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ABSTRACT

New upwind kinetic-difference schemes have been developed for flows with non-
equilibrium thermodynamics and chemistry. These schemes are derived from the
Boltzmann equation with the resulting Euler schemes developed as moments of the
discretized Boltzmann scheme with a locally Maxwellian velocity distribution. Ap-
plication of a directionally-split Courant-Isaacson-Rees (CIR) scheme at the Boltz-
mann level results in a flux-vector splitting scheme at the Euler level and is called
Kinetic Flux-Vector Splitting (KFVS). Extension to flows with finite-rate chem-
istry and vibrational relaxation is accomplished utilizing non-equilibrium kinetic
theory. Computational examples are presented comparing KFVS with the schemes
of Van-Leer and Roe for quasi-one-dimensional flow through a supersonic diffuser,
inviscid flow through two-dimensional inlet,-viscous flow over a cone at zero angle-
of-attack, and shock-induced combustion/detonation in a premixed hydrogen-air
mixture. Calculations are also shown for the transonic flow over a bump in a chan-
nel and the transonic flow over an NACA 0012 airfoil. The results show that even
though the KFVS scheme is a Riemann solver at the kinetic level, its behavior at
the Euler level is more similar to the the existing flux-vector splitting algorithms

than to the flux-difference splitting scheme of Roe.

A new approach toward the development of a genuinely multi-dimensional Rie-
mann solver is also presented. The scheme is based on the same kinetic theory
considerations used in the development of the KFVS scheme. The work has been
motivated by the recent progress on multi-dimensional upwind schemes by the

groups at the University of Michigan and the Von Karman Institute. These re-
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searchers have developed effective upwind schemes for the multi-dimensional linear
advection equation using a cell-vertex fluctuation-splitting approach on unstruc-
tured grids of triangles or tetrahedra. They have made preliminary applications
to the Euler equations using several wave decomposition models of the flux deriva-
tive. The issue of the appropriate wave model does not appear to be adequately
resolved. The approach taken in the present work is to apply these new multi-
dimensional upwind schemes for the scalar advection equation at the Boltzmann
level. The resulting Euler schemes are obtained as moments of the fluctuations in
the Maxwellian distribution function. The development is significantly more com-
plicated than standard (dimensionally-split) kinetic schemes in that the Boltzmann
discretization depends upon the direction of the molecular velocities which must
be accounted for in the limits of integration in velocity space. The theoretical is-
sues have been solved through analytic quadrature and Euler schemes have been
developed. For this formulation it was not necessary to prescribe any explicit wave
decomposition model. Encouraging preliminary results have been obtained for per-
fect gases on uniform Cartesian meshes with first-order spatial accuracy. Results
are presented for a 29° shock reflection, a 45° shear discontinuity, and Mach 3 flow
over a step.

Finally, methods for obtaining accurate gas-dynamic simulations in the contin-
uum transition regime are considered. In particular, large departures from trans-
lational equilibrium are modeled using algorithms based on the Burnett equations
instead of the Navier-Stokes equations. Here, the same continuum formulation
of the governing equations is retained, but new constitutive relations based on
higher-order Chapman-Enskog theory are introduced. Both a rotational relaxation
model and a bulk-viscosity model have been considered for simulating rotational

non-equilibrium. Results are presented for hypersonic normal shock calculations
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in argon and diatomic nitrogen and comparisons are made with Direct Simulation
Monte Carlo (DSMC) results. The present work closely follows that of the group
at Stanford, however, the use of upwind schemes and the bulk-viscosity model

represent new contributions.
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Chapter 1

Introduction

1.1 General Problem Description

The effective design of high performance aerospace vehicles and propulsion sys-
tems requires advanced algorithms that are capable of accurately computing the
complex fluid phenomena occurring around the vehicle as well as within the inlets,
combustors, and nozzles. The emphasis of this work is placed on numerical algo-
rithms for hypersonic flows and supersonic/hypersonic combustion. Here, the high
temperatures and large flow gradients brought on by either combustion processes or
high speeds of flight result in finite-rate chemical and energy exchange phenomena.
The primary complication associated with chemical and thermal non-equilibrium
is the introduction of a wide range of time scales involved in the thermo-chemical
processes that may be very different from the fluid-dynamic time scale. For the gen-
eral case, the chemical rate processes, the non-equilibrium thermal state of the gas,
and the fluid dynamics are strongly coupled. The accurate resolution of the many
time scales present requires solving additional species mass conservation equations
and non-equilibrium internal energy equations in a fully-coupled manner with the
fluid-dynamic equations. Calculations of this type become very intense computa-
tionally and require large amounts of computer memory and computational time.
In addition to the consideration of highly vectorized and parallel codes, emphasis
must be placed on extremely accurate algorithms so that the important features

of the flowfield may be resolved with as few grid points as possible. The primary
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objective of this work is the development of advanced numerical algorithms for

calculating hypersonic flows and supersonic/hypersonic combustion.
1.2 Upwind Methods

