Advanced Data Analytics for Quality Assurance of
Smart Additive Manufacturing

Bo Shen

Dissertation submitted to the Faculty of the
Virginia Polytechnic Institute and State University

in partial fulfillment of the requirements for the degree of

Doctor of Philosophy
in

Industrial and Systems Engineering

Zhenyu (James) Kong, Chair
Blake N. Johnson
Weijun Xie

Xiaowei Yue

June 15, 2022

Blacksburg, Virginia

Keywords: Smart Additive Manufacturing, Process Monitoring, Quality Assurance,
Machine Learning.

Copyright 2022, Bo Shen



Advanced Data Analytics for Quality Assurance of
Smart Additive Manufacturing

Bo Shen

(ABSTRACT)

Additive manufacturing (AM) is a powerful emerging technology for fabricating components
with complex geometries using a variety of materials. However, despite the promising po-
tential, due to the complexity of the process dynamics, how to ensure product quality and
consistency of AM parts efficiently during the process remains challenging. Therefore, this
dissertation aims to 00O00IOD 00000000 JOOO0DO I00DO0ODD O0D0O0DOO DOD 0000 0ooo
0000 OO00000i00 000 bo0ooo0 0bobooboo 0o 0O0oo 0boooott Obooooooooonoon

Driven by edge computing, the Industrial Internet of Things (IIoT), sensors and other smart
technologies, data collection, communication, analytics, and control are infiltrating every
aspect of manufacturing. The data provides excellent opportunities to improve and revo-
lutionize manufacturing for both quality and productivity. Despite the massive volume of
data generated during a very short time, D00000IOIO000 OO DOCO0O0 OC0 0DCD 0000 OODOOC OO
000000, The goal of sensing and data analytics for advanced manufacturing is to capture the
full insight that data and analytics can discover to help address the most pressing problems.
To achieve the above goal, several data-driven approaches have been developed in this dis-
sertation to achieve effective data preprocessing, feature extraction, and inverse design. We
also develop related theories for these data-driven approaches to guarantee their performance.
The performances have been validated using sensor data from AM processes. Specifically,

four new methodologies are proposed and implemented as listed below:



1. To make the unqualified thermal data meet the spatial and temporal resolution require-
ment of microstructure prediction, a super resolution for multi-sources image stream
data using smooth and sparse tensor completion is proposed and applied to data acqui-
sition of additive manufacturing. The qualified thermal data is able to extract useful

information like boundary velocity, thermal gradient, etc.

2. To effectively extract features for high dimensional data with limited samples, a clus-
tered discriminant regression is created for classification problems in healthcare and
additive manufacturing. The proposed feature extraction method together with classic
classifiers can achieve better classification performance than the convolutional neural

network for image classification.

3. To extract the melt pool information from the processed X-ray video in metal AM
process, a smooth sparse Robust Tensor Decomposition model is devised to decompose
the data into the static background, smooth foreground, and noise, respectively. The
proposed method exhibits superior performance in extracting the melt pool information

on X-ray data.

4. To learn the material property for different printing settings, a multi-task Gaussian
process upper confidence bound is developed for the sequential experiment design,
where a U0IDOOOO0 algorithm is implemented. The proposed algorithm aims to learn

the optimal material property for different printing settings.

By fully utilizing the sensor data with innovative data analytics, the above-proposed method-
ologies are used to perform interdisciplinary research, promote technical innovations, and
achieve balanced theoretical /practical advancements. In addition, these methodologies are
inherently integrated into a generic framework. Thus, they can be easily extended to other

manufacturing processes, systems, or even other application areas such as healthcare systems.
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(GENERAL AUDIENCE ABSTRACT)

Additive manufacturing (AM) technology is rapidly changing the industry, and data from
various sensors and simulation software can further improve AM product quality. The ob-
jective of this dissertation is to develop methodologies for process monitoring and quality
assurance using advanced data analytics.

In this dissertation, four new methodologies are developed to address the problems of un-
qualified data, high dimensional data with limited samples, and inverse design. Related
theories are also studied to identify the conditions by which the performance of the de-
veloped methodologies can be guaranteed. To validate the effectiveness and efficiency of
proposed methodologies, various data sets from sensors and simulation software are used for
testing and validation. The results demonstrate that the proposed methods are promising
for different AM applications. The future applications of the accomplished work in this dis-
sertation are not just limited to AM. The developed methodologies can be easily transferred

for applications in other domains such as healthcare, computer vision, etc.
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+ Mr2/2i2 KBM2 i?2K bBKmHi M2QmbHv 7Q  /B772 2Mi T BMiBI

"V +?B2pBM; i?2b2 7Qm - Q#D2+iBp2b-i?2 +QMi'B#miBQM Q7 i?Bb
7QHHQIBM:; 7Qm" bT2+ib-

R%B bi- bmT2 "2bQHMIiBQM 7Q  KmHiB@bQm +2b BK ;2 bi 2 K/
i2MbQ  +QKTH2iBQM Bb T'QTQb2/ M/ TTHB2/iQ/i +[mBbBiB
BM:X h?2 [m HB7B2/i?2 K H/ i + M 2ti  +i mb27mH BM7Q K iBC
i?2°K H ;" /B2Mi- 2i+X

kXa2+QM/- +Hmbi2 2/ /Bb+ " BKBM Mi "2;°2bbBQM Bb T°'QTQb2/ 7
?2 Hi?+ "2 M/ [/IBiBp2 K Mm7 +im"BM;X h?2 T°QTQb2/ 72 im"2
;21?2 rBi? +H bbB+ H+H bbB7B2 b+ M +?B2p2 #2ii2 +H bbB7]
POQHMIBQM HM2m  HM2irQ ' F7Q BK ;2 +H bbB7B+ iBQMX

iXh?B /- bKQQi?bT b2 _Q#mbi h2MbQ  .2+QKTQbBiBQM KQ/2H B
i?2 /i BMiQ bi iB+# +F:"QmM/- bKQQi? 7Q°2:°QmM/- M/ MQBD:

9% BM HHvVv v2i BKTQ i MiHv- KmHIiB@i bF: mbbB M T Q+2bb mTT
TQb2/ 7Q  b2[m2MiB H 2tT2 ' BK2Mi /2bB;M iQ H2 "M i?2 b K2 QT
7Q° /B772°2Mi T'BMiBM; b2iiBM;b bBKmHi M2QmbHvX

h?2b2 /2p2HQT2/ K2i?Q/b "2 MQi HBKBi2/iQ JT Q+2bbX AMT  +iB
QHQ:B2b + M #2 2 bBHvi' Mb7Q K2/ 7Q" TTHB+ iBQMb BM Qi?2'/Q
Tmi2 pBbBQM- 2i+X



9 +NzZy § SYBé 2 « Oié
RXj .Bbb2'i iBQM P ; MBx iBQM

h?2 "2bi Q7 i?Bb /Bbb2"i iBQM Bb Q°; MBx2/ b 7QHHQrbX M Qp27]
"2b2 "+? K2i?Q/QHQ;B2b M/ #'B27 '2pB2r Q7 i?2 "2+2Mi “2H i2/
b2 "+? ; T M HvbBb 2 T ' QpBkR/B2NM>*TIRIR 2b2Mib i?72 T - QTQb2,
bmT2' "2bQHMIBQM 7Q° KmMHIiB@bQm +2b BK ;2 bi'2 K/ i mbBM: bl
TH2iBQM M/ Bib TTHB+ iBQMb BM /i +[mBbBiBQM Q7 9/BiBp2 K
+Hmbi2 2/ /Bb+"BKBM Mi "2;°2bbBQM 7Q" ?B;?@/BK2MbBQM H /i
7Q /272+i +H bbB7B+ iBQM BM JX 7i2'r ‘/b- bKQQi? bT b2 _Q#r
KQ/2H Bb T°QTQb2/ &K 27 MA2iBp2Hv H2 "M i?2 K2Hi TQQH 7 QK M
am#b2[m2MiHv- KmHIiB@i bF : mbbB M T Q+2bb mTT2 +QM7B/2M
BMi Q/m+2/ BMeX?6 BN HHv-dBNMKX "Bx2b i?Bb /Bbb2'i iBQM- M/ /BEL
TQi2MiB H7mim 2 "2b2 “+? /B 2+iBQMbX



*? Ti2 K

2b2 +? M/ GBi2 Iim 2 2pB2r

kXR _2b2 “+? Pp2 pB2r

b BMi'Q/m+2/ BMR*??Bi2/Bbb2"i iBQM BKb iQ /2p2HQT 2772+iBp2
T°Q+2bb KQMBiQ BM; M/ [m HBiv bbm> M+2 BM //BiBp2 K Mm7 +in
rQ'F- i?2 b2MbBM; bvbi2K M/ bBKmH iBQM bQ7ir "2 + M T°QpB/2

/i X 6B bi- bmT2" "2bQHmMiBQM Bb TTHB2/iQ BM+ 2 b2 i?2 bT iB |
/i +[mBbBiBQM BM JX am#b2[m2MiHv-irQ /p M+2// i M HviB+b
iQ 2ti° +i +QKT +i #mi 2772+iBp2 BM7Q K iBQM 7°QK i?2 b2MbQ" / i
/2bB;M Q7 2tT2 'BK2Mib K2i?Q/ Bb /2p2HQT2/ 7Q  BMp2 b2 /2bB;M i
2i2 ' b BM bBKmH iBQM bQ7ir "2X aT2+B7B+ HHv-i?2 Qp2 HH "2b2

