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Three Problems Involving Compressible Flow with Large Bi&cosity and
Non-Convex Equations of State

Fatemeh Bahmani

Abstract

We have examined three problems involving steady ows ofibia%tokes uids. In each problem
non-classical effects are considered. In the rst two peotd, we consider uids which have bulk
viscosities which are much larger than their shear vis@ssitin the last problem, we examine
steady supersonic ows of a Bethe-Zel'dovich-Thompson B4lid over a thin airfoil or turbine
blade. BZT uids are uids in which the fundamental derivei of gasdynamics changes sign
during an isentropic expansion or compression. In the rstpem we consider the effects of
large bulk viscosity on the structure of the inviscid appnoation using the method of matched
asymptotic expansions. When the ratio of bulk to shear gisges of the order of the square root
of the Reynolds number we nd that the bulk viscosity effemts important in the rst corrections
to the conventional boundary layer and outer inviscid owt ¥t order the outer ow is found
to be frictional, rotational, and non-isentropic for latgék viscosity uids. The pressure is found
to have rst order variations across the boundary layer dedtémperature equation is seen to
have two additional source terms at rst order when the bu#icesity is large. In the second
problem, we consider the re ection of an oblique shock frofarainar at plate boundary layer.
The ow is taken to be two-dimensional, steady, and the gadehs taken to be a perfect gas
with constant Prandtl number. The plate is taken to be at@mbihe full Navier-Stokes equations
are solved using a weighted essentially non-oscillatorfZ®) numerical scheme. We show that
shock-induced separation can be suppressed once the babsity is large enough. In the third
problem, we solve a quartic Burgers equation to describestidsdy, two-dimensional, inviscid
supersonic ow eld generated by thin airfoils. The Burgerguation is solved using the WENO

techniqgue. Phenomena of interest include the partial antptie disintegration of compression



shocks, the formation of expansion shocks, and the callisi@xpansion and compression shocks.
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Chapter 1

Introduction

Most of our intuition and rules of thumb in gasdynamics arseolbon the theory of low pressure
air and steam in spite of the fact that many modern indugiriaesses and power systems involve
high pressure uids which may or may not have molecular stes and dynamics similar to that
of air and water. The best way to describe the present diggertis that we are attempting to
extend our knowledge of compressible ows to a wider rangsudfstances than what are com-
monly discussed. In this thesis we will also consider theaaiyics of uids over a wider range of
pressures and temperatures than those of the perfect gag.the consider only single-phase,
non-reacting uids governed by the Navier-Stokes equatiorhus, we are extending our knowl-
edge of classical uids, although we will see the behavidiaisfrom being classical. The work
found in Chapters 3 and 4 describes the dynamics of uidsrwalarge bulk viscosity , de ned
by

b= b(P;T)= +23; (1.1)

wherep, T, = (p;T), = (p;T) are the pressure, absolute temperature, second viscosity,
and shear viscosity of the uid. A more complete discussibhudk viscosity is found in Chapter

2. We also describe the dynamics of uids of the Bethe-Zelldb-Thompson (BZT) type. The

1



latter uids are typically heavy uorocarbons, hydrocarix) and methyl-siloxanes for which the
fundamental derivative of gasdynamicg pecomes negative over a nite range of temperatures

and pressures. Here, the dimensional form of the fundardatizative is de ned as
a
=( is)= =+ = (1.2)

where , s, anda = a( ;s) denote the uid density, entropy, and thermodynamic soyrekd.
Because the pressures at which the value of the fundamembehtive becomes negative are large,
the < 0 work considers the dynamics of high-pressure uids rathantthe ideal gas theory
found in many discussions of compressible ows. A more cagtgldiscussion of BZT uids is

found in Chapter 5.

The motivation for this work is of obvious scienti ¢ intetesBy considering the full range of
values possible for (1.1)-(1.2), we seek to extend the kedge and intuition base of classical, i.e.,
Navier-Stokes, uids. Further motivation is provided bytbocietal, economic, and technological
interest in increasing the ef ciency of traditional powgstems and the interest in developing non-
fossil fuel energy sources. The latter include power systeased on geothermal, solar, waste heat,
bio-mass, and nuclear energy sources. Such energy soypaealy require non-aqueous working
uids and, as a result, will require additional research ider to understand any non-classical or
non-intuitive dynamics. One of the results of the presesselitation is the demonstration that
the natural gasdynamics of many uids can be aerodynarmyieal’antageous. We hope that the
present research can stimulate further studies and, uéliypa more secure and affordable energy
future. The non-negligible bulk viscosity uids and BZT ds have some industrial applications.
Among those is water vapor which is used as the working uidRenkine cycle power systems,
and uids which are used as the working uid in non-aqueous/posystems. The latter systems
are used in small power plants to generate electricity from dnd medium temperature, low

grade and waste heat sources. The large bulk viscosity Nig3, and CQ have been proposed



as the working uid in nuclear power plants. Examples aral&s of [1], [2], [3], [4], [5], [6],

[7] and [8] for organic Rankine cycles and also studies of [2D], [11], [12], [13] and [14],
[15] on the use of BIO and CQ in nuclear power systems. Another application is the heas/ g
wind tunnel similarity studies where more complex molesulke SK are used to get a better
match for the Reynolds and Mach numbers between test and dghditions; e.g. [16], [17],
[18]. In pharmaceutical industry a solute is dissolved atsolvent e.g. C@®as a non-toxic and
non- ammable solvent in supercritical conditions, therparded through a nozzle. The solute
will precipitate into a uniform sized powder. Often pharmaiical drugs are very sensitive to
process conditions. Use of milling and grinding for pasdisize reduction might ruin the quality
of substances. Rapid expansion of supercritical solut{®isSS) has been proved to be a more
suitable process for this purpose when use of a low-critezaperature solvent allows the process
at lower temperatures while maintaining the ef ciency ofuably ne particle formation. See

studies by [19], [20] and [21].

In Chapter 2 the large bulk viscosity uids and BZT uids armetioduced. Estimation of bulk
viscosity is provided and bulk viscosity of sample substanis given. In chapter 3 we have
examined the effects of large bulk viscosity on 3-D steadwsoover bodies at large Reynolds
numbers. The method of matched asymptotic expansions wastaslevelop a rst-order theory
for both the outer and inner ows. In Chapter 4 we have exanhthe effect of large bulk viscosity
on the classical problem of shock-boundary layer inteoactin this chapter we show the increases
in the shock thickness due to increasing bulk viscosity eadl to a suppression of separation in
high speed ows. In Chapter 5 the Burgers equation desaibight running simple waves in
steady two-dimensional inviscid ows of a BZT uid over thiarfoils has been solved. The code

appears to be capable of capturing shock waves and distimggithem from smooth fans.



Chapter 2

Non-Classical Physics

2.1 Introduction

The bulk viscosity and dense gas effects have often beemadramd the Navier-Stokes equations
are solved for zero bulk viscosity uids and dilute gaseseThain purpose of this research is to
extend our knowledge of the Navier-Stokes equations tadeh full range of uids and also a

wider range of pressures and temperatures. The focus ofhibsss is to study the dynamics of

large bulk viscosity uids and the behavior of uids in highigssure regimes.

Bulk viscosity is related to the time or number of collisiprsquired for the molecules to achieve
internal, vibrational and rotational equilibrium. The wat of ,, and are dependent on the

local thermodynamic state and must be obtained by measuateraemolecular theory. For the

Navier-Stokes uids, the relation between the viscous pathe stress tensor and rate of strain
tensor is given by a linear relation

i = ijrs Dis (2'1)

where j; is the viscous stress tensér;s is the rate of deformation or stretching tensor apd



is the (constant) viscosity coef cient. The symmetric pedy of the viscous stress tensor and the
deformation tensor and the isotropic property of uids reeihe number of viscosity coef cients
from 81 down to 2 coef cients which are the second and shesodgity coef cients. So the relation

of viscous stress tensor and deformation tensor could beewias

1
i =2 (D 3§Dr)+ b Du: (2:2)

which holds for Newtonian uids.

For inviscid ows 4, ;k 0, for incompressible uids, the rate of volume dilatationzsro
Dy = r v = 0 and for quasi-parallel ows, ,r Vv is of higher order and therefore are
not considered here. Effect of bulk viscosity are generiatigortant in cases where full Navier-
Stokes equations are required, e.g., viscous, compressilss with complex geometries. Work of
Chapter 3 will show how importance of bulk viscosity increag boundary layer theory. Stokes'
Hypothesis states that the bulk viscosity is zero even fongressible ows, [22]. However, this is
expected to be true only for low pressure monatomic gasedoic and polyatomic gases, even

at low pressure, are expected to have non-zero values otitkeiscosity, [23].

2.2 Bulk Viscosity for Ideal Gases

Although there are many studies and data available for teergion of transport properties like
shear viscosity and speci ¢ heat, there is not much datahferbulk viscosity. A few theoretical
and experimental studies have been done. These studi@n#eel fto some speci ¢ molecules and
temperature ranges. The data available in the literatubel&fviscosity of ideal gases tells us that
the bulk viscosity ratio ,= has a variation with temperature and usually has a local mmamxi.

Tisza has provided a simple formulation for the estimatibbuwk viscosity based on rotational



and vibrational relaxation times for ideal or low pressuases

X Cvi
=1 T 23
_ de
Cvi = Gi(T) aT

In (2.3), ; refers to the relaxation time for each of the" internal energy modesc,; is the
constant volume speci c heat, = (T) andp ; = p ;(T). The ideal gas law is used here for
the equation of state

p= RT: (2.4)

The combination of Tisza's formula with available rotaband vibrational relaxation times will
give an estimation of bulk viscosity. In order for each inrmode to have contribution to bulk
viscosity, the energy of collision must be higher than thvedst characteristic temperature associ-
ated with that mode. This effect will be accounted for by thecs ¢ heats which become nearly
zero when the temperature is lower than the characterestipérature of the mode. In the simplest
model, the vibrational and rotational parts of the bulk sty are summed up to obtain a value

for bulk viscosity

b= bjr + ij
. f
bjr :( 1)2§rp r

by = (1200, (2.5)

In the above equations and , are the rotational and vibrational relaxation times retpely.
The quantities j, and j, are the rotational and vibrational parts of bulk viscodlitythe second
of (2.5), f; which denotes the rotational degrees of freedom which haalwe\of 2 for linear

molecules and 3 for other molecules. At suf ciently low teengtures, vibrational modes are



not active and rotational relaxation times make the onlhtrdoution to the bulk viscosity. Since
rotational relaxation times are too small, only the vilaél part of the bulk viscosity is considered
at high temperatures. The experimental studies to obtaaduefor bulk viscosity is either direct
method by acoustic measurement and shock thickness oeatdiiom measured relaxation times.
Acoustic absorption is a practical tool to obtain valuestolk viscosity. This method is one of
the few methods which provide estimation for the value okhuscosity. Further discussions of

the bulk viscosity of ideal gases are found in [24], [25] aBd][

2.3 Moderate Bulk Viscosity Fluids

The vibrational and rotational energies of monatomic gasegs, argon, helium, xenon, are nor-
mally regarded as negligible. As a result, the value,ofn (2.3) is taken to be zero and the bulk
viscosity is therefore zero for these gases. A, & and CO are found to have bulk viscosities
of the same order of their shear viscosities at room tempesand pressure,, = O( ), [23].
Water vapor is recently found to have 8. Dimethylpropane, n-pentane, iso-pentane, n-butane,

iso-butane are also among the moderate bulk viscosity .uids

2.4 Large Bulk Viscosity Fluids

For large bulk viscosity uids, we rst discuss the bulk vissity of H, which has a high vibrational
characteristic temperature so that only the rotationalensdctive at room temperature. However,
the H, molecule requires about 200 or more collisions to estal@eghlibrium. As a result His
unusual in that it has, = O(30 40 ). For methane (Ch), acetylene (gH,), ethylene (GH,)
and cyclopropane (c4Elg), the vibrational characteristic temperature is low erotiat both the

rotational and vibrational components of bulk viscositg aresent. As shown by [23], the bulk
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Figure 2.1: Estimation of the ratio of bulk viscosity to sheiscosity as a function of temperature
for some large bulk viscosity substances

viscosities of these gases are hundreds of times the slseasity at room temperature. For many
substances, at suf ciently low temperatures only the rotetl component of bulk viscosity is
active and it is increasing with temperature. At higher temagures, also the vibrational relaxation
becomes active and is decaying with temperature. Theraftweal maximum is expected in the
bulk viscosity vs. temperature curve. Estimation of therat bulk viscosity to shear viscosity as a
function of temperature for some large bulk viscosity sabses is shown in Figure 2.1. Inspection
of (2.3) suggests that < Whenever and an important question that must be considered
is whether the macroscopic or imposed time scales are mwgiegrthan the largest molecular
scale. If the macroscopic scales are much larger than theaular scales, then the uid is said to
be in local thermodynamic equilibrium (LTE) and the Nav&iokes equations are expected to be

valid; see, for example, [25]. If the macroscopic scalesoar¢he order of the molecular scales,



then relaxation effects will be evident, we say that LTE daied, and the Navier-Stokes equations

are not formally valid. Ity the macroscopic time scales, we must require

ty  max( ¢ i): (2.6)

