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A
"Malheur a toi =i tu dis que ton bonheur est mort parce que ftu n'avais

A 7/

pas reve pareil a cela ton benheur...

A »
Le reve de demain e=t une joie. Mais la joie de demain en est une autre;

by

AN s
et rien heureusement ne recsemble au reve qu'on s7en etait fait car
L. i
c’est differemment que vaut chaque chose".

A.Gide, "Les nourritures terrestrec",
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{ABSTRACT?

This paper investigates the compact-open topology on the

()]
Dy
—+

CkiX) of continuous real-valued functions defined on & Trychonoff space

<

More precicely, we study the following problem: I+ P is =z
topological property, does there exict a topological property O so that

-

LK(X) has P if and only if X has Q@ ?

Charxcterizations of many properties are obtained throughout

the thecsis, scmetimes module come "mild" resirictions on the space X.

=)
m

The main properties involved are summarized in & dixgram in

the intreduction.
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INTROQDUCT I O

The concept of a continuous function from one to

| l
-u
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—

space into another topeological space was first studied by Frnchet [27].

"

The ideax of topologizing th

m
~
-
[u}
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o
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zet of continuous functions aro

T
"

w

notion of convergence of sequences of functions., Of special interest
was the topclogization of the set COX) of cantinucus real-valued

functions on a given topological space X, The topology of pointwice

convergence (i,#., gpoint-open topology) iz among  the first  such
topologies on C{¥). However, in the early wears of "Gnalysis Zitus" a
metric @ (defined by pif,g) = supllfixd-gixdl 1+ x & ¥I) called the

supremum metric was already defined on Ci¥) for a compact space ¥, This

-
u’l
~+

metric function space CP(X) was the Keystone to famous results such as
the Stone-lWeierstrass theorem and the &scoli-Arzela thecrem.

In 15745, Fox [283] defined the compact-cpen topology. Many

results that were then true on the metri
ta  this new fopology. What attr
mathematicians was that COX) is =z locally convex fopologicx]l wvector

space when carry¥ing the compact-open topologr. This prompted an intense

investigation of this new topology by algebraists, analysts,

topologists, and others. It did not tzke long for this effort to par

e ol

pu gy
:

O

aff. The most remarkable recults of pericd decscribed  the

relaticnship between the algebraico-topclogical structure of COXY and

the topological structure of X {see [331, [S41), The topological aspect

of the compact-open topology in the Fifties ie characterized by the



considerable work of many mathematicians such as mArens ([Z]13, Machbin
{511y, Shircta <[3%1), Warper ¢L&51), and others. Since the sixties
the number of function space investigators has grown so fast that,

today, it is difficult if not impossible to Jocate them a11. However,

W
T

i

recent papers of A. Y, Arhangelskii, D, J. Lutzer, R. &, Mcloy and E. &.

Michael are among those conmtributing to a great understanding of the

topologicaxl behavior of CX

Let us dencte by CVQX) (respectively by C (X)) the set COXD

topalegized with  the compact-cpen  irespectively the point-open?
1 for DFiX)) i given by the
' =

callection {[&,W1:4 is compact Yrespectively & is finiter in X and V' is

m

topology. A subbase for CP(K) (respectiu

cpen in Ry, where [&,0] = {f £ CCOQfCAY C W, Being & locally convex

~t the heart of the theory of Functicn spaces liss  the

is an X -space it and only i+
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This theecis studies the compact-open topology on C0XY.  Jur
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main aim is the duaiity probiem mentioned above. More pr

dexi with the following gquestion: given a2 ftopological property P, does



there exist a fopological property @ so that C (X) has P if and only if
¥ has @7

Generally zpezking, since the topology of CH(K) is defined by
compact sete of X, one would expect that z given property P on EK(X)
will translate on X into a property involwing compact sets of X, Among

the results obeving this "law" are the followin

it and anly if ¥ is hemicompact {Arens [21);

and only if X iz almost c-compact®  (MoCow

exceptions such as: "CV(X) iz separxble if and only if ¥ has a coarser
separable metrizable topology" (darner [431).
The introduction of the sc—called "generalized metric spaces"

in the mid sixties made the thecry of function spaces more challenging
by increasing the number of properties to consider. In this paper we
will show that many of these new properties on O, 04 are eguivalent to
Tongtime well-Known properties,

This work is the +irst text in the theory of function spaces

that unifiez the wvariou recsults scattersed in zeveral mathematical

u

dournals,  Mew properties are studied and refereznces o known results

mn

re provided throughout the thesis,

-
w

Im  chapter one we precen zome  generalities  on the
compact-apen topologr.
Chapter two  studies  the main  countability properties:

separability, metrizability, first and second countability, cosmic and

s

X~ —ShacCes,
]

e shao
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-
-
]
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v
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Chapter three deals with "generalized m



that on C 0¥y all properties between metrizability and Michael’s
g-spaces are equivalent; and that CLoX) is a g-space if and only if it
iz hereditarily a strong Z-space., We also improve zx result of [407 by

proving that CK(K) ie submetrizable if and only if esach of its points is

a G.-get, Thiz resuit is strengthened in theorem 3.1.10 where we provide

3
a necessary and sufficient condition for EV(K} to admit z coarser

separable metrizable topology.

In chapter four we characterize the Fr;chet property on CK(X).
For a g-space X, we show that £, 00 is a Frechet space if and only if X
ie a hemicompact k-space.

Completensse properties ranging from Polish spaces tc the

Baire space property are investigated in chapter five., The main theorem

states that CV(X) is almost Cech-complete if and only if it is

¥
-
Ld
(0]
[
-~

completely metrizable, The proot of this theorem shows that this

iz alsc true on CD(X).

In chapter six, the property of being a continucus image of
the irrationals <(kKnown az analyticity) = studied on CP(K?. B
characterization of this property  on is obtained for &

quasi-k-cpace X. Mecessary conditions for CV(X) to be analwtic are
provided, We alzc show that for a g-space ¥, 2 nececssary and sufficient
candition for DF(K) to be amalytic is that C_(X: be analrtic.

Chapter zewvern is concerned with cowering properties on

émong the properties studied are: ccc, paracompactness and Lindzlof,
hereditary separable and hereditary Lindelaf.

The diagram below describes the main properties inwalued in



thic paper {(some implicaticons are omitted?.

Fezults and definiticns are numbered consecutively throughout
the text, For instance, a reference of the ftvpe "by thecorem 2.1.1°
mexne that we refer to that theorem which is in chapter two. R will

dencte the set of real numbers with the usual topologyr and, unless

N

ubset of K carri Y Il

w
L
[}

Py
i
Dn}

otherwise stated, any 2 itz subspace topolog

St

represents the natural numbers and w, wy stand for the first infinite
ordinal and the first uncountable ordinal respectivels. 14 ¥ is a =set,
1%1 i= the cardirnality of X,

In order to hawve "enough" functions in CK(K) te separxte

points of ¥, we will reguire all our spaces X to be Twchonof

=+
(1]
o
‘1‘
(]
b
(]

{i.e, completely regular Tl-apaces).



quasi-k-space ¢ q-space compacta are G(S - s points are G(S
3

A
k-space ¢ pt cntble type submetric > ngiagonal
A A / RN
countable ¢ ____ Frechet cntble type stratifiable — ¢ semistratifiable
tightness h N I\ A
. first
countablye — w-space ¢ countable ¢ Metric » O-space 5 strong Z_,z-space
bi-sequential 4 A
Almost
Separable metric > cosmic — 5 separable 30 -compact
AN
Pseudo Cech Complete .
Bafre¢  completeq complete{__ metric C— Polish > Analytic______y Lindelof 3 Paracompact
Footnote: 1) " >" means implies

2) The implications are for Tychonoff spaces



CHAaFTER 1 : GENERASLITIES

In this chapter we present come general facts about the

[n]
Iu]
3
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3

topology.

I+ £t znd t7 are two topologies on COXD ct,sx) Y Ctii) and
Et;(X) = CtiK) will respectively mean that t is finer thanm t7 and t is
equal to t7, From the definitions one seec that Cpﬁxﬁ i Ekih). Recall

that all spaces X are Tychonoff,

1. Topelogies on COXO

1.1.1. Thecrem, Cp(K) = C, Xy it and only if gach compact set

in X iz finite.,

Proct, Suppose that C_(Xi = and let & be z compact zubset of X,

e wizh to show that &

iz finite., If A = &, we are done, So, aszsume A
# @ and let # denote the zero functicn in C¢x), Then [A,{-1,121 is cpen
in CV(X> = C_ XY and # £ [A,(-1,13]., Therefore, there are finite setis

\

Fl,Fﬁ, eeny Fooim X and corresponding open sets Mo Msyooo Mo in R zo

.

that # £ [F IN .0 n CFm,U CIA(-1,12]. Mow, et F=F, U .., U

! ml =

Fm. Then F iz finite., ide claim that & 2 F, To sse this, suppose on

the contrary that there iz x € A-F. Since X is Trchonoff, chooze f €



Cixd =zuch that fixy = 1 and fiF = {0, Clearlw then f € £F1,u13 [ I

N [Fm,Um] € [A,{-1,131. But this ic imposcsible because fi{x) 4 (-1,12.
For the converse zuppose that =sach compact zet in X iz +inite,

To see that Cp(%) = C (¥, we aonly need to show that Cyfxﬁ ke Cpix).

This is immediate for, if & is compact in X and % is open in F, then the

subbasic copen =zet [A,V] of Ky is clearly ocpen in CD(K) zince & Qs

finite.

-+,
-+,

The next result precents x new base for the space EVCK). I

£ C(xX), A is compact in X and & 3 0 is a real number, we define {f,8,%)

= {g £ Cixi ¢ [+dud-gixdl ¢ & for 211 x in A

Yyt

1.1.2. Theorem. The collection B = {

.
~h

-
I
-
o™

~r
-

ey s
s f £ CO), A

”

compact inm X and % 0y 0} is & base for the compact-open topology on

g
oAy,

Froof, We must cshow that every member of T i

0

apEN in CF(X), and that if

¥ £ I where W is basic open in CVCX) then for some WY £ B we have + £ Y

< W, So, let f

T

CCxY, A compact in ¥ and & 3 0. Tao see that <f,/A,%00

b= open in C G4 it suffices to find W cpen in C 00 with £ € W <

f,A 8. To do this, we know that f is continuvous on X and szo, for each

k4
jos }
~
or
ha
=
T
n

an open neighborhood Vo of x in X osuch that #0400 <

-+,
!
Do)
-+
-
-+
Dx]

Since the collection M ¢ x £ A is a cover of the

compact set & by open sets of X then there iz M £ Nwith a8 2V v

= v



Moo Put A=A 00U and T, = (£ 0-8,40x,048) for 1 = 1,2,...,N,

e

A N = ’
Then let 4 = [AI,TIJ N, N £QN,TN]. Clearly, ¥+ € W 2 {$,8,2) and W is

D
[

open in CK{X). Mext, le [AI,UIJ oo, N LA ,UnJ be 2 non-empty basi

4]

open zet in L0000 with £ ¢ [A ,MT 0 o 0 DAM T e have £ € [A;,Y,]

for gach i = 1,2,...,n. HMow fix i, Since fiA, ) is compact and fiﬁi) =
1
ug with Ui open in R, choose £, ; 0 such that (z-Ei,z+€.3 S for all oz

£ fiAd.3, Then it is straightforward to see that (f,4.,2.% < [48.,4. 1.

s

This is true for =ach 1 £ i & n. So, let A = Ve and £ = min L8 o=
1,2,...,n3. Then f € <f,A,5y C A Mo dei = 1,200,000,
Uzing theorem 1.1.2, one can prove that a net {fw}ﬁ;r in nyki
KO & =3 3

converges to a function ¥ in C, X1 if and only if the net {f”'é}wgr

converges uniformly to ¥IA for each compact set A in X.

lle now define a metric on C{X) called the supremum metric. Ide
therm chaw that the topelogy generated by this metric iz finer than the
compact-cpen topology.

For each pair (a,b) of real numbers Tet dia,b) = mindl,la-bl3.

tes the usuzl topologr of .

W

Then d is & bounded metric on [k and gener

Mext, put pif,q) = supd{difixd,gudd @ = & X for gach (f,g) £

¥ Ci¥d. Then p ic a complete metric on CuX), The topology induced

n

by p is called the zupremum metric topology on CiXd, I we dencote thi
space by CpiX), then Cp(X) is a completely metrizable functicn space.
e should point out that in general  the supremum metric

topology depends on the choice of the compatible metric 4 on [,
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The relationship between this topology and the compact-open
topology is given in the next result,
1.1.3, Theorem, DP(X) EA Cpix) for any space X,

Procf, Let & be compact in X zxnd ' open in E. We must shaw that [a&,\

is apen in S_iX), So, let § £ [AM]., Since F04) is compact and fi&) 2

Yy choose £ 3 0 so that Biz, 2y SV Ffor-al1l z £ F04), where Biz,%) = {¥v &£

Roromin {1, lz-wl} ¢ £, Mow, let W = B{f,3y be the open ball about §

with radius % in E‘€X). It ie easy to szee that + £ W < [&,4].
] - '

Therefore [A,M] iz open in EF{X).

1.1.4, Thegrem, C, (X)) = CpiKJ if and aonly i+t ¥ is compact.

K

Procf. Suppose  that Cp.-.’.ﬁii) = C_{X), Let W = Eig,1) = {f £ C_xr

pug,fy { 13, where # ic the zerc—function in cp<x> and @ the supremum

metric on C{¥)>, Since W is acpen in Cp(%) = Cin), t+ind compact sets &

Fray A in X and corresponding open sets Ul, veay Moin B so that 4

e : fi

£ [AI,UIJ N ... N [An,un] S, Put A= Uéi. Suppose there is xy € X-A.
Since A is compact and X Tychonoff pick o € CiXD) with gix,? = 1 and g

(A> = (0¥, Then g € W. But, pi#,0) = supldi0,gixd) @ = £ X3 3

d(O,g(xD)) = gi0, 1) =min {1, [0 - 11> =1, Mow, pi#,g7 3 I means that g

Ay

g iy which is z contradiction., Therefore X = &, and

L]
"

o ¥ ois compact,
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Conversely, suppose X compact, It only remains to show that
CP{X) i CH(X)' Let £ € CixXd and € 3 0. It =zuffices to prove that ths
open ball Bif,2) zbout £ of radius £ is open in CV(K). To cee this,

notice first that the collection {f “(U)d:x € ¥} where U, =

-~

(f(x)—%,f(x}+§} {s an open cover of the compact space ¥. Therefore, for

some n we have X = U{f_liuw o= 1,2,3,..0.0 .0k, Mext let A=
X,
f“-:u_‘( » and U, = '.',-Fiir.c:i)-s"j-&,-r"ixifH%} for each i = 1,2,...,n. Put W =

ﬂi[A.,Ui]: i =1,2,%,...,nk. Then £ € W S B(f,8), Zince W is aopen in

DV(X) and f was arbitrary then BOFf, &y is open in CLiX) and therefore

1.1.5, Corcllary, I+ X is compact then CkiX) iz completels

metrizahle,.

2. Natural mape
In this section we study zome natural maps on C (X2, e begin
with the embedding of | into CV(K). For each real numbesr r, let S X

— [ ke the constant map defined by cpixb =r for all x in X.

1.2,1. Froposition., The map i ¢ R — CV(X} detined by ifry =

i
-+
[n]
3
hd
w
N
r
-
hd
1)

number r is an embedding of R into Cp

r For e = 1. Moreover,

zub

=
m
w
n
=
in
D g
a
wi

N}

et of C 00,
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Procf. The +function i is clearly injective, To show that i is
continuous and cpen it suffices to notice that if A is compact in X and
U oopen in R then i—I([ﬁ,U]) =4, Finally, to zee that itR) ic closzed in
C,00, Tet £ £ C u¥a-i(Ry. Since f is not constant there are %y and ¥,

in X with f!xl)t t{x<3. Choose Ul and VY. disicint open sets in R such

L

that f(xl) £ LH and fix.) € Uo, Then + € [{xl},Ull T A ST LV R

=

Cpixa-ilk)y, Since W = [Cxl},ull N [ixsdMa1 is open in C 0X) and + was

“ <

arbitrary in CF(X)—iim) then CF(XB-i(R) iz open in Cyii). Theretore

itE) is closed,

(1]
pQ

Because of this proposition, it is clear that if P i
topological property inherited by closed subsets, then CV{X) has
property P only if R has it. Conceguently Cyim. is not pseudocompact

for any space X, It also follows from thiz proposition that the

N}

cardinality of CVCX) i greater than or equal to the continuum.

Orne of the most useful tools in function spaces is  the

N

following concept of induced map. If § @ X — ¥ is a continuous map,

then the induced map of f, dencted by £ Ctry — C00 is defined by

KL . C e e . . . .
+*£g) = gof for 11 g in Cp v The main properties of ¥ are described

in the next few pages,

1.2.2. Propeosition., I+ + ¢+ X — Y and h ¢+ 7 —

. . . N ®
continuous functions, then thofd” = £ 2h
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" P - s L o ime e -
Proot, e have (hefr™ 3+ O (23 — Ly G0 and + =h" Cptdr — L 00, So,

5 AU . , e ¥ . L JUE
let g € Ck£2). Then Chef) {(g) = golhofd = {(goehlof = F {gehy = f {h (g

.

1.2.3, Proposition, If £ 1 X — ¥ iz continuous and «, § are

real numbers, then
, -*, . SE L, . * .. . .
(1) +7dxg + ph) = wF (g + Ff " (h) for a11 g,h in CkiY)

P * N LE L, . N .
(23 £7ghy = £ (g Chy for a1l g,h in C 01D,

FProcf. Straightforward.

.

1.2.4. Propozition. If #: ¥ — ¥ is continuous then f CV&Y)

—t EF(K) is continuous.

Proof. It suffices to show that if & iz compact in X and YV open in E
then (F7) 7 C(0&,U1) iz open in Ck(Y). But, (47 TO[AMIY = D+0ad 4]

which is open in C,0Y) since £(AR) is compact in Y,

A continucus function £ ¢ X — Y iz cxlled almost surjective
it f0¥) ie a dense s=subspace of VY. Slmost surjective maps can be

characterized by their induced maps

=t =zurjective i+ and

[}

1.2.5. Propesition., £ 1 ¥ — ¥ iz alm
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Prootf. Suppose that § is almost surjective and let =N and g4 be in C, 0%
. S¥ . . . -

with £7(g) = f (a0, We wish to show that g, = a5, Since they are

continuous and real-valued it will suffice that ther agres on the dense

subspace f(X) of Y, So, let ¥ € fi¥)., Then there iz x £ ¥ with » =

ca . ;. c e . * . PR - ¥ PP P
fixd.  Now, gyir) = glaka)ﬂ = ¢ (grid = F70g 00 = g 040x)) = g.(¥),

Since this i3 true for 211 ¥ in fi¥), we conclude that = g, on 211 of
Y. Thersfore f iz injectiue.

