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(ABSTRACT)

Let X be a compact Hausdorff space and A a uniform algebra on X. Let 7 be
an isometric unital representation that maps A into bounded linear operators on a
Hilbert space. This research investigated that there is a one-to-one correspondence
between the collection of maximal sets of antisymmetry for A and that of maximal
projections of antisymmetry for m(A) under the extension of 7 if 7 satisfies a certain

regularity property.
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INTRODUCTION

1. Notation and Definitions

Let X be a compact Hausdorff space and C(X) the algebra of all complex-valued
continuous functions on X. For f € C(X), we set ||f|| = max {|f(x)|: x € X} and
call ||f|| the uniform norm of f. A norm closed subset of C(X) will be referred to as
uniformly closed.

We shall call A a uniform algebra on X if A is a uniformly closed subalgebra of
C(X) which contains the constants and separates the points of X.

Let A be a nonempty subset of C(X). A set K C X is a set of antisymmetry
for A if K # 0 and every f € A which is real-valued on K is constant on K. Since
the union of sets of antisymmetry for A that contain a common point is a set of
antisymmetry for A, every set of antisymmetry for A is contained in a maximal set
of antisymmetry for A. The collection K of maximal sets of antisymmetry for A
forms a pairwise disjoint, closed covering of X.

Let H be a Hilbert space over the complex numbers @ with the inner product

( , ), and define

lyll= v{y,y)

for any y € H. Let B(H) stand for the algebra of all bounded linear operators on
H. For T € B(H), we set ||T||=sup {||Tyl| :y € H, and ||y|| = 1} and T* de-
notes the adjoint of T. If T = T* then T is called self-adjoint. If P € B(H) satisfies
P = P2 = P*, then P is called a projection. Denote the identity map on H by L

Denote the zero map on ‘H by O.



Let U be a nonempty subset of B(H). A projection P in B(H) is called a
projection of antisymmetry for U if
(a) P #0,
(b) P-T=T-Pforall T€ U, and
(c) if T - P is self-adjoint for some T € U then T - P = X - P for some real number A.

In a natural way we define a maximal projection of antisymmetry for i:

A projection P in B(H) is called a maximal projection of antisymmetry for U if
(a) P is a projection of antisymmetry for I/, and

(b) if Q is a projection of antisymmetry for I/ such that Q > P then P = Q.

Applying Zorn’s lemma one can show the range of every projection of antisym-

metry for U is contained in that of a maximal projection of antisymmetry for .

Let A be a uniform algebra of C(X). A mapping 7 : A — B(H) is called a unital
representation of A into B(H) if
(a) 7(1) =1,
(b) x(f +g) = 7(f) + 7(g)
(c) #(A-f) = A-=(f), and
(d) (£ g) = 7(£) - 7(g)
forallf,gc A,and A € @

2. Historical Background

We begin with a history on sets of antisymmetry.

Let A be a closed algebra on a compact Hausdorfl space X. Denote the set of all
regular complex measures on the Borel subsets of X by M(X). Let b(A*) = {u €
M(X) | fxfdp =0 for all f € A and the total variation of p is at most 1 }. Then
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by Alaoglu’s theorem and the fact that a closed subset of a compact set is compact,
b(A?') is compact in the weak topology induced by C(X) under integration.

Suppose A # C(X), then b(A*) # {0}. Since b(A1) is also convex, by Krein-
Milman theorem, b(A*1) has a nonzero extreme point, say po. In [5], deBranges
proved the Stone-Weierstrass theorem using the concept below:

If f € A and f is real-valued on the support of yo, then f is constant on the support
of po.

In [9], Glicksberg gave a formal definition of sets of antisymmetry and proved
some important properties of maximal sets of antisymmetry.

Next we have some history on representations and projections of antisymmetry.

Let T be a bounded linear operator on ‘H with X as a spectral set (in the sense
von Neumann meant). Then there is a natural contractive unital representation,
say =, from the uniform closure of the rational functions with poles off X in C(X),
denoted by R(X), into B(H). Suppose that €\X is connected. Sarason [19] saw how
this representation determines a relationship between reducing subspaces for T and
the components of the interior of the spectrum of T. Lautzenheiser [12] extended the
result by showing that nontrivial Gleason parts for R(X) yielded reducing subspaces
for T. The work of ([15], Melnikov) established that these subspaces are nontrivial.

Mlak [16] further replaced m by any contractive unital representation, mapping a
uniform algebra, say A, of C(X) into B(H). Mlak developed a process that associates
to each generalized peak set for A a projection that commutes with the range of .
The projection may be trivial.

Suppose K is a maximal set of antisymmetry for A. In ([9], Glicksberg) it is
shown that K is also a generalized peak set for A. Hence it is natural to ask if the
projection generated by the Mlak’s process from K, denoted by Pk, is a projection
of antisymmetry for 7(A), or even a maximal projection of antisymmetry for n(A).
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Furthermore, if the answer to the latter part is affirmative, we want to investigate
whether there is a one-to-one correspondence between maximal sets of antisymmetry
and maximal projections of antisymmetry.

In ([22], Szymanski) a maximal projection of antisymmetry was introduced. Szy-
manski also proved the following result:

Let N be a normal operator on a Hilbert space H with spectrum X. Let P(X) be
the uniform closure of all polynomials in C(X). Denote the collection of maximal sets
of antisymmetry for P(X) by Kp(x). Define r : P(X) — B(H) by n(p) = p(N) for
any p in P(X). Suppose for every K € Kp(x) with Pk # O, then K = the spectrum
of (N - Pg). Then Szymanski showed that there is a one-to-one correspondence
between the collection of maximal sets of antisymmetry K for P(X) that satisty

Pk # O and the collection of all maximal projections of antisymmetry for =(P(X)).

3. Objectives

We will prove that a contractive unital representation 7 : A — B(H) can be ex-
tended so that the characteristic function of a maximal set of antisymmetry for A
is in the domain of the extension. If the representation is an isometry and a certain
regularity property is satisfied for each maximal set of antisymmetry for A, then the
extension will map the characteristic function of a maximal set of antisymmetry for A
to a maximal projection of antisymmetry for 7(A). We show also that every maximal
projection of antisymmetry for 7(A) is the image of the characteristic function of a
unique maximal set of antisymmetry for A under the extension of #. That is, there is
a one-to-one correspondence between the collection of maximal sets of antisymmetry

for A and that of maximal projections of antisymmetry for =(A).



CHAPTER 1

GENERALIZED PEAK SETS

In (][9], Glicksberg) it is shown that a maximal set of antisymmetry for a uniform
algebra A is a generalized peak set for A. In this chapter we will define generalized
peak sets and prove some related properties of generalized peak sets we will use later.

We will continue our notation in Introduction. Let X denote a compact Hausdorff
space, and A a uniform algebra on X.

First we define peak sets.

Definition (Peak Sets). A set F C X is a peak set for A if F # () and thereis a
function f € A such that f =1 on F and |f| <1 on X\F (the complement of F in

X). Any such function f is said to peak on F.

