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<ABSTRACT) 

This. paper· int,•estigates the- cc•mp.3.ct-open topology on the- s.e-t 

CKCX) of continuous real-valued functions defined on a Tychonoff space 

"' /\ I 

Mor·e pr·ecis.ely, 1,11e stud;.- the follo1,,.1ing probiem: If Pi::.; 

topological property, does there exist .:l. topological proi:•er·ty Q sc• that 

CK(X) has P if and only if X has Q ? 

Characteriz.ations. C•f many pr•:•pE'rtiE'·: .. ;r·e obtained tiH"•:•1Jghou1: 

the thesis, sometimes modulo some "mild" restrictions on the space X. 

The m~.in prc•per·ties in•.•olved ar·e s.1Jmm.:i.ri:ed in a di.:..gr·~.m in 

the introductic•n. 
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I l'JTRODUCT I or-.., 

I 

space int 1:1 another· tc•polc•gica.l space v .. 1.:..s. fir·st studied by Frechet [27J. 

The idea of topologizing the set of continuous functions arose from the 

notion c1f con•...ier·gence of sequences of functions .• Of speci.:o.1 interest 

was the topologization of the set CCX) of continuous real-valued 

functions on a g i '"'en toped og i cal ·:pace )'.. 

cc1n 1 ... 1ergence (i.e. point-open topology) i ·:. .:imon1;i the f i r·s.t s.1Jch 

Ho1,1Jever, in the e.:..rly year·s of "Analysis Situs" a 

~< EX}) called the 

supremum metric was already defined on C(X) for a compact space X. This 

rnetr i c function space c_ co 1/Jas the ~'.eys.tcine to f.:..mou·:. r·i:·:.ul t·:. ·:.uch .:i,s 
t-' 

... 
the Stone-1..~leier·stra·:.s theorem and the Ascol i-Ar·zela theeir·em. 

In 1'?45, Fo~< [28] defined the c1:;mp.:i.ct-open topcllogy. Man;1 

r·es.ul ts that 1.!..1er·e then true on the metr·ic ·:.p.:..ce c.i::>:::i v.Jer·e gener.:..1 ized 
t-' 

to this ne1 .... J topol og>'. l.1Jh.~.t attr·acted the i nter·est of m.:i.ny 

space when carrying the compact-open topology. This prompted an intense 

investig.:i.tion of this. topoJc;gy a. l ge br· .oi. i st s , .:..na.lys.ts., 

It did not t::iJ:e long for· this. effor·t tc' pay 

off. The most remarkable results of that period described the 

r·elations.hip beh.Jeen the algebr·aico-topological s.tructure of CC:<) a.nd 

the top cil c11;i i ca 1 s. tr u ct u r· e of ::< ( s.e e [ :35 J , [ 54 J) • The t c1p o 1 og i c .:i.1 .;:.. s.p e ct 

of tl"1e comp.:i.ct-open topology in the fifties. is. characterized by the 

1 
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cc1n·:.ider·able 1; .. 1orK of m.:i.ny m.:;..them.:;..ticiei.n·s ·:.uch as. Ar·ens. ([2J), N.:..chbin 

d51]), Shirota. ((59]), kl.;;.rner ([65]), .:;..nd others. Since the s.ixties 

the nlJfnber· of function sp.:<.ce- in1.1e·:.tig.;;.tor··:. ha.s gro1,.,in ·:.o f.:;.,s.t that, 

today, it is difficult if not impossible to ioc.:..te them all. Ho1,o .. 1e1.;er, 

recent papers of A. V. ArhangelsKi i, D. J. Lutzer, R. A. McCoy and E. A. 

Michael ar·e among those contr·ibuting t•:, .:;., gre.:<.t under·st.!\nding of the 

Let us. dencite t r. """ . +· 1 b - , .. )' 1y _. 1 •• (.i< .. .> 1:r·erspJ?c_1ve ~,.. i}' 1_: 1 ... ::r: . ..' 
~ p the set CCO 

topcilogized ~·iith the comp.:;..ct-cipen (res.pecti 1._.1el;.-- the point-c•pen) 

topology. A s.ubba.s.e for C~:<>O (r·e·:.pectitJel/ for· C~,(>0) is given by the 

ccillection {[A,t.)]:A i·; compact (r·espectivt-ly A is. finite) in X and'.) is 

topologica.l 1Ject1:1r sp.:i.ce, c~'.(\) (or· Cp(/)) is. C1Jnnected .:..nd homogeneous 

(i.e. gi •.}en f~g there i ·; .:.. homeomor·ph ism friJm Ck: CO onto itself ma.pp i ng 

f onto g). 

At the heei.r·t of the theor·y of funct i Dn s.1::.aces 1 i E<·:. the 

fund.:..menta.l pr·oblem of the dual it;.- beho.Jeen topoiogic.:;..l pr·oper·tie·; of\ 

(or C (X)). 
p 

App.:..r·en t l y \and C,,.(:/) (or· CC\)) .':\r·e 
r:. p 

But in many i ns.t.:i.n,:es. the-::··· be.:<.r· 

the ·: .. :..me topologicei.1 prciper·ties: e.g.,">< is .. !\n ; .. :0-space if and only i-f 

-. ,., ... ! LK • .. ,,~ .. · 11 )< i :. co s.rn i i: 

<Micha.el [47]). 

if .:i.nd iln 1 v if c on - , p ... i ·:. c iJ s.m i c " 

Thi·:. thesis. s.tudies tl"1e compact-open topology on ci::::o. Our 

main a.im is. the duaiity pr·citiierh mentioned .:i.bc1•,Je. 
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there exist a topological property Q so that Ck(X) has P if and only if 

::< has Q? 

Generally ·:.pe.3.king, ·:.ince the topcilog:•' c1f CkOO i·:. defined b;1 

compact sets of :X::, or1e l•Jou!d expect that a given proper·t)" Pon C~:OO 

will tr.3.nsl.3.te on>< into a propert;.· imiolving compact sets of X. Among 

t .... e r·.:.c_u1t~::- 1'''be',•'l0 r1g ti.11's "la•,·•" .:._r·"'- ti.i:. +·-11-11;n-· .. ,-. {°"'°) ,·- m·tr1·,·bli:. ~ ~ '-' I "1 •• • 11 . 1_1 1_11, 1 '::I , '-'~: , .'\, ';:. 1111!' • ' .:. "'- • 

if .3.nd onl>' if)< is. hemicompact (Aren·:. [2]); "CkC:O is submetrizabie if 

a.nd only if Xis .3.lm1::is.t c;-compact" (McCoy (40]), There are some 

exception·:. ·:.•Jch as: is separable if and only if X has a coarser 

separable metrizable topology" (Warner (65J), 

The in tr·oduc ti on c1f the ·:.1:1-c.~J 1 ed "genera 1 i zed metric sp.Eesu 

in the mid sixties m.:i.de the theory of f•Jncti•::in s.paces mc·r·e ch.:i.llenging 

by increasing the number of properties to consider. In this paper • .. <ie 

1, .. Jill s.ho11.J that many of the·:.e.ne1,1oJ prc•perties. on CkC:<> .:i.r·e equi•,.1.3.lent to 

longtime 1 .. <1el l-kno1 ... m properties. 

This 1,.1or·k: is the fi rs.t ted in the ther:ir·>" of fun•: ti •Jn s.pace·:. 

that unifies the various results scattered in several mathematical 

jc••Jrn.:i.1: .• 

are provided throughout the thesis. 

Ir1 chei.pter r:ine ~'.)t? present :.ome genera.Ii ti es •XI the 

compact-open topology. 

Ch.:i.p ter h"Jo s.tudies the main countability pr·Qper·ties.: 

separability, metriz<i.bility, first and secc•r1d countability, cc•s.mic and 

Ch.:i.pter three deals 1,.,Ji th "genera.l i zed me tr· i c :.p.:..ce·:." 
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tha.t on Ck:OO all pr·operties beti. ... ieen metr·izabilit:1 and Mii:ha.el·'s 

q-:.p.aces .. ar·e equi•..Jalent; and th.:..t CKC<) i·: .. a •J-·:.pace if .:i.n1j •Jnly if it 

is hereditarily a strong E-space. We also improve a result of [40J bv 

proving that CKCO is ·;ubrnetrizable if and only if each of its points is 

a G6-set. This result is strengthened in theorem 3.1 .10 where we provide 

a nece-s.sar·y and sufficient condition fc·r· CKC\) tr:r admit.:.. cc1.ar·:.er 

separable metrizable topology. 

In chapter four we characterize the Frechet property 
; 

Fc•r .:.. q-:.p.ace ><, 1.«Jt- ·:.hov . .1 that C~:CO i:. a Fr·echet s.p.ace if .and •:ir1ly if:;;: 

is a hernicornpact K-space. 

Cc•mpletenes.s. pr·oper·tie<::. r·.anging fr·om Po1is.h s.p.:..ce·:. tc• the 

Baire space property are investigated in chapter five. The main theorem 
\/ 

st.ates. th.:i.t is .almost Cech-c•:•mplete if and only if i t is 

completely metrizable. The proof of this theorem shows that this result 

is also true on Cp(X). 

In •:h.:i.pter si:=-::, the pr·oper·ty of being a continucrtJs image of 

the irrationals (Known as analyticity) is. s.tudied c•n C, .. CO. 
~. 

ch.an.c ter- i za. ti on C•f is obtained for a 

qua.s i -K-spa.ce ;<. Necessar·y conditions fc·r· CKC/) tc• be a.na.1::..-tic 2.re 

provided. We also show that for a q-space X, a necessary and sufficient 

condition for CK<X) to be analytic i·:. tha.t 

Chapter seven is concerned with covering properties on CK(X). 

Among the proper·ties st1Jdied are: ccc, par.:..compactnes·; and Lindelof, 

hereditary separable and hereditary Lindel~f. 

The di.igr·.:..m belo1 .... 1 rje·:.•:ribr:-·:. the m.ain pr·opertir:-s in•...rolved in 
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this paper (some implications are omitted). 

Results and definitions are numbered consecutively throughout 

the text. For· instance, a refer·ence c•f the type "by thec•rem 2.1.1 11 

means that t .. 1e r-efer to that theorem 1~1hich is in ch.apter ti ... 1c•. IR w i 1 1 

denote the set of r·eal numbers. l-'lith the usual topolog:1 and, 1.rnless. 

other1 . .o.Ji:.e s.tated, any subset of IR carries its. sub:.p.ace topolog>'• ll-1 

represents the natur·al numbers and (.;•, i:.:i 1 stand for the f i r·st infinite 

ordinal and the first uncountable •::irdinal r·especti•.,iely. If>< is a. set, 

I ..,, . 
. A.1 IS the cardinality of X • 

In or·der to have 11 en1::i1Jgh 11 functions in C~:CO tc• separate 

points c•f X, t.,1e 1 ... 1i11 req1J ire a 11 our· sp.aces X to be Tye hon off spaces 

( i • e. comp 1ete1;1 regu 1 ar T 1 -:.paces). 



quasi-k-space q-space compact a are G 0 

r l 1 
k-space pt cntble type submetrfc 

r l I 

-------points are G0 

l 
'T""'' 

countable f--- Frechet cntble type stratffiable semfstratfffable 
tightness 

) I I ffrst 1 
countablyr- w-spacef--- countable Metrf c 

bf-sequential 
_________ ___... a-space ~--"' strong l~l -space 

l ,,~,, 
Separable metric --------4 cosmfc ___ _,,_ separable__,.a-compact 

f 
Analytic---~ 

Pseudo Cech Complete 
Batre~ complete~ complete(-- metric..._ ____ _ Polish ----------,p. lindel~f ~ Paracompact 

Footnote: 1) "--:»" means implies 
2) The implications are for Tychonoff spaces 



CHAPTER 1 . . GEl'"-..IERAL IT I ES 

In this chapter we present some general facts about the 

compact-open topology. 

Ct_..CO = CtCO 1A1ill r·espectively me.an tha.t tis finer than t·" and tis 

.. ,. 
• .. From the definitions one sees that Cp(X) .::~ CK<><). Rec.all 

that all spaces X are Tychonoff. 

1. Topologies on C<X> 

l...Je h.a•,•e alr·eady C•bser•..Jed that CPC>:::) ;:;: Ck():'.), For· the r·e•.Jer·s.e 

inequa.l ih' to hold 1, .. ,1e need the comp.3.ct s.ets of :X: tc, be finite. 

1.1.1. Theorem. if and only if each compact set 

1n >:: 1s finite. 

F'r·oc•f. E:uppos.e that Cp<><> =Ck(><> and let A t•e .:c. comp:..ct s.ub·s.et of/. 

i..de , ..... ,i·:h to ·s.hc•1,, .. 1 that A i·s. finite. If A= .0, v.1e a.re done. So, .as.·:.ume A 

'$. .0 and let ti denote the zer·o function in CC/), Then [A,<-1,1)] is. open 

r: t' \/ ·1 ~ n j ,, .--·p ,/\,. .;;. I 'f1 t_ ther·e ar·e fin i te 

F • \I ••• , m 1 n A . :c.nd cor·r·e·~pondir"~ open sets . l . .)1 .'-.)2 •••• • 1 •. ) • . . . m in fR s.o 

• • • ('i (F ,'-....' J ~ [A,(-1.t)J. m· m · · NovJ, 1 et F = F 1 U u 

Fm Then F i -=· f i n i te 1,,Je cl aim th.; t "' ~ F To ·=.ee th i s, ·:.up p o·:.e on . H . 
the c c•n t r .. :i.r y that ther·e i ·:. x E A-F. Si n c I? \.•' i s. Tych1:ir1c•ff choos.e f E /\ ' 

7 
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coo ·:.u·:h th.·:1t. +·i:.·).', .. ) = 1 :\- ... id +·(.i=, '.! = .fQ;\, c1 .. -r1·' t'-·r +· c CF 1'] 1··i 
.1; ' .• d .:• .Ii'::' I ~ 11'-·'1 •'' 

n CFm,VmJ ; CA,<-1,l)J. But this is impossible because f(x) ~ (-1 ,1). 

For the converse suppose that each compact set in X is finite. 

To see that C CO= C1/co. 1,1Jt- c•nlY need to sho1, •. 1 th.3.t p ~ . . C { ·~{"\ k" " .... 

This is immedi.3.te for, if A is. compact in X .:tn•j 1.) is •Jpen in fR, then the 

finite. 

The next result presents a new base for the space Ck(X). If f 

E CCO, A is compact in X .:i.nd 8) 0 is a r·e;;..l number, 1;Je define \f,A,:~) 

1.1.2. Theorem. The collection B = C<f,A,E:): f E COO, A is 

Proof. We must show that every member of n is open in CK<Xl, and that if 

f E W where W is basic open in CK(X) then for some W' En we have f E W' 

I. r1 c· ( ':( ·., 'k ' .. , .. it suffices to find 

in A there is .an open neighborhood 

1..,.1 open 

1) C•f }:'. in X 
::-:: 

such th~.t f(I . .)) C 
::{ -

(f(x)-f.,f(>~)+f). Si nee the collection {l...J..: >:: E A} is .:.. co 1..Jer· of the .::. 

compact set A by open sets of X then there is NE td !/.Ji th u 11 . ._.· 
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-P1Jt A. = A (l 
I 

' .. )..., ,, i . and T. = (f(x. )-:~,fC<. )+0 for· i = 1,2 .... ,N . 
I I · I · ' 

t . " '""\ . th +· [A 11 ] '\ c•pen :.e 1n ,_:K• .......... VJI E ' 1 ,,, 1 11 

for e.ach 

11 . th I) v i l/J I .._ i 

T l. ·It . t . 1.tf d t t""-t '0 f ·' <:- ·,. (- (l• 1)) 11en 1s s.ra1g11. or~oJar· o see 11<:1 ·\ ,Hi''-·j·'.::: Hi''· i. 

This i's tr·1.Je for· •Heh 1 {'. i ~; n. So, let A= UAi and:::= min {Ei:i = 

1, 2, •.. , n}. Then t .. - <."I. A .~, '1"'[A" ~I ] • ·, = t:, T ! I •j/ .::: I\ i ! l i , 1'2' ••I j n} I 

coniJerges 

Using theorem 1.1.2, one can prove that a net Cf. l~-r in CKCX) 
·~' ,_, t:. 

if and on 1 ;.- . . t"" t ' . I ~. 1+ 11e ne. >.t., . .-\·'-··-r ,_, ,..., ,_, t:. 

converges uniformly to flA for each compact set A in X. 

We now define a metric on CCX) called the supremum metric. We 

then shm•J th.:i.t the topolog;.- genen.ted by thi·:. metr·ic i-:. finer· th.an the 

compact-open topology. 

Fc•r each pair (.a,b) c•f r·eal number·-:. let d(a,b) = mir1{1, l.a-b!}. 

Then d is a bounded metric on Rand generates the usual topology of R. 

Next, put p(f ,g) = ~.up{d(f(}::) ,g(;<)) : ::<: E Xl f·::ir· each Cf ,g) E 

C(X) x CCX). Then p is a complete metric on CCX). The topology induced 

by p is called the supremum metric topology on CCX). If we denote this 

space by CPCX), then CPCX) is a completely metrizable function space. 

We should point out that in general the supremum metric 

topology depends on the choice of the compatible metric d on R. 
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The r·elation·:.hip betv.1een thi·:. ti:•polcu;;iy .:i.nd the comp.:i.ct-open 

topology is given in the next result. 

Pr·oof. Let A be •:cmp.act in>< .and 1) open in IF.:. 11 .. le m1Js.t s.hc11,..1 th.:it [A,'v'J 

in C_(){). 
tJ 

S i n c e f <A ) i s mm p a c t .an d f ( A ) ~ 

iF.:: min {1, I z-::,..1} < let W = 8(f,~) be the open ball about f .:. 
.~ 

l,<.J it h r· -3. d i u ·:. ·:· 2' in cP ()<). It i :. e -~ ·=·~l f E 1,..,J ~ [A , 1.)J. 

Th +· ( ·" 1 IJ . · -. (''.("\ , er·e c•r·e f-l, .. ,, 1s. open 1n Lp"""··· 

For compact spaces the converse ic also true. 

1 1 4 ThPr1rPm r. i"Y') - r. i'"<"'1 1··F :::.nd r:_1nl.".<" 1·f >.·,·. __ -.comp.:;;,_-+_, ••• -- - • -'k""'· - ·p"·""" ~ -

Proof. Suppose tlB.t r. ('-''l - ,~ "V'1 _k ........... - '-'pl,,r.,,. r· ():::) -·p 

p ( €t, f) < 1}, 1,.0.Jher·e €t is the zer·o-func ti c•n in C_ (\) ;;..nd p the supr·emum 
t·' 

metri1: on cc~o. Since 1,.J is open in C i'Y'l = C fV\ fir:d -r;mpact :.ets A1 , 'p"""· ·~:"."\"! I L-' ·- ; 

A2 , ••• , An in X and corres.ponding open set:. 1 .. ) 1 , ••• , 'v'n in fP :.o that 11 

i:: ( "' I I ] i'"\ 
C 1-11 '"·" 1 I n [ "' 1 1 J i- I J Put A = UA .• 1-1n 'v n -= ,.. • 1 :3uppos.e there i ·:; ::{ 0 E X-A. 

Since A is comp.:i.ct and X Tychonoff pick g E CCO 1....,1i th gC·:: 0 ) = .;nd g 

<A:)= {(I}, 

4 ... n - ,, .. , ·1 » u\.,1::1,..-··o··· 

Then g E 11..I. 

=min { 1 , 

But , p ( €t, g) = ·:.up { d •'. 0 , g ( ;-:: ) ) 

f 0 - 1 I } = 1 • Nov.1, 

f W, which is a contradiction. Therefore X =A, and so X is compact. 
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Con•...ier·sely, ·:uppose )<'.compact. It only remains to show that 

C CO .~: C,. CO. Let f E CCO and f ) 0. It ·:.uff ice·: ti:i pr·c•ve th.:.. t the p K 

notice f i r:.t tha. t the collection E u x = 

is an open cover of the compact space X. Therefor·e, for 

= 1,2,:3, It I ,n}, Next let A. = 
I 

1 .-. , ... 
f- (Ll::<i) and '..)i = (f(xi)--J,f(xi)+-3) for each i = 1,2, ... ,n. Put l....J = 

n f[ A 1..1 J • = 1 , 2 , ~: , ••• , n } • Then f r; 1...,1 .. i ' .. i . - :; BU' 0. :3ince kl is open in 

ckco .:i.nd f 1.".1.:c::. ar·bitr·ar·y then BCf,f) i·:. open in ckco and there·Fcire 

cP (><) ~~ ck:(}::) . 

1.1.5. Cc·r·cilla.r·v. If.\ i·:. compa.ct then Ck:(/) i·:. complete]/ 

metrizable. 

2. Natural maps 

In this section we study some natural maps on CK(X). We begin 

1,\1 i th the embedding of IP int•:• c ( ·~, .. ., For ea.ch rea.1 number r 1 et ,- : :~< k: """. ' ~ r· 

--+ IF: be the cons ta.n t map defined by c { v ·., = r for al 1 ,, in >::I r· ""'" 

1.2.1. Pr·opos it ion. The map i I rt:• ,-. { \{ •) 
• II'. --+ -·1.· ·./ ... · 

~-. 
defined by i (r) = 

Cr· for· e.:..ch r·ee<.l number· r· i: .:<.n embedding C•f IP into c~:JX). rforeot.Jer·, 
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Proof. The function is clearly injective. To show that is 

continuous .. and open it suffices t•:i riot ice that if A is i:ompact in)( and 

~}open in IR then i-1<rA,'-.}]) = ',), Fin.al1;1, to see that i(IJ;:) is. clos.ed in 

I t f ~ C '. ') . ' IR. e t. ·v.: 1 .. 1~ ... -1 1 .. J. Si nee f is not constant there are :-: 1 and x 2 

i n X ''·' i th f( :< 1) ~ f(::-~.-). .:. Choose v1 and v2 disjoint open sets in IR ·:.uch 

+h::.t f<'" "> ·- 11 and f<'y ) c l' • ~ "'"1· ~ ..,.1 "··""· ><:. •--;• I:. ... 
Then f E [ {x 1} ,t) 1 J (l [ (x.-) ,'v'.-,J :; 

i:. . .:. 

r. ("•/" . 'JR" i.JK · ....... )-1 ', . .>. [ (:>:.-,} ,!}.-,] 
4 . £ 

is open in Ck(X) and f was 

arbitrary in r. ···<· . '!R) th c ,,,. . 'IR. -K''" .>-1 •, ... • en ~ •.. • .... • .. .l-1 • .. .> 
~-. 

Therefore 

i (JR) i s c 1 ose d. 

Beca•J:.e of this. propos.itic•n, it is •:le.ar th.=-.t if P is .. a 

topological property inherited bv closed subsets, th r. ''("l . en ~K '···'··· has 

property P onl )' if IR has it. ~ tl L,... !'\·') lons.equen. y ·i.:: '"" is not pseudocompact 

for any space X. It also f•:ill•:iws fr·om thi·:. pr·oposition th.3.t the 

car·dinalit/ of CKOO is. greater than or equal to the continuum. 

One of the most useful tools in function spaces is the 

follm<.1ing concept of induced map. If f: )<-+ Y is -3. continuous map, 

then the induced ma.p c•f f, der1oted b)1 f * • r:· i''r'"> -+ • ·K ... is defined by 

f*(g) = gof for all g in CK('(). The main properties off* are described 

in the next few pages. 

::< -+ Y -~.nd h Y -+ Z .:i.r·e 

continuous functions, ' . * ·* * then ~hofJ = t oh 
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So, 

1 et g E ck a). 

{f* h*·, . 

Then (hof)*(g) = go(hof) = , h' f -- f*· ~, •, g•> .. •) 1; g•>11.. = +*'h*' .,.l •, •.g ... 

= .. 1) .>• .. g.>. 