2.5 BZT Fluids

In Section 6 we also consider non-classical effects duegmtmlinear behavior of the uid. The
nonlinear behavior of any uid is characterized by the fumggtal derivative of gas dynamics
(1.2). In the ideal gas theory, the fundamental derivativgasdynamics is always positive and
this is also the case for many uids. Fluids with large spedieats might have regions of negative
fundamental derivative of gas dynamics in the p-V diagraRegions of negative fundamental
derivative of gasdynamics correspond to regions of dowdwarvature of the isentropes in p-
V plane. These regions are those of interest in turbomaghiogs. In the design of aircraft
and turbomachinery, shock waves play a critical role. Instamdard gasdynamics theory, which
assumes perfect gases, the only types of shock waves moaséblcompression shocks. If the
fundamental derivative is less than zero, the standarantbeynamics inequalities are reversed.
The phenomena associated with these uids will result inntisgration of compression shocks
and therefore reductions of adverse pressure gradient.cdimparison of ow around turbine
blades between classical and this type of uids has beercskdtin Figure 2.2. This gure shows
the problem with shock waves in a turbine cascade. As theseksltollide with a second blade,
they can cause the boundary layer to detach, causing a lacgease in drag. In BZT uids,
compression fans replace compression shocks, spreadingréssure change over a large area
and reducing drag. Fluids which exhibit this behavior afferred to as the Bethe-Zel'dovich-

Thompson (BZT) uids. For a more complete discussion of thedamental behavior of BZT
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Figure 2.2: Comparison of the turbine cascade ow of a ctadsuid and a BZT uid.

uids, we refer the reader to the articles by [26], [27] an@].2

Interestin BZT uids is due to the possibility of reducingasgation. Another important motivation
comes from the possible applications of non-classicalceffeespecially in the area of turbine
dynamics for Rankine cycle power systems where BZT uids p@gble to increase the ef ciency
and the life of turbines. In these turbines, a major causeeffagiency is the very large pressure
gradient caused by compression shocks striking adjacadebland, in transonic ows, on the
blade themselves. This strong adverse pressure gradiesegarate the boundary layer leading

to ow separation and its associated loss of ef ciency anoration.

In Chapter 5 we use the weak shock theory of Crickenbergdrtf28lustrate how these non-

classical physical effects can in uence ows commonly eaotered in practice.



Chapter 3

Inviscid-Viscous Flows with Large Bulk

Viscosity

We examine the inviscid and boundary layer approximationgids having bulk viscosities which
are large compared to their shear viscosities for threesdgional steady ows over rigid bodies.
We examine the rst order corrections to the classical Idweder inviscid and boundary layer
ows using the method of matched asymptotic expansionss #hiown that the effects of large
bulk viscosity are non-negligible when the ratio of bulk teear viscosity is on the order of the
Reynolds number to the inverse one-half power. The rst oodger ow is seen to be rotational,
non-isentropic, and viscous but satis es the slip condit the inner boundary. First order cor-
rections to the boundary layer ow include a variation of thermodynamic pressure across the
boundary layer and a term interpreted as a heat source iméngyeequation. The latter results are

a generalization and veri cation of the predictions of Emah[24].

11
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3.1 Introduction

The inviscid approximation is the foundation of aerodynesrand modern uid dynamics. In its
simplest form it states that most of the ow can be regardedriaonless and as having neg-
ligible heat conduction provided an appropriately de neelyRolds number is suf ciently large.
The bulk of the ow is then determined by the Euler equatiortsch are solved subject only
to the no-penetration or kinematic boundary condition atemal boundaries, e.g., at the surface
of solid bodies. The resultant inviscid solutions are thsidaf most textbook presentations of
uid mechanics and aerodynamics. In such large Reynoldshainows, the no-slip condition
is satis ed once a viscous boundary layer forms in the nedghbod of the solid boundary. Such
viscous boundary layers are the physical source of ow edsti the Kutta condition, separation,
heat transfer, and drag. The deceleration of the ow in thangary layer causes an outward
displacement of the ow; this effective thickening of thedyp wing, or turbine blade is called
the displacement thickness and plays a key role in the sthdig@ous-inviscid interactions. The
perturbations to the inviscid ow caused by this displacetrithickness are of ord&e 72, where
Reis the abovementioned Reynolds number, and are typicaligdid, irrotational, and isentropic.
The perturbed inviscid ow can then be used to compute the c@scection to the boundary layer,
which can be used to compute further corrections to thecivi®w. While the availability of
high-speed computers may render such iterative schemexessary for detailed ow compu-
tations, the conceptual structure is nevertheless easénttithe interpretation of numerical and

experimental studies.

The primary goal of the present study is to determine thecetfethe bulk viscosity
2
b — + é X (31)

where , and j are the shear, second, and bulk viscosities of the uid, enstihucture of the
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inviscid approximation. In particular, we delineate how thviscid portion of the ow and the
boundary layer must be modi ed when the bulk viscosity igggacompared to the shear viscosity.
An early study of the bulk viscosity in low pressure gasesheen carried out by Tisza [30] who
showed that the zero-frequency, near-equilibrium valudebulk viscosity is given by

X o
R

i=1

b= o(T)=( 1) P (3.2)
whereT is the absolute temperatureis the ratio of speci ¢ heatsg,j; is the isochoric speci ¢ heat
corresponding to thig" internal energy storage mode, i.e., the rotational andhtitmal modesR
is the gas constanp, is the thermodynamic pressure, ands the relaxation time corresponding
to i mode. The summation is over all the internal energy storageéest One of the earliest
numerical estimates for the bulk viscosity of an ideal gas Wiaza [30] who gave a value of
b= = O(10%) for CO, at room temperature and pressure. More recent studies etserined
the bulk viscosity for a variety of uids; see, e.g., GraveslaArgrow [25] and Cramer [23]. In the
latter study, a number of common uids were found to have liglcosities which were hundreds
to thousands of times larger than their shear viscositie@aniples of the temperature variation
of the ratio of bulk to shear viscosity of selected uids arepded in Figure 2.1. The details of
the data used and estimation techniques are provided ineZrg@8] . As discussed by Cramer
[23], uids having large bulk viscosities include those dsa&s working uids in power systems
having non-fossil fuel heat sources. It is therefore natiarask whether the dynamics of uids
with relatively large bulk viscosity are qualitatively ougntitatively different than those where
b = O( ). Inthe present study we examine the inviscid ow and boupdi@yer associated with
a steady ow around rigid three-dimensional bodies. A skeitthe con guration is provided in
Figure 3.1. We include the possibility that the bulk vistp& much larger than the shear viscosity
and describe the corrections required when . Because the bulk viscosity is proportional

to the relaxation times for the internal modes the possgybihat the ow will no longer be in
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Figure 3.1: Sketch of global coordinate system and body.fidestream speed is aligned with the
positivex-axis and has magnitudé. The length scale measuring the size of the body. is

equilibrium must be considered. In order to ensure that tae@éy-Stokes equations are valid we
must require that the ow be in near equilibrium, i.e., that  yax, wheretg is the global time
scale imposed by the boundary and the initial conditions gggdis the largest relevant molecular
time scale. Following Graves and Argrow [25], we refer tasthiear-equilibrium condition as
local thermodynamic equilibrium (LTE). If we formally regtt attention to low pressure gases

and denote the typical molecular collision time gsthe size of the shear viscosity is given by:

= O(p o): (3.3)

The Reynolds number associated with a body of kiznd a freestream speedldfis Re = Y-

where isthe uid density. If we note thaty = O(L=U) and use equation (3.3), we nd that

Re= O(M? t—9); (3.4)
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whereM;  the freestream Mach number. Thus, when the Mach number igrated c

for all large Reynolds number ows. However, if we combine2Bwith (3.3), we nd that

2= o(): (3.5)
c
Thus, for 4 Vo < and we need to show thgf ¢ in order that LTE be satis ed
for the ows considered here. An estimate of the size gf needed in the present study can be
obtained by recalling that the rst correction to classieabe Reynolds number, i.e., inviscid, ow
is due the displacement thickness effects generated byotlnedary layer. As pointed out above,

these displacement thickness effects are of order
Re 2 1 (3.6)

In particular, the perturbations to the thermodynamic sues due to the displacement thickness
are of orderU 2 . The size of the normal component of the viscous stressitésborder ,r v,
where v is the velocity vector. If we note that v = O(U=L), we nd that the ratio of (normal)

viscous stress to the pressure perturbations associatiedsplacement thickness is

u 1l

b 1
~ Rel?

_ b 1 _ .
)= O(——5g) = O ): (3.7)

Thus, the viscous effects associated with the bulk visgaseé on the same order as the correction

due to the displacement thickness when
P=0oRe™)=0( ) 1 (3.8)

where (3.6) has been used. f= O( ), then (3.8) cannot be satis ed and we recover the conclu-

sion of the classical inviscid theory that viscous effecesaways much smaller than displacement
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thickness effects. In all that follows, we employ (3.8) fbetsake of convenience. However, we
have also derived (3.8) by a detailed asymptotic analydiseofull Navier-Stokes equations. If we
now substitute (3.4)-(3.5) in (3.8) and multiply (3.8) kyty, we nd that

t;

1= o((t_°)1=2) 1 (3.9)
tg tg

where (3.4) and (3.6) have been used. Thus, for the problemsdered here,g i cand

LTE is satis ed.

In all that follows, we therefore take the ows to be governgdthe Navier-Stokes equations.
The equations, boundary conditions, and ow parameterpereided in Section 3.2. In Section
3.3, we develop the outer approximation to the exact eqgustio rst order inRe 2. In Section
3.3 we also describe the vorticity and entropy generatedhéynon-negligible bulk viscosity. A
modi ed Bernoulli equation, valid to rst order, is also prmled. In Section 3.4, we nd the rst
order boundary layer approximation for general three-disrenal bodies and ows through use
of the curvilinear coordinate system described in ApperliXn Section 3.5, we match the two
rst order approximations using the method of matched agptnpexpansions. Although viscous
effects are non-negligible &( ) in the outer ow, the result of the matching is that the rster
outer ow is seen to slip freely at the solid boundary. Thessubw is therefore seen to be inviscid
and classical at lowest (zeroth) order and slips even updorder. At rst order, the outer ow is
affected by both bulk viscosity effects and the classicgpldicement thickness effects. In Section
3.6, we specialize to the case of a at plate in order to prewdplicit illustrations of the effects
of relatively large bulk viscosity on the boundary layer. Weify Emanuel's result [24] that the

pressure is not constant across the boundary layer at dgtrobut has &e =2 variation.
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3.2 Formulation

The ow is taken to be steady and such that the body force ahghwetric energy supply is neg-
ligible. As pointed out in the previous section, the singhese, non-reacting uid is taken to be
an arbitrary Navier-Stokes uid. The resultant mass, Ims@amentum, and energy equations can

therefore be written

r (v )=0; (3.10)
vIiv+rp=r T, (3.11)
Tv rs= rq; (3.12)
wherev = v(x); = (x); ands = s(x) are the uid velocity, density, and entropy, and

represents the spatial coordinates. The scaliarthe viscous dissipation given by
tr T(rv) ; (3.13)

where the superscrift denotes the transpose of the indicated quantity and tr dernbé trace.

The heat ux vector(q) and the viscous part of the stres are given by

kr T; (3.14)
h i
r vi+ rv+(rv) (3.15)

I/ 2

wherel is the identity matrix and = k( ; T) is the thermal conductivity. The thermodynamic

variables are related through Gibbs' relation

dh = Tds+ “dp: (3.16)
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where

h e+? (3.17)

is the uid enthalpy ance= e( ;T ) is the uid energy per unit volume.

It can be shown that the above system is closed once we specify

p=p(;T) (3.18)

c1 = G (T) (3.19)

and the dependencies ¢f ; k on eitherpandT or andT. The relation (3.18) is recognized
as the equation of state and = ¢,; (T) is the ideal gas or zero-pressure isochoric speci ¢ heat.

The constraints on these constitutive properties are that

Ki; b O (3.20)
. @s .

@p

= : 22

@ 0 (3.22)

The rst set of inequalities are necessary and suf cientditons for the Navier-Stokes equations
to satisfy the second law of thermodynamics and (3.21)2(3a2e required in order to ensure a

stable thermodynamic equilibrium.

The body is stationary, rigid, and impenetrable, but othearbitrary with a unit outward normal
(n) as sketched in Figure 3.1. If the body surface is taken t& b€ = 0, the combination of

no-slip and no-penetration condition at the body surfaeedtore is

Vv n=0 (3.23)
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onF (x) = 0. For either a constant temperature or an adiabatic bourdadition we will take

T = T, = constant (3.24)

or
nrT=0 (3.25)

onF (x) = 0. Far from the body the ow is taken to be uniform and paraltettie positivex-axis,

i.e.,

v Ui Tops! Toipe; (3.26)

asjxj!1 ,whereU = constant and subscripts will always refer to ow properties far from

the body.

