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CHAPTER L

INTRODUCTION

1.1 The Problem

This dissertation is concerned with the development of new non-
parametric procedures for the control chart problem where the purpose
is to maintain the quality of the output of some process with respect
to some characteristic--weight, length, percent defective, etc. This
purpose is usually accomplished by observing the output of the process
continuously in order to detect any change in quality as soon as it
occurs in which case the mechanism of the process is modified in order
to turn out product that conforms to the desired quality standard.

This problem arises in industrial quality control and also in medical
and environmental monitoring. For more discussion on control charts
and their applications, see Duncan (1974), and Phillips (1969).

To state the problem more precisely, let Xl’ X2’ ... be a sequence
of independent observations, taken at regular time intervals from the
process. Assume that the observations have a symmetric continuous
cunulative distribution function F(XIA), where A is the center of
symmetry (= the median, or the mean if it exists). Suppose that it is
known that A may deviate in time from a specified control value AO.

Then the problem is that of detecting any deviation of A from A. as

0
quickly as possible after it occurs. In some situations, more than

one observation, i.e., a sample of size more than one is taken at

each time point.



In general, a control chart procedure may be described in the
following way. At stage n (n = l; 2, ...) the value Xn is observed
and based on the values of Xl’ X2, ceey Xn’ there are two possible
decisions: (1) Decide that a significant deviation has occurred
away from AO and stop sampling so that a rectifying action may be
taken on the process. In this case it is said that the procedure
"signals" to stop sampling, according to quality control terminology .
(2) Decide that no deviation has occurred away from AO and continue
sampling by observing Xn+l at stage n+l. If A remains at the control
value A,» the process is said to be "in-control'. If A shifts away

from A_, the process is said to be "out-of-control".

0°
It is desirable that a control chart procedure should signal to
stop sampling quickly any time A shifts away from AO. When A remains
at the control value, it is desirable that the procedure should con-
tinue sampling since the process is operating properly. In the long
run, however, there will be enough variation in the observations to
the extent that most reasonable procedures will eventually signal to
stop regardless of the true value of A; i.e., the probability of
deciding A # AO and stopping the sampling is one for any value of A

including A = A For this reason, the concepts of type I and type II

0
error probabilities in standard testing of statistical hypotheses
are not, in general, meaningful for control chart procedures. Also,
because a control chart procedure never stops sampling and accepts

the hypothesis A = AO, its structure does not conform with standard

sequential testing of statistical hypotheses. The usual criterion for



evaluating control chart procedures is the time it takes the procedure
to signal when the process is in-control and when it is out-of-control.
The time it takes for a control chért procedure to signal is called

the "run length" and the quantity frequently used to characterize the
distribution of the run length is its expected value, called the

average run length (ARL). If A remains at the control value, it is
desirable that the ARL be large so that the frequency of false signals
is low. If A shifts away from the control value, the ARL, counted

from the time of the shift, should be small. When comparing two control
chart procedures, it is a standard practice to keep their average run
lengths the same when the process is in-control and compare their
average run lengths at specific shifts A # AO. Let ARLl(A) and ARLZ(A)
denote the average run lengths of procedure 1 and procedure 2, respec-
tively, when the median of the observations is A.Then procedure 1 is
said to be more efficient at a given A = Al than procedure 2 if ARLl(Al)<

ARLZ(Al) subject to the condition that ARLl(AO) > ARLZ(AO)'

1.2 Objectives and Motivations

The objective of this dissertation is to develop nonparametric
control chart procedures that are competitive with existing parametric
procedures. This involves constructing procedures that are relatively
simple to apply in practice and deriving exact or approximate express-

ions for the average run lengths of these procedures. The efficiency



of the new nonparametric procedures will then be studied by comparing
their average run lengths to the average run lengths of existing
parametric procedures.

The main motivation for proposing nonparametric procedures is
that most of the current control chart procedures are based on the
assumption that the observations are normally distributed with known
or estimated variance. However, in some practical situations the
normality assumption cannot be maintained or there is not enough
information to provide an estimate of the variance or the shape of
the distribution. In such situations, a nonparametric procedure
would be useful but there appears to be very few nonparametric proce-
dures available in the literature on control charts.

Special attention has been given in this dissertation to the
development of methods for computing the ARLs of the proposed proce-
dures. The reason for this is that the ARL is an important criterion
for designing and evaluating a control chart procedure and also for
comparing several control chart procedures. While it is desirable to
compute the ARL of a procedure exactly, it is frequently not possible
to obtain exact analytic formula for it. Therefore, some attention
has been given to the derivation of approximate analytic formulas

for the ARLs of the proposed procedures.

1.3 Approach of the Investigation

The construction of the new nonparametric procedures is approached
by proposing simple methods for ranking the observations and then

using the ranks to construct test statistic for the procedures.



In Chapter IV, a method for ranking the observations within
groups will be employed to develop two nonparametric control chart
procedures. This method of ranking requires that groups of observa-
tions be obtained sequentially, or that the observations can be
divided in groups of fixed size. 1In quality control applications,
the observations are frequently taken in groups (samples of fixed
size; see, for example, Duncan (1974)). If a process turns out
individual observations that do not fall naturally into groups,
then the observations have to be divided artificially into groups
of the same size, say, g. For example, the first group can be
made to contain the first g observations, the second group to con-
tain the second g observations, and so on. The first procedure is
introduced in Section 4.1 and it is a cumulative sum control chart-

type procedure. Also, a method for computing the exact ARL of this
procedure by a Markov chain approach is given in Section 4.1. Section
4.2 is devoted to the computation of tables that assist in the appli-
cation of the procedure, The‘second procedure is introduced in

Section 4.3 and it is a linear barrier type-procedure (see Chapter II).
A method for computing its exact ARL by a Markov chain approach is
also given in Section 4.3. In Section 4.4, several comparisons are
made between the two proposed nonparametric procedures and two
parametric procedures which are the Shewhart's procedure (see (2.1))
and the CSCC procedure (see (2.3)). The comparisons are accomplished

by comparing exact values of the ARLs of the different procedures at



various values of A # AO’ subject to the condition that ARLs of the
compared procedures are the same when A = AO'

In Chapter V, an alternative method of ranking the obsérvations is
proposed and is employed to construct two additional nonparametric
control chart procedures. According to this method, each observation
is ranked only with respect to a specified number of the observations
immediately preceding it. These two procedures do not require the
observations to be obtained in groups as was the case with the
procedures of Chapter IV. 1In Section 5.1, some properties of the
new ranks are investigated. In Section 5.2, a linear barrier proce-
dure and a CSCC procedure based on this method of ranking are proposed.
It was not possible to develop a method for computing the exact ARLs
of these two procedures. A few values of the ARLs of the procedures
were computed by simulation.

In Chapter VI, approximate analytic formulas are derived for
the ARL of each of the four nonparametric control chart procedures
that are proposed in this dissertation. Thetapproach for obtaining
these formulas was by approximating the probabilistic behavior of
each procedure by the behavior of a Brownian motion process defined
on the interval (0, »). Also, Section 6.2 contains a modification
for an approximate analytic formula that was originally derived by
Reynolds (1975b) for the ARL of the parametric CSCC. This modification
makes the approximation more accurate.

In Chapter VII, conclusions and recommendations are given together

with some problems of interest for further research.



Finally, it was necessary to include in the dissertation an
extra chapter, Chapter III, in which certain results concerning
the Wilcoxon signed—rank statistic (defined in (3.1)) are derived.
In Section 3.1, tables for the distribution of the Wilcoxon signed-
rank statistic are compiled under normal shift alternatives. These
tables are needed to compute the exact ARL for the procedures of
Chapter IV. 1In Section 3.2, the exact variance of the Wilcoxon signed-
rank statistic is derived because values of the variance are needed
in Section 6.3 to compute approximate values of the ARLs of the

procedures of Chapter IV.



CHAPTER II

REVIEW OF RELATED LITERATURE

2.1 Parametric Control Chart Procedures

The Shewhart's Procedure.

One of the earliest control chart procedures was the Shewhart
control chart which was introduced by Shewhart (1931). A two-sided

Shewhart control chart procedure signals at the first n for which
X ¢ (8 = koy, by + koy) , (2.1)

where 02

X is the variance of the Xi's, which is assumed known, and k >

0 is a constant chosen to give a specific ARL when A = AO' Otherwise,
sampling is continued. A one-sided Shewhart procedure for detecting

shifts in the positive direction signals at the first n for which Xn <

A, + ch. For detecting shifts in the negative direction, a one-

0
sided Shewhart procedure signals at the first n for which Xn < AO - koX.
The constant k is usually taken to be equal to three when the obser-
vations are normally distributed. The run length of a Shewhart proce-
dure is the number of observations taken before a signal occurs and

it follows a geometric distribution. Thus, the ARL of a Shewhart
procedure is the mean of this geometric distribution which can be
computed easily. If p(A) denotes the probability that a Shewhart

procedure does not signal at a given stage, then the ARL of the proce-

dure at a specific A can be written as

ARL(A) = [1 - p)1 7L . (2.2)



It is seen that a Shewhart procedure uses the information in only one
observation at a time and generally is not efficient for detecting
small deviations in A from the coﬁtrol value. Various modifications
of the Shewhart procedure, such as charts with warning limits will in
general improve its performance, see Page (1955). The design of

the Shewhart chart is usually based on the assumption that the obser-

vations are normally distributed with known variance.

Parametric Cumulative Sum Control Chart Procedure.

A more recent and, generally, more efficient procedure than
Shewhart's procedure is the cumulative sum control chart (CSCC) which
essentially uses the cumulative sum of the observations as the test
statistic. The CSCC procedure was originally introduced by Page (1954)
and a comprehensive account of it is contained in a monograph by van
Dobben de Bruyn (1968). To describe the CSCC procedure, it can be
assumed that AO = 0, without loss of generality, since one can always
work with the sequence (Xi - AO) (i=1, 2, ...) instead of the
original sequence Xi (i =1, 2, ...). The CSCC procedure for detecting
deviations in the positive direction signals to stop at the first n
for which

n m

5 (X, -K)- min 3z (X -kD s>ntg
. 1 . 1 b
i=1 Ofmfn i=]1

x > (2.3)

where k+ > 0 (called reference value) and h+ > 0 (called decision

interval) are preassigned numbers and are considered as parameters
0

of the CSCC procedure, and where I =0. The criterion for choosing
i=1
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k+ and h+ is that the ARL of the resulting procedure be a minimum
at a given A # 0 subject to condition that the ARL be a specified
value when A = 0. To defect deviations in the negative direction,
the CSCC procedure signals at the first n for which

m n

max I (X, +k)- I(X,+k)>h o

X (2.4)
O<m<n i=1 i=1

where k > 0 and h~ > 0 are preassigned parameters of this one-sided
procedure. A two-sided CSCC procedure for detecting both positive
and negative deviations in A from the control value signals at the
first n for which either one of the above two inequalities is satis-
fied. A two-sided symmetric CSCC procedure can be constructed by
taking k= k' and h~ = h'.

Page (1954) established that a CSCC procedure is equivalent to
a sequence of standard sequential tests of statistical hypotheses.

The one-sided positive CSCC procedure, for example, is equivalent

' n
to a sequence of sequential statistical tests in which I (Xi - k+) is

i=1 g
accumulated until either the sum is > h+ oy or 2 0. If pX (Xi - k+)z
i=1
h+ Oys the hypothesis that the process is in-control, i.e., A = AO =
n
0 is rejected and the CSCC procedure signals to stop. If I (Xi - k+)§
: i=1

0, the hypothesis that the process is in-control is accepted and
a new test is started with the summation reset equal to zero before
accumulating the next observation Xn+l' In contrast to Shewhart con-

trol charts, a CSCC procedure uses all past observations up to the

current stage and is therefore expected to be more efficient, in



i1

terms of its ARL, than Shewhart control charts. Barnard (1959) de-
vised a practical device called the V-mask, which is a V-shaped
hole made in a piece of cardboard, to carry out a CSCC procedure

in a simple manner.

In general, there is no simple way to determine the ARL of a
CSCC procedure. A method for computing the exact ARL of a CSCC
procedure by solving integral equations, of the form given in (2.5),
is described in Chapter III of van Dobben de Bruyn (1968). Consider
a positive sided CSCC procedure with parameters k and h and based on
Xl, X2, +.. . Let L(z|A) denote the average run length of the
procedure when the cumulative sum has value O < z < h given a specified

value of A. Then L(z|A) satisfies the following integral equation
h
L(z|A) = 1 + L(olA)G(—zlA)HO g(u-z |A)L(u|A)du 0 <z <h , (2.5)

where G(u]A) and g(ulA) are the cumulative distribution and density
functions of (X-k). Usually, interest is only in L(OIA), the ARL of

a procedure starting at zero. However, as the above integral equation
indicates, one has to solve the equation for all values of 0 <z <h
in order to obtain L(OIA) and, in general, no analytic solution is
possible. van Dobben de Bruyn used numerical methods to solve for
L(O|A) and compiled tables for the ARL when the observations follow

a normal distribution with known variance. These tables are exact up

to a negligible error due to the numerical solution.



12

Usually it is desirable to have a simple, preferably analytic,
way for computing the ARL of a control chart procedure. Accordingly,
attention has been direéted towards obtaining approximate, usually
asymptotic, formulas for the ARL. Reynolds (1975b) derived one such
asymptotic analytic formula for the ARL by approximating the behavior
of the CSCC procedure by a Brownian motion process on the interval
(0, »). He reported that the approximation is not satisfactory unless
some modification is made in the asymptotic formula and he gave one

suggestion in this regard.

2.2 Nonparametric Control Chart Procedures

The Parent-Reynolds Signed Sequential Ranks Procedures,

Parent (1965) proposed a nonparametric control chart procedure
based on the signed sequential ranks (SSR) of the observations. If
sz denotes the rank of ,Xil in the set {]Xl], [XZI, cees ]Xj]}, i<i,
and sign (Xi) is defined to be 1 if Xi >0 and -1 otherwise, then the
signed sequential rank of Xi is/defined to be Vi = sign(Xi)R:i. Thus
the signed sequential rank of a given observation is computed with
respect to all observations preceding it and is different from the
usual Wilcoxon signed-rank which is defined in (3.2). The test
statistic used by Parent was Sn = iElvi/i, and his control chart
procedure signals at the first n for which Sn¢(-a, a) for some pre-
assigned positive number a; otherwise, sampling is continued. Reynolds

(1972) proposed two nonparametric control chart procedures both based

holk
on the modified statistic Z: = F Vi/(i+l). The first may be termed
i=1
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as a linear barrier-type procedure and it signals at the first n for

which

Zt § (-a, a) , (2.6)

where a > 0 is determined so that the resulting procedure has a
preassigned ARL when A = 0, Otherwise, sampling is continued. The
second, is a CSCC~type procedure and it signals at the first n for

which

(Z+ - nk) - min (Z+ - mk) > h or max (Z+ + mk) - (Z+ + k) > h,
n 0<m<n m O<m<n n

where k > 0 and h > 0 are the parameters of this two-sided procedure
and Zg is defined to be zero. Otherwise, sampling is continued. Again
there is no simple way of computing the exact ARL of procedures based
on signed sequential ranks. Asymptotic formulas for the ARLs of these
procedures based on a Brownian motion approximation were derived by
Reynolds (1972). He checked the accuracy of this Brownian motion
approximation by comparing it to values of ARL obtained b& simulation.
It was found that the approximation is quite satisfactory in case of

a linear barrier-type procedure. However, a modification must be made
to improve the accuracy of the Brownian motion approximation in the
case of a CSCC-type procedure. Also, Reynolds compared the average
run lengths of these nonparametric signed sequential rank procedures
with the average run lengths of the parametric CSCC procedure at

different values of shifts in A away from the control value. It was

found that the signed sequential rank procedures are comparable in
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efficiency to the parametric CSCC procedure for small shifts from
the control value. However, the éfficiency of these nonparametric
procedures decreases for large shifts.

Some sequential nonparametric hypothesis testing procedures use
ranking within groups to reduce the effort of ranking and to provide
a sequence of independent test statistics. The idea of ranking the
observations within groups was originally employed by Wilcoxon, et al.
(1963) to develop a nonparametric sequential probability ratio test for
‘the two-sample (equality of two populations) problem against Lehmann
alternative hypotheses (see Lehmann (1953)). Also, Weed and Bradley
(1971) used this same idea to develop a nonparametric éequential
probability ratio test for the one-sample problem (testing that a
population is symmetric about a given value) against Lehmann alter-
natives. The idea of ranking the observations within groups requires
that groups of observations be obtained sequentially, or that the

observations can be divided into groups of fixed size.