1.2.3. Pr·opo-:.itic•n. If f X --+ Y i -:;. cc•nt i nuous .;..nd i:1~, j3 are 

real numbers, then 

(1) f*(o:.tg + r.h> = o:.d*<g> + 13+'\h:> for all g,h in cKcn 

(2) f*<gh) = /*<gH*<h) for al 1 g,h in CK(Y). 

Proof. Straightforward. 

1.2.4. Prooo-:.ition. If f: ><--+ Y is continuous then f'* 

--+ Ck CO is continuous. 

Proof, It suffices. to sho•,•J that if A is compact in X .3.nd '.) c•pen in fl''. 

then d*) -l ([A ,l)J) i ·:. c•pen . ,-. .• .. ,., 
1 n ·-·~: •, ·r .· • But, '.&.*·,-1 :r.,· .. 111'• : '··I .· 1•• LH '· ... • .J} [ f <A> ,i .. ..JJ 

A continuorJs frJnction f 

if f on is .a dense :.rjb·:.p.;c.ce of '(. 

characterized by their induced maps. 

1 • 2 • 5 • Pr C•p os. i t i C•n • f X--+ Y i·: .. 3.lrnost ·:.ur.jective if and 
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I~ 1' .,( '·1 ___. ,~ ( \I .) 1• --· k: •, .. ------. -· k: ' .'\ . ·=· inJecti 1.,1e. 

Proof. Suppose that f is almost s.1Jr·Jective .01.nd let Q_ 1 and Q_.j be in,~ i'Y'> 
i .::; -·~: ·. . 

:3i nee 

continucius .. ind r·e.01.J-1.,1alued it v .. 1ill ·:.uffice that the:;' agr·ee on the dens.e 

s.ubspace f CO of Y. :3o, 1 et y E f(X). Then ther·e is. x E >::: v . .1i th y = 
f(;:.~) I Nm•.1, g 1 ( y) = ,-, i'fi'v'l) ':' 1 '• ·. r . ••. 

+ = f··c 91 )<;<) 

Since this. i·; tr·ue for .01,11 :r in 

Q.-,(f(x)) = - ..::. 

= 9--:, on -3.l 1 of ... 
Y. Therefore +* is injective. 

Conversely suppose that +* • ,-. {'- 1 ', _________... ,-. ("·./', i- iri--+ 1·11-• -·~: ·. I , --. -·k: ·. ...... .. . '::· , I., t' 1_ • •• t' , 

mus.t ·:.ho1 . .1.1 that fOO is. d.:-n·:.e in Y. ::;uppc·:.e f(>'.) i':. not den·:.e in\' and 

let W be open in Y with W ~ 0 and W n f(X) = 0. Choose 1 0 E W. Since Y 

is Tychonoff, choose g E CK(Y) such that g<; 0J = 1 and gCY-W) = {0}. It 

fed 1 01,..Js that g(f 00) = {I)}. Thi·:. means -* . . . . 
th.~.t t \g.Hx.i = 0 for· .:..il >~ in 

X. Ther·efor·e, if i:+ and ti1 denote the zer·o functions c1f CCO .01.nd CC'() 

r· esp e ct i 1 . .J e 1 y then The 
+ i n j E' ct i 1,1 i t l of f.. imp l i es 

g = 1,,Jh i ch impossible since g<>'o' = 1. l; .. 1 i th this 

contradiction, we conclude that f(X) must be dense in Y. 

The dual c1f pr·c1pci·:.ition 1.2.5 i·:. :<.l':.c1 tr·ue. 

1. 2. 6. Propc•sition. f \ -+ Y i s. i n ..i e ct i 1,1 I? i f .::i.n d on 1 y i f 

is almost surjective. 
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Pr·oof. Suppcise tha. t f : ::< -tY is i n j e c t i 'H~ • Let 'R = "' f"t"C i'"''>'i . 'k: ' ( . .• 

mus.t ·:hov.1 th.:i.t 'R is dens.e in C~'.co. Pid g E ck:co, A compact in X and 

t:) 0 so th.at t, .. J-= (g,A,f). Then fl ... : A-+ Z is a. 
H 

homeomorphism ·:.ince f is. a continuo1J·:. injection. Since Z i·:. compa.ct in 

f +. 'fl .-1 then the uric. 1 on Q•) 1.. ; •• ) - H 

continuous. exten·:.ion h: '( -t IP. h E Ci'."() a.nd, if vJe putt= hod, then 

t. = .'t;{~'l CT• t '11.. ,_ !' .. Mor·em.1ff·, t = g Cii1 A. Ther·efor·e t E 1."J n 'R. Hence !,..J n 'R. 

:;r: $; meaning that 'R is dense in CK(X). 

"' For the converse, suppose that f'' is almost surJective and let 

x and y be two distinct points of X. We wish to show that ffv) :;r: f(y). 

Since/ is Tychonoff, choose g E CCX) :.uch th.:i. t g( x) :;r: in iF.:. Let 1..J 

and W be disjoint open neighborhoods of g(x) and g(y) respectively. Put 

"' L = [Cx>,VJ n [{y},WJ 1.1 • .1h i ch is a non-empty open set in c ,, (:::<) I 

r, Since f" 

is almost surjective, pick h E L n f*<CK(Y)). Then h = tof for some .. ..-•. i::. 

1-. (".!'l - d -·k ·.I,. , oi.n; But h ( x) = t(f(::-::)) .:i.nd hi'.y) = t(f(y)). 

t(f(>;)) :;t: t(f(y)), Thi·:. sho1,.. . .1·:. th.:i.t f i·: 

in._iecti•.,.1e. 

Our ne::-::t goc..i is. to c!-1.::1.r .. ::1.cterize v .. 1hen f* is 3.n embedding. l;.Je 

need the follc11 .. 1.1ing definition·: .• A continuous. function f: /--+ Y is 

called a k-covering map provided each compact subspace of Y ic contained 

in the imc..ge of ·:ome comp~.ct ·:.ub·:.p.:i.ce of:<. Thi·:. concept i·:. due tc1 A. 

V. Arhangelski i. f will be called a compact-covering map if each compact 

s.ubs.pace C•f '{is the image of .:i. comp.;..i:t :.ubs.pa.ce of><. Cle.:i.rly then 

compact-covering maps are K-couering maps. 
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The concept of k-covering maps is what we need for f* to be an 

embedding. 

Pr·oof. Assume tha.t f : X --+ Y is k-co1..1er· i ng and let 'R = + f .. ,,r. ,...,,..l) ·. -·k ·. I ' . • Bv 

. t. 1 - c- f* . . . +. It · t h +'" + · ·*· -l 'O prc•pos1 1or: .:.:: .. _., 1·:. 1n._1ec.1t,it-. _remain·: .. i::i :. m•.J .11a, i;+) : ~-

--+ C~::(Y) is continuous .• ::;o, let A be compact in\' a.nd 1 • .) c•pen in fl;:. i..1.le 

need tc• sho1,1.1 tha.t f *r[t::..1.JJ·i 
\ 11, ., t is open in 'R.. I • ,.. • .- ~ * l 1\ 1 I . Pie~ .. 9 i::. t .,[1-1,· ... ·J.l. Then 

there i ·:. h E [A , 1) J ·:.u ch th.:;.. t 9 = f * ( h ) = h of • '.;:; i n c e f i : a ~'.-co •.,ie r i n g 

m.:i.p .:ind A is cc•mp.:ict in"{, chc•ose C cc•mpact in X 1,...1i th A ~ f(C). Let 1 ..... 1 = 

+ 
Con• . .1er·sel/ suppo·:.e that f'.: 

+ E t.d ~ +··c[A,1v'J). 

--+ ck(\) is .. ;..n embedding. 

To ·:.ee th:i.t f : >< --+ Y is V.:-c:o• . ..1er· i ng, let A be comp.:..ct in "{ and 1v' = 
( -1 , 1). Then +* ([A / . .JJ) i ·: .. ;..n c•pen ne i ghborhc•od of the zer·c• function if 

+ 
in +··,,r ........ )·; "-l: •, ( .... . comp.:i.ct ·:.et s A. ,A.-, II ••• ~A l · ..:. · · n in \::: .3.nd 

corresponding open .- .:. t ~ l 1 I I \I =··., ~=· •/1~\12'I• 1 ' /n • i1"' I- t'" - t '' - . , . .., II 1 1 n Ir:'. :.u c 11 .11 d. • i:r E:. L H 1 , ..., 1 • n ... n 
[ .. , II] (- +·*i'[A• 1..1).i Hn ' ..... n -= " ' ... .. • Put K = A1 U A2 U .•• U An, which is compact in X. 

We must show that A~ f(K). Suppose by way of contradiction that there 

i ~· 21. E A-f ( K) I Choo:.e g E CCO such th.;.. t g( ci.) - 1 - .. .:i.nd g(f(f<J) = {0}. 

+ 
Then, imp l i e ·:. th a. t f"(Q)(A.) = {0} for· eci.ch 

- I = 
+ 1,2, ... ,n. Ther·efore f"(g) 

- ~*, ..... 11)' ,-._ t. t ' .. L H 1 ..... ) • ~·'-' 1 

. - (6 II) .;,-r· .-·-1. i 
':: ii j '"./ i I ._I ~.;:ti_ 11 t 

for· some g 

Th is. imp 1 i e -:: . 

E [A, 1.)J. + Since f .. 1: 
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s.ince g(.:i.> = !f '.) • Therefcir·e, A f f 00 . This. s.ho1 .... 1s th.:.\t f is. 

1.2.8. Cor·oll.:.\n··. If f: X--+ y· is.·'-' c•Jmpact-co• .... er·ing m.:.<.p then 

C~'. CX:) i ·: .. :i,n embedding. 

A ver·y n.atur·.:i.l question tha.t .ar· is.es. is that of 1,,1hen f* is. a 

clc•sed c•r an c•pen embedding. Recei.11 + th.:.. t f ·· ( C~'. C'()) is. .a subgr·c·up of 

( ·:. e e [ 22 J ) : 

interior· in the group then it i·; bc•th .an c•pen and -:l. closed sub·:p.:..ce of 

the gr·oup. Ther·efore, + the question of when f'' is an open embedding is a 

we have the following. 

1 . 2. 9. Pr·opos i ti on, Let f : >::: --+ "{ be continuou·: .. :and f* 

+ - .... - .. ,. ·t . d d I+· +···,·,·c .. ,;··'°··.-.,.' .. )._) i_:~'.i:. Y) --+ i_:ki:_,:\) 1 s 1 n uce m.:i.p. " 

also closed in CKCX) and therefore 

connected). 

For closed embeddings we have the following. 

1 . 2. 1 [I. Pr·oposition. If f >: --+ Y is .?.. quotient m.:i.p then 

+ + ... i', L~.'"'. •.··. ···( · .. 1 ·.> . 1 d t +· ,-. .. v ., r 1 s .. :.. c os.e s.u •s.p ace o _.k •, ,.· ..... 
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Pr·oof. Put T = c~'.(;:<;.-+*(c~::(Y)). 

that f ( ::<) = f ( y) btJ t g ( x) :; g ( y) • Let V .;..nd t..)' be h.Jo di ·:.joint c•pen 

neighborhoods in !R fc•r g<'.:U .and g(y) respecti•.,.e1;.-. If 1,,J = [{;<}, 1.)J n 

[ r "\ 11 ' J t I. ~ I J -' I I · · j· ;' ·~ .. · 0l ··./-· , .. ,· , 11en g t .-' .:i.n•..i "' 1 ·:. open 1 n -k .... \ .. It remains to show that W 

:; T. So, 1 et h E 1 .• J. Si n c e '-.J ii '..) ··· = _!?i, h ( ::{) :t h ( y) • If h Et T , then h E 

Therefore h(::<:) = 
+ + 

+··i::t)(;.:) = (t.;.f)(::() = t(f(x)) = t(f(y)) = +··(t)(y) = h(y) , .... .1hich i·:. 

irnpc•:.s.iblt-. Ther·efor·e h ET. Th1J·:., g E t1.I:; T. This. me.3.n·:. that T i·:. 

inclus.ion map, 

:<.11 f E COO. 

+ then i ·· 

Since 

If :; --. ·~<'. is the 

Ck(>::> -+ c~::(::n is defined bY i*(f) = fi~ for 
·=· 

i·:. in._iecti•.;e, i*(Ck:C<)) 

proposition 1.2 • .:5. In f.oi.ct, rnor·e is true. 

:3 -t >< the i n c 1 us i on m.:i.p • + ·* It. 'R = · ··..-r >'v·, ·i •h-' ·. -l: · ...... · • .. ~n I : Ck CC< -t 'R is .. :..n 

open map. 

* i ·: :<. 

gr· o u p h om om or p h i srn ( by p r op o s i t i on 1. 2 • 3 ) , i t s u ff i c t- ·:. t o :. h 01 .. •1 t h :<. t i f A 

+ is comp.Et in :x: and l.) is. open in fR 1,..Ji th fJ- E [A,'·...'} then i '((A,t..)]) i·:. :i.n 

opt-n neighbor·hc•od of Et·' in 'FL Ncn .... .1, ther·e i·:. no 1o·:.·:. of 9er:er-.:..l i ty b:;.--

assuming that V = (-1,1) and An S :t 0. Let K =A ii Sand put W = [K,VJ 
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n ,R. The-n 1, .. .1 i ·:. 1::ipen i n 'R.. Cl ear· l ~, .. ti·" E (A.I, !_..,Je -3. re thr·ough i f 1 .. \1€' c.:i.n 

s.t-1 Ol!J that 1,,_1 ~ j*( EA ,1 .. )] ) . Ser 1 et h E '"''. Then h = f ! ,... .:1 for· s.c•me f E c i:::;<) . 
No• .. •.1, let T = C-:: EX: If(::.;) I :>,. 1}. If T =JC>, then lf(::OI < for al 1 :=< 

in >:::. Therefor·e f E [A ,1..)J . In th i =· c.:..sei h E i *( (I::; l I) J ) . If T '/. Iii .. ·-· ~ note 

f i r·:. t th.0<. t <T I . -., A) n ,-. = !2i. Ther·efor·e v . .1e c <i.rr fi nd 9 
...... ---+ [0 1 J ·=· ' ·"' ' 

continuous such that g(T n A) = CO) and g(S) = Cl}. Let p = gf. Then p 

E CCO and for· .:i.11 x E S • .. <Je h.:i.ve pC::) = gC.::)f(x) = 1.f(::-::) = f(::::). 

·:.r1c~, .. .1 th.:..t p E [A, 1..)J. 

Note that A = <T n A) U (A n S> U {A ( ( T n A) u (A n s) ) } . F C•r .:i, 11 ::< 

in T n A, p(x) = g(x)f(:<:) = O.f(x) =(IE l.), So, p(T n A); I.). Ne::<t, 

by def in it i cin of T, I f(::d I < 1 for· -:l.11 ·," E ><-T. ~3i nee (A n S) U CA -

((T n A) u (An S))}:; ::<-T, then p((A () S) u {A - ((T n A) u (A() S))}) 

Ther·efor·e p E EA ,1..)J. 

- t] ~ ·*"["II)' - ]] Lons.equen ;.-, 11 E 1 1 .. H,v J tor· -3. h E i, .. J. Thi U c_. u._ .... - j,j ,.- · * ([A. 1 IJ "1 - -I 
TT t: · .··. :: 1 ~ , v .· ~.n w 

cor·ol lary. 

space ><. 

Using the Tiet:i? e:den·:.ic1n theor·em, 1.i • .1e obt.;..in the follov,1ir:g 

1 . 2. 12. Coro 1 1 H"/. Let S be.:., clo·:.ed -:.ubs.p.:i.ce of.:., nor·m.:<.l 

If i : s ---+ 
+ 

Xi·:. the inclusion map, then i. : c~~i::><> ---+ C~_.(S) 

is an open surjection. 

function". 

Another kind of us.efu 1 map cin function :.p.~ce·:. is ti-1e "~-um 

Let -:.r. ec : (;( E r } be .:i f a.m i 1 ::; of t o p o 1 o g i c oi. l ~- p a c e s . 
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denc•tes their topologica.1 sum '. 1\ 1 • e. free union or disjoint sum) then the 

sum function s is defined bys . r ('1>"() rr.rr {\·' ·1 • -·k. •, Wh . ---+ '· -·K ','\ .· . (t .. 1X : ~ E f) where s(f) 

=<fix_/,::.: fcor· e.:i.ch f E Cki'.$\k). Here, Ji{CKC(o:": (' E f} i·:. the car·tes.i.:in 
1.t 

pr·oduct c•f the CKC<1::.:)···s. l>Jith the T;.-chcinoff prc•duct topolcogy. The s.um 

function is a very nice map. 

1 . 2. 13. Propes.it ion. The s.um ftJnc ti on 

rr l[ i'Y ·1 • '• ·k. \.•-.., ,. I 

.. • .. i! 
~ e f) is a homeomorphism. 

Pr·oof. 1 .. · 1 .'.• <=. • - b . . - - t . - • D - f . - II • IT r r· ( v· '1 • ,.. .- r ., ,-. ( ... , ' i b _ 1·:. d 1.J>:!•_.11_•n. t- In>:! .•• ··-·v·''-i::.;"'cc \:. ..- ~ -y·.'11"\::c" Y 

I.I { ( r:r 0!• ' \ . -1:-c:. (( E r' = g~ on X~ for each p E f and 

It i ·:. ea.sy to see- tha.t = the identity maro C•n C,,.o'.$)() .:i.nd ·s·:".J = 
~ r-. o: the 

I. dP n t ,· t.' m · p on IT r c ,.. .,, .. , . ., .- r ., 
- '. ;· d \ 'K'·'\~c· . 1~, ~ _,. 

-1 . and s are continuous: Let D .. : fl{C1 .. C<..) 
I 1_t t'•, f): 

: c.; E f} --+ 

C~:C\l) be- the o:tth pr·o.jectic•n, A compa.ct in :::<0: .and'.) c•pen in !F.'.. Tht-n 

[ ,.,II] - ~-L -!([-'' llJ'i H • v - =· 1 .. r1 ., .. H ~ · . ..- .J .. , . r,,.,_ . This cl e.:i.r 1 y implie-s 
. -1 that both s and s - are 

continuous. maps. 

Let us point out that several other kinds of important maps on 

function spaces. such as exponential maps and pr·c1du1: t m.:i.p·::. a.re nc•t 

s.tudied in this vJ•:or·K. (2.5] is a goc•d r·eference on this. ma.tter. 

3. Separation axioms 

The s.et CCO i: .. :., ·::.1Jb·;.et c•f the s.et FC<> of .:c.11 r.,?.:i.l-1.!a.lued 
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functions on X. We topologize FCX> with the topology having as subbase 

the collection CCA,VlF : A is compact in X and Va bounded open interval 

in IR}, 1,.,Jher·e [A,l.,'JF = {f E FOO f(A) ~ 1,,.J}, This topology 1,.•iill be 

called the compact-open topology on F<X> and will be denoted by FKCX). 

If one replaces "compact" with "finite" in the above subbase, one 

obtains a subbase fc•r the t•:•pcol1:1gy of p•::iinti..•Ji·:.e conve-r·gence •:•n FOO. 

Thi:. is .:ict•.Jally the produ•:t topology •:in w.?<. Note th.:it CPOO i·:. dense 

in The next result whose proof i =· in [46] de:.cr i be:. the 

corresponding situation on FKCX). 

1.3.1. Proposition. C ,...,, .l k \/\ .. is a dense subspace of FkCX). 

v 
Since the identity nH.p id: Fk:(X)--+ fR"' i:. cle.:irl::1 continuc•us 

one deduces in a very natural way the following. 

In f.:..ct' mor·e- i -=· tr·ue- . c i" ~l 0\ i ·:. .... T:·'C h •:in off :.pace- • To :.ee . I I<:\.'\.• 

this 1..•.1e need t!J,IC• lemmas. Let lJ·:. denc•teo ti~ .... Fk:<X,C0,11> the ·:.et 

FO<,[Q,1]) = {f E FCO : fOO ~ C0,1]) a.s a subs.pace of FKOO. 

1.3.3. Lemma .• Let g : fR--+ CO,lJ be a. continuous function. 

Then g* • F ,.. '·l) • K ,r ... 

FKCO, i:. a. co::ir1tinuc•u:. functic•n. 
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1.::::.4. Lemma. Let A be a. cc•mpact sub·::.et of )(, Then ·:i:• 

Fk(X,[0,1]) --+ [(1 1 1] defined by q:r(f) = ·::.upf(A) for each f in 

1 . 3. 5. Pr C•p C•S i t i cirr • F ,..,,.., 
~: '/\ .' is a Tychonoff space. 

Let A be compact in>< .:1nd '.) -~. bourrdE'd open inter·•.,.•a.1 in IR. It 

s.uff ices to shor .. •J th a. t there exists a continuous 

{ 1} • To do tha.t, 

choost- g 

Define ·:P 

define 1 

[0,1J s.uch 

1 et f be I. n [A I I J H' ..... F' 

(0,1] continuous '"''ith 

= 0 ci.nd 0:p(F 1 .. C\)-[A,')JF) = 
i"·. 

Since f(A) ; V and V is bounded 

:3ince IR is completely re·~ular·, 

g ( f (A) ) = { 0} -3.rr ,j g ( lR-'-...!) = / i .... 
'• .1 ~' I 

all h in F~::CO. E:y lemm.:c. 1.3.3 g* i·:. cc•ntirruous., a.rid by lemma. 1.3.4 l 

is also continuous. Cl e.!\r· 1 / (\) = +-=·g* -~.nd s•:• q:• is. corr ti rruou·: .• Fi na.11 >' 

1.3.6. Corolla.r/. Ck.<><> is a. T:;.-chonoff space. 
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We conclude this chapter with the relationship between locally 

compact, Lindel~f and first countable spaces. 

4. Locally compact, Lindelof and first countable spaces 

A topological space X is cr-compact if >'. can be 1,,ir· i tten a·: .. ;. 

countable union of compact subspaces. 

:::( i =· hemicompact I.+· v = A 11 .... Hl •· A~ U . , . where each A is compact ..:.. n 

in X and if A is any compact subspace of>: then A is cc•nh.ined in at 

l e.:..s t The sequence fH'' ' - n, n = 1,2, ... } l/ .. iiJJ be •:.:.. J 1 ed .;. 

X i ·:. a ~:-s.pa.ce if the open subspaces of >< .;.re prec is.el;.- those 

s.ubspaces. 11 . .1hc1s.t- inter··:.ections 1,,1ith each cc•mp.act sub-:.pace of X .ar·e open 

in the compact subspace. 

continuous for each compact subset A of Xl ~ C(X). 

The fol l CiJ..\1 i n g i mp l i c at i on -:. .:;.. re true : hem i comp .a c t i mp 1 i e s 

c•-comp.:i.ct implies. Lindelc~f. Nc•ne of them is. r·et.ier·s.ible. But, ''Jhen X is. 

loca.11>' ceirnpact ( i • e. e.:<.ch point has a compact ne i ghbor·hood) 1,..1e n~ + ·~. =' - • 

pos. it i tJe r·es.u l t. 

1.4.1. Pr·opos.itic1n, Ever·y locally comp.:i.ct Lindelof s.pa.ce i·:. 

hemicornpact . 

To genera.te local cc•mp.~.ctnE-·:.·:. fr·om .;. hE-mici:irr1~1.:..ct ·:.p.:i.ce, one 
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needs to ha.1.,ie firs.t countability. 

1.4.2. Pr1:1p1:r·:.ition. Let X be.:.. fir·:.t cour1t-~ble ·:.p.:i.ce. Then X 

is hemicompact if and only if X is locally compact and Lindel~f. 

1 .4.2, one may show that X is a hemicompact q-space if and onl; if X is 

a locally compact Lindel~f space (see next chapter for the definition of 

a q-space). 

It is 1_,Jell ~:novm th.:l.t e•.,.1er·y ~:-·:.p.:i.ce is-~. kfR-·:.pace. The 

convers.e is not tr·ue. But, for hemicompact spaces the two notions are 

identical. 

k-space. 