We now nondimensionalize the equations of motion as follows

v = Uv;
= 1,
p p = 1U%p;
(3.27)
T=T,T;

wherec,; = the speci c heat at constant pressure evaluated in thetfeses. As a result, (3.10)-



20

(3.12) can be rewritten as

r (v)=0 (3.28)
h . i 1
vIiv+r p R_er V:R—el’ T, (3.29)
1 1
T = — + 2 = :
V rs Re E o b(r V) Prr q (3.30)
The boundary conditions (3.23)-(3.26) can be written
v n=0
(3.31)
T =Ty =constanton r T =0
onF(x)=0 and
v!oi
;T 1 (3.32)
p;s! O

asjxj!1 . HereRe U iL=,,Pr= ;cun=k,E = U?=T; ¢,y are the Reynolds

number, Prandtl number, and Eckert number. The quantitieandk; are the shear viscosity

and thermal conductivity evaluated in the freestream. Tuantties

L
q kr T = k. T, q; (3.33)
L
T=T,+ o VL Ull’ (3.34)
2 L2
= + p(r = ; 3.35
ot o Vv N ( )

are the scaled versions of (3.14), (3.15), (3.13) respagtivi he nondimensional quantiti&s
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k=k; , = ;,and b= 1 . In (3.33)-(3.35) we have split the shear stress and viscous

dissipation into the , = 0 contribution, i.e.,

T,= rv+ rv ' ér vl ; (3.36)
h [
o=tr T (rv)' ; (3.37)

and the , 6 0 contributions. Equation (3.36) can also be recognized asitimdimensionalized

version of the deviatoric viscous stress tensor.

In all that follows we will take the Reynolds number to be &rthe Prandtl and Eckert numbers

to be of order-one, and, = O(Rez) 1.
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3.3 Outer Solution

We now seek approximations to (3.28)-(3.30) for the lowmsier outer ow as well as its rst

correction by expanding the dependent variables as follows

v=Vo+ Vi+0( ?;

p=Po+ P1+0O( ?);

T=Te+ T1+0( ?); (3.38)
= Rg+ R1+0O( ?);

s=Sp+ S +0( ?);

where

Re z 1 (3.39)

and as suggested in the introduction,= O( 1). Here each component af will be scaled
the same as the others and, in anticipation of the existehtteedoundary layer, we ignore the

boundary conditions & (x) = 0. Substitution of (3.38) in (3.28)-(3.30) yields

r(~)=0( ?; (3.40)

~ rv+r p i v =0( ?; (3.41)
2
VI s= Eb—T row 2+0( 2); (3.42)
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where we have de ned

v Vot Vi

p Pot Pu;

T To+ Ty (3.43)
~ Ro+ Ry;

s St Sy

to simplify the appearance of (3.40)-(3.42). It should béedahat terms explicitly recorded in
(3.40)-(3.42) will also contain terms which are©f ) and such terms should be ignored when

more detailed expansions are carried out. We also note lbdbwest-order version of (3.40)-

(3.42) can be written

r (RoVo)=0; (3.44)
RoVo r Vo+r Pg=0; (345)
Vo r S =0:; (3.46)

which are recognized as the classical equations governingcid isentropic ow. When , =
0(1), (3.40)-(3.42) also reduce to the equations of invisciehipic ow. Thus, in the classical

b = O(1) theory, theO( ) perturbations are caused only by the boundary layer displaat
thickness. In the present case, we take= O( 1) and the viscous terms proportional tg
are non-negligible at rst-order. That is, rst-order centions to the outer ow are due to both
classical displacement thickness effects and (bulk) us@ifects when, = O( Re%) =0O( Y.
The viscous effects are seen to be related to the comprdgsitbithe lowest-order inviscid ow,
ie.,

1
r v r Vy —Vo 1 Rp
Ro
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and can be ignored if the lowest-order outer ow is incompiele.

The far- eld boundary conditions (3.32) reduce to

V! i~ LT! Lp! O0s! O (3.47)

asjxj! 1 . By combining (3.46) and the last of (3.47), we can show 8at O for all x and

thatS; is given by (3.42):
b

Vo r Si=E r Vo 2: (3.48)

olo
Thus, when , = O( 1); s = O( ) in the outer ow and the perturbations caused by the dis-

placement thickness are not only viscous but involve egtgspdients even in a shock-free ow.

The outer ow is also seen to be rotational at the order of tispldcement thickness corrections.
This fact can be seen by taking the curl of (3.41), by usind Wwebwn vector identities and the

thermodynamic identity
@p _

@s TG; (3.49)

whereG  a?=g is the Griineisen parameter and

1 (3.50)

®®

T

is the thermal expansivity, to yield a modi ed version of taticity transport equation. In terms

of the dimensional variables this modi ed vorticity tramspequation reads

v r! I rv+ %r [GTr s r ()] (3.51)
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where! =; r v = vorticity, and
bV, (3.52)

where b= IS the kinematic bulk viscosity. The accuracy of (3.51) ientical to that of
(3.40)-(3.42), i.e., the terms neglected in (3.51)@(&)? 2=L? ;). The term on the left of (3.51)
is the time variation ol on a particle path, the rst term on the right of (3.51) is thartex
stretching term and the term proportionalrto r sis the baroclinic vorticity generation term
found in the classical inviscid version of the vorticityrisport equation. The term proportional to
r r () arisesdue tothe rst-order viscous term in (3.41). Becahsedimensional entropy
variations are of orderc,; , the last two terms in (3.51) can be shown to be of rst-ordéew
b=0O( 1). Thus inthe case considered here, i.g.= O( 1), the last two terms on the right

of (3.51) will beO(U? =L ? ;) and the rst-order outer ow will be rotational, i.e.,

U
=0 —
L
The rst-order vorticity is seen to be due to the entropy geats caused by viscous dissipation

term in (3.42) and the viscous term seen in the momentum iequaEt41).

A modi ed Bernoulli equation can be derived by dotting (3)4dith v and by using standard vector
identities, Gibbs' relation (3.16), and (3.42). In dimensal variables, this modi ed Bernoulli
equation reads

jvj?

h+ — constant (3.53)

on particle paths, where is again given by (3.52). Here, the terms neglected in (3268)
O(U? 2?). It can be shown that the shock jump conditions are the clalsgimp conditions with
the pressurereplacedby o v=p , atleastto rst-order. As aresult, (3.53) holds along

all particle paths, including those which pass through Eheaves. If we employ the boundary
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conditions (3.32), we conclude that

H H, (3.54)

for all particle paths even when shock waves are presene ler h+ jvj2=2is the total enthalpy

andH; h; + U2?=2. Thus, because, > 0,

> 1 >
H<H,; wherever v= —v r <O;

i.e., the total enthalpy exceeds the freestream total gaytha all regions where the density is
decreasing along the streamline and is less than the feeestenthalpy in all regions where the
density is increasing along the streamline. At stagnatmntp,v = 0 and the stagnation enthalpy
is

Because the entropy increases along every streamline doédoshock waves and the rst-order
energy equation (3.42), Gibbs' relation (3.16) can be useshbw that the stagnation pressure,
i.e., the pressure at stagnation point, will be less tharpthesure obtained during an isentropic

stagnation.
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3.4 Inner Solution

We now analyze the boundary layer using the surface-oderterdinate system de ned in the

appendix B. The curvilinear components of the velocitidélvé scaled as follows
vi=Uu; v = Uv; 3= Uw (3.55)
and the spatial variables will be scaled
1=L g 2=Ln= L (3.56)

whereu; v; w; 1; 2; fhwill be takento beéD(1) in the boundary layer. The remaining dependent
variables have the same scalings asin (3.27),i®.,1 ;p pr = 1 U?p;T=T, T;s s =

Cp1S. The mass, momentum, and energy equations (B.4)-(B.8fthrerread:

@@ul)’L@@\;)”L@@V»V)’L U ot Vot w Ril+Ri2 - 0(? (3.57)
Uru+tvu o (V)2 21+\g—? +@@lp "
:%+ £, R£1+Ri2 +0( 2 (3.58)
U rv+uv o (U)212+\|;—V:+@@2P "
@é‘;z— . R1+ R% +0( ) (3.59)
gh A (Ig)l2 % + 0( 2 (3.60)

h i 1
™ rs=E "o+ "M v ﬁi q+ O( ?); (3.61)



whereR; = R;=L = O(l), R, = Ry=L= O(l),

L @b
=L = =~ = 1
21 21 hth@l O( )
L @h
=L 1p= —= = O(1):
2=k e i e, °W
The scaled version of (B.9) is
L @A @A @A
VrA —vriAzsu=—4+v—1+w—
U @ @: @

whereA is any scalar and the scaled divergence aeihdq are given by

1 1

: V:%U+%V+%IV+V12+”21+W R TR, PO
B @ ,a 1 1 a .
La= G ke " *r'*'r @ O

The quantity” is the scaled version of (3.52), i.e.,

N 1|— bl{
= = 2 = O(1):
5 v=0()

The scaled components of the stress tensor are given by

fSl =2 |531J fsz =2 Iﬁ32

and the scaled components of the stretching tensor are

1 @u wu :
Iﬁ31—5 @ R_l + 0O( 9)
_1 @v v 2y.
Iﬁ32—5 @ R—2 + O( 9):
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(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)
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The rescaled version of (3.37) is
h [
"o=4 (Ba)?+(D3)? + O ?: (3.70)

The scaled versions of the boundary conditions at the bodgsiare

u=v=w=0 (3.71)
and either
T = Tw = Tw=T1 = constant for an isothermal body
or
a _ L
@ 0 for an adiabatic body (3.72)
onn =0.

Inspection of the mass, momentum and energy equations)(3(37/61) reveals that the primary
change to the, = O( ) rst-order boundary layer equations is the replacementefriegative
pressure by the normal stressesTy; T,p, or T3z which are p+ u(r Vv)when =

O(= )= 0( Re%). Similar conclusions can be made for the rst-order outew.o

The energy equation (3.61) can be recast as an equatioreftartiperature through use of thels
equation

Tds= c,dT ldp;

and the mass equation (3.57) to yield:

oV rT=E"+ET 4L r(p S+ E (T 2 r(f§+ AN %ﬁ q+O( ?);
(3.73)
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where

\ _@ufj avyi  awi
V)= e e T @

The quantity (3.74) is just a scaled versiorrof (v ) and is the scaled, steady state version of

+U 21+V 12+ O(): (3.74)

Emanuel's functior [24]. As in equations (3.58)-(3.60), the pressure appealssas the normal
stress p+ . Except for this modi ed pressure, the only contributiortiné large bulk viscosity
are the third and fourth terms on the right hand side of (3.T8p third term will affect the ow

if and only if the uid is a non-ideal, i.e., pressurized, gd$ie fourth term will always contribute
when the lowest-order boundary layer ow is compressibld ean be regarded as a heat source

for the rst-order problem.

Ordinarily, we would further expand the dependent varigblefollows

u=up( 1; 2;A)+ uq( 1; 2;N)+ O( 2)
V= Vo( 1, 2;ﬁ)+ Vl( 1, Z;n)+ O( 2);
W = Wo( 1, 2;ﬁ)+ Wl( 1, Z;n)+ O( 2);

(3.75)
ol 1 2:A)+ (15 23M)+ O( ?);

P=po( 1; 220+ pi( 1, 2:N)+ O( ?);

T= o1 220+ 1(1; 20+ O(2):

Although we will use the explicit expansions (3.38) and 83.ih the next section, here we will
simply regard the variables seen in (3.57)-(3.61) and @ssatequations as representing the rst
two terms of the expansions (3.75). A similar grouping ofrtervas convenient in the examination

of the outer ow in Section 3.3.
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3.5 Matching

We now establish the boundary conditions for the outer owhatinner boundary, i.e., the body
surface, and the boundary conditions satis ed by the boynldger variables as the outer ow is
approached using the method of matched asymptotic expenisioVan Dyke [31]. The matching
will be carried out in the curvilinear coordinate systemaldxed in the Appendix B. The inde-
pendent variables in the outer region of Section 3.3 willddeeh to be;; ,;n  n=L = fHand
the dependent variables in the boundary layer will be takdpet ;; ,;f n=. The velocity

components in the outer region will be written

vi=U( 1; 23n)+ Us( 15 2n)+ O( ?)
Vo= Vo( 1; 2;n)+ Vi( 1; 2;n)+ O( ?) (3.76)

Va3 = Wo( 1; 2;n)+ Wy( 1; 2;n)+ O( ?)

and the remaining dependent variables will be given by the$osseen in (3.38) with independent

variables taken to be; 5 n.

Here we will simply summarize the results of the formal matghof the rst-order outer solution
to the rst-order boundary layer solution. The details af thatching of the 1, 2 components of the
velocity and the pressure, density and temperature aretedbethe same and result in constraints

on the boundary layer solution only. These constraints eanriiten

Uo(S1;S2;f)  Uo( 15 ; 0) + of1);
Vo(S1;82;1)  Vo( 15 2;0) + o1);
o(s1;82;M)  Ro( 1; 2;0) + o(1); (3.77)
o(s1;s2; ) To( 1; 2;0) + o(1);

Po(S1;S2;M)  Po( 1; 2;0)+ o(1);
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ui( 15 2;M) ﬁ%'( 13 2,0)+ Us( 15 2;0) + of1);

vi( 15 2; M) ﬁ%( 15 2;0)+ Vi( 15 2;0) + of1);

1( 15 2:0) ﬁ%a( 1 2,0)+ Ru( 15 2;0) + 0o(2); (3.78)
1( 15 2:0) ﬁ%c;( 13 2;0)+ Ta( 15 2;0) + o(1);

pu( 15 2:M) ﬁ%( 15 2;0)+ Pi( 1} 2;0) + o(2);

asn!1 . Herethe terms on the right-hand sides of (3.77)-(3.78rameputed from the lowest-
order and rst-order outer solutions. Because there areamstcaints on the 1 and 2 components
of velocity in the outer region, the outer ow will be free ttsat the body surface even though

viscous effects are non-negligible at rst-order whege= 0(  1).

