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Lightly-Implicit Methods
for the Time Integration of Large Applications

Paul Tranquilli

(ABSTRACT)

Many scientific and engineering applications require the solution of large systems of initial
value problems arising from method of lines discretization of partial differential equations.
For systems with widely varying time scales, or with complex physical dynamics, implicit
time integration schemes are preferred due to their superior stability properties. However,
for very large systems accurate solution of the implicit terms can be impractical. For this
reason approximations are widely used in the implementation of such methods.

The primary focus of this work is on the development of novel “lightly-implicit” time in-
tegration methodologies. These methods consider the time integration and the solution of
the implicit terms as a single computational process. We propose several classes of lightly-
implicit methods that can be constructed to allow for different, specific approximations.

Rosenbrock-Krylov and exponential-Krylov methods are designed to permit low accuracy
Krylov based approximations of the implicit terms, while maintaining full order of conver-
gence. These methods are matrix free, have low memory requirements, and are particularly
well suited to parallel architectures. Linear stability analysis of K-methods is leveraged
to construct implementation improvements for both Rosenbrock-Krylov and exponential-
Krylov methods. Linearly-implicit Runge-Kutta-W methods are designed to permit arbi-
trary, time dependent, and stage varying approximations of the linear stiff dynamics of the
initial value problem. The methods presented here are constructed with approximate matrix
factorization in mind, though the framework is flexible and can be extended to many other
approximations.

The flexibility of lightly-implicit methods, and their ability to leverage computationally
favorable approximations makes them an ideal alternative to standard explicit and implicit
schemes for large parallel applications.
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Chapter 1

Introduction

The numerical solution of initial value problems is a critical component to the modeling
and exploration of many systems of scientific and engineering interest. Ordinary differential
equations (ODEs) model the evolution of chemical kinetic systems, electronic circuits, and
the motion of planets. Other physical systems, such as the dynamics of the atmosphere and
oceans, or the behavior of materials, require the solution of systems of partial differential
equations (PDEs). A standard approach to solving PDEs known as the method of lines, is
to discretize in space, reducing the problem to a large system of semi-discrete ODEs which
are then integrated forward in time. ODE systems arising from a method of lines approach
can be very large, and their size is only bounded by practical considerations such as available
computational resources and the desired grid resolution for the problem under study.

The main contribution of this dissertation is to develop new time integration methodologies
that are “lightly-implicit” and can take full advantage of modern computer architectures,
while alleviating the limitations imposed by available computational resources. The end goal
15 to make the solution of larger, more computationally difficult, or previously intractable
scientific and engineering problems possible.

1.1 Current Approaches to Solving ODEs

We consider systems of ODEs with general form

dy

i F(t,y), to<t<tp, ylto)=vo; yt),F(ty) R (1.1)

Several different approaches are available to numerically approximate the solution of (1.1).
These methods can be classified as either explicit, where future solutions are dependent only
on information at the current and previous timesteps, or implicit, where future solutions are
dependent on both current and future timesteps.
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Explicit methods are relatively straightforward to analyze, construct, and implement. They
depend exclusively on previously computed information, and so are extremely cost efficient
per timestep. Additionally, they make exclusive use scalable operations, generally requiring
only evaluation of the function F'(¢,y) and vector addition, and so are well suited to par-
allelization. Unfortunately, for stable solutions the size of the timestep is restricted by the
Courant-Friedrichs-Lewy (CFL) condition. This restriction can become particularly onerous
if the system is stiff. Stiffness can arise out of system dynamics with widely varying natu-
ral timescales, or through increased spatial resolution in the semi-discretization of the PDE
leading to (1.1). For such systems, the stability of explicit methods may require the use
of extremely small timesteps, negating the benefit of their cheap per timestep cost, making
them an unattractive choice.

Implicit methods, in contrast, are not constrained by the CFL condition, and so have signif-
icantly improved stability properties. The flipside of this improved stability, is their implicit
dependence on the future solution leading to the need to solve one or more non-linear equa-
tions at each timestep. The cost of solving these non-linear systems can have a dramatic
impact on the per timestep efficiency of implicit methods, and for parallel implementations
may lead to poor scalability. Here, we arrive at a similar, though opposite, problem as ex-
plicit schemes: while relatively few timesteps are required for a stable solution, computing
each timestep incurs a significantly greater cost.

A middle ground between explicit and implicit methods, are the so called “multimethods”
[1,2,3,4,5,6,7,8,9, 10]. These schemes operate on a split formulation of (1.1)

dy
where f(t,y) is nonstiff and ¢(t, y) is stiff. Multi-methods treat f(¢,y) and g(¢,y) seperately,

in an attempt to overcome the CFL restriction of explicit methods while maintaining a
cheaper per timestep cost than implicit schemes.

Multirate methods approach the problem of stability by making use of different size timesteps
for the different partitions. So that only the stiff term need be integrated with the most
restrictive timestep, while the nonstiff term can make use of a much larger timestep. Al-
ternatively, implicit-explicit (IMEX) methods treat the nonstiff term explicitly, and the stiff
term implicitly. In this way they avoid the stability restriction of explicit methods, while
avoiding the cost of solving non-linear systems dependent on the full right-hand-side vector

F(t,y).

The computational efficiency of both multirate and IMEX schemes depends on constructing
favorable partitions f(¢,y) and g(¢,y). Constructing such partitions in general is difficult,
and doing so automatically is an open question. Moreover, legacy code bases may not be
amenable to easily splitting F'(¢,y), so that the partitions f(¢,y) and g(¢,y) can be evaluated
independently. IMEX schemes have the additional issue for legacy codes that a the implicit
treatment of ¢(t,y) requires Jacobian information for ¢(¢, y) only, and this may not be easily
obtainable from a Jacobian for F(t,y).
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1.2 Objectives and Accomplishments of This Research

The focus of this work is on the development of new time integration schemes, called lightly-
implicit methods, which have better stability than explicit schemes, while being considerably
cheaper per timestep than implicit methods. Our philosophy is that such methods should
be:

1. Built from the ground up to take maximal advantage of parallel infrastructures. This
means making minimal use of operations requiring global communication, and allowing
for scalable approximations wherever possible.

2. Minimally implicit, able to take larger timesteps than explicit methods while keeping
the per-timestep cost low.

3. Easy to integrate with existing code bases. Minimizing implementation cost by reduc-
ing, or eliminating, the need to construct special subroutines outside the current norm
for standard integration methods.

Standard implicit methods are constructed under the assumption that the non-linear systems
in each timestep will be solved exactly. In practice, however, implementations of standard
implicit schemes make use of approximate methods for solving these systems. Naive appli-
cation of certain approximation methods may lead to unexpected outcomes, such as loss of
order or degraded stability of the time integration process.

Lightly-implicit methods turn this process on its head. Instead of constructing a method
based on the assumption of exact nonlinear solution, then applying an approximate solver
and hoping that it preserves the expected properties of the integrator, we identify computa-
tionally favorable approximations from the get-go and construct an integrator which permits
them. The two classes of lightly-implicit methods discussed in detail later, K-methods and
LIRK-W schemes, are constructed to allow Krylov based approximate solutions and the use
of approximate matrix factorization, respectively.

1.3 Dissertation Overview

The remainder of this dissertation is organized around distinct research accomplishments,
as follows.

Chapter 2 introduces Rosenbrock-Krylov methods, an extension of Rosenbrock-W methods
which make use of a specific Krylov based approximation of the linear system. Rosenbrock-
Krylov methods treat the linear system solves and time integration scheme as a single com-
putational process. These two ideas in tandem allow for a recoloring of the trees representing
the order conditions for W-methods, so that Rosenbrock-Krylov schemes require significantly
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fewer order conditions than W-methods of the same order. Fourth order methods are derived
and tested against several standard explicit and implicit schemes throughout the literature.

Chapter 3 extends the K-method framework to exponential methods. Exponential-Krylov
methods are derived, which treat the time integration scheme and approximation of the (z)
functions as a single computational process. Once again, trees corresponding to order condi-
tions for W-methods are recolored to obtain an order condition theory for the Exponential-
Krylov methods, with significantly fewer order conditions. Additionally, B-series are used
to show the impact of different choices for approximating the o (z) functions on the classical
order of the method.

Chapter 4 presents a linear stability analysis for K-methods, with a specific focus on Rosenbrock-
Krylov schemes, and derives stiff order conditions for Rosenbrock-Krylov schemes applied to
index-1 differential algebraic equations. T'wo practical approaches for improving the stability
of Rosenbrock-Krylov methods, by directly controlling the stage residuals, are presented.

Chapter 5 introduces a flexible W-type extension of linearly-implicit Runge-Kutta IMEX
schemes, which allows for arbitrary, time-dependent, and stage varying approximations of the
linear stiff dynamics of an initial value problem (1.1), called linearly-implicit Runge-Kutta-
W (LIRK-W) methods. Two flavors of LIRK-W schemes are presented, with the specific
aim of allowing for high-order methods making use of approximate matrix factorization in
the linear system solves.

Finally, in Chapter 6 we provide a brief summation and some concluding remarks.



Chapter 2

Rosenbrock-Krylov Methods for Large
Systems of Differential Equations

2.1 Introduction

This paper is concerned with the numerical solution of large initial value problems of the
form

% =flt.y), to<t<tr, ylto)=yo: y(t),f(t,y) eRY. (2.1)
Ordinary differential equations (ODEs) model the evolution of chemical kinetic systems,
electronic circuits, or the motion of planets. Other physical systems, such as dynamics of
the atmosphere and oceans, or the behavior of materials, require the solution of a system of
partial differential equations (PDEs). A standard approach for solving evolutionary PDEs
is to discretize in space, reducing the problem to a large system of ODEs which are then
integrated forward in time.

The equations of interest in many simulations are driven by multiple physical processes,
e.g., associated with the simulation of fluid-structure interaction, sub-grid-scale physics, or
chemical reaction terms. These processes have different dynamical characteristics, with some
being slow (e.g., transport) and some fast (e.g., stiff chemistry). In addition, multiple spatial
and temporal scales are associated with non-uniform meshes, with boundary layers, with fast
waves, and with the structure of the system (e.g., the existence of jet fans). The existence
of fast and slow dynamics poses considerable challenges to the solution of the semi-discrete
PDEs (2.1) by explicit time stepping methods. Specifically, due to the Courant-Friedrichs-
Lewy (CFL) stability condition, the largest allowable step sizes are bounded above by the
shortest (fastest) time scale in the system.

To avoid stability restrictions on the step size, implicit time integration methods are be-
coming widely used in the simulation of large scale evolutionary PDEs (2.1). Implicit time
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stepping requires the solution of huge nonlinear systems of equations, coupling all variables
in the model, at each time step. The associated computation and communication costs con-
stitute a major scalability bottleneck at best, and can quickly become infeasible for large
systems.

In this paper we examine, and extend, the Rosenbrock class of integration methods. These
are linearly-implicit methods which enjoy the benefit of requiring a fixed number of linear
solves, as opposed to non-linear solves in the case of implicit Runge-Kutta methods. A
general s-stage Rosenbrock method reads [11, Section IV.7]

Ynt1 = Ynt Z bi ki, (2.2a)
i=1

i—1 i—1
(IN><N — h’%,z A) . k‘z = hf (tn + O./Z‘h, Yn + Z Oé@j k]) + hA Z,%’j k?j (22b)
7=1

j=1
+h2 i fe(tns Yn) » i=1,...,s.

Here y,, ~ y(t,) and y,+1 ~ y(t,11) are the numerical solutions computed by the method,
and h = t,,1 — t, is the current time step. The term f, = 0f/0t is the partial time
derivative of f evaluated at the beginning of the current time step. The method coefficients
@ i, %, and b; are chosen such as to ensure the desired accuracy and stability properties.
For convenience of notation one also defines

i—1 [
= g, W=D Yigs Big= g+
=1 j=1

RNXN

In classical Rosenbrock methods the matrix A =J,, € , where

Jn = fy(tm yn)

is the Jacobian of f evaluated at the beginning of the current time step. The vectors k; are
the intermediate stage values; each of them is computed by solving an N x N linear system.
Typically all coefficients are chosen equal to each other, v;; = v for ¢« = 1,...,s, such that
all stages share the same LU decomposition. The order conditions of classical Rosenbrock
methods rely on the assumptions that A is the exact ODE Jacobian, and that each of the
linear systems (2.2b) is solved exactly.

For many systems the exact Jacobian J can be both costly and difficult to obtain, e.g., due
to the size of the application and the use of complex spatial discretization schemes. The
class of Rosenbrock-W methods [11, Section IV.7] has been derived for such situations. The
have the same form (2.2), but the coefficients are selected such that the overall discretization
order is preserved for any matrix A, i.e., for arbitrary approximations of the Jacobian [12].



Paul Tranquilli Chapter 2. Rosenbrock-Krylov Methods 7

The role of the matrix is to ensure numerical stability, and its choice dictates the type and
amount of implicitness used in (2.2).

Solving for the stage values k; (2.2b) is the most expensive part of the integrator. For large-
scale systems direct methods such as LU decomposition are not feasible, and iterative Krylov
based methods, such as GMRES [13, 14], have been considered in the literature [15, 16, 17].
Krylov based methods use only Jacobian-vector products and do not require storage, or even
knowledge of, the full Jacobian.

The use of Krylov(-Newton) methods is a natural approach to speed up the solutions of the
linear /nonlinear systems of equations in implicit time integration [18, 19]. Such integration
methods have been successfully employed in real applications [20, 21, 22|. Krylov space
solvers have been used in the implementation of implicit Runge-Kutta [23, 24, 25], implicit
linear multistep [26, 27, 22], and deferred correction [28] methods. Software for solving stiff
ODEs and DAEs with this approach include LSODKR [29], LSODPK [30], VODPK [27], and
DASPK [31]. In addition, Krylov space methods have been used for the exact integration of
linear ODEs with source terms [32], and to improve stability [33]. Krylov space techniques
have been used to accelerate convergence of deferred correction methods [34, 35].

Of particular interest in this work is the use of Krylov methods in the context of Rosenbrock
time integrators (2.2). Classical Rosenbrock integrators are poor matrix free methods due
to the explicit presence of the exact Jacobian matrix, and the approximate nature of Krylov
based methods. Rosenbrock-W methods are better suited for coupling with Krylov based
solvers. A family of matrix-free Rosenbrock methods, named Krylov-ROW, has been pro-
posed in the 1990’s [17, 36, 37, 38, 39]. The control of linear solution accuracy in each stage
is discussed in [36], and preconditioning in [40]. Order results for Krylov-ROW methods
are studied in [17, 15]. A multiple Arnoldi process is proposed, where the Krylov space is
enriched at each stage, such that the information from previous stages is reused, and all the
right hand side vectors belong to the subspace. The order of the underlying Rosenbrock
method is preserved under modest requirements on the Krylov space size, and independent
of the dimension of the ODE system. The implementation of methods of order four is done in
the code ROWMAP [38], where the error estimation and step size selection strategies are in-
herited from the underlying Rosenbrock method. The application of Krylov-ROW methods
to index-1 DAEs [16] reveals that the Krylov space dimension needs to exceed the number
of algebraic variables. Krylov-ROW methods are therefore attractive in the case where the
number of algebraic constraints is small compared to the number of differential equations;
or, by extension, where the dimension of the stiff subspace is small. Novati [41] presents a
class of W-methods where the Jacobian is approximated using quasi-Newton-like rank one
updates, based on solution and function values in previous time steps. Periodic restarts are
needed for stability, as the Jacobian approximation deteriorates with time. A related family
of methods are exponential integrators [42], which use matrix exponentials of the Jacobian
as part of the solution process, and evaluate matrix exponential times vector products via
Krylov space methods [43, 44, 45, 46, 47].
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In this paper we develop a new family of Rosenbrock-Krylov time stepping methods char-
acterized by the lowest possible degree of implicitness that ensures stability. The new algo-
rithms are implicit in only the stiff subspace, which is captured by a Krylov space. Moreover,
they perform only scalable operations such as Jacobian-vector products, and solve only small
linear systems at each step. A naive implementation of a matrix free Rosenbrock-W method
requires construction of a Krylov subspace for each stage equation. The Rosenbrock-K meth-
ods proposed herein extend the framework of Rosenbrock-W methods, accounting for the
Krylov subspace approximation of the linear system when constructing the order conditions
of the integrator. In this way we substantially reduce the number of required order con-
ditions for a given order, thereby reducing the number of necessary stages of the method.
The Rosenbrock-K methods require the construction of only a single Krylov subspace for
the solution of all stage values. The dimension of this subspace need only be as large as the
desired order of the method to ensure accuracy.

The class of Rosenbrock-K methods differs from Krylov-ROW family [17, 15] in several im-
portant aspects. First, the Krylov space properties are an integral part of Rosenbrock-K
order condition theory; this elegant approach ensures the desired orders of accuracy with
much smaller subspaces than those required by the Krylov-ROW approach. Next, a single
Krylov space is used across all stages; the implementation of Rosenbrock-K is much sim-
pler, and considerably more scalable, than the implementation of Krylov-ROW, where the
subspace needs to be extended at each subsequent stage.

The paper is laid out as follows: in Section 2.2 we present the framework of the proposed class
of methods as well as the Krylov subspace approximation of the Jacobian used, in Section
2.3 we extend the theory of order trees for Rosenbrock-w methods to our new Rosenbrock-
Krylov methods as well as give details of how to construct these trees and the method order
conditions from them, in Section 2.4 we construct two new Rosenbrock-Krylov integrators
and outline a method for the solution of the order conditions to derive specific method
coefficients, and in Section 2.5 we present some numerical results.

2.2 Formulation of Rosenbrock-Krylov methods

Rosenbrock-Krylov methods have the same form as Rosenbrock-W methods (2.2), but use a
particular approximation A of J,. We start the presentation with the case of autonomous
systems.

Specifically, let f, = f(y,) and consider the M-dimensional Krylov space
Ky, fn) = span{ fo, In fo, o frr o, I fu ) (2.3)
= span{vy,ve,...,Up} -

An orthogonal basis {v; }i—1,.. a for Ky is constructed using a modified Arnoldi process [14].
The Arnoldi iteration returns two valuable pieces of information: a matrix V whose columns
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are the orthonormal basis vectors of K, and an upper Hessenberg matrix H, such that

V=[vg,...oy] eRVM: H=V"],VecR"M, (2.4)

The Rosenbrock-Krylov matriz A is the restriction of the full ODE Jacobian to the Krylov
space:
A=VHV' =vVT], vV’ (2.5)

To obtain the stage vector k; we decompose it in the component residing in Xy, and the
component orthogonal to ICy,

ki =V A\ i 2.6
+ u (2.6)

Rnm kg
where the new vectors \; and p; are defined by
Ni=VTEkeRY, = Iyuy—VV') keRY.

We consider also the projections of the function values in (2.2b) onto the Krylov space
i—1
fi=7F (yn+zai,jkj) , =V fieRY.
j=1

To construct a Rosenbrock-K method the Jacobian approximation (2.5) and the decompo-
sition (2.6) are used in the stage formulation (2.2b) to obtain

i—1
(Iney =Ry VEVT) - (VA 4 ) = b fi + AVHVT Y "y (VA + p15) -

j=1
Using the facts that VIV = I, and VT ; = 0 the equation can be written as

i—1

pi+ VO —hyH) N = hfi+AVH ) 55 (2.7)

j=1
Multiplying both sides of (2.7) by VT leads to the following reduced stage equation

i—1
(Lnrscnr — hyE) Ay = by + BELY 550 (2.8)
j=1

Multiplying both sides of (2.7) by Inxy — VVT gives

wi=nh(fi—Vae). (2.9)
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Algorithm 1 One step of an autonomous Rosenbrock-K integrator

1: Compute H and V (2.4) using the N-dimensional Arnoldi process [14]
2: fori=1,...,sdo > For each stage, in succession

i—1
fi = f(ynJrZOéi,jkj)
j=1
o = V'f
i—1
N = (Lyxn —hyH) ™ <h¢i+hHZ%,jAj>
j=1

ki = VA+h(fi—=Vd)

3: end for ,
4 Ypi1 = Yn + Z bik;

i=1

The system (2.8) is of size M x M, where M < N, and can be inverted through the use of
a direct method. The full stage values can now be recovered from (2.6), (2.8), and (2.9) as

ki=VX+h(fi—Ve). (2.10)

An autonomous Rosenbrock-K step from ¢, to t,.1 is summarized in Algorithm 1.