{~' . 'n n = 1 ,2, •.. } be a fundamental system of compact 

subspaces of X such that Kn f Kn+l for each n . Let A be a subspace of X 

th a. t A i s cl os.:id in \• .. beca.us.e- of h e-rn i c om p a. c t n e s. s .• If A = ·~< or· A = 1:::-i 
.-~ .··-· 

there i s no th i ng to pro•.,.1e SoJ 1 et xo 4: "' The r· e i s no 1 os.s of I Ho 
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that f 1 (x 1-1> = 0 and f 1<A n ~ ) = fll l - \ 1 . . . Then define 91 : I< I I) U<.., n A) -4 
L .:.. 

f cir .3, l l ){ in K 11 A 

91 i ·:. ·-:1 I-to 
.:.. 

[ O , 1 J by g 1 = f 1 1::m ~: 1 -3.n d g 1 ( x ) = 
cl earl;; cc1n ti nucius on the compact A) of K, • 

.:.. 

Tieze extension theorem, g 1 has.:.. continuous e:den·;i1Jn f..,: K,,-+ ED,1J. 

Simi 1 :..rl y, t.11e constr·uct o.-,: -..::. 

4 4 

on K~ and g~(x) = 1 for each x in K~ n A. Then the extension of g~ on .:. ... ·~ "-

K.:. i ·:. ·-· f .-.: . :,a· define f:)(--. IR b:.' f = fr on Kr for each n • 
ii , I 

Then f is ccir1t i nucius. on e.:..ch ~:r, hence on each cc1mpact set of >'.. :3i nee , . 
::< i·:. a ~:IR-s.pd.ce, f must fin.:<.lly be cc1ntinu1Jus. on all of><. Clear·l/ A= 

t-- 1 .·1·1 h. ~. l d. ··./ 1, .. ' 1,1) I c 11 I s c 0 ·:. e I n /\ • 



CHAPTER 2 : MAIN COUNTABILITY 

PROPERTIES 

The main purpose of this chapter is the study of the so-called 

coun ta.bi 1 i ty pr•::iper ti es.. Thes.e ar·e proper tie·:. i n110 l 1 • ..i i ng ·:.•Jme coun tab 1 e 

set in the-ir· definitii:ir1·: .• 

·:.epa.rabilit;;, metr-izability, fir··;t and :.ecc•nd count.:;bilit;.', .;:..nd the 

On tht< func ti or: s.pac e 

1-. 'V.) -·K ',"'\. ' e.:..ch pr·oper· ty is fully character·ized in ter·ms. of tcrpcrlogio.1 

pr·operties. c•n :\. Reca.11 th.;:..t .:..11 •'.:!Ur· s.p.;..ces. u·e Tychonoff .:..nd r:'' i·:. the 

card i n.;..1 i ty of the s.e t h·L 
... 

Follm.~ing Juhasz [:3t.J, if Xis .. :.. topologica.1·:.pace,1,..1e define 

d(X) = w+min{ISI :S ~ X and S = X}=the density of X 

w(X) = w+min{llll :n is a base of X} = the weight of x 

·111,..1 CO = r:,i+ m i n { I 11 I : B i ·; a ·rr-b a s. e of / } = t h e 11 -vJ e i g h t of / 

By a 11-base for a topological space X we mean any collection n 

of non-empty open sets of X with the property that if V is any non-empty 

open set in X then V contains some member of n. 

is a counta.ble collection E., of non-empt~•' open ·:.et·:. such th.:i.t :<.n/ 
.>., 

neighborhood of x contains some member of nx. This. is ci e:..r·1 y 1_;.Je.:..ker· 

than fir·st countability. 

26 
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if dC:O ,; (0j; Xis second countable if and only if 1 ..... 1(X) .~; 1:11; .:=<. ha.s 

countable ~-base if and only if ~w<X> 1 w. 

·:;pa.ce X has .. a 'P-ccimpr·es.sion (or· 'P-contr·a.ction) if .and only if there 

exist a topological space Y having property 'Panda continuous bijection 

a s.m.:i.11 er ( i • e. cc1.~.r .. :.er) topo l 1Jgy ha1,.1 i ng pr·oper ty 'P. A ·:;ubme tr i z ab 1 e 

s.pace is. i:ir1e that has. a metr·izei.ble compr·es.s.ion. 

1. Separab i 1 i ty 

The first result describes a technique to generate topologies 

on CCX) finer than the compact-open top61ogy. 

2 .1 .1. Thei:ir·em. Let B and V be bases for X and W 

respectively. If T is the topology with subbase {[8,Vl :8 € n and V € V} 

compact in >< and ') E V. It suffices tc1 ·:.ho1;.J that [A, 1.)J € ·r. To see 

thi-:., let f € rn, 1.)J. Then fi::A) ~ '..'. Let ei. EA. '.3ince f(.:i.) € ' . .), b;.--

continuity of f ther·e i ·= 8 E n. 1 .... 1 i th a. E 8 and f ( 8 :i c '..). - a .a .::.. - The 

col 1 ect i C•n {8_ : .:.. E A} i s. .3. co<.Jer c1f the compa.ct ·:.et A by open subs.et·:. 
c\ 

of '···· Ther·efore fc·r· ·:.cme n A ~ 8 u 8 u .u 8_ Put !,.,! = [E:. '1 . .) J /\ ' . ' ' al a .. -, c\ .'j_ .. 
L n l 
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in C C<). Then f E 1..._.1 ~ [A _,i..)J. ·T Consequently 

If n and V are countable bases in the above theorem then C7 CX) 

1 .. ,1ill ha1..1e countable base. Since the identity map id: • ( (V"l ., .--,. .K · .. '\.. =· 
' 

continuous then we haue the following corollary. 

2.1.2. Cor·ollar·Y. If X i·:. secc•nd cc11Jnt.o<.ble then C~:OO is 

sepa.rabl e. 

The cc•n• . .ier··:.e to thi·:. cor·cill.ar·y i·:. not true 1n gener·a.1. In 

fact the next theorem describes when CK(X) is separable. 

l,<)e need the fcil I C".1-.1i ng e>::ampl e: 

spine·;. 

defined by (a.,b) ,_. Cc,d) if and •Jnly if either· Ca,b) = (c,d) orb= 0 = 

d. For· each Then the hedgehog space i ·:. th!? 

th.;..t the identib' map id: ~HI_:·:. EI}-+ Ix I is. continu•:iu·: .. Therefor·e 
=· 

the n.:..tur·.al map p: H-+ I:-:: I./·~· i·:. cc•ntinuc•us .• Since ;< i ./·~ i = 

separable metrizable then H has a separable metrizable compression. 

f•Jr e.o<.ch C-:,y) E )( ::<: >~ \i.Jith x "I./ there exi·:sts an fin T :.uch tha.t f(;<) 

"I. f ( /) . 

2.1.3. Thei:ir·em. The fcillc•1,..Jing ·:.tatement·:. :..re equii.ialent: 



I~ ~·,.(·1 -·K • .. , .. is separable 
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(2) Ck(X) contains a countable subspace that separates points of X 

' 3 . . / d . t t . . . t . . t IRtN •, .> .:\a m1 s a con.1nuous 1nJec.1on 1n.o . 

(4) X has a separable metrizable compression 

(5) )( is submetrizable ·and f)(f 4 i'' 
(6) >< i:. submetrizable and dC:O -:~ io). 

Proof. (1) :} <2): If CkOO i:. ·:.eparable, let D be a co1.1r1hble dense 

subspace of Ck()(), Then D separates points of X since X is Tychonoff. 

D 'f . ' . = '1't·~····i 1: . ... a countable :.i.Jb·:.p.~.·:e in 

CKOO that separates poir1ts of X. Def i n e .:p : X --+ IRfl.l b:" q:• ( x ) = 

I f p • IRttJ n' , --+ JR is the nth projection, then fn = pno 

·:P· Since fn a.nd Pn are continucu.Js, then :.c• i·:. cp. It r·emains t•J check 

th.2t cp is in.jective. Si nee D 

separates points of X there is fn E D such that fn(x) ~ fn(y). 

I . ( . f ' ·. ~ 
~-...ti~,_,,,,., n' .. >'.J, ••• .1 = o:p(y). 

(3) ::;. (4): Let cp: X--+ n<!N be .2 continuc•us in.jection. If M = 

qiCO then M ; IRIN a.nd ·:.o M i:. sepan.ble metrizable. Since·+•: ::<--+ M i·:. a 

continuous bi.jection, then M is a :epar·able metr·izable compre·:.·:.ion for 

:.eparable rnetrizable space. 

then IMI 
co 

. l I .r r ..... .... ''·an, 
.. I n=l 

If D is a. dense cc•unt.:i.bl e subspace c•f M 

Consequently !XI = IMI { 2w . 

( 4) : Suppo:.e that X has a metrizable compression Mand d(X) Let 
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f . . Hi~l L t. . . t . f . . . . Hft·l ~ H . t. : ;x .. -t oe a con 1 nuous 1 nJ ec. 1 on o .::<. 1 nto 1.J.J11er·e 1 s .r1e 

hedgehog space (see [26J for this injection). If f(X) = Z ~ H~ then Z 

has a separable metrizable compression, which is also a compression for 

\l 
/\ . 

(4) :;. (1): Let f: >< -t M be a. continuous bi..iection .:c.nd Ma 

separable metrizable space. Then is .:c.Jrnos.t 

surjective bv proposition 1.2.6. Bv corollary 2.1.2, i ·:. 

separa.bl e. Cc•nsequentl :-- CKOO is sep.:c.rabl e. 

The equivalence of (1) and (4) appears in Warner [65J. 

1.)idossich [64J established (4) :;::;. (5) ,:;:;.(C,). See also McCoy [41]. 

2. metrizabil ity and first countability 

The main r·esult of thi·:. sectii:ir1 :.h.tes. that .:i.ny pr·c•per·t;.-

By .~ 

development of X we mean a sequence CUn)n of open covers of X such that 

for e .:i.i:t-1 x in >'.. Her·e stC>:: ,U ) = l.!{U ;: tJ : x E IJ}. A rer1ul .~.r· Hausdorff · n - ·- ·n -= 

developable space is called a Moore space. 

::<is s.emimetr·izable if X .:..dmits. c.. s.emimetr·ic comp.:..tible 1,vith 

its. topcil ogy. A semimetr·ic is .:.. metr·ic 1,..fithout the tr·ia.ngle 

i nequ.:..1 i ty. 
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X has. a uniform base if it has a collection n of open set:. 

such that ~ is a base at some point in ::< 1 .. \lhene•.Jer 

v 'B 'D for all n. ... ... n " 

X has a point-countable base if there exist a metrizable space 

"( d t • • t • f '• '/ L t• t I- .-l • ' • ' an an •:open con.1nuc•us. sur.Jec.1•:m : 'f--+ i\ sucn .h-3 .. eac11 t i:.x.i 1s 

second countable for all x in X. 

X has a base of countable order (8.C.0.) if X admits a 

s.e- ts such th.:i. t i ·:. -~ ·:.equence of 

distinct members o4 n each containing a fixed point x, then <Bn}n E W is 

a neighborhood base at x. 

>< has an orthc•base n if n is a collection of c•pen s.ets in X 

vJith the pr·oper·b· that ever/ infinite subfamily TI.·' of 13. each member of 

1,1Jhich contains a gi1.ien pciint •:if X, has. an open inters.ection (i.e. rm·' is 

open in >O. Paracompact spaces with an orthobase are called 

protc•metr i zabl e :.paces .• 

( 3) 

( 4) 

( 5) 

( 6) 

1-. • •• ,,.) -·K •, ... ,. 

l~ {°'(°) 'K , ... ,. 

For most of these notions see Aull [10J. 

2.2.1. Theorem. The following are equivalent: 

has a countable local w-base 

contains a dense subspace of countable local w-base 

is first countable 

is a de• . .ielopable (i.e. a t'kior·e) space 

is semimetrizable 

has a uniform base 
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( 7) has a point countable base 

(8) CkCX) has a base of countable order 

(9) Ck(X) has an orthobase 

( 10) i s. pro tome tr i z ab 1 e 

is locally metrizable 

(12) CKCX) contains a non-empty open metrizable subspace 

( 1 3) C~: 00 i s. me tr i zab 1 e 

(14) X is hemicompact. 

only if it contains a dense subspace having countable local T-base. So 

(1) ::· (2). is ceir1nected thi:-n pr·oper·tie·:. ('.::) - (13) 

are all stronger than (1) but weaker than (13). So we only need to show 

that (14) ~ <13) ~ (1) ~ (14). C13) ~ (1) is clear. 

( 14) ( 13) : Suppos.e that l ~- hem i c•:impac t. Let {K : n 

n=l,2, ••• } be .a fundamental system of compact subspaces of\. The 

tr·i• . .ii.:i.l me<.p p: $·::f<n: n=l,2, •.• } -t \is. clear·l::.- C•Jmpe<.ct-cc••.,Jer·ing. By 

l l 1 - - * cor·o a.r·y .:c:.::: p : 

ck. ( $f(n) • 
, n 

cor·c.J l ar·y 1.1.5, r· "V , 
-·~: t. '"·n J 

i ·: ... 0<.n embedding c•f C~:: CO into 

- TI ... ,-. (U ',. -1 ·:· '· 
- 1• -·1_1 '• r···- .• • fl- ' i. ' I I • .,t I r., 11 

8 '" ! 

is completely metrizable. The r· e ·for· e 

is. metrizable .:i.nd s.o, its. s.ubs.pace CKC:O i·:. metriz-~.ble. 

(1) =':· (14): Suppos.e that ,-. ,.......... .. - --·K .,/..... ii~'::· count.able local ·11-bas.e. 

Let (l .. ..Jn: n=1,2, ... } be a count.:i.ble '!I-base -~.t the zer·ei function t+ in 

CVCO. By def in it i •:in e•.Jer·y non-empty ne i ghborho•:id c•f ti cont.ai ns ·:.ome 
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1 .. Jn. l'-lcrvJ, there is no lo:.s of generality if 1,.Je chc•os.e each l,Jn basic open 

in CKOO, say l,Jn = [Anl'~Jn 1 J n ... n rAnKn''.)nKnJ where each Ani is compact 

in X and Vni is open in~. Put Kn= Anl U ... U AnK for each n. 
n 

If K is arry compact subspace of X, •,oJe ,,,, i sh to ·:.hc•t1J th.:i t ~( ~ 

Kn for some n. Let l•J = rK,<-1,1)] 1.•Jhich i:. ar1 •:•pen neighborhood •::rf &. 

Suppo:.e that K •t l<n for· .:i 11 n. Fix rr and let x E K-Kn. Since X is 

Tychonoff, choose f € C(X) with f(x) = .:ind f ( Kr1 ) = {(I}. Cl ear· l y f i 

= 1, 2, ••• , Kn. Ther·efor·e f E 

rAn1'~,rn1J n ... n [Ark· ,t.,.'r1k· J' meaning that f E LJn. Ther·efor·e, L•J ·; l,1), 
' ·n ''n n 

Since th i ·;:. is t.r•Je for· a 11 n then no 1,,Jn is cc•ntai ned in l...J. This. 

con tr ad i ct:. the def in it i c•r1 of a 'lf-base. Cons.equen t 1 y K ~ Kn for some n. 

Thus {Kn: n = 1,2, ••• } i·:. a f1Jndamental s;tstem of compact subsets in X. 

This means that X is hemicompact. 

The next hvo corollaries follo1 .. v frc•m theorem 2.2.1 and 

propositions 1 .4.1 and 1.4.2. 

Cor·ollar·y, Let X be 11::ic.:illy cc•mp.:c.ct. 

first countable if and only if X is Lindel~f. 

2.2.3. Cc•rcrll.:c.ry. Let X be fir·st cc•untabli?. 

Tl- ,~ ... , ... 11en -·~: •, ... <,) 

Then -. , ... ,,.) '-·k 1., _,<.,. 

iirst count.able if and only if X is locally compact and LindelBf. 

i =· 

In theorem 2.2.1 we showi?d that CK(X) has point countable basi? 
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·+· · l ,·f c ·x· 1 a.nd cm y K''-' .l is fir·st co1Jntable. One wonders if "point 

co1Jntable base• can be 1,<1eaKened to "pciint count.:i.ble ·rr-b.:i.·:.e". The next 

example answers this question in the negative. 

Let X be the set IR of real number·-:. ~·iith the follov.iing 

topology: A ~ X is open if and only if X-A i:. countable c•r· 0 EX-A. 

This sp.ace is •:ailed the IForti-:.sim•::i :.pace on IR. Cc•mp.:i.ct ·:.et·:. in X .:c.re 

finite. 

sh•:•v.ied tha. t CK 00 = :Z-pr·oduc t of i.i-cop i es of IR. It i:. shc11,1m in [23] 

that any subspace of a I-product of spaces with point-countable base has 

a point countable ~-base. Therefore, CKCX) has point countable ~-base. 

Since X is not hemicompact, CKCX) can not be first countable. 

Let us mention that in the next chapter, theorem 2.2.1 1 .. 11ill be 

extended to properties 1,-H~aKer than first countability. 

3. Cosmic and x0-spaces 

Michael [47]. They may be ir1ter·pr·eted .a·:. str·engthenings •:•f heredi tar;.' 

Lindel~f and hereditary se~arable spaces. kle r1Hd the foll 1::i1,<J i ng 

definitic•ns • 

A h.mily l3. of subsets of a. t•:•pcilc•gi•:.3.I :.pace :i< is c.:o.lled a 

ne tv.ior·K for· X if e.:!.ch open s1.Jb·::e t of X: is a. uni on of some ·::ubf.:c.m i I y of 

n. A base for X is then a network whose members are open. 

We then define the net-weight of X by 
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nw(X) = w+min{IDI n is a network of XJ. 

A cos.mic (respectively .:i. cr-)space is a r·egular sp.:tce r •• 11ith a 

countable (respectively a cr-locally finite or a-discrete) network. 

A family n of subsets of X is called a K-network for X if for 

each compact set K in X and each open set V in X with K ~ V there is n 

such that K; 81 U 82 U ... U Bn; V, where Bi En for each i. 

The K-net-weight of X is defined by 

Knw(X) = w+minCIDI n is a k-network of 

The follc~·-.1ing inequalities .:sr·e •·-iell k:n0t..·rn: dCO ,,: nr,. .. 100 .:f, 

~:rri. .. J(X) .:;: 1 •• •.1(X); .3.nd m•.1(X) .~; l)<I. Notice al·:.o tha.t for· .:.. r·egular· ·sp.:..ce ::< 

one ha·:. 1,11(>:> 

countable (respectively a cr-locally finite or a-discrete) K-networK. 

It is. clea.r· th.:i.t ><is cosmic if a.nd onl>' if ni.1.iDO .{ i:0; and 

similarly X is an x0 -space if and only if Knw(X) ( w. 

cr-spaces were studied in [52J and x-spaces are due to o~Me~ra 

[ 56]. 

The main properties of cosmic and x0 -spaces are described in 

the next propositions. 

2. 3. 1 . Pr op os. i t i err1 • 

1 ) Every subspace of a cosmic •,'an\! -·'"P"'L-" "(I .· -· ~- "' i s. a. c C• s.m i c ( a.n 11 ·, r r - r p ' j'"o-·' =·,.'·"'---' 
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2) Every x0-space is cosmic; 

3) Every second countable space is an x0 -space; 

4) The following are equivalent: 

a) X is co:.mic 

b) X is a continuous image of a separable metrizable space 

c) X is a compression of a separable metrizable space 

d) Cp<X> is co:.mic; 

5) Ever:·' cc•:.mic space is hereditar·ily separ·able and heredita.ril>' 

Lindelof; 

6) The image of a cc•smic space under a continuous map i:. cosmic-; 

7) The image of an x0-space under a cc•n ti nuc11Js. c 1 osed map is an 

8) c ,. '') 'p '· .:<. is an x0-space if and only if X is countable; 

9) Cc•smic and x0 -pr·oper·ties -3.re pr·eser·ved by cc•untable prod1Jct·:. and 

sums; 

10) Eve;·y cosmic ·:.pace is perfect (i.e. •= l o:.ed sets ar·e G6 ). 

Follo1..<.1ing Mich.oi.el [47J, a. space Xis .oi. q-space if and only if 

in ){ there is .3, :.equence (l..' • r1 .. n. 

EV for each n, then the set n 

E ~) of neighborhoods 

.··x • \ 'n I 
n=1,2, ... }has 

a clu·:.ter point in}<. Clearly, fir:.t c1::i1Jnt;..ble :.paces .!f.nd locally 

compact spaces are all q-spaces. 

The next result is an extension of a theorem in Michael [47J. 

2.3.2. Pr· op os i t i on • A topological ·:.pace separable 



37 

metrizable if and only if X is an x0-space and a q-space. 

In h.ct, it c.:tn be s.hc11,.m th.:tt Xis mt-tr·izable if .:tnd onl::-1 if::< 

is an x-space and a q-space. One then recalls that X is an x0-space if 

and only if it is a LindelEf x-space (if and only if X is a hereditaril; 

separable x-space). 

if X has a countable network made of compact subspaces. 

Proof. S1.1ppos.e that 'P = {Pm:m = 1,2, •.. } is. a count.:i.ble net1, •. 1or·K for·\, 

1 .. ,Je may choos.e each Pm C 1 C1·;ed. Let ~;( = ~: 1 I.) K.-. u. . . 1,.0.Jher·e each ~<n is. 
.:. 

compact in >~. Then J.:. = {Pm n fl • m, n E ttD is .0( cc•untable n e tiA1c1r· K fc1r • ... l \n. .:\ 

and each Pm n Kn is compact. 

network for X with each Pm compact then X = P1 U P2 U 

i ·:. •J-c omp .:i.c t • 

hence cos.rn i c. 

cosmic. 

2.3.4. 

cosmic. 

E:y pr·oposition 2.3.2, each P is separable metrizable, m 

t·fow, a co1.1nt.:..ble 1.1nic1n c1f clos.ed cos.mic s.p.:i.ces. is. 

Ceir·ollar·y. E1•1er·y 1J-ceirnpact submetr·izable- s.p~.ce i:. 

2.3.5. Proposition. X is a hemicornpact x0-space if and only if 

X has a countabl~ K-network made of compact subspaces. 
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l,<Je now tur·r1 to co:.mic and ;~0 -sp.:i.ce fun•:tion :.pace-s. B:• 

proposition 2.3.1, we- already Know that Cp<X> is cosmic if and only if X 

i:. •:o·:.mic; .:ind Cp(X) is .:1.n N0 -:.pace if and on];; if)( i:. countable. For 

CK(X) the situation is a bit differe-nt. 

2.3.6. Lemma. If::< is :.e-parable metr·iz.:ible- the-r1 ckoo is an 

Proof. Let B and V be countable bases for X and~ respectively. We may 

assume that n is closed under finite unions. Let n = C[B,VJ: B EB, V E 

1!}. Then ·n is countable. By 1 emma 5 .1 · r4'J r: .. ,,. · 11 I n •. , -·k: 1, A) l,oJ I be an 

N0-space if ~·Je can shot1J that v,1h en e •.1 er ]'( i =· compact in r: '.,') -k: 1,,,..~ ... ' A compact 

in >< and t.) E tl ~ .. ) i th 1' ~ [A ,VJ , then y;: ~ N f [A,t)] for· sc•me H E ·11 .. So, 

1 et 'Ii:, A and !.) be a:. .:ibr::i•,ie I,~ i th K ~ EA,'.}]. P1J t I_,) = .f .... ',, E '(. /\ I f (x) E 11 v' f 

E Kl. Then W is open in X and A f W. Since A is compact in X and n is 

a base for X closed under finite unions, choose B EB with A f 8 f W. 

Put N = [8,VJ. Then NE n and K f N f [A,VJ as desired. 

