUDIENCE ABSTRACT)

Additive manufacturing (AM) technology is rapidly changing the industry, and data from

various sensors and simulation software can further improve AM product quality. The ob-

jective of this dissertation is to develop methodologies for process monitoring and quality

assurance using advanced data analytics.

In this dissertation, four new methodologies are developed to address the problems of un-

qualified data, high dimensional data with limited samples, and inverse design. Related

theories are also studied to identify the conditions by which the performance of the de-

veloped methodologies can be guaranteed. To validate the effectiveness and efficiency of

proposed methodologies, various data sets from sensors and simulation software are used for

testing and validation. The results demonstrate that the proposed methods are promising

for different AM applications. The future applications of the accomplished work in this dis-

sertation are not just limited to AM. The developed methodologies can be easily transferred

for applications in other domains such as healthcare, computer vision, etc.
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�i�?�2�`�K���H �;�`���/�B�2�M�i�- �2�i�+�X
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�h�?�2 �`�2�b�i �Q�7 �i�?�B�b �/�B�b�b�2�`�i���i�B�Q�M �B�b �Q�`�;���M�B�x�2�/ ���b �7�Q�H�H�Q�r�b�X ���M �Q�p�2�`�p�B�2�r �Q�7 �i�?�2 �Q�p�2�`���H�H �T�`�Q�T�Q�b�2�/
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�7�Q�` �/�2�7�2�+�i �+�H���b�b�B�7�B�+���i�B�Q�M �B�M ���J�X ���7�i�2�`�r���`�/�b�- �� �b�K�Q�Q�i�? �b�T���`�b�2 �_�Q�#�m�b�i �h�2�M�b�Q�` �.�2�+�Q�K�T�Q�b�B�i�B�Q�M

�K�Q�/�2�H �B�b �T�`�Q�T�Q�b�2�/ �B�M �*�?���T�i�2�`�8�i�Q �2�7�7�2�+�i�B�p�2�H�v �H�2���`�M �i�?�2 �K�2�H�i �T�Q�Q�H �7�`�Q�K �M�Q�B�b�v �s�@�`���v �/���i���X

�a�m�#�b�2�[�m�2�M�i�H�v�- �� �K�m�H�i�B�@�i���b�F �:���m�b�b�B���M �T�`�Q�+�2�b�b �m�T�T�2�` �+�Q�M�7�B�/�2�M�+�2 �#�Q�m�M�/ �7�Q�` �B�M�p�2�`�b�2 �/�2�b�B�;�M �B�b

�B�M�i�`�Q�/�m�+�2�/ �B�M �*�?���T�i�2�`�e�X �6�B�M���H�H�v�- �*�?���T�i�2�`�d�b�m�K�K���`�B�x�2�b �i�?�B�b �/�B�b�b�2�`�i���i�B�Q�M�- ���M�/ �/�B�b�+�m�b�b�2�b �i�?�2

�T�Q�i�2�M�i�B���H �7�m�i�m�`�2 �`�2�b�2���`�+�? �/�B�`�2�+�i�B�Q�M�b�X
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���b �B�M�i�`�Q�/�m�+�2�/ �B�M �*�?���T�i�2�`�R�- �i�?�B�b �/�B�b�b�2�`�i���i�B�Q�M ���B�K�b �i�Q �/�2�p�2�H�Q�T �2�7�7�2�+�i�B�p�2 �K�2�i�?�Q�/�Q�H�Q�;�B�2�b �7�Q�`

�T�`�Q�+�2�b�b �K�Q�M�B�i�Q�`�B�M�; ���M�/ �[�m���H�B�i�v ���b�b�m�`���M�+�2 �B�M ���/�/�B�i�B�p�2 �K���M�m�7���+�i�m�`�B�M�;�X �A�M �i�?�B�b �`�2�b�2���`�+�? �7�`���K�2�@

�r�Q�`�F�- �i�?�2 �b�2�M�b�B�M�; �b�v�b�i�2�K ���M�/ �b�B�K�m�H���i�B�Q�M �b�Q�7�i�r���`�2 �+���M �T�`�Q�p�B�/�2 �� �H���`�;�2 ���K�Q�m�M�i �Q�7 �T�`�Q�+�2�b�b
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�6�Q�` �i�?�2�b�2 �7�Q�m�` �i���b�F�b�- �i�?�2 �`�2�b�2���`�+�? �T�`�Q�;�`�2�b�b �B�M �i�2�`�K�b �Q�7 �D�Q�m�`�M���H �T�m�#�H�B�+���i�B�Q�M�b �B�b �H�B�b�i�2�/ ���b �7�Q�H�H�Q�r�b�,

�Ç �h���b�F �R�, �h�?�B�b �T���T�2�` �(�R�y�) �B�b �T�m�#�H�B�b�?�2�/ �B�M�h�2�+�?�M�Q�K�2�i�`�B�+�b�X

�Ç �h���b�F �k�, �h�?�B�b �T���T�2�` �(�R�R�) �B�b �T�m�#�H�B�b�?�2�/ �B�M�A�1�1�1 �h� �̀��M�b���+�i�B�Q�M�b �Q�M ���m�i�Q�K���i�B�Q�M �a�+�B�2�M�+�2 ���M�/

�1�M�;�B�M�2�2�`�B�M�;�X

�Ç �h���b�F �j�, �h�?�B�b �T���T�2�` �(�R�k�) �B�b �T�m�#�H�B�b�?�2�/ �B�M�A�1�1�1 �h� �̀��M�b���+�i�B�Q�M�b �Q�M ���m�i�Q�K���i�B�Q�M �a�+�B�2�M�+�2 ���M�/

�1�M�;�B�M�2�2�`�B�M�;�X

�Ç �h���b�F �9�, �h�?�B�b �T���T�2�` �(�R�j�) �B�b �T�m�#�H�B�b�?�2�/ �B�M�A�A�a�1 �h� �̀��M�b���+�i�B�Q�M�b�X
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�k�X�k �G�B�i�2�`���i�m�`�2 �_�2�p�B�2�r

�k�X�k�X�R �a�T���i�B���H ���M�/ �h�2�K�T�Q�`���H �_�2�b�Q�H�m�i�B�Q�M �_�2�[�m�B�`�2�K�2�M�i �B�M ���J

�h�?�2 �K�2�H�i �T�Q�Q�H �i�?�2�`�K���H �?�B�b�i�Q�`�v �(�R�9�) �B�b �� �p�2�`�v �+�`�m�+�B���H �T���`�i �Q�7 �K�B�+�`�Q�b�i�`�m�+�i�m�`�2 �T�`�2�/�B�+�i�B�Q�M �(�R�8�)

�B�M ���J�X ���+�+�Q�`�/�B�M�; �i�Q �i�?�2 �H�B�i�2�`���i�m�`�2 �(�R�e�)�- �i�?�2 �K�B�+�`�Q�b�i�`�m�+�i�m�`�2 �+���M �#�2 �T�`�2�/�B�+�i�2�/ �#�v �i�?�2 �i�?�2�`�K���H

�;�`���/�B�2�M�i �U�:�V ���M�/ �b�Q�H�B�/�f�H�B�[�m�B�/ �#�Q�m�M�/���`�v �p�2�H�Q�+�B�i�v �U�_�V�X �"�Q�i�? �i�?�2�b�2 �i�r�Q �T�B�2�+�2�b �Q�7 �B�M�7�Q�`�K���i�B�Q�M

�+���M �#�2 �Q�#�i���B�M�2�/ �#�v �i�?�2�`�K�Q�;�`���T�?�v�X �>�Q�r�2�p�2�`�- �i�?�2�`�2 �B�b �M�Q �b�m�+�? �2�[�m�B�T�K�2�M�i �i�Q �Q�#�i���B�M �: ���M�/

�_ �i�Q�;�2�i�?�2�` �#�2�+���m�b�2 �Q�7 �i�?�2 �m�M�B�[�m�2 �T�`�Q�T�2�`�i�v �Q�7 �i�?�2 �K�2�H�i �T�Q�Q�H �B�M �i�?�2 �b�2�H�2�+�i�B�p�2 �H���b�2�` �K�2�H�i�B�M�;

�U�a�G�J�V �T�`�Q�+�2�b�b�X �h�?�2 �K�2�H�i �T�Q�Q�H �B�b �b�K���H�H �U�R�y�y�@�k�y�y �’�K�V ���M�/ �i�?�2 �/�r�2�H�H �i�B�K�2 �B�b �b�?�Q�`�i �U�y�X�8�@�R�X�8

�K�b�V�X �h�?�2 �i�2�K�T�Q�`���H �`�2�b�Q�H�m�i�B�Q�M �U�7�`���K�2 �`���i�2�V �Q�7 �i�?�2 �+���K�2�`�� �b�?�Q�m�H�/ ���i �H�2���b�i �#�2 �k�y�F �>�x �#�2�+���m�b�2

�i�?�2 �b�Q�H�B�/�B�7�B�+���i�B�Q�M �+���M �#�2 �2�p�2�M �b�?�Q�`�i�2�` �i�?���M �i�?�2 �/�r�2�H�H �i�B�K�2�X �h�?�2 �b�T���i�B���H �`�2�b�Q�H�m�i�B�Q�M �M�2�2�/�b �i�Q

�#�2 ���`�Q�m�M�/ �j �’�K �T�2�` �T�B�t�2�H ���M�/ �i�?�B�b �+���M �;�B�p�2 �� �/�2�i���B�H�2�/ �i�?�2�`�K���H �;�`���/�B�2�M�i �Q�7 �i�?�2 �K�2�H�i �T�Q�Q�H�-

�7�Q�` �2�t���K�T�H�2�- �� �F�2�v�?�Q�H�2 �B�M �K�2�H�i �T�Q�Q�H �B�M �a�G�J �B�b �M�Q�`�K���H�H�v ���`�Q�m�M�/ �R�y �’�K �B�M �/�B���K�2�i�2�` �(�R�d�)�- ���M�/

�j �’�K �b�T���i�B���H �`�2�b�Q�H�m�i�B�Q�M �+���M �;�B�p�2 ���i �H�2���b�i �j �T�Q�B�M�i �K�2���b�m�`�2�K�2�M�i ���H�Q�M�; �Q�M�2 �/�B�`�2�+�i�B�Q�M �7�Q�` �i�?�2

�F�2�v�?�Q�H�2�X �h�Q ���+�?�B�2�p�2 �b�m�+�? �� �?�B�;�? �b�T���i�B���H �`�2�b�Q�H�m�i�B�Q�M�- �i�?�2 �i�?�2�`�K���H �+���K�2�`�� �M�2�2�/�b �i�Q �#�2 �T�H���+�2�/

�p�2�`�v �+�H�Q�b�2 �i�Q �i�?�2 �K�2�H�i �T�Q�Q�H �U�e�y �K�K�V�X �>�Q�r�2�p�2�`�- �i�?�2 �?�B�;�?�@�b�T�2�2�/ �i�?�2�`�K���H �+���K�2�`�� �B�b �i�Q�Q �#�m�H�F�v

�i�Q �#�2 �T�H���+�2�/ �B�M�b�B�/�2 �i�?�2 �T�`�B�M�i�B�M�; �+�?���K�#�2�`�- �Q�M�H�v �i�?�2 �b�K���H�H �b�B�x�2 �H�Q�r�@�b�T�2�2�/ �i�?�2�`�K���H �+���K�2�`��

�+���M �7�B�i �B�M �r�B�i�?�Q�m�i �b�m�7�7�B�+�B�2�M�i �i�2�K�T�Q�`���H �`�2�b�Q�H�m�i�B�Q�M�X ���+�+�Q�`�/�B�M�;�H�v�- �7�m�b�B�Q�M �B�K���;�2�b �b�i�`�2���K�b �r�B�i�?