The major contribution of this work is the development of accurate and robust
upwind methods for modeling the inviscid nature of the flowfield, while within
the framework of general thermo-chemical considerations. The benefits of upwind
schemes, where the discretization of the inviscid fluxes is accomplished by flux-
vector or flux-difference splitting methods, have been fully documented, e.g., see
the review articles of Harten, Lax and Van Leer [1] and Roe [2]. These schemes
are found to be very accurate and robust for transonic, supersonic and hypersonic
flows and are known for their nearly oscillation-free behavior in shock capturing
approaches. Several of the more popular upwind algorithms are the flux-vector
splitting methods due to Steger and Warming [3] and to Van Leer [4] and the
flux-difference splitting technique of Roe [5]. These schemes, initially developed
for perfect gases, have been extended to flows with real gases, e.g., Grossman and
Walters [6,7] and to flows in chemical and thermal non-equilibrium, e.g., Grossman

and Cinnella [8].
1.2.1 Kinetic Flux-Vector Splitting

All of the previously mentioned upwind algorithms originate from the Euler
equations for gas dynamics. The Euler equations, however, can be obtained as
moments of the Boltzmann equation for the kinetic theory of gases provided the
velocity distribution function is Maxwellian [9]. This connection between the Boltz-
mann equation and the Euler equations has lead to a new class of upwind kinetic
schemes which are based on the principle that an upwind scheme at the Boltzmann

level leads to an upwind scheme at the Euler level. Kinetic-difference schemes for
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the Euler equations have been developed by Deshpande [10-13] and his cowork-
ers. In their approach the resulting Euler schemes are developed as moments of
the discretized Boltzmann scheme with a locally Maxwellian velocity distribution.
Splitting the velocity distribution at the Boltzmann level in a Courant-Isaacson-
Rees (CIR) sense, is seen to result in a flux-split Euler scheme called Kinetic Flux-
Vector Splitting (KFVS) in Refs. [11], [12], and [13]. Similar differential-difference
schemes with kinetic-based dissipation have been developed in Russia by Elizarova
and Chetverushkin [14-16], where many applications to high-speed gasdynamic
flows have been performed. Recently Weatherill [17] et al. have applied the KFVS

scheme to unstructured grids.

In the present work the KFVS scheme, which was initially developed for perfect
gases, is extended to flows with chemical and thermodynamic non-equilibrium by
means of non-equilibrium kinetic theory [18]. The details of the theoretical ap-
proach are described in Chap. 6 and the resulting Euler schemes will be discussed.
The behavior of the KFVS algorithm is examined for solving the Euler equations,
the Navier-Stokes equations, and flows with both finite-rate-chemistry and vibra-
tional relaxation. The results are compared with some of the more well-known

upwind schemes in use today.
1.2.2 Multi-Dimensional Kinetic Fluctuation Splitting

To effectively compute the reacting flowfields around hypersonic vehicles as
well as within high speed inlets and combustors, solvers must be capable of accu-
rately resolving very complex fluid-dynamic phenomena, in addition to modeling
the thermo-chemical rate processes. For instance, the flow inside an inlet is highly
three-dimensional and possibly turbulent depending on the flight Reynolds number.

The flowfield is characterized by complex shock-expansion-wave interactions as well
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as strong shock-boundary-layer interactions that may result in regions of separated
flow [19]. Inside the combustor the flow dynamics are .further complicated by the
injection of fuel, the fuel-air mixing process, and the combustion process [20,21]. To
obtain accurate numerical simulations for flows of this type, solvers must be capable
of calculating highly resolved shock waves, shear and contact discontinuities, lame
fronts, mixing layers and boundary layers. Unfortunately, the current generation of
Euler and Navier-Stokes solvers are limited by their inability to accurately resolve
these fluid-dynamic phenomena when they are oriented oblique to the computa-
tional grid. This problem arises in central-difference codes because of the inability
to properly tune the numerical dissipation. In upwind codes this problem occurs be-
cause current upwind technology is essentially one-dimensional in nature and must
be implemented in a dimensionally-split approach for calculations in two and three
spatial dimensions (this is the case for all the upwind schemes mentioned earlier,
including the KFVS scheme). Treating the flowfield in a dimensionally-split man-
ner yields grid-dependent schemes which require excessive numbers of grid points
(and associated very high computational costs) to accurately resolve the critical
flow features. This problem is magnified for calculations involving chemical and
thermal non-equilibrium since additional rate equations must be solved in a cou-
pled fashion, and the species densities and non-equilibrium internal energies must
be stored at each grid point. Advanced upwind solvers must incorporate truly
multi-dimensional ideas based on more realistic physical models so that accurate
numerical simulations may be carried out with as few grid points as possible.