If K(X) denotes the collection of non-empty compact subsets 

of::<, let us topologize JH\) with the t)ietori·:. (i.e. finite) topctlogy. 

B::.c:_. ,· c ,-_,,., .• ~- "1 c: . .:. tc:_. ,. n .,,,,,' . .<',) f ti- f "J 11 ·, ,.,. - ,,. 'V'1 A c- 11 ~· .. ~. -~ f\\• .:..re 0 .11e C•rm .,, 1 ' ••• '"'n·' = ··.t-l ~ n' .. A.·: -= ""1 

)(. li:OO i :. then ca 11 ed the h;.-per:.pace of compact :.et:. c•f X. Thr·oughc•u t 

this 1,'-!ork, HCO 1;.1 i 11 on b' carry this topo i 09:1. 
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2.3.7. Theorem. The following are equivalent: 

(1) X is an x0-space 

(2) X is a compact-covering image of a separable metrizable space 

c {°'() k '·'·· is an ,~ 0 -space 

( 4) c ,.,. k •,)\) is a CC•Srn i C space 

( 5) j{i'°'f"l 
\ /\ .. is a.n .x 0-space 

( 6) 1'00 is a. cosmic space. 

Prc•of. (1) ~· (2): fc1llo1,~s frcim thecir·em 11.4 of (47J. (2) ~· 0): Let f: 

M -t >< be a comp.:..ct-.:m,er i ng map from a s.epar-.:..bl e me tr· i Zci.b1 e spa.ce M 

into By 1 emm.:i. 2. 3. 6, C~: (M) ;"' ·n '' --r·c· I -· .-J. J'\:•o ~}-Id J:I • I t f o 1 1 m .. ,1·:. that 

l·s ~l"'C• ·:1r1 u --p~- 0 i'~) ~.·. i'.,4·· .. i.· 
•J. -· ·- '•, I) =· .,, .. _ ·- • ' ~· .· • clear. (4) * (1): 

, 
1-. i'Y"l 
~k ,, ..... 1s cosmic with a countable network a - , .. , .. \ .. ·\ .. .. 

- 'i.H 1 'M2' . I ... • I Let A = {;:: E n 

X: f(::<) } O, for· e.a.ch f We claim that Q' = {A : n = n 

1,2, ••• } i·:. a cc•unta.ble ~:-neh-.1or·k for·::<. To s.ee this, let K be cmnp.:..ct 

in \ and l.) c•pen in X 1,..Ji th ~'. ~ '·.J. 

> 0 for· all:< E 10. Then IA is C•pen in CKC:O and fo E i,J. Ther·efor·e, for 

some n fo E An 
.- t<.I, r-.JOIAI! i f x E K .:i.nd f E An then f ( :::: ) :. .-. Th i ·:. i ' - ·-· . ·=· 

, , 
tr·ue f C•r· al 1 f E A . Ther·efor·e x E A . H€'nce K ~ A~. . I t r·€'ma.i n·:. to n n II 

" sho1 .... J th.:.. t An ~ 1·). Suppos.e on the contr·.:..ry tha.t ther·e is. ;:: 0 E An- 1..). 

Since x 0 E \-V, then +0cx 0 ) = 0. But this contradicts the fact that f 0 
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I ·' 
ii A and x 0 E An • - n The ref ore I r ,.\ K ::: Hn f ') .and ·:.o, a,· i: .. :._ countable 

K-networK for X. Thus, X is an x0-space. 

( 1) # ( 5): This is c •::ir o 11 an' '?. 4 in [47J. (5) =*· (6): is 

clear. (6) * (1): Suppose K<X> cosmic with a countable network W = CWn: 

n = 1,2, .•. }. Let An = UCK: K € Wn} for each M. To see that (A , n -
\Hrl' I -

1,2, ... } is a k:-net1J.1ork for X, let A be compact in X and'.) open in X 

VJith A f '). If W =CK€ K<X>: K ~ I . .))' then W is open in K<X> and A 

Therefore fc•r some n, we have A € !,Jn f l;.J. It fed l •Jt.0,1:. that A f An 

€ l,J. 

,- II .::: ..,. . 
Thus, CA_: n = 1,2 •••• } is a countable K-network for X and so, X is an II . . . 

• ~ 0 -space. 

Theorem 2. 3. 7 appear:. in [ 471. See McCo>' (41 J f1::ir .a more 

genera 1 setting. 

The next res.ult i:. :.ornetirnes 1J·:.efu1 in functic•n spaces. 

2.3.8. Propc•sition. X is cosmic if and c•nly if ther·e are 

separable metrizable spaces M and M' and continuous bijections f and g 
f Q 

such tha.t M -+ ::< .:.... M·'. 

Proof. S1Jffi•:iency fcillo1,.1s fri::in-1 2.:3,1(4). For· nece·:.:. i ty, 1 et X be 

cosmic. By propo:.itic•n 2.3.1 (4>, ther·e .3.r·e a rnetrizable space M a.nd a. 

continuou:. bijectic:in f: M-+ )( (:.ee [47)). No1,..,1, X is co:.mic if and eir1l;.-

i f C p CO i s c o·=.m i c • Therefore, there is a separable rnetrizable space M" 
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and a continuous bijection ;p: M" -+ c {Y) ·p -.J-.. ' Then the induced map * ·:P : 

Cp ( Cp 00) -+ Cp (M") ca.n eas i 1 y ( ·:.ee proof of theorem 1. 2. 7) be shc1,tJn to 

be an embedding of Cp(CPOO) into Cp(M"), 

Next, since M" i·~ separable mefrizable let D be a countable 

dense subset of M". Let D" be D ~<Jith the discr·ete tc•polog:,,, The 

na tura 1 map i :D" -+ M" is almost surjectiue. Therefor·e . *. c (~·1 11 •• 
I • "p'' .! -+ 

C ( D") is one-to-one and continuous. p No1A1, D" discrete implies tha.t 

Cp ( D") i :. homeomorphic tc• IRD. Since D is countable, rrP is separable 

metrizable. It foll o~\ls that 
'f. 

i ··(CP(M")) is separable metrizable. 

No1,.J, let e: )(-+ Cp<CPOO) be defined b· e(x) =ex: CPOO -+JR 

that e is ar1 embeddi n·~· 

¥ ¥ 

e 
kle then haue the f•Jll•JtJ.Jing situation: )(-+ 

·:P .. i .. 
,~ (C ···n-+ i: <t1")-+ C (D") =!RD. Put M_, = i*•>*<e00)), Then w· is --p· p~l· .. · -p· . p· . '+' 

separ.:ibl e metrizable and g = ·* I o e ::x: -+ M' is a cont i n1Jous 

bi .j e ct ion . 

4. Second countability 

The proper tie·~ of countability and :.eparabl e 

metrizabil ity are i dHt i cal because of cor·ollar-;.· 1.3.6 and 

Un·sohn·'s metr·ization theorem. Let us point out th.3.t a homogeneous 

:.pace has co•Jnt.:ible 11-ba:.e if .:i.nd only if it cc•nb.in·:. a den·~e :.ubspace 

ha•.J i ng a. countable '!r-ba:.e. The cor1cept of having countable 1T-b.:ise i :. 
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weaker than second countability. 

2.4.1. Theorem. The following assertions are equivalent: 

(1) CK<X> has countable 'If-base 

( 2) C •'°'(' K '·' .! is second countable 

(3) X is a hemicompact ,~0 -space 

(4) X admits a countable K-neho.JorK •:Of compact sets 

( 5) )( is a hemicompact ,~-space 

( 6) x is a hem i compact cosmic space 

(7) x is a hemicomp.:i.ct a-space 

( 8) x is a hemicompact subme tr i zabl e sp.:i.ce. 

Proof. (3) # (4) is proposition 2.3.5. <3) ~ (5): ::< is an x0-space if 

.:i.nd only if>< is a Lindelof N-·::p.:i.ce. (3)::} (6)::} <7>: are clear. (7):} 

(6): ><is i:osmic if and only if Xis. a Lindelof c:-space. (6) ~- (8): 

follc11,o.is fr·om pr·•:opos.ition .., ·j 0 
J,.. a·-' I '-1 I (8) ~· ( 2) : Let X be hemicompact 

submetriz.:i.ble ~\1ith a fundamental system of C•::impact ·::et·:: {A : n= 1 , 2, ••• } • n . . 

Then each An is separable metrizable. By theorems 2.1.3 and 2.2.1 each 

theorem 2.2.1 CK<X> can be embedded in the countable product flCK<An> of 
n 

separable metrizable spaces. Therefore Ck<X> is second countable. 

(2) ::;. (1): is clear. (1) ::} (3): Suppose that CKOO has 

countable ·tr-b.:i. se • Then L~ .. , ... ) .K •., ,.< .. . h.a·:: co1Jntable 1 C•Ca.l 'If-base, hence is 

metrizable by theorem 2.2.1. Si nee s.paces. 1,,1i th cc•untabl e 'If-bas.es are 

-:.ep.:i.r·abl e then is in fact separable metrizable. The re-:.u 1 t 
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follows from theorems 2.2.1 and 2.3.7. 

2.4.2. CorolJart. The follo1,,1ing are equivalent for· a localb' 

cc•mpact space X: 

second countable 

(2) Xis. Lindelof submetriz.able 

( 3) )( is a countable union of compact metrizable subsets 

( 4) )( i :. an x0-:.pace 

( 5) )( i =· a cosmic space 

(6) v 
I\ is second countable. 



CHAPTER 3 . . OTHER COUNTABILITY 

PROPERTIES 

This. cha.pter is.~. c•:mtinu.O\tion c•f the study of countabilit;.' 

been intr-oduced in tc•polog;;. In this i:lnpter· 1 .. 1.1e s.ho1;.J ttnt on CKCO many 

of them ar·e equ i •.Ja. lent to a 1 r·eady 1 .. 1Je l l -~:no1,1.1n proper tie: .• t ... Je :.ho1 .... .1 for 

ins.hnce th.at CkOO i:. a q-space if and i:ir1l/ if it i·:. metr·iz.o<.ble. 

1. Submetrizable branch 

in the s.pace 

point is the intersection of a countable collection of closed 

neighborhoods.). 

Ea-spaces are sometimes called pointwise perfect spaces. Submetrizable 

admits an Ea-space compression. 

a-compact subspace. 

( . i'Y') ·1c .,. .K ··-"· -· ~.i 

44 

. + I .• 
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(2) each point of ckoo is a zero-s.et 

(3) each ccimpact subset of ckoo is G0 in CKOO 

(4) 

(6) C f·:o K ,_ . h-3.S a G.~-d i agona 1 

( 7) r (\{") -·K ... , ... has. .3, zero-set di agc•na 1 

(9) CK<X> has a deuelopable T1-compression 

(10) submetrizable 

(11) X is almost cr-compact. 

Proof. !.t.le only need to pri:r•Je (1) * (11:> * (10) because eath pr·operty in 

(2)-(9) is weaker than submetrizable but stronger than being an 

E0-s.pace. 

(1) :;. (11): '"" th-t ~ '°") .:.>up pose . . -:J.. ck•, ... •,. is an E0-space. If ti denote:. 

the zer·o function in C~:OO, then ther·e i:. ~- :.equer1ce (~.J : n = 1 t 2 ' t t I } n .. 

of open neighborhoods of 8 in Ck<X> such that {fl= ncwn: n = 1,2, ... ). 

Then for each n' ther·e are comp~.c t 

Let 

s.e ts 

A,,. 
"·r/' 

Al ' ••• ,A.K n. . 'nn in >< and 

fi:rr each n. To see that 
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IJA n i::. dens.e in ><, s.ur1r10::.& on the con trar·y that ther·e i ·:. x~, in ·~<-1 'A I" I" \. .·. ·-· n • 

81 complete regularity choose f in CK(X) so that fCx 0> = 1 and fCUAn) = 

{0}. Then f Ekin for· e.3.ch n. Ther-efore f =ti. But thi·:. i::. impc1::.::.ible 

Hence X = a.nd is almost cr-compact. 

(11) ~· <10): Let D = UAn be a den::.e cr-comp.3.ct ::.ub::.pac;:. in X. 

The n.:i.tur.'.:i.1 map p: iftA -+Xi·: .. 3.lmost surjective. 8)" pr·c1pc1sition 1.2.5 n 

* p : n = 1,2, •.• } i·:. a continuc•u::. i ri.j ec t ion. If M = 

P* CC, .. (X)) then M is metr-izable and pi"': C ..-·~n-+ M i::. ·3. bijectic•n. Thus i\ ·~: ·. •"• .. 

CK(:() i S $.IJ bme fr i zab 1 e , 

The equi1..ialence c•f (8), (10), a.nd (11) 1;ier·e e·:.ta.bli·:.hed in 

[ 40] . 

3 1 1 I 2 I 

t i. L~ , \' .. .11en .1< '·./'..! 

Cor·olla.r·Y. If>< is .:i. Joe.all;.' compa.ct pu·acompa.ct 

is metrizable whenever it is .. :i.n 

Pr·c1of. Suppos.e that c {"~<'-, l: ....... . Since >< is locally compact 

pe<.racmnpa.ct then X = if.t{A .. : 
I~(. 

,,,Jhere each A_, i·:. hemicomp.::i.ct a.nd 
\;•. 

l oca 1 J y comp.:..•: t. = JHC,,.(A_.): IX t f}. 
r·. I_\: 

Thi:. product i::. 

on])" for a countable r. No1....,1, each Ck.CA.) .. i.x is metrizable and 
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so, CK(X) is metrizable being a countable product of metrizable spaces. 

In the ne-::d fe1,~ p.ages 1,,Je study :.ub·:.paces. •Jf C~::CO 1,. .. 1h i ch are 

condition for Ck(X) to contain such sets. 

3 .1 I :3 I The or· em. If C~: CO contain·:. .;.. non-empty G.!, s.ubse t c•f 

FKOO then X is. a topologica.J sum of a i::•-comp.:..ct :.pace .and.;.. discr·ete 

Proc•f. Let t,J = 

for each 

(ll...J be 
n n 

is. open in 

Let f E t.J. For· e.ach n, ther·e .:..re 

,-,-,mp• "'L- t <=.::. t·- H''· H .. ·.. 1· r1 .·;<.· :.rid bc•ur1•-'_,;:._ d ,-_,r,,._· r1 ,. r1 ~;:.r·•i ::. 1 .- 11 11 -- "' -·--=> 1n''''' kn "' r- ·-- ···-·•=· .. ,..1n''''''·/k n 
n 'n 

in IR s.uch th.:i.t f E 

u ... u for· each n. Put A = UA .:i.nd 8 = 
n n 

X-A. 

f,,J • n Let A n 

Then A i :. 

and, as shown in [45J, 8 is closed and discrete. Therefore X =A+ 8. 

F (\(') t~ .., . t 
~; , ... •· • 11 e n .. ·<.. 1 :. p .;.. r a comp a c . 
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Fk(X) then X is Lindel~f if and only if X is a-compact. 

The pr·c•of of theor·em 3 .1 • 3 =-hot ... 1s that >< i ·:. a topo 1 09ic.O\1 ·:.um 

