Lagrangian Relaxation / Dual Approaches For Solving
Large-Scale Linear Programming Problems

by

Ananth R. Madabushi

Thesis submitted to the Faculty of the
Virginia Polytechnic Institute and State University
in partial fulfillment of the requirements for the degree of
Master of Science
in

Industrial and Systems Engineering

APPROVED:

Dr. Hanif D. Sherali, Chairman

Dr. Sheldon H. Jacobson Dr. John E. Kobza

February, 1997
Blacksburg, Virginia

(Keywords: Lagrangian Relaxation, Subgradient, Line Search, Primal Recovery,
Penalty Function)



L agrangian Relaxation / Dual Approachesfor Solving
Large-Scale Linear Programming Problems
by
Ananth R. Madabushi
Dr. Hanif D. Sherali, Chairman

Industrial and Systems Engineering

ABSTRACT

This research effort focuses on large-scale linear programming problems that arise in the
context of solving various problems such as discrete linear or polynomial, and continuous
nonlinear, nonconvex programming problems, using linearization and branch-and-cut
algorithms for the discrete case, and using polyhedra outer-approximation methods for
the continuous case. These problems arise in various applications in production planning,
location-allocation, game theory, economics, and many engineering and systems design
problems. During the solution process of discrete or continuous nonconvex problems
using polyhedral approaches, one has to contend with repeatedly solving large-scale
linear programming(LP) relaxations. Thus, it becomes imperative to employ an efficient
method in solving these problems. It has been amply demonstrated that solving LP
relaxations using a simplex-based algorithm, or even an interior-point type of procedure,
can be inadequately slow ( especialy in the presence of complicating constraints, dense
coefficient matrices, and ill-conditioning ) in comparison with a Lagrangian Relaxation

approach. With this motivation, we present a practical primal-dual subgradient algorithm



that incorporates a dual ascent, a primal recovery, and a penalty function approach to
recover anear optimal and feasible pair of primal and dual solutions.

The proposed primal-dual approach is comprised of three stages. Stage | deas with
solving the Lagrangian dual problem by using various subgradient deflection strategies
such as the Modified Gradient Technique (MGT), the Average Direction Strategy (ADS),
and a new direction strategy called the Modified Average Direction Strategy (M-ADS).
In the latter, the deflection parameter is determined based on the process of projecting the
unknown optimal direction onto the space spanned by the current subgradient direction
and the previous direction. This projected direction approximates the desired optimal
direction as closely as possible using the conjugate subgradient concept. The step-length
rules implemented in thisregard are the Quadratic Fit Line Search Method and a new line
search method called the Directional Derivative Line Search Method in which we start
with a prescribed step-length and then ascertain whether to increase or decrease the step-
length value based on the right-hand and left-hand derivative information available at
each iteration. In the second stage of the algorithm (Stage 1), a sequence of updated
primal solutions is generated using some convex combinations of the Lagrangian
subproblem solutions. Alternatively, a starting primal optimal solution can be obtained
using the complementary slackness conditions. Depending on the extent of feasibility and
optimality attained, Stage 111 applies a penalty function method to improve the obtained
primal solution toward a near feasible and optimal solution.

We present computational experience using a set of randomly generated, structured,
linear programming problems of the type that might typically arise in the context of

discrete optimization.
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Chapter 1

I ntroduction

1.1 Motivation

This research effort focuses on large-scale linear programming problems that arise in the
context of solving various problems such as discrete linear or polynomial, and continuous
nonlinear, non-convex programming problems. These problems are typically solved by
employing methods such as linearization and branch-and-cut agorithms for the discrete
case, and using polyhedral outer-approximation methods for the continuous case. Non-
convex problems of this type arise in various contexts in production planning, location-
alocation, game theory, economics, and several engineering design applications. The
generation of tight linear programming relaxations is very essential for the success of
these methods. While solving discrete or continuous non-convex problems using the
foregoing types of approaches, one has to repeatedly solve large-scale linear
programmming relaxations. Thus, it becomes imperative to employ an efficient method
to solve these problems.

It has been amply demonstrated that solving LP relaxations using a simplex-based
algorithm, or even an interior-point procedure, can be inadequately slow in comparison
with a Lagrangian Relaxation / Lagrangian Dual approach. For example, in many studies,
LP relaxations were solved using standard software such as CPLEX and OB1, and it was
found that the execution times using these softwares were high when compared with
Lagrangian Relaxation approaches (see Adams and Sherali, 1993, and Sherai and

Tuncbilek, 1992). However, for a successful use of the Lagrangian approach, firstly, an



appropriate formulation of the Lagrangian Dual (LD) has to be constructed (see Fisher,
1981). Sherali and Myers (1989) discuss and test various strategies and provide
guidelines for such Lagrangian Dual formulations. Second, an appropriate
nondifferentiable optimization techniqgue (NDO) must be employed to solve the
Lagrangian Dual (LD) problem.

In the area of mathematical programming, NDO techniques are employed in the contexts
of large-scale discrete optimization, exact penalty function methods, Lagrangian duality,
and Dantzig-Wolfe decomposition. Most of the theoretical background for NDO
approaches can be traced to convex analysis and the study of directional derivatives.
Rockafellar (1970) provides the necessary mathematical background, while the
optimality theory and algorithms for NDO problems are covered by Demyanov and
Vasilev (1985) and Shor (1985).

Some linear programming problems are difficult to solve using classica optimization
methods. For such types of problems, we can obtain a lower bound relatively quickly by
applying Lagrangian duality and relying on easier-to-solve subproblems obtained by
dualizing a set of constraints using this method. It has been demonstrated empirically that
subgradient based approaches are the most promising in practice among severa
aternative solution methods for solving LDs. However, there is still a need for
developing efficient and practical NDO algorithms for solving arbitrary Lagrangian dual

problems.

To present our approach, consider alinear programming problem of the form

LP: Minimize cX



subject to Ax = by

Ax = by

xOX O {x:0sx<u}
where A; isan my X n matrix and A, is an my x n matrix. Let m = m;+m,. Here, we
assume that X has some special structure that can be advantageously exploited, so that
linear programming problems over X are easy to solve. We also assume that the
problem has been scaled by first performing column / variable scaling so that each
variable x; O [O,u] where uJ[1,10], and then performing row scaling by dividing each
constraint by its average absol ute coefficient. The Lagrangian dual for problem LP can be
written as::
LD Maximize 0 (a, B) (1.18)

subject to a =0, B unrestricted,

where 0 (a, B) isevaluated via the Lagrangian subproblem:
LS(a,B) O(a,B)=minimum{ cx-a (Aix - by)-B(Ax - bp):xOX}. (1.1b)
That is,

0(a,B)=(aby+Bby)+minimum{(c-aA;-BAx)x:xOX}. (1.1c)
For convenience, let us denote 1t= (a,3 ), and denote I, as the indices of Tt corresponding
to a and I, as the remaining indices corresponding to B. It is well known that the
objective function 0 (1) is concave and piecewise linear, and thus, problem LD can be
solved by any nondifferentiable optimization technique. For any given dual solution , Ti
= (o, B) OR™, let us define X as the set of optimal solutions for the subproblem LS (

1) . Then, asubgradient gx of 6 at Tk isgiven by



1 - AiX [

9= Ebz-AzXnkH

for any X O X -

Note that in our context, when applying Lagrangian duality, we are not only interested in
finding a lower bound for the primal problem but also a primal optima solution. In
general, we cannot obtain primal feasible solutions via subgradient methods for solving
LD problems. However, under suitable assumptions, it is known that each accumulation
point of a sequence generated by some convex combination of the optimal solutions to
the LD subproblems, is a primal optimal solution ( see Shor, Larson and Liu, 1988 and
Sherali and Choi, 1993).

We propose a Primal-Dua subgradient algorithm that makes use of certain
subgradient deflection strategies such as the Modified Gradient Technique (MGT)
proposed by Camerini, Fratta, and Maffioli (1975), the Average Direction Strategy
(ADS) of Sherai and Ulular (1989), and a new direction strategy called the Modified
Average Direction Strategy (M-ADS). In concert with this, we employ judicious step-
length strategies, including a new line search method called the Directional Derivative
Line Search Method, and also the Quadratic Fit Line Search Method (see Bazaraa,
Sherali, and Shetty, 1993). This yields a near optimal solution to LD, and constitutes
Stage | of our approach.

In the second stage of the algorithm (Stage 1), a sequence of updated primal
solutions is generated using some convex combinations of the Lagrangian subproblem
solutions. Alternatively, a starting primal optimal solution can be obtained using the
complementary slackness conditions. Depending on the extent of feasibility and

optimality attained, Stage Ill then applies a penalty function method to polish the



obtained primal solution toward a near feasible and optimal solution. A more detailed

discussion of the solution procedure is given below.

1.2 Summary of Various Proposed Algorithms

A Primal-Dual Subgradient Algorithm

Lagrangian Dual (LD) methods are frequently used to derive lower bounds for discrete
optimization problems by dualizing the complicating constraints in order to obtain easier
to solve subproblems. When applied to large-scale linear programming problems, this
yields the exact optimal value. However, the non-differentiability of the Lagrangian dual
problems precludes the use of classical optimization methods. The methods for solving
such problems can be broadly classified into cutting plane methods and subgradient based
methods.

In this research we present a Primal-Dual Subgradient Algorithm that uses a
certain combination of subgradient deflection strategies in conjunction with suitable line
search methods to solve the Lagrangian dua problem. This algorithm is divided into
three stages. Stage | deals with solving the Lagrangian dual problem by using subgradient
deflection based methods such as the aforementioned Modified Gradient Technique, the
Average Direction Strategy, and a new deflection strategy called the Modified-Average
Direction Strategy, in turn. The step-length rulesimplemented in thisregard are -

(a) Directional Derivative Line Search Method : In this method, we start with a
prescribed step-length and then determine whether to increase or decrease the step-length
value based on the right-hand and left-hand derivative information available at each

iteration.



