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The instability of flows around hump and dip imperfections is investigated. The mean flow is
calculated using interacting boundary layers, thereby accounting for viscous/inviscid
interaction and separation bubbles. Then, the two-dimensional linear stability of this flow is
analyzed, and the amplification factors are computed. Results are obtained for several height/
width ratios and locations. The theoretical results have been used to correlate the experimental
results of Walker and Greening (British Aeronautical Research Council 5950, 1942). The
observed transition locations are found to correspond to amplification factors varying between
7.4 and 10.0, consistent with previous results for flat plates. The method accounts for both
viscous and shear-layer instabilities. Separation is found to increase significantly the

amplification factor.

I. INTRODUCTION

The performance of natural laminar flow (NLF) air-
foils is critically dependent on the location of transition,
which may be strongly influenced by surface imperfections.
Although modern metal and composite manufacturing tech-
niques can provide smooth surfaces that are compatible with
NLF, manufacturing tolerance criteria are needed for other
unavoidable surface imperfections. These imperfections in-
clude waviness and bulges, steps and gaps at junctions, and
three-dimensional roughness elements such as flush screw
head slots and incorrectly installed flush rivets. Other un-
avoidable discontinuities arise from the installation of lead-
ing edge panels on wings, nacelles, and empennage surfaces
and the installation of access panels, doors, and windows on
fuselage noses and engine nacelles.'* Because discontinui-
ties cannot be avoided, a guide is needed for manufacturing
tolerances. The mechanisms by which these imperfections
cause transition include amplification of Tollmien—Schlicht-
ing waves, Kelvin—Helmholtz instability (for separated
flows), amplification of cross-flow vorticity, Goertler insta-
bility, enhancement of receptivity of free-stream turbulence
and acoustic disturbances, and any interaction between two
or more of these mechanisms.*

Walker and Greening® made wind tunnel experiments
to determine the effect of two-dimensional smooth bulges
and hollows on the transition of the flow over a flat plate.
They used surface tubes to determine the location of transi-
tion from laminar to turbulent flow. Their bulges and hol-
lows were mounted on one side of a smooth flat aluminum
plate, having an elliptic leading edge. Hislop’ carried out
similar experiments for narrow spanwise surface ridge cor-
rugations on a flat plate. Walker and Cox® made wind tunnel
experiments to study the effect of spanwise corrugations on
an airfoil. These experiments were made for three forms of
narrow corrugations (flat, arch, and wire) situated in the
laminar boundary layer of a large symmetric airfoil (EQH
1260 section), mounted at zero angle of attack.

Fage* collected the three previous works®?® and estab-
lished criteria for the critical heights of these imperfections
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that cause transition from laminar to turbulent flow. He
found out that the flow conditions near a corrugation that
affect transition are associated with a separation of the lami-
nar boundary layer from its surface. Carmichael (e.g., Refs.
1 and 2) also developed empirically based criteria for allow-
able waviness and roughness that cause either laminar sepa-
ration or amplification of Tollmien—Schlichting waves. His
criteria are for allowable single and multiple bulges or sinu-
soidal waviness for both swept and unswept wing surfaces.
His experiments include the influence of compressibility,
suction, pressure gradients, multiple imperfections, and
wing sweep. The flight experiments of Holmes, Obara, Mar-
tin, and Dormack® demonstrate the strong influence of some
shapes of steps on the transition location and hence on the
allowable heights of such imperfections. They found that by
rounding a forward-facing step, the transition Reynolds
number increases from 1800 to 2700. Carmichael’s criteria
are based on experimental results for waves located more
than 25% chord downstream of the leading edge and hence
they will underpredict allowable imperfections in the lead-
ing-edge region and overpredict allowable imperfections in
regions of unaccelerated flows. Klebanoff and Tidstrom®
used a spanwise trip wire as a roughness element, which
causes local upstream and downstream separations, the lat-
ter extending 40-50 times the height of the wire before reat-
tachment to the wall.

In spite of all these investigations, an understanding of
the physics of the instability of flows around surface imper-
fections is still lacking. As a first step toward such an under-
standing, this work investigates the influence of a two-di-
mensional hump or dip on the two-dimensional stability.
This work uses a combination of linear stability theory and
the exp (V) criterion that has proven to be a valuable tool for
correlating transition and for evaluating natural laminar
flow as well as laminar flow control concepts. Since linear
stability of parallel as well as nonparallel incompressible and
compressible flows is well established, the major task in eval-
uvating the influence of imperfections is an accurate predic-
tion of the mean flow.

