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ABSTRACT 

As a nondestructive examination, the acoustic emission technique is used to detect the 

presence of discontinuities inside of pressurized components. However, doubts still exist 

concerning the loading procedure to accomplish the acoustic emission testing, especially, in a 

pressure vessel where a uniform pressure can produce a nonuniform stress distribution due to the 

presence of the singularities such as the nozzles and supports. The combined loading of vapor 

and hydrostatic pressure can also generate a nonuniform stress distribution throughout the 

pressure vessel. According to the Kaiser effect, a structure with a nonuniform stress distribution 

should have a different acoustic emission testing result when compared to a structure with a 

uniform stress distribution. In this present study, the necessity to perform a stress analysis prior 

to the acoustic emission testing is examined. Furthermore, for the purpose of the stress analysis, 

two approaches are discussed, the membrane stress analysis and the finite element approach. 

By means of the membrane stress analysis, it is shown that the combined loading of the 

hydrostatic and vapor pressure does not produce a significant variation of stress throughout the 

spherical vessel. Actually, a computer program based on the membrane stress analysis is written 

to determine the stress distribution due to the combined loading. The limitation of the 

membrane stress analysis to handle problem with the presence of bending stress is also indicated. 

The finite element approach is used to perform the stress analysis of the singularities 

where the bending stress is important. The finite element computer program ABAQUS is used 

to perform the finite element stress analysis, and the mechanical computer-aided engineering 

program PATRAN is also used to construct the finite element model and to interpret the stress 

analysis results. The convenience and the success of these computer programs to handle this kind 

of problem are confirmed. The application of different types of finite elements to perform the 

stress analysis is also discussed. Results from the experiments performed by Gill, Catching and 

Paine [9] to measure the stress distribution of a pad reinforced nozzle is used as a benchmark to 

determine the performance of these finite elements. As a consequence, concrete recommendations 

concerning the selections of the finite elements and the stress analysis procedure are given. 

Finally, the influence of the stress distribution throughout the spherical pressure vessel 

on the acoustic emission is discussed, and the actual interpretation of the acoustic emission 

testing results based on the level of activity of acoustic emission without considering the 

nonuniform stress distribution throughout the structure is questioned.
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1.) INTRODUCTION: 

In the petroleum industry, the transformation of petroleum into chemical products 

usually involves high pressure and temperature; as a consequence, the physical components 

within the processing system can be considered as a pressurized component. Since the pressurized 

component normally operates in a corrosive environment, very often cracks or flaws occur inside 

the pressurized component. According to fracture mechanics, in most of the cases, it is possible 

to determine the critical crack size related to the state of stresses within the component and the 

geometry of the crack. As a matter of fact, cracks arriving at a critical size inside a chemical 

processing system can be considered as one of the major causes of failure; therefore, reliable 

nondestructive examination (NDE) must be applied to prevent catastrophic disaster. Currently, 

several NDE methods have been used in the petroleum industry to detect the discontinuity 

inside the structure. Radiographic inspection, eddy current inspection, liquid penetrant 

inspection, magnetic particle inspection, ultrasonic inspection and acoustic emission inspection, 

are the most commonly used methods. Although each method of NDE has advantages and 

disadvantages, radiographic inspection is the method used most to search for internal 

imperfections due to the fact that a permanent record can be obtained and the most 

comprehensive results interpretation criteria has been established by the ASME code [ASME, 

17]. In some cases, actually, the most convenient NDE technique for a particular situation is 

neglected just because of difficulty in results interpretation. For this reason, studies should be 

done to provide information for better understanding of the NDE results. 

As a NDE method, the acoustic emission technique offers an economical way to evaluate 

the integrity of the whole structure without disassembly, and possibly without significant 

disruption of production. Therefore, a lot of expectation has been built up around this method. 

However, the task of interpreting the acoustic emission test data has never been easy. Especially, 

when the result of the acoustic emission testing is directly related to the loading situation of the 

structure. This interesting relationship, actually, motivates the present study in which the 

acoustic emission approach is discussed based on the stress analysis of a spherical pressure vessel.



2) ACOUSTIC EMISSION: 

2.1) HISTORICAL BACKGROUND: 

It was well known before the twentieth century that metals emitted “sounds” while 

undergoing deformation or chemical transformation. However, the first scientific study of the 

acoustic emission was done by Josef Kaiser in Munich, Germany in the 1950’s [ASNT, 18] . Two 

important phenomena related to acoustic emission were discovered by Kaiser. In the first place, 

all materials emitted acoustic emission; in the second place, acoustic emission would be observed 

only if the specimens were loaded to exceed the previous loading level. The second statement 

which received the name of “Kaiser effect” demonstrated the intrinsic relationship between the 

acoustic emission and the mechanism of materials deformation. Based on the study of the Kaiser 

effect, a lot of interesting insights about the acoustic emission arose. Two of them are: the 

Dunegan corollary and the Felicity effect. 

The Dunegan corollary can be considered as an application of the Kaiser effect in 

pressure vessel testing strategy. According to the Dunegan corollary, if the vessel has the 

required fitness for the service, cyclic loading of the vessel to the proof pressure will not produce 

any relevant acoustic emission. However, if there is any harmful discontinuities present inside 

the pressure vessel, the growing of the discontinuity which increases the stress concentration 

around it, will produce a significant amount of acoustic emission. In conclusion, in order to 

determine the “fitness for-purpose” of a pressure vessel, cyclic loadings between the proof 

pressure and the minimum pressure which can be zero should be applied. 

The Felicity effect observed in composite material is apparently the contradiction of the 

Kaiser effect. Instead of emitting acoustic emission at a load level higher than the previous 

loading situation, the composite material begins to emit at a lower level. The reason is, in 

composite material the viscous behavior of the matrix increases the stress at the fiber during 

successive reloading to the same loading level. As a consequence, the integrity of a composite 

material can be successfully predicted by the acoustic emission technique. Since the phenomena 

characterized by the Felicity effect are time dependent, the Felicity effect demonstrates the 

importance of “time at load” as well as load level to the acoustic emission behavior.



2.2) FUNDAMENTALS OF ACOUSTIC EMISSION: 

According to the ASTM subcommittee E07.04 acoustic emission can be defined as: ”The 

transient elastic waves resulting from local internal microdisplacement in a material. By 

extension the term also describes the technical discipline and measurement technique relating to 

the phenomenon.” [ASNT, 18] . In other words, materials or structures undergoing a process, 

such as plastic deformation, macro or microcrack growth or dislocation, emits elastic waves that 

propagate from the source throughout the structure and to the surface. As a consequence, a 

waveform surface displacement can be detected. Furthermore by analyzing the characteristic of 

this surface displacement useful information can be obtained concerning the nature and the 

location of the origin of the elastic wave. 

Basically, an acoustic emission testing system is composed of sensors, amplifiers with 

filters, measurement circuitry, data buffers and perhaps a microcomputer. Since the acoustic 

0°}? m, piezoelectric sensors with emission sometimes produce a surface displacement less than 1 

high sensitivity have been widely used for detection. The ASM Metal Handbook Volume 17 

provide a more detailed discussion of acoustic emission system and different type of sensors. 

[ASM, 16] 

In general terms, there are two types of acoustic emission signals: the burst type and the 

continuous type. 

The continuous type has the appearance of the Gaussian Random noise. The amplitude 

of the continuous type is a function of acoustic emission activity. It is believed that the 

continuous type emission is produced by dislocation movement[ASM, 16]. 

The burst type is characterized by a discrete waveform with damping. Typically, burst 

type emission can reach a higher amplitude than the continuous type. As a matter of fact, this 

kind of emission is the most important for the acoustic emission testing due to the fact that the 

burst type emission is often related to processes such as plastic deformation, microcrack and 

macrocrack growth[ASM, 16]. 

Several methods are used to interpret the output signals of an acoustic emission test 

[ASNT, 17]: 

The Emission Count or Ringdown Count is the simplest approach to perform the 
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analysis of acoustic emission signals. By counting the number of times that the peaks of a 

discrete signal exceeds a preselected threshold, the severity of the acoustic emission activity can 

be quantified. However, the emission ringdown count only represents a qualitative 

approximation of the acoustic emission signal. 

The acoustic emission energy is another means of quantifying acoustic emission signals. 

When the acoustic emission phenomenon occurs energy is released from the source. 

Furthermore, the surface displacement caused by the acoustic emission is translated into 

electrical energy by the sensor; therefore, the electrical energy can be calculated using the 

following equation: 

a 

U= al V%t) dt 
R 

0 

As an advantage the energy measurement is directly related to the instability inside the 

structure; actually, some researchers believe there is a direct correspondence between the energy 

released by the source and the energy collected during the acoustic emission monitoring. 

However, due to the limitation of the electronic equipment, sometimes the energy measurement 

only represents the averaged energy of the event [Kline, 15]. 

The acoustic emission signal amplitude also provide useful information about the 

integrity of the system. By studying the characteristic of the amplitude distribution of the 

acoustic emission signals some deformation mechanism can be recognized; consequently, 

prediction concerning the integrity of the structure can be done. Furthermore, the amplitude of 

the acoustic emission signal represents the intensity of the damage associated with the source. 

However, the amplitude of a acoustic emission signal is affected by the separation between the 

source and the sensor, and the calibration of the acoustic emission system becomes crucial with 

this measurement approach [Kline, 15]. 

With the development of the digital techniques most acoustic emission signal collection 

is performed by computer systems, e.g. Spartan [Spartan, 27]. Usually, computer software is 

used within the system to represent the quantification of the acoustic emission signals against 

the parameters of testing such as loading, duration, number of cycles, etc. 

In order to detect a discontinuity inside the structure, most of the NDE methods require 

the identification of a suspect area a priori, or the complete structure should be scanned for this 

purpose. In contrast, the acoustic emission technique can localize the discontinuity within a 

considerable area by means of a strategical location of sensors. For example, the acoustic



emission testing of a butane storage sphere of 51 ft. diameter was performed with 12 sensors 

[ASNT, 18]. Basically, the localization of the discontinuity was performed by measuring the 

difference in time of arrival of an acoustic emission signal to the different sensors [ASNT, 18]. 

By assuming a known wave velocity and distance between the sensors, the acoustic emission 

source location can be fully determined. Actually, the triangulation method is preferred in the 

acoustic emission testing of a pressure vessel. This method consists of measuring the difference 

between acoustic emission signal arrival times to different pairs of sensors inside a triangular 

formation. After that the source can be located by means of Apollonian triangle [ASNT, 18] or 

the intersection of two hyperbole (Scott, 25]. Computers have provided help in the location of 

discontinuity by computing the distance of the discontinuity very rapidly. (Spartan, 27].



2.3) ADVANTAGES AND DISADVANTAGES OF THE ACOUSTIC EMISSION 

TECHNIQUE 

In practice, the infallible NDE method does not exit, therefore the recognition of the 

limit of the NDE method is very important for its application. In order to evaluate the 

limitation of the acoustic emission technique, a list of advantages and disadvantages of the 

method has been prepared. A more complete discussion of the advantage and disadvantage of 

the acoustic emission technique can be found in the book of Nondestuctive Testing Handbook 

[18]. 

Advantages of the acoustic emission technique: 
  

1) In comparison to the other NDE methods, the acoustic emission technique requires 

less time for evaluating the condition of the entire structure. 

2) The acoustic emission technique can establish the dynamic relationship between the 

damage and the loading imposed on the structure during the monitoring procedure. 

3) The application of the acoustic emission on line monitoring in the petroleum industry 

avoids unnecessary shutdowns. Thus, the maintenance cost of the petroleum and chemical plant 

can be reduced enormously. 

4) Since the transducer can be located at a remote position from the discontinuity, the 

acoustic emission technique provides a practical approach to measure discontinuities in 

inaccessible areas. 

5) The application of the acoustic emission technique during hydrostatic testing can 

prevent catastrophic accident by early detection of discontinuities, this application is especially 

useful in the requalification of in service pressurized component. 

6) The acoustic emission method does not require induction of external energy to the 

structure under examination. Therefore, possible damage of the structure and the possible error 

of interpretation caused by the artificial excitation source is minimum. Although, acoustic 

emission is generally performed as part of a procedure that includes changing the mechanical 

state of the structure, e.g. hydrostatic proof testing, cool down method, etc. However, 

unnecessary damage to the structure can be avoided by following the recommendations 

suggested in the ASME Code [ASME, 22].



Disadvantages of the Acoustic Emission Technique: 
  

1) Most of the standards of discontinuity evaluation are based on a static approach; i.e. 

the severity of the damage is based on the size and orientation of the discontinuity. Conversely, 

the acoustic emission technique measures the interaction between the loading and the 

deformation process. In other words, the acoustic emission technique can only detect a 

discontinuity that changes the local state of stress within a material suddenly. Thus, a 

discontinuity that remains stable cannot be detected in spite of its size and orientation. 

2) The acoustic emission technique is more practical for locating a discontinuity than 

determining quantitatively the size of the discontinuity. 

3) Background noise produced by the operation of the system such as the relative 

movement of the joints can cause significant acoustic emission making it difficult to detect the 

presence of an actual discontinuity. 

4) Since the propagation of stress waves from an acoustic emission inside a finite 

medium are divergent, the characteristic of the acoustic emission signal collected at the surface 

of the structure may differ enormously from the acoustic emission signal produce by the 

discontinuity. Therefore, the details of the acoustic emission signal is highly dependent on the 

geometry of the structure.



2.4) CURRENT APPLICATION OF THE ACOUSTIC EMISSION TECHNIQUE 

IN THE PETROLEUM INDUSTRY 

Inside the petroleum and chemical industries, acoustic emission testing has successfully 

been performed to detect discontinuities inside pressurized components. Mainly, three groups of 

metal alloys have been used to build these pressurized components: medium carbon steel, low 

alloy steel, and austenistic stainless steel; furthermore, all of these metals may be considered 

ductile. Due to the fact that yielding of ductile material is one of the major sources of acoustic 

emission, the acoustic emission technique has become popular for assessing the condition of the 

pressurized component. Moreover, the pressurized component is frequently subjected to creep 

and stress rupture that produce a significant amount of acoustic emission. Additionally, 

hydrogen embrittlement and thermal shock induced cracks can also be detected by the acoustic 

emission technique. Also, the carbon steel is clad with stainless steel to prevent severe corrosion; 

delamination between the base and the cladding material, however, constitutes the major 

disadvantage of this construction method. Acoustic emission, having the ability to monitor 

continuously the pressurized component, can detect this defect in the very beginning.



2.4.1) APPLICATION OF THE ACOUSTIC EMISSION TECHNIQUE ON THE 

PRESSURE VESSEL 

The pressure vessel constitutes one of the most important component of the petroleum 

and chemical industry. Three principal applications of the acoustic emission technique on the 

pressure vessel are [ASNT, 18]: 

1) The hydrostatic testing of a new pressure vessel: 

According to the ASME code [ASME, 22], a new pressure vessel constructed under the 

specification of the ASME code must be submitted to a hydrostatic test with a testing pressure 

of 1.5 times the design pressure. By using the acoustic emission technique as a complementary 

technique, a lot of discontinuities overlooked by the other NDE techniques can be detected 

[ASNT, 18], especially, when the vessel is spot tested (only 85% of the welded joints are 

radiographically inspected).[ASME, 22] 

2) Qualification of in Service Pressure Vessel: 

A pressure vessel normally suffers deterioration during the service period, therefore, the 

NDE testing is applied to determine the condition of the pressure vessel. Due to the fact that 

only dynamic discontinuities produce acoustic emission, the integrity or the degree of 

deterioration of the vessel can be measured by means of the acoustic emission technique. 

Acoustic emission is also ideal because it does not necessarily require that the vessel be removed 

from service. 

3) On Line Monitoring of a Pressure Vessel: 

The early detection of crack growth and the development of existing cracks, can provide 

useful information to predict the remaining life of the pressure vessel under consideration. As a 

consequence, the shutdown of the facility for repair or replacement can be planned more 

efficiently lessening the impact on production. However, the continuous monitoring of the 

pressure requires a passive and highly sensitive technique such as acoustic emission. 

Furthermore, in case where a shutdown is required, the on line acoustic emission monitoring of 

the vessel can provide useful information for determining the critical areas that should be 

examined in more detail with other NDE techniques such as radiographic, ultrasonic or eddy 

current testing; thus, the shutdown period can be reduced significantly.



2.4.2) APPLICATION OF THE ACOUSTIC EMISSION TECHNIQUE FOR THE 

RECERTIFICATION OF GAS TRAILER TUBING [ASNT, 18] 

Another successful application of the acoustic emission technique is the recertification of 

gas trailer tubing. According to regulations of the U.S. Department of Transportation, the gas 

trailer tubing should be inspected periodically every five years. Instead of hydrostatic testing 

which requires dismantling of the trailer and cleaning of the surface after the testing, the gas 

tubes are loaded with gas and the acoustic emission testing is performed. After that the area 

suspected to have discontinuities are inspected with ultrasonic techniques to determine the 

integrity of the gas tube. This procedure has reduced the cost of operation and provides more 

maintenance information than the hydrostatic testing. 
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2.4.3) APPLICATION OF THE ACOUSTIC EMISSION TECHNIQUE TO THE 

FIBER REINFORCED VESSEL [ASNT, 18} 

A high rate of failure occurs in the fiber reinforced vessel (almost 2 failures per year). 

Therefore, this kind of vessel must be inspected frequently to avoid major catastrophe. Due to 

the internal structural complexity of the composite material, the acoustic emission technique 

seems to be the most appropriate technique to locate the possible defective areas. After that the 

suspicious areas can be examined with other NDE techniques. Otherwise, an expensive complete 

scanning of the fiber reinforced vessel has to be done with other NDE techniques. Actually, the 

major success of the acoustic emission technique has been achieved on such fiber reinforced 

vessels. In ASME section V [ASME, 17], there is a complete standardization of the acoustic 

emission procedure including the loading of the vessel. 

Finally, there are a lot of other applications of the acoustic emission technique in the 

petroleum and chemical industry [ASNT, 18] such as leak detection of buried pipe line and 

machinery condition monitoring. In conclusion, there is a wide range of application of the 

acoustic emission technique in the petroleum and chemistry industry. However, pressure vessel 

monitoring has been selected as the topic for this present study because of the importance of this 

component to the petroleum industry. In addition, the stress analysis of the singularities such as 

the nozzle due to the loading condition is still under investigation currently [Primm, 23]. 
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2.5) CONDITIONS FOR AN APPROPRIATE INTERPRETATION OF THE 

ACOUSTIC EMISSION TESTING RESULTS 

Physically acoustic emission is a wave propagation phenomenon, therefore, phenomena 

such as attenuation affect the sensitivity of the testing system. For practical purpose, 

attenuation in real structures can only be estimated according to previous experience [ASNT, 

18]. Also, background noise causes serious problems in the interpretation of the acoustic emission 

signal. A lot of effort has been focussed in the study of the noise discrimination of the acoustic 

emission testing system [Williams, 30]. Usually the method of frequency discrimination is used 

to overcome this problem. Since the frequency of the noise is normally lower than the frequency 

of the acoustic emission signals emitted by an imperfection, the noise can be filtered by 

recognizing its frequency. Also, in structural monitoring, guard sensors have been used to 

isolated the source of the noise. In facts, a noise assessment of the structure under testing is 

always recommended before performing any acoustic emission testing. 

