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(ABSTRACT)

A general algorithm for tracing the path of optima of inequality constrained optimization
problems as a function of a parameter was developed in this research. The algorithm is
an active set algorithm using a homotopy method to trace the path. A new feature of the
algorithm is a capability of handling the transition points between segments in a routine way.
The algorithm locates the transition points, and finds an active set for the next segment
by considering all possible sets of active constraints. The nonoptimal sets are eliminated
on the basis of the Lagrange multipliers and the derivatives of the optimal solutions with
respect to the parameter.

The algorithm was implemented for three different problems. The first application,
a spring-mass problem, was used to illustrate various kinds of transition events between
segments. The second application, a well known ten-bar truss structural optimization
problem, was used to validate the algorithm, since the numerical results for this problem
have been obtained by other methods. The third application, bi-objective control-structure
optimization, had an important engineering application. The numerical results obtained
in this application could be used in the design process — they allowed selection of the best

designs and provided some insight into behavior of the structure.



The sufficient conditions for persistence of the minima were given using the results
of the stability theory, and the connection was shown between these results and classical
optimization theory. For the standard nonlinear programming problem these conditions are
equivalent to the Mangasarian-Fromovitz criterion and the standard second order sufficient
optimality condition.

A method for computational verification of the conditions for persistence of the minima
was proposed. By using Motzkin’s Transposition Theorem, the Mangasarian-Fromovitz
criterion can be reduced to the problem of finding a feasible point for a linear optimization
problem. In this form it can be easily solved by Phase I of the simplex method. It was shown
that the linear programming problem can be transformed to the form of general nonlinear
problem in such a way that the regularity of the constraints is preserved. Therefore for
linear problems necessary and sufficient condition for solvability of the perturbed system
can be verified computationally.

The results of bifurcation theory were used to characterize the possible points of
discontinuity of the path. The necessary conditions for discontinuity of the path of optima
can be checked by the developed algorithm with no extra work. The results of bifurcation
theory were also used to describe the possible singularities of the path of optima and the

behavior of the path near singular points.
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Introduction

Optimization problems often depend on parameters that define constraint boundaries
or objective function properties. These parameters are kept constant during optimization,
but it is often necessary to know what is the effect of a change in some parameter on the
optimum solution. |

Traditionally, the effects of parameter variatiations have been studied via sensitivity
analysis, where a parameter represents a small perturbation, often a random error in
the problem data (e.g., Fiacco [5], Fiacco [6]). In mathematical programming sensitivity
analysis was often used in convergence and rate of convergence proofs, which, in turn, lead
to acceleration of algorithms, and sometimes resulted in new algorithms (e.g., Robinson
[30]).

More recently, there has been an effort to develop an approach to tracing the family
of optima obtained by varying a parameter over an extended, user specified range. This
application can be helpful in the modeling process, since singularities in the behavior of
the system can be revealed in this way (Rao and Papalambros [27]). These singularities
are not necessarily revealed when the parameter is treated as a design variable.

Another motivation for parametric programming is multi-objective optimization where
two or more objectives are combined into the multi-objective cost function (e.g., [L7], [9],
[24], [38]). The optimal solutions to the problem of minimizing the bi-objective cost function
f = (f1, f2) can be found by optimizing the convex combination f = (1— a)f; + af; of two
objectives f; and f,. All solutions for a between 0 and 1 give the efficient curve, which is
a trade-off curve for the two objectives.

There have been recent attempts to construct algorithms for tracing a path of optimal
solutions. Almost all algorithms used for this purpose are predictor-corrector algorithms.
The predicted next point on the path can be obtained by polynomial or Hermite extrapolation
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(Watson et al. [44]). Other predictors use the tangent vector to the curve at the point
(Watson et al. [44]) or a combination of this and previously computed tangents (Lundberg
and Poore [19]) to get a predicted point. In the correction phase a point on the zero curve
is found by solving the system of equations represented by the curve. Methods such as
Newton, Newton-like, or quasi-Newton and others can be applied to solve this system of
nonlinear equations. The predicted point is an initial approximation of the solution for
these methods. Some predictors use augmented system of equations, where the equation
appended to the system confines the correction iterates in some way, for example to a
hyperplane orthogonal to the predictor direction (Lundberg and Poore [20]), or to one of
the unit basis vectors in R"+1 (Rheinboldt [29]), or in some other way (Watson et al. [44]).