We next consider the formulation of Rosenbrock-K methods for non-autonomous problems
(2.1). With the extended state and function

N t - .

w0 |" ] ern fa-| TG0 | erin (2.11)
the general ODE (2.1) can be formulated as autonomous system

dy -~ N T

D-Fw. sw=| L] wstse 0.7, 2.1

Non-autonomous Rosenbrock-K integrators are constructed using this technique. The Jaco-
bian of the extended right hand side function is

T _ fy i
J= { S (2.13)
An extended Krylov space K M(jn , fn) is constructed using matrix-vector products of the

form
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The extended (N + 1)-dimensional Arnoldi iterations produce the matrices V and H such
that

V= D/;} e RINHDXM = yy ¢ RNXM )y ¢ RM | (2.15)

and

H=V"J,V=VTI,V+V [ty y,)w’ € RMM

This modified Arnoldi iteration proceeds as follows.

Algorithm 2 Modified Arnoldi iteration
B:H[];n} ’ wlzl/ﬁa Ulzf’n//B'

fort=1,...,M do
C: Jnvz+ft<tnyyn) w;
E=0
T = [|(]|
for j=1,...,ido
Hj; = (Cv)) + §w;

(=¢— Hj,z‘Uj
§=¢— Hjw;
end for
if H E] ‘ /7 < Kk then
for y=1,...,7do
p = <C7U]'> +£wj
C=¢—pv,
§=&—pw;
Hji = Hji+p
end for

end if
]l
Hii ;=
ne e
Vig1 = (/Hit1
Wiy1 = £/Hi+1,i
end for

The non-autonomous Rosenbrock-K integrator is obtained by applying the autonomous step
(Algorithm 1) to the extended system (2.12), and decoupling the state and time variables.
The procedure is summarized in Algorithm 3.
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Algorithm 3 One step of a non-autonomous Rosenbrock-K integrator

1: Compute H, V, and w (2.15) using the (/V + 1)-dimensional Arnoldi process.
2: fori=1,...,sdo > For each stage, in succession

i1
fi = f (tn +ah, Y, + Z ai,jkj)

j=1

¢ = V'fitw
i—1

N = (Lyxn —hyH)™ (h@ +hHZ%,jAj>
j=1

ki = VXi+h(fi=V&)

3: end for

4 Ynt1 = Yn + Z bik;

i=1

2.3 Order Conditions

The accuracy theory is based on matching the Taylor series of the numerical solution and
of the exact solution, up to some specified order. Butcher-trees [48, Section IV.7] are a well
accepted method of representing individual terms in the Taylor series expansions. The deriva-
tion of order conditions for Rosenbrock-K methods is an extension of the framework used to
derive order conditions for Rosenbrock-W methods. The existing theory for Rosenbrock-W
methods is based on the use of T'W-trees, a subclass of P-trees [11, Section IV.7]. P-trees
themselves are an extension of the set T' of Butcher-trees that allow for two different colors
of the nodes. We have the following definition [11, Section IV.7]:

TW — { P-trees: end vertices are meagre, and }

fat vertices are singly branched

In the context of Rosenbrock-K and Rosenbrock-W methods, a meagre node represents an
actual derivative of f coming from the first term on the right of equation (2.2b), while a
meagre node is an appearance of the approximate Jacobian A coming from the second term
on the right of equation (2.2b). Each tree represents a single elementary differential in the
Taylor series of either the exact or numerical solutions of the ODE.

Figure 2.1 shows all TW-trees and Rosenbrock-W conditions for up to order three [11,
Section IV.7]. The correspondence between the TW-trees and elementary differentials, and
Rosenbrock-W order conditions, is summarized next:

e For the elementary differentials in Figure 2.1 superscripts represent component indices,
and subscripts represent indices of variables with respect to which partial derivatives
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are taken. For example, f” is the J-th component of f, and f{Lf% =3, 0f7/oy" - f~.
e A meagre node represents a derivative of f.
e The order of the f derivative equals the number of children the meagre node has.

e A fat node represents the appearance of the approximate Jacobian matrix, A, in the
elementary differential.

The correspondence between the TW-trees and Rosenbrock-W order conditions, is as follows:

e For the order conditions in Figure 2.1 the summations apply to all repeated indices in
the expression.

e For Rosenbrock-W methods:

— an edge connecting meagre node j to a fat node k gives «; ,

— an edge connecting meagre node j to a meagre node k gives ;.
e For classical Rosenbrock methods

— an edge connecting meagre node j, having multiple children, to a meagre node k
gives o i,

— an edge connecting meagre node 7, having a single child, to a meagre node k gives

6j,k-

The exact solution is represented by trees containing only meagre nodes, since the approxi-
mate Jacobian matrix never appears in its series expansion. For this reason Rosenbrock-W
methods have two sets of order conditions: those arising from trees containing only meagre
needs, and those arising from trees containing at least one fat node. Trees containing fat
nodes do not correspond to any trees in the exact solution and, as seen in Figure 2.1, the
corresponding coefficients are set to zero [11].

In order to build the relevant trees for Rosenbrock-K methods we need to have a closer look
at the properties of the Jacobian approximation (2.5).

Lemma 1 (Property of the Rosenbrock-Krylov approximate Jacobian (2.5)). For any 0 <
k< M —1 it holds that

Ak fn - ']1]2 fn7
where M = dim(Kpy).

Proof. Recall that V V7 is the orthogonal projector onto K. If a vector u is in the Krylov
space Ky, its orthogonal projection onto Kj; is the vector itself:

weky = VVIiu=u.
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Figure 2.1: TW-trees and Rosenbrock-W conditions up to order three [11, Section IV.7].
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The proof of the Lemma is by finite induction. As the base case we have that
Aofn :Jgfn = fu.

Next we assume that A1 f,, = Ji=1 f, for some i < M —1 and will show that A’ f,, = J¢ f,.
By the definition of the approximate Jacobian (2.5) and our assumption it holds that

Alfy=A- AT =A T L =VVIS, Vg
Since M > i we have that Ji1f, € Ky, and
VVIIEf =37, = AT =VVTY, 3T~ VVT LS,
Since M > i+ 1 we have that J' f,, € Ky and
VVIT fo =T f, = Afo=Tf..
O

Lemma 2 (Property of elementary differentials using the approximation (2.5)). When the
Rosenbrock-Krylov matriz approximation (2.5) is used, all linear TW-trees of order k < M
correspond to a single elementary differential, regardless of the color of their nodes.

Proof. In a linear tree each node has only one child. A linear TW-tree with a fat root can
be described by the sequence of its nodes, starting from the root. For example, the structure
of a linear tree where the first v; nodes from the root are fat, followed by @, meagre nodes,
ete. is described by the sequence (o /1 ... o' e#7) with y, > 1 (since the leaf is a meagre
node).

Consider now a tree of order k = vy + p11 +- - - +v, + p1, < M. The corresponding elementary
differential has the form A*1J# .. A*J *»~'f,. Repeated applications of Lemma 1 reveal
that

Ale;’J‘Ll A A'Vp Jnup_lf’n - Aleﬁl .o AUPJ’_/J'[)_lfn — e e e — Jnk_lfn .
—— —_——
=y gy,

Consequently, any linear TW-tree of order £ < M has the same differential as the linear tree
with only meagre nodes (e"). ]

An important consequence of Lemma 2 is that if a linear TW sub-tree with £ < M nodes has
a fat root, the corresponding differential is the same as for the linear tree with only meagre
nodes (e%). This observation allows us to essentially “recolor” linear TW sub-trees with a
fat root (i.e., group them in classes of equivalence). This leads to the following.
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Definition 1 (TK-trees).

TK = {TW-trees: no linear sub-tree has a fat root} ;
TK(k) = {TW-treesp: no linear sub-tree of order

smaller than or equal to k has a fat root} .

Fot t € TK let p(t) define the number of vertices. We denote by t = 4[t1,. .., tn] a TK-tree
tree with a meagre root linking the subtrees ¢1,...,t,,, and by t = ,[t;] a TK-tree with a
fat root to which the subtree t; is connected. A special case is the single node tree 4[]. The
elementary differentials associated with TK-trees are the same as those of TW-trees, [11,
Definition 7.5]. The TK-tree coefficients are constructed recursively as follows.

Definition 2 (Coefficients of TK-trees). Fort e TK

( 1 Zf t:o[]
> Uk O (t1) o Gr (b)) A E= [ty t], M > 2
k1y.eery km
0it) = 3" Biu nlty) if t=.h]
k
S i ou(tr) if t=.t]
\ k

2.3.1 Rosenbrock-K methods of type 1

Definition 3. A Rosenbrock-K method of type 1 is given by Algorithm 1 (or Algorithm 3)
and uses an underlying Krylov subspace given by (2.3).

Theorem 1 (Order conditions for Rosenbrock-K methods). A Rosenbrock-K method of type
1 has order p iff the underlying Krylov space (2.3) has dimension M > p, and the following
order conditions hold:

1

zj:bj ¢;(t) = o) vteT withpt) <p, (2.16a)
Y bjdi(t) =0 VteTK\T with p(t) <p. (2.16h)

Here p(t) is the number of vertices of the tree t, and ~y(t) is the “product of p(t) and all
orders of the trees which appear, if the roots, one after another, are removed from t” [48,
Section 11.2].

Proof. The proof follows from our discussion and from the order conditions of Rosenbrock-W
methods [11, Theorem 7.7]. O



Paul Tranquilli Chapter 2. Rosenbrock-Krylov Methods 17

The following result follows immediately.

Theorem 2 (Order conditions for Rosenbrock-K methods with smaller Krylov space). A
Rosenbrock-K method of type 1 with an underlying Krylov space (2.3) of dimension M < p
has order p iff condition (2.16a) holds, and, in addition:

D bigi(t) =0 Vte TKMN\T with p(t) <p. (2.16¢)

Remark 1. The number of required order conditions for Rosenbrock-K methods is substan-
tially smaller than the number of order conditions for Rosenbrock-W methods.

Figure 2.1 reveals that all TW-trees up to order three containing a fat root are linear,
and so every tree containing a fat node can be recolored to contain only meagre nodes.
Thus the order conditions for Rosenbrock-K methods are the same as those for classical
Rosenbrock methods for up to order three (while Rosenbrock-W methods need four additional
conditions). Figure 2.3.1 shows the TK-trees and order conditions for up to order four;
Rosenbrock-K methods require only a single extra order condition for order four (while
Rosenbrock-W methods require seventeen additional conditions). Finally, Figure 2.3.1 shows
the four additional TK-trees and Rosenbrock-K conditions needed for order five.

2.3.2 Rosenbrock-K methods of type 2

Definition 4. A Rosenbrock-K method of type 2 is given by Algorithm 1 (or Algorithm 3)
and uses an enriched underlying Krylov subspace, where additional basis vectors are added
to those in (2.3). The additional basis vectors are chosen such that different elementary
differentials associated with trees in TK\T are equal to those of similar trees in T. Con-
sequently, the order conditions of a type 2 Rosenbrock-K method are the same as those of
classical Rosenbrock methods.

For example, consider the tree g, in Table 2.3.1. The corresponding term in the Taylor series
of the solution is A - f,, ,(fn, fn) . The application of the second derivative tensor f,, to a
pair of function values results in the vector

N

82 fk

Foa(Fas )"
( vy ay 8ym y—y

o) f™(yn), k=1,...,N. (2.17)

l,m=1

To obtain a type 2 Rosenbrock-K method of order four the Krylov space (2.3) is extended
as follows:

ICM+2<Jn7fn) = Spa‘n{fnv Jnfna "'7']7];4_1 fnaugza']nugz} (218)

= span{vi,va,...,Un42} -
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Figure 2.2: TK-trees and Rosenbrock-Krylov conditions up to order four.
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Figure 2.3: Additional TK-trees and Rosenbrock-Krylov conditions for order five.
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The Jacobian approximation is A = VH VT where V. € RV*M+2) and H = V'],V €
RM+2)x(M+2) i5 1o longer upper Hessenberg.

The construction (2.18) ensures that the elementary differential of the tree go € TW\T
coincides with the elementary differential of a regular Butcher tree:

A fyy(fu fn) = Auy, = VAR A Ugy = vv'y, g, = Jn g, = I fiyy(frs fr) -
Iy
We have the following interesting consequences.

Remark 2. Any classical Rosenbrock method of order four (or higher) becomes a type
2 Rosenbrock-K method of order four when the Jacobian approximation (2.5) uses a Siz-
dimensional extended Krylov space (more exactly, when the underlying Krylov space is (2.18)
with M > 4).

Remark 3. General Rosenbrock-K methods of any order can be obtained by combining the
type 2 and type 1 approaches. Specifically, some of the trees in TK\T are recolored (to
obtain the similar trees in T') by extending the underlying Krylov space, i.e., by using a type
2 approach. The elementary differentials corresponding to the remaining trees in TK\T are
then cancelled by imposing additional type 1 order conditions.

2.3.3 Finite difference approximations

The Arnoldi iteration requires only Jacobian-vector products. These can be obtained by
automatic differentiation. Alternatively, Jacobian-vector products can be approximated by
finite differences of the form [19]

f(tmyn + (5U> — f(tmyn)
5 .

The increment ¢ is related to machine precision. Equation (2.19) is sometimes referred to as
a “matrix-free” approximation. For example, “Jacobian-free Newton-Krylov” methods [19]
employ the approximation (2.19) within linear Krylov space solvers in the context of Newton
iterations for nonlinear systems.

Jou~ (2.19)

Similar finite differences can also be used to approximate higher order derivatives. For ex-
ample, the second derivative term (2.17) can approximated by finite differences of Jacobian-
vector products, as follows:

fyltnsyn +0u) - u—Jdp-u  f(tn,yn+20u) — 2 f(tn, yn +0u) + f(tn, yn)
fyy(u,u) =~ 5 ~ 5 .

An analysis of matrix-free Newton-Krylov methods is provided in [49, Theorem 2.3]. Assume
that the Arnoldi process with the exact Jacobian-vector products produces H, V, while the
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Arnoldi process using finite difference approximations (2.19) produces H and V. The errors
in the finite difference approximations (2.19) during each Arnoldi iteration are

f(tn:yn + 51 61) - f(tmyn)

i = —Jp-v, 1=1,...,.M—1.
e 5 Vi, @

Collect these error vectors, together with eq = 0 (the error in computing o1 = f,./|| fall), in
the matrix
E = [60, €1y .- 761\4_1] S RNXM

According to [49, Theorem 2.3], the matrices H and V can be obtained by an application
of the ezact Arnoldi process (i.e., with exact Jacobian-vector products) to obtain a basis of
the modified space

KM@mh) with J, =3, +EVT.

According to Lemma 1, the matrix approximation A = VHVT has the following property
forany 0 < k< M -1

Abf, = 30
- @ﬁ+EVﬂkﬁ

= I+ EIFTEVT 4
= I L+ O(IE]),

where we have made the assumption that the Jacobian powers are uniformly bounded.

When exact Jacobian-vector products are used no additional type 1 Rosenbrock-K order
conditions are imposed for trees in TW\T K. Similarly, when higher derivatives are computed
exactly no additional order conditions are needed for type 2 methods. When finite difference
approximations are used, however, the elementary differentials of trees in TW\TK appear
in the expansion of the numerical solution with nonzero coefficients of size O(||E||), i.e.,
of the size of the absolute errors incurred in the finite difference approximations. If the
finite difference approximations are not sufficiently accurate the order of the Rosenbrock-K
methods may be lost.

For example, consider the tree dy € TW\TK in Figure 2.1. When finite differences are used,
it contributes the following O (||E|| h?) term to the local error

? (2 bmk) CESTAT
j=1

In order to ensure that the Rosenbrock-K method preserves its order p, a sufficient condition
is that the finite difference errors are bounded by

1Bl < Chrt
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When the exact Jacobian-vector products are unavailable, and when the finite difference
approximations cannot be computed this accurately, it may be advantageous to choose
Rosenbrock-K methods whose coefficients satisfy the full set of Rosenbrock-W conditions.

2.4 Construction of Rosenbrock-K methods of order
four

We now construct practical type 1 Rosenbrock-K methods of order four. We consider the
case with 7, ; = 7 for all ¢, and denote

i i—1
5¢:Zﬁi,j:&i+%7 @{:Z@',j-
j=1 Jj=1

We examine numerically the linear stability properties of the resulting methods. Rosenbrock-
K methods share the same stability function with classical Rosenbrock methods

R(z) =14 2b" Iy — 28) ' 1, (2.20)

where 1 € R® is a vector of ones.

2.4.1 ROK4a: a four stages, fourth order, L-stable Rosenbrock-K
method

We start with constructing a four stages, fourth order Rosenbrock-K method. The order
conditions are as follows:

(a) by +by+ bz + by = 1

(b)  baf3y + b3Bs 4 buf3) = % — v =pa(7)

(c)  beas + b3a + bya? — %

(d)  bs(BsaBh) + ba(BaobBh + BusBly) = L—~v+72=psa(y)

(e) b3 + by + by} — 1 (2.21)
() bsaspfy +ba(uafy +ausfs) = §—37=p12(7)

(g1) bsaza0d +ba(cu2ad +augal) = &

(92) b3v3203 + ba(ya003 + Ya303) = _%7

(h)  baBasfBs2055 = 5 — v+ = =pia(y)
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To solve (2.21) we follow the solution process outlined in [11, Section IV.7]. First we choose
v = 0.572816062482135 so that R(oo) = 0, where R(z) is the stability function of the method.
We then treat equations (2.21.a), (2.21.c), and (2.21.e) separately, as a linear system in b;’s.
We make the arbitrary choices

1
bs =0, a2 =3, ag=1, a;=1,
and the solve the system
1 1 1 by 1
0 a5 o by | = | 2
5s i

to obtain by, by, and by.

In order to allow for the existence of an embedded method of order three we require that the
third order conditions are not satisfied uniquely. The following equation guarantees that by
setting the determinant of the system of third order conditions to zero:

(Byof — Bia) B2 By = (By03 — Baas) 25435 (2.22)

We now take [, 3 as a free parameter and compute [32/55 from (2.21.h) and (84205 + Ba305)
from (2.21.d). Inserting these expressions into (2.22) yields a relation between g5, 5%, B).
Eliminating (bsf42 + b3fs2) from (2.21.d), and from {(2.21.¢;) + (2.21.¢2)}, yields a second
relation. A third relation is obtained from (2.21.b), and this leads to the following system

for By, B3, By:

2 Pa4 2P 2p3, 2 paa ,
4b4B4a3 3 by o ba 2b4f4,3 6% 0

by bs by 63 = D21

2 2 ! A2
bafagas —pas  —bafazas 0 B P32

Here we make the arbitrary choice
Bag = —
and compute 39 and (49 from

_ Dag D32 — 5454,3/3:’;
B2 = = Pap = ———
bafa 303 bafy
Next we impose directly equations (2.21.f), (2.21.g1), and (2.21.¢5) along with the definition
Of Bi,j:

by 235 + ba( oy + au3f3) = paso
b3043,204% + 54(044,2@% + 044,3Oé§) L

b3V3203 + ba(Va203 + yu303) = _§7
V3,2 T Q32 = B39
Va2 T Q42 = Buo

V4,3 + Qa3 = [u3
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v = 0.572816062482135
g1 = 1 71 = -1.91153192976055097824
azy = 0.10845300169319391758 31 = 0.32881824061153522156
aze = 0.39154699830680608241 32 = 0.0
ag; = 0.43453047756004477624 41 = 0.03303644239795811290
agn = 0.14484349252001492541 740 = -0.24375152376108235312
agz = -0.07937397008005970166 43 = -0.17062602991994029834
by = 0.16666666666666666667 by = 0.50269322573684235345
by = 0.16666666666666666667 32 = 0.27867551969005856226
by = 0.0 33 = 0.21863125457309908428
by = 0.66666666666666666667 by, = 0.0

Table 2.1: Coefficients of ROK4a, a fourth order, L-stable, type 1 Rosenbrock-K method.

Finally o;; and f3;; follow immediately from the definition of o; and ] respectively. The
coefficient values for this method, named ROK4a, are given in Table 2.1.

The choice of v ensures that for the main method R(co) = 0. The embedded method
has ﬁ(oo) = —0.55 Figure 2.4 shows the stability function values for both the main and
embedded methods along the imaginary axis. We see that the absolute function values
are below one, which implies that the main Rok4a method is L-stable, and the embedded
method is strongly A-stable.