One approach towards the development of upwind solvers with multi-dimen-
sional behavior involves rotated or multi-directional [22] Riemann solvers. These
schemes require the choice of a dominant upwinding direction and a local Riemann

solution with left and right states that are functions of the upwinding angle. Efforts
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along these lines include the work of Davis [23], Levy [24] et al. and Dadone and
Grossman [25]. Solvers of this type have succeeded in calculating shocks oblique to
the grid with nearly the same resolution as shocks which are aligned with the grid.
However, for three-dimensional flows with complex fluid phenomena, the task of
choosing only one pertinent upwinding direction will be a formidable one. While
these schemes represent a marked improvement over directionally-split schemes
they are by no means the final answer, and still leave the CFD community in
need of truly multi-dimensional ideas. Other approaches to putting more multi-
dimensional information into Riemann solvers involve the multi-dimensional flux
function approach of Rumsey [26] et al. and Parpia and Michalek [27].

Recent progress in genuinely multi-dimensional upwind Euler solvers [28-32]
has been centered around the generalization of Roe’s one-dimensional scheme. The
basic concepts underlying the extension of Roe’s scheme for two and three dimen-
sions have been put forth in Struijs [32] et al. Three basic steps are described. Step
one requires an eigenvector decomposition of the divergence of the flux vector which
is written (as in Roe’s one-dimensional scheme) as the sum of terms of the form
(eigenvector)x(wavespeed)x(wavestrength). This process is not uniquely deter-
mined as in one space dimension and several decompositions have been introduced
which recognize and select relevant simple wave patterns. Step two is to obtain the
discretized counterpart of the previous wave decomposition based on a conservative
linearization procedure. In Ref. [32] this step is carried out for triangular cells in
two dimensions and tetrahedra in three dimensions. At this point the discretized
wave structure (orientation and corresponding advection speeds) is known in terms
of the dependent variables at the cell vertices and each of these simple waves is
governed by the linear scalar advection equation. Step three advances the solu-

tion in time in an explicit manner utilizing multi-dimensional fluctuation splitting
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schemes for the scalar advection equation, whereby decomposed portions of the
flux balance are distributed to the vertices of the computational cell. As a result,
the numerical behavior of the system is governed completely by the characteristics
of these scalar distribution schemes. Struijs et al. have considered two scalar ad-
vection schemes for triangular cells. The first scheme, called the N-scheme, is the
optimal (allows the maximum time step and has the most narrow stencil) linear
scheme satisfying positivity; it is at most first-order accurate in space. The second
scheme is a nonlinear variant of the N-scheme, termed the NN-scheme, and is both
positive and second order in space. Positivity is an important characteristic since
it prohibits the occurrence of new extrema and allows these schemes to maintain
monotone profiles across discontinuities without the need for limiters. Positivity
also imposes stability on the explicit scheme. Preliminary results using these con-
cepts [32,33] have shown improvements in shock capturing compared to standard
solvers. Although these schemes have great potential, more work is needed in the
wave modeling stage [32,34].

The objective of this work is to develop a genuinely multi-dimensional upwind
Euler solver [35]. Here, the same kinetic-theory considerations as used in the de-
velopment of the KFVS scheme will be implemented, and the schemes will utilize
a cell-vertex finite-volume approach with residual distribution strategies to send
portions of the decomposed flux residual (at the Euler level) to the cell verticies
depending on the propagation of information at the kinetic level. The first step will
be to apply the multi-dimensional linear advection schemes described in Ref. [32]
(the N-scheme and the NN-scheme) at the Boltzmann level. The resulting Euler
schemes will be obtained as moments of the fluctuations in the Maxwellian veloc-
ity distribution function. This development is significantly more complicated than

standard (dimensionally-split) kinetic schemes in that the Boltzmann discretization
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will depend upon the direction of the molecular velocities which must be accounted
for in the limits of integration in velocity space. The details of the theoretical ap-
proach are described in Chap. 7 and the resulting Euler schemes will be discussed.
It is important to note that an explicit wave decomposition model is not required

for the development of Euler schemes with this approach.