F .. ,. 
k (, )\) • 

,-. ... y .. , 
~~~ ·.1 .. " 

e':.sentiall;.-- in [46J. This thei:ir·em :.houl d be cc•mp.O\red 1,. .. 1i th thec•rem 

3.1.6. Theorem. The followin9 are equivalent: 

•.'.1'.) E h . t b t -· -. ,.._,, .. ·- (" . F i'Y'I d.C pse1J1jC•CC•mpac. s.u =·e. L•t lk .,_,.,J 1 ::. '-'.:5 1 n ~: ........ . 

(2) e.:tch CC•Unb.bly ccirr1pact ·:.ubset C•f C~;CO is. G.j in Fk(X) 

(5) X is a-compact. 

Pr·oof. (1) ~· (2) '* (3) '* (4): clear·. (4) ::;. (5): Suppos.e thci.t each 

G,.. in 
~· 

cr - c om pa c t and 8 i :. d i :. c re t e • Nc11 ..... 1 ck:(><) 

3.1. 3 X =A I 8 where A is 

is. hc•meomor·ph i c t.L-, r (6) -'!-:: .. n. 

By thei:ir·em 3.1.1 C~,(;<) is ·:.ubmetr·i:z.:..ble. 
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s.ubme tr· i z.ab 1 e. But 

R8 is submetrizable only when 8 is countable. Therefore X =A I 8 where 

A and 8 are both a-compact. Thus X is a-compact. 

(5):;·(1): Suppose X is a-compact with X = UA where each An 
n n 

and A C A n - n+ 1 for· e.ach n. Let K be a pseudocornpact subspace 

of Ck CO . S i n c e Ck: CO i s. s u brn e tr i z ab 1 e , t h e n K i s. c om p a c t. Ne ~d , 1 e t f 

E K a.nd n E tr·l. If v ~A ]Pt V(f,n,x) = fffv)-! ffvl+!) Bv continuit·.1 ··\ ·• n ' - · ·. ·· ..,, · n ' ' .. , ·· n · • 

of f, for each x E An there is a closed subset A<f ,n,x) of An which is a 

neighborhood of 

c c•mp .act n e ·:.s. of A n' 

in A n s.uch th.at f(A(f ,n ,x)) ~ 1 .. )(f~n,>~). 

finite s.rJbs.et S<f ,n) •:if A n 

By 

S<f,n)}. Th.;.n kl(f,n) i·:. a. basic open set in Fk(/). Nor;J let n be in t~l. 

Since Joi: is. ccrnpa.ct, ther·e is .a finite s.rJbs.et K C•f K s.1Jch that K; U n 

{l,.J ( f , n) : f E 'l<n} • put kin = U{kl(f,n): f - 1 •' i i:. i'l.n,.. Then by a 

straightforward argument one shows that K = 

:::: .1. 7. 

subset of F (\''I 
~: """ if .:i.nd c•nly if each pciint c•f 
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The question of which countably compact subspaces in CP(X) are 

compact was studied by Grothendieck (32J. (see also Pryce C57J, 

Arhangel:.Kii C4J). For CKOO 1,oJe have the fo11o•,!Jing two r-esults. 

3.1.8. Theor-em. If X is almost cr-compact ~nd K is a subspace 

of ckoo, then the fc•llowing are equi•.,ialent: 

( 1) K is compact 

( 2) K i =· sequentiall;.- cc•mpac t 

( 3) K i =· count.O\bly compact 

( 4) K is pseudocompact. 

Pr-oof. E:y theor·em :;:.1 .1 is submetr-izable. Since :.ubmetr-izable 

Tychonc•ff pseudocompact :.paces ar-e metr-izable hence cc•mpact, then 

cle.O\rly (4) ::} (1). The c•ther implications ar·e tr-i1.1i.O\l. 

3.1.9. Theor·em. Let >< be a ~:IR-·:.p.~.ce and K a cl•::i·:.ed subspace 

Ct. c {"•'") 
I ·~~ \ ,.-\. 1 Then the following ar-e equivalent: 

( 1) K is compact 

( 2) K is ·:.equen ti a 11 :" cc•mp.~ct 

( 3) K is countabl:" compact 

(4) l{ i =· p:.eud•::icompac t. 

Pr·crc•f. Again '"-'e only need (4) :;. (1): Since)( i:. -~.~::IR-space, then the 
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uniformit:1 c•f unifor·m cc•ntJergence •:m compact sets of Xis complete in 

,. 
C 'V" { (. "]) k •,_,,.> , see bC. .• Therefc•re, Ck (X) i :. Dieudonne •:c•mp le te in the sense 

I 

of [ 26]. !'low, a c I osed p:.eudc•compa.c t subspace •:•f a Di eudc•nne comp 1 e te 

space is compact. 

1,Je no1,tJ turn to subcosm i c space:. ( i • e. :.paces 1 .... 1i th cosmic 

cc•mpress ions; or· e q u i tJ a 1 en t 1 :1: :.pace:. VJith :.epar·.able metrizable 

compre:.sions) and almost co·:.mic :.paces (i.e. spaces v.1ith dense co:.mic 

subspaces). 

3.1.10. Thec•r·em. ckco i·~ a :.ubcosmic :.pace if .3.nd onb' if >< 

is almost a-compact and Knw<X) ' 2w. 

Pr·oof. Suppose that CkOO is subco:.mic. Bt thec•rem 2.1.3 CkO<) is. 

submetrizable .:i.nd ICCOI -~ ioi. It then follo1,1;s that>< is almc•:.t 

cr-compact (by theorem 3.1 .1)and Knw<X> = nw(Ck<X>> ' 2w. 

Con1Jersel;.- :.uppos.e th ... t ::<:is alm•J:.t ·~-cc•mp<i.ct 11 •• 1ith ~:m· .. 100 ·~ 

By theorem 2.1 .3, Ck(X) has a separable metrizable compression. 

3.1.11. Corollary. If X is separable then CK(X) has a 

s.epar.:i.ble metrizable compre:.sic•n. 
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Proof. If X is separable then it is almost cr-compact and, as pointed out 

before, Knw(X) ' w(X) .-,fa) 
.:'.; £. • 

Almo:.t cc•·:.mi c function ·:.pace:. c.:i.n be i:t-1.:i.r·.:i.cter· i ze·d as 

fc•llovJs. 

3.1.12. The or· em. l-. ( ····') ., .. · .. ··\. 
r·. 

i~ almost cosmic if and only if X is 

:.ubco:.m i c. 

Ck(X). By theorem 2.1 .3 X has a separable rnetrizable compression. 

C,, (/) 
r, i :. .:i.1 me•:. t ·:.tJ r .j e c t i • . .J e and i -: .. :i. den:.e c o·:.rn i c sub·:.e t - c•f 

1-. ..., .• ·1 -· ~: •, ,-'... . 

In f.:i.ct, thi·:. pr·oof r·e•n.:i.l·:. mc•re th;.n i·:. ·:.tated. 

3.1 .13. Corollary, The following are equivalent: 

< 1) Ck CO i :. a 1 mc1-:. t c c•:.m i c 
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(3) X is subcosrnic 

( 4) ' .. ( h~s v c °' an ,._0-spa e compre:.s ion 

(5) )( has a separable rnetrizable cc•mpression. 

3.1.14. Corollar·y, If Xi:. cosmic then Ck()O is :.eparable and 

subcosmic. 

only if CKCX> is submetrizable. We want now to present the dual result. 

We need a lemma. 

3 .1 .15. Lemma. Let ::< be a K-·:.p.~.•:e. Then the map e: X -+ 

d,:._f1"r1P.1j b>' P_(.··.x.·,1 - P • '"',,...,.l-+ IR 1·•1'th - - ~x • ,_.k ,/\. ...., • ex(f) = f(x) for each f 

in CK(X) and each x in X is a continuous injection. 

open in ::<. '"' ] t e-1,'[Q II)"\ bo, e x0 E , ,v •. e .... ····o 
E C a, 1·}]. 

f E a then e., ( f) = f ( :<:L-1) E l). Ther·efc•r·e f E [ C<:C1} ,l)J. This i ·:. tr·ue 
"O 

fc•r each f in a. 

Put a* = {x E x: f ( ::<) E I)! f E a .. ·' . Since X is a k-space then 



(} * i ·:. 

let f E a. 

in \ 1 emrna. 

Then f(x) 
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,, .-. 
7 • "' of [47)). 

,-. -
.:i1_1 ~ 1 et 11*. x E 

It r·em.:i.ins 

that e E El1/)], x 

€ v by definition of a*. Since this. hell ds 

C t l i; 1_·1* <_: .ons.equen. y ~<o _ 

Thu·; e is. 

In fact it can be shown that e is a closed embedding. 

3.1.1.:5. Theor·em ([40)). Let / be .:.. ~::-·:.pace. Then C~::C·<:i is . 

. aJmcis.t •J-compa.ct if and cinb' if::< is. submetriz.able. 

By theor·t?rrt 3.1.1 

L~ ( ,-. ( ·y· ., ., . "' ·=_.IJ b•IT1"' t."' 1· 7 .::._ b• 1 "'- , ·~'.'-·K·.h.·.· '-· - I __ , Since X is a k-space, by lemma 3.1 .15 e: X 

Therefore X is submetrizable. 

Cc•nver·s.ely suppo·:.e that)( is. submetr·iz:i.ble and let M be a 

metrizable cc•mpres.·:.ion fc•r· l .and f: /--+Ma. ccintinuous bij;:ction. Then 

+ t. .. . ,-. (t-,1 ·1 • -·K ·.• .. 

finite open refin;:ment 

it is sufficient to 

For· e.ach n, let 13. be a loc.aJJy n 

'--·+· 1.r = ... 8,....,. .!.·, .. , ·· ~1' 11~-r- E'i'· .. 1 ·, 1·-n , ...... ,n ... -'·· t 1·1 ,0..111:' ·':' ····"'iri·· ·=· the open 
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Let F n be a partition of unity subordinated 

to 1\. Then each F n i: .a sub:.e t of CK CM:>. If F* = F U { 1) where 1 is n n 

the constant function mapping M onto 1, define Fn = Crf 1 ·f2···fK: k € W 

l/J i th k: -~: n, r r·e-.a 1 number· such that Ir· I 

+ • • • + f K : K E: W 1,11 i th ~: -:i n and 

II 

F* E 1 I.)• • ,I.) 

·' 
f 1 , ... ,f~'. E Fn}. 

Let F = 1...JF 11 

n n 
Then, us.i ng 

II 

( -:.ee theor·em 3 of [ 40 J) tha. t F i ·:. dens.e in CK CM) • Moreo•.Jer· F n is. 

compact in CK(M) for each n. Therefore, CKCMJ is almost cr-compact. 

l .. Je must point out that the hypc•the·:.is tlH.t ><be.:.. ~:-:.pace in 

cannot be remo•,.•ed. Indei?d, let >< be the For·ti·:.·:.imc• 

s.pace dt-fined in the r·i?mar·K fo11o~·.iing cor·oll.:ir·y 2.~:.2. Cor· ·:.on ( 20 J 

Since 0 is not G, in X clearly X ,_, 

is not subrnetrizable. X is not a K-space of course. 

The dual result of theorem 3.1 .10 holds for a k-space X. 

3.1 .17 Theorem. 

cr-cornpact .and 

rnetrizable compression. 

.-.t~r 
,;. if and 

then [ i'Y"l l: ···· .. · 

if>< h.as 

i :. .a 1 mo-:. t 

.:.. sepa.r-able 
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Pr·c·of. S1Jff i c i er1C>' foll ov.Js fr·•:•rn theorem 2 .1. 3 and the prev i.r.:iu:. 

inequalities. For r1ecessity, a:.sume C~:<X> almost c;-ccmpact 1,oJith 

submetrizable b;.· theor·em 3.1.16. That >< h.;..-:. a :.eparable metrizable 

compr·ess.ion fol lo•,oJs from theorem 2.1.3 :.ince dOO ,~ kni..o.JOO. 

The proof of the next result follc11 . .o.1s fr•Jm previous theorems. 

3 .1 .18. is a separable subcosmic space if and 

C•nly if X is a :.eparable subcosmic space. 

lJe nc•t.tJ turr1 to c;-spaces .;..nd !-:.paces. Fol 1 owing Nagam i [ 53J, 

a space X is a (strong) !-space if there exists a a-discrete collection 

T, and a co•.,ier· C of;:( by clcr:.ed CC•Untably •:cimpact (cornp;.r.ct) set·:., such 

that, whene• ... •er C € e .and C :; LI with U open, then C ~ F ~ LI for s.c•me F E 

r. 

Every strong E-space is clearly a !-space. The converse fails. 

But .~ny pr·oper· ty that makes cc•un t.abl :1 cornpac t sub·:.e t·:. C•Jmpac t 1,..J i 11 make 

a E-space a strong !-space. 

Nm.11, a:. propertie:. c•n CKCO 1,,Je h.;..1,ie the fc1llc11,<1ing results. 

3 .1 .19. Theor·em. If X is .:r. ~:!!<:-space then 
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Proof. Since ::< i:. a k!R-:.pace, b:" theorem 3.1.9 ever·:·' closed countably 

compact subset of CK 00 is cc•mpac t. Therefore, CK 00 is -~ !-space if and 

only if it is a strong !-space. 

3.1.20. Theorem. If>< i:. almo:.t •:r-cc•mp.~ct then the follcr1,oJing 

are equivalent: 

(3) CK(X) is a !-space. 

Proof. 1,.Je onl>' need (3) ~ (1): Since X i: .. almc•-:.t cr-compact, C~:CO ha:. 

Gd-diagonal <thec•rem 3.1.1). 

((15)). 

3 I 1I211 Tl- T • ,~ '\') 11e-c•r·em •• t '-'Jo::~"··· i ·= a her·ed i tar· i l ;.- str·ong !--:.p.ace 

then X is almo:.t cr-compact. 

hereditarily strong !-space then e-ach subset of a is an Fcr-set in CKCX) 

by I emma 2. 8 r:rf [ 11 ) • Ncr1,.1, I. t" c '"(') K' ... '... = 

hence contradicting the definition of a. Consequently there exists f E 
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But then f is G6 in Ck(X). By homogeneity of Ck<X> each point 

-f ,-. ( . ..,, ·1 
·-· '""!( .. ·'"' .. is G_,. in 

·-· 
r" fY) -· ~:: '"" '" . 

almc•st cr-cc•mpact b:1 theorem 3.1.1. 

3I1I22 I 

hereditarily strong I-space. 

is .0\ cr-sp.O\ce 

P;c•of. This follc11,,_1s. frc•m theorems. 3.1.20 -~nd 3.1.21. 

I~ { v ") ,· .-_-. :. -·K ···''· ~ 

We conclude this section with the following theorem which puts 

together many properties. The hypothe:.is c•f metr·izability in this. 

is a counterexample. 

;:: 1 l I 23 I The-or·em. If Xis. metriz.:i.ble the-n the fcillowin9 ar·e 

equ i 1.).:1. 1 ent : 

( 1 ) I~ i'Y"1 
-·~:: '.· · .. · i =· .:i.n ., -cp·c· ''O -· ·"- t:t 

( 2) r ,.. .. :<"·, -·K ........ i =· an ,o.,;-:.pac e 

(3) CK(:~<) i s. a cr-s.pace 

(4) r {\{ ., 
-·~: '·'' .. l -:. a. per-feet ·:.pace 

( 5) Ck(::<) i s .O\n E0-space 

( 6) c~: <X) i s. .0\ ·:1J be c•:.m i c :.pace 

(7) X i~ separable 
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(9) X is an x0-space. 

2. Countable type branch 

that e•.1er·y q-s.pace functic•n s.pace i·:. metr·iz.:..ble. l..1.le need the fc•llc•1,.Jing 

def in i t ions. 

ch.:..r·acter· in X if the-r·e 

then W ~ W for some n. n 

i ·:. a ·:.equence ·U,•.1 : n n e Nl of open subsets of X 

X is .a ·space of countable type ([3J) if and on!/ if e.:..ch 

X. If each point is contained in a compact set of countable character we 

say that X is a space of pointCwise) countable type ([3]), We have that 

firs.t count.:..ble implies cc11Jnt.able type. 

><is a p-space (i.e. plumed or feathered s.p.:..ce) if ther·e is. in 

··./ 

~X (the stone-Cech compactification of X) a sequence {Un: n EM} of open 

i.·:. cont.ained in ><. Thi·:. ceir1cept i·:. due t•:• A. 1..). Arh.:..n9el·:Yi i. E•..Jer·::.-

metrizable space is a p-space. 



60 

X i·: .. :in r·-s.p.~.ce ([47)) if has a sequence CV : n 

if ::-:: E '.) fc•r· each n n n 

then the set Cxn n = 1 ,2, .. ,) is contained in a compact subset of X. We 

ha1.Je the fcillc11"1ing implic.~.tic•n·:.: point count.:iblP. type impliP.s. r-s.pace 

implies. q-s.p.:i.ce. 

>< is an M-s.pace ([50J) if there .:ir·e :i metrizable s.pace Y .:ind :i 

s.urjective qu.~::.i-pP.r·fect map (i.P.. a cc•ntinuc11J:. clc•s.ed map in 1,-Jhich 

metrizable s.p.;..ce is .. :in M-s.pace and the class. of q-s.p.:ices contains. the 

M-s.p .;..c e : .• Note that M-s.pace implies. Z-·:.pace. Ar·hangel:k:i i ha::. s.hc•vm 

that in the class of paracompact spaces the concepts of q-space, 

M-space, p-space and point countable type are equi1.Jalent. 

The proof of the next lemma is straightforward. 

3.2.1. Lemm.:i. Let X be .:i r·egul.:ir ·:.pa•:e, D .:i dens.e sub·:.et of/ 

.:ind A 3. ccmpac t s.ub·:.e t c•f D. Then A has. cc•untable dB.r·.0<.cter· in D if 

and only if A is of countable character in X. 

·I .-_ .-, .;,,1,..;: • ..:.. 

and only if CK(X) contains a dense subspace of point countable type. 

Pr·c•of. This. fed 1 m ... is. frc1m the .abo 1..1e 1 emma .:ind the homogene it;.- of C~: C>'.>. 
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In fact, more is. tr·ue. 

3.2.3. Theorem. The following are equivalent: 

( 2) 

( 3) 

( 4) 

( 5) 

( 6) 

( 7) 

i . i'"< .. , 1· --·K "-'··· =· a q-spa.ce 

is. an M-:.p .:c,c e 

i ·: .. :c,n r-:.pace 

1-. "''( ., • -·KI._/ .. ls a p-:.pace 

I~ "°'I') -·k • .. .-... is of point countable type 

is of countable type 

i·:. rnetr·i:.:c.ble 

(8) X is hernicompact. 

Pr·oof. ~;ince pr·oper·ties (1)-(8) ar·e .:c,Jl 1."Je.:i.Ker· than mE<tr-i:.:i.bility but 

stronger than being a q-space, we only need to prove that (1) ~ (8): 

r· i''~l·) -y """" i ·: . .:<. q-:.p.:..ce. I f ti 

then by definiti.on there 

A1 ' ••• ,AK n · · .. n n 
in X ci.nd 

th.:i.t ti E [ 6 11 °} ,_·: 
··~'.rn'""~'. n· 

for each n. To see that X = 
I n 

UA , n· n 

is the zer·o function ;:if C,,.C\) 
r .. 

{!..<.I ( ti) : n = 1,2, ... } of n 

.··.i. • 
'•I n • II = 

in IF.: :.uch 

Let Ar= A1r l.),,.U 
.! I 

A,, 
r .. nn 

By complete regularity 
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define fn in :.uch th.:i t f ( :•: 111 )= n and f (A ) = (0} fc•r each n. n w n n 

Since each fn E WnC9) then by above ( f : n = 1 , 2 .... } cl u :. t er· s i n Ck 00 . n . 

But thi·:. is impc•:.:.ible as fn<xn) = n for -~.11 rr. 
I -

Therefore X = UAn and 
n 

so by theorem 3.1.1 C ( v) . ~ C" -~ - • K'-'"'· I=- an '-1 =·P·~·-~· Now, an E1-space that is a 

q-space is first countable ([60)). The conclusion that X is hemicompact 

fcol 1 orJ.Js from theorem 2. 2 .1. 

For 1C•cal1 y M-:.paces (i.e. spaces i rr 1,<1h i ch ee..ch point ha:. a 

neighborhood that is an M-subspace) we have the following. 

3.2.4. Theorem. The following statements are equivalent: 

( 1) 1:-. " .... , ·1 -·K .... t .... is paracompact and locally M 

(2) C ''(" KL·) is submetrizable and locally M 

C. t\"'\ "I<'·./\ .. i:. metrizable. 

Prc1of. (3):;. (2) .:c.nd (3):;. (1): 

the cir· em .... ·"j -'j 
.j I 6,, I -.J -~nd the 

are clear. Cl)~ 

that 

Thi:. fol 1 ow:. fr·om 

locally M-spaces are 

M-spaces ((37J). (2) • (3): Let W be an M-subspace that is a 

Then L•J i: .. :i :.ubmetrizable M-space. E:v the1:ir·ern 5. 1 , :;: of [ 1 5 J kl i :. 

metrizable. It then follows that CK<X> is locally metrizable at 9. 
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CK(X) must be metrizable. 



CHAPTER 4 . . FRECHET FUNCTION SPACES 

,. 
1 .. ~e •:har·ac ter· i ze the Frechet property on r ,.. ·~<"°·, -·k: ........ . Ir1 the first 

section we study the countable tightness of CKCX). For further results 

l 

see [43J and [311. Let 1Js. r·ecall that a :.pace Xis Fr·echet 

(respective])-·, ha.:. countable tightnes.s.) if .:i.nd only if for each pc•int x 

-
in X and A f X with x E A ther·e 

(re s.p e ct i v e 1 ,.. , 

... 

is .:., s.equence l ·.1 ''. ,_ ,, ... n _. n ~ A s.uch that 

f"i: I r1= 1,-·::·,.,,.'':-.">, -"· r: . is. a 

s.tr·ict-Frechet (i.e. 1,,.1-·:.pace in the ·:.en·:.e of [3:~:J) :.pace if fc•r· each 

-
point x and an,.- sequence of subsets CAn: n = 1,2, .•• ) in>< 1""1ith ::<EA n 

each n there exists a sequence of points r.. ·, 
'·'"·n -'n in )< ·:.1Jch that .,, E ·'n 

... 
::< is. ·:.trong-Frechet Ci .e. 

cciunt.:i.bly bi-sequential in the s.ense cif [48J) if fcir e.:i.ch x in X .:i.nd .:i.r1y 

decreasing sequence of ·:.ubsets {A: n = 1,2, ... } in>: 1,,.1ith x EA for n n 

,.._·. 1 1 n t 1-1 "' r· P ,· ~ .. , .1 ••. -· "'n con• ... • er· ge s 

Fir .. :.t-cQuntabli:- impl ie·:. 

l 

1 .... 1-s.p ace implies cc•unta.bb" bi-s.equential implies Fr·echet implies 

s.equenti.:i.1 impl ie·:. k-s.pace. Spaces of point-countable type are 

k-s.paces .• 1 .. ~e mus.t menticir1 th.;..t her·editar·ily s.ep.:i.r .. :i.ble ·:.pa.ces .:i.r·e of 

countable tightness. 

64 
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1. Countable tightness 

If U is a couer for X, we say that U is a c-couer of X if each 

cc•mp.:i.ct :.ub:.et in X i:. contained in at le.:i.:.t one member· c•f U .• It i ·:. 

clear that fc·r· a sp.;j.Ce X to be comp.:..ct it i:. nece:.sar·y .:..nd :.ufficient 

that every open c-couer of X contain a finite open c-subcouer. c-couers 
. , . are cruc1~.1 1n characterizing countable tin_htness of r fY) '"'4 -·~~ •• ,o'\ • I 

4.1.1. Thc-•Jr·ern. C~::OO has •:ountable tightness if and only if 

every open c-couer of X has a countable open c-subcouer. 

Proof. Suppose that Ck(X) has countable tightness. Let U = CU : ~ E f} ex: 

be an open c-couer for X. For each compact K in X there is ~K Er such 

th.; t K ~ U .. , 
·-·-~: 

By cc•mplete r·eg1Jlar·ity of X there 1·:. +. .- ,~ (V) 
Ll t -·1..· · .• ··\.· n 'r·.. r•. 

such 

\.·· [ 1 ] .. ·\ --+ .fi' n ' 

Let i1 = {fr L:': K is 1:omp.;j.ct in>< .;nd n E tt-D. 
I ' r\ 

If I.~ -· the zerc• function in c,. <><) v, let be .;ny ba·:.1 c 

ne i ghbor·hc•od c•f ~ in -. I\.'• 

c~:: •, ,.,,) . Since f>O, 

ThE-n This means that & E a. Br countable tightness 

--+· r· {\ ..... , ,_, . -·~: .. /· .. .. let H f; I] such that H i:. count.:i.ble 1 .. 1Ji th €+ E H. The-n there 

e ::-:: i ·:. t n1,n2'''''"k'''' in and corre:.ponding comp.:i.c t 

in :;.: \1 . .1 i th H = '. 
' II I I ,,1 I Let V = I = 
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1 ,2, ... }. Then V is a countable subcover of U. It remains to show that 

~' is .. a c-cc••.Jer·. So, let K be an:..- ci::impact s.et in)(. ~;ince [~~,i'.-1,L>J is 

an open ne i ghbc•rhood of l1 in 

th.at f E n. ,K. 
I I 

[f(,(-1,L>J () H. 

f' { ··:l '\ 
-·~:: .... · ... .and e -

E H, E: IN s.uch 

that 

tha. t ther·e i ·=· ;<o Then by definition of 

E [K,(-1,l)J with i{o EK. Con·:.equen t 1 y K ;; u,. ... 
·'v 'i 

Conversely suppose that every open c-cover of X has a 

countable open c-subcover. f..·Je must s.ho1 ... 1 th.:..t CKC>='.) h.;..s. countable 

ti gh tnes.s .• Bec.ause of homc11;ieneity of C~:(X) 1,..Je l•:u:.al ize the pr·c•blem .at 

-
the zero function e. .~ l - t 11 ,- ,-. ···,c, " t" t . .u. .:-o, I:' - ::: -·k'··-"·· s.uc11 .11.a. ir E Cl. 1,..Je mu·:.t find H 