Notes:
(a) Clearly F = {x € X | f(x) =1} is a closed set.
(b) Since F can also be expressed as the intersection of the countable open sets

{xeX:|f(x)|>1-— 71—1}:::1, a peak set is a Gg-set.

Next we give some examples about peak sets.

1.1 Examples.
(a) For any uniform algebra A on X, the constant function 1 peaks on X. Hence X

is always a peak set for any uniform algebra on X.

(b) Denote the unit circle in the complex plane, {c € € : [e|] = 1}, by . Let A
be the disk algebra, i.e., the uniform closure of all polynomials in C(I'). For any
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point ¢ in T, the polynomial f(x) = € (x + ¢)/2 is a function peaking on {c}.

Therefore, every point in the unit circle is a peak set for the disk algebra.

(c) Let K;,K, be two disjoint compact subsets in the complex plane €. Define
X = K; UK. Denote the uniform closure of the rational functions with poles off
X in C(X) by R(X). Then both K; and K are peak sets for R(X). This follows

from the fact that € is a normal space and application of Runge’s theorem.

By the following two lemmas, a finite or countable intersection of peak sets for a

uniform algebra A is still a peak set for A.

1.2 Lemma. Let A be a uniform algebra on X. Then a finite intersection of peak

sets for A is a peak set for A.

proof: Let F{,F,, F3,...,F, be peak sets for A with f; peaks on F;. Set
fEfl 'fz'fg"'fn.

Then f € A and f peaks on (\{F; | 7 = 1,2,3,...,n}. Therefore, (\[{F; | 7 =
1,2,3,...,n} is a peak set for A. HH

1.3 Lemma. Let A be a uniform algebra on X. Then a countable intersection of

peak sets for A is a peak set for A.

proor: Let {F; | j = 1,2,3,...} be a sequence of peak sets for A with f; peaks on
Fj. Set
f

v

J=1

Then f € A and f peaks on (\[{F; | j = 1,2,3,...}. Therefore, ([{F; | j =

<

1,2,3,...} is a peak set for A. HE



Definition (Generalized Peak Sets). A generalized peak set is an intersection of

peak sets.

Notes:

(a) A peak set for a uniform algebra A is a generalized peak set for A.

(b) An intersection of closed sets is a closed set, so a generalized peak set is a closed
set.

(c) For a compact metrizable space X, the collection of peak sets for a uniform algebra

A on X coincides with that of generalized peak sets for A.

Proor: A compact metrizable space is second countable. For a second countable
space, every open subspace is second countable, and hence Lindel6f. Considering
the complement, then the intersection of a collection of closed sets can be expressed
as the intersection of a finite or countable subcollection of closed sets. Therefore, a
generalized peak set in a compact metrizable space can be written as the intersection
of a finite or countable peak sets. Applying Lemma 1.2 or 1.3, the claim is proved.

The following example shows that a generalized peak set for a uniform algebra A

is not necessarily a peak set for A.

1.4 Example. Let 2 be an uncountable well-ordered set with a largest eiement w;.
The set  has the property that if a € Q with @ < w;, then {8 € Q|3 < a}is
countable.

Take as a subbase of the topology on  all sets of the foorm {3 € Q| 8 > a}
and {f € Q|8 < a},forall a € Q. Byl17.2 (c) of ([24], Willard), Q is a compact

Hausdorff space.



Define A = {f € C(Q) | there exists a constant ¢ € €, and a < w; such that
f(3) = c for all B > a}. Then one can check that A is a uniform algebra on .

Let a be an element in  with a < w;. Since X[, the characteristic function
of [@,w;], belonging to A peaks on [a,w;], the closed interval [a,w;] is a peak set for
A. Hence {w1} = {[a,w1] | @ < w; } is a generalized peak set for A. Clearly, {w;}

is not a peak set for A by the definition of A.

To prove the main theorems of this chapter we need the following technical lemma.

1.5 Lemma ([7], Gamelin). Let B be a closed subspace of C(X). Let G C X be
closed and f € C(G) satisfies

Ifllg = max {|f(x)]:x€e G} < 1.

Suppose there exist two constants M and a with 0 < a < 1 < M such that for
each open set V 2 G, there exists g € B such that (i)g(x) = f(x) for all x € G,
(i) ||g|l € M, and (iii)|g| < a on X\'V. Then there exists h € B satisfying ||h| < 1
and h(x) = f(x) for all x € G. Furthermore, h can be chosen so that |h| < 1 on

any prescribed F,-subset of X\G.

Note: An F,-set is a countable union of closed sets.
ProofF: Fix a number s such that

M-1
M-—-a

1>s>

Let {4, |n =1,2,3,...} be a decreasing sequence with §, converges to 0.

Let €; = é;, and for n > 2, let

s*[s(M —a) — (M — 1)]
1-—sk

€, = min { §,, |k=2,3,4,...,n}.
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One can verify {€, :n =1,2,3,...} is a decreasing sequence with ¢, converges to 0.

Now suppose E is an F,-subset of X\ G, say E=|J{E, |n =1,2,3,...}, where
each E, is a closed set.

We construct a sequence {h, |n =1,2,3,...} C B as follows.

Since X is open and X D G, by hypothesis, there exists h; € B such that
h;(x) = f(x) for all x € G, and ||h;|| < M.

Suppose h;,h,,... h, have been chosen such that for each j = 1,2,...,n,
h;(x) = f(x) for all x € G and |h;|| < M. Let

W, ={x€X: max |hj(x)| >1+e.}
1<j<n

={x € X: |hj(x)| > 1+ ¢, for some j with 1 < j<n}.

Clearly, W, is a closed set, and W, C W, foralln =1,2,3,.... Since ||f||g <1,
and for all x € G, hj;(x) = f(x) for each 7 = 1,2,3..., we see that W,, N G = 0 for
almn=1,2,3,....

From E, C E C X\G and W, N G = 0, the open set X\(W, UE,) D G.
By hypothesis, there exists h,;; € B such that h,.;(x) = f(x) for all x € G,
|lhnt1]l < M, and |[h,41| < aon W,UE,,.

Set

h=(1-5) Z s’ 'h;.
j=1

Since the h;'s are uniformly bounded by M, the series converges uniformly on X.

Hence h € B.



For any x € G,

oo

h(x) =(1-75s) Z s h;(x)

i=1

=(1- S)Zsj_lf(x)

= f(x).

To complete the proof we need to show |h| < 1 on E and |h| < 1 on X\G.
It suffices to prove:
(1) fxe X\(U{W.|n=1,2,3,...}), then |h(x)] < I;
(2) Uxe ENX\(U{W.|n=123,...})], then |h(x)| < 1; and
(3) fxe U{W,|n=123,...}, then |h(x)| < 1.
To prove (1), let x € X\(U{W. |n =1,2,3,...}). Then for any j =1,2,3,...,
the value |hj(x)| < 1+ ¢, for all n > j. The condition €, converges to 0 implies

|hj(x)| <1, for j =1,2,3,.... Therefore,

B(x)| = |1 -9) 3 & hi(x| < (1-5) s = 1.

j=1

To prove (2),let x € EN[X\(U{W. | n =1,2,3,...})]. Clearly, x € X\(|U{ W, |
n =1,2,3,...}). From the result of (1), |h;(x)| < 1forj = 1,2,3,.... Suppose
x € E, for some positive integer k. Then |hgii(x)| < a < 1. Therefore, |h(x)| < 1
by the definition of h.