For smooth surfaces, one can use a conventional bound-
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ary-layer formulation to solve for the mean flow over swept
and unswept wing surfaces. However, conventional bound-
ary-layer formulations cannot predict flow over surfaces
with imperfections, such as suction strips and slots, waviness
and bulges, steps and gaps at junctions, and three-dimen-
sional roughness elements because of the strong viscous/in-
viscid coupling and flow separation. Instead, one needs to
use a triple-deck formulation, an interacting boundary-layer
formulation, or a Navier-Stokes solver. All these ap-
proaches account for the viscous/inviscid interaction as well
as separation bubbles, but Navier-Stokes solvers are very
expensive compared with triple-deck and interacting bound-
ary-layer formulations. In this work, we use an interacting
boundary-layer formulation, which already had been used to
compute compressible as well as incompressible flows over
smoothed steps, wavy surfaces and humps, convex and con-
cave corners, suction or blowing slots, and finite-angle trail-
ing edges. In most of these applications separation bubbles
and upstream influence exist and comparisons with solu-
tions of the Navier-Stokes equations and/or experiments
had shown good agreement. Gleyzes, Cousteix, and Bon-
net,'® Vatsa and Carter,'! and Davis and Carter!? used inter-
acting boundary-layer theory to analyze separation bubbles
near the leading edges of airfoils. Davis, Carter, and Re-
shotko!® developed an interacting boundary-layer technique
for the calculation of transitional separation bubbles over
infinite swept wings; the results are in good agreement with
Horton’s'* detailed experimental data for separated flow
over a swept plate.

The purpose of this work is to study the effect of a two-
dimensional surface waviness, represented by a hump or a
dip, on the two-dimensional stability of boundary layers over
flat plates. Quartic humps with different sizes and locations
are studied first. Then, the theory is used to correlate the
experimental data of Walker and Greening.®

. MEAN FLOW

The two-dimensional incompressible laminar boundary
layer over the plate and the hump is determined by solving
the interacting boundary-layer equations.'>'¢ These equa-
tions account for upstream influence through the interaction
of the viscous flow with the inviscid flow outside the bound-
ary layer. Moreover, they are also capable of capturing sepa-
ration bubbles without difficulties. Solutions are obtained by
using a finite-difference method in which the grid spacings
acknowledge the scalings predicted by the triple-deck theory
in the interaction region.

Figures 1 and 2 show a small symmetric hump of height
h * and width 25 * whose center is located at x;,. We intro-
duce dimensionless variables using L *and U/, where L *is
the distance from the leading edge to a reference point, as
reference quantities. In terms of dimensionless variables, the
hump shape is given by

y=y*L*=(h*/L*)f({), e8]
where
=(x*—xt)/b*=(x—x,)/b. (2)

We present numerical results for a quartic hump given by
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FIG. 1. The experimental hump shape. *:2 * = 0.061 in., X:4 * = 0.052 in.,
O:h * =0.036in., + :2* = 0.022 in., —:calculated shape of hump.

if |§|<1,

_ (l_§2)2,
o= AN 3)
and the Walker and Greening hump
1302 4215P, if [£]<1,
= 4
78 [0, if [§>+1. @

The flow field over the plate with the hump is assumed to be
governed by the steady, incompressible boundary-layer
equations

du du du, 1 3%
u— - = e a5 (5)
ox dy dx Re d7*
Do, (6)
dx oy
where u, is the streamwise edge velocity and
Re=U* L*/v*. )
The no-slip and no-penetration conditions demand that
u=v=0 at y=hsf[{(x)]. (8)
Away from the wall,
u—u, as y—oo. )

To solve Egs. (5)-(9), we first use the Prandt! transpo-
sition theorem, let

2=y- @), w=v—muLi@) 10
and rewrite the problem as

Ju Ju du, 1 3%
—_— — =y, —+——, 11
“ax+waz “ dx Re 7 (b
dx dz

u=w=0 atz=0, (13)
u-u, asz-ow . (14)

Then, we introduce the Levy-Lees variables specialized for
incompressible flow

* Re
=\| u,dx, =2zu, —,
3 J; =2z ‘/25

(15)

_—-/A —

L.E. > 4--/ T.E.
VY e -—-——v—‘%n

L' -

e—x=1.667" > & |

FIG. 2. The configuration tested by Walker and Greening.® @:Surface tube,
-:Static pressure tube.
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F=%, y= 2§(F‘9—"+w /BE) (16)
u, u, ox 2£
and rewrite Egs. (11)-(14) as
26FF, + VF, + B(F*~1) —F,, =0, (17)
2F, +V,+F=0, (18)
F=V=0 at =0, (19)
F->1 asn—ow, (20)
F=F(,m) atf=§,, (21)

where £, corresponds to a location upstream of the interac-
tion region and

2£ du,
u, df
For smooth surfaces, one can use conventional bound-
ary-layer calculations to determine the flow field. However,
in the presence of the hump, one needs to account for the

viscous/inviscid interaction. The interaction law relates the
edge velocity u, to the displacement surface

B= (22)

5=—@f (1—Fydy. (23)
u, Jo
Using thin airfoil theory,'” we have
* (d/dt)(ii,6 Re—1/?
u =g, [ LGSR Dy e
T JLE. X -1

where #, is the inviscid surface velocity in the absence of the
boundary layer that is also given by thin airfoil theory as