The matching of the normal component of velocity proceedssy differently and yields different
results due to the fact thag = O(U ) in the boundary layer angs = O(U) in the outer ow.

The result of this matching yields

Wo( 1; 2;0)=0
(3.79)

Wi( 1; 2:0) = Ai!rln Wo( 1; 2;h) ﬁ%y( 1, 2,0)
The rst of (3.79) requires that the lowest-order outer owatis es the no-penetration condition
and the second condition of (3.79) provides @) perturbation leading to boundary layer dis-
placement thickness effects. If we compare the above dondito those obtained in the classical,
i.e., p= O( ), boundary layer theory, we see that the boundary conditmrtbe inner and outer
ows are unchanged when, = O( = ). The primary difference, at least in the present context,

is the addition of the normal stresg(r v) to the equations of motion. Furthermore, the gen-

eral procedure for the computation of the higher-ordereaxiions to the inner and outer ows is
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essentially unchanged.

3.6 Flat-Plate Boundary Layer

In this section we determine the simpli cation to the bounydayer equations (3.57)-(3.60) and
(3.73) possible when we restrict the ow to be two-dimensiland over a at plate. The condition
of two-dimensional ow requires that all derivatives in the direction are zero and that= 0. In
order that the surface be two-dimensional we fakey;i+ y,j in (B.1), wherd; | are the cartesian

base vectors in the ow and transverse directions, resgagtiAs a result, we may take
ay=a=1 ande;Rzll ;

from which we conclude thdt; = h, =1 and 1, = 2 = 0. Thus (3.60) can be integrated to
yield
p "= function of only; (3.80)

where we have written= ;. For a two-dimensional ow over a at plate, the lowest-orariter

ow solution can be written
PQ;S():O; R():To:l;Vo:i: (381)
The matching condition on the pressure (3.77)-(3.78) gield

p  Pi(;0)ash!l : (3.82)
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The matching conditions on velocity and density along whi iinass equation (3.57) yields

AN

I Qasn!l (3.83)

Thus, by combining (3.80), (3.82)-(3.83) we nd that

p= [Pi(; 0+ T+ O(? (3.84)

for all ; A. Thus, the pressure in the boundary layer is given by thesiclasperturbation in the
outer solution due to the displacement thickness and thealostress associated with the bulk
viscosity; the latter is represented by the second term.B4§3 The perturbation ip due to the

bulk viscosity can be written

" o( 0} 0) %"+ %U (3.85)

and will vary with both andnf. Thus, when , = O(= ) = O( Re'™), the rst-order pressure
is no longer constant across the at plate boundary layee mlass equation and plate conditions
(3.71) can be used to show that 0 atf = 0. As a result, there is at least one local maximum

or minimum in the ™ vsA curve.

By substitution of (3.84) in (3.57), (3.58), and (3.73) weaib the following reduced forms of the
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rst-order boundary layer equations:

@u), @w) _

2\ .
5 G = 00 (3.86)
@u @u_ dP_ @ @u 2.
u@+w@+ i@ @ + O( 9); (3.87)
a.  a _ @u’ 1 @ @
“Ye™Ma Tt @ "r@ ‘@
+E Tu ?+E (T W r(f+ r'w?) +0(?2 (3.88)

where the transverse component of the momentum equatio®) (i3.satis ed automatically. The

boundary conditions corresponding to (3.86)-(3.88) aearth O versions of (3.71)-(3.72) and

u 1+ Uy(;0)
1+ R4(;0) (3.89)

T 1+ T4(;0)

ash!1l

Because the outer ow is a uniform ow, it can be shown that siasnd momentum equations,
(3.86)-(3.87), are of exactly the same form as those of thesidal , = O( ) rst-order theory.
The energy equation (3.88) differs from the classical ostler at plate equation only through the

last two terms of (3.88).

We conclude this section by computing the pressure vandB8d4). The detailed calculation of
each term in (3.84) requires a detailed solution of the Itveeder version of the boundary layer
equations (3.86)-(3.89) which is recognized as the clakkiwest-order boundary layer solution

fora atplate. As a result, we employ a conventional Levyekeimilarity transform to the lowest-
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order versions of (3.84)-(3.89). The second term in (3.84y then be written

0
= blF 0. (3.90)
2 0
where J d o=d, isthe Levy-Lees similarity variable
1 4o
p— odn (3.91)
2 o
andF = F( ) is the nondimensional version of the stream function
21 1U)F(): (3.92)

Relation (3.90) holds for arbitrary uids. If the uid is ardeal gasT = 1 and (3.90) simpli es
slightly.

We denote the dimensional form of the boundary layer andatispnent thicknesses bid ( )

and Ld (), respectively. The scaled boundary layer thicknd{sg is then given by inverting

(3.91) to yield q_7 . .

d( ) 2 —d; (3.93)
0 0

where . is the value of the similarity variable at the edge of the lotarg layer. In terms of the

Levy-Lees similarity variable, the scaled version of theptiicement thickness is given by

d() 2 — F° d: (3.94)
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we have q
d' d 2F ( o): (3.95)

Oncethad = d () is determined we may compute the pressure perturbatioeiauter ow due
to the displacement thickness. Because the lowest-order aw is a uniform ow, Wy( ; 0) =0
and it can be shown th&;( ) is determined by solving the thin airfoil equation subjexthe
boundary condition

Wy(;0)= ? = 2—3
In the remainder of this section, we take the outer ow to bpesgonic so that the pressure per-

turbation is given by

1 dd
1(:0) MzZ 1d ( )

which yields the well known result that the rst-order press perturbation decreases as ina

supersonic outer ow.

We now solve the Levy-Lees similarity equations to detesfirf );FY );F°? ), o( ); 9( ),
etc [32]. for the special case of a perfect gas, i.e., an gEsalvith constant speci ¢ heats, a Prandtl
number = 0.7 = constant, a shear viscosity which is lineabsohite temperature, and a freestream
Mach number oM, = 2. The value of . is determined by the conditidRY o) 0:99. Ata
given , the value ofP; is determined from (3.93)-(3.96). The variation of ata given is then
given by (3.90) once the Reynolds number and the value andtizar of | is chosen. In the

following examples, we use a Reynolds number of 30000 and .

For our rst example, we consider an adiabatic wall and hde&tgd p= P, vsh=din Figure 3.2.
The quantityp= P; is the pressure perturbation scaled with that due to théadisment thickness
and is unity in the classical, = O(1) rst-order theory. The quantitpi=d is recognized as also

equal to the dimensionalcoordinate divided by the dimensional boundary layerkigss. Each
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Figure 3.2: Scaled pressure vs. physical distance measarethl to the plate for different values
of bulk viscosity to shear viscosity.

curve in Figure 3.2 corresponds to a constant value,ofValues of ,, were taken to be 0, 0.7,
100, 200, 300, 400, 500. Becausgs constant with, the variation irp= P; re ects the variation
inf v, i.e., the coef cient of ,in (3.90). For the adiabatic plate, the temperatyre o )

decreases monotonically with increasingr A andp=P;  1is always positive.

In the simple case of an adiabatic plate, perfect gas, aonBtandtl number, and Chapman-

Rubesin parameter equal to unity,

F=F()

0= ol ;PrE)=1+ E( ;Pr):
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Figure 3.3: Scaled pressure vs. physical distance measorathl to the plate for different values
of freestream Mach number for bulk viscosity to shear viggaatio = 500.

Thus, the Eckert numbdt = U?=g; T; = M?( 1) can be scaled out to yield a simpli ed

version of (3.90):
N b E 2
= ——F °_.
2 1+4E7%

If we also take , = constant the dependence of on Mach number is therefore obtained
explicitly. For this simple case,” grows roughly linearly with increasingl 2 , particularly when
1. Becausal;d andP; will vary with E, there will be a redistribution and further stretching

of p= Py with M 2.

For the case of , = 500 we have plotted the variation @& P, with fA=d for various values of

M, in Figure 3.3.



40

2.0 T
----- ew=1
—— 6W=1.5
15 —> — adiabatic wall
-—-=0 =2
w
A
n
d
1.0 .
05 |
0.0
0.95 1.00 1.05 1.10 1.15 1.20
p
ESP1

Figure 3.4: Scaled pressure vs. physical distance measwradal to the plate for heated and
cooled plates for bulk to shear viscosity ratio=500. Hefe= wall temperature divided by the
freestream temperature.

In Figure 3.4, we have plotted the variationwf P; vs. n=d for heated and cooled plates for
b = 500 = constant. As a reference, the case of an adiabatic platedsratluded. In the case

of heated walls, i.e., the cases @f = 1:0and1.5, o has a local maximum which, from (3.90),

requires that "= 0 at the local maximum of. Thus,p=P; 1 will change sign for heated

walls.

As discussed by Cramer [23], the value gfcan vary signi cantly with temperature. As a result,
the variation ofp= P; will, in general, differ from that predicted by a calculatiosing constant
b. TO illustrate the differences possible, we consider tree cd methane (CH. Below 260 K,

the primary contribution to the bulk viscosity of Gli$ the rotational mode resulting in, = O( )
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Figure 3.5: Variation of the bulk viscosity of methane wigéimiperature.

and a weak increase in, with temperature [23].

At higher temperatures, the vibrational mode is dominagityng bulk viscosities which are hun-
dreds of times larger than the shear viscosity. The temyeraariation of the dimensional bulk
viscosity of CH, has been plotted in Figure 3.5. From 100 K to 300 K, the powertigiven by
Cramer [23] is used. The rotational contribution is set étuaero forT > 300 K. Below ap-
proximately 260 K, the vibrational mode is deactivated dre&hibrational contribution is set equal
to zero. Above 260 K the vibrational portion of the bulk visitg is computed from the Landau-
Teller t given by Equation (30) of Cramer [23] and added te tlotational contribution. At 300 K,
there will be a relatively small discontinuity in,. However, at 300 K the vibrational contribution

is much larger than the rotational contribution and theahsiauity will have no signi cant impact
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on the following plots or discussion. In Figure 3.6, we congghe scaled boundary layer pressure
using the variable ,, of Figure 3.5 to that computed with a constapt As in the previous calcu-
lations we take the gas to be perfect with = 0:7, a shear viscosity proportional to temperature
and a freestream Mach number of 2. The plate is taken to beattia The freestream Reynolds
number is 30000 and = 5. The ratio of speci ¢ heats is computed from the freestreamger-
ature and the data and correlations of Reid, Prausnitz, ahdgR(1987). In the cases computed
using a constanty, the freestream bulk viscosify; ) is used. Wheid; =200K, ; 1.4and
the vibrational mode is not activated in the freestream. Aessalt, , = O( ) in the freestream
andp=P; 1lwhen a constant, is used. However, the wall temperature is approximatelyk328
resulting in a layer of large bulk viscosity uid near the Wal
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Figure 3.6: Scaled pressure vs. physical distance measoredhl to the plate for realistic and
constant bulk to shear viscosity of methane.
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As seen in Figure 3.6 the computed pressure perturbatioatdsvsigni cantly from that of the
constant , case belowh = 0:6d. At freestream temperatures of 300 Kand 400K  through-
out the boundary layer amak P; is of the same general size as seen in the previous calaquatio
regardless of whether a variable or constant bulk viscasitised. Whed; =300K, ; 13
and the wall temperature is 452 K which is in the neighborhafaithe local maximum in , seen

in Figure 3.5. Thus, the bulk viscosity is always larger thia@ freestream value and the pres-
sures are noticeably larger than those computed wth ; . WhenT; =400 K, ; 1:25
and the wall temperature is approximately 569 K. InspectibRigure 3.5 reveals that the bulk
viscosities in the boundary layer are always near the lo@dimum of ,. As a result, there is
little difference between the pressures based on consgartd those based on variablg When
the freestream temperature is larger than approximatéyk4she bulk viscosity in the boundary
layer will always be less than the freestream value. At thessgeratures the pressure levels in an

actual boundary layer will always be less than those contpwith , = | .
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3.7 Conclusion

We have examined the simplest and most obvious effects @é laulk viscosity on three dimen-
sional, steady ow over bodies at large Reynolds numberse Etio of bulk to shear viscosity
was taken to be (3.8). The method of matched asymptotic expaswas used to develop a rst
order theory for both the outer and inner ows. With (3.8) #ffects of large bulk viscosity on the
outer ow are on the order of the perturbations due to the lolauy layer displacement thickness.
It may be of interest in future studies to examine the effettarge bulk viscosity on stronger, i.e.,
bilateral, inviscid-viscous coupling. An important retsol the matching is that the outer ow still
slips at the body surface in spite of the fact that the rstesrtheory is frictional, rotational, and
non-isentropic. When (3.8) is imposed the effects of thgddoulk viscosity on the boundary layer
are on the same order as the effects of three-dimensionbldwever, the bulk viscosity effects
remain even when the ow is two-dimensional and over a attplaThe primary effect on the
momentum balance is the replacement of the pressure by ¢éssyse minus the viscous normal
stress yr V. As aresult the bulk viscosity causes rst order variationthe pressure across the
boundary layer even for at plates. The rst order energy &gon is modi ed in a more signi cant
way. For ideal gases, the correction to the temperaturetiegua related toa ux of ;v v. In
future studies it would be of interest to examine the effé¢hs source term on the skin friction
when the Chapman-Rubesin parameter is not equal to 1 (resuit coupling between the en-
ergy and momentum boundary layer equations) and the effedteat transfer. Because we have
presented a rigorous and systematic theory of the effedergé bulk viscosity on the classical
inviscid approximation, the bulk viscosity effects aretresed to being small corrections on the
lowest order classical theory. We nevertheless believiealnaresults are of value particularly in
modern times when aerodynamic theory is mature, highlyed and is frequently concerned with
small improvements. This work also provides engineers witldance for the design of power

systems and turbomachinery using uids other than air angkw@ur work and Emanuel's [24]
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can also suggest further studies into the effect of largk Wistosity on stronger inviscid-viscous
interactions, e.g., separation, or hypersonic ows, dltg, entropy and vorticity layers found in

very high speed ows.