To prove (3), let x € |J{W,.|n=123,...}. Since W;CW,C...CW,C
W,t1 C -+, either (x € W) or (there exists an m > 2 such that x € W,, and
x ¢ W; for all j < m).
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If x € Wy, then |hj(x)| < aforall j >1, and

B(x)| < (1=8) 35" hy(x)|
= (1=8)(Ia()] + 3_ ' hy(x)]

<(1-s)M+ Z s’ 'a]

= (1—8)M+ ]
=(1-s)M+as
=M-5s(M - a)
<M—ﬁ:bM—@
=1

That is, |h(x)| < 1if x € W;.
Suppose x € W,, for some m > 2, and x ¢ W, for all j < m. In particular,

x ¢ W,,._; and hence |h;(x)| <1+ €, forall j =1,2,...,m — 1. Therefore,

Ih(x)] < (1—s) ) _ s |hy(x)|
Jj=1
m-1 . o) ‘
=(1—95)D_ s h(x)|+ ™ hn(x)| + D> s h(x)]]
=1 J=m+1
m-—1 o
< (l—s)[Z ST 14 €mo1)+s™ M + Z s’ 1a|
=1 j=m+1
(=) 1 ) M 2
- TeITTT cm-1 1—s

=(1=s""Y)14+€n1)+(1—5)s""'M+as™

=1+ e€n1(l—s™1) ="l — (1 -s)M — as]
s™s(M—-a)— (M-1)
1 —sm-t

<14 L1 — smety - smots(M — a) — (M - 1)
=1.
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Therefore, |h(x)| <1 forall x € J{W,|n=1,2,3,...}.

This completes the proof of the lemma. HM

Applying the previous lemmas, we can prove the following theorem.

1.6 Theorem ([7], Gamelin). Let A be a uniform algebra on X, and G a gener-
alized peak set for A. Let f € C(G) with f(x) = q(x) for some q € A and all x €
G. Then there exists h € A such that h(x) = f(x) for all x € G and ||h||y =

Ifllg-

Proor: Without loss of generality, we assume [/f||o = 1.
Let V be an open set that contains G. We claim there exists a peak set for A,

say F,suchtht GCFCW=Vn{xeX:|qx) <2}

ProOF OF cLAIM: As an intersection of two open sets, W is open. Since

G={xeG:|f(x) <1}
={xeG:|q(x) <1}
C{xeX:|q(x) <1}

C{xeX:lq(x)| <2},

we have W D G.
The set G is a generalized peak set for A, by definition,

G=(|{FalacA},

where A is an index set, and F, is a peak set for A for each a € A.
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By taking the complement of W D G, we have
X\W C X\G
= X\((){FalaeA})
— U{X\Fa lae A}
Since X\ W is compact, there exist ay, az, a3,...,a, € A such that
X\W C U{X\Fa |a=ay,az,a3,...,a,}
= X\(ﬂ{Fu |a=a1,00,03,...,0,}).

So WD ({Fal|a=aj,a,0;,...,00}. Let F={F, | a = a1,23,03,...,a, }.
By Lemma 1.2, F is a peak set for A and G C F C W. The claim is proved. W

Let p € A peak on F. Then as n approaches oo, we see that p™ converges to 0

uniformly on

X\(Vn{xeX:la(x)[<2}) = (X\V)U{xeX:|q(x) = 2}.
For sufficiently large n, the function g = p™-q € A satisfies (i)g(x) = f(x) for all x €
G, (i1)|lgllx < 2, and (iii)|g| < ; on X\V. By Lemma 1.5, with M = 2 and a = £,

the desired function h € A exists, and this wraps up the proof of the theorem. HN

The following theorem shows the restriction of a uniform algebra to a generalized

peak set is still a uniform algebra on that set.

1.7 Theorem. Let A be a uniform algebra on X and G a generalized peak set for
A. Define i : G —» X by ig(x) =x for all x € G. Then Ag = {foig |[f€ A},

the restriction of A to G, is a uniform algebra on G.

Proor: The restriction of an algebra to a subset of X is an algebra on that set. The
restriction of a constant function to a subset of X is a constant function on that set.

13



An algebra that separates points of a set separates points of a subset. Therefore, its
restriction to that subset separates points. Hence we now proceed to prove that Ag
is uniformly closed to complete the claim.

To this end, define ¢ : A — Ag by ¥(f) =foig for all f € A. Then ¥ is linear,
onto with kernel space, denoted by ker 3, the set of functions in A that vanish on
G.

Define A /ker ¢ = {f+ker ¢ | f € A } with the norm |[f+ker ¢| = inf {||f+g| :
g € ker ¢ } for any f € A. Since A is a complete normed space, by I11.4.2 of ([2],
Conway), A /ker v is a complete normed space.

The mapping ¥ : A/ker ¢ — Ag defined by ¥(f + ker ¢) = f oig is one-to-one,
onto, and linear. Furthermore, by Theorem 1.6, ¥ is an isometry. Therefore, Ag is

a complete normed space, and hence uniformly closed. HH
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CHAPTER 2

EXTENSION OF CONTRACTIVE UNITAL REPRESENTATIONS

Let A be a uniform algebra on X. A unital representation 7 : A — B(H) is said
to be contractive if ||x(f)|| < ||f|| for all f € A. Denote the collection of generalized
peak sets for A by (GP)a. Then in this chapter we want to extend the domain of
7 to include x g, the characteristic function of G, for each G € (GP)a. We will see
that the range of x g under the extension of = is a projection that commutes with the
range of w. Therefore, if the projection is not O or I, then the range of the projection
is a non-trivial reducing subspace for the range of m. The main result of this chapter,
Theorem 2.7, is due to ([16], Mlak).

We first need some definitions for our following examples.

Definition (Spectral Sets). If T is a bounded linear operator on a Hilbert space
H, then a compact subset X of the complex numbers € is called a spectral set for

T if it contains the spectrum of T and satisfies
[x(T)]| < sup {|r(x)]: x € X}
for all rational functions r with poles off X.

(For definition of r(T), see VIL.4 of ([2], Conway).)

Definition (von Neumann Operators). A bounded linear operator T on a Hilbert

space H is a von Neumann operator if the spectrum of T is a spectral set for T.

Here we present some examples of contractive unital representations.
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2.1 Examples

(a)

(b)

Let X be a compact Hausdorff space and let u be a positive Borel measure on X.
Denote the Hilbert space of square integrable functions on (X, #) by L?(x). Define
m : C(X) — B(L%*(u)) by n(f) = Mg, where M¢(y) = f - y for any y € L?(u).

One can check that 7 is a contractive unital representation.

Let N be a normal operator on a Hilbert space H and let X be the spectrum of
N. By the spectral theorem for normal operators, for every f in C(X) there exists
an operator f(IN) on H. Define 7 : C(X) — B(H) by n(f) = f(IN). Then one can
use the spectral theorem to check that 7 is a contractive unital representation.