_ 1 (™ dhf/dt

u,=1+4 dt, (25)

T JLe X —1
where L.E. stands for the leading edge of the plate and fis
defined in Egs. (3) and (4). The principal values of the
Cauchy integrals in Eqs. (24) and (25) are assumed. If we
let T=f + i1,8, where f=Re hf, then Eq. (24) can be

rewritten as

vo— 141 dT/dt

m/Re JLE. X —1

Equations (17)-(21) can be either solved simulta-
neously with the interaction law (26) or by iterating on
(26). The latter approach suffers from convergence prob-
lems. Veldman'® was the first to use the first approach. He
integrated Eq. (26) by parts to obtain a second derivative for
T and expressed u, as a linear combination of the values of §
at the nodes. Davis and Werle!® modified this approach by
performing the integration by parts to eliminate the deriva-
tive of T and assumed 7 to be constant over a differencing
interval. This yielded a first-order accurate scheme. In this
paper, we follow Davis and Werle but assume 7" to vary lin-
early over a differencing interval, thereby yielding a second-
order accurate scheme that is consistent with the accuracy of
the differencing scheme employed for Egs. (17) and (18).

We divide the x axis into equally spaced intervals of
length Ax and let x; denote the node points at which the
boundary-layer solution is to be found. Following Davis and
Werle, we let

(26)

S=c,Jyx for 0<x<x,, 8=c,Jx for x,<x<w,
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where x; and x, are the locations of the left and right bound-
aries of the interaction region. The constants ¢, and c, are
determined by patching with the displacement thicknesses at
X; + 3Ax and x, — JAx. Taking x; to be the center of an
element extending from x, — }Ax to x; + JAx, Davis and
Werle assumed that T is uniform over this element with a
value equal to its central value T,. This approximation is
consistent with the first-order x differencing used by Davis
and Werle. In the present paper, we use a second-order fin-
ite-difference scheme in solving the boundary-layer equa-
tions, therefore, we have to upgrade the accuracy of evaluat-
ing the Cauchy integral. We assume that T varies linearly
over an element centered at x; as

T=T,+4T,., —T,_ )7, for |r|<}, (27)
where
T=(x—x;)/Ax. (28)

Before substitutihg the linear expressions for 7, we split the
integral in Eq. (26) as

* dT/dt

LE X —1

=lim(f +f + +f )dT/d’ dr.
-0 x + €,

Integrating the second and third integrals by parts yields

I= dt

(29)

=(J +f )dT/dt T(x,)  T(x)
x—t x—x, x—x,
+ lim (T(x—el) + T'(x +€,)
€ -0 €
_ _Tdt _f"' Tdt
f (x—t)2 e, (x—t)z)' (30)

Now, substituting the linear expressions for 7"and perform-
ing the indicated integrations and limits, we obtain

u(x)_1+,1{A" h\T['_ (g:’i)

o Tn ln(l—\/f,.)
zxr\jgmgi 1+\/-§_1

1
Tt Tam 5,-—1]

+ S DT+ S B ,H—T,_,)],

j=1 j=1
J#i

31)
where k = |i —j|, D, = (1 — 4k?2)~},
E,=}kD, —iIn [k — 1)/(2k + 1],

—1/2
g="L, =21, =4ﬁ_.,
x, x, mAx
We note that the terms in the square bracket in Eq. (31) are
the contributions of the displacement thickness outside the
interaction region, the second term is the contribution of the
mean values of 7 at the centers of the intervals, and the last

X; X;
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term is the contribution of the slopes of T"at the centers of the
intervals. We note also that the second term is the dominant
one in Eq. (31). It follows from Fig. 1 that x; and x, are
given by

X =x,—3Ax, x,=x, +}4Ax,
where x, and x,, are the first and last node points in the
interaction region. For later use, we rewrite Eq. (31) in the
form

u,(x;) =AG, + AT (4,6),,
where

=1/A+i, + (2,8),8 + (i,6),.8

(32)

+ i Dk(ﬁea)‘, +Ek[(ﬂe(5)j+l - (ﬁea)j_l] >

i=1
J#i
if 2€ism —1, (33a)
G, =1/A+1u, + (4.,8),, g + D,(i4,8), — E,(ub),
+ 2 D, (#,6); + E, [(#.8);,, — (2,8);_,],
ji=3
(33b)
= 1//1 +ﬁem + (ﬁea)lg'ln
+ D(a,6),,_, — E\(i,8),,_,
+ z Dk(u 6) +Ek[(u 6)}-}-1 (ﬂe6)j—l] »
Jj=1
(33¢)
=1, if2<iscm—1, (33d)
IF'=1+4+gl+E,, fori=1, (33e)
F'=1+g7+E,, fori=m, (33f)
sz A+ E (S —F-1) - (33g)

ji=1
The definitions of the g’s are apparent from Eq. (31).
Using three-point backward differencing, we obtain
from Eqgs. (18), (22), (23), and (31) the following form for
the interaction law:

VN + ¢Bx = ¢a (34)
where
¢ = (‘\'25, /AF) aoﬂei/(zé—iao —'B,) ’ (353.)
Y= —1y+2 a
a G  a a, )
———t = (4,0),_, +—F (4,6);_, ),
X(M‘ I‘+ao(ue) ,+ao(u iz
‘ (35b)
o= — Uy B +26(ayu,_y +au,_,) , (35¢)
28,00 —
1 1
an = + R (35d)
T Y
al — §l‘ _§i—2 , (35e)
& =& —&i3)
799 Phys. Fluids, Vol. 31, No. 4, April 1988

4= §i—&i, . (356)

(§i _§i—2)(§i—l _gi-—Z)

Equations (17)-(21) and interaction law (34) are
solved simultaneously using central differencing in the % di-
rection and three-point backward differencing in the & direc-
tion. The flow upstream of the interaction region is assumed
to be a Blasius flow.

ll. STABILITY ANALYSIS

In this paper, we consider the two-dimensional spatial
quasiparallel stability of the basic state determined by the
interacting boundary-layer code. Since we are interested in
correlating our results with the experimental transition re-
sults of Walker and Greening, we need to calculate the maxi-
mum growth rates and amplification factors and apply the
results at finite Reynolds numbers. Thus we are interested in
the unsteady solutions of the linearized Navier-Stokes equa-
tions for finite values of the Reynolds number and we are not
interested in their asymptotic solutions as Re— c0. In fact,
the dimensionless frequencies involved are between 20
X 107% and 50 X 10~ . The Reynolds numbers Re involved
are less than 10% leading to the perturbation parameter
€ =Re~ "% used in triple-deck theory, being greater than
0.18. Consequently, the asymptotic limit as Re—» o (€—~0),
predicted by triple-deck theory for the lower branch of the
neutral stability curve of the Blasius flow!’ is irrelevant to
our problem. Therefore, we follow classical stability theory
and introduce dimensionless quantities using the length
scale 8, = (vx*/U* )2, Although the use of this length
scale has been justified for conventional aerodynamic sur-
faces, one might question the validity of its use for the config-
uration under investigation. It is justified a posteriori (see
Sec. IV C). The calculated wavelengths for the geometrical
and flow parameters for our configuration are the order of
the boundary-layer thickness. Moreover, the results calcu-
lated using this model correlate the experimental transition
data of Walker and Greening. Using this length scale leads to
the classical quasiparallel stability equations. The nonparal-
lel effects can be accounted for using the method of multiple
scales,”®?! which is the subject of a forthcoming paper.

We superimpose on the basic flow a two-dimensional
unsteady disturbance. Thus we let

a(x, p,t) = U(x, ) +u(x, 1), (36a)
U(x, p,t) =0+ v(x, p,t), (36b)
Plx,y,t) = P(x) +p(x, p,1), (36¢)

where U(x, y) and P(x) are the basic streamwise velocity
and pressure, respectively. Substituting Egs. (36) into the
Navier—Stokes equations, subtracting the basic-flow quanti-
ties, and linearizing the resulting equations, we obtain

du au 8U+8p 1

Vu=0, 37
a Ve T ' G7
o) dv b 1 o,
—t U—4+=_——V=0, 38
at + dx dy R v (38)
du O
— 4+—=0, 39
x dy (39)
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where R = U* §,/v. The no-slip and no-penetration condi-
tions at the wall yield

u=v=0 aty=~nhf(x). (40)
The vanishing of the disturbance away from the wall yields
(41)

We use the Prandtl-transposition theorem as in Eq. (10)
and rewrite Eqs. (37)-(41) as

du du

uv,p—0 as y—> oo .

au dp 1 (azu 32u)

RN § SN R A 2% o,
ar T Ve T Tax o o

(42)
dw ow  dp 1(62w 82w)
LI L R gW) o, 43
ot + ox + dz R\ 9x? + az* (43)
"du  Jw
u LW _y, 44
ox + oz “4)
u=w=0 atz=0, (45)
u,pw—0 asz— oo . (46)

In deriving Eqs. (42)-(44) from Eqgs. (37)-(39), we have
assumed the quasiparallel assumption and neglected terms
of O(e*), where €® = Re, except the terms R ~'V?u and
R ~'V?w that are needed to resolve the critical layer.

We seek a solution for Egs. (42)-(46) in the form of a
-two-dimensional traveling wave as

(u,w, p) = [u(z),w(2), p(z) ]exp[i(f adx — a)t)] ,
(47)

where a is the wavenumber and w is the frequency of the
disturbance. For temporal stability, « is real and w is com-

2.50¢F (a)

LSO |

C'l

0.50+

-0.50 — S L

250 (b)

.50 [

cfx

- A i
0'5’00.90 095 1.00 .05 110

X

plex; its real part represents the frequency whereas its imagi-
nary part represents the growth rate. For spatial stability, o
is real and a is complex. In this paper, we consider the spatial
stability case in which a is complex.

