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Theoretical Modeling of Polymeric and Biological Nanostructured
Materials

Hadi Rahmaninejad

(ABSTRACT)

Polymer coatings on periodic nanostructures have facilitated advanced applications in various

fields. The performance of these structures is intimately linked to their nanoscale charac-

teristics. Smart polymer coatings responsive to environmental stimuli such as temperature,

pH level, and ionic strength have found important uses in these applications. Therefore,

to optimize their performance and improve their design, precise characterization techniques

are essential for understanding the nanoscale properties of polymer coating, especially in

response to stimuli and interactions with the surrounding medium. Due to their layered

compositions, applying non-destructive measurement methods by X-ray/neutron scattering

is optimal. These approaches offer unique insights into the structure, dynamics, and kinetics

of polymeric coatings and interfaces. The caveat is that scattering methods require non-

trivial data modeling, particularly in the case of periodic structures, which result in strong

correlations between scattered beams. The dynamical theory (DT) model offers an exact

model for interpreting off-specular signals from periodically structured surfaces and has been

validated on substrates measured by neutron scattering. In this dissertation, we improved the

model using a computational optimization approach that simultaneously fits specular and

off-specular scattering signals and efficiently retrieves the three-dimensional sample profile

with high precision. In addition, we extended this to the case of X-ray scattering. We ap-

plied this approach to characterize polymer brushes for nanofluidic applications and protein

binding to modulated lipid membranes. This approach opens new possibilities in developing

soft matter nanostructured substrates with desired properties for various applications.



Theoretical Modeling of Polymeric and Biological Nanostructured
Materials

Hadi Rahmaninejad

(GENERAL AUDIENCE ABSTRACT)

Polymer coatings on nanopatterned surfaces have recently facilitated advanced applications

in various fields, particularly biotechnology. For example, multichannel surfaces coated with

polymer can serve as nanofluidic devices for precise control of fluid flow in drug screening and

detection of specific biomolecules. Moreover, polymer-coated nanopatterned surfaces, which

possess similar properties to the extracellular matrix, provide excellent substrates for biolo-

gical studies. The performance of these systems is closely tied to their nanoscale features,

such as the thickness and conformation of the polymer layers. Therefore, high-resolution

non-invasive nanoscale characterization techniques are essential for investigating these coat-

ings to optimize their performance and enhance their design. X-ray/neutron scattering offers

a non-destructive measurement method with unique capabilities in the nanoscale character-

ization of polymer coatings. However, scattering methods require non-trivial data modeling,

particularly in the case of layered coatings on patterned surfaces. To tackle this challenge, we

improved a dynamical theory (DT) model that allows for precise modeling of neutron and X-

ray scattering signals from such systems. Using a computational optimization approach, the

model enables efficient retrieval of the three-dimensional sample profile with high accuracy.

We applied this approach to characterize polymer brushes for nanofluidic applications and

protein binding to modulated lipid membranes. This methodology opens up new avenues for

developing customizable, nanostructured substrates made from soft materials that possess

tailored properties for a wide range of uses.
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Self-assembly, responsiveness, and tailorability are attractive features of soft materials that

open new possibilities for designing smart devices with diverse applications [1, 2, 3, 4, 5].

Constructed from polymers, foams, gels, colloids, or biological entities with energies usu-

ally in the thermal range (1 kT-36 kT), soft materials are very deformable with thermal

fluctuations, and external forces [6]. This feature allows novel control of the components’

size, ordering, and orientation and offers the formation of systems with desired properties.

The key idea is to program individual blocks and their interactions to design more com-

plex structures with functional properties, usually inspired by similar systems in nature.

For instance, smart soft-matter nanotubes made of organic molecular building blocks of-

fer a controlled and tunable channel size and diameter, which can accommodate substrates

ranging from molecules to viruses for nanobiotechnological uses [7]. Another example is in

DNA nanotechnology, where self-assembly-based approaches allow the design of complex

geometries incorporating inorganic materials such as metals and semiconductors to fabricate

nanoelectronic and nanooptic devices [8]. Furthermore, inspired by nature, novel preparation

routes (biomimetic approaches) can be developed for designing complicated materials with

applications such as biocompatible batteries, tissue engineering scaffolds, and controllable

nanofluidic channels. In addition, many types of soft materials, such as hydrogels, are highly

responsive to external stimuli, which offers potential applications in growing fields of soft

robotics, tissue engineering, nanofluidic, biosensing, biomimetic machines, soft bioelectron-

1
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ics, and on-demand drug delivery.

Among various soft-matter-based nanostructured materials, polymer coatings onto surfaces

have essential applications in numerous fields, ranging from biological and biomedical pur-

poses for antifouling, bio-separation, and tissue engineering, to novel interfaces in optics,

electronics, and fuel cells with exceptional mechanical, optical, or thermal properties [9,

10, 11, 12, 13]. The properties of the polymer coating are critical factors in these applica-

tions, particularly its interactions with the surrounding medium and in response to stimuli.

Polymer coatings can be obtained by simple adsorption of polymer chains onto surfaces and

interfaces or by controlled chemical functionalization. The latter approach has attracted sig-

nificant attention over the past few decades, leading to novel methods for grafting polymer

chains to or from surfaces and interfaces [14]. Recently, polymer coating on nano-patterned

surfaces such as gratings has had significant academic and industrial implications in various

fields such as optics [15], electronics[16], and biotechnology[17]. In addition, they have also

been playing a central role in biological studies by providing frameworks and environments

analogous to the cellular milieus.

Despite recent progress in soft matter technology, we are still in the infant stages of designing

complex soft nanostructures with specific properties found in natural structures. With the

constantly increasing demand for such materials’ performance and complex functionalities,

understanding their properties and interactions with the dispersing medium is requisite for

material design and function. In particular, understanding the underlying self-assembly

process during their fabrication and ensuring their desired performance is vital in the further

development of soft nanoscale structures. Precise and effective characterization of critical

feature dimensions in a wide range of the length scale is indispensable for unraveling the

complex physical and chemical phenomena in these processes. This inevitably necessitates

using characterization methods to adequately detect soft matter nanostructures and resolve
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their structural, dynamic, and kinetic properties over the relevant length and time scales.

On the nanoscopic scale, the so-called direct detection techniques, comprising mainly micro-

scopic methods, such as scanning electron microscopy (SEM) and atomic force microscopy

(AFM), have played a central role in material characterization [18, 19, 20, 21, 22]. They usu-

ally provide adequate top and cross-sectional views of nanopatterns on substrates. However,

providing in-depth information such as layered structures requires a cross-sectional view of

the sample, which can be obtained by cutting through the sample’s surface. In addition, ow-

ing to the localized nature of the microscopy techniques, they mostly provide limited sample

statistics. Moreover, for soft-matter-based nanostructures, which are usually sensitive to

external stimuli, there usually is the risk of altering the structure of soft nano-objects and

damaging the sample.

On the other hand, indirect measurements by scattering techniques, mainly with neutron/X-

ray, such as crystallography, small-angle scattering, diffraction, and reflectometry, offer non-

destructive tools for the metrology of soft nanoscale structures with high statistical sampling.

The relatively high penetration depth and submicron wavelength range (0:1 Å to 100 Å for

X-rays and 1 Å-10 Å for neutrons) provide unique insights that complement conventional

characterization methods for high-resolution studies of layered soft-matter-based nanostruc-

tures with novel molecular architectures. This is aided by the inherent capacity of neutrons

and X-rays to detect structures and dynamics on length and time scales that are relevant to

the performance of polymeric materials. Neutron scattering has a desirable property for the

detection of soft materials, mainly polymeric and biological structures, and that has to do

with its isotope sensitivity. In particular, the sensitivity to hydrogen (H), the most abund-

ant element in these systems, is considerably large, enabling studies of different components

of the studied structure. Neutrons are charge neutral; thus, they do not interact with the

electronic clouds of atoms and only interact with atomic nuclei. Thus, neutron scattering
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Figure 1.1: X-ray vs. neutron scattering cross-sections for some of the most abundant ele-
ments. While X-ray scattering cross-section follows a monotonic increase with charge num-
ber, neutron scattering cross-section is not proportional to the charge number but depends
on neutron interactions with atomic nuclei. Red and gray spheres represent select atoms’
coherent and incoherent scattering cross-sections. For hydrogen, the coherent cross-section
is represented by purple to indicate its negative scattering length. The figure is reproduced
with permission from Ashkar, J. Appl. Phys., 2020, 127, 151101 [23]

cross-section is not proportional to the atomic number but depends on the nuclear structure

(see Figure 1.1.) This phenomenon results in applicable properties for material characteriz-

ation. An immediate consequence is that neutrons have an even higher penetration length

than X-rays. Moreover, they have considerably lower degrading effects on soft materials

such as polymer and biological membranes due to their low energy. A more important con-

sequence is the large neutron scattering cross-section for lighter elements, mainly hydrogen

(�H = 80:27 barns [24] ) and carbon, while for X-rays, the scattering signal is more domin-

ated by heavier elements and leaves light atoms almost invisible. This property of neutron

scattering makes it well-suited for studies of the hydrogen-rich constituents, e.g., biological

structures and polymers, within samples with compositional complexity [25]. Another con-

sequence of neutron interactions with atomic nuclei is its isotope sensitivity, meaning that

neutron scattering cross-sections from different elemental isotopes can be noticeably differ-

ent [26]. A well-known example is a difference in neutron scattering cross-sections between
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protium (H) and deuterium (D). The neutron scattering lengths, b, for H and D, are re-

spectively given by bH = �3:74 fm and bD = 3:99 fm. Given the abundance of H in biological

and polymeric materials and the relatively convenient procedure of substituting H for D,

neutron isotope sensitivity offers a unique method for probing molecular arrangements and

submolecular structures [27, 28, 29]. Using an approach referred to as contrast variation,

isotope substitution schemes can be designed to modify specific moieties’ scattering poten-

tial, thereby tuning how strongly or weakly ”visible” they are to neutrons. Notably, due

to the sensitivity of X-rays and neutrons to different elements, they are frequently used as

complementary techniques for adequately characterizing polymer samples, significantly im-

proving our understanding of soft-matter-based nanostructures.

Scattering methods are grounded in tracking the change in the energy and momentum of

the beam shining through the sample and predicting various features of its structure and dy-

namics. In physical terminology, scattering techniques provide information in the reciprocal

space. They require decoding the scattered pattern to reconstruct the sample profile in real

space, which is challenging. Due to the intrinsic interaction between the beam and the mat-

ter, quantum mechanical modeling is usually needed. Furthermore, scattering data modeling

is more difficult when applied to regularly patterned profiles in periodic nanostructures, such

as gratings, due to the high correlation between reflected and transmitted beams. Among

different theoretical models, the dynamical theory (DT) exhibits high potential for predict-

ing scattering phenomena from periodic patterns by considering the correlation between

scattered beams and providing an exact solution [30]. This model has been validated on

neutron scattering measurements of periodic structures for studies with applications such as

tissue engineering for cell alignment and release [31].

In this dissertation, we will develop a computational framework based on DT model. We

will advance it by including an optimization protocol using the covariance matrix adaptation
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evolution strategy (CMA-es)[32]. We will show how this approach yields high efficiency and

precision in predicting complicated profiles by adopting a Parratt thin-slicing formalism.

Mainly, we will apply it to study soft-matter-based nanofluidic channels with controllable

gating properties and membrane curvature effect on protein binding. We will also extend

the theoretical bases of DT for the case of X-ray scattering by applying it to grazing incident

small angle X-ray scattering data to characterize polymer coated grating structures.

The layout of the thesis is as follows. Chapter 1 presents an overview of the dissertation, its

importance, and its application. In chapter 2 we will review various scattering techniques and

their applications, with an emphasis on neutron scattering. We will highlight the impact

of neutron scattering and spectroscopy methods in the characterization of polymer-based

coatings, including thin films, polymer interfaces, polymer brushes, and particle coatings. In

chapter 3 we will focus on the theoretical basis of reflectometry, particularly from periodic

structures. We will discuss the dynamical theory model in detail and how it can be extended

for the case of X-rays. We will elaborate on the modeling framework that we developed based

on DT model for layered soft-matter coatings on periodic scaffolds. Chapter 4 applies the

DT model and our computational framework to characterizing periodic nanostructures with

X-ray. In chapter 5, we will focus on the characterization of polymer brush conformation in

nanofluidic channels with similar methods. Finally, in chapter 6, our developed model is used

for studying the effect of membrane curvature on protein binding using a topographically

tunable scaffold.



This chapter briefly reviews various scattering techniques and critical applications in char-

acterizing soft-matter-based nanostructures, particularly for polymeric coatings. While the

chapter primarily focuses on neutron scattering, most techniques have been equivalently

applied to X-ray scattering. This is followed by select examples emphasizing their effect-

ive utilization in revealing the structure, dynamics, and kinetics of polymer coatings and

polymeric interfaces. Mainly, some key examples of the synergic use of X-rays and neutron

scattering will be pointed out. While the studies presented in this dissertation mainly focus

on elastic scattering techniques, a brief discussion of inelastic and quasi-elastic scattering

techniques is meant to provide a full picture of scattering capabilities in the characterization

of soft materials. This chapter closely follows content from Chapter 19, ”Neutron scatter-

ing studies of nanoscale polymer-based coatings”, Hadi Rahmaninejad and Rana Ashkar,

accepted for publication in the book titled ”Polymer Based Nanoscale Materials For Surface

Coating”, edited by Sabu Thomas and Susan George (Elsevier).

When X-ray or neutron beams scatter from materials, their wavevector generally changes

in direction and magnitude. However, in the special case of elastic scattering, the beam’s

energy is conserved, i.e., the beam’s energy before and after scattering remains unchanged.

7
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Figure 2.1: Schematic illustration of the scattering geometry for a) Small-angle neutron scat-
tering (SANS), b) reflectometry and c) grazing-incidence SANS (GISANS). The figure shows
the incident and scattered wavevectors ~ki and ~ks, respectively, along with the wavevector
transfer ~Q = ~ks � ~ki in each scenario. This figure is reproduced with permission from Rah-
maninejad and Ashkar, chapter 19, ”Neutron scattering studies of nanoscale polymer-based
coatings”, accepted for publication (Elsevier). Panel c is adapted with permission from Wolff
et al., Euro. Phys. J. E, 2005, 16, 141-145 [38].

Given the energy dependence on the momentum, this implies that in elastic scattering, the

magnitude of the momentum remains constant; i.e., j~ksj = j~kij = j ~k0j where ~ks and ~ki are

the scattered and incident beam wavevectors and k0 = 2�
�

with � being the wavelength.