Until now most of the factors mentioned were related to the physics of the acoustic 

emission; i.e, the wave propagation in solid. However, as it has been discussed before, the 

structure must be loaded in certain ways directly or indirectly, in almost all the applications of 

the acoustic emission technique. Actually, the Kaiser effect emphasizes the importance of the 

loading situation in relation to the acoustic emission. Specifically, for a spherical vessel that 

constitutes the case of study in the present thesis, the Kaiser effect can be achieved by raising 

the pressure above the operating pressure. Actually, the acoustic emission testing with pressure 

loading is one of the most common practice in the petroleum industry [Peacock, 21]. However, a 

pressure vessel tested by the acoustic emission technique may undergo a nonuniform loading 

situation, for example, a vessel partially filled with liquid, and with vapor pressure at the top 

section. Also, most pressure vessels contain details such as nozzles and supports. Therefore, a 

uniform stress distribution over the whole structure is unlikely to occur. Since the stress 

distribution is highly related to the stress intensity factor which determines the behavior of a 

crack growth (Angelsen, Conely & Williams, 3], cracks located in different areas of a pressure 

vessel may have different behavior. Thus, having a stress distribution of a structure undergoing 

an acoustic emission testing becomes extremely important to achieve a correct interpretation of 

the acoustic emission testing results. Actually, an acoustic emission testing procedure, “Monpac” 
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(Monsanto and Physical Acoustic Corporation) includes criteria to classify the severity of 

acoustic emission signals based on the energy increase and the cumulative energy. As a result, 

areas of high risk inside the structure can be identified. In fact, the energy released by a material 

during the deformation process can be written as a function of the stress and strain. A pressure 

vessel; therefore, with different stress distributions in different areas of the structure may have 

different energy levels. Although the loading is uniform over the whole structure, erroneous 

interpretation of the acoustic emission testing results may occur because the loading situation 

has been oversimplified. 
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3) APPROACH TO PERFORM THE STRESS ANALYSIS: 

3.1) METHODOLOGY 

As mentioned in chapter two, in order to interpret correctly the results of the acoustic 

emission testing, it is necessary to have a complete description of the stress distribution 

throughout the specimen under test. In the present study, a spherical thin wall] pressure vessel 

was used for the purpose of stress analysis. A pressure vessel, used as a storage device or reactor, 

constitutes the major component of any pressurized system in the petroleum industry. The 

required thickness for a spherical pressure vessel to support relatively high pressures is usually 

smaller in comparison to the other kinds of pressure vessels such as cylindrical or square vessels. 

Moreover, the smooth curvature of the spherical vessel avoids the presence of the discontinuous 

stress in the jointing between the head and the body. A more detailed discussion about the 

discontinuous state of stress is done by Harvey [12]. For all these reasons, the spherical vessel is 

usually preferred in situations where a high design pressure is present; however, the spherical 

vessel has the disadvantage of being difficult to construct. 

It is worth mentioning that most of the pressure vessels used in the petroleum industry 

are designed based on the ASME code, to be specific the ASME Code, Section VIII, Division 1 

[ASME, 22]. Since this code is more design oriented, determination of the maximum stress inside 

the component is the main purpose. Conversely, the present study explores methods that can be 

use to determine the distribution of stress throughout the whole component for the acoustic 

emission testing purpose. Actually, two approaches have been used for this purpose: the 

simplified membrane theory and the finite element method which will be discussed in the 

following chapters. 
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�P� �:� �N�e�t� �v�e�r�t�i�c�a�l� �f�o�r�c�e� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�2� 

�f�y�,� �:� �d�i�s�t�r�i�b�u�t�e�d� �n�o�r�m�a�l� �f�o�r�c�e� �p�e�r� �u�n�i�t� �o�f� �a�r�e�a� 

�@� �=�:� �M�e�r�i�d�i�a�n�a�l� �a�n�g�l�e� �(�s�e�e� �F�i�g�.� �3�.�1�)� 

�T�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �a� �s�p�h�e�r�i�c�a�l� �p�r�e�s�s�u�r�e� �v�e�s�s�e�]� �w�i�t�h� �v�a�p�o�r� �p�r�e�s�s�u�r�e� �a�t� �t�h�e� �t�o�p� �s�e�c�t�i�o�n�(�F�i�g�.� 

�3�.�3�)� �w�a�s� �o�b�t�a�i�n�e�d� �b�y� �u�s�i�n�g� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �s�u�p�e�r�p�o�s�i�t�i�o�n�;� �i�.�e�.� �t�h�e� �p�r�o�b�l�e�m� �w�a�s� �s�e�p�a�r�a�t�e�d� �i�n�t�o� 

�t�w�o� �c�a�s�e�:� 

�C�a�s�e� �I� �:� �a� �s�p�h�e�r�i�c�a�l� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l� �w�i�t�h� �h�y�d�r�o�s�t�a�t�i�c� �p�r�e�s�s�u�r�e�.� 

�C�a�s�e� �I�I� �:� �a� �s�p�h�e�r�i�c�a�l� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l� �w�i�t�h� �u�n�i�f�o�r�m� �i�n�t�e�r�n�a�l� �p�r�e�s�s�u�r�e�.� 

�F�i�n�a�l�l�y�,� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�p�h�e�r�i�c�a�l� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l� �w�i�t�h� �v�a�p�o�r� �p�r�e�s�s�u�r�e� �a�t� �t�h�e� �t�o�p� 

�s�e�c�t�i�o�n� �c�o�r�r�e�s�p�o�n�d�s� �t�o� �t�h�e� �s�u�m� �o�f� �t�h�e� �s�o�l�u�t�i�o�n�s� �o�f� �c�a�s�e� �I� �a�n�d� �c�a�s�e� �I�I�.� 

�A�s� �a� �m�a�t�t�e�r� �o�f� �f�a�c�t�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�o�l�u�t�i�o�n� �f�o�r� �a� �s�p�h�e�r�i�c�a�l� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l� �w�a�s� �d�e�v�e�l�o�p�e�d� 

�a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �p�r�e�v�i�o�u�s� �d�i�s�c�u�s�s�i�o�n�.� 

�C�a�s�e� �I�,� �a� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l� �w�i�t�h� �h�y�d�r�o�s�t�a�t�i�c� �p�r�e�s�s�u�r�e�:� 
� � 

�F�o�r� �a� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l� �a�s� �s�h�o�w�n� �i�n� �F�i�g�.� �3�.�3�,� �t�h�e� �p�r�e�s�s�u�r�e� �o�r� �t�h�e� �d�i�s�t�r�i�b�u�t�e�d� �n�o�r�m�a�l� �f�o�r�c�e� 

�p�e�r� �u�n�i�t� �o�f� �a�r�e�a� �i�n� �t�h�e� �v�e�s�s�e�l� �a�t� �a�n�y� �a�n�g�l�e� �@� �w�a�s� �w�r�i�t�t�e�n� �a�s�:� 

�f�n� �=� �7�[�R�(�1� �-� �c�o�s�)�  �� �Z�o�]� �=� �y�[�R�(�c�o�s�@�1�  �� �c�o�s�O�)�]� �(�e�q�.� �3�.�3�)� 

�S�e�e� �f�i�g�.� �3�.�3� �f�o�r� �t�h�e� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �s�y�m�b�o�l�s� �R�,� �@�,� �@�,� �a�n�d� �Z�p�.� 

�+� �:� �s�p�e�c�i�f�i�c� �d�e�n�s�i�t�y� �o�f� �t�h�e� �l�i�q�u�i�d� �c�o�n�t�a�i�n�e�d� �i�n�s�i�d�e� �t�h�e� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l�.� 
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�F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �a�n�a�l�y�s�i�s� �w�a�s� �s�e�p�a�r�a�t�e�d� �i�n�t�o� �t�w�o� �s�u�b�c�a�s�e�:� �©� �<� �O�g� �(�s�e�e� �F�i�g�.� �3�.�3�)� 

�O�>�@�p� 

�I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� �p�r�o�b�l�e�m� �h�a�s� �b�e�e�n� �s�o�l�v�e�d� �f�o�r� �t�h�e� �s�e�c�t�i�o�n�s� �a�b�o�v�e� �a�n�d� �b�e�l�o�w� �t�h�e� 

�s�u�p�p�o�r�t�.� 

�S�u�b�c�a�s�e� �1�:� �@� �<� �W�p� �(�f�o�r� �s�e�c�t�i�o�n� �a�b�o�v�e� �t�h�e� �s�u�p�p�o�r�t�)� 

�T�h�e� �n�e�t� �v�e�r�t�i�c�a�l� �f�o�r�c�e� �P� �:� 

�P�=� �|� �f�y�p�d�A�x�c�o�s�@� �(�e�q�.� �3�.�4�)� 
�A� 

�w�h�e�r�e� �d�A� �=� �2�7�R�s�i�n�@�R�d�@� 

�S�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n� �3�.�3� �i�n�t�o� �e�q�u�a�t�i�o�n� �3�.�4�:� 

�P�=� �J� �r�f�R�(�c�o�9�0�,�  ��c�o�s�@� �)�2�x�R�+�s�i�n�O�*�R�+�d�O�+�c�o�s�O� 

�S�o�l�v�i�n�g� �t�h�e� �i�n�t�e�g�r�a�l� �e�x�p�l�i�c�i�t�l�y�,� �t�h�e� �f�o�l�l�o�w�i�n�g� �e�x�p�r�e�s�s�i�o�n� �f�o�r� �t�h�e� �n�e�t� �v�e�r�t�i�c�a�l� �f�o�r�c�e� �w�a�s� 

�o�b�t�a�i�n�e�d�:� 

�(� �F�o�r� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �i�n�t�e�g�r�a�l� �s�e�e� �a�p�p�e�n�d�i�x� �I�)� 

�@� 
�P�=� �D�R� �0�0�8�2�0�,� �-� �c�0�s�2�0�]�+� �A�{�c�o�s�*�B�,� �-� �c�o�s�*�0�,�}� �(�e�q�.� �3�.�5�)� 

�F�i�n�a�l�l�y�,� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �e�q�u�a�t�i�o�n� �3�.�5� �i�n�t�o� �e�q�u�a�t�i�o�n�s� �3�.�1� �a�n�d� �3�.�2�,� �e�x�p�r�e�s�s�i�o�n�s� �f�o�r� �t�h�e� 

�m�e�r�i�d�i�a�n�a�l� �f�o�r�c�e� �a�n�d� �t�h�e� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �f�o�r�c�e� �p�e�r� �u�n�i�t� �o�f� �t�h�i�c�k�n�e�s�s� �a�s� �a� �f�u�n�c�t�i�o�n� �o�f� �t�h�e� 

�g�e�o�m�e�t�r�i�c� �p�a�r�a�m�e�t�e�r�s� �a�n�d� �p�r�o�p�e�r�t�i�e�s� �o�f� �t�h�e� �f�l�u�i�d� �w�e�r�e� �o�b�t�a�i�n�e�d�.� 

�S�u�b�c�a�s�e� �2�:� �@� �>� �W�o� �(�f�o�r� �t�h�e� �s�e�c�t�i�o�n� �b�e�l�o�w� �t�h�e� �s�u�p�p�o�r�t�)� 

�F�o�r� �t�h�e� �s�e�c�t�i�o�n� �b�e�l�o�w� �t�h�e� �s�u�p�p�o�r�t�,� �t�h�e� �n�e�t� �v�e�r�t�i�c�a�l� �f�o�r�c�e� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �b�y� �a�d�d�i�n�g� �t�h�e� 

�p�r�e�s�s�u�r�e� �r�e�s�u�l�t�a�n�t� �a�n�d� �t�h�e� �w�e�i�g�h�t� �o�f� �t�h�e� �l�i�q�u�i�d�;� �i�.�e�,� �P� �=� �P� �+� �W�.� �T�h�e� �w�e�i�g�h�t� �o�f� �t�h�e� �l�i�q�u�i�d� �W� 

�w�a�s� �d�e�t�e�r�m�i�n�e� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �w�a�y�:� 

�W� �=� �V�o�l�u�m�e� �o�f� �t�h�e� �l�i�q�u�i�d� �x� �N�i�q� 
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� � 
�3� 

�V�o�l�u�m�e� �o�f� �t�h�e� �l�i�q�u�i�d� �=� �a�r�k� �_� �e�G� �_�  ��0� 

�F�i�n�a�l�l�y�,� �b�y� �s�u�b�s�t�i�t�u�t�i�n�g� �t�h�e� �P� �d�e�t�e�r�m�i�n�e�d� �f�r�o�m� �a�b�o�v�e� �i�n�t�o� �t�h�e� �e�q�u�a�t�i�o�n�s� �3�.�1� �a�n�d� �3�.�2�,� �t�h�e� 

�m�e�r�i�d�i�a�n�a�l� �a�n�d� �t�h�e� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �f�o�r�c�e� �p�e�r� �u�n�i�t� �o�f� �t�h�i�c�k�n�e�s�s� �f�o�r� �t�h�e� �s�e�c�t�i�o�n� �b�e�l�o�w� �t�h�e� �s�u�p�p�o�r�t� 

�w�a�s� �d�e�t�e�r�m�i�n�e�d�.� 

�T�h�e� �m�e�r�i�d�i�a�n�a�l� �s�t�r�e�s�s� �(�7�9�)� �a�n�d� �t�h�e� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �s�t�r�e�s�s� �(�7�6�)� �w�a�s� �d�e�t�e�r�m�i�n�e�d� �a�s� 

�f�o�l�l�o�w�i�n�g�:� 

�N�o� 

�N�g� 

�t� �:� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l� 

�C�a�s�e� �2�:� �a� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l� �w�i�t�h� �u�n�i�f�o�r�m� �i�n�t�e�r�n�a�l� �p�r�e�s�s�u�r�e�:� 
� � 

�F�o�r� �a� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l� �w�i�t�h� �u�n�i�f�o�r�m� �i�n�t�e�r�n�a�l� �p�r�e�s�s�u�r�e� �t�h�e� �e�q�u�a�t�i�o�n�s� �3�.�1� �a�n�d� �3�.�2� �b�e�c�a�m�e� 

�t�h�e� �e�q�u�a�t�i�o�n�s� �o�f� �t�h�i�n� �w�a�l�l� �v�e�s�s�e�l� �e�q�u�a�t�i�o�n�s�:� 

 �� �P�R� 
�"�O� �=� �9�t� 

�_� �P�R� 
�7�6� �=� �O�E� 
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�F�i�n�a�l�l�y�,� �u�s�i�n�g� �t�h�e� �p�r�i�n�c�i�p�l�e� �o�f� �s�u�p�e�r�p�o�s�i�t�i�o�n� �t�h�e� �s�o�l�u�t�i�o�n� �f�o�r� �a� �t�h�i�n� �w�a�l�l� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l� 

�w�i�t�h� �v�a�p�o�r� �p�r�e�s�s�u�r�e� �w�a�s� �f�u�l�l�y� �d�e�t�e�r�m�i�n�e�d�.� �F�u�r�t�h�e�r�m�o�r�e�,� �a� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �(�s�e�e� �a�p�p�e�n�d�i�x� �I�I�)� 

�w�a�s� �w�r�i�t�t�e�n� �i�n� �F�o�r�t�r�a�n� �i�n� �o�r�d�e�r� �t�o� �o�b�t�a�i�n� �t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �o�v�e�r� �t�h�e� �w�h�o�l�e� �v�e�s�s�e�l� �b�a�s�e�d� �o�n� 

�t�h�e� �e�q�u�a�t�i�o�n�s� �d�e�v�e�l�o�p�e�d� �b�e�f�o�r�e�.� �T�h�e� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �w�a�s� �a�p�p�l�i�e�d� �t�o� �a� �s�p�h�e�r�i�c�a�l� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l� 

�w�i�t�h� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�:� 

�Z�o� �=� �1�0� �i�n�.� 

�R� �=� �4�0� �i�n�.� 

�+� �=� �0�.�0�3�6�0�9� �I�b�/�i�n�®� 

�P�V� �=� �2�0�0� �l�b�/�i�n�®� 

�S�D� �=� �2�7� �i�n�.� 

�t� �=� �0�.�7�5� �i�n�.� 

�w�h�e�r�e� �t�h�e� 

�Z�o�:� �T�h�e� �l�i�q�u�i�d� �l�e�v�e�l� �m�e�a�s�u�r�e�d� �f�r�o�m� �t�h�e� �t�o�p� �o�f� �t�h�e� �v�e�s�s�e�l�.� 

�R�:� �R�a�d�i�u�s� �o�f� �t�h�e� �s�p�h�e�r�i�c�a�l�]� �v�e�s�s�e�l�.� 

�+�:� �S�p�e�c�i�f�i�c� �d�e�n�s�i�t�y� �o�f� �t�h�e� �l�i�q�u�i�d� �c�o�n�t�a�i�n�e�d� �i�n�s�i�d�e� �t�h�e� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l�.� 

�P�V�:� �V�a�p�o�r� �p�r�e�s�s�u�r�e� �a�t� �t�h�e� �t�o�p� �o�f� �t�h�e� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l�.� 

�S�D�:� �S�a�d�d�l�e� �d�i�s�t�a�n�c�e� �m�e�a�s�u�r�e�d� �f�r�o�m� �t�h�e� �c�e�n�t�e�r�l�i�n�e� �o�f� �t�h�e� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l�.�(�F�i�g�.� �3�.�3�)� 

�t�:� �T�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �s�p�h�e�r�i�c�a�l� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l�.� 

�T�h�e� �m�e�m�b�r�a�n�e� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s� �o�b�t�a�i�n�e�d� �f�r�o�m� �t�h�e� �p�r�o�g�r�a�m� �w�e�r�e� �p�r�e�s�e�n�t�e�d� �g�r�a�p�h�i�c�a�l�l�y� �i�n� 

�F�i�g�.� �4�.�1�.�1� �&� �4�.�1�.�2�.� 
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�3�.�1�.�2�)� �S�T�R�E�S�S� �A�N�A�L�Y�S�I�S� �O�F� �T�H�E� �S�I�N�G�U�L�A�R�I�T�Y�:� �N�O�Z�Z�L�E� �A�N�D� �S�U�P�P�O�R�T� 

�T�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �a�r�o�u�n�d� �a� �s�i�n�g�u�l�a�r�i�t�y� �s�u�c�h� �a�s� �a� �n�o�z�z�l�e� �h�a�s� �b�e�e�n� �a�n� �i�n�t�e�r�e�s�t�i�n�g� 

�r�e�s�e�a�r�c�h� �t�o�p�i�c� �d�u�r�i�n�g� �r�e�c�e�n�t� �d�e�c�a�d�e�s� �[�A�S�M�E�,� �1�3�]�.� �M�a�i�n�l�y� �t�w�o� �a�p�p�r�o�a�c�h�e�s� �h�a�v�e� �b�e�e�n� �u�s�e�d� �t�o� 

�d�e�s�c�r�i�b�e� �t�h�i�s� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n�;� �f�i�r�s�t�l�y�,� �t�h�e� �a�n�a�l�y�s�i�s� �b�a�s�e�d� �o�n� �s�h�e�l�l� �t�h�e�o�r�y�,� �i�.�e�.� �t�h�e� �e�q�u�i�l�i�b�r�i�u�m� 

�e�q�u�a�t�i�o�n�s� �w�r�i�t�t�e�n� �i�n� �c�u�r�v�i�l�i�n�e�a�r� �c�o�o�r�d�i�n�a�t�e�s� �a�r�e� �p�r�e�s�c�r�i�b�e�d� �b�e�t�w�e�e�n� �t�h�e� �n�o�z�z�l�e� �a�n�d� �t�h�e� �s�h�e�l�l� �b�o�d�y� 

�o�f� �t�h�e� �v�e�s�s�e�l�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �k�i�n�e�m�a�t�i�c� �e�q�u�a�t�i�o�n� �w�i�t�h� �t�h�e� �c�o�r�r�e�s�p�o�n�d�i�n�g� �e�n�g�i�n�e�e�r�i�n�g� 

�a�s�s�u�m�p�t�i�o�n�s�,� �t�h�e� �c�o�m�p�a�t�i�b�i�l�i�t�y� �e�q�u�a�t�i�o�n�s� �a�n�d� �t�h�e� �c�o�n�s�t�i�t�u�t�i�v�e� �r�e�l�a�t�i�o�n�s� �a�r�e� �c�o�m�b�i�n�e�d� �t�o�g�e�t�h�e�r� �t�o� 