6B:m 2 kXR, h?2 Qp2  HHbi'm+im 2Q7i?22T QTQb2/ 2b2 “+?2 K2i?2C
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7Qm i bFb- bb?QrMXERWVBB?2ZM M #2 bmKK "Bx2/ b,

ChbFR, 6Q° i?2 mM[m HB7B2/ b2MbQ /i - bmT2 “2bQHMIiBQN
bi'2 K/ i mbBM; bKQQi? M/ bT b2 i2MbQ > +QKTH2iBQM Bb T°
/i +[mBbBiBQM Q7 //BiBp2 K Mm7 +im BM:X

ChbF k, 6Q° ?B:? /[BK2MbBQM H /i rBi? HBKBi2/ b KTH2b- +
*2:°2bbBQM Bb T°QTQb2/ 7Q " +H bbB7B+ iBQM T ' Q#H2Kb BM ?2
im BM;X

ChbFj, 6Q MQBbvs@ v/i- bKQQi? bT b2 _Q#mbi h2MbQ" .2
Bb T°QTQb2/iQ 2ti° +i K2Hi TQQH BM7Q K iBQMX

ChbFO9, 6Q  i?2 bBKmH iBQM bQ7ir '2- KmHiB@i bF: mbbB M T
#QmM/ Bb T°QTQb2/ 7Q  i?2 b2[m2MiB H /2bB:M Q7 2tT2 BK2Mil

6Q  i?2b27Qm i bFb-i?2 2b2 "+?2 T°Q; 2bbBMi2°KbQ7DQm M H Tt

ChbFR, h?Bb RYTRb Tm#HBR*2/MBQK Xi B +b

ChbFk, h?Bb RERD T m#HBWZ2/ BMMb +iBQMb QM miQK iBQM a+k
1M:BM22 BM;

ChbFj, h?Bb REBD(Tm#HBWI?2/ BMMb +iBQMb QM miQK iBQM a+E
1M;BM2Z BM;

ChbF9, h?Bb R)TRbD T m#H B%®e21 BMMb XiBQMb
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kXk GBi2 im 2 2pB2r

kXkXR aT iB H M/ h2KTQ H _2bQHmIiBQM _2[mB 2K2M

h?2 K2Hi TQQH i?2 KREBBbig2W(E* m+B HT i Q7 KB+ QWRBm+im 2 -
BM JX ++Q /BM: iQ i? REBi22 KB¥2 Qbi m+im 2 + M #2 T 2/B+i2/ #V |
> /B2Mi U:V M/ bQHB/fHB[mMB/ #QmM/ v p2HQ+Biv U_VX "Qi? i?2b
+ M #2 Q#i BM2/ #v i?2 KQ;  T?2vX >Qr2p2'-i?2°2 Bb MQ bm+? 2[mE
_iQ;2i?2 #2+ mb2 Q7 i?2 mMB[m2 T'QT2'iv Q7 i?2 K2Hi TQQH BM
UaGJV T'Q+2bbX h?2 K2Hi TQQH Bb bK HH URyy@kyy 'KV M/ i?2 /
KbVX h?2 i2KTQ  H "2bQHMIBQM U7 K2 i2V Q7 i?2 + K2 b?2QmH/
i72 bQHB/B7B+ iBQM + M #2 2p2M b?2Q i2  i? M i?2 /r2HH iBK2X h?:
#2 "QmM/ j 'K T2 TBt2H M/ i?Bb + M :Bp2 /2i BH2/i?2 K H ;" /B2
7Q° 2t KTH2- F2v?QH2BM K2Hi TQQH BM aGJ Bb MQRJ-HMV “QmM
j’K bT iB H "2bQHMIiBQM + M ;Bp2 i H2 bij TQBMi K2 bm 2K2Mi H
F2v?QH2X hQ +?B2p2 bm+? ?B;? bT iB H 2bQHMiBQM- i?2 i?2 K
P2°v +HQDb2 iQ i?2 K2Hi TQQH Uey KKVX >Qr2p2'-i?2 ?B;?2@bT22/i"
iQ #2 TH +2/ BMbB/2 i?2 T'BMiBM; +? K#2 - QMHV i?2 bK HH bBx2
+ M 7Bi BM rBi?Qmi bm77B+B2Mi i2KTQ  H "2bQHmMIiBQMX ++Q /BN
+QKTH2K2Mi "vbT iB H M/i2KTQ  H 2bQHmMiBQMb Bb p2 v BKTQ i

hQ BKT Qp2i?2bT iB H M/i2KTQ  H 2bQHmMIiBQM-bmT2  "2bQHmi
K Mv TTHB+ iBQMbX aT iB HbmT2 "2bQHMIBQM K2i?Q/b + M #2 /E
KmHIiBTH2@BK ;2b- M/ UBBV bBM;H2 BK ;2X AM KmHiB@BK ;2b bn
iBQM Bb i? ii?2 KmHIiBTH2 HQr bT iB H 2bQHmMIiBQM BK :2b rBi? bm#
QM2 ?2B;? bT iB H 2bRPXIiB@OMBRMBI(m+ii?2 ?B;? bT iBRIN2bQHmM
T°QTQDb2/BK ;2 2;Bbi’ iBQM 7 K2rQ FiQ /Bb+Qp2  "2H iBp2 /BbTH
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RBT 2b2Mi2/ "Q#mbi bmT2 "2bQHMIBQM TT ' Q +? BM Q' /2 iQ +Q
72+ibX S +iB+ HHv- i?2 KmHIB@BK ;2b bmT2" "2bQHmMiBQM ? b bl
ky-H2 /BM; iQi?2 /2p2HQTK2Mi Q7 bBM;H2 BK ;2 bmT2  "2bQHmIiBC
7BM/ M ++m’ i2K TTBM; #2ir22M HQr M/ ?B;?bT iB H 2bQHmMiBQM
H;Q Bi?Kb 7Q " bBM;H2 BK ;2 bmT2  "2bQHmMIiBQM ? b #22M TQTmH
TT QtBK iBM: + T +Biv M/ ?B2" "+?B+ HT QT2 ivORKKkBXB+B H M

h2KTQ  H bmT2  "2bQHmMIiBQM + M #2 pB2r2/ b K2i?Q/kQ7 pB/2Q
r?B+? BKb iQ BM+'2 b2 i?2 7 K2 i2 Q7 pB/2QbX *H bbB+ H BK ;!
KQbiHv BM+HmM/2 KQiBQM KQ/2HBMQpH ? QR BBEridQ " M pB/2Q
7° K2BMi2 TQH iBQMK2i?Q/b HbQ 2KTHQV KQiBQM 2biBK iBQM bi:
KQ'2 bQT?BbiB+ i2/ KQiBQM KQ/2HBM; M/ r 'TBM; K2i?Q/bX h?2
BMi2 TQH iBQM K2i?Q/b "2 KQbiHV #kBiXBQNjY)22T H2 "MBM; (

kXkXk 62 im 2 1ti° +iBQM 7Q" >B:? .BK2MbBQM H . i B

AM J T Q+2bb-i?22p BQmb ?B;? /IBK2MbBQM H /i -2bT2+B HHv
"2bQHMIBQM /B;Bi HKB+'Qb+QT2b + M #2 BMbi HH2/iQ +?B2p2 2
i?72 bm 7 +2 BRc 3l@( v BK ;2b+ M HbQ #2 Q#i BM2/iQ + Tim 2 i?2
K2Hi TQQHc i?2°'K H BK ;BM; bvbi2K + M #2 mb2/ iQ "2+Q"/ i?2 i?:
J T°Q+2bb2bX A7 Qm i bF Bb +H bbB7B+ iBQM- i?2°2 2 QMHV |
i BMBM;- r?B+? Bb p2°v mbm H + b2 7Q° J bBM+2 r2 /Q MQi ? p2
i?Bb + b2- Bi Bb M2+2bb "'viQ TTHv 72 im 2 2ti° +iBQM K2i?Q/b
+H bbB7B+ iBQMX AM i?2 2 Q7 #BQBM7Q K iB+b M HvbBb-i?72 B
P2V +QKKIQKI AM i?2 HBi2  im 2 Q7 #BQBM7Q K iB+b M HvbBb-i?2°
2ti° +iBQM i2+?MB[m2bX KQM;i?2K-F2 "M2H T 'BM+BjT) HHH@K AQ M 2
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HBM2 ° 2K#2//BN9UGWIAAPJI|8 @ p2 #22M rB/2Hv TTHB2/ M/ T Qp:
bm++2bb BM #BQBM7Q K iB+b M HvbBbX h?2b2 mMbmT2 pBb2/ 72
i72 "2H iBQMDb?BT Q7 i?2 BMTmi/ i -?Qr2p2 -i?2v/Q MQi miBHBx2
i72 Qi?2°? M/- bmT2 pBb2/ 72 im 2 2ti° +iBQM BKb iQ #mBH/ +QM
72 im 2b M/ +H bb H #2Hb M/ i?mb ? b i?2 TQi2MiB H iQ BKT Qp2
G. Bb QM2 Q7 i?2 KQbi rB/2Hv mb2/ K2i?Q/b BM bmjep- pBB2? 72 im
BMpQHp2b +QKTmi iBQM HBMi2MbBp2 2B;2Mp Hm2 T Q#H2KX