The multi-dimensional Euler solvers presented in this work consider only frozen
mixtures of thermally perfect gases that are in thermal equilibrium. The exten-
sion to flows in chemical and thermal non-equilibrium is feasible, but will not be
presented here. However, the benefits realized by the sharp resolution of flow-
field structures will be even more pronounced for cases with chemical and thermal
non-equilibrium because they are very sensitive to the resolution of discontinuities,

particularly contact surfaces

1.3 Hypersonic Shock Structure

In this portion of the work, methods are considered for obtaining accurate
gas dynamic simulations in the rarefied continuum transition regime. Within this
regime the continuum assumption still applies, but the decreased molecular col-
lision frequency causes bow shock waves to become thick when compared to the
shock stand-off distance. The interior of a shock wave is characterized by strong
gradients and large departures from translational and rotational equilibrium, and
the reéulting rotational /translational energy exchange causes the peak temperature
and peak radiation intensity to occur inside the shock wave itself. For these reasons,
it is no longer valid to treat the shock wave as a discontinuous jump and it becomes
necessary to actually compute through the shock wave [36,37]. The altitude limits

for this regime are discussed in Ref. [36] and depend on the vehicle size and speed.

The fundamental problem associated with calculating in this regime is that the
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Navier-Stokes equations do not contain the necessary physics to accurately predict
hypersonic shock structure [36,38]. The primary reason for this is that the Navier-
Stokes equations were derived from a first-order Chapman-Enskog expansion about
the Maxwellian velocity distribution function, and are therefore only valid for small
departures from local translational equilibrium [9]. The need for improved methods
for calculating in the continuum transition regime has lead to the recent work by
the research group at Stanford. These researchers have considered the use of the
Burnett equations as an alternative to Navier-Stokes for this regime. The Burnett
equations are derived by retaining second-order terms in the Chapman-Enskog
procedure and should be valid for larger departures from translational equilibrium
[9,36]. Here, the continuum formulation of the governing equations is retained, but
quadratic constitutive relations for the shear stress and heat flux are introduced
[39]. Fiscko and Chapman [40,41] were the first to calculate Burnett solutions for
hypersonic shock waves. They implemented a time-dependent equation set and
marched in time to the steady-state solution. Calculations have been performed up
to Mach 50 for three types of gases; hard-sphere, argon, and Maxwellian. Earlier
attempts to calculate shock structure with the Burnett equations were based on
a steady-state formulation and could not obtain solutions above Mach 2 [42,43].
The Stanford group also discovered that the Burnett equations tend to become
unstable as the mesh spacing is refined. This problem is now understood and has
been addressed by Zong [44] et al. who have shown that the Burnett equations may
be stabilized by adding select so called Super-Burnett terms. These terms include
cubic shear stress and heat flux constitutive relations. A major drawback of the

Burnett equations is their overwhelming complexity.

Equally important in the prediction of hypersonic shock structure is the ability

to model rotational non-equilibrium [36,37,45,46] . Here, the rotational/translation-

Introduction 8



al energy exchange causes the peak temperature to occur inside the shock wave, and
correct modeling of this phenomena is necessary for obtaining accurate predictions
of radiative heating. Wang Chang and Uhlenbeck [47] were the first to carry out
first-order Chapman-Enskog theory for gases with an internal energy mode. They
have shown that when the energy exchange occurs freely so that the rotational
energy is essentially at all times in equilibrium at the translational temperature,
the system yields the Navier-Stokes equations plus an additional bulk-viscosity
term. For cases where the relaxation time for rotation is significant and large
deviations from rotational equilibrium occur, the system yields the Navier-Stokes
equations with an additional rate equation (in the form of a Landau-Teller type
model) describing the relaxation of the rotational mode. The rotational collision
numbers that appear in this formulation have been obtained theoretically by Parker
[48] and Lordi and Mates [49]. To the authors knowledge, no one has carried
out second-order Chapman-Enskog theory for an internal energy mode, however,
it is generally assumed that the same treatment of rotational energy is valid in
conjunction with the Burnett equations [45]. Although the assumptions used to
derive the Landau-Teller model are probably violated in hypersonic flows [46,47],
good shock profiles have been obtained up to Mach 11 by adjusting the parameters
for the rotational collision number as suggested in Ref. [46].

