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Maay of the ea.rller developaeat• 1a the t1eld o! a,at11tioe 

were fonaula ted. under the asauaptioa tbr. t the ra.adoa Ya.i-1a.blea 

under 1AYeat1ea t1on were d1e\r1butecl aormall{ w1 lh o. d. f. 

L~ I · 'i_-AJ 1 , ( X)'- Vf.i •e. ,,.. ~>< -..,,,. ,... . 

llaay teat• and a.nalya1a of Vi rtance teohn1qu•• we.re der11'ecl 

for· eva.luation of data froc nor•l :population•• a.nd• in fa.ct. 

t1on• h&Ye 'b .. n fouad which when. a.ppl1ed to aome ol&•••• 

of non-norn.al da. ta. r•.r•1 t the uae of th••• tea ta and teohn1Qu ... 

The develop•••' and. adaptation of th••• teohniquea 11..nd · teat• 

aak.ea I'.·O•aible 'the cira.'WiA& or iatereno•• troa the obae.rv•d d&ta 

if the obaerver oan be aure. or reaeonably eure, tru-.t the ra.a4oa 

obaerY~tion• oo~• from population• wnioh are d.1atributed aooord-

ing to one ot the uo~n dlatr1but1on ftmot1ona. Tl'l• ob•erver will 

be more likely to aooept inf e.reBcee drawn from data \:bat. very 

oloaely arprox111atea one of the kno"n d1atr1but1ons, b..,a••• he 

•111 !eel more oerta1n th~t hie oomruted etat1et1o• olo•ely 

a.pprox1D111te the raram.otera -,·h1ch oaaracterize the di•tr1but1on. 

When the obeerver can be rea.ecna.bly eure that the obaened data 

revea.la the parameter in queat1oa, he l'i&Y make 1aferencea •1th re-

aard to whether or not h1• ob••"•d ••t1matea of the popula,1oa 

pa.ruetere are a1pit1o~ntly cUtterent from tho popula.t1on para-

••t•r• •h1ah would exist under the pi..rtic:ula.r hypotheeia in 

queation. Such inference• may be o~lled •P~raaetrio Iaferenoe••• 

The 1r1a.king o! moh 1nfere.n.cea 1• the moat common aot1v1ty of a'ta-

t1at1o1ana. 



The property of ored1b111ty, whloh 1• poas .. aed to a 6r-.ter 

or l••••r extent by all atat1et1oal 1Rterenoea, 1• defined aa the 
relation of protu1• to apod.oala, or the relitlon of the ••t of 

data, hypothee1e, eY1denoe, eto. to the ••t of ooaolue1oa.C 1) 

One of the 1apo.rtant factor• enterin1 into the oredlbilltJ 

whio)l •111 be attached to a. pan1oular 1af erence 1• the &.Wou.at of 

relia.aoe· that may be placed on th• aaaumpt1on that the obaerrecl 

atatiat1os are calculated data p.thered. from a ~opulation 

which 1• d1atr1bute4 aooording to that d1atr1but1on tunotioa 

wh1oh 1• a1aue4 to ohan.oteriae tbe d1atr1but1on o! the d&t& a.ad 

whioh proY14•• th• paraaet•r• whloh the oaloulated. aad obeerred 

atat1at1o• are bel1eYed to repreeenl. When it 1a poaaible to 

plaoe a1p reliaaoe on auoh a.a a.aauapt1oa beoauae of prior now-
ledge of the general oharaoterietioa ot the popula.t1oa UAder 

1AYeat1pt1on, the ored1b111ty tbat will be :placed oa intereao• 

4rawa from rel~tionah1pe aaong the obaerYe4 atat1et1os and their 

oorreaponding hypoth1oated parameter• will be high. n.ua. it 

may be••• th~t 1a para.metric iaferuo•• bi&h cre41b1l1ty will 

be attached to 1nferenoea when the ae.umpt1ona aa to the d1atr1-

but1on of the underlying population are j•at1t1ed. The d•«z•• to 
wb1oh the•• aaawnpt1oaa are juat1f1e<1 determine• the 1ntena1iy of 

the cred1bil1ty that the 1aferenoe w1ll enjoy. 

nat, then, oan the exper1aeater do if he o~nnot l••l1fJ 

the aaaumption tba.t the underlying population under 1aveat1pt1oa 

1a auoh ti\a.t it oan be ohara.oter1zed by any of the prev1ouely 

detenined d1atr1bu\1oa tunction1t n•t he choo•• a d1atr1but1oa 



!umtion more or l••a at random and thereby aooept the oonaeq,uent 

41a1nut1on in the ered1b111ty that may be attaohad to h1a r•••ltat 

Or 1• 1t poaa1ble to .-volYe new atat1at1ca, 1tat1at1oe wh1ob 4o 

not rely tor taelr ore41b1l1ty on any part1oular undi,rly111.g 41atr1-

b-11on fv.not1on, atatl•t1oa ~hiob are aot eat1matea of paraaetera, 

1a ahort, aon-Parometrlo st.t1et101T 

haYe b .. n evolved for the use ot 
the experlmenter •~o finde b1uelt 1n auoh a poa1t1on. Prominent 