(Actually, 7 is an isometry.)

Let T be a von Neumann operator on a Hilbert space H. (For a brief discussion of
von Neumann operators see ([4], Conway).) Let X be the spectrum of T. Denote
the uniform closure of all rational functions with poles off X in C(X) by R(X).
Define m : R(X) — B(H) by n(f) = f(T). By invoking the definition of von

Neumann operators one can verify that = is a contractive unital representation.

Let X in @ be a spectral set for an operator T on a Hilbert space H. (See ([4],
Conway) for reference on spectral sets.) Let R(X) and 7 be defined as in (c)

above. Then 7 is a contractive unital representation.

Denote the collection of peak sets for A by Pa. Next we extend the domain of 7

to include x g, for any F € P,. Before that we need several lemmas.

2.2 Lemma. Let A be a uniform algebra on a compact Hausdorff space X, and «

a contractive unital representation that maps A into B(H). Then for any y,z € H

16



there exists a regular complex Borel measure uy , on X such that

(r(f)y,z) = Afduy,, for all f € A, (1)

and

ey sl < Nyl - [l=]]- (2)

(Note: ||py «|| denotes the total variation of py ,.)

Proor: Fix y,z € H and define the map ¢: A — @ by

¢(f) = (v(f)y, 2).

By linearity of inner product one can see that ¢ is a linear functional. Also

8(D)] = [(x(D) y, 2)| < [I=(E) y | - llzl| < [l=(EO)[ - [Iy [l - Mzl < NIEI[ - [yl - Il

implies that ||¢|| is bounded by |y|| - ||z]|-

By the Hahn-Banach theorem there exists a bounded linear functional, say @,
defined on C(X) such that ®(f) = ¢(f) for all f € A, and ||®|| = ||¢||. From Riesz
representation theorem there exists a complex regular Borel measure on X, say iy i,

with [layall = 8] < iyl - 2]], and
3(g) = /xgd,,,,,. for all g € C(X).
In particular, for f € A C C(X)
(r(£)y,3) = 6(6) = #(0) = [ £y

The proof is complete. HEll

Definition(Elementary Measures of 7). Any arbitrary regular complex Borel
measure that satisfies (1) and (2) in Lemma 2.2 is called an elementary measure for
(y,2) € H x H of the contractive unital representation .
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2.3 Lemma. Let A, X, and 7 be as in Lemma 2.2. If py 4, and py , are elementary

measures for (y,z) € H x H of =, then for any F € Py

/deuy.z =/Xr duy g
X X

where xy denotes the characteristic function of F.

Proor: Let F € Py, and let p € A peak on F.
Since p™ converges to xy pointwise, by Lebesgue’s dominated convergence theo-

rem, we have

/er#y.-: Hm/Pndﬂy.z
x n—o x

= lim (r(p")y,2z)

n— oo

= lim [ p"du,,

n—oo

= / XF dhty 5-
X

Thus the lemma is proved. HE

With Lemma 2.3 we can now extend 7 to include { xy | F € P4 } in its domain.

That is, for any F € Pj we define m(xy) to be Py in the following theorem.

2.4 Theorem ([16], Mlak). Let A,X, and 7 be as in Lemma 2.2. For any F € Py

there exists a unique projection Py € B(H) such that

(Pry,z) = / Xr dity 5,
X
and Py -n(f) = n(f)- Py for all f € A.

Proofr: For any fixed F € Py, define Sy : Hx H — € by :

Se(y,z) = / X iy,
X

18



where y,z € H, and py s is an elementary measure for (y,z) of .
By Lemma 2.3, Sy is well-defined.

Let p € A peak on F, we have

Sx(y, 2) = / xr ity s
X

= lim [ p"duy,
x

n—oo

= lim (x(p")y, 2). (3)

From the above relation one can verify Sy is a sesquilinear functional.

Also

Se(y,2)| = | / e ity
X
< ”Ny.z”

< Iyl - ll=ll-

Hence Sg 1s a bounded sesquilinear functional on H x H. By Theorem 1 of § 22 in

([10], Halmos) there exists a unique operator, say Pr, on H such that
SF(yvz) = <PF Y, Z> for all Y.z € H.
For any y € H,

lyl? = (y,y) = (=(1)y,¥)
= / ld#y.y
X
= ﬂY.y(X)
< Hﬂy.y”
<yl - llyll

= |lylI*
19



This implies py y is a positive measure.

For any y € H,

(Pry,y) =Sr(y,y) = / XF dy,y = pyy(F) > 0.
X

Therefore, Py 1s a positive operator on H.
Next we show Py commutes with 7(f) for any f € A.

For any y,z € H, and any f € A,

(Pr-(£)y,2) = lim (x(p") - 7(£)y,2)

n—oo

= lim (r(p" -f)y, z)

= lim (x(f - p")y, 2)

— lim (x(f) - 7(p") , )

n—oo

= lim (r(p")y, n(f)" z)

n—oo

= (Pry,n(f)" 2)

= <7r(f) ) PF y,Z)-

Therefore, Py - n(f) = n(f) - Py for all f € A.
To complete the proof we need to show Ps? = Py.

For any fixed positive integer k, and any y,z € H,

<PF y,z> = lim (W(pn)}'?z>

n—oo

n+k)

= lim (r(p Y,2z)

n—oo

= lim (7r(p") . W(pk)y’ Z)

= (Pg - n(p*)y,z)
= (r(p*)y,Prz).

20
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Since this is true for any &,

(Pry,2) = lim (x(p)y, Pr2)
= (Pry,Prz) (Use (3).)

= (P¥’y,z).

This proves Py = Pg?, and the theorem is proved completely. HEl

To further extend the domain of 7 to include { xg | G € (GP)a } we need some

more preparations.

2.5 Lemma. Let G € (GP)a and p a regular complex Borel measure on X. Then
there is a sequence {F, | n = 1,2,3,...} C Pa such that G C F, for each n =

1,2,3,..., and

lim |p|(Fa\G) = 0.

Note: |u|(F,.\G) denotes the total variation of u(F,\G).

Proor: Clearly G = [(J{Fo |G C F, and F, € P, }.
The set X\G is open, and |g| is regular, so there is a sequence {K, | n =

1,2,3,...} of compact sets such that K, C X\G and

lim [p[(Kn) = [¢|(X\G).

We claim for any K,, there is some F,, with G C F,, € P, such that K, NF, = 0.

Proor ofF cLaiM: Suppose not. Then for some fixed n, {K,NF, | G C F, and
F, € Pa } is a collection of nonempty closed sets with finite intersection property.
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By compactness of X, the set (({K,NF, |G CF,, and F, € Pp } # 0. But

P=K.NG
=K N(({Fa|GCFyand Fo € Pa})
zn{K,,nFalG(_ZF,, and F, € Pa}
#0.

A contradiction arrives. Thus the claim is proved. W

Continuing the proof of the lemma, we have

0 < |pl(Fa\G) = |p|(Fr) — |£/(G)
< [u[(X\K») — [ul(G)
= |u[[(X\K)\G]
= [u[[((X\G)\Kq]

= [p[(X\G) — [p(Kn).