A few examples of the algorithms for tracing the path of parametrized optima are given
next.

Rao and Papalambros [28] use simple continuation to find the family of parametrized
optima. The predicted point lies on the tangent to the curve at a given point. In the
correction phase they use an NLP solver based on the Sequential Quadratic Programming
Method to get to the zero curve along a vertical direction. This algorithm can trace the path
as long as no singularities (loss of strict complementarity, violation of linear independence
constraint qualification, or failure of the second order sufficient condition) are encountered.
The program does not have a capability of automatic jumping over singularities, and needs
to be restarted at a value of the parameter beyond the singularity.

Lundberg and Poore [19], [20], use a sophisticated predictor-corrector homotopy curve
tracking algorithm to investigate the dependence of the solution on a parameter and to
locate bifurcations and points of extreme sensitivity. They use Adams-Bashforth predictors
that compute the predicted point taking into account current and previous tangents to the
curve. The correction to the path is a Newton-like iteration in the hyperplane orthogonal

to the prediction direction, based on Keller’s bordering algorithm [13]. Their algorithm
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detects singularities along the path, but they do not provide the mechanism for handling
such singularities.

Shin et al. [39] developed an algorithm capable of making the transition from one
segment to another for the special case of the design of a beam with a given weight so as to
maximize the buckling load. The algorithm uses a homotopy method to trace the segments
where the active set is fixed.

The continuation algorithms can be used only if the zero curve is continuous. Therefore
an important question is what the conditions are for continuity of this curve. This question
is related to the problem of the solvability of arbitrarily perturbed systems of equalities.

The problem of solvability of perturbed optimization problems has been examined by

a number of authors. The problem considered has the form

minimize f(z,q)
P(a) subject to g;(z,a) =0, (i=1,...,0),

gi(z,a) £0, (G=1+1,...,01+k).

McCormick and Fiacco [4] proved the existence of a differentiable function z(«) that solves
P(a) in a particular case when the dependence on « is linear. This result was obtained
under the assumption of strict complementarity, independence of the gradients of active
constraints, and the second order sufficient optimality condition.

Fiacco [3] extended this result for general perturbations c. Besides the three assump-
tions given above, Fiacco assumed that the functions defining P(«) are twice continuously
differentiable in 2 and that their gradients with respect to & are once continuously differ-
entiable in a in a neighborhood of the optimal solution (z*,0). With these hypotheses
he proved the existence and uniqueness of a local minimum (z(a),A(a),u(a)) for a in a

neighborhood of zero.



Robinson [30] obtained a similar result under a weaker assumption on differentiability.
He assumed only that the second order partial derivatives of the problem with respect to
x are continuous in (z,a).

Later Robinson [35] proved local existence and uniqueness of the solution (z(a), A(a),
p(@)) to the problem P(a) without the requirement of strict complementarity. He assumed
linear independence of the gradients of the active constraints and a strengthened form of the
standard second order condition. He strengthened the standard second order condition by
requiring that the Hessian of the Lagrangian be positive definite for all directions tangent
to equality constraints and active inequality constraints with positive Lagrange multipliers,
whereas in the standard second order sufficient optimality condition these directions are
limited to those which form nonacute angles with the gradients of activeinequality constraints
with zero Lagrange multipliers.

A similar result was also obtained by Jittorntrum [11], who also proved the existence
of the directional derivative of the optimal solution with respect to the perturbation.

Kojima [15] relaxed the hypotheses further by dropping the constraint linear indepen-
dence requirement. Instead he required that the Mangasarian-Fromovitz criterion and the
strengthened form of the second order sufficient condition hold. With these assumptions
he proved the existence and uniqueness of a stationary point of P(a), and he also showed
that the stationary points are continuous under small perturbations.

Robinson [36] proved the persistence of minimizers under small perturbations assuming
a second order condition and a constraint qualification, which for the standard nonlinear
problem P(«) are equivalent to the standard second order sufficient optimality condition
and the Mangasarian-Fromovitz constraint qualification.