>Qr2p2°-r?2M i?2b2 i° /BiBQM H K2i?Q/b /2 HrBi? BK ;2 /i -i?2v \
BK ;2iQ p2+iQ X "v/QBM:; bQ-i?2 +QKTmi iBQM iBK2 BM+'2 b2b
+Q "2H iBQM BM /i Bb MQi 7TmHHvV miBHBx2/X AMbi2 /- i2MbQ - H

S v-"242MiHv 2?2 b ii +i2/ Km+? {i2MiBQMBM /i M HViB+b bBM+2
/B772°2Mi TTHB+ iBQMb + M #2 M im" HHv /2b+ B#2/ bi2MbQ bX h
mb2/ BM /B772 2Mi /QK BMb bBM+2 Bi + M T 2b2°p2 i?2 BM?2 2Mi b’
/i (d-j3-]N9YX J Mv i  /BiBQM H K2i?Q/b ? p2 #22M 2ti2M/2/ i?2B"
r?B+? T°QpB/2 mb HQib Q7 QTTQ imMBiB2b 7Q  Qm  TTHB+ iBQMb

kXkXj a2[m2MiB H .2bB;M Q7 1tT2 BK2Mib BM J

AMK i2°B Hb /2bB;M M/ +QKTmi2 bBKmH iBQM-r27 +2i?22 T Q#H2
+QM/BiBQMb Q7 K i2'B H-Q K i2'B HT QT2 ivb2iiBM;iQ K22i/2b
TT'Q +? Bb iQ mb2 Bi2  iBp2i'B H M/ 2 °Q -BM r?B+?r2 URV +?2Q
i? ir2 i?BMF rBHH rQ F r2HH # b2/ QM BMimBiBQM- T bi 2tT2 ' B2M+
UKV bvMi?2bBx2 M/ i2bii?2 QmiTmi BM T?vbB+ H 2tT2 ' BK2Mibc M/
i72b2 2tT2 ' BK2Mib BM +?QQbBM; i?2 /2bB;M T ~ K2i2 b iQ i’v M2tiX
"2T2 i2/ mMMiBH bQK2 +QK#BM iBQM Q7 bm++2bb M/ 2t? mbiBQM Bk
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q?BH2i'B H M/ 2 °Q ? b#22M 2ti'2K2Hv bm++2bb7mH-r2 #2HB2p2
i iIBOM iQ:2i?2  T'QKBDb2iQ ++2H2  i2i?2T +2Q7 K i2 B Hb /2bB:N
MQi #v +? M;BM; i?2 7mM/ K2Mi H Bi2  iBp2 M im 2 Q7 K i2 B Hb /2
HiBQM- #mi #v BKT QpBM; i?2 +?2QB+2b i? i r2 K F2 #Qmi r?B+? /2
M/ #v BKT QpBM; Qm’ #BHBiviQ H2 "M 7°QK T 2pBQmb 2tT2 BK2M

" v2bB M QTiBKBx iBQM U"PV- Q" " v2bB M :HQ# H QTiBKBx iBQM
H2 "MBM; iQ #mBH/ T 2/B+iBp2 KQ/2H Q7 i?2 mM/2 HvBM; "2H iBC

K2i2'b M/ Bib/2bB 2/ T°QT2 iB2b- M/ i?2M mb2 /2+BbBQM i?2Q v
/2bB;Mb rQmH/ #2 KQbi p Hm #H2 iQ i'v M2tiX Ai Bb +QHH2+iBQM
# b2/ QM " v2bB M bi iBbiB+b M/ /2+BbBQM i?2Q v- 7Q° m;K2MiB\
M/ 2°Q  T°Q+2bbX h?2 KQbi r2HH@/2p2HQT2/ " v2bB M QTiBKBX
URV i?22 QmiTmi Bb /2b+ B#2/ #v p2+iQ Q7 +QMiBMmMQmb p "B #H2Z
+QM/m+iBpBivc UkV bBM;H2 K2 bm 2 Q7 [m HBivi? i M22/iQ K F2
i?72 +QMbi’ BMib QM 72 bB#H2 K i2°'B Hb /2bB;Mb 2 HHFMQrM-bQ
"2BM+Q TQ i2/BMiQ i?2[m HBivK2 bm 2X h?2°2Bb HbQ bK HH
i? i ;Q #2vQM/ i?2b2 bbmKTiBQMb- 2Bi?2" #v +QMbB/2 BM; /Bb+"2
bK HH KQH2+mH2 /2bB;MV- KmHiIiBTH2 +QKT2iBM; Q#D2+iBp2b- Q°
+QMbi® BMibX



*2 Ti2" ]

amT2 2bQHmMIBOM 7Q JmHIBC
AK ;2 ai 2 K. i mbBM; aKQQi?
aT b2 h2MbQ *QKTH2iBQM

_2+2Mi /2p2HQTK2Mib Q7 /p M+2/ BK ;BM; bvbi2Kb bTm" i?2B" TT
" M:BM: 7 QKb i2HHBi2 "2KQi2 b2MbBM; 7Q  ;2Q;" T?B+BM7Q K iB
70 K Mm7 +im BM; T'Q+2bb KQMBiQ BM; M/ +QMi'QHX .m2 iQ /B7
BM; bvbi2Kb- i?2 "2bmHiBM; BK ;2 bi'2 K/ i UpB/2QbV ? p2 /B772"
"2bQHMIBQMbX h?Bb T'QTQb2/ rQ F Bb # b2/ QM i?2 BK ;2 bi*2 K |
BK :BM: bvbi2Kb 7Q i?2b K2 Q#D2+irBi? /B772 2Mi #mi +QKTH2K?2
"2bQHMIBQMbX 6Q° 2t KTH2- QM2 bvbi2K ? b ?B:? bT iB H #mi HQr
i?72 Qi?2° QM2 ? b QTTQDbBi2 "2bQHMIBQMbX h?2 ;Q H Q7 i?Bb T T
"2bQHMIBQM K2i?Q/i? iBMi2;  i2bi?2b2 /B772 2MiivT2b Q7 BK ;2 t
bT iB H M/i2KTQ  H "2bQHmMiBQMb- r?B+? Bb + BiB+ HiQ Q#i BMB
7Q KQ'22772+iBp2[m HBiv+QMi'QH Q7 i ;2i2/ T°Q+2bb2b Q" bvbi
i2MbQ  +QKTH2iBQM KQ/2H Bb /2p2HQT2/ #v +QMbB/2 BM; #Qi? bl
KmHi M2QmbHv M/ Bbi?mbi2 K2/ bKQQi? M/ bT b2 i2MbQ > +QKTF
Q7 i?2 2ti2MbBp2 + b2 bim/B2b BHHmbi  i2 i?2 bmT2 BQ Biv Q7 Qn
b2H2+i2/ #2M+?K "F K2i?Q/bX

RR
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+Nzy 1 kYb y§ "1 nda Oné An K & OAbfi «§ Beézifb Yze/z z
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i XR AMi"Q/m+iBQM

Ip M+2/ BK ;BM; bvbi2Kb ? p2 #22M rB/2Hv TTHB2/ iQ K Mv "2 b-
K Mm7 +im 'BM; T°Q+2bb2b KQMBiRRBM:;2-MJ HOBK @H BM "2KQi2 b2
TTHB+ iBRMHHX h?2 bT iB H "2bQHmMiBQM M/ +[mBbBiBQM " i2
"2 i?2 F2vb iQ i?2 T2 7Q K M+2 Q7 BK :BM; bvbi2Kbh 7Q " + Tim BM
1?7210 ;212 Q#D2+iX .B772 2Mi BK ;BM; bvbi2Kb ;2M2" i2 BK ;2 bi
bT iB H M/i2KTQ" H 2bQHmMiBQMb- M/i?mb ? p2 +QKTH2K2Mi ‘v T
BMi?2 K HBK ;BM; M HvbBb Q7 K2i H //BiBp2 KOMm7bKiriHBM; U
i?72" K H+ K2 + M#2 KQmMi2/ BMbB/2 Q7 i?2 j. T'TBMi2 +? K#2 i
"2bQHmMIBQM BK ;2b Ui?2/Bbi M+2 #2ir22M + K2 M/i?2 2;BQM Q7
"2bmHIBM; bK HH 7B2H/ Q7 pB2rV- #mi i?2 2bmHiIiBM; BK ;2b rBH]
Ui?2 bK HH bBx2 HBKBib Bib + T #BHBiv Q7 ?B;? +[mBbBiBQM " i2
Ip M+2/i?2 K H+ K2 rBi? ?B;? i2KTQ H "2bQHmMIiBQM Bb ivTB+ F
#2 KQmMi2/ QmibB/2 Q7 i?2 j. T'BMi2  +? K#2 - i?mb i?2 "2bmHiBM
Ui?2 /Bbi M+2 #2ir22M i?2 + K2° M/ i?2 "2;BQM Q7 BMi2 2bi Bb H(
H ;2 7B2H/ Q7 pB2rVX AiBb pBi HiQ Q#i BM BK ;2 bi 2 K/ i rBi? #
i2KTQ' H "2bQHmMiBQMb bQ i? i bm#iH2" BM7Q 'K iBQM- r?B+? Bb T:
Dmbi QM2 Q7 i?2 #Qp2 BK ;BM; bvbi2Kb-+ M #2 + Tim 2/ M/ M Hv>