It is important to note that the stability results presented here apply to the case where a
full Jacobian is used, and does not account for the impact of Krylov approximation. The
impact of the Krylov approximation on the stability will be the subject of future work.

Exact stability requirements when making use of the Krylov approximation of the Jacobian
are as yet undetermined, though a result by Wensch in [16] gives reason to believe that the
size of the Krylov subspace must be as large as the number of stiff variables in the underlying
problem.

2.4.2 ROKA4b: asix stages, fourth order stiffly accurate Rosenbrock-
K method

Stiff accuracy is a desirable property when solving very stiff systems or index-1 differential
algebraic equations. A stiffly accurate Rosenbrock method [11, Section IV.4] is characterized
by the property

bi=0Bsi, 1=1,...,s.

We have derived a six-stage, stiffly accurate, fourth-order Rosenbrock-K method, named
ROK4b. For brevity we do not show here the order conditions, nor we present the solution
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v = 0.31
0z = 1.0 72, = -22.824608269858540
as; = 0.530633333333333 s, = -69.343635255712726
ass = -0.030633333333333 5, = -0.030633333333333
ag = 0.894444444444444 4, =  404.7106882480958
azy = 0.055555555555556 Y40 =  0.055555555555556
T 0.05 43 = 0.05
as; = 0.738333333333333 45, = -0.571666666666667
asy = -0.121666666666667 ~so = -0.121666666666667
ass = 0.333333333333333 55 =  0.333333333333333
asy = 0.05 54 = 0.05
ag1 = -0.096929102825711 7, =  0.263595769492377
ag2 = -0.121666666666667 <52 = -0.121666666666667
ags = 1.045582889789120 3 =  -0.378916223122453
aga = 0.173012879703258 754 =  -0.073012879703258
g5 = 0.0 %5 = 0
b, = 0.166666666666667 b, =  0.166666666666667
by, = -0.243333333333333 b, = -0.243333333333333
b, = 0.666666666666667 b3 =  0.666666666666667
by = 0.100000000000000 by = 0.1
bs = 00 b = 0.31
by = 031 by = 0.0

Table 2.2: Coefficients of ROK4b, a fourth order, stiffly accurate, type 1 Rosenbrock-K
method.

method. The coefficients have been obtained through a process similar to that outlined in
Section 2.4.3. The RoK4b method coefficients are shown in Table 2.2. ROK4b has the
additional benefit of both the main and embedded methods are L-stable. Figure 2.4 shows
the stability functions of the main and embedded methods of ROK4b evaluated along the
imaginary axis.

2.4.3 ROKA4p: afive stages, fourth order, parabolic Rosenbrock-K
method

Due to their low stage order Rosenbrock methods can be marred by order reduction when
solving initial value problems arising from the semi-discretization of PDEs. The following
set of additional conditions guarantees the full order of convergence for Rosenbrock methods
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applied to semi-discrete parabolic PDEs [50, 41]:
bl i (252]1—042):() for p—2<j<s—1 and p>3. (2.23)

Here b = (bi)iz1..ss @ = (4)iz1...55y B = (Bi)i=1...s, p is the order of the method, and s
is the number of stages. Multiplications are understood component-wise. We will call a
Rosenbrock method parabolic if it satisfies (2.23).

The order conditions for a five-stage, fourth-order, parabolic Rosenbrock-K are:

(@) b1+ by + by + by + bs _ 1

(b) b2 + b3 + bafBy + bs s = p21(7)

(¢)  bya2 + bza + bya? + bsa? = 2

(d)  bsBs285 + ba(Ba2Bs + Basfs)
+ b5(B5,285 + 05,383 + B5,481) = p32(7)

(€)  byasd + bzai + by + bsai = 2

(f)  bsasasafy + baau(auz By + cu3s)
+ bsas (s 235 + a5 355 + as.43)) = pa2(7)

(1) 53013,2043 + 54(044,205 + 014,3043) (2.24)
+ bs(s 203 + (5,303 + 5 40%) = 5

(g2) b3¥3.203 + ba(V4203 + y4303)

+ b5(V5.208 + V5,305 + V5.407) = -1y
(h)  bafasPs285 + bs(Bs3083205 + Bs.aPa285 + B54B1305 = paa(y)
(1) 2b505.484383285 — bafs3B3203 — bsBs 303203

— b5 85,4120 — bsP5 484305 = m(y)
(j) 5555,454,353,2043 = 72(7)
(k) 0 = m(7)

where the polynomials p; ;(7) are defined in (2.21), and

1
7T1(7) = 27]74,3 - 87]94,4(7) + —72 - 1272]?3,2(7) - 873292,1(7) - 2747

3
1
m(v) = 3ym(y) — 37 pas(v) + 207 paa(y) — g’y?’ +207°ps2(7) + 109" pai () +29°,
1
m3(7) = —dyme(y) + 67’m(y) — 49°pas(y) + 409 paa(v) — =7 + 309" P32 () + 12972 (7) + 290

3
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v = 0.572816062482135
azp = 0.757900000000000 ~2; = -0.757900000000000
azy = 0.170400000000000 ~3; = -0.295086678808293
aze = 0.821100000000000 32 = 0.178900000000000
agr = 1.196218621274069 4 = -1.836333117783808
age = 0.297700000000000 742 = -0.247700000000000
ag3 = -1.433618621274069 43 = 1.681409044712106
as; = -0.010650410785863 51 = -0.197089800872483
ase = 0.142100000000000 52 = -0.684644029868020
asz = -0.129349589214137 53 =  0.166330242942910
asys = 0.392800000000000 ~54 = 0.000000000000000
by = 0.056000000000000  b; = -0.186875355621256
b, = 0.116601238130482 /b\g = -0.250433793031115
bs = 0.160300000000000 33 = 0.326360736478684
by = -0.031109354304222 34 = 0.110948412173687
bs = 0.698208116173739 35 = 1.000000000000000

Table 2.3: Coefficients of ROK4p, a fourth order, parabolic, type 1 Rosenbrock-K method.

The approach to solve the system of equations (2.24) is similar to that used for (2.21). A
sequence of linear systems is constructed, and for each system arbitrary choices are made
for the values of some parameters. A numerical genetic optimization algorithm is employed
to select free parameter values which lead to method coefficients of acceptable magnitudes.
The coefficients of the resulting method, named ROK4p, are given in Table 2.3.

The choice of v ensures that for the main method R(co) = 0. The embedded method
has E(OO) = 0.24. Figure 2.4 shows the stability function values for both the main and
embedded methods along the imaginary axis. We see that the absolute function values
are below one, which implies that the main Rok4p method is L-stable, and the embedded
method is strongly A-stable.

2.5 Numerical Results

Here we present some results from numerical experiments verifying the properties of the
methods discussed above, as well as comparing performance of Rosenbrock-Krylov meth-
ods with several standard classical Rosenbrock and Rosenbrock-W methods. RANG3 is a
third order Rosenbrock-W method [12], RoDAS4 is a fourth order, stiffly accurate classical
Rosenbrock method [11, Section IV.10], and Ros4 is a fourth or10.0der, L-stable, classical
Rosenbrock method [11, Section IV.10].
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Figure 2.4: Stability functions for both the main and embedded methods of Rok4a, ROK4p,
and Rok4b

2.5.1 Lorenz 96

The nonlinear test is carried out with the Lorenz-96 model [51]. This chaotic model has
N = 40 states, periodic boundary conditions, and is described by the following equations:

dy; .
d_tj = Y1 (Y2 — Y1) —y; +F, j=1... N, (2.25)
Y1 = Yn-1, Yo=YnN, Y~N+1=1Y1 -
The forcing term is F' = 8.0, with ¢ € [0, 0.3].
RaNc3 | Ros4 | RopaAs4 | Rok4a | Rok4p | Rok4b
M=N 2.99 4.01 3.99 4.01 3.99 3.99
M=4 2.99 3.03 3.05 4.01 3.98 3.99

Table 2.4: Convergence Rates on Lorenz 96

Table 2.4 shows the convergence orders of all methods applied to the Lorenz-96 system, using
both the full Jacobian as well as a four dimensional Krylov approximation of the Jacobian.
Figure 2.5 verifies numerically the theoretical order results for all methods using the full
Jacobian.

Recall that all methods satisfying the classical Rosenbrock order conditions are also Rosenbrock-
K methods of at least order three. Table 2.4 shows this property, where the third order
method RANG3 maintains its order and both fourth order methods, Ros4 and RODAS4,
reduce to third order while using the approximate Jacobian.
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Figure 2.5: Precision diagram for Lorenz 96, showing convergence order of methods using a

full Jacobian

10° - -6~ ROK4a, Fullspace
--ROK4a, M =4
—8-RANGS3, Fullspace
= RANG3, M =4
105 L —A—RODAS4, Fullspace
= RODAS4, M =4
o
|
10*107 i
107 !

2

10
Number of timesteps

10

Figure 2.6: Precision diagram showing the convergence order of RoK4a, RANG3, and Ro-

DAS4 using the full and Krylov approximated Jacobian.
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2.5.2 Dissipative Burger’s Equation

We apply the newly derived methods to an ODE system coming from a semi-discretization
of a partial differential equation using the method of lines. The dissipative Burger’s equation
is a one-dimensional PDE described by

du d 1 9 d2u
dt " dr\2 ) 1 : = .001 2.2
i T (2“ ) ez ¢€[0,10, te(0,05], &=.00, (2.26)

with homogeneous boundary conditions, and initial condition

1 1
u(z,t =0) = G sin? (yrx) (1-2), e=.001

The spatial discretization is a Nodal Discontinuous Galerkin method using equispaced fourth-
order elements, making use of the code base provided for [52].

Figures 2.7 and 2.8 show a performance comparison of the newly proposed methods with both
Ros4 and RopAs4. The figures show that for problems of even modest size, Rosenbrock-
Krylov methods have comparable efficiency with previously existing methods. The increase
in relative efficiency between Rosenbrock-K methods and the classical Rosenbrock methods
as the problem size increases is a good indicator that Rosenbrock-K methods are likely to
be much more efficient than fullspace methods as problem size increases, and the benefits of
solving a reduced system become more pronounced.

A
A —-ROK4a, M =4
% —=ROK4p, M =4
107 A g ~~ROK4b, M =4 1
R -7 ROS4, Fullspace
FSAAN A RODAS4, Fullspace
S 107 ' |
L
10 i
A\V\
10’8 . L . L . SNz
1072 10t 10° 10"

CPU Time (secs)

Figure 2.7: Precision Diagram for Burger’s Equation using 10 fourth order elements.
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Figure 2.8: Precision Diagram for Burger’s Equation using 400 fourth order elements.

2.5.3 CBM-IV

Here we give some results for ROK methods applied to a stiff system of ODEs coming from
a KPP MATLAB implementation of the CBM-IV model [53]. This problem is based on
the Carbon Bond Mechanism IV (CBM-1V), consisting of 32 chemical species involved in 70
thermal and 11 photolytic reactions [54].

While CBM-1V is a perfect example of a problem for which Rosenbrock-K methods are a
poor choice, due to its small size and relatively large number of stiff variables, it does allow
us to illustrate numerically the relationship between stability and choice of Krylov basis size.
Figure 2.9 shows the number of timesteps, normalized to a fullspace solution of the respective
method, required to obtain a reasonable solution in a single day simulation of the CBM-IV
model. The number of timesteps required for a fullspace solution are given in Table 2.5.

Rok4a | Rok4p | Rok4b
1301 10270 261

Table 2.5: Number of required timesteps in a fullspace solution with tolerances of 1072,

We see from this figure that for small Krylov basis sizes, Rosenbrock-K methods are unstable.
However, as the size of the Krylov space nears the size of the fullspace the behavior of the
Rosenbrock-K methods approaches that of the fullspace method.
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Figure 2.9: Number of accepted steps in a fullspace solution with tolerances of 10~2 for
CBM-IV.

2.5.4 Shallow water equations

We examine relative performance of the methods on the shallow water equations [55].

9] 9] 9]

o T T gy =0 (2:272)
0 o (4, 1 , d
- _ - — = 2.2
g (uh) + o (u h + 2gh ) + ay(uvh) 0 (2.27Db)
0 0 0 2 Loy
i —_ _- - = 0. 2.2
8t(vh> + pe (uvh) + By <v h + 29h > 0 (2.27¢)

with state variables

u=u(z,yt), v=v(x,yt), h=h(zy,t).

The spatial discretization is a centered finite difference, using a 32 x 32 grid so that after
transformation to the standard ODE form in equation (2.1), we have that

y=[uvh" eRY, f,(t,y)=TcRV¥N N =3072.

Figure 2.10 gives an efficiency comparsion of the Rosenbrock-K and classical Rosenbrock
methods, all methods make use of a sparse Jacobian matrix. This problem illustrates the
scalability of the Rosenbrock-K methods, when the stiff subspace of the problem is kept
relatively small. Here there are 3072 state variables, but the Rosenbrock-K methods require
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Figure 2.10: Precision diagram for the shallow water equations.

only eight basis vectors for stability, and so the cost of computing the Krylov space and
solving the small system is much cheaper than solving the linear system in the full space.

With the small basis size requirements in mind we explore in Figure 2.11 the relative dif-
ference in cost, measured by the number of right hand side evaluations, between an explicit
Runge-Kutta method and matrix-free Rosenbrock-K methods. Figure 2.11 shows the num-
ber of function evaluations on the z-axis and the Error of the resulting solution on the
y-axis. The number of function evaluations for ROK4a includes those required to compute
the matrix-free Jacobian-vector products in the Arnoldi iteration. For the shallow water
equations we see that Rosenbrock-K methods perform well against the explicit Runge-Kutta
method, when low accuracy is desired and the CFL condition begins to constrain the explicit
method.

2.6 Conclusions and future work

In this work we have developed a new class of Rosenbrock like integrators, along with a
corresponding order condition theory. We consider the ODE integrator and linear solver
as a single computational process to develop methods with the least possible amount of
implicitness.

The Rosenbrock-K order conditions remove the requirement for accurate solution of the linear
systems which constrain the use of approximate methods in classical Rosenbrock integrators.
For accuracy of the integration process, the size of the Krylov approximation of the Jacobian
need be only as large as the desired order of the method. Stability considerations give
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Figure 2.11: Comparison of ROKa and ERK4 on the shallow water equations.

stricter requirements on the size of the Krylov basis used, though the exact nature of these
requirements is not yet entirely understood and will be the focus of future work. Some
numerical investigation, and a result by Wensch [16], give reason to believe that the required
size of the Krylov subspace is related to the number of stiff variables in the underlying
problem.

The Rosenbrock-K methods devloped here have many favorable properties over similar inte-
grators. Rosenbrock-K methods have substantially fewer order conditions than Rosenbrock-
W methods, requiring only a single extra order condition for order four methods as opposed
to four extra conditions for order three methods in the case of Rosenbrock-W. The reduced
number of order conditions allows for methods of higher order, we have given conditions
up to order five, or for methods with fewer stages. Further, the structure of Rosenbrock-K
methods allows for the computation of a single Krylov subspace at each timestep without the
requirement of enriching this space for each internal stage, as is the case for Krylov-ROW
methods.

The efficiency of Rosenbrock-K integrators applied to a specific problem is dependent on
the stability requirements, and so the stiffness of the underlying problem. For this reason
Rosenbrock-K methods are best suited to very large problems in which there is a relatively
small number of stiff variables, though they are expected to perform at least as well as
Krylov-ROW methods in all cases.
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Chapter 3

Exponential-Krylov Methods for
Ordinary Differential Equations

3.1 Introduction

Many methods exist to numerically approximate the solution of initial value problems

%:f<t7y>7 tOStStF7 y<t0) = Yn; y(t)7f(t7y) ERN' (31>
Multistep methods make use of the solution at several previous timesteps to compute the so-
lution at ¢,,41, while Runge-Kutta methods interpolate the solution at several points between
the current solution, t,,, and the future solution, ¢,,.1. In both cases implicit methods require
the solution of (non-)linear system of equations at each time step. Much work has been done
towards the acceleration of the solutions to these systems. Iterative Krylov-based linear alge-
bra solvers are the typical choice for large-scale applications (3.1). The generalized minimal
residual (GMRES) method [13] is the standard approach for constructing efficient solutions
to linear systems arising throughout the integration of ODEs. Jacobian-free Newton-Krylov
(JENK) methods [18, 19] make use of a GMRES like solver within a Newton iteration to
solve the nonlinear equations arising from Runge-Kutta and multistep methods.

Rosenbrock methods [11], a class of integrators coming from a linearization of Runge-Kutta
methods, require only the solution of a linear system at each stage and are characterized by
the explicit appearance of the Jacobian matrix

_of

J, =
dy

t=tn,y=yYn

in the method itself. Due to the approximate nature of solutions coming from iterative meth-
ods, the explicit appearance of J, causes order reduction unless the system solution is very

36
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accurate. For this reason Rosenbrock-W methods [11, 12, 41], an extension of Rosenbrock
methods allowing for arbitrary approximations of the matrix J,,, have been developed.

Krylov-ROW methods [15, 36, 38, 37] couple Rosenbrock methods with Krylov based solvers
for the linear systems arising therein. A multiple Arnoldi process is used to enrich the Krylov
space at each stage, and the order of the underlying Rosenbrock method is preserved with
modest requirements on the Krylov space size, independent of the dimension of the ODE
system under consideration.

The authors have recently developed Rosenbrock-K methods [56] to pursue a similar goal.
Krylov-ROW methods ensure the order results with standard Rosenbrock-W discretizations
by adding requirements to the underlying Krylov space. In contradistinction, Rosenbrock-K
methods guarantee the accuracy order through the use of a specific Krylov-based approxi-
mation of the Jacobian and the construction of new order conditions which take this approx-
imation into account. Rosenbrock-K methods have substantially fewer order conditions than
Rosenbrock-W methods allowing for the construction of schemes of higher order with fewer
stages. More importantly, Rosenbrock-K methods give a strict lower bound on the number
of Krylov basis vectors required for accuracy that depends only on the order of the method,
and is completely independent of the dimension of the ODE system under consideration.

Exponential integrators [46, 57, 45] replace the need to construct solutions to a linear system,
or equivalently approximate the rational matrix function times vector product (Iy — hA)f1 v,
with the similar, hopefully cheaper, requirement to approximate the exponential matrix times
vector product exp(hA)v. Like the solution of large linear systems, approximations of the
matrix exponential times vectors are typically obtained using Krylov based methods.

In this paper we extend the ideas of the Rosenbrock-K methods presented in [56] to the
particular set of exponential integrators discussed in Hochbruck, Lubich, and Selhofer [46]
and introduce the new family of exponential-Krylov (exponential-K) methods. The new
schemes require the construction of only a single Kyrlov basis at each timestep, as opposed
to each stage in the case of standard exponential methods. Moreover, the required dimension
of the subspace to guarantee the desired order of accuracy is independent of the system (3.1)
under consideration.

The remainder of the paper is organized as follows. Section 3.2 presents the exponential-
K framework and the Krylov approximation of the Jacobian used. Section 3.3 develops
the order condition theory for the new exponential-K methods using both Butcher trees
and B-series. Section 3.4 constructs a practical four stage, fourth order exponential-K
method. Section 3.5 discusses alternative implementations of existing exponential methods,
and Section 3.6 presents numerical results. Conclusions are drawn in Section 3.7.
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3.2 Formulation of exponential-Krylov methods

3.2.1 Exponential-W integrators

The starting point of our investigation is following class of exponential-W integrators pro-
posed in [46]

1—1
ki = o(hvAy) (hE + hAnZ%,jkj) ,

j=1
i—1
F, = f (yn+zai,jkj> ) (3.2)
j=1
Ynt1 = yn+zbikia
=1

where A, is either the matrix J,, or an approximation of it. Equation (3.2) formalizes explicit
Runge-Kutta methods when ¢(z) = 1, Rosenbrock methods when ¢(z) = 1/(1 — z), and
exponential methods when ¢(z) = (e* —1)/z. Note that similar to the Rosenbrock methods
discussed before, equation (3.2) makes explicit use of the matrix J,, and so it is natural
to explore conditions allowing for arbitrary approximations as in the case of Rosenbrock-W
methods. A discussion of these methods and their order conditions is given in [46].