Conversely suppose that f

must show that f(X) is dense in Y.

let I bhe apen in Y with W # & and W N £{¥) = &, Choose v, £, Since ¥

iz Tvchonoff, choose q € EpiY) such that qly,2 = 1 and giv-l) = 0. It

follows that gifdxd) = {0}, This means that f (gd{x) = 0 Ffor 211 = in

X, Thersfore, i+ # and 91 dencte the zero functione of COX) and COYD

respectivels n s

¥ then £ (@) = & = § (&), The injectivity of £% implie

-
o
'
-+
"
1}
=

(X

:1 which s impossible <ince giv.d = 1, With  thi
contradiction, we conclude that fiX) must be dense in Y.

The dual of proposition 1.2.3 iz alsc true,

1.2.8. Proposition, £ ¢ X — % iz injective i+ zand only (4

¥ :CViY) — EV(K) iz almost surjective,

\
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-0
-
o
o
-+
w
=4

=

R
[}
]
D
—
pa g
DU
—
—ty
3R

1}

is injective, Let R = f (CFfY)). Then we
“\

‘VQXD. Pick g € CV(XI, A compact in X and

~,

£ 3 0 so that W= {a,A,8. HMow, let 2 = fia2, Then flﬁ: & — 2 iz

w
o

homeomorphism zince § is a continuous injection., Since 2

W

compact in

o
[}
Dy

the Twchonof$ space Y, then the function geif!.2 i 2 — [ ha
continuous extension h ¢ ¥ — E. h € CIY) and, if we put t = hetf, then
t =+ {(h) € R, Moreower, t = g on A, Therefore t € W1 R, Hence WM R

-
r

* 2y meaning that R is dense in inX).

Far the converse, suppose that £7 iz almost surjective and let

¥ and y be two distinct points of X, We wish to show that fox) = fivr,

|.
o
[
T

e
]

Twchonotf, choos Cixy =zuch that gixd # gl») in R, Let U

o
0
T

and W be disjoint cpen neighborhoods

imn
Lal
-+
(Tm)
o
3
[n
0
el
o
w
=
D
(3
-+
D
—
o
[
-+

L= [ W1 0 D4y WY which i= 2 non-empty open set in

. . . . PR L. .
i almost surjective, pick h € L N 4 ETRS RN Then h = tef for some t £

\

Y and hiy) = t{fiy)). Sao,

uyffb, and hix: 2 hixd.  But hixy = tifix]

Pofixad 2 bOFLwd), Theretore Fix) 2 fixl, This shows that £ is=

Tur next goal is to characterize when £7 i3 an embedding. Ule

"

s

need the following definitions. A continuoous function £ ¢ X — 7 s
called a K-covering map provided each compact subspace of ¥ iz contained
in the image of some compact subspace of X, Thisz concept is due fao A,
Yo drhangelekii. f will be called & compact-covering map if each compact
subepace of ¥ is the image of & compact subspace of X, Clearls then

campact-covering maps are K-covering maps.
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The concept of K-covering maps is what we need for f° to be an

embedding.

1.2.7 Theorem, f 1 X — ¥ iz a K-covering map if and anly if

oo L0 — CF(K) is an embedding of CHCY} into CV(XE.

"

. R . . L . E N
Prcof, #Assume that f @ X — Y is K-covering and let R = § aCkau);. By

. - ¥ o . . A S
propasition 1.2.5, 7 iz injective., It remains to show that (£ !

-

— C,.(¥) is continuous. So, let & be compact in ¥ and Y open in E.  ide
need fo show tﬁat f*([ﬁ,U]) ie open in H. Pick g £ ffiiﬁ,UJ). Then
there i= h € [A,MT such that g = £%ih) = hef. Sin;e f is a k-cowvering
map and A& i compact in

7 lesy noc,UI N R which

- ) - . e .
Conversely supposze that £ ¢ O (¥ C.t¥) e an embedding.

e

i and Vo=

T 2 that £ : ¥ — 7

m
nd

) L, . _ . . :
(=1,13,  Then +7<0[&,M1Y iz an open neighborhbood of the zero funchion &

. o . ) . N T
in FTIC 0T, S0, choose compact  sets A Beagssa B in % and
], ! {3 o 3 m
5 4 e

corresponding open sets wl,uﬁ,...,U in F such that # € iﬁl,u‘3 .. 0
- 4

I ) , . ) ) . . S
& ,Un] 2 f00Aa,MIY. Put K = AI a0 A which iz compact in X,

e must show that A 2 f{K). Supposze by way of contradiction that there

ic a £ A-F{K), Choose g £ CCY) such that gia) = 1 and gifdkd) = {02,

XL U . ¥, . e .
Then, £ i{gitKr = {0} implies that $£ (gdifd.» = {0} for each | =

1 Z€¢vesyn., Therefore itig) £ [a M) for zach i, This implies that £ {90

£ f (A MIDL Bo, fig) = f (g’ for some o € [A,MI. Since £ is

inJective, g = g, But then ogify € M = (-f{,13, which iz impaosszible
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since gta) = 1 4 U, Therefare, & < F{KI. This shows that f is

k-covering.

t.2.8. Corgllarv, 14 f ¢+ ¥ — Y is a compact-covering map then

. . . . . 3 .
& very natural guestion that aricses is that of when £ is a

claosed or an open embedding. Recall that 4 (CFiY}) i= & subgroup of

"

CK€X}, +° being a group homomorphism.  The following fact is well-Known

fzee [22

o I+ & =ubgroup of 3 topeological group has 2 non-empty

[}

interior in the group them it is both an open and 2 closed subspace of

o

qroup, Therefore, the question of when f° is an open embedding is

-+

h

M

n
)
1)
n
o
—
mn
DY)
wm
hdg

of that of when it iz a closed embedding., More precisely,

we have the following.

1.2.9. Froposition. Let £ : ¥ — 7 be continuous and £

3

B, 00 — C00 its induced map. If £ (C 0¥ s open in €00 then it iz
N . I . R .
also closed in =y and ‘therefore ¥ iz onto (since LVEA) is

sl
[u)
=
[a}
—
(=]
"0
R
Q.
13
32
o
0
Q
a
a

[Tu]
"
o
o
n
o
~
gy
hd
-+,
()
u——
2
3
£
-

t.2.10, Froposition, If f @ X — ¥ ic a guoctient map then

[y}
g
]
-+,

¥*(CkiY)) ie & closed subspa
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-f*-+ ”p' T need to show that T

(A

let g € T. Since f is guotient, choose x and ¥

bBut gfxd # giy), Let U and Y be two

Il

I+
remains to

JOMS = f, hix) 2 R,

= f*(t) for soms t £ CiYl, Therefor

F50000 = (tefd)io =

C e ..., . .
= tifixiy tifiwad Frotady i)

impossible. Therefore h € T. Thuz, g € W £ T. This means

open in Cy(X).

Let =

. . % s
inclusion map, then 5 ¢ O (X

NG is injective, i

Since |

w

11 f £

proposition 1.2.48, In fact, more

disjoint

shat

If h ¢ T,

open in

(V4

in ¥ =uch
open

[{xd M1 N

that

then h &£
Rty =
which s

EF(SD by

1.2.,11, FPropesition, Let 5 be a closed subspace of ¥ oand §
A ., . . . i . * o .
S — ¥ the inclusion map. I+ R = | CEYY then 00 L — Toiz an
open map.
3 ] . ) s . - .
Froof, Let # be the zerco functicn in CanJ and #° = #l.. Since i iz a

group homomorphism (by proposition 1.2.3), it suffices to chow

. . . . ) . P %
is compact in X and W ois open in R owith # € [AMT then | 0[A

open neighbtorbood of #° in R,  HMeow, there iz no loss of gen
assuming that W= {-1,1 and & N 5 2 @, Let K=A NS and put

g

that if

JA1 s an

rality by

W= LK,
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™

M ®. Then W iz open in R, Clearly 87 £ W, be ars

-+
o
=
(]
[y

[Tu]
-
-
T
(]
w
o

show that W € i7¢[A,M1). So let h € W, Then h = +l. for zome f & COXD,
Mow, let T = {x & ¥ ¢ I+0x21 % 1y, I+ T = @, then 1fix2l {1 for all x
in %, Therefore + € [&,W1, In thiz case h € i*(E&,U]). I+ T # &, note
first that T M Ay N 5 = &, Therefore, we can find g ¢ » — [0,1]

continucus such that gfT N &) = {0F and g8y = {1¥., Let p = gf, Then p

€ Cix» and For all x & 5 we have pixd) = gludfix) = [, f(x) = f{x),

Therefore, plo= flg= i (f) = h, It remain:  © show that p £ [&,V]1.

in TN A, plxy = gixdfix) = 0,402 = 0 € Y, So, piT NMoad S 0 Neuxt,

by definition of T, [fixdl ¢ 1 for all x £ ¥-T. Since (4N

CCT DAY W da 1 820 2 X-T, then piia N 53 U {8 - 07T M as W8 N0 S

v, Finally, we conclude that piAy £ LU, Therefore p £ [A,M].
- AL . L - .
Consequently, h £ i {0&,M1Y for all h € W, Thue &7 - C i ¢[8,MY1) and

L, o . .
so, 1 (LAMIY is anm ocpen neighborhood of #° in R,

Using the Tietze extenszion theorem, we cobtain the +following

corallary.

1.2.12. Corollary, Let 5§ be x closed subspace of x normal
. . . ¥ e e
gpace ¥, If i 5 — ¥ iz the inclusion map, thenm 7 : C 0} — C 050

is an open surjection.

"w
or
f[l
"
o
=3

Another Kind of wuseful map on function spaces

function"., Let ¥ ¢ w € I': be 2 family of topological spaces. I+ &
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denates their topological sum (i.e. free uni then the

[a]
3
[=]
3
[w
"
.
[n]
a
—+
w
[y
=

sum function ¢ ie defined by = : Eki$x_) —an{CV(H Y or o £ TY where sif
( o { -

= {fl, > For each
S ¢
3
product of the Ckixakfe with the Tychonoff product topology. The sum

Ty

Ck($Kk}. Here, H{EP(XN t o € TY iz the cartesian

function is a very nice map.

1.2.13. Proposition. The sum Function = ¢ C.08{ ) —

~
Lyl
e
=
Ty

~
w

a homeomorphism,

=
=

Procf., t1» = iz & bijection: Define v : H{Cy(xmb:w £ Ty — C, 08 ) by
A Y
YRSy

It iz

T
ler |
|
o
=)
o
3
s
p2 1]
-+
[
3
o
w
(]
=
Rt
Ty
-
0
s}
(W
0
o
[}
-
o
3
=]
P
)
=
Ty
law
LS
-

identity map on H{CV(ENP o €T,

2y b
- . e PP ) e e = T
{2y = and = are continuous: Let p ¢+ MG X ) o« & Th —
o th . . . L \ . , X
Cpuﬂt) ke the projection, A compact in X and Y open in F. Thzn

) -1, = . . . . . o1
[A,M] = ¢ lkpN 1([Q,U]1). This clearly implies that both ¢ and = are

continuous maps.

Let ue point cut that several cther kKinds of important maps an
function spaces such as exponential maps and product maps are not

ference an this matter.

T

studied in this work, [28] is & good r

3. Separation axioms

The =zet CiX) i= =z subset aof the et FiX) of all real-valued
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functions an X, e topologize FUX) with the topology having as subbace

the collection {[A,V £l A iz compact in ¥ and Y & bounded ocpen interwval

in Ri, where [ﬁ,U]F = {f € F{x) ¢+ f0h4) © Wy, This topology will be

called the compact-open topologr on FOXY and will ke denoted by FV(X).
I+ one replaces "compact" with "Ffinite" in the above szubbase, one

cbtains & subbasze for the topology of pointwise convergence on FOX),

« - ey

Thiz is actually the product topology on E.  Mote that LPKA: iz dense

v

in R, The next recsult whose proct |

w

in [44) describee the

corresponding situation on FV(X).

1.3.1. Proposition. C,{¥) is a dense subspace of FV(X}.

€ .
Since the identity map id : FV(X) — R is clearlv continucus

one deduces in & very natural way the following.

1.3.2, Progosition., F.i¥) iz z Tl-Sﬁ:CE.

m
—
-
e
hd
n
[}

In fzct, more is % Tychonoff space. To see

thiz we rneed two lemma

()]

. Let wus dencte by Fkix,tﬂ,llb the =set

FOX 00,130 = {f € Fix) ¢ #8¥y 2 [0,113 as a subspace of FkiX).

——
-

2.3, Lemma. Let g ¢+ R — [0,13 be a continuous function.

Then g, ¢ FK(E) — Fk(K,fﬂ,IJ) defined by g if) = gef for each £ in

F iX», iz & continucue function.
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1.2.4, Lemma. Let A be a compact subset of X. Then g

Fy(x,tﬁ,ll) — [0,11 defined by (f: = szupfiAr For each + in

FViK,IU,llﬁ, iz & continuous functicon,

1.3.5., Proposition, FtX> iz a Trchonoff space.

e

Froof., Let A be compact in ¥ and Y a bounded open interval in R, It

i
o
)
—+
a]
o
o

to show that for each £ in [A,U]F there exicsts a continucus

function g @ FK(X> — [0,11 =uch that if) = 0 and m(Fg(K)-[ﬁ,U g =

{1*. To do that, let § ke in [ﬁ,U]F. Since f{A) SV and YV is bounded

then +:{a) |

& compact subset of R, Simce R is completely regqular,

choose g ¢ R — [0,1] continuous with gufFiAry = {0 and QiR-U) = {{:

Define g Fut¥i — 10,11 by gihd = suplgihiadd) for all h € FMCX). Then

definme ¥ 1 F_ 000,110 — [0,1] by ¥ty = suplh{md) for each t £
FK(X,[D,IJ). Let g, : Fk(x) — FkiK,[D,IJ) be defined by g,ihd = goh for
all h in Fk{¥>. By lemma 1.3.3 g, i= continuous, and by Temma 1.3.4 ¥
ie also continuous, Clearly ¢ = ¥eog, and so ¢ ie continuous, Finally
ocne sees that 90f> = 0 and oiF

L OO=TAMIL) = (13,

1.3.&, Corollary, Cyuh) is a Tvchonoftf space,
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We conclude this chapter with the relaticonship between locally

/

compact, Lindeldf and first countable spaces.

4, Locally compact, Lindelof and first countable zpaces

& topological space X is c-compact i+ X can be written as a
countable union of compact subcspaces,

¥ ie hemicompact i+ ¥ = AI L AE J ... where each An is compact
in ¥ and if A is any compact subspace of ¥ then & ic contained in at
lezst oane An' The sequence (A n = 1,2,... will be wcalled =&
fundamentx] system of compact subspaces of X,

X iz a K-space i¥ the open subspaces of X are precicely thoss

subspaces whose intersections with each compact subspace of X are open

in the compact subspace.

Xois & km—epace if and only if the set {f £ F) flﬁ i=
continuous for each compact subset & of X} € D00

The following implications are true: hemicompact implies

g-compact implies Lindelof. Mone of them is reversible. But, when ¥ is
locally compact ti.e. each point has & compact neighborhood) we ogef- z
positive result,

1.4.1, Proposition. Every locallw compact Lindeldf space is

hemicompact .

To generate loca]l compactness from & hemicompact space, one
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needs to have first countability,

’

1.4.2, Proposition, Let X ke x first countable space. Then X

is hemicompact if and only if X is locally compact and Lindelof.

In fact, by modifrina Arens’ original proof of proposition
1.4.2, one mar show that ¥ is a hemicompact g-space if and only if ¥ is

’

a locally compact Lindelof zpace (see next chapter for the definition of

It i well Known that ewery K-space is a km-ipace. The
convercse is not true. But, for hemicompact spaces the two notions are
identical,

1.4.3, Theorem. If X is a hemicompact HF—epace then X iz =&
k=3pace,

Frootf. Let {K o= 1,2,... be x Ffundamentai syrstem of compact

subspaces of ¥ such that Hn

= "n+l
such that A 1 Hq iz closed in Hn tor gach n. We are through if we show
that & is closed in ¥ because of hemicompactnecs, If & =X or A = &
there is nothing to prove, So, let X § A, There ics noc loss of
generality by assuming that x, & KI' Since FI iz compact and A N K, is

clozed in Ky with x, & & N K, choose f,:K, — [0,1] continuous such
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-

that f}(xn) = 0 and flfﬁ i KI) = {1

[0,11 by 9y = Fi on Kl and gl(x) =1 for 211 x in K

clearly continucus on the compact subspace k, U (K; N A of K.

Tieze extension theorem, o, has a continuous extension f.: K, — [0,

=1
4 <

Similarly, we construct go: Ko W (Ko N A — (0,11 from +, b¥: g, =

1 o
2 < <

on Ko and g.{x) = 1 for each x in K- 1 A. Then the extenzion of

La

iz fq; and sc on, Now, define fiX — R bv f = %n on K_ for each

23
b

e -

Then + is continuous on each Kn, hence on each compact s=t of ¥, Since

Ed kp-apace, f must finally be continuous on all of ¥, Clearly

+ "(1), which is closed in X.



CH&A&FTER Z : MalN COUNTABILITY

FROFERTIES

The mzin purpose of this chapter is the study of the so-czxlled
countability properties, Thece are properties involwving some countable
set im  their definiticons. We investigate properties such  as
zeparability, metrizability, +irst and second countsbility, and the
properties of being 2 cosmic and an ©,-space. On the function space

h preperty is fully characterized in terms of topolicgical

o
oL
()

properties on X,  Recall that =211 our spaces zre Tychonoff and w iz the
cardinality of the set M,

Following Juhasz [3&], if X is a topological space, we define

diXy = imin{lS1:53 € ¥ and 5 = Xi=the density of X ;
WwiX) = wtmin{IBIN is 3 base of X3 = the weight of ¥ j

¢

T Xy = wtmin{IBI:W is 3 v-baze of ¥ = the 7-weight of ¥
Ex a m-base for a topological space X we mean any collection B
of non-empty open sets of ¥ with the property that i+ %Y iz any non-empty

open set in ¥ then Y contains some member of I,

& zpace X hxs countable local w-base i+ for 2ach x in X there

s & countable collection B, of non-empty cpen =&ts such that any

N

Dy

ighborhood of » contains some member of T . This is clear
than +irst countability,

il able if and only

"
o
g
"
~+
or
o
-+
-e
Nt
[1}}
1
Dd
ol
DO
=
o

From zabowe, one ex

26



27

it dix) & wy X iz second countable if and only i wiX) £ wy; ¥ has

mn

countable g-base if and only if muiXd £ w

B

Let us recall that if P is =z topological property, then a

pace X haz a P-comprescsion {or P-contractiony if and aonly if there

Ul

exist a topclogical space ¥ having property P and a continuous bijection
from X onto Y. This is equivalent to szay that the topology of X admits
a esmaller {i.e. coarser) topologr having property P. & submetrizable

sion,

n
)
w
N
m
n
(w}
=3
g
o ol
-
pQ
-+
o
s
w0
w
=]
13
-+
-
18]
o
o
o
[n}
[u)
=
=
3
1 d
[
wi

1. Separability

The first result describes a technigue to generate topaologiss

an C{¥) finer than the compact-open topologr.