�+�Q�K�T�H�2�K�2�M�i���`�v �b�T���i�B���H ���M�/ �i�2�K�T�Q�`���H �`�2�b�Q�H�m�i�B�Q�M�b �B�b �p�2�`�v �B�K�T�Q�`�i���M�i�X

�h�Q �B�K�T�`�Q�p�2 �i�?�2 �b�T���i�B���H ���M�/ �i�2�K�T�Q�`���H �`�2�b�Q�H�m�i�B�Q�M�- �b�m�T�2�` �`�2�b�Q�H�m�i�B�Q�M �T�H���v�b ���M �B�K�T�Q�`�i���M�i �`�Q�H�2 �B�M

�K���M�v ���T�T�H�B�+���i�B�Q�M�b�X �a�T���i�B���H �b�m�T�2�` �`�2�b�Q�H�m�i�B�Q�M �K�2�i�?�Q�/�b �+���M �#�2 �/�B�p�B�/�2�/ �B�M�i�Q �i�r�Q �+���i�2�;�Q�`�B�2�b�, �U�B�V

�K�m�H�i�B�T�H�2�@�B�K���;�2�b�- ���M�/ �U�B�B�V �b�B�M�;�H�2 �B�K���;�2�X �A�M �K�m�H�i�B�@�B�K���;�2�b �b�m�T�2�` �`�2�b�Q�H�m�i�B�Q�M�- �i�?�2 �#���b�B�+ ���b�b�m�K�T�@

�i�B�Q�M �B�b �i�?���i �i�?�2 �K�m�H�i�B�T�H�2 �H�Q�r �b�T���i�B���H �`�2�b�Q�H�m�i�B�Q�M �B�K���;�2�b �r�B�i�? �b�m�#�T�B�t�2�H �/�B�b�T�H���+�2�K�2�M�i�b �+�Q�K�2 �7�`�Q�K

�Q�M�2 �?�B�;�? �b�T���i�B���H �`�2�b�Q�H�m�i�B�Q�M �B�K���;�2 �(�R�3�)�X �h�Q �`�2�+�Q�M�b�i�`�m�+�i �i�?�2 �?�B�;�? �b�T���i�B���H �`�2�b�Q�H�m�i�B�Q�M �B�K���;�2�- �(�R�N�)

�T�`�Q�T�Q�b�2�/ �B�K���;�2 �`�2�;�B�b�i�`���i�B�Q�M �7�`���K�2�r�Q�`�F �i�Q �/�B�b�+�Q�p�2�` �`�2�H���i�B�p�2 �/�B�b�T�H���+�2�K�2�M�i�b �B�M �K�m�H�i�B�T�H�2 �B�K���;�2�b�X
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�(�R�3�) �T�`�2�b�2�M�i�2�/ �� �`�Q�#�m�b�i �b�m�T�2�` �`�2�b�Q�H�m�i�B�Q�M ���T�T�`�Q���+�? �B�M �Q�`�/�2�` �i�Q �+�Q�M�b�B�/�2�` �M�Q�B�b�v ���M�/ �#�H�m�`�`�2�/ �2�7�@

�7�2�+�i�b�X �S�`���+�i�B�+���H�H�v�- �i�?�2 �K�m�H�i�B�@�B�K���;�2�b �b�m�T�2�` �`�2�b�Q�H�m�i�B�Q�M �?���b �b�K���H�H �B�K�T�`�Q�p�2�K�2�M�i �B�M �`�2�b�Q�H�m�i�B�Q�M

�(�k�y�)�- �H�2���/�B�M�; �i�Q �i�?�2 �/�2�p�2�H�Q�T�K�2�M�i �Q�7 �b�B�M�;�H�2 �B�K���;�2 �b�m�T�2�` �`�2�b�Q�H�m�i�B�Q�M �B�M �r�?�B�+�? �i�?�2 �Q�#�D�2�+�i�B�p�2 �B�b �i�Q

�7�B�M�/ ���M ���+�+�m�`���i�2 �K���T�T�B�M�; �#�2�i�r�2�2�M �H�Q�r ���M�/ �?�B�;�? �b�T���i�B���H �`�2�b�Q�H�m�i�B�Q�M �B�K���;�2 �T���B�`�b�X �.�2�2�T �H�2���`�M�B�M�;

���H�;�Q�`�B�i�?�K�b �7�Q�` �b�B�M�;�H�2 �B�K���;�2 �b�m�T�2�` �`�2�b�Q�H�m�i�B�Q�M �?���b �#�2�2�M �T�Q�T�m�H���`�B�x�2�/ �`�2�+�2�M�i�H�v �/�m�2 �i�Q �i�?�2 �?�B�;�?

���T�T�`�Q�t�B�K���i�B�M�; �+���T���+�B�i�v ���M�/ �?�B�2�`���`�+�?�B�+���H �T�`�Q�T�2�`�i�v �Q�7 ���`�i�B�7�B�+�B���H �M�2�m�`���H �M�2�i�r�Q�`�F�b �(�k�R�-�k�k�-�k�j�)�X

�h�2�K�T�Q�`���H �b�m�T�2�` �`�2�b�Q�H�m�i�B�Q�M �+���M �#�2 �p�B�2�r�2�/ ���b �� �K�2�i�?�Q�/ �Q�7 �p�B�/�2�Q �7�`���K�2 �B�M�i�2�`�T�Q�H���i�B�Q�M �(�k�9�)�-

�r�?�B�+�? ���B�K�b �i�Q �B�M�+�`�2���b�2 �i�?�2 �7�`���K�2 �`���i�2 �Q�7 �p�B�/�2�Q�b�X �*�H���b�b�B�+���H �B�K���;�2 �B�M�i�2�`�T�Q�H���i�B�Q�M �i�2�+�?�M�B�[�m�2�b

�K�Q�b�i�H�v �B�M�+�H�m�/�2 �K�Q�i�B�Q�M �K�Q�/�2�H�B�M�; �p�B�� �Q�T�i�B�+���H �7�H�Q�r �(�k�8�) �Q�` �T�?���b�2 �b�?�B�7�i �(�k�e�)�X �J�Q�/�2�`�M �p�B�/�2�Q

�7�`���K�2 �B�M�i�2�`�T�Q�H���i�B�Q�M �K�2�i�?�Q�/�b ���H�b�Q �2�K�T�H�Q�v �K�Q�i�B�Q�M �2�b�i�B�K���i�B�Q�M �b�i�2�K�K�B�M�; �7�`�Q�K �i�?�2�K�- �/�2�p�2�H�Q�T�B�M�;

�K�Q�`�2 �b�Q�T�?�B�b�i�B�+���i�2�/ �K�Q�i�B�Q�M �K�Q�/�2�H�B�M�; ���M�/ �r���`�T�B�M�; �K�2�i�?�Q�/�b�X �h�?�2�b�2 �K�Q�/�2�`�M �p�B�/�2�Q �7�`���K�2

�B�M�i�2�`�T�Q�H���i�B�Q�M �K�2�i�?�Q�/�b ���`�2 �K�Q�b�i�H�v �#���b�2�/ �Q�M �/�2�2�T �H�2���`�M�B�M�; �(�k�d�-�k�3�-�k�N�-�j�y�)�X

�k�X�k�X�k �6�2���i�m�`�2 �1�t�i�`���+�i�B�Q�M �7�Q�` �>�B�;�? �.�B�K�2�M�b�B�Q�M���H �.���i�� �B�M ���J

�A�M ���J �T�`�Q�+�2�b�b�- �i�?�2�`�2 �p���`�B�Q�m�b �?�B�;�? �/�B�K�2�M�b�B�Q�M���H �/���i���- �2�b�T�2�+�B���H�H�v �B�K���;�2�b�X �6�Q�` �2�t���K�T�H�2�- �?�B�;�?�@

�`�2�b�Q�H�m�i�B�Q�M �/�B�;�B�i���H �K�B�+�`�Q�b�+�Q�T�2�b �+���M �#�2 �B�M�b�i���H�H�2�/ �i�Q ���+�?�B�2�p�2 �`�2���H �i�B�K�2 �K�Q�M�B�i�Q�`�B�M�; �#�v �+���T�i�m�`�B�M�;

�i�?�2 �b�m�`�7���+�2 �B�K���;�2�b �(�j�R�)�c �s�@�`���v �B�K���;�2�b �+���M ���H�b�Q �#�2 �Q�#�i���B�M�2�/ �i�Q �+���T�i�m�`�2 �i�?�2 �/�v�M���K�B�+�b �Q�7 �i�?�2

�K�2�H�i �T�Q�Q�H�c �i�?�2�`�K���H �B�K���;�B�M�; �b�v�b�i�2�K �+���M �#�2 �m�b�2�/ �i�Q �`�2�+�Q�`�/ �i�?�2 �i�?�2�`�K���H �?�B�b�i�Q�`�v �Q�7 �K�2�i���H

���J �T�`�Q�+�2�b�b�2�b�X �A�7 �Q�m�` �i���b�F �B�b �+�H���b�b�B�7�B�+���i�B�Q�M�- �i�?�2�`�2 ���`�2 �Q�M�H�v �H�B�K�B�i�2�/ �b���K�T�H�2�b ���p���B�H���#�H�2 �7�Q�`

�i�`���B�M�B�M�;�- �r�?�B�+�? �B�b �p�2�`�v �m�b�m���H �+���b�2 �7�Q�` ���J �b�B�M�+�2 �r�2 �/�Q �M�Q�i �?���p�2 �K���b�b�B�p�2 �T�`�Q�/�m�+�i�B�Q�M�X �A�M

�i�?�B�b �+���b�2�- �B�i �B�b �M�2�+�2�b�b���`�v �i�Q ���T�T�H�v �7�2���i�m�`�2 �2�t�i�`���+�i�B�Q�M �K�2�i�?�Q�/�b ���b �� �T�`�2�@�T�`�Q�+�2�b�b�B�M�; �b�i�2�T �Q�7

�+�H���b�b�B�7�B�+���i�B�Q�M�X �A�M �i�?�2 ���`�2�� �Q�7 �#�B�Q�B�M�7�Q�`�K���i�B�+�b ���M���H�v�b�B�b�- �i�?�2 �B�H�H�@�T�Q�b�2�/ �?�B�;�? �/�B�K�2�M�b�B�Q�M���H �/���i�� �B�b
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���M�/ �`���M�/�Q�K �M�Q�B�b�2�be�- �M���K�2�H�v�-y = � + a + e�X �h�Q �7�m�`�i�?�2�` �2�M�?���M�+�2 �i�?�2 �K�Q�/�2�H�- �i�?�2 ���m�i�?�Q�`�b