countable so that H ~a and 9 E H. For each n E Mand each compact K in 

Therefore there is f v 
fl! I\ 

- 1·11··1 L"L.-" .. 1 1 ·11 i:: r-.. ' '·.-n,n"· .J • 

Nc11 .... 1, l et 1,,J ( n , K) = { x E ><: < 1 ... r.·· . Then each W(n,K) 

and, fc•r· ea.ch n, 

open c-couer of X. E:y hypothe·: is. there is V = {1 ... J(n.,K.): n I · I = 1 '2' I I I} 

for· each n. Put H = {f .. : n. '~,. I· I 
n, i E ~.I} • I t i =· 

straightforward to check that e E H. 
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4.1 .2. Corollary. If Ck<X> has countable tightness then xn is 

Lindel~f for each n E ~. 

4.1.3. Corollary. Let X be locally compact. Then 

countable tightness if and only if CkCX> is metrizable. 

~ ''() h i.;k''·'. , as 

4.1.4. Corollary. If X is a c;-space and ckoo ha·:. countable 

tightness then X is cosmic. 

Since cos.mic x-s.paces ar·e x0-spaces, the r1ext cor·oll~.r·;.· i·:. a 

consequence of corollary 4.1.4. 

4 .1. 5. Corollary. Let X be an ;-:-:.pace. Then l~ i'"<'") h-"k: ··-"· ~s 

countable tightness if and only if X is an x0-space. 

The converse to corollary 4.1 .4 is not true in general. 

Indeed example 15 of [43J gives a countable (hence cosmic) space X whose 

Ck<X> does not haue countable tightness. Theorem 4.1.1 appears in [44] 

I 

2. The Frechet property 
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In [58] PytKeev announced that he has a proof of the 

fcil 1 c111J i ng: ( . ( , ... , "k ·./· .. .I 
·' 

is-~. k:-spc..ce if and err1ly if C~:(X) i:. Frei:het. I t i :. 

unfortunate that we are unable to prove this result. Using the 

machiner;v in [30] the problem o.n be reduced to s.howin9 th.:11t C~:C:O has 

countable tightness whenever it is a K-space. 

However we can prove the following. 

4.2.1. Theorem. The following assertions are equivalent: 

( 1 ) C o'Y"j 1· ·~--"K '·''· a 1,,1-:.p .:tc e 

I 

(3) CK(X) is. Frechet 

(4) For every sequence CUn: n = 1 ,2, ... } of open c-covers of A there is 

a ·:.equence CU : n = . n 1,2, ... } i:1f open subsets of X such that U n for 

each n .:11nd, if Ki·:. any cc•mp.;.ct s.et in><, there i·:. t'·l E lt-l s.1Jch th.:tt K ~ 

Un for all n ) N. 

Let CFm :m E ~} be a sequence of subsets of CK(X) such that 9 € Fm for 

each m. i :. ~ i; F for· e.:11ch m with 'm - m 

converging to 9. First fix m E ~and let a= CA 1 ,A 2 , ... ,AK} be a finite 
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-collection c•f ccmpact ·:.et·:. in X. Si n c e t+ € Fm the r· e i s f a E F (l rn, m 

r ... ' 1 1 . ] _Hi • •, --,-) · mm (l, •• (l If we put W<m,a> = Cx € X: lfm 1.,(:;.;:)I < 
I ! -~ 

finite collectic1n of •:•:imp.3.•:t s.ets. in>'.} i·: .. :i.n crpen c-cor...oer· c•f X. This 

is tr·rJe for· e-.ach m E ~~. Nor,oJ {W : m = 1, 2, •.. } is. a ·:.eqrJence- •Jf open m 

that if K is. compact in X then for some M we have Kc W for all rn) M. - rn 

each m, 

converges ti:• t+, l t I J - [ ,\ I I ] ~l ~ [A' I J ] e. ,, - H! '"°1 I ",fl k'''k: 

for e-.:..ch = 1,2, ... ,k. 

M A I J A u ... u Ak c IAI ' 1 .. 2 , - m 

Fi r·s t ther·e is. .3n m 

6°" '.·' abo 1\.1e there i ·:. M 

= l .. Jo'.m,l1 ) • m E:u t , i f 

E ~.j 

t ft.j 

m ) 

Tc• see the<. t 

be a bas.1c open s.et 

s.uch th.3. t { -l l-1 ~ 11 
' m 'rn' ..., i 

' 
·:.rJch th.:i. t for· .3] 1 m ·,. 

·:i· 

M and x E A. 
I 

for· 

' 1 1.. 1\--,-) m·m 

Since this is true for each x E i t f o 1 1 m .... rs. th .3 t f m ;: CA. ,'·). J 
- I · I 

ij • 

... 
(3) ~· (4): Suppose is Frechet and let .r1J • r1 = ' .. rr . 

1,2, ... } be a ·:.equen•:€' of •:open c-cover·s. of>'.. Define .:i. rre-1,1.1 s.equence 

open c-i:over· c•f ::< r·e-f in i r11;i both W 1 and U , ~··lor .. 1.1, rr- r1 f•Jr· each n E ft.J .and 
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each o:ompact set A in)(, let i·J(n,A) E Wn be -:.uch that A~ 1,.J(n,A). Since 

>< i·:. T>'chonoff there is fn,A: X -t rk,1J continuous such that fn,A(A) = 

l 1 ' d f { °'{ I-' ' A ·) ·1 = ' 1 ' '·;=j-' an n ,A ... , --. .v• .. n, . . \ -· • E t~J a.nd A is compact in 

){}, To :.ee that & € F, let l,J = rA 1 ,r...i 1J n ••• rl CAk,''\:l be a basic open 

neighborhood of t in Ck(X). Put ,.., = HA 1 1.J A I J IJ , .. 
n 2 ""• • •· HK• Choc•se n E k·J -:.o 

that E V1• for· each 1 -~ i -~ k. n Ther-efore f n ,A E 

[A. ,r..,.J. J fc•r each -
I· I 

,. 

< \• 

f"' ,,v·i 1·e. Fr·~-•- ... 1"'t OJK .. l., .. _ 11,,... there are sequences Cn;>· 
I I 

v .. 1her·e e.3.ch A. 
I 

i:. compact in :x: :.uch that {fn. ,A. }i converge:. to ti. 
I I 

each 

~ li..1. • 
I 

n. >n. 
I 1 I 0 

Next , 1 et i 0 = 1 • If n .1 > 1, we Knoi,\I that W refine:. W .1 for 
~ n. 
~ 'o 

= 1.2 •..• rr. -1. . . . I 0 Therefore ther·e i·; l..J 1• E W. such that l,1Jr:n. ,A. ) 
I IQ· I 0 

·:.1J1:h that 

If n.)n. +1 for ead-1 i = ni +1, ... ,ni -1, let 1;.Ji € Wi -:.uch 
I 10 0 1 

that L•Hn. ,A.) ~ L•J .• Then put li..1 = l•Hn. ,A. ) . Kee-p definin9 the 
I 1 . I 1 I n1 I 1 . I 

l,o.J ·'s inductitJel:t a:. abotJe. n. 
I . . J 

Nor,\1 1 1 et A be an>' compact :.et in )(. Since lf -, 
' r; A , i 

I j ! i 

to ti, ther·e i:. NE k·l ·:.u•:h that fn. A. E [A,<-1,1)) fc•r· a.11 
I, I 

cc•nver·ge:. 

?,. N. If 
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i >n. then for· some p } N t1 .. 1e h.0\ 1.Je n. < 
'N Ip 

·f n. I Since n. >n. >N, 
Ip+ 1 IN . p+l 

f n. A 
In+ 1 ' n. 

r Ip+ 1 

E CA,<-1,l)J. I t that A k 

i,J ( n . , A . ) ~ 1,.J i . 
1p+1' 1p+1 

No1,,1, fc•r· e.O\ch n, let U E Un be s.uch that l;.J f '-'n· · · n n 

Then by above for any compact set A in X there is an NA € W so that A~ 

{LI: n = 1,2, ... } i·:. the ri9ht s.equence n 

and s.o, (4) is. satis.fied. 

For a q-space X we have a nicer property on X for Ck(X) to be 

,. 
Fr·echet. 

,. 
4.2.2. Theor·ern. Let X be a q-s.pace. Then c1{CO is Fr·echet if 

and only if X is a hemicompact k-space. 

Pr·oof. If X is. hemicomp.01ct then Ck:OO is rnetriz.:..ble (b:.- theorem 2.2.1) 

I 

hence Fr·eche t. 

.' 

Fc•r the conver .. :.e .O\s.s.ume that Cv.:CO is. Fr·e·:het. 8/ cc•rollary 

4.1 .2 X is Lindel~f. Now, a Lindel5f q-space is of point countable type 

fCO k E0,1J}. 

I 

Then Ck<X,I> is.~. subs.pace of Cv.:CO. Since C~:CO is Fr·echet then s.c• is 

C (V I'> 
~: ... '\ l .• 
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CkO<,n is. a K-·=·P·~·:e if and only if X =A e 8 1,.Jhere A is a discrete 

space .;ind 8 a l •Jca I l:t cornpac t Linde I c~f space ( :.ee C 49) p. 305). Si nee 

then Ck(B) is rnetrizable. On the other hand, A is discrete and Lindelof 

(because X is Lindelof) and so must be a countable space. This implies 

that Ck<A> ~oJhich is homeomorphic to If, is. in f.~ct .;i metr·i:z.~ble space. 

proposition 1 .2.13) which is metrizable by above. That X is hemicompact 

follows. from theorem 2.2.1. 

I 

4.2.3. Cor·ollarY. If C1,(X) is Frechet then ever·;..·· closed 
~. 

q-subset of X is a hemicompact K-space. 

Pr·oof. Let S be a clos.ed subset of>< that is a q-s.ubsp.=.ce. If i: S ~ >< 

is the inclusion map then CX being Lindelof, hence normal) by corollary 

·" ·" 
Frechet is. preserved by open maps thc-n C~:(S) is a Fr·e-chet :.pace. By 

theorem 4.2.2 S must be a hemicompact K-space. 

4.2.4. Theorem. The fcillc11,oJing are equivalent: 

I 

( 1) Ck 00 i : .. :i. Frede t x-space 
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/ 

(2) C~:C\) is .. a Fr-echet s.p~.ce 1,,1ith .a point-cc•untable k-net1,. . .1c•r-k 

(3) X is hemicompact. 

..· 
Pr-oc•f. .:1) 9 (2) is. clear·. (2) :;. (3): If Ck: CO i ·s Fr·echet 1.1 . .1i th a 

point-countable k-networ-k, by theorem 4.2.1 

The r-es.ul t fol lOl..<.'S fr-om 

theorem 2.2.1. (3) 9 (1): This is obvious • 

... 
4.2.5. Cor·ol l an·. is ~. Fr·echet './ -.:pa,-,,, , ·o - ·- -- if and 1Jnly if 

X is a hemicompact x0-space. 

/ 

4.2.6. Cc•r·ol 1.:<.r·y, If Ck CO i ·s Fr-ed1e t then t-ver·y c 1 C•s.ed 

x-subset of X is a hemicompact x0-space. 

... 
Proof. Let '.3 be a clo·:.ed s.1Jbset of ::<. Since C~ .. CO i·:. Fr-echet tht-n X is. 

Lindelof by cor·ollar·y 4.1.2. Ther·ef·:ir·e ~; i·:. Lindelof. Nm.11, if Sis .. an 

x-space then it becomes an x0-space so that Ck(S) is an x0-space. As in 

/ 

the pr·oi:1f of cor-c.J !d.r·1·· 4.2.3 it can be s.een tint Ck(S) is. Fr·echet. The 

result then fol lows fr-om cor-ollar-y 4.2.5. 
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·' 
Cor·oll-3.r-;.', Let:;< be an ;~-·:.pace. Then CkOO is Frechet 

if and only if CK(X) is separable metrizable. 

We close this chapter with a characterization of Lasnev 

function spaces. By a Lasnev space we mean a continuous closed image of 

,. 
a metrizable space. Note that e•.,oer·y Lasne1,• s.pace is Fr·echet. Metric 

s.paces ar·e of cc11Jr·se Lasnev. For function s.p3.ces. 1,. .. 1e have the next 

res.ult. 

4.2.8. 

Prc•of. '.:;ince s.ufficieno' is. clear· 1 .... .1e only pr·1::i1..1e necess.ity. 1f CV(/) is 

... 
Las.ne• . .1 then it is. Frechet, hence i:orJntabl;.- bi-·:.eqrJenti.3.l. A countably 

b i - s. e q u en t i .3. 1 L .as net! ·:. p .a c e i s me tr i z 3. b 1 e <-:. e e co r cil 1 .a r· y 9 • 1 0 i n [ 4 :3]) • 



C:HAPTER. 5 . . COMPLETENESS PROPERTIES 

In [3$'] that is ccimpletel;.- metr·izable if 

.:..nd only if it i·; Cech-ceirnplete. Her·ein, v,1e prove.:!. s.imilar· re·:.ult on 

l,Je di sci.1ss some necessar·;.- conditions for· to be Bai re. 

Using a theorem of Anderson-Kadec Csee [13]) we describe the "geometr;.-" 

of Polis.h function spaces. 

By .;. Polish ·:.p.:..c.:- 11.Je me.:tn .:t ·;ep.~r·able ccmpletely metrizable 

space. A Tychonoff space that is a G6-subset of any Hausdorff space in 

· ...... 
1,,.1h i ch i t is densely embedded is called a Cech-complete space. 

Sieve-complete spaces are precisely the continuous open images of 

\/ 

Cech-complete ·:.paces. (s.ee [62]). An .:tlmost Cei:h-cc•mplete s.pace ([iJ) i·:. 

v 
•:ir1e th.:..t has .:.. dense Cech-complete subs.p.:tee. 1,,.Je ha• . .Je the fcil 1 QJ,\I i ng 

implications: Poli sh impl i e·:. completely me tr i :z.~bl e implies. 

··./ 

Cech-complete irnpl ies. Sieve-complete impl ie:. a.lmos.t Cech-complete. 

\.·· 

A pr·oper·t;.- 1, •• 1eaKer than a.lmost Cech-completeness is that of 

pseudocompleteness introduced in E1J. A space X is pseudocomplete if it 

admit:. a s.equence CBn:n = 1,2, ..• } of T-bases such that if 8 ,: Br and fl - I 

for· each n, then llE: n n >< is •:.:i.11 ed a. E:a.i r·e :.p.~ce 

(r·es.pectivel;; a. s.p.:..ce of second c.;..tegory in it:.elf) if .:i.nd only if the 

inter·:.ectic•n c•f any co1Jnt.:i.ble ccillection C•f C•pen dens.e ·:.ub·:.et·:. of>< is 

75 
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dense ( re·;pec ti ve 1 y is non-empt>--> in x:. Cl e.ar 1 y then ever>' Bai r·e space 

is of second categor·y in i t·:.e If. For homogi?neous ·;p.<1.ci?-:- such .a-:. CK CO 

(or CPO()) the tl.\IC• concepts ar·e equiv.alent. Note that pseudocomplete 

spaces ar·e Baire. It is IA.•el"l Kno• .... m that ii< i·; pseudocomplete. For 

FKOO the situation is similar. 

5.1. Lemma ([46J), FKOO is a pseudocomplete space. 

Proof. Let Il be the -:.tandard base for FK 00 as described in chapter one. 

We claim that nsn t. 0. To see 
n I 

this, let x Ex:. Define 'v'r/x) = (l( ''-\i:x E Ani for· each i=1,2, ... ,Kn} 

1,1Jhere Ani is compact in>< for each i and 1v'ni is .a bounded open interval 

lJ ( :<> t. f?i for each r1. n Moreo•.Jer· 1,) {v) C IJ (•·) n+1 "'· - ~n .~. 

Pid~ 

It is clear that 

for a 11 n. Si nci? the 

Define f(:d = 

::1. Then f:X ..__.IR defined this ~<1a.y is clear·l;" 1 •• •,•ell-defined, f E FK(/) 

and, by construction, f E nsn. Thus nB t. 0. 
n n n · 

Now, for· each n, let ll,. = lL .. Then .rn • n-1 .., ' 1.1,!.n I - , ... 'I I I • 1 

required sequence of ~-bases for pseudocompleteness. 

is the 

l .. Je use 1 ernma. 5 .1 ti:• prove the ne:< t the•:•rem •,•Jh i ch is the 
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analogue of theorem 1 of [25J. 

then X is a KIR-space. 

Proof. Let D be a dense Gd-subset of Fk(X) such that D ~ Ck<X>. Suppose 

that X is not a K~-space. Let f E FK<X> be such that flA is continuous 

for each compact set A of)( but f is not contir1uous on all of X. Define 

.:r_ •• F {V) _.. F (V) ·:r. K ... ,\. -r ~: .'\. Then ·i· is a 

dense G3-subset of F~yo in ·I-<Ck(X)) then ·i·([l) and E> ar·e h•JO disjoint 

dense G6-subsets of the Baire space Fk(X). This is impossible. 

Therefore X must be a Kll<'.-space. 

5.3. Theorem. The following are equi1Ja.ient: 

....... 
( 1) CKC:O is almost Cech-complete 

(2) CKOO is sieve complete 

v 
(3) CkOO is Cech-cc•mplete 

(5) :~< is. a hemicompact !<-space. 
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Proof. (4)=*(3)=*(2)=*(1): follo~·i from the definition~ .• ( 5)=t( 4) : suppose 

that Xis hemiccrmpact K-space. Let (An:n = 1,2, ... } be a sequence of 

compact sets in X satish'ing the definition of a hernicornpact space. The 

tri•.}ial map p: @Ar -t X 1,.1.1hich is compact-covering is in fact quotient 
n I 

since X is a k-space. By proposition 1.2.10, * p : 

closed embedding of C~~(X) into the completely metri:zable space ~CK<An). 

Therefore CKOO is completely metrizable. 

v 
(1)*(5): Suppose that D is a dense Cech-comp 1 e te ·;ubse t of 

By 

\/ 

·theorem 5.2 X is a klR-space. On the other hand, D being Cech-complete 

is of point countable type. By theorems 3.2.2 and 3.2.3, X is 

hemicompact. 8:1 proposition 1.4.3 a hemicompact Kll<'.-space is a K-space. 

The equivalence of (4) and (5) were obtained by [65] (see also 

[12)). 

5.4. Corol l a.ry. The fol lo•,\ling are equivalent: 

(1) CKOO is a pseudocomplete cr-space 

( 2) c ····~o "K ,_, . is a pseudc•cc•mp 1 e te q-space 

(3) X is a hemicompact .K-space. 
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Proof. (3)*(2): This follows from the above theorem and the definitions. 

(2):}(1): If C 1''r') 
k '"· is a q-·:.pa•:e then it is metr·iz.;..ble bv theorem :3.2.3, 

hence a cr-space. <l>=H3): Suppc•se that CkOO is-~ pseudocomplete 

cr-space. Every cr-space that is Baire has a dense metrizable subset (see 

Van Douwen [63]), Therefore, Ck(X) is metrizable (by theorem 3.2.3) and 

pseudocomplete. But, such a space has a dense- cc•mpletely metrizable 

v 
subspace (see [lJ). It follows that CkOO is almost Cech-complete. 

5.5. Propositicin. If CK(X) is Ba.ire then e1Jery closed 

,"! 0-subse t of X is hem i compact. 

·*re rx)·i I , IC- ' .. 

A-.)( is the inclusion 

is an open map by proposition 1.2.11. Si nee C•pen 

"" maps preser•.Je the Bai re property, then i ·· (CK 00) is a dense Bai re subset 

f C , '., o k',A .. , 

an N0-sp.:ice, hence ci. er-space. B>· \..'an Douwen-' s resu 1 t mentioned in the 

prc•of of (1):}(3) of corollar:1 5.4, CK<A> is metrizable. Thus A is 

hem i compact. 

5.6. Corollary. Let X be separable metrizable. Then CK(X) is 
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8.0<.ire if and only if C, .. 00 is metrizable. r, 

When X is pseudocornpact we can characterize the Baire property 

on CK(X) as follows. 

5.7. Theor·ern. Let X be p·:.eudocc•mpact. Then CKCO i·:; Bair·e 

if and only if X is compact. 

Prc•cif. l•,lhen ::< i·:. compact, C~:OO is ccimpletely metr-izable-. Cc•nverse l ;.-

>< not each 

is not Baire. 

5.8. 

n, let'"' = l){[{X::·,(n,n+l)J::=<: E XL n 

l~l 1 ·1·1 7 Th -. {\···~ . ear, y, fL'Jn = .L!. us. LI( ... '~ ... 
n 

is Baire then every closed 

pseudocompact subset of X is compact. 

5. '7'. The cir em < [ 46J). I f L~ {'-·') l: , ... \. 

c om p a c t a t e a c h p o i n t a t 1,1J h i c h i t i s 1 o ca. 1 l y a. q - s. p a c e • 

Pr·oc•f. Suppos.e th.0<.t >::is loc.0<.lly a q-s.pace at ~< 0 • Let .-II ·r-1-; -, t,.. ·a. - n • i- '.:... ' ••• _, '-= 

1 . .1.1ith the property that if'{ E IJ fc1r e.0<.ch n then{::< :n=1,2 ... } cluster·-:. n n n 
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-
in X. Suppo-:.e that nc•ne of the '-'n/s is compact. Then, for each n, G = n 

U{[a,<n,n+l>J:a E '-'n> is a dense open subset of Ck<X>. To see that ()Gn 
n 

= 121 suppose there i E· f E Gn for each n. Then f E [{an}, ( n, n+ 1) J ,,.,here 

an E Un for each n. Si nee Un+ 1 ~ Un for each n then the sequence {an :n 

E:ut this i·:. impossible ·:.ince f is 

continuous .:1.nd f<ar1) E 1:r1,n+l). Consequently nGn=0. This destroys the 
n 

Baireness of Ck<X>. Thus, for some n, U must be compact. n 

5.10. Cor·ollar}', If>< is a. q-space and CkOO is Baire then X 

is locally compact. 

We haue a partial converse to corollary 5.10. 

5 .11. Theorem. If )<: is a par·acompac t l oca 11 y compact space 

then Ck CO i ·~ p·:.erJdocomp 1 e te (hence Bai re). 

Proc•f. If Xi:. p.;..r·acompact lc•cally compact then X = ~ 1_.i.Jhere each Ar_·; i:. 
(."( (;{ ' 

.. 
locally compact Lindelof. i-:. p-:.eudocomplete 

since each Ck<A.,) is complete]:.· metrizable. "' ._ ... 

5 .12 I Cc•r·ollar·;.-, If>< i·:. a pare<.compa.ct q--:.pace then the 
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follo•,o.Jing are equivalent: 

C '"•(" k '•·' .> is Baire 

(2) ckoo is pseudocmnplete 

(3) X is lc•cally compact. 

5.13. Theor·em. Let X be a q-space. Then the foll01,•Jing are 

equi1,1alent: 

(1) Ck<X> is a Baire space of countable tightness 

(2) CK<X> is completely metrizable 

.. 
(3) Xis local];.' compact Lindelof. 

Using •:c1r·1:t)J.ary 5.12 we get the follo1 . .1Jing res1Jlt generalizing 

proposition 5.5. 

5 .14. Propes it ion. If CK 00 i -:. a Bai re sp.ace then e1.1er;1 

closed x-subset of X has a a-locally finite K-network of compact sets. 

Proc•f. Let A be a closed ~~-subset of }:. If : A -+ :::< is as i r1 the 

proof of pr·oposition 5.5 ther1 a-:. ·:.hi:ovm there, C~:(A) is E:.aire. Nc•vJ, by 

Lemma 2.2 in [61J, it ·:.1Jffi•:e·:. to ·:;hovJ that any closed subset of A that 

is a paracomp.act q-subst-t, i:. lc•cally ccrmpact. Sc•, let B be -:.rJch a 

sub:.et of A. Then CK<B> is Baire. Since 8 is paracompact q-space, then 

by corollary 5.12 8 is indeed locally compact. 
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Pcili:.h functieir1 space:. can be char·.:i.cterized a:. follc•vJ·: .• 

5.15. Theorem. The following are equivalent: 

( 3) ck co is homeomorphic to !RtN 

(5) Xi:. a hemiccrmpact cosmic k-:.pace. 

Proof. (1)*=*·(2): This follo1.1 . .1s fr•Jm the definitii:rr1 and theorem 5.3. 

of Anderson-Kadec stating that l •Jcal 1 y convex 1 i ne.:..r· Poli sh ·;p.:i.ces .:l.re 

This can be seen by putting together theorems 5.3 and 2.4.1. 

5 .16. Cor·o 11 ar·y. Lt- t X be l oc al 1 / c •:lfT1p .:i.c t. 

Polish if and only if:;< i:. Polish. 

If>( i:. the sp.:ice C•f ir-r·ational n•Jmber·:. ~· . .1ith the u·:.ual 

'?·· 

topolog:,.., then Cech-complete space that i ·:. neat l 01:.:..11 :;.- comp.:ict. 

:;< is a Polish :.pace s.uch that CkCO is. not Pol i·;h. Therefore, the 
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hypothesis of local compactness in corollary 5.16 can not be weakened to 

Cech-completeness. 



CHAPTER 6 : At...JA L .. YT I C I T"'"t" 

:.pa.ce) if)( is .:i. cc•ntinuou·:. im.:i.ge of a. Polish ·:.p.:i.ce or·, eq1Ji• . .1.:i.lently .:i. 