CHAPTER III

RESULTS CONCERNING THE WILCOXON SIGNED-RANK STATISTIC

The present chapter is devoted to the derivation of some results
concerning the Wilcoxon signed-rank statistic which will be defined
in eéuation (3.1). These results will be used to compute the aver-
age run lengths of the control chart procedures to be proposed in
Chapter IV. 1In Section 3.1, tables will be compiled for the distri-
bution of the Wilcoxon signed rank statistic when the observations
come from a normal population. These tables will be used to compute
exact values of the average run length as will be developed in Chapter
IV. 1In Section 3.2, an analytic formula will be derived for the
variance of the Wilcoxon signed—rank statistic. This formula will
be used to compute approximate average run lengths of the proposed
control chart procedures as will be developed in Chapter VI.

To define the Wilcoxon signed—-rank statistic, let Xl’ X2, ooy
Xy be a random sample of size N > 1 from a population with a symmetric
continuous cumulative distribution function F(x[A) where A is the
center of symmetry (=the median, or the mean if it exists). Let

c(u) be equal to 1 or 0 according as u is > or < 0. Define

N
R.. = X, | - |X. j .
N iElv—(ljl %) s 1 <3N

In other words, R

SN is the rank of IXj] in the set {]Xll, |X2|, cees

IXNI}. The Wilcoxon signed-rank statistic, which was originally

15



16

introduced by Wilcoxon (1945), can be written in the form

N
SRy = I Y., (3.1)

where

Yj = sign(Xj)RjN . (3.2)

The Yj's will be called the Wilcoxon signed-ranks.

3.1 Distribution of the Wilcoxon Signed-Rank Statistic

When A = 0, it is known in nonparametric statistics that the
distribution of the Wilcoxon signed-rank statistic SRN does not
depend on F(XIA) and this distribution has been tabulated for
samples of size up to N = 15, see Hollander and Wolfe (1973). When
A # 0, the distribution of SRy depends on F(X|A).

To show how the tables of this section were compiled, a general
method for computing the exact distribution of the Wilcoxon signed-
rank statistic will now be outlined.

Define the random vector Z = (Z(l), Z(2)’ e Z(N)) by

1 if the jth order statistic among IXlI, ceey IXNI

corresponds to a nonnegative observation,

-1 otherwise.

The Wilcoxon signed rank statistic can then be written in the form

i LY 6

N
z
j=
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There are 2N possible values z of the random vector Z. The probability
that Z assumes a particular value z will be denoted by P(Z = z[A).
The probabilities P(Z = zlA) are usually called rank order probabili-

ties, The probability that SRN assumes a particular wvalue £ is given

by

Pr(SRy = 2]a) = £ P(z

z|A) (3.3)

where the summation extends over all values of z for which SRN = 2.

The possible values & of SRN are
~N(N+1) /2, —(N(N+1)/2)+2, ..., N(N+1)/2 .

Thus, the computation of the distribution of SRN requires the
determination of the rank order probabilities P(Z = z]A) for all
possible values of %. When the observations have a normal distribu-
tion with mean A and variance 1, Lever (1973) expressed the rank
order probabilities in the form

N

P(Z=2z|a) =N [ ... f I ¢(t, - z

L=z IR T
O<tl<...<tN< j=1

A)dtj , (3.4)

where ¢ is the standard normal density function. The above

expression remains valid for a normal distribution with mean y and
variance 02 provided that A is expressed in units of standard
deviations, i.e., A = y/o. Under this normality assumption, numerical
integration of multiple integrals was employed by Lever (1973) to

compute P(Z = z|A) for 1 < N <12 and A = 0.0, 0.1, 0.2 (0.2) 1.0,
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1.5, 2.0, 3.0. She reported that the results are accurate to 9
decimal places. In this dissertation, the values of the rank order
probabilities as computed by Lever, are used to compute the distri-
bution of SRN in accordance with (3.3). The distribution.ofSRN, thus
computed, is given in Tables I, II, and III for N = 2, 6, 10; A =
0.2, 0.6, 1.0, 2.0, 3.0 where A is the mean of a normal distribution
with variance 1. These last values of A were chosen to represent
a range from a small to a large shift in the mean of the normal
population.

Klotz (1963) computed the probabilities in (3.4) for 1 < N < 10;
A =0 (0.25) 1.5 (0.5) 3.0. He reported that the results were accurate
to 4 decimal places. However,the computed values of the rank order
probabilities were not published in his paper. Arnold (1965) computed
the probabilities P(% = glA) with 1 < N < 10 for shifts A = 0.25, 0.50,
1.0, 2.0 and 3.0 under the non-central t distribution with 1/2, 1, 2,
and 4 degrees of freedom. The computed values of the rank order
probabilities were used to present the power of the Wilcoxon signed-

rank statistic; but, they were not published.

3.2 Variance of the Wilcoxon Signed-Rank Statistic

The exact variance of SRN will now be derived and some computations
will be included when the observations have normal, double exponential,
and uniform distributions. An analytic formula for variance of SRN
will be needed in Chapter VI to compute a Brownian motion approximation

to the ARL of a nonparametric control chart procedure based on SRN.
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with Mean A and Variance 1.
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Distribution of SRN Under Normal Distribution

Sample Size N = 2.,

Pr(SRy = £ [4)
'}
A = 0.20 A = 0.60 A = 1.00 A = 2.00 A = 3.00
3 |0.335541816 [0.526708536 {0.707860980 {0.955017305 {0.997302026
1 | .275809487 | .275219508 | .213489412 | .042643828 | .002686929
-1 | .211626317 | .122857180 | .053478112 | .001821299 | .000009223
-3 ]0.177022395 [0.075214770 | .025171487 | .000517569 | .000001822
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Table II. Distribution of SRN Under Normal Distribution

with Mean A and Variance 1.

Sample Size N = 6.

Pr(SRg = L]a)
L
A = 0.20 A = 0.60 A=1.0 A=2.0 A =3.0
21 | 0.037778085 | 0.146120474 {0.35685899 |0.871031223 |0.991927896
19 | .034821825 | .107824960 | .188287710 | .101791128 | .007912783
17 | .032008144 | .079814025 | .103465245 | .015889464 | .000126967
15 | .058869011 | .120433588 | .122649244 | .008683712 | .000031336
13 | .053428183 | .C86824935 | .066253747 | .001580473 | .000000804
11| .072561309 | .094792316 | .056540339 | .000650698 | .000000158
9| .086156586 | .089452944 | .042312734 | .000280911 | .000000053
7| .078890165 | .06628579 .024417298 | .000060067 | .000000002
5| .071845270 | .049357214 | .041333909 | .000017842 | 0.0
3| .08090168 .045102978 | .010667515 | .000008568 | 0.0
1| .074592241 | .035508672 | .007247187 | .000004565 | 0.0
-1| .065751046 | .024107986 | .003680577 | .000000786 | 0.0
-3 | .060589266 | .018845360 | .002440578 | .000000350 | 0.0
-5 | .043665604 | .011033982 | .001164566 | .000000107 | 0.0
-7 | .040023834 | .008666071 | .000805740 | .000000062 | 0.0
-9 | .036981399 | .007012004 { .000589726 | .000000039 {0.0
-11| .024632752 | .003621693 | .000226199 { .000000004 | 0.0
-13 | .014957756 | .001854466 | .000099534 | .000000002 | 0.0
-15 | .013717112 [ .001469095 | .000070154 | 0.0 0.0
-17 | .006365312 | .000601741 | .000026070 | 0.0 0.0
-19 | .005927605 | .000501483 | .000020069 | 0.0 0.0
-21 | 0.005547338 | 0.000425509 | 0.000015949 | 0.0 0.0
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Table III. Distribution of SRN Under Normal Distribution

with Mean A and Variancé 1.

Sample Size N = 10.

Pr(sRy = 2]a)
%
A = 0.20 A = 0.60 A=1.0 A =2.0 A =3.0

55 10.004253371 |0.040537017 |0.177721459 10.794431040 |0.986582725
53 | .004037279 | .033074132 | .113654593 | .136853339 | .012955546
51 | .003830798 | .027147327 | .075006680 | .031927332 | .000354260
49 | .007274335 | .045064863 | .103596488 | .021814135 | .000100307
47 | .006886937 | .037003465 | .069759711 | .006249866 | .000005354
45 | .009785369 | .045947306 | .072668435 | .003443726 | .000001314
43 | .012346028 | .050749631 | .067972684 | .001862942 | .000000433
41 | .014542117 | .051729304 | .057487937 | .000756708 | .000000048
39 | .016395306 | .050393659 | .046800101 | .000330663 | .000000010
37 | .020508638 | .054593903 | .042789383 | .000173929 | .000000002
35 | .023868792 | .054728151 | .036322131 | .000089940 | .000000001
33 | .024828645 | .047609746 | .025699810 | .000032995 | .000000000
31 | .027763856 | .048751615 | .023316718 | .000017019 | .000000000
29 | .029931521 | .045280614 | .018170462 | .000007710 | .000000000
27 | .032106324 | .042804839 | .014839286 | .000004177 | .000000000
25 | .035443043 | .041263369 | .012363673 | .000002485 | .000000000
23 | .036556994 | .036900346 | .009353569 | .000001001 | .000000000
21 | .037373890 | .032815878 | .007123126 | .000000488 | .000000000
19 | .039661866 | .030693230 | .005807489 | .000000265 | .000000000
17 | .039751392 | .026636904 .000000123 | .000000000

.004310109




Table III (Continued).

with Mean A and Variance 1.
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Distribution of SRN Under Normal Distribution

Sample Size N = 10.

Pr(SRy = 2]8)
)
A = 0.20 A = 0.60 A =1.0 A=2.0 A= 3.0

15 1.040047563 | .023618915 | .003330912 | .000000072 | .000000000
13 i.040257981 .021042505 | .002637023 | .000000042 | .000000000
11 |.039941933 | .018164795 | .001941565 | .000000017 | .000000000
9 5.038681404 .015501887 | .001449372 | .000000005 | .000000000
7 .038272995 | .013411710 | .001069779 | .000000002 | .000000000
5 .036791225 | .011411227 | .000818606 | .000000002 | .000000000
3 .034660518 | .009420196 | .000589309 | .000000000 | .000000000
1 | .033471889 | .008094029 | .000450079 | .000000000 | .000000000
-1 | .031439670 | .006661578 | .000334132 | .000000000 | .000000000
-3 .028851545 | .005433629 | .000235580 | .000000000 | .000000000
-5 .027124695 | .004528863 | .000174155 | .000000000 | .000000000
-7 .024832964 | .003659076 | .000124025 | .000000000 | .000000000
-9 .021320343 | .002720497 | .000079047 | .000000000 | .000000000
-11 | .020243133 | .002357637 | .000064040 | .000000000 | .000000000
-13 .017886560 | .001835527 | .000044176 | .000000000 | .000000000
-15 .015898777 | .001472043 | .000032266 | .000000000 | .000000000
-17 .014066542 | .001182842 { .000023932 | .000000000 | .000000000
-19 .012223745 | .000892543 | .000015440 | .000000000 | .000000000
-21 .010283009 | .000657183 | .000010469 | .000000000 | .000000000
-23 .008858907 | .000517521 | .000007266 | .000000000 | .000000000
-25 .007580316 |. .000396066 | .000005023 | .000000000 { .000000000
-27 .006062769 | .000282665 | .000003230 | .000000000 [ .000000000
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Table III(Continued). Distribution of SRN Under Normal Distribution

with Mean A and Variance 1.

Sample Size N = 10.

Pr(SRy = £[4)
2
A = 0.20 A = 0.60 A =1.0 A =20 A = 3.0
-29 .005090964 | .000218643 | .000002358 | .000000000 | .0000000000
-31 .004136243 | .000157138 | .000001503 | .000000000 | .0000000000
-33 .003331976 | .000116914 | .000001061 | .000000000 | .0000000000
-35 .002887254 | .000094147 | .000000817 | .000000000 | .0000000000
-37 .002149713 | .000060008 | .000000427 | .000000000 | .0000000000
-39 .001519355 | .000038061 | .000000246 | .000000000 | .0000000000
-41 .001196938 | .000027229 | .000000163 | .000000000 ; .0000000000
-43 .000908877 | .000018974 | .000000106 | .000000000 | .0000000000
=45 .000649376 | .000012520 | .000000067 | .000000000 | .0000000000
-47 .000413178 | .000007396 | .000000037 | .000000000 | .0000000000
-49 .000394653 | .000006583 | .000000032 | .000000000 | .0000000000
-51 .000188942 | .000002949 | .000000013 | .000000000 | .0000000000
-53 .000181098 | .000002657 | .000000012 | .000000000 | .0000000000
-55 .000173837 | .000002407 | .000000010 | .000000000 | .0000000000
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Although one can compute the variance of SRN from the distribution of
SRN, this distribution is available only in the few cases mentioned

in the last section. Tﬁus, it would be desirable to have a formula
for computing the variance of SRN without the need to know its distri-
bution. Another derivation for the variance of the Wilcoxon signed-
rank statistic has recently appeared in Lehmann (1975).

Define the random variables wij(i, i=1, 2, ..., N) by

[ 1 x| < X
by = 0 %] < X, < X1 »
-1 X, <-|%] .
] - 1
N
It can be seen that Y, = I .. and
J i=1 1]
N N
SRe = I I Y. .
g j=1 i=1 ™

Reynolds (1975a) derived the following moments of {wij}.

1/2 -7 F(-x)dF(x) , (3.5)

m
1l

1 - 2F(0) , (3.6)

<<
[

E(,5)

and



where
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1/2 : i=k+# 3
1 i=3j=k
Y iti=k
2y i=%k#j
E(W; ¥py) =3 1/3 i#3=2
1/2 i#3=k
0 i=2#7
02 /2 i=k=2
E(y..)E( ) otherwise
| le wkl

s

y = ffw F(-x)2 dF(x) + ¢ - 1/3 .

L # i
L # i

k #1

(3.7)



N
Y = .
ar(SRN) Var(.ElYJ)
J_
N N-1 N
= g Var(Y,) + 2 ¢ z Cov(Y., Yk)
j=1 J §=1 k=j+1
N
\'/ .) = ..
ar(YJ) Var('i1 wlj)
N N-1 N
= I Var(@.,.,) +2 2 L Cov(y.., V._.)
i=1 H i=1 r=i+l D
It is seen that
N N
L Var(y..) = ¥ Var(y..) + Var(y..
L Vel = L vary) + var(y, )
N
2 2 2 2
= ¥ (Ey5. - (E¢..)") + EyT. - (Ey..)
IVTREN ij i3 3]
_ 2 2
= (N-1)(1/2 -&7) + (1 -0%)
Also,
N-1 N N-1 N N
I I Cov(y,., v _.) = L L Cov(y.., ¥..) + L Cov(¥,., V_.
i=1 =i+l 137 7r3T 401 r=inl D o R KA
itj r#j
j-1
+ Z

26

Cov(wij, Y..)

i=1 JJ

)
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=(1/2)(N = 1)(N - 2)(1/3 - £2) + (N = §)(1/2 - £0)

+ (3 -1D(A/2 - &0)

~(L/2)(N - 1) = 2)(1/3 - €2) + (¥ - 1)(1/2 - £8) .
Thus

Var(¥,) = (¥ - 1)(1/2 - ¢ 2y + (1 -0H + (- 1M - (/3 - £2)

+ (N - 1)(1 - 2g¢)

2

—(1/6)(N + 1)(2N + 1) - (N - 1)%¢% =62 - 2(N - 1ge .

for j < k, will now be determined.

The covariance of Yj and Yk’
N N N N
Cov(Y.,Y)-Cov(Zw Zya) = L L Covi(y,., v.)
J =1 37 p2 K 40y e 37 frk

Computation of the covariances in the last summation can be clarified
by looking at Figure 1. The nonzero covariances occur along the
diagonal, in the jth column, and in the kth row of Figure 1. The

sum of the covariances along the diagonal is given by

N
i21Cov(1pij, wik) = Cov(wjj, wjk) + Cov(wkj, wkk)
N
+ =z Cov(w e ¢ik)
i#j
i#k

2(8%/2 - £6) + (N - 2) (2y - &%)

The sum of the covariances in the jth column, excluding the diagonal

element, is given by

N N '
£ Cov( Rz ) = Cov(y, o9, ) + L Cov(y, .,w X’
i=1 w wjk kj*iik i3

i3 ifk
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2
=0 -E) + W=-2)(v-EH
The sum of the covariances in the kth row, excluding the diagonal

element, is given by

N
2
I Covly s by) = (N = 2y - &)
_ r=1
Thus, i#j,k
N N
COV(YJ-, Y) = iil rilCOV(\Pij, Vo)

2(62/2 - £0) + (N - 2)(2y - £2) - €2
+ (N -2y -5 + (N -2y - &)

4(N - 2)y - (3N - S)E2 + o2 - 2e6

Using these results, it follows that

N N-1 N
Var(SR,.) = ¢ Var(Y.) + 2 3 v Cov(Y., Y,)
N j=1 J 3=1 k=j+l i’k

N Var(Yj) + N(N - 1) COV(Yj, Yk)

AN(N = 1) (N - 2) 7 = 2N(N = 1)(2N - 3)&2

+ NQN - 2)6% = 4N(N - 1)£6 + NQWL) (2N+1)/6 .