�T�`�Q�T�Q�b�2�/ �i�Q �m�b�2 �b�K�Q�Q�i�? �b�T�H�B�M�2 �#���b�B�bB ���M�/ �b�T���`�b�2 �b�T�H�B�M�2 �#���b�B�bBa �i�Q �7�Q�`�K�m�H���i�2 �i�?�2 �K�2���M ���M�/

���M�Q�K���H�B�2�b�X �a�T�2�+�B�7�B�+���H�H�v�- �i�?�2 �2�M�?���M�+�2�/ �a�a�. �K�Q�/�2�H �B�b ���by = B � + Ba� a + e�- �r�?�2�`�2� �B�b �i�?�2

�b�K�Q�Q�i�? �#���b�B�b �+�Q�2�7�7�B�+�B�2�M�i�b ���M�/� a �B�b �i�?�2 �b�T���`�b�2 �#���b�B�b �+�Q�2�7�7�B�+�B�2�M�i�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�Q �2�b�i�B�K���i�2�

���M�/� a�- �� �H�2���b�i �b�[�m���`�2 �`�2�;�`�2�b�b�B�Q�M �T�2�M���H�B�x�2�/ �#�v �i�?�2 �i�r�Q �i�2�`�K�b �B�b ���b �7�Q�H�H�Q�r�b

�K�B�M
� ;� a

kek2
2 + � � > A� + 
 k� ak1

�b�X�i�Xy = B� + Ba� a + e;

�U�j�X�9�V

�r�?�2�`�2kek2
2 �B�b �i�?�2 �7�B�i�i�B�M�; �2�`�`�Q�`�c �i�?�2 �7�B�`�b�i �T�2�M���H�i�v �i�2�`�K �K�2���b�m�`�2�b �i�?�2 �b�K�Q�Q�i�?�M�2�b�b �B�M� �i�?�`�Q�m�;�?

�i�?�2 �`�Q�m�;�?�M�2�b�b �K���i�`�B�tA �c �i�?�2 �b�2�+�Q�M�/ �T�2�M���H�i�v �i�2�`�K �/�2�b�+�`�B�#�2�b �i�?�2 �b�T���`�b�B�i�v �B�M� a�c ���M�/�; 
 > 0

���`�2 �`�2�;�m�H���`�B�x���i�B�Q�M �+�Q�2�7�7�B�+�B�2�M�i�b �i�Q �#�2 �i�m�M�2�/�X �A�M �i�?�2 �R�@�. �+���b�2�-A �B�b �/�2�7�B�M�2�/ ���bDD > �B�M �r�?�B�+�?

D �?���b �i�?�2 �b���K�2 �/�2�7�B�M�B�i�B�Q�M ���b �U�j�X�j�V �i�Q �+���T�i�m�`�2 �i�?�2 �b�K�Q�Q�i�?�M�2�b�b �B�M� �X
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�j�X�k�X�j �_�2�H���i�B�Q�M�b�?�B�T �r�B�i�? �S�`�Q�T�Q�b�2�/ �J�2�i�?�Q�/

�P�m�` �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/ �B�M �a�2�+�i�B�Q�M�j�X�j�B�b �#�m�B�H�i �m�T�Q�M �a�S�* ���M�/ �a�a�. �B�M�i�`�Q�/�m�+�2�/ �B�M �a�2�+�i�B�Q�M

�j�X�k�X�R���M�/�j�X�k�X�k�- �`�2�b�T�2�+�i�B�p�2�H�v�X �a�S�* �B�b �� �b�K�Q�Q�i�? �i�2�M�b�Q�` �+�Q�K�T�H�2�i�B�Q�M �K�Q�/�2�H �#���b�2�/ �Q�M �i�?�2 �*�S

�/�2�+�Q�K�T�Q�b�B�i�B�Q�M�X �>�Q�r�2�p�2�`�- �a�S�* �Q�M�H�v �+�Q�M�b�B�/�2�`�b �b�K�Q�Q�i�?�M�2�b�b �B�M �i�?�2 �i�2�M�b�Q�`�X �h�Q �+�Q�M�b�B�/�2�` �#�Q�i�?

�b�K�Q�Q�i�?�M�2�b�b ���M�/ �b�T���`�b�B�i�v �B�M �i�?�2 �/���i���- �a�a�. �#�`�B�M�;�b �i�?�2 �+�Q�M�+�2�T�i �i�Q �/�2�+�Q�K�T�Q�b�2 �Q�`�B�;�B�M���H �/���i��

�B�M�i�Q �b�K�Q�Q�i�? �+�Q�K�T�Q�M�2�M�i�b�- �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b�- ���M�/ �`���M�/�Q�K �M�Q�B�b�2�b�X �>�Q�r�2�p�2�`�- �a�a�. �B�b �m�M���#�H�2

�i�Q �T�`�2�/�B�+�i �K�B�b�b�B�M�; �2�H�2�K�2�M�i�b �B�M �i�?�2 �i�2�M�b�Q�`�X �"���b�2�/ �Q�M �i�?�2 �B�/�2���b �7�`�Q�K �a�S�* ���M�/ �a�a�.�- �Q�m�`

�T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/ �/�2�+�Q�K�T�Q�b�2�b �� �i�2�M�b�Q�` �B�M�i�Q �b�K�Q�Q�i�? �*�S �+�Q�K�T�Q�M�2�M�i�b�- �b�T���`�b�2 �*�S �+�Q�K�T�Q�M�2�M�i�b�-

���M�/ �`���M�/�Q�K �i�2�M�b�Q�` �M�Q�B�b�2�b�- �r�?�B�+�? �B�b ���#�H�2 �i�Q �2�b�i�B�K���i�2 �i�?�2 �b�K�Q�Q�i�? ���M�/ �b�T���`�b�2 �7�2���i�m�`�2�b �+�Q�@

�2�t�B�b�i�B�M�; �B�M �K�m�H�i�B�@�b�Q�m�`�+�2�b �B�K���;�2 �b�i�`�2���K�b�X

�j�X�j �S�`�Q�T�Q�b�2�/ �J�2�i�?�Q�/

�A�M �Q�m�` �K�Q�/�2�H �7�Q�`�K�m�H���i�B�Q�M�- �7�Q�` �b�B�K�T�H�B�+�B�i�v�- �Q�M�H�v �i�r�Q �b�Q�m�`�+�2�b �Q�7 �B�K���;�2 �b�i�`�2���K �/���i�� ���`�2 �+�Q�M�b�B�/�2�`�2�/

�U�7�Q�` �i�?�2 �+���b�2�b �Q�7 �K�Q�`�2 �i�?���M �i�r�Q �b�Q�m�`�+�2�b�- �i�?�2 �7�Q�`�K�m�H���i�B�Q�M �B�b �i�?�2 �b���K�2�V ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�R���-

�M���K�2�H�v�- �� �H�Q�r �b�T���i�B���H ���M�/ �?�B�;�? �i�2�K�T�Q�`���H �`�2�b�Q�H�m�i�B�Q�M�b �B�K���;�2 �b�i�`�2���Kx = f x 1; : : : ; x T g �r�?�2�`�2

�U���V �A�K���;�2 �b�i�`�2���K�b �T�`�Q�+�2�b�b�B�M�; �7�Q�` �b�m�T�2�` �`�2�b�Q�H�m�@
�i�B�Q�M �U�q�?�B�i�2 �T�B�t�2�H�b �B�MX 
 �`�2�T�`�2�b�2�M�i �K�B�b�b�B�M�; �T�B�t�@
�2�H�b�V

�U�#�V �1�M�H���`�;�B�M�; �� �3� �3 �B�K���;�2 �i�Q ��
�k�j� �k�k �B�K���;�2

�6�B�;�m�`�2 �j�X�R�, �A�H�H�m�b�i�`���i�B�Q�M �Q�7 �i�?�2 �7�m�b�B�Q�M �Q�7 �i�r�Q �B�K���;�2 �b�i�`�2���K�b ���b �� �i�2�M�b�Q�` �+�Q�K�T�H�2�i�B�Q�M �T�`�Q�#�H�2�K�X

x t 2 Rh� w ; t = 1; : : : ; T ���M�/T �B�b �i�?�2 �i�Q�i���H �M�m�K�#�2�` �Q�7 �i�B�K�2 �b�i�2�T�b�- ���M�/ �� �?�B�;�? �b�T���i�B���H ���M�/



�k�y
�+�Ñ�ž�ÿ���¶�� �k�Y �b���ÿ�¶�� �`�¶���ñ�ã�����Ô�ñ�é �Å�ñ�� �K���ã���Ô�A�b�ñ�����«�¶�� �B�è�ž�Ì�¶ �b�����¶�ž�è �/�ž���ž �����Ô�é�Ì �b�è�ñ�ñ���Ñ �ž�é�²

�b�ÿ�ž�����¶ �i�¶�é���ñ�� �+�ñ�è�ÿ�ã�¶���Ô�ñ�é

�H�Q�r �i�2�K�T�Q�`���H �`�2�b�Q�H�m�i�B�Q�M�b �B�K���;�2 �b�i�`�2���KX t0 = f X 1; X 1+ t0 ; X 1+2 t0 ; : : : ;X T g �r�?�2�`�2 �B�K���;�2�b

���`�2 �Q�M�H�v �Q�#�b�2�`�p�2�/ ���i �i�B�K�2 �b�i�2�T1 + it 0�ct0 2 Z+ �B�b �i�?�2 �i�B�K�2 �b�i�2�T �;���T �#�2�i�r�2�2�M �i�r�Q �+�Q�M�b�2�+�m�i�B�p�2

�B�K���;�2�b�c ���M�/X 1+ it 0 2 RH � W �B�b �� �b�B�M�;�H�2 �?�B�;�? �b�T���i�B���H �`�2�b�Q�H�m�i�B�Q�M �B�K���;�2 �r�?�2�`�2W > w; H > h �X

�h�?�2 �M�m�K�#�2�` �Q�7 �B�K���;�2�b �B�Mx �B�b �K�m�+�? �H���`�;�2�` �i�?���M �i�?�2 �Q�M�2 �B�MX t0 �X �h�?�2�b�2 �B�K���;�2 �b�i�`�2���K�b ���`�2

�/�2�7�B�M�2�/ ���b �i�?�B�`�/�@�Q�`�/�2�` �i�2�M�b�Q�`�b�- �#�2�+���m�b�2 �i�?�2�v �+�Q�M�b�B�b�i�b �Q�7 �� �M�m�K�#�2�` �Q�7 �b�2�[�m�2�M�i�B���H �k�@�. �B�K���;�2�b�X