h?Bb +? HH2M;2 KQiBp i2b i?2 "2b2 "+? T 2b2Mi2/ BM i?Bb T T2 - M
i? i 7mb2 BK ;2b bi2 Kb rBi? +QKTH2K2Mi v bT iB H M/ i2KTQ  H
?B;? bT iB H M/ ?B;? i2KTQ  H BK ;2 bi'2 KX "v TTHvVBM; Qm T Q
+?7B2p2 +?2 Tbh2MbBM: bvbi2KiQ +[mB 2 2tT2MbBp2 b2MbQ" /i X
iBH M/HQri2KTQ  H-Q HQrbT iB H M/?B;?i2KTQ  Hb2MbQ b
bT iB H M/ ?B;?i2KTQ  Hb2MbQ'b "2 [mBi2 2tT2MbBp2 Q  2p2M /Q
bT2+B7B+ iBQMbX 6Q" 2t KTH2- i?2 K H;  /B2Mi Bb + BiB+ H T2\
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i?72 KQbi ~ TB/ +? M;BM; " i2 Q7 i?2 i2KT2 im2 "QmM/ T "iB+mH
+QQHBM; T9)+28B2B @ bbT iB Hi2KTQ  Hbi'm+im'2X +RE /BM;iQ
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MMFMQrM 2H2K2Mib B#MXi?2 i2MbQ ™ (
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C 6Q KmH i2i?2 7mbBQM Q7 KmHIiB@bQm +2b BK ;2bi'2 K/ i b
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i XkXR aKQQi? S _6* h2MbQ  *QKTH2iBQM

BRT QTQb2/i?2 bKQQi? S _ 6 *i2MbQ  +QKTH2iBQM UaS*V- r?B+7
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i?72b2 KBbbBM; TBt2Hb bQ i? i +QXTBRIZBK?;2bQRAMKIiBQM BM #Qi?
M/ i2KTQ  H/QK BMb + M #2 +2?2B2p2/X

AM a2+jiBXMbKQQi? M/ bT b2 i2MbQ > +QKTH2iBQM Bb T°QTQb2/ 7
KmHIiB@bQm +2b BK ;2 bi 2 Kb-r?22i?2  MFb UBX2X-1i?2 MmK#2
+QKTQM2MibV "2 bbmK2/iQ #2 FMQrMX ++Q /BM;Hv- M Hi2 M iB
Bb /2p2HQT2/ 7Q  bQHpPBM; i?Bb FMQrM ° MPbj X bh MTB QBHR KH BoM2T 2
7QHHQr2/ #vi?2 +QMp2 ;2M+ 2] XNIX§R MB B B M) T 2378 QpbT aQ T (B M
M2M? M+2/ QTiBKBx iBQMb+?2K2i? i+ M miQK iB+ HHv/2i2 KBM
aah*X



KYKY T AyA T2 KT N2 kR
JX]XR 6Q KmH iBQM Q7 aKQQi? M/ aT b2 h2MbQ *QK-

hQ "2p2 H#Qi? bKQQi? M/bT "b272 im 2bBMi?2?B;?bTXiB H M/i:
aah*Bb T°QTQDb2/ iQX2BRIKITOKDQi? M/ bT b2 +QKTQM2Mib- b r2}
i2MbQ  MQBb2b b b?QrM #2HQr

X =Z pkootZ bt "t E;

22 2 bkooiBb i?72 bKQQi? +QRTQMAMIDZ bT b2 +QKT EVMRIMiD2Z M/
* M/QK i2MbQ > MQBb2bX AM Q' /2  iQ BKTQb2 i?2 bKQQi? M/ bT “b
i?72 H2 bib[m "2 HQbb 7mM+iBQM Bb T2M HBx2/ #v i?2 bKQQi? M/ b

7QHHQTrb
KBM }kE k2 + Jgi MkL MyMke + ] m] Mkv Mk,
gu; v 2 F _ B re 2 m
r=1 n=1 m=1 n=1
X
b XiX bKQQT grugl) ng) U§N);Z bT b2 mvr(#) Vr(r?) Vr(nN);
r=1 m=1

X =[Z pkodi?+*[Z b1 b2+ E ;kulMky =1;kviMk, = 1;8r;m;n;
UjxsvVv

r?2°¢; ;LM:U = fUy;:::;Ugg "2 /27BM2/ BM i?2 b K2 r yXWcKQ/2H U

[ i V=1V Vwg 20?22 b2i Q7 *SbBM;mH " p Hm2b M/i?2b2i Q7
P2+iQ b- "2bT2+iBp2HVy; BENVP?B 0Ny "2 /2+BbBQM p "B #H2b “2H |
mi? bT b2 *S +QKTOM®PMicc M Bb i?22 bT "bBiv T ° K2i2 p2+iQ  iQ +
i?72 bT "bBivBM 2 +? KQ/2X h?2 7B bi i2°"K BM jX‘B-@%@E@(—ﬁBpZ 7mM A
Bb i?2 7BiiBM: 2 Q"  #2ir22M K?2 Q#622pR/2//IB+iBQM mbBM; i2MbQ b
[Z bkodi» MIZ bt b2X h?22 b2+QM/i2 ' KBbiQ /2b+ B#2i?2bKQQi? 72 im"
H “iQi?2  2;mH "Bx iB¥Mtm2i KBBM UB772 2M+2 i?25i Bp2 1QQ2" Q7
BMbi2 2 QWMHV iQ ? p2 KQ 2 7H2tB#BHBIiv iQ + ZiMo@e N2 D KTBQI?M2b



é

an

+Nzy 9 kyb y1 "7 ida Onée Ad K & OAbA «f Bezlfb fze/zz
k k byz Tifé i +neyay Ofé
i2° K- M KBH:\{J%]PL Mkv{Vk; - Bb iQ 7Q KmH i2 i?Z b ,itPBQmMB ™
i72; MQ K BKTQDb2/ QM HH A& icm>X p2BiQBH #2+ nbMiQ KiBb
i?72 +QMp2t "2H t iBQM Q7 i?2 2t +i bT Lp BIi@ Me§¥ BPRQLQBXR2XB M
X =[Zpkodi?*[Z bt b2t E Bbi?2bKQQi? M/bT "b2/2+QKTQbBIiBQM 7Q
BK ;2bi'2 K/ i -23R25@Bbi?22biBK i2/i2MbQ" "2T 2b2MiBM; i?2 bKQ
i?2 BK ;2 bi'2 K M/ /27BM2/ b i?R bnVKKQIBQMiQMbQ  +QKTQM2Mib-
Pf*zlgruﬁ” u® ut™ - r?BHR pBb i?2 2biBK i2/ i2MbQ" "2T 2b2MiBM;
72 im 2b BM i?2 BK ;2 bi'2 K M/ /27BM2Mb iMF @WK iBQIMQ@Q 7+ QKT
M2Mib- MPKZ,‘z_ﬁvaTP v v X h?2 /p Mi ;2 Q7 Qm’ 7jX&EK@pPpRIBQM L
i?72 aS* 7Q KmHXWBRMMQUIBM; iQ i?2 /2+QKTQbBIiBQM Q7 bKQQi? M/ |
KmHi M2QmbHv- r?B+? Bb BKTQb2/ #vi?2irQ '2;mH 'Bx iBQM i2 Kb
DmbiB7B2/ #v i?2 7TQHHQrBM; H2KK X
G2KK jXRRX2 irQ '2;mH "Bx iBQM i2 Kb BNX®227Q TRAH#@@M/b Um

iQ b+ H2 p Hm2V 7Q  i?2 bKQQi?M2bb M/ bT "bBiX kaokM/2b QM i
Z ot 52 20T2+iBp2HVX aT2+B7B+ HHv- i?2 7QHHQrBM: BM2[m HBiB2

Vv
D S
KZ bk qdimv o dad WKLOuMky;
n=1 r=1 n=1
Zokoddy R @ OKLOuOiE:
v r=1 n=1
gy
KZ b1 k2 In J m) (n)er(r?)kl;
n=1 m=1 n=1
PP _Pxn P12 yP T L - L e Y
r?2 WkTV_ n=1 in=1 ij;jgnjz(|1,...,|n,...,|N) Z(Il,...,|n+1,...,|N)J_

P, P P
N I bm e jZ (i in) Z (s in L in)2 T2072

n=1 in=1 Ijil

KZ K3, =

r2B;?2i2/iQi Hp "B iBQM-r2B;?i2/[m /> iB+p "B iBRM+x22bTQM/B
P, P P

BMi?2 7B bi 2;mH "BRXBQRM T2 KBpRZHys ML 'y ™ 6, 0Z (in105in)]