In the present work, both the Navier-Stokes equations and the Burnett equa-
tions are used to model one-dimensional shock wave structure in argon and diatomic
nitrogen. Rotational non-equilibrium is modeled using either a Landau-Teller re-
laxation model or a bulk-viscosity model that has been derived from the theory of
Goldstein [50]. This work is described in Chap. 8 and parallels the research of the
Stanford group with my primary contributions being related to the bulk-viscosity

model and the use of upwind schemes.
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1.4 Overview

The subject matter of this work has been organized in the following manner.
Chaps. 2 - 5 are of a general descriptive nature and set the stage for the detailed
analysis to follow. These chapters do not represent new contributions. In Chap. 2
the thermally perfect gas and continuum assumptions are described. A general de-
scription of chemical reactions and internal energy modes is given and the concept
of non-equilibrium processes in gas dynamics is introduced. Also, the framework
for the general thermal and chemical models will be addressed. In Chap. 3 the
necessary kinetic theory for mixtures in chemical and thermal non-equilibrium is
presented. Here the velocity distribution function and the Boltzmann equation are
introduced and the governing equations for mixtures of thermally perfect gases in
chemical and thermal non-equilibrium are derived via moments of the Boltzmann
equation. Finally, the governing equations are extended to generalized coordinates
and the more general integral form is given. A simplified quasi-one-dimensional
equation set is also presented. In Chap. 4 the chemical and thermal source term
modeling is considered. Here, a simple high temperature air-chemistry model and
a hydrogen-air combustion model are introduced along with Landau-Teller models
for both vibrational/translational and rotational/translational energy exchanges.
In Chap. 5 the viscous modeling is addressed. Here, Chapman-Enskog theory is
described and the results are presented for the shear-stress tensor, the heat-flux
vector, and the diffusion velocity. Simplified curve fits and semi-emperical mixture
rules are presented as well. The bulk-viscosity model and the Burnett equations for
one space dimension are also described in this chapter. Chaps. 6 - 8 contain the new
contributions of this work. In the beginning of Chap. 6 a general introduction to

traditional upwind techniques is presented. Flux-vector splitting and flux-difference
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splitting methods are described in conjunction with a cell-centered finite-volume ap-
proach and the MUSCL formulation. The Euler-Implicit time integration method
is also described. In Sec. 6.4 the new kinetic flux-vector splitting method is de-
veloped; first for perfect gases in one space dimension following the development
of Deshpande, and then for flows in chemical and thermal non-equilibrium and for
general three-dimensional coordinate systems. Results for the KFVS scheme are
presented and comparisons are made with standard upwind solvers. In Chap. 7 the
new multi-dimensional upwind Euler solver is developed. Here, multi-dimensional
fluctuation-splitting methods are initially described in conjunction with the scalar
advection equation and then extended to the Euler equations using kinetic theory.
Three different Euler schemes are developed. Results are presented for Cartesian
meshes and comparisons are made with results from a standard dimensionally-split
kinetic-based solver. Chap. 8 gives thg basic modeling used for the hypersonic
shock-structure calculations. Numerical issues are discussed and results are pre-

sented for shock waves in argon and diatomic nitrogen.
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Chapter 2

General Thermo-Chemical Considerations

2.1 Introduction

In this chapter, the general thermo-chemical framework necessary for modeling
hypersonic flowfields and supersonic/hypersonic combustion is presented. First,
the thermally perfect gas and continuum assumptions are discussed, and their
consequences at the macroscopic level are described. These assumptions are as-
sumed to apply throughout this work. Next, a brief description of the chemical
and internal energy modes is given and the concept of non-equilibrium processes
in gas dynamics is introduced. A somewhat detailed description of translational,
rotational, vibrational, and chemical non-equilibrium processes is then presented,
again with emphasis on their consequences at the gas-dynamic level. Finally, the
general non-equilibrium thermodynamic model and finite-rate chemistry model is
stated, and several “practical” thermodynamic models are discussed for modeling
vibrational and rotational non-equilibrium. Throughout this chapter emphasis is
placed on a molecular description wherever possible since a clear physical picture at

the microscopic level is essential to the understanding of macroscopic gas dynamics.
2.1.1 Thermally Perfect Gases