among the technique• ia the field of noa-parametr1o 1n!erenoe 1• 

the use o! rank order atatlatioa. Three p~rt1oular r•nk order 

teat• are tc ca 1a•••t1&&te4 in th1a tbes1a. They are the Wal4-

Wolto•1ta •u•<•>, tae W1looaoR •T•(3), a.ad tbe 11a.nn-n1taer •u•< 4>. 
fta• Wald-Wolfow1ta teat utilize• a etat1at1o •u• wll1oh 1• 

defined by ooneidering a eub-eequenoe •.u, , Ys-,.~, -va ~r of V 

where V: Y, , Y, ---, •• + n, a eequenoe def1ue4, a.•. follow•: v 1 ,. o 

1t Z1 1• a. meaber of the eet. X •, X ,, -- X• and. Yi r.:i l 1f z1 is 

a of the eet 1,, 1~, --- ya where the •~t of 3'• is the 

aequenoe coapoae4 of the number• ln the two aete, x 1 , &~, -- a, 

and J,, 1~• -- yn arnnge4 1a aaqend1ng order of Ia 
thla eub-aequenoe ot V (where r may aleo oe 1) a •nm• ehall v,. v.,.,., 
ex1at it •, .. ,••,..a.: -- ':l v.,.,., &nd if "'J;/!t-u, where S !lo and lf 

r + l when a + r < 1n + a. •u- 1• tb.en def 1ned a.a the 

number of rune 1n •v• and 1• uaed to teat the hnothe•1• i•at 

t(x)~ g(x). J ditferenoe between f(x) and g(x) deorea••• \l\e nua-

ber ct rune and henoe deer•••• •u•. The d1ttr1but1oa of •u• 
uader the null-hypotbea1a been eY&luated by kld and Woltow1tz 



,· h 
I 

in the1r paper. The diatr1but1on ot •u• ~•• be• 

shown by them to converge un1tormly 1n 
....!... 1 1 -!f ... ,lw I/vi- .. ti) 

•t• to 

• •hen •••, where i' • (: a poa1t1•• oonatant euob that 

crvJ .az.. ,i2.,.~ 4(« 
and tr~( (lj -. (I+ "1) t.. 

.lRd where •t• 1• a.ay real number. The oone1etenoy of th1e \es\ 

{1. ••, the p.roba.b111 ty ot rejecting the aull-llypotllea1• whn 1t 

1s false) ha.a beea ahown to arproaoh l a.a a 11•1 t when m 

approa.ohee 1nf1n1ty. Th1• doe• not ehad any l1gl\t on the con-

a1atenoy of th~ te•t tor amall •• 

The Wilooxon teat (wh1oh 1a appl1oa.ble only to oaae• 1a 

whioh the eame number of ooaenat1ona are aa.d.e fro• boih popu-

lations) aaaigna raaka to the experimental reault• la ••o•diac 
order 1n the oaee of wipa.1red coapar1aone and to t~e d1fterenc" 

1a experimental reaulta la the oaae of paired eoaparieona. Tile 

teat oon•l•t• or taking the eum of the rank• of the obaerrat1oae 

from &_particular••' xt• z1 , - m after they have been coab1ae4 

with tbe ••' y,, JA, -- rn and the coab1natloa 1• arranged 1• 

aaoend1ng ord•~ •T• may be calculated fro• the tomula 
T~ f. St s n.V 

I<• I 
where Sk 1• tbe rank of Xk after tbe o~blnatioa of the ••t of 

x•e 1J¥1th th~ ••t of y•a, and Vie tbs mean rank of the x•• after 

The probab1l1ty of ooourence of uy giYe rau 

total la the oa•• of unpaired e,q,eriaenta with rank• l, a, - n 

1• found by taking all the poee1ble total• bea1an1ng with tbe 

of the aeries l, 2, -- R/2, and oont1nu1ng by atepa of oae 



. 3 a a 
up to tbe h1&heet po1a1ble va.lue ("t a t "I) /a and 

the number• of ~•Y• 1n which each total ma.y be ob,a1ne4. If 

ct 1• the number of ••1• that the 1 tbe total oan be ob•1ae4 

a.n9 T 1• the total of wa.ye t;~t all the/(c¼ -~ A),' aJ -
(cltp/a)Jl: a3 /a total• oan ocour a .r. ;i. , the pr~b&b111ty of '., 
ocovence of the 1tb tcta.l equal• 

~/t-.) • •~ .. ..If ., l!T' r,,1 .s- 1, .. r, 
fllooxo•- alao ehow• that the probab111ty o! ooouranoe of any 
to\al or lea,er total by oba.noe uader th• a1aumption that there 

1• no cliff•;,eno• ia. · ••n• 1• «1•• t>J the tormu. la 
{ .. . ,... G , 

P= ,.,, I n.,~ - .[ (Cr - -i'l 1- ,1 n ::: .. ,. )}/ 2 '>! · 1 ,., 11 ,.,., r;! Q ! 
wh••fJ j repreaent• the aull!be:r of j - J)&rt par,1 tiona of 1 

s. 

r ii the aerial a.umber of poeeible rank total• l, a, --- r 

q 1• the •umber of repl1oatea 

n 1• a.a 1ateger repreeentiag the •er1al number of the 

lerm 1n the aer1ea. 