A more numerically oriented approach to the problem of the persistence of minima
was taken in bifurcation theory. Bifurcation techniques together with continuation methods

were used to characterize the dependence of the minimum on a parameter rather than on
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an arbitrary perturbation. Continuation methods for solving nonlinear equations F' = 0 are
based on the Implicit Function Theorem, which requires the nonsingularity of the Jacobian
matrix for the function F. Therefore singularities of the Jacobian DF and the phenomena
that can occur at the singularities are of much interest in bifurcation theory.

Kojima and Hirabashi [16] investigated the behavior of the Kuhn-Tucker points when
the minimization problem is continuously deformed. They showed that the set of all points
(z,a) such that z is a stationary point with a parameter a is a disjoint union of paths
and loops. They characterized how the number of local minima, saddle points and local
maxima changes along a path or loop, and related these changes to the instability of the
solutions and the orientation of the path or loop.

Related research was done by Jongen, Jonker and Twilt [12]. They introduced the
concept of a "generalized critical point”, which is a point where the gradients of the objective
function and the gradients of active constraints are linearly dependent. Then they divided
the set of generalized critical points (2, a) into five types: (a) nondegenerate critical points,
i.e., points where strict complementarity, linear independence of the active constraints, and
nonsingularity of the Hessian of the Lagrangian on the space tangent to active constraints
hold, and the points where: (b) strict complementarity does not hold, (c) one of the
eigenvalues of the Hessian of the Lagrangian on the space tangent to active constraints is
zero, (d) the gradients of active constraints are linearly dependent and the number of active
constraints is less than (n + 1) (where n is the number of variables), (e) points where the
gradients of active constraints are linearly dependent and the number of active constraints
equals » + 1. They examined the behavior of the set of generalized critical points, and its
Kuhn-Tucker subset.

A similar approach was taken by Poore and Tiahrt [40], [25]. They characterized the
necessary and sufficient conditions for singularities of the path of parametrized optima, and

they subdivided all singularities into seven types. Then they examined the behavior of the
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path near each type under the assumption of a low codimension singularity. Poore and
Tiahrt were very much interested in the numerical aspect of their results. Their theory will
be presented in more detail in Chapter 4.

There were two objectives of the research presented in this dissertation. The first
one was to develop a general algorithm for tracing the optima of an inequality constrained
optimization problems as a function of a parameter. The developed algorithm is an active set
algorithm using a homotopy method to trace the path. A new feature of the algorithm is
a capability of handling the transition points between segments in a routine way,
which differentiates this algorithm from the algorithms for tracing the path of parametrized
optima discussed before.

The second objective was to determine the conditions for continuity of the path of
stationary points and optima for parametrized problems. This is important since the
algorithm can be used only for tracing the path of stationary points as long as the path
is continuous. There exist theoretical results that address this problem, but many of
them are too abstract and general to be of immediate use. There are also theories, which
are motivated by different problems, but whose results can be applied for our purpose
(for example, bifurcation theory). This work provides a synthesis of existing theories, in
particular a general stability theory and bifurcation theory useful in determination of the
continuity of the path of optima.

The dissertation is organized as follows. In Chapter 2 we described an active set
homotopy algorithm for tracing the path of parametrized optima. In Chapter 3 we give
three applications of the algorithm. In Chapter 4 we characterize the possible points of
discontinuity of the path of optima using the results of bifurcation theory. In Chapter 5
we give the suflicient conditions for continuation of the path of optima using the results of
the stability theory by Robinson [36], and show the connection of these results with the

classical optimization theory. Implications of bifurcation theory and stability theory for
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continuity of the path are given in Chapter 6. In this chapter we also discuss the possibility
of computational verification of these theoretical conditions. Chapter 7 is an application
of the theory for analysis of the path discontinuities for one of the applications given in

Chapter 3.



2. An active set algorithm for tracing parametrized optima

In this chapter we will present an algorithm for tracking paths of optimal solutions
of inequality constrained nonlinear programming problems as a function of a parameter.
The proposed algorithm employs homotopy zero-curve tracing techniques to track segments
where the set of active constraints is unchanged. The transition between segments is handled
by considering all possible sets of active constraints and eliminating nonoptimal ones based
on the signs of the Lagrange multipliers and the derivatives of the optimal solutions with

respect to the parameter.
2.1 Problem statement

We want to have an algorithm that would minimize a cost function f(z,a) subject to
constraints g;(z,a) < 0,5 = 1,...,n2, where  is a ny-vector of design variables subject to
the minimum value constraints «; > z¢; and « is a parameter. The minimization problem

is formulated as

(2.1) minimize f(z,a)
(2.2) subject to ¢; = zo; — 2; £ 0, i=1,...,m,
(2.3) Gitn. (2, 0) £ 0, i=1,...,n.