If the distribution function F(X) is symmetric about zero then & = 6 =

v = 0 and

Var(SRN) = N(N+1) (2N+1)/6
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L | 2 3 j k N

i

1 (1j,1k) |(13,2k) |(1],3Kk) (13,3k) . (13 ,kk) (13,Nk)

2 1(23,1k) {(23,2k) {(23,3k) (2j,3k) ... [(23,kKk) |... [(23,Nk)

3 |(3j,1k) [(3],2k) [(33,3k) (33,3k) . 1(33,kk) (33 ,Nk)

3 1G33,1k) |(33,2k) {(35,3k) (33,3k) (33,kk) (33 ,Nk)

k | (kj,1k) |(kj,2k) |(kj,3k) (kj,ik) (kj,kk) (kj,Nk)

N | (Nj,1k) [(Nj,2k) | (Nj,3k) (N3, ik) (N3, kk) . [(Nj,Nk)
N N

Figure 1. Display of the covariances in I L Cov(y,., ¥_.)
i=l r=1 1 LK

where only the subscripts are shown.
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The mean of SRN is given by

N N
E(SR) = E jzl ifl Vi
N N N
=E 3 ¢..+E I I y..
j=1 3=1 i=1
i#]

N(N - Lg+No.

To compute numerical values of Var(SRN) and E(SRN), it is necessary
to determine the values of £, 8, and y. The values of g, 6, and y will
now be determined when the observations have a normal distribution, a

double exponential distribution, or a uniform distribution.

~ Values of £, 6, y Under a Normal Distribution

The cumulative distribution function of a normal distribution

with mean A and variance 1 is given by

~-1/2 fx

F(x) = (2M) ", exp[- (u - A)2/2] du

Then, by formula (3.5),

£=1/2 - ST F(-x)dF(x) = 1/2 - Pr(X; + X

2_
1/2 - o(=/2 b) ,

and by formula (3.6),
6 =1-2F0) =1~ 20(-8) ;

where ¢(u) is the standard normal cumulative distribution function.
v, however, cannot be evaluated analytically because ffw F(-x)zdF(x)

does not admit an analytic solution when F(x) is the normal cumulative
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distribution function. This integral was evaluated numerically by
Simpson's rule using 2000 subdivisions over the interval [-10, 10].
Table IV gives values of &, 6, and vy for a normal distribution with

mean A = 0, 0.2, 0.25, 0.5, 0.6, 1.0, 2.0, 3.0 and variance 1.

Values of £, 6, and y Under a Double Exponential Distribution

The density function of a double exponential distribution with

mean A and variance 2¢2 is given by

£(x) = (20) 7 expl-|x - 4]/¢] ,

where = < x < ®, - < A <o, and ¢ > 0. The cumulative distribution

function is given by

(1/2) exp[(x - A) /9] x <A,
F(x) =
1 - (1/2) exp[-(x = A)/¢] x > A
To compute £ = 1/2 - ffw F(-x)dF(x), we have
(1/2) exp[-(x + a)/4] X >-A,
F(-x) =
1 - (1/2) exp[(x + A)/¢] x < -A

When A > 0, it is seen that
2 F(x)dF(x) = 20 1T (1 - @/2)expl(x + 8)/6D)exp[(x - 8)/¢] dx

+ 20) 7 L (1/2)expl-(x + 8) /p]expl(x - 8)/] dx



Table 1IV.

Distribution with Mean A and Variance 1.

32

Values of £, 8, and y Under a Normal

A £ 6 fwa(—x)zdF(x) y

0.0 | 0.0 0.0 0.3333333 0.0

0.20 | .1114116 .1585194 .2291721 .0072504
0.25 | .1383306 .1974126 .2062665 .0112637
0.50 | .2602168 .3829250 .1132022 .0400856
0.60 | .3020594 .4514938 . 0859443 .0546704 |
1.0 .4213190 .6826894 .0230664 .1110520
2.0 .4976580 .9544,998 .0001743 .1644989
3.0 | 0.4999888 | 0.9973002 | 0.000000L 0.1666556
B=>e 1/2 1 0 1/6
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+ 2)7h ST/ expl-x + 0)/g] expl-(x - 0)/4] dx
=(1/2)exp[-24/61 ~(1/8) exp[-28/¢]
+ (20)7F & exp[-20/¢] +(1/8)exp[-28/6]
= @007 (6 + ) exp[-20/6] .
Similarly, when A < 0, it can be found that

7 F(00dFG0) = 1/2 + 26)7H (6 + (8 - 6) expl20/4])

Thus,
1/2 = (20)7F (¢ + B)exp[-24/9] A>0
T L™ 6+ @ - eemplzels)) A <0
Also,
1 - exp[-0/4] a>o0

6 =1 - 2F(0) =
exp[A/¢] A <0

It remains now to evaluate Y. When A > 0,

o F2aEG) = 207 TR @ - @) expl(x + 8)/61) 2expl(x - 8)/6] dx

<+

@) 7" 12 (/8 expl-2(x + )/6] exp((x = 8)/6] dx

+ @) S ayexpl-2(x + 8)/9] exp[-(x - A)/¢] dx

-1

= 2007 T2 (expl(x - 8)/9] - expl[2x/$] +(1/4)expl (3x + 4)/4]) dx

+ (8071 (/2 expl-(x + 38)/9] dx + [ exp[-(3x + )/¢] dx

A
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=(1/2) (exp[-28/¢]1 =(1/2)exp[-24/¢] +(1/12)exp[-24/¢])
+ (1/8Xexp[-2A/¢] - exp[~4A/4]) +(1/24)exp[~4A/¢]
=(1/12) (5 exp[-24/¢] - exp[-4A/¢]1)

Similarly, when A < 0 one can determine a formula for ftw F(—x)zdF(x).
Howevef, such a formula is not needed for purposes of

the dissertation since A is assumed to be nonnegative. Finally, vy is
computed from (3.7).

Numerical values of £, 6, and y are given in Table V.

Values of &, 6, and y Under a Uniform Distribution

The density and cumulative distribution functions of a uniform

distribution on the interval (a, B) are, respectively, given by

Jl/(ﬁ-a) o <X < B,
f(x) =

{ 0 otherwise .,

((x - a)/(B~a) o <x<28,
F(x) = < 0 X < o ,

{ 1 x> B

It can be seen that
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Table V. Values of £, 8, and y Under a Double Exponential

Distribution with Mean A and Variance 1.

A 3 0 Y

0.0 0.0 0.0 0.0

0.20 .1356913 .2463620 .0121303
0.25 .1663018 .02978120 .0181546
0.50 .2924869 .5069301 .0555267
0.60 .3306545 .5719550 .0708664
1.0 4286529 .7569933 .1196560
2.0 .4933127 9408942 .1614349
3.0 0.4994587 0.9856304 0.1662114
A->c 1/2 1 1/6
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0 0<a<B,
IS dx/(B - a) a<B<0,
12 reare =4 )
S, (=% - a)dx/(B - a) -8 <a <0
-8 8 2
fa dx/(B - a) + f_B (-x = a)dx/(B = a)" o <-B<0.
Thus,
( 1/2 0 <a<B,
-1/2 a <B<O0,
3 - -
2 2
1/2 - 2a°/(B - o) -8 <a <0,
L(3Bz +o2 + 2aB8)/2(B - 0?2 a <=8 <0.
The value of 6 is given by
(a + B8)/(B - a) a<0<B ,
6 =1 - 2F(0) = 1 0<a ,
1 -1 0> 8
Also,it is straightforward to show that
0 0 <a<B ,
1 ‘ o < B < 0 ’
18 B (-x)ar (x) =J
-80°/3(8 - a)° B<ac<0,

208> + 3028)/3(8 - a)°
a < -B < 0.

. ~(B+ a)/(B - a)
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The value of y is obtained from (3.7).
Table VI gives numerical values of &, 0, and vy for a uniform
distribution with mean A = 0.2, 0.25, 0.5, 0.6, 1.0, 2.0, 3.0, and

variance 1.
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Table VI. Values of £, 8, and vy Under a Uniform

Distribution with Mean A and Variance 1.

o B=a+ V12 A g 6 Y
-1.73205 1.73205 0.0 0.0 0.0 0.0
~1.53205 1.93205 0.20 .108803 .115470 .006156
-1.48205 1.98205 0.25 .133922 .144340 .009415
-1.23205 2.23205 .50 .247008 .289090 .033648
-1.13205 2.33205 0.60 .286410 .346410 .046143

-.73205 2.73205 1.0 .410684 .577590 .102517

0.26795 3.73205 2.0 .500000 1.000000 .166667

1.26795 4.73205 3.0 0.500000 | 1.000000 0.166667
A=>o 1/2 1 1/6




CHAPTER IV

NONPARAMETRIC CONTROL CHART PROCEDURES BASED ON WITHIN-GROUP RANKING

Two nonparametric éontrol chart procedures based on ranking the
observations within groups will be proposed in this Chapter. Several
desirable properties justify proposing these two procedures. First,
their application does not require the knowledge of the parent distri-
bution or the variance of the observations. Second, they are simple to
apply in the sense that little effort is required for computing the
ranks of the observations. Third, the exact average run lengths of
the procedures are simple to compute. Fourth, they perform satis-
factorily when compared to parametric control chart procedures as
will be shown in Section 4.4.

The first procedure, called a Cumulative Sum Control Chart-
Grouped Signed rank (CSCC - GSR) procedure, is introduced and a
method for computing its ARL is given in Section 4.1. 1In Section
4.2, the practical application of the CSCC - GSR procedure is
investigated. The second procedure, called a Linear Barrier -

Grouped Signed Rank (LB - GSR) is introduced and investigated in
Section 4.3. Section 4.4 contains several comparisons, in terms of
the ARL criterion, between the proposed nonparametric procedures
and the parametric control chart procedures (i.e., the Shewhart's
control charts and the parametric CSCC procedure).

Before introducing the two proposed procedures, the following no-

tations and definitions are needed for the development of this Chapter.

39
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Let (Xil, xi2’ vees Xig) i=1, 2, ... be groups of independent
observations taken sequentially on the output of some process. Let
Rij denote the rank of Ixij' in the set {|Xi1|, IXiZI’ cees ]Xigl}
for i=1, 2, ..., and j=1, 2, ..., g. For eachi=1, 2, ...,

define

Uij = sign(Xij)R”]S_j s J=1,2, vius g

It can be seen that the Uij (=1, 2, ..., g) are the Wilcoxon
signed-ranks, as defined in (3.2), of the observations in the ith
group. The Uij's will be called grouped signed-ranks (GSR's).

The statistic that is proposed in this Chapter is

n g
SRn = % z Ui' .
i=1 j=1
g n
If SR, = I U.. themn SR can be written as SR = I SR, which
ig =1 ij n n i=1 ig

is easily seen to be a sum of n independent Wilcoxon signed-rank
statistics,each based on g observations.

It is well known in nonparametric statistics that the Wilcoxon
signed-rank statistic can be used to test the null hypothesis that
the distribution of a sequence of independent and identically distri-
buted observations is symmetric about some specified value, AO’
against location alternatives (i.e., A # AO). It is proposed, in
this Chapter, that the statistic SRn be similarly used to develop

nonparametric control chart procedures. If the observations
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on the output of the process have a symmetric distribution about
the control value AO = 0 (without loss of generality), then the
expected value of SR.n will be zero which indicates that the process
is in-control. On the other hand, if the distribution of the
observations is not symmetric about zero, then the expected value
of SRn will not be zero which indicates that the process is out-of-
control.

For the sake of the nonparametric procedures of this dissertation,
a process is said to be in-control if the distribution of the obser-

vations made on the process is symmetric about the control value.

Otherwise, the process is said to be out-of-control.

4.1 A CSCC--GSR Procedure

Let k > 0 and h > 0 be specified constants the choice of which
will be discussed in Section 4.2. The proposed one~sided CSCC--GSR
procedure for detecting positive deviations from the control value

A, = 0 signals at the first n for which

0

n m
z (SRi - k) - min r (SR, - k) >h .
i=1 g Ofmfn i=1 18

As was mentioned in Section 2.1, this procedure is equivalent
n
to a sequence of tests in which I (SRig -~ k) is accumulated until
i=1
either the sum is > h or < 0. The procedure signals at the first n
n n
for which I (SR, -k) >h. If I (SR, - k) < O, then the sum is
. ig - . ig -
i=1 i=1
set equal to zero and sampling is continued by obtaining a new group

of g observations and accumulating the resulting signed ranks. The
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one-sided procedure for detecting negative deviations signals at the

first n for which

max [;(SR. + k) —'rzl(SR. +k) >h,

O<m<n i=1 8 i=1 '8 -
Equivalently, this can be described as a procedure that signals to
stop at the first n for which ir%l(SRig + k) < -h; otherwise sampling
is continued and the cumulative sum is set equal to zero whenever it
becomes positive. A two-sided symmetric CSCC - GSR procedure can be
constructed by employing the above two one-sided procedures simultane-
ously. Thus, the two-sided procedure signals at the first n for which
either one of the one-sided procedures signals; otherwise, sampling is
continued. To construct a two-sided asymmetric procedure, it is possi-
" ble to choose constants k+ > 0 and h+ > 0 for the positive one-sided
procedure; and k > 0 and h™ > 0 for the negative one-sided procedure
where k+ # k and h+ #h . One advantage of procedures based on ranking
the observations within groups is that their average run lengths can be
computed exactly (when k and h are integers) once the distribution of
the Wilcoxon signed-rank statistic is determined. The method of com-
puting the exact ARL of a CSCC - GSR procedure will now be developed.

Consider a one-sided CSCC - GSR procedure for detecting positive

deviations from the control value AO = 0.  Define

S = min{h, max{0, S _+ SR - kl}}and S_=0 .
n n- ng

0
It can be seen that the one-sided CSCC - GSR procedure for detecting

1

positive shifts signals at the first n for which Sn = h., Otherwise;
sampling is continued. The possible values of SRng’ n=1,2,..., are

either the even numbers or odd numbers falling between -g(g+l)/2 and
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g(g+l)/2 inclusive and depending on whether g(g+l)/2 is even or odd,
respectively. If h and k are restricted to be nonnegative integers,
then it can be seen that the sequence {Sn; n=20,1, 2, ...} is a
Markov chain with state space {0, 1, 2, ..., h} and initial start at
S0 = 0. This result is immediate since the terms (SRng - k), n=1,
2, .;., are independently distributed. The state "h" is an absorbing
state for the chain and it contains all values of the cumulative

n
sum X (SRi - k) which are equal to or greater than h. The state

i=1
"0" contains all nonpositive values of the mentioned cumulative
sum.

In applications, it may only be meaningful to restrict the
chain to start at state '"0". Theoretically, however, this restric-
tion is unnecessary and a random start of the chain may be allowed.
Therefore, a more general formulation can be obtained by setting

S (0 <j <h) according to some specified initial distribu-

0 =
tion of the chain. In this general formulation, it can be seen

that the Markov chain {Sn; n=20,1, 2, ...} is also homogeneous

in time provided that the initial distribution assigns a positive
probability to each state (except h) in the state space of the

chain. This is true because the terms (SRng -kK),n=1, 2, ...,

are identically distributed. Any initial distribution may be

chosen, for example, the discrete uniform distribution. Let m' =
(mo, Myseees mh—l)’ where mj denotes the mean time to absorption
given the chain started initially at state j (j = 0, 1, 2, ..., h-1).
In this context, the ARL of the CSCC - GSR procedure is simply 8™,

since the procedure always starts with SO=0. Let the (h+1l)x(h+1)
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matrix P=|lpij|| denote the matrix of one-step transition probabilities
of the Markov chain and let Q be an hxh submatrix of P denoting the
one-step transition probabilities for the nonabsorbing (transient)
states 0,1,2,...,h-1, Let I be the hxh identity matrix, and 1 be the
hxl vector with all its elements being unity. Then, iﬁ is known, see
Parzen (1962, page 241) fhat

m=(-Qt1.
The main effort in computing the ARL of a CSCC - GSR procedure is thus
the determination of the matrix Q and inverting (I-Q). The matrix Q
can be determined easily if the distribution of the Wilcoxon signed
rank statistic based on g observations is available. The distribution
of the Wilcoxon signed-rank statistic was discussed in Section 3.1 of
this dissertation. If the observations are symmetrically distributed
about zero, then the distribution of the Wilcoxon signed rank statistic
does not depend on the parent distribution of the observations. Thus,
the average run length of the procedure when the process is in control,
call it ARL(0), does not depend on the distribution of the observations.
However, if the process is out-of-control, (i.e., the observations are
not symmetrically distributed about zero) then the average run length
depends on the parent distribution of the observations. As a numerical
illustration, consider a one-sided positive CSCC - GSR procedure based
on groups of size g=4. The possible values of SRig’ for any i, are the
even numbers between -10 and 10. For simplicity take k=2, an even num-—
ber, so that the cumulative igl(SRig_k) takes only even integral values,
thus reducing the size of the state space for the Markov chain {Sn}.