(b) Quadratic Fit Line Search Method : In this method, we find a three point pattern and
then fit a curve to find the step-length value at which the maximum of the curve occurs,
and continue this process until a suitable stopping criterion is met.

(c) Certain prescribed step-length rules.

A more detailed discussion of the deflection strategies and the line search methods are
presented toward the end of this section. As mentioned earlier, following this, we move
onto the second stage of the algorithm wherein a sequence of updated primal solutionsis
generated using some convex combinations of the Lagrangian subproblem solutions.
Alternatively, a starting primal optimal solution can be obtained using the complementary
slackness conditions. Depending on the extent of feasibility and optimality attained,
Stage 111 then applies a penalty function method to polish the obtained prima solution

toward a near feasible and optimal solution.

Deflected Subgradient Directions

Regardless of what step-length rule is implemented, the pure subgradient method has a
limit on its computational performance, due to the direction of motion used. The
subgradient direction for these problems results in a zig-zagging phenomenon that might
cause the procedure to crawl toward optimality. As atool to overcome this difficulty, the
conjugate subgradient concept has been introduced by imitating the conjugate gradient
method for the differentiable case. The concept of combining the current subgradient
with the previous direction is used as a strategy to deflect the subgradient.

Accordingly, the direction of motion d at Xy is computed as

Ok = gk + W Okt (1.2)



where W, > 0 is a deflection parameter, gx is a subgradient of function f at xx, and dy.; is
the previous direction. Then, the new iterate is computed as
Xir1 = Px[Xk + Ak Ok ] (1.3)

where A is a suitable step-length and Px(.) is the operator that projects onto the set X.
The concept of deflecting the subgradient direction has been developed in various
algorithms such as the Modified Gradient Technique (MGT) proposed by Camerini,
Fratta, and Maffioli (1975) and the Average Direction Strategy (ADS) of Sherali and
Ulular (1989). These methods are superior in performance to the pure subgradient
methods when applied along with a promising step-length rule. Although MGT moves
closer to an optimal solution at each iteration, the rate of improvement is hampered by the
fact that it often generates the subgradient direction. Furthermore, although ADS has
proven to yield an effective and robust scheme for the most part, it merely bisects the
angle between the subgradient and the previous direction. We propose a new direction
strategy caled the Modified Average Direction Strategy (M-ADS) in which the
deflection parameter Wy is determined by projecting the optimal direction (1t*-11) onto the
space spanned by the current gradient g« and the previous direction dg.1. An estimate of
Wy in (1.2) is hence derived so that this projected direction approximates the optimal

direction as closely as possible using (1.2).

Line Search Methods
Subgradient methods are invariably used for solving nondifferentiable optimization

(NDO) problems. In the pure subgradient method, the direction of motion is taken as an



anti-subgradient direction and some prescribed step-length rules are employed, instead of
a usua line search, to generate a sequence of iterates. However, in order to assure
convergence, a suitable step-length should be taken so that the iterates get progressively
closer to an optimal solution. It has been observed that the decrement in the Euclidean
distance to an optimal solution is relatively smaller than the adopted step-length, and
moreover, such a process using an anti-subgradient as a direction of motion can generate
azig-zagging path, resulting in aslow convergence.

Step-length rules play an important role in subgradient based approaches, governing not
only an ultimate convergence, but also the practical rate of convergence to optimality. In
this research, we present a new line search method called the Directional Derivative line
search method, which determines a step-length to be taken based on the left-hand and
right-hand derivative information available at each iteration. In this method, after
detecting an ascent direction, we start with a prescribed step-length and based on the
value of right-hand and left-hand derivatives, we ascertain whether to increase or
decrease the present step-length value toward the optimal step-length. In addition to the
above method, we design and test a quadratic fit line search method. This method fits a
quadratic curve through some three suitable points, that satisfy the so-called three point
pattern, and the step-length at which the maximum on this curve occurs is determined.

This processis continued until a specified stopping criterion is met.



Chapter 2

Literature Review

Optimization problems having convex, but not necessarily differentiable, objective
functions are called Nondifferentiable Optimization (NDO) problems. These problems
have received wide attention due to their applications in various fields of science,
engineering, and economics. They also appear as part of several optimization algorithms
belonging to the class of min-max problems, piecewise approximations, dynamic
programming problems, and stochastic optimization problems. NDOs also arise in the
context of Dantzig-Wolfe decomposition, Lagrangian duality, exact penalty function
methods and other mathematical programming approaches. Rockafellar (1970) provides
the fundamental mathematical background, while optimality theory and a gorithms have
been studied by Demyanov and Vasilev (1985) and Shor (1985). Insights into these types
of algorithms are provided by Shor (1983), Polyak and Maine (1984), and Zowe (1985).

Our focusin thisresearch is on Lagrangian duality, which is one of the important areas of
application of NDO techniques. The concept of Lagrangian duality(LD) was first adopted
by Everett (1963) to solve constrained problems as an infinite sequence of unconstrained
problems. Falk (1967) presents the use of this concept for nonlinear programming.
Following this, Geoffrion (1970, 1971, 1974) provided a significant impetus to this
subject through his seminal work on Lagrangian relaxation. For discrete optimization
problems, the LD concept was used by Held and Karp (1970, 1971) in the context of

solving the traveling salesman problem (TSP). They popularized the use of subgradient



optimization for solving LD problems to obtain lower bounds on the primal (min)
discrete problem by using this concept.

The important issues that arise in LD approaches are the dualization
strategies, solution methods, and primal recovery techniques. In particular, dualization
schemes affect the quality of lower bound obtained by solving LD problems due to the
presence of duality gap. Related issues have been dealt with by Fisher (1981), Parker and
Rardin (1988), Sherali and Myers (1988), and Nemhauser and Wolsey (1989). It is
known that subgradient methods are quite promising for solving the dua problem but, in
general, the optimal solution of the subproblem is not feasible to the primal problem.
Shor (1985) presents a convex combination weighting rule as a function of the step-
lengths in a dual subgradient method, that leads to a sequence of convex combinations of
the optimal LD subproblem solutions that converges to a primal optimum. Also, Larsson
and Liu (1988) presented a similar result using an average weighting scheme. Sherali
and Choi (1993) have more recently presented some primal convergence theorems that
generalize the previous results, and provide a more flexible choice of admissible step-
length rules and convex combination weighting strategies.

There are several methods for solving Lagrangian dual problems. These methods can be
broadly classified as cutting plane methods and subgradient methods. Erlenkotter (1978),
Fisher et a. (1986), and Fisher and Kedia (1990) have proposed several heuristic
approaches that were specific to their problem structures. The subgradient based
methods, introduced by Held and Karp (1971) and Held, Wolfe, and Crowder (1974) are

applicable to more general classes of problems.

10



The important issues in the context of subgradient methods are finding a direction of
motion, and determining the step-length to be adopted at each iteration. The choice of
direction of motion affects the computational performance of the algorithm and choosing
the anti-subgradient direction for nondifferentiable (min) problems typically results in a
zig-zagging phenomenon. The concept of conjugate gradient based directions was
introduced by Hestenes and Stiefel (1952) and Fletcher and Reeves (1959) for
differentiable optimization problems. In the nondifferentiable case, this concept has been
extended to deflect the subgradient based direction. Some promising deflection
algorithms of this type are the Modified Gradient Technique (MGT) of Camerini, Fratta,
and Maffioli (1975), the Average Direction Strategy (ADS) of Sherali and Ulular (1989)
and the Optimally Deflected Subgradient Algorithm (ODSA) proposed by Sherali and
Choi (1993).

It is known that step-length rules play an important role in subgradient based approaches,
governing not only an ultimate convergence, but aso the practical rate of convergence to
optimality. There are severa step-length rules available in the literature, but the following

are the most widely used in practice and also guarantee convergence to near optimality.

Ak = he , where h, = 0, ll(imhk:O, anthk:oo. (2.1a)
— 00 =
A = hi/||dk|, where hy = 0, limh, =0, and Z he = oo, (2.1b)
— 00 :1
o F(x)—w .
A= BkW, where0<g; < Bk <€, <2, andw isatarget value. (2.1c)
k

Here di is the direction of motion at a current iterate xi, and Ak is the prescribed step-

length. In the above rules, the direction of motion dx was taken as -gx, the anti-

11



subgradient of function f at xx. Note that in our presentation, we have used a general dy
for the sake of convenience in future reference. The rule (2.1a) has been used by Held
and Karp (1971) in their well known 1-tree Lagrangian relaxation of the Traveling
Salesman Problem. Polyak (1967) provides the general convergence arguments for the
rule (2.1b), and Shor uses this in conjunction with generalized gradient concepts.
Although the above two rules have good convergence properties, the main problem with
theserulesliesin their slow convergence behavior in practice.

The rule (2.1c) can be viewed as three different rules depending on the choice of the
target value w. Agmon (1954), Eremin (1968), Motzkin and Schoenberg (1954), and
Oettli (1972) use the exact target valuew =f *, where f* is the optimal objective function
value. Also, Motzkin and Schoenberg (1954) and Oettli (1972) proved the geometric
convergence of the above method. However, information regarding the optimal objective
value has to be known and hence the rule (2.1c) is not directly implementable. It must be
coordinated with some varying target value technique. Polyak (1969) and Held et al.
(1974) made recommendations for some specially structured problems for using variants
of step-length rule (2.1c). Also, Bazaraa and Sherali (1981) present some rules to choose
the target value as a convex combination of a fixed lower bound and the current value,
and Kim et al. (1991) use a similar idea and present a variable target value method. But,
in these two works, some initial lower bound estimates are assumed to be known. Sherali,
Choi and Tunchilek (1993) have recently developed a new variable target value method
which assumes no a priori known bounds on the optimal value, and they show that their
process is not only theoretically convergent, but also yields superior performance in

practice.