�e�s�t�a�b�l�i�s�h� �a� �m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l� �s�u�c�h� �t�h�a�t� �t�h�e� �p�r�o�b�l�e�m� �c�a�n� �b�e� �s�o�l�v�e�d� �p�r�o�p�e�r�l�y� �f�o�r� �d�i�f�f�e�r�e�n�t� 

�l�o�a�d�i�n�g� �s�i�t�u�a�t�i�o�n�s� �[�G�i�l�l�,� �9�]�.� �V�e�r�y� �o�f�t�e�n� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�i�s� �a�n�a�l�y�s�i�s� �i�s� �t�o� �o�b�t�a�i�n� �t�h�e� �m�a�x�i�m�u�m� 

�s�t�r�e�s�s� �c�o�n�c�e�n�t�r�a�t�i�o�n� �f�a�c�t�o�r� �f�o�r� �d�e�s�i�g�n� �p�u�r�p�o�s�e�s�.� �M�o�r�e�o�v�e�r�,� �a� �l�i�m�i�t� �a�n�a�l�y�s�i�s� �i�s� �u�s�u�a�l�l�y� �p�e�r�f�o�r�m�e�d� �t�o� 

�d�e�t�e�r�m�i�n�e� �t�h�e� �l�i�m�i�t� �l�o�a�d�i�n�g�.� �W�i�t�h�i�n� �t�h�e� �l�i�m�i�t� �a�n�a�l�y�s�i�s�,� �t�h�e� �e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� �i�s� �p�e�r�f�o�r�m�e�d� �t�o� 

�p�r�o�v�i�d�e� �t�h�e� �l�o�w�e�r� �b�o�u�n�d�,� �a�n�d� �t�h�e� �p�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� �i�s� �p�e�r�f�o�r�m�e�d� �t�o� �e�s�t�a�b�l�i�s�h� �t�h�e� �u�p�p�e�r� �b�o�u�n�d�.� 

�F�i�n�a�l�l�y�,� �t�h�e� �l�i�m�i�t� �l�o�a�d� �i�s� �t�h�e� �o�n�e� �t�h�a�t� �s�a�t�i�s�f�i�e�s� �b�o�t�h� �t�h�e� �l�o�w�e�r� �a�n�d� �t�h�e� �u�p�p�e�r� �b�o�u�n�d�.� �H�o�w�e�v�e�r�,� 

�t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�e� �s�h�e�l�l� �t�h�e�o�r�y� �i�s� �n�o�t� �e�a�s�y� �t�o� �o�b�t�a�i�n� �m�a�t�h�e�m�a�t�i�c�a�l�l�y�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �o�t�h�e�r� 

�a�p�p�r�o�a�c�h� �t�r�i�e�s� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �a�r�o�u�n�d� �t�h�e� �s�i�n�g�u�l�a�r�i�t�y� �b�y� �m�e�a�n�s� �o�f� �a�n� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �m�e�t�h�o�d� �s�u�c�h� �a�s� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �d�e�v�e�l�o�p�m�e�n�t� �o�f� �t�h�e� 

�n�e�w� �g�e�n�e�r�a�t�i�o�n� �o�f� �c�o�m�p�u�t�e�r�s� �t�h�a�t� �r�e�d�u�c�e�s� �e�n�o�r�m�o�u�s�l�y� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �t�i�m�e� �f�o�r� �t�h�i�s� �a�p�p�r�o�a�c�h� 

�h�a�s� �i�n�c�r�e�a�s�e�d� �t�h�e� �p�o�p�u�l�a�r�i�t�y� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� 

�c�a�n� �m�o�d�e�l� �t�h�e� �e�n�t�i�r�e� �s�t�r�u�c�t�u�r�e� �i�n�c�l�u�d�i�n�g� �t�h�e� �s�i�n�g�u�l�a�r�i�t�i�e�s�;� �a�s� �a� �r�e�s�u�l�t�,� �t�h�e� �i�n�t�e�r�a�c�t�i�o�n� �b�e�t�w�e�e�n� 

�s�i�n�g�u�l�a�r�i�t�i�e�s� �a�n�d� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �a� �s�i�n�g�u�l�a�r�i�t�y� �o�v�e�r� �t�h�e� �e�n�t�i�r�e� �s�t�r�u�c�t�u�r�e� �c�a�n� �b�e� �s�t�u�d�i�e�d�.� �I�n� 

�c�o�n�t�r�a�s�t�,� �t�h�e� �s�h�e�l�l� �t�h�e�o�r�y� �s�o�l�u�t�i�o�n� �s�t�u�d�i�e�s� �t�h�e� �s�i�n�g�u�l�a�r�i�t�y� �a�l�o�n�e�,� �i�.�e�.� �t�h�e� �n�o�z�z�l�e� �i�s� �i�s�o�l�a�t�e�d� �f�r�o�m� 

�t�h�e� �w�h�o�l�e� �s�t�r�u�c�t�u�r�e� �f�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �m�o�d�e�l�i�n�g�.� �F�o�r� �a�l�l� �t�h�e�s�e� �r�e�a�s�o�n�s�,� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y� �u�s�e�s� �t�h�e� 

�f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �t�o� �s�t�u�d�y� �t�h�e� �s�i�n�g�u�l�a�r�i�t�i�e�s� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l�.� 
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�3�.�1�.�2�.�1�)� �D�E�S�C�R�I�P�T�I�O�N� �O�F� �T�H�E� �F�I�N�I�T�E� �E�L�E�M�E�N�T� �M�E�T�H�O�D� 

�T�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �h�a�s� �b�e�e�n� �f�r�e�q�u�e�n�t�l�y� �u�s�e�d� �t�o� �o�b�t�a�i�n� �a�p�p�r�o�x�i�m�a�t�e� �s�o�l�u�t�i�o�n�s� �f�o�r� 

�d�i�f�f�e�r�e�n�t� �k�i�n�d�s� �o�f� �e�n�g�i�n�e�e�r�i�n�g� �p�r�o�b�l�e�m�s�.� �O�r�i�g�i�n�a�l�l�y�,� �t�h�i�s� �m�e�t�h�o�d� �w�a�s� �d�e�v�e�l�o�p�e�d� �f�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� 

�s�t�r�u�c�t�u�r�a�l� �a�n�a�l�y�s�i�s�;� �h�o�w�e�v�e�r�,� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�i�s� �m�e�t�h�o�d� �q�u�i�c�k�l�y� �s�p�r�e�a�d�s� �i�n�t�o� �o�t�h�e�r� �f�i�e�l�d�s� �o�f� 

�e�n�g�i�n�e�e�r�i�n�g�.� �A� �b�r�i�e�f� �h�i�s�t�o�r�i�c�a�l� �c�o�m�m�e�n�t� �a�b�o�u�t� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �t�h�e� 

�b�o�o�k� �o�f� �R�e�d�d�y� �[�2�4�]�.� �A�l�s�o� �Z�i�e�n�k�i�e�w�i�c�z� �[�3�1�]� �i�n� �h�i�s� �b�o�o�k� �g�i�v�e�s� �a� �s�u�m�m�a�r�i�z�i�n�g� �o�f� �t�h�e� �d�i�f�f�e�r�e�n�t� 

�d�i�s�c�i�p�l�i�n�e�s� �t�h�a�t� �h�a�v�e� �b�e�e�n� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �c�r�e�a�t�i�o�n� �o�f� �t�h�i�s� �m�e�t�h�o�d�.� 

�A�s� �a� �n�u�m�e�r�i�c�a�l� �m�e�t�h�o�d�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �h�a�s� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�:� 

�1�)� �O�n�c�e� �t�h�e� �m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l� �o�f� �t�h�e� �p�r�o�b�l�e�m� �i�s� �f�o�r�m�u�l�a�t�e�d�,� �t�h�e� �w�h�o�l�e� �d�o�m�a�i�n� �o�f� �t�h�e� 

�p�r�o�b�l�e�m� �i�s� �s�u�b�d�i�v�i�d�e�d� �i�n�t�o� �d�i�s�c�r�e�t�e� �e�l�e�m�e�n�t�s�.� 

�2�)� �W�i�t�h�i�n� �t�h�e� �d�i�s�c�r�e�t�e� �e�l�e�m�e�n�t�,� �a�n� �a�l�g�e�b�r�a�i�c� �f�u�n�c�t�i�o�n� �i�s� �u�s�e�d� �t�o� �a�p�p�r�o�x�i�m�a�t�e� �t�h�e� 

�s�o�l�u�t�i�o�n� �o�f� �t�h�e� �p�r�o�b�l�e�m�.� 

�3�)� �T�h�e� �d�i�s�c�r�e�t�e� �e�l�e�m�e�n�t�s� �a�l�s�o� �c�a�l�l�e�d� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s� �a�r�e� �a�s�s�e�m�b�l�e�d� �s�u�c�h� �t�h�a�t� �t�h�e� �s�y�s�t�e�m� 

�o�f� �e�q�u�a�t�i�o�n�s� �w�i�t�h� �a� �u�n�i�q�u�e� �s�o�l�u�t�i�o�n� �o�r� �e�i�g�e�n�v�a�l�u�e� �p�r�o�b�l�e�m� �c�a�n� �b�e� �o�b�t�a�i�n�e�d�.� �S�i�n�c�e� �t�h�e� �u�n�k�n�o�w�n�s� 

�o�f� �t�h�i�s� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �d�e�g�r�e�e�s� �o�f� �f�r�e�e�d�o�m� �n�e�c�e�s�s�a�r�y� �t�o� �d�e�s�c�r�i�b�e� �t�h�e� �b�e�h�a�v�i�o�r� �o�f� 

�t�h�e� �m�o�d�e�l�,� �t�h�e� �s�o�l�u�t�i�o�n� �o�f� �t�h�i�s� �s�y�s�t�e�m� �o�f� �e�q�u�a�t�i�o�n�s� �i�m�p�l�i�e�s� �t�h�e� �t�o�t�a�l� �d�e�f�i�n�i�t�i�o�n� �o�f� �t�h�e� �m�o�d�e�l�.� 

�I�n� �o�r�d�e�r� �t�o� �a�p�p�l�i�e�d� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�,� �i�t� �i�s� �n�e�c�e�s�s�a�r�y� �t�o� �f�o�r�m�u�l�a�t�e� �t�h�e� 

�m�a�t�h�e�m�a�t�i�c�a�l� �m�o�d�e�l� �o�f� �t�h�e� �p�r�o�b�l�e�m� �i�n� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� �f�o�r�m�.� �T�h�e�r�e� �a�r�e� �a� �l�o�t� �o�f� �a�p�p�r�o�a�c�h�e�s� �t�o� 

�o�b�t�a�i�n� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� �f�o�r�m�u�l�a�t�i�o�n� �s�u�c�h� �a�s� �t�h�e� �R�i�t�z�,� �G�a�l�e�r�k�i�n�,� �l�e�a�s�t� �s�q�u�a�r�e�s� �a�n�d� �c�o�l�l�o�c�a�t�i�o�n� 

�m�e�t�h�o�d�.� �A� �m�o�r�e� �d�e�t�a�i�l� �d�i�s�c�u�s�s�i�o�n� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �v�a�r�i�a�t�i�o�n�a�l� �f�o�r�m�u�l�a�t�i�o�n� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �t�h�e� 

�b�o�o�k� �o�f� �R�e�d�d�y� �[�2�4�]�.� �H�o�w�e�v�e�r�,� �f�o�r� �c�e�r�t�a�i�n� �k�i�n�d� �o�f� �p�r�o�b�l�e�m�s� �s�u�c�h� �a�s� �s�t�r�u�c�t�u�r�a�l� �a�n�a�l�y�s�i�s�,� �t�h�e� 

�d�i�s�p�l�a�c�e�m�e�n�t� �a�p�p�r�o�a�c�h� �i�s� �u�s�e�d� �v�e�r�y� �o�f�t�e�n� �a�n�d� �a� �d�e�t�a�i�l�e�d� �d�i�s�c�u�s�s�i�o�n� �a�b�o�u�t� �t�h�i�s� �t�o�p�i�c� �c�a�n� �b�e� �f�o�u�n�d� 

�i�n� �t�h�e� �b�o�o�k� �o�f� �Z�i�e�n�k�i�e�w�i�c�z� �[�3�1�]�.� 

�A�s� �a�n� �a�d�v�a�n�t�a�g�e�,� �t�h�e� �g�e�n�e�r�a�l� �p�r�o�c�e�d�u�r�e�s� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �c�a�n� �b�e� �a�p�p�l�i�e�d� �t�o� 

�m�o�s�t� �o�f� �t�h�e� �e�n�g�i�n�e�e�r�i�n�g� �p�r�o�b�l�e�m�s� �t�h�a�t� �r�e�q�u�i�r�e� �m�a�t�h�e�m�a�t�i�c�a�l� �s�i�m�u�l�a�t�i�o�n�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� 

�m�a�t�h�e�m�a�t�i�c�a�l� �a�s�p�e�c�t�s� �o�f� �t�h�e� �p�r�o�b�l�e�m� �u�s�u�a�l�l�y� �a�r�e� �s�i�m�p�l�i�f�i�e�d� �w�h�e�n�e�v�e�r� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� 

�i�s� �u�s�e�d�.� �H�o�w�e�v�e�r�,� �c�h�o�o�s�i�n�g� �t�h�e� �a�d�e�q�u�a�t�e� �e�l�e�m�e�n�t� �(�s�i�z�e� �a�n�d� �t�y�p�e�)� �b�e�c�o�m�e�s� �c�r�i�t�i�c�a�l� �f�o�r� �t�h�e� 

�a�c�c�u�r�a�c�y� �o�f� �t�h�i�s� �m�e�t�h�o�d� �i�n� �d�i�f�f�e�r�e�n�t� �s�i�t�u�a�t�i�o�n�s�.� �A�l�s�o� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �m�o�d�e�l�,� 

�2�1



�s�o�m�e�t�i�m�e�s� �t�h�e� �e�n�t�i�r�e� �d�o�m�a�i�n� �h�a�s� �t�o� �b�e� �s�u�b�d�i�v�i�d�e�d� �i�n�t�o� �a� �c�o�n�s�i�d�e�r�a�b�l�e� �n�u�m�b�e�r� �o�f� �f�i�n�i�t�e� �e�l�e�m�e�n�t�s�.� 

�A�s� �a� �c�o�n�s�e�q�u�e�n�c�e�,� �a� �h�i�g�h� �c�o�m�p�u�t�a�t�i�o�n�a�l� �c�o�s�t� �c�a�n� �b�e� �a�s�s�o�c�i�a�t�e�d� �w�i�t�h� �t�h�e� �a�p�p�l�i�c�a�t�i�o�n� �o�f� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �m�e�t�h�o�d�.� �I�n� �c�o�n�c�l�u�s�i�o�n�,� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�a�n� �d�e�t�e�r�m�i�n�e� �t�h�e� �e�f�f�i�c�i�e�n�c�y� �o�f� 

�t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h� �i�n� �a� �p�a�r�t�i�c�u�l�a�r� �s�i�t�u�a�t�i�o�n�.� 

�B�a�s�i�c�a�l�l�y�,� �t�w�o� �t�y�p�e�s� �o�f� �e�l�e�m�e�n�t�s� �h�a�v�e� �b�e�e�n� �c�h�o�s�e�n� �t�o� �p�e�r�f�o�r�m� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� 

�d�e�s�c�r�i�b�e�d� �h�e�r�e�.� �T�h�e�y� �a�r�e� �t�h�e� �s�h�e�l�l� �e�l�e�m�e�n�t� �a�n�d� �t�h�e� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l�!� �e�l�e�m�e�n�t�.� 

�S�h�e�l�l� �e�l�e�m�e�n�t�:� �S�o�m�e� �a�u�t�h�o�r�s� �c�o�n�s�i�d�e�r� �t�h�e� �s�h�e�l�l� �e�l�e�m�e�n�t� �a�s� �a� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �(�2�-�D�)� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �o�f� �a� �d�e�g�e�n�e�r�a�t�e�d� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �(�3�-�D�)� �e�l�e�m�e�n�t� �[�K�a�n�t� �&� �D�a�t�y�e�,� �1�4�]�;� �i�.�e�,� �b�y� 

�u�s�i�n�g� �a�p�p�r�o�p�r�i�a�t�e�d� �s�h�e�l�l� �t�h�e�o�r�y� �i�n� �c�o�n�j�u�n�c�t�i�o�n� �w�i�t�h� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d�,� �a� �2�-�D� �e�l�e�m�e�n�t� 

�c�a�n� �b�e� �d�e�v�e�l�o�p�e�d� �t�o� �s�i�m�u�l�a�t�e�d� �t�h�e� �3�-�D� �b�e�h�a�v�i�o�r� �o�f� �t�h�e� �s�h�e�l�l� �m�o�d�e�l�.� �U�s�u�a�l�l�y� �t�w�o� �b�a�s�i�c� 

�a�s�s�u�m�p�t�i�o�n�s� �a�r�e� �u�s�e�d�;� �f�i�r�s�t�l�y�,� �t�h�e� �q�u�a�s�i�-�n�o�r�m�a�l� �d�i�r�e�c�t�i�o�n� �o�f� �t�h�e� �s�h�e�l�l� �r�e�m�a�i�n�s� �s�t�r�a�i�g�h�t� �a�n�d� 

�u�n�c�h�a�n�g�e�d� �i�n� �l�e�n�g�t�h� �d�u�r�i�n�g� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �p�r�o�c�e�s�s�;� �s�e�c�o�n�d�l�y�,� �t�h�e� �n�o�r�m�a�l� �s�t�r�e�s�s� �c�o�m�p�o�n�e�n�t� 

�p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �i�n�p�l�a�n�e� �c�o�m�p�o�n�e�n�t�s� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �n�e�g�l�i�g�i�b�l�e�.� �M�o�r�e�o�v�e�r�,� �t�h�e�r�e� �a�r�e� �t�w�o� 

�k�i�n�d� �o�f� �s�h�e�l�l� �e�l�e�m�e�n�t�s� �t�h�a�t� �c�o�m�p�l�y� �w�i�t�h� �t�h�e� �m�e�n�t�i�o�n�e�d� �a�s�s�u�m�p�t�i�o�n�s�.� �N�a�m�e�l�y�,� �t�h�e�y� �a�r�e� �t�h�e� �t�h�i�n� 

�s�h�e�l�l� �e�l�e�m�e�n�t� �a�n�d� �t�h�e� �t�h�i�c�k� �s�h�e�l�l� �e�l�e�m�e�n�t�.� �F�o�r� �t�h�e� �t�h�i�n� �s�h�e�l�l� �e�l�e�m�e�n�t�,� �t�h�e� �K�i�r�c�h�h�o�f�f� �a�s�s�u�m�p�t�i�o�n� �i�s� 

�a�p�p�l�i�e�d�;� �i�n� �o�t�h�e�r� �w�o�r�d�s�,� �a� �n�o�r�m�a�l� �s�e�c�t�i�o�n� �r�e�m�a�i�n�s� �n�o�r�m�a�l� �a�f�t�e�r� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� �p�r�o�c�e�s�s�,� �t�h�i�s� 

�a�s�s�u�m�p�t�i�o�n� �i�s� �t�h�e� �e�q�u�i�v�a�l�e�n�t� �o�f� �t�h�e� �E�u�l�e�r�-�B�e�r�n�o�u�l�l�i� �a�s�s�u�m�p�t�i�o�n� �i�n� �t�h�e� �c�l�a�s�s�i�c�a�l� �b�e�a�m� �t�h�e�o�r�y�.� �A�s� 

�a� �m�a�t�t�e�r� �o�f� �f�a�c�t�,� �t�h�e� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �i�n� �a� �p�l�a�n�e� �w�i�t�h� �n�o�r�m�a�l� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �n�o�r�m�a�l� 

�d�i�r�e�c�t�i�o�n� �i�s� �a�s�s�u�m�e�d� �t�o� �b�e� �z�e�r�o�.� �I�n� �c�o�n�t�r�a�s�t�,� �t�h�e� �t�h�i�c�k� �s�h�e�l�l� �e�l�e�m�e�n�t� �u�s�e�s� �t�h�e� �s�h�e�a�r� �f�l�e�x�i�b�l�e� 