Since |u|(K,) converges to |u|(X\G) as n approaches oo, |u|(F,\G) converges to 0

as n approaches co. Therefore, the lemma is proved. HHl

The key to the proof of the next theorem is the following:

2.6 Lemma. Let G € (GP)a and p a regular complex Borel measure on X such
that

/fdsz forall f € A.
x

Then
/f—deu=0 for all f € A.
X
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Proor: By Lemma 2.5, there exists a sequence { ¥, | n =1,2,3...} C P4 such that
G CF, foreachn=1,2,3,...,and

lim [1|(Fa\G) = 0.

Let p, € A peak on F, for each n = 1,2,3,.... For any positive integer n, and
any f € A,
/f'Xr,,dﬂ: hm/f-pnmduzo. (4)
X m=eJx
For any f € A,

|/ £ xq dul = v/ £+ (xe, — Xeoa)dul
X X
< l/ f-xpndu|+|/ f-x@E.na)drl
X X

= |/xf'X(rn\G)d/‘| (Use (4).)

< Nl - [1[(Fa\G).

As n approaches oo, |u|(F,\G) converges to 0. This proves [y fxgdp = 0 for all
fecA. HR

Now we are ready to extend the domain of 7 to include { x¢ | G € (GP)a }. We

define, for any G in (GP)a, the image 7(xg) to be Pg in the following theorem.

2.7 Theorem ([16], Mlak). Let A,X, and 7 be as in Lemma 2.2. For any G €

(GP)a there exists a unique projection Pg € B(H) such that
(Pcy,z) = / XG Aty
x
and Pg - n(f) = n(f)-Pg forall f € A.
Proor: For any fixed G € (GP)a, define Sg : H x H — € by
Sely,z) = /xxG dpty s,

23



where y,z € H, and gy, is an elementary measure for (y,z) of .
First we check that S¢ is well-defined.
Let py, and py . be two elementary measures for (y,z) of 7. Then uy, — py , is

a regular complex Borel measure on X such that

/xfd(;ty,, —py,) =0 forallfeA.

From Lemma 2.6, it follows that

/ f-xgd(pys —py,)=0 forallfeA.
X

‘/;(XG dﬂy.z:/xXG dl";,z'

Consequently, Sg is well-defined.

Take f = 1, then

For y1,y¥2,2 € H, and any f € A,

/ fduy, 4y,0 = (7(£)(y1 + ¥2),2)
X

(m(£) y1,2) + (7(f) y2,2)

:/ fd/‘!x.l+/fd#Y2.8'
X X

This proves that for any f € A,

Afd(#¥1+Y2,l — MKy, s — ”h.!) = 0.

Using Lemma 2.6 again, we have
Af ‘X Wby +yss = Byrx — Hys) =0,
or, equivalently, we have for all f in A that

/f'XGd#ylﬂz.-:/f‘XGdﬂyn,:+/f'XGdﬂyz,r
X X X
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If f =1, we see that

SG((YI + y2))z) = SG(yh Z) + SG(y2vz)'

In a similar way we can prove Sg is a sesquilinear functional. Also

Sa(y.z)] = | /x xa diyal < ltyall < Iy1 - Il

Hence, Sg is a bounded sesquilinear functional. There exists a unique operator, say
Pg, on H such that Sg(y,z) = (Pcy,z) for all y,z € H.

Also for any y € H,

(PG y,Y) = /XXG dpyy = l’*y,y(G) 2 0,

since py y is a positive measure as proved in Theorem 2.4. Therefore, Pg is a positive
operator on H.

Next we show Pg commutes with 7(f) for any f € A.

For any y,z € 'H, and any f € A, by Lemma 2.5, there exists a sequence { F,, |
G C F,, where n = 1,2,3,...} C Py such that |un(r)ys|(Fn\G) approaches 0, and
ltty »(£)* s|(Fn\G) approaches 0 as n tends to co.
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Then for any f € A, and any y,z € H,

(Pe - () y,2) = /x x i)y

n—oo

= lim XF, d,u,,(f) v,z
X

lim <PFn * W(f)y’ Z)
= lim (x(f) - Pf, y,2z)

n—oo (Use Theorem 2.4.)
= lim (PFn Y77r(f)* z)

= lim XF, d#y,n(f)‘ z
n—oo [x (Use Theorem 2.4)

= / Xa d/-‘ynr(f)‘:
X
= (Pgy,n(f)" z)

= (n(f)-Pgy,z).

Thus Pg - n(f) = n(f) - Pg for any f € A.

It remains to show Pg? = Pg.

To this end, fix y € H. We can find, by Lemma 2.5, a sequence {F,, | G C
F,., wheren = 1,2,3,...} C Pa such that |uyy|(F,.\G) converges to 0, as n ap-

proaches oo. Then

0 < ((Pr, —Pg)y,(Pr. — Pa)y)
< {((Pr, — Pq)y,y) ((Pr. — P&)(Pr, — P&)y, (Pr, — Pg)y)?

< [ty y[(Fa\G) - |[Pr, — P - [ly]]%,

where the second inequality follows from Schwartz inequality. This proves that as n

approaches oo,

PFuy - PGy' (5)
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Therefore,

(Pecy,y) = /x X dity y

n—oo

= lim XF, dityy
X

= lim (Pr,y,y)

= lim (Pg,”y,y)

(Use Theorem 2.4.)
= ]‘im (PFn y’ PFu y)

n— eco

= (Pgy,Pgy) (Use (5).)

= (Pgly,y).

This implies Pg = Pg?, and the proof is complete. Hll
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CHAPTER 3
ONE-TO-ONE CORRESPONDENCE BETWEEN
MAXIMAL SETS OF ANTISYMMETRY AND

MAXIMAL PROJECTIONS OF ANTISYMMETRY

Let A be a uniform algebra on X, and 7 a contractive unital representation
mapping A into B(H). Later in this chapter we assume further that (i)r is an
isometry and (ii)for each maximal set of antisymmetry for A, say K, and any ¢ > 0,

there is an open set, say V, with V D K such that
ley | (VAK) < € for all y,z € H with ||y|| = ||z|| =1,

where py 5 is an elementary measure for (y, z).

Under these conditions, in Corollary 3.9 we show that there is a one-to-one cor-
respondence between the collection of maximal sets of antisymmetry for A and that
of maximal projections of antisymmetry for 7(A).

In Chapter 2 we proved for each G € (GP)a there exists a projection Pg € B(H)
such that Pg - 7(f) = n(f) - Pg for any f € A, and

(PGy,Z>=/de#y,.,
X

where py 5 is any elementary measure for (y, z) of =.
In actuality, we also have an integral form for the expression (n(f)-Pgy,z), for
any f € A, y,z € H, and G € (GP)a. First we obtain the desired form for those

F € Pa.

3.1 Lemma. Let F be a peak set for A. Then for any f € A, and y,z € H, we

have

( (f PFYa /f XFdﬂy,l)



where py 4 is any elementary measure for (y,z) of .