2.1.1, Thearesm. Let ®B and  be baces for ¥ and [F

+
-
"
=
o
o
g
1]
b
-
m
Ny
ne}

T
e

and Y & '

-3
o]
mn

3
D
n

-+
o
D
—4

+ 7 is the topologr wit

then Loy £ C_0¥),

Proct. Recall first that [B,W] = {f ¢ COxXDsf(BY € WYy, Mow, let & be
compact in ¥ and Y € V. It szuffices to show that [AM] £ 7. To zee
this, et £ ¢ [A M. Then fimd) € M. Let a2 € A, Since fiar € W, by
continuity of f there iz B, € R with a € B_ and fiEa) = U, The
callection fB_: a2 £ &Y i= a cover of the compact s&t A by open subcsets

of ¥. Therefore, for zome n, A =2 B, U E, U UE . PutlW=I1E ]
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oot [B, M3 which iz open in CT(ﬁ). Then + £ W € [4,4], Consequently
A

I+ B and V are countable bacses in the zbcove thecrem then CT(X)

will have countable base. Since the identity map id: CT(X) — CV(X) iz

continuous then we have the following corollary.

2.1.2, Corcllarv, I+ X iz second countable then CF(K) i

ceparable.

The converze to this corcllary is not true in general. In

separable,

(O]

fact the next thecrem describes when CV(K) i

e need the following example: the hedgehog space with 2

spines, 14 I = [0,11, let ~ be the equivalence relation on I % I
defined by (a,by ~ {c,d? if and only if either {(a,bl = {c,d} or B =10 =

d. For each = € I, let I_ =1

+ x I, Then the hedgehog space is the

space H = ${1_:= ¢ I[Xv with the quaotient topology. It is exsy o see

2 £ 1y —= 1 21 is cantinuaus, Therefore

that the identity map id: ${I

the natural map p: H — 1T x I7% iz continuous, Since 1T x I/ s

[}
7]
o]
Py
5
o
o
—
o]
3
11
~+
o}
4
w
o
pay
D]
-
o
m
o
T
o
n
"
w
n
g
i
w
]
w
o
—_—
™
=l
D]
—
5
(5]
as
o
—
i/}
[n]
i
E)
R
-3
Do
W
in
[n]
o

A subset T of CiX) ie said to separate points of X provided

tor each (x,») € X ¥ X with x # ¥ there exists an f in T such that +ix2

2 flwd,

- -

2.1.3,

—I
or
D
[w}
]
o

&M, The following statements are equivalent:
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12 CFiX) is separable

{22 CVKX} containg a countable subspace that

“wi
T
-
o
=
Py
U d
o]
m
)
[}
3
Lo
"
o
+.
5

(3 X tion into [

¥ admite a continugus injec

{4) ¥ has a separable metrizable compreszsicon

. . . (0]
submetrizable and IX] { 2

@3]
=
n

]

submetrizable and dix) ¢ 29,

Proof. ¢l = (2): If CK(X) ie separable, let D be a countable dens

hd
hd

subspace of Cin). Then D separates points of ¥ zince X is Tychonof+.,

(22 = (32y:  Suppose that D = {fl,f veeed is & countable subspace in

C,(X) that separates points of X. Define g: X — F' by glx) =
dpfoled, oo, 16 p ot BN R ois the nth prajection, then = p o
. Since fn and P, are continuous, then =o is @. It remains to check

that ¢ is injective,. So o Jet #% oand ¥ be in ¥ owith x 2 v, Since D

separate

w

paints of ¥ there is f_ &€ D such that frix) #oF (v,
Therefore @ix) = iflix),...,fn(x),...} ? <+1(y),..,,fnfy?,...> = Qi¥d.,
£3) 3 (4y: Let g: X — B be x continuousz injection, 14 M =

@ix) then M S K and 2o M iz separable metrizable., Since g: ¥ — M |

0w
w

continucus bijection, then M is a separable metrizakble compression for

N

A

14y 3 (51 Let f: ¥ — ™M be a continuous kijection and M

w

ceparable metrizabkle space, I+ D is a dens

T

countable subspaces of M

then IMI & I1{{a_ 3 vota roo2 Dy o= 2. Consegquently X1 = IMI { 2%,
{3 3 (&2»r Thiz follows from the fact that 4y f IX). (4 3

PPN :

metrizable compreszsion M and diX) £ 27, Let

Ins
o
w
-t
~ s
p g
s
i
a

{d43: Suppose
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- . . . . M . )
f: % — H be a continuous injection of % infto H  where H is the

It

hedgehog space (zee [268] for this injection:. I+ £ =2 S H then 2

has 3 separable metrizable compression, which iz also & compression for

4 % <1yr: Let f: X — M be 2 continuocus bijection and M =&

: # e U
separzble metrizable space. Then +7: uyiM) — C 00 s z2imost
surjective by proposition 1.2.6. B corollary 2.1.2, EFiM) is

separable, Consequently ck(x> is separable,

The equivalence of (1) and {4} appears in Warner [43].

Yidossich [84] established {4) & i5) &i0é). See also McCoy [411].

2. metrizability and first countability

The main result of thiszs section =tates that any propsrty
between metrizability =and countable locxl 7-base iz equiwvalent to
metrizability on CkiX). Let us mention some of them.

¥ ois a developable space i+ it has a dewvslopment. Br &
development of X we mean a sequence (Ul }n of cpen covers of X such that
un+1 refines un for =ach n and {at(x,un)}n iz & neighborhood base at
for each x inm ¥. Here st{x, Ll ) =1U ¢ W  x € U¥. A regular Hausdor+ff
developable space iz called x Moore space,

X is cemimetrizable if X admits z semimetric compatible with

its  topology. &  semimetric is a metric without the triangle

inequality.
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o

% has a uniform base if it has a collection B of cpen sets
such that for any x £ X, {B_ ¥ . M is & base at some point in X whenever
x £ B €N for all n.

¥ has a point-countable basze if there exist a metrizable space

w

f and an open continucus suriection f: ¥ — ¥ =such that esach £ “ixd |

escond countable for all ¥ in ¥,

wi

collection B of open sete such that if B,2 B~ 2... ig a sequence of

3 neighborhood base at x.

¥ has an orthobase T if B is a collection of open zets in
with the property that every infinite subfamily B of B each member of
which contains % given point of ¥, has an open intersection fi.2. N7 is

apen in ¥), Paracompact <cpaces with =an  orthobase are called

n

protometrizable spaces,

For most of these notions see @Aull [101.

g

a dense subzpace of countable local w-bss

)
—
=\

s
"
ae

developable ¢i,e., 3 Moore) space

n
(1]

semimetrizable

1&) CLiX) hae 3 uniform base
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=
)
e
o
n
Y

point countable base

{23y £ 0%y has a base of countable order

o

{Fy C,i¥X) has an orthobacse

k
103} Ckéx) ic protometrizable

a
—
—

-
[}

ay
#

e
0

locally metrizable

o

{120 Ck(Ki contains 3 non-empty cpen metrizable subspac

(13 CoiX) iz metrizable

Proof. Recxll that z homogeneous space has countable local g-base i+ and
only i+ it containe & dense subspace having countable loccal 7-base. So

£1y % (2, HMext, since ck(xp is connected then propertiss (3) - 1

are all stronger than ©1) but weaker than $13). 8o we only need to zhow

that (14 = (13 = (1) = {14y, ¢13) 3 (1} jis cl=ar.

.

14y = {13 Suppose that X is hemicompact. Let {H_

n=1,2,... be a fundamental sw¥stem of compact subspacez of X. The

trivial map po %iKn: ie clearly compact-covering. By
- = ¥ . . e
corollary 1.2.2 p » iz an embedding of C <X into

CEK o apositic 213, O 0dK = QiC.iK_Y: n=1,2 i v
Ck‘fkn)' B¥ propositicon 1.2.13, Lk($hn) H.Lk.hﬁ.. n=1,2,...%. B
corocllary 1.1.5, each Ly is completely metrizable, Therefore
Ckiﬁkn) ie metrizable and so, ite subspace C X0 is metrizable.

(1 = (145 Suppose that CM(X} has countable locaxl w-base,

t the zero function # in

e

Let {Mn: n=1,2,... be a countable m-bace

CV(K). By definition every non-empty neighborhood of # contxins zome
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Mn. Mow, there is no loss of generality if we choose each Mn basi

i
o
T
=2

‘I I '.) .) A ll - - l\" 2 a. 2 "u-" o Al eie 23 x H i s e

tn .-k'\.<. 3 ..3, .\n [Ani‘ﬁlj '} ]' [An!“l [} r“ 'J 'Jhp' e ""(Lh Hn; 1S Umpact
i 3 n L .ie / i 'E P t = 4 l JJoA 'F Toeac T

in X and ')l'lll- cpen In im. ut Kn ni J.oWU n’(' o gach n

I+ K ie any compact subspace of X, we wish to show that K 2
K_ for some n. Let W = [K,{(-1,1)] which is an open neighborhood of #.
Supposze that K ﬁr for 211 n., Fix n and let = € K-K_. Since X is
Trchonotf, choose £ € CO¥) with 42> = 1 and $£Kn) = {0y, Qlearly £ o

W, But f(éﬁi)
i

I
-+
-~
>

Y= {0 for each i = 1,2,...,k_. Theretfore f £

i - Il

W Ne. Y TA_ L Y L arii that ¢ € W_. Therefaor d_od
[Anl"nll N n [Ankﬂ’ rlkn], meaning that + £ Jn herefare, Ln 3 L

Since thiz is true for 211 n them no fdn is contained inm W, This

contradicts the definition of 3 v-base. Consequently K C Kn tor zome n.

2

Thus {Hn: n=1,2,...Y is a fundamental system of compact subsets in ¥,

Thic means that X is hemicompact.

The next two corollaries Ffollow from  theorem 2.2.1  and
propositions 1.4.1 and 1.4.,2.

2.2.2. Corollary. Let X be locally compact. Then C 0 e
first countable if and only if ¥ is Lindelcf,

2.2.3, LCorollary. Let X be first countable. Then C 00 ic

firet countable if and only if X is locally compact and Lindelcf.

In theorem 2.2.1 we showed that CkiX) has point countable base
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it and only if C,tX) iz First countable, Orne wonders if "point
countxble base" canm be wezkened to "point countable w-baze", The next
example answers this question in the negative.

Let X be the =e¢t R of real numbers with the following
topology: A S ¥ is open if and only if X% is countable or O € X-84,

This space is called the Fortissimo cpace on R, Compact sets in X are

finite, Therefore tF(X) = Cp(X) and X is not o-compact, Coreon [20]

"

showed that CH(X) = Z-product of 2w-copies of R. It iz shown in [23]

that any subspace of a F-product of spaces with point-countable base has
a point countable m-base. Theretore, CV(X} has paint countable 7-base.
Since X is not hemicompact, CV(X) can not be first countable.

Let us mention that in the next chapter, theorem Z.2.1 will be

extended to properties weaker than first countability.

3. Coemic and Ry-spaces
The concepts of cosmic  and Ru—spacea were introduced by
Michzel [471. They mzy be interpreted asz strengthenings of hereditary

Lindelof and heresditary separzble spaces. le need . the Following

definitions .

A family B of subsets of z topological space X is called a3

n

network for X if each cpen subset of X is a union of some subfamily of
Y, A base for X is then a network whose members are open.

lde then define the net-weight of X by
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nwWixs = wmindIBD « B iz a2 network of XI,
& cosmic f‘respectively 3 c-l)space is x regular space with a
countable (respectively a o-locally +inite or o-discrete) network,

& family B of subsets of ¥ i

1]

called a k-network for X if for

each compact set K im X and each openm =&t W in ¥ with K € Y there is

"
e

-

such that K =2 B1 U B, Y. Bn < Y, where Bi £ B for each i.

The K-net-weight of ¥ is defined by

Krwii) = wemindIRl ¢ B iz a K-network of XI.

The feollowing inequalities are well Known: di £ nwiX)

Broal) 4wy oand nwix) & IX]. MNotice also that for 2 regqular space X

P (¥
one has wi{X) { f‘.’d"\’

I
2
“a
Lo’}
|
3
0
"
T
D
]
-
T
pL
>3
S
I
i
)
w
N
11
[}

x regular space with a

[T}

;

countable

res

N
o
[ J
[}
—+
o

¥ 3 o-locally finite or c-discreéete? K-network.
It is clear that ¥ is cosmic if and only i+ meiX) £ w3 and
similarly ¥ is an Ry-space if and anly if KnwiX) § o,

g-spaces were ctudied in [32] and N-zpaces are due to O'Meara

—
(4]
r.
(o]

The mzin properties o

w
8
-+,
(]
[n]
Wi
3
n]
e
o
(W
o
oo
|
]
™
ul
(nl
]
"
1)
5
o
L
g
"
[n}
A
T
DY
(W'
=

the next propositions,

2.3.1. Propositicn.

1> Ewery subspace of & cosmic f{an xo-)space is a cosmic tan N--)sSpace
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2 Every Rp=space is cosmic
3) Ewery zecond countable szpace is an Ry-space;

4) The +follawing are eguivalent:
a) ¥ is cosmic
b X iz & continuous image of a separable metrizable zpace
c} ¥ is a compression of 3 separable metrizable space

d?

Den}
R
w
[n]
(o]
i
3
m
-

52 Every cosmic

"
el
e
[n)
o

iz hereditarily separable and hereditarily
Lindeldf;
4) The image of 2 cosmic space under & continuous map is cosmicy

e The image of an Ny-space under a continuous claosed map i

w
[
o }

Rp-space;

gy C_{¥) is an Rg-epace it and only if ¥ is countable;

P
9 Coemic and Ry-properties are preserved by countable products and

SUms;
182 Ewvery cosmic space is perfect {(i.2., closzed sets are G 0.

Following Michael [471, a space X is a g-space if and only i+

foar each point x in ¥ there iz 3 sequence V1 n € My of neighborhocods

n N

peu ]

of x such that if x £ %_ for each n, then the set {x_: n = 1,2,...% has

a cluster point in X. Clearly, first countable spaces and locally
compact spacec are all g-spaces.

The next result ic an extension of a thearem in Michzel [471].

2.,3.2., Proposition. A topological space X is  separable
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.

metrizable if and only if X is

m
a
=
s

p-Space and a g-space,

In fact, it can be shown that X iz metrizable if and only i+ X

is an X-space and & g-space. One then recalls that X is an R,-space if

Wi

and anly if it is a Lindeldf R-space ¢if and only if X is a hereditarily

separable N-space?,

2.2,3. Proposition, X iz & s-compact cosmic space i+ and anly

it X has a countable network made of compact subspaces.

Proot. Suppose that P = {Pm:m = 1,2,...% is a countable network for X,

We may choose each P closed. Let X = K, U Ky V... where esach K i<

ccampact in ¥. Then f = {Pm N Kn: m,n € MY is 3 countable network for ¥
and =ach Pm N Hn is compact,
For the converse, if F = (P m = 1,2,,..2 is & countable
network for X with each F_ compact then X = P, U P, U ..., Therefore X
i= g-compact, By propeosition 2.32.2, each Pm iz zeparable metrizable,
hence cosmic. Mow, a countable union of closed cosmic spaces i
cosmic.
2.3.4. Corollary. Every c-compéct submetrizable space is=
cosmic.
2.3.53. Proposition. X is a hemicompact Np-space if and only if

0

X has a countable kK-network made of compact subspaces.
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We rmow turn to cosmic and R,-space function

pACEs, B

proposition 2.3.1, we already Know that CP(X} iz cosmic if and only if X

w

mic; and Cp(X) is an Np-epace if and only if X is countabkle., For

CVEX) the situation iz 2 bit different.

\

2.2.8, Lemmzx. I+ ¥ iz ceparable metrizable then C_UXY is an

PFrog$. Let Tt and ¥ be countable bases for X and K respectively., lde mayr

]

assume that B iz closed under fimite unions. Let N = {[B,\W>: B ¢ 1, W ¢

n

LI Then M is countable. By lemma 5.1 in [47] CViX) will bBe an
Ng-space if we can show that whenever K iz compact in C G0, & compact

in %X and VW & V with K < [&,M1, then W S M 2 [4,W] for some W £ 1.

[iy]
]

—
Lo
-+
e >
I
pn
)
(w8
[y
D
')‘l
"
L]

above with K € [&,W1. Pot W= {x ¢ ¥ £{xd

=
Ty

€ ¥K¥. Then W iz open in X and & S W, Since & |

campact in ¥ and B is

a base for X closed under finite unions, choose B € B with & S B < W,

Put M= [BM), Then M € M oand K SN

-

[A,M] as desired.

I¥ KiX) denotez the collection of non-empty compact hoet:

e
o

"

of ¥, let us topologize K(X) with the WVietoriz {i.e, finite) topologyr.
Basic open sets in KX) are of the form <u1,...,un} = if £ Kixd: A © Ul
Y un and A& N Ui # @ for each i} where Ul’ UQ,.,.,UH are open sets in

¥. KiX) iz then called the hvperspace of compact sets of ¥, Throughout

this work, K{¥3 will only carry this topoiogy,
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2.2.7. Thecrem. The following are equivalent:

-~
—
v
s
s
16

is an Kp-space

,
[
&
<

[

a compact-covering image of a separable metrizable space
(3 LX) i - C
(3 C0 is an R,-space

e

mn

(43 CK(X) ie a cosmic spa
(32 K{¥) is an Rg-space
(&) K{¥) is a cosmic space.

Proof, <1 = (2): Follows from thecrem 11.4 of [471. (22 = {(2): Let +:
M — X be = compact—couering map from a separable metrizable space M
onto X, By corcllary 1.2.8, ¥ EKEX) — Ck(M) ie an embedding of Ckiﬁ)
into CH(M). By lemma 2.3.4, C_tM» is an R.-space. It follows that
C,o¥X) is alsc an BgTEpace. (3 3 (4 clear, 4y # (1¥: Suppose that
C, %) is coemic with a countable network 4 = {QI,AE,...}. Let ﬁ; = {x £

iy Fixd » 0, for =zach f € An} for each n. e claim that 47 = {An: n =

-

1,2, iz a countable K-network for X, To see this, let K be compact

in ¥ and Y open in X with K £V, Zince ¥ is Trchonoff choose £, in

CK(X) such that fniK) = {1} and fﬂ(X-U) = {0}, Let Wl = {f &£ uk(K): Fiws
>0 for all ¥ € K, Then W is cpen in ckqxp and fo £ W, Therefcore, for
some n, f, € A S W, MNow, if x £ K and f ¢ AL then £ 2 . This is=
true for all f ¢ él. Therefore = £ A8 . Hence K € ﬁi. It remains to

show that s € W, Suppcose on the contrary that there iz =, £ A - U,

My then f0x, = 0. But this contradicts the fact that £,
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£ A and Xg £ Ay Therefore K S A £V and =0, 47 iz a countable
K-network for X, Thusz, ¥ is an Rp-space.

(1Y) & (5): This is corollary 2.4 in [471, (3) 3 081 is
clear. 14y 3 (1): Suppose KiX) cosmic with a countable netwerk W = {Mn:
n=1,2,...%, Let A = UK K & W Y for sach n. To cee that {A_: n =

1,2, i3 a K-network for

with s €W, 1

Therefore for some n, we have & £ un <,

142,00,

-
[N
-

Thearem
general csetting.