12



Sen and Sherali (1986) present some convergent primal-dual subgradient algorithms for
decomposable convex programs. In their algorithm, a sequence of prima and dua
iterates is generated by employing a Lagrangian dua function along with a suitable
penalty function that satisfies a specified set of properties. (Several currently popular and
classical types of penalty functions satisfy these properties.) Consequently, not only does
one obtain both primal and dual optimal solutions, but also one has a natural stopping
criterion based on the gap between the penalty and Lagrangian functions. As an extension
to the above work, Sherali and Ulular (1989) proposed some agorithms that admit a
larger variety of penalty function choices due to less restrictive assumptions. An
additional degree of flexibility is also permitted in the design of the Lagrangian dual
function.

The algorithm proposed in this thesis consists of three stages. Stage | deals with the
solution of the Lagrangian dual problem. Well known subgradient deflection based
methods like Modified Gradient Technique (MGT) proposed by Camerini, Fratta and
Maffioli (1975) and the Average Direction Strategy (ADS) of Sherali and Ulular (1989)
are employed. They are superior in performance to the pure subgradient methods when
applied along with a promising step-length rule. In this research, we propose a new
direction strategy called the Modified Average Direction Strategy (M-ADS) in which the
deflection parameter is determined by projecting the optimal direction onto the space
spanned by the current gradient and the previous direction. The optimal direction is
approximated as closely as possible, by such a projected direction. The Quadratic Fit
Line Search Method which enjoys global convergence under certain assumptions is aso

employed. In this method, a three point pattern is found and the step-length is given by

13



the maximum of the curve that fits the pattern. A new step-length rule called the
Directional Derivative Line Search Method is developed. This method starts with a
prescribed step-length and then it is ascertained whether to increase or decrease the step-
length value based on the right-hand and left-hand derivative information available at
each iteration.

In Stage Il of the proposed agorithm, a sequence of updated primal
solutions is generated using some convex combinations of the Lagrangian subproblem
solutions. In this regard, Sherali and Choi (1993) presented some primal convergence
theorems that generalize the results provided by Shor (1985) and Larsson and Liu (1988).
These theorems analyze the relationships between the convex combination weights and
the step-length rules adopted by the subgradient methods in order to generate primal
optimal solutions. Stage 111 of the algorithm applies a penalty function method to improve

the obtained primal solution toward a near feasible and optimal solution.

14



Chapter 3

Subgradient Deflection Techniques

3.1 Introduction

Asthe type of function f(x) that we are optimizing is nondifferentiable, the application of
classical methods that use gradients and Hessian matrices computed based on finite
differences to find the direction of motion may not be successful in leading to an optimal
solution. One instance in which such a classical method fails was illustrated by Wolfe
(1975) who presented an example in which the application of a standard steepest descent
method generates a sequence of iterates that converges to a non-optimal point. The best
approach for such nondifferentiable optimization (NDO) problems is to use a subgradient
optimization method. There are two types of subgradient methods, the pure subgradient
method and the conjugate subgradient method. In the pure subgradient method, the
direction of motion is taken as the subgradient direction and some prescribed step length
rule is used to generate a sequence of iterates. This can yield a zig-zagging path, resulting
in a slow convergence behavior, and thus, the computational performance of the pure
subgradient method is limited due to the direction of motion used. To overcome this
difficulty, the concept of conjugate subgradient method has been introduced which is
similar to conjugate gradient methods for the differentiable case. The conjugate gradient
direction for the differentiable case is obtained by combining the current subgradient with

the previous direction, while satisfying some conjugacy requirement (see Hestenes and
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Steifel, 1952, and Fletcher and Reeves, 1959). This concept has been used in the
nondifferentiable case to deflect the subgradient. Accordingly, the direction of motion dy
at Xy is computed as

Ok = g + Wk dk1 (3.2)
where Wy is adeflection parameter, g« is a subgradient of the function f at xx and dy.1 IS
the previous direction (dp = 0, to start with). The new iterate is then computed according
to

X1 = Px [ X+ A 0k ] (32
where Ay is a suitable step length and Px (.) is the operation that projects a given point
onto the feasible region X.
The remainder of this chapter presents some subgradient deflection algorithms that can be
used with specially designed step-length rules to be discussed in the following chapter.
Section 2 deals with the Modified Gradient Technique (MGT) proposed by Camerini et

al. (1975), Section 3 presents the Average Direction Strategy of Sherali and Ulular

(1989), and a new deflection strategy, called the Modified Average Direction Strategy, is
proposed in Section 4.

3.2 Modified Gradient Technique

This deflection technique was proposed by Camerini, Fratta, and Maffioli (1975). In
practice, this method was found to be superior to the pure subgradient method when used
in concert with a specially designed step-length selection rule. The deflection parameter

Wy is computed according to

16



W, = &d‘;'l) if  gdde<0,

o

0 otherwise.
However, the direction of motion generated by MGT frequently turns out to be selected
as ssimply the subgradient direction itself, especialy at the final stages of the procedure,
thereby inhibiting the rate of convergence.
3.3 Average Direction Strategy

The Average Direction Strategy was proposed by Sherali and Ulular (1989). They found

that this particular method performed better than several other methods, including the
MGT method of Camerini et a., and different standard conjugate gradient procedures.

Here, the deflection parameter Wy is computed according to

Y= A9l (3.3)

Note that with the choice (3.3), the direction d¢ simply bisects the angle between the
gradient gk and the previous direction di.; and, in this sense, is an average direction.

3.4 Modified Average Direction Strategy

In this section, we present a new subgradient deflection technique called the Modified

Average Direction Strategy which determines the deflection parameter Yy by projecting

the optimal direction onto the plane spanned by the current gradient and the previous
direction. That is, Yy is determined so that the current direction di of (3.1) estimates the
projection of the direction (Tt - T ) (Tt represents the (unknown) optimal solution to the
Lagrangian Dual (LD) for the given LP problem), onto the plane spanned by the gradient

Ok and the previous direction dk.; as shown in the figure.

17



In the remainder of this section, the previous direction dy.; will be redefined as (T - Tk
), and we will assume that the step lengths are estimated so as to make the current iterate
T as close as possible to 7T, an optimal dual solution. This is done by trying to make the
direction (1T - T ) orthogonal to the previous direction dy.; , a shown in the figure

below.

Tk
Ot
The 1
Hence, we assume that
(1T - % )" A1 = O. (3.4)
Let us now modify (3.1) as
de = WY1gk + W2 s (3.5

Note that

(T -Ti) =de+ v, where vl gk =vild1=0.  (3.6)

18



Using the above expressions we get,

. 2

(- 1) ge= Uy o + W2 Ok’ Okt (3.7)

(T[* - Tl )t dia = U gkt -1 + W2 ||dk —1||2 . (3.8
From (3.4) and (3.8), we get

W,  —g k-1

LR .

¥ Ok-1
Using thisin (3.7) yields

* t
g = 07T % 39)
Hgk [1-cos 9]

where @ is the angle between gx and di.1.

Assuming that @is neither 0° nor 180° and noting by the concavity of the Lagrangian dual
function 0 that

(1t - T, ) g = 6(11) - B(1%) > O, if TL isnot optimal, we have i, > 0.

Hence, scaling (3.5) by Y;, and equating Wy = W,/ W1, we get the deflection parameter as

—0k Ok -1

7
Ok-1

WPk =

This is now used to determine d¢ . Note that in order to derive the accompanying step
length Ak to take along d so that this would yield an optimal step length from T to Tg.1
with respect to coming closest to 1T, we would like to have, as above,

(T0 - Thu1)' k=0,  where Touq = T + Ay Ok .

Thisyields
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A = (Tmwde (3.10)
dk

Since 1 is unknown, we use the fact that di = gk + Wk di-1 dong with (3.4) to deduce that
(- 1%) de = (T - T )" g (3.12)
and we use the inequality that
(7T - T )' gk 2 6(TT) - 6(TL)
to estimate
(10 - %) g = [Wic - B(TR)] Br (3.12)
where wy is an upper bound on 6(1t) and P is some suitable parameter. Substituting
(3.11) and (3.12) into (3.10), we get

A = Bk(Wk-engk)) .

dk

The block halving strategy of Sherali and Ulular (1989) is adopted to control the
parameter fx in the above expression. For BLOCK=1, 2, 3, the step length parameter (3«
for iterates within the corresponding block is taken as B(BLOCK) = 0.75, 0.5, 0.25,
respectively.

The prescribed direction finding and step-length strategies are summarized

below.
Direction: dg = gk + Wk k.1, Step-length: Ax = Bk(Wk'—egM) (3.139)
dk
where,
td )
- k-1
deflection parameter W, = 1i(9—kuz it gldwa<0,and (3.13b)
Ok -1
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otherwise, using strategy MGT,

or, W = ||c|!|?li" 1 using strategy ADS,
o, W= & dk;l using strategy M-ADS,
Ok-1

and where d.; isthe previous direction ( dp = 0 to start with), gk is the subgradient at each

iteration Xy , Bk is the step length parameter, 6(TK) is the dual objective function value at

iteration k, and wy is an upper bound on 6(1t*), the optimal dual objective function value.
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Chapter 4

Line Search Methods

4.1 Introduction

In subgradient based approaches, step-length rules play an important role in governing not
only an ultimate convergence, but they also control the practical rate of convergence to
optimality. Typicaly, a suitable step-length is to be selected, so that the iterates get
progressively closer in Euclidean distance to an optimal solution. Several step-length rules
and some test results are available in the literature, as discussed earlier in Chapter 2.

This chapter is organized as follows. In Section 2, we present a new line search method
which is based on the directional derivative information available at each iteration. Next, in

Section 3, we present an alternative Quadratic Fit line search method.