Under these conditions, the momentum transfer, ~Q = ~ks � ~ki, has a well-defined magnitude

given by Q = 2k0 sin � where 2� is the angle between the incident and scattered beam, as

shown in Figure 2.1 . On the other hand, when the beam exchanges energy with the sample

during scattering events, the energy of the scattered beam is inevitably different from that

of the incident beam – a phenomenon referred to as inelastic scattering. Elastic scattering is

utilized for obtaining structural properties of materials, whereas inelastic scattering reveals

information about sample dynamics. In this chapter, we will discuss two primary elastic

scattering methods utilized in structural studies, such as for polymer coatings and thin

films, namely small-angle X-ray/neutron scattering (SAXS/SANS) and reflectometry [33,

34, 35, 36, 37].
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Small-angle scattering is a widely applied technique for structural studies of soft-matter

systems, including biological structures and polymer coatings. Small-angle scattering tech-

niques are based on a pin-hole geometry where the beam incident on a sample scatters

forward on a 2D position sensitive detector (Figure 2.1a). To resolve the small scattering

angles typical of these measurements, instruments are built with very long sample-to-detector

distances (on the order of several meters). For instance, a typical Q-range accessed by SANS

is � (0:02 � 0:5) nm�1 corresponding to spatial distances of � (1–300) nm. Accessing this

extended Q range often requires variations in the two key parameters defining Q, i.e., the

accessible range of scattering angles and the neutron wavelength. The former can be done

by changing the sample-to-detector distance (i.e., by changing the angular acceptance or

the solid angle intercepted by the detector). On the other hand, variations in the neutron

wavelength can be inherent to the neutron spectrum (e.g., pulsed sources) or can be obtained

by using neutron velocity selectors. Scattering signals in SANS experiments are detected as

2D intensity maps. For isotropic scattering, i.e., scattering from isotropic samples, the de-

tected intensity maps are characterized by circular symmetry (around the beam stop). In

this case, the 2D signals are usually circularly averaged and plotted as 1-dimensional I vs.

Q plots, allowing subsequent analysis of the data using adequate models. However, in the

case of structural directionality, e.g., structural alignment along a given direction, the de-

tected signals become asymmetric and analysis of the angular dependence of I(Q) becomes

necessary to assess the degree of alignment. In either case, structural SANS models can be

used to fit the data. These models are developed using form factor, F(Q), calculations based

on the structure’s shape and size [39]. Form factor models are adequately applicable to di-

lute samples where structural correlations are absent or undetectable. However, for samples

characterized by structural correlations, form factor models should be convoluted with the
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structure factor, S(Q), for appropriate data fitting. In other words, I(Q) = F (Q) � S(Q),

where S(Q)=1 in the absence of correlations.

In SANS experiments, selective deuteration is commonly utilized to highlight a specific

sample feature or to suppress scattering from other structures within the sample. An excit-

ing example is studying polymer-coated nanoparticle suspensions in which contrast matching

the solvent and particle core results in selective scattering from the polymer coating, enabling

reliable characterization of the coating structure. Indeed, this approach was effectively used

to investigate the influence of pH and ionic strength on coatings of polythymidylic acid

(dT35) adsorbed and grafted to latex nanoparticles [40]. In this study, the layer thickness

was determined by varying the solvent SLD using mixtures of D2O and H2O with differ-

ent D2O : H2O ratios. The SANS measurements showed that the thickness of the adsorbed

layers did not depend on the pH and ionic strength of the solvent, contrary to the highly

grafted dT35 chains, which exhibited a more extended structure in a basic pH and mod-

erate ionic strength. However, even when contrast matching is not possible, innate SLD

differences between the coating, particle core, and suspending medium can be sufficient for

determining the coating structure using adequate models. An example of this approach was

used in early SANS studies investigating the conformations of gelatin in solution and its

adsorption onto the surfaces of colloidal latex particles [41]. Modeling the obtained SANS

signals with spherical core-shell structures provided estimates of the radius of particle cores

and subsequent calculations of the gelatin corona thickness. A similar method was utilized

in other studies [42, 43, 44]. Notably, in an interesting study by Li et al. [45], they employed

neutron isotope sensitivity to observe “stealth” polymeric coatings in the form of an ultrathin

poly(acrylic acid) shell on iron-oxide superparamagnetic nanoparticles. They demonstrated

that dynamic light scattering measurements overestimated the hydrodynamic radius of the

particles, resulting in exaggerated estimates of the shell thickness. On the other hand, SAXS
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and SANS were applied in a complementary way to characterize heavy iron-oxide cores of

the nanoparticles and lighter polymer coating, respectively. Besides structural information

of polymer coatings in the form of coating thickness and composition, neutron scattering

can be effectively used in the studies of polymer chain conformations. In an early study, Ho

et al. [46] used SANS to investigate chain conformations in polymer thin films composed

of protiated and deuterated polystyrene on a flat silicon substrate. The measurements were

done on film thicknesses that are 10-fold the unperturbed radius of gyration. Their res-

ults showed no dependence of the scattering signals on the film thickness. However, their

experiment demonstrated the possibility of quantitative SANS studies on single thin films.

In a later SANS experiment, the same group investigated chain structure in ultra-thin poly-

styrene films [47]. They stacked several wafers of identically prepared samples to improve

the signal-to-noise ratio. Their measurements revealed Gaussian conformation in the direc-

tion parallel to the substrate. However, thinner films showed systematic trends indicative of

chain swelling. The combination of SAXS and SANS is also a powerful approach to study-

ing polymer-grafted nanoparticles, enabling complementary characterization of the particle

and polymer properties. For example, combined SANS and SAXS measurements have been

utilized in studies of nanocomposites with polymer grafted nanoparticles [48]. These studies

often take advantage of the unique isotope sensitivity of neutrons by selective deuteration

of the brush or polymer matrix. For instance, selective deuteration of the polymer brush

amplifies the brush scattering signal used in determining the brush structure, e.g., brush

thickness and chain conformations[49]. In comparison, SAXS measurements are generally

more sensitive to the particle cores (typically made of heavier elements), resulting in signals

that describe the core shape and dispersion. The synergistic combination of SANS and SAXS

thus provides a practical approach for elucidating the dependence of particle dispersion on

brush structure and wetting state.
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Despite the high penetration power

of neutrons, they can be made to reflect off surfaces through grazing incidence. At such

low incident angles, the energy carried by the normal component of the neutron scattering

wavevector (Fig. 2.1 b,c) becomes comparable to, or smaller than, the scattering potential of

the substrate, resulting in scattering back into the incident medium. Thus, grazing incidence

scattering techniques are convenient for measuring variations in the scattering potential (or

SLD) normal or lateral to the probed surface. This is more effective for characterizing the

structure and thickness of flat surfaces or substrates coated with polymer [50]. Two scat-

tering techniques that are commonly applied in probing surface structures, in-depth struc-

tural features, and near-surface effects are reflectometry and grazing-incidence SAXS/SANS

(GISAXS and GISANS) [51]. Variations of these techniques have been utilized in studies of

polymer films, coatings, and surface patterns, including spin-echo resolved grazing incidence

scattering (SERGIS) [52, 53], and off-specular reflection [31, 54, 55], but the most common

approaches are standard reflectometry and GISAS techniques. In ”specular” reflectometry

experiments, neutrons impinging on a substrate get reflected with the same incident angle

onto a detector (Fig. 2.1b ) where variations of the reflected intensity are measured as a func-

tion of the momentum transfer Q. This technique utilizes a sheet geometry of the incident

beam with tight collimation along the scattering direction (i.e., incident angle) and relaxed

collimation in the perpendicular direction (i.e., parallel to the substrate surface) (Fig.2.1b ).

Models to analyze reflection data are based on analytical solutions of reflection and trans-

mission coefficients of the neutron wavefunction in the vicinity of the probed surface. The

calculations are based on solutions of the neutron wavefunction in the different potential

regions and applying boundary conditions, in the form of continuity of the wavefunction and

its derivative, at the interfaces. In the simple case of a single homogenous film on top of a

substrate, the width of these fringes determines the film thickness (inversely proportional),

and their depth is correlated with the SLD difference between the substrate and the film.
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For samples with in-depth structural variations, the scattering potential is modeled as a thin

layer parallel to the surface, each with a scattering length density representing the average

SLD of that layer. This thin-slicing approach is referred to as the Parratt formalism [56], and

is frequently used in reflectometry models. In such cases, the calculation of the reflection

coefficients requires the application of the boundary conditions at all interfaces between the

assumed layers, taking into account the Fresnel reflection and transmission coefficients in

each layer [36]. The signal often shows a superposition of multiple fringes with different

widths and features for multiple coatings on a substrate. In such a case, a Parratt recursion

algorithm [56] is typically used to provide information on layer thicknesses and in-depth

variables. The high resolution of NR enables structural studies of interfaces and layers to

within a few Å, enabling detailed measurements of the layer structure, composition, and

interfacial roughness [36]. NR signals are typically characterized by a series of fringes called

Kiessig fringes. Fitting of NR signals with sliced models is available in several dedicated

data-fitting software packages, such as MOTOFIT [57].

On the other hand, GISANS, much like grazing incidence X-ray scattering (GISAXS), is

used for studying lateral structures in thin films and near the free surface of substrates. This

concept was elegantly illustrated by Levine et al. [58], who demonstrated the effective use

of grazing incidence scattering in detecting nanoscale ”islands” or clusters of gold formed

at the initial stages of thin film growth. The technique is based on a grazing-incidence

geometry in which the momentum transfer, Q �, is not constrained to the direction normal

to the substrate surface but is also resolvable in the lateral direction, i.e., parallel to the

substrate surface (Fig.2.1c). In other words, GISANS is a hybrid of reflectometry and SANS

techniques. This enables measurements of the thickness, lateral size, and spatial correlations

of structures’ patterning films and surfaces. Notably, time-of-flight GISANS (TOF-GISANS)

enables the use of the entire wavelength spectrum generated by pulsed neutron sources to
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access a wider Q range, allowing measurements of structures over extended length scales in a

single exposure [59]. A detailed description of the fundamental principles and experimental

details of GISANS applications to polymer films can be found in a recent review by Müller-

Buschbaum [51].

GISANS can be effectively used in investigating layered structures of copolymer films. For

example, GISANS has been implemented in studies of bulk and near-surface assemblies in

triblock copolymers films [60] of the ABA-type, made of polyparamethylstyrene (A) and

polystyrene (B). The experiment was performed such that the beam was incident from the

substrate. Increasing the incident angle enabled measurements of lateral polymer structures

at various depths, i.e., close to the interface and away from the interface (bulk-like prop-

erties). Analysis of the scattering intensity component parallel to the surface showed an

increase in the lamellar spacing of the copolymer close to the substrate interface compared

to the bulk spacing. The measurements also revealed that the copolymer spacing near the

substrate is affected by surface treatment and converges to the bulk value away from the

interface.

NR measurements have been successfully utilized in numerous studies on polymer coatings

[61, 62, 63, 64, 65]. For instance, early studies by Siqueira et al. [61] showed the importance

of NR in understanding the interactions between immiscible polymer layers. Access to the

width of the interface between polystyrene and poly (n-butyl methacrylate) (PnBMA) layers

enabled calculations of the Flory-Huggins interaction parameter, an important thermody-

namic descriptor of polymer blends and mixtures. Similarly, Torikai et al. [66] used NR

to report early observations of molecular ordering in block copolymers of polystyrene (PS)

and poly(2-vinylpyridine) (P2VP). These experiments utilized full and partial deuteration of

the PS block. The results indicated preferential segregation of the P2VP blockchains to the

silicon surface and PS blockchains to the air surface. The data also suggested that an error
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function well described the segment distribution PS-P2VP interfaces and that the blocks

were intensely segregated. Another advantage of NR is the accuracy in measuring the mass

density of polymer thin films. This capability was utilized by Wallace et al. [67] in calculating

the mass density of polystyrene thin films coated on a silicon substrate. Using an approach

named twin reflectometry, i.e., reflectometry from both sides of the film (free surface and

substrate side), they showed that the mass density of thin films is close to its bulk value

and is not a function of the film thickness. However, these conclusions were contradicted by

X-ray reflectivity measurements reporting variations in the electron density across the depth

of PS thin films [68]. More recent observations support the concept of density variations

in polymer thin films away from interfaces [69], pointing to the importance of synergistic

integration of complementary characterization methods. Indeed, complementary techniques

are common in studies of polymer coatings and their applications. For example, Kirschner et

al. used a suite of characterization methods, including neutron/X-ray reflectivity and AFM,

to study the electronic properties of polymer blends of phenyl-C61-butyric acid methyl es-

ter (PCBM) and poly(bromo)styrene and bilayers with poly(3-hexylthiophene) (P3HT) [70].

They found that the addition of small concentrations of styrene polymers facilitated the

processing of the films while maintaining the required electron mobility. Their reflectivity

results show that PCBM is partially mixed with P3HT in films prepared by spin-coating

PCBM from a solution with poly(bromostyrene) to form an overlying film. Interestingly,

introducing the bromo moiety in PS increased the X-ray scattering length density of the

upper layer and showed increased film smoothness.

Another attractive application of polymer coatings is their use as scaffolds for cell growth and

as cushions for studies of cell membranes. For example, in an experiment to model cellular

cytoskeleton interactions, El-Khoury et al. deposited lipid bilayers, with ion channels, on

pH-responsive poly(acrylic acid) cushions [71]. Neutron and X-ray reflectivity studies showed
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that the activation of the ion channels resulted in swelling of the polymer cushion due to ion

transfer through the lipid membrane.