�t�h�e�o�r�y�;� �i�.�e�.� �t�h�e� �n�o�r�m�a�l� �d�i�r�e�c�t�i�o�n� �d�o�e�s� �n�o�t� �n�e�c�e�s�s�a�r�i�l�y� �r�e�m�a�i�n� �n�o�r�m�a�l� �a�f�t�e�r� �t�h�e� �d�e�f�o�r�m�a�t�i�o�n� 

�p�r�o�c�e�s�s�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �s�h�e�a�r� �d�e�f�o�r�m�a�t�i�o�n� �i�n� �a� �p�l�a�n�e� �w�i�t�h� �n�o�r�m�a�l� �p�e�r�p�e�n�d�i�c�u�l�a�r� �t�o� �t�h�e� �n�o�r�m�a�l� 

�d�i�r�e�c�t�i�o�n� �c�a�n� �b�e� �d�e�t�e�r�m�i�n�e�d�.� 

�3�-�D�_� �s�o�l�i�d� �e�l�e�m�e�n�t�:� �T�h�e� �3�-�D� �s�o�l�i�d� �e�l�e�m�e�n�t� �i�s� �d�e�v�e�l�o�p�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �t�h�r�e�e� 

�d�i�m�e�n�s�i�o�n�a�l� �e�l�a�s�t�i�c�i�t�y� �t�h�e�o�r�y�;� �i�.�e�.�,� �t�h�r�e�e� �i�n�d�e�p�e�n�d�e�n�t� �p�o�l�y�n�o�m�i�a�l�s� �a�r�e� �u�s�e�d� �t�o� �i�n�t�e�r�p�o�l�a�t�e� �t�h�e� 

�t�h�r�e�e� �i�n�d�e�p�e�n�d�e�n�t� �d�i�s�p�l�a�c�e�m�e�n�t�s� �o�f� �e�a�c�h� �n�o�d�e�.� �A�s� �a� �m�a�t�t�e�r� �o�f� �f�a�c�t�,� �t�h�e� �n�i�n�e� �c�o�m�p�o�n�e�n�t�s� �o�f� 

�s�t�r�a�i�n� �a�n�d� �s�t�r�e�s�s� �w�i�l�l� �b�e� �p�r�e�s�e�n�t� �i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s�.� �I�n�c�i�d�e�n�t�a�l�l�y�,� �i�n�s�i�d�e� �t�h�e� �f�a�m�i�l�y� �o�f� 

�t�h�e� �3�-�D� �s�o�l�i�d� �e�l�e�m�e�n�t� �t�h�e�r�e� �i�s� �a� �s�u�b�g�r�o�u�p� �o�f� �e�l�e�m�e�n�t�s� �n�a�m�e�d� �a�x�i�-�s�y�m�m�e�t�r�i�c� �s�o�l�i�d� �e�l�e�m�e�n�t�.� �A�s� �i�t�s� 

�n�a�m�e� �i�n�d�i�c�a�t�e�s�,� �t�h�e� �a�x�i�-�s�y�m�m�e�t�r�i�c� �s�o�l�i�d� �e�l�e�m�e�n�t�s� �a�r�e� �d�e�v�e�l�o�p�e�d� �f�o�r� �s�i�t�u�a�t�i�o�n�s� �w�h�e�r�e� �t�h�e� �a�x�i�-� 

�s�y�m�m�e�t�r�i�c� �c�o�n�d�i�t�i�o�n� �e�x�i�s�t�s�,� �i�.�e�.� �b�o�t�h� �t�h�e� �g�e�o�m�e�t�r�y� �a�n�d� �t�h�e� �l�o�a�d�i�n�g� �c�o�n�d�i�t�i�o�n�s� �a�r�e� �s�y�m�m�e�t�r�i�c� 

�w�i�t�h� �r�e�s�p�e�c�t� �t�o� �a�n� �a�x�i�s� �o�f� �s�y�m�m�e�t�r�y�.� �I�n� �t�h�i�s� �c�a�s�e�,� �o�n�l�y� �t�w�o� �i�n�d�e�p�e�n�d�e�n�t� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m�s� �a�r�e� 

�r�e�q�u�i�r�e�d� �t�o� �b�e� �s�p�e�c�i�f�i�e�d� �w�i�t�h�i�n� �t�h�e� �a�n�a�l�y�s�i�s� �m�o�d�e�l�.� �U�s�u�a�l�l�y�,� �t�h�e�y� �a�r�e� �t�h�e� �d�i�s�p�l�a�c�e�m�e�n�t�s� �i�n� �t�h�e� 

�r�a�d�i�a�l� �a�n�d� �t�h�e� �a�x�i�a�l� �d�i�r�e�c�t�i�o�n�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �k�i�n�d� �o�f� �e�l�e�m�e�n�t� �i�s� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �t�h�e� �p�l�a�n�e� �s�t�r�e�s�s� �o�r� 

�2�2



�p�l�a�n�e� �s�t�r�a�i�n� �e�l�e�m�e�n�t� �b�e�c�a�u�s�e� �o�f� �t�h�e� �n�o�n�z�e�r�o� �n�o�r�m�a�l� �s�t�r�e�s�s� �a�n�d� �s�t�r�a�i�n� �c�o�m�p�o�n�e�n�t�s� �p�e�r�p�e�n�d�i�c�u�l�a�r� 

�t�o� �t�h�e� �p�l�a�n�e� �o�f� �t�h�e� �s�y�m�m�e�t�r�y�,� �t�h�e� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �s�t�r�e�s�s� �a�n�d� �s�t�r�a�i�n� �w�i�l�l� �b�e� �p�r�e�s�e�n�t�.� �O�b�v�i�o�u�s�l�y� 

�t�h�i�s� �k�i�n�d� �o�f� �e�l�e�m�e�n�t� �r�e�q�u�i�r�e�s� �l�e�s�s� �c�o�m�p�u�t�a�t�i�o�n�a�l� �t�i�m�e� �t�h�a�n� �t�h�e� �g�e�n�e�r�a�l� �3�-�D� �s�o�l�i�d� �e�l�e�m�e�n�t�.� 

�S�i�n�c�e� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h� �u�s�e�s� �t�h�e� �G�a�u�s�s�i�a�n� �Q�u�a�d�r�a�t�u�r�e� �t�e�c�h�n�i�q�u�e�[�C�a�r�n�a�h�a�n�,� 

�L�u�t�h�e�r� �&� �W�i�l�k�e�r�s�,� �5�]� �t�o� �p�e�r�f�o�r�m� �t�h�e� �i�n�t�e�g�r�a�t�i�o�n� �i�n�s�i�d�e� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �t�h�e� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�,� 

�t�h�e� �n�u�m�b�e�r� �o�f� �i�n�t�e�g�r�a�t�i�o�n� �p�o�i�n�t�s� �i�s� �i�m�p�o�r�t�a�n�t� �i�n� �o�r�d�e�r� �t�o� �a�c�h�i�e�v�e� �t�h�e� �d�e�s�i�r�e�d� �a�c�c�u�r�a�c�y�.� �I�n� �f�a�c�t�,� 

�t�h�e�r�e� �i�s� �a� �s�i�m�p�l�e� �r�u�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �n�u�m�b�e�r� �o�f� �i�n�t�e�g�r�a�t�i�o�n� �p�o�i�n�t�s� �r�e�q�u�i�r�e�d� �f�o�r� �c�e�r�t�a�i�n� �d�e�g�r�e�e� 

�o�f� �p�o�l�y�n�o�m�i�a�l�s�.� �H�o�w�e�v�e�r�,� �i�n� �s�o�m�e� �s�i�t�u�a�t�i�o�n�s� �i�t� �i�s� �p�r�e�f�e�r�r�e�d� �t�o� �r�e�d�u�c�e� �o�n� �p�u�r�p�o�s�e� �t�h�e� �n�u�m�b�e�r� �o�f� 

�i�n�t�e�g�r�a�t�i�o�n� �p�o�i�n�t�s� �s�o� �t�h�a�t� �m�o�r�e� �r�e�a�l�i�s�t�i�c� �s�o�l�u�t�i�o�n�s� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �p�h�y�s�i�c�s� �o�f� �t�h�e� �p�r�o�b�l�e�m� �c�a�n� �b�e� 

�o�b�t�a�i�n�e�d�.� �A�c�t�u�a�l�l�y�,� �t�h�i�s� �k�i�n�d� �o�f� �t�e�c�h�n�i�q�u�e� �r�e�c�e�i�v�e�s� �f�o�r� �n�a�m�e� �o�f� �t�h�e�  ��r�e�d�u�c�e�d� �i�n�t�e�g�r�a�t�i�o�n� 

�t�e�c�h�n�i�q�u�e �� �[�Z�i�e�n�k�i�e�w�i�c�z�,� �3�1�]�.� �I�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �s�h�e�l�l� �s�t�r�u�c�t�u�r�e�,� �e�s�p�e�c�i�a�l�l�y� �t�h�e� 

�t�h�i�n� �w�a�l�l� �s�t�r�u�c�t�u�r�e�,� �t�h�e� �s�h�e�a�r� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x� �w�i�l�l� �m�o�s�t� �l�i�k�e�l�y�  ��s�h�a�d�o�w �� �t�h�e� �b�e�n�d�i�n�g� �s�t�i�f�f�n�e�s�s� 

�m�a�t�r�i�x�.� �A�c�t�u�a�l�l�y� �t�h�i�s� �p�h�e�n�o�m�e�n�o�n� �i�s� �c�a�l�l�e�d�  ��s�h�e�a�r� �l�o�c�k�i�n�g ��.� �A�s� �a� �c�o�n�s�e�q�u�e�n�c�e�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�a�n�a�l�y�s�i�s� �b�e�c�o�m�e�s� �n�u�m�e�r�i�c�a�l�l�y� �i�l�l� �c�o�n�d�i�t�i�o�n�e�d� �a�n�d� �e�r�r�o�n�e�o�u�s� �r�e�s�u�l�t�s� �w�i�l�l� �b�e� �o�b�t�a�i�n�e�d�.� �F�o�r� �t�h�i�s� 

�r�e�a�s�o�n�,� �t�h�e� �r�e�d�u�c�e�d� �i�n�t�e�g�r�a�t�i�o�n� �i�s� �a�p�p�l�i�e�d� �d�u�r�i�n�g� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n� �o�f� �t�h�e� �s�h�e�a�r� �s�t�i�f�f�n�e�s�s� �m�a�t�r�i�x�.� 

�I�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �3�-�D� �s�o�l�i�d� �e�l�e�m�e�n�t�,� �t�h�e� �s�c�h�e�m�e� �o�f� �r�e�d�u�c�e�d� �i�n�t�e�g�r�a�t�i�o�n� �i�s� �a�l�s�o� �r�e�c�o�m�m�e�n�d�e�d� 

�[�A�B�A�Q�U�S� �t�h�e�o�r�y� �m�a�n�u�a�l�,� �1�]�.� �S�i�n�c�e� �t�h�e� �p�r�o�b�l�e�m� �o�f� �s�h�e�a�r� �l�o�c�k�i�n�g� �i�s� �r�e�l�a�t�e�d� �t�o� �t�h�e� �s�h�e�l�l� �t�h�i�c�k�n�e�s�s�,� 

�t�h�e� �n�u�m�e�r�i�c�a�l�l�y� �i�l�l� �c�o�n�d�i�t�i�o�n�e�d� �p�r�o�b�l�e�m� �p�e�r�s�i�s�t�s� �i�n� �t�h�e� �3�-�D� �a�n�a�l�y�s�i�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� �r�e�d�u�c�e�d� 

�i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e� �r�e�q�u�i�r�e�s� �l�e�s�s� �c�o�m�p�u�t�a�t�i�o�n�a�l� �t�i�m�e� �t�h�a�n� �t�h�e� �f�u�l�l� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e�.� �T�h�e�r�e�f�o�r�e� 

�t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �p�r�o�c�e�d�u�r�e� �b�e�c�o�m�e�s� �m�o�r�e� �e�f�f�i�c�i�e�n�t�.� �F�o�r� �a�l�l� �t�h�e�s�e� �r�e�a�s�o�n�s�,� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y� �t�r�i�e�s� 

�t�o� �a�p�p�l�y� �t�h�e� �r�e�d�u�c�e�d� �i�n�t�e�g�r�a�t�i�o�n� �s�c�h�e�m�e� �w�h�e�n�e�v�e�r� �i�t� �i�s� �a�c�c�e�p�t�a�b�l�e�.� 
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�3�.�1�.�2�.�2�)� �F�I�N�I�T�E� �E�L�E�M�E�N�T� �A�P�P�L�I�C�A�T�I�O�N� �P�R�O�G�R�A�M� 

�T�h�e�r�e� �a�r�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�o�m�p�u�t�e�r� �a�p�p�l�i�c�a�t�i�o�n� �p�r�o�g�r�a�m�s� �a�v�a�i�l�a�b�l�e� �c�o�m�m�e�r�c�i�a�l�l�y�.� 

�A�c�t�u�a�l�l�y�,� �o�n�e� �o�f� �t�h�e�m� �n�a�m�e�d� �A�B�A�Q�U�S� �p�r�o�d�u�c�e�d� �b�y� �H�i�b�b�i�t�t�,� �K�a�r�l�s�o�n� �&� �S�o�r�e�n�s�e�n�,� �I�n�c�.� �h�a�s� �b�e�e�n� 

�u�s�e�d� �i�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�.� �A�l�t�h�o�u�g�h� �t�h�e� �p�r�o�c�e�d�u�r�e� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �i�s� �g�e�n�e�r�a�l�,� �t�h�e� 

�d�e�t�a�i�l�e�d� �f�o�r�m�u�l�a�t�i�o�n� �m�a�y� �v�a�r�y� �d�e�p�e�n�d�i�n�g� �o�n� �t�h�e� �n�a�t�u�r�e� �o�f� �t�h�e� �p�r�o�b�l�e�m�,� �i�.�e�.� �t�h�e� �g�o�v�e�r�n�i�n�g� 

�e�q�u�a�t�i�o�n�s� �a�n�d� �t�h�e� �v�a�r�i�a�b�l�e�s� �t�h�a�t� �a�r�e� �i�n�v�o�l�v�e�d� �f�o�r� �e�a�c�h� �p�r�o�b�l�e�m� �m�a�y� �b�e� �d�i�f�f�e�r�e�n�t� �f�r�o�m� �c�a�s�e� �t�o� 

�c�a�s�e�.� �I�n� �t�h�i�s� �c�o�n�t�e�x�t�,� �A�B�A�Q�U�S� �c�a�n� �h�a�n�d�l�e� �a� �v�a�r�i�e�t�y� �o�f� �p�r�o�b�l�e�m�s�;� �f�o�r� �e�x�a�m�p�l�e�,� �s�t�a�t�i�c� �a�n�a�l�y�s�i�s�,� 

�d�y�n�a�m�i�c� �a�n�a�l�y�s�i�s�,� �i�n�t�e�r�m�i�t�t�e�n�t� �c�o�n�t�a�c�t� �a�n�a�l�y�s�i�s�,� �e�t�c�.� �A�l�s�o� �A�B�A�Q�U�S� �c�a�n� �h�a�n�d�l�e� �l�i�n�e�a�r� �a�n�d� 

�n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�e�s�.� �M�o�r�e�o�v�e�r�,� �a� �l�i�b�r�a�r�y� �o�f� �e�l�e�m�e�n�t�s� �f�o�r� �d�i�f�f�e�r�e�n�t� �p�u�r�p�o�s�e�s� �i�s� �g�i�v�e�n� �i�n� �t�h�i�s� 

�p�r�o�g�r�a�m�.� �A� �c�o�m�p�l�e�t�e� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �A�B�A�Q�U�S� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�o�d�e� �c�a�n� �b�e� �f�o�u�n�d� �i�n� �t�h�e� �t�h�e�o�r�y� 

�m�a�n�u�a�l� �[�1�]�.� 

�I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �t�h�e� �l�i�n�e�a�r� �s�t�a�t�i�c� �a�n�a�l�y�s�i�s� �h�a�s� �b�e�e�n� �p�e�r�f�o�r�m�e�d� �a�n�d� �d�i�f�f�e�r�e�n�t� �t�y�p�e�s� �o�f� 

�e�l�e�m�e�n�t�s� �h�a�v�e� �b�e�e�n� �u�s�e�d� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �a�p�p�l�i�c�a�b�i�l�i�t�y� �o�f� �e�a�c�h� �o�n�e�.� �A�s� �a� �m�a�t�t�e�r� �o�f� �f�a�c�t� �a� �m�o�r�e� 

�d�e�t�a�i�l�e�d� �d�i�s�c�u�s�s�i�o�n� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �s�e�l�e�c�t�i�o�n� �o�f� �e�l�e�m�e�n�t�s� �w�i�l�l� �b�e� �g�i�v�e�n� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �s�e�c�t�i�o�n�s�.� 

�L�i�k�e� �m�o�s�t� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�o�d�e�s�,� �A�B�A�Q�U�S� �r�e�q�u�i�r�e�s� �t�h�e� �u�s�e�r� �t�o� �i�n�p�u�t� �t�h�e� �m�e�s�h� �o�f� �t�h�e� 

�m�o�d�e�l�,� �t�h�e� �m�a�t�e�r�i�a�l� �p�r�o�p�e�r�t�i�e�s�,� �t�h�e� �b�o�u�n�d�a�r�y� �a�n�d� �t�h�e� �l�o�a�d�i�n�g� �c�o�n�d�i�t�i�o�n�s� �s�o� �t�h�a�t� �t�h�e� �p�r�o�p�e�r� 

�a�n�a�l�y�s�i�s� �c�a�n� �b�e� �p�e�r�f�o�r�m�e�d�.� �H�o�w�e�v�e�r�,� �w�h�e�n� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �m�o�d�e�l� �i�s� �c�o�m�p�l�i�c�a�t�e�d�,� �f�o�r� 

�e�x�a�m�p�l�e� �i�n� �t�h�e� �c�a�s�e� �o�f� �a� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l� �w�i�t�h� �a� �n�o�n�-�r�a�d�i�a�l� �n�o�z�z�l�e�;� �l�i�k�e�w�i�s�e�,� �w�h�e�n� �t�h�e� �t�o�p�o�l�o�g�y� �o�f� 

�t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �b�e�c�o�m�e�s� �v�e�r�y� �c�o�m�p�l�i�c�a�t�e�d� �s�u�c�h� �a�s� �a� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �2�0� �n�o�d�e�s� �e�l�e�m�e�n�t�,� �t�h�e� 

�d�i�r�e�c�t� �i�n�p�u�t� �t�o� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �c�o�d�e� �b�e�c�o�m�e�s� �v�e�r�y� �t�e�d�i�o�u�s�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �t�h�e� 

�f�i�n�i�t�e� �e�l�e�m�e�n�t� �r�e�s�u�l�t�s� �s�o�m�e�t�i�m�e�s� �r�e�q�u�i�r�e�s� �c�o�m�p�l�i�c�a�t�e�d� �g�r�a�p�h�i�c�a�l� �p�r�e�s�e�n�t�a�t�i�o�n�.� �F�o�r� �a�l�l� �t�h�i�s� �r�e�a�s�o�n�,� 

�a�  ��M�e�c�h�a�n�i�c�a�l� �C�o�m�p�u�t�e�r�-�A�i�d�e�d� �E�n�g�i�n�e�e�r�i�n�g �� �(�M�C�A�E�)� �p�r�o�g�r�a�m� �n�a�m�e�d� �P�A�T�R�A�N� �[�2�0�]� �h�a�s� �b�e�e�n� 

�u�s�e�d� �t�o� �o�v�e�r�c�o�m�e� �t�h�e�s�e� �d�i�f�f�i�c�u�l�t�i�e�s�.� �M�o�r�e� �t�h�a�n� �a� �p�r�o�g�r�a�m� �o�f� �g�e�o�m�e�t�r�i�c� �c�o�n�s�t�r�u�c�t�i�o�n�,� �P�A�T�R�A�N� �i�s� 