KYKY T AyA T2 KT N2 Kj
Bbi?2 r2B;,?M2Q KX
S'QQa22 T°'QQ7 BM KK2MI/Bt O

h?2 #Qp2 G2KK bi i2bi? ii?2 bKQQi? M/ bT b2 "2;mH "Bx iBQM |
TMM+iBQUBQRW?2 mTT2 #QmM/b Q7 i?2 bKQQi?M2b oMb/ “bBiv F
Z ot 52 2bT2+iBp2Hv- r?B+? 2Mbm 2b i?2 bKQQi? M/ bT b2 72 im :
[m i2HVX A7 BETQUBMQKZ pkodirv - MHKZ o1 kp BM i?2 Q#D2+iBp2 7mM+
UX8 b 2:mH 'Bx iBOQMi2 KbiQ 7Q KmH i2i?22 bKQQi?M2bb M/ bT
KBXx iBQM T Q#H2K BMi~ +i #H2X >QrDpRi?-2# MRTiBRQ N DK ?2b2 irQ °

P P P . P
mH "Bx iBQM i2 Kb, MIK2HvMkL™uWks M/ M tol N (Wgynk, -

MQi QMHV T 2b2 p2b i?2 bKQQi?M2bb M/ bT “bBiv BM i?2 i2MbQ" #
iBQM i® +i #H2-r?B+? Bb T°2b2Mi2/ BM M2ti bm#b2+iBQMX

jXjXk PTiBKBx iBQM H:;:Q 'Bi?K 7Q° EMQrM _ MFb aah*

AMi?2T QTQb2/ QTiBKBXXMRQMM Q2H2X UMFb Q7 bKQQi? M/bT b
+QKTQM2Mib- "2bT2+iBp2Hv- r?B+? b?QmH/ #2 2biBK i2/ BM T  +iB
i? ii?2° MM "2 FMQrM- M Hi2 M iBM; KBMBKBx iB@R BBT Q +7?
T°QTQb2/ iQ bQHP2 i?2 i2MbQ" +QKTH2iBQM T Q#H2K b i?2 BMBi
2biBK iBQM H;@ BAMKBAQT QTQb2/ BiMB2APIBOMM "2 FMQrM-i?2

T Q#HPKEWBbL H “;:2@b+ H2 MQM+QMp2t QTiBKBxXx iBQM T Q#H2K rB

M Bi2' iBp2 HRBWBT?RTQDb2/iQ bQHp2 i?Bb QTiBKBx iBQM T Q#H?2
jXX HHi?2/2+BbBQM p "B #H2b "2 Bi2  iBp2Hv QTiBKBx2/pB HQ
AM ai2T R- mT/ i2 HH p "B #H2b "2H i2/ iQUKQBNM?i ? D K Z Q\2MAid -QF
r=1::::;Rc AM ai2T k- mT/ i2 HHp "B #H2b "2H i2/ iQnbdh B2 iRPQKT QM



+Nzy 1 kYb y§ "1 nda Oné An K & OAbfi «§ Beézifb Yze/z z é
k9 byz Ti7é i +neyay Oné
6B:m 2 jXk, Hi2'M iBM; mT/ iBM; b+?2K2 Q7 BMBiB H H;Q Bi?K 7Q"

ai2Tk 272 gX+XBAGMjXR2bT2+iBpBHVR A2+BbhBQM p ri® 5KQTD "
+QKTQM2Mic 2 /2+BbBQM p mB?2#4H2 bb2Qr Q K FQBIRIMCQ#D2+iBp2 p Hr
7iXi? Bi2° iBQMc HBM2 MmK#2 b "272  i®/i®2 bi2Th BM H:Q Bi?K

b2[M2Mm2Q7::M X 6Q° 2t KTH2- i?2 /2+BUB® M2pH iR HIDDK Q Qi ?

+QKTQM2Mi "2 /2 BpfU;#gel BMBM;; no¥., - M/ bQ "2 Qi?2  p "B #H2

h?2b2 irQ bi2Tb "2 Bi2 iBp2Hv Hi2 M i2/ mMiBH i?2 biQTTBM; + B

/2i BH2/ BM aRiXBIQKjXK2bT2+iBp2HvX



KYKY T Aayid 12 K] N2 k8

H:Q Bi?KARIBiB H aah* H;Q BiRKM® FMQrMm

AMTXi;R;M;p; ; : 1; 2;tol
PmiTrﬁgr,;uﬁl);:::;uﬁN)glef m;Vr(%);IZZ;V&N)gmzl

R,AMBIiB HB)bQiEgQLI\ﬁ),;:::;uﬁN)glef m;v,(#);:::;v,(nN)gm:1
k,Tr?BHR, Fx 4j>tol /Q
ai2T R, aKQQi? GQ+ H PTiBKBx iBQM S Q#H2K

j, 7Q=1i@R/Q

9, 7On=1iQN /Q

8, IT/ iE, #v +QMbi’ BXMp BM U

e, 1T/ ia™ #v K¥-r?22 2 M #2 /2i2 ' KBM2/ #v HBM2 b2 “+?
d, 2M/ 7Q°

3, IT/ iE, #v +QMbi- BXMdb BM U

N, 1T/ i2g #v KRy

Ry, 2M/ 7Q"

ai2T k, aT "b2 GQ+ HPTiIiBKBx iBQM S 'Q#H2K
RR, 7Qm=1 1M /Q
Rk, TOn=1 1IN /Q

Rj, T/ iE, #v #v +QMbi’ jBXMb BM U
RO, IT/ i #v KRK- 1?22 2 M #2 /2i2 ' KBM2/ #v HBM2 b2 “+?
RS, 2M/ 7Q°

Re, T/ iZE, #v #v +QMbi  jBXMb BM U

Rd, 1T/ i2m #Vv KRY

R3, 2M/ 7Q"
RN2M/ r?BH2

aKQQi? GQ+ H PTiBKBx iBQM S Q#H2K

AM ai2T R Q7jBB;HHZY(r=1;:::;R) "2 mT/ i2/ BM b2[m2M+2 rBi? i?2 |
ivi2 Q7 HQ+ HT Q#H2K- r?B+HXBBva/mBRAL 7r KHH Qi?2 " mM ™ 2H i2/
b

KBM%kEr gu® uEN)k§+jngij\I (ML My Mib

Ur:0or n=1

ﬁ -
bXi] =X [ gu® u? U™ [Z bt bs UjXeV
i6r

[E] =[gul uM™] kuMike=1;n=1;:10N;



é

an

+Nzy 9 kyb y1 "7 ida Onée Ad K & OAbA «f Bezlfb fze/zz
ke byz fif7é i +ieyay Ofé
r?22 i?22 Q#D2+iBp2 TmM+iBQM Bb QMHV "2U;02/OMeg2BBHBDM p I
BM/2tb2i 7Q  i?2 mMQ#b2 p2/ TBt2Hbc i?2 7B bi +QMbiJEEM Bb iQ 2k
rBi?QmibKQQi? +QKTQM2Mic M/i?2b2+QM/ +QMbi- BMBbiQ 2Mbm
UX¥ +QK2b 7°QK i?2 Q#b 2" pR /GEBNWRIBWL iH; Q At "B#2 ?2Qr T'Q#H2K
UX¥ Bb bQHp2/X h?2 /2i BHb Q7uTy BBWHHM/MBM;, 72 “2H i2/ bm#@T
7Q°KmH iBQM M/ bQHpBM;- "2 T>X®B/2/ BM TT2M/Bt

aT 'b2 GQ+ HPTiIiBKBx iBQM S Q#H2K

6Q  i?2 bBKBH T 'Q+2/m 2 b ai2T R-i?2 7QHHQrIBM: HQ+ H QTiBK
iQMT/Vig m BM ai2T k

1 ) (N) .2 J mj X (N) s ()
KB MEkEm mVm Vin Kg + 2 kv Ky
o n=1
XA .
bXiEn] =X [ O v@ v [Z bkodis Ujxdv
i6m
[Em] =[ mviy vi] skvPke = 1;n =150

[72°2i?22 Q#D2+iBp2 7mM+iBQM®B#Hv R/MBAR/ 7T QKHB i?22 mM 2H 2/ |
bm+?i? i Bi Bb QMHvV "2H i2/ iQ/42 M3hB QM 7 BBb#HQAMbi~ BM Bb iQ 2k
i?72 2°°Q rBiAQMmT b2 +QKTQM2Mic M/ i?2 b2+QM/ +QMbi’ BM Bb
7BiiBM; 2°°Q  QMHvV +QK2b 7' QK i?2 Q#b2 p2/ @AM ik ;EMB P2Ki 2 M
R/2b+ B#2 ?2Qr T)R#BBKQHpP2/X h?2 /2i BHb Q W{HT4 EBWMEH mHBAD; 7 Q
i?72 "2H i2/ bm#@T Q#H2K 7Q KmH iBQM M/ bQHPBM;- 2 T QpB/2/



KYKY T Aayid 12 K] N2 kd
i XjXj *QMp2 ;2M+2 Q7 AMBIB H aah* H;Q Bi?K

h?2 i?2Q 2iB+ H T'QT2 i\RQQ  HQH)BBMEOUT QpB/2/ 22 2 7Q° M Huvl
T2 7Q K M+2 ;m *~ Mi22X h? i Bb- i?2¢'S BBM kv HQMmP2b2- r?B+
bi i2/ b 7QHHQrbX

h?2Q 2K jXkXTTQb25i2 i > 0- Hf@ﬁ;uﬁ}g;:::;uﬁ;ﬁ)glef k .y () ':::;van;k)gm:1

m:* Ym;k?