The next result i=

Lo e T §
S daCa

eparable metri

+
that M — ¥

such

Froof., Sufficiency +ollaows

cosmic. By proposition 2.3

continuous bijection f: M —

if C_ (XY is cosmic.

- PR
£ Kixd:

Froposition., X iz

k!

from

4
s d

Therefore,

T N

¥, let A be compact in ¥ and Y open in X

| T

i =

LI

s then W

- It +cllows that & < %n o
¥ is a countable K-pnetwerk for ¥ and zo, ¥ iz an

McCa» (411 for a mare

function

i

B

space:

cosmic if and only i+ there

and M° and continucocus bijections + =

(43,

Maw, ¥ is coemic if and only

there is a separable metrizable = & MY

p aC
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. L. . fon ' . *
and & continucus bijection @ M" — Cpﬁ&). Then the induced map o @

[}

piCpiX)) — CP(M") can easily (zee proof of theorem 1.2.7% be shown to
be an embedding of Cp(Cp(X)) into Cp(M“).

Mext, since M" is separable metrizable let D be a countable
dense csubset of M", Let D" be D with the discrete topology. The

!

natural map D" — M" is almost surjsctive. Therefore :Cp(M"D —

w

Cp(D") i= one-*to-one and continucus. Mow, D" discrete implies that

D

Cp(D") is homeomorphic to RD. Since [ iz countable, E~ iz separable

metrizable. It follows that i*(Ep(M“)) is separable metrizable.

kY

Mow, let e: X — Cp(Cp(X)) be defined by eix) = e 1 CP(X) — F

for each x € X, where e () = f{x) for all f £ cp£x>. It can be shown

e
that e is an embedding. MWe then have the following situation: X —

o 1] .
Cpicpéxk — CP(M"} — cp(D"} = mD. Fut M = i*im”(eéﬁ

. . #® : . .
separable metrizable and g = i7¢ ¢ ¢ e2:X — M iz x continuous

hen MY is

bidiection.

4, Second countability

The properties  of gecond countability  and  separabl

<

metrizakbility are identical on CR(X) because of corollary 1.2.& and

Urysohn's metrization theorem. Let us point out that =z homcgeneou

W

LdJ

pace has countable 7-bxse if and only if it contains & dense subspace

1,

having a countable ®-base. The concept of having countablie mw-base |

L]
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wezaker than second countability,

2.4.1. Theorem. The following assertions are equivalent:
10 CkiX) hase countable m-base

(22 CF€X} is zecond countable

\

o
(3 ¥

is & hemicompact xo-ep:ce

—+
we
D
—~
"

{d4) X admits a countable K-network of compac

(3) X is a hemicompact X-space

{&) X is a hemicompact cosmic space
{7y X is a hemicompact g-space
{8y X is a hemicompact submetrizable space.

D8]
wa
I
e
g

Proof. ©3) & 04) is proposition 2.3.° is an R.-space if

J-U
and only if ¥ is a Lindeldf N-space. (3) 3 (&) 3 (?): are clear, (7) 3

]

t&Y: X is cosmic if and only if ¥ ie & Lindeldf c-space. (&) * {2)
follows from proposition 2.2.8., (8) = ©2): Let ¥ be hemicompact

csubmetrizable with a fundamental swystem of compact ssts {Aq:n=1,2,...i.
1

Then =ach ﬁn ic separable metrizable. By theorems 2.1.3 and 2.2.1 each
Ck(ﬁn} iz separable metrizable, Mow, xs in the proof of (142 = (13) of
thecrem 2.2.1 CK(X) can be embedded in the countable product gt#ién) of
separable metrizable spaces. Therefore CK(X) is second countaﬁle.

(2 =% (1): is clear. (1} 3 (3): Suppose that CK(X} has

countakble w-hase,. Then

]

has countable local w-base, hence |

metrizable by theorem 2.2.1, Since cspaces with countable 7-baces are

trizable, The reszult

"w
D
=
0
-
w

~able  then CkiX) is in fact

1]
g
ol
o
=
w
o
—
L
3
o
-+
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)

folloys +rom theorems 2.1

"3
-
w

2

[a 8
rJ
[9X)

Fd

4.2, Corgllary., The following are equivalent for a locally

compact space X:

{1y C.i¥) is second countable

£2) ¥ is Lindeld$ submetrizable

(2 X is a countable union of compact metrizable subsets
{4y ¥ iz an Rp~=pace

CoEmic space

s
Py
wm
as

{43 X is second countable.



CHAaFTER 2 : OTHER COUNTABILITY

FROFPERTIES

Thie chapter ie 2 continuation of the study of countability

m

properties, In recent years severxl new countability propertiss have

been introduced in topology. In this chapter we show that on CV(K) many

of them are equivalent to already well-Known properties. e show for

kle.

us

instance that C, (X} is a g-cpace if and only if it is metriz

{1. Submetrizable branch

Follawing {71, 2 =zpzace ¥ is called an E -space {respectively
El-apace) it each point in the space iz a1 G.-sef (respectively, each

noint  is  the intersection of & countable collection of closed

neighborhocadss, For T.-spaces the two notions are clearly identical,

[}
n
o
o
mn
o
(1}
s
3
T
w
[n]
3
D
~+
3
m
Y
[

alled pointwise perfect spaces, Submetrizable

o

—spaces, Motice that X is am E -spzace if and only if it

We call a2 =zpace almost o-compact i+ it contains 2 dense

g-compact subspace,

-
0
jom }
“w

3.1.1., Theorem. The following asserti

. are equivalent:

44
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{2 each point of CV(X) is a zero-set
{33 each compact subset of C (M) is Gé in O, 0K

4

(4) each countably compact subset of CVKX} is G, in Cy(h)

{3) each pseudocompact subset of EF(X) is G; in CF(X)

(a8
-
=
=
ous
"
e

G;-diagonal

7y 0,0 has

Wi

w

[ 3]

T

-3

]

I

"

23]
—+

diagonal

8y CL0x) has

w

K first countable Tl-ccmpressign

"

(9 CF(XJ has & develaopable Tl-cnmpreasion
0107 CV(K} ic submetrizable

£11) ¥ is almost o-compact.,

Proof. We only need to prove €1 3 (11> 3 ¢10) because each property in

(2)-4%9) iz weaker than submetrizable but s=tronger than being an

1) % (113 Suppose that CV(X) is an E -space. If # denctes

the zero function in C,
of cpen neighborhoods of # in EV(X) zuch that {#} = ﬁ{un: n=1,2,...%,

N in ¥ and

Then +or exch n, there are compact sets A]n 0

corresponding open sets U L0 W, in B such that # ¢ [A LY I ) I
F G op in! Yy '
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s is demse inm X, suppose on the contrary that there ii'%o in X-lUs o,

By complete regularity choose £ in CV(EI o that fix 2 =1 and f(UAn) =

{0, Then f £ un for each n, Therefore f = #, EBut this ie impossible

since fﬂxD) =1, Hepnce X =Ua_ and zo0 X is almost o-compact,

(11 3 iy Let D ='Uﬁn be % dense c-compxct subspace in X.

J

The natural map p: % — X iz almost surjective. By proposition 1.2.5

® e s - . . - . .
p Lk(ﬁ) — HLLV(HHJ: n=1,2,...% is & continuous injection., "I+ M =

"

p an(X)) then M is metrizable and p*: Ckiﬁ) — M is a bijection. Thus

\

C.,i¥) iz submetrizable.

The equivalence of <2y, {103, and (11} were estaklizhed in

£401.

3.1.2. Corollarv., If X ie a2 locally compact paracompact

space, then CV(ﬁI iz metrizable whenever it is an E -=

ow
3
0
m
o

Frect. Suppose that CF(X) i an E--space. Since ¥ is locally compact

"

paracampact then X = #{A 1 « & I} where each AU iz hemicompact and
‘ot .

focally compact, Therefore, CV(X) = H{Ck(ﬁwb: o € T}, This product is

an E -space only for x countable I'. MNow, sach Co{A 3 iz metrizable and
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W
(s
D]
mn
3
[ J

trizable being a countable product of metrizable spaces,

In the next few pages we study subspaces of C () which are

Gé-sets in F,0<).  The following theorem of [43] provides a necessary

condition for CviX) to contain such <et

w

3.1.3., Theorem. I+ C, iX) contains a non-empty G, subset of

; ¥ O
b a

and & discret

.
n
c
3
[x}
-+
Py
=]

]
[l
[x]
3

=
o
[n]
o+
"

-
o
(]
Qo]

i

FK(X) then X is a topologics

space,

Proot., Let W = nwn be & non-empty Gé~subget of FF(X) where Mn is open in
o _ {

FV(X) for each n, and W £ CV(X). Let f ¢ W, For e&axch n, there are

compact sets ﬁl ,...,ﬁk n in ¥ and bounded open intzruals W ,...,UV "
n

yl n

in B such that + ¢ [ﬁln’vln}F f1...0 [Aknn’uknnJF < Nn. Let AL = Aln

EERRL T for each n. Put A = WUA  and B = X-A., Then A iz s-compact
n i

and, as shown in (48], B is clcsed and discrete, Therefore X =& & E.

3.1.4, Corcllary., If CV(X) cantains & non-empty G, subset of
i, Q

ch> contains a non-empty G
' &

2.1.5, Corollarv, If C subset of

a——————
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FVQK} then X i< Lindelof if and only if X is c-compact.

.

lecally compact? whenever CV£X) contxins a non-empty open subset of

Fietxo.

lde use theorem Z.1.3 to establish the next result which is
ecsentially in [461. This theorem should be compared with thecrem
31,1,

»

2.1.4. Thecrem. The following ar

o
g

quivalent:

1) Each pseudccompact subset of CViX) is G, in FV(K)

©2) each countably compact subset of C,0G0 is Gy in Fyiﬁ)
{2) each compact subset of CV(K) is GS in FP(K)

o
hd
o
(]
-

point of CK(K) is Gg in FV(K)

(3 X is o-compact.

Froof. 1) 3 (2) = (3 3 (4, clear, 4y 3 (53): Suppose that each

point of CV(K) is G; in Fy(x). By theorem 2.1.2 X =& & B where A is
f (=] .

mw
(=8
"n
[}
=
Ld
ol
bd

c-compact and B is Mty CV(X) is homeomorphic to Cyiﬁ) ¥

m

C.iBY, By theaorem 32.1.1 C 6¥) is submetrizable. Therefore C (B) |
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submetrizable, Since B is discrets CkiB) ie homeomorphic to mB, But

iz submetrizable only when B is countable. Theretore X = & & B where

’

A and B are both c-compact. Thus X is oc-compact.

{3 3 {1): Suppose ¥ is o-compact with X = Uén where exch A

n
n

iz compact and én 2 An+1 for each n. Let K be a2 pzeudocompxct subszspace

[n]

~+

(]
=~

(¥, Since CkiX) is submetrizable, then X is compact, Mext, let f

- . f e ) NS S L
£ K andn £ M, IFf x £ An, let Yif n,xd = ﬂka)-ﬁ,ka)+%). By continuity

of £, for each 2 £ An there is a closed subcet Al+,n,x) of én which is &

(2]
R

neighborhood of ¥ in An such that FiAdf,n,x2r € Mif,nexd,

compactness of ﬁn, choose +inite subset Sdf,m2 of én such that An <

At myxdr x

m

SCfandi, Fut Wif,ny = ﬂ{[A(f,n,xb,Uff,n,x)JF: X

Ty

Sif,nit,  Then WCf,nY is a basic open set in FV(ﬁ). Mow let n be in M.

Since K ie compact, there is 2 finmite cubset K_ of W zuch that K < U

-
il

Wity + £ Kn}, Mow, put wn = INLf,nr:s £ € K_Y, Thern &y a

straightforward argument one shows that K = ﬂNn.
’ n

1.7, Corcllary, If X haz no isolated point, then DyEX)

contains & non-empty Gg subset of Fk(%) it and only if

hd

ach point of

in F

sag
§ Hkﬂ).

L]
e
>
n
[ry]
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The question of which countably compact subspaces in C_{(X) are

By

compact was studied by Grothendieck [32]. {see also Pryce [S71,

b

Arhangelskii [41). For CV(X) we have the following two recsults,

3.1.2. Theorem. If ¥ iz almost s-compact and K is a subspace

of CR(X}, then the fcllowing are equivalent:

(1> X ie compact
{2y K is zequentially compact
(2 K is countably compact

{4) K is pseudoccompact.

Froof. By theorem 3.1.1 Ck(E) iz submetrizahble,. Since submetrizable

Trchonof+ pseudocompact spaces are metrizable hence compact, then

clearly o4 3 (1, The other implications are trivial.

2.1.9. Theorem. Let ¥ ke z Ap-space and K & closed subspace

of C.{X>. Then the following are equivalent:

e
-

=

i

compact

(2 K is zequentially compact
{3) K iz countably compsact

14) ¥ iz pseudocompact.

Proct. Again we only need (4) 3 (1):  Since ¥ ic a Kp-space, then the
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mn
3
D ad
”n
[n]

unifermity of uniform convergence on compact + X iz complete in

Cn
-
b
[
D
3
)
o

C ) (see [441).  Therefore, £ i= Dieudonne compiate in

of [28].  Mow, 2 closed peeudoccompact subspace of = Dieudanne complete

space is compact,

lWe now turn to subcosmic spaces (i.e. spaces with cosmic

compressionsy or  equivalently: spacese  with separable  metrizabl

"

coempressions) and axlmost cosmic spaces (i.e. spaces with demse cosmic

subspaces?.

2.1.10, Thecorem, Cy(X) i= a subcosmic space if and only if X

iz almost o-compact and Knwix) { 27,

Frocf. Suppose that EV(X) is subcosmic., By theorem 2.1.3

submetrizable and 1CEX31 £ 2%, It then follows that X iz almost

g-compact iby theorem 2.1.10and ki) = nwi{C, (X3 § 27,

"\

Conversely suppose that X is almost s-compact with kKow(X) §
-

2, Then C,0%) ie submetrizable and diCL ) { mwiC,0X0) = knwix) § 2V,

By thecrem Z.1.3, Cin} hae & separable metrizable compreszicon,

)

A1, Corcllary, 1+ X ie separable  then CPEX) has 3

separable metrizable compressicon.
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Proocf., I+ X i=s sepaxrable then it is almost o-compact and, az pointed out

A

before, KrwiXd { wiXd £ 27,

Almost  cosmic fumctiom  spaces canm be  characterized as
tol lows,
2.1.12., Theorem, iz z2lmost coszmic i+ and anly if is

subcosmic.

Froot. Suppose Ey<X) almost coemic and let D be x dense cosmic subset

L]
—

CP(X). EV(X) iz separxble because D iz a dense ceparable cubset of
C, ¥y, By theorem 2.1.3 X has a separable metrizable compression,
Conversely, let ¥ be subcosmic with z separzble metrizable

compression M. If §: X — M iz 3 continucus bijection, then +7: ELiP) —

CPiX) ie almost zupjective and f’(CV{M?? iz a dense cosmic cubset- of

Im fact, this prooct revexls more than is stated,

2.1.13, Corollary. The following are equivalent:
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14) X has an Xy-space compressian

(3 X has

a separable metrizable compression.,

rable and

i
m
]
m
as

2.1.14, Corollary. If ¥ is cosmic then Cpiﬁ) i

subcosmic.,

Im theorem 2.1.1 we proved that ¥ is almecst c-compact if and

.

only if CV\A} is submetrizzble., e want now to present the dual result,

e need a Temma.

2.1.1%5. Lemmz. Let X be & K-space. Then the map e: X —

CP(CK(K)) defined by elxl = & 1 Cyixb — R with = _¢f) =

S

in EFiX) and each % in ¥ is a continuous injecticon.

Frocf. The function e iz clearly an injection, To show continuity, let 4

be compxct in CV(X) and Y open in R, ke must show that e_lt[ﬂ,U}} iz

-

Ty

open in X. So, let xg e-l([a,U]). Then eixU) = e, £ (Q,M]. Mow, if

e Q then e () = flxgd € U Therefore £ & [{xgi, M1, This iz true

for each + in 4, Therefore Q £ [{xo},U].
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4" is open in X (see lemma 7.2 of [4710., Moreower x, & a*, It remains
to show that aQ° c e—l([ﬂ,V]). So, let x ¢ 47, To see that e £ [4,M],
et # € d, Then f{x) = &_of) € U by definition of @7, Since this holds

A

for ezch £ in A then clearly e € [Q,Y]. Consequently =, € a4 &

A

-1 -
e “([AM1Y; meaning  that e I{EO,U]) is open  in XK. Thuz & =

centinuous,
In fact it can be shown that ¢ iz 2 closed embedding.

3.1.148, Theorem (04032, Let ¥ be a kK-zpace. Then

aimost s-compact if and only if X is submetrizable,

Froof. Suppose that C (X is zlmost o-compact. Ev theorem 3.1.1
Cyitkiﬁbﬁ is submetrizable, Since X {3 3 K-zpace, by lemmzx 3.1.13 e

— (ﬁK{K)) i= a continuous injecticon of ¥ into a submetrizable space.

Convercely suppese that ¥ iz submetrizable and let M be &

metrizable comprecszion for ¥ and f: ¥ — M =z continucus bijection. Then
SE o, . . . . S A
£ uyaH) — C, (X2 is almost zurjective. Therefore, it iz sufficient to

show that EkiM) iz almost o-compact., For each n, let B be 3 locxlly

tinite open refinement of Un = {Béx,%}: ¥ € MY where Bl{x,=) iz the open
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ball about x of radius %. Let F_ be a partition of unity subordinated

Mt
to R_. Then each F_ iz a subset of CyiMd. If F' = F_ L {1} where 1 is
m i K r n
the conztant function mapping M onto 1, define F; = er1-+7---+y: k& M

with ¥ £ n, r real number such that Irl ¢ 1, and ¥1,...,Fy £ F

*

F n

3 .
\ \

¥ and put F; = Cfl LA fy: K € Mwith ¥ £ n and ¥1,...,fp

n
Let F = UFn. Then, using the =stone-Weierstracs theorem cone can show
n

izee theorem 3 of [40]1) that F iz dence in CF(M). Moreaver Fn

W

compact in EV(M) for each n, Therefore, CK(M) iz almost o-compact,

3

We muet point ocut that the hrpothesis that X be 3 K-space in
theorem 3.1.1& cannot be remcowved. Indeed, let ¥ be the Fortisszimo
space defined in the remark following ceorcllary 2.3.2, Corson [Z201

showed that CkiX) ie almost o-compact., Since O is not G, in X clearly X

is not submetrizable, X is not x K-space of course.

The dual result of thecrem 3.1.10 holde for a K-space X,

2.1.,17 Theorem. I+ X iz & Kk-zpace, then CP(X) iz xlmost

eparable

ui

g-compact and knw(EM(X)) & 2 it and only if X has &

metrizable compressicon.
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»

Procf. Sufficiency follows From  theorem 2.1.3  and  the previous

inequalities. For necessity, assume Ey(X) almoset  o-compact  with

P NS -
KnwiC, 300 ¢ 2%, Then knw(X) = rw{ C,,

o wrn [ . .
(X)) = k(X2 ¢ 2¥ and, ¥ is

submetrizable by theorem 3.1.148. That X haz a ceparable metrizable

compressicn follows from theorem Z.1.3 since diX) { krw(XD,
The procf of the next result follows from previcus theorems,

3.1.18. Theorem. Cy{x} is a separable subcosmic space if and

anly if X is a separable subcosmic space.