Substituting Egs. (47) into Eqs. (42)-(46), we separate
the x and ¢ variations and obtain the eigenvalue problem

i(aU— w)it + BDU + iap — (1/R)(D? —a®)a =0,

(48)
i(aU— )+ Dp — (1/R)(D*—a®)w =0, (49)
iai + D=0, (50)
u=w=0 atz=0, (51)
4,,p—»0 asz— o, (52)

where D = d /dz. To solve this eigenvalue problem, we ex-
press Egs. (48)—-(50) as a system of first-order ordinary dif-
ferential equations and determine its solution numericaily
using a combination of Suport*? and a Newton—Raphson
procedure, For a given U, w, and R, we determine « and then
calculate the N factor from

X R
N= —J. a,~dx=—2J a,dR, (53)
X0 R,
where R, is the Reynolds number corresponding to branch I

of the neutral stability curve.

IV. RESULTS AND DISCUSSION
A. The mean-flow characteristics

The mean flow over humps was computed for different
height/width ratios and different hump locations. Figure 3
shows the skin-friction coefficient

250} e)
1.50
S
0.50
05050 095 1.00 1.05 110
X
250 "
1.50 b
S
0.50 /
- L -t i
05%%0 095 1.00 1.05 110

X

FIG. 3. The effect of the hump height on the skin-friction distribution when x% /L * = 1.0 (R =975): (a) 2*/b* =0.019; (b) h*/b* =0.024; (c)

h*/b* =0.037; and (d) h*/b* = 0.055.
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0.00 —/\/—-——
S -004}
(a)
1 L i
o'oso_.s>o 095 1.00 1.05 110
X
000 F
& -0.04f
(b)
1 1 L
o'oeo.sao 095 1.00 1.05 110
X

000
& -0.04f
(¢}
- 1 1 i
00855 0.95 1.00 1.05 1Io
X
0.00f
& -004f
(d)
_ooe 1 1 A,
0.90 095 1.00 1.05 .10
X

FIG. 4. The effect of the hump height on the surface pressure distribution when x¥ /L * = 1.0 (R = 975): (a) h*/b* = 0.019; (b) h*/b* =0.024; (c)

h*/b* =0.037; and (d) h*/b* = 0.055.

for a quartic hump of various heights placed atx* /L * = 1.0
(R =975), where L* is the location corresponding to
Re = 9.5X 10° at the middle of the hump. The interactive
solution matches with the Blasius flow both upstream and
far downstream of the hump. However, the upstream influ-
ence of the hump is weaker than the downstream influence.
In fact, the upstream influence decays exponentially while
the downstream influence decays algebraically as shown by
Smith?* for small humps. The corresponding pressure distri-
butions are shown in Fig. 4. For 4 */b *<0.024 the flow is
attached. As 4 */b* increases beyond 0.024, a separation
bubble forms at the leeside of the hump. The size of the bub-
ble increases as & */b * increases. For height/width ratios
O(1), one would expect a breakaway separation for which

the present interacting boundary-layer model breaks down,
and one needs to use a Navier—Stokes solver.

We note that the small wiggles in the mean flow quanti-
ties are due to the coarse streamwise grid. Refining the
streamwise grid eliminates these wiggles.?*

Tables I and II show some of the mean-flow properties
for the humps and dips of Walker and Greening. The veloc-
ity u outside the boundary layer for the undistorted surface
varies from 15.9 m/sec (53.0 ft/sec) to 28.5 m/sec (95.0
ft/sec) for the humps, and from 18.57 m/sec (61.9 ft/sec) to
25.47 m/sec (84.9 ft/sec) for the dips. The maximum trans-
verse dimension A * varies from 0.75 mm (0.03 in.) to 1.75
mm (0.07 in.) for the humps and from 1.425 mm (0.057 in.)
to 1.675 mm (0.067 in. ) for the dips. The observed transition
length is denoted by L ;; it is measured from the leading edge
to the observed transition location. The Reynolds numbers
at the middle of the humps or dips R,, and at the transition
location R, are based on the reference length §* so that

TABLE 1. Hump configurations in the experiments of Walker and Greening.®

u h L, Bubble size
Number ft/sec in. ft h*/b* R, R, AR
1 82.6 0.031 4.58 0.0155 812 1346 00.0
2 69.4 0.0525 4.58 0.0263 830 1376 18.0
3 70.4 0.0555 4.58 0.0278 860 1426 29.6
4 53.0 0.0620 4.58 0.0310 744 1234 25.7
5 56.2 0.0665 4.58 0.0332 764 1267 28.8
6 53.8 0.0700 4.58 0.0350 753 1249 36.1
7 78.0 0.0530 3.75 0.0265 904 1357 26.9
8 76.0 0.0555 3.75 0.0278 892 1337 32.5
9 61.5 0.0620 3.75 0.0310 803 1205 31.6
10 62.4 0.0630 3.75 0.0315 810 1215 34.5
11 55.5 0.0680 3.75 0.0340 761 1142 34.6
12 95.0 0.0525 2.92 0.0263 997 1319 32.6
13 70.0 0.0620 2.92 0.0310 860 1138 32.8
14 92.4 0.0620 2.08 0.0310 983 1098 49.9
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TABLE II. Dip configurations in the experiments of Walker and Greening.