In another study, Jablin and co-workers employed specular NR to understand the effect of

deposited lipid membranes on the swelling of thermoresponsive poly(n-isopropylacrylamide)

(PNIPAM) cushions [54]. Their studies showed that the fluidity state of the supported lipid

bilayers significantly impacted the hydration profile and thickness of the PNIPAM cushion,

with gel lipid membranes effectively restricting water permeation and cushion swelling. These

studies also utilized off-specular neutron scattering to probe interfacial fluctuations and in-

plane height-height correlations in the studied lipid bilayer. A later study by Zhernenkov,

Ashkar, et al. [31] utilized PNIPAM coating on lithographically patterned silicon substrates

to demonstrate the effective use of tunable, structured polymeric surfaces as scaffolds for cell

alignment and release in tissue growth applications. To characterize the PNIPAM coating,

they conducted their NR measurements on the scaffolds in D2O instead of H2O to amplify

the neutron scattering contrast between the solution and the polymer coating. Given the

periodic nature of the substrates, the neutron scattering experiments resulted in strong

off-specular scattering signals in the form of Bragg rods, which were interpreted using a

dynamical theory model developed earlier by Ashkar et al. [30]. Analysis of the intensity

variations along the Bragg rods above and below the lower critical transition temperature

(LCST) of PNIPAM, i.e., in the collapsed and swollen states of the polymer coating, enabled

calculations of the polymer thickness and hydration levels in each state. They found that the

polymer coating conformed to the underlying substrate lithography in the collapsed state,

providing the necessary directionality for cell alignment. However, in the swollen state,

the coating expanded significantly – filling the underlying substrate features and resulting

in a pseudo-flat surface. This characterization was key to understanding the alignment

of fibroblast cells grown onto the scaffolds above LCST and the effective cell release with
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decreasing temperature.

Neutron reflectometry (NR) has also been utilized in other studies for probing lateral struc-

tures of polymer thin films while simultaneously measuring in-depth variables. For instance,

Aoki et al. [65] applied a novel neutron reflectometry tomography technique to generate real-

space images of in-plane structures of polymer thin films. They used a sheet-shaped neutron

beam using a pair of slits and a two-dimensional position-sensitive neutron detector. Their

method enabled direct measurements of the structure of inhomogeneous interfaces in poly-

meric films formed of protiated and deuterated poly(methyl methacrylate) (PMMA). The

SLD depth profiles of the films and their lateral features were measured by rotating the

sample and performing time-of-flight NR measurements. Analysis of the NR data from the

local area that was probed enabled a 3D reconstruction of the chemical components of thin

films characterized by in-plane inhomogeneity.

Contrary to structural characterization methods, studying sample dynamics requires know-

ledge of the energy exchange during scattering events. This can be done using inelastic or

quasi-elastic scattering techniques which are designed to resolve small changes in the neutron

energy incurred during scattering [72, 73]. A distinguishing feature between inelastic and

quasi-elastic scattering is the relation of detected neutron energy differences to excitation

energies within the sample. If the neutron energy exchange is comparable to excitation ener-

gies, the scattering is referred to as inelastic and is characterized by significant energy shifts

that manifest as distinct signals in the scattered energy spectrum. In contrast, quasi-elastic

scattering is characterized by small changes in the neutron energy and manifests as broaden-

ing around elastic lines or as a change in dynamic relaxations. Among neutron spectroscopy
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techniques commonly used in probing polymer dynamics are neutron spin-echo spectroscopy

(NSE), neutron backscattering spectroscopy (BSS), and neutron time-of-flight spectroscopy

[23, 74]. These techniques enable studies of nanoscale processes (�0.1-100 nm) on very fast

timescales (� ps to ns). Considering the analogous timescale of motions in polymeric mater-

ials [75], neutron spectroscopy methods serve as a unique probe for molecular and collective

polymer dynamics. Interestingly, comparable length and time scales are typically probed by

molecular dynamics simulations, positioning neutron spectroscopy methods as cutting-edge

tools in the advanced characterization of polymeric materials [76, 77]– especially when com-

bined with complementary approaches for a fuller dynamic characterization of polymeric

systems [78]. Accordingly, neutron spectroscopy techniques have been utilized in numer-

ous studies to probe molecular mobility, dynamics, and glass transitions in polymeric thin

films [79, 80, 81, 82]. In some cases, combinations of these techniques such as time-of-flight

and backscattering is effectively used to investigate other dynamical properties, such as the

vibrational density of states and mean square displacement of molecules in nanoconfined

polymer systems[83].

For instance, neutron spin-echo (NSE) studies on polymer nanocomposites have provided

unique and quantitative measurements of polymer dynamics in various nanocomposites. For

example, Poling-Skutvik et al. [84] used NSE to investigate the dynamics of high molecu-

lar weight polystyrene chains grafted onto silica nanoparticles under osmotic compression

in a solution of chemically similar linear polymer with partial deuterium labeling of the

linear chains. They analyzed the structure and dispersion of these nanocomposites using

SANS and SAXS. They observed a dispersed state in the relatively low polymer concentra-

tion and aggregated structures at high concentrations. Furthermore, the aggregation of the

polymer-grafted nanoparticles was correlated with the impenetrability of the brush, lead-

ing to the compression of the chains. Their NSE results revealed Zimm-like dynamics at
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short timescales, indicating that the solvent viscosity and hydrodynamic interactions control

the polymer relaxations, like free polymer chains. However, observations at long timescales

showed emergent confinement effects, suggesting that grafted polymers relax more slowly

than free chains. They explained this behavior by comparing the confinement length in the

presence of free linear polymer and the confinement length scale in the case of grafted chains.

They concluded that the confinement length decreases with the increase in the local effective

grafting density.

Another unique feature of neutron scattering is that it has two components: a coherent

and an incoherent scattering component [85, 86, 87]. The coherent component results from

the interaction of the neutron wave with all nuclei with well-defined relative phases. In

other words, coherent scattering depends on the relative distances of the nuclei or atomic

ensembles. If these scattering events do not involve energy exchange, i.e., elastic coherent

scattering, then the scattering signal yields information about the equilibrium structures and

enables structural characterization of the sample. However, in the case of energy exchange,

i.e., inelastic coherent scattering, the obtained signal encodes information about relative

motions of atoms or atomic ensembles and are thus suited to studies of collective dynam-

ics. In contrast, incoherent scattering resembles the case where the neutron wave interacts

independently with nuclei, resulting in random relative phases of the scattered waves. For

example, the interaction of a neutron wave with the same nucleus at different positions or

times results in incoherent scattering signals that can inform about self-diffusive motions

within the sample. As seen in Fig. 1.1, different chemical elements and elemental isotopes

can result in dramatically different contributions to the coherent and incoherent neutron
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scattering signals. For example, hydrogen (H) – an abundant element in polymer materials

– exhibits an incoherent scattering cross-section that is 40 times larger than its coherent

cross-section. In structural measurements, this often results in a rather undesirable inco-

herent background signal that obscures weaker coherent scattering signals. However, this

large incoherent scattering cross-section is an advantage in studies of self-dynamics of H-rich

moieties.



This chapter elaborates on the theoretical bases for the modeling framework we developed

for optimizing the fits of scattering measurements to the theoretical predictions based on

the dynamical theory. The model will be used in the following chapters of this dissertation

for application in nanofluidics, polymer-coated patterned substrates, and membrane-protein

interactions. First, we will review the bases of the specular reflectivity from flat unstructured

substrates and thin films. Then we will discuss the dynamical theory, which was previously

developed and validated for neutron scattering characterization of periodic nanostructures

[30]. We will discuss how it can be expanded for the case of electromagnetic waves with

the X-ray wavelength range. Lastly, we will discuss how this method can be applied to

more complicated cases, such as in-depth varying profiles and layered surfaces, including

soft material coatings on patterned substrates.

21
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Consider a monoenergetic neutron beam with a wave function of

	( ) = eik:r (3.1)

with k as the free space wave number,

k =

r
2mE

h̄2 (3.2)

where h̄ is Planck’s constant, and m is the mass of the neutron. When interacting with

matter, it experiences an interaction potential V(r),

V ( ) =
2�h̄2

m
�( ) (3.3)

in which �(r) is the coherent scattering length density of the medium and is determined by

the composition of the matter

�( ) =
X

n

bnNn( ) (3.4)

Here bn and Nn represent the number density and scattering length of nth isotope [36].

Considering that the Schrodinger equation describes the wavefunction of the neutron beam,

[� h̄2

2m
r2 + V ( )]	( ) = E	( ) (3.5)

As a result:

r2	( ) + [k2 � 4��( )]	( ) = 0 (3.6)

Interestingly, this equation can be expressed in the form of a standard Helmholtz equation;
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r2	( ) + �2( ) = 0 (3.7)

where

� =

r
2m[E � V ( )]

h̄2 =
p
k2 � 4��( ) (3.8)

and is equivalent to the wave number inside matter. Due to the similarity of equation 3.7

with that of light, a refractive index for neutron in the matter can be defined as:

n =
�

k
=

r
1 � �2

�
�( ) (3.9)

where � = 2�
q

. For thermal neutrons with energy of about 25 meV and wavelength of few Å,

the neutron refractive index can be approximated to

n � 1 � �2�

2�
(3.10)

Notably, at an interface between various media (represented by indices of a and b) with

different SLDs, the boundary conditions necessitate the continuity of the wavefunction and

its first derivative:
 a =  b

@ 

@n

a

=
@ 

@n

b (3.11)

where ~n is the normal to the interface.

The equations governing the behavior of electromagnetic waves in the wavelength range of

X-rays can be obtained from Maxwell’s equations. In media with bound electrons, these
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equations are:
r × = �@

@t

r × =
@

@t

r � = 0

r � = 0

(3.12)

where is the electric intensity, is the magnetic flux density, is the magnetic intensity,

and is the electric flux density. In a linear medium,

= �

= �

(3.13)

Here, � and � are dielectric permittivity and magnetic permeability, respectively. After

taking the curl of the first two terms of equation 3.12, and using the following terms, for

harmonic waves ( @
@t

! �!2) in homogeneous and isotropic media, we can obtain

r2 + �2 = 0

r2 + �2 = 0

(3.14)

with � = !2��. Equations 3.14 are also approximately valid for inhomogeneous media where

� and � change along one direction (assumed to be the z-axis) in the wavelength range of

X-rays [36]. In this case, the wave can be considered as the combination of an s-wave where

the electric field points to an axis normal to the z-axis (here considered to be the x-axis)

and a p-wave where the magnetic field is directed into the x-axis.

The boundary condition for a wave propagating into an interface at z = Z between two dif-

ferent mediums (a and b) can be obtained by taking the flux integrals of Maxwell’s equations
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(equations 3.12) over an element of a surface, and it can be shown that:

U(Za) = U(Zb)

@U(Za)

@z
=
@U(Zb)

@z

(3.15)

where U represents the electric field in s-waves and the magnetic field in p-waves. Further-

more, it can be shown that

� = �0(1 � �2�( )

�
) (3.16)

where � is the scattering length density of the medium for electromagnetic waves and is a

function of electron density, Ne( ) and the classical radius of the electron, r0,

�( ) = r0Ne( ) (3.17)

Therefore, the refractive index is derived as

n =
�

k
=
!

k

p
�� =

r
1 � �2�( )

�
(3.18)

For X-rays, it can be approximated as

n � 1 � �2�( )

2�
(3.19)

Interestingly, equations 3.14 are in the format of the Helmholtz equation obtained for neut-

rons (equation 3.7), with similar boundary conditions, equations 3.15, resembling those for

neutrons ( 3.11). This motivates the application of scattering theories derived from neutrons

to the case of X-rays scattering. As a result, the theoretical models in the following sections
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�q�?�2�`�2kf;z �B�b �i�?�2 �x�@�+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �r���p�2�M�m�K�#�2�` �B�M �i�?�2 �7�B�H�K �r�B�i�?kf =
p

k2
0 � 4�� f �X �a�B�K�@

�B�H���`�H�v�- �i�?�2 �b�Q�H�m�i�B�Q�M �i�Q �i�?�2�b�2 �2�[�m���i�B�Q�M�b ���`�2

 z(z) = e� ik 0;z z + Reik 0;z z; z � 0

 z(z) = Ae� ik f;z z + Beik f;z z; 0 � z � t

 z(z) = Te� ik s;z z; z � 0

�U�j�X�k�8�V

�h�?�2 �+�Q�M�i�B�M�m�B�i�v �`�2�H���i�B�Q�M�b ���i �i�?�2 �7�B�H�K�ö�b �i�r�Q �B�M�i�2�`�7���+�2�b �r�B�i�? ���B�` ���M�/ �b�m�#�b�i�`���i�2 �`�2�b�m�H�i �B�M �i�?�2

�`�2�7�H�2�+�i�B�Q�M ���M�/ �i�`���M�b�K�B�b�b�B�Q�M �+�Q�2�7�7�B�+�B�2�M�i �+���H�+�m�H���i�B�Q�M�b�X

R =
� (kf � k0)(kf + ks) + ( kf � ks)(kf + k0)e2ik f t

(kf + ks)(kf + k0) � (kf � k0)(kf � ks)e2ik f t e� 2ik 0 t

T =
4k0kf ei (kf � k0 )t

(kf + ks)(kf + k0) � (kf � k0)(kf � ks)e2ik f t

�U�j�X�k�e�V

�h�?�2 �7�B�H�K�ö�b �i�?�B�+�F�M�2�b�b ���M�/ �a�G�. �+���M �#�2 �Q�#�i���B�M�2�/ �#�v �7�B�i�i�B�M�; �i�?�2 �2�t�T�2�`�B�K�2�M�i���H �`�2�7�H�2�+�i�B�Q�M �B�M�i�2�M�b�B�i�v

�6�B�;�m�`�2 �j�X�k�, �_�2�7�H�2�+�i�2�/ �B�M�i�2�M�b�B�i�v ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �K�Q�K�2�M�i�m�K �i�`���M�b�7�2�`�-Q�- �7�Q�` �� �m�M�B�7�Q�`�K
�i�?�B�M �7�B�H�K �Q�M �i�Q�T �Q�7 �� �b�m�#�b�i�`���i�2 �7�Q�` �p���`�B�Q�m�b �i�?�B�+�F�M�2�b�b�2�b �Q�750 �M�K�-100 �M�K�- ���M�/150 �M�K�X

�i�Q �i�?�B�b �i�?�2�Q�`�2�i�B�+���H �T�`�2�/�B�+�i�B�Q�M�X �L�Q�i���#�H�v�- �B�i �+���M �#�2 �b�?�Q�r�M �i�?���i �i�?�2 �E�B�2�b�b�B�; �7�`�B�M�;�2�b �/�B�b�i���M�+�2 ���i

�`�2�H���i�B�p�2�H�v �?�B�;�? �r���p�2�M�m�K�#�2�`�b �B�M �i�?�2 �`�2�7�H�2�+�i�2�/ �B�M�i�2�M�b�B�i�v �T�H�Q�i �B�b �B�M�p�2�`�b�2�H�v �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2