At the molecular level a gas is composed of a large number of very small indi-
vidual molecules, not necessarily of the same species, that are in a state of constant
motion. Each molecule travels with its own, possibly unique, molecular velocity

which may be altered by external body forces, intermolecular forces, and by col-
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lisions with other molecules and with any boundaries that may be present. The
scope of this work is confined to gases with relatively low densities and moderate
to high temperatures so that the order-of-magnitude estimates corresponding to a
thermally perfect gas are valid. That is, the range of intermolecular forces is much
smaller than the average molecular spacing which is in turn much smaller than
the average distance a molecule travels between collisions. This representation of a
gas implies a “straight-line trajectory through relatively empty space interrupted
occasionally by abrupt collisions [9]” . Hence, the particles are weakly interacting
and intermolecular effects are not present; except during collisions. The major con-
sequence of thermally perfect gases is that the internal energy becomes a function
of temperature only. Each species (denoted by s) in a mixture of thermally perfect

gases has a partial pressure given by
Ps = ps R, T, (21)

where p, is the species density, T is the absolute temperature as defined in classical

thermodynamics, and R, is the species gas constant determined as
R
Ro=2, (2.2)

Here, R is the universal gas constant and rn, is the species molecular weight. Strictly
related to the thermally perfect gas assumption is the validity of Dalton’s Law for
obtaining the total mixture pressure from the summation of the species partial

pressures. That is, for a mixture of N species

N N .
r= ZP: = ZPJRBT = pRT, (2.3)

s=1 s=1

where the mixture gas constant, R, and the mixture density p have been introduced

and are defined as

N
R:};l *R,, (2.4)

 |®
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and
N

p= Z_; ps - (2.5)
The foregoing equation of state was derived empirically, strictly for a gas in com-
plete thermodynamic equilibrium, i.e., classical thermodynamics. In Chapter 3
the same form as Eqs. (2.1) and (2.3) will be obtained using the kinetic pres-
sure and temperature (i.e., translational temperature), and will be valid in cases
of translational equilibrium as well as in non-equilibrium situations. For cases of
translational non-equilibrium, the situation may arise where electrons (or other ex-
tremely light particles) may exist at a kinetic temperature different from the heavy
particle translational temperature. This issue is discussed in Sec. 2.2.1. For this

case the equation of state becomes

N N-1

p= ;pa = Zl ps RT + peR.T. (2.6)
where the Nth index represents free electrons and is handled separately at the
electron translational temperature, T.. In the present work multiple translational
temperatures are not considered and the equation of state, Eq. (2.3), is sufficient.
From experience, it has been confirmed that Egs. (2.1) and (2.3) are valid for
situations of chemical non-equilibrium given the instantaneous chemical composi-
tion. When chemical reactions occur the gas mixture, as a whole, does not behave
as a thermally perfect gas, i.e., R is not constant. However, each chemical species
in the mixture is assumed to behave separately as a thermally perfect gas so that
only mixtures of thermally perfect gases are considered. Equations (2.1) and (2.3)
are further assumed to be valid in the presence of thermal non-equilibrium such
as vibrational or rotational non-equilibrium which are discussed in the following

sections.
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2.1.2 Continuum Gas Dynamics

This work is also confined to gases with densities large enough so that the
the continuum assumption is valid, i.e., the gas may be considered a continuous
medium. In continuum gas dynamics the entire flowfield may divided into a large
number of subsystems called fluid elements. Each fluid element is of infinitesimal
size compared to the macroscopic scale but large enough at the microscopic level
to consist of a sufficiently large number of molecules 50 that meaningful molecular
averages may be obtained. If there is no motion of the gas at the macroscopic
level then the microscopic motion is purely random with no preferred direction.
Continuum gas dynamics arises when the motion of a sufficiently large number of
molecules in the fluid element tends to dominate the motion of individual molecules.
When this occurs the average molecular velocity for a fluid element is non-zero and
gives rises to the flow velocity at the macroscopic level. The close proximity of the
fluid elements in continuum gas dynamics gives rise to interactions between fluid
elements that tend to dominate the motion of the individual molecules within.
Hence, we may view the resulting motion, collectively, as the molecular motion of
thermal translation superimposed on the average flow velocity associated with a
fluid element. The macroscopic flow variables of pressure, temperature, entropy,
and so on, typically associated with gas dynamics, are defined as molecular averages
for a fluid element. For instance, temperature is related to the average kinetic
energy of thermal molecular motion within a gas. Pressure, for a thermally perfect
gas, is given by a momentum flux due to the thermal motion of molecules crossing

an imaginary boundary within a gas.