3.2.2 Exponential-K integrators

The new exponential-K methods proposed in this work have the same general form as
exponential-W methods (3.2), but use a specific, Krylov based-approximation A, of the
Jacobian. To begin we construct the M-dimensional Krylov space Kj; where M < N and

KM = Span{fn7Jnfn)JgLfnu"'7JnM_1fn} (3 3)

= span{vy,vq,...,Up}
using a modified Arnoldi iteration [14]. The Arnoldi iteration returns the matrix
V = [v1, 09, ... vy € RVM
whose columns form an orthonormal basis of K, and the upper Hessenberg matrix
H=V"],V e R"M (3.4)

From these two matrices we construct the following Krylov-based approximation of the
Jacobian
A, =VHV'=vVT], VvVl (3.5)

The powers of this matrix have the following property.
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Lemma 3 (Powers of A,,). For any k=0,1,2,...

A =VvHVT

Proof. We give the proof of the Lemma by induction. As the base case we have that

Al =VHV' =VH' V"
next we assume that A¥' = VH* ! V7 and show that A*¥ = VHF VT,
AF=A A =VHV" (VH"'V)=VH (VI V)H" ' VT
because V is an orthonormal matrix V7'V = I, and so

AF =VH'VT

39

O

The construction of exponential integrators uses matrix functions of the form ¢y(hvA,),

where the functions are defined by

1 (1-9) ekfl
= sl dg, k=0,1,2,...
oule) = [ O k=012

and satisfy the recurrence relation

Prt1(2) = M, or(0) = %

The matrix functions have the following property.

Lemma 4 (Matrix functions of the approximate Jacobian).
1
u(hyAy) = E(IN ~VVH + V() VT k=1,2,...

Proof. Tt is possible to expand ¢ (2) as a Taylor series [58]:
z; k +1)

We have that
or(hyA,)

(3.6)
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after applying Lemma 3 we obtain
v7T
or(hvA,) k‘IN + E :

Similarly we can expand Vi (hyH)VT

T

Y

Vo (hyH) VT = —VVT

taking the difference we see that

eu(h7A,) = Ve (hyH)V = — (Iy = VVT) .

i

Finally we move Vo, (hyH)VT across the equality to obtain

1 (I = VVT) + Vi, (hyH) VT (3.7)

]

To finish the derivation of a reduced form for the exponential-Krylov integrator (3.2) we
introduce the following notation

kEi=VXNi+ i, F,=Vi+ 9
~ =~ - =~

€ku ey, eCu  ekyy

where V)\; and V1; represent the components of k; and F; which reside in the Krylov
subspace Ky, and similarly p; and d; are the components residing in the space orthogonal
to K. Insert equation (3.7) and the split forms of k; and F; into the general method
formulation (3.2) to obtain

i—1
VA+p=V (SO(}WH)% + hH Z%j/\j> + d; .

j=1
This leads to the following equation for the reduced stage vector
i—1
\i = ¢(hyH) (wz- +hHY %,jAJ) . (3.8)
j=1
The full stage values can be recovered as
ki=V X+ (F; — V). (3.9)

A single step of an autonomous exponential-K method is given in Algorithm 4.
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Algorithm 4 One step of an autonomous exponential-K integrator
1: Compute H and V using the N-dimensional Arnoldi process [14]
2: fori=1,...,sdo > For each stage, in succession

i—1

F = f(ynJrZai,jkj)
j=1

b = V'F

i—1
j=1

ki = VXN+h(F,—Viy)

3: end for

4 Ynt1 = Yn + Z bik;

i=1

Remark 4. Because the matrix H has dimension M x M direct methods can be used to
compute the matriz function p(hyH). In the case of Rosenbrock methods where p(z) =
1/(1 = z) a direct LU-decomposition can be used. For exponential methods where p(z) =
(e* —1)/z a Pade approximation [59] can be utilized. Furthermore, a single matriz function
needs to be evaluated at each step when the matrices H and V are constructed.

Remark 5. We have only given here the autonomous form of an exponential-K method. A
non-autonomous form s possible by constructing an extended ODE system and the corre-
sponding Jacobian. This construction follows closely the treatment given in [56], where an
N + 1 dimensional Arnoldi iteration is discussed.

3.3 Order conditions for exponential-K methods

We construct classical order conditions for exponential-K methods. To this end we match the
Taylor series expansion of the numerical and exact solutions up to a specified order. Butcher-
trees[48] are an established method of representing terms in the Taylor series expansions of
Runge-Kutta like methods. The derivation of order conditions for K-methods is an extension
of the framework developed for W-methods. The theory for W methods is constructed using
TW -trees, a subclass of P-trees, which are themselves an extension of T-trees that allow for
two different colored nodes.

TW — { P-trees: end vertices are meagre, and }

fat vertices are singly branched

In the context of TW (and T K)-trees a meagre, or solid, node represents an appearance of
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the exact Jacobian matrix J,, while a fat, or empty, node represents the appearance of the
approximate Jacobian matrix A,. Each tree represents a single elementary differential in
the Taylor series of either the exact or numerical solutions of the ODE.

l
./. k ()/. k l .\./. k k
. @ j j j j
F(r) ' fers A X flep FEfF feff e
a() T T2 T3 T4 Ts5
B# (hf(B(a>y))) 1 Z1 0 l’% T2
# (hAB(a,y)) 0 0 T 0 0
# (¢(hvA)B(a,y)) T T3 T3+ c121 Ty Ts
l l l I m
k k k k .\:/. m k l
i j j j j j
F(r) fiAxLf* Ak fEfr AgxAxrf’ | floa 5P fo MR
a(7) Te T7 s T9 T10
B# (hf(B(a>y))) 3 0 0 l':f T1T9
# (hAB(a,y)) 0 x9 x3 0 0
# (o(hyA)B(a,y)) T6 Tr + 122 Tg + 13 + Cca1 Tg Z10
m m
m m l m l l l
k l k k k k
i j j j j j
F(r) Fer Auar PP | BT | A I | SRIETRSM | S A
a() T11 T12 13 T14 Z15
hf(B(a,y)) 2173 x4 0 s o
B# (hAB(a,y)) 0 0 T4 0 0
B# (p(hyA)B(a,y)) Z11 T12 213 + €14 T14 Z15

Figure 3.1: TW-trees up to order four (part one of two).

A fundamental component of our derivation of order conditions for exponential-KX methods
are B-series, a way of representing an expansion in trees, or elementary differentials, as a
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m m m
l l l
k k k
; j j J
F(r) TeAxLfif™ | fiAxLALufM Ak fE ™
a(7) 16 T17 18
B* (hf(B(a,y))) 7 s 0
B# (hAB(a,y)) 0 0 x5
B# (o(hyA)B(a,y)) Z16 x17 x18 + 15
m m m
l l l
k k k
; J J J
F(r) A fEALMf™ | AjxAgrfi M A A Ay M
a(7) Z19 T20 Z21
B* (hf(B(a,y))) 0 0 0
B# (hAB(a,y)) Zg x7 xg
B# (p(hyA)B(a,y)) T19 + C1T6 Tog + C1T7 + CaTo | o1 + C1T8 + C23 + 371

Figure 3.2: TW-trees up to order four (part two of two).

sequence of real numbers. A mapping a : TW U {0} — R represents the series

7|
Blay) =a@y+ 3 a(r)~

TeTW

WF(T)@/)-

43

Here 7 are TW-trees; the order |7|, and the symmetry o(7) of a tree are defined in the same

way as for single colored trees [48, 57|, and F'(7) is the elementary differential belonging to
tree 7 as in figure 3.1. Similarly we introduce the operator B#(f), which takes as input a
function (which can be represented by a series) and returns the B-series coefficients

B* (B(a,y)) = a.

Figure 3.1 shows all TW-trees to order four, the coefficients of a generic B-series B(a,y), the
result of composing B(a,y) with the function f(y), the result of a multiplication of B(a,y)
with the Krylov approximation matrix A,,, and the result of a multiplication of B(a,y) by

©(hyA,,). The full details of the composition of B-series can be found in [60], while details

of products with the Jacobian and ¢-functions can be found in [61].
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Because K-methods are an extension of W-methods we first construct order conditions for the
W-methods, then prove two lemmas that allow us to obtain the specific exponential-K order
conditions. We follow a similar derivation procedure to that outlined in [62]. Throughout
the derivation we track the progress of several truncated B-series which include all terms up
to order four. These series have 21 terms corresponding to the TW-trees shown in Figure
3.1.

We begin the construction of order conditions for the W-method with a truncated B-series
for y,
B* (y(ty)) = ap = {ap(0) = 1,2, =0 Vi=1,...,21},

and then progress through individual stages of the W-method in equation (3.2), making use
of the formulas from Figure 3.1 to construct the resultant B-series of the composition and
multiplication operations. Algorithm 5 gives a method of constructing the B-series of the
numerical solution y, that approximates the exact solution y(ty + k). Note that the sum of
two B-series is another B-series with coefficients equal to the sum of individual coefficients
of the series being combined. Similarly, the product of a B-series with a scalar is a new
series with each coefficient multiplied by the scalar.

Algorithm 5 Construction of B-series of the numerical solution of a fourth-order, s stage
exponential-W-method (3.2)
for i1=1,...,sdo
u=ap
for j=1,...;i—1do
u=u-+a; -k
end for
q = B* (hf (B(u,y)))
for j=1,...,i—1do
q =9+, B¥ (hA.B(ki,y))

end for
ki = B* (p(hyA,) B(q,y))
end for
d, = 4o
for i=1,...,s do
a, = a, + bl : kz
end for

The order conditions of the W-methods are obtained by matching the B-series coefficients
of the exact solution B¥ (y(t, + h)) with those of the numerical solution B (y, 1) up to
a specified order. Keeping in mind that we do not ultimately seek order conditions for a
W-method itself, that they are simply a means to an end, we look now at the process for
obtaining order conditions of the K-method from this result.
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The extension of the theory of TW-trees to T'K-trees is done in [56]. This extension allows
us to “recolor” all linear sub-trees (possessing only singly branched nodes) of the TW-trees
and to substantially reduce the number of required conditions. This is done using Lemmas
5 and 6, taken from [56], and repeated here without proof.

Lemma 5 (Property of the Krylov approximate Jacobian (3.5) [56]). For any0 < k < M —1
it holds that

AZ fn = sz fn )
where M = dim(KCyy).

Lemma 6 (Property of elementary differentials using the approximation (3.5) [56]). When
the Krylov approxzimation matriz (3.5) is used in equation (3.2), all linear TW-trees of order
k < M correspond to a single elementary differential, reqardless of the color of their nodes.

T K-trees are the result of an application of Lemmas 5 and 6 to reduce the set of TW -trees
that need to be considered in the order conditions when the Krylov approximation matrix
(3.5) is used [56].

Definition 5 (TK-trees [56]).

TK = {TW-trees: no linear sub-tree has a fat root}
TK(k) = {TW-trees: no linear sub-tree of order

smaller than or equal to k has a fat root} .

Figure 3.3 shows all T'K-trees to order four and the corresponding exponential-K order
conditions. Note that there are only nine T'K-trees as opposed to the original twenty T'W -
trees. There is only one additional order condition compared to methods which make use of
the exact Jacobian, and this condition corresponds to a tree which has a doubly-branched
node occurring as a descendant of a fat node.

Remark 6. The order conditions given here are only for the exponential-K methods, but
the same process can be used to rederive the Rosenbrock-K conditions given in [56] through
the use of different ¢, in the Taylor expansion of p(hvA,,) in equation (3.6).

Theorem 3 (Order conditions for exponential-K methods). An exponential-K method has
order p iff the underlying Krylov space (3.3) has dimension M > p, and the following order
conditions hold:

> b () =P.(r) V7T ETK with |r| <p. (3.10)
J

Here |T| is the order, or number of vertices of the tree T, and ®;(7) and P.(T) are computed
using Algorithm 5; they are shown in Figure 3.3 for p < 4.
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Figure 3.3: TK-trees and exponential-K conditions up to order four
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Proof. The proof follows from our discussion, the near equivalence of order conditions for
exponential-W and Rosenbrock-W methods [46], and from the order conditions of Rosenbrock-
W methods [11, Theorem 7.7]. O

Remark 7 (Stiff order conditions.). This section has developed classical order conditions
that explain the accuracy of the methods on non-stiff problems. The behavior of the methods
when applied to very stiff problems may be different, e.q., true to order reduction. A stiff
order conditions theory for exponential methods has been proposed by Luan and Ostermann
[63]. The development of stiff order conditions for exponential-K methods falls outside the
scope of this paper.

Remark 8 (Stability considerations.). The numerical stability of exponential-K solutions
depends on the choice of Krylov space. Intuitively, the size of the K space should be large
enough to cover the stiff subspace of the system.Note that traditional exponential methods
focus on accurate computations of matriz-exp-vector products (e.g., by monitoring residuals),
but do not account explicitly for the impact of Krylov approximations on stability. The large
number of basis vectors required to achieve accurate matrix function vector products favors
stability. In our case a small K dimension ensures accuracy, so the stability needs to be
considered separately. An automatic procedure to select dimension such as to achieve stability
1s important, but falls outside the scope here.

3.4 An exponential-K method of order four

We now construct an exponential-K method of order four. As before we consider the case
where v;; = v for all stages ¢ and denote

1—1
Bij =iy +%5 Bi= Zﬁi,j-

j=1
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The following nine non-linear equations arise from the order conditions of a four stage, fourth
order exponential- K method

(a) bi+by+bs+by = 1
(0)  bafy + b3y + baf3y = 11-7) = pal(y)
(c) Do + bz + s = 1
(d)  b3(Bs28%) + ba(Banfy+ Basfs) = 3(3—7)(1—7) = p3a(v)
(e) boad + bzad + byar} =1 (3.11)
(f) bsaspBh+ ba(oupfBh + ousfs) = 35— 7 — ()
(1) sz 003 + balauo0d + ayzal) = &
(92) b3y3203 + ba(ya208 +Y4303) = —g7
(h)  baPasBs20 = L —yE =1 =7) = puly)
If we now set . X
pas(y) = oo 6%

we can follow exactly the solution procedure given in [56] for obtaining the ROK4a method,
where we make use of the p;; given above, and as suggested in [46] to guarantee exact
solutions for linear ODEs choose v as the reciprocal of an integer. For the EXPK method
given in Table 3.1 we make the arbitrary choices

1 1
b3 =0, ay=1, ag = a4 =3, Baz = —~.

v = 1

1
47

3.5 Alternative implementations of existing exponen-
tial methods

We now consider alternative implementations of previously derived methods Exp4 [46] and
EROW4 [43]. These reformulations make use of only a single Krylov subspace projection per
time step and exploit the B-series analysis of Section 3.3.
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=4
a1 = 1 mp = %
Q31 = % Y31 = %
sy = g5 Y2 = 0
Q41 = i Y41 = —3%
042 = % Y42 = i
Qg3 = % Va3 = —%
b= L b = 8
by = L b = 1
b3 - O /63 - —%
b4 — % 34 — 0

Table 3.1: Coefficients of EXPK, a fourth order exponential- K method.

The method EXP4 [46] has the alternative formulation:

— (1hAn) P, ke = o CRADf W) ks = o1 (AL f(ya), (3.122)

3 3
-7 97 37
= ek — ok 12h
W= 300" T 150" T 300" (8-12b)
Uy = Yp + hwy, dy= f(usa) = f(yn) — hAL w4, (3.12¢)
1 2
ks =1 (ghAn) dy, ks= 901(§hAn)d4, ke = p1(hA,,)dy, (3.12d)
59 7 269 2
= —k — =k —k —(k k k 12
wy 300" T 75 2+3003+3(4+ 5+ Ke) (3.12e)
Uy = Yy + hwy, dr = f(ur) — f(yn) — hAnwr, (3.12f)
1
k7 =1 (ghAn) dr, (3.12¢g)

4 1
Y1 =1Yn+h (k?) +ky — §k5 + kg + 6k7) . (3.12h)
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The method EROW4 [43] has the alternative formulation

1
k= 1(5hA) f (yn), (3.13a)
1
Wo = §k17 (313b)
Uy = Yp + hwa, dy = f(UZ) - f(yn) — hA,w,, (3.13C)
ko = @1(hAL) f(Yn): ks = pi(hA,)da, (3.13d)
wy = ko + ks, (3.13e)
Uy = Yp + hwy, dy = f(U4) - f(yn) — hA,wy, (3.13f)
ks = p3(hAy)da, ks = @a(hAy)dy, ke = @3(hAy)ds, k7 = ps(hA,)dy,(3.13g)

We implement these methods in three different forms: first, in the standard way outlined
in the literature [57, 45, 46]; second, entirely in the reduced space such as given in (3.12),
(3.13), and in [56]; and finally, using only a single Krylov projection to approximate the ¢
functions. These implementations are discussed below.

3.5.1 Standard implementation

The primary feature of a standard implementation of an exponential method is the approx-
imation of ¢ functions using Krylov subspaces. For a term of the form ¢(hA,,)b this is done
by projecting ¢(hA,) and b onto the space Ky (A, b) = span {b, A,b, A%b,..., AM=1b} as
follows

o(hA,)b~ VVTyp(hA,)VVTD (3.14)

Note that VTb = ||b||oe1, where e; is the first canonical basis vector. Making use of equation
(3.4) we obtain the final Krylov subspace approximation

©(hA,)b =~ ||b|[2Ve(hH)e; . (3.15)

This approximation is computed as in [64], in which the exponential of an augmented matrix
H is constructed [59] and (3.15) is read off from this result.

Remark 9. The standard implementation requires the construction of a new Krylov space
for each vector b operated on by a ¢ function, as well as the evaluation of a small matriz ex-
ponential to compute each o(hyH) function. Both EXP4 and EROW require the construction
of three Krylov subspaces and the evaluation of seven small matrixz exponentials.

3.5.2 K-type implementation

K-type implementations of EXP4 and EROW4 follow the style of [56] and Section 1. For each
k; € RY we create a corresponding \; = VTk; € RM | similarly o; = VTw; € RM, and evalu-
ate all linear algebra operations, including Jacobian-vector products, in the reduced space.
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Further, we construct only a single Krylov subspace and perform full matrix computations
of three ¢ function evaluations in the case of EXP4, and four in the case of EROW4.

The K-type implementation of EXP4, called EXP4K, is:

¢0 = VTf(yn)a 0L = f - V¢07
AL = 901(th>1/107 Ay = Wl(th)%, Az = @1 (hH)to,

3 3
k’l = V)\l —|— fd‘, /{2 = V)\Q + fd‘, k’g = V)\g —|— fd‘, (3.16&)
-7 97 37 -7 97 37

_ I A — =\ — .16b
Wi = 500"t 150" T 300" 74 T 3007 T 15072 300 3 (3.16b)
Uy = Yo + hwy, Yy =V fluy), fi5= f(us) — Vi, = 1y — 9 — hHA3.16¢)

1 1 1
Ay = gpl(th)(54, Ay = 901<§hH)547 Ay = wl(th)(M,
ki =V+ [ = fo, k5*V)\5+f4L for ke=VXs+ fi—fo, (3.16d)
59 7 269
Wy = 300k1—7—5k2 300k3+3<k4+k’5+k6)

L W VSV ~ (s ), (3.16¢)
T 300" T 7572 T 30070 4T A5 A e
Uy = Yo + hwy, Yy = VTf(U7), fi = flug) = Vabr, 87 = by — by — hHo(3.16f)

1
A7 = 901(§hH)577 kr = V7T + f7L - foL7 (3.16g)

4 1
Yi=Ynt+h (k:s + Ky — §k5 + ke + 6k7> : (3.16h)
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The K-type implementation of EROW4, called EROW4K, is:

wo - VTf(yn)7 fd_ = f(yn) - V’l/}()a
AL = 901(%hH)¢0> ki =V + fol’ (3.17a)

1 1
Wo = 5]{)1, 09 = 5/\1, (317b)

Uz = Yn + hws, 1Py = VTf(UQ), fQJ_ = f(ug) — Vipa, 0o =1h2 —tpo — hHd3.17¢c)
Xy = @1(hH)o, ko= Vo + fg,

A3 =@i(hH)by, ks =Vs+ f3 — fq, (3.17d)
wy =ky+ ks, 04= A+ As, (3.17e)
Ug = Yo+ hwy,  Po= VT f(ug), fi = flua) = Vs, 61 =ty — by — hHo(3.17f)

1
)\4 = Q03(hH)(52, k?4 = V>\4 + 5 (.]02L - fOL) y
1
)\5:(104(hH)5277 kSZV)\S—i_E(f;_fOL)a
1
>\6 == (’03(hH)(54, k’6 == V)\ﬁ + 5 (f4L - f(%) 9

1
Uns1 = Yn + h (K + 16k — 48ks — kg + 12k7) (3.17h)

3.5.3 Single projection implementation

The results of Section 3.3 imply that a single Krylov subspace need to be computed per time
step guarantee the order of accuracy. In contradistinction the standard implementation con-
structs several Krylov spaces, primarily due to the use of residuals indicating how accurately
the matrix function times vector products have been approximated. In the single projection
implementation we construct only the one subspace, and similarly to K-type implementa-
tion compute the full matrix result of the ¢ functions. The implementation differs from
the K-type implementation in that the linear algebra operations, including Jacobian-vector
products, are computed in the full space.
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The single projection implementation of EXP4, called EXP4SP, is:

Vo=V (), fo=Ff(ya)— Vi,
M= o ChH, e = o1 (ChH) o, As = e (RH) .