We now turn to o-spaces and Z-spaces. Following MNagami [5

)
[ )

o
n
)
w
o
U1
o
=
i
(W
"
n
el
o
-
0]
(]
(]
—
—
L
M
(e ad
0
3

3 space X is & fztraongd Z-zpace if ther

"

¥, and x cover ¢ of X by closed countably compact {compact) zetsz, zuch

that, whenever C £ C and C < U with U open, then © S F € U for some F £

converse fail

Every strong Z-spac

)
[
(]
g
w
=
7
L
b1
1
m
=)
s
=i
u
—
o
T

—+
"
[y
r
"
T
-
"
™
[u]

But any property that makes countably compac mpact will make

& Z-space a strong E-zpace, .

~+
[n]
—
[}
=
o}
Jul
-
T
n
[
—
-
i

Mow, as properties on Cin) we have the

2.1.1%.  Thecrem. If ¥ iz & KF-space then

E-space if and only if C 4X) is a I-space.
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k@—space, by theorem
compact, Thered

only if it is a strong EZ-space.

2.1.20. Theorem. If ¥

are equivalent:

¢

‘1 CK(K) is

L2 CV(X) ie a strong Z-space
{3y CLiX) is & E-space,

kx.

countably

3.1.% suery

ore, CV(X) is & it and

g-compact then the following

Froof., We only need (3) 3 123 Since ¥ iz almost o-compact, Cpiﬁb has
G,;-diagonal (thecrem 3.1.1). Mow, & G -diagonal I-space is 1 o-space

(L1510,

3.1.21,  Theorsm. If CF(A, is
then X is almost o-compact.,
Proof., Let @ = {f ¢ CF(X): f iz not G;
hereditarily strong Z-space then each zub

by lemma 2.8 of [11).  Now, i+ C.00 =

hence contradicting the definition of Q.

™

a hereditarily strong Z-space
in CkiK)}. Since CK(K) iz a
zet of Q1 ig an Fg-set in Cka)

a then CV(%) i

Consequently there
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EF(X)-Q. But then + ic Gi in CK(X). By homogeneity of Cpiﬁb gach point

l—.

‘F(X) iz G, in C.(X). Therefore Ein) iz an E.-space and so X is

"
w

3.1.22, Theorem, Cin) is a o-space it and oniy i+ CKiK) iz

hereditarily strong Z-space,

frocf. Thise follows from theorems 3.1.20 and Z2.1.21,

We conclude this section with the fcllowing thecorem which puts
together many properties, The hypothesis of metrizability in this
thearem cannot be weakened to first countability as the Scorgenfrey line

ie a counterexample.

2.1.23. Thecrem. I+ X is metrizable then the following are

equivalent:

{10 EH(X} is an Rp-epace

{20 CK(E) is an X-space

') CK{X) is & o-space

N EVVX\ is a perfect space
= £pux\ is an ED-space

L&) Lyk?) ie a subcoemic space

ble

.
m
n
g
e
o
ey
w
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(8) ¥ iz cosmic

2. Countable type branch

Under “countable type branch” we group the main topological
properties between first coumtability and Michzel’s g-spaces. e show
that every g-space function space is metrizable, MWe need the follaowing
definitions.

& subset § of x topological space X is szaid to have countable
character in X if there iz a sequence {Nn: n € H: of open subsste of X

b

such that § £ Nn for each n and, if W is any open set in X containing S

-

then un Cl for some n.

in
n

space of countable type <0210 i+ and only if ezach

m
[w}
[
pun}
0 &
s
[ng
—
T
(]
=5
o
5
o0
()
—
0d
-3
3

compact set in X is contained in a compact set of
¥, If egach point is contained in & compact set of countable character we

f pointfwise? countable twpe (L0310, e have that

"
o0
—~
-
o
—~
hs
m
o
w
]
w
N
hd
0

first countable implies countable twpe.

¥ ie a p-space ti.e, plumed or feathered spaced i+ there is in

h compactification of ¥) a sequence fU_: n € MY of open

W
e
—+
-
T
"w
~+
[}
2
g
i
)
B0
(]

covers of X such that for any = in X, the set Nistix, WL > 1 n=1,2,...%

iz contzined in X, Thiz concept iz due to AN, &rhangslskii. Everr

metrizable space is & p-space.
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X is an r-zpace (04713 if each point of X has & sequence {Un:
n & My of neighborhoods with the property that if £, £ Un for each n
then the zet {xn: n=1,2,...% iz contained in a compact subset of X, We
have the follawing implications: point countable type implies r-space
implies gq-space.

X is an M-space <[5031) if there are x metrizable space ¥ and a
surjective guasi-perfect map (i.2. a continucus closed map in which
inverse images of points are countably compact) +rom X onto Y. Ewvery
metrizable epace iz an M-space and the class of g-spxces contains the
M-zpaces. Mote that M-zpace implies Z-space. Arhangelskii has zhown
that in the «class of paracompact spaces the concepts of g-space,

M-cpace, p-cpace and point countable type

The proot of the next lemma is

are equivalent,

<,

traightforward.

3.2.1. Lemmsz. Let ¥ be 3 regular space, D 3 dense subset of X
and & & compact subset of D,  Then & has countable character in D 04
and only if & ie of countable character in X,

2.2.2., Theorem. CkfX) iz a space of point countable trpe if

z followe from the zbove lemma

and the homogeneity of
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3.2.3, Thecrem. The following are =quivalent:

47 CR{X) is & p-zpace
Xy iz of point countable type
Iy LV{X} iz of countable trpe

(7Y C.(X) iz metrizable

[wa]

ot
2,
[

hemicompact,

Frocof. Since propertiss (12-(2) are a1l wezaker than metrizability but
R

=tronger than being & q-space, we only need to prove that 1) = (8

zero function of

g
m
[ o]
—
-+
e )
(O]
e
=
o

Suppose that EV(X) iz & g-sp

then by detfinmition there is = szequence {Mriﬁ): o= 1,2,...F of

neighborhoads of & such that if f & W 0#) for each n then 4F 1 n =

g
—+
n

Mow, +or each n theres are compact =

1

1n""’AP n in X and corresponding open sets Moo, M in [ =uch
‘n

at & & (AW Moot L8 S SR Y
that & £ CHIn,van NaeN [Hknn,vknn. & W, (8] L Ay

for each n. To see that ¥ = Uén, let %, € X-UAr. Bv complete regularity
n
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- s

define +_ inm C_ %X} =uch that § (x_ = n and f_ (A » = {0 for each n.
m k nooo non

Since each f_ ¢ W <8y then by above f ¢ n=1,2,...% clusters in C_0X),
n fi n e K

But this is impossible as § ¢z 2 =n for all n., Therefore ¥ = Us_ and

s by thecrem 3.1.1 Ckiﬁ) is an El-zpace. Mow, a0 El—epace that i=s a

g-space is first countable ([&03)., The conclusion that X iz hemicompact

follows from theorem 2.2.1.

For locally M-spaces (i,e. spaces in which each point has &

neighborhood that is an M-subspace) we have the following.

3.2.4, Theorem. The following statements are equivalent:

01 Cin) is paracompact and locally M

[
D]
SR

iz submetrizable and locally M

Froof, 733 2 ¢2) and 43 3 1)1 are clear. 13 = ¢323: Thizs folloys from

paracompact locally M-spaces are

-
o
hd
[m]
3
)
3
)
[
L)
pQ
pa}
(w8
L
o
hd
-+,
o
[}
~+
L o
-
o
~

)

M-zpaces (L3712, (22 3 ({3 Let W be an M-subspace that is

L
(2]
0 g
el
D]
.
c
3
]
-+
[N
3

neighborhood of th # of the submetrizable space C, (XD,

Then W is =z submetrizable M-zpace. By theorem S.1.32  of 13 B iz

metrizable, It then followe that CV(X) iz locally metrizabkle at #, By

izable euervuhers, Bw theorem 2.1.1

’
s
3
T
O
-
2]
e

homogeneity it is locs

g
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CHAPTER 4 @0 FRECHET FUNRCTION SPACES

We characterize the Frechet property on C 0X0.  In the first

section we study the countable tightness of CViX?. Faor further results

zee [43] and [311. Let we recall that =z space X i Fr;chet

"

{respectively, has countable tightness? if and only i+ for each point x

in X and A € ¥ with x £ A there is a sequence {xn}n < A such that {;n}n
converges to x  (respectively, x € fxn: n=1,2,...%. X ois 1

strict-Frechet (i.e. w-space in the sense of [23]) space if for each

pocint = and any seguence of subsets {Qn: n=1,2,,..% in X with € An
tor each n there exiszts a sequence of points {Kn}n in ¥ such that LS
An for each n and {xn}n converges to x, ¥ is strong-Frechet (i,e.

countably bi-sequential in the zence of [481) if for each ¥ in X and any

decreasing sequences of subsets {An: no= 1,2,...% in X with z £ A tor
211 n there is Ky € An such that {xn}n converges to x,

lde have the following implicaticons: First-countable implies

w-zpace implies countably bi-sequentixl implies Frechet impliss
zequential implies K-space. Spacese of point-countzble fype  are
K-cpaces, We must mention that hereditarily separable spaces are of

countable tightness,

64
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1. Countable tightnecss

I+ W is a cover for ¥, we say that W is a c-cover of X if sach
compact subset in X is contained im at least one member of W, It is
cltear that for & space ¥ to be compxct it is necessary and sufficient
that every open c-cover of X contain a finite open c-subcover. c-covers
i

are crucial in characterizing countable tightness of CyiK).

4.1.1. Theorem. CHEK) hxs countable tightness if and only if

gvery open c-cover of X has 3 countable cpen c-subcover.,

oT
-
et

Proof. Suppose that CV(X? has countable tightness. Let W= {U : «

\ L

(1]
o
(a1}
or

be an open c-cover for ¥.  For each compact K in X there is 8y € T

that K 2 U . By complete regularity of X there iz f ko€ CV(X) such
- }(: ~ -

S . 1
that fr.,kf.' Ho— [F‘,nl, £

Pt
o
(W
-+
P
s
1
-
I
=
—+
]
=4
o
s
[y}
=
3

and gach K compact in X, Let Q4 = {f ¢ K is compact in X and n £ M},

1+ # is the zero Function in C () let <8,K°,%¥ be zxny baszic

. 1
neighborhood of & in CL 04, Since £:0, choose n € M zo that % L8,

Then Fn ge € “B,K7 8%, This means that & ¢ . By countable tightness
K

exist yaMoseesyNpyens in M and corresponding compxct zets

K seest, Let V= {U o=

1 !K‘;.,l e ,Ki‘:” s . ]rl ’(s |!~.'i th H = Cfl‘llk, . ’Frl-',kz. ':.H

<
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1,2,...3, Then V is a countable subcover of W, It remzins to chow that
¥ iz a c-cover, So, let K be any compact zet in X, Since [K,{-1,121 is

oo

an apen neighborbood of 4 in ¢kkﬁ) and # € H, there is xn i € M such

that £ [K,e=-1,123 N H. MNow, toc see that K S U, , suppose on the
nl,;‘{l l_{K

contrary that there is Xp € K-, . Then by definition of f K, we
LK

must have {ni,Ki{xG) = n, 3 1. But thie contradicts the fact that

fni,K. € [K,{-1,12] with Xy € K. Consequently K £ Uﬁy .

i
Conversely suppose that every open c-cover of ¥ has a

countable open c-subcover. lJe must show that CV(X} has countable

tightnes=z, FBeczause of homogeneity of Ck(ﬁ> we localize the problem at

the zero function #, So, let 4 < CViX) such that # ¢ . e must find H

countable zo that H © @ and & ¢ H. For each n € M and each compact K in

- 1
¥ we have # € 4N [K,(-%,—?]. Therefore there is f_ . € 4N EK,(-%,%)}.

Mow, let Win,K) = {x ¢ X3 IS (x4 %}. Then each Win KY iz cpen in X
and, for each n, the collection Mn = {Win,KY: K iz compact in X¥ iz an
open c-cover of X. By hypothesis thers is Vo= in Ko0s i =1,2,...7

3 c-subcover of Mn for each

3
.
mn
[y
~+
x©
I
.
4,
>
it}
T
=
-
-—
-+
"

straightforward to check that # £ H.
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4.1.2. Corgllary. If C <X) has countable tightness then PN

Lindelaf for each n £ M.

4.,1.3. Corollary. Let ¥ be locally compact. Then CVQX} has

countable tightness i+ and cnly if EFiX) is metrizable.

"

7

4.1.4, Corollary. If ¥ is & c-space and CV£X) has countable

tightness then X is cosmic.

Since cosmic N-spaces are Rp-spaces,

Ol
or
B
3
o
24
-+

corollary iz &

consequence of corcllary 4.1.4,

4.1.3. Corcllary, Let ¥ be an p-space. Then CkCX) has

countable tightness if and only if X is an Ny-space,

The conwerse to coraoll;

us

r+ 4,1.4 is= not true in general.,
Indeed example 1S of [43) gives x countable thence cosmic) space X whose

CpiX) does not have countable tightness, Theorem 4.1.1 appears in [44]

far Cp(X}.

2. The Fréchet praperty
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FPvtkeew announ

tollowing: ¥y is a k-space if

untortunate that we are unable

machinery in [30] the problem can

is

countable tightness whenever it

However we can prove the

.1. Theorem. The fall

1) Eka) i & wW-space

L2 CV€X) is countably bi-zequenti
s

(3 L {X) is Frechet

Cy

ced that he haz =z procf of the
and anly if C,04) is Frechet. It is
te prove thiz result. Using the
be reduced to showing that CLO00 has

-cpace.

following.

owing assertions are equivalent:

al

{4) For svery sequence {un: n=1,2,...% of open c-covers of X there iz
A z&quencs {Un: n=1,2,...% of open subsets of ¥ such that Un £ un for
gach n and, if K iz any compact set in X, there iz M & M such that K £
Un for o all no 3 M.

Froof., ¢1) 3 €2y % ¢2): abvicuz. <43 % (1):  Supposze that (4 iz true,
To zee that Ck{ﬁ* is a w-space, let # dencte the zerc function in Ckié).
Let {Fm im € WY ke a sequence of subsets of Ckfﬁ} such that & ¢ ?m for
gexch m, e must show that there is fm £ Fm for each m with {fm}m
converging to #, First fix m £ M and let 4 = {QI,AB,...,AH} be a finite
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collection of compact setz in X, Since # € F_ there iz f

'

AITL T we put WM, = fx € X 1F o0x]

-

P B T ot
[!"'1 ,'\‘r—n,r-ﬂ.:‘} e [l-\ik,'\"

=

Y then Wim,Q) is open in X and the ccollection Hﬁ = {Wim,M: A is =2

s

tinite collection of compact sets inm XY iz an cpen c-cover of X, This
is true for each m € M. Naow {Hh: m= 1,2,...% ie & sequence of open

c-covers of X. By hypothesic there is Mm = Aim,ﬂm) £ Hh for each m such

w

that i+ K is compact in X then for scome M we have K 2 Mm for all m 3 M,

; F 3 g Fo= f . 3 . o See at {f_ 3
Now, for each m, let +m +m’qﬂ Then fm € Fm To see tha 15 5

converges tao &, let W = [AI,UII M., £Ak,uk] be & basic open set

containing # in CV(X). First there ic an m € M such that

for each 1 = 1,2,...,kK. Bv above there iz M ¢ MW zuch that for 211 m 3

M, Al 1 QE ooy Ay < Nm = me,am). But, ifm 3 M and x £ Ai far 1§ i

"

$ K then x € W= Wm0 ) so that 1§ GO0 < Lo Therefore o ¢ -1 Ly
2 Ui. Since this is true for =ach x £ Ai, it follaows that {m £ Eﬁi.uil

for each 1 & i £ k., Consequently fm £, Th

hd
-1
m
~+.
[w]
=
()
-+,

‘m converges io
&,
(3r 3 09 Suppose that EV(K) is Frechet and let L ino=

3 s

1,2,...Y be x sequence of open c-covers of ¥, Define a new szqu

T

nce
M enm=1,2,...% as follows: let Hl = ui and for gach n*l let Mn be an

apen c-cowver of X refining both Hn—l and un. Mow, for zach n € M and
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et Win,A) € M' be zuch that & € Win,AY., Since
LKRY =
atH

ch compact zet & in X,
iz Tw F+ the is f_ 4
is Trchonoff there i *n,ﬁ
= { At £
“Frl,l'-‘( N 3

Yoz NG N
and +nsﬁ (=l A2 ]

y 1ot W= [Al,ull e oWl £ﬁk,uﬁ4 be & basi
Choose

i

-

X¥, To zee that # ¢
Fut A = Al iJ ﬁg U, ﬁk.
¢

neighborhood of # in CV{K).

£ 0 4 k. F LA -efore f_
£ { Kk Then +n,H A Theretore +n,A
Since

for each
Wi meaning that ¢ £ F.

that L ¢ v,
[éi,ui] for exch ! & i & K. Thus fn,A £
Cki%? is Fr;chet there are sequences '-Zni}i S M and {ﬁi}i where 2ach &,
{fn.,g.}‘ converqes to #,
refines W, for

in X such that
P

iz compact
*1, we know that Hn.
‘o
3

let in = If ny
u
zych that Win. A
o o

Theretore there s Hi £ M

gach | = 1,2,..,0n. -1,
ig
S W.. Then put U = Win, A 2. Now, Tet 61 be the first i such that
I 0 1 I
= +1,...,ni -1, let . ¢ Hi such
1

Y. Keep defining the

n. *m. .
't 'a
that Win, A, 2 € W., Then put W =
i iy i n i
1 H t 1
s above.
. }i Converges

L “z inductively &
in X, Since {f “
M. "Hi
» M.

d
Mow, let A& be any compact set
for =11

[, (=1,1)]

£

|,Hi

to #, there is= W € M zuch that {n.

If
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3
—+
r
o
pouc]
—+,
Q

i rosome po» M we have n. O 4 m . Since n. . M,
M B ud +1

by abowe f & £ [Aai-1,121, It then Follows that A& €
i Ll
ptl 'P*l

Ld'ini ,Ai y 2 ui. Now, for each n, let Un € W be such that Mr c Un.
ptl p+l ‘

.
I
[

Then by above for any compact set A in X there iz an Ng ¢ M =so that

Url for all m 3 NA' Therefore, {Un: n=1,2,...% is the right sequence

and so, ©4) ie satisfied,

For 2 gq-epace X we have & nicer property on X for CP(X) to be

Frechet.

4.

(]

.2. Theorem. Let X be & g-space. Then CV(X) ic Frechet if

and only if X is & hemicompact K-space.