2.1.3 Chemical Reactions

Typically, chemical reactions become active for high temperatures. One mea-
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sure of this phenomena is the Zel’dovich number (E,/RT, where E, is the Arrhenius
activation energy) [51]. As the temperature increases and the Zel’dovich number
begins to approach unity, the number of collisions with sufficient energy to cause
reactions becomes appreciable. When molecules collide with sufficient energy and
proper orientation the molecular bonds may break and rearrange to produce other
molecules, atoms, ions or individual electrons, giving rise to new chemical species.
These are called homogeneous reactions. Reactions may also be caused by colli-
sions with boundary surfaces as opposed to collisions with other molecules. These
non-homogeneous chemical reactions are known as surface catalyst reactions. Other
reactions, known as photochemical reactions, such as photoionization and photodis-
sociation result from the interaction of radiation with an atom or a molecule. The
present work is limited to the consideration of only homogeneous reactions. In par-
ticular, models for the dissociation-recombination reactions associated with high

temperature air as well as hydrogen-air combustion processes will be considered.

2.1.4 Internal Energy Contributions

Each molecule may have some internal structure which is important in terms
of the effect on the molecule’s total energy content and hence on the total en-
ergy content of the gas. For instance, in addition to the energy associated with
translational motion, a monatomic molecule may posses the internal energy due
to electronic excitation. This energy includes the kinetic energy of the electrons
as well as the potential energy associated with the electron orbit. Diatomic and
polyatomic molecules may also have contributions due to molecular rotation and
vibration included in their internal energies. The characteristic temperature for ro-
tation for most gases is small (2.1°K for 0,, 2.9°K for N,, and 2.5°K for NO) so that

fully excited rotational energy is present at ordinary temperatures. In contrast, the
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characteristic temperatures for vibration are typically large (2270°K for O,, 3390°K
for N,, and 3370°K for NO) and vibrational energy is dependent on the existence of
high temperatures. The species internal energy may be derived from the partition
function of statistical mechanics. However, there remains some controversy as to
the proper partitioning of modes into independent groups. The significance of in-
dependent modes is that they give rise to summable contributions to the internal
energy. For weakly interacting particles, separation of the translational and inter-
nal modes is completely legitimate. Also, except at low temperatures, the internal
energy can be broken into electronic and vibrational /rotational contributions, with
good approximation. Stricly speaking, however, the vibrational and rotational
modes are not independent [9]. Vibration/rotation coupling occurs because rota-
tion creates a centrifugal field that affects vibration and likewise vibration creates
variations in the molecular moment of inertia which in turn affects rotation. For
this reason, some researchers suggest that the vibrational/rotational contributions
must be considered in a coupled fashion [52,53]. In the present work, vibration
and rotation are treated as independent modes. One other form of internal energy
that is important for chemically reacting flows is the internal energy due to the
presence of chemical bonds. When chemical reactions occur, bonds are broken and
rearranged and significant amounts of energy may be released or absorbed. Adding
the contributions due to all chemical bonds leads to the heat of formation for a
molecule. The species internal energies are evaluated from a common reference
state for all species in the mixture. The heats of formation (evaluated at the same
reference state) are then added to the internal energies to bring each species to its

own reference state.
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2.2 Non-Equilibrium Processes

Intermolecular collisions are the primary mechanism for bringing a gas to a state
of equilibrium. As a fluid element moves throughout the domain it encounters a
continuously changing flowfield. Readjustment of the chemical and thermal modes
to the changing flow conditions takes place through molecular collisions and hence
requires a finite length of time. Furthermore, each of the molecular processes in-
volved (translation, rotation, vibration, chemical, etc.) requires a different number
of collisions to reach equilibrium, so that the characteristic time for readjustment
may be significantly different for each process.

Each specific mode, say mode p for instance, may be classified based on an order-
of-magnitude analysis where its characteristic time for readjustment by collisions
7, is compared to the characteristic fluid-dynamic time r;4, i.e., the time required
for the fluid element to encounter significant changes in conditions. Three distinct

cases may arise

Tp > Tfd,
Tp L Tyd, O

TP = Tid -

In the first case, 7, is much greater than r;4 and the process has essentially no time
to adjust to the fluid dynamics. The process is said to be frozen and calculations
may be carried out assuming the process variable does not change. In the sec-
ond case, 7, is negligible compared to ;4. Here, the process has virtually infinite
time to adjust to fluid-dynamic changes, and maintains a state of equilibrium. For
chemical and thermal equilibrium, the results from statistical mechanics may be
utilized; at least within the limits of the previous discussion on the coupling of