4.2 Directional Derivative Line Search Method.

Suppose that the prescribed step-size strategy yields an increase in the value of the dual
objective function, i.e. B(Ti+1) > 6(Tk), SO that d = Ti.1-Ti iS an ascent direction for the dual
objective function 6. The maximum permissible step-length for feasibility in Problem LD
can be determined as:

Amax=Mmax { A: (T +Adi) =0 O i1} viathe minimum ratio test
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e, )\max:min{(_m—c;i):di<0, i1}, (4.1d)

where |; corresponds to the nonnegatively restricted components of Tt Note that the value
of Amax =1 based on the fact that Ti.; = Tk + d is feasible. We find the step-length A =
A* which solves the following problem :

maximize{ B(Tk + Ad) : O0< A < Aqax}- (4.1¢)
Dropping the subscript k and denoting 1 = 1= (a,3) and accordingly, d = (d3,d2). From

(1.1c), we have the expression for the objective function in (4.1€) :

B(1t+ Ad) = (aby+Bbz ) + VoA + min { i (Ci-Av))x:0<sx <y O} (4.1f)
=1

where,

Vo = dib; + doby,
Ej =G - 0Ay - BAy; Oj=1,..n
and V= dlAlj + dzAzj Dj =1,....,n.

Note that the right hand derivative of 6 (Tt+ Ad) with respect to A is given by

d +
a e(TH' )\d) =\Vp- ; Vi U (4.19)

J
where,
J={j:[c;-Aj<0] or [c;-Avj=0andv;>0]. (4.1h)

The left hand derivative of 8 (11+ Ad) with respect to A is given by
d” _ .
a 0 (Tl'+ )\d) =\Vp- ; Vi Y (4.1])

where,

J = {j:lc-Av;<0] or [c-Avj=0andv;<0]. (4.1K)
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Initialization

The current dual solution 1= (a,8) and the improving direction of motion d = (d;,d, ) are
given. The maximum permissible step-length A is obtained using (4.1d). Start with a

prescribed step-size of A = 1. Determine the index sets of J* using (4.1h) and J using

+

(4.1k). The right-hand derivative a9

d)\ is obtained using (4.1g), and the left-hand

derivative % isobtained using (4.1)).

Step 1

Compute A (the required variation in the step-size value) using the following expressions

L@ cj-Avj<0andy;>00r (b) ¢j-Av; >0andv;<0}  (4.1n)

Step 2

If Aisobtained using (4.1m), then

increment the step-length A — A + A, (4.1p)
Else, if Aisobtained using (4.1n), then

decrement the step-length A — A - A. (4.19)
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If A= Amax, then stop with Amax as the prescribed optimal step-length.

Else, goto Step 3.

Step 3

If A isobtained using (4.1p), then

update the set J° — J U { indices evaluating A via case (b) in (4.1m) } - { indices

evaluating A via case (@) in (4.1m) } and accordingly, update the right-hand derivative

+

de
valuem.

Else, if A is obtained using (4.1q), then
update the set J —~ J U { indices evauating A via case (b) in (4.1n) } - { indices

evaluating A via case (@) in (4.1n) } and accordingly, update the left-hand derivative

do
vaue d_)\ .
de doe
If O >0 or O <0, then goto Step 1.

Else, stop with A as the optimal step-length value.

Line Search For Penalty Function
Suppose, we determine via our prescribed step-size strategy that h(xx) < h(Xk-1), so that
d = Xk - Xk-1 isadescent direction for the penalty function h.
We can determine the maximum permissible step length for feasibility as
Amax =Max { A :0< (Xpeni *A D)<y, Oi}.

By the minimum ratio test, we get
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X(k - i Zdi<0.w:di>o}' (4.1r)

Amax = min{

The optimal step-length A = A" can be obtained by solving

min{ h(Xk.1 +Ad) : 0< A < Apax }- (4.19)
Dropping the subscript k, we have
h(x+Ad) =

ox+OAd+ Y (@* +4) max{0,bu- Au(x + Ad} + Y (B¥]+ foa- Aa(x +Ad) .

101 12

(4.11)

The right-hand and left-hand derivatives of h(x+Ad) with respect to A are given by

d*h Ad
(;(;' ) = cd- iD%Eai* +u)(Aid) + i;ﬂﬁ *| +/,1)|(A2id)| - I;qﬁ *| +,U)|(A2id)|
(4.1u)
where,

|1+ :{ idly: bli-Ali(X'F)\d) >0, or bli-Ali(X'F)\d) =0and A;d< 0} and
|2+ = { iOls: b2i-A2i(X+)\d) >0and Ayxd <0, or b2i-A2i(X+)\d) <0and Ayd >0,
or by-Azi(x+Ad) =0and A;d #0}, and

I, = { iOdly: b2i-A2i(X+)\d) <0and Ayxd <0, or b2i-A2i(X+)\d) >0and Ayd>0 }

(4.1v)
A = ca- st ep)(And) + 367+ MI(Aad) - 5 (6]+ piAad)
i [+ i [+ i [0
(4.1w)
where,

|1+ :{ IDll . bli-Ali(X+)\d) >0, or b]_i'A]_i(X'H\d) =0and A]_id > O} and
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|2+ = { idl,: bzi-Azi(X'F)\d) >0and Axd <0, or bzi-Azi(X+)\d) <0and Axd>0 }, and
I, = { i Oly: b2i-A2i(X+)\d) <0and Axd <0, or bzi-Azi(X‘F)\d) > 0and Ayd > 0,

or by-Azi(x+Ad) =0and Azd #0}. (4.1x)

I nitialization

The current dua solution 1t= (a,3) and primal solution x and the improving direction of
motion d are given. The maximum permissible step-length Amax is obtained using (4.1r).

Start with a prescribed step-size of A = 1. Determine the index sets of 117, 15", 127, using

+

(4.1v) and (4.1x). The right-hand derivative ?j/\h is obtained using (4.1u), and the left-

hand derivative % is obtained using (4.1w).

Step 1

Compute A (the required variation in the step-size value) using the following expressions

bai - Asi(x + Ad)

A=min{ Acd
i

- () by-Ag(x+Ad) > 0and Ayd >0

(b) by-Au(x+Ad) < 0 and Ayd < O,

bri - Adi(x + Ad)

: (C) byi-Ag(x+Ad) >0and Ay;d >0
Azd

(d) ba-Asi(x+Ad) < 0 and Axd < 0} (4.1y)
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iF £ 5o,
d
A=min{ 2 A“A(Xd“L 2D - (8 by-Au(x+Ad) > 0 and Ayd < 0
-Ali
(b) bu-Ax(x+Ad) < 0 and Asd > 0,
Dol - AA(X*A) .y by-An(x+Ad) > 0 and Axd < 0
-Azd
(d) ba-Az(x+Ad) < 0 and Azd > 0} (4.12)
Step 2

If Aisobtained using (4.1y), then

increment the step-length A — A +A. (4.11y)
Else, if Aisobtained using (4.1z), then

decrement the step-length A — A - A. (4.112)
If A= Amax, then stop with Amax as the prescribed optimal step-length.

Else, goto Step 3.

Step 3

If A isobtained using (4.11y), then update the sets

I;" « 11" U {case (b) in (4A)} - {case(@) in (4A)}, 1" — 1" U {case(d) in (4A)} U
{case(c) in (4A)}, 12 « Iy -{case (d) in (4A)} - {case(c) in (4A)}, and accordingly

update (jj/\h .

Else, if A isobtained using (4.19), then update the sets
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I;" « 177U {case (b) in (4B)} - {case(a) in (4B)}, 12" « I, - {case (d) in (4B)} - {case(c)
in(4B)}, 127 — 12" U {case(d) in (4B)} U {case(c) in (4B)}, and accordingly update %

d*h d'h

If <0 or —— >0, then goto Step 1.
) A goIo =

Else, stop with A as the optimal step-length value.

4.3 Quadratic Fit Line Search Method

The Quadratic Fit line search method is a very popular technique and it enjoys global
convergence under appropriate assumptions such as pseudo-convexity. This method is

discussed in detail below.

Step 1

Initialize m = 0, where m is a counter for the number of quadratic fits that have been
used. Let F(A\) = 0 (Tk + A di), the dual objective function value at Ti+Ady . Compute the
value of the dual objective function 8 (1) = F(Ay) at A1 =0and 6 (Tk+1) = F(A2) at A\ = 1.
Let As=min{ 2, Amax } and compute F(A3).

Since F(A1) < F(A2), if F(A2) = F(A3), then, set A* = (A1, A2, A3) as athree point pattern
(TPP) to fit acurve (see Bazaraa, Sherali and Shetty, 1993). Go to Step 2.

Else, if A3=Ama, then stop with A as the optimal step-size value.
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Else, if A3< Amax, then replace A1 by Az, A2 by Ag, and Az by min {2\, Amax} and repeat
Step 1.
Step 2

Fit acurve c(A) through the given three points of A*, where c(A) is given by

O —A
i Dl;l(/\ A)d
() = ZF(Ai :

] A —/\;)E

Compute A, the maximum of the fitted curve, by solving ¢’ (A) = 0. Let F(A) be the dual
objective function value at A . Go to Step 3.

Step 3

Consider the following cases :

Case(a): A > Az

If F(X) < F(\y), thenset A* = (A1, A2, A) and go to Step 2.

Else, set A* = (A2, A, As) and go to Step 2.

Case(b): A <A,

If F(A) >F(\y), thenset A* = (A1, A, A2) and go to Step 2.

Else, set A* = (A, A2, A3) and go to Step 2.

Case(C): A =X

In this case there is no third point to obtain TPP. A new A is computed as follows:

If (\2- A1) = (As- M),

thenset A = Al;AzandreturntoStepB.
Elseset A = }\ZZM and return to Step 3.
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If at any iteration F(A1) = F(A2) = F(A3) then stop with A, as the optimal step-length.
Else, we have anew TPP.