3 3
k‘l = V)\l + fd‘, kg = V)\Q + fOJ_, kg = V)\g =+ fd‘, (318&)
-7 97 37
_ 9T, 3T 1
wi = 350% + 1502 ~ 300™ (3-18)
Uy = Yp + hwy, dy = flug) — f(yn) — hJpwy, (3.18c¢)

Yy =Vdy, dy =ds— Vi,
1 2
A = 901(—hH)¢4, A5 = 801(—hH)?/147 A6 = 901(hH)¢4,

3 3
ks=VXA+dy, ks=Vis+di, ke= Vi +ds, (3.18d)
59 7 269 2
=k — —ky+——ks+ = (ks + ks + k 1
w1 = gaght ke T agphe g (ke ks k) (3.18¢)
ur = Yp + hwr, dr = f(ur) = f(yn) — hJnwr, (3.18f)
vy =V'd:, dy =d; — Vi,
1
A= i(GhH)Yr, k= Vs + dy, (3.18g)
4 1
Y1 =1Yn+h (ka + kg = ks + ke + 6’%) : (3.18h)

The single projection implementation of EROW4, called EROW4SP, is:

o = VTf(yn)a f(% = f(yn) — Vi,

1

M =G f(ya), =Vt fy (3.19a)
1

w2 = Sk, (3.19Db)

Uy = Y + hwy,  do = f(uz) — f(yn) — hInwy, (3.19¢)

Yo =VTdy, dy =dy— Vi,
Ao = 1(hH)g, ko= VA + foL,

A3 = 1(hH)a, ks = V3 +dy, (3.19d)
Wy = kg + k?g, (3196)
Uy = Yn _l_ h'w4a d4 = f(U4) - f(yn) - h"]nw47 (319f)

Yy =V7Tdy, di =dy— Vi,

1 1
)\4 = @3(hH)d2, k4 = V)\4 + = T

3! 4!
1 1

Ao = w3(hH)dy, ke = Vg + gdi, A = pu(hH)dy, ky =V + Edj(3.19g)

Yn+1 = Yn + h (k’g + 16/€4 — 48k5 — 2k'6 + 12k7) . (319h)

dy, s =@i(hH)dy, ks=V5+ —dy,
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3.5.4 Accuracy analysis of alternative implementations

Using the approach described by Algorithm 5 we construct B-series representations of the
numerical solutions produced by EXP4K, EXP4SP, EROW4K, and EROW4SP. Table 3.2 shows
the B-series coefficients for up to fourth order. Note that coefficients associated to various
trees change not only for different methods but also for different formulations of the same
method.

The critical coefficient is that belonging to 73, i.e., corresponding to the K order condition.
Table 3.2 reveals that EXP4K is fourth order, while both Expr4sp, EROW4K, and EROW4SP
are only third order. These analytical results are confirmed experimentally in the next
section.

3.6 Numerical Results

We perform numerical tests using a nonlinear ODE model, the two-dimensional shallow water
equations, and the two-dimensional Allen-Cahn problem. While we have constructed both
K- and S P- type implementations of EXP4 and EROW4, we present performance comparisons
of only the fourth order methods EXPK, ExXP4, EXP4K, and EROW4, since the third order
methods perform the same amount of work as fourth order methods but yield lower accuracy.

3.6.1 Lorenz-96 model

The chaotic Lorenz-96 model [51] has N = 40 states, periodic boundary conditions, and is
described by the following equations:

dy; .
d_t] = Y1 Wi2—y)—y+F, j=1,...,N, (3.20)

Y1 = YnNn-1, Yo =YN, YN+1=UY1 -

The forcing term is F' = 8.0, with ¢ € [0, 0.3] (time units).

Figure 3.4 shows the precision diagrams for EXPK with M = 5, and for the standard imple-
mentations of EXP4 and EROW4. All methods show the theoretical convergence order four.
The performance of different implementations of EXP4 and EROW4 are shown in Figures
3.5(a) and 3.5(b), respectively. The results confirm the lower orders of alternative imple-
mentations predicted by the B-series analysis presented in table 3.2. The convergence rates
for all methods applied to the Lorenz-96 model are summarized in Table 3.3 .
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i F(r) EXP4K | EXP4SP | EROW4K | EROW4SP | Exact Solution
1 17 1 1 1 1 1
2| e B 0 ;
3 A fX 0 1 0 1 ’
4 fitn F5f* 3 3 3 1 1
L o 3 0

6 fiAxpft ﬁ 0 % 0 1
7 A fEfL L 0 L 0 ‘
8 AjcAgrf* % 5 —15 §

o | flurr |t | : : :
10| frofafM e 5 0 i 0 1
1| flAuf™S | % |4 o 5 8
12 fifia M Fr i 0 51 0 i
13| Ay fE MfE 0 L = = 0
4 fifp 0 0 0 0
oA |5 | 0 |4 0

6] Ak | & | o |4 0

17| fiAxLApufM | —5oos 0 - 0 N
18| AucfErEM | & 0 = 0 .
19 | A ffA™ | -2 0 5 0

20 | AjxAgpfL M —= 0 — & 0

21 | Ay A Ao fM | 25 o — 5o o

Table 3.2: B-series expansion of the numerical solution for different exponential methods
and implementations.
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Figure 3.4: Precision diagrams for different exponential methods in standard implementation
applied to the Lorenz-96 test problem. EXPK use a Krylov space of dimension M = 5.

Standard | K-type | SP-type
EXPK - 3.99 -
EXP4 3.98 3.97 2.97
EROW4 4.00 2.97 2.96

Table 3.3: Convergence rates for all methods and implementations applied to the Lorenz-96

model.

-o- EXP4

Error

0.0037

0.015
t

(a) EXP4

0.06

-o- EROW4

107* | == EROW4K

Error

v'EROWA4SP

0.0037

0.015
t

(b) EROW4

0.06

Figure 3.5: Work-precision diagrams for different implementations of traditional exponential

integrators applied to the Lorenz-96 test problem (3.20).
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3.6.2 Shallow water equations

We examine the relative performance of the methods on the two-dimensional shallow water
equations [55], a hyperbolic system of partial differential equations

0 9] 9]

i T )+ g, ) =0, (3-212)
5, o (., 1 , 9]
- - Z — = 21
8t(Uh) + p (u h+ 29h ) + ay(uvh) 0, (3.21D)
0 0 0 2 Loy _

where u(x,y,t), v(x,y,t) are the flow velocity components and h(z,y,t) is the fluid height.
After spatial discretization using centered finite differences (3.21) is brought to the standard
ODE form (3.1) with

y=[uvh" €eRY, f,(ty) =T RV

The standard exponential integrators compute the product p(hA,, )b with an adaptive basis
size to guarantee accuracy and the comparisons include the cost of the extra residual com-
putations required to do so, while the K- type implementations use a constant basis size
chosen empirically for stability. Automatic selection of Krylov basis size for stability is an
open problem, and is the subject of future work. A special subroutine was implemented to
compute exact Jacobian-vector products using a matrix-free approach.

10° : : 107

10° |
. 1073 .
o o
L0 107 L0

10°%

10° : :

107 107" 10° 10" o
Runtime (secs) Runtime (secs)
(a) N =3 x32x 32 (b) N =3 x 128 x 128

Figure 3.6: Work-precision diagrams for exponential integrators applied to the shallow water
test problem (3.21). Different problem sizes results from different spatial resolutions.

Figures 3.6(a) and 3.6(b) show a performance comparison of the standard and K-type im-
plementations of EXPK, EXP4, and EROW4. Two grid sizes of 32 x 32 and 128 x 128 points
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are considered. In both cases the K-type implementations are more efficient for lower error
tolerances, while the adaptivity of the standard implementations allows them to ‘catch up’
in performance as the errors decrease.

3.6.3 The Allen-Cahn problem

For further performance comparison we consider the two-dimensional Allen-Cahn system, a
parabolic partial differential equation

0
5= aViu+y(u—1u?), (z,9)€[0,1]x[0,1], te][0,0.2], (3.22)
with @ = 0.1 and v = 1.0. The problem has homogeneous Neumann boundary conditions
and the initial solution u(t = 0) = 0.44-0.1(x +y) +0.1sin(10z) sin(20y). Unlike the shallow
water equations, the reaction-diffusion problem (3.22) is stiff.

The standard implementations of various methods make use of an adaptive Krylov basis size
while the K-type implementations use empirically selected basis sizes. Figures 3.7(a) and
3.7(b) compares the performance of the standard and K-type implementations for different
problem sizes. We once again see a better efficiency of the K-type methods for lower error
values, but with a much earlier break-even point for efficiency. This is due primarily to the
spectrum of the diffusion operator, and the difference in stability and accuracy requirements
between the shallow water and Allen-Cahn equations. In the case of Allen-Cahn the stability
requirements are more strict than the accuracy considerations and so the multiple smaller
projections of the standard implementation become more efficient than the single larger
projection in the K-type method, even though the latter uses fewer overall basis vectors.

107 10°
e EXPK . -e-EXPK
10
. 10
o
L 10°°
10°
10 ‘ 107%° ‘
10° 10"
Runtime (secs) Runtime (secs)
(a) N =50 x50 (b) N =150 x 150

Figure 3.7: Work-precision diagrams for exponential integrators applied to the Allen-Cahn
test problem (3.22). Different problem sizes result from different spatial resolutions.
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3.7 Conclusions

This work extends the K-method approach proposed in [56] to exponential integrators and
develops the new family of exponential-K schemes. A rigorous framework for order condi-
tions analysis is developed that accounts for both temporal truncation errors and Krylov
approximation errors. We construct an exponential-K method based on the general form
given in [46], and reformulate existing exponential methods in order to take advantage of
the reduced workload permitted by the new analysis.

Numerical experiments are carried out with three test problems, an ordinary differential
equation and hyperbolic and parabolic partial differential equations. The results indicate
that the new K-type exponential methods have the potential to be more efficient than their
classical counterparts. While the new K- method EXPK derived here does not appear to
be more efficient than the previously existing methods, primarily due to a less efficient
general form, it validates the order conditions theory of exponential-K methods. We have
shown that the traditional EXP4 method satisfies the additional order four K-condition when
reformulated as a K-method, and that the resulting EXP4K scheme is more efficient than
previous methods for the test problems presented here.

Future work will focus on developing a methodology to automatically select the Krylov
subspace size in order to guarantee numerical stability, as on the construction of new expo-
nential methods that can take full advantage of the inherent benefits present in the K-type
formulation.
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Chapter 4

Advances in K-Type Methods

4.1 Introduction

We seek a scheme to efficiently approximate solutions to the initial value problem

fi—zzzf(t,y), to<t<tp, ylto)=yn; yt),f(t,y) eRY. (4.1)

Specifically, we start our discussion with the initial general form (4.2) shared by several
familes of Rosenbrock and exponential-Rosenbrock schemes

i—1
ki = o(hyAy) (hﬂmAnZ%jkj), (4.2a)
j=1
i1
Fpo=7 (yn+zai,jkj> ; (4.2b)
j=1
Ynt1 = yn+zbiki- (4.2¢)
j=1

where A, is either the exact Jacobian matrix coming from the right-hand-side vector f(¢,y)

_of

A, = =
dy

: (4.3)

t=tn

or an approximation of it. The general form (4.2) encapsulates explicit Runge-Kutta methods
when ¢(z) = 1, Rosenbrock methods when ¢(z) = 1/(1 — z), and exponential-Rosenbrock
methods when ¢(z) = (e* — 1)/z.

Interestingly, (4.2) also forms the basis of subfamilies of both Rosenbrock and exponential-
Rosenbrock schemes. When the coefficients «; ;, v; ;, and b; are chosen so that A, must

60
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equal the Jacobian matrix J,,, the scheme (4.2) is known as either a classical Rosenbrock
or exponential-Rosenbrock method depending on the choice of p(z). Alternatively, the
coefficients can be chosen so that the matrix A, can be any arbitrary approximation of
the Jacobian J,,, and in this case the scheme (4.2) is known as either a Rosenbrock-W or
exponential-Rosenbrock-W method depending once again on the choice of ¢(z).

The use of W-methods is convenient when the exact jacobian J, is difficult, or particu-
larly expensive, to compute. The cost of such an approach is a dramatic increase in the
number of required order conditions imposed on the selection of the coefficients o j, 7 ;,
and b;. The effect is so pronounced, in fact, that methods of order greater than three do
not exist throughout the literature. For this reason, among others, we focus our attention
in this manuscript on an alternative formulation of (4.2) called Rosenbrock-Krylov [56] or
exponential-Krylov [65] methods, in which the coefficients are chosen to permit a specific,
Krylov based approximation, A,,, of the Jacobian matrix J,.

Classifying stability for W-methods with arbitrary matrices is an open question. Stability
questions for the case when || f'(y,) — A,| is small are considered in [11, Section IV.11].
Similarly, exponential schemes are trivially A-stable when the ¢(J,,) functions are evaluated
exactly, however when these functions are evaluated using approximate methods this prop-
erty is lost. Quantifying the impact of the approximation of the ¢(J,) on the stability of
exponential methods, is closely related to the stability questions for W-methods and also
remains open.

K-methods are similarly plagued with stability questions, though have the benefit of making
use of a very specific formulation for the approximate Jacobian A,,. In [66], stability for W-
methods making use of the Krylov based approximation, similar to that used for K-methods,
is examined through the lense of contractivity for semilinear problems. Here we will exam-
ine the linear stability of K-methods, and present two practical approaches for improving
stability of these methods. Additionally, we derive stiff order conditions for application of
K-methods to index-1 differential algebraic equations.

The rest of the paper is laid out as follows: in section 4.2 we give a brief overview of K-
methods, in section 4.3 we discuss the issues inherent in analyzing stability for methods
making use of approximate evaluation of ¢(J,,) functions as well as an initial linear stability
analysis for K-methods, in section 4.4 we present two strategies for improving the stability
of K-methods through direct control of stage residuals, in section 4.5 we derive stiff order
conditions for K-methods applied to index-1 differential algebraic equations, some numerical
results are presented in section 4.6, and finally in section 4.7 we give concluding remarks.

4.2 An overview of K-type methods

A full presentation of the order condition theory for can be found in [56, 65], here we present
an overview of these schemes.
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Rosenbrock-Krylov methods have the same form as Rosenbrock-W methods (4.2), but use a
particular approximation A of J,,. We restrict our presentation to the case of autonomous
systems.

Specifically, let f, = f(y,) and consider the M-dimensional Krylov space
Kat(Tu, fo) = span{ fu, Jn fu, I3 foro o I f ) (4.4)
span {vy, va, ..., Upr} .

An orthogonal basis {v; }i—1,.. a for Ky is constructed using a modified Arnoldi process [14].
The Arnoldi iteration returns two valuable pieces of information: a matrix V whose columns
are the orthonormal basis vectors of s, and an upper Hessenberg matrix H, such that

V=[v,...oy] e RVM: H=VT],VeR"M, (4.5)

The Krylov approximation matrix A is the restriction of the full ODE Jacobian to the Krylov
space:

A=VHV'=vVi] vV’ (4.6)

Algorithm 6 One step of an autonomous K-type integrator

1: Compute H and V using the N-dimensional Arnoldi process [14]
2: forv=1,...,sdo > For each stage, in succession

i—1
F = f (ynJrZOéi,jkj)
j=1
v; = V'EF
i—1
j=1
ki = VXi+h(F;— V)

3: end for

4 Ypgy1 = Yn + Z bik;
i=1

4.3 Stability issues

The standard approach for investigating the linear stability of a time integration scheme is
through application of the method to the linear test problem, or Dahlquist test equation

y/ = /\y7 Yo = ]-7 = h>\7 (47)
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so that a local recurrence relation for the solution at ¢, ,; in terms of the solution at ¢, can
be constructed as

Yn+1 = R(hA)yn
and the global solution to (4.7) is

Ynt+1 = R(AA)"yo.

The set
S={z e CIR()| < 1)

is called the stability region of the method [11].

Unfortunately, this approach is not sufficient for examining the stability of Rosenbrock meth-
ods where A,, # f'(y,), such as W-methods and K-methods, or for exponential schemes
where the ¢(J,,) are computed approximately. For these schemes, since in general J,, and
A, are not simultaneously diagonalizable, it is necessary instead to consider the vector-valued
linear test problem

y =Jy, y =1 (4.8)

Application of a W-, or K-, method to equation (4.8) will lead to the local recurrence
Yns1 = R(hJ, hA)y,

with global solution

Yn+1 = R(h']7 hA)ny07
so that the stability region is determined by bounding ||R(hJ, RA)|| < 1.

4.3.1 Stability Analysis of Rosenbrock-Krylov Methods

Take the s-stage Rosenbrock method (4.2), applied to the linear test problem (4.8)
i1 i
]{32‘ = hJ <y0 + Zaijkj> + (hAZFYz,]k’j> (49&)
j=1 j=1

Ynt1 = Yn Tt Z bik; (4.9b)
=1

We define the supervectors

kl Yn T'n;1
K=|:], Yo=|:|=01&0y,, R.=]":
ks yn Tn;s

ER(Ns)
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and coefficient matrices

0 0 v 0 0
a= | 0 ;Y= 72_’1 K 0 , B=a+ty
: 0
Qg1 " Qg1 0 Vs ottt TVsis—1 7Y
then (4.9) becomes
K = hrh({Io))Y,+h[(a®J)+(y®A)K (4.10a)
Yn1 = yn+ (V" OI)K (4.10b)
or when A =1J
K = rIz))Y,+h(f2J)K+R, (4.11a)
Y1 = Yo+ (V'R K (4.11b)

K = hll—(a®hd)— (y@hA)] ' I2J)Y,
= hI-h8N) A1) Y, +I-h®J) 'R,
Yn+1 = yn+(bT®I)K

From here we have that

R, = I-hm00)I-(a®))-(2A)] ' 0I2hr))Y, - Ixh])Y,
I-B80hd) "R, = (I-(@®])—(y®A)] ' ~I-hr2]) ) Ixr])Y,

The stability of the ROK method is given by:

Yni1 = I+ 0T @D)I-h) T (1@hd)y,+ (0" 2I) (I-82h]) 'R,
= Ry + (0" @I (I-(@@I) - (@A) ' —I-1823)"") (L& hd)y,
= R(hJ) y, + S (hJ,hA) y,

— R(hJ,hA) g,

where the effective stability function of the ROK method is not the ROS stability function
R, but is given by the modification, R which depends on both J and A.

The linear stability of the underlying Rosenbrock method

R (D] <1
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does not guarantee the stability of the Rosenbrock-Krylov method
Hfz(hJ,hA)H <1,

unless the stage stability function S(hJ,hA) is small in some sense. A practical way to
ensure this is to control the size of the residual

R,= (" ®I)I-B®hI)S(hI, hA) - y,.

4.4 Directly Controlling the Residual

The most obvious strategy for guaranteeing, or improving, the stability of a Rosenbrock-
Krylov method is by directly controlling the residual at each stage of the time integration
scheme.

Theorem 4 (Residual of the i’th stage of a Rosenbrock-Krylov method). When the time
integration scheme (4.2) is implemented as in algorithm 6, then the residual of the i’th stage
15 given by:

Tmi = — Z h2%‘jJ (Fy = Vi) — hhm+1,mvm+1€TTn Z%‘j/\j (4.12)
j=1

J=1

where m = dim(IC,,) is the dimension of the underlying Krylov subspace.