�k�Y�S�Y �M�¶�������ñ�é �Ô�é���¶���ž�«���Ô�ñ�é �'�Ô���Ñ �è�ž�����¶�� �k�N

�i�?�B�+�F�M�2�b�b �Q�7 �i�?�2 �7�B�H�K�X �6�B�;�m�`�2�j�X�k�B�H�H�m�b�i�`���i�2�b �i�?�2 �`�2�7�H�2�+�i�2�/ �B�M�i�2�M�b�B�i�v �7�Q�` �/�B�7�7�2�`�2�M�i �i�?�B�+�F�M�2�b�b�2�b

�Q�7 �i�?�2 �m�M�B�7�Q�`�K �7�B�H�K �+�Q���i�2�/ �Q�M �7�H���i �b�m�#�b�i�`���i�2�b�- �b�?�Q�r�B�M�; �i�?���i �i�?�2 �/�B�b�i���M�+�2�b �#�2�i�r�2�2�M �b�m�+�+�2�b�b�B�p�2

�7�`�B�M�;�2�b �B�M�+�`�2���b�2 �#�v �/�2�+�`�2���b�B�M�; �i�?�2 �i�?�B�+�F�M�2�b�b �Q�7 �i�?�2 �7�B�H�K�X

�6�B�;�m�`�2 �j�X�j�, �_�2�7�H�2�+�i�2�/ �B�M�i�2�M�b�B�i�v ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �K�Q�K�2�M�i�m�K �i�`���M�b�7�2�`�-Q�- �7�Q�` �� �m�M�B�7�Q�`�K
�i�?�B�M �7�B�H�K �Q�M �i�Q�T �Q�7 �� �b�m�#�b�i�`���i�2 �7�Q�` �p���`�B�Q�m�b �b�+���i�i�2�`�B�M�; �H�2�M�;�i�? �/�2�M�b�B�i�B�2�b �Q�7 �i�?�2 �7�B�H�K �U� f �V �B�M
�+�Q�K�T���`�B�b�Q�M �r�B�i�? �i�?�2 �b�m�#�b�i�`���i�2 �U� s�V�X

�h�?�2 �`�2�7�H�2�+�i�2�/ �B�M�i�2�M�b�B�i�v ���H�b�Q �/�2�T�2�M�/�b �Q�M �i�?�2 �a�G�. �Q�7 �i�?�2 �7�B�H�K �B�M �+�Q�K�T���`�B�b�Q�M �r�B�i�? �i�?�2 �a�G�. �Q�7

�i�?�2 �b�m�#�b�i�`���i�2 �B�i�b�2�H�7�X �A�7 �i�?�2 �a�G�. �Q�7 �i�?�2 �7�B�H�K �B�b �?�B�;�?�2�` �i�?���M �i�?���i �Q�7 �i�?�2 �b�m�#�b�i�`���i�2�- �i�?�2 �7�`�B�M�;�2�b

�B�M �i�?�2 �`�2�7�H�2�+�i�2�/ �B�M�i�2�M�b�B�i�v �;�`���T�? ���`�2 �Q�M �i�?�2 �i�Q�T �Q�7 �i�?�2 �b�m�#�b�i�`���i�2 �`�2�7�H�2�+�i�B�p�B�i�v�- ���b �B�M �i�?�B�b �+���b�2�-

�i�?�2 �#�2���K �2�t�T�2�`�B�2�M�+�2�b �i�?�2 �?�B�;�?�2�` �T�Q�i�2�M�i�B���H �Q�7 �i�?�2 �7�B�H�K�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �i�?�2 �Q�T�T�Q�b�B�i�2

�i�`�2�M�/ �Q�+�+�m�`�b �r�?�2�M �i�?�2 �a�G�. �Q�7 �i�?�2 �7�B�H�K �B�b �H�Q�r�2�` �i�?���M �i�?���i �Q�7 �i�?�2 �b�m�#�b�i�`���i�2 �U�b�2�2 �7�B�;�m�`�2�j�X�k�X�V�X

�J�Q�`�2�Q�p�2�`�- ���b �i�?�2 �a�G�. ���T�T�`�Q���+�?�2�b �B�i�b �b�m�#�b�i�`���i�2 �p���H�m�2�- �i�?�2 �7�`�B�M�;�2�b �7���/�2�- ���M�/ �i�?�2 �`�2�7�H�2�+�i�2�/

�B�M�i�2�M�b�B�i�v ���T�T�`�Q���+�?�2�b �i�?���i �Q�7 �i�?�2 �b�m�#�b�i�`���i�2 �+���b�2�X

�j�X�R�X�9 �A�M�i�2�`�7���+�B���H �`�Q�m�;�?�M�2�b�b

�h�?�2 �B�M�i�2�`�7���+�2 �#�2�i�r�2�2�M �/�B�7�7�2�`�2�M�i �K�2�/�B�� �m�b�m���H�H�v �?���b �� �`�Q�m�;�?�M�2�b�b�- �`�2�b�m�H�i�B�M�; �B�M �i�?�2 �`�2�7�H�2�+�i�B�Q�M

�B�M �K���M�v �/�B�`�2�+�i�B�Q�M�b ���M�/�- �K�Q�`�2 �B�K�T�Q�`�i���M�i�H�v�- �� �b�i���i�B�b�i�B�+���H�H�v ���p�2�`���;�2�/ �2�7�7�2�+�i �Q�M �i�?�2 �b�T�2�+�m�H���`



�j�y �+�Ñ�ž�ÿ���¶�� �k�Y �/�-�é�ž�è�Ô�«�ž�ã �i�Ñ�¶�ñ���- �ž�é�ž�ã�-���Ô�� �ñ�Å ���¶�Å�ã�¶�«���Ô�ñ�é �Å���ñ�è �ÿ�¶���Ô�ñ�²�Ô�« ���������«�������¶��

�`�2�7�H�2�+�i�B�Q�M �Q�7 �i�?�2 �#�2���K �B�K�T�B�M�;�B�M�; �Q�M �i�?�2 �B�M�i�2�`�7���+�2�X �h�?�2 �2�7�7�2�+�i �Q�7 �i�?�2 �b�m�`�7���+�2 �`�Q�m�;�?�M�2�b�b �Q�M �i�?�2

�`�2�7�H�2�+�i�2�/ �B�M�i�2�M�b�B�i�v �/�2�T�2�M�/�b �Q�M �i�?�2 �#�2���K�ö�b �r���p�2�H�2�M�;�i�? ���M�/ �B�M�+�B�/�2�M�i ���M�;�H�2 �(�3�3�)�X �h�?�2�Q�`�2�i�B�+���H�H�v�-

�B�i �B�b �b�?�Q�r�M �i�?���i �`�Q�m�;�?�M�2�b�b �+���m�b�2�b ���M �2�t�T�Q�M�2�M�i�B���H �/�2�+���v �B�M �`�2�7�H�2�+�i�2�/ �B�M�i�2�M�b�B�i�v �7�Q�` �� �b�B�M�;�H�2

�B�M�i�2�`�7���+�2 ���b �(�3�N�-�N�y�)�,

Rr = Re� qz qz;t � 2 /2 �U�j�X�k�d�V

�r�?�2�`�2Rr ���M�/R ���`�2 �i�?�2 �`�2�7�H�2�+�i�B�Q�M �+�Q�2�7�7�B�+�B�2�M�i �Q�7 �i�?�2 �`�Q�m�;�? ���M�/ �b�K�Q�Q�i�? �b�m�`�7���+�2�-qz ���M�/qz;t ���`�2

�6�B�;�m�`�2 �j�X�9�, �_�2�7�H�2�+�i�2�/ �B�M�i�2�M�b�B�i�v ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �K�Q�K�2�M�i�m�K �i�`���M�b�7�2�`�-Q�- �7�Q�` ���M �B�M�i�2�`�7���+�2
�r�B�i�? �p���`�B�Q�m�b �/�2�;�`�2�2�b �Q�7 �B�M�i�2�`�7���+�B���H �`�Q�m�;�?�M�2�b�b�X

�i�?�2 �r���p�2 �p�2�+�i�Q�` �i�`���M�b�7�2�` �B�M �/�B�7�7�2�`�2�M�i �K�2�/�B���- ���M�/� �`�2�T�`�2�b�2�M�i�b �i�?�2 �`�Q�m�;�?�M�2�b�b �r�?�B�+�? �B�b �/�2�7�B�M�2�/

���b �i�?�2 �`�Q�Q�i �b�[�m���`�2 �Q�7 �i�?�2 �p���`�B���M�+�2 �Q�7 �?�2�B�;�?�i �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �b�m�`�7���+�2�X �A�M�i�2�`�7���+�B���H �`�Q�m�;�?�M�2�b�b

�+���M �#�2 �+�Q�K�T�m�i���i�B�Q�M���H�H�v �K�Q�/�2�H�2�/ �#�v �+�Q�M�b�B�/�2�`�B�M�; �b�2�p�2�`���H �b�m�#�@�H���v�2�`�b ���i ���/�D���+�2�M�i �B�M�i�2�`�7���+�2�b ���M�/

�;�`���/�m���H�H�v �+�?���M�;�B�M�; �a�G�. �#�2�i�r�2�2�M �H���v�2�`�b�X �� �H���`�;�2�` �M�m�K�#�2�` �Q�7 �b�m�#�H���v�2�`�b �`�2�b�m�H�i�b �B�M �� �7�m�M�+�i�B�Q�M

�Q�7 �i�?�2 �B�M�i�2�`�7���+�B���H �`�Q�m�;�?�M�2�b�b �7�m�M�+�i�B�Q�M�X �>�Q�r�2�p�2�`�- �B�M�+�`�2���b�B�M�; �i�?�2 �M�m�K�#�2�` �Q�7 �b�m�#�@�H���v�2�`�b �+�Q�K�2�b

���i �i�?�2 �2�t�T�2�M�b�2 �Q�7 �+�Q�K�T�m�i���i�B�Q�M���H �i�B�K�2�X



�k�Y�S�Y �M�¶�������ñ�é �Ô�é���¶���ž�«���Ô�ñ�é �'�Ô���Ñ �è�ž�����¶�� �j�R

�j�X�R�X�8 �_�2�7�H�2�+�i�B�Q�M �7�`�Q�K �H���i�2�`���H�H�v �b�i�`�m�+�i�m�`�2�/ �i�?�B�M �7�B�H�K�b�- �.�v�M���K�B�+���H

�h�?�2�Q�`�v

�a�Q �7���`�- �r�2 �Q�#�b�2�`�p�2�/ �?�Q�r �b�T�2�+�m�H���` �`�2�7�H�2�+�i�B�Q�M �+�Q�m�H�/ �#�2 ���/�2�[�m���i�2�H�v �m�b�2�/ �i�Q �/�2�i�2�`�K�B�M�2 �B�M�@�/�2�T�i�?

�p���`�B���#�H�2�b �Q�` ���p�2�`���;�2 �T���`���K�2�i�2�`�b ���H�Q�M�; �i�?�2 �/�B�`�2�+�i�B�Q�M �M�Q�`�K���H �i�Q �i�?�2 �b�m�`�7���+�2�X �>�Q�r�2�p�2�`�- �7�Q�` �i�?�2

�H���i�2�`���H �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �b�m�#�b�i�`���i�2 �Q�` �i�?�B�M �7�B�H�K�b�- �i�?�2 �Q�7�7�@�b�T�2�+�m�H���` �b�+���i�i�2�`�B�M�; �T���i�i�2�`�M�b �b�?�Q�m�H�/

�#�2 �/�2�+�Q�/�2�/ �i�Q �`�2�i�`�B�2�p�2 �i�?�2 �T�`�Q�7�B�H�2 �Q�7 �i�?�2 �b���K�T�H�2�X �A�M �b�m�+�? �� �+���b�2�- �i�?�2 �b�+���i�i�2�`�B�M�; �T�Q�i�2�M�i�B���H

���H�b�Q �p���`�B�2�b �B�M �i�?�2 �H���i�2�`���H �/�B�`�2�+�i�B�Q�M�- �r�?�B�+�? �b�?�Q�m�H�/ �#�2 �b�B�K�m�H�i���M�2�Q�m�b�H�v �b�Q�H�p�2�/ �i�Q �7�B�i �r�B�i�? �i�?�2

�2�t�T�2�`�B�K�2�M�i���H �b�B�;�M���H ���M�/ �`�2�+�Q�M�b�i�`�m�+�i �i�?�2 �b�m�#�b�i�`���i�2 �T�`�Q�7�B�H�2�X ���K�Q�M�; �p���`�B�Q�m�b �T���i�i�2�`�M�2�/ �i�?�B�M

�7�B�H�K�b�- �T�2�`�B�Q�/�B�+ �M���M�Q�b�i�`�m�+�i�m�`�2�b �?���p�2 �b�B�;�M�B�7�B�+���M�i �B�K�T�H�B�+���i�B�Q�M�b �B�M �p���`�B�Q�m�b �7�B�2�H�/�b�- �T���`�i�B�+�m�H���`�H�v

�#�B�Q�i�2�+�?�M�Q�H�Q�;�v�X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�2�+�i�B�Q�M �Q�7 �i�?�B�b �+�?���T�i�2�`�- �r�2 �#�`�B�2�7�H�v �2�t�T�H���B�M �/�v�M���K�B�+���H �i�?�2�Q�`�v

�U�.�h�V�- �r�?�B�+�? �r���b �T�`�2�p�B�Q�m�b�H�v �T�`�Q�T�Q�b�2�/ �#�v ���b�?�F���` �2�i ���H�X�(�j�y�) �i�Q �B�M�i�2�`�T�`�2�i �i�?�2 �b�+���i�i�2�`�B�M�; �T���i�i�2�`�M

�Q�7 �T�2�`�B�Q�/�B�+ �i�?�B�M �7�B�H�K�b�X �.�v�M���K�B�+���H �i�?�2�Q�`�v �U�.�h�V �B�b ���M �2�t���+�i �i�?�2�Q�`�2�i�B�+���H �K�Q�/�2�H �i�Q �B�M�i�2�`�T�`�2�i

�`�2�+�B�T�`�Q�+���H �T���i�i�2�`�M�b �Q�7 �b�i�`�Q�M�; �Q�7�7�@�b�T�2�+�m�H���` �b�+���i�i�2�`�B�M�; �7�`�Q�K �T�2�`�B�Q�/�B�+ �b�i�`�m�+�i�m�`�2�b ���M�/ �i�Q �`�2�i�`�B�2�p�2

�i�?�2 �T�`�Q�7�B�H�2 �Q�7 �i�?�2 �b���K�T�H�2 �r�B�i�? �?�B�;�? �T�`�2�+�B�b�B�Q�M�(�j�y�-�j�R�-�N�R�)�X