Increment m — m+ 1.

If m =2, then stop with A as the optimal step-size value.

Else, return to Step 2.
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Chapter 5

A Primal-Dual Subgradient Algorithm

4.1 Introduction.

In this chapter, we present a Primal-Dual Subgradient Algorithm that uses a certain
combination of subgradient deflection strategies in conjunction with the line search
methods presented in Chapter 4 to solve the Lagrangian dual problem. Along with this, it
adopts the primal convergence theorems discussed in Chapter 2 to recover a primal
solution via a convex combination of dua subproblem solutions. Furthermore, if
necessary, this algorithm uses a penalty function method to polish the recovered primal
solution toward both a near feasible and near optimal solution . To present this scheme, a
linear programming problem, similar to the one discussed in Chapter 1 is considered.
The Lagrangian dua (LD) for this problem is constructed as in (1.1a). Many methods,
such as cutting plane methods, steepest ascent methods, subgradient-based methods, and
heuristic methods have been proposed for solving problem LD. These have been

discussed in Chapter 2.

The Prima - Dua Subgradient Algorithm proposed in this chapter consists of three
stages. In the first stage, the Lagrangian dual problem is solved by using three different
subgradient deflection methods, namely ADS, MGT and M-ADS in conjunction with the
line search methods that have been dealt with in Chapter 4. The algorithm moves on to

the second stage after a certain number of iterations, or when certain specified stopping
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criteria such as non-improvements in the objective value over a number of consecutive
iterations are met. In the second stage of the algorithm, a sequence of updated primal
solutions is generated using some convex combinations of the Lagrangian subproblem
solutions. Alternatively, the algorithm can obtain a starting primal solution by applying
the complementary slackness conditions. The agorithm then evaluates the extent of
feasibility and optimality of the incumbent primal solution, and if necessary, it applies a
penalty function method to the primal problem similar to the one developed in Sen and
Sherali (1986 ) and Sherali and Ulular (1989 ), to further improve the primal solution
toward a near feasible and optimal solution in the final, third stage.

This chapter is organized as follows. In Section 2, we provide a combination of severa
subgradient deflection strategies, in concert with line search methods, for use in the first
stage. Section 3 deals with the primal update scheme for the second stage. Following
this, Section 4 addresses the third stage that is concerned with the refinement of the
primal solution using a penalty function method. Finally, some practical implementation

guidelines are discussed in Section 5.

5.2 Stage| : Subgradient Deflection Strategiesfor Dual Optimization.

It is well known that the computational performance of the pure subgradient method is
limited due to the direction of motion used, regardless of the step-length rule
implemented. The subgradient direction for the nondifferentiable case results in a zig-
zagging phenomenon that might cause the algorithm to crawl toward an optimal solution.

The conjugate subgradient or deflected subgradient direction concept, smilar to the
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conjugate gradient direction for the differentiable case, has been used to overcome this
problem.
In our context, such adirection of motion d at T, is computed as
Ok = Ok + Wk Okt (5.1)
where W, is adeflection parameter, g« is a subgradient of 0 at 1, and where dy.; is the

previous direction. Wetake dp =0. The new iterate isthen computed as

(T +1) = Pazo( Tk + Ak k) (52)

where Ay isthe prescribed step length.

Among the various subgradient deflection algorithms, we have discussed the Modified
Gradient Technique (MGT) proposed by Camerini, Fratta, and Maffioli (1975), and the
Average Direction Strategy (ADS) of Sherali and Ulular (1989). In Chapter 3 we have
proposed a new strategy called the Modified Average Direction Strategy (M-ADS). In the
proposed agorithm, we permit the user to implement any one of these strategies, or use a
combination of all three by appropriately shifting from one to another in turn, depending
on the algorithmic progress. This approach is addressed below in detail.

Subgradient Deflection Schemes

At each iteration k, the direction of motion is given by
dk = gk + Wk dk.1, where Wy is computed as follows, depending on the value of
deflection indicator IND(DEFL).

(1) ADS If IND(DEFL) = 0, compute

(2 MGT If IND(DEFL) = 1, compute



—150k'dk - 1

b~

0 otherwise.

if gkt d.1<O0

(3IM-ADS  If IND(DEFL) = 2, compute

—0k'dk -1

"

Step - length rules:

In order to assure convergence, a suitable step-length rule needs to be employed so that
the iterates get progressively closer to an optimal solution. As discussed earlier, the step-
length rule based on a target value w and some positive parameter 3, performs well in
practice and is given by

w —0(Tk)

A= B 2
ok

(5.3)

In the proposed algorithm, the target value w is chosen as the minimum of a fixed upper
bound and an estimated target value. Also, two line search methods have been proposed
and the user can specify which line search method is to be implemented in advance, if
any. ( Note that when no line search is used, the algorithm simply adopts the prescribed
step-size given by (5.3) ). The first line search method is based on the use of directional
derivatives. We start with a prescribed step-size value and based on the directional
derivative we decide whether to increase or decrease the step-size. This method was
described in detail in Chapter 4. The second line search method is the Quadratic Fit
method in which a three point pattern is first obtained based on the objective function

values. Then a quadratic curve is fit using the three points and the maximum of the curve
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Is found. Using this new point another three point pattern is obtained and a similar
procedure is followed. The process is terminated after a certain stopping criterion is met
or after some maximum number of quadratic interpolations has been performed (usually,

just one or two ). This method was also described in detail in Chapter 4.

Algorithm for Stage | ( Dual Optimization )

The projection operators used in this algorithm are defined as:
Py (.) projects adirection onto the feasible directions space at 1.
Pa . 0(.) projects aniterate (.) onto the feasible region defined by LD.
Pr(Tv) (gk) has components given by 0 if g <Oanday =0fori Iy
Oki otherwise.
Pa - o(1) has components given by 0 if {<OforiOly
T§ otherwise.
Initialization: Put the iteration counter k = 1, select a starting solution Ty, = 0 and set dp =
0. Evaluate the dual objective function value 6 ( Ty ) and hence determine a subgradient
g1 of Oat Ty Set T4 asthe best known dual solution 1T, and 8 ( Ty ) as the best known

functional value z' . Let " = P (g1) and let g% = g™, and compute |

gr’|. Update
the upper bound value using UB — min{ UB, { max(cx) - min(cx) : x0X}}.
If (g 0 22 and |n*| £ 0)

2 z* -g* ri*}

let K =
L

and otherwise, let K = 1.

Compute theinitial target value using (with k=1)

36



112

”gk proj
2K

wx = mir{ UB, 6y +

} (54)

where 6 =0 (Tk).

Set &, = 0 if wy is given by the first term in (5.4); else, set 3, = 1. Compute the target
proximity measure as

A =0.15 (wy - 2*). (5.5)

The step-length parameter 3 is controlled using three blocks in the block halving strategy
of Sherali and Ulular (1989). Set the value of 3( BLOCK ) = 0.95, 0.5 and 0.25 for
BLOCK =1, 2, and 3, respectively. Currently, put BLOCK =1 and 3 = 0.95. Set the
maximum iteration limit kmax = max{200, m} and the maximum block iteration limit

Kemex = ék?% Select the deflection scheme to be used by setting the value of

IND( DEFL ) = 0 ADS method

1 MGT method

2 M-ADS method

3 Switching between the above is desired.
If IND(DEFL) = 3, then set IND(SWITCH) = 1 and IND(DEFL) = O to begin with.
Otherwise set IND(SWITCH) = 0.
Set thevalueof IND(LS) =1 if line search isto be performed in Stage |

0 otherwise.

Put the consecutive failure counter y = 0, RESET=1, and the target increase parameter n,

= 1. Set the threshold failure limit y= 20 and set ny = 0, which is the number of resets

made within the block.
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Step 1. Compute g™ (if not aready available).  If | < 10°, then transfer to

g
Stage 1. Compute the direction of motion di using (5.1) if RESET = 0, and otherwise, let
dk = gk . Compute |ck|. If [lck| < 10°°, then di must be given by (5.1), and so, put dk = gk
. Compute the step-length A using (5.3). Update the dua solution T+, using (5.2), and
evaluate the dual objective function value 0 ( T+ ) and find a subgradient gy+; of 0 at
Ther .ObtaiN Ges1”™® USING Pecc - (Qke). Increment k by one.

If k> Kgmax , g0 to Step 5.

If 8>z, goto Step 3.

Else, let di.1 = ( Tk - Tk-1) and proceed to Step 2.

Step 2 (Failureiteration)

Incrementy — y+1.

If y<vy,

put RESET = 0 and return to Step 1.

Else,
st y=0,y=min{ y+10,50} , T« =T ,6k=Z , k=0 ,
RESET=1,B « B/2,andny « ng +1.
If n: > 10 and BLOCK < 2, goto Step 5.

Else, if IND(SWITCH) =1, replace

IND(DEFL) by (IND(DEFL)+1)mod 3, and return to Step 1.
STEP 3: (Linesearch)
Put dk-1= (T - Tik-1).

If IND(LS) =0, go to Step 4, else,
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find N o=max {0 (Tk-1+Adk-1):0<A < Amax },
and set Thk=Thk.1+ A dy.1.
Compute Bk , and gk,
and put
Ok-1= (T - Ti-1).

Proceed to Step 4.
STEP 4 : ( Successiteration )
Put y=0,Z =6, T =Tk, andg = g
If Z 2w - A, thenif 3, =0, goto Stage I, and
if &y =1, putn, « n,+ 1andupdatewg asz* + n, A.
If wy exceeds UB, then put wy = UB and set d,, =0.
Put RESET =0 and returnto Step 1.
STEP 5 (New block initialization or termination)
If 0> 7,

put  z =6, T =T, and g = gk
If BLOCK =3, transfer to Stage 11.
Else, set

BLOCK ~BLOCK +1.