�a� �c�o�m�p�l�e�t�e� �s�y�s�t�e�m� �o�f� �M�C�A�E� �t�h�a�t� �i�n�c�l�u�d�e�s� �a�l�l� �t�h�e� �m�a�j�o�r� �f�e�a�t�u�r�e�s� �o�f� �t�h�e� �m�e�c�h�a�n�i�c�a�l� �d�e�s�i�g�n� 

�p�r�o�c�e�s�s�.� �T�o� �b�e� �m�o�r�e� �s�p�e�c�i�f�i�c�,� �P�A�T�R�A�N� �g�o�e�s� �f�r�o�m� �t�h�e� �g�e�o�m�e�t�r�i�c� �m�o�d�e�l�i�n�g� �t�o� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�a�n�a�l�y�s�i�s� �p�l�u�s� �t�h�e� �i�m�a�g�e� �p�r�o�c�e�s�s�i�n�g� �o�f� �t�h�e� �r�e�s�u�l�t�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �a�n�o�t�h�e�r� �i�m�p�o�r�t�a�n�t� �f�e�a�t�u�r�e� �o�f� 

�P�A�T�R�A�N� �i�s� �t�h�e� �c�a�p�a�c�i�t�y� �t�o� �i�n�t�e�r�f�a�c�e� �w�i�t�h� �a�l�m�o�s�t� �e�v�e�r�y� �m�a�j�o�r� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �c�o�d�e� �o�n� 

�t�h�e� �m�a�r�k�e�t� �a�n�d� �w�i�t�h� �t�h�e� �d�i�f�f�e�r�e�n�t� �c�o�m�p�u�t�e�r� �a�i�d�e�d� �d�e�s�i�g�n� �(�C�A�D�)� �p�r�o�g�r�a�m�s�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� 

�P�A�T�R�A�N� �c�a�n� �b�e� �u�s�e�d� �a�s� �a� �w�h�o�l�e� �s�y�s�t�e�m� �b�y� �i�t�s�e�l�f� �o�r� �i�n� �c�o�m�b�i�n�a�t�i�o�n� �w�i�t�h� �o�t�h�e�r� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�a�p�p�l�i�c�a�t�i�o�n� �p�r�o�g�r�a�m�s� �a�s� �p�a�r�t� �o�f� �a� �M�C�A�E� �s�y�s�t�e�m�.� �I�n� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�,� �P�A�T�R�A�N� �h�a�s� �b�e�e�n� �u�s�e�d� 
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�t�o� �b�u�i�l�d� �t�h�e� �g�e�o�m�e�t�r�i�c� �a�n�d� �a�n�a�l�y�s�i�s� �m�o�d�e�l�s�.� �T�h�e� �r�e�s�u�l�t�i�n�g� �f�i�l�e� �i�s� �t�h�e�n� �p�r�o�c�e�s�s�e�d� �b�y� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �c�o�d�e�.� �F�i�n�a�l�l�y�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �r�e�s�u�l�t�s� �a�r�e� �i�n�t�e�r�p�r�e�t�e�d� �b�y� �u�s�i�n�g� �t�h�e� �P�A�T�R�A�N� 

�p�r�o�g�r�a�m�.� 

�I�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �s�u�p�p�o�r�t�,� �t�h�e� �g�e�o�m�e�t�r�y� �o�f� �t�h�e� �s�u�p�p�o�r�t� �i�s� �s�i�m�i�l�a�r� �t�o� �t�h�e� �n�o�n�-�r�a�d�i�a�l� 

�n�o�z�z�l�e�.� �A�l�s�o�,� �t�h�e� �s�a�m�e� �s�h�e�l�l� �t�h�e�o�r�y� �a�p�p�l�i�e�s� �a�s� �i�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �n�o�z�z�l�e�.� �A�c�t�u�a�l�l�y�,� �t�h�e� �s�u�p�p�o�r�t� �i�s� 

�c�o�n�s�t�r�u�c�t�e�d� �i�n� �s�u�c�h� �a� �m�a�n�n�e�r� �t�h�a�t� �t�h�e� �j�o�i�n�t� �b�e�t�w�e�e�n� �t�h�e� �v�e�s�s�e�l� �a�n�d� �t�h�e� �s�u�p�p�o�r�t� �b�e�c�o�m�e�s� 

�t�a�n�g�e�n�t�i�a�l�;� �a�s� �a� �c�o�n�s�e�q�u�e�n�c�e�,� �t�h�e� �m�e�m�b�r�a�n�e� �t�h�e�o�r�y� �a�s�s�u�m�p�t�i�o�n� �c�a�n� �b�e� �a�p�p�l�i�e�d� �i�n� �t�h�i�s� �c�a�s�e�.� 

�H�o�w�e�v�e�r�,� �i�t� �i�s� �d�e�s�i�r�e�d� �t�o� �l�o�o�k� �a�t� �t�h�e� �i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �s�u�p�p�o�r�t� �i�n�s�i�d�e� �t�h�e� �w�h�o�l�e� �s�t�r�u�c�t�u�r�e�.� �U�s�i�n�g� 

�t�h�e� �s�a�m�e� �c�r�i�t�e�r�i�o�n� �a�s� �h�a�s� �b�e�e�n� �d�i�s�c�u�s�s�e�d� �f�o�r� �t�h�e� �n�o�z�z�l�e�,� �t�h�e� �s�a�m�e� �a�p�p�r�o�a�c�h� �w�i�l�l� �b�e� �u�s�e�d� �f�o�r� �s�t�r�e�s�s� 

�a�n�a�l�y�s�i�s� �o�f� �t�h�e� �s�u�p�p�o�r�t�,� �i�.�e�.�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h� �w�i�l�l� �b�e� �u�s�e�d� �w�i�t�h� �t�h�e� �m�e�n�t�i�o�n�e�d� 

�c�o�m�p�u�t�e�r� �c�o�d�e�s�.� 
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�3�.�1�.�2�.�3�)� �A�P�P�L�I�C�A�T�I�O�N� �O�F� �T�H�E� �F�I�N�I�T�E� �E�L�E�M�E�N�T� �M�E�T�H�O�D� �O�N� �A� 

�S�P�H�E�R�I�C�A�L� �V�E�S�S�E�L� 

�D�u�e� �t�o� �t�h�e� �g�e�o�m�e�t�r�i�c� �c�o�m�p�l�e�x�i�t�y� �o�f� �t�h�e� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l�,� �i�t� �w�a�s� �d�e�s�i�r�e�d� �t�o� �h�a�v�e� �a�n� 

�a�p�p�r�o�x�i�m�a�t�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �w�h�o�l�e� �s�t�r�u�c�t�u�r�e� �s�o� �t�h�a�t� �a� �r�e�g�i�o�n� �w�i�t�h� �s�i�n�g�u�l�a�r�i�t�y� �c�o�u�l�d� �b�e� 

�i�d�e�n�t�i�f�i�e�d�.� �T�h�u�s�,� �a� �f�i�r�s�t� �a�t�t�e�m�p�t� �t�o� �a�n�a�l�y�z�e� �t�h�e� �w�h�o�l�e� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l� �u�s�i�n�g� �l�o�w�e�r� �o�r�d�e�r� �e�l�e�m�e�n�t�s� 

�w�a�s� �p�e�r�f�o�r�m�e�d�.� �A�l�s�o�,� �t�h�e� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �c�o�m�p�u�t�e�r� �c�o�d�e�s� �(�P�A�T�R�A�N� �&� �A�B�A�Q�U�S�)� �f�o�r� �s�o�l�v�i�n�g� 

�t�h�i�s� �k�i�n�d� �o�f� �p�r�o�b�l�e�m� �w�a�s� �e�x�p�l�o�r�e�d�.� �T�h�e� �m�o�d�e�l� �c�a�l�l�e�d� �V�e�s�s�e�l�l� �(�s�e�e� �F�i�g�.�3�.�4�)� �h�a�s� �t�h�e� �f�o�l�l�o�w�i�n�g� 

�g�e�o�m�e�t�r�i�c� �c�h�a�r�a�c�t�e�r�i�s�t�i�c�s�:� 

�T�a�b�l�e� �3�.�1�:� �G�e�o�m�e�t�r�i�c� �C�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �V�e�s�s�e�l�l� 
� � 

�C�o�m�p�o�n�e�n�t� �D�i�a�m�e�t�e�r�(�i�n�.�)� �T�h�i�c�k�n�e�s�s�(�i�n�.�)� �P�o�s�i�t�i�o�n� 

�V�e�s�s�e�l� �1�2�0�.�0� �1�.�0� �*�N�A� 
�1�N�o�z�z�l�e�l� �1�2�.�0� �0�.�4�9�2� �(�S�c�h� �6�0�)� �N�o�n� �r�a�d�i�a�l� 

�1�N�o�z�z�l�e�2� �1�2�.�0� �0�.�4�9�2� �(�S�c�h� �6�0�)� �R�a�d�i�a�l� 

�N�o�z�z�l�e�3� �2�.�0� �0�.�3� �(�S�c�h� �1�6�0�)� �T�o�p� 

�N�o�z�z�l�e�4� �2�.�0� �0�.�3� �(�S�c�h� �1�6�0�)� �B�o�t�t�o�m� 

�S�u�p�p�o�r�t�s� �6�.�0� �N�A� �N�A� 

�1� �_� �B�o�t�h� �N�o�z�z�l�e�l� �a�n�d� �N�o�z�z�l�e�2� �h�a�d� �a� �r�e�i�n�f�o�r�c�e�m�e�n�t� �o�f� �d�i�a�m�e�t�e�r� �=� �2�4�.�0� �i�n�.� �x� �1�.�0� �i�n�.� �o�f� 

�t�h�i�c�k�n�e�s�s� 

�2� �_� �N�o�t� �a�p�p�l�i�c�a�b�l�e�.� 

�F�o�r� �t�h�e� �p�u�r�p�o�s�e� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �,� �t�h�e� �e�l�e�m�e�n�t� �S�4�R�5� �[�A�B�A�Q�U�S� �u�s�e�r� 

�m�a�n�u�a�l�,� �2�]� �f�r�o�m� �t�h�e� �A�B�A�Q�U�S� �e�l�e�m�e�n�t� �l�i�b�r�a�r�y� �h�a�s� �b�e�e�n� �u�s�e�d�.� �B�a�s�i�c�a�l�l�y�,� �t�h�e� �S�4�R�5� �i�s� �a� �t�h�i�n� �s�h�e�l�l� 

�l�i�n�e�a�r� �e�l�e�m�e�n�t� �w�i�t�h� �f�o�u�r� �n�o�d�e�s� �p�e�r� �e�l�e�m�e�n�t�.� �F�u�r�t�h�e�r�m�o�r�e�,� �e�a�c�h� �n�o�d�e� �h�a�s� �f�i�v�e� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m�:� 

�t�h�r�e�e� �d�i�s�p�l�a�c�e�m�e�n�t� �a�n�d� �t�w�o� �r�o�t�a�t�i�o�n�a�l� �d�e�g�r�e�e� �o�f� �f�r�e�e�d�o�m�.� �A�l�l� �t�h�e� �q�u�a�d� �e�l�e�m�e�n�t�s�,� �f�o�u�r� �n�o�d�e�s� �s�h�e�l�l� 

�e�l�e�m�e�n�t�s�,� �i�n� �A�B�A�Q�U�S� �a�r�e� �s�h�e�a�r� �f�l�e�x�i�b�l�e� �e�l�e�m�e�n�t�s�.� �N�e�v�e�r�t�h�e�l�e�s�s�,� �f�o�r� �t�h�i�n� �s�h�e�l�l� �a�p�p�l�i�c�a�t�i�o�n� �t�h�e� 

�K�i�r�c�h�h�o�f�f� �a�s�s�u�m�p�t�i�o�n� �i�s� �i�m�p�o�s�e�d� �a�p�p�r�o�x�i�m�a�t�e�l�y� �b�y� �m�e�a�n�s� �o�f� �t�h�e� �p�e�n�a�l�t�y� �m�e�t�h�o�d� �[�A�B�A�Q�U�S�,� 
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�t�h�e�o�r�y� �m�a�n�u�a�l�,� �1�]�.� �A� �d�e�s�i�g�n� �p�r�e�s�s�u�r�e� �o�f� �3�0�0� �l�b�/�i�n�?� �w�a�s� �a�p�p�l�i�e�d� �t�o� �t�h�e� �c�e�n�t�r�o�i�d� �o�f� �e�a�c�h� �e�l�e�m�e�n�t�.� 

�A�l�s�o�,� �t�h�e� �n�o�d�e�s� �c�o�r�r�e�s�p�o�n�d�i�n�g� �t�o� �t�h�e� �s�u�p�p�o�r�t� �r�e�g�i�o�n� �w�e�r�e� �t�o�t�a�l�l�y� �r�e�s�t�r�i�c�t�e�d� �f�r�o�m� �d�i�s�p�l�a�c�e�m�e�n�t�,� �i�n� 

�o�r�d�e�r� �t�o� �l�o�o�k� �a�t� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �t�h�e� �w�h�o�l�e� �v�e�s�s�e�l� �a�n�d� �t�h�e� �l�o�c�a�t�i�o�n� �o�f� �t�h�e� 

�s�i�n�g�u�l�a�r�i�t�i�e�s�.� �A� �g�r�a�p�h�i�c�a�l� �p�r�e�s�e�n�t�a�t�i�o�n� �o�f� �t�h�e� �v�o�n� �M�i�s�e�s� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �o�v�e�r� �t�h�e� �v�e�s�s�e�l� �a�t� �t�h�e� 

�b�o�t�t�o�m� �s�u�r�f�a�c�e� �i�s� �o�b�t�a�i�n�e�d� �b�y� �m�e�a�n�s� �o�f� �P�A�T�R�A�N� �(�F�i�g�.�4�.�1� �&� �4�.�2�)�.� 
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�3�.�1�.�2�.�4�)� �F�I�N�I�T�E� �E�L�E�M�E�N�T� �A�N�A�L�Y�S�I�S� �O�F� �A�N� �E�X�P�E�R�I�M�E�N�T�A�L� �M�O�D�E�L� 

�I�n� �o�r�d�e�r� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�e�t�h�o�d� �a�n�d� �t�h�e� �a�p�p�l�i�c�a�b�i�l�i�t�y� 

�o�f� �d�i�f�f�e�r�e�n�t� �e�l�e�m�e�n�t�s�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s� �o�f� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�e�l� �w�a�s� �p�e�r�f�o�r�m�e�d�.� �T�h�e� 

�e�x�p�e�r�i�m�e�n�t� �m�o�d�e�l� �c�o�n�s�i�s�t�e�d� �o�f� �a� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l� �w�i�t�h� �t�h�r�e�e� �n�o�z�z�l�e� �a�n�d� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �w�a�s� 

�p�e�r�f�o�r�m�e�d� �b�y� �S�.�S�.� �G�i�l�l�,� �R�.� �K�i�t�c�h�i�n�g� �a�n�d� �R�.�T�.� �P�a�i�n�e� �[�1�0�]�.� �T�h�e� �o�b�j�e�c�t� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �t�o� 

�m�e�a�s�u�r�e� �t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �a�r�o�u�n�d� �a� �p�a�d� �r�e�i�n�f�o�r�c�e�d� �n�o�z�z�l�e� �o�f� �a� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l�.� 

�I�n� �f�a�c�t�,� �t�h�e�r�e� �a�r�e� �s�e�v�e�r�a�l� �k�i�n�d�s� �o�f� �r�e�i�n�f�o�r�c�e�m�e�n�t� �m�e�t�h�o�d�s� �s�u�c�h� �a�s� �t�h�e� �i�n�t�e�g�r�a�l� �t�y�p�e� 

�r�e�i�n�f�o�r�c�e�m�e�n�t�;� �h�o�w�e�v�e�r�,� �t�h�e� �p�a�d� �r�e�i�n�f�o�r�c�e�d� �m�e�t�h�o�d� �(�F�i�g�.� �3�.�5�)� �i�s� �t�h�e� �m�o�s�t� �p�o�p�u�l�a�r� �o�n�e� �i�n� �t�h�e� 

�p�e�t�r�o�l�e�u�m� �o�r� �c�h�e�m�i�c�a�l� �i�n�d�u�s�t�r�y� �b�e�c�a�u�s�e� �o�f� �t�h�e� �s�i�m�p�l�e� �c�o�n�s�t�r�u�c�t�i�o�n� �a�n�d� �l�o�w� �c�o�s�t� �o�f� �t�h�e� 

�r�e�i�n�f�o�r�c�e�m�e�n�t�.� �F�u�r�t�h�e�r�m�o�r�e�,� �a�n�y� �n�o�z�z�l�e� �l�a�r�g�e�r� �t�h�a�n� �t�h�r�e�e� �i�n�c�h�e�s� �i�n� �d�i�a�m�e�t�e�r� �s�h�a�l�l� �b�e� �r�e�i�n�f�o�r�c�e�d�,� 

�a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �A�S�M�E�,� �P�r�e�s�s�u�r�e� �V�e�s�s�e�l� �a�n�d� �B�o�i�l�e�r� �C�o�d�e� �[�A�S�M�E�,� �2�2�]�.� 
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�3�.�1�.�2�.�4�.�1�)� �D�E�S�C�R�I�P�T�I�O�N� �O�F� �T�H�E� �E�X�P�E�R�I�M�E�N�T�A�L� �M�O�D�E�L� 

�A�s� �w�a�s� �m�e�n�t�i�o�n�e�d� �b�e�f�o�r�e�,� �a�n� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�e�l� �o�f� �a� �p�a�d� �r�e�i�n�f�o�r�c�e�d� �n�o�z�z�l�e� �h�a�s� �b�e�e�n� 

�c�h�o�s�e�n� �f�o�r� �t�h�e� �p�r�e�s�e�n�t� �s�t�u�d�y�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�e�l� �h�a�d� �t�h�e� �f�o�l�l�o�w�i�n�g� �c�h�a�r�a�c�t�e�r�i�s�t�i�c� 

�[�G�i�l�l�,� �1�0�]�:� 

�T�a�b�l�e� �3�.�2�:� �G�e�o�m�e�t�r�i�c� �C�h�a�r�a�c�t�e�r�i�s�t�i�c� �o�f� �t�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� 
� � 

�C�o�m�p�o�n�e�n�t� �D�i�a�m�e�t�e�r�(�i�n�.�)� �T�h�i�c�k�n�e�s�s�(�i�n�.�)� �P�o�s�i�t�i�o�n� 

�V�e�s�s�e�l� �7�2�.�0� �0�.�5� �S�N�A� 

�1�N�o�z�z�l�e�l� �1�6�.�0� �0�.�5� �T�o�p� �(�R�a�d�i�a�l�)� 

�*�N�o�z�z�l�e�2� �8�.�0� �0�.�3�7�5� �R�a�d�i�a�l� 
�3�N�o�z�z�l�e�3� �2�4�.�0� �0�.�7�5� �B�o�t�t�o�m� �(�R�a�d�i�a�l�)� 

 ��S�u�p�p�o�r�t�s� �4�.�0� �x�5�.�0� �0�.�5� �N�A� 

�1� �_� �N�o�z�z�l�e�l� �h�a�d� �a� �r�e�i�n�f�o�r�c�e�m�e�n�t� �o�f� �d�i�a�m�e�t�e�r� �=� �3�2�.�0� �i�n�.� �x� �0�.�3�7�5� �i�n�.� �o�f� �t�h�i�c�k�n�e�s�s� 

�2� �_� �N�o�z�z�l�e�2� �h�a�d� �a� �r�e�i�n�f�o�r�c�e�m�e�n�t� �o�f� �d�i�a�m�e�t�e�r� �=� �1�6�.�2�5� �i�n�.� �x� �0�.�5� �i�n�.� �t�h�i�c�k�n�e�s�s� 