Thie probabil1 ty may be rer,reaented mor• 0011paotl1 by ua1ng the 

preY1oue 11otat1oa, a.a follow•: . .. 
. 1.. lj. , c, .... ,,. --+t1>=,;h 
:L:.. ,, 

J II I 
Wilcoxon baa t~bulated aome of ,ae•• probab111t1N 

o1te4 ta the b1bl1ogra.phy. 

in hie paper 

Tile Kau-Whitaey U teat, which for equal n.uabera of obeer-

. •at1ona fror,. eaoh popul•t1on. being 1aveetipte4 11 •••entia.lly 

the H.IDe •• tbe Wilcoxon te,,, le defined by ~oaa1der1ag ibe 
i 

quaat1t1e• x,, x., -- m, 1,, '~• --- ya arr&nge4 in order. 



t1 11 defined •• 'tbe n.Wt'ber of t1me• a y preoedee IL1l :r.. Tl\e 

rsl&.11oaah1p betw .. u tbe 11&.nn-Wbl tney teal and ,tie lilooua 

teal oan be expreaee4, a.a follow• •<• ... 1) 
U • a +-r-- ·. -T 

' 
whee T 1a the Y&lue g1wea bJ the t1looxoa teat. Tile kan• 
n1,aey teet 1a no\, hc~sver, reetrioted. to oae• 1n wtioh 

& nae 1• the W110ox1a. U ha.a been aho•n to b• a 

a't&t1at1o eioce the P-l1~1t of the prob~b1l1ty of releot1ng 

tbe null-hypothea11 when the 4ull-hypothaa1a 1a !al•• 1• l &an 

and• apprQ•oh infinity. . ' . 

6. 



II• Purpoee 

Tile purpo•• of Ul1• \heel• la the cleten1:u:t1oa of tae 

eff1o1enoy ot a. par\lcul•r ••ll aaaple of obaena\lon• a.ad. to 
p.111 \bere.troa aa 1a•1ght into the &pprox1u.te efflolenoy of 

lb••• rau order teeta for ~11 aampln wheal the popula.tioa 

••n• of the l•o aroupa dltter 'by fi&H aaoun\a. Th1a pro,l• 

w11l 'be app:ro&cbed experlaenl&lly beoa.uae all at\emp'lo lo •• 

•tbema.t1oa ln ,he eolullon haYe thus tar been ~•14 at aa 1a-

P••• beoauae ot tbe 41tf1oult1ea eacoua\ered 1n the late&ntloa 
ot porl1oa• of tile e,xpreaeion. wbloh reaul t •b• the •arlou• ooa-

a1dera.t1oaa and relat1onah1pa iaYolYM la the proble• are ea-

pr .. aed 1a mathematiO&l ter•• 
Ia tb• aaalya1• of the r .. ulta of thla experlaal. the l~ 

le,el wlll be oonatdered •• \be lnel of •1p1tioaaoe la the 

•011pu,a\1on of the eff1olenoy •1noe lhe sample aise ••l•t•4 
doe• not lend 1taelt \o the u•• of the s, ln.•1 et alplfloao.oe. 

Tbe re&d•r may po .. 1b1J •1•.b ,o oon.alder aal.t ot '11• eftlolenoJ 

at the l~ lnel of elpltloanoe •• roughly 1nd1oa.\1Ye of •Jl&I 

t~• eftto1eney a, the~ leYel would be. The u•• of tbe l~ 

l••l of •1p1flo~noe la aoa-panaelr1o te•t• 4o•• aot ••• u-
rea.11at1o. beoauee, 1a a•ner•l• aon•p•l'&aetr1c atat1at1oe \eacl 
to be more toaeerwat1•• thaa 1,a,1e11oa. Ia oa•• aoa-

paruetr1o aethod.• are •~plied to ••mple.1 a populatloa •lllob 

1• notaallf dlatrlbut•d• tll• oona,nai1•1atle tead.•••1•• of aoa-
p&1'&11letr1o 1aterenoe •alldNte the u•• of the hig)ler e1plflcaaoe 

., . 



le'Yel. 

The reault• of thia axper1aent ehould pro•• helpful 1a 

the aet\ing up of aoa-paraaet.rio qua.llty oontrol eyeteme tor 

euoh aot1Y1t1e• u •ubject1•• ieet1ng between a ooatrol group 

and a group reoe1Yiag eoae partiou.lar lb• etteoie of 

whloh oannot be 1A any definite un1ta. 

Ia addition to tatona.tion ot a general nature oonoern1ac 

th••• teata, th1• thea1a al•o hope• to pro•ld• ~•latively ooa-

orete 1n!oraatioa about the parlioular teat in which three 

obaen-at1on• are taken from ea.oh group. lo•• 1ae1ght 1ato ,he 

ett1o1enoy ot thece teat• tor th1e part1eular ... ple elze 1• 

of 1ntereet becav•• 1a induatrial appl1cat1oa• of noa-para-
•~trio quality control l1111ta, lt 1• frequently poeaible to tiz 

'the eample e1ze. 