Proor: Let p € A peak on F, we have

(v(f)-Pry,2z) = (Pr-n(f)y,2)
(Use Theorem 2.4.)

Il

lim pn d,u,,,(f)y,,
n—oo x

= lim (x(p") - 7(f)y, 2)
= lim (x(p" -f)y,2)

=1lim | p" -fduy,

n—oo

:/f-dey,,,. um
X

Next we prove the equality in Lemma 3.1 holds true for any G € (GP)a.

3.2 Lemma. Let G be a generalized peak set for A. For any y,z € H, and f € A,

we have
(r(5) - Pay,3) = [ £-xg duym
where py 5 Is any elementary measure for (y,z) of «.

Proor: Fix y,z € H, any elementary measure py, for (y,z) of 7, and f € A.

By Lemma 2.5, there exists a sequence {F,, | n =1,2,3,...} C P4 such that

nh_’nolo iy 5| (Fa\G) =0

and

7}}_{& |l"1r(f)y.l|(Fn\G) = 0.
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Then

(v(f)-Pey,z) = (P 7(f)y,2)
(Use Theorem 2.7.)

= / XG Aftn(t) y s
X

= lm [ xp, dpnt)y,s

n—oo X
= lim (Ppn . W(f) Yy, Z)

n—oo (Use Theorem 2.4.)
= lim (n(f) - Pp, y,2)

n—oo _ (Use Theorem 2.4.)

= lim [ f-xp, diy,s
noeJx (Use Lemma 3.1.)

:/f-xcdpy,,. ]|
X

3.3 Corollary. Let G,, G, be two generalized peak sets for A. For any y,z € 'H,

we have

<PG1 ) PG2 y, Z) = AXGlnGz d#’y,”

where py 4 is any elementary measure for (y,z) of «.

prooF: Fix y,z € H.
Using Lemma 2.5, there exists a sequence {F,, |[n =1,2,3,...} C Pp with G; C

F, foreachn =1,2,3,..., such that
nII_{EO |y 2 l(Fr\G1) = 0,

and

Lim |ppg,y.s|(Fa\G1) = 0.
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Also let p,, peak on F,, for eachn =1,2,3,.... Then

<PG1 : PGz y,z) = / XaG, d/LPGQ Y.z
X (Use Theorem 2.7.)

= lim / XF,.,d/‘Pc,y.z
X

n-— 00

= lim lim Pr" dipg, y.5
X

n-— oo m— 0

= lm lim (w(pnm) . PG: Y, Z>

= lim lim P~ Xg, Wys
n—oo m— 00 x

(Use Lemma 3.2.)

n—oo

= LXGlnGg d#Yr" .-

= lim [ xp g, dys
X

Remarks:
(a) PGlﬁGz = PG1 : PGz‘
(b) f Gy NG, =0, then Pg, - Pg, = O.

In the following we further assume that = is an isometry, i.e., ||7(f)| = ||f|| for

all f € A.

3.4 Lemma. Let 7 be a unital representation that maps A into B(H). Also assume
l=(£)|| = ||f|| for all f € A. If fo € A, and (o) is self-adjoint, then f, is real-valued
on X.

ProoF: Suppose on the contrary fj is not real-valued on X. Then there exists xo € X

such that fo(x0) = a + ib with a, b real numbers and b # 0.
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Define ¢ : 7(A) — @ by
d(n(f)) = f(xo) forf e A.

We check ¢ is well-defined.
Suppose 7 (f) = n(g) for some f,g € A. Then

0 = [|=(f) —=(g)l|l = [I=(f —g)ll = If —gll-

This implies (f — g)(xo) = 0, or f(xo) = g(xo).

One can check ¢ is a nonzero multiplicative linear functional defined on #(A).
By Theorem VII.8.6 of ([2], Conway), the spectrum of 7(fy) is:
{¥(=(fo)) | where 1 is any nonzero multiplicative linear functional on 7(A)}.

Siﬁce 7(fo) is self-adjoint, the spectrum of 7(fo) is a subset of real numbers. But
é(m(fo)) = fo(xXo) is not a real number. A contradiction arrives. Thus fy must be

real-valued on X. HHN

Recall that the collection of maximal sets of antisymmetry for A is denoted by

Ka. In ([9], Glicksberg), it is shown Kz C (GP)a.

3.5 Corollary. Let m be a unital representation that maps A into B(H). Also
assume that ||x(f)|| = ||f|| forall f € A, and Ko = {X }. Then the only self-adjoint

operator in w(A) is A-I for some real number M.

Proor: Suppose 7w(f) is self-adjoint for some f € A. We see from Lemma 3.4 that
f is real-valued on X. Since X is the maximal set of antisymmetry for A, we have

f = A1 for some real number A\. Thus, 7r(f)=7(A-1)=A-x(1)=2-1. HE

Remark: The corollary says I is a projection of antisymmetry, and hence a max-
imal projection of antisymmetry, for 7(A) in the case X is the only maximal set of
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antisymmetry for A.

3.6 Theorem. Let 7 be a unital representation mapping a uniform algebra A C
C(X) into B(H) with |[x(f)|| = |If|| for all f € A. Let K be a maximal set
of antisymmetry for A such that for any ¢ > 0 there exists an open set V with

K C V C X such that
leys|(VAK) < € for all y,z € H with |y|| = ||z] =1,

where py 5 is an elementary measure for (y,z). Then Pk is a projection of antisym-
metry for n(A).
Proor: Let ix denote the mz;pping from K to X such that ix(x) = x for all x € K.
Define Ax = {foik | f € A}. Then, by Theorem 1.7, Ak is a uniform algebra
on K with K as the only maximal set of antisymmetry for Ag.
Define 7k : Ak — B(Px™H) by nk(f oix) = n(f) - Px.
We need to check nk is well-defined.
Suppose foix = goik for some f,g € A. We want to show =(f)-Px = n(g)-Pk.

To this end, for any y,z € H,

(=(f)-Px y,z) /f XK dfty,s

= / g XKk Iy s
X

= (r(g)-Pxy,2).

(Use Lemma 3.2.)

Thus =(f) - Px = 7(g) - Pk.

Using the property that Px commutes with n(f) for all f € A, one can verify g
is a unital representation that maps Ak into B(Px™H).

To apply Corollary 3.5 we need to show 7k is an isometry, i.e., ||[rg(f o ix)| =
I£ o], or Ix(F) - Pl = [I£]lx.
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Suppose this is so, we claim Pk is a projection of antisymmetry for 7(A). We
see that

Pl = [I=(1) - Pxl| = [[1]|x = 1,

hence Px # O. By Theorem 2.7, n(f) - Px = Pk - n(f) for any f € A. Suppose
7(f) - Pg is self-adjoint. By Corollary 3.5 we have n(f) - Px = A . Pk for some real
number .

To show ||7(f) - Px|| = ||f||x, we first claim that ||=(f) - Px|| < ||f| k-

Let y,z € H with ||y|| = ||z]| = 1, and f € A. Then

|(x(f)-Pxy,2z)| = |/ f-xgduys (Use Lemma 3.2.)
X
< [1€llx - llaey ol
< [[fllx - [yl - [l

= [Ifllx-

Thus |x(f) - Px|| < ]x.