cont i nuorJ:. i m.:i.ge c•f the :.pace of i r·r·a ti ona 1 number·:. (1,.., i th it:. usu a 1 

Note that the latter· i:. hc•mec•morphic to the pr·c·duct :.pace 

l,o.Je have- the fcill•J1,..1ing implications: Pol i·:.h impl ie-:. analytic 

impl ie:. cc•·:.mic. 

If X X = UK where each K 
n n n 

i ·:. cc•mpac t, then 

if and only if each K is metrizable. n A quasi-K space is 

one in which the closed sets are precisely those subsets whose 

inter·:.ectic•n:. r,•Jith e• . .1er;; countabl;.--ci::)mpact subset· K .;..re close-d in K. 

Cle.:i.rly, k:-spaces ar·e quasi-k:. As shown in [48J, regular q-spaces are 

quci.s i -k ·:.p.:i.ce: .. In the-or·e-m 6.3.2, 1,•Je char·acte-r·ize- the anal;dicib' c1f 

But first of all we nee-d the concept of a 

Borel structure on a se-t. 

1. Borel structures 

Let X be a non-e-mpty set. 

non-em~it; ... cc.Jlection 13 of :.ubset:. of >'. th.:i.t i:. clo:.ed under· t.aKing 

ccirr1plement:. and countable union: .. This ·:.hould be compar·ed ~·iith the 

85 
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called a Bor·el (or·.:.. me.:..-:.ur·able) -:.pace. Member·-:. of·B ar·e n.:..med Bc•r·el 

If C:X;D is .. ;i. topological :.pace then the "::.malle::.t" (in the 

:.ense C•f inclusion) Bcrr·el ::.tr·1Jctur·e •::rn x r:ont.:!.inin•;; .:..11 Crpen set::. of 

C<,-=n i·:. c.:..lled the Bor·el ·:.tr·1Jr:ture gener·ated by O<,·T>. This structure 

w i 11 be denoted by Bq-.. Borel ·:.tructure·:. c•n s.1Jbset·:; .:..nd pr·oducts. ar·e 

defined similarly to their topological counterparts. 

If <X,E) and (Y,T:n are h•JO Bc·r·el spaci:os., a map f : C<,J'.l.) -+ 

<Y,In i·:. me.:..sur·able if and c•nly if for e.:..ch D E o·, f- 1(D) En.. f i·:. a 

Borel i ·:.•::rmc•r p h i ·:.m if i t is bijective and if f 2.nd --1 t ar·e both 

measurable. If B and B' are two Borel structures on X, n is isomorphic 

tc• B' me.:..ns. ttnt the identity m.;i.p id (\,13.)-+ C<,n···) i·:. a Bor·el 

i s.omor· phi :.rn. 

A Bor·el sp.:..ce <><,E) i:: .. ~.n.:..lytic if Bi::. i·:.omor·phic to BT for 

Let us point out that whi:onevi:or we say 

th.:..t ><is ana.lytic 1,0.Jith nc• mentic•n C•f the ·:.tructur·e, it me~.n·:. that>< is. 

analytic as a topologic.:..l :.pace. 

It is. cli:o2.r· that the Bor·el .- -- (·v· ~1 ·-, =·P·:\L e ........ , '"·'1'.- is analytic whi:onever 

the topcrlc•gY 'T c•f >< is. anal:dic. The con1..rer·se i ::. not true as the 

Sc•rgenfr·e;1 line is .. :.. countere:-:arnpl e. But t.1.1hen the t•:•polo9/ C•f >< i·:; 

metr·izable, Frol ik [29) has. the fcrllcrv.iing. 

6.1.1. Pr·opc•sition. If C</J") i::. a. metrizable topological :.pace 
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The ne:c: t theor·em is a s.pec i a 1 ca.s.e of .:i. mor·e •;iener·.:c.1 thec•rem 

Known as Hurewicz theorem (see [16J). 

6.1.2. Theorem. Let X be analytic. Then X is a-compact if and 

only if X does not contain a closed copy of ~~. 

Borel ·:.et·:. in .:.. Polish s.p.:i.ce .:i.r·e .:i,n.:i.l:itir: tcrpolcrgical 

subspaces (see Dellacherie C24J). 

6.1 .3. Theorem. Every Borel set in a Polish space is a 

compression of a closed subset of ~~. 

2. Necessary conditions 

6. 2 .1. Thec•rern. if ){ is. .:.. KIR-spact-, then ther·e e::< is.ts no 

continuous surjection from X onto CKCX). 

Pr-crcrf, ~3uppo:.e by 1,<Jay Crf r:ontr·.:i.diction that ther·e is .... ccrntinucrus. 

surjection ·+' .x c .. ,,, . --t !< •,_,<,, • Define f: X:--+ IF.: by f(:>;) = l+q:r(::<)(:>;) fr:rr· 

each x in>::. Tr:• :.ee that f is. cc•ntinuous C•n lit s.uffices. to s.hcr1,..1 that 

it i':. cc•ntinuou:. on e.:c.ch ccrmpact ·:.ub·:.et C•f X. So, le-t A be comp.:c.ct in 

X. Then on A f can be wr-itten as: 
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A --+ AxA --+ Ax CK 00 --+ IR. 

Since the compact-c•per1 topcil•:11;i»· is J•:iintly continuous on compact sets 

then clear]>-· flA i·:. contini.Jou: .• 

:.1J r .j e ct i on • Then th i ·:. contr·adi cts the aboi,•e theorem si rice hl~ is a. 

6.2.3. Proposition. If CK<X> is analytic then CKCX) contains a 

t~l closed copy of ~ • 

P f .-. t .. tr· (X) · 1 t· If'' 1··=-· d1'c:_ . ._-r·P.tP_ t .... 1P.li1 L"":K.:.·.~<'. ... > = rr-;:< roo • ·=·'Jppc•·:.e 11a -·~:. , 1 s a.na. y .1 c. ,x. :r; 

i s .:i,n a 1 y t i c ·~ I• .and only 

tJ-c eirripac t, by theorem 6.1 .2 

if x 

C r· .. K \.K.> 

i:. countable. v "'I ("'.. r - - IR'"f-iR'r .. , ~I ''-'=' " .. - , is not 

converging to some ;<: in X (this c.:c.n be done in any •:o·:mic spaci?, ~3i?e 
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[E:]). Since A is .i ceinipact metr·iz~.ble :.ub:.e t then i =· 

theorem 5.15 in chapter five). It then fol 101,-is 

that Ck(A) is not cr-compact. 

Ned, let A --... ){ tie the incl1J:.ic•n m.:ip. 

1I2 I 12' 

then :.c• ~·1 i 11 then•:e contr·.:idicting the pr·ecedir11~ 

.~ b" +1- .. 1., L-. 'Y"l h--.:io, 'l .. 11t?c•rerr1 1!i. • ~, -~~ ''·"'· d.·=· 

If X i :. 

analytic and Ck(X) has? then X is a cr-cornpact space. 

Prc•of. Suppc•:.e that )( i :. not cr-cornpact. 8:.- theor·ern 6. 1 • 2, X h.:..-:. a 

·* I : C~:: (>~) 

pr·e:.er·•.Jed by either· c•:ir1 ti nrJC11J:. or· open m.:ip: .• 

does Ck(~~) hence contradicting the hypothesis. 

I 

6.2.5. Cc·r·ollar·v, If Ck:(\) i:. anal/tic or· Baire c•r· Frechet 

then every closed analytic subset of X is cr-compact. 
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, '") -' p . t. I . ~ r··') ·=··"-•'-'• r·c•pos1 ion. t ck:'},.. i ·:. ana 1 yt i c then X dcu?s. not 

contain a closed copy of wW. 

Prc•of. Suppose on the contr-ar·:.- th.at ther·e i·:. a· clc•s.ed copy of ~}t·l in X. 

Ag.a in, if Jt.j 
: tt.f -+ )< is the inclusion map then 

t . . t . h K . I~. •.' t 11~1 ·) 1 t . a con.1nuous surJec ion, ence ma 1ng _K .N. ana y.1c. This contradicts 

Notice that cr-compactness is stronger than the property of not 

t . . 1 d . t ,lt·l con .a1n1ng a c ose copy ot N • 

Our next goal is to refine proposition 6.2.6 by showing that X 

is cr-compact whenever CKCX) is analytic. 

following lemmas. 

6.2.7. Lemma ([19J). Let X be separable metrizable. Then X 1s 

Pol i:.h if and c•nl:··· if there ar·e .a Polish ·:.p.:..ce Y .:..nd .:.. rn.:..p p : KC'()-+ 

KCO ·:.at i :.fr i ng: 

(1) if K f C then pCK) f pCC) 

(2) if K € K<X> then there exists C € KCY> such that K f pCC). 

,-.. 
.:J ! nee IF.: i ·:. hornec•rnor·ph i c to ( (I '1:0) then -. ( ·--·) Ly,:,,.<,. i ·:. c 1 ear· l y 

homemnorph i c to i ts :.ub·:.pace c;. c >< > = {f E C( ><> : fCO ~ (0 ,1:0) 
., 
-' . 
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6.2.8. Lemma. If Ck(X) is analytic then there exist:. a map r 

""'tr-l--+ F+Kc·.~<-.> t· f . '" . :.a 1s y1ng: 

(1) if ~ ' cr then re~) ~ f(cr) 

Pr·c•of. Let ·:P : r../t-l--+ ct,oo be a contin1Jo1Js surjection. Definer 

for all n E IN. Clearly r satisfies (1) and (2). 

The next result is contained in a theorem of Calbrix (16]. 

6.2.7'. Theorem. If ckoo i:. analytic then Xis analytic. 

Pr·oof. Since CKOO is. analytic then X i·:. clE-ar·ly cc•:.mic. Let 'T be the 

topology on X. Choose a coarser separable metrizable topology '1' on X 

with the following properties: 

(1) <X,'1) and CX,'1') haue the same Borel str1Jcture 

(2) O<,·:n i:. analytic if and onl:,, if O<,·T·') i·:. ana.l;di•:. 

Thi:. car1 be done in an>' cos.mi•: sp.:ace (see [17J). The ide.:l. i:. to ·:.hor,,1 
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To si?e thi:., let CY,p) bl?.:., compa.ct metr·ic 

sp2<.ce (1,,.1ith metr·ic p) in 1.•Jhich CC::,'T") is densely 1?mb1?ddE'd .:..nd let Z = 
Then Z i·:. :.epar·able metriz.able. t•.JI? claim that Z i:. 

Polish. 8:-' 1 emma 6. 2. 7 it :.uff ice:. to con:. tr·u•: t a map p 

KCZ) satisfying the conditions of that lemma. 

Fir·st, li?t f: t~it~-+ F~CO be defined as. in lemma .:5.2.E:. Then 

define ·l' : ttlt·l-+ 1\(Y) bY ·l(1J) = (i{Y-E: . x x € Xl where E:~ = {y € Y .. · .. 

If A is ceorr1pact in Z, the map f Y-+ IF.: defined by f(y) = 

r th or.::. 1' ~ .~ ~ ~.1~1 ·-uc~1 +~1"' t f I \ fo" .... ·1 1_-·.1° ::._ r l ',·' + .• ~1°r1 H'' ·_:_- .r,o'.. r;_, .·l •• "" ~ ::- _, o:; Ir :· I • I ·- x •:l ' I..' ' ' "° ._, ' "' '1 

IL' rJt·l· f1', .l -+ by p({~ : ~ ' cr}) Then 

p s.ati·:.fies. (1) .and (2) c•f lemma 6.2.7. C:on·:.equently Z is. Poli·:.h, hence 

G, in CY,p). 
~· 

But then C'i',p)-Z = C</T'·") i·:. F in the ccmn.;..ct s.pace i3 r 

<Y,p). Ther·efore C<,·T") i·: .. ;.. cr-compact metr·izable ·:p.:i.c,:-. Th.a.t C<,·T·') 

is .. :i.n.:i.lytic fcollo11.1s. fr·om the f.act that .a cc•untable- 1Jnion c•f clos.ed 

.:i.nalytic s.pa.ce:. i: .. an.:..lyt1i:. t'fot ... 1, o::,'T') i ·:. anal ;.rt i c if and o.nl y if 

i ·') 10 r·- ·-11- ··· !t- ,-. {V'o '-'I..:.. I • _.1_1r 1_1 ·~.r ~·I 1--~~ .. , ..... is analytic the-n X is a rs-compact 
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Proc•f. Suppos.e CKCO .:i.nal~dic. Clearly X is an ;,0-s.pace .:ind, by theor·em 

6.2.9 X is also analytic. By corollary 6.2.5, X must be cr-compact. 

In f.:i.ct, Calbr·ix [16) shor..• . .red tha.t )( is. ~-compact 1,'-lhene•.Jer· 

C 00 is. ana.lytic. p 

3. Characterizations 

L·Je impose s.ome mild r·estriction·:. on >< tc• obt.:i.in .a 

characterization of the analyticity of CKCX). 

It i·:. ahiays. true that if C~::OO is analytic then so is 

The converse is not true in general but we do have the following. 

c (>()I p 

6.3.1. Theorem. Let>< be .:i. q-·:.pace. Then CkOO i·:. an.al:dic if 

.and only if r- ,.-v) is .. analytic. -·p ';,. 

Pr·oc•f. Sup~·ose that C 00 p is analytic. implying 

that >< is -3. l ·:.c• cos.mi c. NQJ,<J .a c c•s.m i c M-s.p .ace is sep a.r .. :..b 1 e met r i z .ab 1 e 

(s.ee theeir·em 5.1.2 of [15] •Jr see UE:J cited in [15]). 

Let 

f in i t e uni c•n s .• 

{8 
n 

r.h .. ' d ~ oose \r 1 ,r 2 , •• • 1 a ense sequence in ~and, for each 

<f,g) (COO :x: COO, define the follm1.1in9 p·:.eudc•metr·ic d(f,g) = I 
~: 'n 
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1 
. ..,k+n ... 

(·:.up lg(x)-r·1-:-iA1> j, 1,..iher·e .a.•\ b mean:. min 
xEBn · . 

{.:c. 'b} I 

A:. ·:. h 1)IAfrt in [1'1']~ d i ·:. a metr·ic C•n cco Mor·eol..!er the metric 

s.p ace cdoo and the :.paces. Ck: CO .:..nd c 11 '-l) ·p ·. /· .. .:r. 1 1 hat,ie the same 8c1r e 1 

s.tructure; and the identity map id : Cd(:/) -+ Ck CO is. ci:int i nuc•tJs .. 

No1, .. i, ·:. i nee ("- I• I) 
·-·p~.:\, is. .:ina 1 ;di c then the Bore 1 ·:.tr·ucture 

generated by the topology of pointwise ci:inl..!ergence is analytic. lt then 

follo1,<1s th.at the Bc•r·el s.tr·uctur·e 9ener·.ated by the metric dis. an.:r.1;dic. 

r i'V'l 1·- -1~0 ·nal'·t·,, -·K .. .1... =· ·:t. =· d.. ''- l - • 

6.3.2. Theorem. Let X be a quasi-k space. Then CkCX> is 

analytic if and only if X is a cr-cornpact x0-space. 

Prc1c1f, The condition is. necess.ar·y by cc•r·ollar·y 6.2.10. To es. t .:r.b 1 i ·:.h 

sufficiency, suppose X is a cr-compact x0-space. Since X is quasi-k then 

each countably compact subset of X is metrizable, and is hence compact 

<[ 18)). Ther·efor·e :::< 1 ·:. -:i ~:-·:.po..ce. Let <M,p) be a s.ep.:l.r·.~.ble metric 

i s i n deed quot i en t • 8 't' 1-. 1· * - ,.<. - ,~ ... , y pr·opi:isr ron .:::. u, ·:fl :L:k 1,.: .l -+ 1_:k 1 .. 1·1 .. i ·:. a 

closed embedding of Ck(X) into Ck(M). We are through if we can show that 
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Let p·" be a metric on::< inducing a coarser <::.epar-able 

1,oJe may a:.sume that the metric p on Mi<::. <::.uch that the cc•mpo<::.ite f1.rnction 

(j) id 
n .. 1,p)-. X-. C<,p") is unif·::ir·ml;; contin1Jc•us. Sin•:e Xi<::. cr-compact, let 

{An n € M} be a sequence of compact sets in X such that X = In~ . Put 
I n 

a = l.· 9 t; (' ( h1 ., - -'k"'" 

tfote that fr1r· each g E C~: 00, 

T 1-,.,_r·i:>_+·,..,r.,_ ··*(,-· ,...'<'.) '> 
Ii \.i q.• '-·K '..... . kfe c 1 a i m th .at l1 

is an analytic subspace of Ck(M). To see this let S = le c c \ b· •-·1,_.,,,,_.-:i,•••·' t' 
~ ._1 

a sequt-nce is. den:.e 

n. Then define f : each g E 

C, .. i:M). 
r .. 

rfor e Qt) er ·1 ((.1) = 

1 im s.u~·{ Ir· -r· I 
~ s °" p-..:o 1 -·m 

< 1 ' = (I} p·" . 

s.1? t i n the Poli :.h s.p.:i.ce rr:.S 
jp;, I By theorem 6.1 .3, 'l((l) is 

an ana 1 yt i c s.ubspace of l( C~: (M)). Let d be the metric c•n C<J·1) defined 

a:. in the pr·oof c•f theor·em 6. 3 .1 and dt-note by (l.1,d) the ·:.et L1 as a 

subspace of the metric space Cd(M). Note first that the Borel structure 
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gener-.ated b!" the- G a:. a subsp.:i.ce is an. anal:dic 

Borel :.true ture. Thi·:. bec.ause I] --+ l( :]) Bor·e l 

Si nee L1 .and (1J,d) have the s.:i.me E:or·el :.tr·uctur·e then the 

metr·ic :.pace U.1,d) is. in fact an an.al:dic me.:i.sura.ble (i.e. Bore]) :.pace. 

By pr·opo·:.iti•:rr1 6.1.1 Ul,d) is .. an .:i.nalytic metric space. Si nee- the 

i d>?nt i ty m.:i.p id 

It fol 101"'1s. that .·*{(' (V'1 '1 ·:ii ·. 'I< '"' •' " is -~nal~i·tic, 

being a closed ·:.ub:.pace •Jf I], TIHt C~:O::) i: .:i.n.alytic foll1J1,1JS fr·om th>? 

The quasi-k space in the-or· em 

imp era ti •.,.1e. Indeed, it i·:. :.ho1,,m in (16J ttn.t if>< is the clas.·:.1c.al 

Ar>?ns spac>? then Ck(X) is analytic. X is not a quasi-k space. 

Theorem 6.3.2 generalizes 

Calbri:::: (1,!.J), 

.-. -:a .,:r • l [ 1 '? J ( ·:.e e .; ] so 

For q-spaces (note that r>?gular q-spaces are quasi-I<) we get a 

s.tr-onger· re:.ult. 

6.3.:::. Theorem. If X is a q-·:.p.:i.ce then Ck.(\) is .. :i.nalytic if 

and only if X i~ a a-compact metrizable space. 

Pr· c•of • Sufficiency follows from theorem ,i ':• ·-:1 
,_,. ·-'. 4 since a-compact metr-izable 
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:.p.ace·:. ar·e ;-.::0-:.pace:.. For· neces.s i ty :.uppos.e C~'. 00 .an.a 1 yt i c. Then \ i ~ 

already cr-ccirnpa.ct .and ;~: 0 -·:.p.ace (cor·ollar·y 05.2.10). Tc• :.ee tha.t Xi:. 

metrizable it s.1Jffices to r·ec.all prc•pos.ition ·j "'=' -"') ..:.. ,._, . ..:.. . 

If 1,0.Je :.tr·engthen the- q-s.pace hypothesis. tc• lc•c.al cc•rnp.actness. 

in theorem 6.3.3 we obtain the following corollary. 

6.3.4. Corollary. Let X be locally compact. Then the 

following are equivalent: 

.. ,· 1 ·.l c '"(. ~~ •, .:, ) is. Peil i sh 

is .analytic 

( 4) X i ·:. Po 1 i sh • 

We conclude this chapter with a result that shows that 

whenever one adds a completeness property to an analytic function space 

then one c•btains .. a Pcili·:.h function s.p.ace. 

T ~ - nr ·m ,~ i'Y·1 ii I:',_ "I:' • -·1-:: .. ·'' .. is anal;dic Bair·e 

i :. Po 1 i s.h . 

i f .:i.n d on 1 y i f l-. o'V"1 . ~'. -.'·· .. 

Prc•of. Sufficier10' i·:. clea.r· since e•Jery Pcoli·:.h ·:.p.ace is .. :i.na.l:r·tic a.nd 

th.at C,,CO 
~' 

is .. :i.n.:<.l ::di c arid B:i.i r·e. Then 
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c•::rnt.3.ins a 1jen-:.e cc:•mpletely metrizable subspace [ 38]). 

v 
Therefore Ck 00 is almost Cech-complete. B:.- theorem 5. 3 in chapter 

five, C~:()O i-:. a completely metrizable :.pace. Th.;).t C~:OO i·:. separable 

follo1,1.1s from the fact that analyticih' is stron•;ier- than separ-3.bil it)'. 



CHAPTER 7 . . COVERING PROPERTIES 

We study various Kinds of covering properties on Ck(X). 

1. Countable Chain Condition Cece> 

A ·:.pa•:e X ha.s. the •:c11Jnt.0<.ble chain condition (i.e. ccc) if u:d 

only if any collection of pairwise disjoint non-empty open sets in X is 

.. 
countable. Separable spaces and hereditaril; Lindelof spaces have ccc. 

1. .. Je intr·oduce- a 1 inear· proper·t;" due to Ar·hangelsk:i i [.5] r ... Jhich 

.. 
is weaker than both ccc and Lindelof. 

Le-t <G,*) be a tc•pcological gr·oup 1,,.1ith .:._n identity element e. 

1 .• Je ·:.ay tha.t <G,*) i·:. ;..;0-bounded if for· e•._.1er·y neighbcor·hood 1, .. .1 of e there 

is. a cc•unta.bl e subset A1.J of G srJch that G = {:=-'.*'A' 

as being groups topologically isomorphic to a subgroup of a group having 

gro1Jp '"''ith the usual .O\ddition of functions.) has .. 0\ nice des.cr·iptic•n in 

terms of topological properties on X. 

7.1.1. Thec·r·ern. The follc•v .. ring s.taternent·:. are equi1.Jalent: 

99 
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(2) each compact subs.et c•f X is metrizable 

(3) each hemicompact subset of>< is an ;-t0-space 

(4) each cr-compact subset of X is a cosmic space 

(5) ::<is. a compact-covering image of a metrizable spar:e 

(6) ::< is a compact-covering image of a completely metrizable space. 

Proof. <1H=H2): Suppose that CKOO is ;-t0 -bounded arid let A be a i:crmpact 

subset crf X. If i : A ~ X is the inclus.ion map then i* : CkOO --+ 

CK(A) i·:. almost surjective. Sin•:e ;.:0-boundedness is preserved b' grc•up 

homc•morph is.ms then 
¥ ... ( c r''<')) I \ J< .. ..-"' . is a dens.e ;-.::0-b1:11Jnded s.ubgr·oup of the 

metrizable gr·r::)IJp CK<A>. 

(see [6]). Now, x0 -bounded metrizable groups are separable. Therefore, 

by theorem 2.1.1 A is submetrizable, hence metrizable because of 

ccrmp.:..c tness. 

Conversely, suppose that each compact set in X is metrizable. 

Let 

The natural map p 

¥ map p·· 

r:.t$E rA,:t --+ >< i ·:. compact-covering and so, the induced 

is metr·izable, then C1,.<A.) i·:. separable. ,.._ ,_, 

Ther ~_fr_.r·~ n~ r'A l h - '-·~,, ,v· as. CCC, 
(;( ' -· 



101 

(2)~·(3): If each compact ·:.1Jb·:.et of X is. metr·iz.:ible let A be .:;i 

hemicompact subset of X. T.:.Ye {A n n=1 ,2, ... } a fundamental system of 

metrizable. 

1Jf A. Then A = UA n 
l,o,J i th e.:..ch A n compact, 

It then follows that A is cosmic (being a countable union 

of closed cosmic subsets). By theorem 2.4.1, A is an x0-space. 

of X is ·r "-c:p"'-"' d I J'i(I -· "'!... 

then compact s.e ts .:..re ... , -c:r - C"'"' '"O Ji-'d "'-·. Jc11:.:il ly compact "--,.,,,---J"'10 ·= .... l.;:.l_f:!·:· are 

metr- i z.abl e. 

(2)#(4): If even' O"-cc•mpact ·:;,ubset c•f X is. cosmic then so is. 

Since compact co·:.mic s.paces ar·e ;~ 0 -s.paces, the 

conclusion follows from the above argument. 

metrizable. If A= UAn is a cr-compact subset in X with each An compact, 

then e.:..ch A i·:. metr·izable, hence cos.mic. n Again A is cosmic being a 

countable union of closed cosmic spaces. 

(.~):}(5): This is clear·. (5):}(2): Let M be 21. mi:-triz.:c.ble s.pace 

then thi?r·e is.·"· compact ·:.et I< in M :.uch that A= f(K). tfov.i, flK: K ~ 

A is a continuous surjection. Since K is compact rnetrizable then so is 

A. 

(2)~·U,): Suppos.e th&.t e.:ich cm1pact set in>< is. rnetriz.:c.ble. If 
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$A i·:. a completely mt-tr·izable ·:.p.:i.ce and the n~.tur·.al ma.pp 
1xtr i::' 

is compact-covering. 

Since ,'(0-boundedness is 1,1.1eaker· than ccc then the next r·esult 

is a corollary of theorem 7.1 .1. 

7.1 .2. Corollary, If CkCX> has ccc then each compact subset of 

X is rnetrizable. 

e.ach comp.:ict set in::< i·:. rnetri:::able. Let S be the set c,.f i·:.olated 

poi n t ·:. of /. 

[ {o::} ' i:: 1 ' 2) ) II 

= 0 be-caus.t-

i ·:. open . -. ·"V) In Lk •, ... .,. and, if ~ < ~ in s, w~ n w~ 

i f f ~ 1,.,_1 n t·J ~ t h e n f ( 1)'. ) € ( 1 l 2 ) ·3.n d f ( ,..,.. ) 
• (:( ~I 

E ( 0 ' 1 ) 1..1Jh i ch I ·:. 