The solution should be obtained for a specified range of «, say a, £ @ £ . The Lagrangian

function and Kuhn-Tucker conditions for this problem are:

n1 nit+n2
(2.4) L(z, A a) = f(z,0)+ Y Mz — @)+ Y, Ajgi(e,@)
=1 j=n1+1
6f ny+ng 89,7’ B .
(25) 8x,+z Aja—xi—A/,—O, z—l,...,nl,
Jj=ni1+1
(26) gj)\j:O, j:l,...,n1 + ng,
2.7) 220, G=1,...,m +ny,
(2.8) g; £0, i=1,...,m +ng.



Equations (2.5)-(2.6) form a system of nonlinear equations to be solved for the design
variables z; and for the Lagrange multipliers A; associated with active constraints of the
form (2.3) and with the bounds for design variables (2.2). The solution of these equations
is a function of a. As the value of a increases the solution of the Kuhn-Tucker conditions
follows a path that consists of several smooth segments, each segment characterized by a

different set of active constraints.
2.2 Homotopy method

The system of nonlinear equations (2.5)—(2.6) is solved by a homotopy method. The

homotopy method uses the fact that if the solution to the system of equations
(2.9) F(z,a)=0

is known at some point (20, ap), and the Jacobian matrix DF(z,ap) of the function F
at (20, 0p) has full rank, then there is some neighborhood U of (%, ag) such that there is
a unique curve of zeros of F(z,a) in U passing through (2, ap). According to the theory
by Watson [42], [43], this full rank of the Jacobian matrix implies that the zero set of
equations (2.9) contains a smooth curve I in (N + 1)-dimensional ( z,«) space, which has
no bifurcations and is disjoint from other zeros of (2.9). The curve I' can be parametrized

by the arc length s as
(2.10) z = 2(s), a = afs).

Taking the derivative of (2.9) with respect to arc length, the nonlinear system of equations

is transformed into a set of ordinary differential equations

(2.11) [Fo(2(s),a(s)), Fa(z(s),a(s))] d_i =0,
da

ds



and

dz
ds
2.12 =1,
ds
where F, and F,, denote the partial derivatives of F' with respect to z and a, respectively.

With the initial conditions at s = 0,
(2.13) 2(0) = 2, a(0) = aq,

(2.11)-(2.13) can be treated as an initial value problem. Its trajectory is the path I' of
optimal solutions Z(s) = (2(s), a(s)).

A software package HOMPACK by Watson [43] which implements several homotopy
algorithms can be used to track the zero curve I'' The HOMPACK algorithms take steps
along the zero curve using prediction and correction to find the next point. In the prediction
phase a Hermite cubic p(s) is constructed which interpolates the zero curve I' at two known
points Z(s;) and Z(s2).

The predicted next point is
(2.14) ZO = p(sy 4+ ),

where p(s) is the Hermite cubic, and h is an estimate of the optimal step (in arc length)
to take along I

The corrector iteration is
zU+) =z _[DF(ZYF(Z®),  k=0,1,...

where [DF(Z(®))]t is the Moore-Penrose pseudoinverse of the n X (n + 1) Jacobian matrix
DF. In practice this pseudoinverse is not calculated explicitly; see Watson [43] for the details

of the Hermite cubic interpolant construction and the corrector iteration.
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The optimal step size h is chosen to prevent the correction iteration from being too
costly. The user can specify nondefault values used in determining the step size such as,
for example, the maximum and minimum allowed step size. The parameter « in equations
(2.11)—(2.13) is a dependent variable, which distinguishes homotopy methods from standard
continuation, imbedding, or incremental methods. The homotopy approach is also different
from initial value or differentiation methods, since the controlling variable is arc length s,

rather than o.
2.3 Solution along a segment

Since the active constraints in a segment are fixed they can be treated as equality
constraints. Furthermore along each segment some design variables are fixed at their lower
bound. The vector of these inactive (passive) variables is denoted z, and need not be
considered as design variables for that segment. The vector of active design variables z;
(¢ € Z,) is denoted as z,. Along each segment the Kuhn-Tucker conditions are solved for
the active design variables z; (¢ € Z,) and for the Lagrange multipliers A\, associated with

the active constraints of the form (2.3) (A;, j € Z,). For each segment there are 2 types of

equations:

(2.15) V1:gij(z,a) =0, Jj€Z1,,
0 0 .