Froot. If X ie hemicompact then C,(¥) is metrizable (by theorem 2.2.13

v

e

hence Frechet,

For the converse zssume that CV(X) is Frechet. By corcllary

4.1.2 X ie Lindelcf., Mow, a Lindelf g-space i of point countable twpe

- VAN

and o, X is a K-space. Next, let CK(X,I) = {f € Cixdy ¢ F(X € [0,11%,

/
Then CV(X,I) ie a subspace of EV(X). Since CV(X) ie Frechet then so is

CP(X,I). Mow, for 2 paracompact space of point countable type X,
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2,

C.i¥,1y is & K-zpace if and only if ¥ = A & B where & is a discrete

cspace xnd B a locally compact Lindeldf space {see [49] p. 305). Since
locally compact Lindelof spaces are hemicompact ¢see propesition 1.4.10

then Ck(B) ic metrizable. 0On the other hand, & is discrete and Lindelaf

{hecause ¥ iz Lindelafr and =o mu

[1{]

t be x countable space. This implies

.
that Cyfﬁ) which is homeomorphic to Rﬁ, ie in fact x metrizable space.

-

Mow, ¥ = A % B implisgs that Ck(x) is homecmorphic to Cpiﬁh X CV(Bi {sew

proposition 1,2.12) which is metrizable by above. That ¥ iz hemicompact

follaws from theorem 2.2.1.

4
4.2.3. Corollary., If C_ ¢X) is Frechet then every closzed
—_— K

g-subset of ¥ iz & hemicompact K-spxce,

;

Progf., Let S be a closed subset of X that is a gq-subspace. If it S — X

iz the inclusion map them (¥ being LindelZf, hence normaly by corollary

. - . i F C ame . . -
1.2.,12 the induced map i : inﬂ> — L, 030 0= an open surjection., Since

"

"
pl
o
[p]
Qe
Lxn]

Fr;chet i preserved by open maps then CM(S) is a Fréchet

thecrem 4.2.2 S must be a hemicompact K-space,

4.2.4, Theorem. The following are equivalent:

ts
1 Cin) is & Frechet x-space
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{22 CV€X) is & Frechet space with 2 point-countable kK-network

{33 ¥ is hemicompact.

yi 1§ C_(¥) is Frechet with &

(2]

Proct. 1) = 2) is clear, (2) 3
point-countable K-network, by - thecrem 4.2.1 ikkA) i= countably

bi-zequential, But 3 regular countabkly bi-K space tthis is wesxker than
countably bi-=equential? with a2 point-countable kE-network has a point

countable base (see corollary 3.8 of [341). The recult follows from

theorem 2.2.1. 3 = {12 This is obvicus.

4,2.9. Corollaryv. CV{X) is & Frechet ¥,-space if and only if

¥ is & hemicompact Np-space.

4,2.8. Corcllary., If CV(KD iz Frechet then every closed

xK-csubszet of ¥ is a hemicompact X.-cspace.
@

Proct., Let 5 be z closed subset of X, Since CF(X) iz Fréchet then ¥ i<

Lindelaf by corollary 4.1.2. Therefore S iz LindelSf., MNow, if € iz in

X-space then it becomes an Rp-epace so that CV(S) is an Ry-space. As in

2 |4

result then follows from corollary 4,2.9.
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4,2.7. Corcllary. Let ¥ be an X-zpace. Then CV‘VJ is Frechet

'.J
-+
—
nl
v

pou
3¢

e «close this chapter with =3 characterizati

function spaces. By 2 Lasnew space we mean x continuous closed image of

% metrizable space. Mote that every Lasnev space is Frechet. Metric

(14

paces are of course Lasznevw, For function spaces we have the next

gsult,

-

4,2.8, Theorem. Din) iz & Lasney space if and only if X is
hemicompact.

Proot., Since sufficiency is clear we only prove necessity., I+ Eyiﬁ) is

Lasney then it is Frechet, hence countably bi-sequential. & countably

bi-sequential Lasnev zpace is metrizable (see corollary .10 in [42]13,



CHAaPTER S @: COMPLETENESS FROFERTIES

In [3%] it was shown that CP(K) is completely metrizable i4

.
and only if it is Cech-complete. Herein, we prove 3 similar result an

CkiX). We discuss some necessary conditions for CVCX) to be Baire.

Using a3 theorem of Anderson-Kadec tsee [131) we describe the “"geometry"
of Polish function spaces.
By a2 Policsh space we mean x separable completely metrizable

space. A Tychonoff cpace that is a G,-subset of any Hausdorff zpace in

which it is densely embedded is called a Cech-complete =pace.

one that has =z dense Cec

hdg
—_
Q
3
=
JU
—
1]
{
[l
[m g
w
R =]
o
(a}
D

We have the following
implications: Folish implies completely metrizable implies

Cech-complete implies Sieve-complete implies almost Cech-complete,

N

A property weaker than almost Cech-completenessz is that of
pseudocompletenecs introduced in (1), A space X iz pseudocomplete if it

admits & sequencs CEn:n = 1,2,...% of mw-bases such that if Bn £ B_ and

é < B for each n, then ﬂEirl * d, ¥ iz called a Baire space

-
]
"w
o
D
N
~
o
—
-
o
"
J1

pace of second category in itself) if and only if the

intersection of any countzble collection of open dense subsets of X is

75
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denze (respectively is non—empty) in x. Clearly then every Baire space
i of second category in itself. For homogeneous spaces such as C OO

far Cp£X}) the two concepts are equivalent. Mote that peeudocomplete

spaces are Baire. It is well Kknown that Rx iz pseudocomplete. For

FkﬁX) the cituation is similar.

n

1. Lemma ([4&1). Fkix) ie a peseudocomplete space,

Froct. Let B be the standard base for Fk(k) as described in chapter one.

For gach n, let B_ £ B with B C B . We claim that NB. 2 @, To se=
! n n+l mi n N

thi et w € X, efine M _(x) = NL VMV €A - each i=1,2,...,Kk 12

this, let € Detin qhx N i £ A for each i=1,2, ,kn

where Ani ic compact im ¥ for each i and uni i= a bounded open interval

in R such that Bn = [ﬁnl’uni]F N.en [énkn’unkn]F' It is clear that

U ix)y ¢ & for each n. Morecover v (x» SN {x) for %11 n. Since the
n v n+l n

Un(x}’s xre bounded, then ﬂunix) @, Pick ¥y € ﬁunix). Define fixy =
n i

v. Then F:¥ — [E defined this way i

1]

clearly well-defined, £ £ FV(K}

and, by construction, £ € NB . Thus ne, # a4,

n N
How, for each n, let Eq = I, Then {En:n=1,2,...} iz the
required sequence of w-baces for pseudocompletensss,
lde uce lemma S.! to prove the next theorem which iz the
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analogue of theorem 1 of [Z5].

S

.2, Theorem. I+ CkiM) contains x dense G,.-subsst of FK(X)

then ¥ is a km-space.

Procf., Let D be z dense G, -subset of Fk(x) such that D = Ckix}. Suppocse

that X is not = KF—apace. Let § ¢ FVQX) be such that {lﬁ iz continucus
for each compact set A of X but f is not continuous on 311 of X, Define

?:FV(X) — FV(X) by ¥{g) = ++g9 for all g ¢ FV(Xﬁ. Then ¥ is a

homeomorphism. Sinc

L d

¢ CViX), ?(CV(X)} N CV(X) = @, Since ¥{D) is a
dence Gé-subset of FV<X) in %iCV(X)) then ¥{D)» and D are two disjoint
o

dense Gﬁ-subsets of the Baire szpace Fkkﬂ). This i= imposcible.

Therefore ¥ must be a km-space.

Z.3. Theorem. The following are equivalent:

almost éech-completa

(12 CV(X) i

"

- PP
Dt CL0 i

b

U]

sieve complete

3 <

(32 ﬁy(}() i

w

rech-complete

{40 CV(K) is completely metrizable

¥ is a hemicompact kK-space.
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Proof. (4)3(2)3(2)3(1): follow from the definitions. {33=2(4): supposce

that ¥ is hemicompact K-space. Let &

qin = 1y2,...% be a sequence of

compact

in

etes in X satizfring the definition of a hemicompact space. The

trivial map p: %ﬁn — ¥ which is compact-covering is in fact quotient
n

zince X is a K-space, By proposition 1.2.10, p*: CK<X) — 1 Ckién) ie a
n

clozed embedding of CP£X} into the completely metrizable space HCV(A Y.
; n K

Theretore CK(X) is completely metrizable,

D
-+
[w]
-+,

{1)=2(53): Suppoce that D is a dense éech-complete subs

uk(X). Since D is denze in FV(X) then it is a Bg-subset of FviX). By

theorem 5.2 X is a kg —-space. On the other hand, D being ﬁech-comp]ete
[R ’ =

-

is of point countable type. By theorems 2.2.2 and

wa
53

hemicompact. By proposition 1.4.3 3 hemicompact Mm-space is a K-space,

The equivalence of (4) and ©3) were cobtained by [&3] ¢ 1

w
L]
D
w

w
[n}

[1212.

5.4, Corollary. The following are equivalent:

e ———

(12 CkiX) ic a pseudocomplete o-spacse
(2D CK£X) is a pseudccomplete g-space

£3) ¥ ie a hemicompact K-space.
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Proof. ©3=2:{2): This follows from the above theorem and the definitions.

(233(12: If CK(X) is & q-space then it is metrizable by theorem

DO

-
L]

DXl

]
hence & o-space. (1)={(3): ZSuppose that CinD is & peeudocomplete

s-space. Ewery o-space that is Baire has a1 dense metrizable subset (s

"
wi
D

€

‘fan Douwen [431). Therefore, CK(X) ic metrizable (by theorem 3.2.3) and

"

pseudocomplete. But, such & space has a dense completely metrizable

subzpace fsee [11), It follows that Cy(X) is almost‘ﬁech-complete.

3.3, Prbgosition. 1 CF(X) iz Baire then every closed

Np-subset of X is hemicompact.

Proot. Let & be 3 closed xo-iubset of X. I+ i : ﬁv—a X iz the inclusion

-
I

. ¥ e R ) .
map. Then the induced map i :‘y(ﬁ) — Ckah) iz almost surjectiwve and,
i — i icy{K)) iz an open map by proposition 1.,Z.11, Since open

. CE L e .
maps preserve the Baire property, then 1 (L (X2) is a dence Baire subset
of Ckiﬁb. It followe that Dyfé) ic itcelf a Baire space. Mow, Cyiﬁ) ie
an ¥q-space, hence a c-space. By Van Douwen’s result mentioned in the

proct of (113(3) of corollary G.4, UV{A) ie metrizable. Thus A i

"m

hemicompact.

S

S.6. Corollary. Let ¥ be separable metrizable. Then Cviﬁ) iz
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Baire if and only if Cp(ﬁﬁ iz metrizable.

When ¥ is pseudocompact we can characterize the Baire property

on Ck(X) as follows,

S.7. Theorem. Let X be pseudocompact. Then Ck(X) iz Baire

it and only if X is compact.

’

Frocf. When X iz compact, Ck£X) iz completely metrizable. Conversely

suppose ¥ not compact. For each n, let Nn = I ,inyntlrleie € X3,

Then each Nn i dense and open in CV(K). Cleariy, ﬁun = #, Thus CV(K)
) n )
is not Baire.
3.8, Corollarv. I CV(X) iz Bxire then every closed

pseudocompact subset of X is compact.

5.7, Theorem «[d&]y, If CkiKJ is Baire then X iz lacallw

compact at each point at which it is locally a g-space.

Froof. Suppose that X ic lTocally a g-space at 5. Let {U :n=1,2,...3 be

a sequence of open neighborhoods of X such that Dn+1 < Un for 2ach n

with the property that if X, € Un for each n then {x_:n=1,2...% clusters
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in ¥, Suppcse that none of the U ‘s iz compact. Then, for each n, G, =

= @& suppose there is + £ Bn for each n. Then f £ [{a_},{n,n+12] where

a € U for eac . Since U U for e: e zequence {a :
3, € Ln for =ach n Since Ln+1 < Ln for each n then th equence {3 :n
= 1,2,...% must cluster in X, But this iz impossible =zince f is

the

>

continuous anmd f(a_ ' € in,n+l). Consequently ﬁBn=®. This destroy

.10, Corollary., If X iz & g-space and Cyiﬁ) ic Baire then X

ig locally compact.

We have a partial converse to corollary S.10.

S.11.  Thecorem. I+ X is a paracompact locally compact

1]
]
(V)
mn
0

then Ek(k} is pseudoccmplete {hence Bairel,

Procf, I+ X is paracompact locally compact then ¥ = &% where sach A, is

w X o
Tocally compact Lindelof. Theretore Ckia* = HLP'QH' i= peeudocamplete
[ * -
zince each Cy-éﬁ) iz completely metrizable.
S.1Z2. Corollary., If X is & paracompact g-space then the
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following are equivalent:
12 Cny) is Baire

{2) CK(X) is pseudocomplete

~~

(33 X is locally compact.

3.12., Theorem. Let X be x g-space. Then the following are
equivalent:

{1 CK(X) is & Baire space of countable tightness

(23 CK(X) ie completely metrizable

{3) ¥ is locally compact Lindelof.

Ueing corallary 5,12 we get the following result generalizing

proposition 3.5,

5.14, Proposition. If Cin) iz a EBaire szpacs then every

closed X-subset of X has & c-locally finite K-network of compact sets.

Proct. Let A be a clozed x-subset of X. I+ i + & — ¥ is as in the

prceof of proposition 3.5 then as shown there, CeCAd is Baire. MNow, by

"

Ay

Lemma 2.2 in [&13, it suffices toc show that any closed subset of & that

is & paracompact g-subset, is locally compact. Zo, let B be such a

subset of &. Then CF(B) is Baire. Since B is paracompact g-space, then

by corcllary 3.12 B ie indeed locally compact.
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-

Palizsh function spaces can be characterized as follaws.

5.15. Theorem. The following are equivalent:

{12 CK€X) containe a dencse Policsh subspace
(2D Cin) iz a Palish =space

(3) LX) is homeamorphic to RN

3 cycx) contains a densze copy of EM

{3y ¥ is a hemicompact cosmic K-space.

Proof. <1 e={2): Thi=z. follows +rom the definition and theorem S.3.
C2)&S032) RN is Palish, hence ¢333{(2), <(2)3{3) follows from the theorem

of Andercon-Kadec stating that locally convex linear Polish spaces are

~~
0
I
-~
N
._l
or
;n—'n .
o
2]
o
as
-3
n
=
o
]
(e
ra
Il
n

homeomorphic ta R,

This can be seen by putting together thecrems 5.3 and 2.4.1.

"

T4, Corollary. Let X be locally compact. Then C 030 i

Polish if and only if X is Polish.

I+ X is the space of irrational numbers with the wusual

"
tapology, then X is a2 Cech-compiete space that iz not locally compact.

X is a Policsh =pace such that CH(XD ie not Polish. Theretfore, the
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hwpothesis of local compactnecss in corollary 3.1& can not be weakened to

e

Cech-completeness,



CHAPTER & @ ANSLYTICITY

A topological space X is am analytic space f{or x souslin
space) if X ie 1 continuous image of & Folish space or, equivalently &

continucus image of the space of irraticonal numbere {with its usual
topologrt. Mote that the latter iz homecmorphic to the product space

MM. e have the following implications: Folish implies analytic
implies cosmic,

I+ ¥ is c-compact, say X = UKn where each K
n

X iz analytic if and only if each Kn iz metrizable, A quasi-K space is

cne in which the closed <2ts are precizely thosze cubsete whose
interzectione with every countably-compact subset K are clozed in K.
Clearly, k-spaces are quasi-kK. Az shown in [43], regqular g-spaces are

quasi-K spaces. In theorem £.3.2, we characterize the analyticity of

C,ux) for a2 quasi-K space ¥, But firet of 11 we need the concept of &

1. Borel structures
Let X be & non-empty zet, A EBorel structure on X iz any

non-empty collection T of subset

n
0}

. of ¥ that iz closed under taking

complements and countable unions, This =should be compared with the
concept of & topological structure (i.e, topology? on & set ¥, I+ 1 is

x Borel structure on ¥ them X together with 1, dencted by G4RY, ic

85
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cxlled & Borel f{or az measurable) space. Memberz of B are named Baorel
zets,

If X, T is a topological space then the "smallest" {in the

o
-
wm
s

sense of inclusion) Eorel structure on X containing all open s

(¥,Ty iz called the Borel sztructure generated by ¢X,T). This structure

o
=
1

will be denoted by BT' Borel structures on subsets and products
defined similarly to their topological counterparts,

If (X, B and (Y,®) are two Borel spaces, a map f @ (X, —

oL B is measurabkle if and only if for

g
o
n
o
Lee]
T
3
-
-+,
L]
o~
b
-+,
m
o

Borel isomorphism if it is bijective and i+ + =and 71 are poth

measurable, If B and N7 are two Borel structures on ¥, B ic isomorphic

"
a
L]
=)
-
m

to B means that the identity map id 1 (X,B) — OB s
icomorphism.
A Borel space X ,B) iz analytic if R iz izomorphic to BT for

some analytic topology T on X,  Let us point out that whenever we say

that ¥ iz analytic with no mention of the structure, it means that x|

)
"

It iz clear that the Borel space iE,ETE iz anal¥tic whenesver

the topology T of X ie amalwytic, The conversze iz not true xz th

m

>

Sorgenfrey line is a counterexample, But when the topology of ¥ i

metrizable, Frolik [2%] has the following.

4.1.1, Proposition, I (X,T) iz a metrizable topological space

then (¥,T) is analytic if and only if (X,ET) iz analyrtic,
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The next theorem is a special case of a more general theorem

known as Hurewicz thecorem (see [141).

&.1.2, Thecorem. Let X be analrtic. Then ¥ is s-compact if and

only if ¥ does not contain a closed copy of W,

Borel =sets in a Polish space are analytic topoleogical

sybespaces {cee Dellacherie [241),

&.1.3, Theorem. Every Borel set in a Polish space is &

compression of a closed subset of NM.

2. Neceszary conditions

&.2.1, Theorem. If X iz & Kp-space, then there sxists no
cantinucus surjection from ¥ onto CV(KP.
Frocf. Suppose by way of contradiction thaxt there is 2 continuous
surjection ¢ : X — CV€X). Define £ ¢+ X — | by Fixr = t4pixdixd for
gach = in ¥. To cee that + i< continuous on X it suffices to show that

\,

it is continuocus on each compact subset of . So, 1

hd
ot

A be compact in

#. Then on & f can be written as:
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A — AXA — AXCK(X} — K.

E S SO RS T LS S R R 1S S e

compact-open topology is

iz continuous., MNaw,

kY

3'10 £ A

£.2.2, Corollary, CV(NM) is not
Pract. S Y | S
root. Suppose EyaN ¥oanalytic and let o4

jon. Then thi contradicts

; -
Sal T

of Mm.

Jointly

f

But

Proposition, If CV(K) i=

)

continuous on compact cets

€ C (XY and 4 is surjective,.