Put Kemax = | (BLOCK)kma/ 3| , Tk =T ,68k=2 ,0k =g , and RESET = 1. Update wj

and A using (5.4) and (5.5), respectively. Set = B(BLOCK) ,y=0, y =10, =0, ny =

1, and return to Step 1.
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5.3 Stagell : Recovery of Primal Solutions

This section deals with a procedure for recovering prima solutions via the dual
subgradient based method. Note that solving the dual subproblem might not provide a
primal optimal, or even a feasible, solution. In Chapter 2, we have already discussed
certain generic primal convergence theorems that deal with the recovery of primal
optimal solutions via a suitable convex combination of the dual subproblem solutions. In
the second stage of the algorithm, we not only update the dual solutions but also recover
primal solutions. In this stage, we adopt the pure subgradient method along with an
average weighting prima recovery scheme. The agorithmic statement for Stage Il is

presented below.

Algorithm for Stage |l (Dual Optimization and Primal Recovery)

Initialization Select the maximum block iteration limit Kgma = 050 [ 2-e®™200 1

(Note that the maximum iteration limit k. iSs the same as the one used in Stage 1.)
Initialize the dua solution T, = 1T , the primal solution x; = Xy, and the direction of
motion di = g* . (Notethat 1T , X,u and g* are obtained from Stage |.) Calculate the target
value as wy= Z +0.05|z* if z*| 20.01

and wi=Z +min{ 1, Hg*pmj 2/2 } otherwise.

Set the iteration counter k = 1. Compute the target proximity measure using

A = 0.001 ( wy - z¢ ). Put the consecutive failure counter y = O and target increase

parameter n,, = 1. Set the threshold failure limit \_/:10.

40



Step 1 (Dual Optimization) Compute the step length A and the new iterate Tg.1 using
(5.3) and (5.2), respectively.
Step 2 Evaluate the dual objective function value 6 ( T+ ), subproblem optimal solution

Xrk+1 and the subgradient gi+; at the new iterate. Find a new primal solution using

Xk+1:ka+m Xk +1

and increment k by one.
If 8 (1%)>2z",thenset " = 1 and z* = 0 ( T ) and reset y to zero. If Kk > Kgmax then
transfer to Stage 111 with x* = x, . If z* = (wk.1 - A) then increment n,, by one and update

the target value using wy — (z* + ny, A) and return to Step 1.

Else if 6 (1%)<2z* andif K < Kgmax , increment y by one. If y< \_/ then return to Step
1. Else, halve the parameter [3 , reset y to zero and return to Step 1.

5.4 Stagelll : Primal Penalty Function Method

It has to be noted that the primal convergence theorems discussed in Chapter 2 guarantee
only that every accumulation point of the sequence of the primal iterates {xx } generated
a Stage Il is an optimal solution to the primal problem. Hence, a primal solution obtained
at some maximum allowed iteration limit could be neither optimal nor even feasible to
the primal problem. Therefore, there is a need to further polish the primal solution to
achieve near feasibility and optimality. For this purpose, we adopt the penalty function
method of Sen and Sherali (1986) and Sherali and Ulular (1989) at the final stage of the
algorithm.

For agiven dua solutionTt = (o, B ), let us define the penalty function as
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h(x) = c'x + z (o * +p) max{0, bsi — Aux} +Z (B*[+p)b2i—Azx  (5.5)

11 12

where,
p=maximum{a; ,iOl,|B*,i00}+1
A subgradient & of h at any x isgiven by

E=c- Z((Xi*+|.l)Ali - Z(|Bi*|+|..l)A2i + Z(|Bi*|+|..l)A2i . (5.6)

i i i

where,
L'={i0l:(by-A;x)>0},
L'={i0ly:(by-Axx)>0},and
l;={i0ly:(bay-Axx)<0}.

For any xx O X at some iteration k of an algorithmic process, we have

h(x) = Cxy + S (a*)(bu—Aux) + [B¥|ba-Azx| 2 8@ , B ).

11 12
Sen and Sherali (1986), and Sherali and Ulular (1989) have proposed some theorems for
terminating the algorithm with a near feasible and optimal solution. Similar conditions

are presented below for (5.5)

Proposition:

Suppose that the penalty parameter pisselectedasp =M + A where
M =maximum{o;" ,i 01y, |Bi*|,i 012} and A> 0issome constant.

If B ,B )=h(x) - €, for somex, 0 X and for somee > 0, then we have

bii- Ay xk<el | foral i Ol
|b2i —AziXk| <elp foral iOl, and
o [bu—Auxd <€ foral i 01y
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|Bi*|[bzi = Azixi| < € foral iOl,.
PROOF : By assumption, we have,
Xt o (br-Axi )+ B (ba-Ax)=8(a B ) =h(x) - €.
Thus,

o (by-Axe)+B (bz2-Axxy) = Z (ai* +p)max{0, by — A1ix} +Z (B*| + W) b2i—Azix-€

11 12

(6.7

>0 (by- A )+ B (ba-Axx) + [Z max{0, bu — A1x} +Z b2i—Azix|]-€ .

11 12

Hence,

K [Z max{0, by — A1x} +Z Ib2i—-Azx|] < €.

11 12

That is,

[Z max{0, bu — A1x} +Z\b2i—A2iX\] <elp.

uE T
Therefore,
bii- A Xk <€/ foral iOl; and
|b2i = Azixi| <€/ foral iOl,.

It isclear then that for equality constraints
|[3i*||b2i—A2iXk| <€ foral iOl,.
For inequality constraints, from (5.7) , we have,

a (by-Axg)= > (0* +p)max{0, bu —Aux} - €

11

=Y (ai* +p)ymax{0,bu — Auxi} + [0 + p]max{0, by - Ayxi}-€

ichTTj

> Z(Gi*)(bli—AliXk) + [oj +u]max{0, by-Ayxc}-<.

INEREY



Hence, forany j O 1y,

a; (by- Ayx) 2o +p]max{ 0, by-Ayxi} - € (58)
=-E.
Therefore,
a; (by-Ayx) =-¢. (5.9)

Moreover , if ( by - Ayxk) 20, then from (5.8) , we have,

0;" (by-Ayx) 2[o +plmax{ 0, by - Ayxy}-¢€

>20; (by-Ayxk)-€.
Hence, regardless of thesign on ( by - AyjXx ) , we have,
o (by-Ayxc) <t. (5.10)

Therefore, from (5.9) and (5.10) , we get ,

of [bii—Auxd <€ forall jO1; .
This completes the proof.

Based on the above conditions the algorithm can be stated as follows.

Algorithm for Stagelll (Primal Penalty Function M ethod)

The projection operators used in this algorithm are defined as follows::

Prx (.) projects adirection onto the feasible directions space at X.

Assumingthat X ={ x:0<x<u},

Prxo [d] has componentsgivenby 0 if [(x); = 0and d;< 0] or [(Xx); = u; and d;>0]
d otherwise.

Define " = Pr (£ for any subgradient & of hat x .

Px (.) projects an iterate onto the region feasible to (X).
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Px (x) has component j given by 0 if x;<0
Uj if x> u;

X; otherwise (0 components j.

Initialization
If IND(LUB) = 1, apply the complementary slackness conditions to determine a starting
primal solution X~ as opposed to using the solution x* obtained via Stage |I. Compute the
maximum iteration limit as Kma = 200 + 1800 [ 1 - & ™ 0. "-501} 1 anq fix the target
valueat w = Z . Set the starting solution X, = X, and the iteration counter k = 0.
The step-length parameter 3 is defined as in Stage | of the algorithm. Set the value of
B( BLOCK ) =0.75, 0.5 and 0.25 for BLOCK = 1, 2, and 3, respectively. Currently, put
BLOCK =1 and 3 = 0.75. Select the deflection scheme to be used by setting the value of
IND( DEFL ) = 0 ADS method

1 MGT method

2 M-ADS method

3 Switching between the above is desired.
If IND(DEFL) = 3, then set IND(SWITCH) = 1 and IND(DEFL) = 0 to begin with.
Otherwise set IND(SWITCH) = 0.
Set thevalueof IND(LS) =1 if aline search isto be performed in Stage I11

0 otherwise.

Put the consecutive failure counter y = 0, RESET=1, and the target increase parameter n,,

= 1. Set the threshold failure limit y= 10 and set ny = 0, which is the number of resets

made within any block.



Assess theinitial solution by evaluating
RFEAS(xx) = Average over constraints of
{ Violation in constraint i } /{ # of non-zeroesin constrainti } and

(c'x* —7*)
max{|z*|,1}

RGAP(xx) =
If RFEAS(xx) and RGAP(xk ) < 0.05, then stop with Xq as the prescribed near optimal
solution.

Else, compute the penalty function value h(xo) and determine a subgradient &, of h at X

using (5.5) and (5.6). Set h(xo) as the best known objective function value h* and let &* =

&o -
STEP 1: If & < 10, then stop. Else, compute the new direction
O =- &k + Wk dk-1
where
Y= 0 if RESET =1o0r ||dk-1 <10°°
ADSvaue if RESET =0and IND(DEFL) =0
M-ADS value if RESET =0and IND(DEFL) =1
MGT value if RESET =0and IND(DEFL) = 2.
Compute [c]| -
If || <10°°,
put  dg=-¢& .

Compute the step-length

Blh —w]

ok
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Determine the new iterate as
Xk+1 = Px [ Xk + Ak 0k ]
and increment k by 1.
Find by, & , and &P
If K > Kgmax , goto Step 5.

If he<h', goto Step 3.

let dk-1=(Xk-Xk-1) and proceed to Step 2.

STEP 2: ( Failureiteration )
Increment y->y+1.
If y<y

put  RESET =0 and return to Step 1.

Else,
set  y=0,y=min{20, y+1} ,x=Xx ,he=h",&=¢,
RESET=1,B « B/2andn; « n; +1.
If ns >10and BLOCK < 2, go to Step 5.