(2.16) Ve 6;‘ + YA aij =0, i €1,

The active design variables and the Lagrange multipliers associated with active constraints
(2.3) are the unknowns in these equations. For the homotopy solution we need the Jacobian
matrix of functions V1 and V2 with respect to a, z,, and A;. The Jacobian matrix has

components of the following form:

ovi_9g;  OV1_ 9g;  OV1
8a ~ da’ 0T 0w O\
6V2 azgj ov2 _ 62f 82gj ov2 _ 6gj
o aaax, + Z i9ave oz = Bedmn T 2 Momoen 9% = oo

(2.17) =0,

g
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where ¢,m € Z, and t,5 € Z,. The derivatives with respect to z; and z,, denote the
derivatives with respect to all active design variables, and the derivatives with respect to
A¢ and A; denote the derivatives with respect to all Lagrange multipliers associated with
active constraints of the form (2.3).

For example, for ny = 5 with active constraint g, 42 of the form (2.3) and active design

variables z;, x5 the system of equations is:

of 0gq _
(2.18) '5; + /\7%‘1' =0,

of dgr _
(2.19) Fr + A76_$5 =0,
(2.20) g7(z1,25,0) = 0.

The set of unknown variables is ordered as («, 21,5, A7) and the corresponding Jacobian

matrix is:
*f 0% g 2 f 0% g7 *f 0% g7 0g7
dadry A dadr, %? A 0%z, 0z, 05 + A 07105 0z,
0% f g7 0’ f 0% gq 0*f 0% g g7
2.21 20
( ) Oadzs A dadzs Oz10zs Ar 0z10xs 0%zs Ar 0%xzs Ozs
991 991 991 0
0a 01 0zs

The variables of the system of equations are stored in the vector of homotopy variables
-(5)
Ag

At the start of a segment the set of active design variables and active constraints for
this segment has to be found, so that the vector y be defined. A set of equations is then
generated, with the type of each variable determining the form of the equation appended to
the system of equations. For the Lagrange multiplier associated with an active constraint
of the form (2.3) the equation has the form (2.15), and for an active design variable the
equation has the form (2.16). The Jacobian matrix is calculated according to (2.17) and

the system of equations for the segment is solved using the homotopy technique. Then the
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Lagrange multipliers for inactive design variables are calculated according to (2.5). In these
equations the Lagrange multipliers associated with active constraints of the form (2.3) have
been computed by the homotopy method, and the Lagrange multipliers associated with

inactive constraints (2.3) are known to be zero.
2.4 Segment termination and transition to the next segment

At each point of a segment the Lagrange multipliers associated with the lower bound
of the inactive design variables or the active constraints of the form (2.3) in the segment
should be nonnegative, the value of each g;, j = n1,...,m + ny should be less than or
equal to zero, and all design variables should be larger than or equal to their lower bound.
If any of the above conditions is not satisfied the segment is terminated and a new one
is started. The transition point to a new segment is called here a switching point. (It
is assumed throughout that a switching point is not also a turning point of the path of
optima.) Depending on the type of termination, the switching point is the point where

1) one of the positive Lagrange multipliers becomes equal to zero, or
2) a previously negative g; of the form (2.3) becomes equal to zero, or
3) an active design variable z; (¢ € Z,) becomes inactive (equal to zp;).

At the beginning of each segment the system of linear equations (2.5) is solved for
MyeeoyAmy, M = 1y + ng2, to check which design variables and constraints are active and
to find the initial values of the Lagrange multipliers for the segment. First the Lagrange
multipliers for inactive constraints are set to zero so that we consider Lagrange multipliers
only for potentially active constraints (those equal to zero).