�3� �_� �N�o�z�z�l�e�3� �h�a�d� �a� �r�e�i�n�f�o�r�c�e�m�e�n�t� �o�f� �d�i�a�m�e�t�e�r� �=� �4�2�.�0� �i�n�.� �x� �0�.�5� �i�n�.� �t�h�i�c�k�n�e�s�s� 

�4�_� �T�h�e� �s�u�p�p�o�r�t�s� �w�e�r�e� �b�r�a�c�k�e�t�s� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �v�e�s�s�e�l�.� 

�5� �_� �N�o�t� �a�p�p�l�i�c�a�b�l�e�.� 

�S�t�e�e�l� �h�a�v�i�n�g� �a� �Y�o�u�n�g ��s� �M�o�d�u�l�u�s� �o�f� �2�8�.�8� �x� �1�0�°� �l�b�f�/�i�n�?� �a�n�d� �a� �P�o�i�s�s�o�n ��s� �R�a�t�i�o� �o�f� �0�.�2�7�5� 

�h�a�s� �b�e�e�n� �u�s�e�d� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�e�l�.� 

�T�h�e� �e�x�p�e�r�i�m�e�n�t� �w�a�s� �p�e�r�f�o�r�m�e�d� �b�y� �G�i�l�l�,� �K�i�t�c�h�i�n�g� �&� �P�a�i�n�e� �[�1�0�]� �a�s� �t�h�e� �f�o�l�l�o�w�i�n�g�.� �F�i�r�s�t�l�y�,� 

�e�l�e�c�t�r�i�c�a�l� �r�e�s�i�s�t�a�n�c�e� �s�t�r�a�i�n� �g�a�u�g�e�s� �w�e�r�e� �a�t�t�a�c�h�e�d� �t�o� �t�h�e� �s�p�e�c�i�m�e�n� �w�i�t�h� �e�p�o�x�y� �a�d�h�e�s�i�v�e�;� �t�o� �b�e� 

�s�p�e�c�i�f�i�c�,� �t�h�e� �s�t�r�a�i�n� �g�a�u�g�e�s� �w�e�r�e� �l�o�c�a�t�e�d� �a�t� �t�h�e� �o�u�t�s�i�d�e� �a�n�d� �t�h�e� �i�n�s�i�d�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �s�p�e�c�i�m�e�n� �i�n� 

�2�9



�s�y�m�m�e�t�r�i�c� �p�o�s�i�t�i�o�n�s�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �s�t�r�a�i�n� �g�a�u�g�e�s� �w�e�r�e� �d�i�s�t�r�i�b�u�t�e�d� �w�i�t�h� �r�e�g�u�l�a�r� �s�e�p�a�r�a�t�i�o�n�s� �i�n� 

�t�h�e� 

�m�e�r�i�d�i�a�n�a�l� �a�n�d� �t�h�e� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �d�i�r�e�c�t�i�o�n�.� �S�e�c�o�n�d�l�y�,� �t�h�e� �s�p�e�c�i�m�e�n� �w�a�s� �l�o�a�d�e�d� �w�i�t�h� �w�a�t�e�r� �a�n�d� 

�t�h�e� �t�e�s�t�i�n�g� �p�r�e�s�s�u�r�e� �o�f� �6�1�8� �l�b�f�/�i�n�?� �w�a�s� �o�b�t�a�i�n�e�d� �b�y� �m�e�a�n�s� �o�f� �a� �a�i�r� �p�u�m�p�.� �F�i�n�a�l�l�y�,� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �w�e�r�e� �c�o�l�l�e�c�t�e�d� �b�y� �m�e�a�n�s� �o�f� �a� �d�i�g�i�t�a�l� �d�a�t�a� �a�c�q�u�i�s�i�t�i�o�n� �s�y�s�t�e�m�.� 

�3�0



�3�.�1�.�2�.�4�.�2�)� �A�S�S�U�M�P�T�I�O�N�S� �A�N�D� �T�H�E� �F�I�N�I�T�E� �E�L�E�M�E�N�T�S� �U�S�E�D� �I�N� �T�H�E� 

�A�N�A�L�Y�S�I�S� �O�F� �T�H�E� �E�X�P�E�R�I�M�E�N�T�A�L� �M�O�D�E�L� 

�B�e�f�o�r�e� �t�h�e� �d�i�s�c�u�s�s�i�o�n� �o�f� �t�h�e� �a�n�a�l�y�s�i�s� �p�r�o�c�e�d�u�r�e�,� �i�t� �i�s� �i�m�p�o�r�t�a�n�t� �t�o� �m�e�n�t�i�o�n� �s�o�m�e� 

�a�s�s�u�m�p�t�i�o�n�s� �u�s�e�d� �d�u�r�i�n�g� �t�h�e� �p�r�o�c�e�s�s�.� 

�A�l�t�h�o�u�g�h� �t�h�e� �r�e�i�n�f�o�r�c�e�m�e�n�t� �p�a�d� �w�a�s� �n�o�t� �a�n� �i�n�t�e�g�r�a�l� �p�a�r�t� �o�f� �t�h�e� �v�e�s�s�e�l� �(�F�i�g�.�3�.�5�)�,� �t�h�e� 

�p�o�s�s�i�b�l�e� �g�a�p� �b�e�t�w�e�e�n� �t�h�e� �s�h�e�l�l� �a�n�d� �t�h�e� �r�e�i�n�f�o�r�c�e�m�e�n�t� �p�a�d� �w�a�s� �n�e�g�l�e�c�t�e�d�.� �I�n� �o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� 

�f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �w�a�s� �b�u�i�l�t� �w�i�t�h�o�u�t� �a�l�l�o�w�i�n�g� �r�e�l�a�t�i�v�e� �m�o�v�e�m�e�n�t�s� �b�e�t�w�e�e�n� �t�h�e� �s�h�e�l�l� �a�n�d� �t�h�e� 

�p�a�d�.� �S�i�n�c�e� �t�h�e� �m�e�n�t�i�o�n�e�d� �g�a�p� �c�o�u�l�d� �b�e� �o�p�e�n�e�d� �o�r� �c�l�o�s�e�d� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �l�o�a�d�i�n�g� �s�i�t�u�a�t�i�o�n�,� �a� 

�n�o�n�l�i�n�e�a�r� �a�n�a�l�y�s�i�s� �w�o�u�l�d� �h�a�v�e� �t�o� �b�e� �p�e�r�f�o�r�m�e�d� �t�o� �s�i�m�u�l�a�t�e� �t�h�e� �m�o�d�e�l�.� �H�o�w�e�v�e�r�,� �i�t� �w�a�s� �a�l�m�o�s�t� 

�i�m�p�o�s�s�i�b�l�e� �t�o� �d�e�t�e�r�m�i�n�e� �t�h�e� �s�e�p�a�r�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�i�s� �g�a�p�,� �t�h�e�r�e�f�o�r�e�,� �t�h�e� �a�s�s�u�m�p�t�i�o�n� �o�f� �n�o� �g�a�p� 

�b�e�t�w�e�e�n� �t�h�e� �p�a�d� �r�e�i�n�f�o�r�c�e�m�e�n�t� �a�n�d� �t�h�e� �s�h�e�l�l� �w�a�s� �n�e�c�e�s�s�a�r�y� �t�o� �a�l�l�o�w� �f�o�r� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� 

�a�n�a�l�y�s�i�s�.� �(�T�.� �O�i�k�a�w�a� �&� �T�.� �O�k�a� �[�2�9�]� �d�i�s�c�u�s�s�e�d� �t�h�e� �v�a�l�i�d�i�t�y� �o�f� �t�h�i�s� �s�i�m�p�l�i�f�i�e�d� �m�o�d�e�l� �b�a�s�e�d� �o�n� �t�h�e� 

�s�t�a�t�i�s�t�i�c�a�l� �a�p�p�r�o�a�c�h�.�)� �S�i�n�c�e� �t�h�e� �g�e�o�m�e�t�r�i�c� �c�o�n�f�i�g�u�r�a�t�i�o�n� �o�f� �a�l�l� �t�h�e� �n�o�z�z�l�e�s� �w�e�r�e� �s�i�m�i�l�a�r� �i�n� �t�h�e� 

�s�a�m�e� �w�a�y� �a�s� �t�h�e� �t�r�e�n�d�s� �o�f� �t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �a�r�o�u�n�d� �t�h�e� �n�o�z�z�l�e�,� �t�h�e� �c�o�m�p�a�r�i�s�o�n� �b�e�t�w�e�e�n� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �a�n�d� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �r�e�s�u�l�t�s� �h�a�v�e� �b�e�e�n� �f�o�c�u�s�e�d� �a�t� �t�h�e� �n�o�z�z�l�e� �w�i�t�h� �d�i�a�m�e�t�e�r� 

�=� �1�6�.�0� �i�n�c�h�.� �F�u�r�t�h�e�r�m�o�r�e�,� �i�t� �w�a�s� �o�b�s�e�r�v�e�d� �i�n� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �t�h�a�t� �t�h�e� �m�a�j�o�r� �v�a�r�i�a�t�i�o�n� 

�o�f� �s�t�r�e�s�s� �o�c�c�u�r�r�e�d� �a�t� �t�h�e� �o�u�t�s�i�d�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� �r�e�i�n�f�o�r�c�e�d� �p�a�d� �a�n�d� �a�t� �t�h�e� �o�u�t�s�i�d�e� �s�u�r�f�a�c�e� �o�f� �t�h�e� 

�s�h�e�l�l� �s�u�r�r�o�u�n�d�i�n�g� �t�h�e� �r�e�i�n�f�o�r�c�e�d� �p�a�d�.� �T�h�e�r�e�f�o�r�e�,� �g�r�a�p�h�i�c� �r�e�s�u�l�t�s� �o�f� �p�o�i�n�t�-�t�o�-�p�o�i�n�t� �c�o�m�p�a�r�i�s�o�n� 

�h�a�v�e� �b�e�e�n� �d�o�n�e� �a�t� �t�h�i�s� �r�e�g�i�o�n� �t�o� �a�s�s�u�r�e� �t�h�e� �r�e�l�i�a�b�i�l�i�t�y� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�.� 
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�S�e�v�e�r�a�l� �e�l�e�m�e�n�t�s� �h�a�v�e� �b�e�e�n� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� �t�h�e� �s�t�r�e�s�s� �a�n�a�l�y�s�i�s� �o�f� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� 

�m�o�d�e�l� �a�n�d� �t�h�e�y� �a�r�e� �s�u�m�m�a�r�i�z�e�d� �i�n� �t�h�e� �f�o�l�l�o�w�i�n�g� �t�a�b�l�e�:� 

�T�a�b�l�e� �3�.�3�:� �F�i�n�i�t�e� �E�l�e�m�e�n�t� �U�s�e�d� �i�n� �t�h�e� �S�t�r�e�s�s� �A�n�a�l�y�s�i�s� �o�f� �t�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� 
� � 

�E�l�e�m�e�n�t�*� �C�l�a�s�s�i�f�i�c�a�t�i�o�n� 

�S�4�R�5� �S�h�e�l�l� �e�l�e�m�e�n�t� 

�S�8�R�5� �S�h�e�l�l� �e�l�e�m�e�n�t� 

�S�8�R� �S�h�e�l�l� �e�l�e�m�e�n�t� 

�C�3�D�8� �3�-�D� �e�l�e�m�e�n�t� 

�*� �A�B�A�Q�U�S� �d�e�s�c�r�i�p�t�i�o�n� 

�T�o�p�o�l�o�g�y� 

�4� �n�o�d�e� 

�8� �n�o�d�e� 

�8� �n�o�d�e� 

�8� �n�o�d�e� 

�C�h�a�r�a�c�t�e�r�i�s�t�i�c� 

�L�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� �b�e�t�w�e�e�n� 

�n�o�d�e�s�.� �S�h�e�a�r� �f�l�e�x�i�b�l�e� �e�l�e�m�e�n�t� 

�w�i�t�h� �r�e�d�u�c�e�d� �i�n�t�e�g�r�a�t�i�o�n�.� 

�K�i�r�c�h�h�o�f�f� �a�s�s�u�m�p�t�i�o�n� 

�a�p�p�r�o�x�i�m�a�t�i�o�n� �i�m�p�o�s�e�d� �b�y� 

�t�h�e� �p�e�n�a�l�t�y� �f�u�n�c�t�i�o�n�.� 

�Q�u�a�d�r�a�t�i�c� �i�n�t�e�r�p�o�l�a�t�i�o�n� 

�b�e�t�w�e�e�n� �n�o�d�e�s�.� �S�h�e�a�r� �f�l�e�x�i�b�l�e� 

�e�l�e�m�e�n�t� �w�i�t�h� �r�e�d�u�c�e�d� 

�i�n�t�e�g�r�a�t�i�o�n�.� �K�i�r�c�h�h�o�f�f� 

�a�s�s�u�m�p�t�i�o�n� �a�p�p�r�o�x�i�m�a�t�i�o�n� 

�i�m�p�o�s�e�d� �b�y� �t�h�e� �p�e�n�a�l�t�y� 

�f�u�n�c�t�i�o�n�.� 

�Q�u�a�d�r�a�t�i�c� �i�n�t�e�r�p�o�l�a�t�i�o�n� 

�b�e�t�w�e�e�n� �n�o�d�e�s�.� �S�h�e�a�r� �f�l�e�x�i�b�l�e� 

�w�i�t�h� �r�e�d�u�c�e�d� �i�n�t�e�g�r�a�t�i�o�n�.� 

�R�e�c�o�m�m�e�n�d�e�d� �f�o�r� �t�h�i�c�k� �s�h�e�l�l� 

�a�p�p�l�i�c�a�t�i�o�n�.� 

�L�i�n�e�a�r� �i�n�t�e�r�p�o�l�a�t�i�o�n� �b�e�t�w�e�e�n� 

�n�o�d�e�s�.� �R�e�d�u�c�e�d� �i�n�t�e�g�r�a�t�i�o�n� �i�s� 

�u�s�e�d�.� 
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�T�a�b�l�e� �3�.�3� �(�c�o�n�t�i�n�u�e�d�)�:� �F�i�n�i�t�e� �E�l�e�m�e�n�t�s� �U�s�e�d� �i�n� �t�h�e� �S�t�r�e�s�s� �A�n�a�l�y�s�i�s� �o�f� �t�h�e� �E�x�p�e�r�i�m�e�n�t�a�l� �M�o�d�e�l� 
� � 

�E�l�e�m�e�n�t� �C�l�a�s�s�i�f�i�c�a�t�i�o�n� �T�o�p�o�l�o�g�y� �C�h�a�r�a�c�t�e�r�i�s�t�i�c� 

�C�A�X�8�R� �3�-�D� �a�x�i�-�s�y�m�m�e�t�r�i�c� �8� �n�o�d�e� �Q�u�a�d�r�a�t�i�c� �i�n�t�e�r�p�o�l�a�t�i�o�n� 

�e�l�e�m�e�n�t� �b�e�t�w�e�e�n� �n�o�d�e�s�.� �R�e�d�u�c�e�d� 

�i�n�t�e�g�r�a�t�i�o�n� �i�s� �u�s�e�d�.� 

�C�3�D�2�0�R� �3�-�D� �s�o�l�i�d� �e�l�e�m�e�n�t� �2�0� �n�o�d�e� �Q�u�a�d�r�a�t�i�c� �i�n�t�e�r�p�o�l�a�t�i�o�n� 

�b�e�t�w�e�e�n� �n�o�d�e�s�.� �R�e�d�u�c�e�d� 

�i�n�t�e�g�r�a�t�i�o�n� �i�s� �u�s�e�d�.� 

�3�3



�3�.�1�.�2�.�4�.�3�)� �P�R�O�C�E�D�U�R�E� �O�F� �A�N�A�L�Y�S�I�S� 

�T�h�e� �f�i�r�s�t� �e�l�e�m�e�n�t� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� �t�h�e� �s�t�r�e�s�s� �a�n�a�l�y�s�i�s� �w�a�s� �t�h�e� �S�4�R�5�,� �t�h�e� �o�b�j�e�c�t�i�v�e� �w�a�s� �t�o� 

�l�o�o�k� �a�t� �t�h�e� �a�p�p�r�o�x�i�m�a�t�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n� �t�h�e� �w�h�o�l�e� �s�t�r�u�c�t�u�r�e�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �s�t�r�u�c�t�u�r�e� 

�w�a�s� �d�i�s�c�r�e�t�i�z�e�d� �s�o� �t�h�a�t� �t�h�e� �r�e�g�i�o�n� �n�e�a�r� �t�h�e� �s�i�n�g�u�l�a�r�i�t�y� �w�o�u�l�d� �h�a�v�e� �a� �m�o�r�e� �r�e�f�i�n�e�d� �m�e�s�h� �(�F�i�g�.� 

�3�.�6�)�.� �T�h�e� �z�e�r�o� �d�i�s�p�l�a�c�e�m�e�n�t� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� �w�a�s� �i�m�p�o�s�e�d� �a�t� �t�h�e� �n�o�d�e�s� �o�f� �t�h�e� �s�u�p�p�o�r�t�.� �A�f�t�e�r� 

�t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l� �h�a�d� �b�e�e�n� �p�r�o�c�e�s�s�e�d� �b�y� �A�B�A�Q�U�S�,� �t�h�e� �d�i�s�t�r�i�b�u�t�i�o�n� �o�f� �c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� 

�s�t�r�e�s�s� �a�n�d� �m�e�r�i�d�i�a�n�a�l� �s�t�r�e�s�s� �t�h�r�o�u�g�h�o�u�t� �t�h�e� �s�t�r�u�c�t�u�r�e� �w�a�s� �d�i�s�p�l�a�y�e�d� �b�y� �t�h�e� �P�A�T�R�A�N� �p�r�o�g�r�a�m� 

�a�n�d� �t�h�e� �n�o�z�z�l�e�s� �a�n�d� �s�u�p�p�o�r�t�s� �w�e�r�e� �i�d�e�n�t�i�f�i�e�d� �a�s� �t�h�e� �s�i�n�g�u�l�a�r� �r�e�g�i�o�n�s�.� �I�n� �a�d�d�i�t�i�o�n�,� �t�h�e� 

�c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �s�t�r�e�s�s� �a�n�d� �t�h�e� �m�e�r�i�d�i�a�n�a�l� �s�t�r�e�s�s� �w�e�r�e� �p�l�o�t�t�e�d� �a�g�a�i�n�s�t� �t�h�e� �m�e�r�i�d�i�a�n�a�l� �d�i�s�t�a�n�c�e� �f�o�r� 

�t�h�e� �n�o�z�z�l�e� �o�f� �d�i�a�m�e�t�e�r� �=� �1�6�.�0� �i�n�.� �(�F�i�g�.� �4�.�3�.�1� �&� �F�i�g�.� �4�.�3�.�2�)� �s�o� �t�h�a�t� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �r�e�s�u�l�t�s� �c�o�u�l�d� 

�b�e� �c�o�m�p�a�r�e�d� �t�o� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�e�l�.� �A�c�t�u�a�l�l�y�,� �a� �m�o�r�e� �r�e�f�i�n�e�d� �m�e�s�h� �w�a�s� 

�u�s�e�d� �n�e�a�r� �t�h�e� �n�o�z�z�l�e� �t�o� �o�b�s�e�r�v�e� �i�f� �t�h�e�r�e� �w�o�u�l�d� �b�e� �a�n�y� �c�o�n�v�e�r�g�e�n�c�e� �i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �r�e�s�u�l�t�s�.� 

�(�F�i�g�.� �4�.�3�.�3� �&� �F�i�g�.�4�.�3�.�4�)� 

�T�h�e� �s�e�c�o�n�d� �e�l�e�m�e�n�t� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� �t�h�e� �s�t�r�e�s�s� �a�n�a�l�y�s�i�s� �w�a�s� �t�h�e� �S�8�R�5�.� �S�i�n�c�e� �t�h�e� �s�i�n�g�u�l�a�r� 