Chapter 4

Shock-Boundary Layer Interaction for

Large Bulk Viscosity Fluids

4.1 Introduction and Motivation

Flow separation leads to loss and vibration in turbomagcfiaed causes increase in energy use and
higher maintenance cost. The cause of separation is thesgdpeessure gradients, i.e., pressure
increase in ow separation. In turbomachinery and aerdonalfpplications shock waves are
a source of inde nitely strong adverse pressure gradieAtsliagram of shock boundary layer
separation is sketched in Figure 4.1. The incoming shoclogep an adverse pressure gradient
which generates a back ow in the near wall regions formingoatex "bubble" as sketched in
Figure 4.1. The separation and reattachment points aretsgatn Figure 4.1. Because boundary
layer thickness increases a weak compression shock isajedaspstream of separation which
is referred to as the separation shock. At the reattachn@nt, @ reattachment shock forms as
sketched in Figure 4.1. The incoming shock re ects as anmesipa. Due to the fact that shocks are

normally regarded as being in nitely thin, shock waves agpad model for the study of any abrupt
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Figure 4.1: Shock-boundary layer interaction.

change imposed on boundary layers. The purpose of this peresis is to examine the effect of
large bulk viscosity on shock-induced separation. Studfeshock boundary layer interaction
have been carried out by experimental, numerical and acalyheans. The best known theory
for shock-induced separation is the triple deck theory wltlee viscous-inviscid interaction zone

is found to be divided into three layers.

According to the results of Katzer [33] and Kluwick [34] theterion for separation can be written

as

_ >K s (4.2)
Clg
wherecyr, M1 and ¢ j, are the pressure coef cient for the total pressure rise, dkee Mach

number and the skin friction coef cient before the interantzone respectively and the value of
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Ks 2:6 from Katzer's calculations. According to other referenBasgenerally varies between
2 and3. Thus, separation will depend on the upstream Mach nuntieesttength of the incoming
shock (througlc,t) and theRe at the shock impingement point. Here we consider the effect o
large = . This is a fourth parameter which we can regard as an indegpenhrameter. The

thickness of the incoming shock is expected to be dependhetiisobulk viscosity as follows

L1
= O(2=2); 4.2
() (4.2)
see [22]. The quantitiRe = YL 1 s just the Reynolds number based on the freestream
velocity U, the freestream density; , andL is a macroscopic length scale. As the bulk viscosity
increases, the shock will thicken. According to the tripéekitheory the length of the interaction
3

zone is of ordet.Re &. Thus, the incoming shock will no longer appear as a disoaitti when

the shock thickness is of the same size as the interactian zen when

b 11 3
——-=0(Re s .

Re O(Re 38) (4.3)
where = a non-dimensional measure of the shock strength, &L'f’g.where p is the pressure
jump across the shock aipg is the freestream pressure. The triple deck theory alsdnesgjthat
the disturbance carried by the shock O(Re %). The shock will no longer appear to be thin

I’E|atlve to tl ] i| Itel’aCtIOII Zone Whe“

Thus, when (4.4) holds we expect that the results of Katz8} §8d Kluwick [34] will break
down. Because the incoming shock is no longer thin compardle length of the interaction
zone it is reasonable to conjecture that the shock thickewitl lead to a decrease and perhaps

full suppression of separation. The main goal of this pathefthesis is to demonstrate that this is
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the case.

In Section 4.2, we discuss the condition of local thermodyicaequilibrium (LTE). It is shown
that in case of large bulk viscosity uids, the uid is in edilorium throughout the interaction zone.
The equations, boundary conditions, assumptions and aarpaters are provided in Section 4.3.
In Section 4.3.1 we introduce the numerical scheme usedlve sile equations and in Section
4.3.2 we discuss the validation of the code by comparisom®feikact and numerical solutions
of re ection of an oblique shock wave from a at plate based tbe inviscid theory. We also
compare the boundary layer similarity and (Navier-Stokesyerical solutions for a pure boundary
layer ow. Finally, we compare our numerical solutions wilevious studies of shock boundary
layer interaction. In Section 4.4 the result of interestahhis that separation can be reduced and

suppressed when uids with relatively large bulk viscosatg used.

4.2 Local Thermodynamic Equilibrium (LTE)

When working with large bulk viscosity uids, it is always @dable to check whether the con-
dition of local thermodynamic equilibrium (LTE) is satisle see, e.g., the discussion of Section
3.1. We begin by considering the expression for the thickiés shock from (4.2) which can be

simpli ed to

b
U .

L p1_

— 22 =

Re ) (4.5)

Here we take the shock strength to be small so that 1. If we recognize that, = O(p; )
[30], [22] and [24], where; is the relaxation time for the internal energy modes; seg, €.3),

then the time a uid particle spends in the shock is

b 1
uz

_ Pt iy _ i .
= o(-Fp =0 i (4.6)
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where we have takeﬁi— = O(a; ?) and the Mach number % = O(1). Herea is the
sound speed evaluated in the freestream. Thus, the uidb&lin local equilibrium at every
point in the shock, even ify 0 i ¢ the molecular collision time. As discussed
in the introduction we will take the shock thickness to be shaene order of magnitude as the
shock-boundary layer interaction zone. Thus, the uid wlBo be in equilibrium throughout the

interaction zone and we conclude that LTE is satis ed inladittfollows.

4.3 Formulation

In this part of the dissertation we take the ow to be steadg-thmensional and governed by the
Navier-Stokes equation given in Appendix A. The ow will beersonic and over a at, adiabatic
plate. We introduce an oblique shock wave at the in ow bougpd@ndition. This shock strikes
the plate at a point = L from the leading edge of the plate. This impingement poinbimputed

from conventional inviscid oblique shock theory. The couargtion is sketched in Figure 4.2.

The uid model is that of a perfect gas, i.e., the equationtafesis taken to be
p= RT; 4.7)

and the speci c heats are taken to be constants. Rarethe gas constant. The shear viscosity is
taken to be proportional to the absolute temperature anBridwedtl numbe(Pr) is taken to be a

constant so that the thermal conductivity is given by
k=(cyp=Pr (4.8)

wherec, the speci c heat at constant pressure. The ratio of bulk éaskiscosity is taken to be
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Figure 4.2: Sketch of the computational domain.

constant, i.e., ,= = constant and the second viscosity is therefore given by
2
—= — 3 = constarnt (4.9)

The chosen values of = ¢,=g, »=, Pr, etc will be taken to be those of freestream. To solve
the Navier-Stokes equation for the steady ow numerically will solve the unsteady equations
seeking the steady state asymptote. To resolve the detdiis mteraction zone we will employ

a coordinate system which is stretched in the direction mbtomthe plate, i.e., the y-direction in
Figure 4.2. The mapping used for the stretching is given by

+1 y=H

y.
TR Ev=

X _ +1
L —In(—l) (4.10)
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whereH is the value ofy at the upper computational boundary and the stretching parameter
having values in the range< < 1 . Mappingyields =1 aty=H and =0 aty =0. As

'l we obtain a uniform grid, i.e.,

It is easily veri ed that the metricof the'  (¥;%;2)$ x' (; ;z) mappingis

0 1
1 0 O
%o f_2 og (4.11)
0 0 1
where
o
4.12
dty=H) (4.12)

Thus, our coordinate transform is orthogonal and

(4.13)

whereg is the determinant of the metric (4.11). In many texts on cotagonal uid dynamics,p g

is the inverse of the Jacobian. We now write the two-dimeradiform of Navier-Stokes equations

in a conservative form and transform these equations udid@) to obtain:

@ o & _aov a@av
@ @x @y @x @y (414)
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where 8 9
p g u =
Q= ; (4.15)
; pg (e+ u2;v2) ;
8 9
Psin+ 02 2
F a(p ) X (4.16)
2 T
PG ue+ o+ VR
8 9
% p@f_v %
p@f_ uv -
G= (4.17)
% Patp+ V) %
Pat_vie+ 2+ vy
8 9
o
E 11 -
FV) = Eegs : (4.18)
Res 12
Res (Wl ql) '
8 9
o
g =
GW = F;egs (4.19)
Res 22
Res (W2 q2) '

whereQ represents the 4-vector density dadG; FY; GV are the 4-vectors representing the in-

viscid and viscous uxes of the system. The overbars denotalimensional quantities de ned
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by:
(xy)  (Xy)=Ls (4.20)
t t=(Ls=a ) (4.21)
= (4.22)
p p=1iaf (4.23)
e e=g (4.24)
T T=h (4.25)
(u;v)  (uv)=a (4.26)
i l";l i (4.27)

The components of the nondimensional power of the viscoass#g/V; are related to the dimen-

sional quantitiev;  j v; by

Ls

Wi
1 @8

and the components of the nondimensional heat ux ve@pr are related to the dimensional

quantitiesg by
Ls
ki Ty

g q; (4.29)

In (4.20)-(4.29), the subscripis denote quantities evaluated at the freestream. The guantit

a L
Rel: 1 Ls 1

(4.30)

1
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is the Reynolds number based logand the freestream sound speed. The quantities

Wi g W, G (4.31)

PrEc

where
af
CpT1

which is recognized as an Eckert number based on the soued.s@ée constitutive relations

Ec (4.32)

discussed in Appendix A can be used to show

a
= k—; 4.33
Ch @ (4.33)
_ ka,
G = p—g @ (4.34)
n=( +2 )%+ ﬁ—g% (4.35)
@, (*r2)a
22 = @ + _pﬁ—@ (4.36)
2= 1= (% + ﬁl—g%) (4.37)
where
= — (4.38)
1
_ _ b 2 _ b 2\,
=—=- 37 (— 5)’ (4.39)
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We note that (4.12) can be used to render (4.17) indepenﬂgr‘g andf_. The quantitiegv 1 now
become

Wi= nut 1V (4.41)

W2 = 22U+ 22V (4.42)
The plate is located gt = 0 and the plate leading edge is located at xo. The in ow condition
is the free stream supersonic ow. The shock enters the dothaough the left-most boundary.
The ow variables ahead and behind the shock have been cad@untd imposed for the in ow

condition. At the out ow and top boundaries, the zero gratlieondition has been used for ow

variables. The physical boundary conditions at the adielpédte are

Slle

(4.43)

at the plate. Here we follow conventional practice in comagiohal uid mechanics and take

@
— =0 (4.44)

@

at the plate. In order to impose the in ow boundary condifitme ow parameters behind the
shock wave is set according to the free stream values. Thatitjga above the shock wave is set
according to the post shock conditions, but at the shock;j sgeesatmentis required to get a shock
of uniform thickness entering the domain at the in ow. Theoaming ow is taken to contain the

oblique shock. Ordinarily, the shock is modeled as a disnaity. The shock then smears due

to uid viscosity and heat conduction. In the case of modemt zero bulk viscosity, the nal
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thickness is attained in a relatively short distance. Hexewhen a large bulk viscosity uid is
used, the thickness of the shock is considerably largerttietrof a shock in a moderate or small
bulk viscosity uid; see, e.g., Section (4.2). The distamequired to attain the nal thickness can
also be relatively larger for uids with large bulk viscogifThe required computational domain to
attain a mature shock wave can be quite large and can reguibimbitively large computational
times. We therefore introduce the oblique shock by using aosimtransition corresponding to

the Taylor shock structure. In terms of nondimensionalaldés, the resultant Taylor structure is

found to be
p=p + 2 . P+ tanh(z(éyo))] (4.45)
14+ 21 [1+ tanh(w)] (4.46)
u= M, + % [1+ tanh(w)] (4.47)
V= % [1+ tanh(z(éyo))] (4.48)
y= R:ieTjizj (4.49)

where”; =1+ %a is the fundamental derivative of gas dynamics which is eqma%%l

S

for perfect gases. The quantity

1
ai

b 4 11
— o+ -+ 4.50
1 3 Prq ( )
wherePr; is the free stream Prandtl number and
+ o y+[tanj ijl(x Xs) (4.51)

with j ;j  the exact shock angle for incident shock from the obliquekhables ands is the

position where shock hits the plate.
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4.3.1 Numerical Schemes

In this section we describe the numerical scheme to be eraglagpd the implementation of the

numerical boundary conditions.