Else, if IND(SWITCH) =1, replace
IND(DEFL) by (IND(DEFL)+1)mod 3, and return to Step 1.
STEP 3: (Linesearch)
Put Oi-1=( Xk - Xk-1)-
If IND(LS) =0, go to Step 4. Else, compute

N=min{ h(xc1+Ad):0SA<Ama },
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Xk - i

Ui - Xk - D)
d<0, 22U
—ai) i

where Amax = min{ . di >0} asin chapter 4.

Set X =Xk-1+ N O
Compute he , &, and &P,
and put
Ok-1=( Xk - Xk1) -
Proceed to Step 4.
STEP 4 : ( Successiteration )
Put  y=0,Xx =x¢,h =hg,and & =&,
If RFEAS(xy) < 0.05 and RGAP(xy) < 0.05,
stop with Xk asanear optimum.
Else,
put RESET =0 and returnto Step 1.
STEPS:
If he<h,
put X =x,h =hg,and& =&
If BLOCK =3, stopwithx  asanear optimum.
Else, set

BLOCK ~BLOCK +1,

put Kemax = | (BLOCK)Kmax/ 3] , X=X ,hc=h",& =& ,RESET =1,

B=B(BLOCK),y=0, y =10, s =0, and return to Step 1.
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5.5 Implementation and Computational Experience

For computational purposes, we have randomly generated a set of test problem (see
Rosen and Suzuki, 1965). Components for the primal solutions x are generated
uniformly on [0,1]. In particular we generate m, + [im,/2[Jof these components on (0,1)
and the remainder of them are set to either O or 1. Next, we generate the dual solutions a
associated with the inequality constraints uniformly on [0,5]. Agan m-[iny/200
components are specifically generated in this manner, while the remaining components
are set to zero. The dua variables associated with the equality constraints () are
generated uniformly on [-10,10], on third of these being put to zero. The coefficients
matrix A; for the inequality constraints is about 5% dense having nonzero elements *1.
The equality constraints coefficient matrix A, is generated in a similar fashion. The
right-hand side for the inequality constraints by is set to A; with a unit being subtracted if
the components value of a iszero. The right hand side vector for the equality constraints
by is set to Aox. In a similar fashion we generate the objective coefficients ¢ as
Alia+A'%B, with a unit being added if the corresponding primal solution x components is
zero. Finaly, we normalize the coefficients of the constraints and also the right-hand
side values by dividing each of the components by the norm of the vector (Aq,b;) or
(A2,by) asthe case may be.

Computational results for Stages I-I1-111 are presented in Table 5.1 through Table 5.5.
Each of the following tables lists the problem size in terms of the number of variables n,
number of equality constraints m1 and the number of inequality constraints m2. The

number of iterations for which the algorithm runs is also indicated. The tables aso
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include results for various line search and deflection strategies employed for each of the
test cases. All the test problems were also solved using CPLEX for comparison purposes.
Solution times and the solutions obtained by CPLEX are also included in the table. (It has
to be noted that the computational time of our algorithm is considerably higher because it
does not make use of sparsity of the matrix and the computations are not performed in
packed-form asin CPLEX.)

The Lagrangian dua problem is solved using three different
subgradient deflection methods, namely ADS, MGT and M-ADS in conjunction with the
Directional Derivative line search method and also using the Quadratic Fit line search
method. At the end of Stage I, we obtain a good lower bound for the optimal objective
value.

In Stage Il, we generate a sequence of updated prima solutions using some
convex combinations of the Lagrangian subproblem solutions. The main objective of this
stage is to find a primal solution that is near-feasible and optimal. At the start of Stage
[11, we assess the initial solution in terms of feasibility and aso the amount of duality
gap. Depending on this information we proceed to apply a penalty function method to
the primal problem.

The dual problems for Stage | were solved as in Section 5.2. It can be
observed from the results in tables 5.1 through 5.5 that the bound obtained at the end of
Stage | is not a very favorable one. For al the test cases the improvement in the
objective value from the initial objective value is not very significant. In order to obtain
a better bound we have tried the Variable Target Value Method (see Sherali, Choi and

Tuncbilek, 1993) to determine the step-length at each iteration. There was no significant
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Improvement in the solution value and hence this method was abandoned. Our attempts

to get a better bound by projecting the dua values onto some pre-determined boxes of

various sizes was not successful. It hasto be observed that we have obtained a very good

bound by projecting the dual variables onto the boxes centered around the optimal dual

values obtained from CPLEX. A box size of two was used for the above purpose. One

other method that we have implemented is the “Averaging Strategy” for compiling the
primal solution. Whenever the reduced cost is zero, then the primal solution is taken as
the average of the current primal solution instead of setting it at either the upper bound or
the lower bound zero. The idea behind this strategy was that the subsequent
subgradients, that are computed via the Lagrangian subproblem’s primal solution would
have a stabilizing/averaging effect that might be stronger than the deflected subgradient
strategy. The same procedure was also used by the Stage Il (recovery of primal

solutions) to improve the dual solution value without much success. Other attempts to

change parameters such as the threshold failure Jimitensity of the input problem, the

step length paramet@retc., have not yielded any fruitful results.

In Stage Il, there is an insignificant amount of improvement in the objective value as our

goal at this stage was to obtain a sequence of updated primal solutions using some
convex combinations of the Lagrangian subproblem solutions. In order to reduce the

burden on Stage Ill, we have attempted to improve the objective function value by

employing the “averaging strategy” as discussed earlier. We ran this process for one
thousand iterations but without any significant improvement and hence this idea was

abandoned.
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Finally Stage I11, which employs a penalty function method to the primal problem
has done reasonably well when compared to the previous stages. This can be observed
from the results compiled in the tables below. Throughout these test runs we have
observed that the performance of the primal penalty function method depends very much
on the quality of the dual incumbent solution, since this influences the definition of the
penalty function as well as the determination of the step-length. Consequently, the final
solution value we have obtained was affected. It can aso be observed from the results
that as the problem size increases, we have obtained better solution values at the end of
Stage I11. As the value of the penalty parameter u is dependent on the incumbent dual
solution values, it is possible that this value is not sufficiently large enough to force the

solution value to near optimality.

To summarize, in this research effort, we have proposed a primal-dual subgradient
algorithm that enjoys the globa convergence property, and produces a feasible and
acceptable solutions in a reasonably efficient manner. However, we remark that there is
still a need for developing further improved Lagrangian dual solution procedures,
accompanied with improved convex combination weighting rules used to recover a

primal optimal solution.
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Table

51
Variablesn =100
Inequality constraints m1 =
40
Equality constraints m2 =
10
Iterations = 1000
CPLEX solution = 10.68
CPLEX CPU seconds =
0.26
CPLEX Iterations = 692
Line Search Deflection | Optimal | Initial |Stagel| Stage2 | Stage3| Tota
Strategy | objective|objectiv CPU sec
e
No 10.68 | -33.36 | -18.96 | -17.99 | 10.22 1.01
deflection
ADS 10.68 | -33.36 | -24.27| -23.03 | 7.54 1.02
None MGT 10.68 | -33.36 | -25.93 | -24.6 6.12 1.01
MADS 10.68 | -33.36 | -19.09| -18.12 | 10.22 1.04
Switch 10.68 | -33.36 | -18.96 | -17.99 | 10.22 1.03
No 10.68 | -33.36 |-21.81| -20.69 | 9.19 1.03
deflection
ADS 10.68 | -33.36 | -23.91| -22.69 | 7.93 1.02
Directional Derivative MGT 10.68 | -33.36 | -24.88| -23.61 | 6.85 1.04
MADS 10.68 | -33.36 | -21.81| -20.69 | 9.23 1.02
Switch 10.68 | -33.36 | -18.29 | -17.36 | 10.33 1.01
No 10.68 | -33.36 | -23.16| -21.98 | 8.68 1.01
deflection
ADS 10.68 | -33.36 | -23.16| -21.98 | 8.65 1.02
Quadratic Fit MGT 10.68 | -33.36 | -23.16 | -21.98 | 8.93 1.01
MADS 10.68 | -33.36 | -23.16| -21.98 | 8.67 1.02
Switch 10.68 | -33.36 | -23.16| -21.98 | 8.69 1.02
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Table

5.2
Variablesn =250
Inequality constraints m1
=100
Equality constraints m2 =
25
Iterations = 1000
CPLEX solution =-10.704
CPLEX CPU seconds =
0.42
CPLEX Iterations = 708
Line Search Deflection | Optimal | Initial | Stage1l| Stage2 | Stage3| Totd
Strategy | objective |objective CPU sec
No deflection| -10.704 | -99.278 | -42.58 | -40.42 | -5.14 21.7
ADS -10.704 | -99.278 | -79.75 | -75.68 | -19.96 275
None MGT -10.704 | -99.278 | -14.1 | -14.1 | -3.46 27.3
MADS -10.704 | -99.278 | -42.46 | -40.35 | -5.27 27.6
Switch -10.704 | -99.278 | -42.58 | -40.42 | -5.14 27.3
No deflection| -10.704 | -99.278 | -43.53 | -41.33 | -4.81 30.2
ADS -10.704 | -99.278 | -79.41 | -75.36 | -19.84 | 29.32
Directional Derivative MGT -10.704 | -99.278 | -13.46 | -13.46 | -3.93 29.6
MADS -10.704 | -99.278 | -42.41 | -40.26 | -5.69 28.2
Switch -10.704 | -99.278 | -43.53 | -41.33 | -4.81 27.9
No deflection| -10.704 | -99.278 | -73.85 | -70.09 | -16.46 28.2
ADS -10.704 | -99.278 | -73.85 | -70.09 | -17.01 28.1
Quadratic Fit MGT -10.704 | -99.278 | -73.85 | -70.09 | -16.91 28.9
MADS -10.704 | -99.278 | -73.85 | -70.09 | -16.22 28.5
Switch -10.704 | -99.278 | -73.85 | -70.09 | -16.46 28.3