#2 172 p "B #H2Db :2M2" i2/ REM(? HBiQ BBXXM- i?2M

Mo %
Jm w7t IO 9O

m=1 r=1

k 1;

Fo Fk1 ( 0);

r?2°R Bb i?2 Q#D2+iBpXP HiE2?2QFi2  iBQMX //BiBQM HHv- i?2 7Q}
#2 Q#b2 p2/

HBK=g; HBK= ;

ki1 ki1

r?2°@¢; , 21?2 HBKBPbbERQi? *S bBM;mHmMip EM2bMfS bBM;mH °
p Hm2- "2bT2+iBp2HvX

S'QQI22 T°QQ7 BM KB2M/Bt O

aBKBH b K i'Bt-*SbBM:mH “p Hm2b "2BKTQ'i Mi72 im 2biQ /2
iXIb?Qrb i?2 "QH2 Q7 7B bi Q /2" T2MjH igi BMHRW MBjHv- K]

BMMXRJ- BM ++2H2  iBM; i?2 +QMp2 ;2M+2 Q7 *S bBM:mH ~p Hm2b}
T2M Hivi2 ' Kb- *SbBM;mH ~p Hm2b ;2M2 R#Q MpQK; 22i1) HBQZBTTKB M
AM //BiBQM-i?2 2 Bb biBHH bQK2i?@M ; i@ [RIKM 2 [M B “I2i QiN Bl v
7Bt2/ TQBMib-i?2 +QMp2 :2M+2iQ bi iBQM v TQBMib + jM#2 Q#i BI
M/jXd + M #2 bQHp2/ iQ bi iBQM v TQBMic b2+QM/jX@2 QITiBKB x
MQi #2 bQHpP2/iQ QTiBK HBM i?2 +m " 2Mi HBi2 RBIB2bIPIMiB BRQb



é

an

+Nzy 1 kYb y§ "1 nda Oné An K & OAbfi «§ Beézifb Yze/z z
k3 byz Ti7é i +neyay Oné
?2m BbiB+ TT Q +?c i?B /-i?2 +QKRBOAFRBHWMP7I,H;Q Bi?KQ"

2 +? Bi2 kibBQM

i X9 _ MF 1biBK iBQM 7Q" aah*

AM a2+jBQiM2 QTiBKBx iBQNXE BEHDKHPR rMM "2 bbmK2/ iQ

#2 FMQrMX >Qr iQ /2i2 KBRIZMMR2YV BOFBMp2biB; i2/ BM i?Bb b2+iBQ
#Qi? mMM/2 @7BiiBM; M/ Qp2 @7BiiBMBR:Q#H2RbIX QOB Blp Qi BK B x
T Q#H2K Bb 7Q KmH i2/iQ 2biBKRi2MMMiBK Hp Hm2 Q7

KBM+ M
R;M
b XiX :[Z bKQdi?+[Z bT‘])2+E ,kE k|2: " UJXSV

kuMk, = 1;kviVk, = 1;8r;,m;n;

r?72°2i?2 Q#D2+iBp2 jXEM-bHi BQWVBBM il?2 KBMBKmK bmKK iBQM Q7 N
i2MBQk0qi?M/ bT b2 iZMb @ i?2 +QMKEKkBM" Bb iQ ;m ~ Mi22 bK HH
7BiiBM; 2°°Q  7Q" ++m’ i2'F @A+ iBQ@MQ MYQmM/ T ° K2i2  7Q  i?2
2 °Qi? i+ M#2 +QMbi'm+i2/ #v i?2 bB;M H' FQMOBUX "KIXQ Ual _V
h?2°2 "2 MQ 2tBbiBM; H;Q Bi?Kb BM i?2 HBi2  im 2iQ Q#i BM i?2 (
UX8 bBM+2 i?22 T@HHMMYQi #2 bQHp2/ iQ QT KMIMDQ ~ NF®IIQ M
/B77B+mHiv Bb 2Qr iQ 2t +iHv b2T "~ i2 i?2 bKQQi? M/ bT b2 +QKT
/IB77B+mHiB2b- M 27 KB+IB2/MJ MH H) BEDKTKQTQDb2/iQ T'QpB/2 ?22m
bQHMIBQM 7Q[X® @MH2BWIrQ FX h?X +;bBbAK irQ bi2Th b 7QHHQ
ai2T R-;2ii?2 BMBiB HZ2hoBKMIBQGMIRT i? i i72 bmTZT,Q@ 43Q W #2

2biBK i2/c AM ai2T k- "27BM2i32MABK j#B QM QM i?2 "2bmHi BM ai2"



kY:Y zéa2 Oez Oné A bbi+ KN

h?2 # bB+ B/2 Q7 i?2 ai2T REBOIM?H, QiBIiBR=MBEZL - i?2 H:Q Bi?K
T'Q+22R MM "2 ;Bp2M U HRQCBIPK?2 +m " 2RIQMHMME@Di 7Bi i?2
*S KQ/2H bm77B+B2MiHV /m BM; i?2 BjXW i BIQ MRAQIM 2B BQIM 22 #2 Ub
R R+1 QM M+1- M/ mMi?2 H;Q Bi?K ; BMci?2 H;Q Bi?K T Q+:
MMiBH i?2 7BiiBM; 2°°Q  Bb bK HH 2MR M;RX1AMTIPBM bT i @21 /i 22 -
7QHHQIBM; +QM/BiBQNM BM bHiELBBE2K UHBM 2

J k+1;bKQQi? k) . UjXNV
J Kl

reBM2 M+1 ? TT2Mb r?2M Bi KREIMU HBMI® i ? K

J k+1;bT b2 k+1.;bKQdi? : UjXRyV
] k+1;0KQQi?

r?2°20?2b2irQ 2" KB-LMERZly M Jeaibt bz kabioolz. ~2 22 *2H iBp2 +? M;(

j k+1:bKQQl?

BM; * i2b Q7 7BiiBM; 2°°Q  #v mT/ iBM: i?2 bKQQi? +QKTQM2Mib N

+m RMMM - "2bT2+iBp2Bilve?2 7BiiBM; R+IQBiZi2BQMEoqi-M/

1:bT b2 21?2 7BiiBM; 2 °Q b 7i2  mT/ iBM; bKQQi? +QKTQM2Mib M,
k+1 Bi2  iBQM- "2bT2+iBpBHVG?M/b?QH/ 7Q  i?2 "2H iBp2 +? M;BM;
i?72 "2H iBp2 +? M;BM; " i2 Bb bK HH2RiIQM BD2BiM+2 R2I60H /#v RX 6Q"

BM+ 2Rb2i”2 "2H i2/ p "B #H2b "2 mT/ i 2/@RMQ H;® WEEM®MBH 2 i? 2

"2H i2/p "B #H2b 7iM BM-MIZ/biRMi? Qm FRKEBEM2 b ; Q KXi? K

712  ai2T R-i?2BMBIi & pk@HMBE piB@MM #2 Q#i BM2/X " D2/ @M i?2
i72 bmTTQ@4WirQF M #2 2biBK i2/ #v b2iiBM; mT i? 2b?QH/ kb b?2QrM
HBRI@M K2Hv- Z+iBMHj2S2 +2M)-;2%2 2 T (+iBH22M)j Bdbi?2 J iH #
7mMM+iBQMi? i "2im Mb T2 +2MiBH2b Q7 i?2 2H2K2Mib BM / i p2+iC
BM i?2 BMOAOPDHAM ai2T k- i?2 bKQQi Z +QKBOMEMiB2" "27BM2/ # b



an

+Nzy 9 kyb y1 "1 ida Onée Adi K & OAbA «f Bezlfb fze/z2 O¢é
jy byz fif7é i +ieyay Ofé
QM oo #V MbBM;i?2 b K2 MFBM+ 2 bBM; b+?2K2 BM KiRBM2b b?Q
RN@K@2 bT b2 +QKZIL,QMBMibm i?2° "27BMR/ #MR2 L QMb? Qm;?
i?2° MF BM+' 2 bBM; b+?2K2 b bR&BWMN®|dH; QOQBMKbQ- i?2 bT “bB|
H2p2H + M #2 +QMi"QHH2/ #v i?2 imMBM; T >~ K2i2 - M K2Hv- S2 +2N\

iX8 * b2 aim/B2b

hQ2p Hm i2i?2T2 ' 7Q 'K M+2Q7i?2T ' QTQb2/aah*-MmK2 B+ H M/
+QM/m+i2/ BMi?Bb b2+ijK@MRQAMDKTHBIQMvV bvMi?2iB+ BK ;2 bi'2 K
t@ vBK ;2bi 2 Kb# b2/ bBKmH iBQM "2 mb2/7Q BHHmMmMbi  iBQM (
aah*X AM aZXi8k H@rQ H/ i?72 K HBK ;2 bi 2 Kb+ Tim 2/ 7 QK
T'BMi2/ T i "2 mb2/iQ /2KQMbi' i2i?2 T '2/B+iBQM ++m > +v Q7 Qr
> G_h*iN-G_h*@ho@-ARA6C@GC I-6"*S@BY(M/ aS8R- "2 b2H2+i2/
b#2M+?K "Fb 7Q° +QKT "BbQM rBi? i?2 T°QTQb2/ aah*-r?B+? '2b
BM i?2 "2H i2/ "2 X > G_h*Bb # bB+ HQr@ MF i2MbQ  +QKTH2i
ho@AA M/ alJ6@G_h* "2 HQr@ MF i2MbQ  +QKTH2iBQM KQ/2Hb rE
6"*S@h* M/ aS* 2 i?2irQ KQbi 277B+B2Mi i2MbQ > +QKTH2iBQM K
/I2+QKTQbBIiBQMX h?2 +Q/2b Q7 aah* 2 BKTH2K2Mi2/ BM J iH # &
+QKTmi2 " mb2/BM i?2 2tT2 ' BRQMIB B+ MAQiIiBH @e3ky>Z UZm / *Q°
:>X- jXey :>x hm #Q-3J" 98qgVX