u h L; Bubble size
Number ft/sec in. ft h*/b* R, R, AR
1 76.4 - 0.057 4.58 0.0285 894 1483 37.7
2 65.8 —0.067 4.58 0.0335 831 1377 41.6
3 82.7 — 0.057 3.75 0.0285 930 1395 39.8
4 61.9 — 0.067 3.75 0.0335 807 1210 36.5
5 84.9 —0.057 2.92 0.0285 943 1248 413
6 69.7 —0.067 2.92 0.0285 855 1132 39.0

R, = (Re)'?, Rp=[(Ly/L*)Re]'?. (54)

All of the previous quantities were calculated directly
from the experimental data given by Walker and Greening,®
but the streamwise extents of the separation bubbles are ex-
pressed as the difference in the Reynolds numbers at separa-
tion and reattachment; that is, AR = R(reattach-
ment) — R(separation) and AR is calculated using the
interacting boundary-layer code. Except for hump No. 1 all
the humps and dips in Tables I and II have separation bub-
bles.

Figure 5 shows the skin-friction and pressure-distribu-
tion coefficients for hump No. 14. One can see that the sepa-
ration bubble occurs after the center of the hump. Figure 6
shows the variation of the streamwise velocity profiles for
hump No. 14. The first and the last velocity profiles are at
locations away from the hump; they are essentially Blasius
profiles.
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FIG. 5. Here are the skin-friction and pressure distributions for hump No.
14 in Table I. The hump is centered at x* /L * = 1.0 = 1.0 (R =983),
h*/b* =0.031.
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B. Stability characteristics

First, we consider a quartic hump and study the effects
of height/width ratio and hump location on the growth rates
and the N factors of two-dimensional waves for the dimen-
sionless frequency F = o*v*/U ** = 25X 10~, which is the
most dangerous frequency for the Blasius flow.

To investigate the influence of the height of a hump hav-
ing a fixed width on the growth rates and ¥ factors, we locate
the center of the hump x* at L * corresponding to R = 975.
The growth rates for # */b * = 0.019, 0.024, 0.037, and 0.055
are depicted in Fig. 7. Shown also is the growth rate of the
Blasius flow at the same frequency. The presence of the
hump increases the growth rate in the interval (x¥,
x* —b*), decreases the growth rate in the interval
(x* — b*, x*), and increases the growth rate again in the
interval (x%, x*). The stabilizing and destabilizing effects
are consistent with the gradients of the pressure distribu-
tions shown in Fig. 4.

Figure 8 shows the variation of the amplification factor
with streamwise position for different heights of the hump. It
shows that for humps with 4 */b *<0.024 for which the flow
is attached, the humps have a negligible effect on the N fac-
tor. When /1 */b * = 0.037, thereis a small separation bubble,
and the hump has a significant effect on the N factor. As
h */b *increases further, theseparation bubbleincreases, and
the NV factor increases.

Table III shows the variation of the maximum N factor
at F=25X10"° with 2 */b*. When h*/b* = 0.037 and
0.055, the maximum N factors are 11.02 and 12.67, respec-
tively, compared with 9.84 for the Blasius flow. The Reyn-
olds number R = R, at which N is 9 decreases from 1792 for

L )

FIG. 6. The variation of streamwise velocity profiles along the plate for
hump No. 14 in Table I. The hump is centered at x* /L * = 1.0 (R = 983),
h*/b* =0.031,b*/L * = 0.1. The profiles correspond to the following val-
ues of R starting from left to right: 695, 1006, 1011, 1015, 1019, 1023, 1027,
1031, 1036, 1040, 1044, 1048, and 1052.
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FIG. 7. The effect of the hump height on the streamwise distribution of the growth rate for F = 25 X 10~°. The flow conditions are the same as in Fig; 3: (a)
h*/b* =0.019; (b) h*/b* =0.024; (c) h*/b* = 0.037; and (d) 2 */b* = 0.055.

the Blasius flow to 1680 and 1552 for humps having
h*/b* =0.037 and 0.055, respectively.