Table

5.3
Variablesn =500
Inequality constraints m1 = 200
Equality constraints m2 = 50
Iterations = 1000
CPLEX solution = -
45.8
CPLEX CPU seconds=7.71
CPLEX lterations=
1844
Line Search Deflection |Optimal| Initial | Stagel | Stage?2 | Stage3| Totd
Strategy  |objectiv |objectiv CPU sec
e e
No deflection| -45.8 |-309.81| -222.69 | -211.33 | -46.41 | 41.2
ADS -45.8 |-309.81| -2544 | -2414 | -59.87 | 424
None MGT -45.8 |-309.81| -71.57 | -7157 | -32.09 | 41.3
MADS -45.8 |-309.81| -204.47 | -194.04 | -37.67 | 409
Switch -45.8 |-309.81| -222.69 | -211.33 | -46.43 | 41.64
No deflection| -45.8 |-309.81| -220.12 | -208.88 | -42.85 | 43.8
ADS -45.8 |-309.81| -253.74 | -240.79 | -60.29 | 44.3
Directiona Derivative MGT -45.8 |-309.81| -78.83 | -7885 | -34.75 | 44.2
MADS -45.8 |-309.81| -205.94 | -195.43 | -41.66 | 439
Switch -45.8 |-309.81| -220.12 | -208.88 | -42.88 | 41.7
No deflection| -45.8 |-309.81| -236.03 | -224.01 | -55.36 | 42.1
ADS -45.8 |-309.81| -236.03 | -224.01 | -55.15 | 419
Quadratic Fit MGT -45.8 |-309.81| -236.03 | -224.01 | -55.35 | 43.2
MADS -45.8 |-309.81| -236.03 | -224.01 | -55.32 | 429
Switch -45.8 |-309.81| -236.03 | -224.01 | -55.37 | 43.2
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Table5.4

Variablesn =750

Inequality constraints m1 = 300
Equality constraints m2 = 75
Iterations = 1000

CPLEX solution =

40.85

CPLEX CPU seconds = 47.03
CPLEX lterations =

3402
Line Search Deflection |Optimal| Initial | Stagel | Stage2 | Stage3 | Total
Strategy |objectiv |objective CPU sec
e

No 40.85 | -406.04 |-123.231|-117.085| 64.44 513.3

deflection
ADS 40.85 | -406.04 | -312.57 |-296.591| 36.743 | 563.2
None MGT 40.85 | -406.04 | -312.68 |-296.692| 36.171 | 543.6

MADS 40.85 | -406.04 | -105.97 | -100.68 | 60.251 | 596.7

Switch 40.85 | -406.04 |-123.231| -117.08 | 64.41 521.4

No 40.85 | -406.04 |-129.218|-122.647| 64.758 | 598.3
deflection

ADS 40.85 | -406.04 |-311.062|-295.196| 37.256 | 620.2

Directional Derivative MGT 40.85 | -406.04 | -310.76 | -294.888| 35.411 | 635.1

MADS 40.85 | -406.04 | -110.11 | -104.62 | 62.431 | 612.31

Switch 40.85 | -406.04 |-129.218|-122.647| 64.756 | 641.2

No 40.85 | -406.04 | -278.02 | -264.13 | 41.11 622.8
deflection
ADS 40.85 | -406.04 | -278.02 | -264.13 | 40.787 | 616.2
Quadratic Fit MGT 40.85 | -406.04 | -278.02 | -264.13 | 41.877 | 621.3

MADS 40.85 | -406.04 | -278.02 | -264.13 | 41.467 | 641.1

Switch 40.85 | -406.04 | -278.02 | -264.13 | 41.1 614.7
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Variablesn = 1000

Inequality constraints m1 = 400
Equality constraints m2 = 100

Iterations = 1000

CPLEX solution =-10.843
CPLEX CPU seconds = 167.38

CPLEX lterations =
5288

Table5.5

Line Search Deflection | Optimal | Initial | Stagel| Stage2 | Stage3 | Total
Strategy |objective| objective CPU sec
No -10.843 | -501.625 - -226.08 | 2.407 | 1052.6
deflection 238.223
ADS -10.843 | -501.625 | -377.65 | -377.665| -25.195 | 1091.5
None MGT -10.843 | -501.625 | -26.635| -26.635 | 12.092 | 1068.3
MADS | -10.843 |-501.625 - -202.32 | 4.695 | 1063.7
212.651
Switch | -10.843 |-501.625|-238.23 | -226.83 | 2.401 | 1087.4
No -10.843 | -501.625 | -234.96 | -222.98 | 3.875 | 1099.9
deflection
ADS -10.843 | -501.625 | -395.38 | -375.185| -23.478 | 1100.3
Directional Derivative MGT -10.843 | -501.625| -26.04 | -26.042 | 11.706 | 1141.6
MADS | -10.843 |-501.625 | -208.97 | -198.539| 10.449 | 1086.4
Switch | -10.843 | -501.625 | -234.96 | -222.98 | 3.879 | 1090.4
No -10.843 |-501.625 | -362.79 | -344.29 | -19.526 | 1089.3
deflection
ADS -10.843 | -501.625 | -362.79 | -344.29 | -19.332 | 1086.4
Quadratic Fit MGT -10.843 | -501.625| -362.79 | -344.29 | -19.278 | 1082.3
MADS | -10.843 |-501.625 | -362.79 | -344.29 | -19.218 | 1089.6
Switch | -10.843 | -501.625 | -362.79 | -344.29 | -19.521 | 1086.7
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Chapter 6

Summary and Conclusions

6.1 Summary of Results

In the area of mathematical programming, nondifferentiable optimization techniques have
always been recognized as important tools. These techniques have been employed in the
contexts of Lagrangian duality, exact penalty function methods and Dantzig-Wolfe
decomposition. To expedite the solution process, many algorithmic approaches employ
subgradient based methods. Our research effort was aimed at making some contributions
in developing theoretically sound and computationally effective procedures for solving
large-scale linear programming problems that arise in the context of solving various
problems such as discrete linear or polynomial, and continuous nonlinear, nonconvex

programming problems.

It has been empirically demonstrated that subgradient based approaches are the most
promising in practice for solving the Lagrangian duals. In this research effort we have
presented a primal-dual subgradient algorithm for solving the Lagrangian dua problem.
This procedure uses computationally effective deflection strategies along with some line
search methods to solve the dua problem, next an average weighting rule is implemented
to recover primal optimal solutions and finally a primal penalty function method is used

for further polishing the obtained primal solution to near feasibility and optimality.
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Stage | of the proposed agorithm derives a lower bound via the Lagrangian dual
problem. Stage Il estimates a primal optimum during the latter part of this same process.
Finally Stage 111 attempts to attain a near feasible and optimal solution by using a suitable
penalty function method. This proposed algorithm includes several promising strategies.
In particular, a new Modified Average Direction Strategy (M-ADYS) is developed that
derives a value for the deflection parameter by projecting the optimal direction onto the
space spanned by the current gradient and the previous direction. We have also
employed other deflection strategies like Modified Gradient Technique (MGT) and the
Average Direction Strategy (ADS) in conjunction with suitable line search methods. Our
Directional Derivative line search method which ascertains whether to increase or
decrease the step-length value based on the right-hand and left-hand derivative
information available at each iteration, has performed reasonably well when compared to
the Quadratic fit line search method. We have also presented results for those cases

wherein no line search method was employed.

To summarize, in this research effort we have proposed a hybrid primal-dual subgradient
algorithm for solving the Lagrangian dual problem. Based on computational experiences
using some randomly generated test problems, we have observed that the proposed
algorithm performs reasonably well but we emphasize that there is still need for
developing further improved Lagrangian dual solution procedures that will enhance the

solution quality.
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6.2 Recommendationsfor Further Research

Concluding this thesis, we would like to point out a few avenues that can lead to new
research topics, or that can initiate extensions leading to further improvements in the

proposed approaches.

Instead of the proposed approach, a more restrictive Lagrangian approach can be
implemented. In this method, the constraint set can be partitioned into those which are
predicted to be active at optimality and the remaining ones which are not. We can then
perform a dual ascent as in Stage | by employing a set of very promising deflection
strategies in conjunction with some suitable line search methods, and whenever the
progress slows, we can switch to Stage Il to obtain an average primal solution from the
above subproblem solutions using some convex combination strategy. The new primal
solution can then be used to re-partition the constraint set. This process can be repeated
as long as there is an improvement in the dual. The solution obtained from the above
procedure can be further refined by using a penalty function method similar to the one

proposed in thisthesis.

Alternatively, we can represent the primal problem in some non-basic variable space and
then attempt to crash an advanced basis to construct a representation of the linear
program. This solution then can be used to partition the constraint set as before and the
process can be continued to successively improve the dual solution. A Penalty function

approach can then be used to derive a near feasible and optimal primal solution.
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The primal convergence theorems for Lagrangian dual subgradient based methods admit
some possible rules for selecting convex combination weights along with corresponding
step-length rules. So far the simple average weighting rule seems to perform well over
others. But, a more practica and promising rule can be devised to enhance the

performance of Stage I, which will reduce the burden on Stage 1.

It is evident from the results presented that Stage |11 has performed well when compared
to other stages. In view of this one can construct a penalty function for the dual problem
and solve it using the primal-dual subgradient algorithm (similar to the one presented in
Stage I11).

Penalty function for the dual problem can be represented as

h@, B) = a+ foz— S (x* +u) max{0,As'a + As' B -G} .

i=1,..,n

The subgradient & for the above function can be computed as

E=lbube] = 5 (e +mlAs, Aa].

Some preliminary investigation into such a solution process was not very encouraging but

it is one of the options that need a more detailed study.
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