•• 



III· Method 

The particular group of ooab1n~t1ona which will be 1nveet1• 

pted 1a thle t~••i• ar• tho•• ooab1aat1on• wh1ch coour when 
three sam~lea are 4n.wn at ra.n<loa fros eaoh of two approxi•tel7 

normal populi:.t1one. Th••• aa.mple• will be uaambled aooord1ng 

to their rank and th• par\1oular teei •~lue aaalped to the re-
, 

ault1ng oomb1nat1on• will be reoor4e4. It may be readily••• 

ihat the nuaber ot poaaible outoo••• •bu •h1a pzooedure 1• tol-

lowecl 1e the number ot oombina.iion• that oa& be •4• up of six 
thing• taken three a:t a time or -

' I>.' •~ • c3 =- 3.,3 .,=ao 
different waye. These Ykrloua ooabtnationa are g1ven 1a tipre 

( 'f) on pa.ge ( If) where the let\er• R and If refer fie obaerwat1oaa 

drawn from a populatioa R oona1at1ag of red ball• aa4 from a 

population W oona1at1ng of whit• b&ll•, ~•apeot1•el7. Ia ihia 

esperlllent, the aupl•• •ill b• drawn troa & popt&l.a.\1oa wh1o~ 1• 

approximately acrmal. •• will •t• f1•• ••t• ot 4raw1n1• 1a 

wh1oh -.ch ••twill ooneiat of a \houaand obaen&t1oa•. IA •a.ob 

of theae ,et• of dn.•tng1, the dl!ferenoe bel•••n tile ae&Ae of 
the population• from wh1ob the eamples •ill be dnn •111 oe 

a.aeiped a given Yalu• {O, o.5, l.-0, 1.5, a.o ak.n.4&r4 dn1at1oaa). 

The frequency with whioh partloular ooab1aat1oae occur wader 

tbe•e d1fterenoea ln ••n• will be obaened. a.nd. reoor4e4. SJ>•-
1&1 interest will be acocrded to tbe part1oular eoH1nat1on• 

wh1ch are alga1!1oant alnoe they are a of ihe -1'f1c1enoy 



ot the teate. 

The approx1.ately non;a.l popul~t1ona from which the eaapl .. 

a.re to be dran will conaiat or uall ba.11• wh1oh will 'be maber-

ed. 1a euo~ a way that the frequeaoy with wh1oh a partioula.r au-
ber ~111 appear will b• approximately normal. la.ch of tbeee 

populattoaa will oona1st of nine hundred and a1aety-eix balla. 

The population• will be \rwtoa,e4 at -,.. a. '7 atandar4 d.eY1a.tie11a -
troa the aean arbitrarily. 

The following method will be u:;ed to obtain a trunoa.t.ed 

f1n1te nonial d1atr1but1oa from '!fb1ob tlie eaaple• \t1ll be drawa. 

Tlu,r• •111 be fifty-tour ol••• 1atsrva.l•, froa -,.3. T a-tand&:rcl. de-

• tat ion• to -2., atand&rd dev1at1ona from ths mean. Ea.oh olaae 

1ntena.l 11r111 repree~nt 0.1 atandard deviation• alon~ the 

abe1saoa. There w1ll, of oouree, be no 0la.a• laterval to oor-

reepond "'1th the integer o. The :po1nt between the -let J.ntorva.1 

a.nd the t let 1aterYal will be ooneld.ered ae the mean. The aum-

ber of ball• that will be ••signed. to a par\1oular oh•• 1ater-

Yl\l w111 be proportional to the ratio of the ar• undor the 

normal oune ~bo•• that rart1oular 1ntenal oa the absieaoa., ,o 
the total are& un4er the normal our•• betw•en the po1at• + a.? -
ata.nd&rd. cln1at1on• en the abaiaaoa... Thia crlteriau for d.ete.r-

ri1a~t1on or tlie number ot b&lla per cl&aa 1ntenal may be•-

preeaed ma.thaa\1oally bJ I the expreea1on: 
I f'.., tft)~ 
lc:rJ 11•L"J1t,J.lt · 1 -as , 1, a, .. , 

where Ni 11 t~e aumber of ball• la the 1 ta claaa interval•••• 

10. 



1 > o and the auaber of 'ba.lla 1a the {1 + l )at cl,:,ea -1:iterYal 

when 1 i o and where 95(1. )dt 1• the integrand of t:ba.t !uact1oa 

ct t, -(t), wh1cb i,iYea the normal ourve of the type: 
I "t' .. .. '4(t)•v~,,. r .rr 

and •li-.tr• If 1• the auaber of balla wbioh ia the oaae o! tb1a 

tbea1s was 1000 before the round1ag ott of t~e waluea abown 1a 

F1iW'• ( / ). Since the area under a d1atr1but1on funotion may 

be oonaidered aa being aynon1wa ~1th probability, we ~ay ex-
·prese the &bo•• foraula 1n terms of probab1l1t1ee, as tollowe: 

1000 Pi 
11 a [ Pl 

whore Pi !e the r.robab111ty- of ooourJ..uoe ot an observation w1th-

1n the l1m1ta of the 1th olaea interval. For 0ontinuoua die• 
' 

tr1but1ona Pi 1a seen to be equa.:;.. to J' f(t)d.t, tor poait1v• ,., 
value• ot 1. 