The ARL of the procedure will be computed assuming that the process



45

remains in-control; i.e., the observations are symmetrically distri-

buted about zero.

signed-rank

statistic based on four

In this case, the distribution of the Wilcoxon

observations is given by

SR, -10 | -8 -6 -4 | =2 0 2 4 6 8 10
ig

Probability|0.0625!.0625].0625|.125].125|.125{.125|.125|.0625|.0625|.0625

SRig -k -12 | -10 -8 | -6 | -4 | -2 0 2 4 6 8

If h = 6, then the state space of the chain is {0,2,4,6} and the

matrix of one-step transition probabilities is

and Q is the submatrix obtained by deleting the

0
2
4
6

0
0.6875
0.5625
0.4375

0

2
0.125
0.125
0.125

0

4

0.0625

0.125

0.125
0

P. Upon inverting I-Q, it can be found that

The mean times to absorption are thus given by

m=

It follows that the average run length ARL(0), when the process is
in control, is equal to m

corresponds to 27.24 single observations.

-t 1-

0

6.8085
6.29786|=
5.44681

m

0

m
Ty,

0.125
0.1875
0.3125

1

5.44681 0.85106 0.51064
(1 -t =13.97163 1.78723 0.539007
3.29078 0.68085 1.47518

2

= 6,.8085 in groups of size 5 which

The values of m, and m

last row and column of
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will be useful in evaluating the ARL when the process is out-of-control
and do not serve a particular purpose when the process is in-control.

By the same method one can determine the average run length of a
one-sided CSCC--GSR procedure for detecting negative deviations in the
mean of the process from the control value AO = 0. This procedure
signais to stop if .§1(SRig + k) < -h; otherwise, sampling is continued
and the cumulative :;m is set equal to zero whenever it becomes positive.
Thus, the state space of the resulting Markov chain is {0, -1, -2, ...,
~-h}, with -h being the absorbing state and 0 containing all nonnegative
values of the cumulative sum. Then, the submatrix Q is obtained from
the matrix of transition probabilities of the chain and (I-Q) is inverted
to obtain the average run length of this one-sided procedure for de-
tecting negative deviations in the mean of the process. Let ARL+ and
ARL™ denote the average run lengths of one-sided CSCC procedures for
detecting positive and negative deviations, respectively. Then it

can be shown (see van Dobben de Bruyn (1968)) that the ARL of the

corresponding two-sided symmetric CSCC procedure is given by

ARL = (ARLT) (aRLT)/(aRLY + ARLT)

Thus,the ARL of a two-sided symmetric CSCC--GSR procedure is simple
to compute once the average run lengths of the corresponding one-sided
procedures have been computed.

The above Markov chain approach has provided an exact method for
computing average run lengths of CSCC--GSR procedures. The method

required that the distribution of the Wilcoxon signed rank statistic
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be known and the inversion of a certain matrix. The values of k were
restricted to be integers in order that the state space of the resulting
Markov chain contain integral values. This restriction is not impera-
tive since one may take k = 0.5, for example, and have a Markov chain
with state space {0, 0.5, 1, 1.5, ..., h=-0.5, h} for the positive
one-sided procedure. However, this may result in a Q matrix of a
large order, thus making the inversion of (I - Q) more difficult.
Therefore,it would be desirable to restrict k to integral values only.
In Chapter VI of this dissertation, an analytic asymptotic formula
will be developed for procedures based on within group ranking. The
purpose of such formulas is to provide a quick, although not exact,

_ way for computing average run lengths. It is worth mentioning that
the Markov chain resulting from a CSCC--GSR procedure has a finite
number of non-absorbing states. This ensures that average run lengths

of the procedure are finite. See Parzen (1962, page 239).

4,2 Application of the CSCC--GSR Procedure

To apply a CSCC--GSR procedure it is necessary to choose values for
the parameters k and h.In control chart procedures, the usual criterion
for selecting these parameters is to require that the combination
k and h minimizes the ARL of the procedure when the process is out-of-
control subject to the condition that the ARL be a specified wvalue
when the process is in-control. However, the state of being out-of-
control is too general to uniquely determine the values of k and h.

A common practice is to decide on a value Al for the deviation

from AO = 0 that is considered significant and is required to
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be detected quickly. Let ARL(Al) denote the average run length of a

CSCC control chart procedure when the deviation is A Then

1°
the objective is to choose the combination of k and h that minimizes
ARL(Al) subject to the condition that ARL(O) is at least a preassigned
value. ARL(0) serves somewhat the same role as the type I error
probability in standard tests of statistical hypotheses. The value

of Al should be considered as a simplification of a range of values
for what is considered as a significant deviation in the value of

A from the control value AO = 0. A common method for the deter-
mination of k will now be outlined.

Johnson (1961) showed that the optimum value of k for the para-
metric CSCC procedure with normal observations is approximately |A1|/2
regardless of the specified value of ARL(0). Reynolds (1972) showed
that if the cumulative sum used in any CSCC procedure can be approxi-
mated by a Brownian motion process on the interval (0, «), then the

optimum value of k is approximately k = ]u(Al)l/Z, regardless of the

specified value of ARL(0), where nu(Al) is the expectation of the

cumulative sum corresponding to a deviation of Al from Ao =0. In a
n

CSCC--GSR procedure the cumulative sum I (SRig_ k) is a sum of
i=1

independent and identically distributed terms. This cumulative sum

can be approximated by a Brownian motion process on the interval (0, «),
see Section 6.3. Therefore, in a CSCC--GSR procedure the optimum value
of k may be taken as k = Iu(Al)l/Z where p(Al) is the expectation of

the Wilcoxon signed-rank statistic based on g observations. The mean
of the Wilcoxon signed-rank statistic can be computed easily

from results derived
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in section 3.2 of this dissertation. Table VII gives optimum

values of k corresponding to different deviations Al in the mean of
the observations made on the process when the parent distribution

is normal (N), double exponential (D), and uniform (U). Each distri-
bution was adjusted to have variance 1 and the values of k were com-
puted using the approximation k = u(Al)/Z- For cases where the
variance of the observations is not 1, the values of Al and k are

in units of standard deviationm.

It can be seen from Table VII that the values. of kdo rmot differ much
for the three distributions under consideration and hence optimum
values of k do not depend much on the parent distribution of the
. observations. Also,it seems possible to classify these values of k
into four classes: values optimum for detecting small shifts such
as Al = 0.20, values optimum for detecting medium shifts such as Al =
0.60, values optimum for detecting large shifts such as Al = 1.00,
and values optimum for detecting very large shifts such as Al > 2.00.
For example, for groups of size 6 the values k = 2, k = 6, k = 8,
and k = 10 may be taken as optimum values for detecting small, medium,
large, and very large shifts in the mean of the observations from
the control value. These values are common for the three distribu-
tions considered here.

Table VIII gives the values of ARL+(0), the average

run length when the process is in-control, of a positive one-sided

CSCC--GSR procedure for various values of k and h. The average run



Table VII.

Approximate Optimum Values of k for a CSCC-GSR Procedure for

Normal (N), Double Exponential (D), and Uniform (U) Observations.

Group Size

A 4 6 10
Common Common Common

N D U k N D U Xk N D U Kk
0.20 0.99 1.31 0.88 1 2.15 2.77 1.98 2 5.81 7.34 5.47 6
0.60 2.72 3.13 2.41 3 5.88 6.68 5.34 6 15.85 17.74 14.62 16
1.00 3.89 4.09 3.62 4 8.37 8.70 7.89 8 22.37 23.07 21.37 22
2.00 4.89 4,84 5.00 5 10.33 10.22 10.50 10 27.17 26.90 27.50 27
3.00 4.99 4,97 5.00 5 10.49 10.45 10.50 10 27.49 27.40 27.50 27

0§
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Values of ARL+(O) in Single Observations of a Positive

Table VIII.
One-Sided CSCC-GSR Procedure
Group h
size |© 2 8 10 12 14 16 18
g=2 1{ 8.00 |32.00 | 96.00 [256.00 |644.00(1600.0
0| 9.14|12.19|17.07| 25.60 | 35.16;
2| 12.80|19.69 | 27.24] 40.70 E
g=4 | 4| 21.3230.69{ 53.17 ) '
6| 32.00 | 63.96 |
8| 64.00 ‘ § !
1{ 14.22117.151 20.32 24.495 30.17{ 36.52| 54.41] 67.28| 84.55
3| 17.45 | 21.04 | 26.00] 33.28] 42.02; 51.80 | 65.92| 80.57|100.66
5| 20.14 | 26.94 | 35.71] 46.93] 60.11! 81.29 [104.33 140.63
7| 27.43 | 37.46 | 51.01} 67.54! 97.04| 130.761192.07
g=6 | 9| 38.40| 53.76 72.981110.87| 15536 249.32
11y 54.86 | 75.79]120.171173.05|301.01
13| 76.80 |125.39 |183.14!334.79
15{127.98 1190.49 (366.46
171192.00 {378.00
19| 384.00




Table VIII {(Cntd). Values of ARL+(0) in Single Observations for a Positive One-Sided
CSCC-GSR Procedure Group Size g = 10,
h
k
2 4 6 8 10 12 14 16 18 20 22 24 26
5 26.0; 28.7 31.6 35.01 38.814 43.1) 47.9! 53.3] 59.3 65.9 73.4! 81.5 90.3
7 28.8 1 31.9| 35.5! 39.6| 44.2| 49.5| 55.5| 62.3| 69.9| 78.6| 88.2 99.0( 111.0
" 13 40.6 . 46.1f 52.6| 60.3}| 69.21 79.7| 92.4{106.9/124.1} 144.8! 168.5! 198.5: 233.6
21 72.6 | 85.7| 102.2{ 121.8|146.41177.3/216.1(269.4(337.3| 420.1| 530.5| 677.9! 870.0
23 86.1, 103.0| 123.5] 149.3(182.11223.6/281.8|357.1{450.1} 577.0] 750.3| 983.7:1430.0
271 124.9 ) 152.4} 187.8) 233.41289.9(385.8,495.6 657.§l§72.7 1183.311578.0 2330.013218.0
h
‘ |
28 l 30 - 32 34 36 38 40 42 44 46 48 50
50 100.1| 110.6; 122.5] 135.2(148.6(163.11178.6!195.21212.5 231.7} 251.5' 273.0
124,22 139.6; 156.0| 174.1[193.9(215.6/239.2,264.2(292.6 | 322.1| 355.3

13{ 273.0 320.7; 377.2} 442.7515.81609.31709.0/833.4

21] 1102.0:1475.0,;1850.0}2560.0

23} 1753.0/2314.03262.0

27 {50001.0

4"



53

lengths, ARL (0), of a negative one-sided procedure are the same as
those values of ARL+(O). Average run lengths, ARL(0), of a two-sided

symmetric procedure can be obtained through the relation

ARL(0) = (ARLT(0) ARLT(0))/(ARL'(0) + ARL™(0))

]

arLT(0)/2 .

The Markov chain approach was employed to obtain exact values of
ARL+(O). Values of k were taken so that the state space of the
resulting Markov chain is the set of even numbers {0, 2, 4, ..., h}
rather than being the set of all integers between 0 and k inclusive.

- This will halve the size of the matrices of transition probabilities.
In order to allow for the possibility of stopping after sampling only
one group of observations, the values of h were taken, except for
groups of size 2, to satisfy h < g(g + 1)/2 - k. The values of
ARL+(0) contained in Tables VIIIa and b are the same regardless of the
parent distribution of the observations. This is an advantage of
using a nonparametric procedure over using a parametric procedure
where the average length depends on the parent distribution of the

observations even when the process is in-control.

4.3 A Linear Barrier-Grouped Signed Rank (LB-GSR) Procedure

The proposed two~sided LB-GSR control chart procedure signals

to stop sampling at the first n for which
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n
SR = % SR, ¢ (-a, a)
n i=1 ig

where a > 0 is a preassigned’integer chosen to guarantee a specified
value for ARL(0) of the procedure. Otherwise, sampling is continued.
This procedure represents a Markov chain'{SRn; n=20,1, 2, ...} with
state space {-a, ..., -1, 0, 1, ..., a} where SR0 is defined to be
zero. The states -a and a are absorbing states. Thus, the average
run length of this procedure can be computed exactly using the Markov
chain approach as developed in the last section. One reason for pro-
posing the LB-GSR procedure is that it requires the determination
of only one parameter, a, which makes it a little simpler to apply
than a CSCC--GSR procedure. Also, it will be seen in the next section
that the LB--GSR performs well for small shifts in the mean of the
process. In Section 6.3 an approximate analytic formula based on a
Brownian motion approximation will be developed for the ARL of a LB--
GSR procedure.

One-~sided LB--GSR procedures can also bé constructed. A one-
sided procedure for detecting positive shifts from the control
value AO signals at the first n for which SRn > a; otherwise, sampling
is continued. A one-sided procedure for detecting negative shifts
signals at the first n for which SRn s —a; The difficulty with these
one-sided procedures is that the state space of the resulting Markov
chain contains an infinite number of nonabsorbing states. For example,
the state space of a one-sided procedure for detecting positive
shifts is {..., -1, 0, 1, 2, ..., a} with a being the absorbing

state., This makes the computation of the ARL of these procedures
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b& the method of last section impossible since the matrix Q will be
of infinite order. Hence, there is no simple way to compute the
exact average run lengths of the one-sided procedures. One-sided

LB procedures are not efficient since SRn may be far below zero when
a shift occurs. In this case, it would take a long time for the

procedure to signal.

4.4 Comparisons of Procedures

In this section various control chart procedures will be compared
in terms of their average run lengths. In comparing the procedures,
two cases will be considered. The first case is where more than one
observation is taken at each of the time points. In this case, the
sample means will be used for both the parametric CSCC and the Shew-
hart procedures. The Wilcoxon signed-rank statistic based on ranking
the observations within groups will be used in CSCC--GSR and LB--GSR
procedures. The second case is where only one observation is taken
at each time point. In this case, the individual observations will
be used for both the parametric CSCC and Shewhart procedures. Proce-
dures based on grouped signed ranks would require that the observa-
tions be artifically grouped.

The usual criterion for comparing two control chart procedures
is to adjust them so that they have the same average run length
when the process is in-control and then compare their average run
lengths at several points representing out-of-control states for
the process. As was stated in the Section 1.1, procedure 1 is

considered to be more efficient than procedure 2 at a shift A from
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from the control value AO=O if‘AleﬁA%$RL2(A) subject to the condition
that ARL,(0) > ARL,(0).

Tables IXa, b, c, d, e, £, g, h, and i display the ARL's of three
one-sided control chart procedures for detecting positive shifts in
in A‘from AO = 0. These procedures are: the CSCC--GSR
procedure based on groups of sizes six and ten, the parametric CSCC
procedure based on single observations and on grouped observations,
and the Shewhart procedure based on single and on grouped observations.
The procedures will now be compared assuming that the observations have
a normal distribution with mean A and variance 1. The Markov chain
approach developed in Secfion 4.2 was employed to compute exact average
run lengths of the CSCC--GSR procedure. Average run lengths of the
parametric CSCC procedure were obtained by graphical interpolations in
the van Dobben de Bruyn (1968) tables. Average run lengths of Shewhart
procedure were computed using formula (2.1) in Chapter II. The
parametric CSCC procedure has almost the same average run length for
ungrouped and grouped observations except fof large shift (A > 2.0).
The tables reveal that when all three procedures use grouped obser-
vations, the ARL of the CSCC--GSR procedure is only slightly larger
than the ARL of the parametric CSCC and there is not much difference
in the ARL's of the CSCC--GSR and Shewhar£ procedures for A > 0.6.
For large values of A, all three procedures take at least one group and
the ARL is approximately equal to the group size g. When the CSCC--GSR

procedure is compared to the parametric CSCC procedure and to Shewhart
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procedure both using single observations, it can be seen that the
CSCC-~GSR 1is roughly as efficient as the parametric CSCC procedure and
more efficient than the Shewhart procedure fér small and medium shifts.
The parametric CSCC and Shewhart procedures using single observations
are more efficient than the CSCC--GSR procedure when largé shifts in
A aré considered. This last conclusion is expected since the CSCC--GSR
procedure always takes at least one group to signal to stop. Thus,
even under the normality assumption made on the observations, the CSCC--
GSR procedure is competitive with thevparametric procedures when obser-
vations are taken in groups. When the parametric procedures are used
with single observations, the CSCC--GSR is coﬁpetitive with them if
one is interested primarily in detecting small shifts in A.