Figure 9 shows the influence of the location of a hump
having an 4 */b * = 0.055 on the variation of the amplifica-
tion factor at F = 25X 10™° with streamwise location. For
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FIG. 8. The effect of the hump height on the streamwise variation of the
amplification factor F = 25 10~ %, The flow conditions are the same as in
Fig.3: A*/b* = (a) 0.019; (b) 0.024; (c¢) 0.037; (d) 0.055; and (e) Blasius.
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all locations at or upstream of branch I of the Blasius flow,
the N factor increases to 3 in a short distance, namely, the
interaction region of the hump. Downstream of the interac-
tion region, the growth rates are practically the same as

12O

AMPLIFICATION FACTOR

30+

o'Qeoo

L 1
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FIG. S. The effect of the hump location on the streamwise variation of the
amplification factor F = 25X 10 %, The flow conditions are the same as in
Fig. 5: x% /L * = (a) 0.75; (b) 0.861; (c) 1.0; (d) 2.19; (e) 2.86; and (f)
Blasius.
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TABLE II1. Variation of the maximum N-factor and the location at which N = 9 with the height of a quartic hump of half-width b */L* = 2.274 X 10~2
(b*/8 = 4.430) whose center is at R,, = 975,86 = S(vL*/U* )2

Bubble
length
h¥/L* h*/6 h*/b* R, N AR
0 0 0 1792 9.84 0
4.198x10~* 0.082 0.019 1779 10.04 0
5.457x10~* 0.106 0.024 1750 10.25 0
8.395x10~* 0.164 0.037 1680 11.02 6.7
12.593x10~* 0.246 0.055 1552 12.67 221

TABLEIV. Influence of the location of a quartic hump on the maximum N TABLE V. Variation of Reynolds number R, at which the computed N
factor and the Reynolds number at which ¥ =9, h*/b * = 0.0554, h*/L?, factor is equal to 9 and the computed N factor at the measured transition

=12.59310~*, L* corresponds to R = 975, 8 = S(vL*/U* )'/%, location with frequency for hump No. 5.
Bubble F x10° R, N,
R at center length
of hump h*/é R, Noax AR 25.0 1513 5.7
30.0 1393 713
844 0.284 1552 12.59 57.1 350 1315 8.4
904 0.265 1552 12.68 23.5 37.5 1290 8.7
975 0.246 1552 12.67 22.1 40.0 1306 8.5
1443 0.166 1605 11.97 10.1 45.0 .. 8.4
1648 0.145 1752 10.23 8.3
TABLE VI, Correlation of the theoretical and experimental results for the transition location for the humps in Table I.
h* Separation
Hump # in. h*/b* R, bubble AR R, Ny Fp X 10°
1 0.0310 0.0155 812 00.0 1346 10.03 20.0
2 0.0525 0.0262 830 18.0 1376 8.20 375
3 0.0555 0.0278 860 29.6 1426 9.09 35.0
4 0.062 0.0319 744 25.7 1234 7.95 40.0
5 0.0665 0.0333 764 28.8 1267 8.70 375
6 0.0700 0.0350 753 36.1 1249 9.10 40.0
7 0.0530 0.0265 904 26.9 1356 8.30 375
8 0.0555 0.0278 892 325 1337 8.19 35.0
9 0.0620 0.0310 803 317 1205 7.90 45.0
10 0.0630 0.0315 810 345 1215 8.00 42.5
11 0.0680 0.0340 761 34.6 1142 7.85 45.0
12 0.0525 0.0263 997 320 1319 9.20 35.0
13 0.0620 0.0310 860 32.8 1138 7.40 45.0
14 0.0620 0.0310 983 49.9 1098 9.00 55.0
TABLE VIL Correlation of the theoretical and experimental results for the transition location for the dips in Table I1.
Separation
Dip # —h* h*/b* R, bubble AR R, N, Fr X 10°
1 0.057 0.0285 894 37.7 1483 9.2 30
2 0.067 0.0335 831 41.6 1377 8.9 35
3 0.057 0.0285 930 39.8 1395 8.31 35
4 0.067 0.0335 807 36.5 1210 7.5 40
5 0.057 0.0285 943 41.3 1248 73 45
6 0.067 0.0335 855 39.0 1132 6.69 50
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those of the Blasius boundary layer. Hence, the N factor
increases slowly as in the case of the Blasius boundary layer
until it reaches its maximum. For locations downstream of
branch I of the Blasius flow, the hump appears smaller com-
pared with the thickness of the boundary layer and hence,
the separation bubble is smaller. Accordingly, theincrease in
the N factor in the interaction region is smaller. The end
result is an overall smaller N factor. Table IV shows that the
Reynolds number R, at which N = 9 does not change as the
hump is moved upstream of branch I but it increases as the
hump is moved downstream. We note that the first three
values of R, appear to be identical because they were round-
ed to four significant figures.

C. Correlation of theoretical and experimental results

Table V shows the variations of the Reynolds number
R, at which N =9 and the computed amplification factor
N at the experimentally measured transition location with
the dimensionless frequency F for hump No. 5 in Table L
For F = 45 10 %, the maximum value of Nis 8.4. It is clear
that the most dangerous frequency has shifted from
F=25%10"° for the Blasius flow to F = 37.5Xx107° for
the disturbed flow. Moreover, the maximum computed am-
plification factor at the experimental transition location is
8.7.