The values for these integrals have been \abula.tod by 

ten.ney 1n bie •uathema.tioe of 8tatiat1ce•.(5 ) The oa.lculation• 

1nYolYed 1n the construction of the population are given in 

tabular form by Figure ( / ). S1noe the normal d1atr1bution 1$ 

eymetrio, only the value• for the ~osit1Ye half are 6iven; the 

Yaluea for the neptlve half are tbe aa.me. For purpoeeo of 

oalcula.t1on, the formula C 4) waa aod1t1ed, ae follo••: ; ,._, 
. ;; 'l(!J/f .. _,{ ~(t)tlt 

11:_ - 1.:,;11tf),/f ~1000 

Fleur• ( t) ahowa 1n hietogran:. torrr. the population from 

wh1oh the aaaple• •111 be drawn. The oloa,neaa of thia popu-

ll. 



12. 

' I • 
j' -(l)dl 

, ... I ' . 
llart(1) /_ f(t;)dt 1 f(,)dt 11 , • I• I 

1 .0398S .00000 .03983 40 

a .o,,aa .03983 .03961 40 

3 • ll "191 .o,saa .03865 39 

• .151.a .11711 .03?51 38 

5 .19l-t6 .15542 .03804 31 

8 .22575 .191.S .03-t2i i, 

7 .allO-t .aasn .oaaa& aa 

• .2881-t .3110.ft .03010 JO 

t .3151-t .38814 .oa,ao aa 
10 .14134 .. 31594 .Oal40 as 
11 .JM33 .1,11, .01399 a4 

13 .38411 .18'33 .oaoso ao 
lS .603ao .38411 .01ea, 18 

u •• 1934 .40UO -01806 18 

15 .43319 .,1•a• -.01195 l.f, 

18. •••ao .• 43119 .01301 11 

17 .41143 .44520 .01oa1 10 

1• 
_.., .45543 .ooaa, I 

19 .,,iaa ·••to' .;o,a1 , 
. ao .,,,aa .,11a1 .001sn 8 

Jl .483lt .,,,aa .OCU.88 I 

33 .4N1Q ·.48114 .00311 ' IJ ....... .,1110 .00318 3 

a, .49180 .,nae .ooasa I 

II .49379 .fttllO .00199 a 
28 .,111, ..• ,,. .00111 a-
a, .41853 .41136 .00118 l -F,a , , .. 





1~.tioa to a. notta.l d1at.ribut1oc can be :readily ••en. 

The required nwtber or balls w11 l be :t&rkecl tor each claaa 

1nt•r•al oa amall ball• tor two population•• 8-ple• were d.ran _ 

bJ aea.n.• ot a •peo1ally oonetru.cted paddle, three froa eaoh 

popula t1oa. In ,ne oa.1• ot the (11, s.M ) th••• 

aample• a.re arra..aged in 4 .. oend1r.g order. Th1• arra.ng••nt la 

t.teeoend.1ng or4er inYer\a ,he teai auabe• pattern tor the Wlloosoa -

and Uann-ffll1taey t,ate. Ia tbe oa••• 1a •h1ob t••• is to be & 

difference 1A meana, the deaired difference• la add•d to-..-

of the ob1an~t1oa• ta.ken fros on• of the populatloa• aa4 Ula 
the 'b&ll• &re ar:r&ngecl 1.n cleaoeading order and the pa.rl1ou.lar ooa-

biaation• whioh reault are obaerved. It will be obaened tnt 

for the purpose• cf thla tea\ we m1ghi ~u•t u well aubtr&Q\ 

deaired 41ff•raaoe froa the obeenatlon• o! ~• of tbe popul&,1oa, 
' ainoe tbe reeult would. be an 1noreaee 1n the aumber ot co1tb1aa.t1oa1 . 

in wh1oh the obeenat1on• from the other population ra.aked lower 
than tho•• of the traaetoned population, with the result th&i a 

di!ferent, wt equ.&llJ e1p1floaat,. t•t Yalue would l'eaul t, aa4 

the obaened •fficienoy would be the•.-•• I\ •111 al•o be 
obaerved that th• pa.rtioulRr d1atr1bu\1on of the frequeao1 .. of 
oocurreaoe of the var1ou• oomb1na\1oaa that raault under \he aull-

diatr1but1on will De rectangular. When the aeaa• a.re d1tfer•I• 

the frequeao1a• of ooab1nat1ona teada ,owud tho•• part1o~laz 

1roup• whi~h will 1acl1caie the laot of homoge.ae1ty 1n the uader-

lying population•• Tbia would, ot eour••• lat.reduce aome al1pt 
er;or a1noe the value• of oae populat1oa will be eatend.ed t>e7oncl 



tbe point of truaoation of the other popul~tioa; howeYer, tb1• 

error •111 be 1nconse~ueat1al whea compared wit~ the error 1atro-

duoed in roun<11n..; oft the value• of the area• under the ~robabil-

1 tJ cune tor ea.oh cla•• interval tc three decimal plaoaa !or aa 
a.pproaimat1on. to a normal population.. Thi• will be aeen, 11' the 

reader w111 take tbe aua of the equrea of the area under the 

aona.l cune tor tho•• olaae 1ntena.la tor wh1oh ovezla.ppl&g ha• 

ooourred and oompare 1t wlth the product of the absolute d.1.f-

teraoe of the rounded-off Yalue from ita real Yalu• ae i1ve:a b7 

table• tor all tbe ola.ee 1atenale, time• the pro~bili ty of the. 