disjoint open st-ts in CK(X). Therefore, CK(X) does not have ccc. 

However, we have the following partial converse. 

7 . 1. 3 • Th e or e rn • If ::< i s s.1J bm e tr- i ::: ab 1 e t h e n Ck (;() h a s c c i:. 
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Pr·oof. Let::< be a ·:.ubmetr·izci.ble sr•ace. Choos.e {!Al : •XE f} a ccillectic•n 
--- I" •:t 

of pairwise disjoint non-empty basic open sets in Then for e:..ch 

r..t E: r, l.1.J = (l{[A,.V] : A Ea,.,,, and I..);: v} 1,oJher·e a is. a finite family of 
Ct ~• ~Ct Ct 

ccimpact sets in)( and V::i: a finite f.amily of opens.et·:. in fR. 

Y is. a -:.ubmetr-izable space .:c.nd dC'{) 

·:.eparabl e. 

1 .. ~here [ l':. ,t .... •]-' - .rf .. ,~ ('(i ,-, - '· t '"'k: ' .. : f (A) 

.:;..nd let 

~ l,)} I 

r · .. 0 ... Then 

is 

A E c.1,., .• · .:i.nd 1·) E V } ._ i:t 

... 
Then {1, ... 1.J ,_, .. _., ;: r .... ·- 0 ·' i ·:. a 

Y tor 1 t fol 1 c11, .. 1s. that r 0 is. counh.bl e becau·:.e is 

separable. Therefore, f is itself countable. 

The next corollary follows from theorems 3.1 .15 and 7.1 .3. 

7 .1 . 4. Cc•r·o l l ar·v. i =· .:;.. .:i.nd is. almc•s.t 

cr-compact then CKCX) has ccc. 

7 .1 I 5 I Pr·opos. it i o::iri. 1f each cc•mpact s.ubs.et c•f r. 'L~ ,,,.. " 
-· I\ "I~· I\/<.. ,J } p I'. 

metrizable then Ck(X) has ccc. 
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Proof. Thi:. follo1,11s fr·om the fact th.it a -:.pace Y has. ccc tJ.Jhene•JP.r each 

compact subset of Cp(Y) is metrizable (:.ee [7)), 

7.1.6. Theorem. Let X be a cr-compact space. Then the 

following are equivalent: 

C i''() I<"'·' .. is separable 

( 2) cl<oo i ·= -· a lmos.t cr-compac t 

•'""' .. .:J •• CKCO has CCC 

(4) >< is cosmic (anal:dic) 

( 5) x is submetrizable. 

Proof. It :.uff ices tc• notice that a •J-comp.a•: t -:;.ubme tr· i n.b 1 e ·:.pa.•:e i :. 

cos.mi c (analytic) and compact sets. of X .ire metriz.able whene• . .Jer 

a.lmost cr-compact. 

We must point out that for any space X, Cp(X) has ccc. This 

is because Cp 00 i ·:. de-nse in the prc11:hJc t space IR~<, 1,,Jh i ch h.;c;:;. ccc. For 

CKCO the situation i:. different. Indeed Ck(X) does nc•t have ccc fcir a 

non-metrizable compact space X. 

tfo1,0J, let X be the For·tis.simo ·:.p.ace intr-oduced e.;..r·l ier· (s.ee 

remark following corollary 2.2.3). C;. ,-. (Vi - ,-. ("{' ti. ,~ "'"" ;, · ~I nee -·~; .,,.-., - -·p .,,.\,! 11en -·k !,,>;,,o old':· 
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ccc. However X is not an E0-space, hence not subrnetrizable. Therefore 

the converse to theorem 7.1.3 is false • 

.. 
2. Paf"acompactness and the Lindelof pl"opel"ty 

One of the be·:. t cc••.Jer· i ng pr·oper· ti es th.:i t Ck: 00 can car-r·;.' is 

.. 
the Linde 1 c•f pr·c•per· ty. In [42) s.c•me necess .. ar·y cc•ndition·: .. :ir·e studied 

.. 
C . ..-v·i "p · ... , .. to be Lindelof (see [ 7)). 

.. 
<her·editar·il;t) Lindelof. Apar·t from that, •..iery little i·:. k:nc11,..m on th;:. 

.. .. 
Lindelof pr·oper·ty on CKOO. Not;:. fir·st that CPOO i·:. Lindel•Jf if and 

only if it is p.:i.r·.:icomp.:ict. Thi·:. is. bec,:i.us.e ~. p.:i.r·.:i.comp.:i.ct ccc ·:.p.:i•:e is . 

.. 
Lindelc•f. No1,,.1, if Xi·: .. a non-me-trizable compact ·:.p.:i.ce then CkJ><) i·:. ~ . 

.. 
p .ar· .ac omp 3.C t ·:.p.Ee th.:<. t is. r1c•t Linde 1 of. But, 1,o • .1hen ><is s.ubrnetriz.able 

one has. the f cil 1 c11 .. •.J i n g re s.1J 1 t • 

7.2.1. Theorem. Let X be submetrizable-. T ~ -. ('·() 11en 1_.K , .. · ... is. 

.. 
Linde 1 c•f if .and C•n 1 / if CK 00 is. paracc•rnp.:ic t. 

7.2.2. Corc•ll.:i.r·v, If Xi·:. cc•s.mic ~.nd CKCO is. p3.r·.:icornp.act then 
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.. 
C~:CO is Lindelof. 

.. .., ? .-, 
l • - •. ;,1. Pr·opos it ion. I . r. . \ .. t _.Ki:..,o contains a dense Lindelof 

Proof. This. follc111 . .1::. fr·cm the fact that the prc1pert;1 of having a dens.e 

.. 
Lindelof subset is preserved by continuous almost surjective maps. 

that a locally compact x0-space is separable rnetrizable. 

7.2.4. Proposition. The following are equivalent for a locally 

compact paracornpact space X: 

( 2) 

( 3) 

(4) 

( 5) 

L~ '\") 
·K''°"'· 

c, .. (>~) 
~ .. 

is. ·:.epara.bl e 

.. 
i s L i n de 1 c•f 

is separable rnetrizable 

has CCC 

is. Pc•l i s.h 

(t,) >< is. Pol i s.h 

(7) X is separable metrizable. 
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.. 
A cc1ncept .:.. little str·onger· than Lindelof is. that of s.trc•ng 

.. 
this notion is equivalent to the Lindelof property. 

Pr·oof. 

.. 
i s. L i r1 de 1 of • 

i-· ( "{ .. , 
-·~: ........ 

is str·ongly p.:..r .. :..cc1mpact if .and only if 

If i t 

.. 
paracompact then it must be Lindelof (by exercise 6.1 .D, p.442 in [26J). 

The converse is obvious. 

7.2.6. Theor·em. If 1_:~::·~..:o 
.. r 

i·:. Lindelof then><' h.:..-:. countable 

tightness for each n EM. 

><and x0 EA. l..de mus.t s.heii,v that ther·i? is .a count.:..ble set E: ~A s.1Jch 

t " ·:i.t " ,, ._ . "'(I 

= (f 

E B. Suppose on the contrary that no such B exists in A. 

.. 
Therefore S i:. Lindeli:1f, for e.:..ch a E A 1 E< t 1 .... J = [ { a } , IF.:- { 1 } J • 

-~ 

Then -:t E A) is. ~.n opE<n co•.,ier· c1f E;. ther·e is. 0<. 
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countable -:.et C ~A v . .1i th S f; U{l'Ja : a E CL Since >~o Et C, chc•o:.e f E 

C<X> such that fCx 0> = O and fCC> = {1}. Then f € S but f Et U {l,J _ : a E 
r.\ 

C} which is contradictory. Consequently {l,J_ : a a EA} is a cover of S by 

open sets of CkOO '>Ji th nc• countabie :.ubcc•uer. E:1Jt this is impos:.ible 

.. 
:.ince S is Lindelof. Theref•:•r·e, for ·;ome 8 countable we mu:.t have x0 E 

8. This means that X has countable tightness. 

Notice the dual it;.': If CKOO has countable tightries:. then xn 

.. 
i~ Lindelof for each n E W <see corollary 4.1 .2) • 

.. 
7.2.7. Theorem. If Ck<X> is Lindelof then every discrete 

family of open sets in X is countable. 

c.': E f} be a di:.cr·ete family of open ·:.et·:. in X. 

< f ( x ., ) > y 
t.;i. • ... 

i :. on to, 

( r fc1r a 11 f in 

l ,,. t ly .., b• ... ·.,c,'r.-i: Er "" 

... •'\/'• 1_.k i,.-0 \,I I 

r in ~- • 

L: f,._,C<) for· each x in X. 
o:x: E f _, 

Then t is continuous. th.:.. t ·} 

By comple-te regularity of X choose f,~ _, 

Then f i: .. :.. 1_, • .1ell-defined ccmtinuou:. 



109 

" function and t(f) = <"v "> ., c.t' u: E f' is Lindelof then so is 

r.f. But then r must be countable. 

Similarl:1 erne can show the follo~<Jing. 

" 7.2.8. Theorem ([42J), If)( is normal -!Ind ckoo is Lindelof 

then every discrete family of closed sets in X i:. corJntable. 

7.2.9. Cor·ollar;t. If::< i:. a nor·mal 1:;-:.p.ace arrd CKOO i:. 

" Lindelof then X is cosmic. 

Pr·oof. Let B = UB be a •J-dis•:rete closed netv..1c1d: fc•r ><:, 1,,iher·e e.ach Bn n 

is a discrete family. By theorem 7.2.8 each Bn is countable. Therefore 

B is a countable network of X. 

7.2.10. Cor·olla.r·y. If )( is .:.. nor·mal :--i-·:.p.!lce, then CKOO is 

.. 
Lindelof if and ernly if X is an N0-space. 

" 7.2.11. C·::ir·ol Jar'/'. If X is p.:i.r·-3.compact and CKOO i·:. Lindelc•f 

" then X is Lindelof. 
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.. 
7.2.12. Cor·ollar·y. If X is metr·izable then Ck:OO i·:. Lindelof 

.. 
if and only if X is Lindelof. 

.. 
As pointed out in [42J Ck([0,t.) 1 )) i·:. Lindelc•f. 

Ck( ro 1(,) 1)) d•:ie·:. not h.ave ccc as ~\le have seen in ·:.ect ion 1 of this 

chapter. 

.. 
l,Je nc11,.,, turn to Lindelc•f ::-spaces. 

7.2.13. Theor·em. Let X be almost 1J-ccrmpact. 

.. 
Lindelof ::-space if and only if X is an x0-space. 

Th ,-. ('-'") 
en '-"k: •·'"· i ·:. a 

.. 
Proof. Sufficienc;.· follo• .. <Js fr·om the fact that N0-sp.:tces -~.re Lindelof 

.. 
I:-:.p.:tce: .• For· nece:.sib·, suppo:.e that CkOO is a Lindelof I:-:.p.a•:e. If X 

.. 
is almost a-compact, becomes a submetrizable Lindelof 

::-space. Therefore it is cosmic. By theorem 2.3.7, X is an N0-space • 

.. 
7.2.14. Corollar->'. If Xis co:.mic and Ck:CO i:. a Lindelof 

I-space then X is an x0-space. 
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The next r·e::.ult 1A1ho·:.e pr·oof i-:. in £42J pr·ovides .. a nece::.s .. 3.r-;.·· 

.. 
condition for CK(X) to be a Lindelof I-space. 

.. 
7.2.15. Pr·oposition. If CKOO is a Lindelof I-·:.pace then>< h·a-:. 

a countable -:.ubset that inter·:.ect·:. even' ni:rr1-empt:;.-- open :.et hal.ling 

compact complement in><. 

.. 
B:t theor·em 7.2.13, C~:(X) is not a Lindelc•f :--:.pace for e•.Jer·y 

.. 
Nc•tice th-3.t Lindelc•f : i·:. preser·l.led by 

continuous maps (see ArhangelsKi i [7J), 

.. 
7.2.1.S. Pr·opos it ion. If ,-. {)l") '-"K '·'· is. a Lindelof E-space then 

even' almost i:;.-compact ·:.ubset of X is s.ubcos.mic. 

: D -t ::<is. the 

inclu·:.ic•n m.:i.p, then is. -3.1 mos. t s.ur· j t-c ti ve. Noi .. v, 

.. 
CK(D) ccir1t.:tins. a dense s.ubmetrizable Lindelc•f E-space. This. ·:.1Jb·:.et i·:. 

cos.mi c. By c i:rr· C• l 1 .:i.r· y 3. 1 . 1 2, D i s. 

s.1J be c•::.m i c • 

For a normal space X we get a stronger result. 
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.. 
7.2.17. Propo:.ition. If:::< is nc•r·rnal and CY.:00 is. a Lindelof 

E-space then every almost a-compact subset of X is an x0-subspace. 

To s.e e th i s, l et D -t X be the 

inc 11J:. i c•n mc..p. Sy cc•rc.JJ.3.ry 1.2.12, 
~ ... • L~ <'°'<) L~ '[li 

I ' .k '"' -t ·k 1' •• 

surjection because •:•f ni:ir·mality. It then follo1,1is ttn.t C1 •• (D) is.~. 
~· . 

.. -Lindelof I-space. Since D is almost a-compact, by theorem 7.2.13, D is . 

.. 
7. 2 .18. Cc·r·o 11.~r·y. Let X be nor·m.;..1 • If C~~ C:O i ·:. .,,. Lindel •:if 

E-space then every countable subset of X is an x0-subset of X • 

.. 
3. Hereditarily Lindelof and hereditarily :.eparable properties. 

.. 
The problem of when is hereditarily Lindelof or· 

hereditarily s.eop.:i.r·~ble became .~ttr·.~cti• . .Je- 1 .. ,1heon Zenor· [67] ·:.tudied the·:.e 

r·e:.ult is .. :i. ccir1s.equence c•f theeir·em 6 in [67]. 



113 

7.3.1. Theorem. The following are equivalent: 

c o:.~> 
~· . 

.. 
is hereditari ly Lindelof <respectively, hereditarily 

;.eparabl e) 

.. 
is hereditarily Lindelof (respectii,iely, hereditarily 

separable) for every separable metrizable space Y 

(3) )('iJ is hereditarily separable (re:.pectively, hereditarily Lindel~f). 

The l<e:1 in proving this thec•rem 1 i es in the next 1 emma. 

7. 3. 2. Lemma. Let )(, Y and Z be ti::•p•::i I 09 i ca I sp.:c.ces l1,1 i th Y 

second countable, and let f : XxZ-+ Y be a function satisfying: 

(1) f is continuous on::<; 

<2> Z has the weakest topology for which f is continuous on z. 
Then 

.. 
a) if ){\J is hereditar·il:1 Lindelof then Z is her·editaril:1 separable; 

b) if x(\J is hered i tar· i l :1 ;.eparab 1 e then z 
.. 

is hereditarily Lindelof. 

Thi:. lemma is .:c, ven' pc11,11er·ful t•:•ol in connecting Ck:OO 1 •• vith 

the hyperspace K<::<> of compact sets of X introduced in chapter two. 

7.3.3. Theorem. 

.. 
is hereditari ly Lindelof i ·:. her·ed i tar· i I;.-
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separable; 

(2) If KOO(.> is her·editar·ily :.eparable then CkOO is hereditarily 

.. 
Lindelof. 

Prc•of. Define ·f' : KOO :< CKCO--... 1\<IR) by ·t(A,f) = f<A) for each CA,f) E 

KOO x CKOO. l.i.le will be through if 1,,1e can sho•.N that i' satisfie:. the 

h>'P•Jthes is of 1 emma 7. 3. 2. 

Let I) - ,.,J 1J ') ·•. be :. .,, - ''·1 1"2''''''n·' ~· 

that -1 ·-1· f ( 1,,J) in 

'f-1 {~) . .-1 {I) . ) ,_: \ ' 1.l, ••• ,+ ''n.> 

KOO. -1 t f (l,J) is open in 

2) Fix A in 

t. i',A) +· 11 +· ,... ,~ <"V) or .a i:: -y .... , ... 

making+ continuous on CKCX), 

and let "i' ' 'IL{V') f • f\-. .'\. --... lH II':) be def i rred b:,... 

non-empty basic open :.et in K(IR) • 

IHX), let A € ·.T· -1 (1.j'l - if .. ~ ..• Then A E 

and ·'f"-1 .. \I ·1 t.-1 '1) '\, 1' ~--· 
\ I ••• _.· 1 •' ' I I I ' I\ \on}/ open 

KCO. 

and define ·{· . A . r. .. V') lL(lr'.•) b" .. T, ·'+"") --1 .. • '-..'\. --+ f\ Ir;... l 'Ji\, 1\ • -r., H 

it :.uff ices t•:• :.hc11 .. -i th.at "f" i ·~ c•::in ti nuous 
H 

T -1 ~ '"") j t · ,T, -1,,J. set in 1\<IR). o ·:.ee that 'l'A (l,,J) i:. open in Lk•,.:c, e t E ·TA •.., .>. 
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EA s1Jch that for each i=1, ... , n. Put L = 

[{;(},I.)) n · n 

.T -1 '1.1 · 
·1' .-\ '·· ,..., .> • 

H 

I. n r. ,, "< .. > ._.K '·'·· • 

u ... u I..) ). 
n Then L is c•pen in Ck CO and f E L ~ 

This is. tr-ue for each f in C~:OO. 

This means that tA is continuous. 

Ther·efc•re ·I' .. , -l (l,,J) i ·:. open 
H 

The next result is nearly a converse to theorem 7.3.3. 

7.3.4. Thec•rern. 

1) ! f l- (\()' 
·~:: .• " is hereditaril; separable then X and KCX) are hereditarily 

.. 
Lindelof. 

.. 
2) If C~:OO i·; her·editarily Lindelof then X and KCO .:i.r·e heredihril;.-

s.epar·ab1e. 

.. 
Proof. That X is hereditarily Lindelof (respectively, hereditarily 

separable) whenever is hereditarily separable (re s.p e ct i v e 1 y, 

hereditarily Lindelof) follows from theorem 5 (respectively, theorem 5*) 

C•f ( ~.7], 

.. 
(1): To see th.:..t K()O i·:. her·edit.:..r·il~.- Lindelof~ let tJ be.:.. 

countable base <made of basic open sets) for K(~). Then the collection 

B = {Q(f, 1)) : f EC~::(>'.) .:ind'.) E \l} 1,. • .1here il(f,' . .)) ={A E ]{(/): f(A) E '.)} 

is .. :.. b.:i.se for· the 'v'ietor·is topolog~.- on }(CO (s.e-e [55J lemm.:.. 3). Nc11 .. ·.i, 
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let .& be a subset of J<OO arid let U be .a cover· of ,g, b>' open sets crf 

J<OO. li.le ma>' assume that e 1 ements of U are erf the fc•rm l1( f 11)). T·::i see 

that Uhas .a countable ·:.ubcover for...& it suffices to :.hor,.J that ever:; 

subset f::' c•f B contain:. a count.able subset n.• such that UB" = un··. To 

see t.his ]at ~· = cac+· ,!,J ) •• f" 
"" !.; • C(• C(" C( For· each V E V, 

put Fv = {fi:x : 1v'1;:( = 1,)} and denote Fl} by F1,) = {g,1 

I I 

is her-editarily separable, ther·e is rv ~ fv :.uch that fv i:. countable 

I l 

and (g_1, : 't E f 1/ is den·:.e i r1 F~,.. Let F0 = rn.1 : ·;' E Uffl,.r 1-.·1 E V}). 

Then F0 is countable and dense ir1 IJ{Fl.' : V EV}. 8;.- lemm.:i. 5 c•f [55J, 

I 

IJE' = t)(Q(fo:, 1•-'0!) : VCY. E VJ= IJ{Q(g_1 ,1 .. }) : 't € f 1.J and 1 .. ,.r E ti}. So, let U" 

I 

- {Qi'q 11.J) • '" ,,. r 1J ~ V' Th"n 1_' 11 <_-_ ni and t!)n·· = 1m 11 • - ' -'(I · ' i t VI ' t J • "" ' I.} I.} .JI.} 

.. 
(2): To finish , assume CKCX> hereditaril;.- Lindelof and let ..S. 

be .a subset of J<C:O. l,Je m1Jst sho1 . .1J that .. !. is separable. Fc•r each S E ,;I. 

is open in C~::OO. Let 1,J = IJ{F(S,1 .. }) : SE .2.}. Then 1,J is open in CKOO • 

.. 
B:" h>'pc•thesis, t,J is a Lindelof subset c•f Ck:oo. Since the F(S,1 .. ))·"s 

cover· l..\I then there is.:<. cc•unt.:<.ble set ,~.,v' ~..!.such th.at IAI = 1.J{Fi'.S,1..,') : ::: 

t • E -··1)_} I This is tr1Je for· each 1,,J EV. No11J, let J.0 = IJC.!, 1 : 1v' E 1/}. 
v 

Then 

,~.0 is den:.e ir1 ,~.<see lemma 4 of [55J) and co1.rnt.:..ble. Ther·efor·e .2. i:. 

separable as desired. 

7.3.5. Theor·em. If 1\00 is her-e-ditar·ily :.ep.:<.r-.:<.ble or 
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.. 
hered i tar i l y Lindel of then C,, CO h.~:. ccc. 

i\ 

Pr·oof. Let ·'lf A ""·,. \, ·. {'(' ct' ·-·ex:·' •".i € f} be a p.~.ir1.1.1i:.e di·: . .joint f.:<.mily ;:;f 

non-empty basic open sets in is compact in ::< 

and 80'. > 0 for· e.ach c.: Er. It i:. str.:iightfor1,._1.~r·d to ·:.ho1..11 that ,:i,. = {Ai:t: 

~ E f} is a discrete subspace of K(X) (see proof of theorem 3 of [55)) . 

.. 
If KCO is her·ed i tar· i l ;.- separab 1 e •Jr· her·ed i tar· i 1 y Lindel •:•f then r must 

be countable. 

If X is the Butterfb' :.p.~.•:e of [47J, it is :.ho1,.m in C14J that 

li:CO is neither· hereditar·ily separable nor· nc•r·ma.1. ::;ince X i·:. ccismic, 

C {V"1 ~ • ., --c k '"'\.· II·~-· \..\.. , Theref1Jre, the cc1nver·:.e to theorem 7.:3.5 i·:. f.:..l·:.e. 8y 

theorem 7.3.4 C~:()() is neither her·E-ditar·i]y SE'par·.~ble iIC•r· her·editar·il;t 

.. 
Lindelof. It then follows that theorem 7.3.1 does not have an analogue 

for the compact-open topology. 

1,. .. le m1J·:.t mention th.:it the m.~in par·t of thec•r·em 7.:3.4 i:. a. 

s.peci.~l cas.e of a. more general res.ult in [55J, and that thec•rem 7.3.3 i-== 

a refinement of theorem 2.2 of [41J. 

l,Je ncd...,1 investigate ·:.ome specic..l cases. in 1 • .J•J]\_.1in9 her·edib.r;.' 

.. 
Lindelof and hereditary s.eparability. 
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7.3.6. Proposition. The following statements are equivalent: 

.. 
(1) Ck(X) is a hereditarily Lindelof I-space 

.. 
,~ ,'V) 
'"'k '·'' .· is a Lindelof hereditarily strong I-space 

.. 
(3) CKOO is .~ Lindelof cr-s.pace 

i'..4."! \(. .... ·'· 1s an ,,0-space. 

Proof. '".le on 1 y need to pr·Ql,ie ( 1 )::;·(4): suppo:.e c~'.00 her·edi t.~r i 1 y 

.. 
Linde 1 of E-space. Then it is a per·fect E-s.pace • 

. • f t E ·1 ,~ 'Y) • .. per ec. :.paces. are a-spaces.. -·k''""· is a submetrizable E-space. 

.. 
Ther·efore it i ·:; a •:r-·:.pace. ~.Jc.1;..1, a Lindelc•f c:-s.pace i·:. cos.mic. The 

res.ult fol lo1,11s frc•m theorem 2.3.7. 

7 ,, 7 
I • .._1 I l I Let >< be a E-s.p.:..ce. is. -~ 

hereditarily separable I-space if and only if X is an x0-space. 

Prc•of. ~· .. le c•nly need neces.s.ity, 

.. 
E-space. Then X is hereditarily Lindelof by theorem 7.3.4 and so X is a 

Lindelof I-space. Now, each separable subset of CKCX) must be subcosrnic 

CTh is. foll ot1 . .1s. fr· om C•:ir··:il J .;i.ry 5 of Ar·hange 1 s~: ii [ 5]). But is 

its.elf s.ep.~r·able. The-r·efor·e CKOO is-~ s.ubmetriz.:i.ble E-spc..ce, hence-~ 

Nc•te that it i ·:. ea:.y tc• :.ee th.;i.t -~ her·edi t.:_1.r· i I y separ·abl e 
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cr-space is cosmic. By theorem 2.3.7, X must be an x0-space. 

By tak:ing a non-metr·izable compact space ><, •:•ne s.t-es th.it in 

propo:.ition 7.3.7, her·edit.an· :.ep.arabilit:r can nc•t be 1 .. \fe.:i.kened to 

countable tightness. 

In the next proposition tht- concept of sernistratifiable space 

i·=· used .:..::. defined in [211. Ever->" •J-·=·P·3.ce is :.emi·:.tr.3.tifi.3.ble and 

:.emistr·atifiable implies E0-space (in fact perfect space>. 

7.3.8. Propc•s.itiein. Let >< be- a q-space. Then the follo•,ving 

are equi!Jalent: 

L~ ... ,( .. ) . 
'I<'···''· I:. hereditarily separable 

.. 
(2) CKCXJ is Lindelof semistratifiable 

(3) X is separable metrizable . 

.. 
hence Lindelof .:i.nd ·:.1?mis.tr.:i.tifi.:i.ble. (2)=*(1): In :.emi:.tr·atifiable 

.. 
spaces, Lindelof is equi!Jalent to hereditarily separable ([21]). 

(1):;·(3): Suppose that C ( Y) 
Y.: .. " is here-ditarily separable. Then )( 

.. 
Lindelof (by theorem ?.:;:.4) and ·:.1Jbmetriz.:i.ble (by theorem 2.1.3). A 

.. 
Lindelof q-space is an M-space and a submetrizable M-space is metrizable 
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.. 
((15]), Finally, a Lindelof metrizable space is separable. 
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