For the in ow boundary condition other than the shock logatwhere the Taylor shock structure
is used, the boundary conditions for the points behind areadlof the shock are computed from
the oblique shock tables and imposed @ioandv components of velocity, pressure and density.
At the out ow and top boundaries zero gradient for velocipngonents, pressure and density is
imposed. Upstream of the plate the symmetry boundary donditire imposed far, pand and
the anti-symmetry is imposed for At the plate in order to impose the no slip boundary conditio
anti-symmetry is imposed far andv. The spatial discretization is done by a fth order weighted
essentially non-oscillatory (WENO) scheme and the tempdisgretization is done using third
order Runge Kutta scheme. The WENO scheme avoids spurigiitsns near shocks, the so
called Gibbs phenomena. This scheme is uniformly high caxdeurate and resolves the non-linear
shocks with sharp but monotone transitions. This schemernssmearing near discontinuities,
suitable for our purpose to eliminate the numerical smeatinbe able to study the pure effect
of bulk viscosity on shock thickening. WENO scheme is an iovpment to the essentially non-
oscillatory scheme (ENO) which was rst introduced by Hartt al. [35], Shu and Osher [36],
[37]. The nite volume form of ENO was developed by Harten walniwas the generalization of
total variation diminishing (TVD) schemes. Then Shu andeodtuilt the nite difference form of
ENO which was easier and more ef cient to implement. The WSENO scheme was suggested
by Liu et al [38] and further improved by Jiang and Shu [39].eTENO is a high order accurate
scheme which approximates the uxes at cell boundaries lopsimg the smoothest stencil from
all the possible candidates and avoids the spurious asaiilanear shocks and discontinuities.
For problems involving shock waves, second order schemeswell, however when both shock

waves and ne structures are involved, like shock entropyanateraction, application of WENO
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scheme helps to save the computational cost, (CPU time anagbrngeusage). WENO scheme
uses a convex combination of all possible stencils assygaweight to each stencil to determine
the contribution of each stencil. The weights are choserdas the relative smoothness of the
stencil compared to other stencils. The WENO scheme uses fgd@discontinuities and high
order centered schemes in smooth regions, [39], [40]. Irrtd implement WENO scheme,
local characteristic decomposition of waves must be chmig. First the uxes are separated
into characteristic wave families, then split using uxigfhg schemes and then the uxes at cell

boundaries are computed using WENO scheme.

4.3.2 Validations

The inviscid part of the code has been validated by companéthe exact and numerical solutions
for the re ection of an oblique shock from a at plate. The éstream Mach number is taken to be
2 and the incident shock angle is equaB®6 . A grid of 240 240points is used for a domain
of sizel2by 12 The pressure pro les of the exact and numerical soluticngtbeen plotted in
Figure 4.3 at a distance half way between the at plate andstieek entrance into the domain.
The agreement between the exact oblique theory and our mahscheme is seen to be excellent.
The viscous numerical solver has been validated by comgpdhia result of a boundary layer
similarity solution to our shock-free numerical solutiofihe local Reynolds number is assumed
to bel:5 10 the Mach number is assumed to dand the Prandtl number &7. A grid of
480 320points is used for a domain of siZ2 by 8. The u-velocity and temperature pro les
from exact and numerical solutions are plotted in Figurdsadd 4.5 and are seen to be in very
good agreement. There are about 30 points in the boundagy \Wyich matches previous studies

of pure boundary layer numerical solutions.

The numerical solver has also been validated by comparisibrpnevious studies which used the
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Figure 4.3: Comparison of pressure pro les of the exact ameherical solutions for an oblique
shock regular re ection.

Navier-Stokes equations to compute the shock boundary ilateraction. The Reynolds number
for this comparison is taken to 296 1, Mach number is taken to & the Prandtl number is
0:7, the ratio of bulk to shear viscosity,= is equal td):7 and the ratio of speci c heatsis equal

to 1:4. The incident shock angle is equal3&6 . A grid of480 320points is used for a domain
of size12 by 8. Our computations have been compared to the results fronCbtacack [41],
Zhong [42], Walters [43], Park [43] and the experimentalfessfrom Hakkinen [44]. As shown
in Figure 4.6 the result of the present study is in very goaeé@ament with previous studies and is
well within the scatter of the different calculations. Witkis and our unreported comparisons to
pure boundary layers and the inviscid oblique shock satstiove believe that the numerical code

is validated.
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Figure 4.4: Comparison of velocity pro les of the similariatnd numerical solutions for at plate
boundary layer.
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Figure 4.5: Comparison of temperature pro les of the simiiygand numerical solutions for at
plate boundary layer.
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4.4 Results

In the following we take the Reynolds number tob@6 1C°, the Mach number to be 2 and the

Prandtl number to b&:7. The uid is a perfect gas with a ratio of speci ¢ heats equalt4. The
ow de ection angle of the incident shock wave is taken to21& . A grid of 480 320points

is used for a domain of sizE2 by 8. The ratio of bulk viscosity to shear viscosity have the ealu
p= =0:7,200 400 600 80Q The value of , = 0:7 corresponds to the bulk viscosity of air at

300 K . The skin friction coef cient

G = —o (4.52)

where ,, the shear stress at the wall, has been plotted as a functwmnoFigure 4.7. Flow
separation, i.e., ow reversal, is indicated by negativiiea of the skin friction. When the bulk
viscosity is0:7, the ow is clearly separated with nite length separatiame. As the bulk viscos-
ity is increased the separation zone decreases and the nmmvadue of the skin friction increases.
Between ,= = 400 and60Q the separation zone vanishes and the minimum value of the sk
friction becomes positive. Thus, we conclude that sepamatan be suppressed once the bulk vis-
cosity is large enough. The contours of scaled pressurddssical and large bulk viscosity uids
are plotted in Figures 4.8 and 4.9. The value gf = is equal to0:7 and800respectively. As
seen from Figure 4.9 shock thickness increases and thesadwerssure gradient reduces for large

bulk viscosity case which ultimately will result in the suppsion of separation.



Figure 4.7: Skin friction coef cients along the plate fordg bulk viscosity uids.
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Figure 4.8: Contour of scaled pressure for classical uigs, =0:7.
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Figure 4.9: Contour of scaled pressure for large bulk visgosids,

b= = 800.
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4.5 Summary

We have used the WENO numerical scheme to compute the ititerat an oblique shock with a
laminar boundary layer on a at adiabatic plate. The uid waken to be perfect gas with a con-
stant Prandtl number and a shear viscosity which is prapmatito the absolute temperature. The
main result is the demonstration that the thickening of tieeck wave due to large bulk viscosities
is suf cient to suppress boundary layer separation. Thesjgay mechanism, i.e., the reduction of
adverse pressure gradients, is expected to occur in maay othis. In particular, we expect the
use of large bulk viscosity uids, e.g., GON,O, Sk;, etc., can lead to reductions in separation
in problems involving turbulent boundary layers, transowws or those in which the adverse

pressure gradients are generated at trailing edges byg,roatling or heating.



Chapter 5

Fluids with Non-Convex Equations of State

5.1 Introduction

The last problem to be examined is the two-dimensional gteaghersonic ow of a Bethe-
Zel'dovich-Thompson (BZT) uid over a thin airfoil or turloie blade. A motivation for this prob-
lem is toillustrate the complex ow patterns possible fangie airfoil shapes. The freestream state
will be chosen so that the fundamental derivative (1.2) ggatige for part or even all of the ow.
As a result, compression shocks will disintegrate into cazsgion fans or shock-fan combina-
tions. This disintegration is illustrated in Figure 5.1. @\gygested by the sketch of Figure 5.1, the
adverse pressure gradient carried by the resultant peesgwes ought to be signi cantly reduced
when they strike a neighboring turbine blade. The calooetipresented here are for inviscid
ows, but we expect that future computations will show thag teduction of the adverse pressure
gradient will reduce the occurrence of shock-induced sjmar in power systems. Support for
this expectation comes from the work of Cramer and Park [48) showed that boundary layer
separation can be suppressed when a pure compressionikas stilaminar at plate boundary

layer.
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Figure 5.1: Example of ow patterns with a BZT uid.

As an example, the variation of the fundamental derivatiee selection of familiar uids and the
heat transfer uids FC-43, PP10, PP-11, FC-71 is plottedgufe 5.2. Because < 0 for a range
of temperatures and pressures each of the latter are regasd®ZT uids; a description of the
modeling and computations leading to the variation seengarg 5.2 can be found in Thompson
and Lambrakis [26] and Cramer [45]. Use of the parabolic exipnation for the local value of
the fundamental derivative is capable of capturing the terog of and its local minimum seen

in Figure 5.2.
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Figure 5.2: Variation of the scaled fundamental derivatise scaled density along the critical
isotherm. The quantity. denotes the density at the critical point for each uid.

A second motivation for this work is the demonstration tlit WENO technique, discussed in
Section 4.5, is well-suited to the study of BZT uids. The palr disintegration of shocks into

shock-fan combinations results in the need to capture disugties embedded in smooth tran-
sitions in a very precise way. The ability of the WENO teclugido generate very thin shocks

without oscillation makes this technique a valuable todhi study of BZT uids.
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5.2 Review of Crickenberger's Theory

The weak shock theory for BZT uids was originally developly Crickenberger [29]. As in
the classical weak shock theory, the Euler equations anduebkhock relations for steady ow
are perturbed for small disturbances, e.g., for thin wirlgghe classical weak shock theory, the
fundamental derivative (1.2) is taken to ©€1). However, in order to capture the full range of

gualitative behaviors of BZT uids, Crickenberger [29] oo

® = O(—)" = oll); (5.2)
2
1 25%5(1;51):0(1); (5.2)
I @
1 :i@ (1:s1)= 0(Q): (5.3)

S

where ; ;s; are the values of density and entropy in the freestream| thefollowing ; will

be taken to be 0. As a result, the Taylor series for (1.2) for ;1 ands= s; can be written

e=€ + L 2 (—)2+ o(—2)° (5.4)
1 2 1 1

where€, is the local value of. Thus, each term shown in (5.4) will l6( = )2, the local value

of € will be O(fl)2 and€ vs will be a parabola. A comparison of the approximation (504) t

the exact variation of is provided in Figure 5.3.

An important consequence of the approximations (5.1)}(6ah be seen by inspection of the

Bethe-Duhem relation for the jump in entropy across a weaklslvave, i.e.,

ai
16T,

JsK= e ﬂ
161%

(—2)% (5.5)
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whereJAK A, A; = jump intheA across a shock and the subscfiptenotes the state before
the shock. If we combine (5.5) with (5.1)-(5.3), it is clehat the entropy change across a weak
shock is ]

K K
J% =0 JT : (5.6)
Thus (5.4) is also accurate even where shocks are preseitke@erger [29] has used (5.6)
to show that the weak shock theory of BZT uids can be regardedsentropic to the needed
approximation. The second issue considered by Crickerbf2§] was the size of re ected waves.
The technical issue was to determine whether the changeeifRtbmann invariant associated
with upstream or left-running Mach waves is negligible. Wtibe size of the entropy jumps
and fundamental derivative were taken into account and thetinvariant and Rankine-Hugoniot

shock jump conditions were approximated, it was shown that

JR K=0 Lo (5.7)

!¢

Figure 5.3: Sketch of the variation 6fon an isentrope. The solid line is the exact variation and
the dashed line is the approximation (5.4).
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where

R ; (5.8)

is the Riemann invariant associated with upstream or lefzing Mach lines. Here is the ow
de ection angle and is the Prandtl-Meyer function. We take the ow to be that sketd in Figure

5.4. The ow far upstream is parallel to the positiveaxis so that = 0 in the freestream.

The angle between the freestream and a right-running Maek isa = + , where

1
. l -
sin M (5.9)

is the local Mach angle. Hetd = local Mach number. Thus, for a simple right-running (down-

y
Mach Line Shocl

y=eu(})

77 /
A X
7777777 “PTTTT7
L

Figure 5.4: Sketch of the ow and notation.
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stream pointing) Mach wave, we have
;p; T; M; etc.= constant 1 = constant (5.10)

on

dy _
ax tan (5.11)

where the fact that (5.8) can be taken to be nearly constanbéen used. The variation ofcan
also be shown to satisfy

M 2
M2 1

e

(5.12)

d
d

in a simple right-running wave (Thompson [22], Crickentzzri®9]). From the simple wave con-

dition (5.10), we may also show

d=d=—_">"" (5.13)

d e
e = p—": (5.14)

If we now use the small disturbance approximation combingd (%.4), we nd that (5.14) can

be integrated to yield

1

1+pl—el +—2+%3+O(4); (5.15)

where

L. (5.16)
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If we combine (5.15) with (5.11), we nd that

dy 1 3
— tan 1 + + 5.17
oot o—( v o) (5.17)
1 M2 1 1
e + - €& + — 2+ _—3 +0("*
"MZ 1 Mz 1F 2 6 )

is the lowest order slope of the Mach lines. We now de ne

F (u* + 4Au® + 12Bu?); (5.18)
where
u = 0(1) (5.19)
A L =01 (5.20)
1
B 1 > = 0(1) (5.21)

1
and 1is the small disturbance parameter seen in Figure 5.4. Tt iagle and slope of the

Mach lines become

3
1 1 0 4
= B F“+ .22
L= g Pt O (5.22)
I
dy 0 4
dX p— 1 9—124F +0O(") (5.23)

where the prime denotes differentiation with respeat.ttf we combine (5.10)-(5.11) with (5.19)
and (5.23), we have
du=0

on

dy pzi 3 M12 0 4
_7 = + —
dx 2 M2 11 v 124F +0O(7)