Tables Xa, b, d, ¢, and e display the ARL's of the two-sided LB--
GSR procedure, the CSCC--GSR, the parametric CSCC, and the Shewhart
procedure. Groups of size six and ten were considered and the obser-
vations are assumed to have a normal distribution with variance 1.
Again, the Markov chain approach was employed to compute exact average
run lengths for the LB--GSR. These tables indicate that the LB——GSR.
is very efficient for small deviations (A < 0.6) in the mean of the
process; but it is poor for large deviations. Actually, LB~-GSR seems
to be slightly more efficient than the CéCC——GSR procedure for shifts
as small as A = 0.20. However, it should only be concluded that the
LB~-GSR is as efficient as the CSCC--GSR for small shifts since the k

value used in the CSCC--GSR is only approximately optimum.
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Table IXa. Values of ARL+(A) in Single Observations for One-Sided

Procedures Optimal for A = 0.20 Group Size g=6 from N(A,1) Distribution

Parametric CSCC Shewhart
A CSCC-GSR
Ungrouped | Grouped | Ungrouped Grouped
k=3 h=18 | k=0.11 h=6 |k=.23 h=2 | X > 2.327 |/g X>1.555
0.0 101.0 100.0 101.0 100.0 100.0
0.20 39.3 35.5 36.6 59.8 41.8
- 0.60 15.3 13.0 13.8 23.8 12.9
1.0 10.4 7.6 8.8 10.8 7.4
2.0 6.8 3.8 6.1 2.7 6.0
3.0 6.0 2.6 6.0 1.3 6.0
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Table IXb. Values of ARL+(A) in Single Observations for One-Sided

Procedures Optimal for A = 0.60 Group Size g = 6 from N(A,l) Distribution

Parametric CSCC Shewhart
A CSCC-GSR

!
Ungrouped Grouped Ungrouped! Grouped
k=5 h=16 |k=0.24 h=5.0 [k=0.55 h=1.5] X>2.450 /E-X31.718

0.0 140.6 140.0 141.0 140.0 140.0
0.20 50.3 42.1 46.8 81.8 54.7
0.60 16.6 13.5 14.4 31.1 14.9
1.0 10.6 7.4 8.4 13.6 7.8
2.0 6.8 3.5 6.0 3.1 6.0

3.0 6.0 2.4 6.0 1.4 6.0
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Table IXc. Values of ARL+(A) in Single Observations for One-Sided

Procedures Optimal for A=1.0. Group Size g=6 from N(A,l) Distribution

Parametric CSCC Shewhart

A CSCC-GSR
Ungrouped Ungrouped | Grouped
k=9 h=12 | k=0.45 h=4.0 | X>2.652 |/g X>1.977

0.0 249.3 250.0 250.0 250.0
0.20 85.6 78.0 140.8 87.6
0.60 21.2 17.0 49.8 19.6
1.0 11.4 7.8 20.3 8.8
2.0 6.8 3.3 3.9 6.0

3.0 6.0 2.2 - 1.6 6.0
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Tabie IXd. Values of ARL+(A) in Single Observations for One-Sided

Procedures Optimal for A4=2.0. Group Size g=6 from N(A,l) Distribution

Parametric CSCC Shewhart
A CSCC-GSR
Ungrouped Ungrouped Grouped
k=11 h=10 | k=1.04 h=2.0 | X > 2.714|/g X>2.054
0.0 301.0 300.0 300.8 300.0
0.20 107.9 130.0 167.5 101.9
0.60 24.7 32.0 57.9 21.5
1.0 12,0 10.5 23.1 9.2
2.0 6.8 2.8 4.2 6.0
3.0 6.0 1.6 1.6 | 6.0
i -
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Table IXe. Values of ARL+(A) in Single Observations for One-Sided

Procedures Optimal for A=3.0. Group Size g=6 from N(A,l) Distribution

Parametric CSCC Shewhart
A CSCC-GSR
Ungrouped Ungrouped Grouped
k=11 h=10 | k=1.49 h=1.3 {X > 2.714| /g X>2.054

0.0 301.0 300.0 300.8 300.0
0.20 107.9 155.0 167.5 101.9
0.60 24,7 44,5 57.9 21.5
1.0 12.0 16.0 23.1 9.2
2.0 6.8 3.1 4.2 6.0
3.0 6.0 1.5 1.1 6.0
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Table IXf. Values of ARL+(A) in Single Observations for One-Sided

Procedures Optimal for A=0.20.

Group Size g=10 from N(A,l) Distribution

1
Parametric CSCC Shewhart i
A CSCC-GSR
Ungrouped Grouped Ungrouped Grouped
k=5 h=50| k=0.08 h=10.0 | k=.25 h=2.5 | X>2.678 |/g X>1.787
{ 0.0 272.5 270.0 270.0 270.0 270.5

[

0.20 67.6 58.0 62.0 | 151.4 80.7 ]
0.60 24.8 19.8 21.7 53.0 18.4 }
1.0 18.4 11.8 13.6 21.4 10.9 |
2.0 12.0 5.8 10.0 4.0 10.0 ;
3.0 10.1 3.9 10.0 1.6 10.0 |
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Table IXg. Values of ARL+(A) in Single Observations for One-Sided

Procedures Optimal for A=0.60. Group Size g=10 from N(A,l) Distribution

Parametric CSCC Shewhart

A CSCC-GSR Ungrouped Ungrouped| Grouped
k=15 h=40| k=.31 h=8 |X>3.122 |/g X>2.366

0.0 1113.5 1115.0 1113.5 1112.2
0.20 154.1 188.0 ' 575.0 241.2
0.60 30.1 25.0 171.4 31.3
1.0 18.9 12.0 59.1 12.7
2.0 12.0 5.2 7.6 10.0

3.0 10.1 3.5 - 2.2 10.0
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Table IXh. Values of ARL+(A) in Single Observations for One-Sided

Procedures Optimal for A=1.0. Group Size g=10 from N(A,l) Distribution

Parametric CSCC Shewhart
A CSCC-GSR -
Ungrouped Ungrouped| Grouped
k=23 h=32| k=0.52 h=6 X>3.425 Vg X>2.740
0.0 3262.3 3260.0 3253.1 3255.1
0.20 381.2 450.0 1593.1 570.1
0.60 39.4 37.0 4243 50.1
1.0 20.0 13.0 130.65 15.07
2.0 12.0 4.8 13.0 10.0
3.0 10.1 3.0 3.0 10.0




66

Table IXi. Values of ARL+(A) in Single Observations for One-Sided

Procedures Optimal for 4=2.0. Groups Size g=10 from N(A,1) Distribution

Parametric CSCC Shewhart
A CSCC-GSR
Ungrouped Ungrouped Grouped
k=27 h=28; k=1.1 h=3 X>3.540 | /g X>2.878
0.0 5000.6 5000.0 4997.5 4997.5
0.20 607.3 1000.0 2387.2 809.6
0.60 48.1 118.0 609.3 61.2
1.0 20.9 22.0 180.4 16 .4
2.0 12.0 4.1 16.2 10.0
3.0 10.1 2.2 - 3.4 10.0
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Table Xa. Values of ARL(A) in Single Observations for Two-Sided

Procedures Optimal for A=0.20. Group Size g=6 from N(A,l) Distribution

Parametric CSCC ! Shewhart
A |LB-GSR!CSCC-GSR
Ungrouped Grouped !Un rouped Grouped
a = 21lk=3 h=18/k=0.11 h=6|k=.25 h=2 |xT >2.298|Yg X>1.516
0.0 | 46.5 50.3 50.0 51.5 46.4 46.4
0.20] 31.5 35.1 32.8 35.3 41.3 34.3
0.60| 14.3 15.3 13.0 14.4 21.4 12.4
1.0 | 10.2 10.4 7.6 8.8 10.2 7.3
2.0 6.8 6.8 3.8 6.1 2.6 6.0
3.0 6.0 6.0 2.6 6.0 1.3 6.0
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Table Xb. Values of ARL(A) in Single Observations for Two-Sided

Procedures Optimal for A=0.20. Group Size g=10 from N(A,1) Distribution

Parametric CSCC Shewhart

A LB-GSR|CSCC-GSR ‘
Ungrouped Grouped UnTrouped Grouped

a = 55/k=5 h=46 k=.12 h=8k=0.34 h=2||X[>2.624 g|X|>1.712
0.0 | 114.2| 115.9 115.0 115.0  |115.0 115.1
0.20| 56.7| 60.2 51.4 55.4 99.535 66.8
0.60| 23.6| 23.2 17.0 18.5 45.2 17.4
1.0 | 18.3] 16.4 10.0 12.2 19.1 10.8
2.0 | 12.0{ 10.4 4.9 10.0 | 3.8 10.0
3.0 | 10.1] 10.0 3.3 10.0 1.6 10.0




69

Table Xc. Values of ARL(A) in Single Observations for Two-Sided

Procedures Optimal for A=0.60. Group Size g=10 from N(A,l) Distribution

LB-GSR CSCC-GSR Parametric CSCC
g Ungrouped
a=>55 k=15 h=22 k=0.31 h=5
0.0 114.2 109.2 115.0
0.20 56.7 61.2 58.3
0.60 23.6 18.8 16.0
1.0 18.3 11.8 8.2
2.0 12.0 10.0 ‘ 3.6
3.0 10.1 10.0 2.5
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Table Xd. Values of ARL(A) in Single Observations for Two-Sided

Procedures Optimal for A=1.0. Group Size g=10 from N(A,l) Distribution

LB~GSR CSCC-GSR Parametric CSCC
A
Ungrouped
a =55 k=23 h=12 k=0.45 h=4
0.0 114.2 111.8 115.0
0.20 . 56.7 67.3 68.3
0.60 23.6 19.1 16.0
1.00 18.3 11.5 7.9
2.00 12.0 10.0 ' 3.3
3.00 10.0 10.0 2.2




Table Xe. Values of ARL(A) in Single Observations for Two-Sided

Procedures Optimal for A=2.0. Group Size g=10 from N(A,l) Distribution

LB-GSR CSCC~GSR Parametric CSCC
‘ Ungrouped
a =55 k=27 h=8 k=0,98 h=2
0.0 114.2 116.7 115.0
0.20 56.7 71.2 85.3
0.60 23.6 19.8 26.0
1.0 18.3 11.5 9.8
2.0 12.0 10.0 : 2.7
3.0 10.1 10.0 1.6
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All previous comparisons between the various control chart
procedures were made under the aésumption that the observations are
normally distributed. For nonnormal observations, it is more diffi-
‘cult to make the desired comparisons because exact values of the
average run lengths of the parametric CSCC and the CSCC--GSR are not
available. The computation of the ARL of the parametric CSCC requires
solving the integral equation (2.5) as mentioned in Chapter II.

When the process is in-control, the ARL of a procedure based on GSRS
is the same regardless of the type of distribution the observations
have. When the process is out-of-control, the computation of the

ARL of a procedure based on GSRs requires the knowledge of the distri-
bution of the Wilcoxon signed-rank statistic under that particular
distribution of the observations. There are no published results

for the distribution of the Wilcoxon signed-rank statistic for
distributions other than the normal.

In this dissertation, a limited simulation study is made to
compare the various control chart procedures when the observations
have a double exponential distribution. A reason for making the
comparison under a double exponential distribution will now be
stated. It is known that in the context of standard hypothesis
testing against double exponential shift alternatives, the Wilcoxon
signed-rank statistic is asymptotically more efficient (see Lehmann,
1975) than the parametric (i.e., the normal theory) tests. It is,
therefore, anticipated that for quality control applications, the
Wilcoxon signed-rank statistic will also be more efficient

than the parametric CSCC procedure when the observations
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have a double exponential distribution. Double exponential random
variables with variance 1 were generated on the computer from uniform
random variables by using the probability integral transformations.

The values A = 0.0, 0.2, 0.6, 1.0, 2,0, 3.0 were chosen to represent

a range of small to large values for the mean of the double exponential
distribution.

Tables XIa, b, ¢, d display the ARLs of the CSCC--GSR procedure the
parametric CSCC,and the Shewhart procedures based on grouped and
ungrouped observations. Values of the ARL of the CSCC--GSR and of
the ungrouped parametric CSCC were obtained by simulation based on
300 runs. Values for the ungrouped Shewhart procedure are exact and
were computed as indicated in Section 2.1. When the observations
are grouped, the parametric CSCC and the Shewhart procedures are based
on the means of the groups rather than on the individual observations.
Thus, for groups of size six and ten, the distribution of the group
means is approximately normal. Therefore, for grouped observations the
ARL of the parametric CSCC and the Shewhart érocedures were computed
assuming a normal underlying distribution.

From the comparisons contained in Tables XIa, b, ¢, d it is
possible to make the following conclusions. For small shifts (A < 0.2),
the CSCC--GSR is more efficient than both‘the parametric CSCC and the
'Shewhart procedures whether grouped or ungrouped. For medium shifts
(A = 0.6), the CSCC--GSR is almost as efficient as the ungrouped and
grouped parametric CSCC, and the CSCC--GSR is better than Shewhart

grouped or ungrouped (except when ARLO is small = 100). For large
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Table XIa. Values of ARL+ (A) in Single Observatigns for

Procedures Optimal for A=0.2.

From Double Exponential Distribution.

Group Size g=6

CSCC-~-GSR Parametric CSCC Shewhart
A

_ _ Ungrouped Grouped Ungrouped Grouped

k=3,0=18 | 120.11,h=6.0 | k=.23,h=2 | X > 2.77 |/g X>1.555
0.0 101.0 101.5 101.0 100.5 100.0
0.2 31.0 34.6 36.6 75.8 41.8
0.6 13.6 13.5 13.8 43.0 12.9
1.0 9.8 7.5 8.82 24 .4 7.4
2.0 7.1 3.8 6.1 5.9 6.0
3.0 6.0 2.7 6.0 1.6 6.0
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+
Table XIb. Values of ARL (A) in Single Observations for

Procedures Optimal for A=0.6.

Group Size g=6

From Double Exponential Distribution.

CSCC--GSR Parametric CSCC Shewhart
‘ Ungrouped Grouped Ungrouped Grouped

k=5,h=16 | k=.24,h=5.0 | k=.55,h=1.5 X > 3.01L |/g X>1.718
0.0 140.6 137.0 141.0 141.2 140.0
0.2 39.2 51.8 46.8 106.4 54.68
0.6 14.2 13.7 14.4 60.4 14.92
1.0 9.7 7.0 8.4 34.3 7.8
2.0 6.9 3.5 6.1 8.3 6.0
3.0 6.0 2.3 6.0 2.03 6.0
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+
Table XIc. Values of ARL (A) in Single Observations

for Procedures Optimal for A=0.2.

Group Size g=10 From Double Exponential Distribution.

CSCC-~GSR Parametric CSCC Shewhart
’ Ungrouped Grouped Ungrouped | Grouped

k=5,h=46 k=.10,h=9.0 | k=.34,h=2 | X > 3.36 |[Vg X>1.715
0.0 231.7 231.2 230.0 231.6 231.6
0.20 50.4 61.1 59.0 174.5 71.7
0.60 20.9 18.9 19.1 99.1 17.5
1.0 15.3 10.4 12.5 56.3 10.8
2.0 10.8 5.3 10.1 13.7 10.0
3.0 10.0 3.6 10.0 3.3 10.0
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Table XId. Values of ARL+(A) in Single Observations

for Procedures Optimal for 4=0.6.

Group Size g=10 From Double Exponential Distribution.

CSCC--GSR Parametric CSCC Shewhart
‘ Ungrouped Grouped Ungrouped Grouped

k=15,h=40 | k=.3,h=8.0 | k=1.07,h=1.5 | X > 4.47 |/g X>2.366
0.0 | 1113.5 1119.6 1114.0 1113.0 1112.2
0.20{ 105.3 193.1 175.0 838.7 241.2
0.60 26.1 25.4 26.0 476 .4 31.3
1.0 18.1 12.1 13.3 270.6 12.7
2.0 12.6 5.4 10.1 65.8 10.0
3.0 10.0 3.5 10.0 16.0 10.0
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shifts (A > 1.0), the CSCC--GSR is almost as efficient as the grouped
parametric CSCC and the grouped Shewhart procedures. When compared
with ungrouped parametric CSCC and ungrouped Shewhart, the CSCC--GSR
is less efficient because it takes at least one group to signal no

matter how large A is.