internal energy modes. The assumption of equilibrium adds some complexity over
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the frozen case; however, only in the form of algebraic equations. Although these
two situations represent limiting cases and can actually never be fully realized, they
may valid working assumptions. In the third case, 7, is of the same order as ;4 so
that non-equilibrium effects must be taken into account. Chemical non-equilibrium
results from non-equilibrium in the chemical modes, while thermal non-equilibrium
is associated with non-equilibrium in the internal energy modes. Here, the energy
modes that are in non-equilibrium may be assumed to satisfy a Boltzmann distribu-
tion at the non-equilibrium temperature for that process, 7,, that is different from
the translational temperature, 7. Hence, non-equilibrium thermodynamics gives
rise to the concept of multiple temperature flows. In reality, the non-equilibrium
modes may not satisfy a Boltzmann distribution, and the difference between the
non-equilibrium temperature 7, and the translational temperature T becomes sim-
ply a measure of the amount non-equilibrium energy present. Non-equilibrium
simulations become much more complex since they require additional differential
equations to model the rate processes. In the general case these rate equations
must be solved in a fully-coupled manner with the fluid-dynamic equations. Such
non-equilibrium phenomena can occur for any of the molecular processes; transla-
tion, rotation, vibration, chemical composition, and so on. Experimental studies of
relaxation processes in and behind shock waves [54] show the relative order of the
characteristic times (for pure gases at modest temperatures) is typically given as
follows

Ttr < Trot K Tyib < Tdiss < Tion = Tel, (27)

where 7ir, Trot, Twib, Tdissy Tion, and 1y are the characteristic times for translation,

rotation, vibration, dissociation, ionization, and electronic excitation respectively.
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2.2.1 Translational Non-Equilibrium

The translational energy mode is the fastest mode and requires at most 4 or
5 collisions for adjustment to equilibrium (Maxwellian distribution) [50,55]. For
this reason the translational mode is regarded as a “fast” or “active” mode. One
exception occurs when considering mixtures of molecules with large disparities in
the molecular weights [55]. Here, the collisional energy exchange is not efficient
enough and the translational relaxation time for the lighter particle may be many
times larger than for the heavy particle. This is the case for ionized plasmas
where many free electrons are present. To accurately account for this phenomena,
multiple translational temperatures must be defined [56,57]. These effects are not
considered in this work and all species will be assumed to exist at the translational

temperature of the heavy particles.

Since only several collisions are necessary to reach translational equilibrium, 7,
is very short, and non-equilibrium effects become important only when 7, is small
(2.e., large flow gradients such as in boundary layers or shock waves). It is important
to note that translational non-equilibrium is not dependent on the existence of high
temperatures. If the flow gradients are small enough it may be assumed that a fluid
element maintains a state of local translational equilibrium. The resulting motion is
the superposition of the molecular motion of thermal translation (predicted by the
Maxwellian velocity distribution) onto the average flow velocity associated with the
fluid element. This description corresponds to a particular sub-class of gas dynamic
flows known as inviscid flows where the transport phenomena of viscosity, thermal

conductivity, and mass diffusion are neglected.

For large flow gradients translational non-equilibrium gives rise to the macro-

scopic phenomena of viscosity, thermal conductivity, and species mass diffusion.
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Classically, the study of flows in translational non-equilibrium is concerned with
approximate solutions to the Boltzmann equation of non-equilibrium kinetic the-
ory. Flows with small departures from translational equilibrium are modeled using
the Navier-Stokes equations which are derived as a first-order Chapman-Enskog
expansion for the Boltzmann equation [9-39]. Chapman-Enskog theory has been
applied to multi-component mixtures of monatomic gases [58,59]. Here, the viscous
stress tensor, the heat-flux vector, and the diffusion velocities are obtained as mo-
ments of the truncated series representation for the velocity distribution function.
Further calculations in terms of collision integrals (based on an accurate represen-
tation for the intermolecular potential) are required to determine the associated
mixture transport properties [59]. These calculations are very mathematically in-
volved. Application of Chapman-Enskog theory to polyatomic gases requires some
mechanism to account for inelastic collisions in the treatment of collision integrals
[9,47,58]. Modifications have been proposed to address this issue, but add addi-
tional complexity [58]. In general, rigorous treatment of transport phenomena using
multi-component Chapman-Enskog theory is much too complicated for practical
applications, and many simplifications in the form of curve fits and semi-empirical
mixture rules are necessary.

The Burnett equations are obtained by retaining the second-order term in the
Chapman-Enskog expansion [39]. For larger departures from translational equilib-
rium, such as in the interior of a shock wave, the Burnett equations are found to
yield significant improvements over the Navier-Stokes equations. A major drawback
of the Burnett equations is their complexity.

It is noted that throughout this work nothing is said about the complex issue
of turbulence which is beyond the scope of this research. All calculations have been

run at sufficiently low Reynolds numbers so that laminar flow may be assumed.
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