�r�e�g�i�o�n� �h�a�s� �a�l�r�e�a�d�y� �b�e�e�n� �i�d�e�n�t�i�f�i�e�d� �w�i�t�h� �t�h�e� �p�r�e�v�i�o�u�s� �e�l�e�m�e�n�t�,� �m�o�r�e� �a�t�t�e�n�t�i�o�n� �w�a�s� �f�o�c�u�s�e�d� �o�n� �t�h�e� 

�s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �a�r�o�u�n�d� �t�h�e� �n�o�z�z�l�e� �o�f� �d�i�a�m�e�t�e�r� �=� �1�6�.�0� �i�n�.� �T�h�e� �z�e�r�o� �d�i�s�p�l�a�c�e�m�e�n�t� �b�o�u�n�d�a�r�y� 

�c�o�n�d�i�t�i�o�n� �w�a�s� �a�l�s�o� �a�p�p�l�i�e�d� �a�t� �t�h�e� �n�o�d�e�s� �o�f� �t�h�e� �s�u�p�p�o�r�t�.� �S�i�m�i�l�a�r� �g�r�a�p�h�i�c�s� �t�o� �t�h�a�t� �F�i�g�.� �4�.�3�.�1� �w�e�r�e� 

�d�e�v�e�l�o�p�e�d� �f�o�r� �t�h�e� �e�l�e�m�e�n�t� �S�8�R�5�.� �(�F�i�g�.� �4�.�3�.�5� �&� �F�i�g�.� �4�.�3�.�6�)�.� 

�T�h�e� �t�h�i�r�d� �e�l�e�m�e�n�t� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� �t�h�e� �s�t�r�e�s�s� �a�n�a�l�y�s�i�s� �w�a�s� �t�h�e� �C�3�D�8�.� �T�h�i�s� �e�l�e�m�e�n�t� �w�a�s� 

�u�s�e�d� �t�o� �o�b�t�a�i�n� �a� �b�e�t�t�e�r� �r�e�s�u�l�t� �n�e�a�r� �t�h�e� �w�e�l�d�e�d� �r�e�g�i�o�n� �a�t� �t�h�e� �e�n�d� �o�f� �t�h�e� �r�e�i�n�f�o�r�c�e�m�e�n�t� �p�a�d� �d�u�e� �t�o� 

�f�a�c�t� �t�h�a�t� �t�h�e� �s�h�e�a�r�i�n�g� �s�t�r�e�s�s� �w�a�s� �e�x�p�e�c�t�e�d� �t�o� �b�e� �i�m�p�o�r�t�a�n�t� �i�n� �t�h�e� �r�e�g�i�o�n� �o�f� �t�h�e� �w�e�l�d� �w�h�e�r�e� �t�h�e� 

�c�h�a�n�g�e� �o�f� �t�h�i�c�k�n�e�s�s� �o�c�c�u�r�r�e�d�.� �F�u�r�t�h�e�r�m�o�r�e�,� �t�h�e� �c�o�n�c�e�p�t� �o�f� �m�u�l�t�i�-�p�o�i�n�t� �c�o�n�s�t�r�a�i�n�t�s� �b�a�s�e�d� �o�n� �t�h�e� 

�K�i�r�c�h�h�o�f�f� �a�s�s�u�m�p�t�i�o�n� �w�a�s� �i�n�t�r�o�d�u�c�e�d� �h�e�r�e� �t�o� �a�l�l�o�w� �a� �t�r�a�n�s�i�t�i�o�n� �o�f� �t�h�e� �3�-�D� �e�l�e�m�e�n�t�s� �t�o� �2�-�D� 

�e�l�e�m�e�n�t�s�.� �A�s� �a� �m�a�t�t�e�r� �o�f� �f�a�c�t�,� �a� �3�-�D� �m�e�s�h� �i�n� �t�h�e� �a�r�e�a� �a�r�o�u�n�d� �t�h�e� �n�o�z�z�l�e� �a�n�d� �a� �2�-�D� �m�e�s�h� �i�n� �a� 

�r�e�g�i�o�n� �f�a�r� �f�r�o�m� �t�h�e� �n�o�z�z�l�e� �(�F�i�g�.� �3�.�7�)� �h�a�s� �b�e�e�n� �u�s�e�d� �i�n� �t�h�i�s� �a�n�a�l�y�s�i�s�.� �F�i�n�a�l�l�y�,� �t�h�e� �s�t�r�e�s�s�e�s� �a�r�o�u�n�d� 

�t�h�e� �n�o�z�z�l�e� �o�f� �d�i�a�m�e�t�e�r� �=� �1�6�.�0� �i�n�.� �w�a�s� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�e�l� 

�(�F�i�g�.� �4�.�3�.�7� �&� �4�.�3�.�8�)�.� 

�T�h�e� �f�o�u�r�t�h� �e�l�e�m�e�n�t� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� �t�h�e� �s�t�r�e�s�s� �a�n�a�l�y�s�i�s� �w�a�s� �t�h�e� �C�A�X�8�R�.� �A�t� �t�h�i�s� �p�o�i�n�t� 

�a�t�t�e�n�t�i�o�n� �w�a�s� �f�o�c�u�s�e�d� �a�t� �t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �a�r�o�u�n�d� �t�h�e� �n�o�z�z�l�e� �w�i�t�h� �t�h�e� �p�a�d� �r�e�i�n�f�o�r�c�e�m�e�n�t�.� 

�3�4



�A�n� �a�x�i�-�s�y�m�m�e�t�r�i�c� �m�o�d�e�l� �w�a�s� �b�u�i�l�t� �u�s�i�n�g� �t�h�i�s� �k�i�n�d� �o�f� �e�l�e�m�e�n�t� �(�F�i�g�.� �3�.�8�)�.� �T�h�e� �b�o�u�n�d�a�r�y� �c�o�n�d�i�t�i�o�n� 

�i�m�p�o�s�e�d� �i�n� �t�h�i�s� �m�o�d�e�l� �r�e�f�l�e�c�t�e�d� �t�h�e� �c�o�n�d�i�t�i�o�n� �o�f� �s�y�m�m�e�t�r�y� �(�F�i�g�.� �3�.�9�)�.� �S�i�n�c�e� �t�h�e� �a�x�i�-�s�y�m�m�e�t�r�i�c� 

�m�o�d�e�l� �r�e�q�u�i�r�e�d� �l�e�s�s� �c�o�m�p�u�t�a�t�i�o�n�a�l� �t�i�m�e� �t�h�a�n� �t�h�e� �o�t�h�e�r� �m�o�d�e�l�,� �a� �h�i�g�h�l�y� �r�e�f�i�n�e�d� �m�e�s�h� �w�a�s� �u�s�e�d�.� �I�t� 

�w�a�s� �e�x�p�e�c�t�e�d� �t�h�a�t� �t�h�i�s� �m�o�d�e�l� �w�o�u�l�d� �p�r�o�v�i�d�e� �t�h�e� �b�e�s�t� �r�e�s�u�l�t�s� �f�o�r� �c�o�m�p�a�r�i�s�o�n� �w�i�t�h� �t�h�e� 

�e�x�p�e�r�i�m�e�n�t�a�l� �m�o�d�e�l� �(�F�i�g�.� �4�.�3�.�9� �&� �4�.�3�.�1�0�)�.� 

�T�h�e� �f�i�f�t�h� �e�l�e�m�e�n�t� �u�s�e�d� �t�o� �p�e�r�f�o�r�m� �t�h�e� �s�t�r�e�s�s� �a�n�a�l�y�s�i�s� �w�a�s� �t�h�e� �C�3�D�2�0�R�.� �A�l�t�h�o�u�g�h� �t�h�e� 

�a�x�i�-�s�y�m�m�e�t�r�i�c� �m�o�d�e�l� �m�i�g�h�t� �b�e� �a�c�c�u�r�a�t�e� �a�n�d� �e�f�f�i�c�i�e�n�t�,� �i�t� �w�a�s� �l�i�m�i�t�e�d� �t�o� �a� �c�e�r�t�a�i�n� �t�y�p�e� �o�f� 

�g�e�o�m�e�t�r�y� �a�n�d� �l�o�a�d�i�n�g� �c�o�n�d�i�t�i�o�n�.� �T�h�e�r�e�f�o�r�e�,� �a� �m�o�r�e� �g�e�n�e�r�a�l� �3�-�D� �m�o�d�e�l� �w�a�s� �b�u�i�l�t� �b�y� �u�s�i�n�g� �t�h�e� 

�g�e�n�e�r�a�l� �2�0� �n�o�d�e�s� �3� �d�i�m�e�n�s�i�o�n�a�l� �e�l�e�m�e�n�t�s� �(�F�i�g�.� �3�.�1�0�)�.� �R�e�s�u�l�t�s� �w�e�r�e� �c�o�l�l�e�c�t�e�d� �a�n�d� �c�o�m�p�a�r�e�d� �w�i�t�h� 

�t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �(�F�i�g�.� �4�.�3�.�1�1� �&� �4�.�3�.�1�2�)�.� �I�n� �f�a�c�t�s�,� �o�n�l�y� �o�n�e� �f�o�u�r�t�h� �o�f� �t�h�e� �e�n�t�i�r�e� �s�e�c�t�i�o�n� �w�a�s� 

�n�e�c�e�s�s�a�r�y� �t�o� �s�i�m�u�l�a�t�e� �t�h�e� �e�n�t�i�r�e� �m�o�d�e�l� �b�y� �i�m�p�o�s�i�n�g� �t�h�e� �c�o�r�r�e�s�p�o�n�d�e�n�t� �s�y�m�m�e�t�r�i�c� �c�o�n�d�i�t�i�o�n�s� �a�t� 

�t�h�e� �b�o�u�n�d�a�r�i�e�s�.� �M�o�r�e�o�v�e�r�,� �t�h�e� �c�o�n�c�e�p�t� �o�f� �m�u�l�t�i�-�p�o�i�n�t� �c�o�n�s�t�r�a�i�n�t�s� �[�P�A�T�R�A�N�,� �2�0�]� �w�a�s� �a�p�p�l�i�e�d� �t�o� 

�b�u�i�l�d� �a�n�o�t�h�e�r� �m�o�d�e�l� �w�i�t�h� �a� �c�o�m�b�i�n�a�t�i�o�n� �o�f� �t�h�e� �C�3�D�2�0�R� �a�n�d� �t�h�e� �S�8�R�5� �e�l�e�m�e�n�t�s�(�F�i�g�.� �3�.�1�1�)�.� �T�h�e� 

�i�d�e�a� �w�a�s� �t�o� �s�i�m�p�l�i�f�y� �t�h�e� �m�o�d�e�l� �a�s� �m�u�c�h� �a�s� �p�o�s�s�i�b�l�e� �a�n�d� �r�e�d�u�c�e� �t�h�e� �c�o�m�p�u�t�a�t�i�o�n�a�l� �t�i�m�e�.� �A�g�a�i�n�,� 

�t�h�e� �r�e�s�u�l�t�s� �w�e�r�e� �c�o�l�l�e�c�t�e�d� �a�n�d� �c�o�m�p�a�r�e�d� �w�i�t�h� �t�h�e� �e�x�p�e�r�i�m�e�n�t�a�l� �r�e�s�u�l�t�s� �(�F�i�g�.� �4�.�3�.�1�3� �&� �4�.�3�.�1�4�)�.� 

�F�i�n�a�l�l�y�,� �a� �m�o�d�e�l� �s�i�m�i�l�a�r� �t�o� �t�h�e� �m�e�n�t�i�o�n�e�d� �3�-�D� �m�o�d�e�l� �w�a�s� �b�u�i�l�t� �b�y� �u�s�i�n�g� �t�h�e� �t�h�i�c�k� �s�h�e�l�l� 

�e�l�e�m�e�n�t� �(�F�i�g�.� �3�.�1�2�)� �S�8�R� �t�o� �v�e�r�i�f�y� �w�h�e�t�h�e�r� �t�h�e� �s�i�m�p�l�i�f�i�e�d� �t�w�o� �d�i�m�e�n�s�i�o�n�a�l� �m�o�d�e�l� �w�o�u�l�d� �g�i�v�e� 

�r�e�a�s�o�n�a�b�l�e� �r�e�s�u�l�t�s� �(�F�i�g�.� �4�.�3�.�1�5� �&� �4�.�3�.�1�6�)�.� 

�O�n�c�e� �t�h�e� �a�p�p�l�i�c�a�b�i�l�i�t�y� �o�f� �t�h�e� �e�l�e�m�e�n�t� �w�a�s� �s�t�u�d�i�e�d�,� �t�h�e� �m�o�s�t� �a�d�e�q�u�a�t�e� �e�l�e�m�e�n�t� �w�a�s� �u�s�e�d� 

�t�o� �p�e�r�f�o�r�m� �t�h�e� �a�n�a�l�y�s�i�s� �w�i�t�h� �a� �p�r�e�s�s�u�r�e� �l�o�a�d�i�n�g� �o�f� �1�0�%� �h�i�g�h�e�r�.� �A�s� �i�t� �w�a�s� �m�e�n�t�i�o�n�e�d� �b�e�f�o�r�e�,� �t�h�e� 

�A�S�M�E� �c�o�d�e� �r�e�q�u�i�r�e�d� �t�h�a�t� �a� �n�e�w� �v�e�s�s�e�l� �s�h�o�u�l�d� �b�e� �t�e�s�t�e�d� �f�o�r� �a� �p�r�e�s�s�u�r�e� �o�f� �1�5�%� �h�i�g�h�e�r� �t�h�a�n� �t�h�e� 

�o�p�e�r�a�t�i�n�g� �p�r�e�s�s�u�r�e�.� �H�o�w�e�v�e�r�,� �i�n� �p�r�a�c�t�i�c�e�,� �o�n�l�y� �a� �p�r�e�s�s�u�r�e� �l�o�a�d�i�n�g� �o�f� �1�0�%� �h�i�g�h�e�r� �w�a�s� �u�s�e�d� �i�n� �t�h�e� 

�a�c�o�u�s�t�i�c� �e�m�i�s�s�i�o�n� �t�e�s�t�i�n�g� �t�o� �a�v�o�i�d� �t�h�e� �m�i�s�f�i�r�e� �o�f� �t�h�e� �s�a�f�e�t�y� �v�a�l�v�e�.� �T�h�e� �r�e�s�u�l�t�s� �f�r�o�m� �t�h�i�s� �m�o�d�e�l� 

�w�e�r�e� �o�b�t�a�i�n�e�d� �a�n�d� �r�e�p�r�e�s�e�n�t�e�d� �i�n� �f�i�g�u�r�e�s� �4�.�4�.�1� �a�n�d� �4�.�4�.�2�.� 
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�4�)� �D�I�S�C�U�S�S�I�O�N� �O�F� �T�H�E� �R�E�S�U�L�T�S�:� 

�4�.�1�)� �S�P�H�E�R�I�C�A�L� �P�R�E�S�S�U�R�E� �V�E�S�S�E�L� �W�I�T�H� �H�Y�D�R�O�S�T�A�T�I�C� �P�R�E�S�S�U�R�E�:� 

�I�n� �F�i�g�u�r�e�s� �4�.�1�.�1� �a�n�d� �4�.�1�.�2� �t�h�e� �s�t�r�e�s�s� �a�n�a�l�y�s�i�s� �r�e�s�u�l�t�s� �o�f� �a� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l� �b�a�s�e�d� �o�n� �t�h�e� 

�m�e�m�b�r�a�n�e� �s�o�l�u�t�i�o�n� �w�e�r�e� �p�r�e�s�e�n�t�e�d�.� �T�h�e�s�e� �g�r�a�p�h�s� �r�e�p�r�e�s�e�n�t� �t�h�e� �m�e�r�i�d�i�a�n�a�l� �s�t�r�e�s�s� �a�n�d� �t�h�e� 

�c�i�r�c�u�m�f�e�r�e�n�t�i�a�l� �s�t�r�e�s�s� �o�n� �t�h�e� �s�p�h�e�r�i�c�a�l� �v�e�s�s�e�l� �r�e�s�p�e�c�t�i�v�e�l�y�.� �S�i�n�c�e� �t�h�e� �m�e�m�b�r�a�n�e� �s�o�l�u�t�i�o�n� �a�s�s�u�m�e�s� 

�a� �z�e�r�o� �s�t�r�e�s�s� �v�a�r�i�a�t�i�o�n� �o�v�e�r� �t�h�e� �t�h�i�c�k�n�e�s�s� �o�f� �t�h�e� �v�e�s�s�e�l�,� �t�h�e� �r�e�s�u�l�t�s� �b�e�c�o�m�e�s� �v�e�r�y� �s�i�m�p�l�e� �t�o� 

�d�i�s�p�l�a�y�.� �A�c�t�u�a�l�l�y�,� �i�n� �F�i�g�u�r�e�s� �4�.�1�.�1� �a�n�d� �4�.�1�.�2�,� �t�h�e� �s�t�r�e�s�s�e�s� �a�r�e� �p�l�o�t�t�e�d� �a�g�a�i�n�s�t� �t�h�e� �d�i�s�t�a�n�c�e� �Z� 

�m�e�a�s�u�r�e�d� �f�r�o�m� �t�h�e� �t�o�p� �o�f� �t�h�e� �v�e�s�s�e�l� �(�F�i�g�.� �3�.�3�)�.� �A�s� �c�a�n� �b�e� �o�b�s�e�r�v�e�d� �t�h�e� �s�t�r�e�s�s� �v�a�r�i�e�s� �s�l�i�g�h�t�l�y� �a�s� 

�t�h�e� �d�i�s�t�a�n�c�e� �Z� �i�n�c�r�e�a�s�e�d�.� �A� �m�a�x�i�m�u�m� �v�a�r�i�a�t�i�o�n� �o�f� �2�0� �%� �w�a�s� �o�b�s�e�r�v�e�d� �a�t� �t�h�e� �a�r�e�a� �a�d�j�a�c�e�n�t� �t�o� 

�t�h�e� �s�u�p�p�o�r�t�.� �H�o�w�e�v�e�r�,� �i�t� �i�s� �d�i�f�f�i�c�u�l�t� �t�o� �d�r�a�w� �c�o�n�c�l�u�s�i�o�n�s� �c�o�n�c�e�r�n�i�n�g� �t�h�e� �a�r�e�a� �a�r�o�u�n�d� �t�h�e� �s�u�p�p�o�r�t�,� 

�b�e�c�a�u�s�e� �t�h�e� �m�e�m�b�r�a�n�e� �s�o�l�u�t�i�o�n� �n�e�g�l�e�c�t�s� �t�h�e� �p�r�e�s�e�n�c�e� �o�f� �t�h�e� �b�e�n�d�i�n�g� �s�t�r�e�s�s�.� �I�n� �o�t�h�e�r� �a�r�e�a�s� �o�f� �t�h�e� 

�s�p�h�e�r�i�c�a�l� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l�,� �t�h�e� �h�y�d�r�o�s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �d�o�e�s� �n�o�t� �a�f�f�e�c�t� �s�i�g�n�i�f�i�c�a�n�t�l�y� �t�h�e� �s�t�r�e�s�s� 

�d�i�s�t�r�i�b�u�t�i�o�n�;� �a�c�t�u�a�l�l�y�,� �t�h�e� �s�l�o�p�e� �o�f� �t�h�e� �s�t�r�e�s�s� �c�u�r�v�e� �v�e�r�s�u�s� �d�i�s�t�a�n�c�e� �Z� �i�s� �a�l�m�o�s�t� �z�e�r�o� �i�n� �t�h�e�s�e� 

�r�e�g�i�o�n�s�.� �T�h�e�r�e�f�o�r�e�,� �a� �m�e�m�b�r�a�n�e� �a�n�a�l�y�s�i�s� �i�n�c�l�u�d�i�n�g� �t�h�e� �v�a�p�o�r� �p�r�e�s�s�u�r�e� �a�n�d� �t�h�e� �h�y�d�r�o�s�t�a�t�i�c� 