4.5 ARL For Shifts Occurring After the Procedure Has Started

In the discussion on the average run length for an out-of-control
state,>it was assumed that the process goes out of control at the time
the control procedure is started. This assumption is usually made in
the literature to make the determination of the ARL easier. 1In reality,
however, the time at which the process goes out of control is unknown
and will usually fall after the testing procedure has been running for
some time. In this case, the time it takes to signal depends on the
value of the test statistic at the time of the shift. For a CSCC
type procedure the ARL can never be larger than its value when the
test statistic is zero.

Suppose that for the first n, observations the process is in-
control with A-= 0, and for observations taken after Ny the value
of A shifts to A > 0. The computation of the ARL, counted from no,
of a positive CSCC--GSR procedure will now be illustrated. At time
ng» the test statistic Sno may assume any integral value between 0
and h-1. Let T be the time it takes the procedure to signal when a

shift of A > 0 occurs at time n,. Then it can be seen that the average

run length of the procedure is given by
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h-1
E[t]s  <h]l = I E[t|s =3jIP(s_=3)/P(S_ <h)
%o =0 & Mo %0 %o
h-1 ~h-1
= Z m.P.(n )/Z P -(n)’
=0 j 030 =0 0i* o0
where pOj(nO) is the no—step transition probability from state 0 to
state j. The quantities poj(no) are the elements of the first row
n
0

of the matrix (Q) .

As a numerical illustration, consider a positive-sided CSCC--GSR
procedure with parameters k=9 and h=12, and based on groups of size six.
Suppose that after n0=5 groups, a shift of A = 0.20 occurs in the mean
of the observations which are assumed to be normally distributed with

variance 1. The matrix Q (when A = 0) is given by

(.84375 .04688 .03125 .03125 .01563 .01563)
.78125 .06250 .04688 .03125 .03125 .01563
.71875 .06250 .06250 .04688 .03125 .03125
.65620 .06250 .06250 .06250 .04688 .03125
.57813 .07813 .06250 .06250 .06250 .04688
10 {.50000 .07813 .07813 .06250 .06250 .06250)

@ o &~ N O

The first row of Q5 is
(.74861, .04580, .03279, .03128, .01825, .01672)
The vector of mean absorption times (when A = 0.2) is

(mo, my, Wy, Mg, mlo) = (14.3, 13.7, 13.1, 12.2, 11.3, 10.3)

in groups of size 6. Hence, the average run length when a shift of

A = 0.20 occurs after five groups is

12.5

0.89342 ~ 4.0

E(rls5 < 12) =
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in groups of size 6. When n, = 10, the first row of Qlo is

(.66193, .04050, .02899, ;02764, .01614, .01479)

Hence,the average run length when a shift of A = 0.20 occurs after

ten groups is

11.1 14.1

(11814 < 12) = 575555 =

Er=0.20

in groups of size 6. The above two average run lengths of 14.0 and
14.1 do not differ appreciably from the value 14.3 of the average
run length computed when a shift of A = 0.20 occurs right at the
time the procedure is started.

When considering a shift of A = 1.0 occurring at times n, = 5

0

and n, = 10, the vector of mean absorption times (expressed in

groups of size 6) is
(mO, m,, W, , M, g, mlo) = (1.9, 1.6, 1.4, 1.3, 1.2, 1.1)

Hence, the average run lengths (in groups of size 6) are

1.6
Eyep.0 (FISs <12) = gggaaz = 179
and
- 1.4
Epo1.0 (TlS30 5 12) = 57599 = 177 -

Again, it is seen that there is no appreciable change in the value
of the average run length when shift occurs at the time the procedure

has started, or at a later time. This conclusion is intuitive because
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if no shift occurs in the mean of the observations then the value

n
of I (SRig— k) is zero with high probability no matter how long

i=1
the procedure has been running. Thus,the common practice of com-
puting average run lengths assuming the process goes out-of-control

at the time the procedure is started seems to be justified.for

the CSCC--GSR procedure.



CHAPTER V

A PROCEDURE BASED ON RANKING WITH RESPECT TO LAST M OBSERVATIONS

In this chapter, t&o more nonparametric control chart procedures
are developed. The procedures are intended to serve cases where the
observations cannot be taken in groups but it is still desirable to
have a simple nonparametric procedure with little effort for

ranking the observations.

5.1 Signed Sequential Ranks With Respect to Last M Observations

Let Xl’ XZ’ ... be a sequence of independent and identically
distributed observations having a continuous cumulative distribution
function F(x) which is symmetric about A. Let M>1 be a fixed integer.

Define +
R = rank of IXjI in the set {|Xj

iM awl

|xj—M+2| y eees IXjI} for j > M,

and

+ .
RjM = rank of Ile in the set {|X1|,|X2|,...,|Xj|}

for j <M.

+
In other words, R,

is the rank of |X.| in the set containing |X, |
iM 3 J

and the (M - 1) preceding X's in their absolute values. For example,

suppose that M = 3, Then,

82
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RIﬁ = rank of IXll in the set {IXll} ,
R;ﬁ = rank of Ile in the set {]Xll, IXZI} ,
+ ,
R3M = rank of |X3| in the set {IXlI, ]XZI, |X3|} ,
+ .
R,y = rank of |X4| in the set {|X2|, |X3|, IX4|} R
and
RY = rank of |X.| in the set {|X,|, |X,], |X.|}
S5M 5 31 T 5 ’

and so on, This method of ranking the observations is a modification
of the sequential ranking method of Parent, as described in Section
2.2, where an observation is ranked with respect to all observations
preceding it in the sequence. It is simpler to rank an observation
with respect to only the last (M - 1) observations rather than
ranking it with respect to all preceding observétions.

The signed sequential rank of Xj withlrespect to last M obser-

I. S1 Il(}:-) PL, H J l’ 2’ LI A4 . (5'1)

An independence property of the Tj's should be noted. It can be

seen that T, and Tj' are stochastically independent whenever j' - j >
M ~ 1; i.e., whenever the distance between the pair is greater than
M - 1. This is true since the sets of X's from which Tj and Tj'

are computed do not overlap. This independence property can be

stated more generally by saying that sets (Ti’ Ti+l’ ceey Tk)
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and (T ooy Tj) are stochastically independent whenever

Ihr? Tk’
r >M - 1. This property will be used in Section 6.4 to derive
approximate ARLs for the procedurés to be developed in this Chapter.
However, for j' - j <M - 1, Tj and Tj' will in general be stochastic-—
ally dependent even when the distribution function F(x) of the obser-
vations is symmetric about zero. Parent (1965) established that the
signed sequential ranks are independent if F(x) satisfies the condi-

- tion F(-x) = F(0)(1 - F(x) + F(-x)). This condition is satisfied

if F(x) is symmetric about zero.l A counter example will now be

given to show that this result is not valid for the SSRM. Suppose
that Xl’ X2, ... are independent with a common cumulative distribu-
tion function F(x) that is symmetric about zero. Assuming that M = 3,

it will . be shown that

Pr(T4 = -2, T5 =3) # Pr(T4 = =2) Pr(T5 = 3) ,

Lemma 2.2 of Parent (1965) established that sign(x) and |X| are
independent if and only if F(—x) = F(0) (1 - F(x) +F(—x)). It can
be seen that if sign (xj) and lXjI are independent then sign (xj)

+
and R,

. , + .
M are independent since RjM is a function of lxj—M+ll’ IXj—M+2l’

ceny Ile only. Thus,

Pr (T,=-2)Pr(T,=3) Pr(sign(x4)=—l)Pr(RZB=2)Pr(sign(x5)=l)Pr(R;3=3)

F(0) « 1/3 * (1 - F(0)) * 1/3

1/2 - 1/3 +« 1/2 = 1/3 = 1/36 .

On the other hand,
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1 e += i = +=
Pr(T4=—2, T5=3) = Pr(31gn(x4)— l,‘R43 2, 31gn(x5) 1, R53 3)

+

1 == i = += =
Pr(31gn(x4)— 1) Pr(31gn(x5 l))Pr(R43 2, R53 3)

(1/4)Pr (R, =2, R;.=3)
=(l/4)[Pr(|x2|<|x4l<|x3|<|x5|)+Pr(|x3|<|x4|<|x2|<|x5|)
+ Pr(|x3|<lx4|<|x5|<|x2|)]
= 1/4 - 3/4! = 1/32 ,

since each ordering of the x's is equally likely. Hence T4 and T5

are stochastically dependent even when F(x) is symmetric about zero.

5.2 Control Chart Procedures Based on the SSRM's

The statistic to be used in this Chapter for constructing

control chart procedures is defined by

) Tj . (5.2)

™3

+
sign(x.)R, =

It will be established in Section 6.4 that the expected value of TRn
is zero if the observations are symmetrically distributed about zero
(i.e., the process is in-control). Thus, values of TRn far away

from zero may be taken as an indication that the observations are

not symmetrically distributed about zero (i.e., the process is out-
of-control). Accordingly, two control chart procedures will be con-
structed. First, a linear barrier procedure (LB--SSRM) is constructed
that signals at the first n for which TRn ¢ (-a, a) for some constant

a > 0 which is chosen to provide a specified average run length for
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the procedure when the process is in-control. Second, one-sided or
two-sided CSCC (CSCC--SSRM) procedures can be constructed. The one-
sided procedure for detecting positive shifts in A from the control

value AO = 0 signals at the first n for which

m
(T, - k) - min ¥ (T, -k) >h, (5.3)
J O<m<n j=1 J

B

j=1
where k > 0 and h>0 are parameters of the procedure. Otherwise,

sampling is continued. The one-sided CSCC for detecting negative

shifts in A from AO =0 signals at the first.n for which
m n
max I (T, +k) - £ (T. + k) >h . (5.4)
O<n<n j=1 J j=1 J

Otherwise, sampling is continued. The two-sided symmetric procedure
signals at the first n for which either one of the above two
inequalities is satisfied.

Now, attention will be devoted to the computation of the
average run lengths of the procedures proposed above. Since the
Tj's are stochastically dependent, the stochastic process {TRn; n =

1, 2, ...} does not form a Markov chain. This can be seen by noting

that
Pr(IR_ = kanRl = ks TRy = Kypeeny TR0 =k 0oy
cers TR =k 1))
=Pr(TR_, +T = anTl =k, Ty + Ty = kyyeen,

T. +T, + ... + T TR =k

1 2

a-M+l kn-M+l’ tete n-1 n-1

)
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=Pr(T =k -k |7 =k, T, =k, - Kipeoe s

T = Kool ~ Kpaeees > TRy = K 9)

# Pr(In =k - kh_l|TRn_l =k ;)

T are in general stochastically dependent,

since Tn’ Tn—l""’ ML
However,
Pr(T, =k, -k TR ) =k )
= Pr(TR_ = k |TR | = k _q) -
Hence,
Pr(TR = anTRl = kyyeees TR, =k )
# Pr(IR_=k |[TR . =k .)

which means that {TRh; n=1, 2, ...} does not form a Markov chain
and the approach developed in Section 4.1 is not applicable to
compute exact average run lengths of procedures based on the
statistic TRn. Moreover, it was not feasible to develop alternative
approaches for computing the exact average rﬁn lengths of these
procedures. In Section 6.4, approximate analytic formulas will be
derived for the ARLs of the CSCC--SSRM and the LB--SSRM procedures.
Simulation studies were made to estimate few values of the
ARLs of the CSCC--SSRM and the LB--SSRM pfocedures for the sake of
comparisons with other control chart procedures. Table XII
display the ARLs of one~sided CSCC--SSRM and CSCC~-GSR procedures
for detecting positive shifts in the mean A of a normal distribution

with variance 1. The ARLs of the CSCC--GSR procedures are exact and



88

Table XIT. . Values of ARL+(A) in Single Observations

for One-Sided Procedures Under N(A,l) Distribution.

Optimal for A = 0.2 Optimal for A = 0.6
CSCC--SSRM CSCC--GSR CSCC~-SSRM CSCC~-GSR
A M=6 g =656 M=6 g =6

k=0.36,n=25.0 k=3,h=18 k=1.0,h=18.4 k=5,h=16

0.0 99.3 101.0 137.2 140.6
0.20 40.7 39.3 52.3 50.3
0.60 17.7 15.3 19.4 16.6
1.0 13.3 10.4 13.4 10.6
2.0 11.0 6.8 11.1 6.8

3.0 10.9 6.0 11.0 6.0
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Table XII (Contd). Values of ARL+(A) in Single Observations

for One-Sided Procedures Under N(A,1) Distribution.

Optimal for A = 1.0

Optimal for A > 2.0

CSCC-~SSRM CSCC~--GSR CSCC~-SSRM CSCC--GSR
A M= 6 g =6 M= 6 g=6
k=1.4,h=17.3 k=9,h=12 k=1.7,h=15.3 | k=11,h=10
0.0 233.7 249.3 285.8 301.0
0.20 79.4 85.6 96.3 107.9
0.60 24,2 21.2 27.3 24.7
1.0 15.3 11.4 16.0 12.0
2.0 12.1 6.8 12.5 6.8
3.0 12,0 6.0 12.3 6.0
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were extracted from Section 4.4, The ARLs of the CSCC--SSRM proce-
dures were estimated by simulation based on 500 iterations. This
number of iterations was chosen so that each estimated ARL has a
coefficient of variation of no more than 4 percent, an accuracy which
is regarded as satisfactory for the present purpose. A moderate
value M = 6 was chosen as a basis for computing the SSRMs. Values

of k and h were chosen so that the CSCC--SSRM procedure is optimal
for a specific shift A # 0 and has a preassigned ARL when A = 0.

The optimum value of k was determined approximately from k = (uM/Z)

where np,_ is the expected value of TRn as given in (6.1). When com-

M
paring the average run lengths displayed in Table XII,
it can be seen that the CSCC--SSRM procedure is, in general, less
efficient than the CSCC--GSR procedure. However, when detecting
small shifts (i.e., A = 0.2), it seems that the two procedures have
the same efficiency. When detecting large shifts (i.e., A > 2.0),
the ARL of the CSCC--SSRM procedure is twice the ARL of the CSCC--GSR
procedure. Thus, whenever grouped observations can be obtained, the
CSCC~~GSR procedure should be preferred to the CSCC--SSRM procedure.
In Table XIII, a comparison is made between the LB--SSRM and
the LB--GSR procedures under a normal distribution with variance 1.
The ARLs of the LB-~~GSR procedure are exact. The ARLs of the LB-~
SSRM procedure were estimated by simulation based on 500 iteratiomns,
which resulted in a coefficient of variation of no more than 4 per-

cent for each estimated ARL. The value M = 6 was again chosen for

computing the SSRMs. The linear barriers (i.e., values of a) were
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determined so that the two procedures have the same ARL when A = 0.
It can be seen from Table XIII that the LB--SSRM is less efficient

than the LB--GSR procedure especially when large shifts are considered.
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Table XIII. Values of ARL(A) in Single Observations

for Two-Sided Procedures Under N(A,l) Distribution.

LB--SSRM LB--GSR
A M=6 g =656
a= 24 a=21
0.0 48.2 46.5
0.20 32.5 | 31.5
0.60 15.2 14.3
1.0 11.3 10.2
2.0 9.6 6.8
3.0 9.5 6.0




CHAPTER VI

APPROXIMATE FORMULAS FOR THE ARL

In the previous chépters,methods were given to compute exact
average run lengths for some nonparametric control chart procedures
proposed in this dissertation. These methods required the computation
of transition probabilities and the inversion of certain matrices.
Sometimes the transition probabilities are not simple to determine, or
it may be cumbersome to invert the relevant matrices because of
their sizes. Thussexact values of average run lengths, although
desirable, are not simple to compute. 1In such cases it would be
desirable to have approximations to the average run lengths that are
simple to compute. This chapter is devoted to obtaining the desired
approximate formulas for the average run lengths of several control

chart procedures.

6.1 General Principles for Approximating Average Run Lengths

The main principle for obtaining approximations to the average
run length of control chart procedures that are based on cumulative
sums is the approximation of the cumulative sum by a Brownian motion
process. More precisely, let 51’ 52, e be a sequence of random
variables that are not necessarily independent or identically distri-
buted. The £ could be the observations themselves or functions of

the observations. A control chart procedure that is based on cumulative

n
sumsis, in general, based on partial sums Sn =z gi’ n=20,1, 2, ...
i
with S, = 0. The sequence of partial sums {Sn} forms a discrete time

93
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stochastic process which is to be approximated by a Brownian motion

process. This approximation involves the following steps:

Step 1: The discrete time process‘{Sn} is replaced by a continuous
time process {XN(t); 0 < t <1} that is defined, for each N = 1, 2,

cesy by

Sn for t = %-, n=0,1, 2, ..., N.