�h�?�2 �H�Q�r �b�T���i�B���H �`�2�b�Q�H�m�i�B�Q�M �B�K���;�2�b �B�Mx �+���M �#�2 �`�2�b�B�x�2�/ �i�Q �i�?�2 �b���K�2 �b�B�x�2 �Q�7 �i�?�2 �?�B�;�? �b�T���i�B���H

�`�2�b�Q�H�m�i�B�Q�M �B�K���;�2�b �B�MX t0 �#�v �b�T�`�2���/�B�M�; �i�?�2 �T�B�t�2�H�b �B�M�i�Q ��H � W �;�`�B�/ �r�B�i�? �2�K�T�i�v �T�B�t�2�H�b

�`�2�K���B�M�B�M�;�X �a�T�2�+�B�7�B�+���H�H�v�- �� �7�Q�`�r���`�/ �K���T�T�B�M�;T(�) �(�8�N�) �B�b �/�2�7�B�M�2�/�- �r�?�B�+�? �B�b �7�`�2�[�m�2�M�i�H�v �m�b�2�/ �B�M

�B�K���;�2 �`�2�b�B�x�B�M�;�X �h�?���i �B�b�- �i�?�2(row; col) �T�B�t�2�H �B�Mx t �B�b �K���T�T�2�/ �B�M�i�Q �i�?�2 �T�Q�b�B�i�B�Q�MT(row; col) =

(r t + bH
h (row � 1)e; ct + bW

w (col � 1)e) ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�R�#�- �r�?�2�`�2row = 1; : : : ; h�-

col = 1; : : : ; w�- b�e �/�2�M�Q�i�2�b �i�?�2 �M�2���`�2�b�i �B�M�i�2�;�2�`�Xr t 2 f 1; : : : ; H � b H
h (h � 1)eg ���M�/ct 2

f 1; : : : ; W � b W
w (w � 1)e �+���M �#�2 �`���M�/�Q�K�H�v �b�2�H�2�+�i�2�/�X �"�v ���H�B�;�M�B�M�; �2�M�H���`�;�2�/x ���M�/X t0 ���H�Q�M�;

�i�?�2 �i�B�K�2 �/�Q�K���B�M ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�R���- �i�?�2 �`�2�b�m�H�i�B�M�; �B�K���;�2 �b�i�`�2���KX 
 �r�B�H�H �?���p�2 �#�Q�i�? �?�B�;�?

�b�T���i�B���H ���M�/ �i�2�K�T�Q�`���H �`�2�b�Q�H�m�i�B�Q�M�b�- �#�m�i �r�B�i�? �b�Q�K�2 �K�B�b�b�B�M�; �T�B�t�2�H�b�X �P�m�` �Q�#�D�2�+�i�B�p�2 �B�b �i�Q �2�b�i�B�K���i�2

�i�?�2�b�2 �K�B�b�b�B�M�; �T�B�t�2�H�b �b�Q �i�?���i �� �+�Q�K�T�H�2�i�2 �B�K���;�2 �b�i�`�2���KX �r�B�i�? �?�B�;�? �`�2�b�Q�H�m�i�B�Q�M �B�M �#�Q�i�? �b�T���i�B���H

���M�/ �i�2�K�T�Q�`���H �/�Q�K���B�M�b �+���M �#�2 ���+�?�B�2�p�2�/�X

�A�M �a�2�+�i�B�Q�M�j�X�j�X�R�- �� �b�K�Q�Q�i�? ���M�/ �b�T���`�b�2 �i�2�M�b�Q�` �+�Q�K�T�H�2�i�B�Q�M �B�b �T�`�Q�T�Q�b�2�/ �7�Q�` �b�m�T�2�` �`�2�b�Q�H�m�i�B�Q�M �Q�7

�K�m�H�i�B�@�b�Q�m�`�+�2�b �B�K���;�2 �b�i�`�2���K�b�- �r�?�2�`�2 �i�?�2 �`���M�F�b �U�B�X�2�X�- �i�?�2 �M�m�K�#�2�`�b �Q�7 �b�K�Q�Q�i�? ���M�/ �b�T���`�b�2 �*�S

�+�Q�K�T�Q�M�2�M�i�b�V ���`�2 ���b�b�m�K�2�/ �i�Q �#�2 �F�M�Q�r�M�X ���+�+�Q�`�/�B�M�;�H�v�- ���M ���H�i�2�`�M���i�B�M�; �K�B�M�B�K�B�x���i�B�Q�M ���H�;�Q�`�B�i�?�K

�B�b �/�2�p�2�H�Q�T�2�/ �7�Q�` �b�Q�H�p�B�M�; �i�?�B�b �F�M�Q�r�M �`���M�F�b �a�a�h�* �T�`�Q�#�H�2�K �B�M �a�2�+�i�B�Q�M�j�X�j�X�k���b ���M �B�M�B�i�B���H �b�i�2�T�-

�7�Q�H�H�Q�r�2�/ �#�v �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 ���M���H�v�b�B�b �B�M �a�2�+�i�B�Q�M�j�X�j�X�j�X �P�M �i�?�2 �i�Q�T �Q�7 �i�?�B�b�- �a�2�+�i�B�Q�M�j�X�9�T�`�Q�T�Q�b�2�b

���M �2�M�?���M�+�2�/ �Q�T�i�B�K�B�x���i�B�Q�M �b�+�?�2�K�2 �i�?���i �+���M ���m�i�Q�K���i�B�+���H�H�v �/�2�i�2�`�K�B�M�2 �i�?�2 �`���M�F�b �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/

�a�a�h�*�X
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�j�X�j�X�R �6�Q�`�K�m�H���i�B�Q�M �Q�7 �a�K�Q�Q�i�? ���M�/ �a�T���`�b�2 �h�2�M�b�Q�` �*�Q�K�T�H�2�i�B�Q�M

�h�Q �`�2�p�2���H �#�Q�i�? �b�K�Q�Q�i�? ���M�/ �b�T���`�b�2 �7�2���i�m�`�2�b �B�M �i�?�2 �?�B�;�? �b�T���i�B���H ���M�/ �i�2�K�T�Q�`���H �B�K���;�2 �b�i�`�2���KX �-

�a�a�h�* �B�b �T�`�Q�T�Q�b�2�/ �i�Q �/�2�+�Q�K�T�Q�b�2X �B�M�i�Q �b�K�Q�Q�i�? ���M�/ �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b�- ���b �r�2�H�H ���b �`���M�/�Q�K

�i�2�M�b�Q�` �M�Q�B�b�2�b ���b �b�?�Q�r�M �#�2�H�Q�r

X = Z �b�K�Q�Q�i�?+ Z �b�T���`�b�2+ E;

�r�?�2�`�2Z �b�K�Q�Q�i�?�B�b �i�?�2 �b�K�Q�Q�i�? �+�Q�K�T�Q�M�2�M�i�b�cZ �b�T���`�b�2�B�b �i�?�2 �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b�c ���M�/E �B�b �i�?�2
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�A�M �a�i�2�T �R�- �m�T�/���i�2 ���H�H �p���`�B���#�H�2�b �`�2�H���i�2�/ �i�Q �b�K�Q�Q�i�? �+�Q�K�T�Q�M�2�M�i�b�- �B�X�2�-U r ; gr �B�M �i�?�2 �b�2�[�m�2�M�+�2 �Q�7

r = 1; : : : ; R�c �A�M �a�i�2�T �k�- �m�T�/���i�2 ���H�H �p���`�B���#�H�2�b �`�2�H���i�2�/ �i�Q �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b�- �B�X�2�-Vm ; gm �B�M �i�?�2
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�6�B�;�m�`�2 �j�X�k�, ���H�i�2�`�M���i�B�M�; �m�T�/���i�B�M�; �b�+�?�2�K�2 �Q�7 �B�M�B�i�B���H ���H�;�Q�`�B�i�?�K �7�Q�` �a�a�h�*�, �.�2�i���B�H�b �Q�7 �a�i�2�T �R ���M�/
�a�i�2�T �k �`�2�7�2�` �a�2�+�i�B�Q�M�j�X�j�X�k���M�/�j�X�j�X�k�- �`�2�b�T�2�+�i�B�p�2�H�v�X �UU r ; gr ���`�2 �/�2�+�B�b�B�Q�M �p���`�B���#�H�2�b �7�Q�`r �i�? �b�K�Q�Q�i�?
�+�Q�K�T�Q�M�2�M�i�cVm ; � m ���`�2 �/�2�+�B�b�B�Q�M �p���`�B���#�H�2�b �7�Q�`m�i�? �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�cFk �B�b �i�?�2 �Q�#�D�2�+�i�B�p�2 �p���H�m�2
���7�i�2�`k�i�? �B�i�2�`���i�B�Q�M�c �H�B�M�2 �M�m�K�#�2�`�b �`�2�7�2�` �i�Q �i�?�2 �b�i�2�T�b �B�M ���H�;�Q�`�B�i�?�K�R�V�X

�b�2�[�m�2�M�+�2 �Q�7m = 1; : : : ; M �X �6�Q�` �2�t���K�T�H�2�- �i�?�2 �/�2�+�B�b�B�Q�M �p���`�B���#�H�2�bU r ; gr �`�2�H���i�2�/ �i�Qr �i�? �b�K�Q�Q�i�?

�+�Q�K�T�Q�M�2�M�i ���`�2 �/�2�`�B�p�2�/ �#�v �7�B�t�B�M�;f U i ; gi gi 6= r ���M�/f Vm ; � mgM
m=1 �- ���M�/ �b�Q ���`�2 �Q�i�?�2�` �p���`�B���#�H�2�b�X

�h�?�2�b�2 �i�r�Q �b�i�2�T�b ���`�2 �B�i�2�`���i�B�p�2�H�v ���H�i�2�`�M���i�2�/ �m�M�i�B�H �i�?�2 �b�i�Q�T�T�B�M�; �+�`�B�i�2�`�B�Q�M �B�b �`�2���+�?�2�/�- �r�?�B�+�? ���`�2

�/�2�i���B�H�2�/ �B�M �a�2�+�i�B�Q�M�j�X�j�X�k���M�/�j�X�j�X�k�- �`�2�b�T�2�+�i�B�p�2�H�v�X
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���H�;�Q�`�B�i�?�K �R�A�M�B�i�B���H �a�a�h�* ���H�;�Q�`�B�i�?�K �7�Q�` �F�M�Q�r�MR ���M�/M
�A�M�T�m�i�,X 
 ; R; M; p; � ; � ; � 1; � 2; tol
�P�m�i�T�m�i�,f gr ; u (1)

r ; : : : ; u (N )
r gR

r =1 �-f � m ; v (1)
m ; : : : ; v (N )

m gM
m=1

�R�,�A�M�B�i�B���H�B�x���i�B�Q�M�,�b�2�if gr ; u (1)
r ; : : : ; u (N )

r gR
r =1 �-f � m ; v (1)

m ; : : : ; v (N )
m gM

m=1
�k�, �r�?�B�H�2jFk � Fk� 1j > tol �/�Q

�a�i�2�T �R�, �a�K�Q�Q�i�? �G�Q�+���H �P�T�i�B�K�B�x���i�B�Q�M �S�`�Q�#�H�2�K
�j�, �7�Q�`r = 1 �i�QR �/�Q
�9�, �7�Q�ǹ = 1 �i�QN �/�Q
�8�, �l�T�/���i�2Er �#�v �+�Q�M�b�i�`���B�M�b �B�M �U�j�X�e�V
�e�, �l�T�/���i�2u (n)

r �#�v �U���X�3�V�- �r�?�2�`�2� �+���M �#�2 �/�2�i�2�`�K�B�M�2�/ �#�v �H�B�M�2 �b�2���`�+�?
�d�, �2�M�/ �7�Q�`
�3�, �l�T�/���i�2Er �#�v �+�Q�M�b�i�`���B�M�b �B�M �U�j�X�e�V
�N�, �l�T�/���i�2gr �#�v �U���X�R�y�V