S K2i2  imMBM; M/ T2 7Q K M+2 28QMnH HBEPMjBQMb 2ji4@TRb2+iB
i?2imMBM; T > K2i2'b “2/2i2 KBM2/ #v " eR3bBK MIH2ZIK B K BX BBQMiH #
aT2+B7B+ HHv- kyW Q7 Q#b2 p2/ TBt2Hb "2 M/QKHv b2H2+i2/ bp
"2 i° BM2/ QM i?2 "2K BMBM; 3yW Q7 Q#b2 p2/ TBt2HbX h?2 H;QF



KYOY +2 b 2079 iR
H;Q Bi?Kakh* U MF 2biBK iBQMV H;Q Bi?K
AMTmX, ;p; ; ; 1, 2;aLls - S27+2Mi ;2b
PmiTmR;M -fgr;u (1);:::' (N)gr f miv ();:::' (N)gm -1 "Z bKQQIZ bT b2
RAMBIB HBXxRBQWM =1 -fgr;ul® ;i u™oRy § mivi® v oM, -E = X Z bkogi» Z b7 '6E =0 -
k 0-y k EkZ;"=10 3L /0kx k2
ai2T R, 1biBK i2 aKQQi? M/ aT ‘b2 *QKTQM2Mib
K,r?BHZ >" /Q
i, T i2fgu® ™R, mbBM; H;QRBIRM @Ry
9, E=X ZbKQQl’)ZbT BE =0 - (u1;bKkQQizsk EkZ
8, B?k+1 bKQQm i22M
e, R R+1-BMB|Bu#RH3x2u JgX aEr = E- IT/ ik mbBMXRY
d, E E gRU(l) EQN)-E 0- k+1;bKQQi?k EkF
3, 2M/B7
N, IT/7i2f mivd ;v g™, mbBM; H;QRBIRMZDA@ R 3
Ry, E=X Zyukgqgi? ZbT" b£ =0 - k+1:b7 ‘b2k EKZ
RR BJ, k+1 ;bT b2 k+1;bKQQik i?72M
! J k+1;bKQQibk ’
Rk, M M+1-BMBiBViBx2v{\)gX aEy = E-IT/ i2y mbBMXRY
H 1 N
Rj, E E wmvy VI CE 0- ka1ibT ok EKZ
R9, 2mM/ B7
R8, i1 = ks o1 bk  k+1
Re2M/ r?BH2
ai2T k, _27BM2 aKQQi? M/ aT ‘b2 *QKTQM2Mib
RleBKBM i2amTTQ ib Q7 aT "'b2 *QKEFMSMilbf(is;:::in):jZ b1 ~dbe;iiiin)ij T +iBH2T o2

)i; S2°+2Mi)g2b

R3,2@AMBiB HBx RBOM-Ry;u®;:::; uMgR CE = X Z pkooiE okoois= 0k 0- Kk EKE;"
10 aL_/10 kx ) iL(F

RNr?BHZ > /(KQQQ'

Ky, 1T/ i2fg;u® ;o0 gR, mbBM; H;QRBIRM @Ry

KR, E=X  Z1bkQoif ,0q=0" kst k EKZ

kk, B#kf—k‘ i?22M

Kij, R R+1-BMBiBufBx2;uM)gX aEgr=E- IT/ iZr mbBMXRY

k9, E E gu? UR' B oo O ki1 K EKZ

k8, 2m/B7

ke, kK k+1

kd2M/ r?BH2

K3,2@AMBIB HBx NMBRMfkm;vid ;v g™ | -E= X Z pkooi» Z b7 '5E =0-k 0- , k EKZ;"

10 alL /10kx k2
kKNr?BHZ >" /Q
jy 1T/ i2f m;vﬁﬁ);:::; (N)gm -, MbBM; H;QRBIEMZ2D@R3
JR, E=X Zpkogi?Zbr 'bE =0- 441 k EKZ
jk, BhRx1 i?2M

IS

ii M M+1-BMBiBViPBx2 v gX aEy = E-IT/ i2y mbBMXRY
}g ZME/BI; wv VO E 0- wm k EK2

e, k k+1

jd,2M/ r?BH2

13Z b1 b2 Z b7 d2 N bkQQ)?




+Nzy 1 kYb ¢y "7 na Ofé An K a OAbA «Y Beéezifb fTze/z

7 é
ik by Ti1é A +heyay OnRé

an

b K2 H2p2H Q7 7BiiBM; 2" Q"  BM i2 Kb Q7 aL_-r?B+? Bbi?2 QMHv T
h?2 K2 Mb[m “2/2°Q  UJalV Q7i?2p HB/ iBQM2 "Q Bbi 2 i2/ bi?
#2 QTiBKBx2/ BM " v2bB M PTiBKBx iBQMX h?2 T 2/B+iBQM ++m" -
BM i2 Kb Q70?2 2H iBp2 bi M/ */ 2¥%g%y amM2?mMTR2AVE;M H@iQ@ N
" iBQ USalL_\)227{BMPOHIRQIZ /Jad-r?212 (Bbi?2 K tBKmK BMi2MbB
M/ JalBbK2 Mb[m “2/2°Q X h?2HQr2  _alQ i?2?B;?2 SalL_Bb-
T2 7Q K M+2 rBHH #2X HH M Hvb2b BM i?Bb rQ ' F 2 "2T2 i2/ Ryy
bi M/ "/ 2°°Q  UalV 7Q  +QKT "BbQMX

jX8XR LmK2'B+ H* b2 aim/B2b
S2°7Q°K M+2 1p Hm iBQM QM avMi?2iB+ k@. AK ;2

MmK2 B+ H + b2 bim/vQMbvMi?2iB+k@.BK :2Bb T2 7Q°K2/iQb?
T 2/B+ii?2 bKQQi? M/ bT b2 +QKTQM2Mib bbmKBM; i? ii?2 :°Qml
bT b2 +QKTQM2Mib 2 FMQrM iQ mbX 6m i?2 KQ 2- b2MbBiBpBiv
T ° K2i2'b Bb HbQ +QM/m+i2/ 222X

UVavMi?2iB+ k@. AIKENV2avMi?2iB+ k@. AK ;2 rBi? kyW
KBbbBM; TBt2Hb

6B:m 2 jXj, oBbm HBx iBQM Q7 bvMi?2iB+ k@. BK ;2 M/ Bib Q#b2"



KYOY +7 Tb 207 Ji

2b+ BTiBQM Q7 / i ;2MR?2B@M2 Q7 vMi?2iBLEk @RRB K22 B ;2

0 06 04
Bb;2M2  i2/7°QK k@.: mbbB M/Bb%&#rfwi/Bm\/@r[B&KM+ X
0 04 1

h?2 BK ;2 Bb i 2 62/6 b[m "2 rBi? Q' B;BM BM i?2 +2Mi2 iQ ;2i i?2 TB1
i?72k@.: mbbB M /Bbi'B#miBQMX 1 +? TBt2H[BAM:3P OB R T22BR MI@ b -
i72 bKQQi? +QKTQM2Mib b b?QrM BM i?2 mTX®2 MZHHBTM2 BM ;6 k
b?QrM BM i?2 #QiiQK H27i + QB mMOZ/6B; mBXmH i2 i?2 bT b2 +QK
r?B+? Bb //2/iQ i?2 bKQQi? +QKTQM2Mib iQ 2T 2b2Mi i?2 bvMi?2il
6 B ; mjX@jX

6B:m 2 jX9, avMi?2iB+ k@. bKQQi? M/ bT b2 +QKTQM2Mib T 2/B+i
M/ Bib T 2/B+iBQM 2 °Q" K TX

AM i?Bb 2tT2 BK2Mi- irQ + b2b "2 BMp2biB; i2/, U Vh?2 T 2/B+ iB(C
bT b2 +QKTQM2Mib Q7 Qm’ aah* QM bvMi?2iB+ k@. BK :2X U#V &
imMBM; T~ K2i2'b Q7 Qm  aah* H;QpBaElK- MMK BRRVv+2Mi ;2bX