X (£) =

+ (Nt—(n-l))é;n for n-l <t < E-, n=20,1, 2, ..., N.

5 N N

n-1

In words, XN(t) is defined to coincide with Sn at points t = %3 and

for the remaining points Eil <t < %—, the value of XN(t) is defined
- by linear interpolation between Eﬁl and %-for n=20,1, 2, ..., N.
XN(t) is a polygonal function joining the vertices %-(n =0, 1, 2, ...,

N) and it is linear in each subinterval [E:i 3

N N XN(t) can be written

more concisely as
Xg(€) = Syt (e=INeDg g

0<t<1l,

[Nt]+l_S[Nt]);

= S[Nt]+(Nt—[Nt])(S

where [a] denotes the greatest integer less than or equal to a. By

letting N vary, one gets a sequence of continuous time stochastic

processes {XN(t); 0<t<l}, N=1,2, ... .

Step 2: The sequence {XN(t); 0 <t <1} of stochastic processes must
be shown to converge to a Brownian motion process. More precisely,

it has to be established that
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(Var sN)‘l/2 (x(t) - E X () D, Wee) as N => =
where the symbol D> indicates convergence in distribution, and W(t)
is the standardized Brownian motion process defined on 0 < t < 1 and
having mean O and variance t. Let C[0, 1] denote the space of contin-
uous real valued functions defined on the interval [0, 1]. Associate
the épace C[0, 1] with the uniform topology which is generated by the
metric

o(X, Y) = sup |X(t) - Y(t)| for X, Y e c[0, 1] .
0<t<l

The concept of convergence mentioned in this step must be taken to
mean the convergence in distribution of a sequence.{XN(t)}, N=1, 2,
... of random functions in C[0, 1] to a random function X(t) in C[0,1].
According to the convention adopted by Billingsley (1968, page 23), a
sequence {XN(t)} of random functions is said to converge in distribu-
tion to the random function X(t), written as XN(t) D, X(t), if the

probability measures P,. of the XN(t) converge weakly to the probability

N

measure P of X, written as PN'=> P. The definition of weak convergence
of probability measures is given on page 2 of Billingsley. The theory
of weak convergence in the space C[0, 1] is contained in Chapter II
of Billingsley (1968).

Theorems concerned with convergence to the Brownian motion
process are called '"functional centrallimit theorems'". In this chapter
two such theorems will be needed. For further reference, these

theorems will now be stated. The following theorem is well known as

Donsker's théorem, Donsker (1951).
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Theorem 1. If the random variables g; are independent and identically

. . 2
distributed with mean 0 and variance o > 0, then

var s 172 x (6) 2> w(e) as N> .

To state the next theorem, the following definition (see, for example,
page 166 of Billingsley (1968)) of an '"m~dependent” sequence of random

variables is needed.

Definition; A strictly stationary sequence E1s Egs «r+ of random
variables is said to be m-dependent if, for any i < £ < j, the sets
{gi, £i+l’ vees gg} and {E£+r’ ££+r+l’ cvey gj} are independent when-

ever r > m.

The statement of Theorem 2 below is a specialization of Theorem

20.1 on page 174 of Billingsley (1968).

Theorem 2. If El’ Egs vee is an m~dependent (m > 0) sequence, where

the £y have mean zero and positive finite variance, then

[Var sN]'l/2 x(6) B> w(e) as N> .

Step 3. The average run length of a control chart procedure based on
n

the cumulative sum Sn = I gi is the expected time that Sn hits the
i=1

barrier specified by the control chart procedure. This average run

length is approximated by the expected time that the approximating

Brownian motion process hits that specific barrier.
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For the purpose of stating the next two theorems, let B(t)
denote a Brownian motion process defined on the interval [0, ») and

: . 2
having mean ,t and variance ¢ t.

Theorem 3. (Darling and Siegret (1953)). If the first passage time

is defined by
1 = sup {t > 0; -a < B(t) < a} ,

then

(a/u)(exp[2pa/02]—l)/(exp[Zua/02]+1) w40,

E(t) =
2,2
a“/o p=20.

Theorem 4. (Reynolds (1975b)). Define the first passage times

T = sup{t > 0; max B(u) - B(t) < h} ,

O<uc<t

and

+ - .

T = sup{t > 0; B(t) - min B(u) < h}

O<uc<t
Then
2,2 2
f(h/p) + (¢ /ZU )(eXP[zuh/O ]-1) u# 0 ’

E(7) =
h2/02 U=O’
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and

(h/u) + (o2/2p%) (expl=2uh/0%] ~ 1) Wt o,

E(T+) =

Theorems 3 and 4 provide approximations to the average run lengths
of a linear barrier procedure and a CSCC procedure, respectively, as

will be shown in the following sections.

6.2 Approximate ARL of a Parametric CSCC Procedure

Suppose that Xl’ X2, ... are independent and identically distri-
buted observations (not necessarily normally distributed) with mean A
and variance o? Consider the one-sided parametric CSCC procedures based
on the above observations and having parameters k and h. Let ARL+(A)
and ARL (A) denote the average run lengths of the one-sided procedures
for detecting positive and negative shifts in the mean of the obser-
vations. Based on the Brownian motion approximation, Reynolds (1975b)

derived the following asymptotic formulas:

h/(a-k)+o2 (exp (-2 (a-k)h/021-1)/ (2(a=k)%)  a-k # O ,

ARL+(A) =
n?/g? (a-k) = 0 .
J*h/(A+k)+02(EXP[Z(A+k)h/02]*l)/(2(A+k)2) (a+k) # 0,
ARL (p) =
lhzlcz (A'H.() =0 .

Reynolds (1975b) compared the exact values of ARL+, as tabulated

in van Dobben de Bruyn (1968) for normal observations, with the
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Brownian motion approximations. He found that the Brownian motion
approximation underestimates the correct value of ARL+ and for small
values of h the discrepancy in the approximation is serious. He
suggested a modified Brownian motion approximation by using h+g, for
some § > 0, instead of h in the formula of the approximation. He also
suggésted that § be chosen so that the approximate ARL+ at y-k = 0 is
equal to the exact value. However, this does not guarantee that the
modified approximation will be good at values of p-k # 0. In this
dissertation, a curve fitting analysis will be made to determine a
formula for § as a function of (pA-k) and h. A SAS package computer
program (PROCEDURE STEPWISE) was employed to determine a linear model
fit to § as |

- _ 182 _ — 2., .3,/
§ = By+B, (a-k)+B, (a-k) +63|A k|+B4/ [& k|+85h+86h +8,h +88/h .

A linear model fit was chosen because it is simpler to handle than a
nonlinear model. The input data for the independent variable (A-k)
were eight values (A-k = -1.2, -0.8, -0.4, -0.2, 0.0, 1.0, 2.0, 4.0)
selected from the range of values considered in the van Dobben de Bruyn
tables. The input data for the independent variable h were all the

ten values (h = 1.3, 1.5, 2.0, 2.5, 3.0, 4.0, 5.0, 6.0, 8.0, 10.0)
considered in the van Dobben de Bruyn tables. The input data for the
dependent variable § were computed as follows. For each combination
of values of (A-k) and h, § was computed such that the modified
Brownian motion approximation (i.e., using h+d§ instead of h in approxi-
mating formula) giﬁes the exact value of the ARL as given in the van

Dobben de Bruyn tables. The SAS package program computed several
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"best" models according to the maximum r? improvement criterionm.
Models with few variables did not provide good fit and models with
too many variables are too complicated to be useful in practice. Thus,
from the possible models, the best three-variable model, as computed
by the SAS program, will be adopted in thisg dissertation. This
three~variable model is

§ = 1.153517 + 0.060216(A-k) + 0.056672(A—k)2 - 0.000072h3 .

Table XIV displays the exact values of the ARL+, as given in

the van Dobben de Bruyn tables, with the values obtained from the
modified Brownian motion approximation where § is computed from the
above three-variable model. For the range of values of (A-k) and h
considered in Table XIV, it is seen that the modified approximation
is quite satisfactory. No comparison is made with the exact values

+ .
of ARL when the observations are not normal because these values

are not available.

6.3 Approximate ARL of Procedures Based on Grouped Signed-Ranks

The control chart procedures introduced in Chapter IV were
n
based on the cumulative sum SR = I SR, which is a sum of independent
i=1
and identically distributed random variables SRig' From the results

of ChapterIIl, we have, for any 1 =1, 2 ...,



Table XIV. Values of ARL+ for Parametric CSCC Procedure Obtained

by Modified Brownian Motion Approximation. Under N(A, 1) Distribution.

h=1.3 h=2.0 h =5.0 h = 10.0
A-k
Modified Modified Modified Modified
Exact B. Motion | Exact B. Motion Exact B. Motion | Exact B. Motion
Approx. Approx. Approx. Approx.
-1.2 | 117 125.7 610 683.6 - - - -
-0.8 35.4 35.0 114 114.3 14000 14253 - -
-0.4 13.1 12.8 28.0 27.5 414 402.7 - -
-0.2 8.7 8.5 15.9 15.7 104 102.3 820 979.9
0 6.1 6.0 10.0 9.94 38.1 37.8 126 122.8
1.0 2.04 2.07 2.74 2.77 5.75 5.76 10.7 . 10.69
2.0 1.27 1.28 1.58 1.63 3.11 3.12 5.62 5.6
4.0 1.00 0.868 1.02 1.04 1.86 1.79 3.05 3.02

T0T
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E(SRig) g(g-1)E + g 6.= My » S3Y,

Var(SRig) 4g(g-1) (g-2) Y.“ 2g(g-l)2g-3)£2
+ g(g-2)0% - 4g(g-1) £6 + g(g+l) (2g+1)/6

= 02 say
g’ )

It follows that E(SRh) = nug and Var(SRn) = noz. For each N = 1, 2,

«esy define

X (e) = SRpyep + (Ne=INED) SRy 1y~ SRppey) o

for 0 <t<l.

Then, by Theorem 1
(Var SRN)'”2 (x,(t) - EX(£)) D, w(t) asN ->w .

Thus, SR.n can be approximated by a Brownian motion process with mean
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ugt and variance ozt. . By Theorem 3 of the previous section,
the approximate average run length of a symmetric two-sided LB--GSR
procedure with parameter a is given by

2 2
(a/ug)(exp[Zuga/cg]-l)/(exP[ZUga/og]ﬂ) My #0 ,
az/oz no=0 .

Table XV displays exact values of ARL of the symmetric two-sided LB--
GSR procedure with values obtained by the Brownian motion approxi-
mation. There is indication that the Brownian motion approximation

is satisfactory except for A=0 and small shifts such as A = 0.20.

A one-sided CSCC--GSR procedure for detecting negative deviations
in the mean of the observations signals at the first n for which
m n

max I (SR, +k) - I (SR, +k) > h .
O<m<n i=1 18 i=1 18

Since

n
E I (SR
i=1

k) =

|
~
OQ':
+
~
~
=}

ig

and
n
Var 1 (SR, +k)
i=1 '

I
Q
=}

n

then I (SRig+k) can be approximated by a Brownian motion process with
i=1

mean (pg+k)t and variance oz t. It follows from Theorem 4 that the

average run length of this procedure is approximated by
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le XV. Values of ARL for Two-Sided LB--GSR

Procedure Obtained by Brownian Motion

Approximation.

Under N(A, 1) Distribution.

= 2] = 55

=6 = 10
Shift

A Exact B. Motion Exact B. Motion
Approx. Approx.

0.0 46.5 29.1 114.2 78.6
0.20 31.5 22.9 56.7 44,6
0.60 14.3 10.7 23.6 17.4
1.00 10.2 7.5 18.3 12.3
2.00 6.80 6.1 12.0 10.1
3.00 6.00 6.0 10.1 10.0
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“h/ (u HO) + oz(exP[Z(ug+k)hlcz]-l)/(2(ug+k)2) () # 0,
(ug+k) =0 .

A one-sided CSCC--GSR procedure for detecting positive

deviations in the mean of the observations signals at the first n

for which
n m
I (SR, -k) - min I (SR, -k) >h .
i=1 '8 O<m<n i=1 18
n
The sum % (SRig—k) can be approximated by a Brownian motion process
i=1

with mean (ug-k)t and variance ozt. Thus the average run length of

the procedure is approximated by
h/(u_—k) + o> (exp[-2(u_-l)h/o>1-1)/(2(u_-0)?) (u_-k) £ 0 ,
g g & g g g

hz/c (ug'k) =0 .

The average run length for a symmetric two-sided CSCC--GSR procedure
can be approximated by

ARL = (ARLT) (aRL™)/(ARLY + ARLT)
In Table XVI, exact values of ARL+ of a one-sided CSCC--GSR proce-
dure were compared to Brownian motion apprbximation values.
Group sizes g = 2, 6, 10 were considered as representing small, medium,
and large sizes,respectively. When A # O the average run lengths were
computed under the assumption that the observations are normally dis-

tributed. The comparisons show that the Brownian motion approximations
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Table XVI. Values of ARL+ in Single Observations for a One-Sided
CSCC~-GSR Procedure Obtained by Brownian Motion Approximation

Under N(A, 1) Distribution.

g =2 g =26 g =10

k = h =10 k=3 h = 18 k=5 h = 50

Shift

A Exact B. Motion Exact B. Motion Exact B, Motion

Approx. Approx. Approx.
0.0 648.0 248.0 101.0 33.1 272.5 105.2
0.20 | 149.0 87.8 39.3 19.0 67.6 40.8
0.60 29.5 26.4 15.3 10.1 24.8 17.1
1.00 15.8 15.2 10.4 7.5 18.4 12.3
2.00 10.5 10.4 6.8 6.1 12.0 10.1
3.00 10.0 10.0 6.0 6.0 10.1 10.0
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underestimate the exact values of the average run lengths. TFor

small values of A the approximation is very far from the correct
value. This suggests a'need to modify the approximation as described
in the previous section. Howéver, adequate data on the exact ARL+
fhat-include various values of k, h, and group sizes must be generated

in order that a reliable curve fit can be achieved.

6.4 Approximate ARL for Procedures Based on SSRM

Control chart procedures based on ranking with respect to last
n

M observations essentially use the statistic TRn = -ilTj as defined
in Chapter V. To obtain approximations to the aveiagé run lengths
of such procedures,it must be established that {TRn; n=1, 2, ...}
can be approximated by a Brownian motion process.First,it is necessary
to derive the mean and variance of TRn as these will be used in the

approximations. The quantities wij were defined and their properties

were given in Section 3.2. It can be seen that

r

|
Zy,., j <M
i=l¢1J J ’
T, =
i A
J
I Y., j>M .
| i=jmel M -
It follows that
n n j
TRn = I T, = 1L L V..
=1 3 =1 i=j-m#1 H

Thus ’
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h|
E(Tj) = iilEq;ij = (J-l)E\pij + ijj
= (J-1)€ + 6 jeM
and
3
= .. = (M=1)Ey.. + Ey, .
E(Tj) '=jEM+1E¢lJ (M-1) le IPJJ
= (M-1)£ + 6 j>M .
It follows that for n > M
M-1 n
E(IR ) = I E(T,) + r E(T.,)
n j=l J j:M J
M-1
= ¥ ((j-1)e+8) + (n-M+1) ((M-1)&£+6)
j=1
= (M-1) (M-2)g/2 + (M~1)6 + (n-M+1) ((M-1)&+6)
= n((M-1)g+0) - M(M-1)&/2
= ny + o(n) ,
where
“M = (M-1)£+6 . ‘ (6.1)

The derivation of the asymptotic variance is somewhat involved

and will now be given.
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n n-1 n
Var(TR ) = I Var(T.) +2 = L Cov(T,, Tk)
o oy=1 3 =1 k=341
n n-1 0
= % Var(T.) +2 I r Cov(T., Tk)
j=M J §=M k=j+1 J
+ o(n) ’
since Cov(Tj, Tk) = 0 for k-j > M-1. For j > M it is seen that
h| j-1 k|
Var(T,) = I Var y,., + 2 pX T Cov(y.., ¥, .)
3 imgwn H i=j-M+1 g=i+l S
j-1 j-1
= Var y,, + I Var y.. + I Cov(y.., ¥..)
i=j-M+l o i=jm AN ©
j-2 j-1
+ z T Cov(y.., ¥,.)
imjMHL L=it+l I

(1-6%) + (M-1) (1-262) /2 + (M-1) (1-2£8)/2

+ (M-1) (M-2) (1/3 - €2)/2

a-1)%(1-36%)/3 + (1) (7-1280) /6

+

(1-6%)
It follows that
n

z Var(T.)
=M ;

]

(a-+1) { (M-1) * (1-3£ ) / 3+ Q-1) (7-12£6) /6

+ (1-8%)}

a{(M-1)2 (1-3£2) /3+(M-1) (7-12£0) /6+(1-62) }4+o (n) .
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Since the sequence TM’ TM+1’ +e. 1s (M-1)-dependent, then

Cov(Ts, T =0 s >M, r >M-1

s+r)
For s >M and 1 < r < M-1, it can be shown that

s s+r

z b Cov(y.