�p�r�e�s�s�u�r�e� �s�h�o�u�l�d� �b�e� �u�s�e�d� �f�o�r� �a� �v�e�r�y� �b�i�g� �v�e�s�s�e�l�.� �S�i�n�c�e� �t�h�e� �v�a�r�i�a�t�i�o�n� �o�f� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �d�u�e� �t�o� �t�h�e� 

�h�y�d�r�o�s�t�a�t�i�c� �p�r�e�s�s�u�r�e� �i�s� �a�l�m�o�s�t� �i�n�s�i�g�n�i�f�i�c�a�n�t�,� �c�r�a�c�k�s� �o�r� �i�m�p�e�r�f�e�c�t�i�o�n�s� �l�o�c�a�t�e�d� �w�i�t�h�i�n� �t�h�e� �v�e�s�s�e�l� �w�i�l�l� 

�n�o�t� �h�a�v�e� �a� �d�i�f�f�e�r�e�n�t� �b�e�h�a�v�i�o�r� �b�e�c�a�u�s�e� �o�f� �t�h�e� �l�i�q�u�i�d� �l�e�v�e�l�.� �C�o�n�s�e�q�u�e�n�t�l�y�,� �t�h�e� �h�y�d�r�o�s�t�a�t�i�c� �p�r�e�s�s�u�r�e� 

�s�h�o�u�l�d� �n�o�t� �a�f�f�e�c�t� �s�i�g�n�i�f�i�c�a�n�t�l�y� �t�h�e� �a�c�o�u�s�t�i�c� �e�m�i�s�s�i�o�n� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� 
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�4�.�2�)� �S�T�R�E�S�S� �D�I�S�T�R�I�B�U�T�I�O�N� �O�V�E�R� �A� �S�P�H�E�R�I�C�A�L� �V�E�S�S�E�L� �W�I�T�H� 

�N�O�Z�Z�L�E�S� �A�N�D� �S�U�P�P�O�R�T�S�:� 

�A�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �m�e�m�b�r�a�n�e� �s�t�r�e�s�s� �a�n�a�l�y�s�i�s�,� �t�h�e� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l� �s�u�p�p�o�r�t� �r�e�p�r�e�s�e�n�t�s� �a�n� 

�a�r�e�a� �o�f� �s�i�n�g�u�l�a�r�i�t�y�.� �H�o�w�e�v�e�r�,� �t�h�e� �m�e�m�b�r�a�n�e� �s�t�r�e�s�s� �a�n�a�l�y�s�i�s� �c�a�n�n�o�t� �h�a�n�d�l�e� �p�r�o�p�e�r�l�y� �t�h�i�s� 

�s�i�n�g�u�l�a�r�i�t�y� �b�e�c�a�u�s�e� �t�h�e� �b�e�n�d�i�n�g� �s�t�r�e�s�s� �i�s� �n�e�g�l�e�c�t�e�d�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h� �w�a�s� 

�u�s�e�d� �t�o� �h�a�n�d�l�e� �t�h�i�s� �k�i�n�d� �o�f� �p�r�o�b�l�e�m�.� �A�s� �i�t� �w�a�s� �m�e�n�t�i�o�n�e�d� �i�n� �c�h�a�p�t�e�r� �3�.�1�.�2�,� �t�h�e� �s�t�r�e�s�s� �a�n�a�l�y�s�i�s� �o�f� 

�t�h�e� �m�o�d�e�l� �V�e�s�s�e�l�l� �w�a�s� �p�e�r�f�o�r�m�e�d� �b�y� �A�B�A�Q�U�S� �a�n�d� �t�h�e� �r�e�s�u�l�t�s� �w�e�r�e� �p�r�o�c�e�s�s�e�d� �b�y� �P�A�T�R�A�N�.� 

�S�i�n�c�e� �t�h�e� �o�b�j�e�c�t� �o�f� �t�h�i�s� �a�n�a�l�y�s�i�s� �w�a�s� �t�o� �e�x�p�l�o�r�e� �t�h�e� �c�a�p�a�c�i�t�y� �o�f� �t�h�e� �p�r�o�g�r�a�m� �a�n�d� �t�o� �h�a�v�e� �a� 

�g�e�n�e�r�a�l� �d�e�s�c�r�i�p�t�i�o�n� �o�f� �t�h�e� �s�i�n�g�u�l�a�r�i�t�y� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l�.� �T�h�e� �m�o�s�t� �s�i�m�p�l�e� �s�h�e�l�l� �e�l�e�m�e�n�t� �S�4�R�5� 

�(�T�a�b�l�e� �3�.�3�)� �h�a�s� �b�e�e�n� �u�s�e�d�.� 

�C�o�n�c�e�r�n�i�n�g� �t�h�e� �c�a�p�a�c�i�t�y� �o�f� �A�B�A�Q�U�S� �a�n�d� �P�A�T�R�A�N�,� �s�e�v�e�r�a�l� �o�b�s�e�r�v�a�t�i�o�n�s� �c�a�n� �b�e� �m�a�d�e�.� 

�S�i�n�c�e� �t�h�e� �l�i�n�e�a�r� �e�l�a�s�t�i�c� �a�n�a�l�y�s�i�s� �i�s� �t�h�e� �s�i�m�p�l�e�s�t� �c�a�s�e� �w�i�t�h�i�n� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�n�a�l�y�s�i�s�,� �A�B�A�Q�U�S� 

�d�o�e�s� �n�o�t� �h�a�v�e� �a�n�y� �t�r�o�u�b�l�e� �h�a�n�d�l�i�n�g� �t�h�i�s� �k�i�n�d� �o�f� �p�r�o�b�l�e�m�.� �H�o�w�e�v�e�r�,� �t�h�e� �i�n�p�u�t� �t�o� �a�n�d� �o�u�t�p�u�t� 

�f�r�o�m� �A�B�A�Q�U�S� �b�e�c�o�m�e�s� �v�e�r�y� �t�e�d�i�o�u�s� �b�e�c�a�u�s�e� �o�f� �t�h�e� �g�e�o�m�e�t�r�i�c� �c�o�m�p�l�e�x�i�t�y�.� �B�y� �u�s�i�n�g� �P�A�T�R�A�N�,� 

�t�h�e� �i�n�p�u�t� �t�o� �A�B�A�Q�U�S� �b�e�c�o�m�e�s� �m�u�c�h� �m�o�r�e� �s�i�m�p�l�e�.� �S�i�n�c�e� �P�A�T�R�A�N� �p�o�s�s�e�s�s�e�s� �a� �l�o�t� �o�f� �g�e�o�m�e�t�r�i�c� 

�c�o�n�s�t�r�u�c�t�i�o�n� �f�e�a�t�u�r�e�s�,� �f�o�r� �i�n�s�t�a�n�c�e� �t�h�e� �f�u�n�c�t�i�o�n�  ��p�r�o�j�e�c�t �� �t�h�a�t� �d�e�t�e�r�m�i�n�e�s� �t�h�e� �p�r�o�j�e�c�t�i�o�n� �o�f� �a� 

�p�l�a�n�e� �o�n�t�o� �a� �t�h�r�e�e� �d�i�m�e�n�s�i�o�n�a�l� �b�o�d�y�,� �t�h�e� �c�o�m�p�l�i�c�a�t�e�d� �g�e�o�m�e�t�r�i�c� �c�a�l�c�u�l�a�t�i�o�n� �o�f� �t�h�e� �i�n�t�e�r�s�e�c�t�i�o�n� 

�b�e�t�w�e�e�n� �a� �c�y�l�i�n�d�e�r� �a�n�d� �a� �s�p�h�e�r�e� �h�a�s� �b�e�e�n� �a�v�o�i�d�e�d�.� �M�o�r�e�o�v�e�r�,� �P�A�T�R�A�N� �a�l�l�o�w�s� �t�h�e� �r�o�t�a�t�i�o�n� �o�f� 

�t�h�e� �o�b�j�e�c�t� �u�n�d�e�r� �c�o�n�s�t�r�u�c�t�i�o�n� �t�o� �p�r�o�v�i�d�e� �a� �c�o�m�p�l�e�t�e� �v�i�s�u�a�l�i�z�a�t�i�o�n� �f�r�o�m� �d�i�f�f�e�r�e�n�t� �a�n�g�l�e�s�.� �D�u�r�i�n�g� 

�t�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� �o�f� �t�h�e� �m�o�d�e�l� �V�e�s�s�e�l�l�,� �g�e�o�m�e�t�r�i�c� �e�r�r�o�r�s� �s�u�c�h� �a�s� �t�h�e� �n�o�z�z�l�e� �l�o�c�a�t�i�o�n�,� �h�a�v�e� �b�e�e�n� 

�a�v�o�i�d�e�d� �t�h�a�n�k�s� �t�o� �t�h�i�s� �i�m�p�o�r�t�a�n�t� �a�s�p�e�c�t� �o�f� �P�A�T�R�A�N�.� �A�n�o�t�h�e�r� �m�a�j�o�r� �d�i�f�f�i�c�u�l�t�y� �i�n� �t�h�e� �f�i�n�i�t�e� 

�e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h� �i�s� �t�h�e� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �r�e�s�u�l�t�s�.� �I�n� �t�h�e� �c�a�s�e� �o�f� �t�h�e� �m�o�d�e�l� �V�e�s�s�e�l�l�,� 

�a�p�p�r�o�x�i�m�a�t�e�l�y� �3�0�0�0� �e�l�e�m�e�n�t�s� �h�a�v�e� �b�e�e�n� �u�s�e�d� �t�o� �c�o�n�s�t�r�u�c�t� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �m�o�d�e�l�;� �a�s� �a� 

�c�o�n�s�e�q�u�e�n�c�e�,� �a� �l�a�r�g�e� �o�u�t�p�u�t� �f�i�l�e� �i�s� �o�b�t�a�i�n�e�d�.� �T�h�e� �c�o�m�p�u�t�e�r� �p�r�o�g�r�a�m� �P�A�T�R�A�N� �i�s� �p�a�r�t�i�c�u�l�a�r�l�y� 

�u�s�e�f�u�l� �i�n� �t�h�i�s� �k�i�n�d� �o�f� �s�i�t�u�a�t�i�o�n� �w�h�e�r�e� �t�h�e� �v�i�s�u�a�l�i�z�a�t�i�o�n� �o�f� �d�a�t�a� �i�s� �c�o�n�c�e�r�n�e�d�.� �D�i�f�f�e�r�e�n�t� �c�o�l�o�r�s� �a�r�e� 

�u�s�e�d� �t�o� �r�e�p�r�e�s�e�n�t� �d�i�f�f�e�r�e�n�t� �m�a�g�n�i�t�u�d�e� �o�f� �s�t�r�e�s�s� �(�F�i�g�.� �4�.�2�.�1� �a�n�d� �4�.�2�.�2�)�.� �A�s� �a� �c�o�n�s�e�q�u�e�n�c�e�,� �a� �s�t�r�e�s�s� 

�d�i�s�t�r�i�b�u�t�i�o�n� �m�a�p�p�i�n�g� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �a�n�d� �t�h�e� �s�i�n�g�u�l�a�r�i�t�i�e�s� �w�i�t�h�i�n� �t�h�e� �s�t�r�u�c�t�u�r�e� �c�a�n� �b�e� �i�d�e�n�t�i�f�i�e�d� 

�i�m�m�e�d�i�a�t�e�l�y�.� 
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�D�u�e� �t�o� �t�h�e� �f�a�c�t� �t�h�a�t� �s�t�r�u�c�t�u�r�e�s� �w�i�t�h� �d�i�f�f�e�r�e�n�t� �g�e�o�m�e�t�r�i�e�s� �a�r�e� �i�n�v�o�l�v�e�d� �i�n� �t�h�e� �c�o�n�s�t�r�u�c�t�i�o�n� 

�o�f� �t�h�e� �m�o�d�e�l� �V�e�s�s�e�l�l�.� �T�h�e� �v�o�n� �M�i�s�e�s� �s�t�r�e�s�s� �h�a�s� �b�e�e�n� �u�s�e�d� �a�s� �a� �p�a�r�a�m�e�t�e�r� �t�o� �i�d�e�n�t�i�f�y� �t�h�e� 

�s�i�n�g�u�l�a�r�i�t�i�e�s� �o�f� �t�h�e� �p�r�e�s�s�u�r�e� �v�e�s�s�e�l� �(�F�i�g�.� �4�.�2�.�1� �a�n�d� �4�.�2�.�2�)�.� �I�t� �c�a�n� �b�e� �o�b�s�e�r�v�e�d� �t�h�a�t� �t�h�e� �r�e�g�i�o�n�s� 

�n�e�a�r� �t�h�e� �n�o�z�z�l�e� �a�n�d� �t�h�e� �s�u�p�p�o�r�t� �a�r�e� �a�r�e�a�s� �o�f� �s�i�n�g�u�l�a�r�i�t�i�e�s� �b�y� �t�h�e� �c�o�l�o�r�s� �o�f� �t�h�e�s�e� �a�r�e�a�s� �w�h�i�c�h� �a�r�e� 

�d�i�f�f�e�r�e�n�t� �t�o� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �s�t�r�u�c�t�u�r�e�.� �A�s� �a� �c�o�n�s�e�q�u�e�n�c�e�,� �i�m�p�e�r�f�e�c�t�i�o�n� �f�o�u�n�d� �i�n� �t�h�i�s� �a�r�e�a� �s�h�o�u�l�d� 

�b�e�h�a�v�e� �d�i�f�f�e�r�e�n�t�l�y� �w�i�t�h� �r�e�s�p�e�c�t� �t�o� �a�n� �i�m�p�e�r�f�e�c�t�i�o�n� �w�i�t�h�i�n� �t�h�e� �r�e�s�t� �o�f� �t�h�e� �v�e�s�s�e�l�;� �a�l�t�h�o�u�g�h� �t�h�e� 

�s�a�m�e� �l�o�a�d� �o�f� �p�r�e�s�s�u�r�e� �h�a�s� �b�e�e�n� �a�p�p�l�i�e�d� �t�o� �t�h�e� �v�e�s�s�e�l�.� 

�I�n� �c�h�a�p�t�e�r� �2�,� �a�c�c�o�r�d�i�n�g� �t�o� �t�h�e� �K�a�i�s�e�r� �e�f�f�e�c�t�,� �t�h�e�r�e� �i�s� �a� �i�n�t�r�i�n�s�i�c� �r�e�l�a�t�i�o�n� �b�e�t�w�e�e�n� �t�h�e� 

�l�o�a�d� �l�e�v�e�l� �a�n�d� �t�h�e� �a�c�o�u�s�t�i�c� �e�m�i�s�s�i�o�n� �t�h�a�t� �c�a�n� �b�e� �o�b�t�a�i�n�e�d� �f�r�o�m� �a� �s�p�e�c�i�m�e�n� �u�n�d�e�r� �t�e�s�t�i�n�g�;� 

�t�h�e�r�e�f�o�r�e�,� �t�h�e� �n�o�n�u�n�i�f�o�r�m� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �i�n�s�i�d�e� �t�h�e� �s�t�r�u�c�t�u�r�e� �m�u�s�t� �h�a�v�e� �s�o�m�e� �c�o�n�s�e�q�u�e�n�c�e� �o�n� 

�t�h�e� �a�c�o�u�s�t�i�c� �e�m�i�s�s�i�o�n�.� �A�c�c�o�r�d�i�n�g� �t�o� �t�h�e�  ��M�O�N�P�A�C �� �(�M�o�n�s�a�n�t�o� �P�h�y�s�i�c�a�l� �A�c�o�u�s�t�i�c� �C�o�r�p�o�r�a�t�i�o�n�)� 

�p�r�o�c�e�d�u�r�e�,� �t�h�e� �a�m�o�u�n�t� �o�f� �a�c�o�u�s�t�i�c� �e�m�i�s�s�i�o�n� �e�n�e�r�g�y� �o�b�t�a�i�n�e�d� �f�r�o�m� �a� �s�p�e�c�i�f�i�c� �a�r�e�a� �i�s� �c�o�m�p�a�r�e�d� �t�o� 

�a� �s�e�t� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �t�o� �d�e�t�e�r�m�i�n�e� �w�h�e�t�h�e�r� �t�h�e�r�e� �i�s� �a� �h�a�z�a�r�d�o�u�s� �i�m�p�e�r�f�e�c�t�i�o�n� �w�i�t�h�i�n� �t�h�i�s� 

�a�r�e�a�.� �H�o�w�e�v�e�r�,� �t�h�i�s� �s�e�t� �o�f� �e�x�p�e�r�i�m�e�n�t�a�l� �d�a�t�a� �h�a�s� �t�o� �b�e� �o�b�t�a�i�n�e�d� �u�n�d�e�r� �a� �c�e�r�t�a�i�n� �c�o�n�d�i�t�i�o�n� �o�f� 

�l�o�a�d�i�n�g�.� �T�h�e�r�e�f�o�r�e�,� �t�h�e� �q�u�e�s�t�i�o�n� �i�m�m�e�d�i�a�t�e�l�y� �a�r�i�s�e�s� �f�r�o�m� �t�h�e� �r�e�s�u�l�t�s� �o�f� �V�e�s�s�e�l�l� �w�h�e�t�h�e�r� �t�h�e� 

�i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �t�h�e� �a�c�o�u�s�t�i�c� �e�m�i�s�s�i�o�n� �t�e�s�t�i�n�g� �r�e�s�u�l�t�s� �i�n� �t�h�e� �a�r�e�a�s� �o�f� �s�i�n�g�u�l�a�r�i�t�y� �i�s� �c�r�e�d�i�b�l�e�.� �I�n� 

�o�t�h�e�r� �w�o�r�d�s�,� �t�h�e� �l�o�a�d�i�n�g� �c�o�n�d�i�t�i�o�n� �u�n�d�e�r� �w�h�i�c�h� �t�h�e� �a�c�o�u�s�t�i�c� �e�m�i�s�s�i�o�n� �t�e�s�t�i�n�g� �i�s� �p�e�r�f�o�r�m�e�d�,� �m�a�y� 

�o�r� �m�a�y� �n�o�t� �s�a�t�i�s�f�y� �t�h�e� �r�e�q�u�i�r�e�m�e�n�t� �o�f� �t�h�e�  ��M�O�N�P�A�C �� �(�M�o�n�s�a�n�t�o� �P�h�y�s�i�c�a�l� �A�c�o�u�s�t�i�c� 

�C�o�r�p�o�r�a�t�i�o�n�)� �p�r�o�c�e�d�u�r�e�.� �N�e�v�e�r�t�h�e�l�e�s�s�,� �b�e�f�o�r�e� �g�e�t�t�i�n�g� �i�n�t�o� �a� �m�o�r�e� �d�e�t�a�i�l� �d�i�s�c�u�s�s�i�o�n� �a�b�o�u�t� �t�h�e� 

�i�n�f�l�u�e�n�c�e� �o�f� �t�h�e� �s�t�r�e�s�s� �d�i�s�t�r�i�b�u�t�i�o�n� �o�n� �t�h�e� �i�n�t�e�r�p�r�e�t�a�t�i�o�n� �o�f� �t�h�e� �a�c�o�u�s�t�i�c� �e�m�i�s�s�i�o�n� �t�e�s�t�i�n�g� �r�e�s�u�l�t�s�,� 

�i�t� �i�s� �w�o�r�t�h�w�h�i�l�e� �t�o� �d�i�s�c�u�s�s� �t�h�e� �a�c�c�u�r�a�c�y� �o�f� �t�h�e� �f�i�n�i�t�e� �e�l�e�m�e�n�t� �a�p�p�r�o�a�c�h� �w�h�i�c�h� �c�o�n�s�t�i�t�u�t�e�s� �t�h�e� 

�p�r�i�n�c�i�p�l�e� �i�n�s�t�r�u�m�e�n�t� �o�f� �a�n�a�l�y�s�i�s� �f�o�r� �t�h�i�s� �p�r�e�s�e�n�t� �s�t�u�d�y�.� 
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