Since some of the constraints (2.3) may be inactive (their values at the switching point
are less than zero), or the derivatives of the constraints (2.3) with respect to the design
variables can assume values for which some columns or rows in the coefficient matrix of

the system (2.5) are linearly dependent, the rank of this matrix can be less than n,. The
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rank of the coefficient matrix for the system (2.5) determines the number of the constraints
(2.3) which are assumed to be active in the next segment.

The QR factorization with column pivoting is used to find the rank (r) of the coefficient
matrix. Next the system (2.5) is solved for all subsets of © columns which are linearly
independent assuming that the Lagrange multipliers for the constraints (2.3) corresponding
to the remaining columns are zero. To get the solution for each subset at least 7 design
variables are assumed to be active (the corresponding Lagrange multipliers are set to zero).
For each subset of r columns (corresponding to r constraints) all combinations of r out
of ny design variables are assumed to be active. The system is solved in turn for each
combination to find all sets of active design variables and active constraints (2.3) such that
the Lagrange multipliers are nonnegative.

For each transition point there are at least two active sets with nonnegative Lagrange
multipliers: a set corresponding to the last segment and a set corresponding to a new
segment. Sometimes there are more than two solutions satisfying the condition that all the
Lagrange multipliers be nonnegative. Then for each solution the derivatives of the design
variables with respect to the arc length s are calculated as described below. A set of active
constraints (2.3) and active design variables is accepted when the values of these derivatives
indicate that no active constraint will be violated for increasing values of s.

To calculate the values of the derivatives of the design variables with respect to s we
first calculate their derivatives with respect to a. The Kuhn-Tucker conditions (2.5)—(2.6)

are differentiated with respect to a. Thus we obtain:

(‘?:va+ O, a(Vf)

(2.22) (A+2) N2+ +(a )Ag =0,
Oz dg
T %4 a _
(2.23) NTS2+ 52 =,

where z,,A, are a vector of design variables and a vector of the Lagrange multipliers for

active g;, g, is a vector of active constraints g;, 7 € Z, , N has components n;; = ==
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o’ f

(j € Z,,1 € 1,) , A is the Hessian of the objective function f, a;; = 9202 and Z is a
]
2q.
matrix with elements z; = Z aiig’w , A;. After equations (2.22) and (2.23) are solved,

J€L,
derivatives of each g; corresponding to an active constraint (2.3) with respect to a are

calculated according to

99; _ N~ 995 :
(2.24) 0a g; dz; 0a’ 1€y

For each candidate solution satisfying the Kuhn-Tucker conditions, derivatives with respect
to arc length s are then calculated by multiplication by da/ds (taken from the previously
calculated point on the last segment—all that matters is the sign of da/ds). We calculate the
derivatives with respect to arc length s of design variables, Lagrange multipliers and g;’s
corresponding to active constraints. A solution is accepted if the derivatives with respect
to s of active design variables that are at their lower bound are nonnegative, the derivatives
with respect to s of zero Lagrange multipliers that correspond to active constraints (2.3)
are nonnegative and the derivatives of g;’s that are equal to zero are nonpositive. The case
of more than two acceptable sets of active constraints and active design variables at the
same transition point is signaled by a flag. A flowchart of the algorithm is shown in Figure
2.1 and a more detailed description of this segment switching algorithm is given in the next
section.

Second order optimality conditions (see Haftka et al., [8]) are checked to verify that the
stationary points found by solving the Kuhn-Tucker conditions are indeed minima. Second

order necessary conditions are

d'[VZ L]d2 0 for every d such that (Vg;)'d=0 Vj€ I,

0* L

where [V?ca 'C] im = 92,0z
10Ty,

, l,meZI,.
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SOLVE (2.5) TO FIND SET OF ACTIVE VARIABLES
COMPUTE DERIVATIVES OF CONSTRAINTS WITH RESPECT TO a

ALL
POSSIBLE SETS
CHECKED?

MULTIPLE
SOLUTIONS?

~ |< UPDATE VARIABLE SET |

%[ CALL STEPNF TO 'I\'VAKE STEP

|COMPUTE ALLJJ AND A Fjélﬂ INACTIVE x. ]

FLAG F2=1?

ANY ),i <0?

N =
OUTPUT ALL A AND g, |
T

¥

Figure 2.1. Flowchart for algorithm.
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2.5. Pseudo-code

The subroutine STEPNF from HOMPACK is used to track the zero curve I' of the
system of equations (2.5)—(2.6) in (a,z, A) space. The subroutine takes one step at a time
along I', choosing the optimal size of the step.