) > ¥ )
i=s-MH+l f=s-Mtr+l is’ "a(str)

Cov(TS, Ts+r

(M- (r+1)) (2y-£ ) +(-1) (y-£2)

+ (0%-2e0)/2 . (6.2)

n-1 n

The covariances in I L Cov(T,, T, ) are displayed in Figure 2.
. . k
j=M k=j+1

From this figure it is seen that

n-1 n n-2M M-1
jiM k=§+ICOV(Tj’ T T sio rilcovﬂ“*s’ Trstr)
n-1 n-s
¥ s=nEM+l rEICOV(TS’ Ts+r) .
Using (6.2), it is seen that
n-2M M-1 n-2M M-1 2
SEO ril COV(TM+S, TM+S+T) = Sio. ril {M-(x+1)) (2y~E")

+ (M=1) (y-£2)+(6%-2£6) /2}

M-1 2
(n-2M+1) £ {(M-1)(3y=-2&")
r=1
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r(2y-£7) + (8°-260)/2)

(n-2+1) { 01-1) % (3y-2¢2)

(M/2) (M-1) (2y-£2)+(-1) (62-2£0) /2}

n(M-1) { (2M-3) y-(3M=-4) £2/2+(0%-£0) /2}

(2M-1) (M-1) { (2M-3) y—=(3M=4) £2/2+(6%-2£0) /2}

n(M-1) { (2M-3) y-(3M=4) £2/2+(0%-£0) /2)

+ o(n)

- It can be shown that

n-1 n-s 2 2 2
% L Cov(T , T ) = M(M-1)“(3y~-287)/2+M(M-1) (6°-2£6) /2
s st+r
s=n-M+1 r=1
+ 13 2v-£2) /6
= o(n) .
It follows that
n n-1 n
Var(TR ) = I Var(T.)+2 L I Cov(T,, Tk)+o(n)
" =M 3 i k=jh J

a{M-1)2(1-3£%) /3+(M-1) (7-12£6) /6+(1-62) }

+ 2n(M-l){(2M—3)Y—(3M—4)52/2+(92-—2£6)/2}
+ o(n)

n{ (M=1) (4M=6) Y~ (4M=5) (M~1) £ 2+(M=2) 82



j k M+1 M+2 (2M-1) M n-M+1 n-M+2 n-1 n

M J(M,M+1) | (M,MF2) (M,2M-1) 0 0 0 0 0
M+1 (ML, M4+2) | ... [, 2M~1) | (M+1,2M) 0 0 0 0
n-M (n-M,n-M+1) | (n-M,n-M+2) (n-M,n-1) 0
n-M+1 (n-M+1 ,n-M+2) (n-M+1,n-1) |(n-M+1,n)
n-2 (n-2,n-1) (n-2,n)
n-1 (n—l ’n)

n-1 n
Figure 2. Display of the Covariances in I I Cov(T.,, T,)

J=M k=j+1

Where Only the Subscripts are Shown.

- TTL
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- 4(M-1)£6+(M+1) (2M+1) /6140 (n)

2
=1 oy, + o(n) ,

vhere of = (M-1) (4M-6)y-(4M-5) (1-1) £ *+(4-2) 6°~4 (M-1) E0-+(MHL) (24+1) /6.
- If the observations are symmetrically distributed about zero,

then Var(TRN) = (M+1) (2M+1)/6 .

Theorem 2 will now be used to obtain the Brownian motion approxi-

mation to the sequence {TRn}.

It is seen that the sequence T ,» is not

10 oo voes Ty Typgs oo
strictly stationary since the random variables Tl’ T2’ ceny TM_1 are
not identically distributed. For example, ETj = (j—l)g1 + Egs for

j < M, which depends on j. However, if the segment Tl’ TZ’ cees TM_1
is neglected, then the sequence TM’ TM+1’ «+. is strictly stationary
as will be shown below. In Section 5.2 it was shwon that (Ti’ e TR)
and (T2+r”°" Tj) are stochastically independent whenever r > (M-1).
It follows that the sequence is an (M-1l)-dependent sequence as defined
in Section 6.l. Strict stationarity of Ty Tygqs -+ can be argued as

follows. Consider the two events (Tt = Ll’ Tt = L2, csey Tt
1 2 r
= Lr) for any integers d > 1 and r >

= Lr) and

(Tt - Ll’ Tt W L2’ ey Tt +d
1 2 T
1. Suppose that p of the integers Ll’ ooy Lr are positive. The

event (Ttl= Ll’ Tt2= L2’ ceey Ttr= Lr) corresponds to a number of
orderings of absolute values of the observations in the set El =

L
{x X seees X +r} such that p of the last r X's are

1 1
positive. Similarly, the event (Ttl+d= Ll’ Tt2+d= L2, cens Ttr+d = Lr)

- » ¢ ey
tl M+1
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corresponds to a number of orderings of absolute values of the obser-

vations in the set E2 = {Xt1+d—M+1’ ceay th+d’ ey Xtr+d} such that
p of the last r X's are .positive. Since the observations Xl’ Xz, N

are assumed to be independent and identically distributed and the sets

1 2
that

E. and E, contain the same number of observations (r+M-1) it follows

Pr(T, = L;, T, =Ly, «oop T, = L) = Pr(T L L

T =
’
1 1 t,+Hd

= ) ]
tl+d 2 2

cees T, 7 L)

t_+d
T
Thus ,the sequence TM’ TM+1’ «s. 1is strictly stationary; Now define
n
TR; = ¥ T, and for each N =1, 2, ... define
j=M

Xﬁ(t) = T + (Nt-[NtDT for 0 <t <1 .

R* I NE] [Nt]+1

By Theorem 2 of Section 6.1 it follows that -
(yar TR* )-1/2 (X%(t) - EX%(t)) 2> W(t). as N -> =
N X5 EXN .

In the above discussion,the terms Tl’ T2, cees TM_1 were neglected.

They have negligible effect as N -> », Therefore the whole sum TRn =

n
LI T, may be approximated by a Brownian motion process with mean Myt
j=1

. 2 . . '
and variance oMt. Hence,an approximation to the ARL of a two-sided

linear barrier procedure (~a, a) is given according to Theorem 3 by
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(a/uM) (eXP[ZuMa/crf{]-l)/(exp[2uMa/ob24]+l) Hy #0 ,

az/oﬁ ' My = 0
No exact values of ARL for the above linear barrier procedure
are available to check the accuracy of the Brownian motion approxi-
mation. The approximations were compared to values of ARL obtained
by simulation based on 100 iterations and assuming a normal diséri—
bution with variance 1. This number of iterations gave a cofficiént
of variation of no more than 15 percent for- each estimated ARL. The
results are contained in Table XVII and they indicate that the Brownian

motion approximations are satisfactory for linear barrier procedures.

For CSCC-type procedures based on ranking with respect to last
M observations one can employ Theorem 4 of Section 6.1 to obtain
the approximations to the average run lengths.

For a one-sided procedure, with parameters k and h, for

detecting negative shifts, the approximate average run length is

given by

~h/ (u )+ (exp[2 (uHOR/ o5 1-1)/ 2 () )]k # 0,
ARL— =

1’12/01?1 uM+k =0 .

For the one-sided procedure for detecting positive shifts, the

approximate average run length is given by

b/ (k) ol (exp[=2 (=0 b/021-1)/ 2wy ®) ke # 0,

h /cM uM—k =0 .
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Values of ARL Obtained by Brownian Motion Approximation

and by Simulation for Two-Sided Linear Barrier Procedure

Based on TR .
n

Under N(A, 1) Distribution

M= 2 M=6 M =10

a =15 a = 38 a = 87
Shift

A B. Motion Simulation B. Motion Simulation B. MOtlonkSimulation
Approx. Approx. Approx.

0.0 90.0 106.69 100.00 108.34 196.60 228.51
0.25 43,45 47.72 42.05 47 .19 60.32 68.30
0.50 23.32 24,77 22.57 24,87 31.93 37.77
1.00 13.59 14.48 13.62 16.19 19.44 24 .49
2.00 10.33 10.92 11.04 13.58 16.01 20.66
3.00 10.02 10.52 10.87 13.25 15.83 20.42
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Exact values for the ARL of CSCC procedures based on ranking with
respect to last M observations are not available. To get reliable
results using simulation would be expensive. Hence, it was not

feasible to check the accuracy of the Brownian motion approximation.



CHAPTER VII

CONCLUSIONS AND PROBLEMS FOR FURTHER RESEARCH

Several conclusions and recommendations concerning the pro-
posed nonparametric control chart procedures are made in Section 7.1.
In Section 7.2, possible extensions to the present research are

discussed and ideas for further research are suggested.

7.1 Conclusions
Four new nonparametric control chart procedures for detecting
shifts in the center of symmetry A of a distribution from a control
value AO = 0 were proposed and investigated in this dissertation.

Two of them, the CSCC--GSR and the LB--GSR, are based on the method

of ranking the observations within groups. The other two procedures,

the CSCC~-SSRM and the LB--SSRM, are designed for the case where
single observations are made on the output of the process and
grouping is undesirable. A method, based on a Markov chain approach,
was developed for computing the exact ARLs of the CSCC-~-GSR and the

LB~-GSR procedures. Analytic formulas, based on Brownian motion

approximations, were derived for the ARLs of the four procedures.
All the proposed procedures share the following advantages.

(1) They are simple to apply in practice. At each stage of carrying
out the procedures, the ranks of the observations and the test
statisticsare simple to compute.

(2) The application of the procedures does not require that the
probability distribution or the variance of the observations be

known.
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(3)

(4)

119

When the process is in-control, the ARL of each procedure does
not depend on the parent distribution of the observatioms.
It was possible to derive an approximate analytic formula for

the ARL of each procedure, The CSCC-~GSR and the LB--GSR

procedures posses the further advantage that their ARLs can be

computed exactly in a relatively simple way.

As far as the efficiency of the CSCC--GSR and the LB--GSR proce-

dures is concerned, it is possible to draw the following conclusions.

(1)

(2)

For detecting small shifts (A = 0.2), the LB--GSR and the CSCC--
GSR procedures proved to be very efficient. They are more
efficient than the Shewhart's procedure (whether based on
grouped or ungrouped observations) even under the normality
assumption. They are very close in efficiency to the parametric
CSCC procedure even under the normality assumption. A limited
simulation study indicated that the CSCC--GSR procedure is more
efficient than the parametric CSCC procedure when the obser-
vations have a double exponential distribution. The above
claims can be substantiated by referring to Tables IXa, IXf,

Xa, XIa, XIc.

For detecting medium shifts (A = 0.6 and 1.0), the LB--GSR and
the CSCC--GSR procedures are more efficient than the ungrouped
Shewhart's procedure even when the observations have a normal
distribution. For detecting a shift of approximately A = 0.6,

the CSCC--GSR is as efficient as the grouped Shewhart procedure;
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but it is less efficient than the parametric CSCC procedure,
when the observations have a.normal distribution. When the
observations have a double exponential distribution with A =
0.6, the simulation study indicates that the CSCC--GSR procedure
is more efficient than the Shewhart procedure and as efficient
as the parametric CSCC procedure. The LB~-GSR procedure is not
efficient at medium shifts when the observations have a normal
distribution. No results are available to check the efficiency
of the LB~-GSR procedure when the observations have a distri-
bution other than the normal. The above conclusions can be
substantiated by referring to Tables: IXb, IXc, IXg, XIb, XId.
(3) Finally, consider the case of detecting large shifts (A > 2.0)
and were observations are grouped. If the procedures (whether
parametric or nonparametric) are designed so that it is possible
to stop after one group then all will have ARL equal to the
group size for every large shift. Thus, the LB--GSR and the
CSCC~-GSR procedures will have the same efficiency as the para-
metric procedures. When the observations are ungrouped, any
nonparametric control chart procedure based on ranks will be inef-i
ficient when compared with parametric procedures at large values
of A. A reason for this is that nonparametric procedures replace
the values of the observations by ranks which are bounded in
value no matter how large the shift A is and a number of obser-

vations is required before the sum of the ranks can reach a cer-

tain value, For example,for a CSCC procedure with k = 0 and
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h = 21, a nonparametric procedure based on the Wilcoxon
signed-ranks will need at least six observations (no matter
how large A is) before the cumulative sum of the signed-ranks

can reach the value of h.

7.2 Problems for Further Research

While this investigation has solved some problems of interest,

it gave rise to other worthwhile problems that are left for further

research.

(1)

Some ideas for further research are:

More comparisons need to be performed between the CSCC--GSR and
the parametric CSCC when the observations have distributions
other than normal. Although such comparisons seem to be too
straightforward, the computational effort involved is not
trivial. The computation of the exact ARL of the parametric
CSCC procedure requires solving integral equations which usually
have to be solved numerically. The coméutation of the exact

ARL of the CSCC--GSR procedure requires that the distribution

of the Wilcoxon signed-rank statistic be first computed. Despite
these difficulties, it is felt that this problem is worthwhile
since, as a by-product, it is possible to study the effect of
nonnormality on the ARL of the parametric CSCC procedure. Also,
it is possible to use the distribution of the Wilcoxon signed-
rank statistic for purposes other than computing the ARL of the
CSCC-~GSR procedure. TFor example, it can be used to study the

exact power of the Wilcoxon signed-rank test.



(2)

(3)

(4)
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It is worthwhile to study the effect of group size on the
efficiency of the LB--GSR and the CSCC--GSR procedures.
Intuitively, it seems that ihcreasing the group size has the

effect of increasing the efficiency of the grouped signed-rank

procedures. However, it should be noted that using groups of

a large size will also make the ARL large (= group size) when
considering large shifts.

The performance of procedures based on the SSRMs needs more in-
investigation. Extensive simulation studies need be made to
obtain reliable valueé of the ARLs for various values of M.

It is very desirable to improve the Brownian motion approxi-
mations to the ARLs of the several control chart procedures.

If the Brownian motion approximations can be made to give
reliable results, then this will result in a very simple and

cheap way to compute the ARLs of the control chart procedures.
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NONPARAMETRIC PROCEDURES FOR PROCESS CONTROL

by

Saad Taha Bakir

(ABSTRACT)
Three nonparametric control chart procedures are developed.
The procedures are designed to detect any shift in the median of
a sequence of observations from a specified control value.

The first two procedures require that groups of g > 1l observa-
tions be made sequentially on the output of the process. Then the
Wilcoxon signed-ranks of the observations are computed within
- each group separately. The Wilcoxon signed-rank statistic SRig
for the ith group is computed as the sum of the signed ranks of the
g observations in the ith group. One of the two procedures employs

a cumulative sum control chart-type stopping rule and it signals

indicating a shift in the median of the process at the first n

for which
n m
Z (SR, - k) - min £ (SR, -k)>h,
i=1 '8 Osm<n i=1 '8
0
where k > 0 and h > 0 are parameters of the procedures,and where I=0.
i=1

The other procedure employs a linear barrier-type stopping rule
and it signals at the first n for which
n

I SR, ¢ (-a, a) ,
i=1 18

where a > 0 is a parameter of the procedure.



n

Based on the fact that {'El SRig; n=1, 2, ...} forms a discrete
time Markov chain, a method fz; determining the exact properties
(average run lengths) of the procedures was developed.

The third procedure is proposed for situations where single
observations, rather than grouped observations, are made on the out-
put of the process. The procedure requires that an integer M > 1
be fixed apriori and the rank of an observation be computed only with
respect to the preceding (M~1) observations. The procedure employs
the sum of the signed ranks as a test statistic and a cumulative sum
control chart-type stopping rule. It was not possible to determine
the exact properties of the procedure through a Markov chain
approach.

All the proposed procedures are simple to apply in practice since
they require little effort in computing the ranks of the observations.
Their application does not require that the distribution or the
variance of the observations be known.

Several comparisons of the proposed procedures were made with
other parametric control chart procedures, For normal observations
and when a small shift in the mean is considered, there is indication
that the proposed procedures perform nearly as good as the parametric
procedures. For double exponential observations, some of the proposed

nonparametric procedures perform better than the parametric procedures

when a small shift in the mean is considered.
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