�.�h �B�b �#���b�2�/ �Q�M �� �/�2�b�+�`�B�T�i�B�Q�M �Q�7 �i�?�2 �"�H�Q�+�? �r���p�2�b �/�m�2 �i�Q �� �T�2�`�B�Q�/�B�+ �T�Q�i�2�M�i�B���H�X �a�B�K�B�H���` �i�Q

�T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�b�- �i�?�2 �>���K�B�H�i�Q�M�B���M �B�b �b�2�T���`���#�H�2�- ���M�/ �r�2 �+���M �b�Q�H�p�2 �i�?�2 �a�+�?�`�Q�/�B�M�;�2�` �2�[�m���i�B�Q�M

�B�M�/�2�T�2�M�/�2�M�i�H�v�X �h�?�2 �M�2�m�i�`�Q�M �r���p�2�7�m�M�+�i�B�Q�M�b ���`�2 �j�@�/�B�K�2�M�b�B�Q�M���H �T�H���M�2 �r���p�2�b �B�M �i�?�2 ���B�` ���M�/

�i�?�2 �b�m�#�b�i�`���i�2�- �b�B�K�B�H���` �i�Q �i�?�2 �T�`�2�p�B�Q�m�b �+���b�2�b�X �>�Q�r�2�p�2�`�- �B�M �i�?�B�b �+���b�2�- �i�?�2 �B�M�i�2�`�K�2�/�B���i�2 �H���v�2�`

�?���b �� �H���i�2�`���H�H�v �T�2�`�B�Q�/�B�+ �a�G�. �U�?�2�`�2 �r�2 �+�Q�M�b�B�/�2�` �B�i �B�M �i�?�2 �v�@�/�B�`�2�+�i�B�Q�M�V�- �`�2�b�m�H�i�B�M�; �B�M �� �T�2�`�B�Q�/�B�+

�T�Q�i�2�M�i�B���H �i�?���i �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b �� �6�Q�m�`�B�2�` �2�t�T���M�b�B�Q�M�,

� (z) =

8
>>>>>><

>>>>>>:

0; z > 0

P

l
� l ei 2�ly

d ; 0 > z > � t

� s; z < � t

�U�j�X�k�3�V



�j�k �+�Ñ�ž�ÿ���¶�� �k�Y �/�-�é�ž�è�Ô�«�ž�ã �i�Ñ�¶�ñ���- �ž�é�ž�ã�-���Ô�� �ñ�Å ���¶�Å�ã�¶�«���Ô�ñ�é �Å���ñ�è �ÿ�¶���Ô�ñ�²�Ô�« ���������«�������¶��

�6�B�;�m�`�2 �j�X�8�, �� �`�2�+�i���M�;�m�H���` �T���i�i�2�`�M �i�?���i �B�b �T�2�`�B�Q�/�B�+ ���H�Q�M�; �i�?�2 �v �/�B�`�2�+�i�B�Q�M�- �r�B�i�? �� �i�?�B�+�F�M�2�b�b
�Q�7t ���M�/ �� �T�2�`�B�Q�/ �Q�7d�X �h�?�2�b�2 �b�i�`�m�+�i�m�`�2�b ���`�2 �i�v�T�B�+���H�H�v �/�B�p�B�/�2�/ �B�M�i�Q �i�?�`�2�2 �H���v�2�`�b�, ���B�`�- �i�?�2
�K�Q�/�m�H���i�2�/ �H���v�2�`�- ���M�/ �� �b�m�#�b�i�`���i�2�X

�r�?�2�`�2d ���M�/t ���`�2 �i�?�2 �T�2�`�B�Q�/ ���M�/ �/�2�T�i�? �Q�7 �i�?�2 �T�2�`�B�Q�/�B�+ �H���v�2�`�X �h�?�2 �+�Q�2�7�7�B�+�B�2�M�i� l �+���M �#�2

�/�2�i�2�`�K�B�M�2�/ �#���b�2�/ �Q�M �i�?�2 �7�B�H�H�B�M�; �7���+�i�Q�`�b ���M�/ �i�?�2 �T�2�`�B�Q�/ �Q�7 �i�?�2 �H���v�2�` �(�j�y�)�X ���+�+�Q�`�/�B�M�; �i�Q �i�?�2

�"�H�Q�+�? �i�?�2�Q�`�2�K�- �i�?�2 �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �a�+�?�`�Q�/�B�M�;�2�` �2�[�m���i�B�Q�M �Q�7 �i�?�2 �2�B�;�2�M�b�i���i�2�b ���H�Q�M�; �v �/�B�`�2�+�i�B�Q�M

�B�M �i�?�2 �K�Q�/�m�H���i�2�/ �H���v�2�`�- �B�M �;�2�M�2�`���H�- ���`�2 �;�B�p�2�M �#�v �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �"�H�Q�+�? �r���p�2�b�,

 y;n = eik 0;y y
X

m

bn;m ei m 2�y
d �U�j�X�k�N�V

�B�M �r�?�B�+�?bn;m ���`�2 �i�?�2 �"�H�Q�+�? �+�Q�2�7�7�B�+�B�2�M�i �`�2�[�m�B�`�2�/ �i�Q �#�2 �/�2�i�2�`�K�B�M�2�/�X �>�2�M�+�2�- �/�m�2 �i�Q �i�?�2 �T�2�`�B�Q�/�B�+

�T�Q�i�2�M�i�B���H ���H�Q�M�; �v�- �i�?�2 �r���p�2 �M�m�K�#�2�` �B�M �i�?���i �/�B�`�2�+�i�B�Q�M �B�b �[�m���M�i�B�x�2�/�- �r�B�i�? �[�m���M�i�B�x���i�B�Q�M �B�M�p�2�`�b�2�H�v

�T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �T�2�`�B�Q�/�,

ky;m = k0;y +
2�m

d
�U�j�X�j�y�V

�h�?�B�b �[�m���M�i�B�x���i�B�Q�M �Q�7 �i�?�2 �K�Q�K�2�M�i�m�K ���H�Q�M�; �v �+���M �#�2 �;�`���T�?�B�+���H�H�v �2�t�T�`�2�b�b�2�/ �B�M �i�`�m�M�+���i�B�Q�M �`�Q�/�b

�Q�` �"�`���;�; �`�Q�/�b �b�2�T���`���i�2�/ �#�v �b�T���+�B�M�;�b �Q�72� / d�X �S�m�i�i�B�M�; �i�?�2 �;�2�M�2�`���H �"�H�Q�+�? �2�B�;�2�M�b�i���i�2�b �Q�7 �2�[�m���@

�i�B�Q�M�j�X�k�N���M�/ �b�+���i�i�2�`�B�M�; �H�2�M�;�i�? �/�2�M�b�B�i�v �2�t�T���M�b�B�Q�M �7�`�Q�K �2�[�m���i�B�Q�M�j�X�k�3�B�M�i�Q �i�?�2 �a�+�?�`�Q�/�B�M�;�2�`



�k�Y�S�Y �M�¶�������ñ�é �Ô�é���¶���ž�«���Ô�ñ�é �'�Ô���Ñ �è�ž�����¶�� �j�j

�2�[�m���i�B�Q�M ���H�Q�M�; �v �/�B�`�2�+�i�B�Q�M�- �� �b�2�i �Q�7 �2�[�m���i�B�Q�M�b ���`�2 �Q�#�i���B�M�2�/�,

[(k0;y +
2�m

d
)2 + 4�� 0 �

2m
�‰h2 En;y ]bn;m + 4�

X

p6= m

� m� pbn;m = 0 �U�j�X�j�R�V

�r�?�2�`�2En;y ���`�2 �i�?�2 ���b�b�Q�+�B���i�2�/ �2�B�;�2�M�p���H�m�2�b�X ���b �� �`�2�b�m�H�i�- �i�?�2 �;�2�M�2�`���H �r���p�2�7�m�M�+�i�B�Q�M�b �B�M �i�?�2 �v�@�x

�T�H���M�2 �B�M �/�B�7�7�2�`�2�M�i �`�2�;�B�Q�M�b ���`�2�,

8
>>>>>>><

>>>>>>>:

 air = ei (k0;y y� k0;z z) +
P

m
Rmeip0;m zei (k0;y + 2�m

d )y

 layer =
P

n;m
[R1;neip1;n (z+ t) + T1;ne� ip1;n z]bn;m ei (k0;y + 2�m

d )y

 substrate =
P

m
Tme� ip2;m (z+ t)ei (k0;y + 2�m

d )y

�U�j�X�j�k�V

�h�?�2 �+�Q�M�b�2�`�p���i�B�Q�M �Q�7 �2�M�2�`�;�v �/�2�i�2�`�K�B�M�2�b �i�?�2 �r���p�2 �M�m�K�#�2�`�bp0;m �-p1;m �- ���M�/p2;m �X �h�?�2 �+�Q�M�b�2�`�p���@

�i�B�Q�M �Q�7 �2�M�2�`�;�v �+�Q�M�/�B�i�B�Q�M �B�b �;�`���T�?�B�+���H�H�v �2�t�T�`�2�b�b�2�/ �#�v ���M �1�r���H�/ �b�T�?�2�`�2�- �r�?�2�`�2 �i�?�2 �B�M�B�i�B���H �2�M�2�`�;�v

�Q�7 �i�?�2 �#�2���K �/�2�i�2�`�K�B�M�2�b �i�?�2 �`���/�B�m�b �Q�7 �i�?�2 �1�r���H�/ �b�T�?�2�`�2�X �L�Q�i���#�H�v�- �i�?�2 �+�Q�2�7�7�B�+�B�2�M�i�bRm �-Tm

���`�2 �/�2�i�2�`�K�B�M�2�/ �#�v ���T�T�H�v�B�M�; �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b ���i �i�?�2 �B�M�i�2�`�7���+�2�b �#�2�i�r�2�2�M �i�?�2 �K�Q�/�m�H���i�2�/

�H���v�2�` �r�B�i�? ���B�` ���M�/ �r�B�i�? �i�?�2 �b�m�#�b�i�`���i�2�- �r�?�B�+�? �H�2���/�b �i�Q �i�?�2 �+���H�+�m�H���i�B�Q�M �Q�7 �`�2�7�H�2�+�i�B�p�B�i�B�2�b ���M�/

�i�`���M�b�K�B�b�b�B�p�B�i�B�2�b �(�N�k�)

jR2j =
X

m

p0;m

k0;z
jRm j2

jT2j =
X

m

p2;m

k0;z
jTm j2

�U�j�X�j�j�V

�h�?�2 �+���H�+�m�H���i�2�/ �`�2�7�H�2�+�i�2�/ �B�M�i�2�M�b�B�i�v �+���M �i�?�2�M �#�2 �+�Q�K�T���`�2�/ �i�Q �i�?�2 �2�t�T�2�`�B�K�2�M�i���H�H�v �Q�#�i���B�M�2�/ �b�+���i�@

�i�2�`�B�M�; �B�M�i�2�M�b�B�i�B�2�b�- �7�`�Q�K �r�?�B�+�? �T�`�Q�7�B�H�2 �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �b���K�T�H�2 ���`�2 �T�`�2�/�B�+�i�2�/�X �h�?�B�b ���T�T�`�Q���+�?

�+���M �#�2 �2�t�i�2�M�/�2�/ �i�Q �K�Q�`�2 �+�Q�K�T�H�B�+���i�2�/ �T�`�Q�7�B�H�2�b�- �b�m�+�? ���b �M�Q�M�@�`�2�+�i���M�;�m�H���` �;�`���i�B�M�;�b ���M�/ �H���v�2�`�2�/

�T�`�Q�7�B�H�2�b�X �� �i�?�B�M�@�b�H�B�+�B�M�; ���T�T�`�Q���+�? �F�M�Q�r�M ���b �S���`�`���i�i �7�Q�`�K���H�B�b�K �B�b �`�2�[�m�B�`�2�/ �i�Q ���+�+�Q�m�M�i �7�Q�` �B�M�@

�/�2�T�i�? �p���`�B���i�B�Q�M �(�8�e�) �U�a�2�2 �6�B�;�m�`�2�j�X�e�X�V �A�M �i�?�B�b �+���b�2�- �i�?�2 �b�+���i�i�2�`�B�M�; �H�2�M�;�i�? �/�2�M�b�B�i�v �B�b �2�t�T���M�/�2�/



�j�9 �+�Ñ�ž�ÿ���¶�� �k�Y �/�-�é�ž�è�Ô�«�ž�ã �i�Ñ�¶�ñ���- �ž�é�ž�ã�-���Ô�� �ñ�Å ���¶�Å�ã�¶�«���Ô�ñ�é �Å���ñ�è �ÿ�¶���Ô�ñ�²�Ô�« ���������«�������¶��

�6�B�;�m�`�2 �j�X�e�, �� �i�`���T�2�x�Q�B�/���H �T�2�`�B�Q�/�B�+ �T���i�i�2�`�M�X �h�?�B�M �b�H�B�+�B�M�; �b�i�`���i�2�;�v �+���M �#�2 �m�b�2�/ �7�Q�` �M�Q�M�@
�`�2�+�i���M�;�m�H���` ���M�/ �H���v�2�`�2�/ �T�`�Q�7�B�H�2�b �7�Q�` �/�v�M���K�B�+���H �i�?�2�Q�`�v ���M���H�v�b�B�b�X

�r�B�i�? �6�Q�m�`�B�2�` �+�Q�K�T�Q�M�2�M�i�b�,

� (z) =

8
>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>:

0; z > 0

P

l
� 1;l ei 2�ly

d ; 0 > z > � t/ n

P

l
� 2;l ei 2�ly

d ; � t/ n > z > � 2t/ n

P

l
� 3;l ei 2�ly

d ; � 2t/ n > z > � 3t/ n

:

:

:

� s; � t > z

�U�j�X�j�9�V

�r�?�2�`�2n �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �i�?�2 �b�m�#�@�H���v�2�`�b�X �h�?�2�b�2 �T�2�`�B�Q�/�B�+ �b�+���i�i�2�`�B�M�; �H�2�M�;�i�? �/�2�M�b�B�i�B�2�b �`�2�b�m�H�i

�B�M �� �T�2�`�B�Q�/�B�+ �T�Q�i�2�M�i�B���H �B�M �2���+�? �b�m�#�@�H���v�2�`�- �b�Q �i�?�2 �b�m�#�b�2�[�m�2�M�i �a�+�?�`�Q�/�B�M�;�2�` �2�[�m���i�B�Q�M �b�?�Q�m�H�/ �#�2