To prove the other direction of inequality, fix any f € A.

Since K is a maximal set of antisymmetry for A, by ([9], Glicksberg), K is a
generalized peak set for A. By Theorem 1.6, there exists h € A such that h(x) = f(x)
for all x € K and |/h||x = ||f||x.

Given any € > 0, by hypothesis, there exists an open set V with V O K such
that |pys|(V\K) < € for any y,z € H with ||y| = ||z|| = 1.

Write K = (J{F, | K C F, € Pa} C V. By a standard argument about
compactness and the property that a finite intersection of peak sets for A is a peak
set for A, one can show there exists a peak set, say F, for A suchthat KCFC V.

Let g peak on F. By raising g to a sufficiently large power we may assume
|g(x)| < € for any x € X\V.
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Since 7 is an isometry, we can find yo, 2o € H with ||yo|| = ||zo|| = 1 such that
| &by = [(r( - ) yo,20)
2 |lg-hllx —e
= |[h]|x —e
= [fllx — e (1)
Thus
|{(m(f) - Pk Yo,20)| = |/ fxxdity, sl . (Use Lemma 3.2.)
X
=1 [ & b xxdisun
x
>| [ & hduyual =1 [ (80 =g B i) days
X X
=1 [ & Bl | [ (81— £ xx) ity
x X

> [ g hdupenl =1 [ @ 0= x0dinl = | [ (@B =1 i) i

X\V

|/g h djty, | — |/ g - b djiye a0 - I/ g - hduyy |
> (18— )~ g hllx - b ol (V\K) 18- Bllxyy - oo (X\V)

2 ([Ifllx =€) = lIfllx - € = € l[hllx - llyo .50l

2 ([Ifllx —€) = lifllx - e — e [Ifllx

(Use (1).)

= ||f||x(1 — 2¢) — e.

Since € was arbitrary, ||7(f)-Pxk|| > ||f||k for all f € A. Hence 7k is an isometry.

Remark: Suppose G € (GP)a satisfies the regularity property in Theorem 3.6,

i.e., for any € > 0 there exists an open set V with G C V C X such that

by s|(V\G) < e for all y,z € H with ||y| = ||z|| =1,
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where py 4 is an elementary measure for (y, z).

In the proof of Theorem 3.6 we actually showed that ||x(f) - Pg|| = ||f||g for all

f € A. In particular, Pg # O.

The following example taken from ([22], Szymanski) shows the regularity hypoth-

esis in Theorem 3.6 is indispensable.

3.7 Example. Let

(a) T={ce@:|c|=1},ie,I denotes the unit circle,

(b) {cn | n=1,2,3,...} be a bounded sequence of complex numbers with |c,| > 1
for each n and such that I' is the cluster points of {¢, | =1,2,3,...},

(c) K denote the real number interval [0, 3], and

(d) X=TU{c,|n=123,...} UK.

Let P(X) = the uniform closure of all polynomials in C(X). Denote the point
mass at ¢, and the linear Lebesgue measure restricted to K by §,, and mg, respec-
tively. Define p = mg + Y oo, 27"6,. It is clear p is a positive, finite Borel measure
on X, and y(T') = 0.

Denote the collection of square integrable functions on the measure yu by L%(u).
Define 7 : P(X) — B(L?(p)) by n(f) = Mg for any f € P(X), where M¢(y)=f-y
for any y € L%(p).

One can check :

(i) The mapping = is a unital representation with ||x(f)| = ||f|| for all f € P(X);
(ii) For any y,z € L?(u), the measure y - Zdp is an elementary measure for (y, z);
(ii1) The set I' U K is a maximal set of antisymmetry for P(X); and
(iv) For any open set V with X O V 2 (T' U K), there exists a ¢, € V\(I' UK). Let
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Yn = \/2—"-)({0"}. Then y, € L*(u), and ||y.|| = 1, and yet |y, 4. [[V\(CUK)] =

1. Hence the regularity hypothesis in Theorem 3.6 is not satisfied.

In the following we show Pryk is not a projection of antisymmetry for (P (X)).

Proor: The function i : X — X defined by i(x) = x is in P(X). For any y € L%(p),

(7(i) - Prox ¥, y) = /x i Xrox diiy g

=/i->crux-y-5'd/t
X

:/ i.y.ydu
T'uK

K

Since i is real-valued on K and y -y > 0, the operator (i) - Pryx is self-adjoint.
If Pruk is a projection of antisymmetry for #(P(X)), then 7(i)- Prux = A - Pruk
for some real number A. This is absurd, because for any real number ), we can find

y € Pruk(L*(p)) with ||ly|| = 1 such that [ i-y-ydu# 2. HE

3.8 Theorem. Let A be a uniform algebra on X and = a unital representation
mapping A into B(H) with ||x(f)|| = ||f|| for al f € A. Suppose also for any

K € KA, and € > 0 there exists an open set V with K C 'V C X such that
iyal(V\K) < ¢ for all y,2 € H with [y = |z =1,

where iy 5 is an elementary measure for (y,z).
If P is a maximal projection of antisymmetry for 7(A), then P = Px for some

KE)CA.

Proor: Let Z = |J{ support of ppypy | Yy € H and ppy py is any elementary mea-
sure for (Py,Py)}.
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We first claim Z is a set of antisymmetry for A.

Proor oF CramM: Let f € A be real-valued on Z. Then for any y € H,

(x(£) - Py.y) = (x(£) - Py,Py) = /xfdupy,py.

Since f is real-valued on support of upypy, and upy py > 0, we conclude that
(r(f) - Py,y) is real-valued for all y € H. Therefore, 7(f) - P is self-adjoint.

By the definition of projection of antisymmetry, we have n(f)-P = A -P for some
real number A\. Thus O = [7(f)—A]-P = n(f—))-P. Since n(f—A)-P = P-n(f—)),

wWe see

Pon(f—2)-P=n(f—))-P?=n(f—))-P. (2)

Thus
O=[r(f-X)-P]-[x(f-1A)-P]
=x(f-A)-[P-n(f-))-P]

=nx(f-X)-[x(f—A) P (Use (2).)

=7[(f - )] P.
Therefore, for any y € H,
0= (x[(f= )] - Py,y) = (x[(f = V)] . Py,Py) = /x (£~ N2 dupypy.

Since (f — A)? > 0, and ppypy > 0, this implies f — A\ = 0 on support of ppy py.
Hence f = X on support of upy py, for any y € H. Thus Z is a set of antisymmetry

for A. R

We return to the proof of the theorem. Let K be the maximal set of antisymmetry
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for A that contains Z. Then for any y € PH, we have

(Pxy,y) = /XXK duy y

= / X{support of py.y } dlu’y,y
X
= |lpyyll

= (Py,y).

This proves Px > P.
We also know Pk is a projection of antisymmetry for 7(A) from Theorem 3.6.