�R�y�, �2�M�/ �7�Q�`
�a�i�2�T �k�, �a�T���`�b�2 �G�Q�+���H �P�T�i�B�K�B�x���i�B�Q�M �S�`�Q�#�H�2�K

�R�R�, �7�Q�m̀ = 1 �i�QM �/�Q
�R�k�, �7�Q�ǹ = 1 �i�QN �/�Q
�R�j�, �l�T�/���i�2Em �#�v �#�v �+�Q�M�b�i�`���B�M�b �B�M �U�j�X�d�V
�R�9�, �l�T�/���i�2v (n)

m �#�v �U���X�R�k�V�- �r�?�2�`�2� �+���M �#�2 �/�2�i�2�`�K�B�M�2�/ �#�v �H�B�M�2 �b�2���`�+�?
�R�8�, �2�M�/ �7�Q�`
�R�e�, �l�T�/���i�2Em �#�v �#�v �+�Q�M�b�i�`���B�M�b �B�M �U�j�X�d�V
�R�d�, �l�T�/���i�2� m �#�v �U���X�R�j�V
�R�3�, �2�M�/ �7�Q�`
�R�N�,�2�M�/ �r�?�B�H�2

�a�K�Q�Q�i�? �G�Q�+���H �P�T�i�B�K�B�x���i�B�Q�M �S�`�Q�#�H�2�K

�A�M �a�i�2�T �R �Q�7 �6�B�;�m�`�2�j�X�k�- ���H�HU r ; gr (r = 1; : : : ; R) ���`�2 �m�T�/���i�2�/ �B�M �� �b�2�[�m�2�M�+�2 �r�B�i�? �i�?�2 �b���K�2

�i�v�T�2 �Q�7 �H�Q�+���H �T�`�Q�#�H�2�K�- �r�?�B�+�? �B�b �`�2�/�m�+�2�/ �7�`�Q�K �U�j�X�8�V �#�v �i���F�B�M�; ���r���v ���H�H �Q�i�?�2�` �m�M�`�2�H���i�2�/ �i�2�`�K�b

���b

�K�B�M
U r ;gr

1
2

kEr � gr u (1)
r � � � � � u (N )

r k2
F +

jgr jp

2

NX

n=1

� (n)kL (n)u (n)
r kp

p

�b�X�i�X[Er ]
 = X 
 � [
RX

i 6= r

gi u
(1)
i � u (2)

i � � � � � u (N )
i ]
 � [Z �b�T���`�b�2]
 ;

[Er ] �
 = [ gr u (1)
r � � � � � u (N )

r ] �
 ; ku (n)
r k2 = 1; n = 1; : : : ; N;

�U�j�X�e�V
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�r�?�2�`�2 �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �B�b �Q�M�H�v �`�2�H���i�2�/ �i�Q �/�2�+�B�b�B�Q�M �p���`�B���#�H�2�b �Q�7U r ; gr �- �Omega �B�b �i�?�2

�B�M�/�2�t �b�2�i �7�Q�` �i�?�2 �m�M�Q�#�b�2�`�p�2�/ �T�B�t�2�H�b�c �i�?�2 �7�B�`�b�i �+�Q�M�b�i�`���B�M �B�b �i�Q �2�b�i�B�K���i�2 �i�?�2 �Q�#�b�2�`�p�2�/ �2�`�`�Q�`[Er ]


�r�B�i�?�Q�m�ir �i�? �b�K�Q�Q�i�? �+�Q�K�T�Q�M�2�M�i�c ���M�/ �i�?�2 �b�2�+�Q�M�/ �+�Q�M�b�i�`���B�M �B�b �i�Q �2�M�b�m�`�2 �i�?���i �i�?�2 �7�B�i�i�B�M�; �2�`�`�Q�` �B�M

�U�j�X�e�V �+�Q�K�2�b �7�`�Q�K �i�?�2 �Q�#�b�2�`�p�2�/ �B�M�/�2�t �b�2�i
 �X �G�B�M�2�b�j�@�R�y�B�M ���H�;�Q�`�B�i�?�K�R�/�2�b�+�`�B�#�2 �?�Q�r �T�`�Q�#�H�2�K

�U�j�X�e�V �B�b �b�Q�H�p�2�/�X �h�?�2 �/�2�i���B�H�b �Q�7 �m�T�/���i�B�M�; �`�m�H�2�b �7�Q�`u (n)
r ; gr �B�M�+�H�m�/�B�M�; �i�?�2 �`�2�H���i�2�/ �b�m�#�@�T�`�Q�#�H�2�K

�7�Q�`�K�m�H���i�B�Q�M ���M�/ �b�Q�H�p�B�M�;�- ���`�2 �T�`�Q�p�B�/�2�/ �B�M ���T�T�2�M�/�B�t���X�k�X

�a�T���`�b�2 �G�Q�+���H �P�T�i�B�K�B�x���i�B�Q�M �S�`�Q�#�H�2�K

�6�Q�` �i�?�2 �b�B�K�B�H���` �T�`�Q�+�2�/�m�`�2 ���b �a�i�2�T �R�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �H�Q�+���H �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �B�b �+�Q�M�b�B�/�2�`�2�/

�i�Q �m�T�/���i�2Vm ; � m �B�M �a�i�2�T �k

�K�B�M
Vm ;� m

1
2

kEm � � mv (1)
m � � � � � v (N )

m k2
F +

j� m j
2

NX

n=1

� (n)kv (n)
m k1

�b�X�i�X[Em ]
 = X 
 � [
MX

i 6= m

� i v
(1)
i � v (2)

i � � � � � v (N )
i ]
 � [Z �b�K�Q�Q�i�?]
 ;

[Em ] �
 = [ � mv (1)
m � � � � � v (N )

m ] �
 ; kv (n)
m k2 = 1; n = 1; : : : ; N;

�U�j�X�d�V

�r�?�2�`�2 �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �B�b �`�2�/�m�+�2�/ �7�`�Q�K �U�j�X�8�V �#�v �i���F�B�M�; ���r���v ���H�H �i�?�2 �m�M�`�2�H���i�2�/ �i�2�`�K�b

�b�m�+�? �i�?���i �B�i �B�b �Q�M�H�v �`�2�H���i�2�/ �i�Q �/�2�+�B�b�B�Q�M �p���`�B���#�H�2�bVm ���M�/� m �c �i�?�2 �7�B�`�b�i �+�Q�M�b�i�`���B�M �B�b �i�Q �2�b�i�B�K���i�2

�i�?�2 �2�`�`�Q�` �r�B�i�?�Q�m�im�i�? �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�c ���M�/ �i�?�2 �b�2�+�Q�M�/ �+�Q�M�b�i�`���B�M �B�b �i�Q �2�M�b�m�`�2 �i�?���i �i�?�2

�7�B�i�i�B�M�; �2�`�`�Q�` �Q�M�H�v �+�Q�K�2�b �7�`�Q�K �i�?�2 �Q�#�b�2�`�p�2�/ �2�H�2�K�2�M�i�b �B�M �i�?�2 �i�2�M�b�Q�`�X �G�B�M�2�b�R�R�@�R�3�B�M ���H�;�Q�`�B�i�?�K

�R�/�2�b�+�`�B�#�2 �?�Q�r �T�`�Q�#�H�2�K �U�j�X�d�V �B�b �b�Q�H�p�2�/�X �h�?�2 �/�2�i���B�H�b �Q�7 �m�T�/���i�B�M�; �`�m�H�2�b �7�Q�`v (n)
m ; � m �B�M�+�H�m�/�B�M�;

�i�?�2 �`�2�H���i�2�/ �b�m�#�@�T�`�Q�#�H�2�K �7�Q�`�K�m�H���i�B�Q�M ���M�/ �b�Q�H�p�B�M�;�- ���`�2 �T�`�Q�p�B�/�2�/ �B�M ���T�T�2�M�/�B�t���X�j�X
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�b�i���i�2�/ ���b �7�Q�H�H�Q�r�b�X

�h�?�2�Q�`�2�K �j�X�k�X�a�m�T�T�Q�b�2 �i�?���i� 1; � 2 � � > 0�- �H�2�if gk
r ; u (1)

r;k ; : : : ; u (N )
r;k gR

r =1 �-f � k
m ; v (1)

m;k ; : : : ; v (N )
m;k gM

m=1
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�T�2�M���H�i�v �i�2�`�K�b�- �*�S �b�B�M�;�m�H���` �p���H�m�2�b �;�2�M�2�`���i�2�/ �7�`�Q�K �i�?�2 ���H�;�Q�`�B�i�?�K�R�+�Q�M�p�2�`�;�2 �i�Q �7�B�t�2�/ �T�Q�B�M�i�b�X

�A�M ���/�/�B�i�B�Q�M�- �i�?�2�`�2 �B�b �b�i�B�H�H �b�Q�K�2�i�?�B�M�; �i�Q �`�2�K���`�F�, �7�B�`�b�i�- �i�?�2f g�
r ; � �

m ; r 2 [R]; m 2 [M ]g ���`�2 �Q�M�H�v

�7�B�t�2�/ �T�Q�B�M�i�b�- �i�?�2 �+�Q�M�p�2�`�;�2�M�+�2 �i�Q �b�i���i�B�Q�M���`�v �T�Q�B�M�i�b �+���M �#�2 �Q�#�i���B�M�2�/ �B�7 �i�?�2 �H�Q�+���H �T�`�Q�#�H�2�K�b �U�j�X�e�V

���M�/ �U�j�X�d�V �+���M �#�2 �b�Q�H�p�2�/ �i�Q �� �b�i���i�B�Q�M���`�v �T�Q�B�M�i�c �b�2�+�Q�M�/�- �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �U�j�X�8�V �+���M

�M�Q�i �#�2 �b�Q�H�p�2�/ �i�Q �Q�T�i�B�K���H �B�M �i�?�2 �+�m�`�`�2�M�i �H�B�i�2�`���i�m�`�2�X �P�m�` �T�`�Q�T�Q�b�2�/ ���H�;�Q�`�B�i�?�K�R�B�b �2�b�b�2�M�i�B���H�H�v ��



�k�3
�+�Ñ�ž�ÿ���¶�� �k�Y �b���ÿ�¶�� �`�¶���ñ�ã�����Ô�ñ�é �Å�ñ�� �K���ã���Ô�A�b�ñ�����«�¶�� �B�è�ž�Ì�¶ �b�����¶�ž�è �/�ž���ž �����Ô�é�Ì �b�è�ñ�ñ���Ñ �ž�é�²

�b�ÿ�ž�����¶ �i�¶�é���ñ�� �+�ñ�è�ÿ�ã�¶���Ô�ñ�é

�?�2�m�`�B�b�i�B�+ ���T�T�`�Q���+�?�c �i�?�B�`�/�- �i�?�2 �+�Q�K�T�H�2�t�B�i�v �Q�7 ���H�;�Q�`�B�i�?�K�R�B�bO((R + M ) � I 1 � � � � � I N ) �7�Q�`

�2���+�? �B�i�2�`���i�B�Q�Mk�X

�j�X�9 �_���M�F �1�b�i�B�K���i�B�Q�M �7�Q�` �a�a�h�*

�A�M �a�2�+�i�B�Q�M�j�X�j�- �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �U�j�X�8�V �B�b �b�Q�H�p�2�/ �r�?�2�MR ���M�/M ���`�2 ���b�b�m�K�2�/ �i�Q

�#�2 �F�M�Q�r�M�X �>�Q�r �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �`���M�F�b �UR ���M�/M �V �B�b �B�M�p�2�b�i�B�;���i�2�/ �B�M �i�?�B�b �b�2�+�i�B�Q�M �i�Q ���p�Q�B�/

�#�Q�i�? �m�M�/�2�`�@�7�B�i�i�B�M�; ���M�/ �Q�p�2�`�@�7�B�i�i�B�M�; �T�`�Q�#�H�2�K�b�X �J�Q�i�B�p���i�2�/ �#�v �(�8�R�)�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �Q�T�i�B�K�B�x���i�B�Q�M

�T�`�Q�#�H�2�K �B�b �7�Q�`�K�m�H���i�2�/ �i�Q �2�b�i�B�K���i�2 �Q�T�i�B�K���H �p���H�m�2 �Q�7R ���M�/M

�K�B�M
R;M

R + M

�b�X�i�XX 
 = [ Z �b�K�Q�Q�i�?]
 + [ Z �b�T���`�b�2]
 + E
 ; kE
 k2
F � ";

ku (n)
r k2 = 1; kv (n)

m k2 = 1; 8r; m; n;

�U�j�X�3�V

�r�?�2�`�2 �i�?�2 �Q�#�D�2�+�i�B�p�2 �7�m�M�+�i�B�Q�M �B�M �U�j�X�3�V �B�b �i�Q �7�B�M�/ �i�?�2 �K�B�M�B�K�m�K �b�m�K�K���i�B�Q�M �Q�7 �`���M�F�b �7�Q�` �b�K�Q�Q�i�?

�i�2�M�b�Q�`Z �b�K�Q�Q�i�?���M�/ �b�T���`�b�2 �i�2�M�b�Q�`Z �b�T���`�b�2�c �i�?�2 �+�Q�M�b�i�`���B�MkE
 k2
F � " �B�b �i�Q �;�m���`���M�i�2�2 �� �b�K���H�H

�7�B�i�i�B�M�; �2�`�`�Q�` �7�Q�` ���+�+�m�`���i�2 �T�`�2�/�B�+�i�B�Q�M�c ���M�/" > 0 �B�b ���M �2�`�`�Q�` �#�Q�m�M�/ �T���`���K�2�i�2�` �7�Q�` �i�?�2 �7�B�i�i�B�M�;

�2�`�`�Q�` �i�?���i �+���M �#�2 �+�Q�M�b�i�`�m�+�i�2�/ �#�v �i�?�2 �b�B�;�M���H �i�Q �M�Q�B�b�2 �`���i�B�Q �U�a�L�_�V ���b" = 10� �a�L�_/10 kX 
 k2
F �X

�h�?�2�`�2 ���`�2 �M�Q �2�t�B�b�i�B�M�; ���H�;�Q�`�B�i�?�K�b �B�M �i�?�2 �H�B�i�2�`���i�m�`�2 �i�Q �Q�#�i���B�M �i�?�2 �Q�T�i�B�K���H �b�Q�H�m�i�B�Q�M �Q�7 �T�`�Q�#�H�2�K

�U�j�X�3�V �b�B�M�+�2 �i�?�2 �T�`�Q�#�H�2�K �U�j�X�8�V �+���M�M�Q�i �#�2 �b�Q�H�p�2�/ �i�Q �Q�T�i�B�K���H �7�Q�` �F�M�Q�r�MR ���M�/M �X ���M�Q�i�?�2�`

�/�B�7�7�B�+�m�H�i�v �B�b �?�Q�r �i�Q �2�t���+�i�H�v �b�2�T���`���i�2 �i�?�2 �b�K�Q�Q�i�? ���M�/ �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b�X �h�Q �`�2�b�Q�H�p�2 �i�?�2�b�2

�/�B�7�7�B�+�m�H�i�B�2�b�- ���M �2�7�7�B�+�B�2�M�i ���H�;�Q�`�B�i�?�K�k�#���b�2�/ �Q�M ���H�;�Q�`�B�i�?�K�R�B�b �T�`�Q�T�Q�b�2�/ �i�Q �T�`�Q�p�B�/�2 �� �?�2�m�`�B�b�i�B�+

�b�Q�H�m�i�B�Q�M �7�Q�` �T�`�Q�#�H�2�K �U�j�X�3�V �B�M �i�?�B�b �r�Q�`�F�X �h�?�2 ���H�;�Q�`�B�i�?�K�k �+�Q�M�b�B�b�i�b �i�r�Q �b�i�2�T�b ���b �7�Q�H�H�Q�r�b�X �A�M

�a�i�2�T �R�- �;�2�i �i�?�2 �B�M�B�i�B���H �2�b�i�B�K���i�B�Q�M �Q�7Z �b�K�Q�Q�i�?���M�/Z �b�T���`�b�2�b�Q �i�?���i �i�?�2 �b�m�T�T�Q�`�i �Q�7Z �b�T���`�b�2�+���M �#�2

�2�b�i�B�K���i�2�/�c �A�M �a�i�2�T �k�- �`�2�7�B�M�2 �i�?�2 �2�b�i�B�K���i�B�Q�MZ �b�K�Q�Q�i�?���M�/Z �b�T���`�b�2�#���b�2�/ �Q�M �i�?�2 �`�2�b�m�H�i �B�M �a�i�2�T �R�X



�k�Y�:�Y �`�ž�é�á �2�����Ô�è�ž���Ô�ñ�é �Å�ñ�� �b�b�i�+ �k�N

�h�?�2 �#���b�B�+ �B�/�2�� �Q�7 �i�?�2 �a�i�2�T �R �B�M ���H�;�Q�`�B�i�?�K�k�B�b �i�?���i�, �b�i���`�i�B�M�; �r�B�i�?R = M = 1�- �i�?�2 ���H�;�Q�`�B�i�?�K

�T�`�Q�+�2�2�/�b ���bR ���M�/M ���`�2 �;�B�p�2�M �U���H�;�Q�`�B�i�?�K�R�V�c �B�7 �i�?�2 �+�m�`�`�2�M�i �p���H�m�2 �Q�7R �Q�M̀ �+���M�M�Q�i �7�B�i �i�?�2

�*�S �K�Q�/�2�H �b�m�7�7�B�+�B�2�M�i�H�v �/�m�`�B�M�; �i�?�2 �B�i�2�`���i�B�Q�M �+�Q�M�/�B�i�B�Q�M�2�/ �#�v �U�j�X�N�V ���M�/ �U�j�X�R�y�V�- �i�?�2�M �B�M�+�`�2���b�2 ���b

R  R + 1 �Q�M̀  M + 1�- ���M�/ �`�m�M �i�?�2 ���H�;�Q�`�B�i�?�K ���;���B�M�c �i�?�2 ���H�;�Q�`�B�i�?�K �T�`�Q�+�2�2�/�b �B�i�2�`���i�B�p�2�H�v

�m�M�i�B�H �i�?�2 �7�B�i�i�B�M�; �2�`�`�Q�` �B�b �b�K���H�H �2�M�Q�m�;�?�X �A�M �i�?�B�b �T�`�Q�+�2�/�m�`�2�-R  R + 1 �?���T�T�2�M�b �r�?�2�M �i�?�2

�7�Q�H�H�Q�r�B�M�; �+�Q�M�/�B�i�B�Q�M �B�b �b���i�B�b�7�B�2�/ �U�H�B�M�2�8�B�M ���H�;�Q�`�B�i�?�K�k�V

j� k+1 ;�b�K�Q�Q�i�?� � k j
j� k j

� �; �U�j�X�N�V

�r�?�B�H�2M  M + 1 �?���T�T�2�M�b �r�?�2�M �B�i �K�2�2�i�b �U�H�B�M�2�R�R�B�M ���H�;�Q�`�B�i�?�K�k�V

j� k+1 ;�b�T���`�b�2� � k+1 ;�b�K�Q�Q�i�?j
j� k+1 ;�b�K�Q�Q�i�?j

� �; �U�j�X�R�y�V

�r�?�2�`�2 �i�?�2�b�2 �i�r�Q �i�2�`�K�b�- �M���K�2�H�v�-j � k +1 ; �b�K�Q�Q�i�?� � k j
j � k j ���M�/j � k +1 ; �b�T���`�b�2� � k +1 ; �b�K�Q�Q�i�?j

j � k +1 ; �b�K�Q�Q�i�?j �- ���`�2 �i�?�2 �`�2�H���i�B�p�2 �+�?���M�;�@

�B�M�; �`���i�2�b �Q�7 �7�B�i�i�B�M�; �2�`�`�Q�` �#�v �m�T�/���i�B�M�; �i�?�2 �b�K�Q�Q�i�? �+�Q�K�T�Q�M�2�M�i�b ���M�/ �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b �7�Q�`

�+�m�`�`�2�M�iR ���M�/M �- �`�2�b�T�2�+�i�B�p�2�H�v�c� k+1 �B�b �i�?�2 �7�B�i�i�B�M�; �2�`�`�Q�` ���7�i�2�`k + 1 �B�i�2�`���i�B�Q�M�c� k+1 ;�b�K�Q�Q�i�?���M�/

� k+1 ;�b�T���`�b�2���`�2 �i�?�2 �7�B�i�i�B�M�; �2�`�`�Q�`�b ���7�i�2�` �m�T�/���i�B�M�; �b�K�Q�Q�i�? �+�Q�K�T�Q�M�2�M�i�b ���M�/ �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b �B�M

k + 1 �B�i�2�`���i�B�Q�M�- �`�2�b�T�2�+�i�B�p�2�H�v�c ���M�/� > 0 �B�b �� �i�?�`�2�b�?�Q�H�/ �7�Q�` �i�?�2 �`�2�H���i�B�p�2 �+�?���M�;�B�M�; �`���i�2�X �q�?�2�M