�b�Q�H�p�2�/ �#���b�2�/ �Q�M �i�?�2�K�- �H�2���/�B�M�; �i�Q �i�?�2 �b�m�#�b�2�[�m�2�M�i �2�B�;�2�M�7�m�M�+�i�B�Q�M�b�X �h�?�2 �;�2�M�2�`���H �r���p�2�7�m�M�+�i�B�Q�M



�k�Y�S�Y �M�¶�������ñ�é �Ô�é���¶���ž�«���Ô�ñ�é �'�Ô���Ñ �è�ž�����¶�� �j�8

�Q�7 �i�?�2�b�2 �2�[�m���i�B�Q�M�b �B�M �2���+�? �b�m�#�@�H���v�2�` ���`�2�,

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

 air = ei (k0;y y� k0;z z) +
P

m
Rmeip0;m zei (k0;y + 2�m

d )y

 1;layer =
P

n;m
[R1;neip1;n (z+ t / n) + T1;ne� ip1;n z]bn;m ei (k0;y + 2�m

d )y

 2;layer =
P

n;m
[R2;neip2;n (z+2 t / n) + T2;ne� ip2;n (z+ t / n) ]bn;m ei (k0;y + 2�m

d )y

 3;layer =
P

n;m
[R3;neip3;n (z+3 t / n) + T3;ne� ip3;n (z+2 t / n) ]bn;m ei (k0;y + 2�m

d )y

:

:

:

 substrate =
P

m
Tme� ip s;m (z+ t)ei (k0;y + 2�m

d )y

�U�j�X�j�8�V

�h�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �K�m�b�i �#�2 ���T�T�H�B�2�/ ���i �2�p�2�`�v �B�M�i�2�`�7���+�2 �#�2�i�r�2�2�M �b�m�#�@�H���v�2�`�b�- �`�2�b�m�H�i�B�M�;

�B�M �i�?�2 �+���H�+�m�H���i�B�Q�M �Q�7 �i�?�2 �i�Q�i���H �`�2�7�H�2�+�i�2�/ �B�M�i�2�M�b�B�i�v �M�2�+�2�b�b���`�v �7�Q�` �`�2�i�`�B�2�p�B�M�; �i�?�2 �T�`�Q�7�B�H�2 �Q�7 �i�?�2

�K�2���b�m�`�2�/ �b���K�T�H�2�X

�h�?�B�b �i�?�2�Q�`�2�i�B�+���H �K�Q�/�2�H �?���b �#�2�2�M �p���H�B�/���i�2�/ �B�M �T�`�2�p�B�Q�m�b �b�i�m�/�B�2�b �Q�7 �M�2�m�i�`�Q�M �`�2�7�H�2�+�i�Q�K�2�i�`�v �K�2���b�@

�m�`�2�K�2�M�i�X �6�Q�` �2�t���K�T�H�2�- �B�M �� �`�2�+�2�M�i �b�i�m�/�v�- �i�?�2 �/�v�M���K�B�+���H �i�?�2�Q�`�v �r���b �m�b�2�/ �i�Q �`�2�i�`�B�2�p�2 �i�?�2

�H���i�2�`���H �T�`�Q�7�B�H�2 �Q�7 ���M �B�M�@�/�2�T�i�? �p���`�v�B�M�; �T�2�`�B�Q�/�B�+ �/�B�7�7�`���+�i�B�Q�M �;�`���i�B�M�; �7�Q�` �#�Q�i�? �#���`�2 �+���b�2�b ���M�/
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���M�/ �+���M �#�2 �T�`�Q�+�2�b�b�2�/ �B�M �T�v�i�?�Q�M �K�Q�/�m�H�m�b�X �h�?�B�b �T�`�Q�+�2�b�b�2�b �/�B�;�B�i���H �B�K���;�2�b ���b �K���i�`�B�+�2�b �r�B�i�?

�2�H�2�K�2�M�i�b �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �B�M�i�2�M�b�B�i�v�X ���M���H�v�i�B�+���H �7�B�i�b �`�2�[�m�B�`�2 �B�M�i�2�M�b�B�i�v �p���`�B���i�B�Q�M ���H�Q�M�; �"�`���;�;�ö�b
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�+�Q�M�p�2�`�;�2 �i�Q �� �T�`�2�b�2�i �T���`���K�2�i�2�` �r�B�i�? �B�M�+�`�2���b�B�M�; �i�?�2 �M�m�K�#�2�` �Q�7 �p���`�B���#�H�2�b�X �h�?�2 �7�B�t�2�/ �T���`���K�2�i�2�`�b

�B�M �i�?�2 �+���H�+�m�H���i�B�Q�M �r�2�`�2 �i�?�2 �s�@�`���v �a�G�.�b �Q�7 �i�?�2 �;�`���i�B�M�; �K���i�2�`�B���H �B�b �b�2�i �i�Q� Si = 19:3� 10� 4 �M�K� 2�-
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���M�/� air = 0:0 � 10� 4 �M�K� 2�X �h�?�2 �M�Q�`�K���H�B�x�2�/ �7�B�i�b �i�Q �i�?�2 �B�M�i�2�M�b�B�i�v �p���`�B���i�B�Q�M�b ���H�Q�M�; �i�?�2 �i�?�`�2�2

�Q�/�/ �`�Q�/�b ���`�2 �b�?�Q�r�M �B�M �6�B�;�X�9�X�8�7�Q�` �i�?�2 �i�?�`�2�2�@�b�H�B�+�B�M�; �b�+�2�M���`�B�Q�X �h�?�2 �7�B�i�b �B�M�/�B�+���i�2 �T�`�2�+�B�b�2

�T�`�2�/�B�+�i�B�Q�M�- �T���`�i�B�+�m�H���`�H�v �7�Q�` �i�?�2 �7�B�`�b�i �"�`���;�; �`�Q�/�- �r�?�2�`�2 �i�?�2 �/���i�� �B�M�+�Q�`�T�Q�`���i�2�b �r�B�/�2�` �`���M�;�2

�Q�7qz�- �r�B�i�? �?�B�;�?�@�`�2�b�Q�H�m�i�B�Q�M �7�2���i�m�`�2�b�X �6�Q�` �i�?�2 �i�?�B�`�/ ���M�/ �7�B�7�i�? �"�`���; �`�Q�/�b�- �i�?�2 �/���i�� �+�Q�M�i���B�M�b

�7�`�B�M�;�2�b �B�M �?�B�;�?�2�` �p���H�m�2�b �Q�7qz�- �i�?�2 �/�Q�K���B�M �2�[�m�B�p���H�2�M�i �i�Q �i�?�2 �b�K���H�H�2�` �b�i�`�m�+�i�m�`���H �/�2�i���B�H�b�X �h�?�2

�`�2�+�Q�M�b�i�`�m�+�i�2�/ �T�`�Q�7�B�H�2 �B�b �b�?�Q�r�M �B�M �6�B�;�X�9�X�e�- �B�H�H�m�b�i�`���i�B�M�; �i�?�2 �i�?�B�+�F�M�2�b�b�2�b ���M�/ �7�B�H�H�B�M�; �7���+�i�Q�`�b �7�Q�`

�2���+�? �b�m�#�@�H���v�2�`�X ���b �+���M �#�2 �b�2�2�M�- �i�?�2 �T�`�Q�7�B�H�2 �b�?�Q�r�b �r�B�/�2�` �7�B�H�H�B�M�; �7���+�i�Q�`�b ���i �i�?�2 �#�Q�i�i�Q�K �Q�7 �i�?�2

�H���v�2�`�- �H�2���/�B�M�; �i�Q �� �i�`���T�2�x�Q�B�/���H �T�`�Q�7�B�H�2�X ���H�b�Q�- �Q�m�` �`�2�b�m�H�i�b �B�M�/�B�+���i�2�b �� �i�Q�i���H �i�?�B�+�F�M�2�b�b �Q�7� 45�M�K�-

�r�?�B�+�? �B�b �+�H�Q�b�2 �i�Q �i�?�2 �p���H�m�2 �T�`�2�b�2�M�i�2�/ �#�v �i�?�2 �a�1�J �B�K���;�2 �B�M �6�B�;�m�`�2�9�X�j�X

�6�B�;�m�`�2 �9�X�e�, �S�`�Q�7�B�H�2 �Q�7 �i�?�2 �K�2���b�m�`�2�/ �b���K�T�H�2 �Q�#�i���B�M�2�/ �7�`�Q�K �i�?�2 �.�h �7�B�i�b �m�b�B�M�; �i�?�2 �*�J���@�1�a
�Q�T�i�B�K�B�x���i�B�Q�M ���T�T�`�Q���+�?�- �B�M�/�B�+���i�B�M�; �i�?�2 �i�Q�i���H �i�?�B�+�F�M�2�b�b�- �T�2�`�B�Q�/�- ���M�/ �i�?�2 �b�i�`�m�+�i�m�`�2�ö�b �b�?���T�2�X

�9�X�j �*�Q�M�+�H�m�b�B�Q�M

�A�M �b�m�K�K���`�v�- �i�?�B�b �+�?���T�i�2�` �T�`�2�b�2�M�i�b �� �K�Q�/�2�H�B�M�; ���T�T�`�Q���+�? �7�Q�` �`�2�+�Q�M�b�i�`�m�+�i�B�M�; �i�?�2 �T�`�Q�7�B�H�2 �Q�7 ��

�b�B�H�B�+�Q�M �;�`���i�B�M�; �H���v�2�` �m�b�B�M�; �;�`���x�B�M�; �B�M�+�B�/�2�M�i �b�K���H�H�@���M�;�H�2 �s�@�`���v �b�+���i�i�2�`�B�M�; �U�:�A�a���s�a�V ���M�/ ��

�/�v�M���K�B�+���H �i�?�2�Q�`�v �U�.�h�V �K�Q�/�2�H�X �A�M �i�?�B�b �K�Q�/�2�H�- �r�2 ���T�T�H�B�2�/ �� �i�?�B�M�@�b�H�B�+�B�M�; �b�i�`���i�2�;�v �7�Q�` �i�?�2

�7�B�i�i�B�M�; �T�`�Q�+�2�b�b �#�v �/�B�p�B�/�B�M�; �i�?�2 �T�2�`�B�Q�/�B�+ �H���v�2�` �B�M�i�Q �i�?�`�2�2 �b�H�B�+�2�b�X �h�?�B�b �K�Q�/�2�H �+���M �#�2 �B�K�T�`�Q�p�2�/

�#�v �/�B�p�B�/�B�M�; �i�?�2 �T�`�Q�7�B�H�2 �B�M�i�Q �K�Q�`�2 �H���v�2�`�b �Q�` �b�H�B�+�2�b �r�B�H�H �7�m�`�i�?�2�` �B�M�+�`�2���b�2 �i�?�2 ���+�+�m�`���+�v �Q�7 �i�?�2

�7�B�i�i�2�/ �T�`�Q�7�B�H�2�b�X �l�b�B�M�; �i�?�2 �i�?�2 �T�`�Q�T�Q�b�2�/ �Q�T�i�B�K�B�x���i�B�Q�M ���H�;�Q�`�B�i�?�K �#���b�2�/ �Q�M �*�J���@�1�a�- �r�?�B�+�?
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���m�i�Q�K���i�B�+���H�H�v ���/�D�m�b�i�B�M�; �i�?�2 �b�i�`�m�+�i�m�`���H �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �K�Q�/�2�H�2�/ �T�`�Q�7�B�H�2�b�- �r�2 ���+�?�B�2�p�2�/ �i�?�2

�7�B�i �#�2�i�r�2�2�M �i�?�2 �2�t�T�2�`�B�K�2�M�i���H �`�2�b�m�H�i�b ���M�/ �.�h �+���H�+�m�H���i�B�Q�M�b�- ���H�H�Q�r�B�M�; �i�?�2 �T�`�Q�7�B�H�2 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M

�Q�7 �� �H���v�2�`�2�/ �M���M�Q�b�i�`�m�+�i�m�`�2�/ �;�`���i�B�M�;�X �h�?�2 �T�`�Q�T�Q�b�2�/ ���T�T�`�Q���+�? �/�2�b�B�;�M���i�2�/ �B�M �i�?�B�b �b�i�m�/�v �+���M

�#�2 �m�i�B�H�B�x�2�/ �i�Q �Q�i�?�2�` �T�2�`�B�Q�/�B�+ �b�i�`�m�+�i�m�`�2�b �b�m�+�? ���b �H���v�2�`�2�/ �b�m�`�7���+�2�b�- �#�v �+�Q�M�b�B�/�2�`�B�M�; ���M ���/�2�[�m���i�2

�i�?�B�M �b�H�B�+�B�M�; ���T�T�`�Q���+�? �i�Q �/�2�b�+�`�B�#�2 �i�?�2 �/�2�i���B�H�b �Q�7 �i�?�2 �K�2���b�m�`�2�/ �T�`�Q�7�B�H�2�X �6�Q�` �B�M�b�i���M�+�2�- �B�i �+���M

���H�b�Q �#�2 �m�b�2�/ �7�Q�` �i�?�2 �+�?���`���+�i�2�`�B�x���i�B�Q�M �Q�7 �b�Q�7�i �K���i�i�2�`�@�#���b�2�/ �b�i�`�m�+�i�m�`�2�b �r�B�i�?�B�M �i�?�2 �+�Q�M�7�B�M�2�K�2�M�i

�Q�7 �i�?�2 �;�`���i�B�M�; �+�?���M�M�2�H�b �Q�` �7�Q�` �i�?�2 �b�i�m�/�v �Q�7 �K�2�K�#�`���M�2�@�T�`�Q�i�2�B�M �B�M�i�2�`���+�i�B�Q�M �r�?�2�`�2 �� �T�2�`�B�Q�/�B�+

�T���i�i�2�`�M�2�/ �b�m�`�7���+�2 �B�b �m�b�2�/ ���b �� �b�+���7�7�Q�H�/ �7�Q�` �H�B�T�B�/ �/�2�T�Q�b�B�i�B�Q�M �U�a�2�2 �7�Q�H�H�Q�r�B�M�; �+�?���T�i�2�`�b�V�X
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�S�Q�H�v�K�2�` �#�`�m�b�? �+�Q�M�7�Q�`�K���i�B�Q�M�b �B�M

�M���M�Q�7�H�m�B�/�B�+ �+�?���M�M�2�H�b

�h�?�B�b �+�?���T�i�2�` �+�Q�M�i���B�M�b �K���i�2�`�B���H �7�`�Q�K �� �K���M�m�b�+�`�B�T�i �B�M �T�`�2�T���`���i�B�Q�M�X �h�B�i�H�2�, �ô�*�?���`���+�i�2�`�B�x���i�B�Q�M