ooourreao• of the p&rtioular olaaa int•nal. 

for ihe oa•• of (M 1 - u,) ,a.oo, this 1a ahown in tabular 

form bJ f ii"\lr• ( , ) • 81aoe the caae where (M ,- 11.) :. a.oo 1• tlle 

oae 1a whloh the oYerlapp1a6 error ~111 bet~~ lar~••t, 1t 1• 

••en that th1a error 1a not ot iaporiaAoe 1n this experiment. 

a. 

For the pu.rpoasa o! th1• theaia, the def ini tioa ot eff1-

o1eno7 •• a property of a atatiatio is ~iven by ooaa1derini lwo 
partioular atat1at1oa O and I, whioh a.re eet1m&tor• ot the aame 

parameter. The •tat1et1c G will be aaid to be r.ore ef!ioi~nt aaa 

~be etat1•t1o Kif tbe proo&b1lity of oota1n1Ai a el.,tiifiaant 

Yalu• of a whe:i1 the 11.ull-bJpotheaia ia not tl'ue 1• .,rea.tor tllQ.& 

the prol.)ab111 ty of ,;eltinG a a1&n1f1oa.nt value !or the atat1at1o 

K. Relative effic1eaoy 1• defined aa the ~atio ot the etf1oleuy 

of one atat1at1o to another whea both .. ,1mate the e&Jt.e para.a•ter. 

A atat1at1c most frequeutly used a• tho etandard of efficieaoy 1• 

t:: ,/i(x-i)/r. 



• 

Claaa ,1<1 s; _ ~(,)dt _ •w/> Ola•• (P1) 3 
liar& ( 1) Mark (1) 

l o.e1111 X 10-6 as 0.01211 X 10-5 
2 a.24151 X 10-5 29 o.o,1s1 X 10-S 
3 l.35275 30 O.O27O4 
4 1.83'99 31 0.01444 
5 O.li-tle 33 O.CO?84 
6 o.99441 33 0.00441 
7 0.93Stl 34 0.00196 
8 0.10100 35 0.00121 
9 C.55600 36 0.0004i 

10 1.01600 37 o.ccoas 
11 0.02399 38 . 0.00016 
lo l.23600 39 0.0000, 
13 C.49339 4,0 0.00004 
14 0.06418 4l 0.coco1 
15 o.oss,s ,a o.ccc01 
15 0.01301 ,3 0.00001 
l? 0.33539 44 0.00000 
18 O.lll04 45 0.00000 
19 O.15141 46 . o.ooooc ~o o.or,s1 47 0.00000 
a1 0.05319 aa 0.01584 
23 0.051a, 
24 0.12096 
:as O.00199 
26 o.oos,s 
37 o.0aas1 

13.0203? I ·1c-5 o.1ae3J X 10-6 

o.1e133 
Ri.t1o : 13.o~m,, 

,,, 3 



IV• R~Hulta 

The reault• obtained froz th1a an g1Yea here 

1a the fora• of ta~l•• and ;rapha. These reaulta will be d.1•-
ousaed in the following aection. Vigure ( Lf) ooata.ins a reoa.-

p1 tulat1oA of thee trequenoie• •1th whioh tbe •ar1oua ooab1na.tio»a 

ocourre,i under pa.rtioula.r dU'ferencee 1a meana. It a.lao ell0we 

the teat v&luea •h1oh ths different oombina,1on• &aauae under 

ihe lald-Wolfow1tz, Mann-1t'h1tney, ud W1looaoa teats, reapect-
1Yely. r1i,1r .. ( G), { , ) , and ( 7) ahow the trequeaoy with 

which the 1ad1vidual teat v~luee tor the W&ld-•oUow1tz, M~nn-

Whitney, and W1looxon taat• have ooourred under the varicua dit-

!erenoee 1n means. It ~111 be obaened that the frequeno1•• tor 

tbs Ya.rioue teat 1n the W1looxoa teat, Figure ( 7), are 

the aa.me aa the frequeao1ea !or the oorrespondi~g teet valus 1a 

16. 