K

then 1+¢(xn)(x0)

an analwstic space,

oo™ be a

Y continuous

—

: b
above theorem <ince N”

anal¥tic then CK{X) cantains %

Procf. Suppose that C (XY is analytic. IF X iz discrete then
iz analytic i+ and only if X ie countable, Since F%(=RN? is not

c-compact, by theorem &£.1.2
not dizscrete, let & [

converging to some

ns a

losed copy of NN,

e
il

If

[

. . B L

where 4 ¥ is a sequence in X
n'n ?

o
D
o

COEmiC

in

11

B

Ehd

o
@
n
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[elr, Since A iz a compact metrizable subset of X them C

x

homeomorphic to RN {by theorem S.1% in chapter fived, It then follows

that Ck(é) is not s-compact.

Mext, let i ¢+ A — X be the inclusion map. By corollary

3 - . c e

1.2.12, i7: EP(K) — C.{AY 12 & continuocus surjection. I+ Ly 10 is
c-compact, them <o will be Ckké), thence contradicting the preceding

argqument. 5o, by thecrem 4.1.Z2, CF(K) has & closed copy of MN.

.

&.2.4, Theorem. Let P be x topologicxl property preserved by

gither continucus or open mapse but not satisfied by CV(NN). I+ X is

analytic and CV(X) has P then X iz a o-compact space.

Procf. Suppose that X ie not c-compact. By theorem &.1.2, ¥ has a

closed copy of MM. I+ i = NN — ¥ is the inclusicon magp then i % CH(E)

— Eyfm Y ie & continucus open surjection.  MNow, let P be z property
preserved by either continuous or open maps., If CV(X) has P then =o

N)’ b

does CV(N ience contradicting the hypothecsis,

/
4.2.3. Corellary. If C 00 is analytic or Baire or Frechet

¢

then every closed analytic subset of ¥ i= c-compact,
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&.2.4, Proposition. If CF(X) is= analwtic then ¥ doesz not

3]

contain a closed copy of N,

ed copy of MU in X,

T
]
pm}
-
g
g

Proof. Suppos contrary that there iz a2 clo

"

-

My iz

o S : . . . L - -
Agxin, if i 3 hp1—+ ¥ is the inclusicn map then i : Lyax} — M

a cantinucus surjection, hence making DK(NN) analytic, This contradicts

corallary &£.2.2.

Notice that o-compactness is stronger than the property of not

It

containing a closed copy of N

Qur next goal ie to refine proposition £.2.8 by showing that X

"

F-compact  whenever Ey(x) iz analytic, But first we need the

\

following lemmas.,

i
[2¥]
~d
—
14
3
3
s
;_;
—
=y
—
—
T
ol
2N
cr
D
w
L d
=]
(i
=
o
o
—
0
=]
o
-
-
4
"
[my
—
D g
—
o
14
o |
<,
w

Polish if amd only if there are a Polish space ¥V and 2 map p @ KOY) —
Kixy satistying:
{1y if K €C then p{K) € piC2

{2y if K € KiX) then there exists C ¢ K{Y) such that K € pilJ.

Y

Since ® iz homeomorphic to (0,0 then EV(X) is= clearl;

homeocmorphic to  ite subspace C;(ﬁ} = {f £ Ol (XY S Dl

"
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e . + o . P feesn e s .
(XY iz homeomorphic to F (¥) = {f ¢ F X $0¥) € 00,022,

Soimi 3 Y
Similarly, FK K F e Fy 20D,

&.2.,8. Lemma. If CV(X) is analytic then there exists

i
w
3
o
o
e

M Froo satizfring:

$1) if B { o then T(g) ) Tia

¢2) i € CTCX) then § ) Tl far ¢ WM,

=+
Q
3
By
Q

Proof. Let 9 & MY — Cy(X) be & continuous surjection. Define T : LN

+,.,. L. b e . o« g . L
FVnX) By T{a)(x) = inflplE2ixd: p & o} For all 2 in X and each & € W

where f = (ECIY,BC2), . ) & 5 = (gll),s02) ... means that Ein) £ oin?

for 211 n € M., Clearly T catizfies 1) and {27,

The next result is contained in a theaorem of Calbrixz [14].

;-

&.,2.%, Theorem. If CV(X) is analrtic then ¥ is analytic.

<

Proct. Since EpiX) iz analytic then X iz clearly coemic. Let T be the

topology on X, Choose i coarser separable metrizable topology T on X
with the following properties:
(1 (X, TY and (¥, T°) have the same Borel structure

(2 (X,TY iz analytic if and only if (X,T7) is analrtic,

Thiz can be done in any cosmic space (see [17)), The idea is to show

D
"
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that X, Ty is anal»tic, To see this, let (Y,p) be a compact metric

space (with metric pd in which X, T is dencely embedded and let 2

O pa-iX T, Then 2 is zeparable metrizable. e claim that 2 i

m

Falish, By lemma &.2.7 it sufficee to construct a map p @ K ﬁm“) —
K{2) satisfying the conditicons of that lemma.,

First, 12t T : MN — F;(K? be defined a5 in lemma 4.2.8. Then

NM

define ¥ : — RKOY) by ¥imd = NiY-B_ ¢ % € XY where B, = (¥ £ ¥ 1

plxywd 4 Tied{x)} is the open ball about x of radius Ticdixl,

I+ &4 is compact in 2, the map | Y — R defined by fiw) =

P oy : . ot )
pid,y) for all ¥ £ Y, is continuous and fl, ¢ Cp i By construction of

"

- N -

' there iz o ¢ MM such that {1, 3 T'ied., Clearly then A £ ¥iagd,

Mow, detine p H(NM) — Ki{Z2) by pidp ¢+ g £ o) = ¥ig)., Then

p satisfies (1) and (2) of lemma &.2.7. Conszequently 2 iz Polish, hence

G, in %¥,pd. But then Y,pd-2 = (X, T°) iz Fc in the compact space
o c

Yypr.  Therefore X, T') iz a o-compact metrizable zpace. That X, T7

iz analvtic follows From the fact that a2 countable union of cloceed

analytic spaces is analytic, Mow, (X,T7) iz anazlytic if and only i+

&.2.10, Coraollary., If CPCX) is analxytic then ¥ is a c-compact

Ny-=pace.
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Proot. Suppoze CP{X) analvtic, Clearly X iz an ru-apace and, by theorem

&.2.9 X is alsc analytic., By corollary 6.2.3, X must be o-compact,

In fact, Calbrix [181 showed that ¥ is c-compact whenever

PpiXﬁ ie analytic.

2

3. Characterizations

We impose =some mild restrictions on X to  chbtain a2

characterization aof the analyticity of CV(X).

It iz always true that if Cpka is analytic them zo iz C_<X2.

The converse is not true in general but we do have the following.

o
-
L

.1. Theorem., Let ¥ be 3 g-space. Then CviX) iz analyt

and only if CpiX) iz analytic.

Proct. Suppose that CP(X} iz analytic., Then Cp(X? ie cosmic, implying

n
n
o
]
0w
oy
o
o
—_—
T
=
hd
—
~
r
o
[m g
—
m

that ¥ is also cosmic, Now 2 cosmic M-space is

{zee thecrem 5.1.2 of [15] or cee [18] cited in [131),

Let {Bn :n £ Ny be x countable base for X, clozed under
finite unicne. Choose {rl,rq,...} a dense cequence in R and, for each
(f,g) £ COX) s C(X), define the following pseudometric d(+f,g) = X

kyn
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s { 5up|+(x}-rklﬁlﬁ -« iuplg(ﬁ)-rkiﬁlk ; where 2 A b means min

2 =el = ER
<B 3 y]

&= shown in [1%), d iz & metric on C{¥), HMoreower the metric

S,

space CdiX) and the <cpaces Ck£X) and CF(X) a1l have the came Borel

structure; and the identity map id : CdiK) — CV(X) is continuous.

Mow, =ince L (X) is analytic then the Borel structure
generated by the topology of pointwise convergence iz anmalytic., It then

follows that the Borel structure generated by the metric d is znalwtic.

analytic., Consequently

wi

By proposition &,1.1  the metric space Ddixb i

Cyix) iz also analyrtic,

’

8.2,2, Theorem. Let ¥ be a gquasi-k space. Then CV(X) is

analvtic if and only i+ ¥ is a c-compact Rg-epace.

Procf, The condition is necessary by corcllary &.2.10,  To sstablish
sufficiency, suppose X is a c-compact Rp-=pace. Since X ie quasi-W then
gach countably compact subset of X is metrizable, zamd is hence compact
{12817, Therefore ¥ i= a K-space. Let (M,p) be x ceparable metric

space f(with metric p> and ¢ @ (M,p) — ¥ x compact-covering map, which

*

ie indeed quotient, Bv proposition 1.2.10, 9 :Cy(X) — CkiM) iz =

clozed embedding of CV(X) into CkiH). We are through if we can show that
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FL e . . . A
I aCVnA)) is contained in an analytic subspace of C, (M),

Let p° be & metric on X inducing a coarser cseparable
metrizable topology {see proposition 2.3.8), Without loss of generality
wWwe may assume that the metric p on M ic such that the composite function

P id
Mepd — X — {(K,pg") iz uniformly continuous, Since X iz o-compact, let

{ﬁn tno€ MY be 3 sequence of compact sets in X such that X = Hén. Put
d=iqg ¢ CMCM) t g ic uniformly continuocuz on each ¢ iﬁn)}.

Note that for each g € CK(X), avﬁig) = g ¢ 9 iz uniformly
continuous on =ach ¢_1ién). Therefore w*ﬁtk(K)) € d. We claim that 4

iz an analytic subspace of CKiM). To see this let 5 = {sl,sﬁ,eq,...} be

a sequence in tM,p) such that SN ¢—1(ﬁﬁ) is dense in m-laﬁn) for each

g .. . . _ 4 .
n. Then define ¥ : EV(M) — K~ by ¥{q RQLS ) QhEg) et tOr BACR g €

CF(M). Az shown in [1%] d{cee prooct of theorem 3.7) ¥+ is a EBEorel

somorphism of EVQM) onto its image ?(CK(M)). Moreover ¥(4Q) = Ndir_ ) £

n =y
RS : lim sup{IFS rg boor e £ ¢-‘(An>« Q(gl!im) . %3 = U3, Therefore
p—co T m i

FOAY ie & Borel set in the Polich zpace F¥. By thecrem A4.1.3, ¥l i

w

an analytic subspace of %(CV(M)). Let d be the metric on CC(My» defined

as in the proct of theorem 4£.3.1  and denote by (4,d) the szet d ae &

subspxce of the metric space CdiM), Note first that the Borel structure
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generated by the topology of Q4 as & subspace of Cy(H) ie an. analytic

pu]
L]
S
oy
e
"w
w
A
[a]
=
R
p—

Borel <structure, Thiz iz because ?lﬂ

icomorphism. Since Q@ and (Q,d) have the same EBorel structure then the

metric space *d,d? is in fact an analytic measurable {i.e. Borel) zpace,.
By proposition 4.1.1 ¢Q,d) is an analytic metric space. Since the

identity map id : (d,d> — d = DP(M) is continuous then Q is clearly an

"

[

anxlvtic subspace of (X3 is analvtic,

M(M}' It follows that @ﬁiCk\

being a closed subspace of Q4. That Cyiﬁb iz analrtic follows from the

fact that it is homecmorphic to m*(CV(X}).

The quasi-k space hypothesiz on X in theorem &.3.2 is not
imperative. Indeed, it iz chown in [14) that if ¥ is the clazsical

Arens space then C (X

Theorem &.2.2 generalizes ftheorem 3.7 of [1%] (=see slsc

Calbrixz [1&1),

For g-spaces {note that regular g-spxces are gquasi-K) we get a

stronger result,

~

&.3.3, Theorem. If X i

& g-spac

T
—~+
o
T
3
L]
=
—
A2
n
w
o)
o
-+
(]
+,

and enly it ¥ iz & o-compact metrizable =p:

o
[l
Dd

Froof. Sufficiency follaws from thecorem &£,3.2 since o-compact metrizable
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Spaces are xq-spaces. For necessity suppoce CFCX) anal»tic, Then X iz
already o-compact and S,-space fcorollary &.2.10), To zee that X iz

]

metrizable it suffices to recall proposition 2.3.2.

I+ we =trengthen the g-space hrpothesis to local compactness

in theorem &4.3.3 we obtain the following corollary.

&.3.4. LCeorollary., Let X be locxlly compact. Then the
following are equivalent:

©1) C G0

i

Falich

[

o
-
>
=
(2]

analytic
(2 Ck(X) is cosmic

Polish.,

R
—
pes
]

e conclude thi

chapter with x result that shows that

whenever on dde a completeness property *to an anaiytic function space

hd
as

then oneg obtazins z Polish functicon space.

P

&.3.5. Theor=m, iViX) ic analy¥tic Baire if and only if CV(X)

Frocf. Sufficiency is clear since every Falish space is analrytic and

Baire, For necessity suppose that C,0X) is analstic and Baire. Then



98

(X) contaxins & dense completely metrizable subspace (zee 381,

c 0

K
~

Therefore CV(X) is almost Cech-complete, By theorem S.3 in chapter

five, CP(X) iz x completely metrizable space. That Ey§X) iz zeparzble

follows from the fact that analyticity is stronger than separability,



CHAFTER 7 : COVERING FPROPERTIES

lde study varicus Kinds of covering properties on CV(X).

\

1. Countable Chain Conditiaon (ccc)

A ce X has the countable chain condition (i.e, cocc) i and

w

P

only i any collection of pairwise disjoint non-empty open sets in X is

countable. Separable spaces and hereditarily Linde]gf spaces have coc,
e introduce a limear property due to Arhangelskii [4] which

ic weaker than both ccc and Lindelaf.

Let (G,*¥) be = topologica]l group with an identity element e,

&
m
"
o
S
-+
-
o
—+
G
+
(1]

Nﬂ—baunded it for every neighborhood W of & there

iz a countable subcet AM of G such that G = {x#%y : 2 £ AM and w £ Wi,

Arhangelskii has characterized ﬁg-bounded topological groups

#g being groups topologically isomorphic to & subgroup of % group having

cocc. This Vinear property on CVQX) {note that CVEEB ie za topologicsal

group with the usual =axddition of functions) haxs a nice description in

terms of topolegicxl properties on X.

72.1.1, Thecrem., The following stxtements are equivalent:

712 EK(XD is XU—bounded

99
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(2) each compact csubset of X iz metrizabl

1

{3) each hemicompact subcset of X is an X -zp

o c
u -

o
1

{4) sach o-compact subset of X ic 3 cosmic

W

i

e

pa

(5) ¥ iz & compact-covering image of a metrizable space

(4) ¥ ie a compact-covering image of x completely metrizable space.

Procf. ©13&{2): Suppose that CkiX) is Xp-bounded and let A be a compact

. . - . . ¥ s
subset of X, I+ i + & — X is the inclusion map then i Cptxd —
{AY iz almost surjective., Zince ﬁﬂ-boundedness is preserved by group

) . ey - :
homemorphisms  then i (Cyux)) ie a dense N--bounded subgroup of the

lnn

s

metrizable group Dkiﬁ}. It then follcows that CF(Q; is also ¥,-bounded

=
0
(=
—
o
-
-
T
-
o
4
()
)
1
-

tsee [&10, MNaow, R,-bounded metrizable groups are zepa

5,

by theorem 2.1.1 A iz cubmetrizable, hence metrizable because of
compactness,
Conversely, suppose that each compact ==t in ¥ is metrizable.

Let {A, ¢ « € I'Y be the collection of all non-empty compact sets of X,

The naturzxl map p ¢ & rA

o ., — ¥ iz compact-covering and so, the induced

Ty

* s o . . . . R
map p @ uy(xﬁ — Huytéa; iz 2 topological isomorphism mapping G, 0
{ K {

¥ s = . . e
aentoc p (LV«A);. Since each A, is metrizable, then CpiAm ) s separable.

Therefore NC (A D has ccc. It follows that C 0G0 ie Ny-bounded.
e B L
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(20&{(23): I+ each compact subset of X is metrizable let & be =z

hemicompact subset of ¥, Take {ﬁn : n=1,2,...} & fundamental zystem of
compact subsets of A, Then A = Uﬁn with e=ach ﬁn compact, hence

metrizable. 1t then followe that & is cosmic ‘heing a countable unmion

of closed cosmic subsets). By theorem 2.4.1, A is an Rp-space.

Conversely, if every hemicompact subset of ¥ iz an X, -space

-+

then compact sets are Nﬂ-spaces. Now, locally compact N -spaces are

metrizable.

every compact cubset,

o
3
(n]
D
(N1
[n]
3
o
o
(]
-+
~
(=)
1)
3
(a}
"
s
o
N
B
"
o
=
o
e
gou
|
(1]
s
o
N
0 d
(]
o
o
hd

conclusion follows from the above argument.

.,

For the conversze, suppose that each compact subset of X i

T

(0]

metrizabhle., If A = Uén is & o-compact subset inm X with each ér compact,

then each A i
ri

metrizable, hence coemic. Agxin & is cosmic being &

countable unicon of closed cosmic spaces.
(4220352 This is clear, (3)3(2): Let M ke a metrizable space
and £ ! M — X a compact-covering map. I+ A is a compact zubset of

then there is a3 compact zet K in M such that A = F{(K). Naow, f!K 1 K —

A iz & continuous surjection., Since K is compact metrizable then so iz
A,

(223042 Suppose that each compact cet in X iz metrizable., If
A, ¢ £ Ty is the collection of 311 nonempty compact cubeete of X then
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# A, iz & completely metrizable space and the natural map p ¢ %ﬁw — X

wel 4

Since xD—boundedness is weaker than ccc then the next result

iz a corollary of theorem 7.1.1.

-J
-
—
[SX]
Dyr}
)
3
[m]
—
o
=
s
—
-+~
[l
o~
;’(
-
or
as
1]
[}
[}
[u]
-+
o
m
2
b
0
(]
o
(a}
[}
3
=]
pQ
[}
Lo o
1}
[
o
(1}
o
~+
[a}
i

¥ iec metrizable,.

The converse to this corcllary is not true in genersl,
Indeed, let X be the ordinal space [D,wlb with the order topologr. Then
each compact set inm X is metrizable. Let = be the set of isclated
points of X, For each > € 5, let W = [{x € ¥ 1 ¥ o Z,00,121 0N
[, 01,223, Then each W, i=s open in CK(X) and, if @ < g in S, M« n W

= 3 because if f € W N Nﬁ then fCx) € 01,22 and fixd) € (0,1) which is

Ty

impassible. So, W i Y ie anm wuncountable collection of pairwize

%) does not have ccc.

dizjoint open sete in C.IX), Therefore, Ck

However, we have the follawing partial converse.

2.1.2, Thecorem. If X ie csubmetrizable then cycxp has ccc.,
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[m]

o

—
—

[
[
~+

[w]

o

Proof. Let X be a zubmetrizable space. Chuoose {uz o £ TY a2

Lroor -

of pairwise disjoint non-empty basic open sets in CV(X). Then {for each

o €0, W =ile,W & ¢4 and Y € V ¥ where Q) is a finite family of
4 3 « e 54

compact sets in X and U& a finite family of open sets in R,

~n

Pick Ty €T with 1T & 27 and lTet ¥ = U{UQW t e € T 3. Then

. . A , - e .
Y ois & submetrizable space and d{Y) ¢ 2. By theorem 2.1.3 Lpu1) is

Now, for each « € T, let wl = MIAMIY @+ & € ﬂt and Wog V¥

o Xl X

where [A,WV]Y = {f ¢ Ck(Y) o Fimy €U, Then W+ « £ T,
. 'l

collection of pairwize disjoint non-empty cpen cets in EV(Y) since Uﬂw <

Y for each x £ Fn. It followe that FU ic countable because CkﬁY) ic

separable. Therefore, T iz itzelf countable.