�i�?�2 �`�2�H���i�B�p�2 �+�?���M�;�B�M�; �`���i�2 �B�b �b�K���H�H�2�` �i�?���M �i�?�2 �i�?�`�2�b�?�Q�H�/� �-R �Q�M̀ �B�b �B�M�+�`�2���b�2�/ �#�v �R�X �6�Q�` ���M

�B�M�+�`�2���b�2�/R�- �i�?�2 �`�2�H���i�2�/ �p���`�B���#�H�2�b ���`�2 �m�T�/���i�2�/ �i�?�`�Q�m�;�? �H�B�M�2�b�e�@�d�B�M ���H�;�Q�`�B�i�?�K�k�- �r�?�B�H�2 �i�?�2

�`�2�H���i�2�/ �p���`�B���#�H�2�b ���7�i�2�` �B�M�+�`�2���b�B�M�;M ���`�2 �m�T�/���i�2�/ �i�?�`�Q�m�;�? �H�B�M�2�b�R�k�@�R�j�B�M ���H�;�Q�`�B�i�?�K�k�X

���7�i�2�` �a�i�2�T �R�- �i�?�2 �B�M�B�i�B���H �2�b�i�B�K���i�B�Q�MZ �b�K�Q�Q�i�?���M�/Z �b�T���`�b�2�+���M �#�2 �Q�#�i���B�M�2�/�X �"���b�2�/ �Q�M �i�?�2Z �b�T���`�b�2�-

�i�?�2 �b�m�T�T�Q�`�i �Q�7Z �b�T���`�b�2�+���M �#�2 �2�b�i�B�K���i�2�/ �#�v �b�2�i�i�B�M�; �m�T �� �i�?�`�2�b�?�Q�H�/ ���b �b�?�Q�r�M �B�M ���H�;�Q�`�B�i�?�K�k

�H�B�M�2�R�d�- �M���K�2�H�v�- �T�`�+�i�B�H�2(jZ �b�T���`�b�2(:) j; �S�2�`�+�2�M�i���;�2�b)�- �r�?�2�`�2 �T�`�+�i�B�H�2(�; �S�2�`�+�2�M�i���;�2�b) �B�b �i�?�2 �J���i�H���#

�7�m�M�+�i�B�Q�M �i�?���i �`�2�i�m�`�M�b �T�2�`�+�2�M�i�B�H�2�b �Q�7 �i�?�2 �2�H�2�K�2�M�i�b �B�M �� �/���i�� �p�2�+�i�Q�` �Q�` ���`�`���v �7�Q�` �i�?�2 �S�2�`�+�2�M�i���;�2�b

�B�M �i�?�2 �B�M�i�2�`�p���H[0; 100]�X �A�M �a�i�2�T �k�- �i�?�2 �b�K�Q�Q�i�? �+�Q�K�T�Q�M�2�M�i�bZ �b�K�Q�Q�i�?�B�b �7�m�`�i�?�2�` �`�2�7�B�M�2�/ �#���b�2�/



�j�y
�+�Ñ�ž�ÿ���¶�� �k�Y �b���ÿ�¶�� �`�¶���ñ�ã�����Ô�ñ�é �Å�ñ�� �K���ã���Ô�A�b�ñ�����«�¶�� �B�è�ž�Ì�¶ �b�����¶�ž�è �/�ž���ž �����Ô�é�Ì �b�è�ñ�ñ���Ñ �ž�é�²

�b�ÿ�ž�����¶ �i�¶�é���ñ�� �+�ñ�è�ÿ�ã�¶���Ô�ñ�é

�Q�MX 
 �b�K�Q�Q�i�?�#�v �m�b�B�M�; �i�?�2 �b���K�2 �`���M�F �B�M�+�`�2���b�B�M�; �b�+�?�2�K�2 �B�M �a�i�2�T �R ���b �b�?�Q�r�M �B�M ���H�;�Q�`�B�i�?�K�k�H�B�M�2

�R�N�@�k�d�c �i�?�2 �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�bZ �b�T���`�b�2�B�b �7�m�`�i�?�2�` �`�2�7�B�M�2�/ �#���b�2�/ �Q�MX 
 ���M�/Z �b�K�Q�Q�i�?�i�?�`�Q�m�;�?

�i�?�2 �`���M�F �B�M�+�`�2���b�B�M�; �b�+�?�2�K�2 ���b �b�?�Q�r�M �B�M ���H�;�Q�`�B�i�?�K�k �H�B�M�2�k�N�@�j�d�X �"�v �/�Q�B�M�; �b�Q�- �i�?�2 �b�T���`�b�B�i�v

�H�2�p�2�H �+���M �#�2 �+�Q�M�i�`�Q�H�H�2�/ �#�v �i�?�2 �i�m�M�B�M�; �T���`���K�2�i�2�`�- �M���K�2�H�v�- �S�2�`�+�2�M�i���;�2�b�X

�j�X�8 �*���b�2 �a�i�m�/�B�2�b

�h�Q �2�p���H�m���i�2 �i�?�2 �T�2�`�7�Q�`�K���M�+�2 �Q�7 �i�?�2 �T�`�Q�T�Q�b�2�/ �a�a�h�*�- �M�m�K�2�`�B�+���H ���M�/ �`�2���H�@�r�Q�`�H�/ �+���b�2 �b�i�m�/�B�2�b ���`�2
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�h�?�2 �B�K���;�2 �B�b �i�`�2���i�2�/ ���b ��6 � 6 �b�[�m���`�2 �r�B�i�? �Q�`�B�;�B�M �B�M �i�?�2 �+�2�M�i�2�` �i�Q �;�2�i �i�?�2 �T�B�t�2�H �p���H�m�2 �7�`�Q�K

�i�?�2 �k�@�. �:���m�b�b�B���M �/�B�b�i�`�B�#�m�i�B�Q�M�X �1���+�? �T�B�t�2�H �B�M �i�?�2 �B�K���;�2 �B�b �`�2�@�b�+���H�2�/ �i�Q[0:2; 0:3] �i�Q �`�2�T�`�2�b�2�M�i

�i�?�2 �b�K�Q�Q�i�? �+�Q�K�T�Q�M�2�M�i�b ���b �b�?�Q�r�M �B�M �i�?�2 �m�T�T�2�` �H�2�7�i �+�Q�`�M�2�` �Q�7 �6�B�;�m�`�2�j�X�9�X ���M �2�H�H�B�T�b�2 �`�B�M�; ���b

�b�?�Q�r�M �B�M �i�?�2 �#�Q�i�i�Q�K �H�2�7�i �+�Q�`�M�2�` �Q�7 �6�B�;�m�`�2�j�X�9�B�b �m�b�2�/ �i�Q �b�B�K�m�H���i�2 �i�?�2 �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b�-

�r�?�B�+�? �B�b ���/�/�2�/ �i�Q �i�?�2 �b�K�Q�Q�i�? �+�Q�K�T�Q�M�2�M�i�b �i�Q �`�2�T�`�2�b�2�M�i �i�?�2 �b�v�M�i�?�2�i�B�+ �k�@�. �B�K���;�2 ���b �b�?�Q�r�M �B�M

�6�B�;�m�`�2�j�X�j���X

�6�B�;�m�`�2 �j�X�9�, �a�v�M�i�?�2�i�B�+ �k�@�. �b�K�Q�Q�i�? ���M�/ �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b �T�`�2�/�B�+�i�B�Q�M �7�`�Q�K �a�a�h�*�U�S�`�Q�T�Q�b�2�/�V
���M�/ �B�i�b �T�`�2�/�B�+�i�B�Q�M �2�`�`�Q�` �K���T�X

�A�M �i�?�B�b �2�t�T�2�`�B�K�2�M�i�- �i�r�Q �+���b�2�b ���`�2 �B�M�p�2�b�i�B�;���i�2�/�, �U���V �h�?�2 �T�`�2�/�B�+���i�B�Q�M ���+�+�m�`���+�v �Q�7 �b�K�Q�Q�i�? ���M�/

�b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b �Q�7 �Q�m�` �a�a�h�* �Q�M �b�v�M�i�?�2�i�B�+ �k�@�. �B�K���;�2�X �U�#�V �a�2�M�b�B�i�B�p�B�i�v ���M���H�v�b�B�b �Q�7 �F�2�v

�i�m�M�B�M�; �T���`���K�2�i�2�`�b �Q�7 �Q�m�` �a�a�h�* ���H�;�Q�`�B�i�?�K�- �M���K�2�H�v�-� ; � ; p�- �a�L�_�- ���M�/ �S�2�`�+�2�M�i���;�2�b�X
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�b�ÿ�ž�����¶ �i�¶�é���ñ�� �+�ñ�è�ÿ�ã�¶���Ô�ñ�é

�*���b�2 �U���V �`�2�b�m�H�i�b�,�h�Q �i�2�b�i �i�?�2 �T�`�2�/�B�+���i�B�Q�M ���+�+�m�`���+�v �Q�7 �b�K�Q�Q�i�? ���M�/ �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b �Q�7

�Q�m�` �a�a�h�* �Q�M �b�v�M�i�?�2�i�B�+ �k�@�. �B�K���;�2�- �/�B�7�7�2�`�2�M�i �`���i�B�Q�b �Q�7 �K�B�b�b�B�M�; �T�B�t�2�H�b�- �M���K�2�H�v�- �k�y�W�- �9�y�W�- �e�y�W�-

�3�y�W�- ���M�/ �N�y�W�- �`�2�b�T�2�+�i�B�p�2�H�v�- ���`�2 �+�Q�M�b�B�/�2�`�2�/�X �h�?�2 �T�`�Q�T�Q�b�2�/ �a�a�h�* �/�2�K�Q�M�b�i�`���i�2�b �i�?�2 �#�2�b�i

�T�2�`�7�Q�`�K���M�+�2 �#�v �b�2�i�i�B�M�;� = [0:5; 0:5]; � = [0:2; 0:2]; � 1 = � 2 = 0:01; � = 0:01�- �a�L�_�4�8�y �/�"

���M�/ �S�2�`�+�2�M�i���;�2�b�4�N�d ���b �i�?�2 �B�M�T�m�i �i�Q ���H�;�Q�`�B�i�?�K�k�X �6�Q�` �i�?�2 �+���b�2 �Q�7 �k�y�W �K�B�b�b�B�M�; �T�B�t�2�H�b�- �i�?�2

�Q�#�b�2�`�p���i�B�Q�M �Q�7 �b�v�M�i�?�2�i�B�+ �k�@�. �B�K���;�2 �B�b �b�?�Q�r�M �B�M �6�B�;�m�`�2�j�X�j�#�X �h�?�2 �T�`�2�/�B�+�i�2�/ �b�K�Q�Q�i�? ���M�/ �b�T���`�b�2

�+�Q�K�T�Q�M�2�M�i�b �#�v �Q�m�` �a�a�h�* ���`�2 �b�?�Q�r�M �B�M �i�?�2 �b�2�+�Q�M�/ �+�Q�H�m�K�M �Q�7 �6�B�;�m�`�2�j�X�9�- �r�?�B�+�? �b�?�Q�r�b �i�?���i

�Q�m�` �K�2�i�?�Q�/ �+���M ���+�+�m�`���i�2�H�v �`�2�+�Q�p�2�` �i�?�2 �b�K�Q�Q�i�? ���M�/ �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b�X �h�?�2 �i�?�B�`�/ �+�Q�H�m�K�M �Q�7

�6�B�;�m�`�2�j�X�9�b�?�Q�r�b �i�?�2 �2�`�`�Q�` �K���T �Q�7 �b�K�Q�Q�i�? ���M�/ �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b �T�`�2�/�B�+�i�B�Q�M�X �h�?�2 �b�K�Q�Q�i�?