=N
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or

du 3 1 M2 o du
— 4+ 3lp 1 po— - 24
dy 24" Mz 1 dX, 0 (5-24)

. . P . .
whereu is now regarded as a function of X M?Z 1y andy. Equation (5.24) is
recognized as an inviscid Burgers equation correspondirtget quartic ux function (5.18). In

fact, we can simplify (5.24) further by nondimensionalginandX as follows

L 24I M2 1
X
T (5.25)
yielding
@u o @u
— 4+ F°"= =0 5.26
q o, (5.26)
or, in conservative form,
@Q@u , @F
— + — =0 (5.27)
@ @,

Once (5.26) or (5.27) is solved for = u(; ¥) the ow de ection angle can be found by the

lowest order form of the simple wave condition (5.13) anddbenition (5.19) to yield

pr 1

M¢£

u: (5.28)

Furthermore, the pressure variations can be determinexidandingp = p( ;s) in a Taylor series

about ; ands; to obtain
P P

13%

u: (5.29)

The boundary condition corresponding to the airfoil or tnebblade sketched in Figure 5.4 by
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imposing the no-penetration condition at the wing or aligarface to yield:

f{)ony O (5.30)

where the small disturbance approximation has been used and

d() _ d().
() ax=0) - d (5.31)
If we combine (5.30) with (5.28) we have
_ g M2 _
u= pmf_( ) ony=0 (5.32)

as the boundary condition an= u( ; ¥) corresponding to the Burgers equation (5.26) or (5.27).
The functionF = F (u) will be referred to as the ux function. Crickenberger [28$shown that

F is directly related to the shape of the isentropes or, bectgsshocks are essentially isentropic,
the shock adiabats in a pressure-volume diagram. A fewaypio/s u curves have been plotted
in Figure 5.5. It is easily shown that (5.4) can be rewritten.

e — 3 1 00 3y.
| SqF O 7): (5.33)

Thus, regions ofF %°> 0 (concave up) correspond to regions&f< 0 and regions where of
F %< 0 (concave down) correspond & > 0. When the local value of changes sign thE vs

u curve will have an in ection point. When an isentrope pagbesugh a region of < 0, theF
curve and shock adiabat will generally have two in ectionrgs. When this is the case we refer

to the uid as having a non-convex shock adiabat or ux funatk .

We now consider the possibility of shock waves in the presiembry. Crickenberger [29] has

given the detailed oblique shock relations correspondin@126) or (5.27). We can also derive
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the shock existence conditions by requiring that the presescid theory be consistent with
a dissipative theory; i.e., we can require that all admies#hocks have a physically realizable

dissipative structure. Regardless of which approach id w&e nd that the scaled shock slope is

d JFK
— =5= —. 34
dy S JuK (5.34)
If we transform back to physical variables, we have
dx 1 P —— 1 M 2
— = ——= M2 1+ 3S—p—2_+ ! :
dy . tan ! >%4 MZ 1 o) (5:35)

where is the shock angle relative to the incoming ow as depictefigure 5.4. Alternatively,

we could expandan for small disturbances to obtain:

3_1 S

4
or, using (5.22),
3
_ 1 po 4

where the subscript= 1 or 2 corresponds to conditions on either side of the shock. Isatsm
be shown that the normal component of the Mach nunivbgron either side of the shock is given
by

Mi 1= S5 9+ 0(% (5.38)

and is therefore directly related to the slopes offheurve and the difference between the shock

and Mach angles, i.e., i, l.e.,
ST (VE R 5.39
P M D (5.39)
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In order to state the existence condition for weak obliqueckl, we must rst de ne

F=Fgr(u=Fi+ Su uy; (5.40)

which, by (5.34), is a straight line connecting any two pgiah theF vsu curve. The straight
line corresponds to a Rayleigh line in the pressure voluragrdim and we will henceforth refere
to (5.40) as a Rayleigh line. Following Crickenberger [28% take the fundamental existence

condtion to be as follows:

A proposed discontinuity haviniuK > 0 (< 0) is admissible ifff > Fr (< FR) at every

u2 (ug;up).

Here the subscripts and?2 refer to conditions before and after the shock. Thus thedrglylline
for every physically admissible shock must either lie etyiabove or below thEé curve between
u; andu,. The direction of the jump of the physically admissible dhadll depend on whether
F > Fr orF < FR. Thus, the type of shocks which can occur depend on the shape B vs

u curve in a fundamental way. Rayleigh lines correspondirggimissible shocks are sketched in

Figure 5.5.

A N

Figure 5.5: Sketch df vsu curve and Raleigh lines. Proposed discontinuities 3-5rer@missible
because the Rayleigh line 3-5 does not lie entirely aboveslmvbtheF curve. Arrows denote the
direction of jumps for the admissible shocks 4-3, 4-5, 1-2.
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The above admissibility condition is based on the existarice physically realizable dissipative

structure; See, e.g., Menikoff and Plohr [27] and Crame}.[28

Examination of the relative slopes of the Rayleigh lines #ed= vs u curve reveals that

F? s F)

for all admissible shocks, where subscrifitand2 again refer to the conditions before and after
the shock. From (5.38), we see that

Mnl 1 Mn2

for all admissible shocks. Thus, all admissible shocks galirespond to a supersonic-subsonic
transition in the normal direction. From (5.37) we can alsadatude that the Mach lines will

always intersect the shock.

A feature not seen when tlte curve is convex is that the Rayleigh lines could be tangetite®
curve at either point or 2 or both. An inspection of results (5.37)-(5.38) reveal tin&t normal
component of the Mach numberss1 and the Mach line is tangent to the shock at such points.

We refer to these tangent points as sonic shocks followigr@r and Kluwick [46].

5.3 Numerical Method

The spatial discretization is done by fth order weightedsegially non-oscillatory (WENO)

scheme and the temporal discretization is done using thiterdRunge Kutta scheme. The WENO
scheme avoids spurious oscillations near shocks, the Emdalbbs phenomena. This scheme is
uniformly high order accurate and resolves the non-linkacks with sharp but monotone transi-
tions. Previous studies related to this work are due to Mon@tamer, and Watson (1997) who

applied a nite difference scheme to the Euler equations @ascade con guration. The primary
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focus was on the search for shock-free ows within the casgaalssage and a study of the ow
details was not carried out. A second related study is duaupédt, al. [38]who applied the

WENO technique to a Burgers equation corresponding to a IBydleverett equation. Because
the ux function was also of the non-convex type, the autheese able to illustrate the use of the
WENO technique to shock-fan combinations. The code hasWwe#en, debugged and tested and
the results have been compared with the exact solutionebtism of the results shows excellent

agreement between the exact solution and the numericalwatigns using the WENO scheme.

5.4 Comparison to Exact Solution

As a partial validation of our code, we compare the numesoaltions to exact for simple ramp

ows. The expression fof_in (5.32) is

8
2 0 for < O
f_= S (5.41)
: for > 0O
where
M2 w
pﬁ— = constant (5.42)
1

and ,, = the physical ramp angle. The exact solutions are obtainecbhbining the method
of characteristics solutions with the shock speed relatto84) and the admissibility condition;
see, e.g., Crickenberger [29]. The rst example corresganda freestream Mach number Bf
andA = 15 B = 0:8. The corresponding vs u curve is plotted in Figure 5.6. In the rst
comparison, the ramp is a compression ramp with 0. The resultanti variations are compared
to the exact solutions in Figure 5.7 aat= 0:5. Every 50 data point is plotted for the numerical

solution. When =1 the shock is an ordinary oblique shock. Wher 2, the Rayleigh line from
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Figure 5.6:F vsucurvefor ; > 0and ; <O.

u =0 tou = 2 crosses th& curve, the shock is therefore inadmissible and breaks istooak-

fan combination. The WENO scheme is seen to capture the siratlallow a clear distinction
between the centered fan and the discontinuity. At 3:2, the discontinuity breaks into a split-
shock con guration in which the lead sonic shock is followsda centered fan. The remainder of
the compression is accomplished by a shock which is sonleeatippstream condition. At = 4,

the Rayleigh line no longer crosses theurve and the resultant shock is again seen to be a single

compression shock.

The second case is an expansion ramp having Owith A = 2, B = 1:45 A plot of theF vs
u curve is provided in Figure 5.8. In this case the freestrei@te $s in the high pressufe > 0
region. The comparison of the solutions to= u( ) are plotted in Figure 5.9 fgf = 0:5. Every
30 data point is plotted for the numerical solution in thisirg. At the smallest value ¢f j, i.e.,

= 05, the expansion corner simply generates a centered expafesio At = 2.5 the
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Figure 5.7: Numerical and exact solutions of ow over wedg@ &reestream Mach number of 2
and ; > Oand ; < 0. The quantity is the (negative) scaled wedge angle. The horizontal axis
is distance in the ow direction in a frame moving with the Malines of the undisturbed ow.
The vertical axis is a scaled measure of the ow de ectionlaras de ned in (5.28).

Rayleigh line fronru =0 tou = again crosses tHe curve and the sonic expansion shock forms
at the downstream side of the expansion fan. The expanstmk $heasily captured by our WENO
scheme. When the ramp angle is increased te 4, the expansion must be accomplished

through a double sonic expansion shock followed by an exparian.

From these examples and others not reported here we coriblatdbe WENO scheme is capable
of capturing both expansion and compression discontasuilt is also able to distinguish between

the smooth variations af and the admissible shock waves.



Figure 5.8: Thé= vsucurvefor ; > 0and ; > 0.
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Figure 5.9: Numerical and exact solutions of ow over wedge &reestream Mach number of 2
and ; > 0Oand ; > 0. The quantity is the (negative) scaled wedge angle. The horizontal axis
is distance in the ow direction in a frame moving with the Malines of the undisturbed ow.
The vertical axis is a scaled measure of the ow de ectionlaras de ned in (5.28).
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5.5 Numerical Results

To illustrate the ow around an airfoil, we consider a ciraubrc airfoil de ned by

f=f()= (1 )for0< < 1 (5.43)

andf = 0 otherwise. We take the values®fandB to be those of the compression ramp illustrated
in Figures 5.6-5.7,i.eA = 1:.5andB = 0:8. We againtake to be4 so that the slope at the nose
of the wing(fL0)) is identical to the slope of the compression ramp discuss&ection 5.4. Thus,
the lead shock will initially be a single shock. As the Machvesbehind it strike the shock, it will
be weakened until the Rayleigh line intersects the F curntee [€ad shock is then inadmissible
and will split into a lead compression shock followed by a sthacompression analogous to the
centered compression fan seen in Figure 5.6 followed by goession shock. Because the wing
has a continuous slope, no expansion shock can begin at tige Wowever, the expansion tends
to occurina < Oregion so that an expansion shock will form at some distaraa the wing.

In fact, it can be shown that the expansion shock will form distance of

1 1

Y= 52 A7 28

for (5.43) [Cramer, private communication]. For= 4, A = 1.5 B = 0:8, we nd that the
expansion shock forms at a distancefof 0:016 The contour plot for this case is provided in

Figure 5.10.

The width of the computational domain was taken to &5-2:5 in terms of and we used 60
points on the wing. The vertical axisysand the horizontal axis is. The shock splitting is clearly
seen at the left of the plot and the formation of the expansiatk atf  0:016is also seen. At

> 0, theu < 0, so that the local value of > 0 and the ow over the last half of the wing
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Figure 5.10: Contour plotfok = 1:5,B =0:8, =4, and a parabolic arc airfoil. Each contour
line represents au = 0:15fromu = 4tou = 4. The airfoil is positioned betweex = 0 and

X =1L.

is qualitatively the same as a perfect gas. In order to fuithustrate the variation ofi, we have
plottedu vs aty = 0:05, i.e., the upper boundary of the contour plot in Figure 5id@igure
5.11. The three compression shocks at  0:25, 0, and2:4 can be seen. The well formed
expansion shock is seen at 0:25. Inspection of Figure 5.6 shows that this expansion shock is
nearly the strength of the maximum strength, double sora®sion shock. As is suggested by an
inspection of Figure 5.10, the second compression shock@pahsion shock ultimately converge
and collide leaving a single, but weaker expansion shockh&ve not shown this collision in the

contour plot because the initial dynamics would not be gasen. However, we have plotted the
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Figure 5.11: Plototivs aty = 0:05for the same case as illustrated in Figure 5.10.

u variation for distances further from the wing in Figures.1

The decay of the tail shock is roughly classical so that westsnown only the region from =
2:5t00. The values of were taken to b8:05, 0:1, 0:2, and0:4. At ¢ = 0:1 (or 20times the upper
limit of Figure 5.10), the collision between the second coespion shock and the expansion shock

appears to be taking place or has just completed. After thisioa, the evolution is even slower
with the expansion shock decreasing in strength until tpaesion shock and the lead compression
shock collide leaving a single compression shock. Becayse> 0, the nal evolution will
resemble that of a perfect gas, i.e., it will simply be an N«vaon guration which decays as

¥ 2. In Figures 5.10-5.12, most of the details of the shock diatuare well resolved. The
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Figure 5.12: Plot ofi vs at values off = 0:05, 0:1, 0:2, and0:4. The wing shape and values of
A, B, areidentical to those of Figures 5.10-5.11.

resolution of the split shock could be improved by increaselse number of points used for the
direction. However, no signi cantimprovement of the ragadn of the remainder of the waveform
were found and 60 points on the wing yields a rapid and reddpm@acurate solution of the ow.
A potential disadvantage of the WENO technique is the 54pstiencil. As seen in the present
calculations, ows involving BZT uids involve several slo& waves which can collide or split. In
these calculations and problems involving shock focusitag {eported here) the details of shock
collisions or splitting can be dif cult to resolve when thbacks are within one or two stencil
widths of each other, i.e., when the shocks are wih0 grid points of each other. This problem

is, of course, to be expected for any scheme and one shoultékilcwhen interpreting results at
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collision or splitting times.