tbe Jlann-1h1 tney t•et, figure ( (o ) • For the r•a1nder of th.la 

Uut•1•, the Wald-Woltowr1ta and Mann-1fh1\aey teats only will be 41•-

ouased, but the reader should rePel'l'lber that whet la true of -tae 

Mann-Wb1 t.ney teat 11 alao true of th• 1f1looxoa \eat wllea equa.l 

aaraplea ~re ta.ken from the different population•• When unequal 

aa.mplea a.re taken, the W1looxon '••\ do•• aot apply. In 6ene.ral, 1t 

1• more ••Y to oonduct a. llann-Wr.iiaey teat Oil aiall RU!llbera of 
et;eervationa than 1t is to conduct a W1loo~o• teat. Figure ( I) 

ahowa in b.1atogram f on. the freCluencie• with wn1oh the ••u·1oua 

teat values for the Wald-Wolfowi ta teat ooour uuder the preaor1be4 

difference in means. figure ( 9 } 1• a oompoa1te o! ~he five 

•1•togr&Ble ehown in 11gure ( t ) • Figure• ( ,, ) and. ( II) 0011,aia tae 



corre•poad1Ai h1atoir&ma for the llann-tlb.itney test. The infoz-

utioa and ol>aenat1ona p.1n-4 tzom 'th••• hiatog.rame will be 

41aouaaed in <leta1l 1a the auocee41•i aeot1on. Figure (Ia) 

aaowa tbe relat10D.eh1p oeiweea elfioieao1 1A pero•n\ and tae 

val'iow.a cU,ttereao .. 1a meaaa. for purpose• of later d.1aouee1oa. 

ihe re1r .. a1oa equatioa aad the oorrelai1oa ot th1• reililt1onab1p 

h••• beu oa.loulate4. aa tallow•: 

,.~ eft1o1eaoy I • (If, - M") - -1 - 1 x-1 
13.7 o.s -2a.01s -o. 75 . aa.J 1.0 - ,.,?5 -o.a& 
,1.1 1.5 7.325 0.21 
51.0 2.0 aa.aa& 0.75 

n c. c w!lere 
· J J " )t • f Jt.l 
a 1• , j ".i. j t 

I 1• I I. 'I; ~" '1~\ "i .., J . 
b 1• tae aa\rix 9f ooetflo1enta of ~•s 

I = 36.921 

l:,(l .a5) : 38. 931 

b: (H.935)/(l.25) : 29.54 

1 - 11.11s •a&.5-1(& - 1.a5J 

:as.&• & - 38.aa& 
J :28.54 X - 1.15 

An ••lyais of Yar1uoe of tb1• r•grMaloa equatioa 1• abo~n 1a 
tb• aucceeding aeot1oa. The repeaa1on of (K , - I,) on pe:rcea'l 

e.tf1o1enoy 1• i'-•• bJ t.he ct.loula.tioa•: 
8 1.J r v§xt, 

215. 80 

S x J 215.80 
8.& 1 = 1.10 
IJ' l .:Ql0.l8 

g"""!·x'Pl1-a~, .. , , au. aa 

r = aa.aa .99990?3 

17 



T•ble of Reeul ta I 

Dlt'terenoe 1A lfe&A Value• !or 
CQHBIIATIOI 0 o.&o 1.00 1.50 a.oo •-• 1-w 

l 
PRPWt.rr 52 l3l 2?9 431 580 a C 
'R R 1f R Y W 58 68 150 165 1ea 4 l 
R P ?' W R I' 50 91 110 84 51 • a 
RRWWWR •• 5? 52 ae 10 .3 3 
Ptt'!,ll'WR 45 28 1a 6 a 5 • l\WWR'IR ... 51 35 ll l 5 6 
R 1\' W R R 50 40 16 6 8 3 6 
R I' R R I' W 51 91 88 11, 65 • a 
'fl 1f tr 'R R W 43 85 40 38 9 4 4 
ftWR'f'AW •• 80 89 38 18 6 3 
~WWRRyt& .ft8 8 4 0 0 a 9 
w w P Y R R ., 11 5 a 0 • 8 
? W R R '!f R 51 19 "I 0 0 4 1 
'1 W Fi R Y 19 18 30 5 l 3 6 
• ft 1IJ B R W 56 34 6 ll l 5 5 
w RR WR 'f 55 aa 5 5 13 5 4 
1"~RR,r,ir 43 62 '75 ,o 38 3 3 
" R • W R 1' 54 a3 0 "I 0 " ? 
• R F ?/ "' 'R 51 40 1, 23 ll 4 5 
1' I' tr R W R .. ., 16 0 6 0 6 6 

Ta.b~e of reaulta t rrequenoy with whioh the 

Y&r1oua ccab1nat1caa ••r• drawn •h•n ihe t•o 

population me&na d11'tere4 by the gi'•• arnouat. 

:S 81p1f1Ci.tl'lt aeta 

teat• 
w 
6 
'1 
8 
9 

10 
ll 
l2 
8 

10 
s 

l.5 
14 
l3 
1a 
11 
10 
9 

13 
11 
la 

x1 Significant t d se s un er the hypotresis that M:a is greater than M . w 



Table of Re•ul,a II 

Wald-Wolfow1ts T••t: 
Test 

l'umber ax 
:.; • 5 
6 

0 
100 aoo 
,01 
ao4 
11 

1000 

D1!!ereaoe 1a Kean 
0.50 1.00 1.50 

137 •83 431 
18? 173 8" 
433 !99 443 
147 58 33 
98 89 a, 

1000 1000 1000 

a.oo 
580 
51 

338 
l? 
18 

1000 

r1,. ( Wald-Wolfow1tz teat on reaulte ahowa ia Fig. 
•a.na-1'hitaey Tea,: 

T~f>t 
lu•}•r 

0 
l 
2 
3 
4 
5 
6 , 
8 
9X 

0 
5a 
58 

101 
135 
143 
155 
156 
105 
,1 
48 

D1tferaoe 1n ••• 
o.5o 1.00 1.10 
lJl 319 •Jl 

68 150 165 
182 198 li8 
199 188 IJ 
1,1 5? 3~ 
131 58 45 

84 46 l? 
43 7 ? is 5 a 

6 , 0 

Fig. & . Mann-Wh1 taey teat oa .resul 'ta ahown 1a r11. 