A switching point is localized using Hermite cubic interpolation and the secant method
(subroutine ROOTNF in HOMPACK). The accuracy of tracking the zero curve I' and of
finding the switching point is set to 107%.

The variables used by the program are:

LPAR: identity vector of homotopy variables, IPAR, IVAR: work identity vectors
of homotopy variables, y: vector of values of homotopy variables, w: work vector of
values of homotopy variables, y(1): value of the homotopy parameter &, «;: temporary
value of the homotopy parameter o, flag: a flag set true for a switching point;

1. flag := true; a := a,; y:= solution at a,.
2. If flag = true then
3. set initial values for STEPNF;
4. do 5.-7. over all possible variable sets:
5. solve the system of equations (2.5) to check which design variables become inactive
and to find the values of the Lagrange multipliers for active constraints of the
form (2.3);
6. if a set of active design variables and active constraints (2.3) with positive Lagrange
multipliers is found, solve the system of equations (2.22)-(2.23) to check that no
active constraint will be violated for increasing s;
7. if any active constraint will be violated for increasing s go to 5 to find the next
set;
8. if there are multiple (more that two) valid subsets of variable, set a flag and halt;
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12.
13.
14.
15.
16.

17.

9.

10.

11.

if no set of active design variables and active constraints (2.3) can be found for
the next segment set an error flag and terminate the computations;
set initial values for the new variables;

flag := false; endif.

Call STEPNF to take the next step (calculating the new set of variables).

Compute the constraints (2.3) and the Lagrange multipliers for inactive design variables.

Save the current vector of variables in LPAR.

IVAR:= LPAR.

W=y, o= y(l)

If any design variable became less than zg; then

18.
19.
20.
21.
22,
23.
24.
25.

26.

27.

IPAR:= LPAR;
choose the design variable with largest violation of its lower bound,
use ROOTNF to find the point where that design variable is equal to zg;;

if any other design variable is less than zo; go to 19;

flag := true;
Wi=y;
IVAR:= IPAR;

use the current values of the design variables to calculate the g;’s of the form (2.3);
use the current values of the Lagrange multipliers for active constraints of the form
(2.3) to find the Lagrange multipliers for inactive design variables from equations
(2.5);

ay:= y(1); endif.

28. If the value of any g; of the form (2.3) becomes greater than 0 then

29.
30.

31.

IPAR:= LPAR;
choose the greatest g; of the form (2.3) with inactive constraint;

use ROOTNF to find the point where the value of this g; is equal to 0;
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32.
33.
34.

35.

36.

37.
38.
39.
40.

41.

42,

if any g; of the form (2.3) with inactive constraint is greater than 0 go to 30;

if o3 < y(1) go to 43;

ifa; =y(1) IPAR:= IVAR;

add the Lagrange multiplier associated with the constraint for g; to the set of
variables IPAR;

if any other g; with inactive constraint of the form (2.3) is equal to 0 add the
Lagrange multipliers associated with this constraint to the set of variables IPAR;
flag := true;

wi=y;

IVAR:= IPAR;

use the current values of the design variables to calculate the g;’s of the form (2.3);
use the current values of the Lagrange multipliers for active constraints (2.3) to

find the Lagrange multipliers for inactive design variables from equations (2.5);

ap:= y(1); endif.

43. if any Lagrange multiplier for inactive design variable is less than 0 then

44,

45.

46.

47,

48.
49,
50.
51.
52,

IPAR:=LPAR;

choose the most negative Lagrange multipliers associated with an inactive design
variable;

use ROOTNF to find the point where the Lagrange multiplier is equal to 0;

if any other Lagrange multipliers associated with inactive design variables are
negative go to 45;

if a; < y(1) go to 55;

if a7 = y(1) IPAR:= IVAR;

flag := true;
wi=y
IVAR:=IPAR
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53.

54.

use the current values of the design variables to calculate the g;’s of the form (2.3);
use the current values of the Lagrange multipliers for active constraints of the form
(2.3) to find the values of the Lagrange multipliers for inactive design variables

from equations (2.5); endif.

55. if any Lagrange multiplier for active constraint of the form (2.3) is less than 0 then

56.