5.6 Summary

The main objective of this chapter was to examine the use@MWENO scheme for capturing

shock waves in problems involving non-convex ux functionBhe scheme has been shown to
be capable of isolating admissible discontinuities eveemitiey are embedded in smooth ows.
We have also examined the ow patterns possible over tymcébil shapes. Results of interest
are the formation of expansion shocks in the ow, the digind¢ion of compression shocks into

split-shock con guration and the collision of compressamd expansion shocks.



Chapter 6

Conclusion

In this thesis we have considered three problems involvmmgpressible ows of single-phase
Navier-Stokes uids. The rst two problems examine the eftfef large bulk viscosity. In Chapter

3 the in uence of large bulk viscosity on inviscid ows ovepbdies and boundary layers has been
described. We regard this as an extension and partial v@idaf work of Emanuel [24]. In
Chapter 4 we have used the WENO numerical scheme to solveafiei\Stokes equations for the
well known benchmark problem of shock boundary layer irdttoa on a at plate. The primary
result is the demonstration that the thickening of the iaotdshock can lower the adverse pressure
gradient carried by the shock to the point where separasidully suppressed. Because the key
physical effect is the reduction of the adverse pressurdigmg we expect that similar results can
be found for many other con gurations including those inwng turbulent boundary layers and

transonic ows.

The last problem considered examines the problem of two mmeal steady ows of inviscid
BZT uids over thin airfoils. We again used the WENO schemenauical technique applying
it to the Burgers equation developed by Crickenberger [28]addition to providing examples

of shock-splitting, the formation of oblique expansion ckeand the collision of compression
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and expansion shocks, we have shown that the WENO schemeasiy @istinguish between
discontinuities and smooth compressions and expansidmss, Tve feel that the WENO scheme

can be a useful tool in the study of systems with non-convesewarves.
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Appendix A

Navier-Stokes Equations

If we ignore body forces and energy supplies and take the @We steady, the mass, momentum

and energy equations for Navier-Stokes uids can be wridgn

r (v)=0 (A.1)
v rv+rp=r T (A.2)
Vvre= pr v+ rq (A.3)

Here isdensitypis pressurey is uid velocity, eis internal or thermal energy afdis tempera-
ture. If we use Gibbs relatiote= Tds pdV, whereV = !isthe speci c volume, the energy

equation in terms of entropywill be as follows,

Tvrs= r q (A.4)
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where , g andT are the viscous dissipation function, heat ux vector ansceus part of the

stress tensor respectively and are given by,

= tr(I(r vT); (A-5)
q= krT; (A.6)
T= (r v+ (rv+(rv)h) (A7)

whereT is temperature. The system of equations is closed with thei sation of the equation

of state:

p=p(;T); (A.8)

the ideal gas speci ¢ heat

Cvi = Cur (T) (A.9)

and the shear and second viscosities and thermal condyctivi
= T)y, = (T); k=k(;T): (A.10)

We conclude this section by stating the constraints on tbeeablavier-Stokes equations. The rst

of these arise from the second law of thermodynamics and attem
0 p= +2=3 0 k O (A.11)

The second set is necessary in order to ensure that the thgnarmic state is stable and are

referred to as GibbsS stability conditions. These read:

% >0 (A.12)
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C,>0 (A.13)

where the derivative in (A.12) is taken holding the temp@&m®atonstant. Equations (A.12)-(A.13)
ensure that the sound speed is real and once we use thermudydentities, we nd that (A.12)-
(A.13) require

Co>Cy>0: (A.14)

whereC, is the constant pressure speci ¢ heat. Thus, the ratio afispeeats = C,=C, > 1

for all Navier-Stokes uids.



Appendix B

Surface Oriented Coordinates

Our analysis of boundary layers will require the use of a timear coordinate system. For conve-
nience we employ an orthogonal surface-oriented systemmdpane set of coordinate lines which
are straight and normal to the body surface. The remainiogdooate lines lie in surfaces which
are at a constant distances from the body surface. If thetiequspeci ng the body surface is

written

X = f(y1;¥2); (B.1)

whereys;y, are the surface parameters, the mapping between the oeaiili;; ,;n and the

cartesian coordinates is

x=1f( 1; 2)+ nn; (B.2)

wheren is the distance measured along a normal to the body suniasen( 1; ») is the unit
normal to the body surface pointing out of the body, and , are the remaining curvilinear
coordinates. The curvilinear coordinate system assatiatth (B.2) is orthogonal if and only if

coordinate lines are curvature lines; we take this to be #se dor the systems used here. The
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distances along;; »;n coordinate lines are then
di=hid ;; do=had 5 dn

where
n n

hi=a 1+ — :hy=a 1+ — B.3
1 1 Rl 2 2 Rz ( )

are the scale factors for the three-dimensional curvilisgatema; = ai( 1; 2), az( 1; 2) are
the surface scale factors equal to the square root of th@ud#zglements of the surface metric,

andR; = Ri( 1; 2); R2= Ry( 1; »2) are the principal radii of curvature of the body surface.

When the steady ow Navier-Stokes equations (3.10)-(3atB)cast in terms of;; ,;n, we have

@V1)+ @V2)+ @vs)
@, @> @n
1 1

+ + = B4
V3 Ri+n Ro+n 0 ( )

+ (Vi 21+ V2 12)

Vavi @p Ty _ @-{1+ (@R
Ri+n @1 @> @n
2 1

+(T T +2T + + Ti3; B.5
(T1a 22) 21 12 12 Ri+n R,+n 13 (B.5)

V I vit Volvi o+ Vo 9] +

VaVs @p T _ @-1_2+ Q%

V I Vot ViV 21 V1 o19]+ =

Rz2+n @> @1 @n

1 2
+(T T +2T + T + : B.6
( 22 ll) 12 21 21 32 Rl +n R2 +n ( )
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(v1)? (V2)?2 | @p Ts3) _ @Ts N @7

V I V3 + =

R;+n R,+n @n @ @
Taz Ti1 Taz To
+ Tis o1+ Tos 12+ + : B.7
13 21+ Tos 2+ o R, n (B.7)
Tv rs= rq (B.8)

where

@A @A @A

v rA Vl@'*'Vz@z 3@[’] (Bg)
is the variation of any quantit% along a particle path,
. te er, t1te ., er
"9 he e "he e
1 @ @T
hih, @n hlhzk@n ; (B.10)
@ 1 @ @ 1 @,
@ mne: @ he: (811
and
1 @b 1 @ (B.12)

2 @y Y o hh @,

The quantities/s; vo; v are the curvilinear components of the velocity vector. Thmponents of
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the viscous parts of the stress tensaare
T = b(r V)+2 D11 —r Vv

Too= p(r Vv)+2 Dy ér Vv

1
Tazs= p(r Vv)+2 Das ér Vv

(B.13)
Tio=T1=2D 1
Tiz=T31=2D 13
Ty3=T3=2D 23
where the components of the stretching ter{by are
@y V3
D= —+v +
11 @ 2 12 R+ n
@y V3
D= ——+vV +
22 @, 121 R,+ N
@y
D3z = —
@n
1 @y @y (B.14)
Di2=D2 = > @‘* @, Vi 12 V2 21
1 \Y}
Di3=Da1= 3 oy, Gy -
2 @n @1 Ri+n
1 V
Dog= D3gp= = @_y+@( 2
2 @n @2 Ro+n
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The divergence and viscous dissipation can be written:

r v=Dq1+ Do+ Das (815)
= o+ p(r v)? (B.16)

0=2 (D% +(Dg)?+(D3s)?+2(D12)?+2(Dy3)?

+2(Da3)? %(r v)? (B.17)

Equations (B.4)-(B.8) are recognized as the mass, 1, 2 mmenormal momentum, and energy

equations.

The boundary conditions at the body surface are given by

Vi =V, = V3= 0 (818)
and either
T = T, = constant for an isothermal surface (B.19)
or
T . )
%n: 0 for an adiabatic surface (B.20)

onn=0.



Appendix C

WENO Scheme

The WENO nite difference scheme is used to approximate aemiral solution to the conserva-

tive form of the scalar differential equation
ur+ f(u)x =0 (C.1)

, Ui (Xj; 1) at each grid poink;. The derivativd (u) is approximated by the difference

fi 1

fu= it (C2)

wheref’i\+ L is the numerical ux which is approximated using the valuetha neighboring points.

If f(u) O, for a scalar equation the numerical ux is given by

f’i\+%: Lof S+ 1afl +1,f2, (C.3)
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The nonlinear weight; which depends on the smoothness of the approximating fumati each

point is given by:

|.:P!~i— L—k:dik (C4)

whered, is a coef cient to make the WENO scheme fth order in spacés a parameter taken
to be equal tal0 © to prevent the denominator from becoming zero apds the smoothness
indicator. If the conditiorf Yu)  0is not met, the ux splitting must be carried out and the ux

is the sum of the positive and negative uxes,

fw=f"(uw+f (u) (C.5)
where

d ' , o U

a 0; a 0: (C.6)

The simple Lax-Friedrichs ux splitting scheme of the form

=0 u) ()

is used here to do the ux splitting whereis taken as = max,jf Qu)j over the relevant range of
u. The condition for ux splitting is that (u) has the same smoothnesd és) does. In order for
the scheme to be fth order accurate bdtfu) andf (u) must have ve continuous derivatives.

In order to computé’’, , we takedo = 0:1, dy = 0:6 andd; = 0:3 and

fhe=3fi e gfha+ 0
fil+l = %fiJrl+ %ff + %fitrli (C.8)

2 — lg+ 5¢ + le+ .
£2,= 5+ 560, Lo
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o= B, 247, + 112+ L, 4, +31)3
Bifr, 27 +15)2+ 20, )3 (C.9)
2= g(fr 2f|trl + f|+2)2+ Z:Ii(3f|Jr 4f|-:'l + f|+2)2:

In order to computé}+ . we take,dp = 0:3,d; = 0:6andd, = 0:1 and

fﬂl = éf| 1 ‘fi éf|+l’
f|l+1 =35f + &fa gl (C.10)
f.2+1 = 5T gfisa * 5Tias
o= o(fi 1 2 +f)7+ (f 4 +3fL)%
= 13(f 2fi+1 + fi+2)2+ A_Ji(f| fi+2)2; (Cll)

= 13(f|+1 2fi+2 + fi+3)2+ %(Bfiﬂ 4fi+2 + fi+3)2:

Then the positive and negative uxes are summed up to contpetaumerical ux, [36], [37].

+

foo=1 (C.12)

N|I—'

+ i+

NI
Nn-

Foran n hyperbolic system of equations, the eigen values of thebdasmnatrixd {u), 1(u);:::; n(u)
and the corresponding independent right eigen vectas); :::; r,(u) and left eigen vectors
[1(u); 25 1n(u) of f Qu) are computed. The matriR whose columns are the right eigen vectors

R(u) = (ry(u); 5 ra(u)) andR ! whose rows are the left eigen vectbr@l); :::; I, (u) will satisfy

R 1(u)f Yu)R(u) = ( u) (C.13)
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For a system of equations the Lax Friedrichs ux splittindlwe as
f (u)= %(f (uy R(u) R Y(uwu) (C.14)

where (u) = diag( 1;:::; n) and , = maxyj n(u)j. At each p0|n1><I+ 1, the average value
U, 1 is computed using the mean or Roe averaging method. Titeerdf (u) are transformed to

the local characteristic eld by left multiplying to the mat R 1.
=R 'u;, s,=R (uy) (C.15)

In the next step, the WENO scheme is implemented on the coemp®rof each characteristic
variables to obtain the corresponding uxes,. The computed uxes then are transformed back
2

into the physical space by

fi..=R8 , (C.16)
The ux is obtained by adding the positive and negative uxes
fl, (1= + . (C.17)

i+ +

N[
N|I—‘

For the two-dimensional hyperbolic equation+ f (u)x + g(u)y = 0, the derivativef , is com-
puted usindy; = u;; for xed values ofj at eachi and the WENO scheme in one dimension is
implemented. Likewise in order to compudg the one dimensional data = u;; at xed values
of i is used and the one-dimensional WENO scheme is implemedtdd[40].

duit;j _ ﬁ+ L f/: L gi'j +1 gi'j L

= 2 ' 172 3. 1
dt X y (C.18)

The third order Runge-Kutta scheme is used to do the timeetigation, [48],
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du _
at g(u)

up=u"+ tg(u")

3, 1 t
Up = ZUn + ZU1+ 2 g(u1)
1, .2 2t
U= UM+ St S g(ug): (C.19)

3 3 3
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