The next corcllary follows from theorems 3.1.15 and 7.1.3.

7.0.40 Corollary., If X iz a kK-space and C.{xX) iz almost

7.1.5, Proposition., If each compact cubset of Cp(CMiXE) s
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Proof. Thie follows from the fact that a zpace Y has ccc whenever each

compact subset of Cp(Y) is metrizable (zee [71),

7.1.4., Thecrem. Let X be =z oc-compact space. Then the
following are equivalent:

{13 CV(X) ic separable

{4y X js cosmic {amnalytic?

ay

LN

ha
X,
n

submetrizable.

Proof. It zuffices to notice that & s-compact submetrizable space iz
cosmic tamalyticy and compact sets of X are metrizable whenever cch) =
almost o-compact,

We must point ocut that +or any space ¥, C_4X) has ccc. This

is because C_(X) is dense in the product space K, which has ccc. For

o
()
(]
(]
)
s
5
pL

CK(X) the situation iz different. Indeed CMQX) does not haw

nocn-metrizable compact space X.
Mow, let X be the Fortissimo zpace introduced sarlier {see

—~ AR - SRNEN

remark following corollary 2.2.3).,  Since C 00 = C GO then C 040 has
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ccc. However X js not an E -space, hence not szubmetrizable., Therefore

the converse to theorem 7.1.3 iz false.

2. Paracompactness and the Lindel;f property

One of the kest covering properties that CV(X) Can carry is

the Lindelof property, In [42) some necessary conditions are ztudied

for CﬂiK) {hence for uin)) to be Lindelot {see alzo [F)).

Whenever X iz zan Np-space, CK(X) is alsoc an Ng-space, hence
thereditarily) Lindelof. Apart from that, very little iz known on the
Lindelof property on CK(X). Mote first that C () is Lindelaf if and
only if it ie paracompact, This is because a paracompact cco space is

Lindelof, Mow, if ¥ is & non-metrizable compact space then CkiXB is &

p:r:compict space that iz not Lindelof, But, when X iz submetrizable

ane has the follawing result,

7.2.1. Theorem. Let ¥ ke submetrizzble,. Then CV(K) i=

Lindelat if and only i+ CK(X) is paracompact.

7.2.2, Corollary, If ¥ is cosmic and cycx) i paraxcompxct then
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00D Qs Lindelof.

7.2.3. Proposition. If CkiX) contains a  dense

subspace then svery hemicompact subzet of X is an N.-zubspace.
1]

Froct. This follows from the fact that the property of having

Lindelof

a dens

[

Lindelof zubset is preserved by continuous almost surjective maps.

The proot of the next proposition iz straightforward.

that a locally compact Rp-space ie separable metrizable,

7.2.4, Proposition., The following are equivalent for
compact paracompact space ¥

(1 CF(X) ic separable

"

n

(2 CV(X) ic Lindelodf

separable metrizable

(3) 000 |

"

f4y C.0%) has ccc
(3 CV(K) i= Pclich

(&Y ¥ is Polich

N
et
e
.

"

separable metrizable,

Recall
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A concept & little stronger than Lindelof ie that of strong

paracompactness {(sometimes called hypocompxctness) ifzee [24]1). On CV(X)

this notion is equivalent to the Lindelof property,

s
v

F.2.,9, Theorem. CV(X) is =trongly paracompact if and only if

(XY ie Lindelaf.

Cy

Froot. CVCK} iz connected as mentioned earlier, I+ it is strongly

paracompact thenm it muet be Lindelof {by exercize &.1,0, p.442 in [241),
The converse is obvious.

ol

.2.4. Theorem. If Ckfy) iz Lindelaf then has countable

tightnesz for exch n € M.

Froof. We only prove the case n=1 {the general case is similar?. Let a8 <

Sy

¥ oand . £ &, le must show that there iz a countable set B € A such

"
.

that x, € B. Suppose on the contrary that no such B exists inm A, Let

= {+ ¢ Cy(X) : f(xu) = Q0. Then & iz a closed subset of Lviﬁk.

Therefore & is Lindelof. Mext, for each a2 ¢ & let W = [{a¥ ,Rk-{127,

Then {W_ : a € A} is an open cover of 3, therefore, there is =2
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S Awith 5 €U ¢ a € CF, Since %, 4 C, choose f £

[a}
[w]
[esd
3
-
w
o
—
hJ
"
L d
-t
—

COXy =zuch that £(xq)> =0 and f(C) = {13, Then f ¢ & but £ 4 U_ 1+ & ¢
C» which is contradictory, Consequently {Ma poa £ AY i & cover of © by

open sets of CVﬁX) with no countabie subcover., But this is impossible
cince 5 ie Lindelof. Theretore, for some B countable we must have By €

E. This means that X has countable tightness.,

Motice the duality: I+ EFiX) has countable tightness then rd

is Lindelgf for pach n € M <see corollary 4.1.2).

7.2
da s

7. Thecrem. If EV(K) iz Lindelaof then every discrete

family of open <ets in ¥ is countable,

Proof. Let ¥V = M+ w € T} be & discrete family of cpen setz in X,

For each « £ T, let x_ & Uw and define ¥ Ck(ﬁ) — mr by FOf2

m
i
T
o ol
e
0ne
—+
-

i 2 r for &11 F inm C G0 Then ¥ ie continuous.,  To

iz antc et dy oL
iz onto, le Yelw €

T be in . By complete regularity of X choose

LA

Y= v ooand £ 0¥ oy = {0y, Then, define fixr =
o i X X : !

€ LX) such that f ix

f vx)» for each x .in X. Then f iz & well-defined continuous
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functicon and ¥(f) = <y&>m ¢ T Moy, since CK(X) ie Lindelof then so ia

w

. But then T must be countable,

Similarly one can show the following.

2.2.2, Theorem ([421), If X is normal and CV{XJ iz Lindelof

(]

then esvery discrete family of clocsed sets in X iz countable,

—
-+
s
©wi

7.2.%. a normal F-space and thgg iz

Corcllary.

Lindelof then ¥ is cosmic.

Proof, Let B = UEn be a s-dizcrete closed network for X, where each B

a discrete familw, By theorem 7.2.2 gach B®_ is countabie. Therefore

"

)

s a countable network of X.

i
n

J.2.00, Corellary., I+ X is a normal R-space,

Lindelaf if and only if X i< an Np-epace.

F.2.11, Corollary., If X is paracompact and CM(E) iz Lindelod

then ¥ is Lindelof.



110

2.2.12, Corollary., If X is metrizable then C,{(x) is Lindelof

if and only if ¥ is Lindelof.

A pointed out in [42

P. LA

] L il0,w 2 iz Lindelof,

However,

Ckiiﬂ,wlb) does not have ccc zxs we have seen in section 1 of this
chapter.
We mow turn to Lindelof Z-spaces,

7.2.13, Theorem. Let X

Lindelot ZT-cpace if and only if ¥

almost o-compack.

is an Np-zpace.

Proot. Sufficiency +follows +from the fact that SpTspaces are Lindelaof
Z-zpaces. For necessity, suppoze that CP(X) is & Lindelof Z-space, . If X
iz almost o-compact, then CF(X) becomes a3 submetrizable Lindelof
Z-cpace. Theretfcore it is cosmic, By theorsm 2,.3.7, ¥ iz an Kg-space.
7.2.14, Corollary., I+ ¥ is coemic and CFiX) ic & Lindelos

Z-szpace then X iz an Rp-epace.
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The next recult whose proof is in [42] provides a necessary
candition for EK(X) to be 2 Lindelof Z-space.
7.2.19, Proposition., I¥ CK(K) ie 2 Lindelof Z-space then X has

& countable subset that intersects every non-empty open zet having

compact complement in X.

By thecrem 7.2.13, CV(X) iz not x Lindelof Z-space for svery

separable non Rg-epace X. Motice that Lindelaf T is precerved by

continuous maps (see Arhangelskii (737,

2014, Proposition., If CV(X) is a Lindelof E-space then

gvery almost s-compact subset of X is subcosmic,

Progt, Let D be an almost c-compact subset of 2, If 0 : D — X s the

inclusion map, then it cy(xp — CyiD) ie almost surjective, Mow,

CyiD) contzins a denze submetrizable Lindelof Z-space. - This szubset iz
cosmic, Therefore CkiD) i= separable. By corcllary 32.1.12, D is

csubcosmic.,

For & normal space ¥ we get a stronger result,
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17, Proposition. If % ie normal and EV(X) iz a Lindelof

Z-cpace then every almost o-compact subset of ¥ iz an Xo-subapace.

Proof. Let D be an almost o-compact subset of ¥, It iz enough to show
that D is an Rg-subzet of X. To see this, let i : D — X be the

. . I s - S .
inclusion map. By corollary 1.2.12, 17 .kkA) — LVLD§ ie 3 continuous

wi
o

csurjection because of normality. It then follaws that Cpiﬁb is

Lindelof Z-zpace., Since D iz almost g-compact, by theorem 7.2.13, D is

an Ry-space.

s Lindelof

(11}
)0

72.2.18, Corollary. Let X be normal. If

—

£
i
n
pn ]
o
(]
o

then every countable csubset of X is an xo-eubset of X,

3. Hereditarily Lindelof and hereditarily ceparable properties

The praoblem of when CV(X) iz hereditarily Lindelaf or

(m}

hereditarily separable became attractive when Zenor [&7] studied these
properties for the topology of pointwice convergence. Indeed the next

result iz a consequence of thecrem & in [£71,
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?.23.1, Theorem. The following are equivalent:

{12 cp<x,mﬁ) iz hereditarily Lindelaf (respectively, hereditarily

(2D Cp{X,Y) ie  hereditarily Lindelof <{respectively, hereditarily
ceparable) for every zeparable metrizable space ¥

£2) X iz hereditarily separable f{respectively, hereditarily Lindelot2.

The Key in proving this thecrem lies in the next lemma.
7.2.2., Lemmzx., Let X, ¥ and 2 be topological spaces with Y
second countable, and let f 1 XxZ2d — ¥ be a function satisfring:

(1) ¥ iz continuous on Xj

{2) 2 has the weakest topology for which f is continucus on 2.
Then

a) if ¥X° iz hereditarily Lindelof then 2 is hereditarily

"
[14]
o
o
e
o
[=
—
o

BY if XY is hereditarily separable then 2 is hereditarily Lindel;f.

Thiz lemma is & wery powerful tool in conmecting C00 with

the hyperspace KiX) of compact sets of ¥ introduced in chapter tweo,

2.3, Theorem.

f1) 14 KOO0 e hereditarily Lindelof then Eyﬁﬁ) iz hereditarily
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separable;

£2) If KoOY is hereditarily ceparable

Lindelaf.

Proof., Define ¥ :

Kixd w CV(X). We will be through if we can cshow

hypothesis of lemma 7.3.Z2.

13 Fix ¥ in ck(xn and let %f HE D)
?{(A) = fiA) for each A £ WOX), e must show

W = <u1,vq,..,,un} be & non-empty basic open
-

that ¥, 700 is  apen

f_IiMD ic open in K{X),

Fiz & in RixX) and define ?ﬁ H

-

x11 £ £ C that CV(K)

for

n
b d
b d

iR

R
Y
LA

".. | Y T|:|

making * continuous on C GO it suffices to show

KOO.  So, Tet W= &y Woy,U 3 be

1

"

then C

"k

Kixd x CK(X) — KR by ¥CAf) = fiR)

— HK(RD

that

-
—
o

—~
I

A

lac

has

To zee that ?Q_I(w) ie open in EV(X)’

U,..u Un? and f(AY N Ui ¢ @ for =ach i=1,...,0.

e .
XY is

hereditarily

that ¥

be defined by

?¥ is continuous,

zet in K{RY.

Lo, Then & ¢

lcu s in

apen

Coix) — KRy by ¥,.0+4) =
k &

the weakest topology

that ¥ continuous

=)

't_\'

x nonempty basic cpen

let £ £
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£ A such that X, € f-l(ui) for each i=1,...,n. Fut L = [{xl},ull M.

[{x },Un] N [A,Ul u,, .U Un]. Then L is open in CV{K) and £+ € L £

@Q"(w). This is true for each f in C, 0. Therefore @A"<w) iz open

"

"w
3
U d
o
o
w
~
o
o
L ad
e

in CK(X). This L is cantinuaus,

L)

The next result is nearly a converse to theorem 7.3.

7.2.4, Theorem.

0 J

17 1+ CMCX) is hereditarily separable then X and K{X) are hereditarily
Lindelof.

2y It EkkK) is hereditarily Lindelof then X and W{X) are hereditarily

Froof, That ¥ is hereditarily Lindelof f(respectively, hereditarily

separable? whenpever CV(K) is hereditarily separable f{respectively,

hereditarily Lindelot? followe from thecrem 5 drespectively, thecrem 570

cof [&7].,

13+ To see that KOX) iz hereditarily Lindelaf, let V be =
countable base (made of basic open setsy for KOR). Then the collection
o= {Acf,) ¢+ f ¢ CM(X) and Y& VY where Q0F,0 = {A £ KOG 0 £0A8) £ Ui

ie & base for the Vietoris topology on WoXD) (zee [S51 lemma 23, Maow,

[
T
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let 2 be 3 subset of K{¥) and let U be a2 couer

[n]

+ 2 by open cets of
KXy, bkle may asszume that elements of W are of the form A(F,M. To see
that W hxs a countable subcover for A it suffices to show that everw
subset B of B contains a countable subset R such that UR" = R, To

zee this let RY = {ﬂ(fﬁ,v“? VoF, € LX), Uﬁ £ VY C%. For each Y € 1,

put FU = {fa : Uﬁ = U} and dencte FU by F, = {97 17 € PU}. Since EkiX)

ig hereditarily separable, there is F; € I, such that T, is countable

Vog V.

and fg, : v € Iy} is dense in Fy. Let Fyo= (G @ v ¢ uir,,

Then F, is countable and dense in W{F, : VM € Vi, By lemma 3 of [331,

UB” = WAt My« W € Uk = U{G(Q?,U) t v €T, and Y £ Vi, Zo, let B

o - s

= {Q(stU) Y R TQ! Voe ¥¥. Then B" SR and UR° = UR",

{2y: To finish , assume CF(X) hereditarily Lindelgf and let &

be a subset of KiX). We must show that & iz separable., For each S5 € &

and sach ¥ = <UL,V 0 in U, the set FOE,W) = (F € 00O 1 £ €W

RN
e

is open in CF(K?. Let W = ULF{S,W) ¢+ § ¢ &}, Then W is open in €y, 00

-

By hypothesis, W is a Lindelof subset of CV(X). Simce the FOS,U)7

[

cover W then there is a countable set 4, € L such that W = U{FSMY ¢+ 5
€ 4,3, This is true for each ¥ & V. Now, let 2 = g ¢ W e ¥y, Then
EU ie dense in & {(see lemma 4 of [531) and countable., Therefore & iz

separable as desired.

w
[
hd
b=

?2.3.9, Theorem. I+ KOO i

hereditarily separa
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hersditarily Llndelo+ then Lk‘<‘ has ccc.,

Procof. Let a‘ﬁu’P » 1+ 2 £ TY be a pairwige dizjoint family of

non-empty basic open cets in C 0X), where f £ C (X0, A, i3 compact in X
’ K ! 4 k" o

and &, > 0 for =sach w € T, It ic straightforward to show that & = {A :

’

w €T ie x discrete szubspace of K{¥X) {(zee proot of thecorem 3 of (S5

I¥ KXY is hereditarily cseparable or hersditarily Lindelaf then T must

be countable.

I+ X is the Butterfly space of [47], it iz shown in [14] that
W{X) is neither hereditarily separable mor normal, Since X iz cosmic,

CkiX} hae ccc. Therefore, the converse to theorem 7.3.5 is false. By

theorem 7.3.4 CM(X) is neither hereditarily separable nor hereditarily

Lindelof, It then follows that thecrem 7.32.1 does not hawe an analogue

for the compact-aopen topology.

e must mention that the main part of theorem 7.3.4 is

m
'y

m

-
=R I

n

pecial case of a more general result in [551, and that thecrem

a refinement of theorem 2.2 of [411].

We now investigate some special cases inwolving hereditary

Lindelof and hereditary separability.
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7.3.4. Proposition. The following statements are equivalent:

©w

V(X) ie a hereditarily Lindelof Z-space
k(X) ie a Lindelof hereditarily strong EZ-cspace

{3 Cy(XJ ie & Lindelof o-<space

4y ¥ is an xﬂ-space.
Proof. We only need to prove (1)3(4): suppose CV(K) hereditariiy

Lindelof Z-cpace. Then it is a perfect I-space. By theorem 3.1.!

iperfect <spaces are E,-spaces) EK(X) i= a cubmetrizable ZE-space.

[}
—
o
o

Therefore it is & o-zpace. Mow, a Lindelof c-zpace is cosmi

result follows from theorem 2.3.7.

7.2.7. Proposition. Let X be a E-space. Then CV{K) iz &

hereditarily separable Z-space if and only if X is an xe—space.

Proct., We only need necessity. Suppose CV(X) hereditarily separabl

L]

™

Z-cpace, Then ¥ is hereditarily Lindelof by theorem 7.3.4 zxnd so ¥ iz &
Lindelof Z-cpace. MNow, each separable cubset of CV(X) must be subcosmic

{This follows from corcllary S5 of Arhangelskii [31). But C X i

mn

o

itzelf separable, Therefore CV(X) iz a submetrizable Z-space, hence

G-cpace. Mote that it iz easy to see that a hereditarily separable
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c-space is cosmic. By theorem 2.3.7, X must be an Ry-space.

By taking & non-metrizable compact space X, one zeec that in
proposition 7.3.7, hereditary <=eparability can not be weakensd to

countable tightness,

In the next proposition the concept of semistratifiable space

iz used as defined in [211. Every s-zpace is scemistratifiable and
semistratifiable implies En-space tin fact perfect space?,

7.3.8. Fropositicn. Let ¥ be a g-cpace. Then the following
are equivalent:

{1) Ckix) is hereditarily separable

L2 CK(XD ie Lindelof semistratifiable
{3) ¥ is separable metrizable.

Froof. (223(2): I+ X is separable metrizable then Ey(ﬁ> is

"
Py
2
e
=
i
"
R
o
[al
0

hence Lindelof and emistratifiable., (233(12: In s<semizstratifiable

spaces, Lindelof is equivalent to hereditarily separable (02113,
£133{2): Suppose that CV(X) ic hereditarily separable. Then X 1=

Lindelof <{by thecrem 7.3.4) and =zubmetrizable (by theorem 2.1.3). A

Lindelof g-space iz an M-space and a submetrizable M-zpace is metrizable
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(L1513, Finally, a Lindel;f metrizable space is separable,
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