Wilcoxon Tea\: 

Teet 
Num~er 

8 
7 
8 
8 

10 
11 
1.a 
13 
l4x 
15 

0 
52 
58 

101 
135 
143 
155 
li6 
105 ,1 

48 

Dlf tereaoe 1A Mn.a 
0.50 1.00 1.10 
131 a?i ,a1 

68 l.50 lSI 
183 198 198 
199 186 96 
141 57 , 39 
131 58 45 

84 46 17 
42 7 '1 
16 5 3 
G 4 0 

Fig. "I W11ooxoa teat on :re1ulta shown 1n 11g. 
X a1gnif14aat group• 

a.oo 
560 
193 
116 

68 at 
13 e 

0 
0 
0 

.a.oo 
580 
l9Z 
116 

68 
24 
13 

9 
0 
0 
0 
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v. Di1ou•etoa of Reault• 

Perhap• th• moat 1aler•et1ag reaul, lo~• obla1aed troa 

thi• .axper1meat 1• extr•• ole•••-• ,o 11attar1 ,, of etteot ol aa 

1Aorea.ae 111 tbe dlftereaoe 1a aea.a1 oa tile etf 1o1eaoy of i11e .ra.alt 

o;4er ata.t1at1oe und•r' •une1llanoe. Aa ualr•1• of Y&ria.no• oa 

thla recr•••1oa ehow•: 
Sou.roe 99 D/1 Ilea.a Sql.lU• 

Linear efteot 1090.'17 l 1090.7? 

lrror o.oa a 0.01 

Total 1090.79. 3 , .. 109,07? (a1p1flaaat) 
Thia high de.;ree of 11a•r1ty tor th1• parttoular eet of obaer-

Yationa abould aot be ooaa1derec:l ae a oha:raotar1at1o of all sate. 
The•• reaulta a.r• furact1oa ot too varl&bl .. \o oe ueuaecl 

to r•pl'4'eent a univer•l tr•4 111 eff'1o1encr ••• d1fternoe ia 

•••• Thi• r enlt ••• a tuot1oa ot the auaber cf ball• aeleo\• 

e4 from ea.oh popula,toa. the aubar ct ob•enat1oa•• iae acaurao1 

of the approx1a&t1oa tc aonal1tr 1a lhe coru1tructect pop\llatioa, 

etc. Bown er, a1noe 1n many oaa .. tbe e:aper·1aeator 1• a.'ble \o 

aeleo, the number of o'baenat1o•• to be •4• fro• ea.oh po~ul&lloa, 

1..hie high l1near1 ty of reaul ta ahould ,;iv• 111m oontidenoe .regar4-

1Ag any 1aterpolat1,,a oa the cun• when &a .. ,1aa.,1oa of eff1o1• 

ency for va.r1ou1 41ffel"eno•• 1a mean• are d .. 1racl. Tn1• oune 

will probably aot pro•• loo ua•ful tor uee 1a utropclatioa •• 1t 
. 1• \o be expeciec.t that the et_f1o1eaoy oune will flatten off aooa 

a;tter the 2.00 point ha• beea reached. 



Aa obaen-a.t1oa. of the b1etograira which the renlta 

. •f th1• uperiaeat eho•• tut the efflo1encr of tllMe raak •rd•r 

.etat1at1o• when the meana of the two populat1oa• differ by a 

· f lxact amoua t are: 

K, - .. l!f 

t>.50 13., 

1.00 as.a 
l.50 u.1 
a.oo 58.0 

The 11a•r1\y o! th••• reault• ha.a already ~••n noted 1a cte,a11. 
:· A leaat aquaree equation on these reeulta hae be• o&loula,ecl 

and 1•; 

T • 19.54 X - l.15 

•hare T 1• tlle etf1o1enoy and X 1• th• dif'terencie la of tlle 

t,ro population•~ 

It will 'be o'baened th., for the part1oular aaaple aize 

oho••• the ett1o1aao1•• of all the teet• oonatctared are the aaae. 

fte ••lec\ioa of tae moat desirable teeta thea 'be l>Ueci. oa 

the or1 terlaa ot ••• ia oaloula tloa. It appear• tba\ the l'&ld.-

Wolfowi tz 'teet will be beet in tll1a reapeot. However, under the hyp-
othesis that the mean of.one popu.lation is greater than that of the other, 

·· the Mann-Whitney test gives resa.1ts that are significant at the i,, level. 

as. 



l. Hotel11ag H.; (Text Unnamed.), to be publ1•hed a, late.r 

date. 
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