Proof. We begin with the formulation of the method as

ki = hFZ + hJd Z’}@"jk’j + Tmsi (413&)
j=1
j=1
v, = VI'F (4.13¢)
ki = V+h(F— Vi) (4.13d)

Inserting (4.13d) into (4.13a) and expanding
Ty = V>\z — hV’QDl — h,zJ Z’%’,j (hF} — hVQX@) —hJV Z ’7i7j>\j
j=1 j=1
We then apply the Arnoldi relationship

JVm = VmHm + hm+17mvm+1€;1;, (414)
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to terms containing A;’s

P = VA= BV = h23> 35 (Fy = Viby) = AVHY 730 — himtmiien, > %A

j=1 j=1 j=1

Collecting terms with (4.13b) in mind, we obtain

Tm;i =V ()\ — h?/] — hHZ )\@j)\j) —h2J Z ’}/Lj (F] — V’QZ)]) — hm-l—l,mvm-i—lezn Z/Yi’j)\j’

J=1
N /
~~

=0

j=1 j=1

and arrive at the final result (4.12). O

Unfortunately, the residuals depend not only on the reduced stage solutions, A;’s, but also
on the fullspace matrix-vector products, J (F; — V;). The dependence on \;’s means that
verifying the size of the residual in the final stage requires essentially computing the full
timestep, and so any strategy attempting to bound this residual will be computationally
infeasible. An alternative approach is to bound the residuals only in the first stage, so that
only A; is required, this has the additional computational benefit that (F; — V) = 0 since
Fy € K,,,, and so no fullspace matrix-vector products are required.

Corollary 1 (Residual of the first stage of a Rosenbrock-Krylov method). When the time
integration scheme (4.2) is implemented as in algorithm 6, then the residual of the i’th stage
s given by:

Tm;1 = —h’)’hmﬂ,mvmﬂe%)\l
with norm

[Tmall = |h'7hm+1,m’ ‘651)\1’ .

It is possible then to implement a Rosenbrock-Krylov method which automatically deter-
mines the dimension, m, of the Krylov subspace to control the size of the residual in the
first stage through the use of an adaptive Arnoldi process as in algorithm 7. It is possible
to reduce the computational impact of computing the residuals, by only doing so for some
subset of iteration numbers. For example it was proposed in [46] to compute the residual
only for the test indices, i € {1,2,3,4,6,8,11, 15,20, 27, 36,48}.

4.4.1 Adding vectors from outside the Krylov space

An alternative to simply increasing the size of the Krylov subspace, is the idea of extending
the subspace with vectors from other sources. In general we can extend the Krylov basis with
arbitrary vectors by, ..., b, by first computing the Arnoldi matrices V,, and H,,, comprised
exclusively of vectors coming from the Krylov space KC,,, as usual. We then introduce the
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Algorithm 7 Modified Arnoldi iteration [13]

B=Ifull s Vi=/fu/B.
fori=1,....,M do

C=Jdnv

for j=1,...,7do
hj,i = <C7V3>
¢(=¢—h;;V;

end for

hiy1 = [[C]|

Vi1 = (/hiy;

if i € testIndices then
M= (I—hH) " f,
if |hyhii1,| el M| < TOL then

return

end if

end if

end for

new vectors by, ..., b, into V., through the same orthonormalization procedure present in
the Arnoldi iteration, excluding the computation of components of the columns of H,,, so
that

Viir = [Ul,UQ, . ,Um,z’)l,...,@r] )
We then construct the columns of the extended matrix, H,, ., to maintain the relationship
that H,,y, = VI JV,.1, by computing products of the form:

Bnsi = VI (Jo;), fori=1,...,r
and the matrix H,,, € R(™+7)x0m4+1) can then be constructed as

H,,
Hm—i—r = 0 herla SRR herr‘

Remark 10. In previous sections, the Arnoldi relationship (4.14) is written in terms of
Um+1, the next vector which would be added to the Krylov basis V,,, and hy, 11, a coefficient
corresponding to v, which would be added to the upper-Hessenberg matriz H,,. This no-
tation is no longer optimal, because the m + 1th vector in an extended basis V,,., does not
correspond to the same vector vy,+1. So, we expand the vector Ny, 1 ;mUmy1 using definitions
of the Arnoldi process, and find that

hm—l—l,mvm—i—l = (I - vazr;) Jvma

where vy, is the last column in the Krylov basis matriz 'V,,. With this, we then rewrite the
Arnoldi relationship as

IV, =V,H, + (I-V,, V) Jvel. (4.15)
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Lemma 7 (Arnoldi-like relationship for extended basis). When the Krylov basis matriz V.,
is extended with vectors vy, Vs, ..., Uy, the Arnoldi relationship (4.15)

IV, =V,H, + 1=V, V) Ju,el

can be extended to the new basis as

m—+r

IViir = Voo Hor + (T= Vi, VI Jupel, + (1= Vo, VLI “wiel . (4.16)
i=1
where e; 1s the j th canonical basis vector of Rm+7),

Proof. Recall that V,,,., and H,, ., have the following structure:

H,,

Vm-‘rr = [ Vm ‘ v } < RNX(m+T)7 Hm+r = |: 0

ﬁ :| c ]R(m—l—r)><(m—&—7")7

where V = [0y,...,7,] and H= V],

m—r

IViir = [ IV, | IV ] = [ Vi Hy + (1= V,, VE) Jugel, [ IV ],

(JV). Computing JV,,., gives

which follows from the Arnoldi relationship (with e,,, € R™). Similarly, computing V.. H,, 1
gives
H,,

Vm+er+r: [ Vm ‘ V] |: 0

ﬁ] [V, H,, | Vo H .
Subtracting gives

IViiir = Vi Hppr = [ (I=V,, VI) Juel | IV -V, H |.
Substituting in the definition of H and rearranging, we have

IViiir = Vi Hpir + [ (T=V, VI) Jugel | (I= Vi, VE

m-+r

IV ]

Finally, we can rewrite the last matrix as a sum of rank 1 matrices using canonical basis
vectors e; € R(M+7)

[ (T= Vo VI) Jvgel | (I= Vo VL) IV ] = 1=V, VD) Joeh ) (1= Vi, VL) o,

m+r m—+r m+i*
i=1

Making this substitution and with some rearranging, we get equation (4.16),

IViir = Vo Hopr + (T = Vo, VI Jopel + (T= Vo VL) I 0]
=1

]

With the ability to extend the basis V with arbitrary vectors, the question now remains:
what vectors provide improved benefits in controlling the residuals of later stages of the
Rosenbrock-Krylov method?
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4.4.2 Exploiting the form of the residual

We see from equation (4.12) in theorem 4 that residuals for stages beyond the first contain
terms for which it is difficult to guarantee boundedness, even when the first stage residuals
are controlled. We attempt to overcome this fact, by extending the basis V,, at the i’th
stage to include the intermediate RHS values F} for j = 2,...,4 so that

(E—lewl):(), forz'zl,...,s.

The matrices V,,.; and H,,,; can be constructed iteratively, extending the basis V,,.;_; with
F; at each stage to form V,,,; and H,,; as outlined in the previous section. One difficulty of
extending the basis in this way, is that the LU-decomposition of the left-hand-side of (4.2a),
(I — hyH) cannot be reused. This problem can be overcome through the use of an update
to the L and U matrices. The LU-decomposition is constructed to solve

I-hyH)z = b
P(I-hyH)z = Pb
LUz = Pb

so that
P(I-hyH) = LU
U = L'P (I - hyH)

and so exploiting the upper-Hessenberg structure of H, the LU-decomposition can be up-
dated as

U1,m+1 h1,m+1
= —h’YL;me : y  Umtlm41 = (1 - h’Yhm+1,m+1), lm+1,m+1 =1

um,m—i—l hm,m—l—l

Theorem 5 (Residual of the ith stage with extended basis). When the time integration
scheme (4.2) is implemented with the basis extended (via the process described in section
4.4.1) at each stage to include the current right-hand-side vector, F;, then the residual of the
1th stage when using an m-dimensional Krylov space is given by:

i i—1 i
= =V VE) T 308 = 0 = ViV 3 S i 3
j=1 k=1 j=1

(4.17)
where e; € R™=1) gre canonical basis vectors, Aj = [)\;F, 0,..., O}T e Rm+=1 and Vi =

V.
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Proof. The general stage equations for the method are:

ki = hFl + hJ Z ’}/ijk’j + rm;i
Jj=1
i—1

j=1

Additionally, we define Xj e R™+i=1) a5 follows:

R T T ..
% = [AT,0,...,0]", Jj<i

>\j7 J=1
where reduced space solutions \; € R+ from previous stages are extended with zeros
to match the dimension of the current stage system.
Starting from the full space equation, we make substitutions for F; and the k’s:

i
Ty = Vm,z>\z - th,ﬂﬂz - hJVm,z Z ’yij)\ja

j=1

Making use of lemma 7, we make substitutions for appearances of JV,,.;:

Tmyi = Vm;i/):i - th;z’@Di - th;iHm;i Z 'Vi,j/)\\j - (I - vaﬁ) Jvmeﬁ Z %’,j}\\j

j=1 j=1
1—1 7
T T N
— (= Vi Vo) ID ki > %ishy
k=1 j=1

Collecting terms and rearranging allows us to find and cancel the terms from the reduced
space equation:

Tmii = Vi /)\\z — hp; — hH Z ’Yz',jxj - (I - vaﬁ) JUmegl Z %’,j//{j
j=1 =1

(.

~~

=0

i—1 7
— (L= Vo VED I mrehi D Yishs
k=1 j=1

A i—1 %
P = —h (L= Vo V) 30l S 798 = h (L= Ve VI I vl > iy,
k=1 j=1

Jj=1
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The new residual coming from the extended basis (4.17) appears to be a substantial improve-
ment over the residuals from the vanilla method. Since here the residuals consist exclusively
of terms projected out of the span of V,,, and V,,, ..

4.5 Rosenbrock-Krylov methods for Differential Alge-
braic Equations

An alternative path to stability is to examine the effect of a relatively small number of
“Infinitely stiff” modes in the initial value problem (4.1). To do so we will examine systems
coming from a singular perturbation of the differential algebraic equation

fly,z,9,) =0, ylte) =0, teR, yecRY zcRL (4.18)
We consider in this paper only the seperable and autonomous form of (4.18)
yo= fy.2), ylto) =0 (4.19a)
0 = g(y,2), z(to) = 2o- (4.19b)
Where a singular perturbation of (4.19) takes the form:
R R

so that in the limit as ¢ — 0 equation (4.20) is exactly (4.19). It is clear from equation
(4.20) that components corresponding to the algebraic variable z are extremely stiff, and
this stiffness only increases as ¢ — 0.

A Rosenbrock scheme applied to (4.20) has general form

[l A, Almoguf]

Lﬂ - Bﬂ + ]Z::Ow [ﬂ : [y”“] = B:] + Z:; []; . (4.21b)

J Zn+1

Alternatively, multiplying the second line of (4.21a) by € and then letting € = 0 we obtain

ﬁ)] - Eéﬁfﬁﬂ h EZ 5] (40, 20) Z:;% ﬁ]] (4.22a)

J

I 52 3 Ao R D o

J Zn+1
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4.5.1 A Krylov based approach

We seek to construct order conditions for the scheme (4.22) using a K-type framework,
similar to that derived for ODE systems for Rosenbrock methods in [56] and exponential
methods in [65]. In this framework we make use of a specific, Krylov based approximation
of the Jacobian matrix.

We then construct the m-dimensional Krylov space K,,(J, F) = span {F,JF, ..., J" 'F},
with m > L, via a modified Arnoldi process to generate the orthonormal basis matrix V and
upper-Hessenberg matrix H which satisfy

VIV =1 span{V}=K,(J,F), H=V'JIV

with Jacobian matrix

_ | S
[ 1] a

Finally, we build the Krylov approximation matrix, A, in the usual way, so that

A=VHV' =vVviJvv’ (4.24)

Wensch has shown constructively in [16], with only minor modification to the problem state-
ment, that building /C,,(J, F') in this way leads to a basis matrix V of the form

_ 10 Vi
volo V] .
where
V; e RV*m=L) v e REXE and span {V,} = RF
so that the entire algebraic space is covered. Inserting equation (4.25) into (4.24) leads to
A— {VfVJ:f 0 T} {fy fz] [VfV? 0 T} .
0 VoVol 9y 9: 0 V,V,

So that the final form of the Krylov approximation is given as:

o [vajf £,V VI VfV?szngT} _ [va?fyva? ViV fz} (4.26)

VnggnyV? Vngng VngT gnyV? g
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4.5.2 Order conditions for ROK-DAE method.

The numerical solution computed using the classical Rosenbrock method (4.22) can be ex-
panded in a Taylor series [11], as

k(Q)_ am+nf(y0>z0) — _Ak(ul) .- “l(Vl)
i =4 Z W Zauj ,--~7Zaw]’ g

m+n>2 7j=1

a(fy), Zﬂwk(q Yy q(f) Z@jl(q D (4.27a)

- % am+ng Yo, 2 Jj—1 Jj—1 , B
S 3 T (S () )
j=1 k=1

m+n>2 k=1
(4.27b)

In this formulation the linear term makes use of the exact Jacobian (4.23). If we instead
make use of a W-type strategy, where the Jacobian is approximated using a form similar to
the Krylov approximation matrix, so that

Al Ay
A= . 4.28
[AS gz:| ( )

we can expand the solution as

am+nf yOsz) — k(ul) .- l('/l)
m+n>2 7j=1 7j=1

% %

S (A, S

7

q(f.) OZa”l](q Y +q(Ay) Z%jl(q % (4.29a)

e O™ g(yo, 20) [~ S

1 0y, <0 v

N =l PO S REDBLIUSEY by
. -

m+n>2 k=1

) 9y) Zw”Zagkk Agsz]Z’yjkk (4.29b)
Jj=1 j=1
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Equation (4.29) looks very similar to (4.27), with the exception that the terms coming from
the linear piece of (4.22) are now split into contributions coming from actual derivatives
of the DAE right-hand-sides, and contributions coming from the appearance of the Krylov
approximation matrix, A.

Butcher trees for the numerical solution expansion (4.29) can be constructed from a simple
extension of the Butcher trees for (4.27), which are derived and presented in [11, Defini-
tion 4.1]. The Butcher trees for the classical Rosenbrock scheme (4.27) are comprised of
two node colors, meagre and fat, corresponding to f(y,z) and g(y, z) and their derivatives,
respectively. The Butcher trees for the K-type scheme (4.29) are instead comprised of four
node colors, where square nodes (both meagre and fat) are used to represent an appearance
of the submatrices of the approximate Jacobian matrix (4.28).

Definition 6 (Structure of butcher trees for a Rosenbrock-W-DAE scheme.). Let DATW =
DATW, U DATW, denote the set of trees defined recursively by

a) 1, € DATW,, 7, € DATW,;

b) [tl, B A A T ,Un]. S DATWy
iftl, .. .tm, < DATWy, and Uy eoo Uy € DATWZ,

C) [tl,. .. ,tm,ul, c. 7“71]0 € DATWZ
ift, ... tm, € DATW,, w1, ...,u, € DATW,, and (m,n) # (0,1);

d) [ti)g € DATW,, and [u,|q € DATW,
if t1 € DATW,, and uw; € DATW,;

6) [tl]‘:’ S DATWZ
if t, € DATW,.

Where a visual representation of an DATW tree can be constructed in the usual way using
the recursive bracket notation, so that [t1,...¢,, u; ... u,), can be constructed by connecting
the roots of the trees t1,...%,,u1,...u, by m + n branches to a new root, a meagre circle.
Similarly [t1, ... ¢m, u1 ... uy,), connects the trees t1, ... ¢y, uq, . .. u, to a new root, a fat circle,
and [-]g and [-]5 are formed by attaching the argument to a new root, a meagre or fat square
respectively. Figure 4.1 shows an example of this notation, and gives a definition for the
trees 7, and 7.

Definition 7 (Elementary differentials corresponding to DATW trees.). The elementary
differential corresponding to DATW trees for (4.29) are

a) F(r)) = f, F(r:) = (== ") gy

b) F(t) = 2L (F(ty),... F(ty), F(u) ... F(uy))

T Oymozm

th = [tl, ce ,tm,ul, cos ,Un]. S DATWy,
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Ty [Tya TZ].
0
l mn no
k k l m
J J Jk
“Tw TZ].} - {Tw Tz]. O [Ty7 Tz]o

Figure 4.1: Ilustration of the recursive definition of DATW -trees.

) = (—g:) " S (F(t1), ... F(t), F(w) ... F(u,))
Fu=[t. . byt .. unl. € DATW, ;
t)=AF(t)

ift = [ti]g € DATW,;

u) = (—gz)_l A3 F(t)

if u=[t], € DATW,.

The visual representation of a DATW tree can be mapped to the left hand side of its corre-
sponding order condition, in a manner very similar to that for DAT trees in [11], by attaching
to each meagre vertex one summation index, and two summation indices to each fat vertex
and summing over all indices of a product with factors

b;
Q5
Q5

if “4” is the index of the root (the lower index if the root is fat);

if “97 lies directly above “i” and “7” is multiply branched;

if “97 lies directly above “¢” and “/” is singly branched and corresponds to a meagre vertex;
if “57 lies directly above “/” and “” is singly branched and corresponds to a fat vertex;

[19¢))

if “2, j” are the two indices of a fat vertex (“i” below “;”),

Bij=i;+%,;, and (w;;)= (ﬁi,j)_l

Then the order conditions for a ROW-DAE method with approximate Jacobian of the form
(4.28), can be formed using the idea of W-methods, in which contributions to the error
coming from trees in which the approximate Jacobian appears are set to zero. So that
the left hand side of the order condition is formed as above, while the right hand side is
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formed exactly as in [11, Theorem 4.8] for ¢t € DAT, or u € DAT,, or is identically zero for
t €e {DATW, \ DAT,} or w e {DATW, \ DAT.}.

4.5.3 Reduction of order conditions

To begin, we reiterate that the column space of V, spans R” as long as the generated Krylov
space, K, (J, F'), has dimension greater than L due to the assumption that the problem is
index one, that g, is invertible, and the results of Wensch in [16]. Moreover if we introduce
a new, non-orthogonal, (m — L)-dimensional basis

Ue RNX(me)
with
Uy = f — f.9-tg  forn=1 (4.30a)
u, = (fy = f29-"9y) un—1  forn=2,...,m—1L (4.30b)

then span{V;} = span {U} according to [16]. Additionally, if the initial value of the DAE
system (4.18) is consistent, then g = 0 and equation (4.30) reduces to

u,=f forn=1 (4.31a)
up = (fy = f29-"9y) un—1  forn=2,...,m—L. (4.31b)

The first three basis vectors of the differential space can be given as:

Uy = f
Uy = fyf - fzgz_lgyf
us = fyfyf — fof29-"90f = f297 90 fof + [0 901297 9y f

We extend the framework for K-type order conditions developed in [56] making use of equa-
tion (4.31) to reduce the order conditions for the W-method given in equation (4.22). To
do so we note that since V; is an orthonormal basis matrix, then Vy V? is an orthogonal
projector onto the column space of V;. We again note that

span {V s} = span {U}, (4.33)

so that products containing the submatrices of the Krylov approximation matrix (4.26) can
be reduced. For example, consider the elementary differential coming from the tree 77 in
figure 4.2

Af=ViVif Vi Vif =V Vifyf
since f € span {V}. Additionally, by identifying a compatible tree, specifically 7 in figure
4.2, and taking a sum of the elementary differential represented by the two trees we see that

VfVJ:“F (fyf—fzgz_lgyf) :fyf‘i‘fzgz_lgyf,
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Figure 4.2: Ilustration of tree recombination procedure

is exactly the sum of the elementary differentials represented by the trees 73 and 74 in figure
4.2. In this way, what once required four terms in the series expansion of the numerical
solution, can now be represented by only two.

Repeated application of this procedure, making use of the additional third order trees pro-
vided by uz makes recoloring from W- to K- type order conditions possible. Moreover,
when these trees are recolored terms containing 3;; = «;; + 7;; appear, which can be further
exploited to reduce the number of order conditions dramatically as in [11].