�Q�7 �a�i�B�K�m�H�B�@�_�2�b�T�Q�M�b�B�p�2 �S�Q�H�v�K�2�` �"�`�m�b�?�2�b �B�M �L���M�Q�7�H�m�B�/�B�+ �*�?���M�M�2�H�b�ô�X ���m�i�?�Q�`�b�, �>���/�B �_���?�K���M�@

�B�M�2�D���/�- ���M�/�`�2�r �C�X �S���`�M�2�H�H�- �h�?�Q�K���b �a�2�t�i�Q�M�- �:���`�v �.�m�M�/�2�`�/���H�2�- �q�2�B�@�G�B���M�; �*�?�2�M�- �C�Q�?�M �6�X

���M�F�M�2�`�- �q�B�K �"�`���b�- �*�?�`�B�b�i�Q�T�?�2�` �E�X �P�#�2�`�- ���M�i�?�Q�M�v �C�X �_�v���M�- ���M�/ �_���M�� ���b�?�F���`�X

�8�X�R �P�p�2�`�p�B�2�r

�L���M�Q�7�H�m�B�/�B�+�b �r�B�i�? �+�Q�M�i�`�Q�H�H���#�H�2 �;���i�B�M�; �T�`�Q�T�2�`�i�B�2�b �?���p�2 �T�`�Q�K�B�b�B�M�; ���M�/ �2�t�+�B�i�B�M�; �m�b�2�b �B�M �K���M�v

�`�2�b�2���`�+�? ���`�2���b �`�2�[�m�B�`�B�M�; �`�2�;�m�H���i�2�/ �7�H�m�B�/ �7�H�Q�r ���M�/ �T���`�i�B�+�H�2 �b�2�H�2�+�i�B�p�B�i�v�- �b�m�+�? ���b �7�H�m�B�/�B�+ �/�B�Q�/�2�b

�(�R�R�y�)�- �/�`�m�; �/�2�H�B�p�2�`�v �(�R�R�R�)�- �+�2�H�H �B�/�2�M�i�B�7�B�+���i�B�Q�M �(�R�R�k�)�- �.�L�� ���M���H�v�b�B�b �(�R�R�j�-�R�R�9�-�R�R�8�-�R�R�e�)�- �r���i�2�`

�T�m�`�B�7�B�+���i�B�Q�M �(�R�R�d�)�- ���M�/ �K�Q�H�2�+�m�H���` �b�Q�`�i�B�M�; �(�R�R�3�)�X �o���`�B�Q�m�b �/�2�b�B�;�M�b �?���p�2 �#�2�2�M �T�`�Q�T�Q�b�2�/ ���M�/ �2�t�@

���K�B�M�2�/ �7�Q�` �i�?�2 �+�Q�M�i�`�Q�H�H�2�/ �;���i�B�M�; �#�2�?���p�B�Q�` �B�M �M���M�Q�+�?���M�M�2�H�b�- �b�m�+�? ���b �i�?�2 �m�b�2 �Q�7 �b�m�`�7���+�2 �+�?���`�;�2

�Q�` �m�b�B�M�; �� �7�B�2�H�/�@�2�7�7�2�+�i �i�Q �2�M���#�H�2 �/�B�`�2�+�i �B�Q�M�B�+ �K���M�B�T�m�H���i�B�Q�M �B�M �M���M�Q�+�?���M�M�2�H�b �i�?���i ���`�2 �/�B�K�2�M�@

�b�B�Q�M���H�H�v �+�Q�K�T���`���#�H�2 �i�Q �i�?�2 �.�2�#�v�2 �H�2�M�;�i�? �(�R�R�N�-�R�k�y�-�R�k�R�)�X �>�Q�r�2�p�2�`�- �T�?�v�b�B�+���H �K���M�B�T�m�H���i�B�Q�M �Q�7

�M���M�Q�+�?���M�M�2�H�b �T�Q�b�2�b �� �/�B�7�7�B�+�m�H�i �+�?���H�H�2�M�;�2 �7�Q�` �2���b�v �+�Q�M�i�`�Q�H �Q�p�2�` �M���M�Q�7�H�m�B�/�B�+ �/�2�p�B�+�2�b �r�B�i�? �i�m�M�@

���#�H�2 �Q�` �`�2�b�T�Q�M�b�B�p�2 �T�`�Q�T�2�`�i�B�2�b�X �6�Q�`�i�m�M���i�2�H�v�- ���/�p���M�+�2�b �B�M �M���M�Q�+�?���M�M�2�H �7�m�M�+�i�B�Q�M���H�B�x���i�B�Q�M �r�B�i�?

�b�i�B�K�m�H�B�@�`�2�b�T�Q�M�b�B�p�2 �T�Q�H�v�K�2�`�b ���/�2�[�m���i�2�H�v ���/�/�`�2�b�b �i�?�2�b�2 �+�?���H�H�2�M�;�2�b ���M�/ �2�M���#�H�2 �M�2�r �Q�T�T�Q�`�i�m�M�@

�9�e



�9�Y�S�Y �Q�&�¶���&�Ô�¶�' �9�d

�B�i�B�2�b �7�Q�` ���/�p���M�+�2�/ ���T�T�H�B�+���i�B�Q�M�b �`�2�[�m�B�`�B�M�; �7�H�Q�r �`�2�;�m�H���i�B�Q�M �Q�M �i�?�2 �M���M�Q�+���H�2�(�R�k�k�-�R�k�j�-�R�k�9�)�X

�.�m�2 �i�Q �i�?�2�B�` �+�Q�M�7�Q�`�K���i�B�Q�M���H �`�2�b�T�Q�M�b�2 �i�Q �i�?�2�`�K���H�- �+�?�2�K�B�+���H�- �Q�` �Q�T�i�B�+���H �p���`�B���i�B�Q�M�b �B�M �i�?�2�B�`

�B�K�K�2�/�B���i�2 �2�M�p�B�`�Q�M�K�2�M�i�- �b�i�B�K�m�H�B �`�2�b�T�Q�M�b�B�p�2 �T�Q�H�v�K�2�`�b �?���p�2 �2�K�2�`�;�2�/ ���b �� �p�2�`�b���i�B�H�2 �K�2���M�b �7�Q�`

�/�2�b�B�;�M�B�M�; �b�K���`�i�- �7�m�M�+�i�B�Q�M���H �b�m�`�7���+�2�b�X �h�?�2 ���#�B�H�B�i�v �i�Q �i�m�M�2 �b�m�`�7���+�2 �T�`�Q�T�2�`�i�B�2�b �b�m�+�? ���b ���/�?�2�b�B�Q�M�-

�`�Q�m�;�?�M�2�b�b�- �r�2�i�i���#�B�H�B�i�v�(�R�k�8�)�- �`�2���+�i�B�p�B�i�v�- ���M�/ �b�2�H�2�+�i�B�p�B�i�v �?���b �7���+�B�H�B�i���i�2�/ �M�Q�p�2�H �/�2�b�B�;�M�b �Q�7 �K���b�b

�i�`���M�b�T�Q�`�i�@�+�Q�M�i�`�Q�H�H�2�/ �/�2�p�B�+�2�b�(�R�k�e�-�R�k�d�-�R�k�3�) ���b �r�2�H�H ���b �b�2�M�b�B�M�; ���M�/ ���+�i�m���i�B�Q�M �(�R�k�N�-�R�j�y�)�X �_�2�@

�+�2�M�i�H�v�- �i�?�2�v �?���p�2 ���H�b�Q ���i�i�`���+�i�2�/ �b�B�;�M�B�7�B�+���M�i ���i�i�2�M�i�B�Q�M �/�m�2 �i�Q �i�?�2�B�` �T�Q�i�2�M�i�B���H �B�M �#�B�Q�i�2�+�?�M�Q�H�Q�;�v

���M�/ �#�B�Q�K�2�/�B�+���H ���T�T�H�B�+���i�B�Q�M�b�X ���H�i�?�Q�m�;�? �i�?�2 �K�Q�b�i �r�2�H�H�@�b�i�m�/�B�2�/ ���M�/ �2���b�B�H�v �i�`�B�;�;�2�`�2�/ �b�i�B�K�m�H�m�b �B�b

�i�2�K�T�2�`���i�m�`�2�(�R�j�R�)�- �T�Q�H�v�K�2�`�b �`�2�b�T�Q�M�/ �i�Q �Q�i�?�2�` �b�i�B�K�m�H�B�X �h�?�B�b �B�b �T���`�i�B�+�m�H���`�H�v �i�`�m�2 �7�Q�` �T�Q�H�v�2�H�2�+�@

�i�`�Q�H�v�i�2 �T�Q�H�v�K�2�`�b �r�?�2�`�2 �T�> ���M�/ �B�Q�M�B�+ �b�i�`�2�M�;�i�?�- ���`�2 �m�b�2�/ �7�Q�` �/�B�7�7�2�`�2�M�i ���T�T�H�B�+���i�B�Q�M�b �b�m�+�? ���b�c

�/�`�m�; �/�2�H�B�p�2�`�v �(�R�j�k�- �R�j�j�- �R�j�9�- �R�j�8�)�- �b�2�T���`���i�B�Q�M �T�`�Q�+�2�b�b�2�b�(�R�j�e�)�- �i�B�b�b�m�2 �2�M�;�B�M�2�2�`�B�M�; �(�R�j�d�)�- ���M�/

�#�B�Q�b�2�M�b�Q�`�b �Q�` ���+�i�m���i�Q�`�b �(�R�k�8�)�X �S�Q�H�v �U�/�B�K�2�i�?�v�H ���K�B�M�Q�2�i�?�v�H �K�2�i�?���+�`�v�H���i�2�V �U�S�.�J���1�J���V �B�b

�� �T�>�@�`�2�b�T�Q�M�b�B�p�2 �T�Q�H�v�K�2�` �r�?�Q�b�2 �+�Q�M�7�Q�`�K���i�B�Q�M �+�?���M�;�2�b �r�B�i�? �i�?�2 �/�2�;�`�2�2 �Q�7 �T�`�Q�i�Q�M���i�B�Q�M�X �A�i�b

���K�B�M�2 �T�2�M�/���M�i �;�`�Q�m�T�b �U�#���b�B�+ �;�`�Q�m�T�b�V�(�R�j�3�) ���`�2 �T�`�Q�i�Q�M���i�2�/ �B�M ���+�B�/�B�+ �2�M�p�B�`�Q�M�K�2�M�i�b�- �`�2�b�m�H�i�B�M�;

�B�M �� �b�r�2�H�H�B�M�; �Q�7 �i�?�2 �T�Q�H�v�K�2�` �/�m�2 �i�Q �i�?�2 �Q�b�K�Q�i�B�+ �2�7�7�2�+�i �Q�7 �+�Q�m�M�i�2�`�B�Q�M�b�X �h�?�2�v ���`�2 �?�B�;�?�H�v �T�`�Q�@

�i�Q�M���i�2�/ �B�M ���M ���+�B�/�B�+ �K�2�/�B�m�K �b�m�+�? ���b �2�M�/�Q�b�Q�K���H �2�M�p�B�`�Q�M�K�2�M�i�b�- �r�?�B�+�? �K���F�2 �i�?�2�K �r�B�/�2�H�v

���T�T�H�B�+���#�H�2 �B�M �;�2�M�2 �/�2�H�B�p�2�`�v �(�R�j�N�- �R�9�y�- �R�9�R�)�X �J�Q�`�2 �B�K�T�Q�`�i���M�i�H�v�- �S�.�J���1�J�� �#�`�m�b�?�2�b �b�?�Q�r

�b�?���`�T ���M�/ �`�2�p�2�`�b�B�#�H�2 �b�r�B�i�+�?�B�M�; �#�2�?���p�B�Q�` �#�2�i�r�2�2�M �i�?�2 �b�r�Q�H�H�2�M ���M�/ �+�Q�H�H���T�b�2�/ �b�i���i�2 �(�R�9�k�)�- �r�?�B�+�?

�B�b �T�2�`�i�B�M�2�M�i �7�Q�` �M���M�Q�7�H�m�B�/�B�+ �T�m�`�T�Q�b�2�b �(�R�9�j�)�X �h�Q �2�t���K�B�M�2 �i�?�B�b �T�Q�b�b�B�#�B�H�B�i�v�- �r�2 �2�K�T�H�Q�v�2�/ �b�2�H�2�+�i�B�p�2

�7�m�M�+�i�B�Q�M���H�B�x���i�B�Q�M �Q�M �i�?�2 �b�B�/�2�r���H�H�b �Q�7 �b�m�#�@�K�B�+�`�Q�M �b�B�H�B�+�Q�M �+�?���M�M�2�H�b �r�B�i�? �S�.�J���1�J�� �#�`�m�b�?�2�b

���M�/ �i�2�b�i�2�/ �i�?�2 �`�2�b�m�H�i���M�i �+�?���M�M�2�H �;�2�Q�K�2�i�`�v �m�M�/�2�` �/�B�7�7�2�`�2�M�i �b�Q�H�m�i�B�Q�M �+�Q�M�/�B�i�B�Q�M�b�X

�a�v�M�i�?�2�b�B�b �Q�7 �i�?�2 �b���K�T�H�2�b �r���b �T�2�`�7�Q�`�K�2�/ �B�M �S�`�Q�7�X �*�?�`�B�b �P�#�2�`�ö�b �G���# ���i �*�Q�`�M�2�H�H �l�M�B�p�2�`�b�B�i�v

���M�/ �B�M �S�`�Q�7�X ���M�i�?�Q�M�v �_�v���M�ö�b �G���# ���i �i�?�2 �l�M�B�p�2�`�b�B�i�v �Q�7 �a�?�2�7�7�B�2�H�/�X �a�T�2�+�B�7�B�+���H�H�v�- �r�2 �2�t�T�H�Q�`�2�/

�i�?�2 �/�2�;�`�2�2 �Q�7 �#�`�m�b�? �b�r�2�H�H�B�M�; ���M�/ �+�Q�H�H���T�b�2 �B�M �`�2�b�T�Q�M�b�2 �i�Q �p���`�B���i�B�Q�M�b �B�M �i�?�2 �b�Q�H�m�i�B�Q�M �T�> ���M�/