�+�Q�K�T�Q�M�2�M�i�b �T�`�2�/�B�+�i�B�Q�M �B�b �p�2�`�v ���+�+�m�`���i�2 �r�?�B�H�2 �i�?�2�`�2 ���`�2 �b�Q�K�2 �2�`�`�Q�`�b �B�M �i�?�2 �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b

�T�`�2�/�B�+�i�B�Q�M �+���m�b�2�/ �#�v �i�?�2 �K�B�b�b�B�M�; �T�B�t�2�H�b�X �6�m�`�i�?�2�`�K�Q�`�2�- �_�a�1 ���M�/ �S�a�L�_ �Q�7 �R�y�y �`�2�T�2�i�B�i�B�Q�M�b

�7�Q�` �/�B�7�7�2�`�2�M�i �`���i�B�Q�b �Q�7 �K�B�b�b�B�M�; �T�B�t�2�H�b ���`�2 �b�m�K�K���`�B�x�2�/ �B�M �h���#�H�2�j�X�R�X �h�?�2 �`�2�b�m�H�i �b�?�Q�r�b �i�?���i �i�?�2

�T�`�2�/�B�+�i�B�Q�M ���+�+�m�`���+�v �/�2�+�`�2���b�2�b �r�?�2�M �i�?�2 �`���i�B�Q �Q�7 �K�B�b�b�B�M�; �T�B�t�2�H�b �B�M�+�`�2���b�2�b�X �a�T�2�+�B�7�B�+���H�H�v�- �i�?�2

�T�`�2�/�B�+�i�B�Q�M ���+�+�m�`���+�v �Q�7 �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b �B�b �T�Q�Q�` �r�?�2�M �i�?�2 �`���i�B�Q �Q�7 �K�B�b�b�B�M�; �T�B�t�2�H�b �B�b �?�B�;�?

�b�B�M�+�2 �i�?�2 �K�B�b�b�B�M�; �T�B�t�2�H�b �K�2�b�b �m�T �i�?�2 �b�T���`�b�2 �7�2���i�m�`�2�b �B�M �i�?�2 �/���i���X �q�?�2�M �i�?�2 �`���i�B�Q �Q�7 �K�B�b�b�B�M�;

�T�B�t�2�H�b �B�b �H�Q�r�- �i�?�2 �T�`�2�/�B�+���i�B�Q�M ���+�+�m�`���+�v �7�Q�` �#�Q�i�? �b�K�Q�Q�i�? ���M�/ �b�T���`�b�2 �+�Q�K�T�Q�M�2�M�i�b �B�b �p�2�`�v �?�B�;�?�X

�J�B�b�b�B�M�;
�`���i�B�Q

�a�K�Q�Q�i�? �*�Q�K�T�Q�M�2�M�i�b�a�T���`�b�2 �*�Q�K�T�Q�M�2�M�i�b�h�Q�i���H
�_�a�1 �S�a�L�_ �_�a�1 �S�a�L�_ �_�a�1 �S�a�L�_

�k�y�W
�J�2���M �y�X�y�y�y�N �d�3�X�3�9�d�y�y�X�R�y�N�e �j�d�X�3�d�e�j�y�X�y�k�k�N �9�R�X�9�9�e�d

�a�1 �y�X�y�y�y�3 �j�X�N�3�3�j�y�X�y�y�9�y �y�X�j�j�3�N�y�X�y�y�y�3 �y�X�j�9�y�e

�9�y�W
�J�2���M �y�X�y�y�e�3 �9�N�X�N�e�k�N�y�X�R�9�9�d �j�8�X�9�d�k�y�y�X�y�j�y�9 �j�3�X�N�d�9�k

�a�1 �y�X�y�y�R�d �j�X�9�N�e�e�y�X�y�y�e�R �y�X�j�8�8�y�y�X�y�y�R�y �y�X�j�y�y�e

�e�y�W
�J�2���M �y�X�y�R�y�R �9�e�X�R�9�R�8�y�X�R�N�d�k �j�k�X�3�j�3�j�y�X�y�9�R�y �j�e�X�9�k�3�R

�a�1 �y�X�y�y�k�d �k�X�8�d�d�k�y�X�y�R�y�d �y�X�9�3�R�j�y�X�y�y�k�y �y�X�9�8�j�3

�3�y�W
�J�2���M �y�X�y�d�9�j �k�8�X�N�j�e�N�y�X�j�3�8�N �k�e�X�N�N�3�e�y�X�y�3�3�j �k�N�X�3�y�d�e

�a�1 �y�X�y�y�d�R �y�X�N�k�N�8�y�X�y�k�y�9 �y�X�9�e�N�y�y�X�y�y�8�j �y�X�8�j�k�R

�N�y�W
�J�2���M �y�X�R�j�3�k �k�y�X�R�d�8�y�y�X�8�k�j�8 �k�9�X�k�8�9�N�y�X�R�9�k�9 �k�8�X�8�j�3�N

�a�1 �y�X�y�y�9�9 �y�X�k�d�j�8�y�X�y�R�y�j �y�X�R�d�e�8�y�X�y�y�j�3 �y�X�k�j�k�R

�h���#�H�2 �j�X�R�, �_�a�1 ���M�/ �S�a�L�_ �Q�7 �R�y�y �`�2�T�2�i�B�i�B�Q�M�b �7�Q�` �/�B�7�7�2�`�2�M�i �`���i�B�Q�b �Q�7 �K�B�b�b�B�M�; �T�B�t�2�H�b�X
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�*���b�2 �U�#�V �`�2�b�m�H�i�b�,�A�M �Q�m�` ���H�;�Q�`�B�i�?�K�k�- �i�?�2�`�2 ���`�2 �b�2�p�2�`���H �T���`���K�2�i�2�`�b �+���M �#�2 �i�m�M�2�/ �#�v

�m�b�2�`�b�X ���K�Q�M�; �i�?�2�K�-� ; � ; p�- �a�L�_�- ���M�/ �S�2�`�+�2�M�i���;�2�b ���`�2 �/�B�b�+�m�b�b�2�/ �7�Q�` �b�2�M�b�B�i�B�p�B�i�v ���M���H�v�b�B�b

�b�B�M�+�2� 1; � 2; � ���`�2 �T���`���K�2�i�2�`�b �7�Q�` �/�2�i�2�`�K�B�M�B�M�; �b�T�2�2�/�b �Q�7 �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M ���H�;�Q�`�B�i�?�K�- �r�?�B�+�?

���`�2 �M�Q�i �b�B�;�M�B�7�B�+���M�i �i�Q �i�?�2 �7�B�M���H �b�Q�H�m�i�B�Q�M�X �h�?�2 �+���b�2 �Q�7 �3�y�W �K�B�b�b�B�M�; �T�B�t�2�H�b �B�b �+�Q�M�b�B�/�2�`�2�/ �#�v

�?���p�B�M�; �i�?�2 �/�2�7���m�H�i �b�2�i�i�B�M�;� = [0:5; 0:5]; � = [0:2; 0:2]; � 1 = � 2 = 0:01; � = 0:01�- �a�L�_�4�8�y

�/�" ���M�/ �S�2�`�+�2�M�i���;�2�b�4�N�d�X �1���+�? �T���`���K�2�i�2�` �B�b �b�i�m�/�B�2�/ �i�Q�;�2�i�?�2�` �r�B�i�?p = 1; 2 �7�Q�` �b�2�M�b�B�i�B�p�B�i�v

���M���H�v�b�B�b�X �6�Q�` �2�t���K�T�H�2�- �r�?�2�M� �B�b �+�Q�M�b�B�/�2�`�-� �- �a�L�_�- ���M�/ �S�2�`�+�2�M�i���;�2�b ���`�2 �7�B�t�2�/�-� �+���M �p���`�v

�i�Q�;�2�i�?�2�` �r�B�i�?p = 1; 2�X �h�?�2 �`�2�b�m�H�i�b �Q�7 �_�a�1 ���`�2 �T�H�Q�i�i�2�/ �p�b�X� ; � �- �a�L�_�- ���M�/ �S�2�`�+�2�M�i���;�2�b �B�M

�6�B�;�m�`�2�j�X�8���-�j�X�8�#�-�j�X�8�+�- ���M�/�j�X�8�/�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �`�2�b�m�H�i�b �b�?�Q�r �i�?���i �Q�m�` �K�2�i�?�Q�/ �r�B�i�?p = 2

�U���V �_�a�1 �p�b�X� �U�#�V �_�a�1 �p�b�X� �U�+�V �_�a�1 �p�b�X �a�L�_�U�/�V �_�a�1 �p�b�X �S�2�`�+�2�M�i�@
���;�2�b

�6�B�;�m�`�2 �j�X�8�, �a�2�M�b�B�i�B�p�B�i�v ���M���H�v�b�B�b �Q�7 �a�a�h�* �Q�M �T���`���K�2�i�2�`�b� ; � ; p�- �a�L�_�- ���M�/ �S�2�`�+�2�M�i���;�2�b�X

�?���b �#�2�i�i�2�` �T�`�2�/�B�+�i�B�Q�M ���+�+�m�`���+�v �i�?���Mp = 1 �7�Q�` �K�Q�b�i �+���b�2�b �B�M �6�B�;�m�`�2�j�X�8�X �h�?�2�`�2�7�Q�`�2�-p = 2 �B�b

�`�2�+�Q�K�K�2�M�/�2�/ �7�Q�` �Q�m�` �K�2�i�?�Q�/�X �6�Q�`� �- �i�?�2 �`���M�;�2[0:1; 0:5] �B�b �`�2�+�Q�K�K�2�M�/�2�/ �#���b�2�/ �Q�M �6�B�;�m�`�2

�j�X�8���X �6�Q�`� �- �i�?�2 �`���M�;�2[0:05; 0:3] �B�b �`�2�+�Q�K�K�2�M�/�2�/ �#���b�2�/ �Q�M �6�B�;�m�`�2�j�X�8�#�X �6�Q�` �a�L�_�- �i�?�2 �H���`�;�2�`

�i�?�2 �a�L�_ �B�b�- �i�?�2 �b�K���H�H�2�` �7�B�i�i�B�M�; �2�`�`�Q�` �Q�M �i�?�2 �Q�#�b�2�`�p�2�/ �T�B�t�2�H�b�X �>�Q�r�2�p�2�`�- �B�7 �a�L�_ �B�b �i�Q�Q �H���`�;�2
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