4.6 Numerical Results

4.6.1 Non-stiff case: shallow water equations

We examine relative performance of the methods on the shallow water equations.The shallow
water equations in spherical coordinates are

8u+#<u@+vcos06—u)—(f—i—UtanQ)a—l— g _0oh = 0 (4.34a)
a

Ot acosf \ O\ 00 acosf O\
ov 1 ov ov utan @ g Oh
§+acos9 (uaJrvcos@%)Jr(er ” )u+a% = 0 (4.34b)
Oh 1 d(hu) ~ O(hvcosf)\
9t dcost ( o a0 = 0. (4340)

Where f = 2Qsin#, h is the height of the atmosphere, u is the zonal wind component, v is
the meridional wind component, # and A are the latitudinal and longitudinal directions, a is
the radius of the earth, €2 is the rotational velocity of the earth, and g is the gravitational
constant. The space discretization is performed using the unstaggered Turkel-Zwas scheme
[67, 68], with 72 nodes in the longitudinal direction and 36 nodes in the latitudinal direction.

Figure 4.3 shows the relative performance of a fourth order ROK method with varying basis
sizes, applied to the shallow water equations. Figure 4.3(a) compares methods making use
of a fixed basis size at each timestep, and illustrates the inefficiency of adding vectors to the
basis for non stiff problems. Here, four basis vectors is enough to resolve the stiff modes of
the system and additional vectors only add to the cost of each timestep without providing
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f > ba

@
% b
¢ fof 5 b

e ab (—=92)"" gy (f, F) > baappeipa

%;) |
a
fyy (f? f) Z baaabaac

C
b
a
fyfyf Z baﬁabﬂbc

“ AQ (_gz)_l gyy (fa f) z bafyabwbcacdace

bc

e ¢ fz <_gz)_1 gyy (f7 f) Z baaabwbcacdace

Table 4.1: Trees, elementary differentials, and left hand side of the order condition for a
third order ROK-DAE method.
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additional benefit. Similarly, figure 4.3(b) compares methods making use of an adaptive
basis size, where the basis is chosen to control the residual of the first stage. We see that
the method making use of low tolerances is most efficient, since not many basis vectors are
required to resolve the stiff modes. In both cases extending the basis to include the right-
hand-side vector at each stage does not provide a substantial benefit, once again due to the
lack of stiffness for this problem.

4.6.2 Stiff case: CBM-1V

Here we give some results for ROK methods applied to a stiff system of ODEs coming from
a KPP MATLAB implementation of the CBM-IV model [53]. This problem is based on
the Carbon Bond Mechanism IV (CBM-1V), consisting of 32 chemical species involved in 70
thermal and 11 photolytic reactions [54].

Figure 4.4 shows the relative performance of a fourth order ROK method with varying
tolerances for the first stage residual applied to the CBM-IV test model. We present here
only methods using adaptive basis sizes, since methods using a fixed strategy do not converge
for most tolerance settings. There is clearly some benefit to the extension of the basis to
include the right-hand-side vector at each stage, since these implementations are able to
resolve solutions with lower accuracy, where the methods without extension fail to converge
for these integration tolerances.

4.6.3 Varying stiffness: the Allen-Cahn problem

For further performance comparison we consider the two-dimensional Allen-Cahn system, a
parabolic partial differential equation

0
5= aViu+y(u—1u?), (z,y)€[0,1]x[0,1], te][0,0.2], (4.35)
with « set to 0.1 or 1.0 and v = 1.0. The problem has homogeneous Neumann boundary
conditions and the initial solution u(t = 0) = 0.4 + 0.1(z + y) + 0.1sin(10z) sin(20y).

Figure 4.5 compares the relative performance of a fourth order ROK method with varying
tolerances for the residual of the first stage applied to the Allen-Cahn problem. Here we
have varied the problem from relatively nonstiff in figure 4.5(a) to stiff in 4.5(c) by varying
both the spatial resolution and size of the diffusion parameter a. What we see is that there
is a decided impact on the efficiency of the integrator, when using larger basis sizes, and a
particularly strong impact from the extension of the basis at each stage, especially as the
stiffness is increased.
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4.7 Conclusions

We have presented an initial exploration of the complicated question of stability for Rosenbrock-
Krylov methods. Classification of stability for these schemes is closely tied to similar ques-
tions for Rosenbrock-W and exponential schemes in which approximate methods are used.
The linear stability analysis of Rosenbrock-Krylov methods lead us to two practical methods
of improving the stability of these schemes, through a direct control of the stage residuals.
Emprirical results, show significant improvement in the efficiencey of Rosenbrock-Krylov
methods making use of an extended basis. Additionally, we have presented a framework
for constructing stiff order conditions for Rosenbrock-Krylov methods applied to index-1
differential algebraic equations.

The linear stability analysis presented is suitable for both Rosenbrock-W and Rosenbrock-
Krylov schemes. Future work that attempts to exploit the special structure of the Krylov
approximation matrix and the K-type order condition theory in the context of stability may
be a valuable step torwards more efficient schemes.
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Figure 4.3: Work-precision diagram for a Rosenbrock-Krylov method applied to the shallow
water equations (4.34a).
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Figure 4.4: Precision Diagram for CBM-IV test problem, using adaptive basis size.
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Figure 4.5: Work-precision diagram for a Rosenbrock-Krylov method applied to the Allen-

Cahn test problem (4.35).
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Chapter 5

Linearly-Implicit Runge-Kutta-W
Methods for Large Systems of
Differential Equations

5.1 Introduction

A standard approach to the solution of systems of partial differential equations is the method
of lines technique, in which a discretization method such as finite differences, finite volumes,
or finite elements is used to approximate derivatives in space to arrive at the semi-discrete
initial value problem (5.1)

dy

2 =P, to<t<tr, ylto)=yo;  y(t), Fly)eRY, (5.1)
The system (5.1) can be evolved through time using a time integration scheme to approximate
solutions at discrete times ¢, < t; < tp. For problems with stiff dynamics, or where mesh
refinement leads to unfortunate Courant-Friedrichs-Lewy (CFL) numbers, explicit methods
may not be suitable.

Implicit methods, such as Backwards Differentation or Runge-Kutta methods improve upon
the stability of explicit methods, at the cost of requiring one or more non-linear solves at
each timestep. The approximation of solutions of these nonlinear systems represents the
bulk of the computational cost of the time integration process.

Linearly implicit methods, such as Rosenbrock [11, section IV.7] or linearly-implicit Runge-
Kutta [69, 70, 71, 72], schemes replace the need to solve a nonlinear system with the solution
of more computationally efficient linear systems. Once again, however, the cost of approxi-
mating the solution of these linear systems represents a disproportionately large percentage
of the overall method cost. Rosenbrock-W [11, section IV.7] [12] methods attempt to allevi-

84
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ate this burden by allowing for the use of arbitrary approximations, and so permit relatively
cheap, and inaccurate, solutions of the linear system while maintaining full order of con-
vergence. Unfortunately, while these methods permit arbitrary approximations, the order
condition theory on which they are built does not account for variations in the method of
approximation between stages of the method.

For this reason, many approximation techniques may not be available in the context of
Rosenbrock-W methods. Primary among them is the use of Krylov based iterative solvers,
such as GMRES [13], which computes the solution of several different, nearby linear systems
when the iteration procedure is truncated early [73]. Similarly, making use of an approxi-
mate matrix factorization (AMF') to accelerate the solution of the linear systems also leads
to a reduction in the order of the Rosenbrock-W scheme. Several families of time integra-
tion schemes (ROWMAP [38] and Rosenbrock-Krylov [56]) have been constructed to couple
Krylov solvers and Rosenbrock-W methods to alleviate order reduction in the case of GMRES
like approximations.

Here we present a new family of time integration schemes, called linearly-implicit Runge-
Kutta-W (LIRK-W) methods, based on an implicit-explicit (IMEX) [74] approach, which
allow for arbitrary, time dependent, and stage varying approximations of the linear systems
appearing in the method. The rest of the paper is laid out as follows: In section 5.2 we
motivate, and present, the general form of a LIRK-W method; in section 5.2.3 we review the
use of AMF to accelerate the solution of linear systems in the context of PDEs; in section 5.3
we present the order condition theory for a LIRK-W method; in section 5.4 we give linear
stability results for a LIRK-W method; in section 5.5 we derive a specific LIRK-W method;
and finally in section 5.6 we present numerical results.

5.2 Linearly-Implicit Runge-Kutta-W (LIRK-W) Meth-
ods

5.2.1 Implicit-explicit Runge Kutta methods

Consider a splitting of the right hand side F'(y) of the initial value problem (5.1)

dy

o =P =7 +9ly). tost<tr, (5.2)
such that f(y) represents slow dynamics, unlikely to impact the stability of the numerical
integration, and ¢(y) contains the fast dynamics. An implicit-explicit Runge-Kutta (IMEX-
RK) method applies different discretizations to the the two terms, and integrates the non-stiff
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component f(y) explicitly and stiff component g(y) implicitly [2]:

i—1 )

Yi = guth D a () +h ) a9y, i=1...s, (5.3a)
j=1 j=1

it = gt h Y b f(Y5) Hh Y bg(Y)). (5.3b)
J=1 j=1

The fact that only g(y) is treated implicitly has the benefit of reducing the per-timestep
cost as compared to implicit Runge-Kutta methods, since one only solves non-linear systems
containing ¢(y) instead of the entire of F'(y). In the same time (5.3) has considerably better
stability properties than explicit Runge-Kutta schemes since the stiff dynamics is integrated
implicitly.

Unfortunately, the application of (5.3) requires to first partition the system F'(t, ) into non-
stiff and stiff parts (5.2), and to provide the Jacobian operator corresponding to the stiff
term. These steps can be difficult to achieve for systems implemented in large legacy codes.

5.2.2 Arbitrary linear approximations of the stiff term

Here we propose the new class of Linearly-Implicit Runge-Kutta-W (LIRK-W) time integra-
tors that make use of an alternative partitioning, based on a linear/non-linear splitting of
the right hand side operator:

d

d—zt/ =Ly+(F(y)—Ly), to<t<tr, ylto)=ya; y(t),Fly)eRY, LeRVN

(5.4)

where Ly ideally captures the stiff dynamics of F'(y). In this way we will seek to treat
implicitly the linear terms L that capture the stiffness of the system, and to treat explicitly
the remaining nonlinear part. The IMEX-RK method (5.3) applied to (5.4), after some
rearranging of terms, reads:

i—1 i—1

(I-ha; L)Y = yuth Y a; FY;) +hLY (@ - ay) s, (5.5a)
j=1 j=1

Yot = st h Db FY) ALY (b= b)Y (5.5b)
j=1 j=1

Using the notation

o~

Vig = (ai,j - ai,j), and g; = (bj — bj>
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in equation (5.5) leads to the standard form of a Linearly-Implicit Runge-Kutta-W (LIRK-
W) method:

=1 i—1
j=1 j=1

Yot = Ynth Y b FY;)+hLY gV (5.6b)
7=1 j=1

It is clear from equation (5.4) that the linear operator L can be arbitrary, since collecting
terms leads back to the original form of the initial value problem (5.1). Additionally, (5.6)
makes exclusive use of the entire right-hand-side vector F(y), there is no splitting necessary.
There are several benefits of this framework. First, the stiff terms that are integrated implic-
itly are linear, so no solutions of nonlinear systems are required. Next, LIRK-W methods
will be designed to preserve accuracy for any matrix L. The selected L is only used to
ensure numerical stability; its structure is arbitrary and can be chosen to ensure computa-
tional efficiency on the hardware at hand. With this in mind, an ideal choice of the linear
operator is one which approximates the stiff dynamics of the system, L ~ 9g(t,y)/dy, in
order to improve stability of the numerical integration, and where solutions of linear systems
containing L can be computed efficiently.

LIRK-W methods are similar to Rosenbrock-W schemes, in that they depend only on linear
solves and permit arbitrary matrices. However, as will be discussed more thoroughly in
section 5.2.5, there are several advantages to the LIRK-W framework.

5.2.3 Approximate Matrix Factorization

Approximate Matrix Factorization (AMF) is often employed to speed up the solution of
linear systems required when computing stage vectors (5.3a) or (5.6a) of implicit methods:

AMEF splits the matrix L, usually the Jacobian of the right hand side vector in (5.1), into a
sum of parts

R
L=) Lt (5.8)
r=1

and approximates the solution to (5.7) by replacing the matrix as follows:
N R
(I—-hv;L)~= (I — h7ig L> = H (I — h i L{T}) )
- (5.9)
ki = (I - hﬁ)/i,iL)_l dz ~ H (I - h’}/m L{r})il dz

r=1
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The solution of one large linear system with matrix L is replaced by solving in succession R
small linear systems with matrices L™}, potentially leading to considerable computational
savings.

The approximation (5.9) implicitly defines the matrix L as

R
L=L+)Y (—hy)"" > Li L, ... L. (5.10)

k=2 1<i1<ia<-<ix <R

For example, if L is the discrete two-dimensional Laplacian, then in (5.8) the parts L{*} and
L{% can correspond to derivatives along the z; and x5 directions respectively. In this case
the AMF approximation corresponds to the alternating directions factorization [75, 76]

I-mL:=(1-mLY) I-mL?), L=L-mnLYULE

In this way it is possible to solve individually much simpler one-dimensional systems corre-
sponding to each individual L;. An alternating directions factorization is not the only choice
possible, but it does motivate many of our design decisions for LIRK-W methods.

5.2.4 Alternative formulations of LIRK-W methods

We note from (5.10) that the approximate matrix f(h) depends on the step size, i.e., depends
on time. The general form (5.6) making use of a time dependent, stage varying matrix L
can be interpreted in several ways. In the most straightforward variation, we can let there
be one L; per stage, and make use of these matrices everywhere that L appears in (5.6), we
will call this a type 1 LIRK-W method

i—1 7
Yi = gathd a; FOG) +h Y LY, (5.11a)
j=1 Jj=1
Yor1 = Ut h D B FY)+h Y gLY, (5.11b)
=1 =1

Alternatively, we can attempt to interpret (5.6) to account for an AMF form of L, where
there exists two forms of L: equation (5.8), which has clear advantages for a multiplication
by L; and equation (5.9), which has clear advantages when used in the inversion of the left
hand side of equation (5.6a). A LIRK-W method of type 2 exploits the natural features of
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an AMF form of L and has the general form

i—1 i—1
j=1 j=1

Yns1 = Ynth Y b F(Y;)+hL> gV (5.12b)
j=1 j=1

where L; = L(t,, + hv:,).

More variations of (5.6) are possible, and different choices for constructing L; may motivate
alternatives to type 1 or type 2 LIRK-W schemes.

5.2.5 LIRK-W methods are not Rosenbrock-W methods

As was discussed briefly above, LIRK-W methods share many common traits with a Rosen-
brock, or Rosenbrock-W, approach. Primary among them is that LIRK-W methods require
only the solution of linear systems, and permit arbitrary matrices L. The defining character-
istic of LIRK-W schemes, in contrast to Rosenbrock-W methods, is the allowance for the use
of several different approximations in a single timestep. Additionally, the arbitrary linear
term, L;, may depend on time so that it is possible to directly approximate (I — h%,iLi)_l
without violating assumptions inherent in the order condition framework.

One example of this, is the use of a GMRES like approximation to the linear systems
(I = hv;;J)x = b;. Early truncation of the GMRES procedure may lead to loss of order
for Rosenbrock-W schemes since each linear system is solved using a different subspace, and
is essentially the same as solving s systems with s different left-hand-sides. It is possible to
formulate a LIRK-W method for exactly this scenario, one possible approach is:

i—1 3
Yi = yot+h Z a;; F(Y;) + hLiZ Yij Y (5.13a)
=1 =1
Yot = Unth Y b FY;)+hLY gV (5.13b)
J=1 j=1

5.3 Order Conditions for Linearly-Implicit Runge-Kutta-
W Methods

We construct classical order conditions for both types of LIRK-W method by matching
the Taylor series expansion of the exact solution of equation (5.1) with the Taylor series
expansion of the numerical solutions. To do so we make use of Butcher trees [48, section
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I1.2], with suitable modifications to handle the particular aspects of LIRK-W methods. These
modifications lead to the new family of LW —trees, which we discuss next.

5.3.1 LW-trees

These trees contain three different colored vertices: meagre vertices are filled and represent
an appearance of F'(y) and its derivatives, fat vertices are empty and represent an appearance
of the linear term L, and finally square vertices which represent a differentiation in time of
the fat node they terminate in. We refer to the set of these trees as LW;-trees, where ¢
denotes the type of LIRK-W method being discussed.

For both LIRK-W methods of type 1 and type 2, we make use of the standard notation that
the tree [11,...,7y], is constructed by attaching the subtrees 74, ..., 7, to a meagre node as
its root. Similarly, the [7]_ is constructed by attaching the subtree 7 to a fat node, and new
to this manuscript is the notation that [T]GP is constructed by attaching the subtree 7 to a
fat node prepended by p square nodes. Figure 5.1 shows how trees can be constructed from

sub-trees.
m n
o & "%
J J J
71 T2

[Tl7 7-2].
m
[
k
[ W] J
T1 [7'1]92
l
S
J J
T1 [Tl]o

Figure 5.1: Hlustration of the recursive definition of LW -trees.

To derive the expansion of the numerical solution for type 1 and 2 methods we make use
of Faa di Bruno’s formula [48, section I1.2] to compute general high-order derivatives of the
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initial value problem right-hand-side vector F'(y)

am
Z f( “1),...,l/j(”m)), pi A+ = q — 1. (5.14)

(P g

h=0

5.3.2 Order conditions for LIRK-W methods of type 1

Here we derive order conditions for LIRK-W methods of type 1 (5.11).

We can make use of the expansion (5.14) to construct derivatives of the type 1 LIRK-W
scheme to arrive at the result that

(i) —(a-1\ ;[ (g—1-k)
007,y m oS (5 S (1 ot () v

m>1 7=1 k=0
(5.15a)
(i) &g d* (¢-1-K)
_ Hm k q—
()| quZ ( Y, >‘|‘ng12( i )7 (dtkL>Y
=1 m>1 =1 k=0
(5.15h)

Leading to the definition for the LW trees

Ns-trees: fat vertices are singly branched, and
LW, = square vertices are singly branched
with square or fat children

Figures 5.2 and 5.3, give the LW;-trees, 7;, representing the elementary differentials, f(7;),
present in the Taylor expansion of the exact and numerical solutions, as well as the coefficients
of these terms, ®!(7;) and P(7;) respectively.

The recursive formulas in equation (5.16) map the visual representation of a given LW;-tree
to the left hand side of the order condition, ®;(7), corresponding to that tree.

( bj(ijjl-(Tl)---é}(Tm) if 7 = [m,...,7Tmls,
gJ(I)](Tl) it 7 = [n],,
®i(1) = { 977,®5(n) it v = [n],, (5.16a)
bj it = = [,
\ 9j if 7 = []o?
(a1 @p(m1) - Op(rn) if T = [70,. T,
Vi ®i(11) if 7 = [n],,
®i(1) = § Vixna®i(m) it v = [n],, (5.16Db)
jk it = =[],
\ Vik it 7 = []07

(5.16¢)
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) 1 2 3 4 5
k k k
S I A o
f(7) /7 Lyxy™ fif® feLkry® Lk f¥
) bj 9j bja;k biVj ke 9505,k
*(7;) b; 9; bjaj i bk ik
P(1;) 1 0 1/2 0 0
i 6 7 8 9 10
O/O k E(O k k .\./. l k O\./. ! k O\./O l
™ J J J J J
f(m) | LygLgry® L) gy fln e fFF flerLrenay™ 2 | e Lenny™ Lony™
D' (7;) 957k GkVk,k bjaj ka;, bjVj,kaj,1 bjVj, k5,0
2(7;) 935k N/A bjajka;, bV k@1 bV kY50
P(1;) 0 0 1/3 0 0
1 11 12 13 14 15
l l l l l
k k k k k
- j J j j j
f(7i) et s | e Lomy™ | Lk Loay™ fELgrnf* LyxLgrft
(7)) | bjajrak, bjaj Ve, b,k Vil bV ka1 955,k k1
®%(73) | bja;rak, bjaj iV, bV k Vil bjvj k@K1 9575,k k1
P(1;) 1/6 0 0 0 0

Figure 5.2: Trees and order conditions for LIRK-W methods up to order three.