The amplification of two-dimensional disturbances is
the result of a complex interaction of Tollmien—-Schlichting
waves and shear-layer (laminar separation) instability as
evident from Figs. 6 and 10. They show the variation of the
streamwise velocity profile and the corresponding eigen-
function of the instability wave, respectively, with distance
along the plate. Ahead of the separation region, the eigen-
function has a character typical of TS waves with two peaks,
alarge one at the critical layer and a small peak near the edge
of the boundary layer. In the separation region, the eigen-
functions develop a third peak at the inflection point of the
mean-flow profile. This peak increases with distance from
the separation point, achieves a maximum that can be com-
parable to the peak at the critical layer, and decreases to zero
at the reattachment point. The effects of the shear-layer in-
stability are to increase the growth rates and the dangerous
frequency.

Figure 11 shows the streamwise distribution of the ratio
of the wavelength A * of the disturbance to the hump width
2b *. This hump is the same as that used to generate Figs. 5, 6,
and 10. We note that separation starts at x; = 1.03 and ends
at x, = 1.15. This ratio varies from about 0.2 before the

120
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FIG. 10. The variation of the eigenfunction of hump No. 14 in Table 1 along
the plate at frequency F = 55X 105, The flow conditions are the same as in
Fig. 6.
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FIG. 11. Streamwise distribution of the ratio of the wavelength of the dis-
turbance to the hump width for hump No. 14in Table I. The flow conditions
are the same as in Fig. 6; F= 5X 10~ °. Separation starts at x, = 1.03 and
ends at x, = 1.15.

hump to a maximum of 0.27 at x = 0.89 and a minimum of
0.16atx = 1.03. This means that the hump width is approxi-
mately five times the wavelength of the disturbance, which is
consistent with the parallel flow approximation.

Tables VI and VII summarize the computed results for
all the hump and dip configurations of Walker and Green-
ing. They show the maximum (maximized over all frequen-
cies) amplification factor N, and its corresponding frequen-
cy at the measured transition location. The values of N,
range from 7.4 to 10, consistent with previous results for flat
plates.

Itis obvious that the size of the separation bubble, which
is a function of the height of the hump and the Reynolds
number, has a great effect on the N factor. Although a search
for the most dangerous frequency has to be done, a helpful
hint can be found by looking at Fig. 9 which shows that the
amplification factor gets larger as the location of the hump
gets closer to branch I of the stability curve of the Blasius
flow. This means that the most dangerous frequency corre-
sponds to the frequency around branch I of the Blasius flow
at which R = R, . But still a search has to be done.

The experimental results of dip No. 6 compared with
dip No. 2 are in doubt because the dips have the same height
and nearly the same Reynolds number but different mea-
sured transition lengths. Nevertheless, the correlation be-
tween the theoretical and experimental transition lengths is
supportive of the e” method.

V. CONCLUSIONS AND RECOMMENDATIONS
A. Conclusions

An analysis is conducted of the effect of imperfections
consisting of humps and dips on the stability of incompress-
ible flows over flat plates. The mean flow is calculated using
interacting boundary layers. Linear quasiparallel spatial sta-
bility is used to calculate the growth rates and mode shapes
of two-dimensional disturbances. Then, the amplification
factor is computed. A search for the most dangerous fre-
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quency is conducted based on an amplification factor of 9 in
the shortest distance. Correlations are made with the transi-
tion experiment of Walker and Greening using the ¢° meth-
od.

Based on the present investigations, we can conclude the
following.

(1) The ¢° method gives a good estimate of the transi-
tion location.

(2) Increasing the size of the separation bubble, by in-
creasing either the height-to-width ratio or the free-stream
Reynolds number, causes transition to occur sooner. ’

(3) In the separation bubble, the calculated growth
rates of the disturbances account for both the TS and shear-
layer instabilities. ‘

(4) The shape of a smooth hump or dip does not have a
significant effect on the growth rates.

(5) The geometrical factors of the imperfection that
govern the instability are (a) the height-to-width ratio and
(b) the location of the imperfection element from the lead-
ing edge of the plate and branch I of the Blasius stability
curve.

(6) The most dangerous frequency in the presence of
the roughness element is not the same as that for the Blasius
flow.

B. Recommendations

The present study needs to be extended by accounting
for (a) nonlinear effects (in view of the large growth rates
encountered in separation regions), (b) nonparallel effects,
(¢) the effects of concave curvature (i.e., Goertler instabil-
ity), (d) the receptivity to acoustic and free-stream distur-
bances, and (e) the interaction between any of these instabil-
ity mechanisms.

More experiments need to be conducted to provide de-
tailed measurements of the mean profiles, mode shapes,
growth rates, etc., that can be used to substantiate the theo-
retical results.
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