Thus Px = P, by the fact P is a maximal projection of antisymmetry for 7(A). HEl

3.9 Corollary. Let A be a uniform algebra on X and = a unital representation
mapping A into B(H) with ||x(f)|| = ||f|| for all f € A. Suppose also for any

K € KA, and € > 0 there exists an open set V with K C V C X such that
lpy e (VAK) < € for all y,z € H with |y|| = ||z|] =1,

where py s is an elementary measure for (y,z). Then there is a one-to-one corre-
spondence between K, and the collection of maximal projections of antisymmetry
for m(A).

Proor: Define ¢ : Ko — B(H) by ¢(K) = Px for all K € K.

Let K € KA. Using Theorem 3.6, we see that Pk is a projection of antisymmetry
for 7(A). Hence Px < P, where P is a maximal projection of antisymmetry for
n(A). By Theorem 3.8, we have P = Pk, for some K € K4.

Since K forms a pairwise disjoint partition of X, either KNKy = 0, or K = K.
If KNK, = 0, then, by Remark (b) after the proof of Corollary 3.3, Px = Px -Pg, =
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O. A contradiction to the fact Px # O. Thus K = K. Therefore, ¢(K) = Pk is
a maximal projection of antisymmetry for m(A) for all K € K5. Hence ¢ maps K4
into the collection of maximal projections of antisymmetry for 7(A).

By Theorem 3.8, every maximal projection of antisymmetry for 7(A) is P for
some K € KA. Thus, § maps K5 onto the collection of maximal projections of
antisymmetry for 7(A).

To complete the proof it remains to show ¢ is one-to-one. If K;, K, € K4 and
K, # K;, then K; N K; = 0. Hence, Pk, - Pk, = O. Since Pg, # O and Pk, # O,

Pk, # Pxk,. This proves ¢ is one-to-one. [l

The following corollary strengthens the result of Theorem 3.6. Note in the fol-
lowing we do not assume that every maximal set of antisymmetry for A satisfies the

regularity property.

3.10 Corollary. Let 7 be a unital representation mapping a uniform algebra A C
C(X) into B(H) with ||x(f)|| = ||f|| for all f € A. Let K be a maximal set
of antisymmetry for A such that for any e¢ > 0 there exists an open set V with

K CV C X such that
ltys|(V\K) < € for all y,z € H with |ly|| = ||z]| =1,

where py 4 is an elementary measure for (y,z). Then Py is a maximal projection of

antisymmetry for m(A).

Proor: By Theorem 3.6, the projection Px is a projection of antisymmetry for 7(A).
Hence Px < P, where P is a maximal projection of antisymmetry for w(A).

By following the proof of Theorem 3.8, we see that there is Ko € K4 such that
P < Pk,. Thus Px < Pg,. Since K5 forms a pairwise disjoint partition of X,
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KNKy=0,or K=K,.

If KNKy = 0, then, by Remark (b) after the proof of Corollary 3.3, O =
Pk -Px, = Px. A contradiction to the fact that Pk is a projection of antisymmetry
for 7(A).

Thus K = K, and therefore, Px = Px, = P. This completes the proof that P

is a maximal projection of antisymmetry for 7(A). HHE

In the next example we show that the regularity hypothesis is not necessary in

Corollary 3.9.

3.11 Example. Let I',{c, | n = 1,2,3,...}, and §,, be as defined in Example 3.7.
Let X=TU{c,|n=1,23,...}

Denote the uniform closure of all polynomials in C(X) by P(X). For each n =
1,2,3,..., the singleton {c,} € Kp(x) by Runge’s theorem. To claim that Kpx) =
{{cn}|n=1,2,3,... }U{l'}, it remains to show that I is a set of antisymmetry for
P(X).

To this end, let p € P(X) with p real-valued on I'. The function p restricted
to I' is in the uniform closure of all polynomials in C(T'), or the disk algebra. That
is, p restricted to I' is in the disk algebra and real-valued. This implies that for all
x € T, p(x) = ) for some real number A, by the fact that I' is the maximal set of
antisymmetry for the disk algebra.

Denote the normalized Lebesgue measure on I' by m. Let p = m + Y >0 2774,.
Then p is a positive, finite Borel measure on X. As in Example 3.7, regularity
hypothesis is not satisfied by I'. Define 7 : C(X) — B(L?*(x)) as in Example 3.7.

For each n = 1,2,3,..., the singleton {c,} satisfies the regularity hypothesis.
By Corollary 3.10, the projection P} is a maximal projection of antisymmetry for
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m(P(X)).
Next we show Pr is also a maximal projection of antisymmetry for #(P(X)). For

any f € P(X),

#(8) - Prll = sup {|(x(£) y,2)| - .5 € L2(m), and |}yl = |12 = 1.}
= sup {| [ £y -2dm]:y,2 € L(m), and |y = [ = 1)

= ||[f]lr.

This implies the mapping nr : P(X)r — B(L%(m)) defined by nr(foir) = n(f)-Pr
is an isometry. We conclude that Pr is a projection of antisymmetry for n(P(X)) by
following the proof of Theorem 3.6.

There exists some maximal projection of antisymmetry for 7(P(X)), say P, such
that Pr < P. Following the proof of Theorem 3.8 we can find K € Kp(x) such that
P < Px. But Pr < P < Pk, thus I' = K. For otherwise Pr = Pr-Px = O, a
contradiction to the fact Pr # O.

Hence 7 is a unital representation with ||x(f)|| = ||f|| for all f € P(X). There
exists a one-to-one correspondence between KXp(x) and the collection of all maximal
projections of antisymmetry for 7(P(X)). But ' € Kp(x) does not satisfy the regu-

larity hypothesis.

Suppose A is a uniform algebra on X and f € C(X) with f oig € Ak, where
ix and Ak as defined in the proof of Theorem 3.6, for each K € K. Then, in ([9],

Glicksberg), it is shown that f € A. We have a similar result on 7(A).

3.12 Theorem. Let A be a uniform algebra on X and 7 a unital representation
mapping A into B(H) with ||x(f)| = |[f|| for all £ € A. Suppose also K is both
open and closed for each K € Ka. If T € B(H) with T -Px € w(A) - Px for each
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K € Ka, then T = n(f) for some f € A.

Notes:
(a) Since each K € K4 is open, the hypotheses of Theorem 3.6 are satisfied.

(b) Since X is compact, each K € K4 is open is equivalent to K4 is a finite collection.

Proor: Suppose T - Px = n(fk) - Pk for some fx € A. Define

f= Z fK’XK'

KeKa

The function f is well-defined since the sets in X are pairwise disjoint.

Furthermore, f is continuous since each K € K, is an open set, and for any open
set VCC(C,

(V)= J{Knfk (V) [ KeKa}

By the fact mentioned before the statement of the theorem, f € A since foix =
fx oig forall K € K,4.

Also for each K € K,, the representation 7x : Ax — B(PxH) defined by
k(g o i) = w(g) - Pk for each g € A is well-defined as shown in the proof of
Theorem 3.6.

For any K € Ka, foix = fx o ik, so we have mx(f o ix) = nk(fk o ik), or
n(f) - Px = n(fk) - Px.

Hence,

T= Y T-Px= Y, =(fx) Pk

> #(f) Px

Kexa

=n(f)- Y Px

KeKA

= W(f)>

and the proof is complete. HEl
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