�b���H�i �+�Q�M�+�2�M�i�`���i�B�Q�M�X �h�?�2 �2�7�7�2�+�i �Q�7 �#�`�m�b�? �+�Q�M�7�Q�`�K���i�B�Q�M �+�?���M�;�2 �Q�M �i�?�2 �2�7�7�2�+�i�B�p�2 �r�B�/�i�? �Q�7 �i�?�2



�9�3 �+�Ñ�ž�ÿ���¶�� �9�Y �T�ñ�ã�-�è�¶�� �ª�������Ñ �«�ñ�é�Å�ñ���è�ž���Ô�ñ�é�� �Ô�é �é�ž�é�ñ�Å�ã���Ô�²�Ô�« �«�Ñ�ž�é�é�¶�ã��

�+�?���M�M�2�H�b �?���b �b�B�;�M�B�7�B�+���M�i �B�K�T�H�B�+���i�B�Q�M�b �B�M �+�Q�M�i�`�Q�H�H�2�/ �;���i�B�M�; �#�2�?���p�B�Q�` ���M�/ �M���M�Q�T���`�i�B�+�H�2 �b�Q�`�i�@

�B�M�; ���T�T�H�B�+���i�B�Q�M�b�X �� �7�m�H�H �j�. �+�?���`���+�i�2�`�B�x���i�B�Q�M �Q�7 �i�?�2 �#�`�m�b�?�@�/�2�+�Q�`���i�2�/ �+�?���M�M�2�H�b �r���b �Q�#�i���B�M�2�/

�m�b�B�M�; �b�T�2�+�m�H���` ���M�/ �Q�7�7�@�b�T�2�+�m�H���` �M�2�m�i�`�Q�M �`�2�7�H�2�+�i�Q�K�2�i�`�v �U�L�_�V�X �h�?�2 �K�2���b�m�`�2�K�2�M�i�b �r�2�`�2 �T�2�`�@

�7�Q�`�K�2�/ �Q�M �� �b�2�`�B�2�b �Q�7 �T�2�`�B�Q�/�B�+ �H�B�M�2���` �+�?���M�M�2�H�b�X �h�?�B�b �K�m�H�i�B�@�+�?���M�M�2�H �;�2�Q�K�2�i�`�v �B�b �M�2�+�2�b�b���`�v �7�Q�`

�b�B�;�M���H ���K�T�H�B�7�B�+���i�B�Q�M ���M�/ �b�m�#�b�2�[�m�2�M�i �/���i�� ���M���H�v�b�B�b�X ���H�H �K�2���b�m�`�2�K�2�M�i�b �r�2�`�2 �T�2�`�7�Q�`�K�2�/ �B�M ��

�7�H�m�B�/ �+�2�H�H �i�?���i �r���b �+�m�b�i�Q�K�@�/�2�b�B�;�M�2�/ �7�Q�` �M�2�m�i�`�Q�M �`�2�7�H�2�+�i�Q�K�2�i�`�v �b�i�m�/�B�2�b �(�R�9�9�)�X �h���F�B�M�; ���/�p���M�i�@

���;�2 �Q�7 �M�2�m�i�`�Q�M �B�b�Q�i�Q�T�2 �b�2�M�b�B�i�B�p�B�i�v ���M�/ �+�Q�`�`�2�b�T�Q�M�/�B�M�; �/�B�7�7�2�`�2�M�+�2�b �B�M �i�?�2 �b�+���i�i�2�`�B�M�; �T�Q�i�2�M�i�B���H

�#�2�i�r�2�2�M �?�v�/�`�Q�;�2�M�@�`�B�+�? ���M�/ �/�2�m�i�2�`�B�m�K �`�B�+�? �K�Q�B�2�i�B�2�b�- ���H�H �K�2���b�m�`�2�K�2�M�i�b �r�2�`�2 �T�2�`�7�Q�`�K�2�/ �B�M

�. 2�P �b�Q�H�m�i�B�Q�M�b �r�B�i�? �i�?�2 �/�2�b�B�`�2�/ �T�> �H�2�p�2�H �Q�` �b���H�i �+�Q�M�i�2�M�i�X �h�?�B�b �b�Q�H�p�2�M�i �/�2�m�i�2�`���i�B�Q�M �b�+�?�2�K�2

�v�B�2�H�/�2�/ �i�?�2 �?�B�;�?�2�b�i ���+�?�B�2�p���#�H�2 �+�Q�M�i�`���b�i �#�2�i�r�2�2�M �i�?�2 �T�Q�H�v�K�2�` �#�`�m�b�?�2�b ���M�/ �i�?�2�B�` ���[�m�2�Q�m�b �2�M�@

�p�B�`�Q�M�K�2�M�i�X �L�Q�i���#�H�v�- �i�?�2 �b�+���i�i�2�`�B�M�; �;�2�Q�K�2�i�`�v ���M�/ �+�Q�H�H�2�+�i�2�/ �/���i�� �B�M �Q�m�` �L�_ �K�2���b�m�`�2�K�2�M�i�b

�b�B�;�M�B�7�B�+���M�i�H�v �/�B�7�7�2�` �7�`�Q�K �b�T�2�+�m�H���` �`�2�7�H�2�+�i�Q�K�2�i�`�v �b�i�m�/�B�2�b �Q�M �T�Q�H�v�K�2�` �#�`�m�b�?�2�b �;�`���7�i�2�/ �Q�M�i�Q �7�H���i

�b�m�`�7���+�2�b �(�R�9�k�-�R�9�8�-�R�9�e�)�X

�A�M �i�?�B�b �+�?���T�i�2�`�- �r�2 �r�B�H�H �m�b�2 �i�?�2 �/�2�p�2�H�Q�T�2�/ �.�h �K�Q�/�2�H �T�`�Q�T�Q�b�2�/ �B�M �T�`�2�p�B�Q�m�b �+�?���T�i�2�`�b �i�Q �2�t�i�`���+�i

�B�M�7�Q�`�K���i�B�Q�M �Q�M �i�?�2 �`�2�b�T�Q�M�b�2 �Q�7 �i�?�2 �#�`�m�b�?�2�b �i�Q �+�?���M�;�2�b �B�M �b�Q�H�m�i�B�Q�M �T�> ���M�/ �+�?���`�;�2�X �>�2�`�2�- �r�2

�T�2�`�7�Q�`�K�2�/ �b�B�K�m�H�i���M�2�Q�m�b �7�B�i�i�B�M�; �Q�7 �b�T�2�+�m�H���` ���M�/ �Q�7�7�@�b�T�2�+�m�H���` �b�B�;�M���H�b�- �v�B�2�H�/�B�M�; �m�M�B�[�m�2 �7�B�i�b �Q�7

�i�?�2 �j�. �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �T�Q�H�v�K�2�` �#�`�m�b�?�2�b �r�B�i�?�B�M �i�?�2 �+�?���M�M�2�H�b�X �h�?�2 �/���i�� �7�B�i�b�- �T�2�`�7�Q�`�K�2�/ �m�b�B�M�;

�b�B�K�B�H���` �+�Q�K�T�m�i���i�B�Q�M���H �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�i�Q�+�Q�H �B�M �+�?���T�i�2�`�9�- �B�M�/�B�+���i�2 �i�?���i �i�?�2 �T�Q�H�v�K�2�` �+�?���B�M�b

���b�b�m�K�2 �� �+�Q�H�H���T�b�2�/ �b�i���i�2 �m�M�/�2�` �#���b�B�+ �T�> �+�Q�M�/�B�i�B�Q�M�b�- �`�2�b�m�H�i�B�M�; �B�M ���M �Q�T�2�M �;���i�2 �b�i�`�m�+�i�m�`�2�X

�>�Q�r�2�p�2�`�- �m�T�Q�M �/�2�+�`�2���b�B�M�; �i�?�2 �b�Q�H�m�i�B�Q�M �T�>�- �i�?�2 �#�`�m�b�?�2�b �b�r�2�H�H ���M�/ �/�2�+�`�2���b�2 �i�?�2 �;���i�2 �r�B�/�i�?

�i�Q �R�y�y �M�K�X �q�B�i�? �B�M�+�`�2���b�B�M�; �b���H�i �+�Q�M�+�2�M�i�`���i�B�Q�M�- �i�?�2 �#�`�m�b�?�2�b �b�r�2�H�H �7�m�`�i�?�2�` ���M�/ �v�B�2�H�/ �� �;���i�2

�r�B�/�i�? �Q�7 �b�m�#�@�R�y�y �M�K�X �A�M�i�2�`�2�b�i�B�M�;�H�v�- �B�M �i�?�2 �b�r�Q�H�H�2�M �#�`�m�b�? �b�i���i�2�- �Q�m�` �K�Q�/�2�H �B�M�/�B�+���i�2�b �� �/�2�M�b�2

�T�Q�H�v�K�2�` �#�`�m�b�? �`�2�;�B�Q�M �M�2���` �i�?�2 �+�?���M�M�2�H �r���H�H�b ���M�/ �� �H�2�b�b �/�2�M�b�2 �`�2�;�B�Q�M �i�Q�r���`�/ �i�?�2 �K�B�/�/�H�2 �Q�7 �i�?�2

�+�?���M�M�2�H�b�- �B�M ���;�`�2�2�K�2�M�i �r�B�i�? �b�i�m�/�B�2�b �Q�7 �T�Q�H�v�K�2�` �#�`�m�b�?�2�b �Q�M �7�H���i �b�m�#�b�i�`���i�2�b �(�R�j�3�-�R�9�k�-�R�9�d�-�R�9�3�)�X



�9�Y�l�Y �K�ž���¶���Ô�ž�ã�� �ž�é�² �K�¶���Ñ�ñ�²�� �9�N

�6�B�;�m�`�2 �8�X�R�, �o���`�B�Q�m�b �b�i�2�T�b �B�M �T�`�2�T���`���i�B�Q�M �T�`�Q�+�2�/�m�`�2�- �B�M�+�H�m�/�B�M�; �T�?�Q�i�Q�H�B�i�?�Q�;�`���T�?�v �T���i�i�2�`�M�b�-
�`�2���+�i�B�p�2�@�B�Q�M �2�i�+�?�B�M�; �U�_�A�1�V�- �/�2�2�T �`�2���+�i�B�p�2�@�B�Q�M �2�i�+�?�B�M�; �U�.�_�A�1�V�- �B�M�B�i�B���i�Q�` �/�2�T�Q�b�B�i�B�M�;�- �a�B �T�Q�H�v�@
�K�2�`�B�x���i�B�Q�M�- ���M�/ �;�`�Q�r�M ���H�Q�M�; �i�`�2�M�+�?�2�b�X

�8�X�k �J���i�2�`�B���H�b ���M�/ �J�2�i�?�Q�/�b

�8�X�k�X�R �a���K�T�H�2 �T�`�2�T���`���i�B�Q�M

�h�?�2 �b���K�T�H�2�b �r�2�`�2 �T�`�2�T���`�2�/ ���i �S�`�Q�7�X �*�?�`�B�b�i�Q�T�?�2�` �P�#�2�`�ö�b �H���# ���i �*�Q�`�M�2�H�H �l�M�B�p�2�`�b�B�i�v �m�b�B�M�;

�;�`���7�i�B�M�;�@�7�`�Q�K �K�2�i�?�Q�/�b�- �B�M �r�?�B�+�? �T�Q�H�v�K�2�`�B�x���i�B�Q�M �B�b �B�M�B�i�B���i�2�/ �m�b�B�M�; �B�M�B�i�B���i�Q�` �Q�M �i�?�2 �b�B�/�2�r���H�H�b

�Q�7 �b�m�#�@�K�B�+�`�Q�M �+�?���M�M�2�H�b �2�i�+�?�2�/ �B�M�i�Q �� �b�B�H�B�+�Q�M �r���7�2�`�X �"�v �/�2�T�Q�b�B�i�B�M�; �� �i�?�B�M �+�?�`�Q�K�B�m�K �H���v�2�` �Q�M

�i�?�2 �i�Q�T ���M�/ �#�Q�i�i�Q�K �Q�7 �i�?�2 �+�?���M�M�2�H�b�- �i�?�2 �#�`�m�b�? �;�`�Q�r�i�? �r���b �+�Q�M�b�i�`���B�M�2�/ �i�Q �i�?�2 �b�B�/�2�r���H�H�b �Q�7

�i�?�2 �+�?���M�M�2�H�b �U�b�2�2 �6�B�;�m�`�2�8�X�R�X�V

�8�X�k�X�k �L�2�m�i�`�Q�M �`�2�7�H�2�+�i�Q�K�2�i�`�v �K�2���b�m�`�2�K�2�M�i�b�X

�L�2�m�i�`�Q�M �`�2�7�H�2�+�i�Q�K�2�i�`�v �2�t�T�2�`�B�K�2�M�i�b �r�2�`�2 �+���`�`�B�2�/ �Q�m�i ���i �i�?�2 �H�B�[�m�B�/ �`�2�7�H�2�+�i�Q�K�2�i�2�` �U�"�G�@�9�"�V ���i

�i�?�2 �a�T���H�H���i�B�Q�M �L�2�m�i�`�Q�M �a�Q�m�`�+�2 �U�a�L�a�V ���i �P���F �_�B�/�;�2 �L���i�B�Q�M���H �G���#�Q�`���i�Q�`�v �#�v �S�`�Q�7�X ���b�?�F���`�-




	Titlepage
	Abstract
	General Audience Abstract
	Dedication
	Introduction and overview
	Scattering techniques
	Elastic scattering techniques
	Inelastic and quasi-elastic scattering
	Coherent and incoherent neutron scattering

	Dynamical Theory analysis of reflection from periodic structures
	Neutron interaction with matter
	X-ray interaction with matter
	Reflection at an interface
	Reflection from a uniform thin film
	Interfacial roughness
	Reflection from laterally structured thin films, Dynamical Theory


	Characterization of periodic nanostructures with X-ray scattering
	Method
	Experiment
	Data Analysis

	Results
	Conclusion

	Polymer brush conformations in nanofluidic channels
	Overview
	Materials and Methods
	Sample preparation
	Neutron reflectometry measurements.
	Data Analysis
	Off-specular data analysis.
	Data reduction for Off-specular signals
	Optimization protocol.

	Results and discussion
	In-depth channel geometry.
	Brush Conformation.
	Effect of pH on gate opening.
	Effect of ionic strength on gate opening.


	Effect of membrane curvature on protein binding
	Overview
	Methods
	Sample preparation
	Neutron reflectometry experiment
	Data analysis

	Results
	In-depth characterization
	Off-specular analysis improvement
	Lateral structure


	Conclusions and outlook
	Bibliography