é

an

+Nzy 9 kyb y1 "7 ida Onée Ad K & OAbA «f Bezlfb fze/zz
i9 byz fif7é i +ieyay Ofé
* p2 U V "2bmiQ@bi2bi i?2 T 2/B+ iBQM ++m> +v Q7 bKQQi? M/ bT "k
Qm > aah* QM bvMi?2iB+ k@. BK ;2-/B772 2Mi " iBQb Q7 KBbbBM; TB
3yW- M/ NyW- "2bT2+iBp2Hv- "2 +QMbB/2 2/X h?2 T°QTQb2/ aah
T2 7Q K M+2 #v bPibPM];, =1[0:2,02], 1= ,=0:0, =0:01- aL_48y /"

M/ S2 +2Mi ;2b4Nd b i?2 BMThRX 6@ H?Q BiPKQ7 kyW KBbbBM; TBt
Q#b2 p iIBQM Q7 bvMi?2iB+ k@ . BKjX22B8bDd2 QM BMBByKQDi? M/ bT
+QKTQM2Mib #v Qm" aah* “2 b?QrM BM i?2 bj2+0Q M8 +QUPOKMiQ 7 6B
Qm > K2i?Q/+ M ++m" i2Hv '2+Qp2  i?2bKQQi? M/bT b2 +QKTQM?2
6B;mXH?2Qrb i?2 2 "Q K T Q7 bKQQi? M/ bT b2 +QKTQM2Mib T 2/
+QKTQM2Mib T 2/B+iBQM Bb p2'v ++m” i2r?BH2i?2°2 "2bQK2 2 ¢
T 2/B+iBQM + mb2/ #v i?2 KBbbBM; TBt2HbX 6m’i?2 'KQ 2- _al M/
7Q  /B772°2Mi " iBQb Q7 KBbbBM; TBt2HYR 2?2@m KiKm Bix2? @M h2# Hi2
T 2/B+iBQM ++m" +v /2+°2 b2b r?2M i?2 * iBQ Q7 KBbbBM; TBt2HLb
T'2/B+iBQM ++m’ +v Q7 bT b2 +QKTQM2Mib Bb TQQ  r?2M i?2 " i
bBM+2 i?2 KBbbBM; TBt2Hb K2bb mT i?2 bT b2 72 im 2b BM i?2/ i ]
TBt2Hb Bb HQr-i?2 T 2/B+ iBQM ++m’ +v7Q #Qi? bKQQi? M/ bT °

JBbbBNaKQQi? *QKTQHMRNMbE *QKTQM2MiQi H
T iBQ _al SaL_ | _ail SaL_ | a1l SalL _

kyWJZ MyXyyyN d3X39¢¥XRyNe jdXydyeddkN 9RX99ed
al | yXyyy3 JXN33yXyy9y yXpMENYYy3 yXjoye

9yW‘]2 MyXyye3 9NXNekNR99d j 8IXyoXkjyw 9 j3XNd9k
al | yXyyRd jX9NeeXyyeR yXyX8y Ry yXjyye

eyWJZ MyXyRyR 9eXRORBRNdK kX $PRY jeX9k3R
al | yXyykd kX8ddkXyRyd yXPB8RYyky yX98j3

3yW‘]2 MyXyd9] k8XNjeMNXj38N ke XyNAON/B8] kNX3yde
al | yXyydR yXNKkN&Xyky9 yX9&XMy8j yX8jkR

NyWJZ MyXRj3k kyXRO$¥8kj8 kKOXKBEROK9 k8X8j3N
al| yXyy99 yXkdjgXyRyj yXRHEg8j3 yXkjkR

h #H42 jXR, _al M/ SalL_Q7 Ryy '2T2iBiBQMb 7Q  /B772 2Mi " B!



kY9Y +Zz T b 207 i8

* b2 U#V "2bmANbQm™ H;®@ B?2K2 "2 b2p2° HT " K2i2'b + M #2 im
mb2'bX KQM;;iZzpKaL_- M/ S2 +2Mi ;2b "2 /Bb+mbb2/ 7Q  b2MbB
bBM#2;, 2T K2i2'b7Q" /2i2°KBMBM; bT22/b Q7 i?2 QTiBKBx iB
"2 MQi bB;MB7B+ Mi iQ i?2 7BM HbQHmMIiBQMX h?2 + b2 Q7 3yW K
? pBM; i?72 /127 mHi=ER@5®3Y ; =[0:2,02], 1= ,=0:0, =0:01- aL_48y

/" M/ S2°+2Mi ;2b4NdX 1 +? T ~ K2i2  Bb bipe/B;2/7Q; 2R bBBBDBiv
M HvbBbX 6Q° 2t KTBH2+Q@MMB AL -- M/ S2 +2Mi ;2b 2 NMBt2y-

iQ;2i?2  pBi?;2X h?2 "2bmHib Q7 _al "2 TH&RLi2/ PIXS2 +2Mi ;2b BM
6B;mX8 | X8H#XB8+M|X8/"2bT2+iBp2HVvX h?2 "2bmHib b?QmE2i Qm™ K2i

UV alpbX U#V _al pbX U+V _alpbX aUV _al pbX S2'+2Mi@
12b

6B;m 2 jX8, a2MbBiBpBiv M HvbBb Q7;ma&dl QMM/ SK2H2MG ;2b X

?2 b #2ii2° T'2/B+iBQM p=Mm7QVKDM + b2b BXR6B2IN 20228 b
"2+QKK2M/2/ 7Q° Qm’ K2ii?Q/XNBRO5] Bb "2+QKK2M/2/ # b2/ QM 6B ;|
jX8 6Q i?2 " ND;O503]Bb "2+QKK2M/2/ # b2/ 68 ml2 - i?2 H ;2"
i?72 aL_ Bb-i?2 bK HH2 7BiiBM; 2°°Q QM i?2 Q#b2 p2/ TBt2HbX >(
Q bK HH-Bi H2 /biQ Qp2 7BiiBM; Q" m M35 66BBIB M;XQKK 2MI22 7 QW ;
aL_X 6Q S2 +2Mi ;2b-Bi+ M#2 pB2r2/ bbT "bBivH2p2H-r?B+? Btk



	Titlepage
	Abstract
	General Audience Abstract
	Dedication
	Acknowledgements
	List of Figures
	List of Tables
	Introduction
	Background and Motivation
	Research Objectives
	Dissertation Organization

	Research and Literature Review
	Research Overview
	Literature Review
	Spatial and Temporal Resolution Requirement in AM
	Feature Extraction for High Dimensional Data in AM
	Sequential Design of Experiments in AM


	Super Resolution for Multi-Sources Image Stream Data using Smooth and Sparse Tensor Completion
	Introduction
	Theoretical Foundation of Related Work
	Smooth PARAFAC Tensor Completion
	Smooth Sparse Decomposition
	Relationship with Proposed Method

	Proposed Method
	Formulation of Smooth and Sparse Tensor Completion
	Optimization Algorithm for Known Ranks SSTC
	Convergence of Initial SSTC Algorithm

	Rank Estimation for SSTC
	Case Studies
	Numerical Case Studies
	Real-World Case Study

	Conclusion

	Clustered Discriminant Regression for High Dimensional Data Feature Extraction
	Introduction
	Research background
	Feature Extraction for Classification
	Clustering and Variable Selection in Regression
	Research Gap Identification

	Proposed Method
	Unified Formulation for the First Two Steps Procedure
	Equivalent Formulation

	Proposed CDR Algorithm
	Numerical Study
	Simulation Data Generation
	Numerical Results

	Real-World Case Studies
	Arcene Cancer Classification
	Polymer Additive Manufacturing Process
	Metal Additive Manufacturing Process

	Conclusion

	Robust Tensor Decomposition based Background/Foreground Separation in Noisy Videos
	Introduction
	Notation and Research Background
	Notation and Tensor Basis
	Related Work
	Research Gap Identification

	Proposed Method
	Proposed Smooth Sparse RTD Model
	Optimization Algorithm
	Implementation Details and Complexity Analysis

	Numerical Studies
	Convergence and Sensitivity Analysis
	Background Subtraction
	Foreground Detection

	Application in Additive Manufacturing
	Conclusion

	Multi-Task Gaussian Process Upper Confidence Bound for Hyperparameter Tuning
	Introduction
	Proposed Method
	Theoretical Foundations of Bayesian Optimization
	Multi-Task Gaussian Process Upper Confidence Bound

	Regret Analysis for Multi-Task Gaussian Process Upper Confidence Bound
	Numerical Study
	Experimental Settings
	Numerical Results

	Real-World Case Studies
	Application 1: Fast Cross-Validation for Hyperparameter Tuning
	Application 2: Raw material Properties Determination for Flow-3D Weld

	Conclusion

	Conclusions and Future work
	Bibliography
	Appendices
	Appendix Proofs in Chapter 3
	Proof of Lemma 3.1
	Updating Rule for Smooth Local Optimization Problem
	Updating Rule for Sparse Local Optimization Problem
	Proof of Theorem 3.2

	Appendix Proofs in Chapter 4
	Proof of Theorem 4.1
	Proof of Lemma 4.2
	Proof of Theorem 4.3

	Appendix Proofs in Chapter 5
	Derivations for algorithm 3 

	Appendix Proofs in Chapter 6
	Proof of Theorem 6.3
	Proof of Theorem 6.3 under Conditions (1) or (3)
	Proof of Theorem 6.3 under Condition (2)