57.

58.
59.

60.
61.
62.
63.

64.
65.
66.
67.
68.

IPAR:=LPAR;

choose the most negative Lagrange multiplier associated with an active constraint
of the form (2.3);

use ROOTNF to find the point where the Lagrange multiplier is equal to 0;

if any other Lagrange multipliers associated with active constraints of the form
(2.3) are negative go to 57;

if o1 < y(1) go to 69;

if ¢y = y(1) IPAR:= IVAR,;

remove the Lagrange multiplier from the set of variables;

if any other Lagrange multipliers associated with active constraints of the form

(2.3) are equal to 0 remove these Lagrange multipliers from the set of variables;

flag := true;
wi=y
IVAR:=IPAR

use the current values of the design variables to calculate the g;’s of the form (2.3);
use the current values of the Lagrange multipliers for active constraints of the form
(2.3) to find the values of the Lagrange multipliers for inactive design variables

from equations (2.5); endif.

69. LPAR:=IVAR.

70. yi=w.

71. Output the values of the Lagrange multipliers, g;’s of the form (2.3) and design variables.
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72. If a < ap then

73. if flag = true go to 2;

74. if flag = false go to 12; endif.

75. Halt.
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3. Applications

In this chapter we present three applications of the algorithm for tracing the parametrized
optima described in Chapter 2. The first application, a spring-mass problem, was used to
illustrate various kinds of transition events between segments. The second application, a well
known ten-bar truss structural optimization problem, was used to validate the algorithm,
since the numerical results for this problem have been obtained by other methods. The
third application, bi-objective control-structure optimization, had an important engineering
application. The numerical results obtained in this application could be used in the design
process — they allowed selection of the best designs and provided insight into behavior of

the structure.
3.1 Spring-mass system example

Consider the mass-spring system in Figure 3.1.1 including 5 springs and 3 masses. Let
€1y...5¢5 > 0 be costs associated with the springs, u;,us,us be the displacements of the
masses and ki,...,ks the spring constants. The objective is to vary the spring constants
so as to minimize the cost of the springs subject to the condition that displacements are
bounded in magnitude by u,. We want to find the dependence of the optimum solution on
the displacement limit u,. This simple problem permits us to generate a variety of segment
transition scenarios by varying the spring constants and applied forces. The problem is

formulated as

(3.1.1) minimize ¢(k) = c1ky + coky + c3ks + caky + cs5ks
subject to

(312) g=1-k<0, i=1,...,5,

(313) 9e —Uy + ul(k,F) < 0, g1 = —Ug + uZ(k’F) s 03 gs = —Uq + u3(k7F) s 0’
(3.1.4) g9 = —Uq — ul(k,F) < 0, gi0 = —Uq — ’LIQ(’V,F) s O, gi1 = —Uq — u;;(k,F) < O,
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where F is the force vector and k is the vector of spring constants.

The displacements u; are obtained by solving the equilibrium equations

Ku=F,

where K is the stiffness matrix related to the spring constants:
ky+ k1 + ks —ky —ks
K = —ks ks + k4 —ky .
—k3 —ky ks + kst ky

The solution needs to be obtained for all values of allowable displacement u,. The homotopy
parameter is taken as @ = 1/u,, (0 < @ < o0). The Lagrangian function and Kuhn-Tucker

conditions for this problem are:

5 5 8 11
L= Zciki + Z)\,‘(l - k,‘) + Z)\j(uj_5 — 1/a) + Z)\l(-—m_g — 1/a),
i=1 =1 j=6 =9

c,+Z,\Jagz5 Z,\,ag;cs—, 0, i=1,...,5,
gj/\j:[), j=1,...,11,
A 20, j=1,...,11,
g 50, j=1,...,11.

Paths of optimal solutions for the spring problem for different cost coefficients and sets
of forces selected so as to bring about different switching point scenarios are described in
Tables 3.1.1-3.1.7. For small values of « (large values of the allowable displacement u, ) none
of the displacement constraints are active. At the beginning of the first segment all design
variables are assumed to be at their lower bound (ko = 1.0) and the greatest displacement
is assumed to be active. The reciprocal of the magnitude of the greatest displacement is the

starting value for the homotopy parameter «. Next the value of the a is increased and the
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