Paul Tranquilli

Chapter 5. Linearly-Implicit Runge-Kutta-W Methods

i 16 17 18 19
l l l l
k k k k
- J J J J
f(7) Ly i 5 | Ly fELomy™ | LygLgrLoay™ L™
() 950 kA 1 955,k Vk L 9575,k Vk VLIV
() | gjajkan, 9505,k Vk,1 935k Vk I N/A
P(r) 0 0 0 0
) 20 21 22 23
l l [ l
k k k k
- J J J J
f(ri) | LygLipy™ L Lowy™ L, f* L y™
(I)l(Ti) 95V5,17,1 9k, kVE,l ki, kALl bﬂj,l’n,l
Q*(3) | 9575V N/A N/A biv5.3%5.3
P(r;) 0 0 0 0

Figure 5.3: Trees and order conditions for LIRK-W methods up to order three (Continued).
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Similarly, the recursive formula in equation (5.17) maps the visual representation of an
LW-tree to its corresponding elementary differential in the Taylor series expansion of the
numerical solution computed using a LIRK-W scheme (5.11).

(Y Sk @) (F () PR () () i 7= [ Tl
S L) it = [nl,
F/(7)(y) = i (dwLox) F¥(1)(y) it T = [nl,
f: Ly it r o= [
\ i: (4 Lux) y™ it 7 o= [

(5.17)

Remark 11. We note that the Taylor series expansion of the exact solution will be comprised
of only terms containing the function F(t,y) and its derivatives, and so these terms will be
represented by trees containing only meagre nodes. Alternatively, the Taylor series expansion
of the numerical solution will be comprised of terms containing the function F(t,y) and its
derivatives, as well as terms containing L and its derivatives. For this reason, the order
conditions corresponding to trees containing fat and square nodes will be set to zero, to
eliminate any contribution of these terms to the error of the LIRK-W method.

Theorem 6 (Order conditions for LIRK-W methods of type 1). A LIRK-W method of type
1 has order p iff the following order conditions hold:

ZCI)}(T) = % VreT withp(t) <p, (5.18)
Z@;(T) =0 V7eLW\T withp(t) <p. (5.19)

Here p(t) is the number of vertices of the tree t, and ~y(t) is the “product of p(t) and all
orders of the trees which appear, if the roots, one after another, are removed from t” [48,
Section 11.2].

Proof. The proof follows from our discussion, equation (5.15) and the order conditions of
Rosenbrock-W methods [11, Section IV.7]. O

5.3.3 Order conditions for LIRK-W methods of type 2

Here we derive order conditions for LIRK-W methods of type 2 (5.12).
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We once again make use of the expansion (5.14) to construct derivatives of the type 2 LIRK-
W scheme to arrive at the result that

_qzaw Z 3mf( Y(“’"))JquZ y;)@V
+ qZ (q i 1) i (j—;L) (V)70 (5.20a)
k=0
(i) —qzb > 5 amf S () gL g () (5.200)
j=1

j=1 m>1

( 7

Leading to the definition of LWj-trees

Ns-trees: fat vertices are singly branched, and
no tree has a square root, and
square vertices are singly branched

with square or fat children.

LWQ =

Figures 5.2 and 5.3, give the LWj-trees, 7;, representing the elementary differentials, f(7;),
present in the Taylor expansion of the exact and numerical solutions, as well as the coefficients
of these terms, ®?(7;) and P(7;) respectively.

Remark 12. LWj-trees are a subset of LW-trees, and so figures 5.2 and 5.3 contains trees
which are not present in an expansion of the numerical solution of a LIRK-W method of
type 2. These trees can be identified by the presence of a square root, and the corresponding
entry for ®*(t;) being listed as “N/A”. In addition, ®'(7;) and ®*(7;) are identical, except
i the case where T; contains a square node.

The recursive formulas in equation (5.21) map the visual representation of a given LW -tree
to the left hand side of the order condition, ®;(7), corresponding to that tree.

( bj(f?(Tl)---é?(Tm) it 7 = [m,..., 7wl
gfi)](ﬁ) it 7 = [n],,
QA1) = ¢ 975,23 (m) it 7 = [, (5.21a)
b it = = [,
\ Yj if 7 = []07
( aj’k@i(ﬁ)"@),%(ﬂn) if 7 = [m,...,7ml,,
v P2(71) it 7 = [n],,
PH(r) = S () it 7 = [nly,, (5.21b)
@j.k it 7 =[],
\ Vik if 7 = []07

(5.21c)
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LW, and LW, map from trees to elementary differentials in the same way, so that once
again equation (5.17) maps the visual representation of an LWj-tree to its corresponding
elementary differential in the Taylor series expansion of the numerical solution using the
LIRK-W scheme of type 2 in equation (5.12).

Making use of the same logic as for LIRK-W methods of type-1 we have that for LIRK-W
methods of type 2

Theorem 7 (Order conditions for LIRK-W methods of type 2). A LIRK-W method of type
1 has order p iff the following order conditions hold:

ZCI)JQ.(T) = % VreT with p(t) <p, (5.22)
Z@?(T) =0 V7e LW\T withp(t) <p. (5.23)

Here p(t) is the number of vertices of the tree t, and ~(t) is the “product of p(t) and all
orders of the trees which appear, if the roots, one after another, are removed from t” [48,
Section 11.2].

Proof. The proof follows from our discussion, equation (5.20) and the order conditions of
Rosenbrock-W methods [11, Section IV.7]. O

5.4 Linear stability of LIRK-W methods

To examine the linear stability of the proposed method we solve the linear test problem

d
d—‘zzLer(J—L)y, to<t<tp, ylto)=yn; y(t)eRY J LeRVN (524)

and apply the method (5.5) in compact form

Y = 1@y, +[Ac (I —hL(k) + A @ L(h)] Y, (5.25a)
Yort = Yn ot [bT © (hJ — hL(h)) + bT @ hL(h)] Y, (5.25h)
where
11 ... QA1 61’1 Ce /dl,s bl R 31
A= s A= ) b= ’ b=
Qs,1 Qs,s a\5,1 a\s s bs /b\s
and



Paul Tranquilli Chapter 5. Linearly-Implicit Runge-Kutta-W Methods 97

5.4.1 Type 1 methods

Application of a type 1 method (5.11) to (5.24) gives:

i—1 %
Yi = guth ) a;T-L)Y+h Y a;LY,

j=1 Jj=1
Ynt1 = Yn+h Z bi(J—L)Y; +h Z/b\iLiY;-
i=1 i=1

In compact notation we have:

Y = 1®y, + {(A ® Ly) blkdiag (hJ — hL;) + (A © Iy) blkdiag (hLi)] Y,

Yns1 = Yn+ {(bT ® Ly) blkdiag (hJ — hL;) + (b” @ Iy) blkdiag (hLi)] Y.

i=1,...,8 i=1,...,s
Solving for y,41 in terms of y, leads to the transfer matrix:

Yns1 = R(hI, WLy, ... AL, yn,
R(hJ,hLy,... L) = I+ {(bT ® Iy) blkdiag (hJ — hL;) + (b” ®IN)blkdiag(hLi)} .
= =1

1,...,8

-1
{I — (A ® Iy) blkdiag (hJ — hL;) — (A ® Iy) blkdiag (hLi)} (1®I).
i=1,...,s i=1,...,s
For a stiffly accurate method with
b" =elA and b’ = e’A, (5.26)

standard calculations give:

-1
R(hJ,hLi,...,hL,) = (' ®1)- [1 — (A ®Iy) blkdiag (hJ — hL;) — (A ® Ly) blkdiag (hLi)] (1®1I)

1=1,...,s 1=1,...,8

This matrix goes to zero for stiff linear parts:

|AL;|| = oo, i=1,....s = R(hJ,AL,,...,hL) — 0.

5.4.2 Type 2 methods

Application of a type 2 method (5.12) to (5.24) gives:

i—1 i—1
Yi = ynth Z a;; F(Y;) + hLZ Yij Yj + hviilYs,
j=1

J=1

Ynt1 = yn+hzbiF(Yi)+hngz‘Yi-
i=1

i=1
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In compact form:
Y = 1®y,+ {A ® (hJ — hL) + A @KL+ blkdiag(%ﬂ»(hLi — hL))] Y,
i=1,...,s
Yoi1 = Yn+ [bT © (hJ — hL) + b7 ® hL} Y,

where blkdiag denotes a block-diagonal matrix with the blocks given by its arguments; the
block indices should be clear from the context. The transfer matrix reads:

R(hI,hLy,...,hLy) = I+ [(bT ®1y) (L ® (hJ — hL)) + (b7 @ Iy) (L ® hL)] .

[I —(A®1Iy) (I,® (hJ — hL)) — (A ® Iy) (I, ® hL)

—blkdiag (v;,(hL; - hL))] h (1®I).

i=1,...,s

For a stiffly accurate method (5.26) standard calculations give:

i=1,...,s

: [1 — (A®1Iy) (L ® (hJ - hL)) — (A ®1y) (I, ® hL)

— blkdia (vii(hL; — hL))} h (1®I)

=1,...,s

-----

= '®I)- [I — blkdiag (i, (hL; — hL))]

1=1,...,s

-[I — A ® (hJ) — tril(T) ® (L) — blkdiag (7 s(hL; — hL))] e

_ (sn. S
.[1 . (A ® (hJ) + tril(T) ® (hL)) [T — blkdiag(~; (hL; — hLL)) ] *1] e,

i=1,...,s

where we denote
1=1

..... s

The stability matrix goes to zero when L; ~ L in the sense that the difference increases
slower than the matrices with increasing stiffness:

S L L N =1,... = R(hJ,hLq,...,hLs) — 0.
||hL — hL;|| ot et (hd, AL, )= 0
or

|hJ]|

_— =1,... = R(hJ,hL4,...,hL,) — 0.
||hL_hLZ|| oo, 1 y , S ( ) 1, ) )
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Alternatively, the stability matrix goes to one when the time dependent linear term hL;
grows more quickly than either hJ or AL with increasing stiffness, so that
[PL|[ + [[Ad]]
|17 Lg |

From this it is clear that the stability of the method is dependent on the choice of both L
and L;.

0, i=1,....,s = R(hJ,hLi,...,hL;) — 1.

5.5 Construction of Practical LIRK-W Methods

5.5.1 A third-order LIRK-W method of type 1

For stability considerations we seek a method which is stiffly accurate, which is to say that

~

bi = Qsq, bz = 657i. (527)

Moreover we wish to make use of an approximate matrix factorization, specifically the alter-
nating directions approximation. Our choice of general form (5.11) and the structure of L;
in equation (5.10) naturally leads to the choice that

i—1
am- = Zai,j. (528)
j=1

Finally, for convenience we require that
i—1 i
Z ;5 = Za@j (529)
j=1 j=1

The requirements imposed by (5.27), (5.28), and (5.29) taken together imply that a method
with general form (5.6) must have the additional following properties:

i 1—1 i—1 s
Z%J =0, 7= Zam Z%g‘ = —Viis Zgi =0, ¢ = Vs, (5.30)
=1 j=1 j=1 i=1

Interestingly, the first of these conditions, implied by (5.29), automatically satisfies all order
conditions coming from trees in figures 5.2 and 5.3 which end in a fat node not directly
preceded by a square node. Additionally, the simplifications in equations (5.27), (5.28),
(5.29), and (5.30) means that several order conditions reduce to the same as those coming
from other trees, so that:

(I)<7'5> = @(7'7), (I)(T14) = (I)(ng), @(7'15) = CI)(TQ()), (I)(TQQ) = @(Tlg).
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In this way number of order conditions required to construct such a method of order three
reduces from the original twenty-three to a much more reasonable nine. Figure 5.4 shows
these trees and the order conditions associated with them.

These conditions, with significant simplification coming from equations (5.27), (5.28), (5.29),
and (5.30) as well as some algebraic manipulation are given for a five-stage method as:

as) + aso +asz+asy = 1 (5.31a)
1
Qa5.202 + 5303 + a5404 = 5 (531b)
V5,202 + V5303 + Vsaaqs = —1 (5.31c¢)
1
a572a§ + a5,3a§ + a5,4a?1 = 3 (5.31d)
1
5,303 202 + A5404 303 + 5404202 = 5 (5.31e)
1
(5,373,202 + U5474,303 + A5 474202 = ~3 (5.31f)
V5,373,202 + V5,474,303 + V547a202 = 1 (5.31g)
1
V5,303,202 + V5,404,303 + V5404202 = 5 (5.31h)
V5,203 + V5305 + 5007 = —1 (5.31i)

Table 5.2 gives the coefficients for a LIRK-W method of third order.

5.5.2 Third-order LIRK-W methods of type 2

For stability considersations we again seek a method which is stiffly accurate, and so satisfies
(5.27), as well as the condition that (5.29) to reduce the number of required order conditions.
Due to the difference in general forms we no longer impose the condition (5.28), which
provides the freedom to impose the condition that

0 for 1=1
%’i_{y for 1=2,...,s (5.32)

Taking requirements imposed by (5.27), (5.29), and (5.32) taken together imply that a
method with general form (5.12) must have the additional following properties:

% i—1 s
Y vii=00 > =i D 0=0, 6 =" (5.33)
j=1 j=1 i=1

Once again the first of these conditions, implied by (5.29), automatically satisfies all order
conditions coming from trees in figures 5.2 and 5.3 which end in a fat node not directly
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" J e f® Yobjaj, = 1/2
k
s J Lk f* > 955k 0
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8 .\./j. fn 51t Y bjajra;; = 1/3
l
ok FHEEFE | Shjajpans = 1/6
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Figure 5.4: Butcher trees and LIRK-W conditions up to order three for a type 1 method.
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0
0.520300000000000 0
a = 0.026500000000000  0.938000000000000 0
0.122175553766880  0.105600000000000 0.018300000000000 0

| —0.033950868284890 0.218016324016351  0.258600000000000 0.557334544268539 0

0
—0.520300000000000  0.520300000000000
vo= 0.911500000000000  —1.876000000000000  0.964500000000000

—0.401069249711528  0.663393695944647  —0.508400000000000 0.246075553766880
| —0.155925222099085 —0.084089256959580 —1.070724285228281 0.310738764286946 1

b = [—0.033950868284890 0.218016324016351  0.258600000000000 0.557334544268539 0]

g = [—0.155925222099085 —0.084089256959580 —1.070724285228281 0.310738764286946 1}

Table 5.1: Method coefficients for a third order LIRK-W method of type 1.

preceded by a square node. In this way the number of required order conditions required to
construct such a method of order three reduces from the original nineteen to a much more
reasonable ten. Figure 5.5 shows these trees and the order conditions associated with them.

Examining the order conditions coming from the first and last two trees of figure 5.5 leads
to the additional strategic choice that

a5,1 = ]_, ’75’1 = 0 (534)

so that the order conditions coming from 73 and 719 are automatically satisfied.

These conditions, with significant simplification coming from equations (5.27), (5.29), (5.33),
and (5.34) as well as some algebraic manipulation are given for a five-stage method as:
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Figure 5.5: Butcher trees and LIRK-W conditions up to order three for a type 2 method.
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Table 5.2: Method coefficients for a third order LIRK-W method of type 2.

G52+ 53+ a54 =

Y52 + V53 + V54 =
a5202 + G5303 + a5404 =
V5,202 + V5,303 + V5404 =

2 2 2
CL5726L2 —I— (15,3CL3 + a574a4 =
(5,303,202 + G5404 202 + 05404303 =

A5,373,202 + Q5474202 + A5474,303 =
V5,373,202 + V5,474,202 + V5,474,303 =

V5,303,202 + V5404202 + V5404303 =

5.6 Numerical Experiments
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We show here the convergence of both type 1 and type 2 LIRK-W schemes when applied to
the shallow water equations on a sphere. The shallow water equations in spherical coordinates
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are

8u+ = (u%+vc088%)—<f—i—umng>a+ g_0h = 0 (5.36a)

Ot acosf \ O\ 00 a acosf O\
ov 1 ov ov utan 6 g Oh
E—i—acos@ (U5+’UCOSQ%) + (f+ 4 )U—f—a% =0 (53613)
oh 1 O(hu) ~ O(hvcosf)\
9t dcost ( o a0 = 0. (5:36¢)

Where f = 2Qsin#, h is the height of the atmosphere, u is the zonal wind component, v is
the meridional wind component, # and A are the latitudinal and longitudinal directions, a is
the radius of the earth, Q is the rotational velocity of the earth, and ¢ is the gravitational
constant. The space discretization is performed using the unstaggered Turkel-Zwas scheme
[67, 68], with 72 nodes in the longitudinal direction and 36 nodes in the latitudinal direction.
Figure 5.6 confirms the third order convergence of type 1 and type 2 LIRK-W schemes
applied to the spherical shallow water equations, when L = J.

10 -B-Type 1, 3.49
=-6-Type 2, 2.98

10° 10
dt

Figure 5.6: Convergence diagram for LIRK-W methods applied to spherical shallow water
equations.

The numerical exploration of these schemes is ongoing, and work is currently being done to
apply these methods to large computational fluid dynamics models. This exploration will
include the application of several different formulations of the time dependent, and stage
varying linear term L;y.

5.7 Conclusions

We have presented a new class of time-integration schemes, which permit an arbitrary,
time dependent, and stage varying linear approximation of the stiff system dynamics, called
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Linearly-Implicit Runge-Kutta-W methods. These schemes maintain high-order when mak-
ing use of an approximate matrix factorization, and can be reformulated to permit other
time dependent approximations. Future work that explores new formulations of the method
and order conditions to permit new, or different, approximations may lead to more efficient
integrators.



Chapter 6

Conclusions and Future Research
Directions

In this work we have developed several novel lightly implicit time integration methodologies.
A lightly implicit method considers the time integration and approximation of the (non)linear
systems arising therein as a single computational process. The structure and analytical
framework of these schemes is designed to permit computationally favorable approximations.

The first family, K-methods, offer an alternative to the standard application of Krylov based
methods in the approximation of the solution to linear systems, in the case of Rosenbrock
methods in chapter 2, and the computation of the matrix exponential in chapter 3, in the
case of exponential schemes. These methods are designed to admit very low accuracy Krylov
approximations, while maintaining full order of accuracy. K-methods, both Rosenbrock-
Krylov and exponential-Krylov, are well suited for implementation on parallel architectures
due to their exclusive use of scalable operations, relatively low memory requirements, and
use of only matrix vector products so that matrix-free implementations are possible.

The Linearly-implicit Runge-Kutta-W schemes presented in Chapter 5, in contrast, are
specifically designed to maintain full order of accuracy when making use of approximate
matrix factorization solutions of the linear systems. This family of methods provides a flex-
ible framework for the use of arbitrary, time dependent, and stage varying approximations
of stiff linear dynamics of the initial value problem. The flexibility of the linearly-implicit
Runge-Kutta-W framework makes it possible to leverage many different approximations, and
tailor the computational approach to the specific problem under study.

In addition to presenting several new classes of lightly implicit time integration methods,
we have examined several stability questions for time integration schemes that employ ap-
proximate solutions of linear systems, or approximate evaluations of matrix functions. In
Chapter 4 we leveraged this stability analysis to propose two adaptive implementations of
K-methods that automatically select the Krylov basis size and improve the efficiency of the
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time integration schemes.

Future work in the identification of approximations well suited to specific classes of problems,
or the coupling of approximations to particular spatial discretization schemes, may lead to the
development of new lightly-implicit time integration schemes specifically designed to allow for
such approximations. Aside from the construction of new lightly-implicit methods, additional
work is needed on the stability analysis of these schemes. While the order condition theories
for lightly-implicit methods account for special approximations of their implicit terms, the
current stability analysis does not. A focus on incorporating the special structure of the
approximations in to the stability analysis may prove fruitful in the pursuit of more efficient
schemes.

In conclusion, lightly-implicit methods are a strong alternative to both standard explicit
and implicit time integration schemes. Their ability to leverage computationally favorable
approximations makes them an excellent candidate for solving very large problems on parallel
architectures. This dissertation research provides the groundwork for the next generation of
scalable and efficient lightly-implicit time integration schemes.
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Appendix A

A.1 Order conditions for exponential-W methods.

Theorem 8 (Order conditions for exponential-W methods). An exponential-W method with
general form (3.2) has order p iff the following order conditions hold:

D b ®i(r)=Pi(r) V7T eTW with 7| <p. (A1)
J

Here |7| is the order, or number of vertices of the tree T, and ®;(7) and P.(T) can be computed
using Algorithm 5; they are shown in Figure A.1 for p < 4.

Proof. The proof follows from our discussion in section 3.3, the near equivalence of order
conditions for exponential-W and Rosenbrock-W methods [46], and from the order conditions
of Rosenbrock-W methods [11, Theorem 7.7]. O
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Table A.1: Order conditions for exponential-W methods with general form (3.2) and p < 4.
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